
 

 

MULTIPHASE FLOW THEORY APPLIED TO WATER TREATMENT SYSTEMS 
AND DEVELOPMENT OF A NEW WALL FILM MODEL FOR MEMBRANE 

FOULING 

By 

Sina Jahangiri Mamouri 

 

 

 

 

 

 

 

 

A DISSERTATION 

Submitted to 

Michigan State University 

in partial fulfillment of the requirements 

for the degree of 

Mechanical Engineering – Doctor of Philosophy 

2018 



ABSTRACT 

MULTIPHASE FLOW THEORY APPLIED TO WATER TREATMENT SYSTEMS AND 

DEVELOPMENT OF A NEW WALL FILM MODEL FOR MEMBRANE FOULING 

By 

Sina Jahangiri Mamouri 

Pollution mitigation systems are rapidly evolving to address societal challenges and this work uses 

multiphase flow theory for studying and improving the performance of novel solid/liquid and 

liquid/liquid separation systems. The first part focuses on large (approx. 29,400 Mt) solid-in-liquid 

systems used for treating wastewater coming from Combined Sewer Overflows. Use of multiphase 

theory is needed to study the performance and design changes to a novel system introduced in 

Dearborn (MI) and other locations around the USA due to the significant costs of these systems.  A 

recently developed Combined Sewer Overflow detention system (called the Treatment Shaft 

system) is investigated and its performance for separation of suspended solids from water is 

evaluated using both Eulerian-Lagrangian and Eulerian-Eulerian multiphase flow approaches for 

various particle sizes and for a 10-year, 1-hour rainstorm event.  In order to improve the efficiency 

of solid separation in the Treatment Shaft system, the impact of a flocculating agent is evaluated 

using a Population Balance Model coupled with a multiphase flow solver to model particle 

aggregations and breakups. The effect of design changes on the performance of the system is 

evaluated. 

Multiphase flow theory is used again in the second part to investigate the performance of 

membranes for liquid-in-liquid separation. An emphasis is put on oil-in-water emulsion separation 

using crossflow filtration. Various membrane configurations are first analytically studied, and new 

analytical solutions are introduced for estimating the flow field in such systems. In order to 

improve membrane efficiency, the impact of using charged membranes on oil droplet separation 



is then evaluated in various cylindrical membrane configurations.  A significant issue in using 

membranes for oil/water separation is membrane fouling. To incorporate membrane fouling in a 

computational fluid dynamics simulation, a new model that employs a novel film model is 

developed and implemented in this work for the first time. The multiphase mixture model and the 

wall film model are coupled with a population balance model. The proposed approach is then used 

to model and predict the early stages of membrane fouling that account for hydrodynamic 

interactions. A parametric study is carried out to demonstrate the features of the model and to 

evaluate the impact of different parameters such as transmembrane pressure, density ratio, 

viscosity ratio, and contact angle on the performance of a membrane separation system. The model 

is also validated using experimental data and found to correlate well. 
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Introduction 

 Overview 

Clean Water is essential for population health, and daily operations. Return of thermally, 

organically, or chemically polluted water to the environment continues to be a major 

concern. Water pollution directly and indirectly harms public health and damages our 

limited sources of freshwater. To address this issue, pollution mitigation systems are rapidly 

evolving. Water pollutants are in different forms such as solutes, suspended solids, and liquid 

droplets. Suspended solids and liquid droplets as two common sources of pollutions, despite 

their different characteristics, raise a common issue which is the separation of dispersed 

phase (i.e. pollutant) from a continuous phase (i.e. water). This study in two main parts 

utilizes the multiphase flow theory and develops computational fluid dynamics models to 

simulate two different water treatment systems, predict their performance, and improve 

their design and operation conditions. The first part focuses on the Treatment Shaft 

technology to separate suspended solids coming from combined sewer overflows.  The 

second part investigates the crossflow membrane systems for separation of oil-in-water 

emulsions. The details are discussed below. 

 Combined sewer overflows 

The first part of the thesis focuses on the use of multiphase flow theory and 

Computational Fluid Dynamics (CFD) for evaluating a water treatment technology for solid-

in-liquid systems.  
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1.2.1. Problem statement 

Combines sewer systems (CSS) and Separate sanitary systems (SSS) are two main types 

of public wastewater collection systems in the United States. CSSs were the earliest sewer 

systems constructed in the U.S. in 1900-1950. In the contrary to SSS, CSS was designed to 

collect both wastewater and stormwater in a single pipe. Rain and snow events may cause 

excess flow through the system and can result in Combined Sewer Overflows (CSOs). Most 

CSS facilities discharge CSOs to surface waters such as rivers, coastal waters, etc. As of 2015, 

there were 859 active permits for CSO discharges in the U.S. Figure 1-1 shows the 

distribution of CSSs in the United States [1]. The annual discharge of CSO in the U.S. is about 

850 billion gallon [1]. 

 
Figure 1-1: Distribution of Combined Sewer Systems (CSSs) in the United States [1] 

The U.S. Environmental Protection Agency estimates that more than 770 cities in the 

United States suffer from water pollution resulting from CSOs. An approach to mitigate the 

effect of combined sewer overflows is to store rainfall runoffs temporarily through storage 
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and treatment of solids in flows that exceeds storage capacity by sedimentation [2]. Content 

of wastewater solids are characterized as Total Suspended Solid (TSS), which assesses the 

quality of wastewater after and prior to treatment. The concentration of TSS is evaluated by 

standard laboratory tests [3]. The removal of these solid particles is important in order to 

reduce the pollution in receiving waters. This can be achieved by settling, filtration, 

coagulation and flocculation [4]. Settling tanks are one of the most practical ways of pollution 

management since they provide volumetric control of flows and treatment by settling [5]. 

The efficiency of a sedimentation tank to remove suspended solids depends on configuration 

of tank (solid concentration, water flow rate), and characteristics of the particles (shape, size, 

drag and buoyancy forces) [6]. The detention facility can contribute to removing solid 

particles from the overflow through sedimentation. Detention tanks can be designed in 

several ways [7]. One approach is to use in-system storage with real-time monitoring 

structures [8], but apparently is vulnerable to malfunction in harsh environment. Another 

approach is to use offline detention basins which are typically constructed below-grade, and 

work based on sedimentation basins or clarifiers [9]. An issue with these systems is that 

populated urban environments limit the site availability for implementation of such systems. 

Another approach is based on deep storage tunnels built far below-grade where other 

utilities are not located. Such tunnels are subjected to surges and trapped air during the 

filling process. This may lead to formation of geysers in shafts and causes return of low-

quality water to grade [10]. Another issue in a long tunnel is removal of solids when it is 

dewatered [11]. Inadequate treated combined sewer overflows (CSOs) and discharges of 

urban stormwater are among major causes of long-term persistence of poor water quality in 

receiving waters [12].  
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A Treatment Shaft system [13, 14] provides an alternative solution that can mitigate 

most of the aforementioned concerns. It was designed to achieve the least possible contact 

time under flow rates over 1500 million gallons per day (i.e. ~65 m3/s). A Treatment Shaft 

system is a detention basin, with cylindrical shape which has a relatively small footprint and 

is able to store a large volume of wastewater by extending underground. It employs baffles 

and partitions to ensure a very slow upward velocity flow, which enhances the settling 

efficiency. In addition, accumulated solids at the bottom of the shaft are discharged into the 

sanitary sewer system using chopper pumps. A flushing system uses high-pressure nozzles 

to clear the bottom of the Treatment Shaft during a final rinse cycle [7]. A Treatment Shaft 

system has been in operation in Dearborn, Michigan since 2010 and was designed to meet 

Michigan Department of Environmental Quality (MDEQ) presumptive criteria of 10-minute 

detention of 10-year, 1-hour peak flow [7]. 

The issue in the Treatment Shaft systems is that their design and geometry details 

strongly depend on operation flow rates, particle size distribution of suspended solids, and 

size and scale of the Treatment Shaft. These parameters may significantly change from one 

site to another and can remarkably influence its settling performance. Moreover, the 

efficiency of such systems varies depending on the rainstorm event and its subsequent 

combined sewer overflow. Unfortunately, due to high construction costs (more than $10M), 

experimental analysis of a Treatment Shaft of 1:1 scale is practically impossible. As an 

alternative, performing experiments on prototype systems (e.g. 1:19 scale [7]) is beneficial; 

however, although scaling based on dynamic similarities may preserve some flow features, 

it defectively captures solid-fluid interactions, and cannot illustrate the impact of treatment 

additives such as flocculating agents. 
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In order to address the issues above, computer simulations of 1:1 scale are needed. Such 

simulations can incorporate variety of Particle Size Distributions (PSDs), CSO flow rates, and 

possible geometry modifications, based on site details and rainstorm event. A better 

understanding of particle settling in a Treatment Shaft system could lead to improved 

designs based on PDSs and common rainstorm events in a given location. In addition, 

computer simulations help to evaluate the impact of aggregation additives such as 

flocculating polymer agents. 

1.2.2. Objectives 

The Treatment Shaft is a relatively new technology with a few systems constructed and 

in operation. A very limited information about its performance for particle settling is 

available, whereas its characteristics may change for various rainstorms and geometry 

modifications. On the other hand, although flocculating agents are recognized to improve 

particle settling, their impact on particle separation in the Treatment Shaft as a CSO 

detention system is unknown. 

The performance of the Treatment Shaft system is modeled using computational fluid 

dynamics (CFD) for different design alternatives such as various shaft sizes, and different 

baffle locations. The multiphase flows arising in these systems are modeled using a 

Lagrangian-Eulerian CFD approach to simulate the interaction of the continuous and 

dispersed phases for an actual rainstorm overflow situation. The simulations are carried out 

based on a 10-year rainfall storm event. The efficiency of Treatment Shaft for particle 

separation is reported for the several design variations. Additionally, a Treatment Shaft is 

thoroughly evaluated to be used as a CSO detention system with a flocculating agent. For this 
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purpose, an Eulerian-Eulerian CFD approach is employed, which is coupled with a 

Population Balance Model (PBM) to simulate particle-particle interactions such as 

coalescence and breakage of flocs. Using CFD, the use of Treatment Shaft system with a 

flocculating agent during a 10-year, 1-hour rainstorm event is modeled, and the efficiency 

enhancement is evaluated. 

 Crossflow filtration membranes 

The second part of the thesis focuses on the use of multiphase flow theory and 

Computational Fluid Dynamics (CFD) for evaluating a water treatment technology for liquid-

in-liquid systems, with an emphasis on oil-water mixtures. 

1.3.1. Produced Water 

Water plays an important role in all production methods employed for fossil fuels 

extraction. It is either a byproduct to be cleaned up, or it enables the extraction of methane 

and natural gas through hydraulic fracturing, and maintain flow by sustaining reservoir 

pressure [15, 16]. Oil and gas industry in United States have to treat 7 to 8 barrels of water 

(called produced water) per each barrel of oil extracted [15]. The rapid industrial growth, 

such as in oil and gas, petrochemical, pharmaceutical, metallurgical and food industries, has 

led to the large production of oily wastewater. Necessity to treat the oily wastewater is an 

inevitable challenge. Produced water is the largest waste stream generated in oil and gas 

industries. Because of the rapidly increasing volume of waste all over the world in the 

current decade, the outcome and effect of discharging produced water on the environment 

has lately become a significant environmental issue [17]. Produced water contains various 



7 
 

organic and inorganic components and discharging it to the environment can pollute surface 

underground water and soil. The permit oil and grease (O&G) limit for treated produced 

water discharge offshore in Australia are 30 mg/L (on daily average), and 50 mg/L 

instantaneous [18]. The maximum daily limit in United States is 42 mg/L and the monthly 

average of 29 mg/L. Figure 1-2 shows the map of produced water sample locations from 

conventional hydrocarbon wells as of December 2017. 

 
Figure 1-2: Map of produced water sample locations from conventional hydrocarbon 
wells as of December 08, 2017. Adapted from USGS, Energy Resource Program 

Reynolds [19] presented different factors which can influence the amount of produced 

water production from a well: 

(i) Method of well drilling: a horizontal well produces a higher rate than a vertical 

well at similar drawdown. 

(ii) Location of well within homogenous or heterogeneous reservoirs 

(iii) Different type of completion 
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(iv) Single zone and commingled 

(v) Type of water separation technologies 

(vi) Water injection or water flooding for enhancing oil recovery 

(vii) Poor mechanical integrity 

(viii) Underground communications 

Produced water is a mixture of inorganic and organic components. The following factors 

affect the physical and chemical properties of produced water [20]: (1) geological location 

of the field; (2) geological formation of the field; (3) lifetime of the reservoir; (4) type of 

produced hydrocarbons. The composition of produced water from different sources can 

differ quantitatively but is similar qualitatively [21]. The major compounds of produced 

water are [22]: 

• Dissolved and dispersed oil compounds 

• Dissolved formation minerals 

• Production chemical compounds 

• Production solids (e.g. formation solids, bacteria, waxes, asphaltenes) 

• Dissolved gases 

One of the components is dispersed oil, which consists of small droplets of oil suspended 

in the produced water. The amount of these droplets depends on the density of oil, the shear 
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history of the droplet, the amount of oil precipitation, and interfacial tension between oil and 

water [23]. Polyaromatic hydrocarbons (PAHs) and some of the heavier alkyl phenols are 

less soluble in the water and appear as dispersed oil in produced water [24]. The 

concentration of PAHs and C6 – C9 alkylated phenols is correlated to amount of dispersed 

oil droplets in produced water. 

Produced water is considered as oilfields waste and should be minimized, reused or 

recycled, or if neither is practical, disposal is the final option [25]. Some of the available 

options for produced water management are ass follow [26]: (1) injection (reusing the 

produced water); (2) discharge after meeting the environmental regulations; (3) reuse in 

other oil and gas operations; (4) consume in other beneficial uses after treatment, such as 

irrigation. The general objectives of produced water treatments are: 

• De-oiling: removing dispersed phase of oil 

• Soluble organics removal 

• Suspended particles and sand removal 

• Dissolved gas removal 

• Desalination 

• Softening 

• Removing other components such as Naturally occurring radioactive materials 

(NORM) 
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De-oiling of produced water represents the largest scale routine separation of oil-water 

mixtures. Centrifugation [27], air flotation [28, 29] and hydrocyclone separation [30] are the 

current methods of oil removal from produced water [31-34]. However, the efficiency of 

these methods decreases dramatically for droplets smaller than approximately 20 µm [35]. 

Consequently, to comply with environmental regulations multiple-step conventional 

treatment is applied, which results in high costs. More effective separation of oil-water 

mixtures into water and oil phases is a key technology to decrease the environmental 

footprint of the oil industry and to recover large amounts of oil that are now lost due to 

spilling or by disposing of oil as a waste stream. 

1.3.2. Problem statement 

Membranes can potentially remove very small oil droplets from water [36-39]. 

Examples of promising membrane-based oil-water separation processes include reverse 

osmosis [36], flocculation followed by microfiltration or ultrafiltration [37, 40], 

microfiltration [41], membrane distillation [42] and ultrafiltration [43, 44]. A common 

membrane configuration is when the feed passes tangentially over membrane surface 

(crossflow filtration) and particles larger than the membrane pores are rejected, while the 

continuous phase flows through the membrane pores. Crossflow filtration (CFF) membranes 

have applications in petroleum industries, wastewater treatment, etc. [45-49]. Studies on the 

filtration of oil droplets using membranes observed that the droplets rejected by a 

membrane form a deposit layer at the membrane surface [50-56], which is usually referred 

as “cake”. Membrane fouling can drastically reduce the membrane permeate flux. Different 

fouling mechanisms can be observed on a membrane surface, which are thoroughly 
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discussed by Dickhout et al [57]. Although numerous studies investigated oil-water 

separation by membranes, the research was mostly empirical and fell short of expectations 

due to membrane fouling. While membranes show high flux and rejection initially, the 

separation performance deteriorates rapidly with an onset of fouling that remains the single 

most significant barrier for the commercial success of membrane-based approaches to oil-

water separation. A better understanding of membrane fouling by oil droplets can provide 

routes to improve existing techniques and develop new technologies. Motin et al. [58] 

discussed the effect of membrane rotation on the performance of the membrane, and 

efficiency of the droplet separation. In addition to experimental efforts on the membrane 

fouling, other analytical modeling and numerical simulations were also presented to 

understand the fouling phenomenon and flux decline in membranes. Grenier et al. [59] 

proposed a methodology to quantify the fouling mechanism. Darvishzadeh et al. [60] studied 

the behavior of an oil droplet at a membrane pore entrance using Computational Fluid 

Dynamics. Won et al. [61] computationally investigated the effect of patterned membranes 

on particle depositions. Hou et al. [62] provided a combined blocking and cake filtration 

model. Zhang et al. [63] simulated the membrane fouling under a baffle-filled flow. Several 

other analytical or numerical studies were carried out in which the fluid dynamics of the flow 

in a CFF membrane [64-66] and membrane fouling [67-71] were discussed. 

An extensive study of hydrodynamics of crossflow filtration membranes and membrane 

fouling is essential to identify the enhanced operation conditions to mitigate fouling. A 

physical model of membrane fouling in oil-in-water emulsions could provide a better 

understanding of this phenomenon in membrane filtration and could lead to an improved 

CFF membrane system designs. 
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1.3.3. Objectives 

Despite the mentioned studies which mainly focus on modeling the fouling process using 

the mass transfer models, there is a lack in literature for a CFD approach to model membrane 

fouling of interacting droplets in a continuous phase. Mass transfer equations are extensively 

used for filtration of solutes, and in some cases, they are empirically calibrated for separation 

of emulsions; however, they are not capable of effectively modeling the interaction of 

droplets within the continuous phase. 

In the second part of this thesis, the multiphase flow theory is used to investigate the 

performance of membranes for liquid-in-liquid separation; specifically, for oil-in-water 

emulsion separation using crossflow filtration. Various membrane configurations are 

analytically studied, and new analytical solutions are introduced for estimating the flow field 

in such systems. To improve membrane efficiency, the impact of using charged membranes 

on oil droplet separation is then evaluated in various cylindrical membrane configurations. 

To incorporate membrane fouling in CFD simulation, a new model that employs a novel film 

model is developed and implemented in this work for the first time. The multiphase mixture 

model and the wall film model are coupled with a population balance model. The proposed 

approach is then used to model and predict the early stages of membrane fouling that 

account for hydrodynamic interactions. A parametric study is carried out to demonstrate the 

features of the model. The proposed model is also validated using experimental data. 

Suggestions for future works are discussed at the end.  
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 Methodology 

This research is based on analytical, theoretical, and numerical study of separation of 

suspended solids and liquid droplets from water. For provided analytical solutions, Wolfram 

Mathematica is employed. For both parts of this thesis, CFD simulations are carried out using 

ANSYS Fluent software. Pre-processing of the simulations are conducted using ANSYS 

DesignModeler, ANSYS ICEM CFD, and ANSYS Meshing tools. In problems involving 

turbulence flow, the Reynolds Averaged Navier-Stokes (RANS) equations are modeled using 

Realizable 𝑘 − 𝜀 model with scalable wall function. In Lagrangian-Eulerian approach, 

Discrete Phase Model (DPM) is employed to compute the force balance, and trajectories of 

dispersed phase. In Eulerian-Eulerian approach, the multiphase mixture model is utilized in 

combination with Population Balance Model (PBM) to account for droplets coalescence and 

breakage. The User Defined Functions (UDFs) are used to introduce new models and 

modifications to ANSYS Fluent software. Post-processing of data is carried out using ANSYS 

CFD-Post, MATLAB, and in-house Python codes. 

 Outline of the thesis  

This thesis is organized in seven chapters. An overview of the discussed problems, 

including a brief background and problem statement were discussed in the present chapter. 

Chapter 2 provides a review of numerical approaches for multiphase flows with dispersed 

phases. Details of population balance model and its solution methods are also discussed in 

Chapter 2. In Chapter 3, a comprehensive numerical investigation on performance of the 

Treatment Shaft system is presented for a 10-year, 1-hour rainstorm event. Additionally, the 

impact of polymer flocculant on the settling efficiency of the Treatment Shaft system is 
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studied. In Chapter 4, cylindrical crossflow filtration membranes are studied, and novel 

analytical solutions are derived for various configurations of cylindrical CFF membrane 

systems. THe introduced solutions are validated using numerical simulations. Chapter 5 

addresses the filtration of charged oil droplets in stationary and rotating cylindrical CFF 

membranes, and the effect of electrical repelling forces on oil separation is discussed. In 

Chapter 6, a novel model coupled with CFD and population balance model is presented which 

can effectively predict the early stages of membrane fouling and permeate decline in CFF 

membrane systems. In Chapter 7, a summary of conclusions is provided, and future research 

paths are suggested. 
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Numerical approaches for multiphase flows with interacting dispersed phases 

 Introduction 

Particles and droplets are present in variety of the natural and industrial flows. They can 

significantly affect the behavior of such systems. There are different approaches to model 

multiphase flows. Eulerian-Lagrangian approach is useful for dilute flows and particles are 

tracked in the level of a single particle. Therefore, equation of motion for a particle is solved. 

In Eulerian-Eulerian approach, all phases are treated as continuous phases, and the 

dispersed phase equations are averaged in each cell. This approach is mostly suitable for 

dense flows. The other approach, which in fact belongs to Eulerian-Eulerian framework, is 

Volume of Fluid (VOF) approach. In contrast to Eulerian-Eulerian approach, in VOF, the 

phases are not interpenetrating. However, dispersed phase modeling is essential for all the 

aforementioned approaches. The simplest, and most common assumption is to describe 

dispersed phase as spherical particles. The study of these complex particulate flows requires 

an understanding of the behavior of the population of particles. The population is defined as 

the density of an extensive variable. Density is the variable that usually employed for this 

purpose, however, sometimes variables such as mass or volume of the particles are 

incorporated [72]. Therefore, in multiphase flows involving a size distribution, in addition to 

momentum, mass and energy balance equations, a balance equation is essential to describe 

the changes in particle population. Population balance model has many applications in 

engineering sciences such as: crystallization [73], dissolution [74], granulation [75],  drying 

[76], mixing [77], polymerization [78],  multiphase flows [79], reacting flows [80], 
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fermentation [81], cell growth, division and death [82]. Figure 2-1 (a) and (b) shows the 

number of publications and citations during 1984 to 2013 with keyword of “population 

balance” in different applications [83]. 

 
(a) 

 
(b) 

Figure 2-1: Number of publications (a), and citations (b) per year with keyword of 
“population balance” [83] 

The analysis of flows with gas bubbles, liquid drops and solid particles, and development 

of generic computational approaches are inevitable in multiphase flow problems. Some 
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examples of multiphase flows in natural, biological, and industrial systems are tabulated in 

Table 2-1 [79]. 

 

Table 2-1: Examples of multiphase flows in natural, biological, and industrial systems [79] 
 Gas-liquid Liquid-liquid Gas-particle Liquid-particle Three-phase 

Natura 
Rain droplets, mist 

formation 
Oil-water 
mixture 

Sand 
storms 

Soil erosion 
Oil-water-sand 

mixture 

Biological Aerosols 

Water and 
hydrophobic 

phases (lipids 
or membranes) 

Dust 
particles 

Nanoparticles in blood 
flow 

Plasma 

Industrial Desalination systems 
Fuel-cell 
systems 

Spray 
drying 

Sewage treatment 
plants 

Air lift pumps 

 

 Population balance model 

The population balance equation (PBE) is a balance equation for the number density, 𝑛𝑖 , 

which is the 𝑖𝑡ℎ sized droplet per unit volume of continuous phase. The general form of the 

population balance equation is given as 

𝜕𝑛

𝜕𝑡
+ 𝛻(𝑢𝑛) = 𝐵𝑐(𝐿, 𝑡) − 𝐷𝑐(𝐿, 𝑡) + 𝐵𝑏(𝐿, 𝑡) − 𝐷𝑏(𝐿, 𝑡) (2-1) 

 where the terms in the LHS provide the material derivative of number density. The 

terms in the RHS of Eq. (2-1) are birth due to coalescence, death due to coalescence, birth 

due to breakage, and death due to breakage of droplets, respectively. 

The birth due to coalescence is given by [84] 
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𝐵𝑐(𝐿, 𝑡) =
𝐿2

2
∫
𝛽 ((𝐿3 − 𝜉3)

1
3, 𝜉)

(𝐿3 − 𝜉3)
2
3

. 𝑛 ((𝐿3 − 𝜉3)
1
3, 𝑡) 𝑛(𝜉, 𝑡)𝑑𝜉

𝐿

0

 (2-2) 

where 𝛽 is the coalescence kernel. The death due to coalescence is given by 

𝐷𝑐(𝐿, 𝑡) = 𝑛(𝐿, 𝑡)∫ 𝛽(𝐿, 𝜉)𝑛(𝜉, 𝑡)𝑑𝜉
𝐿

0

 
(2-3) 

The birth due to breakage of droplets is given by 

𝐵𝑏(𝐿, 𝑡) = ∫ 𝑎(𝜉)𝑏(𝐿, 𝜉)𝑛(𝜉, 𝑡)𝑑𝜉
∞

𝐿

 
(2-4) 

where 𝑎 is the breakage kernel, and 𝑏 is the daughter size distribution function. The 

death due to breakage is given by 

𝐷𝑏(𝐿, 𝑡) = 𝑎(𝐿)𝑛(𝐿, 𝑡) (2-5) 

in which 𝜆 is coalescence efficiency, ℎ is collision frequency, 𝑛 is droplet number density, 

𝑚 is number of daughter droplets, 𝛽 is daughter droplet size distribution function, and 𝛺 is 

breakage frequency. In Eq. (2-1), the terms in RHS of the equation are droplets “birth” due 

to coalescence, “death” due to coalescence, “birth” due to breakage and “death” due to 

breakage of droplets, respectively. 

The population balance equation can be solved using different methods. There are two 

main category of methods: 1- discrete (sectional) methods [85-87], 2- method of moments 

[84, 88-90]. In discrete methods, the continuous particle size distribution (PSD) is treated as 

discretized bins or classes of particles. Discrete methods provide a PSD at every timestep in 



19 
 

each computational cell, however, to achieve an accurate PSD representation, a high number 

of bins is required. On the contrary, in a Method of Moments (MOM) approach, variables of 

the problem are reduced by introducing the moment transfer method, however, the number 

of variables may not be sufficient to provide an exact PSD in each computational cell. Another 

classification of solution methods of PBE divides the solutions to homogenous methods, and 

inhomogeneous methods. In homogenous methods, all bins (or moments) move with the 

same velocity field, while in inhomogeneous methods, bins (or moments) move with various 

velocities. It should be noted that multiple velocity fields for transporting particle bins (or 

moments) is only important when particle size has a wide range, and where segregation is 

significant in the flow. For problems involving particles in a small size-range, a homogeneous 

method is computationally more efficient, and provides a reasonable accuracy. In current 

study, due to the presence of gravity force as a major player in particle/droplet motions, an 

inhomogeneous method of moments approach is employed. 

2.2.1. Standard moment method 

In the Standard Moment Method (SMM), the kth moment of the number density is 

defined as 

𝑚𝑘 = ∫ 𝐿𝑘𝑛(𝐿, 𝑡)𝑑𝐿
∞

0

 
(2-6) 

According to the definition above, Eqs. (2-2) to (2-5) can be modified to reduce the 

number of variables [84]. The birth due to coalescence is given by [84] 
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𝐵𝑐
(𝑘)(𝐿, 𝑡) =

1

2
∫ 𝑛(𝜉, 𝑡)∫ 𝛽(𝜂, 𝜉)(𝜂3 + 𝜉3)

𝑘
3. 𝑛(𝜂, 𝑡)𝑑𝜂

∞

0

𝑑𝜉
∞

0

 
(2-7) 

where superscript (𝑘) refers to the term associated for kth moment. The death due to 

coalescence is given by 

𝐷𝑐
(𝑘)(𝐿, 𝑡) = ∫ 𝐿𝑘𝑛(𝐿, 𝑡)∫ 𝛽(𝐿, 𝜉)𝑛(𝜉, 𝑡)𝑑𝜉

𝐿

0

𝑑𝐿
∞

0

 
(2-8) 

The birth due to breakage of droplets is given by 

𝐵𝑏
(𝑘)(𝐿, 𝑡) = ∫ 𝑎(𝜉) (∫ 𝐿𝑘𝑏(𝐿, 𝜉)𝑑𝐿

∞

0

)𝑛(𝜉, 𝑡)𝑑𝜉
∞

𝐿

 
(2-9) 

The death due to breakage is given by 

𝐷𝑏
(𝑘)(𝐿, 𝑡) = ∫ 𝐿𝑘𝑎(𝐿)𝑛(𝐿, 𝑡)𝑑𝐿

∞

0

 
(2-10) 

Solving PBE using SMM requires additional information about the number density 

function and is applicable only with further simplifications [90] or using a closure proposed 

by Diemer and Olson [91]. 

2.2.2. Quadrature method of moments 

In the Quadrature Method of Moments (QMOM), a quadrature approximation proposed 

by McGraw [92] is used as [89] 

𝑛(𝐿, 𝑡) =∑𝑤𝑖(𝑡)𝛿[𝐿 − 𝐿𝑖(𝑡)]

𝑁

𝑖=1

 
(2-11) 
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Therefore, Eq. (2-6) can be modified to 

𝑚𝑘(𝑡) ≈∑𝑤𝑖(𝑡)𝐿𝑖
𝑘(𝑡)

𝑁

𝑖=1

 
(2-12) 

where 𝐿𝑖  and 𝑤𝑖 are abscissas and weights, respectively. In this method, these values can 

be obtained from the lower-order moments. Therefore, in order to build a quadrature 

approximation of order 𝑁, the first 2𝑁 moments are sufficient. Therefore, for instance, to 

build a QMOM approximation of order 3, the first six moments are needed (i.e. 

𝑚1, 𝑚2, … ,𝑚6). 

The algorithm to find 𝐿𝑖  and 𝑤𝑖 is the Product-Difference (PD) algorithm introduced by 

Gordon [93], and is based on canonical moments theory [94]. A matrix 𝑃 is constructed with 

components 𝑃𝑖,𝑗 from the moments. The components of the first column are given by 

𝑃𝑖,1 = 𝛿𝑖1 
(2-13) 

where 𝛿𝑖1is the Kronecker delta. The component of the second column are given by 

𝑃𝑖,2 = (−1)
𝑖−1𝑚𝑖−1 

(2-14) 

The remaining components (i.e. except columns 1 and 2) are 

𝑃𝑖,3 = 𝑃1,𝑗−1𝑃𝑖+1,𝑗−2 − 𝑃𝑖,𝑗−2𝑃𝑖+1,𝑗−1 
(2-15) 

A Jacobi Matrix is created using 𝑎𝑖 and 𝑏𝑖, such that 
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𝑎𝑖 = 𝛼2𝑖 + 𝛼2𝑖−1 
(2-16) 

𝑏𝑖 = −√𝛼2𝑖+1 + 𝛼2𝑖−1 
(2-17) 

where 𝛼𝑖 is defined as 

𝛼𝑖 =
𝑃1,𝑖+1
𝑃1,𝑖𝑃1,𝑖−1

 
(2-18) 

and 𝑎𝑖 and 𝑏𝑖 are the diagonal and the co-diagonal, respectively. The eigenvalues of this 

matrix are the abscissas. The weights are found as 

𝑤𝑖 = 𝑚0𝑣𝑗1
2  

(2-19) 

where 𝑣𝑗𝑖  is the first component of the 𝑗𝑡ℎ eigenvector, 𝑣𝑗 . 

2.2.3. Direct quadrature method of moments 

In Direct Quadrature Method of Moments (DQMOM), in the contrary to QMOM, each 

node is treated as a distinct phase. The transport equation for the weights 𝑤𝑖 and weighted 

abscissas 𝜁𝑖  can be given as [88] 

𝜕𝑤𝑖
𝜕𝑡

+ ∇. (𝑢𝑑𝑖𝑤𝑖) = 𝑎𝑖 (2-20) 

𝜕𝜁𝑖
𝜕𝑡
+ ∇. (𝑢𝑑𝑖𝜁𝑖) = 𝑏𝑖 (2-21) 

where 𝑢𝑑𝑖  is the velocity of the 𝑖𝑡ℎ dispersed phase, and 𝜁𝑖 = 𝐿𝑖𝑤𝑖. 𝑎𝑖 and 𝑏𝑖 can be 

calculated through a linear system of equations obtained from the first 2𝑁 moments as [88] 
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𝐴𝑋 = 𝑑 
(2-22) 

where the matrix 𝐴 is a 2𝑁 × 2𝑁 matrix as 

𝐴 = [𝐴1(2𝑁×𝑁)      𝐴2(2𝑁×𝑁)] (2-23) 

and 𝐴1 and 𝐴2 are defined as 

𝐴1 = [
1 ⋯ 1
⋮ ⋱ ⋮

2(1 − 𝑁)𝐿1
2𝑁−1 ⋯ 2(1 − 𝑁)𝐿𝑁

2𝑁−1
] 

(2-24) 

𝐴2 = [
0 ⋯ 0
⋮ ⋱ ⋮

(2𝑁 − 1)𝐿1
2𝑁−2 ⋯ (2𝑁 − 1)𝐿𝑁

2𝑁−2
] 

(2-25) 

and 𝑋2𝑁×1 is defined as 

𝑋 =

[
 
 
 
 
 
𝑎1
⋮
𝑎𝑁
𝑏1
⋮
𝑏𝑁]
 
 
 
 
 

 
(2-26) 

and the RHS of Eq. (2-22) is calculated from the known source terms (due to coalescence 

and breakage events) as 

𝑑 = [
𝑆0̅
⋮

𝑆2̅𝑁−1

] 
(2-27) 

where the source term of the 𝑘𝑡ℎ moment in each computational cell is defined as 
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𝑆𝑘̅(𝑡) = ∫ 𝐿𝑘
∞

0

𝑆(𝐿, 𝑡)𝑑𝐿 
(2-28) 

The weights and abscissas are related to the volume fractions of phases, 𝜀𝑑𝑖, and their 

effective length 𝜀𝑑𝑖𝐿𝑖, according to [88] 

 𝜀𝑑𝑖 = 𝑘𝑣
𝜁𝑖
3

𝑤𝑖
2 (2-29) 

𝜀𝑑𝑖𝐿𝑖 = 𝑘𝑣
𝜁𝑖
4

𝑤𝑖
3 (2-30) 

where 𝑘𝑣 is the volumetric shape factor. For spherical particles, 𝑘𝑣 = 𝜋/6. By replacing 

Eqs. (2-29) and (2-30) in Eqs. (2-20) and (2-21), respectively, the transport equations can 

be written as 

𝜕𝜀𝑑𝑖𝜌𝑑𝑖
𝜕𝑡

+ ∇. (𝑢𝑑𝑖𝜀𝑑𝑖𝜌𝑑𝑖) = 3𝑘𝑣𝜌𝑑𝑖𝐿𝑖
2𝑏𝑖 − 2𝑘𝑣𝜌𝑑𝑖𝐿𝑖

3𝑎𝑖 (2-31) 

𝜕𝜀𝑑𝑖𝐿𝑖𝜌𝑑𝑖
𝜕𝑡

+ ∇. (𝑢𝑑𝑖𝜀𝑑𝑖𝐿𝑖𝜌𝑑𝑖) = 4𝑘𝑣𝜌𝑑𝑖𝐿𝑖
3𝑏𝑖 − 3𝑘𝑣𝜌𝑑𝑖𝐿𝑖

4𝑎𝑖 (2-32) 

2.2.4. Breakage models 

The number of droplets in a continuous phase may change due to droplet breakage 

and/or coalescence. Breakage of a droplet in a turbulent dispersion depends on the relative 

magnitude of two stresses: an external stress on the droplet due to turbulence in the 

continuous phase and a surface stress due to interfacial tension. The external stress causes 

deformation of the droplet, while the surface stress restores the spherical shape of the 

droplet and minimizes the interfacial area. If the external stress (due to turbulence) 

overcomes the restorative stress, the droplet breaks apart [95]. The balance between the 
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stress components leads to a prediction of the maximum stable droplet diameter. Breakage 

mechanisms can be categorized into four main categories [96]: (1) turbulent fluctuation and 

collision, (2) viscous shear stress, (3) shearing-off process, (4) interfacial stability. In the first 

case, the breakage is mainly due to turbulent pressure fluctuations along the surface, or by 

particle-eddy collisions. The particle surface becomes unstable when the amplitude of 

oscillation is close to a critical value; so deformation of the particle is started and stretching 

in one direction leads to a breakage of particle into two or more daughter particles. In this 

case, the dominant external force initiating the process is dynamic pressure difference 

around the particle. This breakage mechanism is a balance of dynamic pressure and its 

surface stress. In second scenario, viscous shear stress causes a velocity gradient around the 

interface and deforms the fluid particle, which eventually results in particle breakage. In this 

case, the breakage is a balance of external viscous stress and surface tension. In third 

scenario, the breakage is due to velocity difference across the interface. This process is a 

balance of viscous shear force and the surface tension. Forth scenario is different than the 

other three cases. In all those cases, the breakage occurs due to fluid dynamics 

characteristics in continuous phase. However, experiments show that in absence of such 

conditions, breakage can be caused by interfacial instabilities. Different models have been 

presented for breakage frequency, 𝑎(𝐿), due to turbulent fluctuation and collision [97-103], 

viscous shear stress [104, 105], shearing-off [106], and surface instability [87, 107]. 

A mathematical model for the breakage frequency of droplets is given by Coulaloglou 

and Tavlarides [97] as 
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𝑎(𝑑) = 𝐶1  
𝜀
1
3𝑑−

2
3

(1 + 𝛼)
exp(−𝐶2

𝜎(1 + 𝛼)2

𝜌𝑑𝜀
2
3𝑑
𝑗

3
5

) 
(2-33) 

where 𝐶1 and 𝐶2 are constants, 𝜀  is the dissipation rate, 𝑑 is the parent diameter, 𝜎 is 

the surface tension, and 𝛼 is the volume fraction of the dispersed phase, and 𝜌𝑑  is the density 

of the dispersed phase. 𝐶1 and 𝐶2 are empirically chosen as 0.00481 and 0.08, respectively. 

For solid flocs a breakage rate can be defined as a function of shear rate and particle diameter 

[108, 109] given by 

𝑎(𝑉) = 𝑐1𝐺
𝑐2𝑉

1
3 (2-34) 

where 𝐺 is shear rate and 𝑉 is the volume of particle. 𝑐1 and 𝑐2 are empirical parameters 

which can be obtained by fitting the experimental data to the simulations. However, 

according to [109-111] 𝑐1 and 𝑐2 are chosen as 0.0047 and 1.6, respectively. 

There are different approaches to obtain a daughter droplet size distribution function, 

𝑏(𝐿), including empirical models [112], phenomenological models [113, 114], and statistical 

models [97, 115-117]. A statistical model assumes that the size of daughter droplet is a 

random variable and its probability distribution satisfies either normal, beta, delta and 

uniform distribution functions[96]. In present study, for solid flocs a binary fragment 

distribution is used, in which a floc breakage results in two flocs of identical volume. 
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2.2.5. Coalescence models 

Coalescence of droplets is the other phenomenon contributing in evolution of different 

droplet sizes in fluid flow. The coalescence of droplets is divided into three subprocesses 

[118]: (1) two bubbles collide and trap a small amount of liquid (continuous phase) between 

them; (2) bubbles keep in contact till the liquid film drains out to a critical thickness; (3) the 

rapture of the film results in coalescence. Several mechanisms promote collisions of droplets 

[118]: (1) Turbulent fluctuations of the continuous phase; (2) mean velocity gradients in the 

flow; (3) different droplet rise velocities, due to buoyancy or body forces; (4) droplet capture 

in an eddy; (5) wake interactions. In turbulence flows, one some or all the mechanisms above 

could be involved. But in laminar flows, shear-induced coalescence is the dominant 

mechanism. To implement coalescence in population balance equation, a coalescence kernel 

is required. The coalescence kernel, 𝛽 can be obtained as 

𝛽(𝑑1, 𝑑2) = ℎ(𝑑1, 𝑑2)𝑓(𝑑1, 𝑑2) (2-35) 

in which two functions of collision frequency, ℎ(𝑑1, 𝑑2), and collision efficiency, 

𝑓(𝑑1, 𝑑2), and should be determined.  

2.2.5.1. Droplet coalescence in laminar flow 

For shear-induced droplet collisions in a laminar flow, Friedlander [119] introduced a 

collision frequency given by 

ℎ =
4

3
(𝑟1 + 𝑟2)

3𝛾̇ (2-36) 
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where 𝑟1 and 𝑟2 are radii of colliding droplets, and 𝛾̇ is shear rate. 

The collision efficiency is obtained from a function originally introduced by Coulaloglou 

[97] as 

𝑓 = exp (−
𝑡𝑑
𝑡𝑐
) (2-37) 

where 𝑡𝑑  is the drainage time of droplets, and 𝑡𝑐 is the contact time. The drainage time 

is the time required for the intervening film between the droplets to thin to a critical 

thickness. The contact time is the interaction time of two colliding droplets. A model 

presented by Chesters [120] is used to obtain the drainage time for partially mobile 

interfaces as 

𝑡𝑑 =
𝜋𝜇𝑑𝐹

1/2

2 (
2𝜋𝜎
𝑟𝑒𝑞

)
3/2
(
1

ℎ𝑓
−
1

ℎ𝑖
) 

(2-38) 

where 𝐹 is interaction force, 𝑟𝑒𝑞 is equivalent radius obtained as 𝑑1𝑑2/(𝑑1 + 𝑑2), and ℎ𝑖   

and ℎ𝑓 are initial and critical film thicknesses, respectively. The interaction force is given by 

[120] 

𝐹 = 6𝜋𝜇𝑐𝑟𝑒𝑞
2 𝛾̇ (2-39) 

The initial film thickness is considered as ℎ𝑖 = 0.1𝑟𝑒𝑞 [114]. The critical (final) film 

thickness is adopted from Chesters [120] and presented by Venneker et al. [121] as 

ℎ𝑓 = (
𝐴𝑟𝑒𝑞

8𝜋𝜎
)
1/3

 (2-40) 
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where 𝐴 is Hamaker constant, which ranges between 10-20 J and 10-19 J.  Hamaker 

constant is 10-20 J in this study. A model presented by Luo [122] is employed to calculate the 

contact time as follows: 

𝑡𝑐 = (1 + 𝜉) (
(𝜌𝑑 + 𝐶1𝜌𝑐)𝑑1

3

3(1 + 𝜉2)(1 + 𝜉3)𝜎
)

1
2

 (2-41) 

where 𝜉 = 𝑑1/𝑑2. The parameter 𝐶1 is the added mass coefficient and is set to 0.65 in 

this study. 𝐶1 is normally taken to be a constant between 0.5 and 0.8 [123]. Using Eqs. (2-36) 

to (2-41), the coalescence kernel is calculated. 

2.2.5.2. Suspended solids coalescence in turbulence flow 

The overall collision frequency of two colliding solid particles is given by [79, 124] 

ℎ = ℎ𝑏𝑟 + ℎ𝑆ℎ + ℎ𝑔 
(2-42) 

ℎ𝑏𝑟 is collision frequency due to Brownian motion and is important for particles smaller 

than 1𝜇𝑚, and therefore for suspended solids is neglected in present study. ℎ𝑆ℎ  is collision 

frequency due to shear for particles with diameters of 𝑑1 and 𝑑2 and is given by [125] 

ℎ𝑆ℎ = 1.29
(𝑑1 + 𝑑2)

3

8
(
𝜖

𝜈
)
0.5

 (2-43) 

where 𝜖 is turbulent energy dissipation rate, and 𝜈 is kinematic viscosity.  
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ℎ𝑔 in Eq. (2-42) is collision frequency due to gravity-induced sedimentation and 

becomes important for large particles when the density difference is significant. Since in this 

study the effect of flocculation on small particles is studies, this term is neglected.  

The collision efficiency, 𝑓 is the ratio of the successful encounters (leading to 

coalescence) to all the encounters of particles of sizes 𝑑1 and 𝑑2. Only some of the 

interactions leads to coalescence, and therefore, maximum collision efficiency is 1.0 and 0 ≤

𝑓 ≤ 1. In solid-in-liquid suspensions, a polymer flocculant can enhance the collision 

efficiency by attaching to a floc. However, this process is a complex phenomenon and several 

factors can influence on it, such as charge density distribution on flocs, flocculant 

concentration in water, flow temperature, etc. [126]. Therefore, following assumptions are 

made to simplify the problem [127]: (1) The attachment of flocculants to the flocs are fast 

and adsorbed polymer is in equilibrium with the amount in water, (2) the adsorbed polymer 

is small compared to the total available polymer in the domain and it does not change the 

amount of flocculant in water. Assuming an exponential relation between the collision 

efficiency and the concentration of polymer flocculant, the collision efficiency, used in Eq. 

(2-35), is given by 

𝑓 = 1 − 𝑒−𝑐/𝑐
∗
 

(2-44) 

where 𝑐 is the concentration of polymer flocculant in water, and 𝑐∗ is a critical polymer 

concentration. A transport equation should be solved in order to obtain the concentration of 

flocculant 
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𝜕(𝜌𝑐)

𝜕𝑡
+
𝜕

𝜕𝑥𝑖
(𝜌𝑢𝑖𝑐 − 𝐷𝑐

𝜕𝑐

𝜕𝑥𝑖
) = 𝑆𝑐 

(2-45) 

where 𝑐 is the concentration of flocculant, 𝜌 is the density of continuous phase, 𝑢𝑖  is 

velocity of continuous phase, 𝐷𝑐  is the molecular diffusivity of the polymer. 𝑆𝑐 refers to 

source or sink of the concentration. 

 Film drainage 

Thin liquid films (TLFs) are unstable structures formed in emulsions, foams, 

suspensions, and colloidal dispersed systems. Interaction between the phases in such 

systems is significant, since it affects the aggregation and breakage of the dispersed phase 

particles/droplets [128]. The kinetic of drainage of thin liquid film is widely studied in years 

[129-134], in order to investigate the mechanical properties of the geometry of the film 

surface on the drainage [128]. As mentioned earlier, the drainage time, 𝑡𝑑  depends on rigidity 

of the surface of droplet, and mobility of the surface. The droplet can be either deformable 

or non-deformable, and its surface can be immobile, partially mobile, or fully mobile (See 

Figure 2-2 and Figure 2-3 for details). 
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Figure 2-2: (a) nondeformable and (b) deformable droplets [135] 

 

 

Figure 2-3: (a) Immobile, (b) Partially mobile, (c) fully mobile interfaces [135] 

In most of the film drainage analysis in the literature, the lubrication theory is used to 

derive a thinning equation. In the next section, some of the existing models for film drainage 

of droplets are presented, according to rigidity and mobility of the droplet. 
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2.3.1. Film drainage models 

2.3.1.1. Non-deformable rigid sphere 

In a case that the droplets viscosity is much higher than viscosity continuous phase, or 

the droplet diameter is very small, their interface at large distances behave such as rigid 

spherical droplets. Chesters [120] and Chester and Hofman [136] used Poiseuille relation to 

obtain the following drainage time: 

𝑡𝑑 =
3𝜋𝜇𝑐
2𝐹

𝑟𝑒𝑞
2 ln (

ℎ𝑖
ℎ𝑓
) 

(2-46) 

where 𝑟𝑒𝑞 = 2𝑟1𝑟2/(𝑟1 + 𝑟2), 𝜇𝑐 is the continuous phase viscosity, and ℎ𝑖  and ℎ𝑓 are initial 

and critical film thicknesses. However, when the droplets are larger, deformation of droplet 

surface during the collision is not negligible. One of the ways to consider the deformation of 

the droplet, is to assume that the droplets’ surface deform to parallel disks during the 

coalescence (see Figure 2-2 (b)). 

2.3.1.2. Deformable droplets with immobile interfaces 

For immobile interfaces, the film drainage is controlled by viscous thinning [118]. The 

velocity in the film is a parabolic profile with no slip boundary conditions on the interfaces 

(see Figure 2-3 (a)). For this case, the drainage time for different droplet sizes can be 

obtained as [120, 137] 

𝑡𝑑 =
3𝐹𝜇𝑐
16𝜋𝜎2

(
𝑑1𝑑2
𝑑1 + 𝑑2

)
2

(
1

ℎ𝑓
2 −

1

ℎ𝑖
2) 

(2-47) 
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Assuming the initial and critical thicknesses (ℎ𝑖  and ℎ𝑓) as constants, one can get the 

simplified and commonly used model of  Coulaloglou and Tavlarides [97]. 

2.3.1.3. Deformable droplets with partially mobile interfaces 

In many problems, since the contribution of additional flow within the film is 

comparably smaller, the drainage is controlled by the motion of the film surface [118]. The 

drainage time by assuming a quasi-steady creeping flow for partially mobile interfaces was 

calculated by Chesters [120] as 

𝑡𝑑 =
𝜋𝜇𝑑𝐹

1
2

2 (
2𝜋𝜎
𝑟 )

3
2

(
1

ℎ𝑓
−
1

ℎ𝑖
) 

(2-48) 

One of the commonly used models, introduced by Davis et al. [138]. They calculated the 

relation between the force during film drainage and drainage velocity 

𝐹 = −
6𝜋𝜇𝑐
ℎ

(
𝑟1𝑟2
𝑟1 + 𝑟2

)
2 𝑑ℎ

𝑑𝑡

1 + 0.38𝑚

1 + 1.69𝑚 + 0.43𝑚2
 

(2-49) 

where 
𝑑ℎ

𝑑𝑡
 is drainage velocity, and 𝑚 =

𝜇𝑐

𝜇𝑑
√𝑎/ℎ, and 𝑎 = 𝑟1𝑟2/(𝑟1 + 𝑟2). 

2.3.1.4. Deformable droplets with fully mobile interfaces 

This is most complicated drainage regime where the drainage is controlled by both 

inertia and viscous terms. Chesters [139] proposed the following model for this case 
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𝑑𝐻

𝑑𝑡
= [

𝜎

3𝜇𝑟

𝑑𝐻

𝑑𝑡
] exp (−

12𝜇𝑐𝑡

𝜌𝑐𝑅𝑎2
) −

𝜎

3𝜇𝑐𝑟
 

(2-50) 

in which, 𝐻 =
1

2
ln ℎ, and 𝑅𝑎 is the radius of the deformed droplet surface (see Figure 

2-2). Since there is no analytical solution for Eq. (2-50), two limiting cases of high viscous 

liquids, and inertia-controlled drainage are often considered. 

As seen above, in drainage time relations, one need to embed the interaction force of 

collision, 𝐹, which is usually not a constant. The force is assumed to be proportional to the 

mean square velocity difference at ends of the eddy size of the equivalent diameter [97, 114, 

118, 140] 

𝐹~𝜌𝑐𝜀
2
3(𝑑1 + 𝑑2)

2
3 (

𝑑1𝑑2
𝑑1 + 𝑑2

)
2

 (2-51) 

For locally isotropic turbulence, the turbulent force is given by Narsimhan [141] as 

𝐹𝑡 = 2𝜋𝜌𝑐𝜀
∗
2
3 (

𝑑1𝑑2
𝑑1 + 𝑑2

)
2

(
𝑑1 + 𝑑2
2

)

2
3

 (2-52) 

for inertial subrange, and 

𝐹𝑡 =
𝜋𝜌𝑐

2

𝜇𝑐
𝜀∗ (

𝑑1𝑑2
𝑑1 + 𝑑2

)
2

(
𝑑1 + 𝑑2
2

)
2

 (2-53) 

for viscous subrange. In the equations above, 𝜀∗ is energy dissipation defined as 𝜀∗ =

𝜀 (
𝜌∗𝜇𝑐

𝜌𝑐𝜇∗
)
3

, 𝜇∗ is dynamic viscosity of the mixture defined as 𝜇∗ = 𝜇𝑐 [1 + 2.5𝜙 (
𝜇𝑑+0.4𝜇𝑐

𝜇𝑑+𝜇𝑐
)], and 

𝜌∗ is dynamic density of the mixture defined as  𝜌∗ = 𝜌𝑑𝜙 + (1 − 𝜙)𝜌𝑐 . It should be noted 
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that 𝜙 is volume fraction of dispersed phase. The net force is sum of turbulent and colloidal 

forces. The colloidal force is given by Narsimhan [141] as 

𝐹𝑐 =
𝐴𝐻

12𝑧𝑖
2 (

𝑑1𝑑2
𝑑1 + 𝑑2

) 
(2-54) 

where 𝑧𝑖 is initial film thickness, which is suggested [114] as 𝑧𝑖 = 0.1(
𝑑1𝑑2

𝑑1+𝑑2
). 

2.3.2. Drainage of thin liquid films with mobile interface subjected to surfactants 

In this section, a new model for drainage of thin liquid films with mobile interface, 

subjected to surfactants are presented. Figure 2-4 shows a schematic of the liquid film 

thinning.  

 

 

Figure 2-4: Schematic of a liquid film between two deformable droplets 

The following assumptions are being made for the calculations: 

(i) Quasi-steady state process 
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(ii) Small film thickness 

(iii) Small Reynolds number 

(iv) Surface properties of the droplets are the same 

(v) Small Peclet number 

(vi) Diffusion-controlled adsorption 

(vii) Small deviations of concentration, and adsorption 

(viii) Droplet surfaces in spherical parts are approximated as paraboloids 

In the lubrication approximation [142], the pressure in the continuous phase depends 

only on the radial coordinates, and the radial component of the velocity is calculated as 

follow: 

𝑢𝑟 =
(𝑧 +

𝐻
2) (𝑧 −

𝐻
2)

2𝜇

𝜕𝑝

𝜕𝑟
+

𝐻
2 − 𝑧

𝐻
𝑈1 +

𝑧 +
𝐻
2

𝐻
𝑈2 (2-55) 

where 𝜇 is the dynamic viscosity, and 𝑈1 and 𝑈2 are the surface velocities on the lower 

and upper droplets, respectively. The integrated bulk continuity equation is given by [142] 

𝜕𝐻

𝜕𝑡
+
1

𝑟

𝜕

𝜕𝑟
(𝑟𝐻𝑈) = 0 (2-56) 

where 𝑈 is a sum of Couette and Poiseuille  average velocities, given by 
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𝑈 = 𝑢𝑖 −
𝐻2

12𝜇

𝜕𝑝

𝜕𝑟
 

(2-57) 

According to lubrication theory, the momentum equation in a radial direction is given 

by 

By equating the flow rate of squeezed liquid film (due to relative velocity of droplets, i.e. 

rate of film thinning 𝑉𝑧) and the flow rate of the obtained velocity profile, the pressure 

gradient reads 

𝑑𝑝

𝑑𝑟
=
12𝜇𝑢𝑖
𝐻2

−
6𝜇𝑉𝑧𝑟

𝐻3
 (2-58) 

where 

𝐻 = {

ℎ                                  ;          𝑟 ≤ 𝑅

ℎ +
(𝑟 − 𝑅)2

𝑅𝑒
           ;         𝑟 ≥ 𝑅

 
(2-59) 

in which  𝑅𝑒 = 2𝑅1𝑅2/(𝑅1 + 𝑅2). It should be noted that the spherical parts of the 

droplet surface is approximated as paraboloid [138]. 

In the lubrication approximation, the tangential stress boundary conditions at the film 

interfaces are simplified to [143] 

−𝜇
𝜕𝑢𝑟
𝜕𝑧

=
𝜕𝜎

𝜕𝑟
+ 𝜇𝑠

𝜕

𝜕𝑟
[
1

𝑟

𝜕

𝜕𝑟
(𝑟𝑢1)]                 , 𝑧 = −𝐻1 (2-60) 

𝜇
𝜕𝑢𝑟
𝜕𝑧

=
𝜕𝜎

𝜕𝑟
+ 𝜇𝑠

𝜕

𝜕𝑟
[
1

𝑟

𝜕

𝜕𝑟
(𝑟𝑢2)]                    , 𝑧 = +𝐻2 (2-61) 
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By substituting Eq. (2-55) in Eqs. (2-60) and (2-61), the balance of bulk viscosity stress 

and surface tension gradient (Marangoni effect) on the interface of the droplet results in the 

following equation 

𝑑𝑝

𝑑𝑟
= 2𝜇𝑑

𝜕

𝜕𝑟
[
1

𝑟

𝜕

𝜕𝑟
(𝑟𝑢𝑖)] +

1

𝐻

𝜕𝜎

𝜕𝑟
 (2-62) 

where 𝑢𝑖 = (𝑢1 + 𝑢2)/2 is the mean surface velocity, 𝜎 is surface tension, and 𝜇𝑑  is total 

surface viscosity defined as 

𝜇𝑑 = 𝜇𝑠ℎ + 𝜇𝑑𝑖𝑙 (2-63) 

where 𝜇𝑠ℎ is interfacial shear viscosity, and 𝜇𝑑𝑖𝑙 is dilatational viscosity. 

For the thin film liquids the bulk surfactant concentration depends weekly on the 

vertical coordinate. Thus 𝑐 = 𝑐𝑠(𝑟, 𝑡) + 𝑐𝑑(𝑧, 𝑟, 𝑡), where 𝑐𝑑 ≪ 𝑐𝑠. Also, the Peclet number is 

small. Therefore, the diffusion equation in the film phase can be written as 

𝜕𝑐𝑠
𝜕𝑡
+ 𝑢𝑟

𝜕𝑐𝑠
𝜕𝑟
−
𝐷

𝑟

𝜕

𝜕𝑟
(𝑟
𝜕𝑐𝑠
𝜕𝑟
) = 𝐷

𝜕2𝑐𝑑
𝜕𝑧2

 (2-64) 

where 𝐷 is the bulk diffusion coefficient. By integrating Eq. (2-64) over 𝑧 and from −
𝐻

2
 

to 
𝐻

2
: 

𝜕(𝐻𝑐𝑠)

𝜕𝑡
+ 𝐻𝑈

𝜕𝑐𝑠
𝜕𝑟
−
𝐷𝐻

𝑟

𝜕

𝜕𝑟
(𝑟
𝜕𝑐𝑠
𝜕𝑟
) = 𝐷 (

𝜕𝑐𝑑
𝜕𝑧

| 
𝑧=
𝐻
2
−
𝜕𝑐𝑑
𝜕𝑧

| 
𝑧=−

𝐻
2
) 

(2-65) 

By multiplying Eq. (2-56) by 𝑐𝑠 and adding it to Eq. (2-65) we get 
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𝜕(𝐻𝑐𝑠)

𝜕𝑡
+
𝜕(𝑐𝑠𝐻𝑈)

𝜕𝑟
−
𝐷𝐻

𝑟

𝜕

𝜕𝑟
(𝑟
𝜕𝑐𝑠
𝜕𝑟
) = 𝐷 (

𝜕𝑐𝑑
𝜕𝑧

| 
𝑧=
𝐻
2
−
𝜕𝑐𝑑
𝜕𝑧

| 
𝑧=−

𝐻
2
) 

(2-66) 

The equation of surfactant species balance at film interfaces in a diffusion-controlled 

adsorption is: 

𝜕𝛤

𝜕𝑡
+ 
1

𝑟

𝜕

𝜕𝑟
(𝑟𝛤𝑢𝑖) = 𝐷𝑆

1

𝑟

𝜕

𝜕𝑟
(
𝜕𝛤

𝜕𝑟
) − 𝐷 (

𝜕𝑐

𝜕𝑧
) | 

𝑧=±
𝐻
2
+𝐷

𝜕𝐻

𝜕𝑟

𝜕𝑐𝑠
𝜕𝑟

 
(2-67) 

where Γ is surfactant absorption on the film surface, 𝑈 is the tangential velocity of film 

interfaces during drainage, 𝑐 is the concentration of the surfactant on the film, and 𝐷𝑆 is 

surface diffusion coefficient. 

By adding the surfactant mass balance and surfactant species balance (i.e. Eq. (2-66) and 

(2-67)), the total mass balance equation can be obtained as 

𝜕

𝜕𝑡
(2𝛤 + 𝐻𝑐𝑠) = −

1

𝑟

𝜕

𝜕𝑟
[𝑟 (2𝛤𝑢𝑖 + 𝐻𝑐𝑠𝑈 − 2𝐷𝑠

𝜕𝛤

𝜕𝑟
− 𝐷𝐻

𝜕𝑐𝑠
𝜕𝑟
)] (2-68) 

We assume a quasi-steady state condition for Eq. (2-68). Also small deviations from 

equilibrium conditions for both concentration and adsorption coefficient are assumed as 

follow [144]: 

𝑐𝑠 = 𝑐0 + 𝛿𝑐 

𝛤 = 𝛤0 + 𝛿𝛤 
(2-69) 

So the following equation can be obtained [142, 144] 
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6𝜇𝑢𝑖
𝐻

−
3𝜇𝑉𝑧𝑟

𝐻2
= 𝜇𝑑

𝜕

𝜕𝑟
[
1

𝑟

𝜕

𝜕𝑟
(𝑟𝑢𝑖)] − 𝐸𝐺

𝑢𝑖

𝐷𝑆 +
𝐷𝐻
2 (

𝜕𝐶
𝜕𝛤
)
0

 
(2-70) 

To non-dimensionalize the equation above, the following variables are defined [143] 

𝑢′ =
2ℎ𝑢𝑖

𝑉𝑧√𝑅𝑒ℎ
, 𝑟′ =

𝑟

√𝑅𝑒ℎ
,𝐻′ =

𝐻

ℎ
, 𝑏 =

3𝜇𝐷

𝐸𝐺
(
𝜕𝑐

𝜕𝛤
)
0
, ℎ𝑠 =

6𝜇𝑑
𝐸𝐺

 
(2-71) 

Therefore, the following non-dimensionalized equation is derived 

𝜇𝑑ℎ

6𝜇𝑅𝑒

𝜕

𝜕𝑟′
[
1

𝑟′
𝜕

𝜕𝑟′
(𝑟′𝑢′)] − [

1

𝐻′
+

ℎ

(ℎ𝑠 + 𝑏ℎ𝐻′)
] 𝑢′ = −

𝑟′

𝐻′2
 

(2-72) 

where  

𝐻′ = {
1                                  ;          𝑟′ ≤ 𝑁

1 + (𝑟′ − 𝑁)2          ;         𝑟′ ≥ 𝑁
 

(2-73) 

and 𝑁 = 𝑅/√𝑅𝑒ℎ. 

By defining 𝑚 =
𝜇𝑑ℎ

6𝜇𝑅𝑒
, two limiting cases can be considered. 

2.3.2.1. Limiting case 1, 
𝒎

𝑵𝟐
≫ 𝟏 

In the case of large interface viscosity, large film thickness and low deformability ( 
𝑚

𝑁2
≫

1), the contribution of the interface viscosity on hydrodynamic pressure gradient is 

negligible. Therefore, the pressure gradient is mainly developed by parabolic part of velocity 

profile. Thus, Eq. (2-72) can be simplified to 
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𝑚
𝜕

𝜕𝑟′
[
1

𝑟′
𝜕

𝜕𝑟′
(𝑟′𝑢′)] = −

𝑟′

𝐻′2
 (2-74) 

By substituting Eq. (2-73) into Eq. (2-74) and applying the following boundary 

conditions 

𝑟 = 0 → 𝑢𝑖 = 0 ⇒ 𝑟
′ = 0 → 𝑢′ = 0 

𝑟 = 𝑅 → 𝑢𝑖 = 𝑢𝑅 ⇒ 𝑟
′ = 𝑁 → 𝑢′ = 𝑢𝑅

′  

𝑟 = ∞ → 𝑢𝑖 = 0⇒ 𝑟
′ = ∞ → 𝑢′ = 0 

(2-75) 

we get the following solution for 𝑟′ ≤ 𝑁 (parallel disk region) as 

𝑢′(𝑟′) =
8 𝑚 𝑟′𝑢𝑅

′ + 𝑁3 𝑟′ −𝑁 𝑟′3

8 𝑚 𝑁
 (2-76) 

And for 𝑟′ ≥ 𝑁 (meniscus region), we get 

𝑢′(𝑟′) =
1

8𝑚r′
(8𝑚𝑁𝑢𝑅

′ − 2𝑁3tan−1(𝑁 − r′) − 𝜋𝑁3

+ 2 log(𝑁2 − 2𝑁𝑟′ + 𝑟′
2
+ 1) + 2𝑁2 + 𝜋𝑁r′

2

+ 2𝑁r′
2
tan−1(𝑁 − r′) − 2𝑁r′ − 6𝑁tan−1(𝑁 − r′)) 

(2-77) 

In order to find 𝑢𝑅
′ , by equating the velocity gradients at 𝑟′ = 𝑁 

𝜕𝑢′(𝑟′)

𝜕𝑟′
|
𝑟′ = 𝑁−

=
𝜕𝑢′(𝑟′)

𝜕𝑟′
|
𝑟′ = 𝑁+

 (2-78) 

we get 
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𝑢𝑅
′ =

𝑁(𝑁2 + 𝜋𝑁 + 2)

8𝑚
 (2-79) 

By substituting Eq. (2-79) into Eqs. (2-76) and (2-77), the velocity profiles in both 

regions (parallel disk, and meniscus) are obtained. 

 The hydrodynamic drag force, 𝐹ℎ𝑑 , is given as 

𝐹ℎ𝑑 = 2𝜋∫ 𝑝(𝑟)𝑟𝑑𝑟
∞

0

 
(2-80) 

By integrating by part, one can conclude that the following relation can also be used:  

𝐹ℎ𝑑 = −𝜋∫ 𝑟2
𝜕𝑝(𝑟)

𝜕𝑟
𝑑𝑟

∞

0

 
(2-81) 

By substituting Eq. (2-58) into Eq. (2-81) and applying the variable changes of Eq. 

(2-71), we get 

𝐹ℎ𝑑 = −
6𝑅𝑒

2𝜋𝜇𝑐𝑉𝑧
ℎ

∫ (
𝑢′𝑟′2

𝐻′2
−
𝑟′3

𝐻′3
)𝑑𝑟′

∞

0

 
(2-82) 

It should be noted that in Eq. (2-82), the first term is contribution of the interface 

mobility, and the second term accounts for immobile interfaces.  

By substituting Eqs. (2-76) and (2-77) into Eq. (2-82) the hydrodynamic force can be 

obtained for both parallel disk and meniscus region. 

For parallel disk region (𝑟′ ≤ 𝑁): 
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𝐹ℎ𝑑 =
6𝜋𝜇𝑐𝑅𝑒

2𝑉𝑧
ℎ

(
𝑁6

96𝑚
+
(𝑁2 + 𝜋𝑁 + 2)𝑁4

32𝑚
−
𝑁4

4
) 

(2-83) 

For meniscus region (𝑟′ ≥ 𝑁): 

𝐹ℎ𝑑 =
6𝜋𝜇𝑐𝑅𝑒

2𝑉𝑧
ℎ

1

32𝑚
(4 − 16𝑁2

− 2𝑚(4 −
𝑁2(2 + 𝑁𝜋)(2 + 𝑁2 + 𝑁𝜋)

2𝑚

+ 3𝑁(𝜋 + 𝑁(4 + 𝑁𝜋)))

+ 𝑁𝜋(−2 + 2𝑁2 + 3𝑁𝜋 + Log[256]) ) 

(2-84) 

2.3.2.2. Limiting case 2, 
𝒎

𝑵𝟐
≪ 𝟏 

In the case of small interfacial viscosity and very thin film, we have 
𝑚

𝑁2
≪ 1. Thus, Eq. 

(2-72) can be simplified to 

[
1

𝐻′
+

ℎ

(ℎ𝑠 + 𝑏ℎ𝐻′)
] 𝑢′ =

𝑟′

𝐻′2
 

(2-85) 

we get the following solution for 𝑟′ ≤ 𝑁 (parallel disk region) as 

𝑢′(𝑟′) = 𝑟′ −
ℎ𝑟′

𝑏ℎ + ℎ𝑠 + ℎ
 

(2-86) 

And for 𝑟′ ≥ 𝑁 (meniscus region), we get 
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𝑢′(𝑟′) =
𝑟′

((𝑁 − 𝑟′)2 + 1)2 (
ℎ

𝑏ℎ((𝑁 − 𝑟′)2 + 1) + ℎ𝑠
+

1
(𝑁 − 𝑟′)2 + 1

)
 

(2-87) 

 Similar to the pervious section, the hydrodynamic force can be obtained for both 

parallel disk and meniscus region. 

For parallel disk region (𝑟′ ≤ 𝑁): 

𝐹ℎ𝑑 =
3𝜋𝜇𝑐𝑅𝑒

2𝑉𝑧
ℎ

(
ℎ

(𝑏 + 1)ℎ + ℎ𝑠
) 

(2-88) 

For meniscus region, after some algebra, the hydrodynamic force is calculated as 

𝐹ℎ𝑑 =
6𝑅𝑒

2𝜋𝜇𝑐𝑉𝑧
ℎ

∫ (
ℎ𝐻′

ℎ𝑠 + (𝑏 + 1)ℎ𝐻′
)
𝑟′3

𝐻′3
𝑑𝑟′

∞

0

 
(2-89) 

The integral of Eq. (2-89) cannot be solved analytically. By assuming 𝑓(𝑟′) =
ℎ𝐻′

ℎ𝑠+(𝑏+1)ℎ𝐻′
, 

we get 

𝐹ℎ𝑑 =
6𝑅𝑒

2𝜋𝜇𝑐𝑉𝑧
ℎ

∫ 𝑓(𝑟′)
𝑟′3

𝐻′3
𝑑𝑟′

∞

0

 
(2-90) 

By applying Taylor series expansion to 𝑓(𝑟′), we have 

𝑓(𝑟′) ≅
ℎ(𝑁2 + 1)

𝑏ℎ𝑁2 + 𝑏ℎ + ℎ𝑁2 + ℎ𝑠 + ℎ
−

2𝑟′(ℎ𝑁ℎ𝑠)

(𝑏ℎ𝑁2 + 𝑏ℎ + ℎ𝑁2 + ℎ𝑠 + ℎ)2

+ 𝑂(𝑟′2) 

(2-91) 

Therefore, the solution for the meniscus region (𝑟′ ≥ 𝑁) is given as 
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𝐹ℎ𝑑 =
6𝑅𝑒

2𝜋𝜇𝑐𝑉𝑧

ℎ (16((𝑏 + 1)ℎ(𝑁2 + 1) + ℎ𝑠)
2
)
 [ℎ(𝑁2

+ 1)((𝑁(3𝜋(𝑁2 + 1) + 20𝑁) − 4)ℎ𝑠

− (𝑏 + 1)ℎ(𝑁2 + 1)(3𝑁(𝑁(𝜋𝑁 + 4) + 𝜋) + 4))] 

   

(2-92) 
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Numerical investigation on Treatment Shaft system: separation efficiency and impact of 

flocculant polymer agents 

 Introduction 

Inadequate treated combined sewer overflows (CSOs) and discharges of urban 

stormwater are among major causes of long-term persistence of poor water quality in 

receiving waters [12]. The pollution is caused by different pollutants (such as heavy metals 

and solid particles) present in urban wastewater and washoff of urban surfaces by rain [145-

147]. A combined sewer is a sewage collection facility that collects sewage and surface runoff in 

the same system. These facilities may cause serious water pollutions when a Combined Sewer 

Overflow (CSO) occurs, i.e. the flows exceed the capacity of the treatment plant. An approach to 

reduce the number of combined sewer overflows is to store rainfall runoff temporarily [2]. After 

the event, the storage facility can be emptied by pumping the contents into the sanitary sewer 

system. The excess flow can be discharged to the receiving water body, but treatment (such as 

skimming, settling, screening and disinfection) is needed before release. Through sedimentation, 

solids are separated in these facilities. The detention facilities can also contribute to removing solid 

particles from the overflow through sedimentation. Solid particles are described as total 

suspended solid (TSS), which is a parameter to assess the quality of wastewater after 

treatment. The concentration of TSS is evaluated by standard laboratory tests [3]. The 

removal of these solid particles is important in order to reduce the pollution in receiving 

water. This can be achieved by settling, filtration, coagulation and flocculation [4]. Settling 

tanks are one of the most practical and simplest ways of pollution management in water 
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since they provide volumetric control of flows and treatment by settling [5]. The efficiency 

of a sedimentation tank to remove suspended solids depends on details of rainstorm (solid 

concentration, water flow rate), and characteristics of the particles (shape, size, drag and 

buoyancy forces) [6]. 

Detention tanks can be designed in various ways [7]. One approach is to use in-system 

storage with real-time monitoring structures [8], but it is vulnerable to malfunction in harsh 

environment. Another approach is based on offline detention basins which are typically 

constructed below-grade, and work using sedimentation basins or clarifiers [9, 148]. These 

systems however have large environmental footprints, and are difficult to construct in 

populated urban environments. Another approach is based on using deep storage tunnels 

far below-grade where other utilities are not located. Such tunnels however become filled 

(e.g. rainstorm events), and are prone to surges and trapped air during the filling process, 

which may lead to formation of geysers in shafts and results in return of low-quality water 

to grade [10, 149]. When it is dewatered, removal of solids is another issue in a long tunnel 

[11]. 

A novel alternative approach, called the Treatment Shaft, appropriately addresses 

several of the aforementioned concerns. A Treatment Shaft is a detention basin with a 

cylindrical shape which has relatively small footprint that is able to store a large volume by 

extending deep underground. The Treatment Shaft is a patented technology (U.S. Patent No. 

6,503,404 [13, 14] and other patents) that includes the necessary CSO control and treatment, 

with reduced footprints. A main baffle wall is located at the center to ensure a very slow 

upward velocity flow during filling, which enhances the settling efficiency. In addition, 
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accumulated solids at the bottom of the shaft are discharged into a sanitary sewer system. A 

flushing system uses high-pressure nozzles to clear the bottom of Treatment Shaft during in 

a final rinse cycle [7]. 

In this study, a Treatment Shaft is thoroughly evaluated as an innovative and a relatively 

new technology to be used as a CSO detention system with a flocculating agent. Using 

Computational Fluid Dynamics (CFD), the filling process of the Treatment Shaft system 

during a 10-year, 1-hour rainstorm event is modeled and the separation efficiency of the CSO 

system is evaluated.  

The residence time distribution is obtained to ensure the contact time is sufficient to 

provide disinfection. A Lagrangian-Eulerian approach is used to estimate the natural 

sedimentation efficiency of different particle sizes. Then, a combination of an Eulerian-

Eulerian approach and Population Balance Model (PBM) is presented to study the impact of 

a flocculant, and coalescence and emerging larger flocs on the separation efficiency of 

smaller particles. Lastly, different design alternatives such as various shaft sizes, and 

different baffle locations is evaluated. 

 System features and geometry 

A Treatment Shaft consists of a diverging inlet and a converging outlet (with flared 

channel angle of 𝜃 and length of 𝐿). The inlet channel is a rectangular channel diverging into 

a cylinder with diameter of 28.96m. The cylinder is attached to a cone-shaped part at the 

bottom. A baffle of length 39.07m and thickness of 0.91m is located in the center of the shaft. 

The gap at the bottom of the shaft with the length of 𝐵 is the turning point in the shaft, 
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providing an upward flow to the outlet. In original design, dimensions are: 𝜃 = 110°, 𝐿 =

27.88𝑚 and 𝐵 = 9.32𝑚. However, to reduce the environmental footprint, the following 

dimensions is considered as the main design in this study: 𝜃 = 90°, 𝐿 = 18.63𝑚, and 𝐵 =

9.32𝑚. It is shown later in this study that the efficiency difference is insignificant between 

these two different designs. The schematic of Treatment Shaft is illustrated in Figure 3-1. 

Treatment Shaft should be able to handle a 10-year, 1-hour rainstorm event. This rainstorm 

event leads to a surface flow and eventually a CSO of 5 hours long, including an increasing 

flow (while storm is happening) followed by a decreasing flow (after storm). The CSO has a 

peak flow rate of 41.6 m3/s. 
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(a)  

 

(b) 

 

(c) 

 

(d) 

Figure 3-1: Schematic of Treatment Shaft of present study. a) Front view, b) isometric view 
from top corner b) top view, c) isometric view from bottom corner. Units are in meters. 
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Figure 3-2 presents the variation of flow rate into the shaft during a 5-hour timespan. 

The data is obtained using Storm Water Management Model (SWMM) [150] for CSO 017 

(located in Dearborn, Michigan). 

 

Figure 3-2: Flow rate at the inlet of the treatment shaft in a 5-hour timespan. This 
represents the varying flow rate of CSO for a 10-year, 1-hour rainstorm, and lasting for 
about 5 hours. 

Particles are assumed as solid particles with density of 2650 kg/m3 [151] suspended in 

water with density of 998.2 kg/m3 and viscosity of 0.001 Pa.s. The size of suspended particles 

ranges from 1 µm to 10.32 mm. 

 Modeling approach 

Depending on the particle size and flow pattern in a CSO detention system, larger 

particles may naturally sediment, while smaller particles tend to follow the fluid flow and 

unfavorably reach to the outlet of the detention system. By providing a slow upward flow 



53 
 

section in the Treatment Shaft, particles of different sizes sediment without any external 

force or moving parts. However, adding flocculants promotes coalescence of particles and 

therefore, improves the separation efficiency of the system. 

In this section, first the Residence Time Distribution (RTD) is obtained for the treatment 

shaft. RTD is an important factor in detention systems which evaluates if the system provides 

sufficient time for disinfection. Then, natural sedimentation of particles (settling without any 

mechanical means, mixing, etc.) is studied using a Lagrangian-Eulerian approach. Thus, 

diameter in which the natural sedimentation occurs for at least 50% of particles (𝑑50) is 

computationally obtained. An Eulerian-Eulerian approach in combination with Population 

Balance Model (PBM) is then utilized to evaluate the impact of flocculant and coalescence 

and possible breakage of flocs, for particles of size 𝑑50 and smaller. Lastly, the impact of 

various geometries for a sample particle size distribution is investigated. 

3.3.1. Residence Time Distribution study 

Residence Time Distribution is a probability function of the amount of time a species 

remains inside a fluid domain. In present study, a tracer species analysis is used to obtain 

RTD. The transport of a chemical species in a fluid flow is given by the following 

convection/diffusion equation [152] : 

𝜌
𝜕𝜙

𝜕𝑡
+ 𝜌𝑢𝑖

𝜕𝜙

𝜕𝑥𝑖
− (𝜌𝐷𝜙 +

𝜇𝑡
𝜎 𝜙
)
𝜕2𝜙

𝜕𝑥𝑖
2 = 𝑆 

(3-1) 
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 where 𝜙 is any scalar variable, 𝜌 is species density, 𝜇𝑡 is turbulence viscosity, 𝑢𝑖  is 

velocity field, 𝐷𝜙 is the molecular diffusivity of the scalar 𝜙, and 𝜎𝜙 is turbulent Schmidt 

number of the scalar 𝜙. The term 𝑆 refers to source or sink of the scalar variable, which is 

equal to 0 for only-transport problems. 

There are two approaches to determine the residence time distribution: pulse approach 

and step approach. In pulse approach, the tracer is injected at 𝑡 = 0 for only one 

computational time-step, and then the species concentration at the outlet, 𝐶(𝑡), is measured 

over time. In step approach, the injection will be continued over all time-steps, and the 

species concentration at the outlet is monitored. The dimensionless resident time, 𝐸(𝑡), for 

pulse injections is given by 

𝐸(𝑡) =
𝐶(𝑡)

∫ 𝐶 𝑑𝑡
∞

0

 
(3-2) 

The dimensionless normalized species concentration, 𝐹(𝑡) at the outlet for a step 

injection of 𝐶0 at the inlet is given by 

𝐹(𝑡) =
𝐶(𝑡)

𝐶0
 

(3-3) 

It should be noted that step and pulse responses are related by 
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𝐹(𝑡) = ∫𝐸(𝑡∗)𝑑𝑡∗
𝑡

0

 
(3-4) 

In this study, the step approach is used. The mean residence time of the domain is 

calculated by 

𝑡̅ =
∫ 𝐶𝑡 𝑑𝑡
∞

0

∫ 𝐶 𝑑𝑡
∞

0

 
(3-5) 

where 𝐶 is the concentration of the tracer at the outlet, and 𝑡 is time passed since 

injection of the tracer. The key terms to characterize the RTD curve are presented in Table 

3-1 [152, 153]. 

Table 3-1: Residence time distribution key terms for characterization, from [152, 
153] 

Term Definition 
𝜏 Theoretical hydraulic retention time (volume of the domain divided by flow rate) 
𝑡𝑖  Time at which tracer first appear 
𝑡̅ Mean residence time 

𝑡10, 𝑡50, 𝑡90 Time at which 10%, 50%, and 90% of tracer exits the domains at the outlet 
𝑡𝑖/𝜏 Index of short-circuiting (equals to 1.0 for plug flow) 
𝑡50/𝜏 Index of mean retention time 

3.3.2. Natural sedimentation 

In order to assess the natural settling of non-interacting solid particles, a Lagrangian-

Eulerian approach is employed. In this approach the motion of particles is modeled using a 

Lagrangian formulation, in which provides a one-way coupling, and particles do not have any 

impact on fluid flow. The volume fraction of particles in a CSO is less than 10%, and therefore, 
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this approach is an appropriate choice for studying the natural settling of particles [65, 154, 

155]. 

To model the continuous phase (i.e. water), Navier-Stokes equation of isothermal, 

incompressible, single-phase turbulence flow is solved using an Eulerian approach. The 

Reynolds-Averaged Navier-Stokes (RANS) equation is given as [156]: 

𝜕𝑢𝑖
𝜕𝑡
+ 𝑢𝑗

𝜕(𝑢𝑖)

𝜕𝑥𝑗
= −

1

𝜌𝑐

𝜕𝑝

𝜕𝑥𝑖
+
𝜇𝑐
𝜌

𝜕2𝑢𝑖
𝜕𝑥𝑗𝜕𝑥𝑖

−
𝜕𝜏𝑖𝑗

𝜕𝑥𝑗
 

(3-6) 

where 𝜏𝑖𝑗 is the Reynolds stress tensor, and 𝜌𝑐  and 𝜇𝑐 are density of viscosity of 

continuous phase, respectively. 𝑢𝑖  is the spatially-averaged velocity. The Reynolds stress 

tensor is calculated using a Realizable 𝑘 − 𝜖 model for turbulent viscosity. 

To model the dispersed phase (i.e. solid particles), the trajectory of solid particles, 𝑋𝑑(𝑡) 

in a Lagrangian frame of reference can be given as 

𝜕𝑋𝑑(𝑡)

𝜕𝑡
= 𝑈𝑑(𝑡) (3-7) 

The velocity of a solid particle of RHS of Eq. (3-7) is obtained by integrating the following 

𝑑𝑈𝑑(𝑡)

𝑑𝑡
= 𝐹𝐷(𝑈𝑐 − 𝑈𝑑) + 𝑈𝑑 . ∇𝑈𝑐 +

𝐷(𝑈𝑐 − 𝑈𝑠)

𝐷𝑡
 (3-8) 
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where 𝑈𝑐 and 𝑈𝑑 are instantaneous velocities of continuous phase and the solid particle, 

respectively. The first term in RHS of Eq. (3-8) is due to drag force. 𝐹𝐷 is the drag force per 

unit mass of particles given by 

𝐹𝐷 =
3𝜌𝑐𝐶𝐷|𝑈𝑐 − 𝑈𝑑|

4𝜌𝑑𝑑𝑑
 

(3-9) 

where 𝐶𝐷 is the drag coefficient, 𝑑𝑑  is the diameter of a solid particle, and 𝜌𝑑  is density 

of solid particles. The second and the third terms of RHS of Eq. (3-8) are acceleration due to 

pressure gradient force, and acceleration due to virtual mass force, respectively. 

3.3.3. Impact of a flocculant on separation efficiency 

To investigate the impact of flocculants on particle settling in Treatment Shaft, as 

mentioned earlier, a different approach is employed. An Eulerian-Eulerian approach is used, 

where continuous and dispersed phase are modeled using an Eulerian approach. 

Additionally, a Population Balance Model is utilized to account for particle coalescence and 

breakage. 

3.3.3.1. Multiphase flow modeling 

The Mixture model is used to simulate the flow of CSO in Treatment Shaft. Water is the 

continuous (or primary) phase, and the dispersed (or secondary) phase consists of solid 

particles. The mixture flow variables are defined as 



58 
 

𝜌𝑚 = 𝛼𝜌𝑑 + (1 − 𝛼)𝜌𝑐 
(3-10) 

𝜇𝑚 = 𝛼𝜇𝑑 + (1 − 𝛼)𝜇𝑐 
(3-11) 

𝑢⃗ 𝑚 =
𝛼𝜌𝑑𝑣 𝑑 + (1 − 𝛼)𝜌𝑐𝑢⃗ 𝑐

𝜌𝑚
 

(3-12) 

where subscripts 𝑚, 𝑐, and 𝑑 refer to mixture, continuous, and dispersed phases, 

respectively. The mass conservation for the mixture is given by 

𝜕𝜌𝑚
𝜕𝑡

+ ∇. (𝜌𝑚𝑢⃗ 𝑚) = 0 (3-13) 

The momentum equation for a mixture is given by 

𝜕𝜌𝑚𝑢⃗ 𝑚
𝜕𝑡

+ ∇. (𝜌𝑚𝑢⃗ 𝑚𝑢⃗ 𝑚)

= −∇𝑝 + ∇. 𝜏𝑡 + 𝜌𝑚𝑔 + 𝐹 

− ∇. (𝛼𝜌𝑑𝑢⃗ 𝑑𝑟,𝑑𝑢⃗ 𝑑𝑟,𝑑 + (1 − 𝛼)𝜌𝑐𝑢⃗ 𝑑𝑟,𝑐𝑢⃗ 𝑑𝑟,𝑐) 

(3-14) 

where 𝐹  is a body force, 𝜏𝑡 is turbulence shear stress and 𝜇𝑚 is the viscosity of the 

mixture. The terms 𝑢⃗ 𝑑𝑟,𝑐 and 𝑢⃗ 𝑑𝑟,𝑑  represent the drift velocity of continuous and dispersed 

phases, respectively. The drift velocity of any phase 𝑘 is defined as 

𝑢⃗ 𝑑𝑟,𝑘 = 𝑢⃗ 𝑘 − 𝑢⃗ 𝑚 
(3-15) 
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Relative (slip) velocity is modeled using a model proposed by Manninen et al. [157], and 

drag force on particles is modeled using a model presented by and Schiller and Naumann 

[158].  

3.3.3.2. Flocculation model 

In order to study the particle interactions, a population balance equation is used as [90] 

𝜕

 𝜕𝑡
[𝑛(𝐿, 𝑡)] + ∇. [𝑢⃗ 𝑛(𝐿, 𝑡)] = 𝐵𝑐 − 𝐷𝑐 + 𝐵𝑏 − 𝐷𝑏 (3-16) 

where 𝑛 is number density function, and 𝐿 is particle characteristic length. 𝐵𝑐 is birth of 

particles due to coalescence, 𝐷𝑐  is death due to coalescence, 𝐵𝑏 is birth of particles due to 

breakage, and 𝐷𝑏 is death of particles due to breakage. 

Birth of particles due to coalescence is given by [90] 

𝐵𝑐 =
𝐿2

2
∫
𝑎 ((𝐿3 − 𝜆3)

1
3, 𝜆)

(𝐿3 − 𝜆3)
2
3

. 𝑛 [(𝐿3 − 𝜆3)
1
3] 𝑛(𝜆)𝑑𝜆

𝐿

0

 (3-17) 

where 𝑎 is coalescence kernel. The coalescence kernel is often defined as a product of 

two functions [118] 

𝑎 = ℎ × 𝑓 
(3-18) 
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in which ℎ is coalescence frequency, and 𝑓 is collision efficiency. The overall collision 

frequency of two particles is given by [79, 124] 

ℎ = ℎ𝑏𝑟 + ℎ𝑆ℎ + ℎ𝑔 
(3-19) 

ℎ𝑏𝑟 is collision frequency due to Brownian motion and is important for particles smaller 

than 1𝜇𝑚, and therefore is neglected in present study. ℎ𝑆ℎ  is collision frequency due to shear 

for particles with diameters of 𝑑1 and 𝑑2 is given by [125] 

ℎ𝑆ℎ = 1.29
(𝑑1 + 𝑑2)

3

8
(
𝜖

𝜈
)
0.5

 (3-20) 

where 𝜖 is turbulent energy dissipation rate, and 𝜈 is kinematic viscosity.  

ℎ𝑔 in Eq. (3-19) is collision frequency due to gravity-induced sedimentation and 

becomes important for large particles when the density difference is significant. Since in this 

study the effect of flocculation on small particles is studies, this term is neglected.  

The collision efficiency, 𝑓 is the ratio of the successful encounters (leading to 

coalescence) to all the encounters of particles of sizes 𝑑1 and 𝑑2. Only some of the 

interactions leads to coalescence, and therefore, maximum collision efficiency is 1.0 and 0 ≤

𝑓 ≤ 1. A polymer flocculant enhances the collision efficiency by attaching to a floc. However, 

this process is a complex phenomenon and several factors can influence on it, such as charge 

density distribution on flocs, flocculant concentration in water, temperature, etc. [126]. 

Therefore, following assumptions are made to simplify the problem [127]: (1) The 
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attachment of flocculants to the flocs are fast and adsorbed polymer is in equilibrium with 

the amount in water, (2) the adsorbed polymer is small compared to the total available 

polymer in the domain and it does not change the amount in water. Assuming an exponential 

relation between the collision efficiency and the concentration of polymer flocculant, the 

collision efficiency – used in Eq. (3-18) – is given by 

𝑓 = 1 − 𝑒−𝑐/𝑐
∗
 

(3-21) 

where 𝑐 is the concentration of polymer flocculant in water, and 𝑐∗ is a critical polymer 

concentration. A species transport equation, Eq. (3-1), should be solved in order to obtain 

the concentration of flocculant in Treatment Shaft. 

The death of particles due to coalescence is obtained by [90] 

𝐷𝑐 = 𝑛(𝐿)∫ 𝑎(𝐿, λ)𝑛(𝜆)𝑑𝜆
∞

0

 
(3-22) 

The birth of particles due to breakage is given by 

𝐵𝑏 = ∫ 𝑏(𝜆)𝑔(𝐿, 𝜆)𝑛(𝜆)𝑑𝜆
∞

𝐿

 
(3-23) 

where 𝑏 is breakage frequency, and 𝑔 is probability density function that contains 

information on the fragments produced by a breakage event. The death due to breakage is 

obtained by 
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𝐷𝑏 = 𝑏(𝐿)𝑛(𝐿) (3-24) 

The breakage rate of flocs is a function of shear rate and particle diameter [108, 109] 

and is given as 

𝑆𝑖 = 𝑐1𝐺
𝑐2𝑉𝑖

1/3
 

(3-25) 

where 𝐺 is shear rate and 𝑉 is the volume of particle. 𝑐1 and 𝑐2 are empirical parameters 

which can be obtained by fitting the experimental data to the simulations. However, 

according to [109-111]  𝑐1 and 𝑐2 are 0.0047 and 1.6, respectively. In present work, a binary 

fragment distribution is used, in which a floc breakage results in two flocs of identical 

volumes. 

3.3.4. The effect of various treatment shaft geometries 

Various Treatment Shaft configurations are evaluated and compared. Specifically, the 

size of baffle, its location, and the channels geometry are discussed below. For this purpose, 

the particle size distribution (PSD) is a sample based on a report of New Jersey Department 

of Environmental Protection (NJDEP), representing the various particles that would be 

associated with typical stormwater runoff [159, 160]. Figure 3-3 shows the particle size 

distribution (PSD) used in the simulations. 
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Figure 3-3: Particle size distribution used at the inlet of the Treatment Shaft evaluating 
various geometries 

In this work, following cases are investigated: 

• The effect of the length of vertical baffle (or size of the gap, 𝐵, at the bottom of the 

baffle size) on the separation efficiency (B=5.42m, B=9.32m, B=13.22m). 

• The effect of the location of the vertical baffle on the separation efficiency (2.9m 

toward inlet, center, 2.9m toward outlet). 

• The shape of the inlet/outlet channels (Flared: 𝜃 = 110°,𝐿 = 27.88𝑚, and Straight: 

𝜃 = 90°, 𝐿 = 18.63𝑚). 

 Numerical simulations details 

In present study, all the numerical simulations are carried out by ANSYS® Fluent 

(Academic Research, Release 18.1). To obtain Residence Time Distribution (see Section 

3.3.1), a single-phase turbulence flow solver in combination with species transport model is 

used. For studying the natural sedimentation (see Section 3.3.2), and also to study the effect 

of various geometries (see Section 3.3.4), a single-phase turbulence flow solver is employed 
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in combination with Discrete Phase Model (DPM) as a Lagrangian particle tracking method. 

To calculate the trajectory of particles, Equation (3-8) is integrated using an automated 

scheme selection by employing a Trapezoidal scheme as high order scheme, and implicit 

method as low order scheme [161]. The maximum number of time steps per iteration is 500, 

and to control the accuracy the tolerance of the solution is set to 10-5. In order to track solid 

particle settling in the computational domain, active particle sampling is employed, which 

continuously samples the trapped particles in shaft surfaces. This active sampling method 

provides large data-files (including particle size, velocity, residence time, etc.) that are 

analyzed using in-house Python codes. 

 To study the impact of flocculation (see Section 3.3.3), a multiphase mixture model is 

used in combination with species transport model to obtain the concentration of the 

flocculant in the domain. Additionally, Direct Quadrature Method of Moments (DQMOM) is 

used to solve the population balance model which accounts for coalescence and breakage of 

flocs. Flow variables of the continuous phase (such as pressure and velocity) are obtained by 

solving the Navier-Stokes equation. PISO pressure-velocity coupling is used for transient 

simulations using a bounded 2nd order implicit scheme for time-marching. The Realizable k-

ε turbulence model with scalable wall function is employed. Pressure interpolation is 

performed using Body Force Weighted scheme. Spatial discretization for pressure, 

momentum, and turbulence variables is given by 2nd order upwind schemes. 

3.4.1. Boundary conditions 

The boundary condition at the inlet of the Treatment Shaft is a varying uniform velocity-

inlet (see Figure 3-2), which is introduced to the software using a User-Defined Function 
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(UDF). The boundary condition at the outlet of the Treatment Shaft is a zero pressure at the 

outlet. The computational domain is extended at the outlet to ensure there is no reverse flow 

on the physical outlet. Top walls of Treatment Shaft are slip-walls (zero-shear) to resemble 

an open-channel flow simulation without dealing with expensive computational costs of 

interface tracking. The walls of the cylinder, cone-shaped part, baffle wall, and inlet and 

outlet channel walls are no-slip boundary condition. In flocculation process, a polymer 

flocculant agent is injected at a rate of 5 × 10−4𝑘𝑔/𝑘𝑔 of water at the inlet. Due to the small 

concentration of polymer in flocculant solution, its density and viscosity is assumed same as 

water. The critical polymer concentration is 0.1%. 

Suspended solids are uniformly injected at the inlet surface. Figure 3-4 shows the 

Particle Size Distribution (PSD) of suspended solids, which is the mean PSD of CSO samples 

adapted from [162]. This PSD is used to assess the natural sedimentation, and impact of 

flocculation. 

 

Figure 3-4: Particle size distribution of CSO samples; mean value adapted from [162]. 
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 Results and Discussions 

In both natural sedimentation analysis and flocculation process analysis, the separation 

efficiency is defined as the ratio of mass of the suspended solids in the Treatment Shaft (𝑚𝑠) 

at the end of a rainstorm to mass of total solid particles entered the shaft (𝑚𝑖) during a 

rainstorm event (5-hour timespan): 

𝜂 =
𝑚𝑠

𝑚𝑖
 

(3-26) 

In this section, first the residence time distribution is obtained and compared with 

available experimental data. Then, natural sedimentation without the effect of flocculant 

agents is investigated. Later, the impact of flocculation is discussed. Lastly, the influence of 

various geometries is assessed. 

3.5.1. Residence time distribution 

In present study, the step approach is used to obtain the residence time distribution. A 

combined steady-state/transient algorithm is employed. For RTD evaluation, the inlet flow 

rate is assumed the peak flow of 41.6 m3/s, which is corresponding to inlet velocity of 1.2 

m/s. A steady-state solution is obtained for the fluid flow without any tracer at the domain 

boundaries or interior. The solution scheme is changed to the transient and a tracer (with 

the same material of the main fluid, i.e. water) with mass fraction of 1.0 is injected to the 

domain at inlet. Species transport equation is only being solved in this step. Therefore, the 
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tracer uses the existing velocity field of the fluid in the domain. The tracer species 

concentration is monitored at the outlet boundary. The results are illustrated in Figure 3-5. 

 

Figure 3-5: Resident time distribution of Treatment Shaft. The numerical results of the 
present study is compared with the available data from [7]. 

According to the experimental results from [7], the mean breakthrough time, i.e. 
𝐶

𝐶0
=

0.5 was measured as t=660s, which is in good agreement with the numerical results of 

present study, at t=728s. Table 3-2 tabulates the key values for characterization of RTD of 

Treatment Shaft. 

Table 3-2: Residence time distribution key 
terms for characterization of present study 

Term value 
𝜏 745.5 s 
𝑡𝑖  335 s 
𝑡̅ 890.7 s 
𝑡10 424 s 
𝑡50 728 s 
𝑡90 1375 s 
𝑡99 4299 s 
𝑡𝑖/𝜏 0.449 
𝑡50/𝜏 0.976 
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3.5.2. Natural sedimentation 

In order to investigate the natural sedimentation of suspended solids, 41 groups of 

particles of various sizes are injected at the inlet of the Treatment Shaft system, such that 

𝑑(𝑖+1) = √2
3
𝑑(𝑖), where 𝑑(𝑖) is the diameter of a particle in ith group, and 𝑑(1) = 1𝜇𝑚. 

Therefore, the largest solid particle is 𝑑(41) = 10.32𝑚𝑚. 

Figure 3-6 shows the separation efficiency of the Treatment Shaft system during a 

rainstorm CSO for various particles sizes. It also illustrates the spots where the particles 

settle. It can be seen that most of solid particles settle on the large cone-shaped part of the 

shaft. Additionally, the particle diameter that has at least 50% of settling rate (𝑑50) is shown 

in the graph. 𝑑50 is indicated as 161.3µm. 

 

Figure 3-6: Separation efficiency of the Treatment Shaft system during a captured 
rainstorm CSO for various particle sizes ranging from 1𝜇𝑚 to 10320𝜇𝑚.  
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Figure 3-6 also shows that separation efficiency is about 10% for particles smaller than 

50µm. These particles are mainly remained in the shaft at the end of the CSO event and are 

easily separated during drainage of the shaft. On the other hand, separation efficiency is 

higher than 90% for particles larger than 500µm. Figure 3-7 provides the area-normalized 

separation efficiency values, which normalize the efficiency of each part (e.g. Small cone-

shaped part) by area of that part. It is shown that flat bottom of the shaft has the highest 

accumulation of mass per area during the settling process.  

 

Figure 3-7: Separation efficiency (area-normalized) of the Treatment Shaft system during 
a captured rainstorm CSO for various particle sizes ranging from 1µm to 10320µm.  

Figure 3-8 shows the Average Settling Time (AST) and Average Settling Velocity (ASV) 

for various particle sizes during a 5-hour CSO of a rainstorm. The average settling time is 

defined as the mean value of settling time for a specific particle size. The average settling 

velocity, on the other hand, is defined as the mean value of velocity of particles settling in the 

Treatment Shaft. In an ideal condition, if particles reach the upward section of the Treatment 
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Shaft, they will have a higher AST and lower ASV compared to settling in the downward 

section. It is observed that in particles larger than 64µm, freefall due to gravity force 

overcomes the drag force and consequently, larger particles settle with higher velocity, and 

in a shorter time. On the contrary, particles smaller than 64µm tend to get trapped in eddies 

and follow fluid flow, due to less gravity force and a dominant drag force applied on them.  

 

Figure 3-8: The average settling time and velocity in the Treatment Shaft system during a 
captured rainstorm CSO for various particle sizes ranging from 1µm to 10320µm.  

Figure 3-9 shows the Average Particle Time (APT) and Average Particle Velocity (APV) 

for various particle sizes at the end of a 5-hour CSO of a rainstorm. APT is defined as the 

average time a particle has been in the shaft, and APV is the average velocity of that particle 

at the end of the 5-hour CSO rainstorm. It is seen that particles larger than 161.3µm have a 

small APT, which demonstrates that these particles were recently entered the shaft. A higher 

APV for these particles – which is higher than fluid velocity at that timeframe – shows that 

these particles are moving with a significantly higher velocity compared to smaller particles. 
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On the other hand, smaller particles remain in the shaft for a long time, while their APV is 

close to fluids velocity at that timeframe. 

 

Figure 3-9: The average particle time and velocity in the Treatment Shaft system at the end 
of a rainstorm CSO for various particle sizes ranging from 1µm to 10320µm.  

In order to investigate the efficiency of natural sedimentation in the shaft for PSD 

introduced in Figure 3-4, the results provided in Figure 3-6 is employed. For this purpose, 

since particle-particle interactions and impact of particles on fluid flow are both neglected, 

a volume-based averaging approach is used to calculate the overall efficiency of the 

Treatment Shaft during a rainstorm event without flocculation. The overall efficiency of the 

Treatment Shaft for the given PSD (Figure 3-4) is obtained as 33.9%. For the specified PSD, 

only particles smaller than 161.3µm only 20.8% of particles settle, while for particles larger 

than 161.3µm, the separation efficiency is 81.7%. This also highlights the importance of a 

remedy for smaller particles. 
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In addition to the investigation of the Treatment Shaft system for a rainstorm event, it is 

performance under the steady-state condition is also evaluated. For this purpose, the 

aforementioned particle groups are assessed under steady-state operation of the shaft with 

various inlet velocities, ranging from 0.1 m/s to 2.0 m/s (i.e. flow rates of 3.42 m3/s to 68.38 

m3/s). 

Figure 3-10 provides a contour map of the separation efficiency of various particle sizes, 

under various stead-state velocity fields. It is shown that for inlet velocity of 0.1 m/s, all the 

particles of size 80µm and larger are settled (i.e. 𝜂 = 1). By increasing the inlet velocity, the 

efficiency of separation rapidly drops, since the force applied on particles due to the flow 

field is bigger compared to the gravity force. Consequently, for inlet velocity of 2.0 m/s, only 

particles of size 406µm or larger have a separation efficiency of 100% (i.e. 𝜂 = 1). It should 

be noted that for particles larger than 512µm, 𝜂 = 1 for all evaluated velocities, and 

therefore, omitted from the contour plot (see Figure 3-10). 

 

Figure 3-10: Contour of the separation efficiency for various steady-state operation 
conditions velocities, for particle sizes ranging from 1µm to 512µm 
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3.5.3. Flocculation process 

Results from previous section indicates that 𝑑50 = 161.3𝜇𝑚. As mentioned earlier in this 

section, the flocculation process is only evaluated for particles smaller than 𝑑50, where 

improving the settling efficiency is required. Therefore, the PSD at the inlet of the Treatment 

Shaft is different that Figure 3-4. Highlighted section in Figure 3-11 shows the PSD used to 

investigate the impact of flocculation. 

 

Figure 3-11: Particle size distribution of CSO samples used for flocculation analysis; mean 
value adapted from [162]. Highlighted area is based on the results of natural 
sedimentation. 

The flow pattern in the shaft is continuously changing because of turbulence and varying 

flow rate at inlet of the shaft. Figure 3-12 shows velocity contours and streamlines at a cross-

section passing through the symmetry plane of the Treatment Shaft in different timeframes 

during a rainstorm event. It is seen that location of vortexes and velocity profile is 

continuously changing, which can affect the instantaneous settling efficiency. It is seen that 

the velocity of the downward flow is higher than the velocity of the upward flow in all the 
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timeframes, thus providing sufficient time for some solid particles to settle at the bottom of 

the shaft. Additionally, surface streamlines at different timeframes are illustrated in Figure 

3-12. The baffle wall induces vertical vortexes near the baffle’s surface, which can trap and 

significantly extend the time a solid particle would remain in the shaft.  

 

 

(a)  

 

(b)  

Figure 3-12: Velocity contour (m/s) and streamlines of cross-section of the Treatment 
Shaft at various timeframes during a rainstorm event. Sewer overflow enters the shaft from 
top left of the domain. (a) Velocity contour at t = 500s, and (b) Streamlines at t = 500. (c) 
Velocity contour at t = 2000s, and (d) Streamlines at t = 2000s. (e) Velocity contour at t = 
5000s. (f) Streamlines at t = 5000s. 
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Figure 3-12 (cont’d) 

 

(c)  

 

(d)  

 

(e)  

 

(f)  

Figure 3-13 illustrates Q-criterion of the flow field in various timeframes, colored with 

velocity magnitude. 𝑄 function is the second invariant of the velocity gradient tensor, defined 

as [163] 
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𝑄 =
1

2
[|Ω|2 − |𝑆|2] (3-27) 

where Ω =
1

2
[∇𝑢 − (∇𝑢)𝑇] is the vorticity tensor, and S =

1

2
[∇𝑢 + (∇𝑢)𝑇] is the strain 

rate tensor. 𝑄 represents the local balance between the strain rate, and vorticity magnitude, 

and is an indicator of turbulence structure. 

 

(a) 

 

(b)  

Figure 3-13: Q-criterion of the Treatment Shaft at various timeframes during a rainstorm 
event. Sewer overflow enters the shaft from top left of the domain. (a) t = 500s, (b) t = 
2000s, (c) t = 5000s, (d) t = 10000s. 
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Figure 3-13 (cont’d) 

 

 

(c)  

 

 

 

(d)  

It is seen that in addition to two main vortexes near the inlet channel, many smaller 

vortexes are formed in various spots in the channel, increasing the residence time of 

particles in the Treatment Shaft. 

Figure 3-14 illustrates the variations of the concentration of polymer flocculant, and 

Figure 3-15 shows the changes of Sauter mean diameter at a cross-section of the Treatment 

Shaft. Figure 3-14 shows the concentration of flocculant in various timeframes. It should be 

noted that after about 34 minutes, the flocculant is saturated in entire domain.  
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(a)  

 

(b) 

Figure 3-14: Concentration of polymer flocculant (kg/kg) at the cross-section of the 
Treatment Shaft at various timeframes during a rainstorm event. Sewer overflow enters 
the shaft from top left of the domain. (a) t = 500s, (b) t = 2000s. 

Figure 3-15 shows a higher Sauter mean diameter in regions with higher concentration 

of flocculant, demonstrating the impact of a flocculating agent on promoting particle 

aggregation. 
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(a)  

 

(b)  

 

(c)  

 

(d)  

Figure 3-15: Sauter mean diameter (m) of polymer flocculant at the cross-section of the 
Treatment Shaft at various timeframes during a rainstorm event. Sewer overflow enters 
the shaft from top left of the domain. (a) t = 500s, (b) t = 2000s, (c) t = 5000s, (d) t = 10000s. 
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Figure 3-16 illustrates the volume fraction of suspended solids in a cross-section of the 

Treatment shaft during a rainstorm event in various timeframes. It is seen that after the peak 

flow (~3000s), the volume fraction on the upward section of the shaft is decreasing and it is 

increasing at the bottom of the shaft. It highlights the importance of slow upward flow in 

settling the suspended solids during after the peak flow. Additionally, a comparison of the 

results with Figure 3-15 shows that as expected, the region with accumulated particles at the 

bottom of the shaft is mainly occupied with the largest particles. 

 

 

 

 

 

 

 

 

 



81 
 

 

 

(a)  

 

(b)  

 

(c)  

 

(d)  

Figure 3-16:Volume fraction of suspended solids at the cross-section of the Treatment 
Shaft at various timeframes during a rainstorm event. Sewer overflow enters the shaft from 
top left of the domain. (a) t = 500s, (b) t = 2000s, (c) t = 5000s, (d) t = 10000s. 
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Figure 3-17 shows the distribution of Sauter mean diameter in the shaft, and at the 

outlet, for various timeframes.  

 

Figure 3-17: Distribution of Sauter mean diameter in the Treatment Shaft during a 10-year, 
1-hour rainstorm. In various time frames. 

Figure 3-17 illustrates that not only 𝑑32 is larger than its value at the inlet channel, the 

distribution of Sauter mean diameter is changing toward larger droplets over time. Since 

only particles smaller than 161.3µm is investigated for the impact of flocculation, Figure 3-17 

also illustrates the impact of flocculant in forming particles that are several times larger than 

the maximum particle size at the inlet. 

Results at the end of the rainstorm event shows that a flocculating agent for particles 

smaller than 161.3µm can increase the separation efficiency from 20.8% to 49.3%. 
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3.5.4. The effect of various treatment shaft geometries 

Various geometry comparison is carried out in this section. Note that the original design 

refers to the case with flared input/output channels, and 𝐵 = 9.32𝑚, and baffle wall located 

at the center. 

3.5.4.1. The effect of the length of vertical baffle 

A larger baffle wall, providing a gap distance of 𝐵 = 5.42𝑚, and a smaller baffle wall, 

providing a gap distance of 𝐵 = 13.22𝑚 are compared with the original design. The 

comparison is presented in Figure 3-18. It is seen that decreasing the gap distance lowers 

the separation efficiency, since it increases the flow velocity near the bottom of the shaft. On 

the other hand, a larger baffle gap does not significantly change the separation efficiency. 

The separation efficiency for the given PSD (see Figure 3-3) is 33.2%, 34.8%, and 35.4% for 

B=5.42m, B=9.32m, and B=13.22m, respectively.  

 

 
 

Figure 3-18: Separation efficiency comparison of original Treatment Shaft design and 
Treatment Shafts with smaller and larger baffle gap 
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3.5.4.2. The effect of the location of vertical baffle  

A baffle wall moved from center toward inlet (Δ𝑥 = −2.9𝑚), and a baffle wall moved 

toward outlet (Δ𝑥 = +2.9𝑚) are compared with the original design (Δ𝑥 = 0𝑚). The 

comparison is presented in Figure 3-19. It is shown that moving the baffle wall toward inlet 

slightly increases the separation efficiency for particles larger than 75𝜇𝑚. However, the 

difference is insignificant. The separation efficiency for the given PSD (see Figure 3-3) is 

34.8%, 34.8%, and 35.6% for Δx=-2.9m, Δx=0m, and Δx=+2.9m, respectively.  

 

 
 

Figure 3-19: Separation efficiency comparison of original Treatment Shaft design (Δx = 0m), 
and Treatment Shafts with baffle moved toward inlet (Δx = -2.9m) or outlet (Δx = +2.9m) 

3.5.4.3. The shape of the inlet and outlet channels 

Flared inlet channel enables a lower velocity of fluid at the entrance of the shaft, while 

flared outlet channel provides a longer fluid residence time in the outlet channel. However, 

flared inlet/outlet channels require more construction efforts, they are costly, and they have 

larger environmental footprint. The effect of shape of the inlet and outlet channels is 

evaluated in this section. Figure 3-20 compares the efficiency ratio of the original Treatment 
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Shaft and the shaft with straight inlet and outlet channels. It can be seen that changing the 

shape of the inlet and outlet channel has no remarkable influence on the separation 

efficiency. Therefore, this design variation is recommended, due to significant construction 

costs reduction, and reduced environmental footprint.  

 
Figure 3-20: Separation efficiency comparison of original Treatment Shaft design and 
Treatment Shaft with straight inlet and outlet channels 

The separation efficiency for the given PSD (see Figure 3-3) is 34.8%, and 35.2% for the 

shaft with flared channels, and the shaft with straight channels, respectively. 

 Summary and conclusions 

In this study, the Treatment Shaft technology as a CSO detention system was evaluate. 

For this purpose, the residence time distribution was measured to assess the contact time of 

the system. Then, the natural sedimentation was investigated, and it was seen that 50% of 

particles with diameter of 161.3µm settle at the bottom of the shaft. Using the result from 

natural sedimentation, it was concluded that for a CSO event with a common PSD, for 

particles larger than 161.3µm, the separation efficiency is 81.7%, while this value is only 

about 20.8% for particles smaller than 161.3µm. Therefore, the impact of using a flocculating 
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agent was estimated using a population balance model coupled with the multiphase mixture 

model. Results showed that the incorporated flocculant can significantly improve the particle 

aggregation and increase the Sauter mean diameter across the domain. That leads to an 

increase in separation efficiency for small particles (smaller than 161.3µm) from 20.8% to 

49.3%. Lastly, an investigation on design alternatives showed that the Treatment Shaft with 

a straight inlet and outlet channels, gap distance of B=9.32m, and baffle located at center 

provides the highest efficiency with reduced cost and environmental footprint compared to 

the original design. 
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Analytical solutions for laminar flow in membrane channels with cylindrical symmetry: 

Single- and dual- membrane systems 

 Introduction 

Crossflow membrane filtration (CFF) has a broad range of applications in food [49], 

biotechnology [48], and petroleum [45] industries, as well as in desalination [164] and waste 

water treatment [165].  To evaluate the performance of a given CFF system, the flow field 

must be known.  Although computational fluid dynamics (CFD) offers reliable techniques 

and tools for finding velocity and pressure fields, analytical solution can be very useful for 

rapidly estimating the performance of such systems under various operational conditions. 

Approximate analytical solutions can also be used to initialize the flow field variables in 

order to enhance the convergence of numerical simulations. Available mathematical models 

can predict the permeate flux but not the velocity and pressure profiles [166, 167]. In 1953, 

Berman [168] developed analytical solutions for the Navier–Stokes equations of fluid flow 

in a rectangular slit channel with two porous walls. He used perturbation method and 

assumed a steady state laminar flow, in which the velocity of fluid leaving the porous walls 

(permeate velocity) did not vary with the position along the channel. Afterwards, Berman 

[169] as well as Terrill and Shrestha [170] developed solutions for flow through cylindrical 

channels with porous walls. Yuan and Finkelstein [171] employed a similar approach to that 

of Berman [168] for a cylindrical channel with uniform permeate velocity.  Kozinski et al. 

[172] proposed an arbitrary exponential function of wall velocity to calculate the pressure 

drop along a porous tube. Moussy and Snider [173] proposed an analytical expression for 
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low-Reynolds number laminar flow over pipes with suction and injection through the porous 

wall. Erdogan and Imrak [174] developed a solution based on Bessel function of the first kind 

for velocity field in a uniformly porous pipe. Mellis et al. [175] presented analytical solutions 

for flow in a porous tube with two different boundary conditions on the porous surface, but 

the solutions were not valid for wall Reynolds numbers larger than 0.5; moreover, they 

concluded that the models were useful qualitatively, but could not predict the performance 

accurately. 

Many authors use Berman’s solution to benchmark their numerical solutions and 

mathematical models [176-184]. However, in Berman’s solution the permeate velocity does 

not depend on the pressure drop across the pipe. For higher recovery systems this 

assumption may be too strong. To address this issue, Karode [185] presented an analytical 

approach to derive the pressure drop in a cylindrical membrane channel. However, Karode’s 

approach employed the linear form of Darcy’s equation for permeate velocity calculation, 

which results in errors for radial systems in which the thickness of the membrane is 

comparable to the diameter of the tube. 

Analytical approximations, as discussed above, have drawbacks that should be 

addressed. The currently available solutions have at least one of the following issues: 1) They 

are derived for flows with very low Reynolds numbers (and not for all laminar flow range); 

2) They are not valid for wall Reynolds numbers of higher than 0.5; 3) They do not represent 

the pressure drop across the channels; 4) They show high errors for radial systems; 5) They 

involved perturbation or similarity solutions with complex algebraic calculations. 
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In this study, approximate analytical solutions for the laminar flow are presented that 

further 

improve on the previous work. The radial form of Darcy’s law is employed for higher 

accuracy 

in radial flows. Moreover, solutions are presented for tubular membrane systems of several 

configurations, using different Reynolds numbers and different values of membrane 

permeability. The accuracy of the derived solutions is validated by comparing them with 

numerical simulation results. 

 Approach 

4.2.1. Analytical solution approach 

The solutions presented here are for an incompressible isothermal fluid with constant 
properties under steady state conditions. Four different configurations are considered (  

). Case A (  

 (a)), is a one channel tubular membrane system. Case B (  

 (b)) is a tubular membrane with a solid cylinder at its center. Case C (  

 (c)) is tubular membrane located at the center of a channel with impervious walls, and Case 
D (  

 (d)) is a dual-membrane configuration. The membranes are modeled as porous media. 

 



90 
 

 

(a) 

 

(b)  

Figure 4-1: Geometry of the four membrane systems considered. Front (left) and cross 
sectional (right). views are given for: (a) single channel tubular membrane, (b) a tubular 
membrane with a co-axial solid cylinder at its center, (c) a tubular membrane located at the 
center of a channel with impervious walls, and (d) two tubular co-axial membranes. 
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Figure 4-1 (cont’d) 

 

(c)  

 

(d) 

4.2.1.1. Flow through a conventional membrane for crossflow filtration  

The fully developed velocity field for a cylindrical channel with impermeable walls and 

no-slip boundary condition (Poiseuille flow) is given by 

𝑢𝑧(𝑟) =
𝑅2

4𝜇
(−
𝜕𝑃

𝜕𝑧
) [1 − (

𝑟

𝑅
)
2

] 
(4-1) 
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where 𝑢𝑧 is  the axial velocity component, 𝜇 is dynamic viscosity, and 𝑃 is pressure of 

the fluid. The flow rate can be obtained by integrating 𝑢𝑧 over the cross-sectional area of the 

flow domain: 

𝑄 = ∫ 𝑢(2𝜋𝑟)𝑑𝑟
𝑅

0

=
𝜋𝑅4

8𝜇
(−
𝜕𝑃

𝜕𝑧
) 

(4-2) 

The derivative of Eq. (4-2) with respect to the axial coordinate is 

𝑑𝑄

𝑑𝑧
=
𝜋𝑅4

8𝜇
(−

𝑑2𝑃

𝑑𝑧2
) 

(4-3) 

which should be equal to zero for a cylinder with impermeable wall. However, for a 

cylinder with permeable wall, with very small fluid velocity through the membrane (𝑗 ≪ 𝑢𝑧), 

Eq. (4-3) can be modified to yield 

𝑑𝑄

𝑑𝑧
=
𝜋𝑅4

8𝜇
(−

𝑑2𝑃

𝑑𝑧2
) = −2𝜋𝑅𝑗 

(4-4) 

where 𝑗 is the velocity of the fluid leaving the permeable wall of the cylinder (i.e. 

𝑢𝑟 𝑎𝑡 𝑟 = 𝑅), and the pressure is assumed to vary with 𝑧, i.e. 𝑃 = 𝑃(𝑧). 

The permeate velocity can be obtained using Darcy’s law: 

𝑞𝑛 = −
𝛼𝐴

𝜇
𝛁𝐏. 𝐧  

(4-5) 

where 𝑞 is permeate flow rate, which is the radial flow through the membrane. 𝛼 is 

permeability, and 𝐴 is the area of the membrane available for permeation. 𝐧 is the unit vector 
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normal to the inner surface of the membrane. For the case of a one-dimensional flow in the 

membrane and constant wall permeability, the velocity of fluid through the membrane due 

to radial pressure difference in the membrane (i.e. permeate flux), 𝑗 = 𝑞𝑛/𝐴 is given by 

𝑗 =
𝛼

𝜇𝑡
(𝑃 − 𝑃𝑒𝑥𝑡) 

(4-6) 

where 𝑡 is thickness of the membrane and 𝑃𝑒𝑥𝑡 is the pressure on the permeate side of 

the membrane. For radial flow through a membrane, Eq. (4-5) can be rewritten as 𝑞𝑟 =

−
𝛼𝐴

𝜇

𝑑𝑃

𝑑𝑟
 and simplified for a cylindrical membrane as 

𝑞𝑟
2𝜋𝑟𝑧

= −
𝛼

𝜇

𝑑𝑃

𝑑𝑟
, 𝑅 < 𝑟 < 𝑅𝑒𝑥𝑡, 0 < 𝑧 < 𝐿 

(4-7) 

By rearranging Eq. (4-7) and integrating from 𝑟 to 𝑅𝑒𝑥𝑡: 

𝑞𝑟(ln𝑅𝑒𝑥𝑡 − ln 𝑟) = −
2𝜋𝐿𝛼

𝜇
(𝑃𝑒𝑥𝑡 − 𝑃𝑟), 𝑅 < 𝑟 < 𝑅𝑒𝑥𝑡 

(4-8) 

where 𝑅𝑒𝑥𝑡 is the membrane’s outer radius, and 𝑃𝑟 is the pressure at the distance 𝑟 from 

the centerline. Hence, the permeate flux the inner surface of the membrane (𝑟 = 𝑅) can be 

calculated as 𝑗 = 𝑞𝑟/𝐴𝑅 . So Eq. (4-8) can be rewritten as 

𝑗 =
𝛼(𝑃 − 𝑃𝑒𝑥𝑡)

𝜇𝑅 (ln
𝑅𝑒𝑥𝑡
𝑅 )

 

(4-9) 

It should be noted that a key assumption is that the permeate velocity, 𝑗, is constant 

along the channel. The flow inside the membrane is due to the pressure difference of 
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permeate side and wetted side (exposed to the axial flow). The pressure at the permeate side 

is constant, and the pressure changes at the wetted side is very small. Therefore, this 

assumption is valid. 

Substituting 𝑗 and rearranging Eq. (4-4) to obtain 𝑃 gives 

𝑑2𝑃

𝑑𝑧2
=
16𝛼

𝑅4
(𝑃 − 𝑃𝑒𝑥𝑡)

(ln
𝑅𝑒𝑥𝑡
𝑅
)

 

(4-10) 

By using the change of variables 𝜙 = 𝑃 − 𝑃𝑒𝑥𝑡 and 𝑆2 =
16𝛼

𝑅4(ln
𝑅𝑒𝑥𝑡
𝑅
)
, we integrate 

𝑑2𝜙

𝑑𝑧2
= 𝑆2𝜙. 

(4-11) 

The solution of the Eq. (4-11) can be easily found as 

𝜙(𝑧) = 𝑎 sinh(𝑆𝑧) + 𝑏 cosh(𝑆𝑧) 
(4-12) 

where 𝑎 and 𝑏 are integration constants. Imposing the inlet flow rate at 𝑧 = 0 gives 

𝜕𝜙(0)

𝜕𝑧
=
−8𝜇𝑄𝑒
𝜋𝑅4

 
(4-13) 

and assuming the inlet pressure at 𝑧 = 0, one can find 𝜙(𝑧 = 0) = 𝑃𝑒 − 𝑃𝑒𝑥𝑡. 

The following solution is obtained 

𝜙(𝑧) = −
8𝜇𝑄𝑒
𝜋𝑅4𝑆

sinh(𝑆𝑧) + (𝑃𝑒 − 𝑃𝑒𝑥𝑡) cosh(𝑆𝑧) 
(4-14) 
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The pressure 𝑃 = 𝜙 + 𝑃𝑒𝑥𝑡 is then given by 

𝑃(𝑧) = 𝑃𝑒𝑥𝑡 −
8𝜇𝑄𝑒

𝜋𝑅4𝑆
sinh(𝑆𝑧) + (𝑃𝑒 − 𝑃𝑒𝑥𝑡) cosh(𝑆𝑧). 

(4-15) 

The pressure distribution is required in order to find the axial and radial velocity fields. 

Using Eq. (4-9), the radial velocity of the fluid on the inner surface of membrane can be found 

as 

𝑢𝑅(𝑧) =
𝛼(𝑃(𝑧)−𝑃𝑒𝑥𝑡)

𝜇𝑅(ln
𝑅𝑒𝑥𝑡
𝑅
)

, 
(4-16) 

and the radial flow rate at each axial point can be obtained by 

𝑄𝑅(𝑧) = 2𝜋𝑅∫ 𝑢𝑅(𝑧̂)𝑑𝑧̂
𝑧

0

 
(4-17) 

With the radial flow rate known, the axial flow rate can be simply calculated as 

𝑄𝑧(𝑧) = 𝑄𝑒 − 𝑄𝑅(𝑧) 
(4-18) 

So a corrected velocity field, that accounts for the weak flow through the wall, at each 

section in the fluid field, is given by 

𝑢𝑧(𝑟, 𝑧) =
2𝑄𝑧(𝑧)

𝜋𝑅2
[1 − (

𝑟

𝑅
)
2

] 
(4-19) 

To find the radial velocity profile in the tubular membrane with no rotational velocity, 

we use the continuity equation 
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1

𝑟

𝜕(𝑟𝑢𝑟)

𝜕𝑟
+
𝜕𝑢𝑧
𝜕𝑧

= 0 
(4-20) 

By integrating the equation above, the radial velocity in the cylindrical channel can be 

obtained as 

𝑢𝑟 = −
1

𝑟
(∫ 𝑟

𝜕𝑢𝑧
𝜕𝑧

𝑑𝑟) 
(4-21) 

Eq. (4-21) needs one boundary condition to calculate the integration constant.  

To obtain dimensionless equations, the dimensionless variables are defined in Table 4-1. 

Table 4-1: Definition of dimensionless variables 
Dimensionless variable Definition 

Aspect ratio of the membrane 𝑓 = 𝑅/𝐿 
Radial location 𝑟∗ = 𝑟/𝑅 
Axial location 𝑧∗ = 𝑧/𝐿 

Outer radius of the inner membrane 𝜆 = 𝑅𝑖/𝑅 
Outer radius of the outer membrane 𝛿 = 𝑅𝑒𝑥𝑡/𝑅 
Inner radius of the inner membrane 𝛿𝑖 = 𝑅𝑖𝑛𝑡/𝑅 

Eigenvalue 𝑆∗ = 𝑆𝐿 
Flow rate 𝑄∗ = 𝑄/𝑄𝑒  

Axial velocity 𝑢𝑧
∗ = 𝑢𝑧/𝑈𝑎𝑣𝑒  

Radial velocity 𝑢𝑟
∗ = 𝑢𝑟/𝑈𝑎𝑣𝑒  

Darcy number (outer membrane) 𝐷𝑎 = 𝛼/𝑅2 
Darcy number (inner membrane) 𝐷𝑎𝑖 = 𝛼𝑖/𝑅

2 
Reynolds number 𝑅𝑒 = 2𝜌𝑈𝑅/𝜇 

Pressure 𝑃∗ = 𝑃/𝜌𝑈2 

Using values from Table 4-1, the dimensionless forms of Eqs. (4-15), (4-16), and (4-19) 

are 

𝑃∗(𝑧∗) = 𝑃𝑒𝑥𝑡
∗ −

32

𝑅𝑒 𝑓 𝑆∗
sinh(𝑆∗𝑧∗) + (𝑃𝑒

∗ − 𝑃𝑒𝑥𝑡
∗ ) cosh(𝑆∗𝑧∗) 

(4-22) 



97 
 

𝑢𝑅
∗ (𝑧∗) =

(𝑃∗(𝑧∗) − 𝑃𝑒𝑥𝑡
∗ )𝐷𝑎 𝑅𝑒

2 ln(𝛿)
 

(4-23) 

𝑢𝑧
∗(𝑟, 𝑧) =

𝑓

16
Re (−

𝜕𝑃∗

𝜕𝑧∗
) (1 − 𝑟∗2) 

(4-24) 

where 𝑆∗2 = 16𝐷𝑎/[𝑓2 ln(𝛿)]. Furthermore, the ratio of the flow through permeable 

membrane to the ratio of the inlet flow, 𝑄𝑅
∗ , is given by 

𝑄𝑅
∗ = −

16𝐷𝑎

𝑓2𝑆∗
2
ln 𝛿

(cosh(𝑆∗) − 1) +
𝐷𝑎 𝑅𝑒

𝑆∗𝑓 ln 𝛿
(𝑃𝑒

∗ − 𝑃𝑒𝑥𝑡
∗ ) sinh(𝑆∗) 

(4-25) 

4.2.1.2. Flow through an annulus channel with porous walls 

In these configurations (Cases B, C, and D) a cylindrical porous/impervious channel of 

radius 𝑅𝑖 is located at the center of a tubular porous/impervious channel of radius 𝑅 and 

length 𝐿. The benefit of these configurations is an increased shear at the wall. A laminar flow 

with rate of 𝑄𝑖 enters at 𝑧 = 0 and leaves the tube at 𝑧 = 𝐿. The fully developed velocity field 

for the mentioned flow is given by [186]: 

𝑢(𝑟, 𝑧) =
1

4𝜇
(−
𝜕𝑃

𝜕𝑧
) [
ln(𝑟 𝑅𝑖⁄ )

ln (𝑅 𝑅𝑖)⁄
(𝑅2 − 𝑅𝑖

2) − (𝑟2 − 𝑅𝑖
2)] 

(4-26) 

By integrating the velocity field, the flow rate in the channel can be calculated as 

𝑄(𝑧) =
𝜋(𝑅2 − 𝑅𝑖

2)

8𝜇
(−
𝜕𝑃

𝜕𝑧
) [(𝑅2 + 𝑅𝑖

2) −
𝑅2 − 𝑅𝑖

2

ln (𝑅 𝑅𝑖)⁄
] 

(4-27) 
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4.2.1.2.1. Tubular membrane with an impermeable cylinder at center 

In the case of an impermeable cylinder at the center of a tubular membrane, the radial 

(permeate) flow only passes through the outer membrane. Thus, assuming the constant 

permeate velocity 𝑗, the derivative of flow rate is given by 

𝑑𝑄

𝑑𝑧
= −2𝜋𝑅

𝛼(𝑃 − 𝑃𝑒𝑥𝑡)

𝜇𝑅 (ln
𝑅𝑒𝑥𝑡
𝑅 )

 
(4-28) 

Substituting Eq. (4-27) in Eq. (4-28) leads to 

(−
𝑑2𝑃

𝑑𝑧2
)
𝜋(𝑅2 − 𝑅𝑖

2)

8𝜇
[(𝑅2 + 𝑅𝑖

2) −
𝑅2 − 𝑅𝑖

2

ln (𝑅 𝑅𝑖)⁄
] = −2𝜋

𝛼(𝑃 − 𝑃𝑒𝑥𝑡)

𝜇 (ln
𝑅𝑒𝑥𝑡
𝑅 )

 
(4-29) 

Eq. (4-29) can be simplified to Eq. (4-11), by using 𝜙 = 𝑃 − 𝑃𝑒𝑥𝑡 and defining 𝑆2 =

16𝛼/ [(𝑅2 − 𝑅𝑖
2) (ln

𝑅𝑒𝑥𝑡

𝑅
) [(𝑅2 + 𝑅𝑖

2) −
𝑅2−𝑅𝑖

2

ln(𝑅 𝑅𝑖)⁄
]]. 

By imposing the boundary conditions of inlet flow rate at 𝑧 = 0, and outlet pressure at 

𝑧 = 𝐿, and replacing 𝜙 with 𝑃 − 𝑃𝑒𝑥𝑡, the following solution can be obtained for pressure 

distribution along the membrane channel: 

𝑃(𝑧) = 𝑃𝑒𝑥𝑡 −
8𝜇𝑄𝑒 𝑆⁄

𝜋(𝑅2 − 𝑅𝑖
2) [(𝑅2 + 𝑅𝑖

2) −
𝑅2 − 𝑅𝑖

2

ln (𝑅 𝑅𝑖)⁄
]

sinh(𝑆𝑧)

+ (𝑃𝑒 − P𝑒𝑥𝑡)cosh (𝑆𝑧) 

(4-30) 
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The radial velocity in the membrane, radial flow rate, and axial flow rate at each point 

along the membrane axis can be obtained by Eqs. (4-16) to (4-18). The corrected velocity 

profile is given by 

𝑢𝑧(𝑟, 𝑧) =
2𝑄𝑧(𝑧)

𝜋(𝑅2 − 𝑅𝑖
2) [(𝑅2 + 𝑅𝑖

2) −
𝑅2 − 𝑅𝑖

2

ln (𝑅 𝑅𝑖)⁄
]

[
ln(𝑟 𝑅𝑖⁄ )

ln (𝑅 𝑅𝑖)⁄
(𝑅2 − 𝑅𝑖

2) − (𝑟2

− 𝑅𝑖
2)] 

(4-31) 

The radial velocity profile in the channel can be found using Eq. (4-21). 

Using Table 4-1, the dimensionless forms of Eqs. (4-30) and (4-31) are 

𝑃∗(𝑧) = 𝑃𝑒𝑥𝑡
∗ −

16 (1 − 𝜆)

𝑅𝑒 𝑓 𝑆∗
[

1

(1 + 𝜆2) +
1 − 𝜆2

ln(𝜆)

] sinh(𝑆∗𝑧∗)

+ (𝑃𝑒
∗ − 𝑃𝑒𝑥𝑡

∗ ) cosh(𝑆∗𝑧∗) 

(4-32) 

𝑢𝑧
∗(𝑟, 𝑧) =

𝑓

16
Re (−

𝜕𝑃∗

𝜕𝑧∗
) (

1

1 − 𝜆
) (1 − 𝑟∗2) [

ln (
𝑟∗

𝜆
)

ln (
1
𝜆
)
(1 − 𝜆2)  − (𝑟∗2 − 𝜆2)] 

(4-33) 

where 𝑆∗2 = 16𝐷𝑎/ [𝑓2 ln(𝛿) (1 − 𝜆) [(1 + 𝜆2) +
1−𝜆2

ln(𝜆)
]]. 

Furthermore, the ratio of the flow through the membrane to the ratio of the inlet 

flow, 𝑄𝑅
∗ , is given by 
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𝑄𝑅
∗ = −

16𝐷𝑎

𝑓2𝑆∗
2
ln 𝛿 (1 − 𝜆2)

[
1

(1 + 𝜆2) +
1 − 𝜆2

ln(𝜆)

] (cosh(𝑆∗) − 1)

+
𝐷𝑎 𝑅𝑒

𝑆∗𝑓 ln 𝛿 (1 − 𝜆2)(1 − 𝜆)
(𝑃𝑒

∗ − 𝑃𝑒𝑥𝑡
∗ ) sinh(𝑆∗) 

(4-34) 

4.2.1.2.2. Membrane at the center of a cylindrical channel with solid (impermeable) 

wall 

In the case of a tubular membrane at the center of a cylindrical channel with 

impermeable wall, the radial (permeate) flow only passes through the inner membrane. 

Thus, assuming the constant permeate velocity, 𝑗, the derivative of flow rate is given by 

𝑑𝑄

𝑑𝑧
= −2𝜋𝑅𝑖

𝛼𝑖(𝑃 − 𝑃𝑖𝑛𝑡)

𝜇𝑅𝑖 (ln
𝑅𝑖
𝑅𝑖𝑛𝑡

)
 

(4-35) 

Substituting Eq. (4-27) in Eq. (4-35) leads to 

(−
𝑑2𝑃

𝑑𝑧2
)
𝜋(𝑅2 − 𝑅𝑖

2)

8𝜇
[(𝑅2 + 𝑅𝑖

2) −
𝑅2 − 𝑅𝑖

2

ln (𝑅 𝑅𝑖)⁄
] = −2𝜋

𝛼𝑅(𝑃 − 𝑃𝑖𝑛𝑡)

𝜇 (𝑙𝑛
𝑅𝑖
𝑅𝑖𝑛𝑡

)
 

(4-36) 

Eq. (4-36) can be simplified to Eq. (4-11), by using 𝜙 = 𝑃 − 𝑃𝑖𝑛𝑡  and defining 𝑆2 =

16𝛼/ [(𝑅2 − 𝑅𝑖
2) (ln

𝑅𝑖

𝑅𝑖𝑛𝑡
) [(𝑅2 + 𝑅𝑖

2) −
𝑅2−𝑅𝑖

2

ln(𝑅 𝑅𝑖)⁄
]]. 

By imposing the boundary conditions of inlet flow rate at 𝑧 = 0, and outlet pressure at 

𝑧 = 𝐿, and replacing 𝜙 with 𝑃 − 𝑃𝑖𝑛𝑡 , the pressure along the membrane can be calculated. Eq. 
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(4-15) can be used to obtain the pressure by replacing 𝑃𝑒𝑥𝑡 by 𝑃𝑖𝑛𝑡. Moreover, the radial 

velocity in the membrane, permeate flow rate, and axial flow rate at each point along the 

membrane centerline can be obtained by Eqs. (4-16) to (4-18). In addition, the axial and 

radial velocity profiles can be calculated using Eqs. (4-19) and (4-21), respectively. 

Using Table 4-1, the dimensionless forms of pressure profile is 

𝑃∗(𝑧) = 𝑃𝑖𝑛𝑡
∗ −

16 (1 − 𝜆)

𝑅𝑒 𝑓 𝑆∗
[

1

(1 + 𝜆2) +
1 − 𝜆2

ln(𝜆)

] sinh(𝑆∗𝑧∗)

+ (𝑃𝑒
∗ − 𝑃𝑖𝑛𝑡

∗ ) cosh(𝑆∗𝑧∗) 

(4-37) 

where 𝑆∗2 = 16𝐷𝑎/ [𝑓2 ln (
𝜆

𝛿𝑖
) (1 − 𝜆) [(1 + 𝜆2) +

1−𝜆2

ln(𝜆)
]]. The dimensionless velocity 

profile can be obtained using Eq. (4-33). Moreover, the ratio of the flow through permeable 

membrane to the ratio of the inlet flow, 𝑄𝑅
∗ , is given by 

𝑄𝑅
∗ = −

16𝐷𝑎

𝑓2𝑆∗
2
ln 𝛿 (1 − 𝜆2)

[
1

(1 + 𝜆2) +
1 − 𝜆2

ln(𝜆)

] (cosh(𝑆∗) − 1)

+
𝐷𝑎 𝑅𝑒

𝑆∗𝑓 ln 𝛿 (1 − 𝜆2)(1 − 𝜆)
(𝑃𝑒

∗ − 𝑃𝑖𝑛𝑡
∗ ) sinh(𝑆∗) 

(4-38) 

4.2.1.2.3. Two tubular co-axial membranes (dual membrane configuration) 

In this configuration, the radial flow rate passes through both the inner and the outer 

membranes. Assuming constant permeability of the both outer (𝛼), and inner cylindrical 
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membranes (𝛼𝑖), and the permeate pressures of 𝑃𝑒𝑥𝑡 and 𝑃𝑖𝑛𝑡 for outer membrane and inner 

membrane, respectively, the derivative of flow rate is given by 

𝑑𝑄

𝑑𝑧
= −2𝜋𝑅

𝛼(𝑃 − 𝑃𝑒𝑥𝑡)

𝜇𝑅 (ln
𝑅𝑒𝑥𝑡
𝑅 )

− 2𝜋𝑅𝑖
𝛼𝑖(𝑃 − 𝑃𝑖𝑛𝑡)

𝜇𝑅𝑖 (ln
𝑅𝑖
𝑅𝑖𝑛𝑡

)
 

(4-39) 

in which, 𝛼𝑖, 𝑅𝑖, and 𝑅𝑖𝑛𝑡 are permeability, outer radius, and inner radius of the inner 

membrane, respectively. Substituting Eq. (4-27) in Eq. (4-39) leads to 

(−
𝑑2𝑃

𝑑𝑧2
)
𝜋(𝑅2 − 𝑅𝑖

2)

8𝜇
[(𝑅2 + 𝑅𝑖

2) −
𝑅2 − 𝑅𝑖

2

ln (𝑅 𝑅𝑖)⁄
] =

= −
2𝜋

𝜇
(
𝛼(𝑃 − 𝑃𝑒𝑥𝑡)

ln
𝑅𝑒𝑥𝑡
𝑅

+
𝛼𝑖(𝑃 − 𝑃𝑖𝑛𝑡)

ln
𝑅𝑖
𝑅𝑖𝑛𝑡

) 
(4-40) 

By replacing 𝑃 − 𝑃𝑒𝑥𝑡 with 𝜙, Eq. (4-40) can be converted to 

(−
𝑑2𝜙

𝑑𝑧2
)
𝜋(𝑅2 − 𝑅𝑖

2)

8𝜇
[(𝑅2 + 𝑅𝑖

2) −
𝑅2 − 𝑅𝑖

2

ln (𝑅 𝑅𝑖)⁄
] =

= −
2𝜋

𝜇
(

𝛼

ln
𝑅𝑒𝑥𝑡
𝑅

+
𝛼𝑖

ln
𝑅𝑖
𝑅𝑖𝑛𝑡

)𝜙 −
2𝜋

𝜇
(

𝛼𝑖

ln
𝑅𝑖
𝑅𝑖𝑛𝑡

)(𝑃𝑒𝑥𝑡 − 𝑃𝑖𝑛𝑡) 
(4-41) 

Eq. (4-41) can be simplified to  

𝑑2𝜙

𝑑𝑧2
= 𝑆2𝜙 + 𝐾 

(4-42) 

By defining 𝑆2, and 𝐾 as 
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𝑆2 =

16(
𝛼

ln
𝑅𝑒𝑥𝑡
𝑅

+
𝛼𝑖

ln
𝑅𝑖
𝑅𝑖𝑛𝑡

)

(𝑅2−𝑅𝑖
2)[(𝑅2+𝑅𝑖

2)−
𝑅2−𝑅𝑖

2

ln(𝑅 𝑅𝑖)⁄
]

, 𝐾 =

16(
𝛼𝑖

ln
𝑅𝑖
𝑅𝑖𝑛𝑡

)(𝑃𝑒𝑥𝑡−𝑃𝑖𝑛𝑡)

(𝑅2−𝑅𝑖
2)[(𝑅2+𝑅𝑖

2)−
𝑅2−𝑅𝑖

2

ln(𝑅 𝑅𝑖)⁄
]

 (4-43) 

Eq. (4-42) can be easily solved as 

𝜙(𝑧) = 𝑎 sinh(𝑆𝑧) + 𝑏 cosh(𝑆𝑧) −
𝐾

𝑆2
 

(4-44) 

By imposing the boundary conditions of inlet flow rate at 𝑧 = 0, and inlet pressure at 

𝑧 = 0, and replacing 𝜙 with 𝑃 − 𝑃𝑒𝑥𝑡 the following solution can be obtained for pressure 

along the membrane: 

𝑃(𝑧) = 𝑃𝑒𝑥𝑡 −
8𝜇𝑄𝑒 𝑆⁄

𝜋(𝑅2 − 𝑅𝑖
2) [(𝑅2 + 𝑅𝑖

2) −
𝑅2 − 𝑅𝑖

2

ln (𝑅 𝑅𝑖)⁄
]

sinh(𝑆𝑧)

+ (𝑃𝑒 − 𝑃𝑒𝑥𝑡 +
𝐾

𝑆2
) cosh(𝑆𝑧) −

𝐾

𝑆2
 

(4-45) 

The radial velocity on the porous surface of the membranes can be found as 

𝑢𝑅(𝑧) =
𝛼(𝑃(𝑧) − 𝑃𝑒𝑥𝑡)

𝜇𝑅 (ln
𝑅𝑒𝑥𝑡
𝑅 )

 

(4-46) 

and 

𝑢𝑅𝑖(𝑧) = −
𝛼𝑖(𝑃(𝑧) − 𝑃𝑖𝑛𝑡)

𝜇𝑅𝑖 (ln
𝑅𝑖
𝑅𝑖𝑛𝑡

)
 

(4-47) 
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Thus, the radial (permeate) flow rate at each axial point can be obtained by 

𝑄𝑅(𝑧) = 2𝜋𝑅∫ 𝑢𝑅(𝑧)𝑑𝑧
𝑧

0

+ 2𝜋𝑅𝑖∫ 𝑢𝑅𝑖(𝑧)𝑑𝑧
𝑧

0

 
(4-48) 

Having the radial flow rate, one can find the axial flow rate using Eq. (4-18) and the 

corrected velocity using Eq. (4-31). Moreover, the radial velocity profile in the channel can 

be calculated by Eq. (4-21). 

The dimensionless form of pressure equation is (Table 4-1): 

𝑃∗(𝑧) = 𝑃𝑒𝑥𝑡
∗ −

16 (1 − 𝜆)

𝑅𝑒 𝑓 𝑆∗
[

1

(1 + 𝜆2) +
1 − 𝜆2

ln(𝜆)

] sinh(𝑆∗𝑧∗)

+ (𝑃𝑒
∗ − 𝑃𝑒𝑥𝑡

∗ + 𝐾∗) cosh(𝑆∗𝑧∗) − 𝐾∗ 

(4-49) 

where 𝑆∗2 = 16(
𝐷𝑎

ln(𝛿)
+

𝐷𝑎𝑖

ln(
𝜆

𝛿𝑖
)
) / [𝑓2(1 − 𝜆) [(1 + 𝜆2) +

1−𝜆2

ln(𝜆)
]]  and 𝐾∗ =

𝐷𝑎𝑖

ln(
𝜆

𝛿𝑖
)
(𝑃𝑒𝑥𝑡

∗ −

𝑃𝑖𝑛𝑡
∗ )/ [

𝐷𝑎

ln(𝛿)
+

𝐷𝑎𝑖

ln(
𝜆

𝛿𝑖
)
].  

The velocity profile can be obtained using Eq. (4-33). Moreover, the ratio of the flow 

through permeable surfaces to the ratio of the inlet flow, 𝑄𝑅
∗ , is given by 



105 
 

𝑄𝑅
∗ = (

𝐷𝑎

ln 𝛿
+
𝐷𝑎𝑖

ln
𝜆
𝛿𝑖

)[−
16

𝑆∗
2
𝑓2(1 + 𝜆2) +

1 − 𝜆2

ln(𝜆)

(cosh(𝑆∗) − 1)

+
𝑅𝑒(𝑃𝑒

∗ − 𝑃𝑒𝑥𝑡
∗ + 𝐾∗)

𝑆∗𝑓(1 − 𝜆2)(1 − 𝜆)
sinh(𝑆∗) +

𝑅𝑒 𝐾∗

𝑓(1 − 𝜆2)(1 − 𝜆)
]

+
𝑅𝑒 𝐷𝑎𝑖(𝑃𝑒𝑥𝑡

∗ − 𝑃𝑖𝑛𝑡
∗ )

𝑆∗𝑓 ln
𝜆
𝛿𝑖
(1 − 𝜆2)(1 − 𝜆)

 

(4-50) 

4.2.2. Numerical simulations and validation 

Numerical simulations have been carried out to investigate the accuracy of the presented 
approximate analytical solutions for the four different CFF systems. The details of each 
system are provided in Table 4-2. 

Table 4-2: Details of the different cases and their boundary conditions 
Setup Parameter A B C D 

Length (mm) 𝐿 250 250 250 250 

Membrane radius (mm) 𝑅 3 3 3 3 

Inline membrane radius 
(mm) 

𝑅𝑖 - 0.5 0.5 0.5 

Outer membrane - Permeable Permeable - Permeable 

- Permeate pressure 
(kPa) 

𝑃𝑒𝑥𝑡  0 0 - 0 

- Radius (mm) 𝑅𝑒𝑥𝑡  5 5 - 5 

- Permeability (m2) 𝛼 10-14 10-14 - 10-14 

- Thickness (mm) 𝑡 2 2  2 

Inner membrane 
- 

- 
Impermeable 

solid 
Permeable Permeable 

- Radius (mm) 𝑅𝑖𝑛𝑡 - - 0.25 0.25 

- Permeate pressure 
(kPa) 

𝑃𝑖𝑛𝑡 - - 0 0.5 

- Permeability (m2) 𝛼𝑖 - - 10-14 10-14 

- Thickness (mm) 𝑡𝑖  - 0.25 0.25 0.25 

Flow rate (m3/s) 𝑄𝑒  6.67×10-6 6.67×10-6 6.67×10-6 6.67×10-6 

Mesh size - ~2.3×106 ~1.5×106 ~1.2×106 ~1.8×106 

Mesh quality - 0.79 0.98 0.98 0.99 
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4.2.2.1. Boundary conditions 

The inlet velocity of the CFF is assumed to correspond to a fully developed flow in all the 

cases. Thus, Eqs. (4-1) and (4-26) are used for the inlet velocity. The transmembrane 

pressure is set to 50 kPa for all the simulations. The gauge pressure for the outer permeate 

surface, 𝑃𝑒𝑥𝑡, is assumed to be zero, and for inner permeate surface, 𝑃𝑖𝑛𝑡 is assumed zero or 

0.5 kPa in different cases (see Table 4-2 for details). No-slip wall boundary condition is 

imposed on all the walls. 

4.2.2.2. Numerical solution procedure 

The Eulerian approach is employed for modeling the fluid flow. The velocity and 

pressure profiles in the membranes are obtained by solving the Navier-Stokes equation for 

laminar flow. The computational domain is a hexahedral mesh, generated by ANSYS ICEM 

CFD 16.2 [187]. Mesh sizes and qualities are also tabulated in Table 4-2. For The solutions 

for coarser and finer grids are performed and mesh independency is found for all solutions.  

The Navier-Stokes equation for laminar flow is solved using a pressure-based algorithm 

of ANSYS® Fluent 16.2. Since the simulation is steady-state and single phase flow, the 

coupled algorithm is chosen due to its robustness [174]. The simulations are carried out for 

three dimensional fully developed flows in steady state and isothermal conditions. Water is 

used as the continuum phase, with density of 998.2 kg/m3, dynamic viscosity of 0.001003 

Pa∙s. The momentum equation is discretized using the Quadratic Upstream Interpolation for 

Convective Kinetics (QUICK) scheme [175, 188], which is more suitable for hexahedral grid 

and provides higher accuracy [174, 188]. Pressure interpolation is performed using Pressure 
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Staggering Option (PRESTO) scheme [189], which is a more appropriate estimation for flows 

involving filter media, flows in curved domains and high swirling flows [174, 188]. To ensure 

the stable solution, the Courant–Friedrichs–Lewy (CFL) number is set to 200, and the explicit 

relaxation factor is set to 0.75 for both pressure and velocity. To achieve accurate solutions, 

the scaled residuals of the simulations for continuity and momentum equations are set to be 

less than 10-8. 

 Results and Discussion 

The accuracy of the analytical solutions is investigated to validate the presented 

analytical approach. Different cases (A, B, C and D) are studied, and normalized velocities, 

pressures and flow rates are compared. The mentioned variables are normalized using the 

parameters introduced in Table 4-3. Parameters 𝑅𝑖, 𝑅𝑜, and 𝐿 are 0 mm, 3 mm, and 250 mm 

for case A; and 0.5 mm, 3 mm and 250 mm for cases B, C, and D, respectively Moreover, 

normalized radial velocities are compared to the solution approach of Karode [185]. In Table 

4-1, 𝑃𝑚
∗  refers to dimensionless pressure of exterior membrane (𝑃𝑒𝑥𝑡

∗ ). In case of no exterior 

membrane, the pressure on interior membrane is used (𝑃𝑖𝑛𝑡
∗ ). 

Table 4-3: Normalization of flow field variables 
 

Parameter 
Flow rate 
𝑄(𝑧) 

Axial velocity 
𝑢𝑧(𝑟, 𝑧)   

Radial velocity 
𝑢𝑟(𝑟, 𝑧) 

Pressure 
𝑃 

Radius 
𝑟 

Axial 
position 𝑧 

Normalized 𝑄∗ 
𝑢𝑧(𝑟, 𝑧)

max(𝑢𝑧(𝑟, 0))
 

𝑢𝑟(𝑟, 𝑧)

max(𝑢𝑟(𝑟, 𝑧))
 

𝑃∗ − 𝑃𝑚
∗

𝑃𝑒
∗ − 𝑃𝑚

∗
 

𝑟∗ − 𝜆

1 − 𝜆
 𝑧∗ 

4.3.1. Flow through a conventional membrane 

In this section the analytical solution for the flow through a conventional membrane is 

validated. A solution by Karode [185] was presented for this problem. Figure 4-2 shows axial 
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flow rate along the membrane channel, axial velocity profile in different cross sections, radial 

velocity profile, and pressure along the axial axis, respectively. Figure 4-2 (a) and (d) 

demonstrate a good agreement of the analytical solution with the numerical results. 

However, Figure 4-2 (b) uncovers the fact that by moving along the longitudinal axis of the 

CFF, the normalized axial velocity has comparatively high deviation from the numerical 

results, which is due to the approximation assumed in Eq. (4-19), which is a fully developed 

parabolic approximation for the velocity profile. Figure 4-2 (c) illustrates the comparison of 

the presented analytical approach, Karode’s approach [185] and numerical results. Both 

analytical results show good agreement with the numerical results when the normalized 

radius is smaller than 0.4. For bigger values of normalized radius, the presented solution 

shows higher accuracy compared to the Karode’s solution, both qualitatively and 

quantitatively. However, noting the velocity profile slopes near the wall, a good agreement 

is seen for the shear stress values near the wall for both proposed method and Karode’s 

approach. . Moreover, the results are accurate for wall Reynolds number of 𝑅𝑒𝑤 = 0.97. Wall 

Reynolds number is given by [175]: 

𝑅𝑒𝑤 =
𝑗𝑅

𝜈
 

(4-51) 

Mellis et al. [175] concluded that their presented method provides a distorted parabolic 

velocity profile for 𝑅𝑒𝑤 > 0.5. 
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(a) 

 

(b) 

 
(c) 

 
(d) 

Figure 4-2: Comparison of the present analytical method with numerical results and 
analytical approach of Karode [185] for case A: (a) Axial flow rate, (b) Axial velocity profile 
in different cross sections, (c) Radial velocity profile at z/L=0.5, and (d) pressure changes 
along the axial axis in channel. Inlet flow rate is 6.67×10-6 m3/s. 

4.3.2. Tubular membrane with an impermeable cylinder at the center 

In this section the analytical solution for the flow through a membrane with a solid 

impermeable cylinder at the center of the tube is validated. This case is applicable for the 

filtration systems in which electric fields due to cylindrical electrodes at the center improves 

the filtration [190]. Figure 4-3 shows axial flow rate along the membrane channel, axial 
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velocity profile in different cross sections, and radial velocity profile, respectively. Figure 4-3 

(a), (b) and (c) show the high accuracy of the presented analytical solution. The small 

deviations in axial velocity are due to the approximation in Eq. (4-36), which is the 

approximation of fully developed flow in the channel. Moreover, Figure 4-3 (c) demonstrate 

the high accuracy of the presented approach compared to that of the Karode’s solution [185].  

Wall Reynolds number is 0.97 for this case. 

  
(a) 

 

(b) 

 

 
(c) 

 
(d) 

Figure 4-3: Comparison of the analytical method (this work), numerical results (also this 
work), and analytical approach of Karode [185] for case B: (a) Axial flow rate, (b) Axial 
velocity profile in different cross sections, (c) Radial velocity profile at z/L=0.5, and (d) 
pressure changes along the axial axis in channel. Inlet flow rate is 6.67×10-6 m3/s. 
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4.3.3. Membrane at the center of a cylindrical channel with solid (impermeable) 

wall 

In this section the analytical solution for the flow through a tubular membrane 

positioned inside a cylindrical channel with impermeable walls is validated. Figure 4-4 

shows axial flow rate along the membrane channel, axial velocity profile in different cross 

sections, and radial velocity profile, respectively. Figure 4-4 (a), (b) and (c) show the high 

accuracy of the presented analytical solution. The small deviations in axial velocity compared 

to numerical results are due to approximation in Eq. (4-36). It should be noted that the 

deviations in normalized axial velocity of this case are more noticeable compared to the 

other cases. For the same boundary conditions, the radial velocity (through the membrane) 

in the current case is almost 4 times bigger than the other case, which results in a higher 

radial pressure gradient near the membrane surface. The high radial pressure gradient is in 

contrast with the assumption of one-dimensional (i.e. only axial) pressure gradients in the 

flow.  Figure 4-4 (c) demonstrate the accuracy of the presented approach compared to that 

of the Karode’s method [185]. Wall Reynolds number is 0.70 for this case. 

  



112 
 

 
(a) 

 

(b) 

 
(c) 

 
(d) 

Figure 4-4: Comparison of the analytical method (this work), numerical results (also this 
work), and analytical approach of Karode [185] for case C: (a) Axial flow rate, (b) Axial 
velocity profile in different cross sections, (c) Radial velocity profile at z/L=0.5, and (d) 
pressure changes along the axial axis in channel. Inlet flow rate is 6.67×10-6 m3/s. 

4.3.4. Two tubular co-axial membranes (dual membrane configuration) 

In this section the analytical solution for the flow through two tubular co-axial 

membranes is validated. Figure 4-5 illustrates axial flow rate along the membrane channel, 

axial velocity profile in different cross sections, and radial velocity profile, respectively. 

Figure 4-5 (a), (b) and (c) demonstrate the high accuracy of the presented analytical solution. 
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There are deviations in axial velocity when the normalized radius is smaller than 0.5 (i.e. in 

the vicinity of the inner cylindrical membrane). For values larger than 0.5, the normalized 

axial velocity is relatively accurate. Figure 4-5 (c) demonstrate the accuracy of the presented 

approach compared to that of the Karode’s method [185]. It is evident that the presented 

solution is accurate, while the Karode’s analytical solution [185] has an error of up to 40%. 

Wall Reynolds number is 0.97 for this case. 

 
(a) 

 

(b) 

 
(c) 

 
(d) 

Figure 4-5: Comparison of the analytical method (this work), numerical results (also this 
work), and analytical approach of Karode [185] for case D: (a) Axial flow rate, (b) Axial 
velocity profile in different cross sections, (c) Radial velocity profile at z/L=0.5, and (d) 
pressure changes along the axial axis in channel. Inlet flow rate is 6.67×10-6 m3/s. 
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4.3.5. Effect of Reynolds number and permeability on the solutions 

To investigate the effect of Reynolds number on the accuracy of the results, the cases 

A,B, C and D are solved for three different feed flow rates: 1.67×10-6 m3/s, 3.33×10-6 m3/s, 

6.67×10-6 m3/s, and 1.0×10-5 m3/s. The axial velocities of each case are plotted and compared 

to the numerical results at 𝑧/𝐿 = 0.8 (Figure 4-6). 

  
(a) 

 

 
(b) 

 

(c) 
 

(d) 

Figure 4-6: Comparing of normalized axial velocity at z/L=0.8 for different Reynolds 
numbers in (a) Case A, (b) Case B, (c) Case C, and (d) Case D 
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It is evident that by increasing the Reynolds number from 353 to 2112 for case A, and 

from 302 to 1810 for cases B, C and D, the deviation of the normalized axial velocity from the 

numerical solution increases. The reason is the fact that by increasing the Reynolds number, 

approximations in Eqs. (4-19) and (4-36) are no longer justifiable. 

In order to study the effect of permeability on the accuracy of the solutions, cases A and 

B are solved for three different permeability coefficients of 1×10-14 m2, 2×10-14 m2, and 3×10-

14 m2 (i.e. 10 mD, 20 mD, and 30 mD, respectively). Accordingly, the ratio of the permeate 

flow to inlet flow (𝑄𝑝𝑒𝑟𝑚/𝑄𝑒) for different cases, varies from 0.16 to 0.69. It should be 

mentioned that the definition of Darcy number was presented in Table 4-1. Darcy number is 

a dimensionless number representing the permeability of the membrane. However, the 

commonly used unit, L/(m2.h.bar), is also provided in the results (see Table 4-4). This unit 

represents the permeability divided by viscosity. The normalized axial velocities of the 

mentioned problems at 𝑧/𝐿 = 0.8 are illustrated in Figure 4-7.  
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 4-7: Comparison of normalized axial velocities of present analytical approach with 
numerical results for different permeability values of 10 mD, 20mD, and 30mD - (a) Case A,  
(b) Case B, (c) Case C, and (d) Case D 

Increasing the permeability of the membrane results in a higher deviation between the 

numerical and analytical solutions (i.e. the analytical solution has lower accuracy). The 

reason is that by increasing the permeability, radial flow rate increases and the effect of 

radial pressure gradient adversely affects the accuracy of derivative of axial flow rate and 

therefore the axial velocity profile. Table 4-4 presents the quantitative results, and mean 
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percentage error (MPE) for different cases and different permeability values. In cases where 

𝑄𝑝𝑒𝑟𝑚

𝑄𝑒
> 1, the suction flow occurrs at outlet. 

Table 4-4: Effect of membrane permeability values on the accuracy of axial velocity 
profile at 𝑧/𝐿 = 0.8 

 

Case Permeability 𝑄𝑝𝑒𝑟𝑚/𝑄𝑒  𝑅𝑒𝑤  
Specific permeate flux 

(L/(m2.h.bar)) 
Mean percentage error of 

axial velocity (%) 

A 

10 mD 0.23 0.97 1758 2.59 

20 mD 0.46 1.95 3516 7.99 

30 mD 0.69 2.93 5274 19.57 

B 

10 mD 0.23 0.97 1758 3.53 

20 mD 0.46 1.95 3516 6.60 

30 mD 0.69 2.93 5274 10.50 

C 

10 mD 0.16 0.70 13044 8.95 

20 mD 0.33 1.42 26904 14.86 

30 mD 0.50 2.13 40764 20.23 

D 

10 mD 0.39 0.97 2725 6.18 

20 mD 0.79 1.95 5521 12.19 

30 mD 1.18 2.93 8246 23.03 

In cases A and B for 
𝑄𝑝𝑒𝑟𝑚

𝑄𝑒
= 0.69, the maximum MPEs are 19.57% and 10.50%, 

respectively. The maximum MPEs for case B and C, are 20.23% and 23.03%, respectively. In 

the latter case, the radial flow is the dominant flow regime. 

 Conclusions 

The flow field in different membrane configurations was analytically solved using an 

approximate method. The present analytical solution is applicable for micro-filtration (MF), 

Ultra-filtration (UF), and Nano-filtration (NF), where the flow rates are in laminar flow range, 

and as long as no-slip boundary conditions are valid. It should be mentioned that in the 

present solution, salute and foulant is not taken into consideration. The resulting 

expressions are simple and compare favorably to numerical simulations for different 

Reynolds numbers and membrane permeabilities. The introduced approximate solutions are 
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accurate for all laminar flows even when the radial flow is relatively large. The solution has 

small deviations for higher Reynolds numbers (up to 𝑅𝑒 = 2112 for single tubular 

membrane, and up to 𝑅𝑒 = 1810 for other configurations), and provides an approximation 

with accuracy superior to that of the solutions reported earlier. The analysis of the effect of 

membrane permeability on the solution accuracy shows that higher permeability translates 

into increased deviation of the approximate solutions from the well-converged numerical 

solutions. Higher permeability of the porous medium increases the radial flow rate and 

radial pressure gradient, which undermines the assumption of one-dimensional (i.e. axial) 

pressure gradient in the membranes. However, it is shown that for high permeability values 

in which the radial flow is significantly higher than the axial flow, the present analytical 

solution deviates from the numerical solutions by 25% only. We conclude that the proposed 

analytical approach gives an acceptable solution for velocity and pressure profiles in laminar 

fluid flows in cylindrical membranes and dual-membrane systems. 
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 Nomenclature 

𝐠  body force (N) 

𝐧  normal vector 

𝐮  velocity vector (m/s) 
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𝐴  area (m2) 

𝐿  length of the membrane (m) 

𝑃  pressure (Pa) 

𝑄  volumetric flow rate (m3/s) 

𝑅  radius (m) 

𝑆  eigenvalue 

𝑗  permeate velocity (m/s) 

𝑞  volumetric flow rate (m3/s) 

𝑟  radius (m) 

𝑡  thickness (m) 

𝑢  velocity (m/s) 

 

Greek symbols 

𝛼  permeability (m2) 

𝛿  membrane thickness (m) 

𝜃  angular coordinate 
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𝜇  dynamic viscosity (Pa.s) 

𝜈  kinematic viscosity (m2/s) 

𝜌  density (kg/m3) 

 

Subscripts 

𝑒  entrance 

𝑒𝑥𝑡 exterior membrane 

𝑖  inner 

𝑖𝑛𝑡 interior membrane 

𝑜  outer 

𝑟  radial coordinate 

𝑧  axial coordinate 

 

Abbreviations 

CFF Crossflow filtration 

MPE Mean percentage error 
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Filtration of charged oil droplets in stationary and rotating tubular membranes 

 Abstract 

Cross flow filtration (CFF) is a common membrane separation process with applications 

in food, biochemical and petroleum industries. In particular, membranes can be used for 

liquid-liquid separation processes such as needed in oil-water separation. A major challenge 

in cross flow filtration is membrane fouling. It can decrease significantly the permeate flux 

and a membrane’s efficiency. Membrane fouling can be mitigated by inducing shear on the 

membrane’s surface and this can be enhanced by inducing a swirl in the flow.  In addition, a 

possible approach to improve membrane efficiency consists of repelling droplets/particles 

from the porous surface toward the centerline using a repulsive electric force. For this 

purpose, the surface of the membrane can be exposed to electric potential and 

droplets/particles are also induced to have the same electric charge. 

In this work, numerical simulations of charged non-deformable droplets moving within 

an axially rotating charged tubular membrane are performed. The results show that by 

increasing the electric potential on the membrane surface, the repelling force increases 

which obviously improves the grade efficiency of the membrane. However, the electric field 

gradients found in the flow field require large potentials on the membrane surface to observe 

a noticeable effect. Hence, a smaller solid cylinder is located in the centerline of the flow 

channel with zero potential. This solid cylinder enhances the electric field gradient in the 

domain which results in higher repelling forces and larger grade efficiency of the membrane 
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at small potentials. The addition of a small cylinder in the flow field also improves the grade 

efficiency increases due to the higher shear stress near the membrane surface. 

 Introduction 

Cross-flow filtration (CFF) is a common membrane separation process which has broad 

applications in food industry [191], biotechnology [192], desalination [193] and wastewater 

treatment [47]. Membranes can be used for liquid-liquid separation processes and 

potentially for oil-water separation [17]. A major challenge in oil-water separation is fouling 

of the membrane by the oil. It can dramatically decrease the permeate flux and therefore 

shorten the membrane life and its efficiency [194].  

Depending on the application, CFF is possible under steady-state or time-dependent 

operations. For example, for solid-liquid separations, the deposited layer of particles 

thickens and results in time-varying permeate flux [195].  However, the shear stress 

generated by the crossflow can decrease the particle accumulation on the membrane surface 

[196].  Membrane fouling can be treated by increasing the shear on the membrane’s surface. 

In this regard, the induction of swirl in a stationary membrane was shown to be significantly 

beneficial [58]. The flow swirl also improves the separation efficiency of the mixture, when 

the density of droplets are less than that of continuous phase (e.g. oil droplets in water). In 

this situation, droplets move toward the core of a vortex due to centrifugal force. The effect 

of rotational flow in rotating disk membrane separation was studied by [194, 197-199] and 

the effect of rotational flow through rotating porous annuli was investigated by [200-203]. 
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Dispersed liquid droplets are often charged and surrounded by ions of opposite sign 

from the continuous phase. The arrangement of the electric charges on the oil droplet 

surfaces with the balancing charge in the continuous phase is often called the electrical 

double layer (EDL). Numerous studies to infer the electric charge by electrophoresis 

techniques and measure the zeta potential of oil droplets in different aqueous emulsions or 

in ionic surfactant solutions [204]. It was observed that the electrical characteristics of the 

droplets in an emulsion can be easily modified by adsorbing surfactant onto the liquid-liquid 

interfaces [205, 206]. The addition of surfactant and/or alkali can increase the zeta potential 

of the oil droplets and make the particles negatively or positively charged [207]. This leads 

to the possibility of improving membrane efficiency by using a repulsive electric force [208].  

In this study, the effect of an electric repelling force on the efficiency of the membrane 

separation is investigated. Moreover, the effectiveness of swirling flow and electric repelling 

force are compared. The efficiency of electric repelling force on different droplet sizes, and 

in two different membrane geometries are also studied.   

 Modeling Approach 

The studied cross flow filtration system is a rotating tubular membrane. The geometry 

of the system is shown in Figure 5-1. The CFF system has a membrane rotating around the 

longitudinal z-axis with angular velocity of 𝜔. The membrane has length of 250 mm, is 

modeled as a filter with a thickness of 2 mm, inner diameter of 6 mm, and permeability of 

1×10-14 which is based on the ceramic membranes manufactured by TAMI industries. 
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Figure 5-1: Schematic of the computational domain (not to scale) 

 

The Eulerian-Lagrangian approach is employed for modeling the continuous phase 

(water) and dispersed phase (oil droplets).  After a three-phase separator used in produced 

water treatment, the concentration of oil droplets in water are typically much lower than 

10% [17]. Hence, the droplets are assumed to not interact with each other and have no effect 

on fluid domain [154, 155]. The velocity and pressure profiles in the membrane are obtained 

by solving the Navier-Stokes equation for laminar flow and the dispersed phase is solved by 

tracking oil droplets through the calculated flow field using a Lagrangian approach. 

The electric field in the fluid flow must be computed to calculate the electric repelling 

forces acting on the droplets. Two different CFF systems are considered in this regard. In the 

Simple CFF (SCFF), the electric potential is applied on the membrane surface and fluid inlet 

and outlet in the tube have no potential. End-effects change the electric field in the domain. 

In the Optimized CFF (OCFF), a small solid cylinder is located inside the channel to increase 

the electric field gradients in the fluid flow. Figure 5-2 illustrates the schematics of an OCFF. 
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Figure 5-2: Schematic of the computational domain of OCFF (not to scale) 

 
 

The computational domain is a hexahedral mesh, generated by ANSYS ICEM CFD 15 

[187]. For the SCFF, the total number of cells is 2.13×106 and the minimum orthogonal 

quality of the mesh is 0.79. For the OCFF, the number of cells is 1.50×106 and the minimum 

orthogonal quality of the mesh is 0.98. 

5.3.1. Continuous phase modeling 

The fluid system studied is assumed to be incompressible, isothermal and Newtonian.  

It is described by continuity and Navier-Stokes equations. The continuity equation for an 

incompressible fluid can be simplified to: 

∇. 𝐮 = 0 
(5-1) 

where 𝐮 is the velocity vector. The Navier-Stokes equation has a source term, 𝐅𝑒𝑙 

included accounting for the electrohydrodynamic forces: 

𝜌
𝐷𝐮

𝐷𝑡
= −∇𝑝 + 𝜇∇2𝐮 + 𝐅𝑒𝑙 

(5-2) 
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In Eq. (5-1),  , 𝑝 and 𝜇 are fluid’s density, pressure and viscosity, respectively. The 

electrohydrodynamic force is given by [209]: 

𝑭𝑒𝑙 = 𝜌𝑒𝑙𝑬𝑒𝑙 −
1

2
𝑬𝑒𝑙
2 𝛻𝜀 − 𝛻 [

1

2
𝜌𝑬𝑒𝑙

2 (
𝜕𝜀

𝜕𝜌𝑒𝑙
)
𝑇

] 
(5-3) 

where 𝐄𝑒𝑙 is the electric field, 𝜌𝑒𝑙 is the charge density, 𝜀 is the permittivity, and 𝑇 is the 

temperature. The first and second terms represent electrophoretic and dielectrophoretic 

forces, respectively. The last term is called electrostriction force. The electrophoretic term is 

due to the action of the electric field on the free volume charge and can be neglected when 

the net free charge in bulk fluid is zero. The dielectrophoretic force (2nd term) is due to effect 

of field on the polarization volume charge, which is due to nonuniformity of the permittivity. 

Since the permittivity of fluid and droplets are assumed to be constant, this force is only 

active on droplet interfaces on which there is a sharp change in permittivity. The 

electrostriction force (3rd term) is due to variation of electric permittivity with fluid density 

[209, 210] and since we assume an incompressible fluid this term can be neglected [209]. 

To calculate the electric field in the domain, it can be shown that the electric field is both 

irrotational (∇ × 𝐄 = 0) and divergence free (∇. 𝐄 = 0). This leads to the definition of electric 

potential, 𝜙, that satisfies the Laplace equation.  

𝛻2𝜙 = 0 
(5-4) 

Eqs. (5-2) and (5-4) need to be solved to obtain the velocity field and electric field in the 

domain. The following assumptions are made: 



127 
 

• The free charges in the domain is zero. 

• The permittivity of the both fluid and droplets are constant and uniform. 

• Since the size of the droplets are much smaller compared to the characteristic length 

of the domain (~1/100), the effect of droplets on the continuous phase is neglected. 

Therefore, the change of permittivity on the interface of fluid and droplets are 

neglected as well. 

Thus Eqs. (5-2) and (5-4) are decoupled and can be solved separately during the solution 

procedure. 

5.3.2. Dispersed phase modeling 

The motion of droplets is obtained by tracking their trajectories in the flow field. The 

trajectory of the dispersed phase, 𝐗𝐷(𝑡) can be predicted in a Lagrangian frame of reference 

as 

𝜕𝑿𝐷(𝑡)

𝜕𝑡
= 𝒖𝐷(𝑡) 

(5-5) 

The dispersed phase velocity in the right hand side of Eq. (5-5) is obtained by 

𝑑𝒖𝐷(𝑡)

𝑑𝑡
= 𝑭𝐷(𝒖𝐶 − 𝒖𝐷) +∑𝒂𝑛

𝑛

𝑛=1

) 
(5-6) 

where 𝐮𝐶  and 𝐮𝐷 are instantaneous velocities of continuous and dispersed phases, 

respectively. Also, 𝐅𝐷 = 3𝜌𝐶𝐶𝐷|𝐮𝐶 − 𝐮𝐷|/4𝜌𝐷𝑑𝐷 is the drag force per unit mass of droplet, 𝐶𝐷 
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is the drag coefficient and 𝑑𝐷 is the diameter of droplet. 𝜌𝐶  and 𝜌𝐷 are densities of continuous 

and dispersed phases, respectively. The term  𝐚𝑛 is overall acceleration due to high pressure 

gradient and virtual mass force. Table 5-1 shows the detailed definition of each of these 

accelerations. 

Table 5-1: Additional accelerations on the 
particles 

Acceleration type Definition 
Pressure gradient 

force 
𝐚1 = 𝐮𝐷 . ∇𝐮𝐶  

Virtual mass force 𝐚2 =
𝐷(𝐮𝐶 − 𝐮𝐷)

𝐷𝑡
 

 

Presence of electric field, can absorb or repel a charged particle. The force acted on a 

particle due to an electric field of 𝐄 is given by 

𝑭𝑐 = 𝑞𝑬 
(5-7) 

in which, 𝑞 is the charge of the droplet in Coulomb. 

5.3.3. Boundary conditions 

The inlet velocity of the CFF is assumed to be fully developed flow. For the axial flow in 

a SCFF the fully developed velocity profile is  

𝑼(𝑟) =
2𝑄𝑖
𝜋𝑅2

(1 − (
𝑟

𝑅
)
2

) 
(5-8) 

where 𝑄𝑖 is the inlet volumetric flow rate, and 𝑅 is the radius of the cylinder. On the 

other hand, for the axial flow between two concentric cylinders the fully developed velocity 

profile can be calculated using the following equation [186] 
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𝑈(𝑟) = 𝑆 (
𝑙𝑛 (𝑟/𝑅𝑖)

𝑙𝑛 (𝑅𝑜/𝑅𝑖)
(𝑅𝑜

2 − 𝑅𝑖
2) − (𝑟2 − 𝑅𝑖

2)) 
(5-9) 

where 𝑅𝑖 and 𝑅𝑜 are the radii of inner and outer cylinders, respectively. The coefficient 

𝑆 is given by 

𝑆 =
2𝑄𝑖

𝜋(𝑅𝑜
2 − 𝑅𝑖

2) [𝑅𝑜
2 + 𝑅𝑖

2 −
𝑅𝑜2 − 𝑅𝑖

2

ln (𝑅𝑜/𝑅𝑖)
]

 

(5-10) 

The transmembrane pressure is set to 50kPa for all the simulations. The gauge pressure 

for the permeate surface is assumed to be zero. The feed flow rate of 6.67×10-6 m3/s at the 

inlet boundary is used for the simulations. This flow rate corresponds to Reynolds numbers 

of 1415 for SCFF and 1207 for OCFF. In addition, to induce the swirl to the flow, the 

membrane rotates about the longitudinal axis at the angular velocity of 𝜔. The following 

velocities are used for different cases: 0 (no rotation), 500 and 1500 rpm. In order to impose 

the electric field in the fluid flow, an electric potential of 𝜙𝑚 is applied to the membrane 

surface. For both SCFF and OCFF, the potential at the inlet and outlet boundaries are assumed 

to be zero. However, for the OCFF, the internal solid cylinder is assumed to have zero 

potential. 

 Numerical Method 

The Navier-Stokes equation for laminar flow is solved using a pressure-based algorithm 

of ANSYS® Fluent 15.0. Since the simulation is steady-state and single phase flow, the 

coupled algorithm is chosen due to its robustness [211]. The simulations are carried out for 
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a three dimensional fully developed swirling flow in a steady state and isothermal 

conditions. The momentum equation is discretized using the Quadratic Upstream 

Interpolation for Convective Kinetics (QUICK) scheme [211, 212], which is more suitable for 

hexahedral grid and provides higher accuracy [211, 213]. Pressure interpolation is 

performed using Pressure Staggering Option (PRESTO) scheme [189], which is more 

appropriate estimation for flows involving filter media, flows in curved domains and high 

swirling flows [211, 213]. To ensure the stable solution, the Courant–Friedrichs–Lewy (CFL) 

number is set to 200, and the explicit relaxation factor is set to 0.75 for both pressure and 

velocity. To achieve the accurate solutions, the scaled residuals of the simulations for 

continuity, momentum and electric potential equations are set to be less than 10-8. To 

simulate the motion of dispersed droplets, groups of droplets with specific gravity of 0.73 

(diesel oil) and different diameters are injected at the inlet plane. To obtain the trajectory, 

Eq. (5-6) is integrated using a 5th order Runge–Kutta scheme [214]. The maximum number 

of time steps is set from 5×106 to 5×107, depending on the boundary conditions and droplet 

sizes. Also the tolerance of the solution is set to 10-6 to control the accuracy. 

In this work, three different types of problems are solved: 

• Type I: the rotating membrane has no electric potential (SCFF). 

• Type II: the rotating membrane has electric potential on its surface (SCFF). 

• Type III: the rotating membrane has electric potential on its surface, and a smaller 

conductive solid cylinder with zero potential is located at the centerline of the flow 

channel (OCFF). 
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The different types of solved cases are tabulated in Table 5-2.  

 

Table 5-2: Parameters for different simulations 

Case ID Type Membrane Type 
Angular Velocity (rpm) 

flow rate (m3/s) 
Electric Potential on the 

membrane 
Inner 

cylinder 
SCFF-I-0 I SCFF 0 N/A N/A 

SCFF-I-500 I SCFF 500 N/A N/A 
SCFF-I-1500 I SCFF 1500 N/A N/A 

SCFF-II-0 II SCFF 0 + N/A 
SCFF-II-500 II SCFF 500 + N/A 

SCFF-II-1500 II SCFF 1500 + N/A 
OCFF-0 III OCFF 0 + + 

OCFF-500 III OCFF 500 + + 
OCFF-1500 III OCFF 1500 + + 

 Results and discussions 

The flow pattern and wall shear stress components are compared for all the mentioned 

types of membranes. In addition, the grade efficiency is investigated and compared for 

different cases and different particle diameters. 

5.5.1. Flow pattern 

The axial, tangential and radial velocity components are presented for two membrane 

types of SCFF and OCFF for different angular speeds. 

Figure 5-3 shows the normalized axial velocity at the position of z/L=0.5 in the 

membrane for different angular velocities. The normalized axial velocity is given by 𝑈𝑧̅̅ ̅ =

𝑈𝑧(𝑟, 𝑧)/𝑈𝑚𝑎𝑥(𝑟, 0). It is evident that the maximum velocity occurs at the different radius for 

SCFF and OCFF membranes. So the maximum axial velocity occurs at 𝑟/𝑅 = 0 for SCFF 

membranes and at 𝑟/𝑅 ≃ 0.55 for the presented OCFF membranes. 
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Figure 5-3: Normalized Axial velocity at longitudinal position of z/L=0.5 in the membrane 

Figure 5-4 demonstrates the normalized radial velocity of SCFF and OCFF membranes 

for different angular velocities. The normalized radial velocity is given by 𝑈𝑟̅̅ ̅ = 𝑈𝑟(𝑟, 𝑧)/𝑈𝑅̅̅̅̅  , 

so that 𝑈𝑅̅̅̅̅ = 𝑄𝑅̅̅̅̅ /2𝜋𝑅𝐿. It should be noted that 𝑄𝑅̅̅̅̅  is the overall permeate flow rate. Although 

the radial velocity is relatively larger for SCFF membranes, the value is almost identical for 

both types of membranes. 

 
Figure 5-4: Normalized radial velocity at longitudinal position of z/L=0.5 in the membrane 
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Figure 5-5 demonstrates the normalized tangential velocity of SCFF and OCFF 

membranes for different angular velocities. The normalized tangential velocity is given by 

𝑈𝜃̅̅̅̅ = 𝑈𝜃(𝑟, 𝑧)/𝑅𝜔.  

 
Figure 5-5: Normalized tangential velocity at longitudinal position of z/L=0.5 in the 
membrane 

It is observed that for lower angular velocity, OCFF membrane has the lower tangential 

velocity compared to a SCFF membrane. However, by increasing the angular velocity, the 

tangential velocity of the both SCFF and OCFF membranes tends to be identical. 

5.5.2. Wall shear stress 

The shear force acting on the membrane surface is calculated from 

𝝉. 𝑒̂𝑟 = 𝜏𝑟𝑟𝑒̂𝑟 + 𝜏𝑟𝑧𝑒̂𝑟 + 𝜏𝑟𝜃𝑒̂𝑟 
(5-11) 

𝜏𝑟𝑟 is the normal component and it can be ignored since it is normal to the membrane 

surface. The terms 𝜏𝑟𝑧 and 𝜏𝑟𝜃 are the shear components in longitudinal and tangential 

directions, respectively. These terms can be obtained using the following expressions 
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𝜏𝑟𝑧 = 𝜇 [(
𝜕𝑈𝑧
𝜕𝑟
) + (

𝜕𝑈𝑟
𝜕𝑧
)]
𝑟=𝑅

 
(5-12) 

𝜏𝑟𝜃 = 𝜇 [𝑟 (
𝜕(𝑈𝜃 𝑟⁄ )

𝜕𝑟
) +

1

𝑟
(
𝜕𝑈𝑟
𝜕𝜃
)]
𝑟=𝑅

 
(5-13) 

In addition, the average longitudinal and tangential wall shear stresses are numerically 

calculated by the following equations 

𝜏𝑟𝜃̅̅ ̅̅ = 𝜇 [
1

𝐿
∫ (

𝜕𝑈𝜃
𝜕𝑟

|

𝑟=𝑅

)𝑑𝑧
𝐿

0

− 𝜔] 
(5-14) 

𝜏𝑟𝑧̅̅ ̅̅ = 𝜇 [
1

𝐿
∫ (

𝜕𝑈𝑧
𝜕𝑟

|

𝑟=𝑅

+
𝜕𝑈𝑟
𝜕𝑧

|

𝑟=𝑅

)
𝐿

0

𝑑𝑧] 
(5-15) 

 

The overall wall shear stress and its angle are calculated as 

𝜏𝑅̅̅ ̅ = √𝜏𝑟𝜃̅̅ ̅̅
2 + 𝜏𝑟𝑧̅̅ ̅̅

2 
(5-16) 

𝛽 = 𝑡𝑎𝑛−1(𝜏𝑟𝜃̅̅ ̅̅ 𝜏𝑟𝑧̅̅ ̅̅  ⁄ ) 
(5-17) 
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Figure 5-6: Average wall shear stress components for SCFF and OCFF membranes, 𝑅𝑇 = 𝜏𝑟𝜃, 
𝑅𝑍 = 𝜏𝑟𝑧 

Figure 5-6 shows the average shear stress components for both SCFF and OCFF 

membranes for different angular velocities. It is evident that increasing the angular velocity, 

increases both axial and radial components of wall shear stress. In addition, both axial and 

radial components of shear stress for OCFF are higher than the ones for SCFF. 

 
Figure 5-7: Overall wall shear stress and its direction for SCFF and OCFF membranes 

Figure 5-7 also demonstrates the overall wall shear stress (𝜏𝑅̅̅ ̅) and its direction (𝛽) for 

both SCFF and OCFF membranes for different angular velocities. 
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5.5.3. Grade efficiency 

The total grade efficiency is the ratio of the total mass of droplets that leave the 

membrane channel to the retentate stream. Since the droplets are assumed to have no 

interaction with fluid domain and also to have no break up or coalescence, the total grade 

efficiency can be simplified to: 

𝐺𝑇 =
𝑁𝑑𝑜
𝑁𝑑𝑖

 
(5-18) 

in which 𝑁𝑑𝑖  and 𝑁𝑑𝑜 are the initial number of droplets injected to the flow at inlet, and 

the number of droplets at outlet with retentate stream, respectively. The grade efficiency 

presents the effect of both membrane filtration and the vortex separation. 

5.5.4. Effect of electric repelling forces on droplet separation 

To investigate the effect of electric repelling force on the droplet separation, electric 

potential is applied on the membrane surface on problems type II and III (see Table 5-2). For 

the constant electric potential of 𝜙 = 10𝑉 on the membrane surface, different droplet charge 

densities of 0, 2, 4 and 8 C/m3 are used. In addition, the effect of droplet size (5 − 60 𝜇𝑚), on 

the effectiveness of droplets separation is studied. 
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Figure 5-8: Grade efficiency of membranes with and without charge on the droplets. The 
number on the legend shows the charge density. 

 
Figure 5-9: Grade efficiency of membranes with charge densities of 2 and 4 C/m3 on the 
droplets. The number on the legend shows the charge density. 

Figure 5-8 shows that grade efficiency of the non-rotating membrane for both of SCFF 

and OCFF membranes are almost the same. For a rotating membrane (500 rpm), Although 

the grade efficiency of both systems are similar in droplets smaller than 50 micron, OCFF 

shows a slight advantage compared to SCFF for droplets bigger than 50 micron. However, 

for charged droplets, because of higher electric gradient in the flow domain, OCFF is more 

efficient and all the droplets of 𝑑 > 33 𝜇𝑚 will leave the membrane with retentate stream. 

While for the similar system of SCFF, the grade efficiency is 1 for droplets with 𝑑 > 60 𝜇𝑚. 
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Figure 5-9, compares the grade efficiency of the rotating membranes (500 rpm) with 

charge densities of 4 and 8 C/m3. The results show that by increasing the charge density for 

OCFF membranes, the cut-off diameter decreases and for charge densities of 4 and 8 C/m3, 

cut-off diameters are 25 𝜇𝑚 and 20 𝜇𝑚, respectively. In addition, both Figure 5-8 and Figure 

5-9 demonstrate that the grade efficiency of all cases improves by increasing the droplet size, 

which highlights the effectiveness of electric repelling for on separation of smaller droplets. 

5.5.5. Reduced Grade Efficiency  

To examine the effect of vortex – induced forces (in absence of membrane filtration) or 

electric repelling forces, reduced grade efficiency can be defined. The reduced grade 

efficiency eliminates the effect of main flow stream on particle separation and quantifies the 

performance of the separation due to only swirling flow and/or electric repelling force.  The 

reduced grade efficiency is given by 

𝐺𝑅 =
𝐺𝑇 − 𝑅𝑓

1 − 𝑅𝑓
 

(5-19) 

where 𝑅𝑓 = 𝑄𝑜/𝑄𝑖 = (1 − 𝑄𝑅)/𝑄𝑖. 

The Stokes number is defined as the ratio of the characteristic time of a droplet (𝜏𝑑) to 

a characteristic time of the flow (𝜏𝑓). For high Stokes numbers, a droplet will continue along 

its initial trajectory, while for low Stokes number, a droplet will be affected by flow inertia 

and follow fluid streamlines. The Stokes number is defined as 
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𝑆𝑡𝑘 =
𝜏𝑑
𝜏𝑓
=
𝑑𝑑
2(𝜌𝐶 − 𝜌𝐷)

18𝜇𝐿
 

(5-20) 

The parameter 𝐿 is the characteristic length of the fluid flow. For a SCFF, 𝐿 = 𝐷, and for 

an OCFF, 𝐿 = 𝐷𝑜 − 𝐷𝑖.  The effect of electric repelling force on the reduced grade efficiency is 

studied below. 

 
Figure 5-10: Grade efficiency of a rotating OCFF membrane (1500 rpm) versus stokes 
number 

TGE: Total grade efficiency, RGE: Reduced grade efficiency 

Figure 5-10 illustrates that reduced grade efficiency of an OCFF membrane with angular 

velocity of 1500 rpm and different charge density of particles. It indicates that the reduced 

grade efficiency rapidly increases by increasing the charge density on the droplet.  In 

addition, according to reduced grade efficiency for droplets with no charge, it is evident that 

rotating membrane and induced swirl is only effective for 𝑆𝑡𝑘 > 1.25 × 10−4. For the present 

test case, electric repelling forces can enhance the performance of the membrane and expand 

the range droplet size of existing crossflow filtration system. 
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 Summary and conclusions 

Numerical simulations of charged non-deformable droplets moving within an axially 

rotating charged tubular membrane are performed. It is observed that by increasing the 

angular velocity, due to the increase in wall shear stress, the grade efficiency of the 

separation improves rapidly. However, this increase is more significant for the larger 

droplets (corresponding to higher Stokes numbers). Hence, the electric repelling force is 

employed to enhance the separation efficiency. In this regard, for the constant flow rate, it is 

shown that the electric repelling force is more effective for a membrane system with an 

electrode, compared to a membrane without an electrode in its center. The results show that, 

the repelling force improves significantly the grade efficiency of a membrane when an 

electrode is introduced at the center of the membrane. Electric repelling forces can enhance 

the performance of the membrane and expand the range droplet size of existing crossflow 

filtration system especially for droplets with very small Stokes number (< 10-4) which are 

notoriously difficult to separate and will foul membranes. 

 Nomenclature 

𝐚 Acceleration vector (m2/s) 

𝐄 Electric field vector (V/m) 

𝐅 Force vector (N) 

𝐺 Grade Efficiency 

𝑝 Pressure (Pa) 
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𝑞 Charge (C) 

𝑡 Time (s) 

𝐮 Velocity vector (m/s) 

𝑋 Location (m) 

𝜀 Permittivity (F/m) 

𝜙 Electric potential (V) 

𝜇 Dynamic viscosity (m2/s) 

𝜌 Density (kg/m3) 

𝝉 Stress tensor (Pa) 

 

Subscript 

C Continuous phase 

d Droplet 

D Dispersed phase 

el Electrohydrodynamic 

f Flow 

i Inlet 

o Outlet 
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Abbreviations 

CFF CrossFlow Filtration 

OCFF Optimized CrossFlow Filtration 

RGE Reduced Grade Efficiency 

SCFF Simple CrossFlow Filtration 

TGE Total Grade Efficiency 
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Modeling membrane fouling using a wall-film model 

 Introduction 

Separation of dispersed droplets from a continuous phase is an important stage in 

applications found in biology [215], chemistry [216], food sciences [217], and petroleum 

engineering [54, 55].  In particular, in the oil and gas industry, separation of oil from an oil-

in-water emulsion can become a challenge depending on droplet sizes, flow regime, and 

mixture components, which can be widely different for various oil fields [57, 207]. For 

separation of oil droplets suspended in water, common methods of droplet removal includes 

centrifugation, air flotation, and hydrocyclones [58]. Although these methods are effective 

for a wide range of flows, small droplets can escape from these systems, and their efficiency 

declines for droplets smaller than approximately 15 µm [54, 218]. Membrane separation is 

a technology that selectively separates a secondary material from a primary phase via small 

pores and gaps fabricated in its continuous structure. Membrane technology has shown a 

remarkable performance in separation of droplets [219], particles [220], and solutes [221, 

222]. In recent years, the research on the use of membrane separation techniques for oil-

water emulsions has been growing [17, 57]. Microfiltration [35, 223, 224], and Ultrafiltration 

membranes [50, 225, 226] were studied to evaluate their capability for separation of 

droplets of various sizes. Different membrane configurations such as flat-sheet membranes 

[51], tubular membranes [227, 228], slotted pore filters [223], and hollow fiber membranes 

[229] were evaluated. Crossflow filtration (CFF) membranes have many applications in 

various industries such as biotechnology [48], food [49], petroleum industries [45], 
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desalination [164, 230], and wastewater treatment [46, 47]. Figure 6-1 shows a schematic of 

the operation of a CFF membrane.  

 

 

Figure 6-1: Schematic of the operation of a crossflow filtration (CFF) membrane 

Studies on the removal of oil droplets from water using membranes reported that the 

droplets rejected by a membrane form a layer at the membrane surface [50-56], which is 

referred as “cake”. 

Membrane fouling, is the single largest issue in membrane-base treatment [54]; it can 

cause a significant decrease in the permeate flux and reduces its efficiency. The permeate 

flux and the rate of rejection is correlated with operating parameters of the CFF membrane 

system such as feed concentration, temperature, crossflow velocity (CFV), and 

transmembrane pressure (TMP) [226, 231, 232]. Dickhout et al. [57] discussed membrane 

fouling by oil droplets and categorized them into five main mechanisms: (1) complete pore 

blocking (pore blocked by a large droplet); (2) standard (or partial) pore blocking (pore 

blocked by coats of small droplets); (3) intermediate blocking (a layer of droplets narrow 
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the pores’ entrances); (4) cake formation (pores covered by permeable layers of droplets); 

(5) oil layer (impermeable oil layer) blocking. One of the strategies to reduce fouling is to 

decrease droplet deposition on the membrane surface using hydrodynamic methods. 

Tummons et al. [54, 55] discussed the droplets’ behavior on the membrane surface, and 

presented a direct visualization of the real-time images of a membrane surface fouling by oil 

droplets in crossflow filtration. Motin et al. [58] discussed the effect of membrane rotation 

on the performance of the membrane, and efficiency of the droplet separation. In addition to 

experimental efforts on the membrane fouling, other analytical modeling and numerical 

simulations were also presented to understand the fouling phenomenon and flux decline in 

membranes. Grenier et al. [59] proposed a methodology to quantify the fouling mechanism 

of solid particles in dead-end filtration. They identified that surface blocking may reduce 

filtering surface up to 80%. Darvishzadeh et al.  [60] studied the behavior of an oil droplet at 

a membrane pore entrance using direct numerical simulations. Won et al. [61] 

computationally investigated the effect of patterned membranes on particle depositions. 

Hou et al. [62] provided a combined blocking and cake filtration model. Zhang et al. [63] 

simulated the membrane fouling under a baffle-filled flow. Several other analytical or 

numerical studies were carried out in which the fluid dynamics of the flow in a CFF 

membrane [64-66] and membrane fouling [67-71] are discussed.   

There is currently no model that can provide a comprehensive view of system design, 

flow patterns and droplet concentration near the membrane surface, droplet-droplet and 

droplet-fluid interactions in CFF membranes, and droplet transport to membrane surface. 

Such a model can offer valuable information for membrane operation and performance 

under various conditions.  In this study, a novel model is introduced that can simulate early 
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stages of membrane fouling and predict the permeate flux and the time of its occurrence in 

a CFF membrane system. The model is the first model based on an Eulerian-Eulerian 

multiphase simulation approach that uses the concept of Eulerian wall film model for 

transport of droplets from bulk flow to the membrane surface. Additionally, a Population 

Balance Model (PBM) is utilized to account for droplet size distribution and droplet 

coalescence in bulk flow, providing more information about the droplet size distribution and 

its impact on membrane fouling. 

 Modeling of fluid flow, droplet deposition, and membrane fouling 

The wall film model was originally developed to model droplet-surface interactions of 

diesel droplets with cylinder walls of internal combustion engines [233-235]. Subsequently, 

it has been extensively used for modeling droplet-surface interactions in various 

applications [236, 237]. The wall film model benefits from lubrication theory approximation 

[238] which results in a two-dimensional velocity profile in the film. In the current study, the 

wall film model is presented and adapted to simulate droplets transport from bulk flow to a 

membrane surface.  

6.2.1. Phenomenological description of membrane fouling mechanisms 

Dickhout et al. [57] discussed membrane fouling by oil droplets. Figure 6-2 shows 

various scenarios of droplet-membrane interaction in a computational cell (dashed box). In 

Figure 6-2 (a), there is no droplets in near-membrane cell. In Figure 6-2 (b) there are some 

droplets in the cell, however, there is not any droplet deposited on the membrane surface. In 

Figure 6-2 (c), in addition to droplets in the cell, some droplets are deposited on the 
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membrane surface, but no pore blockage occurred. In Figure 6-2 (d), in addition to droplets 

in the cell, some droplets are deposited on the membrane surface. However, in contrast to 

the case of Figure 6-2 (c), due to high transmembrane pressure difference, droplets enter the 

pores and there is no permeate flux of continuous phase through the membrane. However, 

dispersed phase gradually enters the pores. In Figure 6-2 (e), besides the deposited droplets, 

due to coalescence of the droplets on the membrane surface, a thin film is formed on the 

membrane surface; the cell is partially covered and there is a permeate flux of continuous 

phase. In Figure 6-2 (f), the film formed in Figure 6-2 (e) is expanded and covers the entire 

cell. Moreover, the high pressure-difference leads to entrance of oil into pores.  In this study, 

a model for droplet deposition during stages of (a) through (c) is introduced. Developing of 

a criterion for “surface droplet coalescence which leads to film formation on membrane 

surface” is suggested as a future study to expand and improve the model of present study. 
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Figure 6-2: Droplet-membrane interaction scenarios in a computational cell; (a) There is 
no droplet in the cell, (b) there are droplets in the cell, but no droplets sitting on the 
membrane surface, (c) there are droplets both in the cell and sitting on the membrane 
surface, but no droplet blocks the pores, (d) there are droplets in the cell, sitting on the 
membrane, and blocking and entering into the pores, (e) a film is partially formed on the 
membrane surface, and (f) a film is formed and entirely covered the cell, blocking and 
entering into the pores.   

6.2.2. Multiphase flow modeling 

Multiphase flow models are needed to estimate the transport of droplets in the 

continuous phase, droplet-droplet interactions, and transport of droplets to the membrane 

surface. The averaging procedure of the flow field equations used in study is discussed 

below. Averaging of droplets in the bulk flow is first reviewed. Then, droplet-droplet 
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interactions are modeled using a population balance model. Lastly, the averaging method on 

a surface is proposed. 

6.2.2.1. Fluid averaging in bulk flow 

A mixture of 𝑛-phase flow is considered as one continuous phase (subscript 𝑐), and 𝑛 −

1 dispersed phases. The void fraction is defined as the ratio of the volume occupied by phase 

𝑘 to the total volume as 

𝛼𝑘 =
1

𝑉
∫ 𝜙𝑘𝑑𝑉
𝑉

 (6-1) 

where 𝑉 is a control volume, and 𝜙𝑘 takes a value of 1.0 where phase 𝑘 is present, and 

is zero otherwise. It is found that ∑𝛼𝑘 = 1. Any other property, 𝜓 can be averaged as 

𝜓̂𝑘 =
1

𝛼𝑘𝑉
∫ 𝜓𝜙𝑘𝑑𝑉
𝑉

 (6-2) 

For instance, the effective averaged velocity of phase 𝑘 is given by 

𝑢⃗ ̂𝑘 =
1

𝛼𝑘𝑉
∫ 𝜓𝑢⃗ 𝑘𝑑𝑉
𝑉

 (6-3) 

The mass conservation equation of phase 𝑘 can be given as 

𝜕

𝜕𝑡
𝛼𝑘𝜌𝑘 + ∇. (𝛼𝑘𝜌𝑘𝑢⃗ 𝑘) = 𝑚̇𝑘 (6-4) 
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where 𝜌 is the density, and 𝑚̇𝑘 is the mass transfer to and from phase 𝑘. Since the mass 

that leaves one phase must add to another phase, ∑ 𝑚̇𝑘 = 𝑆, where 𝑆 is the mixture mass 

source term. Due to permeate flux at membrane surface, this term is nonzero for a near-

membrane computational cells and is zero everywhere else in the domain. The continuity 

equation of the mixture is then obtained as 

𝜕𝜌𝑚
𝜕𝑡

+ ∇. (𝜌𝑚𝑢⃗ 𝑚) = 𝑆 (6-5) 

where 𝜌𝑚 and 𝑢⃗ 𝑚 are averaged mixture density and averaged mixture velocity, 

respectively. 𝜌𝑚 and 𝑢⃗ 𝑚 are given by 

𝜌𝑚 =∑𝛼𝑘𝜌𝑘

𝑛

𝑘=1

 (6-6) 

𝑢⃗ 𝑚 =
1

𝜌𝑚
∑𝛼𝑘𝜌𝑘𝑢⃗ 𝑘

𝑛

𝑘=1

 (6-7) 

The momentum conservation equation for phase 𝑘 is given by 

𝜕

𝜕𝑡
(𝛼𝑘𝜌𝑘𝑢⃗ 𝑘) + 𝛻. (𝛼𝑘𝜌𝑘𝑢⃗ 𝑘𝑢⃗ 𝑘) = −𝛼𝑘𝛻𝑝𝑘 + 𝛻. [𝛼𝑘(𝜏̿𝑘 + 𝜏̿𝑇𝑘)] + 𝛼𝑘𝜌𝑘𝑔 + 𝐹𝑘 (6-8) 

where 𝜏𝑘̿, 𝜏̿𝑇𝑘, and 𝐹𝑘 are viscous stress, turbulence stress, and the effect of surface 

tension force, respectively. By summing the momentum equation of all phases, the 

conservation of momentum equation for the mixture can be obtained as 
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𝜕

𝜕𝑡
𝜌𝑚𝑢⃗ 𝑚 + 𝛻. (𝜌𝑚𝑢⃗ 𝑚𝑢⃗ 𝑚)

= −𝛻𝑝𝑚 + 𝛻. (𝜏̿𝑚 + 𝜏̿𝑇𝑚) + ∇. (𝜏𝐷̿𝑚) + 𝜌𝑚𝑔 + 𝐹 𝑚 + 𝑆𝑢⃗ 𝑚 

(6-9) 

where 𝐹 𝑚 is the effect of surface tension force on the mixture and is defined as 𝐹 𝑚 = ∑𝐹 𝑘. 

The last term in the RHS of Eq. (6-9) is the mixture momentum source term. In the RHS of 

Eq. (6-9), 𝜏𝑚̿ is average viscous stress defined as 

𝜏𝑚̿ =∑𝛼𝑘

𝑛

𝑘=1

𝜏𝑘̿ (6-10) 

𝜏̿𝑇𝑚 is the average turbulence stress defined as 

𝜏̿𝑇𝑚 = −∑𝛼𝑘𝜌𝑘𝑢⃗ 𝑑𝑟,𝑘𝑢⃗ 𝑑𝑟,𝑘̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
𝑛

𝑘=1

 (6-11) 

where 𝑢⃗ 𝑑𝑟,𝑘 is the drift velocity of phase 𝑘 and is defined as 

𝑢⃗ 𝑑𝑟,𝑘 = 𝑢⃗ 𝑘 − 𝑢⃗ 𝑚 (6-12) 

𝜏𝐷̿𝑚 is the average diffusion stress due to the phase slip given by 

𝜏𝐷̿𝑚 = −∑𝛼𝑘𝜌𝑘𝑢⃗ 𝑑𝑟,𝑘𝑢⃗ 𝑑𝑟,𝑘

𝑛

𝑘=1

 (6-13) 

Manninen et al. [157] proposed the slip velocity as 
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𝑣 𝑑,𝑐 =
𝜏𝑑
𝑓𝐷
(1 −

𝜌𝑚
𝜌𝑑
) 𝑎 𝑑  (6-14) 

where 𝜏𝑑  is the droplet relaxation time which represents how quickly a droplet adjusts 

its velocity to the surrounding fluid flow. The droplet relaxation time is given by 

𝜏𝑑 =
𝜌𝑑𝑑𝑑

2

18𝜇𝑐
 (6-15) 

where 𝑑 is the diameter of droplets. In Eq. (6-14), 𝑎  is the acceleration of droplets given 

by 

𝑎 𝑑 = 𝑔 − (𝑢⃗ 𝑚. ∇)𝑢⃗ 𝑚 −
𝜕𝑢⃗ 𝑚
𝜕𝑡

 (6-16) 

and 𝑓𝐷 is drag function of a droplet in free stream and is modeled using [158] 

𝑓𝑑 = {
1 + 0.15𝑅𝑒𝑝

0.687, 𝑅𝑒𝑝 ≤ 1000

0.0183𝑅𝑒𝑝, 𝑅𝑒𝑝 > 1000
 (6-17) 

where 𝑅𝑒𝑝 is particle Reynolds number.  

6.2.2.2.  Population Balance Model 

A Population Balance Model (PBM) is employed to account for droplet-droplet 

interactions in the bulk flow and track changes in the distribution of droplet size. The 

Population Balance Equation (PBE) is a balance equation for the number density, 𝑁𝑖, which 

is the number of 𝑖𝑡ℎ sized droplet per unit volume of continuous phase. The general form of 

the population balance equation for a flow without particle growth (nucleation) is given as 

[239] 
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𝐷𝑛(𝑣, 𝑡)

𝜕𝑡
= 𝐵𝑐

′ − 𝐷𝑐
′ + 𝐵𝑏

′ − 𝐷𝑏
′  (6-18) 

where 𝑣 is particle volume. The first term on LHS is transient and convection terms 

combined, the terms on RHS are birth due to coalescence, death due to coalescence, birth 

due to breakage, and death due to breakage, respectively.  The birth due to coalescence is 

𝐵𝑐
′ =

1

2
∫ 𝛤(𝑣 − 𝑣′, 𝑣′, 𝑡)𝑛(𝑣 − 𝑣′, t)𝑛(𝑣, 𝑡)𝑑𝑣′
𝑣

0

 (6-19) 

where 𝛤(𝑣 − 𝑣′, 𝑣′, 𝑡) is coalescence kernel, which is defined as a product of coalescence 

frequency and collision efficiency. The equation above represents coalescence of droplets 

with volume of 𝑣′and droplets of volume 𝑣 − 𝑣′ , and forming of droplets of volume 𝑣. The 

death due to coalescence is 

𝐷𝑐
′ = ∫ 𝛤(𝑣, 𝑣′)𝑛(𝑣, 𝑡)𝑛(𝑣′, 𝑡)𝑑𝑣′

∞

0

 (6-20) 

The birth due to breakage is 

𝐵𝑏
′ = ∫ 𝑔(𝑣′, t)𝛽(𝑣, 𝑣′, 𝑡)𝑛(𝑣′, 𝑡)𝑑𝑣′

∞

𝑣

 (6-21) 

where 𝑔(𝑣′, 𝑡) is the breakage kernel or the frequency of disruption of droplets of 

volume 𝑣′, and 𝛽(𝑣, 𝑣′, 𝑡) is probability density function that contains information on the 

fragments produced by a breakage event. The death due to breakage is 

𝐷𝑏
′ = 𝑔(𝑣, t)𝑛(𝑣, 𝑡) (6-22) 
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In this study, a Method of Moment (MOM) approach is employed to solve the population 

balance equation. In MOM approaches, Droplet Size Distribution (DSD) is modeled by solving 

a balance equation for few moment terms which reduces the computational cost. Although 

the number of moments may not be sufficient to provide an exact DSD in each computational 

cell, it can provide Sauter mean diameter (𝑑32) for each cell, defined as 

𝑑32 =
∑ 𝑛𝑖𝑑𝑖

3𝑘
𝑖=𝑖

∑ 𝑛𝑖𝑑𝑖
2𝑘

𝑖=𝑖

 (6-23) 

Due to the importance of gravity force on droplet deposition, an inhomogeneous velocity 

approach is utilized to obtain a more accurate droplet transport in bulk flow. Therefore, 

Direct Quadrature Method of Moments (DQMOM) is used to solve population balance 

equation. DQMOM provides an inhomogeneous velocity field for various droplet groups [84, 

89, 90] and has been extensively used for multiphase flow simulations [239]. It should be 

noted that in current study only droplet coalescence in bulk flow is considered, since droplet 

breakage is negligible because of flow conditions. See Appendix A for more details. 

6.2.2.2.1. Droplet coalescence in bulk flow 

Different mechanisms promote collision of droplets and may cause droplet coalescence 

as a result. These collisions can be due to turbulent fluctuations, velocity gradients, eddy-

capture, buoyancy and wake effect [118]. In this study, a laminar flow is investigated and 

therefore, only the coalescence of droplets due to velocity-gradients and buoyancy (shear-

induced coalescence) is considered. Coalescence kernel is defined as [118] 
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𝛤(𝑑1, 𝑑2) = 𝑓(𝑑1, 𝑑2)𝜆(𝑑1, 𝑑2) (6-24) 

in which 𝑓(𝑑1, 𝑑2) is coalescence frequency, and 𝜆(𝑑1, 𝑑2) is collision efficiency. The 

model introduced by Friedlander [119] is used for coalescence. It was developed for a shear-

induced collision in laminar flow given by 

𝑓(𝑑1, 𝑑2) =
1

6
(𝑑1 + 𝑑2)

3𝛾̇ (6-25) 

where 𝑑1 and 𝑑2 are diameters of colliding droplets, and 𝛾̇ is shear rate. The collision 

efficiency is obtained from a function originally introduced by Coulaloglou [97] as 

𝜆(𝑑1, 𝑑2) = exp (−
𝑡𝑑
𝑡𝑐
) (6-26) 

where 𝑡𝑑  is the drainage time, and 𝑡𝑐 is the contact time. The drainage time is the time 

required for the intervening film between the droplets to thin to a critical thickness. The 

contact time is the interaction time of two colliding droplets. A model presented by Chesters 

[120] is used to obtain the drainage time for partially mobile interfaces: 

𝑡𝑑 =
𝜋𝜇𝑑𝐹

1/2

2 (
2𝜋𝜎
𝑟𝑒𝑞

)
3/2
(
1

ℎ𝑓
−
1

ℎ𝑖
) 

(6-27) 

where 𝐹 is interaction force, 𝑟𝑒𝑞 is equivalent radius obtained as 𝑑1𝑑2/(𝑑1 + 𝑑2), and ℎ𝑖   

and ℎ𝑓 are initial and critical film thicknesses, respectively. The interaction force is given by 

[120] 

𝐹 = 6𝜋𝜇𝑐𝑟𝑒𝑞
2 𝛾̇ (6-28) 
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The initial film thickness is considered as ℎ𝑖 = 0.1𝑟𝑒𝑞 [114]. The critical (final) film 

thickness is adopted from Chesters [120] and presented by Venneker et al. [121] as 

ℎ𝑓 = (
𝐴𝑟𝑒𝑞

8𝜋𝜎
)
1/3

 (6-29) 

where 𝐴 is Hamaker, which ranges between 10-20 J and 10-19 J.  Hamaker constant is set 

to 10-20 J in this study. A model presented by Luo [122] is employed to calculate the contact 

time as follows: 

𝑡𝑐 = (1 + 𝜉) (
(𝜌𝑑 + 𝐶1𝜌𝑐)𝑑1

3

3(1 + 𝜉2)(1 + 𝜉3)𝜎
)

1
2

 (6-30) 

where 𝜉 = 𝑑1/𝑑2. The parameter 𝐶1 is the added mass coefficient and is set to 0.65 in 

this study. 𝐶1 is normally taken to be a constant between 0.5 and 0.8 [123]. Using Eqs. (6-25) 

to (6-30), the coalescence kernel is calculated. The droplet coalescence on the membrane 

surface is neglected for the current study. 

6.2.3. Permeate flux of a membrane 

Permeate flux of a membrane may decrease by deposition of droplets and blockage of 

membrane’s pores. Using Darcy’s law for flat and thin porous medium [64] permeate flux 

can be obtained as 

𝑗 =
Δ𝑃𝑇𝑀
𝜇𝑐𝑅

(1 − 𝜔) (6-31) 
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where Δ𝑃𝑇𝑀 is the transmembrane pressure difference (i.e. 𝑃𝑇𝑀 − 𝑃𝑐), 𝑅 is the overall 

resistance, and 𝜔 is the surface blockage ratio defined as the surface area with blocked pores 

to the total surface area of the porous medium. The overall resistance term can be given as 

𝑅 = 𝑅𝑚 + 𝑅𝑐 (6-32) 

where 𝑅𝑚 is the membrane resistance, and 𝑅𝑐 is the cake resistance. Membrane 

resistance (𝑅𝑚) is normally available through membrane manufacturer or can be measured 

based on the initial flux of a clean membrane. Cake resistance (𝑅𝑐) is due to the presence of 

oil droplets in a near-membrane cell (see Figure 6-2). Although these droplets are not 

deposited on the membrane, and they do not enter pores, they can decrease the flow rate of 

continuous phase reaching to the membrane surface. For solid particles in dilute 

suspensions, the cake resistance, 𝑅𝑐 is given by 

𝑅𝑐 = 𝑟𝑐𝛿𝑑 (6-33) 

where 𝑟𝑐 is specific dispersed phase resistance estimated by Carmen-Konezy equation 

[240] as 
𝐾′(1−𝑏2)𝑎2

𝑏3
. 𝑏 is the void fraction, and 𝑎 is the particle surface area per unit volume of 

particles. For a dispersed phase layer of incompressible spheres of diameter 𝑑𝑑 , these 

parameters are given as 𝑎 = 6/𝑑𝑑 , 𝐾′ = 5, and 𝑏 = 0.4 [63, 241]. The equivalent thickness 

of dispersed phase layer, 𝛿𝑑   in Eq. (6-33), is calculated based on the volume fraction of the 

dispersed phase in the near-membrane cell as 

𝛿𝑑 =
𝛼𝑉𝑐𝑒𝑙𝑙
𝐴𝑐𝑒𝑙𝑙

 (6-34) 
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It should be noted that oil droplets in an oil-in-water emulsion behave differently than 

solid particles in a suspension. However, due to low capillary numbers (i.e. insignificant 

droplet deformation in bulk flow), and low volume fractions of oil in such emulsions, it can 

be assumed that the model above provides a reasonable estimation of cake resistance in 

early stages of membrane fouling. However, it should be mentioned that the numerical 

results show that this term is small compared to the membrane resistance in early stages of 

fouling.  

6.2.3.1. Averaging of the droplets on the membrane surface 

A similar approach of averaging in bulk flow is employed for multiphase averaging on 

the membrane surface. In early stages of membrane fouling, a layer of droplets deposit on 

the membrane surface. Figure 6-3 illustrates a schematic of deposited droplets on the 

membrane surface.  

 

Figure 6-3: Schematic of the top view and side view of droplets in a computational cell. 
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The surface void fraction is defined as the ratio of the surface occupied by droplets of 

phase 𝑘 on the membrane surface to the total membrane surface as 

𝜔𝑘 =
1

𝐴
∫ 𝜙𝑘𝑑𝐴
𝐴

 (6-35) 

where 𝐴 is a control surface, 𝜙𝑘 takes a value of 1.0 where phase 𝑘 is present, and is zero 

everywhere else. When a group of droplets of diameter 𝑑 deposit on a surface, Eq.(6-35) can 

be approximated as 

𝜔𝑘 ≈
1

𝐴
𝑛
𝜋𝑑′′2

4
 (6-36) 

where 𝑛 is the number of droplets on the surface, and 𝑑′′ is the diameter of the wetted 

area on the surface by the droplet. Figure 6-4 shows the schematic of a droplet on the 

membrane surface. Assuming the spherical shape of droplet on the surface, the diameter of 

the deposited droplet (𝑑′) and the diameter of droplet before deposition (𝑑) is related by 

𝑑′ =
𝑑

[1 −
1
4
(2 − 3 sin 𝛽 + sin3 𝛽)]

1
3

 
(6-37) 

𝛽 is defined as 𝜑 −
𝜋

2
, where 𝜑 is the contact angle of droplet on the surface. Receding 

and advancing contact angles are assumed equal.  
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Figure 6-4: Schematic of the top view of droplets in a computational cell on the membrane 
surface (on the left); (a) the top view of a single droplet shows the diameter of the 
deposited droplet (𝑑′),  and the diameter of the wetting area (𝑑′′). (b) the side view of a 
droplet shows the radii of the sitting droplet and the wetting area and their relationship 

with angle 𝛽, which is defined as 𝜑 −
𝜋

2
, where 𝜑 is the contact angle. 

Since 𝑑′′ = 𝑑′cos (𝛽), the diameter of wetted area and the diameter of the droplet before 

deposition are related by 

𝑑′′ = 𝑑 cos 𝛽 [1 −
1

4
(2 − 3 sin 𝛽 + sin3 𝛽)]

−
1
3

 (6-38) 

Therefore, Eq. (6-36) is rewritten as 

𝜔𝑘 ≈
1

4𝐴
𝑛𝜋𝑑2 cos2 𝛽 [1 −

1

4
(2 − 3 sin 𝛽 + sin3 𝛽)]

−
2
3

 (6-39) 

In order to calculate 𝜔𝑘 using Eq. (6-39), the number of droplets (𝑛) must be known. 

Hence, it is required to obtain the mass of deposited droplets on the membrane surface. 
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By fluid averaging method on the surface, an averaged representation of droplets 

deposited on a surface is provided. Therefore, the computationally intense and practically 

impossible problem of Figure 6-5 (a) can be simplified to the problem of Figure 6-5 (b) with 

a reduced computational cost. In order to obtain the mass of deposited droplets, the 

equivalency of droplets and film representations (see Figure 6-5) is needed. The mass of 

droplets deposited on the membrane surface (𝑚𝑑) is given by 

𝑚𝑑 = 𝜌𝑛
𝜋𝑑3

6
 (6-40) 

 

Figure 6-5: Schematics of (a) physical representation of droplets on membrane surface; (b) 
computational representation of droplets on membrane surface. The grey checkerboard 
background mimics the computational faces on membrane surface.  
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Figure 6-5 (b) illustrates that the deposited droplets are averaged as a film layer on the 

membrane surface, i.e. 𝑚𝑑 ≈ 𝑚𝑓, where 𝑚𝑓 is the mass of film layer. Therefore, Eq. (6-40) 

can be rewritten as 

𝜌𝑛
𝜋𝑑3

6
≈ 𝜌∫ ℎ𝑓𝑑𝐴

𝐴

 (6-41) 

where ℎ𝑓 is film thickness. Therefore, in order to find 𝑛 and calculate 𝜔𝑘 using Eq. (6-39), 

the film thickness (ℎ𝑓) is needed in the averaged representation. In early stages of membrane 

fouling, ℎ𝑓 is smaller than size of a single droplet, and therefore, the film thickness is much 

smaller than the characteristic length of the channel, i.e. ℎ𝑓 ≪ 𝐿. Additionally, the film 

thickness is much smaller compared to the curvature of the membrane surface (if any). 

Hence, the flowing assumptions are made for the film: 

- The film is a spatially-averaged continuum of droplets that are deposited on the membrane 

surface. 

- The film is approximated as a two-dimensional thin film of thickness ℎ𝑓, since its thickness 

is small compared to characteristic length of the channel. 

- The velocity field in the film is small. However, to model film flow on the membrane 

surface, a quadratic velocity profile is assumed for the film, which is adapted from 

lubrication theory approximation [238] and is based on experiments by Mudawar [242]. 

In order to calculate the film thickness, mass and momentum balance equations are 

required. Figure 6-6 illustrates a schematic of forces and mass fluxes on a control volume of 

a film formed on the membrane surface.  
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Figure 6-6: Schematic of a thin two-dimensional film with the thickness of ℎ on a surface. 
Momentum changes due to (I) Normal bulk flow pressure gradient, (II) Normal gravity-
driven pressure gradient, (III) Tangential pressure gradient, (IV) Surface curvature, (V) 
Bulk flow shear stress, (VI) Wall shear stress, (VIII) Droplet deposition on surface. See 
Eq.(6-46) for more details. 

The finite volume mass conservation of liquid film at the wall is given by [234] 

Δℎ𝑓

Δ𝑡
+

1

𝐴𝑐𝑒𝑙𝑙
∑(𝑉⃗ 𝑓 . 𝑛̂)𝑖

𝑁

𝑖=1

ℎ𝑓𝑖𝑥𝑖 =
𝑆𝑑

𝜌𝑐𝐴𝑐𝑒𝑙𝑙
 (6-42) 

where 𝐴𝑐𝑒𝑙𝑙 is the area of computational cell on the wall, 𝑉⃗ 𝑓 is mean film velocity, 𝑛̂ is the 

surface normal, 𝑥𝑖  is the cell size, 𝑁 is the number of cell sides, ℎ is film thickness, and 𝑆𝑑 is 

source term (due to transport of droplets to the film). The finite volume momentum 

conservation of liquid film is obtained as 

Δ(ℎ𝑓𝑉⃗ 𝑓)

Δ𝑡
+

1

𝐴𝑐𝑒𝑙𝑙
∑𝑉⃗ 𝑓(𝑉⃗ 𝑓. 𝑛̂)𝑖

ℎ𝑖𝑥𝑖

𝑁

𝑖=1

= −
1

𝜌𝐴𝑐𝑒𝑙𝑙
∑(𝑝𝑛̂)𝑖ℎ𝑓𝑖𝑥𝑖

𝑁

𝑖=1

+ ℎ𝑓𝑔 +
1

𝜌𝐴𝑐𝑒𝑙𝑙
∑𝜏𝑖𝐴𝑖

𝑁𝑒

𝑖=1

+
𝑆𝑑𝑉⃗ 𝑑
𝜌𝑐𝐴𝑐𝑒𝑙𝑙

 

(6-43) 



164 
 

where 𝑝 is the pressure, 𝑔  is gravity acceleration tangential to the film, 𝑁𝑒 is the number 

of cell edges, and 𝜏𝑖 is its corresponding shear stress. 𝑉⃗ 𝑑 is velocity vector of the secondary 

phase. The differential form of Equations (6-42) and (6-43) is also obtained. The mass 

conservation is given by 

𝜕ℎ𝑓

𝜕𝑡
+ ∇𝑠. (ℎ𝑓𝑉⃗ 𝑓) =

𝑚̇

𝜌𝑑
 (6-44) 

where ∇𝑠 is surface gradient operator defined as 

∇𝑠= ∇ − 𝑛̂(𝑛̂. ∇)  (6-45) 

In Eq. (6-44), 𝑚̇ is mass source per unit wall area. The momentum conservation for a 

thin liquid film is obtained as 

𝜕(𝜌𝑓ℎ𝑓𝑉⃗ 𝑓)

𝜕𝑡
+ ∇𝑠.  (𝜌𝑓ℎ𝑉⃗ 𝑓𝑉⃗ 𝑓 + 𝐷𝑉̿̿̿̿ )

= −ℎ𝑓∇𝑠𝑝𝑐⏟    
𝐼

+ ℎ𝑓∇𝑠 (ℎ𝑓(𝑛⃗ . 𝑔 𝑛))⏟          
𝐼𝐼

+ (𝑔 𝑡)ℎ𝑓⏟  
𝐼𝐼𝐼

+ ℎ𝑓∇𝑠 (𝜎∇𝑠. (∇𝑠ℎ𝑓))⏟            
𝐼𝑉

+ 𝜏 𝑓𝑠⏟
𝑉

− 𝜏 𝑤⏟
𝑉𝐼

+ 𝑞̇⏟
𝑉𝐼𝐼

 

(6-46) 

The first and second terms in the LHS are transient and convection terms, respectively. 

The tensor  𝐷𝑉̿̿̿̿  indicates the differential advection term. Term (I) is due to the pressure 

gradient of continuous phase; term (II) is the effect of gravity component normal to the wall; 

term (III) is due to gravity component tangential to the film; term (IV) is due to the surface 

curvature; term (V) and (VI) are shear stress at the interface of continuous phase and film, 

and wall shear stress, respectively. These terms are given by 
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𝜏 𝑓𝑠 =
𝜕𝑉𝑓

𝜕𝑛
|
𝑧 = ℎ𝑓

 (6-47) 

𝜏 𝑤 = 𝑎𝜏
𝜇𝑓𝑉𝑓⃗⃗  ⃗

ℎ
− 𝑏𝜏𝜏 𝑓𝑠 (6-48) 

where 𝑎𝜏 = 3, and 𝑏𝜏 =
1

2
. The aforementioned laminar quadratic velocity profile is used 

to obtain the wall shear stress. Term (VII) in Eq. (6-46) is the source term, which is due to 

droplet transport from bulk flow to the membrane surface. The mass source term of Eq. 

(6-44) is given by 

𝑚̇ = 𝛼𝜌𝑑𝑉𝑑𝑛𝐴 (6-49) 

where 𝛼 is the volume fraction of dispersed phase. 𝑉𝑑𝑛 is the dispersed phase velocity 

normal to the wall surface, and 𝐴 is wall surface area. Accordingly, a momentum source term 

for wall film can be given as 

𝑞̇ = 𝑚̇𝑉⃗ 𝑑 (6-50) 

where 𝑉⃗ 𝑑 is velocity vector of the secondary phase. 

Using the source terms obtained from Eqs. (6-49) and (6-50), the balance equations for 

film thickness, i.e. Eqs. (6-44) and (6-46), can be solved to find ℎ𝑓 . The algorithm to calculate 

the membrane permeate flux is summarized Table 6-1. 
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Table 6-1: Algorithm to calculate the membrane permeate flux  
For number of timesteps 
          Calculate the permeate flux of the membrane surface using Eq. (6-31) 
          Calculate the source terms of Eqs. (6-5) and (6-9) 
          Solve mass and momentum equations of the mixture model, Eqs. (6-5) and (6-9) 
          Calculate Sauter mean diameter using PBM, Eqs. (2-1) and (6-23) 
          For all computational cells located next to the membrane surface 
                    Calculate mass and momentum source terms of the mixture using Eqs. (6-49) and (6-50) 
                    Calculate ℎ𝑓 using Eqs. (6-44) and (6-46) 

                    Calculate the number of deposited droplets using Eq. (6-41) 
                    Calculate the blockage ratio using Eq. (6-39) 
                    Update the blockage ratio 
          End For 
End For 

 

 Parametric study 

A parametric study is carried out to investigate the effect of various parameters on 

membrane fouling, permeate flux, and droplet size distribution on the membrane.  A base 

case is introduced that consists of a rectangular channel of dimensions of 

80mm×30mm×3mm. A flat-sheet membrane with initial resistance of 5.0 × 1011 𝑚−1 is 

embedded at the lower surface of the channel. The average crossflow velocity is 0.1 m/s at 

the inlet, while the volume fraction of droplets is 0.1% (1000 ppm). The droplet size 

distribution (DSD) at the inlet is shown in Figure 6-7. The Sauter mean diameter of the DSD 

is 3.4𝜇𝑚. The contact angle and the interfacial tension of the membrane-droplet combination 

is 130°, and 0.005 N/m, respectively. 
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Figure 6-7: Droplet size distribution of sample emulsion used for simulations. 

The fluid flow is a multiphase flow of water as continuous phase, and oil as dispersed 

phase. The densities of water and oil are 998.2 kg/m3 and 800 kg/m3, respectively. The 

gravity acceleration is 9.81 m/s2. The viscosities of water and oil are 0.001 Pa.s and 0.003 

Pa.s, respectively. The transmembrane pressure (𝑃𝑇𝑀) is zero, while the outlet pressure is 

adjusted to provide the required transmembrane pressure difference (Δ𝑃𝑇𝑀), which is 20 

kPa for the base case. The lower surface is a permeable wall (membrane surface), while other 

boundaries are impermeable. Figure 6-8 shows a schematic of computational domain. 

 

Figure 6-8: Schematic of computational domain demonstrating the boundary conditions 

A three-dimensional hexahedral mesh of 740,000 cells is generated using ANSYS 

Meshing module. The Navier-Stokes equation for laminar flow is solved using a pressure-
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based algorithm by ANSYS Fluent 18.1. Mixture model with implicit body force 

implementation is employed to perform the multiphase flow simulation. Eulerian wall film 

model is used to model the transport of droplets from bulk flow to the membrane surface. 

In-house User-defined functions (UDFs) and User-defined memory variables (UDMs) are 

used to enforce the permeate flux and membrane blocking process. First Order Explicit 

discretization scheme is used for transient term, and Second Order Upwind scheme is 

utilized for both continuity and momentum equations of Eulerian wall film. The pressure-

velocity coupling is carried out using PISO scheme with Green-Gauss Node Based scheme for 

gradient terms, Pressure Staggering Option (PRESTO) for pressure, and Quadratic Upstream 

Interpolation for Convective Kinetics (QUICK) scheme for momentum and volume fraction 

equations. A Bounded Second Order Implicit formulation is used for transient time-marching 

of Navier-Stokes equation, providing an improved accuracy and better stability compared to 

the first order formulation. To achieve accurate transient solutions, the scaled residuals of 

the simulations are set to be less than 10−5 for continuity, momentum, and volume fraction 

equations. The simulations are carried out for 90 minutes of flow.  

The effect of variation of following parameters are investigated: Transmembrane 

pressure difference (Δ𝑝𝑇𝑀), resistance of membrane (𝑅𝑚), relative density (𝜌𝑑/𝜌𝑐), relative 

viscosity (𝜇𝑑/  𝜇𝑐), contact angle (𝜑), Feed oil volume fraction (𝛼), feed velocity, and droplet 

size distribution. Therefore, a set of simulations for various cases are carried out and the 

results are compared with the base case introduced above. The cases investigated in 

parametric study are tabulated in Table 6-2. 
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Table 6-2: details of variations used for parameter study. For each parameter, two 
variations of base case are introduced and compared with the base case.  

Parameter Case 1 (Base) Case 2 Case 3 

Operational 
conditions 

Transmembrane pressure (Pa) 20,000 10,000 30,000 
Membrane resistance (m-1) 5.0×1011 2.5×1011 1.0×1012 
Feed volume fraction (%) 0.1 0.01 1.0 

Average Feed velocity (m/s) 0.1 0.05 0.15 

Fluid 
Properties 

Contact angle (deg.) 130 110 150 
Droplet size (m) DSD (Figure 6-7) 0.5 × DSD 1.5 × DSD 
Relative density 0.8 0.7 0.9 

Relative viscosity 3.0 1.0 5.0 

 Results and discussion 

The effect of different parameters on permeate flux is investigated. Four constants are 

defined to characterize the permeate flux of early stages of membrane fouling: (1) Steady-

state permeate flux, 𝑗𝑠𝑠, (2) time of steady-state flux, 𝑡𝑠𝑠 (3) median steady-state flux, 𝑗50 (4) 

time of median-steady-state flux, 𝑡50. Median steady-state flux is defined as 

𝑗50 =
𝑗𝑖𝑛𝑖𝑡 + 𝑗𝑠𝑠

2
 (6-51) 

where 𝑗𝑖𝑛𝑖𝑡 refers to initial permeate flux at 𝑡 = 0. Figure 6-9 (a) shows that a higher 

transmembrane pressure difference leads to a higher permeate flux. However, the flux drop 

(i.e. ratio of steady-state flux to initial flux, 𝑗𝑠𝑠/𝑗𝑖𝑛𝑖𝑡) is larger for that case, since it creates 

more suction flow on membrane surface, resulting in more droplet transport to the surface.  
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(a)  

 
(b)  

 
(c)  

 
(d)  

Figure 6-9: Effect of various parameters on the permeate flux of a CFF membrane. (a) 
Transmembrane pressure difference, (b) Membrane resistance, (c) Feed volume fraction, 
(d) Feed velocity. See Table 6-2 for variations used to study each parameter. Percentages 
indicate 𝑗𝑠𝑠/𝑗𝑖𝑛𝑖𝑡. 

Figure 6-9 (b) shows that a higher membrane resistance is associated with less 

permeate flux; however, the flux drop (i.e. the ratio of steady-state flux to initial flux) is 

higher for smaller membrane resistance, when all other parameters are constant. Figure 6-9 

(c) shows that a higher volume fraction of droplets at the inlet increases the rate of fouling. 

Figure 6-9 (d) demonstrates that a higher inlet velocity does not have significant impact on 
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the steady-state permeate flux; however, for higher inlet velocity (in laminar regime), the 

steady-state condition occurs in a shorter period of time. Figure 6-10 (a) shows that a lower 

contact angle increases the fouling and decreases the steady-state permeate flux. A droplet 

with lower contact angle covers more area on membrane surface and consequently blocks 

more pores. Figure 6-10 (b) demonstrates that compared to smaller droplets, larger droplets 

lead to smaller fouling rate and an increase in permeate flux. Buoyancy force on these 

droplets pushes them away from the membrane and they are less likely to reach to the 

surface and block the pores. Figure 6-10 (c) shows the effect of relative density (𝜌𝑑/𝜌𝑐) on 

the permeate flux. The higher relative density (i.e. the density difference between oil and 

water is smaller) mitigate the effect of buoyancy force, and therefore, droplets are more 

likely to follow the streamlines, move toward gravity and approach the membrane surface. 

Hence, more fouling and less permeate flux is expected. Figure 6-10 (d) illustrates the effect 

of relative viscosity (𝜇𝑑/𝜇𝑐) on the fouling. It is shown that a higher viscosity of oil droplets 

results in an increase in membrane fouling and decrease in permeate flux. A higher viscosity 

lowers the droplet coalescence by decreasing the collision frequency (see Eqs. (6-26) and 

(6-27)). Therefore, the mean droplet size will remain smaller for the case of higher viscosity, 

resulting in more fouling on the membrane (see Figure 6-10 (b) for the effect of droplet size 

distribution on the membrane fouling). 
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(a)  

 
(b)  

 
(c)  

 
(d)  

Figure 6-10: Effect of various parameters on the permeate flux of a CFF membrane. (a) 
Contact angle, (b) Droplet size distribution, (c) Relative density, (d) Relative viscosity. See 
Table 6-2 for variations used to study each parameter. Percentages indicate 𝑗𝑠𝑠/𝑗𝑖𝑛𝑖𝑡. 

Table 6-3 presents the mid-steady-state flux, its occurrence time, steady-state flux, and 

its occurrence time for the cases discussed above. 
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Table 6-3: Steady state times and fluxes for different cases studied for 
parametric study  

Parameter 𝑗𝑖(𝐿𝑀𝐻) 𝑗50(𝐿𝑀𝐻) 𝑗𝑠𝑠(𝐿𝑀𝐻) 𝑡50(s) 𝑡𝑠𝑠 (𝑠) 
Base case 144 133 123 477 2390 

Transmembrane 
pressure 

Lower 72 69 67 1356 5296 
Higher 215 195 176 314 1973 

Contact angle 
Lower 144 128 112 468 3542 
Higher 144 139 134 484 2599 

Droplet size 
Smaller 144 120 97 226 2013 
Larger 144 139 135 1161 4715 

Relative density 
Lower 144 135 127 768 3898 
Higher 144 130 117 281 1669 

Membrane resistance 
Lower 287 256 226 244 1651 
Higher 72 69 67 1367 5300 

Relative viscosity 
Lower 144 139 134 539 2064 
Higher 144 127 110 408 3000 

Feed volume fraction 
Lower 144 136 128 930 3359 
Higher 144 100 56 60 313 

Feed velocity 
Lower 144 132 121 1248 3814 
Higher 144 133 122 290 1727 

Figure 6-11 shows mass per area of the deposited droplets on the membrane surface for 

the base case in various timeframes. It is seen that the proposed model can predict the 

deposition of droplets on the membrane surface, as well as its advance over time. 
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t = 250s 

 

 
t = 500s 

 

 
t = 1000s 

 

 
t = 2000s 

Mass per area (kg/m2) 
 

 
 

Figure 6-11: Contour of mass per area of the deposited droplets on the membrane surface 
in various timeframes: 250s, 500s, 1000s, 2000s. 

Figure 6-11 also indicates that the droplet deposition mainly occurs in the center of the 

membrane, and it has a lower rate near inlet of the crossflow channel. In addition, its 

advancing is lower near the walls of the crossflow channel. 

Figure 6-12 shows the permeate velocity at the membrane surface in various 

timeframes. It is seen that the permeate flux is decreasing over time, and its reduction is in 

agreement with the droplet mass deposited on the membrane surface (see Figure 6-11). 

Flow direction 
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Figure 6-12: Contour of permeate flux at the membrane surface in various timeframes: 
250s, 500s, 1000s, 2000s. 

Figure 6-13 illustrates the Sauter mean diameter near the membrane surface at steady 

state permeate flux. It is seen that the 𝑑32 has its maximum value near the center of 

membrane surface.  

 

Flow direction 
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Figure 6-13: Contour of Sauter mean diameter near the membrane surface at steady state 
permeate flux 

Figure 6-14 shows the volume fraction of oil near the membrane surface at steady-state 

permeate flux. It compares the base case, the case with a lower inlet velocity, and the case 

with the higher inlet velocity. The volume fraction contour is plotted for the symmetry plane 

of the crossflow channel. Since the impact of permeate flux on the volume fraction is 

insignificant far from the membrane surface, Figure 6-14 illustrates only a portion of the 

channel height. The vertical axis shows only 10% of the channel height (0.3mm), and the 

horizontal axis shows the entire channel length (80mm). The lower edge represents the 

membrane surface, where the volume fraction is expected to be higher. 

Flow direction 
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Figure 6-14: Contour of the oil volume fraction near the membrane surface for three 
different inlet velocities. The plots are not in scale. The plots are not in-scale. The vertical 
axis shows 10% of the entire channel height (i.e. 0.3mm), and the horizontal axis is the 
entire channel length (i.e. 80mm). The lower edge represents the membrane surface. 

Figure 6-14 illustrates that a thin layer is formed near the membrane surface, which has 

a relatively high volume fraction of oil, and at some spots the volume fraction is about 10 

times of its value at the inlet of crossflow channel. It is seen that in a CFF with a higher inlet 

velocity the thickness of this thin layer is smaller compared to the one with a lower inlet 

velocity. A higher inlet velocity tends to push the oil layer toward the membrane surface. 

Figure 6-15 shows a histogram of Sauter mean diameter (𝑑32) at the outlet of the 

membrane channel for cases with different DSDs at the inlet (see Table 6-2 for details). It can 

Flow direction 
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be seen that 𝑑32 of only a small percentage of each DSD has changed. Figure 6-15 indicates 

that there is a small fraction of droplets with 𝑑32 of higher than the initial value at the outlet. 

That specifies that as expected, coalescence has only affected a small fraction of droplets due 

to a very low volume fraction of droplets at the inlet. However, this could be different for 

droplets near the surface, where the volume fraction of droplets is higher (see Figure 6-14). 

 
Figure 6-15: Sauter mean diameter at the outlet of the membrane channel. 

Figure 6-16 shows Sauter mean diameter of the droplets of the base case near the 

membrane for various timeframes. It can be seen that 𝑑32 has significantly changed 

compared to the initial value of 3.4𝜇𝑚 for this case. Additionally, Figure 6-16 indicates that 

over time, a higher number of large droplets tend to be formed near the membrane. 
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Figure 6-16: Sauter mean diameter of droplets on the membrane surface. 

 Summary and conclusions 

In the present chapter, a new model for membrane fouling is proposed. The new model 

for the first time incorporates a wall film model, the mixture model, and an inhomogeneous 

population balance model that accounts for droplet coalescence in bulk flow. The results 

demonstrated that the proposed model is capable of predicting the varying permeate flux of 

the crossflow membrane system and provides a detailed information about the deposited 

droplets on the membrane surface. Since the model is fully coupled with computational fluid 

dynamics, it can be utilized to provide system design and operation information. A 

parametric study was carried out to exhibit the ability of the proposed model to be used for 

several operation conditions, including various crossflow rates, droplet size distributions, 

various droplet densities and viscosities, and various transmembrane pressure differences. 

Experimental validations of the proposed model are proceeding and will be published 
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shortly. The current study lacks a model for droplet coalescence and film formation on the 

membrane surface. Additionally, a future study to model the droplet separation from the 

membrane surface and droplet entrance into the pores are recommended to expand the 

features of the proposed model in current study. 

 Appendix 

6.6.1. Droplet breakage 

A droplet tends to deform and eventually breakup due to both crossflow and permeate 

flow in a crossflow filtration membrane. The tendency of a droplet to deform can be 

estimated by capillary number, 𝐶𝑎, which is the ratio of viscous and interfacial tension forces. 

The capillary number due to a crossflow is given by [55] 

𝐶𝑎𝑐 =
𝜇𝑐𝑑𝑑𝛾̇

𝜎
 (6-52) 

The capillary number due to the permeate flux is obtained as [55] 

𝐶𝑎𝑓 =
𝜇𝑐𝑗

𝜎
 

(6-53) 

where 𝑗 is the permeate flux. Tummons et al. discussed that even though the viscous and 

body forces are able to change droplet shape, they are incapable of breaking droplets up, 

especially far from the channel walls, where shear rate is smaller compared to near-wall 

regions. Hence, the droplet breakage is neglected in regions far from the wall. Another 

possibility is droplet breakage on the pore entry [55], in which a part of droplet permeates 
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through the pore and causes droplet breakup. A critical capillary number as a breakup 

criterion was introduced by Darvishzadeh et al. [60] 

𝐶𝑎𝑐𝑟 ∝ (
𝑑𝑝

𝑑𝑑
) (
1 + 1.048𝜆

2 + 5.410𝜆
) 

(6-54) 

where 𝜆 = 𝜇𝑑/𝜇𝑐. For the cases used in this study, both 𝐶𝑎𝑐 and 𝐶𝑎𝑓 are much smaller 

than 𝐶𝑎𝑐𝑟, and therefore, the droplet breakage on the surface is neglected as well.  

 Nomenclature 

𝐴  Hamaker constant (J) 

𝐶𝑎  Capillary number 

𝑑  Droplet diameter (m) 

𝐹  Force (N) 

𝑓  Coalescence frequency 

𝑔  Breakage kernel 

ℎ  Film thickness 

𝑗  Permeate Flux (LMH) 

𝑚  Mass (kg) 

𝑛  Number density 

𝑃  Pressure (Pa) 

𝑅  Membrane resistance (m-1) 
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𝑟  Droplet radius (m) 

 𝑅𝑒  Reynolds Number 

𝑡  time (s) 

𝑢⃗   velocity vector (m/s) 

𝑉  Volume (m3) 

𝑣  Volume of a droplet (m3) 

Greek symbols 

𝛼  Volume fraction 

𝛽  Probability density function 

𝜑  Contact angle 

𝛾̇  Shear rate (s-1) 

𝛤  Coalescence Kernel 

𝜆  Collision efficiency 

𝜇  Viscosity (Pa.s) 

𝜔  Membrane blockage 

𝜌  Density (kg/m3) 

𝜎  Surface tension (N/m) 

𝜏̿  Stress tensor (Pa) 
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Subscripts 

𝑐  Continuous phase 

𝑑𝑟  Drift 

𝑑  Dispersed phase 

𝑘  arbitrary secondary phase 

𝑚  Mixture  

𝑇𝑀  Transmembrane 

Abbreviations 

CFF  Crossflow filtration 

CFV  Crossflow velocity 

DQMOM Direct quadrature method of moments 

DSD  Droplet size distribution 

TMP  Transmembrane pressure 

PBE  Population balance equation 

PBM  Population balance model 

PRESTO Pressure staggering option 

QUICK  Quadratic Upstream interpolation for convective kinetics 

UDF  User-defined function 
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UDM  User-defined memory variable 
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Summary and Conclusions 

The multiphase flow theory was applied to two industrial multiphase flows. The first 

part tries to investigate and characterize the Treatment Shaft system to identify its 

performance for separation of suspended solids from water. The second part studies various 

crossflow filtration membranes and aims to understand their flow patterns and improve the 

separation efficiency.  For this purpose, the multiphase flow theory for interacting droplets 

and particles were reviewed and population balance model was explained as the base for 

interaction of dispersed phase in current study. Moreover, appropriate coalescence and 

breakage models were provided for interactions of liquid droplets, and interactions of solid 

particles in a continuous phase. For each part, summary of findings, conclusions, limitations 

of introduced models, and suggestions for future works are discussed below. 

 The Treatment Shaft system as a CSO detention system 

7.1.1. Summary and conclusions 

The Treatment Shaft was initially designed to be employed as a CSO detention system 

and needed to provide a short contact time during a 1-year, 1-hour rainstorm event. The 

main feature of the shaft is the baffle wall, which creates a slow directed downward and 

upward velocity fields to promote settling of suspended solids. Results show that the length 

of baffle wall affects its efficiency. A shorter baffle wall, providing a larger gap at the bottom 

of the shaft can reduce the velocity at the bottom of the shaft, and increases the efficiency of 

settling. However, the change is less than 1% in the efficiency. On the other hand, a longer 
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baffle wall, not only increases the construction costs, but also decrease the efficiency due to 

inducing a higher velocity at the bottom of the shaft.  Therefore, considering the construction 

costs, and efficiency, the gap length of 13.22m is recommended. Further study on the location 

of the shaft (±10% from the center) showed an insignificant change in the efficiency. The 

shape of the inlet and outlet channels were also studied. Although the original shape of the 

Treatment Shaft provides a slower flow at its inlet and outlet, the environmental footprint is 

large, and its construction is more expensive. Therefore, using CFD simulations a new design 

alternative was proposed in which the channels are straight (instead of flared channels of 

original design). The results showed that the change in the overall efficiency of the shaft 

during a 10-year, 1-hour rainstorm is insignificant, and the proposed design can provide the 

same performance with reduced environmental trace. Further study was conducted on the 

contact time of the Treatment Shaft. A residence time distribution analysis demonstrated 

that the retention time is 745.5s, while the mean residence time is 890.7s. 

The settling efficiency of the shaft was studied with and without the use of flocculating 

agents. Without flocculant, at least 50% of particles of size 161.3μm settle, and 

sedimentation of smaller particles is not substantial. An analysis on a sample particle size 

distribution of CSOs, showed that this results in settling of only 20.8% of particles in the 

sample. The fact that most of the particles of smaller than 50μm are suspended, highlights 

the importance of using flocculants in such systems. Hence, a population balance model 

coupled with CFD was utilized to study the impact of a polymer flocculant on the separation 

efficiency of the Treatment Shaft. It was shown by use a flocculating agent, the separation 

efficiency of particles smaller than 161.3μm substantially increased and reached up to 

49.3%, compared to 20.8% (without using flocculant). The simulations illustrate that at 34 
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minutes of rainstorm event, flocculant is vastly mixed with the fluid, and increases the rate 

of coalescence and consequently, the Sauter mean diameter of particles in the Treatment 

Shaft. Additionally, it was illustrated the Sauter mean diameter in the shaft increases over 

time, which eventually enhances the settling efficiency of the system. 

7.1.2. Limitations   

The current study provides information for design and operation purpose for the 

Treatment Shaft. However, the system’s specific features (e.g. large scale, and high flow rate), 

the amount of available computational resources, and characteristics of used models 

entailed some limitations on the accuracy. 

Geometry’s details are omitted to grant better convergence for simulations without 

remarkable accuracy loss. In addition. this study focused on 2-phase simulations (i.e. sewage 

particles, water), where the Treatment Shaft was assumed to be initially filled with water. 

This delivers a significant computational benefit, compared to a three-phase model, where 

interactions of air with the 2-phase flow is considered. Although 3-phase flow (i.e. air, 

sewage particles, and water) leads to capture the free surface, due to high ratio between the 

kinetic viscosity of air and other materials, a very small time-step is required, which can 

increase the simulation time for up to 50 times. Additionally, although the turbulence model 

used in present study is effective for most industrial applications, it performs poorly for 

complex flows and where strong streamline curvatures are present. The choice of current 

model was based on available computational resources. 
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The impact of flocculating agent on the particle coalescence were evaluated based on 

characteristic data and constants gathered from other studies. These constants could be 

different in various situations and might need calibration for a given problem.  

7.1.3. Future work 

The performance of the Treatment Shaft technology was demonstrated, but there are 

many opportunities for extending the current study: 

• Design alternatives: The Treatment Shaft system is based on a simple design due to 

its inexpensive construction costs. Although some design enhancements were 

introduced in current study, more investigation is needed to improve the efficiency. 

Some suggestions are: Including all design details, adding inclined baffles attached on 

main baffle, adding circular baffles on the main cylinder, etc. 

• Modeling free surface: by modeling free surface during the filling process of the 

Treatment Shaft, a better understanding of settling during first 20 minutes of 

rainstorm event will be provided. It can also help to identify the spots with higher 

erosion rate, which is valuable from aspect of construction and maintenance of the 

shaft. 

• Turbulence model: A turbulence model with higher accuracy can provide a better 

picture of vortexes, flow curvatures, and consequently a more accurate settling 

efficiency. The use of Reynolds Stress Model by implementing anisotropic Reynolds 

stress tensor is suggested for future studies. 
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• Improving coalescence and breakage models: coalescence and breakage models can be 

improved by calibrating their constants using experimental studies. A combination of 

experimental measurements and CFD simulations is recommended for future study 

of the Treatment Shaft as a CSO detention system. 

 Crossflow filtration membranes 

7.2.1. Summary and conclusions 

Crossflow filtration membranes of various configurations were studied. In order to 

present a better understanding of flow field in CFF membranes, various configurations of 

tubular CFF membranes were investigated. Existing analytical solutions were reviewed, and 

a lack in the literature for accurate solutions for membranes with relatively high permeate 

flux was noted. In order to resolve this problem, a set of new analytical solutions for four 

different configurations of tubular systems with permeate flux were introduced in this study. 

The provided approximate solutions are applicable for different filtration methods of 

laminar flows and are able to predict the pressure drop across the crossflow channel. 

Contrary to other studies, the proposed analytical solutions could accurately obtain the flow 

field variables even with high permeate flux, where radial flux is as high as 50% of inlet flux. 

To improve the separation efficiency of tubular CFF membrane systems, specifically for 

oil-in-water emulsions, rotating membrane and charging of membrane surface were studied 

using CFD simulations. Two different configurations were analyzed: (1) a regular tubular 

membrane channel, and (2) a tubular membrane channel with a circular rod at the 

centerline. Results demonstrated that for nonrotating systems, the second configuration 
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slightly improves the efficiency. By rotating membrane systems, a noticeable increase in 

separation efficiency is seen. For droplets of size 60μm in the given system, a nonrotating 

membrane has separation efficiency of 94%, while a rotating membrane (500rpm) can reach 

100% of separation efficiency. By applying charge on membranes, the increase is more 

significant, and it can decrease the cut-off diameter from 60μm to about 20μm in the studied 

membrane configuration. These studies were not pursued further but could lead to devices 

with high separation performance. 

Membrane fouling is a major issue in membrane filtration of oil-in-water emulsions. For 

the first time, a model was introduced which employs the wall film model, and the 

multiphase mixture model, fully coupled with population balance model to include droplet 

coalescence in bulk flow. The proposed model can identify the permeate flux of a CFF 

membrane system, blockage ratio, blockage advancing over time, and distribution of Sauter 

mean diameter across the membrane, and in bulk flow. A parametric study was carried out 

to demonstrate features of the proposed model. The effect of various operational conditions 

including transmembrane pressure, membrane resistance, feed volume fraction, and 

crossflow velocity were evaluated. Moreover, the impact of oil properties including contact 

angle, droplet size distribution, density, and viscosity were investigated. Simulations show 

that the advancing front of the blockage form over time until the permeate flux reaches its 

steady-state value. In addition, it is seen that the model can effectively predict the high 

concentration region near the membrane surface, as well as it changes over time, and for 

various crossflow velocities. 



191 
 

7.2.2. Limitations of membrane fouling model 

The current study provides novel analytical solutions, and the first CFD model for 

membrane fouling model due to oil droplets. However, several assumptions are made that 

limit the use of proposed solutions and models and highlights the need for future study in 

this field. 

Although the proposed analytical solutions were derived for CFF membrane systems, 

the impact of foulant, or solute is neglected due to its low volume fraction in the flow. 

Therefore, the permeate flux remains unchanged in proposed solutions, which limits the use 

of these analytical solutions for transient systems. In addition, the approximate solutions are 

limited to laminar flows and are not suitable for turbulence flows in tubular CFF membrane 

systems. Moreover, the velocity profile at the inlet of these tubular systems are assumed as 

fully-developed, while this assumption may not be valid for some industrial cases. 

Membrane fouling is a very complicated phenomenon. In the fouling model proposed in 

this study, droplet coalescence on the membrane surface was not considered. Droplets on 

the surface were represented as an averaged film. Therefore, drag and lift forces on droplets, 

and droplet detachment from the surface is not particularly modeled.  The proposed fouling 

model represents the early stages of membrane fouling where only a single layer of droplets 

are deposited. 

7.2.3. Future work 

While this thesis provided new solutions and models for CFF membrane systems, 

numerous opportunities are available for further research in this field. 
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• Analytical solutions for mass transfer: Current study was conducted to obtain 

analytical solutions for flow field of a single-phase flow in tubular CFF membrane 

systems. These solutions can be used for to derive mass transfer approximate 

solutions in tubular CFF systems. Such solutions could be beneficial for 

understanding the mass transfer phenomena during filtration of solutes from a 

continuous phase using a CFF membrane.  

• Impact of charged membranes on oil separation: this study demonstrated the benefits 

of charged membranes for oil-in-water separation. The same approach is suggested 

to use for various membrane configurations, including flat sheet membranes, dead-

end setups, etc. The model can be highly improved by including the effect of surfactant 

concentration in the model, which directly impacts the charge on oil droplets. 

• Droplet coalescence on membrane surface: In present study, droplet coalescence on 

the membrane surface is not modeled. Droplet coalescence can create larger droplets, 

and eventually form spots with a combination of films and droplets. Experimental 

efforts in combination with physical models are suggested to develop a model for 

coalescence on the surface. 

• Droplet re-entrainment from the membrane surface: due to changes in force balance 

of a droplet on the membrane surface, some droplets may detach from the surface 

and get washed away by retentate flow. Including these features in proposed fouling 

model will enhance its accuracy and is suggested for future works. 
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• Droplet entrance in the pores: in current study, entrance of droplets into the pores are 

not implemented. This phenomenon occurs due to high transmembrane pressure 

difference (Δ𝑃𝑇𝑀 > Δ𝑃𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙) and can completely block membrane pores. Adding this 

feature to the proposed model is suggested for future studies. 

Multilayer membrane fouling: The present study only models the early stages of membrane 

fouling, in which a single layer of droplets is deposited on the membrane surface. However, 

in CFF membrane systems, permeate flux continues to decline by addition of more layers of 

droplets on the first deposited layer. This can significantly improve the proposed fouling 

model and is recommended for future research.   
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