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ABSTRACT

The problem studied in this thesis is the expansions of
parabolic wave and harmonic functions. The wave equation
separated in the coordinates of the paraboloid of revolution
yields solutions referred toas parabolic wave functions.
Series expansion for the parabolic wave functions in terms of
the spherical wave functions has been obtained, with
coefficients of the expansion explicitly determined. These
coefficients have been given in terms of certain polynomials
due to Pasternack for which the orthogonality relation is
known. With this relation then the series expansion has been
inverted to express the spherical wave functions, in integral
form, in terms of the parabolic wave functions. Two methods
have been developed to find the expansion for the parabolic
potential functions. Further, the linear generating function
for the Pasternack polynomials has been obtained in terms of
a hypergeometric function. In addition a new derivation of
the bilinear generating function in the continuous case has
been given for the parabolic wave functions. Finally a
second method for the derivation of the serlies expansion of

the parabolic wave functions has been found.
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I. INTRODUCTION

The parabolic wave functions have received considerable
attention in recent years. This has been due, for a large
part, to the interest in the physical problem of diffraction
of waves both acoustical and electromagnetic, by a paraboloid
of revolution. The diffraction problem has been basic in the
work of Fock in some recent advances in the general theory
of diffraction. Of the many papers of Fock we refer only to
reference [8] where other references can be found. The
diffraction problem has also been studied by Hochstadt [10]
to which we shall refer later.

It is found in the approach to the diffraction problem
that the relation of the parabolic wave functions to spher-
ical wave functions is of considerable importance. In this
thesis we study the problem of expanding parabolic wave
functions in infinite series of spherical wave functions,
This assumes as a heuristic principle, that a solution of
the wave equation in some coordinate system can be expanded
in terms of solutions of some other coordinate system.
However the number of cases where this has actually been
done and the coefficients explicitly determined, is very
small. We shall show that in the present case, the expansion

can be done and the coefficients determined.



It is of interest to note that as a by product of the
expansion, certain polynomials due to Pasternack [12] will
play an important part. These polynomials are orthogonal and
the orthogonolity relation is known. Hence the expansion can
be inverted and as a result spherical wave functions are then
expressed, in integral form, in terms of parabolic wave
functions. Further, we are able to find the generating
function for the Pasternack polynomials as a hypergeometric
function and finally we are able to give a new derivation
of the bilinear generating function in the continuous case

for the parabolic wave functions themselves.



II. PRELIMINARY NOTIONS AND NOTATIONS

We define the spherical coordinates r, O, ‘f , and the
coordinates of the paraboloid of revolution E ’ ‘7 ’ ‘f ’
by
rsin@cosfP =87 cos¥
r sin @ siny =7 sin Y
r cos © =%( 62- ’?2).

"
1]

<
]

The wave equation
AU + k2'U =
transformed to the coordinates & ,7% , f , is

! ) 0 ) 1.2 ouy_
e il SR e SRS M A TR
2
0
LA L

The method of separation of variables then admits solutions

of the form ¥ (E,A) Y (n,-A) e-im‘f’ s
where V (E ’ A) satisfies the ordinary differential equation

2y, + 4. ol 2 _m . Ayy -
az2 ' E + (k° g E3* )Y =0, (1)

and ¥ (9 ,-A) satisfies a similar equation with the sign

of A reversed. We shall refer to the product of solutions

Y E, N Y (1,-Me7 8T or (£, Y (7,2 as

a parabolic wave function.



From (1), Wm( £, A) can be given in terms of a confluent

hypergeometric function

2
YCE, A = gReHE/2 p o ER L Bl 0y 1k d), (2)

For physical reasons we shall expect to have wave functions
which are regular and single valued and thus assume m to

be 1integral.

Similarly, the wave equation transformed to the

coordinates r, 6, P , becomes

2
—_—1 r2 sin @ -7?—2 + 2r sin © é}ﬂ + sin © .__ﬂ
r

rzsine ée
2
20 _
"°°s°'Xu"s1ne a)024-1:U-o,
and it has solutions of the form jn(kr)P;m(cos g)e inf |

Here Jn(kr) is a spherical Bessel function and satisfies the
differential equation

2

and P;m (cos 8) satisfies

2 L=-m -m
d© P_"(cos 9) d P_ (cos @)
sin29 1 + sin © cos © g'dg
de

+[ n(n+l) sine - m° ] P;m(cos e) = 0,



The function P;m(cos 6) is related to the associated

Legendre function Pg(cos 6) by

P;m(cos e) = (-1)B %ﬁ;ﬁ%% Pﬁ(cos 0).

Here we choose P;m(cos ©) so that we can absord the factor

n;m ; later in our expansions.

Various notations have been employed to designate
confluent hypergeometric functions and the parabolic wave
functions, notably those introduced by Whittaker and Bucholz.
The Whittaker function, MK,v(X)’ is defined by [3, page 10]

!.%.l
+

MK v(x) = e-x/z X lFl(-K + 1—2—1 3 v+ 1; x)

and for v integral, is a regular function of x. It satisfies
the differential equation

&x;_,:z_y:o,

Our functions Y (&, A), ¥ (7,- A) can be expressed

in terms of this Whittaker function, as follows:
o+l

V(E,N) = (-1k) 2 Ty g e,
k °*? ‘ .

s

Y (1,=2) = (1k) TL—L M, ) (1 9.

H‘l
i



If in the above Whittaker function, v is not a negative

integer, the functionUQk’v(x) is defined by Buchholz

[3, page 12] as Mg o (%)
MK’!(X) =
2

2
(1 + v)

In terms of these functions of Buchholz, our functions are

o+l

Y(&,A) = m (-1k) 2 —éij{&&\ n(-1k E %)
kK’ 2

and
_ bl )
Vm(’?,-)\) = m! (ik) 2 "}?‘J‘{)\ %(11( 7 ),
k }

Still a further notation 7h£v)(x) , useful in applications,

has been introduced by Buchholz [3, page 53]. It is a solution
2

of ﬁ'
4| - - L =
&P @] - F-x+3F) F(x) =0
and is given in terms of the above functions of Whittaker

and Buchholz by

1 1 Mx,v!(X)
7h‘v)(x) = x- M. _(x) = x- 2 g
X - x.% - F(1+v)

Hence our functions can be expressed as



| -% (m)
Yul€sA) = mt (-1k) “M

(-ik £ 2)
B

m
-2 (m)
Vol M,-2) = mt (10 2Ty (1 7 2).

L3

Finally we summarize these notations by writing the

parabolic wave functions ‘{fm(f yA) Vm( 7,-1) as follows:

YalE o) Yu(m,-d) = S (1) 0 (Lixcg?)

&n b3
* My\ ik 1 2)’
bx 2
or ¢y2 =(m+l)
y A ,-)«)=-(-l‘4)—k (-1ik £ °)
¥o(&,4) ¥ (7 £y M&I{L’% £

2
M2

or 5 (m) )
(m$)° "My, (-1k £ °)
Lk
(m)

(ik 7 2),
&l):_ i

Yal&o ) ¥ (7,-4)

]

n



IXI. EXPANSIONS

We now attempt to expand the parabolic wave functions

N6, ) "I/m("l »= ) in terms of spherical wave functions

3, (kr) P;m(cos @) and assume an expansion
®

WalE s M W y(m N =D &l 3 (kr) PI%cos 0),

n=m

2 2
-
with r=12‘(§2*72) and 0039=5§2_”(7.

The coefficients aﬁ » Which depend on k, N\, m, can be

(4)

Aetermined from the condition that the expansion (&) must be

& solution of the differential equation (1) for all values

ofr Y( o Since the particular value of ’7 does not matter, we

< hoose arbitrarily small 7(, and examine P;m(cos 8) for Y(

i ear zero. As 7 —> 0, cos 8 —> 1 and since
o

-3 2
-m 2 -X

as x—> 1, we find that
m

P;m(cos 8) — %ﬁ —Tl—§m

The expansion (4) thus becomes

2

n=m

\Vm(s.)\) \Ym(‘Vl.-A) =72m . —%:- . Zaﬁ J,(kr).

Xt remains here to investigate Ym”l’- A) for small 7Z .



Rl

Let iw =
Then

m ik N%/2 W, o+l 2

\Vm(}z.-)\)=7l e lFl(-2+ 5% 3 m+ 1; -ik?()

2 (-ik 2)
1 7

- JEMP2 |,

o]

But the 11’1 above approaches 1 for small 7’1 » So that

m+

we have

\Vm(wz,-)\)zvm

&arad the expansion (4) reduces to
o)

- m -m )
YalEs A =4 Z_a; B Ik V)

with V= 52/2.

We now determine the condition that
00
m -m 2
'Z— a, { Jn(k f /2)
n=m

Satisfies the differential equation in (1). Let

W=D gl £ 3,k §%/2).

n=m

Substituting ¥ in the differential equation (1) leads to
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0
2 .
> &l [%— Ik €2/2) + (1-m) 3! (x 3%/2)

n=m

+ (55?2 v 1w) 5 (kEZ2) ]: 0.

Xf we put v =(1{/?_')t?=2 the last equation becomes
X 1 1]
§ al [ve 3 (v) + (1=m)3}(v) + (v + 1w)j (V] =0, (5)
n=m

i n which we can eliminate the J;(v) and J;l(v) by using the

AQAifferential equation for jn(v) and the recursion

T ormulas
o2l y (v) = 3 () + 3, (), (6)
(2n + 1) §3(v) = ne 3 (v) = (o#1) § () . (7)

The differential equation for Jo(v) is

Vel (v) + 2§ (v) + [v - ot ]an) = 0,
Ox
v-J;(v) = [&(%ﬂ;l - v] Jp(v) - 23;(\7).

If we ncw introduce v-J;(v) into (%), it becomes, after

Simplifying

o0
> agﬂﬂﬁyﬂ + iw] Ip(v) = (1+m) J;(v)}= 0.
n=m

Using the recursion formulas, (6), and (7), the last equation

reduces to
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@ -
Zag iw . Jn(v) * %nu?% [Jn-l-l(v) + Jn-l(V)J

- {oHl) [ﬁn 3o (V) = (n+1) Jn+1(v)] = 0,

or
00
n=m n=m
a

m (n+ +m+ _
+ Zman 2n + 1 Jn+l(v) = 0.

This can be rewritten as

(oo}
+ -m+ m m nggﬂng m -
z Jn(ﬂ [ 2n + 3 ane *t iw an * (2n-1 an-l:l =0,

n=m
Which can be reduced to a simpler form if we let

m _ m
a, = (2n+l) bn

This leads to
00

Z Jn(v) [(n+1)(n-m+l) b,y *+ iw(2n+l) by

n=m
+ n(n+m) bn 1] 0. (8)

Hence for (8) to hold, the coefficient of jn(v) must vanish,

and we therefore have

(n+1)(n-m#1) B, + 1w(2n#1) B® + n(n+m) BB, = 0,  (9)

which is a three-term recursion formula for the coefficients

m
a

bg = '.’a_nnT_l_ in our expansion (4).
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The problem is now to determine the coefficients aﬂ

This can be done by comparing the recursion formula (9) for

the b;l with a recursion formula for certain polynomials

studied by Pasternack [12]. In order to do this, in (5) let

m _ +m)! .m
bn'in-mngn‘

This leads to

(n+1)(n+l+m) B, + iw(2n+1) B] +

m -
n(n-m) B,_, = 0, (10)
which is a recursion formula for the Bg « Now let B;’ = if Cg.
Then (10) reduces to -

m m m -
(n+1)(n+1+m) C ., + w(2n+1) C - n(n-m) C _, = O

This is the recursion formula for the set of polynomials

Pg(w) given by Pasternack [12]. They are defined as

Fa(z) = jFo(-n ,n+ 1, 5+ 8 +%;1,m11)

for all m, real or complex, except m a negative integer.

Therefore we have

m _ m +m)! m
a, = (2n+1) b = (2n+l) ¥ o4t B

+m n ,m
(2n+1) A 47 7

where the Cg are proportional to Fﬂ(w). Hence
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m

a

s + {294»],; n+m)$ n-m _n

al 2m+l 2m) ! (n-m)! 1 Fm(w) ! (11)
m m

with iw =/\/2k. The a® can now be given if we evaluate

n

ag from the expansion (&),

[00]
Yl s N Yol o= A) =) ai 3,0er) P® (cos ©),

n=m
by dividing by 5"‘ 7?“‘ = r™ sin™@, and taking the 1limit as

£, 7?, r —> 0. Now on the right-hand-side the dominant

term for small r is the first term of the series for
§ (kr) =\[——" J (kr)
m 2kr m o+ ]5 ’

which, after dividing by r™, becomes TvS)

‘ m
Also, P;m (cos @) = 808 hyen, after dividing by sin®e,

becomes -TL- . So that we have now for the right-hand-side
2 m!

m 27 k™ m! 1 _ .m mn
&n T—K2m+—5_"l I P an T'K—Szmﬂ 1
But the left-hand-side

Y8, N V(7,-0)
§m 7(!11
approaches 1 in the 1limit, and therefore we have for the a$

m_ (2m+l)} .
a, = “5ym
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Therefore we have for the coefficients a;"l, substituting

a® into (11),

m
al = (2n+l) . +m : 4n-m F;:(w) .
n KB n-m)! Fg(w)

We have finally for our expansion (4)
o

\Vm(f,/\) Vm(}?’-)\) =Z aﬁ Jp(kr) P;m(cos 8),

2

+ =

y 40-m Fﬁ(w)
n-m)! = m Fp(w)

ai_'; = (2n+l1)

The coefficients aﬁ can also be given in terms of F;m(w), if,
Tfor the moment, m is not an integer. This can be done if we
let b;‘; = 1o B;nl « Then the recursion formula for the bg

becomes, with iw = )‘/21{,

n+l .m n ,m
(n+l)(n-m+1) i Bm1 + (2n+l1)(iw) i B,

n=l gl - o,

+ n(n+m) 1 n-1 =

or
m m m o _
(n+1)(n-m+1) B ., + (2n+1l) w B_ - n(n+m) B, = O,

which i1s the same as the recursion formula

(n+1) (n-m+1) F 1, (2) + (2n+1) z F_"(2)

- n(n+m) F;’“(z) = 0,

So that now we have
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o F2 (W) F " (w)
an = .(&L;l). (2m)t 177" B—— | But -l—— is defined as m
Kk F_"(w) F_"(w)

approaches an integer, and thus our expansion (12) can be given as

o
Ym(g ,)\)\Ym(')'( y=A) = L .(.g;_l%l.). (2m)! in-m

n=no

F.%(w) -
e A . 3, (kr) an (cos 8). (13)

F_ " (w)

Now, in order to establish the convergence of our
s eries expansions for the parabolic wave functions, we

write (12) as

@ ntm FX(w)
(E,L NV (9 ,-X) = (2n+1) &— . B (kr)
Vug Va0 - B £ S

m
P (cos 8).
To investigate the behavior of F;';(w) for large n, we can use

the asymptotic expansion of a'certain polynomial given by
Rice [13]. He defines these polynomials as

Hn(C)pvv) = 3F2(‘n:n+1’7:5 1l,p;v),

and with g = hgﬂ and p =m+l and v =1 these reduce
to Pasternack polynomialse. Hn(“f,p,l) however, behave as a
power of n for large n. Hence the coefficients axrl; in the
expansion behave as a power of n. This is also the case for
the function Pﬁ(cos 6). But jn(kr) behaves as C(%-!-) for large

n, so that the series converges everywhere.
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IV. INVERSION OF THE SERIES EXPANSION FOR PARABOLIC WAVE
FUNCTIONS

It is now proposed to invert the series expansion for
parabolic wave functions and express the spherical wave
functions in terms of the parabolic wave functions. This
can be done using the known orthogonality relation for

Pasternack polynomials. The orthogonality relation is given

by Bateman [1] as

= 0, ’
PR (1x) F" (i) p#n

1 dx =

7w
E§1‘(1+m)FTI-m) cosh mx + cosm ™

1l
/én+1, p =
(1)

=00

Our series expansion for parabolic wave functions is

A
n- ' Fm(- l———)
Va 5P () =) A v famly - B

n=m

- 3, (kr) P;m (cos @),

which can be rewritten as

Fi(- 42
Y a8, MY (»l -N) Z— (2n+1) —'*——%ﬁ—
n=m m( 2k )

. jn(kr) Pg (cos ©) (2)
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Forxr convenience, we let t = -5% s and restrict this substi-
tution for this section only. Now, multiplying (2) by

Fg(-it)

cosh mt + cosmmn

and integrating with respect to t from -oo to w, and as it
i s permissible here, interchanging the summation and the

integration, leads to
®

Fo(it) Fm(-it)
C-0)" x* cos nt+ cos mm Y (§ )‘)\Ym Y( -A)dt

)
o)
00
N FP(it) FR(-1it)
- Z n m n p dt (3)
i Jn(kr) Pn(cos 8)(2n+l1) cosh 7T+ oo o
n=m
-00

From Pasternack [12] we have, if m 1s not an integer,
- (1+m) [ (n+ I (-
Fa2) = (Tt Fale) = Flmemey t T s W)

Under this condition, introducing (4) into right-hand-side
of (3) for Fg(-it), and then applying the orthogonality

condition (1), leads to

n m - T, _.\m,m C (n+ . 1
i jn(kr) Pn(cos 6) = 2( i) "k ?-&I—_I%B m
00

Fﬁ(it) Fo(-1t)
cosh mt +ncos L2 Ym(‘; »)\)Ym(’ll,-)\)dt. (5)

=00
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The factor in the integrand involving Pasternack's polynomials

can be expressed in terms of hypergeometric and Gamma func-

tions. We have

Fg('it) = 3F2(-n’n+1) % + % - %; m"’l,l;l)o

Us1ing the transformation (9)

X, X, X
1,72, 35 1| [(By) [T (B#8pm X =% 0- % )
[ (Bam X3 [(By*Ba- o= X3)

F
372 By 8o

. F2(-n+m,n+m+1, %— + % m + -1—5; m+l,m+1;1) (6)

3

Also, we have
1

FO(it) = ,F,(-m, 3 + 3 m+ 251,51,

which, with the relation [14, page 282]
Il —n-
bje;l) = (¢c) FJC_E_'Q.). ,

F, (a, — pnn
21 | (c-a) | (c-Db)
leads to T (]2,, + %m- .L%‘)
= = S . (7)
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Hence, from (6) and (7) we get

it _ i

Fo(-it) Fo(it) = 1 L (é * 32:"* T)F(‘fzf +3m- 1%)
n m ([ (m+1))? I_(l Lmy &)I_(l-lm-l-t)
2 2 2 2 2 5

. 3F2(-n+m,n+m+1, % +Em- l&;m+l,m+l;1) (8)

If we now use the functional equation

r-(% + z) r-(% -2) = costh_ ’

we can write for

(9)

Substitution of (9) into (8) leads to

2
FR(-it)FR(1t) = — 1., it 1 l-u}
n{-18F,(1t) =~ |—(1+m)]2 [IV nt S [(G+3m-3)

* (cosh mt+ cos mm) 3F2(-n+m,n+m+1,-]2-' +1m- %I ; m+l,m+1l;1)

(10)

N
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Equation (10) can now be introduced into (5), and thus we get

1 . (neps
1" 3 (kr) Pl(cos 8) = f= (-1)™ & T '___{.ﬁ:g‘_._].l%

00

N [ra 30 ra-

=00

2

(] [

m- -12&)]

- yFp(-n#n,nemsl, 2+im- 3L,

Sesmel,mel ;1) W6, ) Ym("z,-)\)dt
This result, which now holds for integral

(11)
values of n,

can be reduced to a representation due to
Buchholz [2, page 202] if we use his parabolic functions.

Buchholz redefines the functions 7}2 (m)(z) [2, page 198] as

1/2
M = G n (@,
K k.2

N

Using this definition and the expression relating our

parabolic wave functions and the Whittaker functions,
section II, we get

YalE 2 Yans=2 = 2 k™ 772;2(-11: €%

k

(m) 2
. 7)2 (ik ')ZA). (12)
7
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Therefore, for integers m, with - %% = s, and the relation (12),
equation (11) reduces to the result obtained by Buchholz, and

wve get
i? j (kr) P® 9=- (-1)"
J,(kr) P (cos 6) ) z;%-; (nom)
i oo
2
rh | Tdedesaldedan
-1 oo '

. 3F2(-n+m,n+m+1, %’+ %'m+ s; m+l,m+l;l)

. "))z(m)(-ik £2) "7)((")(11: Y(z)ds.






V. SPECIAL CASES

1. A SERIES EXPANSION FOR THE FUNCTION ' (&, »). By the

22

use of the expansion (12), section III, we can now derive a

series expansion for the parabolic function\\/m(g , ) in

terms of the spherical Bessel function jn(kr). It is then

possible to give an expansion in terms of the function

2
J(kr) for the Whittaker function M_y o n (-1k§°).
2 " 2

We have already shown, page 9, that

(0.0}
WalEa N = = > &l y (v,

m!gm n=m

with v=k 52/2, and where

m
a0 - (one1) SOt : _ 4h-m . Fn(w) ’
n n-m)! 12 Fﬁ(w)

with iw = A/2k. Now with

w m (-1k§2)

Ym(g , ) = (-1x) " (m41)/2 %_ M
2 ?

nig

(1) becomes

(m+1)/2
2 - -
My g (-ik§2) = LB ™ G0y (v,

- -1

g’ 2 m! §m =m
or 0.0}

5 —— (_1y0 -(m-1)/2 n
M_ (-ikE°) = —7 (2n+1)i
53 TP L
Fo(w)
. 17,

(L

(2)
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where we have substituted for the coefficients ag » page 1k,

The series expansion (2) can now be compared with an
expansion for the Whittaker function given by Buchholz
[6, page 128]. In this case, however, essentially the same
Whittaker function has been expanded in an infinite series
whose terms are a finite product of a sum of two Bessel

functions of the first kind whose orders are half an integer.
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2. THE DERIVATION OF THE SERIES EXPANSION OF HOCHSTADT

In [10] Hochstadt makes use of an expansion of parabolic
wave functions in terms of spherical wave functions and we

shall show that his result is a special case of ours.

Hochstadt gives, for s and m integral,

=L )
M2 (p) z L(tetn) 5y (n Log (2L EE)

S+2

(m) -im¥ _ Z 1“"“‘
o (21 k) (2n+1)

S

Z (-l)r(m-n)L((Mn+l) (remtl) oy

(m+1)_(s-r)! r!
=0

-1
.jn(kr) Pg(cos Qe m Y . (3)

Our expansion is

m F (w)
Yl s M Y07 - M) -Z(znﬂ){ﬂ—ﬂ}d—- o

n=m

.3, (kr) P;m (cos ©), (4)

with 1w = A2k,
Using the notation of Buchholz for our parabolic wave
functions (4) becomes
(m) (m) T
(m$)2 k™™ -1k E2). 1kn?) = > (2n%1
) 777_%[( 5)777_5( 79 nzm(n)

. (<1)® Pl Fg(w)
k™ Fg(w)

I (kr) Pg(cos e),
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or
(m)
(m) ik &2y, 2y - @m n+m
‘}7]-%( 1k§ ©) 777_3(11;7 ) nZ_ ory2
F(w)
" —— J,(kr) PD (cos 8). (5)
Fm (w)

Now let -w = 2s + 1 + m, where s and m are integers, then

(5) becomes

(m)
7}78 +L‘éln (-ikgz) ‘}7] lln_(ik}z ) _Zm n+m

n=m (m')2

Fﬂ (-2s-1-m)

. J_(kr) P2(cos @), (6)
F: (-2s-1-m) o n
We have
Fg (-2s-1-m) = ,F; (-m,=~s;1;1)
(1+s)
s com
- (stm)! _ [(s+me1) (7)
=m st = mlst ° 7
Also

Fg(-zs-l-m) = 3F2(-n,n+1,-s;m+l,1;1)

03F2(-n+m’n+m+l’-s ;m+1,m+l ;1)
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_ [(s+m+1) (-n+m) (n+m+l) (-s),
T ostml L5 (m+1) (m+1),or!

S
_ (s+mel) (m-n)_(n+m+1)_(-1)% st
- ZE: Zm+15r(m+1)rgf(s-r)! *

[ [
s?! m! £

Here we have used the transformation [9, page 499]

xq,%, %35 [T (By) [ (By*Boa- 0= %om %3)

F -
32 [ (Bam %30 (By=Bp= %= %0)
8., 8,

By~ %1sBy= s 352
3F2 [
BysBy*Ba- %=

Hence we have with,some simplifying,

2 (-l)r(n-m)r(n+m+l)r(m+1+r)(5_22
(m+1)r r! (s-r)! *

F‘:(-?_s—l-m) = (8)

r=

Introducing (7) and (8) into (6) leads to

(m) (m)
7725 g (-1k § %) .?7?8 . 1 (11(7(2)

=i4.an:y_ jotm __mb st
=5 (m?) (s+m+1)

i (-1)r(n-m)L(n+m+1 ) (mHL+r) (o)

(m+l)r r! (s-r)!
n=m

. Jn(kr) Pﬁ (cos 8),
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or

___(mﬂ).’ms +J..2.m (- 1k§2) 7,? l_m (n”l 2y

=°.Z 1070 on+1) i (-l)r(n-m)r(r+m+l)(§_zl
m} . (m+1) (s-r)! r!
n=m r=

. jn(kr) Pﬁ (cos 9©),

which is the series expansion given by Hochstadt with the

parabolic coordinates X=2 v EN cosf, Y=2 /5N sin f
Z= g -7 .
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V1. THE EXPANSION FOR PARABOLIC POTENTIAL FUNCTIONS

The parabolic potential functions are the solutions

of LaPlace's equation
AU=0

in parabolic coordinates. The expansion for these functions
can be derived in two ways. Directly, by repeating the
process for LaPlace's equation which we did for the wave
equation, and this will be shown later in this section.
Secondly, the expansion for these functions can be derived

by taking the 1limit of the expansion for the parabolic wave

functions, (12), section I11I, as k —> 0. Then the parabolic

wave functions become Bessel functions in the limit, as is
the case if we separate the LaPlace's equation in the

parabolic coordinates and find its solution. To show this,

the differential equation satisfied by VY ( ; , ) is

dzym(g')‘)+;d‘1’l(§')‘) 22 m2
dgz : a3 + k§ -—5—24—)\

'\Vm(g’)\) = 0’

which becomes, as k —> 0,

2 @2y (E, X)) . aY (E,N)
ab 13
‘Yl & » AN) = 0. (1)
This is Bessel's differential equation with a solution

Tegular at § =0, J( )\1/25). For the equation involving
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7’(, the corresponding solution is J (i Al/zYl).

Now for the right-hand-side of the expansion III (12)
we must find Frr‘:(w), Fﬁ(w), and jn(kr), as k —> 0, while

P;m (cos 8) 1is independent of k.

We have
Fﬁ(w) = 3F2(-n,n+l,12‘ + % m + 5 w;l,m+1;1)
=Z”(-n) (1) (3 +3m+3w,
5 1), (m+1) r!

The last term in series (r=n) contains (32* + 12‘ m + %- w)n.

This factor is of degree n in w. All other terms of
T < n are of degree less than n in w. Therefore, near

k =0, with r=n and w= -iA/2k, we have

Fﬁ (- %)z %17 * ('l)n nte 121! * %T! ’ in+m§!

l_ ()P qn 2D A1 m§§2_r_;2, ln)\n

Similarly, near k = 0, we have

Ay omi(em)d 4OAT
Fa(- B = P

~ (2m)!(m!)‘2 22m KT

_1m A"
mt 220 M

0, for the coefficients ag we have

Then » near k



3¢

al ~ (2n+1) (n+m)! yn-m mi(2n)¢ 101 1
n k®(n-m)? (n+m)! (n.)‘2 en  yn
. ' 22m K0 ,
m )\m
or
m~ 2n+ _&)n-m ARTE (2n)1 1

n-m (n )2 KD

The dominant term in the expansion of j (kr) =\/"— J (kr)
n 2kr n+ &

near k = 0 1is the leading term and hence for small k

on n _,
J (kr) = -T%Ef%yrn*

Thus the right-hand-side of our expansion III (12) becomes,
in the limit as k — 0,

00

2
2 {_‘)Tﬁ:m mr (- 87 2% AT BT (cos 6).
n=m

It remains now to investigate the left-hand-side of our

expansion as k —> 0. We have

2
/ 2
Yulé s A) = ¢ m ik 5 /2 1Fq (- &ki + -m—;l;ml;-ikg )e
Then I~ e\
m 1 (2-%)
lig Yal6,X) =% |1 - gy =%
1 (*/_ 53
(ml)(m+2)_‘ - ®0 0000
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m
[}
= mi2

)"

= —mi%nl'é Jm (ﬁg)o
Similarly
2 2
Yalyps- 2 = 7zm otk /2 (Fy (¢ B2+ B p -1k )

approaches

-‘-ﬂim)—z-L-;:;Jm()\ § )0 Iy a N/ 7() 2_ ﬁ:ﬁm"m—

n=m

nNn-m 2!1 )\n
(- ) X

P;m (cos 0),
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or

a
Ia (A2 §)J,G4 )\1/27 ) =Z %(2/\)“ (- b

n-m
n=m

. .n .-m
r Pn (cos 8)

n
_i o &) 2A)” n
- n! (n+m)!
. Pg (cos 8). (2)

which is the expansion for the parabolic potential functions.

As mentioned above a different way to get this expan-
Sion for the potential functions would be to repeat the
Process for LaPlace's equation that we did for the wave

eqQuation. We assume the expansion

1/2 1/2 -
TN §) T aN ) = E by r P (cos @), (3)
n=m

2 2 2
with r = -g—%-)l— » COS © = -5—2—-—72-5 . Again we attempt
¢+ 7

to determine the coefficients bg by substituting (3) in

1/2
the differential equation for I (A g) for all 7 .

Since the particular value of )z does not matter, we

Choose arbitrarily small 7? . Then in the right-hand-side



of the expansion (3), for 72 near zero, we have

2 2 m
(Gl )-cor g 3 L

ng

2n
and i ~ -fn— .
2
1/2
For the function Jm(i A 7), near 7( = 0, we have
2. m
1/2 m WV
I .
I (LA 7)~ o .

Thus the expansion (3) for }Z —> 0 reduces to

1/2 o /2
T (N / ) =) bR ()" {mmp ———; 5

n=m

2n-m

We now determine the condition that

oo -m/2
pB 478 (o) fmemlt A § ena
n n-m)} on

n=m

satisfies the differential equation (1). This leads to

2 +m) ! 2 2n-m
E bg 3_m! o7 (4n° - 4nm) ?

n=m

o0
+an in-m;! on A § =0,
n=m

which can be simplified to

33
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00 .
m §n+m;; X1 2 _ m 5g-]+m;; 1
j:éi:; bn n-m)! on (4n bnm) + bn-l n-l-m)! 2n-l A ]

2n-m

(W)

n
o

2n-m
Hence for (4) to hold the coefficient of f’ must

vanish, and thus we have the two-term recursion formula

of pB
m_ _ (n+m-1)! 1 . -m) ! -
bn - an-m-le! 2n-l A in+m§! En?n—mk ’

or
2 A :
D e (5)

The solution of (5) gives, for bﬁ in terms of b: ’

m_ (=17 NPT gt (om)! om
bn - n-m bm
L n! (m+n)!

Now the coefficients bg can be given if we evaluate bﬁ

from expansion (3). This can be done by dividing (3) by
m .m m n
§ N =r" sin", and teking the limit when §, N —o.

This gives for the right-hand-side

m
(1) (2m)! pD

20 my m

The left-hand-side is 12 /2
AR

A
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and this becomes
!m /\m
22m (m!)2

as ’ ——> 0, and therefore we have for the b
m

bm - ‘-] lm im )\m

2 oM mr (2m)!

Finally, we have for the coefficients bg

" (-8 @A

b2 =
n n! (m+n)! *

The expansion for the parabolic potential functions is

therefore

n n
1/2 1/2 X_ M- ¢) (2A) _.n
Jm()\ f) Jm(i A 72) = -Z- ™ (&ﬂﬂ! r
n=m

m
Pn (cos 08).

This is exactly the same expansion as in (2), and it can
be rewritten as
n _n
& NZ ® 1M~ g A
I §) I, }Z) =2 ! (n+m)!

n=m

2)n j 2 ) 7? 2
2 2

¢ + 1

It follows immediately that the series is convergent for all

§and7.

m
Pn

. (?24.7?
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VII. GENERATING FUNCTIONS
1. Linear Generating Function for Pasternack Polynomials.

In order to find this generating function we first
consider the representation

B(B, ¥ - B) 5P (o¢,B; ¥5x) =

1
J wPl (1-u) ¥ Bl (1oxu)~ X du, (1)
0

which is an integral representation for the hypergeometric

function [11, page 12 ]. LetX =m + 1/2, B = (m+l+w)/2,
Y = m+l, and x= -4t /(l-t)z, then (1) becomes

3(@2-‘3, m%.:x)2F1(m+ LomHltw o, bt

2 2 7 (1-t)°2
1  p-l+w o-1-w -m- %
= S u ° (1-u) 2 [1 + (—11%5- ] du, (2)

and

—L1 —— p(EHN , BHoW) o (n+ 3, BN it

g2t 262 T2 202 (1-t)2
g=1+w m-1-w ep- &
_ 2 2 2 i 2
-S u (1-u) 1+t“-2t(1-2u) du. (3)

0

Now the generating function for the Gegenbauer polynomial

—v-1/2
C¥*1/2(3) 1s (1-2hz + 1) s » and we have [5, page 175)
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v-3 o v+i
(1-2hz+n°) => ¢ (2" =
n=m
b4
v _[ (y+ [ (negys 2, 2 v n
2 {5y > R a2 o @nh
n=m
, 172
which is convergent for |h | < |z * (2°-1) .

Substitution of (%) into (3) leads to, with v=m, h=t,

and z=1-2u,
1 +1+w  D+l-w m+l+w Lt

—T(l-t) 1 B(m 2 ’ 2 )2Fl(m "'% ’ 2 H m+1;- (l-t)z)
(o8] 1 - %

= (-1)" TZ—;‘;;'—.Z g 2’“‘15 1-z%)  PX(2)
n=m

-1
m'ﬂ'lz- wz-
: [L;&] [lgi] az. (5)

Where we have applied the relation P;m(x) = (-1)® nem) !

L]

Pg(x), started the summation from n=m, and, as it is

Permissible here, changed its order with the integration.

Now from Buchholz [2, page 202] we have

m

w m
[ Do e oy 0y AL gy g
O
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. I-(l'ﬂgi) 31"2(-n#—m,n-ﬁ-m+1,Maiw ; mtl,m+l;1). (6)

If we put tan‘ié=\’%§§ y 2 = cos'f> in (6), we get

1 W 1 m+w-] n-w-
S ll:z:l PB(z) —2— az —S ~(1-z) 2 {+z) 2
1+z '™ o o 2
-1 1-2 -1 (1-2)2 (1+2)°
-Pﬁ(z)dz
1 __.nél mﬁév;l m‘2‘
-1

which except for a constant factor is the integral in (5).
Introducing (7) into (5) leads to, from (6),

1 +1 4+ +] - +1+ t
—hor BN, B pied, B e

Qo
- - m -
- 0P gy ) e LD et 1 sy
n=m

+

. [_(Qiéﬁ!) 3F2(-n+m,n+m+1,mt%—!; m+l,m+l; l),

or
t- 1 mtlty bt
gyt F(mte . 3 T -2
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oo
t
= 2_ hem)t sFa(-memsnimel, BN mel,mel; 1)- t°
n=m *

Using -w for w, we get

m
1l ml-v, . - W, _ 1
opy2mT 2n(m e T 3) = Zut

®
.z ntz : 3Fp(-ném,n+m+l; mt%zﬂim+l.m+l; 1)-t% (8)

n=m

But we have

3F2(-n+m.n+m+1, Qi%:! ; m+¥l,m+l; 1)

Fd+3a®
- Fp(-w), (9
and
FX(w) = [_(é +é*m : g? . (10)
T nTd-Teep

Introducing (9) and (10) into (8) leads to

T DLW, 41 bt _
(1-t)2m1 SFy(m+ %, B, mes - Qp2 - et
- +m) ! Fﬁ(-w) n
. E {ﬁ—_ﬁ-& o .t (11)
n=m " Fp(w)

But from Pasternack [12, page 212] we have
m PR .
Fp(-2) = (-1)" F(2),

so that (11) becomes
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- *1-w Lt N |
o2 2t 30 B wel; - -2 T T
F(w)
( l)n §n+g§, . tn’
; Fp(W)

or, multiplying by (ik)%,

12_!11)_;_ . —.tf.l_— F ( + l’ o+l-w, +]:- bt
(1k)0  (1-£)20+1 2°1 m*2 2 ¢ T (1-1)2
Fo(w)
z m n-m ! _g——- t7. (12)
= (1k) Fm(W)

The coefficients of t" in the expansion (11) are
proportional to the coefficients of the expansion in

section III. In fact if we rewrite (12) as

w7 pon e mlew oo bt
B -y 200 T2 e PR T 2

Z !n-m + Fm(W) i t

"m ! Fm(w) ’

n=m
it is seen at once that the coefficients of i™t" here are
exactly the bl section III, page 12 and 14. That the
coefficients in (12) are proportional to the coefficients
b2 can also be seen by considering the differential equation

n

(t2-1)¢" + [(m+3)t+2w+ Egl:l £+ (ol + e =0, (13)
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satisfied by the function on the left-hand-side of (12).
However, as t=0 is a regular singlular point of (13), if we

assume a solution of the form
00
f =Z c, intn,

n=m

upon introducing this series into the differential equation,

we get
© @
E [n(n+m+2)+(n+1) ] c, 1P & E w(2n+1)cn 1“1;”'1
n=m : n=m

[09]

+ E n(m-n)c 1002 o 0,

n=m

which after simplifying becomes

®
2{: h=lgn-1 I:(ni-l)(n-m-l)cn+1 + iw(2n+1)cn+n(n+m)cn_l] = 0.
n=m

Hence for (14) to hold, the coefficient of t" ! must vanish,
and thus we are lead to the following three-term recursion

formula for the <,
(n+1)(n-m+l)e ., + iw(2n#l)c, + n(n+m)c _; = O. (1)

wWith iw =4A/2k, this is exactly the same recursion formula,

equation (9), page 11, satisfied by the coefficlents bﬁ .

Thus the c  must be proportional to the coefficients bﬁ,

and hence the function on the left-hand-side of the equation
(12) 1is a generating function for the coefficients bg .
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2. Bilinear Continuous Generating Function for Parabolic
Wave Functions and Whittaker Confluent Hypergeometric
Functions.

The bilinear continuous generating function for the

Whittaker functions has been given by Erdélyi [4, page 66]

as
- Xy 1=t
1/2 ( 5 1ﬂ;) R 1/2 L
1+t e Top | et = om

l_(%-K*'u) |‘(%+K+u)
-] f Mg, p (0
L

[ [(2p + 11°
'Mx” (Y) dK, (1)

where L 1is a path from -1 o to + 1 oo, separating the

poles of r-(% + K + ) from those of r-(% -K + ).

The purpose of this section is to derive the bilinear
continuous generating function for our parabolic wave
functions using our series expansion for these functions
and some properties of Pasternack polynomials. Then with the
relation between our parabolic wave functions and Whittaker
functions already estaﬁlished, the above formula, a proof
of which has been given by Erdélyi [4], can at once be given.

We start with (Appendix, equation 4)
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0

Jp(z sin o sin ﬁ)eiz cos X cos B =Z 197® (2n+1)
n=m

+ t - -
o Jn(2) an (cos o¢) an(cos B).

n-m)!
2 2 2 2
) R s _52-7
ow let 2z -kr-———z—-k, and cos B = =55 then
g+
we have
2 2
ik i—2—7?— cos o X2 _
J (k ;7 sin «()e = E 1P7® (2n+1)
n=m
(n+m)$ - -
o)t Jn(kr) an(cos e) an(coscx), (2)
g 2 +)? 2 §2_ )? 2
with r = =——5— , and cos 8 = —5— ,
2 ;2 }ZZ
+
1/2
If we now substitute cos X = ﬁ » Sin K= %{t—
in (2),we get
/ 5202 1
1/2 = - (0]
}? ik 2 1+t _ n-m
Jm(2k l—l-.ﬁi— ) e = -Z- i
n=m
+m)! -m -m,1-t
e (2n+l1) %ﬂ-}? Jn(kr) P (cos 8) Pn (1+t) . (3)

Now we make use of a certain integral involving the

Pasternack polynomial Fg(x). Pasternack gives [12, page 216]



+00
[—(m+1) e™ sech x P;m(tanh x) = % S e1¥2 Fﬁ(iz-m)

- @

. sech(% mz) dz ., (%)
1/2
If we substitute tenh x = 3% , so that sech x = &b— ,
-1/2
and x = 1n t , and replace iz for 2z, (4) becomes
1/2 1o m+z
-m (J=ty _ 1 2 —pe
r(m+l) ']T_%t_' P (1+t) =2 g t Fg ( 2 m)
i
. sech(% miz) dz ,
or 1/2 SR 1
2t -m ,1-t 1l 2 ——
[ (a+1) $5— P." (35F) = 57 & t F (-z-m)
-1 o
. sec (é mz) dz . (%)
Let w = -é;\ = -(m+z), then (5) becomes
m+i o
1/2 w
£ _ p-m 1=ty _ _ 1 T2 .m
[[(m+1) ¥ PL" (3F) = - o t © Fa(w)
m=-1 oo

* sec % m(~-m-w) dw,

which can be written as
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p m+ioo
1l
net L . 2 Fp(w)
%IE- n ‘Iet ey (m!)z Fg(w)
m-io00
. r-(é M ém _ gl . [-(éféf5+ 2) sec & m(-m-w) aw. (6)
£— . 1.1 W 2 .
[3-32-D [Grzaed

so that (6) becomes

m+ioo

W

1/2 ,-m 1=t _ _ _1 2
t Pn G = - 573 S t
m-ioo

[G+dnsH [Gedngh W
[r(m-t-l)]2 Fg (w)

dw. (7)

Returning to equation (3) above, if we multiply it by
1/2
Y _  and introduce (7) there, we get

1+t

2 2

1/2 ey Aol &

{;E— I (2k ——I:E_-—-) e 2 1+t _ § 17"R(2n+1)
n=m
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m+ioo
(2 + 4 ¥, 1,1, _¥ m
i z“‘*i%ﬁ’;ﬁ 2 L% e
[I (m+1)] F;:(w)
m-1o00

We can interchange the summation and integration here, and

then use our expansion III(12) for the parabolic wave

functions, thus (8) becomes

§°%-n°
1/2 1/2 1k L . At
Eroaxsp e e
m+i
k& - %
= - b t
m=-1io
[GegnrHGrgn lgjl\y( )
[ (m1)12 n§

.\Vm( 7 = )\) dw.

(9)

This is the bilinear generating function for our parabolic

wave functions. We have already shown that

Yal 522 Y- 2 = g™y

§)Z g’

M

1
mlt.'
Nlis

(-ik 52)

nls

(ik? 2),



L7

iA

with w= - 2k »

so that for the Whittaker confluent hypergeometric functions
(9) becomes, after multiplying by f )Z ,

2 2
1/2 12 4, _5_;_’? . 1=t
1+t
k Ep i Ik gy f) e
m+ioo _
s -y [Gedn D Gr3e-P
B ] t [ (m+1) ]2
m-1o00
R (-1kE3- M (11{712) aw
"2’ 3 "202
which is essentially formula (1) with x = -ik g 2, y = ik 72,

K=-%=1iAMk, and 24 = m.



48

APPENDIX

It is possible to derive the series expansion for the
parabolic wave functions in terms of the spherical wave
functions with a different method. This can be done by using
an equation due to Buchholz that expresses the product of the
parabolic functions as denoted by him, in terms of an

integral of a Bessel function of the first kind. Buchholz
gives [3, page 85]

(a,t) * M (a,t) =
1 2 1+p _
J%xm/2 Xy /2 [+ 0 r(—z'h x)

T - ]2‘(a1 + a2)t cos7o

e J“(t v aja, sin 'f)

2x
+ (cot g) atf . (1)

Also from Erdelyi [ 6 , Page 102]

1/2 -V
(sin sin 8) / JV 1 (z sin( sin f})ei z cose cos B
T2
2‘)-% -3 2 < 1ng;(g+\))
=2 (rz) 2 [T (V)] Z (2V + n) Tney(2)

n=0

e oV \
C, (cos X)C_ (cos B). (2)
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here JV (z) is the Bessel function of the first kind and

CX(x) is the Gegenbauer polynomial. Equation (2), with

V=m +% » becomes

1
2m +
(sin sin B)™™® J (z sino sin B) elz cosotcos B _ , 2

2 - S 1P nl(mtn+3)
i 2, 2
[ T (a+3] (r2) Le Ty 7, 1@
m+% m+%
. Crl (cos X)) C, (cos B). (3)

Substituting for Gegenbauer functions in terms of Legendre

functions [5, page 175]
1 -

1 1
m*2 22 T [ (n+2 2y 2% -
c, < (x)= —(—m—})ﬁ-ﬁﬂ—ymﬂll_ Sty T (ool (1-x%) © P g (x),

in (3) leads to

- i 2m+ =
(sin ¢ sin B) m Jm(z sino¢ sin B) elZ cosX cos B _ 2 2

Q0

_ 2 - l i? nt(m+n +l)
‘[ (m *'%)] (rz) e —m)—- Jm+n+— (z) - 22m
n=0 2

2

M (e " (n+2 N
. ['—_{%nﬁ-’- . j:%’)%u-/' (sin o< sin B) -m Pnfm (cos ¢ )

n+m (cos B).
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This simplifies with

l—(m""%) = NE 3 . (2m)}

22rn m! ’
to .
J (z sinol sin g) e % ©°8 X cos B =V.2."_ > 4n
2 n=0
2m+2n+ +2m)} -m
) J (z) P (cos ox)
n! m+n +4 n+m
2
©
. p~m - n-m (2n+ +
Pta(cos §) = 0 17" (2pldfpnlt 4 o)
. P;m(coso() P;'lm(cos B). (%)

Now, comparing (1) and (4), we can substitute (4) into (1)
if we put B =¥ , iz coso = - -]2*(a1 + a2)t, and

z sin9(= t v ay a, V. Thus

z = ‘%‘(al - a2)
"a, + a
8 < 8

Hence (1) becomes, with ='m, and we can change the order

of integration and summation here,

1/2
(aya,) t
(a t)- (a~t) = 1°2
M 18 M (e [32+ x) (A8 - x)

Xy x’s

nis
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00
-m (2n+l +m) !
p e Lty le o L)

n=m
ay+a, _ ~7° -2x
'JTQ S an(COS f)(tan —5—) d “f
( )1/‘2 t =
818 Z n-m m
= . i (2n+1)(-1)
[P e [dB-- 9 &

a, +a
"I [i—zL(al-aZ)] P;m (ﬁ) j P (cos T )

«(tanf )™%X q7¥ . (5)

Using equation (6) section VII. 1, (5) becomes

1 n-m

N

n+m)

n=m)?! 3F2 (-n+m,n+m+1,-x + I-n%l 3 m+l,m+1l;1)

i - a ‘.'82
SN O (;E) : (6)
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Now, as before, we have

3F2 (-n,n+m+l,-x + Q%l; m+l,m+1;1)

I_("L m+ x)
r@ lm+n

* Fp (-2x)

Fg (-2x)
Fg (-2x)

so that (6) becomes

(0 0]
1 . = {n-m
12;22;175—: _A{x’%(alt) x,2(82t) ;Z__ (2n+1)

m
n+m * Fn(-2X) l& -m a +a2
o)t T 3% (a-ay)] P L=<, (7)
n=m)l  pM(_oy) n 1 n a,-a,
m
Now in (7) we put X = - % ’ alt = =ik 5’2, a2t = ik 7?2
and 2 2
a,-a . +
N T YR T 2
i o) t =k 5 = Kkr
2 2
a +a 5% -7
1 2 . S 5 = cos e,

a17a; E” & '7

and get



2
] 2 2
;éf—‘ll-—./"l.! m(-ik§ )e M-!! 2(11{77)
57 ' 2 2’2
(w)
3 g
(n-m
n=m Fm (w)
* 3, (kr) P;m (cos 8) . (8)

We have for our parabolic wave functions

2
YalE 20 ¥y (-2 = 48y (md)

&
(k §5 « M xp?) .

- ¥,
> ’

.J\,L!

- 2 f )

nis

Introducing this into (8) gives at once our expansion (12)
for the parabolic wave functions in terms of the spherical

wave functions in section III.
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