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ABSTRACT

The numerical solution of plane elasticity problems in which
the body 1s of arbitrary shape and is subjected to various loading
conditions 1s first considered. The method employed is based on
embedding the body of interest in the infinite plane and satisfying
prescribed boundary conditions using a collection of concentrated
loads acting outside the body. The procedure developed 1s then
extended to include internal sources of stress such as body forces,
fields of edge dislocations and their dipoles, isolated cracks,
and finally dense arrays of cracks. In the treatment of crack
problems, the actual crack boundary 1is replaced by a dislocation
dipole which acts as a passive radiator of stress in the presence
of an applied external stress field. Since each crack 1s given
this status and since the strength of any given dipole depends
on the stresses produced by 1ts neighbors and by boundary tractions,
there is a high degree of interaction between dipoles. The approach
yields a system of matrix equations to be solved for the dipole
strengths which are subsequently used to determine the state of
stress anywhere within the body. Comparison of numerical results
to known solutions indicates that the dipole model of a crack 1s an
accurate one for most applications and that the numerical methods

developed perform satisfactorally. This work should therefore be






useful in the study of damage due to progressive crack growth in

engineering materials such as metals and rock.
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CHAPTER 1
INTRODUCTION

The Tinear and nonlinear theories of elasticity, plasticity
and fracture mechanics are composed of two parts: the develop-
ment of constitutive equations describing the material response
to applied loads and the determination of the stress fields resulting
from an application of these equations to boundary value problems of
interest. This dissertation deals with the Tatter.
Beginning with Chapter 2 the numerical solution to linear
elasticity problems with emphasis on efficiency 1s addressed and
the method developed is then extended to include body forces,
fields of dislocations, dislocation dipoles, isolated cracks and
finally a dense array of microcracks. Common to all solution
methods in problems of plasticity, nonlinear elasticity and frac-
ture mechanics 1s the need for an accurate assessment of the stress
fields arising from distributed internal sources of stress, such
as a body force field. Also common to these methods 1s the incre-
mental nature of the approach. Consequently, the basic process
of solving a linear elasticity problem must be performed repeatedly,
requiring the numerical procedure to be both accurate and efficient.
In classical plasticity theory, a rearrangement of the elas-

tic-plastic Navier equation shows that the plasticity problem can
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be regarded as an elasticity problem with a suitably modified body
force [1,2]. The body force carries the effects of plasticity

for a given set of constitutive relations and is typically not
Known apriori since it is expressed in terms of the displacement
field. The same is true of nonlinear elasticity problems [3].

The nonlinear terms occupy the same position in the Navier equation
as does the body force term. In both plasticity and non-linear
elasticity, the determination of the body force distributions for

a given loading system is typically done iteratively. The load

1S then given an increment and the procedure is repeated until some
predetermined loading program is completed. It is therefore
necessary to solve a series of elasticity problems with body forces
for each increment of the load.

Attempts to obtain the stress field due to body forces by
replacing the distribution with a collection of point loads [1],
gives poor results near the points of application of these loads
due to the singular nature of the point load solution [4]. The
same 1S true of quadrature rules used in numerical integration
techniques [2] which are aimed at smearing the point load solution
over polygon-shaped areas. The finite element approach [5] of
dividing the body into elements and assigning some simple distri-
bution to the body force over each element i1s cumbersome and
numerically inefficient. In Chapter 2 i1t i1s shown that the problem
can be treated very effectively by characterizing the body force
field by a set of Fourier coefficients which are then used to

determine the stress field at any point from simple expressions.






Equally important is that the integrals associated with the
smearing of point loads over an area to obtain a body force distri-
bution are exactly the same as those required to smear dislocations
and dislocation dipoles over an area. In problems where the dis-
location distribution is known, the methods of Chapter 2 allow for
the calculation of the associated stress field with a minimum of
effort. A known distribution however is likely to be the exception
rather than the rule. As with plasticity and nonlinear elasticity,
the distribution is usually determined iteratively by satisfying
some kind of constitutive criterion [6]. Nye [7] and Eshelby [8]
have 1ndependently developed continuum theories of dislocations but
both are described by a set of partial differential equations which
are unlikely to be solved in even the most elementary problems.

In fracture mechanics [9], the prediction of stress levels at
which crack growth takes place is of primary importance. The deter-
mination of stress intensity factors [5, 9, 10, 11, 12] is aimed at
accomplishing this. The subsequent problem of following the pro-
gression of crack growth is an area of current research [13, 14, 15,
16, 17, 18, 19]. Fundamental to the success of this research is
the ability to characterize the stress field of a collection of cracks
with a minimum of effort. It has been customary to focus attention
on one or two cracks in simple geometries under conditions of uniform
stress [9, 10, 11, 12]. The solution to the problem of a single
crack in uniaxial tension in the infinite plane is no simple matter
and therefore points to the need to develop unconventional methods

of solution. In Chapter 3 a dislocation dipole model for a crack






[6] is proposed which simplifies matters considerably while preserving
the general features of a crack and eventually allows for the solution

of general boundary value problems in which the body contains an
arbitrary array of cracks with varying sizes, orientations and locations
within the body. The application of this model to problems with

known solutions indicates that it compares favorably with more refined
models and requires very little effort to apply numerically. Ultimately,
this model is used in conjunction with the results of Chapter 2 to

treat the 11miting case of a dense array of microcracks characterized

by a 'microcrack density'. It is hoped that, when used with consti-
tutive models of crack growth (yet to be developed), these results
will prove to be an integral part of the problem solution process.

No attempt has been made to develop or incorporate already
exi1sting crack growth models into the material presented here. Efforts
to classify materials according to their behavior in the realm of
progressive crack growth [13, 14, 15, 16, 17, 18, 19, 20] indicate
that this stage of the problem needs further development. Dragon
and Mroz [14] come closest to defining the state of the art approach to
crack problems. In their approach, they use an abstract quantity intro-
duced by Vakulenko and Kachanov [21] called the crack tensor and pursue
a potential theory development similar to that used in plasticity.
Their development, however, is largely phenomenological and lacks
justification in many places. The crack tensor idea i1s nevertheless
an advantageous contribution and is very similar to the'dipole state’
used here to represent a crack field. In view of the successes met
with 1n the example problems presented in Chapter 4, this type of

approach looks promising for future use in the incremental treatment







of crack growth problems. For the sake of clarity, the methods
presented in the following chapters deal with the treatment of body
forces, dislocations and cracks individually. The versatility of
the numerical approach must however be emphasized; there 1s no res-
triction preventing these methods from being used in concert to
treat the general problem of elastic-plastic-dislocation-fracture

mechanics.






CHAPTER 2

THE NUMERICAL SOLUTION OF ELASTICITY PROBLEMS
BY THE SUPERPOSITION METHOD

2.1 Background

The governing equations of linear elastostatics applied to

a homogeneous isotropic body in a state of plane stress are [4]

the equilibrium equations,
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and the strain-displacement relations,

.. w30
X oX’
oV
. 2.4
By = (2.4)
_du, av
ny_ay+ax’

where O 3 Oy’ Ty are the stresses; Bx’ By are the body forces;
€ , €E 4, Y. . are the strains; u, v are the displacements; E, G,
X* N Y
v are the usual material properties.
In what follows, the body will always be assumed to be 1n a
state of plane stress. The interested reader can easily convert
any results to satisfy plane strain conditions. Any stress field,

(ox, o, T. ), Which satisfies both the equilibrium equations and

" S5
compatibility is a solution to some boundary value problem 1in
elastostatics. Satisfaction of compatibility insures the inte-
grability of Equations (2.4) to obtain a displacement field, (u, v).

Of particular importance in the theory of elasticity are the
principle of superposition, which follows from the linearity of
the governing equations, and the uniqueness theorem due to
Kirchhoff. The principle of superposition allows one to construct
new solutions from linear combinations of old solutions. The
solution to a typical problem in elasticity involves the satis-

faction of the governing equations at every point inside the body

and the matching of boundary conditions at every point on the






boundary of the body. The theorem of Kirchhoff guarantees unique-
ness of the solution provided that the boundary conditions are

of the form usually encountered,

where Bt and Bu are those parts of the boundary on which tractions,
t:, and displacements, u:, are prescribed, respectively. Conse-
quently, a solution obtained by any means is the only solution.

Two basic solutions, the concentrated load and the edge
dislocation solutions, <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>