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ABSTRACT
SPARSE HARMONIC TRANSFORMS
By
Bosu Choi

We develop fast function learning algorithms given an assumption that a function can be
well approximated by the expansion of a few high-dimensional basis functions. Considering
the tensorized Fourier basis functions, several versions of high-dimensional sparse Fourier
transforms (SFTs) are discussed. One-dimensional sparse Fourier transforms introduced in
[1] and [2] quickly approximate functions represented by only s Fourier basis functions using a
few samples (function evaluations) without noise and with noise respectively. The algorithms
can be directly applied to compute the Fourier transform of the high-dimensional functions.
However, it becomes hard to implement them if the dimension gets too large. In this thesis,
we introduce two new concepts: partial unwrapping and tilting. These two ideas allow us to
efficiently compute the high-dimensional sparse Fourier transforms using the ideas in [1] and
[2]. Furthermore, we develop sublinear-time compressive sensing methods to approximate
the multivariate functions by the expansion of a few bounded orthonormal product (BOP)
bases which include tensorized Fourier basis functions. These new methods are obtained
from CoSaMP by replacing its usual support identification procedure with a new faster one
inspired by fast SF'T techniques. The resulting sublinearized CoSaMP method allows for
the rapid approximation of bounded orthonormal product basis (BOPB)-sparse functions
of many variables which are too hideously high-dimensional to be learned by other means.

Both numerics and theoretical recovery guarantees will be presented.
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Chapter 1

Introduction

In this thesis, we develop sublinear-time algorithms for finding signals under the assumption
of sparsity. We first do this in the Fourier setting and then develop a generalized method
which is expected to be applied to Uncertainty Quantification(UQ) with great promise.

In various numerical problems, one encounters the problem of function approximation,
interpolation, and learning from finite function evaluations (samples). For high-dimensional
function domains, there is the danger of the curse of dimensionality, i.e., the problem that the
number of function evaluations required for an accurate result grows exponentially fast as the
dimension grows. For example, one of the best known and most frequently-used algorithms
is the Fast Fourier Transforms (FFT). However, in the case that the bandwidth M of the
frequencies is large, the sampling size becomes large, as dictated by the Shannon-Nyquist
sampling theorem. Specifically, the runtime complexity is O(MlogM) and the number of
samples is O(M). This issue is only exacerbated in the D-dimensional setting, where the
runtime complexity is O(MPlogMP) and the number of samples is O(MP) if we assume
the dimension is D and the bandwidth in each dimension is M. For another example, it
is proven in [3] that the numerical integration of D-dimensional functions in C" requires
more than ¢,(1 + v)D function evaluations for v > 0 in order to achieve a given error e.
Thus, some additional assumptions are endowed to the functions for developing a feasible

algorithm. Sparsity is the one such assumption that we are often able to observe in many



problems. That is, many signals or data show some sparse (or compressible) property in
various forms.

Due to this curse of dimensionality, many higher dimensional problems of interest are
beyond current computational capabilities of the traditional FFT. Moreover, in the sparse
setting where the number s of significant frequencies is small, it is computationally wasteful
to compute all M D coefficients. In such a setting we refer to the problem as being sparse in
the Fourier domain. On the other hand, for such sparse problems, the idea of sublinear sparse
Fourier transforms was introduced in [4], and several sublinear algorithms were developed
extending the idea [4, 5, 6, 7, 8, 1, 2]. These methods greatly reduce the runtime and
sampling complexity of the FFT in the sparse setting. The methods were primarily designed
for the one dimensional setting.

In [9], practical algorithms for data in two dimensions were given for the first time. In
this thesis, we develop algorithms designed for higher dimensional data, which is effective
even for dimensions in the hundreds and thousands. To achieve our goal, our approach must
address the worst case scenario presented in [9]. It is not straightforward to extend one
dimensional sparse Fourier transform algorithms to multiple dimensions. We face several
obstacles. First, we do not have an efficient FFT for multidimensional problems much
higher than three. Using projections onto lower-dimensional spaces solves this problem.
However, like all projection methods for sparse FFT, one needs to match frequencies from
one projection with those from another projection. This registration problem is one of the
big challenges in the one dimensional sparse FFT. An equally difficult challenge is that
different frequencies may be projected into the same frequency (the collision problem). All
projection methods for sparse FFT primarily aim to overcome these two challenges. In

higher dimensional sparse FFT, these problems become even more challenging as now we



are dealing with frequency vectors, not just scalar frequencies.

In order to make our multi-dimensional sparse Fourier algorithm to be robust to noisy
samples, we utilize the idea of a multiscale method from [2]. Suppose f : [0, 1)D — C defined
as Y s ne?™ ™ 4 2(z) where z € |0, )P ne[-M/2,M/2)PNZP S| = s <« MP and
z(x) represents a noise function. Our algorithms introduced in Chapter 2 are not robust to
noise. This lack of robustness is due to the computation of the ratio between the discrete
Fourier transforms of two sample sets from f at the shifted and unshifted points in order
to get the traces of significant Fourier modes. For example, consider a one mode sparse

2minz of one dimension and two sample sets of length p, where p is taken

function f(x) = ce
to be 1. That is, fo = (f(0)) and f. = (f(e)) each of whose DFT yields the exact recovery
of the frequency n = ﬁArg (%) where the function Arg gives the argument falling into
[—7,m). If those samples are noisy, however, then %Arg (%) does not guarantee
the proper approximation of n. The fraction in Arg(-) in general is corrupted by the term
whose size is O(0/cpin/p) Where p is the number of samples, ¢y, is the nonzero Fourier
coefficient least in magnitude, and the noise is assumed to be Gaussian noise ~ N (0, 02),
details are given in Section 3.1.2. A significantly large p > O(o/ ecmin)z/ 3 enables us to find
the correct Fourier modes by simple rounding as introduced in [2]. However, when either o is
too big or the shift size € is too small, p is required to be very large, accordingly. In order to
avoid p excessively enlarged, we make use of a multiscale method in Chapter 3 which makes
an initial guess about each frequency using moderately large ) and p, and add the finite L
correction terms computed by using gradually increasing €4 for ¢ = 1,2,--- , L.

Our algorithms assume that we have access to an underlying continuous function f,

i.e., we can sample at anywhere we want. However, samples are sometimes given at the

beginning and getting extra samples can be very expensive. Accordingly, it is necessary to



do the approximation of extra samples using given samples. A fully discrete sparse Fourier
transform was introduced in [10] combining periodized Gaussian filters and one-dimensional
sparse Fourier transform in the continuous setting such as [11] and [2]. We expect for the
future work that this approach will help our multiscale high-dimensional algorithm to be
modified to work for fully discrete samples.

Many problems are best represented using bases other than Fourier. In this thesis we
develop a generalization of sublinear-time sparse harmonic transforms for such applications.
To motivate our generalized sparse harmonic transform we will now consider an example
from uncertainty quantification (UQ). A common class of examples in UQ literature [12, 13],
is that certain quantities of interest (Qol) are affected by a number of parameters and one
can assume that the Qol depend smoothly on these parameters. Consequently, uncertainty
in these inputs affects the uncertainty in the Qol outputs. In the process of quantifying
these uncertainties, the probability density function (PDF) of the input parameters is esti-
mated through Bayesian inference, and the uncertainty is propagated through the models
for sampling points chosen from the PDF in order to obtain the prediction intervals of Qol.
A crucial step in this process is then to approximate the Qol from its sample values. This
typically requires multivariate function integration and interpolation, usually via quadra-
ture methods, sparse grid approaches, or Monte Carlo methods, depending on the number
of parameters.

The first two methods indeed face the curse of dimensionality: Quadrature methods [14]
require O(MP) samples when D is the number of dimensions/function variables. Sparse
grid methods [15] improve on this by working with function spaces of mixed smoothness.
Instead of a full grid using O(MP) samples, they require only O(M (log M)P~1) samples.

Although it is better than quadrature methods for high dimensional problems, it still exhibits



exponential dependence on D, and so they are only feasible for moderately large dimensional
problems. Monte Carlo methods [16] on the other hand have the advantage of a convergence
rate independent of the number of dimensions. However, they exhibit slow convergence at
a rate of O(1/y/m), where m is the sample number. Consequently, such methods are often

used to integrate relatively high-dimensional functions. Similarly, quasi-Monte Carlo[17, 16]

(log m)P
m

achieves a convergence rate, O( ) by using low-discrepancy sample sets. Though
good for integration, (quasi-)Monte Carlo methods can not be used for function learning,
approximation or interpolation. For such applications one has few options for large dimen-
sions.

Uncertainty quantification consists of several stages. We first get several experimental
observations of some phenomenon, design our model from observations using ODE, PDE,
etc., and solve this model using various numerical methods. These three steps are revisited
for validation and calibration. Each step contains uncertainty (error), and these errors
are accumulated to uncertainty in Qol. Our models usually contain tens of or hundreds

of parameters which are unknown. We consider parametric operator equations [18, 19,

20],

where the solution u(x) is in the Sobolev space H& (U), a parameter vector & € D C RP with
a large D € N and a probability measure v on D, and U is the physical domain of u. Qol is
approximated by a function g : © — G(u(x)), where G is a functional on u € H& U).

The following class of parametric elliptic partial differential equations is considered in



several papers [18, 20, 21],
-V - (a(-,x)Vu) =b, ulgy =0,

where a(-, @) is a diffusion coefficient. Considering these parameters as variables x as well
as physical variables ¢, by the Karhunen-Loeve expansion[18], a stochastic process, a(t, x),
can be represented as the expectation, a(t), plus an infinite sum of eigenfunctions of the
covariance function multiplied by eigenvalues. We look at a simple case where a affinely

depends on @ as follows,

at, @) =a(t)+ Y xjv;(t).

Jj=1
Accordingly, u can be represented by a (possibly) infinite expansion in T, typically, ten-

sorized Chebyshev or Legendre functions,

u(t, ) = Y dnTn(),

where dp, € Hé (U). When G is a linear functional,

g9(x) = Gu(x)) = Y Gdn)Tn(z),

neF

and if ¢, 1= G(dp) and we truncate this expansion to a finite sum of a few ¢, large in their

magnitude,

g(x) ~ Z cnTn(x),

neSCcF

which means that a function g can be approximated by a linear combination of a few ten-

sorized basis functions.



Our generalized method is inspired by the sparse approximation of Qol which can be
considered as a function of many variables in UQ. We consider a D-variate function f(x) :
D — C with D ¢ RP which is compressible in a bounded orthonormal system {77},
ie.,

flx) = Z cnln(x)

ne[M|D
where only s < MP number of ¢, are significant, such n satisfy ||n|jqg < d with d < D,
and [M] := {0,1,2,--- ,M — 1}. We aim at recovering s significant coefficients ¢, and
corresponding index vectors m efficiently in terms of both runtime and sampling.

Our method is a greedy method motivated by CoSaMP|[22], HTP[23], etc. The support
identification in these methods requires a construction of a measurement matrix and its
multiplication with a sample vector resulting in huge memory and operation counts when
considering the high dimensional problems. Accordingly, our method introduces a faster
support identifying method that finds the entries of the multi-index n (entry identification)
and then integrates the entries to recover the multi-indices (pairing). After estimating the
support of n, the least squares problem restricted to this support is solved to approximate
the corresponding coefficients. The process so far is repeated until we recover the function
f with desirable error.

To wrap up, this thesis explores several versions of sublinear-time algorithms for approx-
imating high dimensional functions which show sparsity in some bounded orthonormal prod-
uct basis(BOPB) expansion. Our algorithm using the CoSaMP approach can compute the
discrete Fourier transform quickly instead of our proposed high dimensional sparse Fourier
transforms. However, the sparse Fourier transforms shows faster and more efficient perfor-

mance whereas the sublinear CoSaMP works for the general BOPB including the tensorized



Fourier basis.

In the remainder of the introduction, we review the related work. The first sparse
Fourier algorithm was proposed in [4]. The authors introduced a randomized algorithm
with O(s?log®M) runtime and O(s?log®M) samples where c is a positive number that varies
depending on the trade-off between efficiency and accuracy. An algorithm with improved
runtime O(slogcM) and samples O(slog®M) was given in [5]. The algorithms given in [6]
and [7] achieved O(slogMlogM/s) average-case runtime, and the actual empirical results
are given in [7] comparing their algorithms with FFTW and an existing sparse FFT from
[24]. The algorithms in [4, 5, 6, 7] are all randomized. The first deterministic algorithm
using a combinatorial approach was introduced in [8]. In [1], another deterministic algo-
rithm was given whose procedure recognizes frequencies in a similar manner to [6]. The two
methods in [1, 6] were published at the same time and both use the idea of working with
two sets of samples, one at O(s) points and the second at the same O(s) points plus a small
shift. The ratio of the FFT of the two sets of points, plus extra machinery, leads to fast
deterministic algorithms. The first deterministic algorithm [8] has (9(3210g4M ) runtime and
sampling complexity, and in [11], an improved deterministic algorithm was introduced, and
the extension to higher dimensional functions was suggested but it suffered the exponential
dependence of runtime complexity on the dimension. Another deterministic algorithm was
introduced in [1] which uses the similar idea in the frequency recovery through phaseshift
and works for noiseless samples from exactly s-sparse functions. It has O(slogs) runtime
and O(s) sampling complexity on average. In [2], a multiscale method was introduced which
works when we are given noisy samples and has O(slog slog M/s) runtime and O(slog M/s)
sampling complexity.

Extension of one-dimensional sparse Fourier transform to multidimensional problem set-



ting is not straightforward. One simple way of extension is to unwrap the multi-dimensional
signal to one-dimensional signal, however, it suffers from the exponentially large runtime
complexity due to the curse of dimensionality [11]. The first randomized algorithm for the
two-dimensional problem was introduced in [9] using parallel projections of frequencies. In
25], a general D-dimensional deterministic sparse Fourier algorithm achieves O(Ds? M) sam-
ples and O(Ds3 + ds?>M log(sM)) runtime complexity by using rank-1 lattices and finding
frequencies in an entry-wise fashion. To reduce the runtime complexity, the authors also
introduced a randomized version of the algorithm with O(Ds 4+ DM) samples and O(Ds?)
runtime. A randomized algorithm introduced in [26] requires 202 2)(slog MP loglog MP)
samples and 20(D 2>s logP+3 MP runtime.

Many functions in UQ problems assume sparsity(or compressibility) in various forms that
inspires us to consider the possible contribution of compressive sensing and sparse approx-
imation. In [27], randomized algorithms approximating sparse polynomials are introduced.
In [25, 28, 29, 30], different versions of high-dimensional sparse Fourier transforms are intro-
duced. As the sparsity in high-dimensional Chebyshev and Lengendre space is considered in
some UQ problems, fast algorithms to recover functions with such sparsity have been devel-
oped [31, 20, 19]. These papers often have additional assumptions on the structure of the
sparsity which implies the degrees of the polynomials with large coefficients are very small.
A simple example is the case where a function of larger number of variables actually depends
on a fewer variables[32]. Hyperbolic cross[33, 34] and lower sets[19] are also examples with
such characteristic, and this implies the bounded mixed smoothness of the objective function
instead of arbitrary smoothness. In [3], it is shown that the number of function evaluations

required to approximate a function with the arbitrary smoothness cannnot avoid the curse

of dimensionality, i.e., super-exponential growth with the number of dimensions. Instead,



many methods assumes the structured sparsity in order to avoid the curse of dimensionality
in certain problems. One method is a sparse grid method [15] which is used for both inter-
polation and integration of multi-variate functions. In [20, 18], compressive sensing method
with weighted /1 minimization is combined with Petrov-Galerkin method to approximate the
linear functional of parametric PDE’s solution which can be represented by the combination

of a few tensorized Chebyshev polynomials.

1.1 Thesis Outline

In the thesis, we present three different approaches to quickly approximating functions of
many variables that are sparse in BOPBs using a few function evaluations. A tensorized
Fourier basis is the one with good properties compared to the other BOPBs. We develop
very efficient sparse FFTs using these advantages. The first approach works for exactly
sparse functions by using noiseless samples, and the second approach works for functions
with moderate noise. Then, general sparse harmonic transforms are established so that they
work for any BOPB including the Fourier basis.

As a first step to our goal of a high dimensional sparse FFT, the thesis addresses the
case for the continuous functions without noise in a high dimensional setting in the Chapter
2. We introduce effective methods to address the registration and the collision problems in
Section 2.1. In Section 2.2, the ideas of various methods to resolve these problems in 2D
are introduced which can be extended to the methods in the higher dimensional setting. In
particular, we introduce a novel partial unwrapping technique in Section 2.3 that is shown
to be highly effective in reducing the registration and collision complexity while maintains

the sublinear runtime efficiency even in very high-dimensional problems. We shall show in

10



Section 2.4 that our algorithm can achieve O(Dslogs) computational complexity and O(Ds)
sampling size on average assuming there is no worst-case scenario. In Section 2.5, we present
as examples computational results for sparse FFT where the dimensions are 100 and 1000
respectively. For comparison, the traditional D-dimensional FFT requires O(M D log M D )
time complexity and O(M D ) sampling complexity, which is impossible to implement on any
computers today.

In Chapter 3, we shall present an adaptation of the algorithm for noisy data. In Sec-
tion 3.1 we introduce our problem setting, necessary notation and our noise model. Based
on these, a multiscale method for frequency entry estimate is introduced and analyzed in
Section 3.2. In Section 3.3, parameters that determine the performance of our algorithm
are introduced and the pseudocode is given with description. The results of the numerical
experiments are shown in Section 3.4.

In Chapter 4, a generalized sparse harmonic transform is described. In Section 4.1, we
introduce the notation that is used throughout the chapter and the problem setting, and
reviewed the basics of compressive sensing related to the thesis. In Section 4.2 the description
and the performance results of our proposed method are introduced. The analysis supporting
the results in Section 4.2 is elaborated in Section 4.3 and the results of numerical experiments

are shown in Section 4.4.

11



Chapter 2

High-dimensional Sparse Fourier

Transforms

2.1 Preliminaries

2.1.1 Review of the One-Dimensional Sparse Fourier Transform

The one-dimensional sublinear sparse Fourier algorithm inspiring our method was developed
in [1]. We briefly introduce the idea and notation of the algorithm before developing the
multidimensional ones throughout this chapter. We assume a function f : [0,1) — C with

sparsity s as the following,

fl@) = Y cpe®™m (2.1)

nes

where the bandwidth is M, i.e., each frequency n € S C [—M /2, M /2)NZ, the cardinality,
|S|, of S is s, and the corresponding nonzero coefficient ¢, is in C for all n. We can consider
it as a periodic function over R instead of [0,1). The goal of the algorithm is to recover all
coefficients ¢, and frequencies n so that we can reconstruct the function f. This algorithm
is called the “phase-shift” method since it uses equi-spaced samples from the function and
those at the positions shifted by a small positive number e. To verify that the algorithm

correctly finds the frequencies in the bandwidth M e should be strictly no bigger than 1/M.

12



We denote a sequence of samples shifted by e with the sampling rate 1/p, where p is a prime

number, as

foe = (1049 5G+IC+9fC e fE=40).  (2)

We skip much of the details here. In a nutshell, choosing p slightly larger than s is enough
to make the algorithm work. In [1] p is set to be roughly 5s, which is much smaller than the
Nyquist rate M. Discrete Fourier transform (DFT) is then applied to the sample sequence

Jpe and the hth element of its result is the following

"r(.fp,e)[h] =P Z Cn€2m6n (2.3)
n=nh( mod p)
where h = 0,1,2,...,p— 1. If there is only one frequency n congruent to h modulo p,
]:(fp,e)[h] = pcn€2m€n- (2.4)

By putting 0 instead of €, we can get the unshifted samples f,,; and applying the DFT
gives

f(fp,())[h] = PCn. (2.5)

This process so far is visualized in the Figure 2.1. Aslong as there is no collision of frequencies
with modulo p, we can find frequencies and their corresponding coefficients by the following

computation
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n = 2 F(Fpo)li (26)

where the function “Arg” gives us the argument falling into [—, 7). Note that n should be
the only frequency congruent to h modulo p, i.e., n has no collision with other frequencies

modulo p. The test to determine whether a collision occurs or not is

[ F(Fp )l

Fhoom 2D

The equality (2.7) above holds when there is no collision. If there is a collision, the equality
does not hold for almost all €, i.e., the test fails to predict a collision for the finite number of
¢ [1]. Furthermore, it is also shown in [1] that for any e = 7 with a,b coprime and b > 2M,
equality (2.7) does not hold for at least one shift in a certain finite set of integer multiples
of € unless there is no collision. In practical implementations, we choose € to be 1/CM for
some positive integer C' > 1 and allow some small difference 7 between the left and right

sides of (2.7) where 7 is a very small positive number.

o pC
. p(tegmnf
o1 - h - p—2p—1

n="h (mod p)
- f(r) = celmine. (s =1)

° 'fP:O:{f(]%) L 0=0,1,- . p—1}
e Fpe={fE+e . (=01, p—1}

Figure 2.1: Process of 1D sublinear sparse Fourier algorithm
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The above process is one loop of the algorithm with a prime number p. To explain it from
a different view point, we can imagine that there are p bins. Then we sort all frequencies into
these bins according to their remainder modulo p. If there are more than one frequencies in
one bin, then a collision happened. If there is only one frequency, then there is no collision.
To determine whether a collision occurs, we use the above test. In the case where the test
fails, i.e., the ratio is not 1, we need to use another prime number p’. Thus we re-sort
the frequencies into p’ bins by their remainder modulo p’. Even if two frequencies collide
modulo p, it is likely that they do not collide modulo p’. Particularly, the Chinese Remainder
Theorem guarantees that with a finite set of prime numbers, {p,}, any frequency within the
bandwidth M can be uniquely identified, given [[,py > M. Algorithmically, for each loop,
we choose a different prime number p’ and repeat equations (2.2)-(2.7) with p replaced by
p’. In this way we can recover all ¢, and n in sublinear time O(slogs) using O(s) samples

on average. The overall code is shown in Algorithm 4 referred from [1].

2.1.2 Multidimensional Problem Setting and Worst Case Scenario

In this section, the multidimensional problem is introduced. Let us consider a function

f:RP = C such that

flx) = che%m'm, (2.8)

nes
where n € [-M/2,M/2)P N ZP and ¢, € C. That is, from (2.1), = is replaced by the
D-dimensional phase or time vector @, the frequency n is replaced by the frequency vector
n, and thus the operator between n and x is a dot product instead of simple scalar multi-
plication. We can see that this is a natural extension of the one-dimensional sparse problem.

As in the one-dimensional setting, if we find ¢y, and m, we recover the function f.
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Algorithm 1 Phaseshift

1: procedure Phaseshift
2: Input:f,C,s, M, e

3: Output:R

4: R+ 0

5: t+1

6: while |R| < s do

7: s* < s —|R|

8: p + t'™ prime number > C's*

9: Q) =X (nen)er cpe?rine

10: for{=0—p—1do

11: foolll = £(5) = Q(%)

12: Foll) = F(E+6) = Q( +¢)
13: end for

4 F(fp) = FFT(f,.)

15: F(fpo) =FFT(fp0)

16 P(f, ) = SORT(F(f,))
17: for h = Qoy s*—1do

18: if W—lt<ethen
19: n= ﬁArg(%)
20: i = 3P (fp0)[h]
21: R+ RU (n,cy)
22: end if
23: end for
24: prune small coefficients from R
25: t+—t+1

26: end while
27: end procedure

However, since our time and frequency domain have changed, we cannot apply the previ-
ous algorithm directly. If we project the frequencies onto a line, then we can apply the former
algorithm so that we can retain the sublinear time complexity. Since the operator between
frequency and time vectors is a dot product, we can convert projection of frequencies to that
of time. For example, we consider the projection onto the first axis, that is, we put the last
D — 1 elements of time vectors as 0. If the projection is one-to-one, i.e., there is no collision,
then we can apply the algorithm in Section 2.1.1 to this projected function to recover the

first element of frequency vectors. If there is a collision on the first axis, then we can try
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another projection onto kth axis, k= 2,3,---, D, until there are no collisions. We introduce
in the latter sections how to recover the corresponding remaining DD — 1 elements by ex-
tending the test to determine the occurrence of a collision in Section 2.1.1. Furthermore, to
reduce the chance of a collision through projections, we use an “unwrapping method” which
unwraps frequencies onto a lower dimension guaranteeing a one-to-one projection. There are
both a “full unwrapping” and a “partial unwrapping” methods, which are explained in later
sections.

We shall call projections onto any one of the coordinate axes a parallel projection. The
worst case is where there is a collision for every parallel projection. This obviously happens
when a subset of frequency vectors form the vertices of a D-dimensional hypercube, but it can
happen also with other configurations that require fewer vertices. Then our method cannot
recover any of these frequency vectors via parallel projections. To resolve this problem,
we introduce tilted projections: instead of simple projection onto axes we project frequency
vectors onto tilted lines or planes so that there is no collision after the projection. We shall
call this the tilting method and provide the details in the next section. After introducing
these projection methods, we explore which combination of these methods is likely to be

optimal.

2.2 Two Dimensional Sublinear Sparse Fourier Algo-

rithm

As means of explanation, we introduce the two-dimensional case in this section and extend
this to higher dimensions in Section 2.3. The basic two-dimensional algorithm using a parallel

projection is introduced in Section 2.2.1, the full unwrapping method is introduced in Section
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2.2.2 and the tilting method for the worst case is discussed in Section 2.2.3.

nq no n] ny
. . . --—--a
I I
I I
n3 | ns ns
. | ' - — - —a
I |
l 1

Figure 2.2: Process of the basic algorithm in 2D

2.2.1 Basic Algorithm Using Parallel Projection

Our basic two-dimensional sublinear algorithm excludes certain worst case scenarios. In most
cases, we can recover frequencies in the 2-D plane by projecting them onto each horizontal
axis or vertical axis. Figure 2.2 is a simple illustration. Here we have three frequency vectors
where n1 and ng are colliding with each other when they are projected onto the horizontal
axis, and m; and ng are colliding when they are projected onto the vertical axis. The first
step is to project the frequency vectors onto the horizontal axis and recover m9 and its
corresponding coefficient cp, only, since it is not colliding. After subtracting ng from the
data, we project the remaining frequency vectors onto the vertical axis and then find both
n1 and ns.

Now let us consider the generalized two-dimensional basic algorithm. Assume that we

have a two-dimensional function f with sparsity s :

M M2
7,7) nz2. (2.9)

flx) = Z ne®™mT e C, ne [—
nes

For now, let us focus on one frequency vector n which is not collided with any other pairs
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when they are projected onto the horizontal axis. To clarify put & = (z1,0) with n = (n,ns)

into (2.9),

) = f21,0) = ) cpe®™mMo1, (2.10)

nes

which gives the same effect of the parallel projection of frequency vectors. Now, we can
consider this function as a one-dimensional function f! so that we can use the original one
dimensional sparse Fourier algorithm to find the first component of . We get the samples
fll, and fll):é without and with the shift by e, respectively. We can find these in the form
of sequences in (2.2), apply the DFT to them, and then recover the first component of the

frequency pair and its coefficient as follows,

F(fp)[h]

e = %]—"(f}?)[h]. (2.11)

1 Arg(ﬂf%ll)[h])’

At the same time, we need to find the second component. In (2.10), we replace 0 by e.

Then

FLP2(x1) = flar,e) = che%”'(”lxl‘”b%)?

nes
F(fiHh = pepeXrinae

N Nt )L
" = (g )

(2.12)

where f},:g are samples shifted by € in the vertical sense with rate 1/p from the function
12, The equalities in (2.11) hold only when 77 is the only one congruent to h modulo p

among every first component of s frequency pairs and (2.12) holds only when the previous

19



condition is satisfied and n = (n1,n9) does not collide with other frequency pairs from the
parallel projection.

Now we have two kinds of collisions. The first one is from taking modulo p after the
parallel projection and the second one is from the projection. Thus we need two tests. To
determine whether there are both kinds of collisions, we use similar tests as (2.7). If there are
at least two different nq congruent to A modulo p, then the second equality in the following

is not satisfied for almost all €, just as (2.7),

FOEEDMI 1P 0 =h( mod p) cne”™ |
|

- = 1. 2.13
F(in P mod p) o0 (2:13)

Likewise, if there is a collision from the projection, i.e., the first components n;’s of at least
two frequency vectors are identical and the corresponding n9’s are different, the following

second equality does not hold for almost all e,

1,2 B n 2mieny
|}"(fp7€)[h:] _ [PEn=h(mod py a2 (2.14)

|~F(f117)[h] p anzh( mod p) Cnl

The two tests above are both satisfied only when there is no collision both from taking
modulo p and the projection. We use these for the complete recovery of the objective
frequencies.

So far we project the frequencies onto the horizontal axis. After we find the non-collided
frequencies from the first projection, we subtract a function consisting of the found fre-
quencies and their coefficients from the original function f to get a new function. Next we
project this new function onto the vertical axis and do a similar process. The difference is

to exchange 1 and 2 in the super-indices in (2.10) through (2.14). Again, find the remaining
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non-collided frequencies, change the axis again and keep doing this until we recover all of

the frequencies.

2.2.2 Full Unwrapping Method

We introduce another kind of projection which is one-to-one. The full unwrapping method
uses one-to-one projections onto one-dimensional lines instead of the parallel projection onto
axes from the previous method. We consider the s pairs of frequencies n = (n1,n9) € S and
transform them as follows

(n17n2) — n1+ Mns. (2.15)

This transformation in frequency space can be considered as the transformation in phase or

time space. That is, from the function in (2.9)

g(x) == f(x,Mzx) = chBQWi(n1+Mn2)x. (2.16)
nes

The function g(z) is a one-dimensional function with the sparsity s and the bandwidth
bounded by M 2 We can apply the algorithm in Section 2.1.1 on g so that we recover s
frequencies of the form on the right side of the arrow in (2.15). Whether unwrapped or not,
the coefficients are the same, so we can find them easily. In the end we need to wrap the
unwrapped frequencies to get the original pairs. Remember that unwrapping transformation
is one-to-one. Thus we can wrap them without any collision.

Since the pairs of the frequencies are projected onto the one-dimensional line directly,
we call this method the “full unwrapping method”. A problem of this method occurs when

the dimension D gets large. From the above description, we see that after the one-to-one
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unwrapping the total bandwidth of the two dimensional signal increases from M in each
dimension to M2. If the full unwrapping method is applied to a function in D-dimensions,
then to guarantee the one-to-one transformation the bandwidth will be M D Theoretically
this does not matter. However, since € is dependent on the bandwidth, in the case where
D is large, we need to consider the limit of machine precision for practical implementations.
As a result, we need to introduce the partial unwrapping method to prevent the bandwidth

from becoming too large. The partial unwrapping method is discussed in Section 2.3.

Figure 2.3: Worst case scenario in two dimensions and solving it through tilting

2.2.3 Tilting Method for the Worst Case

Up till now, we have assumed that we do not encounter the worst case, i.e., that we do not
encounter the case where any frequency pair has collisions from the parallel projection for all
coordinate axes. This makes the algorithm break down. A very simple example of the worse
case scenario is given in Figure 2.3 where the four frequency pairs ni,no, n3 and ny form
a rectangle, and thus each pair has collisions in both horizontal and vertical projections.
The following method is for finding those frequency pairs. Basically, we rotate axes of the

frequency plane and thus use a projection onto a one-dimension system which is a tilted
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line with the tilt chosen so that there are no collisions. If the horizontal and vertical axes
are rotated with angle 0 then the frequency pair n = (ny,ng) can be relabeled with new

coordinates as the right side of the following
(n1,n2) — (nqcos@ —ngsiné, nysinf + ny cosb). (2.17)

In phase-sense, this rotation can be written as

9(Z1,%9) = f(Z1cos0+ Tosinf, —Z1sin6 + T cos )

Z Cn627ri{n1 (&1 cos 0+&9 sin 0)+ng(—&q sin 0+I9 cos 9)}’
nes

21 cosO—ng sin0)y-+(ny sin -+ 03 )i}, (2.18)
nes

We can apply the basic algorithm in Section 2.2.1 to the function g to get the frequency
pairs in the form of the right side of the arrow in (2.17).

One problem we face is that the components of the projected frequency pairs should be
integers to apply the method, since we assume the integer frequencies in the first place. To
guarantee the injectivity for both projections, tan # should be irrational, however, and thus
the projected frequencies become irrational. Thus, we should try a rational tanf, and to
make them integer it is inevitable to increase the bandwidth by multiplying the least common
multiple of the denominators of sinf and cosf. We assume the following with integers a, b
and c

b
sinf = %, cosf = " ged(a,c) = ged(b,e) = 1. (2.19)
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Multiplying ¢ to both inputs in the right-hand side of (2.18) we obtain

9(Z1,%2) = f(c(T1cosh+ Tosinh),c(—F1sinf + To cosh))

_ Z CneQTri{(cnl cos f—cng sin 0)Z1 +(cnq sin f+cng cos 0) o} (2.20)

nes

As long as there is no collision for at least one projection, the frequency pairs, (cny cosf —
cng sin @, eny sin @ 4 cno cos @), can be found by applying the basic algorithm in Section 2.2.2
on ¢. Due to the machine precision the integer ¢ should not be too large, or the bandwidth
gets too large resulting in the failure of the algorithm. If four pairs of frequencies are at
vertices of a rectangle aligned with coordinate axes before the rotation, then they are not
aligned after the rotation with 0 < # < 7/2. Thus we can assure finding whole frequencies

whether they are in the worst case or not.

The pseudo code of the 2D tilting method is shown in Algorithm 2. The lines 15 and 16
mean that each frequency pair (n1,n9) is rotated by a matrix [cos — sin; sin cos| and scaled
to make the rotated components integers. Thus we first find the frequency pairs in the form
of n = (nq cos —ngsin, ny sin +ng cos) and after finding all of them, we rotate them back
into the original pairs with the matrix [cos sin; — sin cos| in line 39.

This tilting method is a straight forward way to resolve the worst case problem. First,
we recover the frequencies as much as possible from the basic parallel projection method. If
we cannot get any frequency pairs for several projections switching among each axis then,
assuming that the worst case happens, we apply the tilting method with an angle so that
all remaining frequency pairs are found. We only introduced the tilting method in the
two-dimensional case, but the idea of rotating the axes can be extended to the general D-

dimensional case with some effort. On the other hand, we may notice that the probability of
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Algorithm 2 2D Sparse Fourier Algorithm with Tilting Method Pseudo Code

1: procedure 2DTiltedPhaseshift
2: Input:f,C, s, M, D, €, base, height, hypo

3: Output:R
4: R+ 0
5: t+1
6: cos < base, sin < height
7: while |R| < s do
8: s* + s — |R|
9: p < t*™ prime number > C's*
10: k<« (t mod 2) + 1
11: Q(®) = X (7 c)er cre2min®
12: for k=1—2do
13: for/{=0—p—1do
14: m~’<—EmOd 2, m" < k+1mod 2, n’ < k mod 2, n” < k+ 1 mod 2
15: frk) = f((f;m' + en') cos —|—(£m” + en”’) sin, —(%m’ + en’) sin —|—(§m” + en’) cos)
—Q(5e + eey)
16: fik = f(ﬁm’ cos +£m” sin, —%m’ sin +£m” cos) — Q(%eg)
17: end for _
18: F( g;f) = FFT(f k)
19: F(£) - FET(f5) )
20: Feort(fF) = SORT(F(f}))
21: end for
22: for h=0—s"—1do
23: £+ 0
24: fork=1—2do
25: if‘wq‘qthen
[F=ort(fFpe )R]
26: L+ 10+1
27: end if -
, ~ _ 1 Frt(fpi) R
28: ng = %Arg(w>
29: Ch = %FO’“( Fn]
30: end for
31: if £ == 2 then
32: R+ RU (ciz,n)
33: end if
34: end for
35: prune small coefficients from R
36: t+—t+1
37 end while
38: cos }ll’;;i, sin < h}f;i};t
39: rotate each m back to n using a matrix [cos sin;— sin cos| and restore it in R

40: end procedure
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this worst case is very low, especially when the number of dimensions D is large. Its details

are shown in Section 2.3.

2.3 Partial Unwrapping Method for High Dimensional

Algorithm

In this section we present the partial unwrapping method for a sublinear sparse Fourier algo-
rithm for very high dimensional data. As we have already mentioned, while full unwrapping
converts a multi-dimensional problem into a single dimensional problem, it is severely limited
in its viability when the dimension is large or when the bandwidth is already high because of
the increased bandwidth. Partial unwrapping is introduced here to overcome this problem
and other problems. In Section 2.3.1 we give a four dimensional version of the algorithm
using the partial unwrapping method as well as a generalize it to D dimension. In Section

2.3.2, the probability of the worst case in D dimension is analyzed.

2.3.1 Partial Unwrapping Method

To see the benefit of partial unwrapping we need to examine the main difficulties we may
encounter in developing the sublinear sparse Fourier algorithms. For this let us consider
a hypothetical case of sparse FFT where we have s = 100 frequencies in a 20-dimensional
Fourier series distributed in [—10, 10)20. When we perform the parallel projection method,
because the bandwidth is small, there will be a lot of collisions after the projections. It is
often impossible to separate any frequency after each projection, and the task could thus not

be completed. This, ironically, is a curse of small bandwidth for sparse Fourier algorithm.
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On the other hand, if we do the full unwrapping we would have increased the bandwidth
to M = 2020, which is impossible to do within reasonable accuracy because M’ is too
large.

However, a partial unwrapping would reap the benefit of both worlds. Let us now break

down the 20 dimensions into 5 lower 4-dimensional subspaces, namely we write
20 4\°
[~10,10)%0 = ([—10, 10) )

In each subspace we perform the full unwrapping, which yields bandwidth M’ = 204 =
160, 000 in the subspace. This bandwidth M’ is large enough compared with s, so when the
projection method is used there is a very good probability that the collision will occur only
for a small percentage of the frequencies, allowing them to be reconstructed. On the other
hand, M’ is not so large that the phase-shift method will incur significant error.

One of the greatest advantage of partial unwrapping is to turn the curse of dimensionality
into the blessing of dimensionality.

Note that in the above example, the 4 dimensions of any subspace do not have to follow
the natural order. By randomizing (if necessary) the order of the dimensions it may achieve
the same goal as the tilting method. Also note that the dimension for each subspace needs
not be uniform. For example, we can break down the above 20-dimensional example into

four 3-dimensional subspaces and two 4-dimensional subspaces, i.e.
20 3\ 1)2
~10,10)% = ([—10, 10) ) x ([—10, 10) )
This will lead to further flexibility.
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2.3.1.1 Example of 4-D Case

Before introducing the generalized partial unwrapping algorithm for dimension D, let us
think about the simple case of 4 dimensions. We assume that s frequency vectors are in
4-dimensional space (D = 4). Then, a function f constructed from these frequency vectors
is as follows,

M M4
7,7> nzt (2.21)

flx) = Z cne?™MT e C, ne [—
nes

Since 4 = 2 x 2, the frequency pairs of the two-two dimensional spaces are both unwrapped
onto one-dimensional spaces. Here, 4 dimensions is projected onto 2 dimensions as fol-

lows

g(x1,22) = f(x1, My, 29, M)

_ Z CnGQﬂ‘i{(nl+Mn2)$1+(n3+Mn4)x2}

neS

nes

where 1 = n1 + Mn9 and ny = ng + Mny. Note that this projection is one-to-one so as to
guarantee the inverse transformation.

Now we can apply the basic projection method in Section 2.2.1 to this function g re-
defined as the 2-dimensional one. To make this algorithm work, n = (n1,7n2) should not
collide with any other frequency pair after the projection onto either the horizontal or vertical
axes. If not, we can consider using the tilting method. After finding all the frequencies in

the form of (n1,n3), it can be transformed to (n,ng, ng, ny).
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2.3.1.2 Generalization

We introduce the final version of the multidimensional algorithm in this section. Its pseudo
code and detailed explanation are given in Algorithm 3 and Section 2.5.1, respectively. We

start with a D-dimensional function f,

M M\D
7,7) nzP. (2.23)

f(;n) — Z cn627rin.a:’ tn € (C, nc |:_
nes

Let us assume that D can be divided into di and d9 - the case of D being a prime number
will be mentioned at the end of this section. The domain of frequencies can be considered
as ([-M/2,M/2)NZ)P = ([-M/2,M/2) N Z)"1)%2 and ([-M/2, M/2) N Z)% will be re-
duced to one dimension, as dy is in the 4 dimensional case. Each of the d; elements of a

frequency vector, n = (ny,n9, -+ ,np), is unwrapped as

(P (dyq+1)> ™(d1g+2) Ty g+3)7 "~ (dyg+dy))

2 d
= Ndyg+1) T Mg gpo) + Mg gy o MG gray)

=: ﬁ(q-i-l) (2'24)

with ¢ =0,1,2,--- ,do — 1, increasing the respective bandwidth from M to M 1 and having
injectivity. We rewrite this transformation in terms of the phase. With @ = (z1,x9,--+ ,zp)

and put the following into x,

MEELTE 0014 (2.25)
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forall ¢ =1,2,---, D, where R(¢{ —1,dy) and Q(¢ — 1,dy) are the remainder from dividing
¢—1 by dy and quotient from dividing ¢ — 1 by dy respectively, and & = (z1, T9, - - - ,%dQ) is a

phase vector in dy dimensions after projection. Define a function g on do dimension as

9(@) = f(-- 7MR(5717d1)§Q(£_17d1)+17...)

. —do—1 di—1 5
B che2mzqz0 (ZT:() ”(d1q+1"+1)]wr)xq‘f‘l7 (2.26)

nesS

where M R(E_l’dl)fﬁ@(g_l,d 1) is the /" element of the input of f. If we project frequency

vectors of g onto the kth axis, then the k™ element of a frequency vector n can be found in

the following computation,

95,’5 = <g(OeE+eek)a9(}%eE+eek),'" ’g(p— 8’;;+€ek)>
1 Fghh
np = —Arg( ——=————
< w g
Cp = %F (QE)[h]a (2.27)

where e~ is the k1 unit vector with length ds, i.e., all elements are zero except the kth one

k

with entry 1. The last two equalities in (2.27) hold as long as ﬁ% is the only one congruent
to h modulo p among all kth elements of the frequency vectors, and n does not collide with

any other frequency vector due to the projection onto the kth axis. The test for checking

whether these conditions are satisfied is

Flgh)in)

¢ =1 (2.28)
[ F(gh)[n]]
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for all 1 < k < dg. The projections onto the kth axis, where k= 1,---,dy, take turns until
we recover all frequency vectors and their coefficients. After that we wrap the unwrapped
frequency vectors up from do to D dimension. Since the unwrapping transformation is
one-to-one, this inverse transformation is well-defined.

So far, we assumed that the dimension D can be divided into two integers, di and do. For
the case that D is a prime number, or both dy and dg are so large that the unwrapped data
has a bandwidth such that e is below the machine precision, a strategy of divide and conquer
can be applied. In that case we can think about applying partial unwrapping method in
a way that each unwrapped component has a different size of bandwidth. If D is 3, for
example, then we can unwrap the first two components of the frequency vector onto one
dimension and the last one lies in the same dimension. In that case, the unwrapped data is
in two dimensions, and the bandwidth of the first component is bounded by M? and that of
second component is bounded by M. In this case we can choose a shift € < 1/M 2 where M2
is the largest bandwidth. We can extend this to the general case, so the partial unwrapping

method has a variety of choices balancing the bandwidth and machine precision.

2.3.2 Probability of Worst Case Scenario

In this section, we give an upper bound of the probability of the worst case assuming that
we randomly choose a partial unwrapping method. As addressed in the Section 2.3.1, there
is flexibility in choosing certain partial unwrapping method. Assuming a certain partial
unwrapping method and considering a stronger condition to avoid its failure, we can find the
upper bound of the probability of the worst case where there is a collision for each parallel
projection.

For simple explanation, consider a two dimensional problem. Choosing the first frequency
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vector nq = (n11,n12) on a two dimensional plane, if the second frequency vector, no =
(n21,m92), is not on the vertical line crossing (n11,0) and the horizontal line crossing (0, 112),
then the projection method works. Then if the third frequency vector is not on four lines,
those two lines mentioned before, the vertical line crossing (n91,0) and the horizontal line
crossing (0,n992), then again the projection method works. We keep choosing next frequency
vector in this way, excluding the lines containing previous frequencies. Thus, letting such
event A, the probability that the projection method fails is bounded above by 1—P(A).
Generally, let us assume that we randomly choose a partial unwrapping, without loss of
generality, the total dimension is D = dy+da—+- - -+d, where r is the number of subspaces and
dy,ds,--- ,dy, are the dimensions of each subspace. That is, partially unwrapped frequency
vectors are in r < D dimensions and each bandwidth is M9, M2 ... Mdr, respectively,
which is an integer strictly larger than 1. Then, the failure probability of projection method

is bounded above by

S

S D /. dl d2 dr
j=1

D
j=1 M

MD
- 1 = —
75 (1 — 8)! ’ M4 + M2 ... Mdr

oL T @ sterting's formul
~ - 7_3(7—5)7—8 (by Sterling’s formula)

N (1 - f)s_% (2.29)

where A; is the event that we choose jth frequency not on the lines, crossing formerly chosen
frequency vectors and parallel to each coordinate axis. Noting M D — pdixpMd2x. .. x M dr,
sparsity s is relatively small compared to M D , and 7 is large, we can see that the upper

bound above gets closer to 0 as D or M grows to infinity.
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Algorithm 3 Multidimensional Sparse Fourier Algorithm Pseudo Code

1: procedure MultiPhaseshift
2: Input:f,C,s, M, D,dy,ds, €

3: Output:R

4: R+ 0

5: t+1

6: while |R| < s do

7: s* < s —|R|

8: p ¢t prime number > C's*

9: k « (t mod d2) + 1
10: Q(®) =X (7 c)er cmeTin T
11: for k=1—dy do
12: for{=0—p—1do
13: Fofll) = F(0 Mite, ooy + e 0 Mieg io1)ys) — Qe + cex)

P p€di(k—1)+j j=0 1(k=1)+j pk
14: Fll) = F(S55 Mite, gy)y,) — Qlhep)
15: end for _
16: F(fyE) =FFT(f3:F)
17: F(fE) =FFT(fE)
18: Fort(fr) = SORT(F(f}))
19: end for
20: for h=0—s*"—1do
21: {+0
22: for k=1—dy do
23; if | )0 1‘ < ¢ then
| F=ort (F pre )R]
24: 0+—0+1
25: end if -
) ~ 1 Tt (fpie)[b]

26: nE = ﬁArg< fsort(fg)[h] )
27: cn = SFO(f)[h]
28: end for
29: if { == d2 then
30: R+ RU(n,cp)
31: end if
32: end for
33: prune small coefficients from R
34: t+—t+1
35: end while
36: inverse-transform each n in ds-D to m D-D and restore it in R

37: end procedure

2.4 Analysis

In this section, we analyze the performance of our algorithms suggested. We will prove that

the tilting method works well in two dimensions but explain that it is hard to extend the
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idea to the general high dimensional setting. However, it was shown in Section 2.3.2 that
the probability of the worst-case scenario is extremely small. Furthermore, the average-case
runtime and sampling complexity is shown in this section under the assumption that there
are no frequency vectors forming a worst-case scenario. The following theorem shows that
the tilting method in 2D recovers all frequency pairs even though they form a worst-case
scenario.

Theorem 1. Let n = (ny,ng) € S C [—%,%)2 NZ2% If tanf = % such that ¢ > b >
a are Pythagorean triples where b > 2M and a are relative primes, then all (cnycos —
cno sin @, cny sin @ + cng cos0) rotated by 0 does not collide with any other pair through the

parallel projection. Thus, all rotated pairs can be identified by the parallel projection method.

Proof. Suppose that any two frequency pairs m = (ny,ng2) and n’ = (n},n}) cannot be
recovered through the tilting method. This implies that the slope of the line crossing n

and n’ is perpendicular to tan#, and thus those two pairs collide at least once if they are

!
projected onto each principal axis rotated by the angle . This results in the fact that Z2 Z,Q
=™

is either % or —%. However, this is a contradiction since —M < nj — n’l, nog — n'2 < M, and

a and b > 2M are relative primes. O

Theorem 1 implies that all frequency pairs can be distinguished by the tilting method
with only one proper angle ¢. It is natural to think about extending this idea to the high-
dimensional setting. However, it is not as easy to find a proper slope as in two dimensions
using the Pythagorean triples. Moreover, even though we consider choosing a finite set of
random angles guaranteeing that it includes the proper one, each line crossing between two

arbitrary vectors in general D dimensions has infinitely many lines perpendicular to it so
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that such a finite set is difficult to find again. It should be noted that there is a variety of the
worst-case scenario where the relatively simple tilting method still works. For example, if
the frequency vectors are located on the two dimensional subspace, then the tilting method
applied on the subspace would recover all the frequencies. There still exist trickier worst-case
scenarios, however, such that the frequencies form a D-dimensional cube or more complicated
structures. It is still worth exploring further about the tilting method. On the other hand,
we also have shown in Section 2.3.2 that the worst-case scenario rarely happens in extremely
high dimensions.

In order to obtain the average-case runtime and sampling complexity of the parallel
projection method under the assumption that there is no worst-case scenario, we utilize
the probability recurrence relation as in [1]. We remind readers that each entry of the
frequency vectors should be distinguished modulo M due to parallel projection as well as
be distinguished modulo p. Since C' = 5 determining p is shown in [1] to ensure that 90%
of frequencies are isolated modulo p on average, at least 90% of frequencies are isolated
modulo M on average if M > p. Taking the union bound of failure probabilities of isolation
modulo p and M yields at least 80% of frequencies are isolated both modulo M and p at the
same time. Algorithm 3 with di = 1 and d9 = D implements the direct parallel projection
method, and it takes a(s) = ©(Dslog s), the runtime on input of size s and m(s) = s/5, the
average size of the subproblem. Then, the straightforward application of Theorem 2 in [1]
gives the following theorem.

Theorem 2. Assume M > 5s and there is no worst-case scenario. Let T(s) denote the
runtime of Algorithm 3 on a random signal setting with dj =1 and do = D. Then E[T'(s)] =
©(Dslogs) and

P[T(s) > O(Dslogs) +tDslogs] < 571,
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In a similar manner, Algorithm 3 takes a(s) = ©(Ds), the number of samples on input
of size s and m(s) = s/5, the average size of the subproblem. Thus, Theorem 2 in [1] again
gives,

Theorem 3. Assume M > 5s and there is no worst-case scenario. Let S(s) denote the
number of samples used in Algorithm 3 on a random signal setting with dy =1 and dy = D.

Then E[S(s)] = ©(Ds) and

P[S(s) > ©(Ds) +tDs] < 57"

2.5 Empirical Result

The partial unwrapping method is implemented in the C language. The pseudocode of
this algorithm is shown in Algorithm 3. It is explained in detail in Section 2.5.1. In our
experiment, dimension D is set to 100 and 1000, dy is 5 and d9 is 20 and 200, accordingly.
Frequency bandwidth M in each dimension is 20 and sparsity s varies as 1,2, 22 ... 210,
The value of € for shifting is set to 1/2M 91 and the constant number C determining the
prime number p is set to 5.

We randomly choose s frequency vectors n € [—M/2, M/2)P N ZP and corresponding
coefficients ¢y, = €2™n ¢ C from randomly chosen angles 6, € [0,1) so that the magnitude
of each ¢ is 1. For each D and s we have 100 trials. We get the result by averaging [
errors, the number of samples used and CPU TICKS out of 100 trials.

Since it is difficult to implement high dimensional FFT and there is no practical high

dimensional sparse Fourier transform with wide range of D and s at the same time it is

hard to compare the result of ours with others, as so far no one else was able to do FFT on
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this large data set. Thus we cannot help but show ours only. From Figure 2.4 we can see

2752 Those errors are from all differences of frequency

that the average [9 errors are below
vectors and coefficients of the original and recovered values. Since all frequency components
are integers and thus the least difference is 1, we can conclude that our algorithm recover
the frequency vectors perfectly. Those errors are only from the coefficients. In Figure 2.5
the average sampling complexity is shown. We can see that the logarithm of the number
of samples is almost proportional to that of sparsity. Note that the traditional FFT would
show the same sampling complexity even though sparsity s varies since it only depends on
the bandwidth M and dimension D. In Figure 2.6 the average CPU TICKS are shown. We
can see that the logarithm of CPU TICKS is also almost proportional to that of sparsity.

Note that the traditional FFT might show the same CPU TICKS even though sparsity s

varies since it also depends on the bandwidth M and dimension D only.

2.5.1 Algorithm

In this section, the explanation of Algorithm 3 is given. In [1] several versions of 1D al-
gorithms are shown. Among them, non-adaptive and adaptive algorithms are introduced
where the input function f is not modified throughout the whole iteration, and is modified
by subtracting the function constructed from the data in registry R, respectively. In our
multidimensional algorithm, however, the adaptive version is mandatory since excluding the
contribution of the currently recovered data is the key of our algorithm to avoid the collision
of frequencies through projections, whose simple pictorial description is given in Figure 2.2.
In Algorithm 3, the function @ is the one constructed from the data in the registry R.

Our algorithm begins with entering inputs, a function f, a constant number C' deter-

mining p, a sparsity s, a bandwidth M of each dimension, a dimension D, factors d; and
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dy of D and a shifting number ¢ < 1/M 41, For each iteration of the algorithm, the number
of frequencies to find is updated as s* = s — |R|. It stops when |R| becomes equal to the
sparsity s. The prime number p is determined depending on this new s* as p > Cs* and is
chosen as the next larger prime number. The lines 13 and 14 of Algorithm 3 represent the
partial unwrapping, and sampling with and without shifting from the function where the
contribution of former data is excluded. After applying the FFT on each sequence, sorting
them according to the magnitude of F( fg(;j), we check the ratio between the FFT’s of the
unshifted and shifted sequences to determined whether there is a collision, either from mod-
ulo p or a parallel projection. If all tests are passed, then we find each frequency component
and corresponding coefficient for the data that passed and store them in R. After several
iterations, we find all the data and the final wrapping process gives the original frequency

vectors in D dimensions.

2.5.2 Accuracy

We assume that there is no noise on the data that we want to recover. Figure 2.4 shows that
we can find frequencies perfectly and the Iy error from coefficients are significantly small. This
error is what we average out over 100 trials for each D = 100, 1000 and s = 1, ol 92 ... 2l0
when M is fixed to 20. The horizontal axis represents the logarithm with base 2 of s and
the vertical axis represents the logarithm with base 2 of the l9 error. It is increasing as the
sparsity s is increasing since the number of nonzero coefficients increases. The red graph
in the Figure 2.4 shows the error when the number of dimensions is 100 and the blue one

shows the error when the number of dimensions is 1000. Thus, we see that the errors are

not substantially impacted by the dimensions.
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log, (I error)

log, s, 51 sparsity

Figure 2.4: Average [y error
2.5.3 Sampling Complexity

Figure 2.5 shows the sampling complexity of our algorithm averaged out from 100 tests for
each dimension and sparsity. The horizontal axis means the logarithm with base 2 of s and
the vertical axis represents the logarithm with base 2 of the total number of samples from the
randomly constructed function which are used to find all frequencies and coefficients. The
red graph in the Figure 2.5 shows the sampling complexity when the number of dimensions
is 100 and the blue one shows the one when the number of dimensions is 1000. Both graphs
increase as s increases. When D is large, we see that it requires more samples since there

are more frequency components to find. From the graphs, we see that the scaling seems to
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Average Samples over 100 Trials

log, s, 51 sparsity

Figure 2.5: Average sampling complexity

be proportional to D.

2.5.4 Runtime Complexity

In Figure 2.6, we plot the runtime complexity of the main part of our algorithm averaged
over 100 tests for each dimension and sparsity. “Main part” means that we have excluded
the time for constructing a function consisting of frequencies and coefficients and the time
associated with getting samples from it. The horizontal axis is the logarithm, base 2, of
s and the vertical axis is the logarithm, base 2, of CPU TICKS. The red curve shows the

runtime when we set the number of dimensions to 100 and the blue one shows the same
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Figure 2.6: Average CPU TICKS

thing when the number of dimensions to 1000. Both plots increase as s increases. When D
is larger, the plots show that it takes more time to run the algorithm. From the graphs we
see that the runtime looks proportional to D.

Unfortunately, the sampling process of getting the samples from continuous functions
dominates the runtime of the whole algorithm instead of the main algorithm. To show the
runtime of our main algorithm, however, we showed CPU TICKS without sampling process.
Reducing the time for sampling is still a problem. In [10] a one-dimensional fully discrete
Fourier transform is introduced that we expect to use to reduce it. Exploring how to use

this will be one part of our future work.
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Chapter 3

Multiscale Sparse Fourier

Transforms

3.1 Preliminaries

3.1.1 Notation and Review

In this section, we introduce the notation used throughout this chapter. Let s, D and M be
natural numbers, s < MP, and D := 0, 1)D . We consider a function f : D — C which is

s-sparse in the D-dimensional Fourier domain as follows

f(a:) _ Z Cne27rin-m

nes

where each n € [-M/2,M/2)P? N ZP and ¢, € C. We note that f can be regarded
as a periodic function defined on RP. The aim of sparse Fourier algorithms is to rapidly
reconstruct a function f using a small number of its samples. In Chapter 2, the methods were
introduced using several different transformations and parallel projections along coordinate
axes of frequencies in order to exploit the one-dimensional sparse Fourier algorithm from
[1]. These transformations such as partial unwrapping and tilting methods are introduced in

order to change the locations of energetic frequencies when the current energetic frequencies
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are hard or impossible to find through the parallel projections directly. Through those
manipulations, each frequency vector m is recovered in an entry-wise fashion. In this way,
the linear dependence of runtime and sampling complexities on the dimension D could
be shown empirically, which is a great improvement when compared to the D-dimensional
FFT with the exponential dependence on D. The transformations and projections occur in
the physical domain, which provides the separation of the frequency vectors in the Fourier
domain. That is, each m is transformed to n’ and then projected onto several lines, and these
can be done by manipulating the sampling points in the physical domain D. Let u : D' — D
represent those transformations where D’ is D or less dimensional space and is determined
by each transformation. We assume that D’ has D’ dimensions. A new function ¢ : D' — C

is defined as a composition of f and u, i.e.,

We note that g is still s-sparse in the D’-dimensional Fourier domain, [—M’/2, M’ /2)P 'nzD /,
whose bandwidth M’ depends on each transformation. For example, consider a 4-dimensional
function f with the Fourier domain, [—-M /2, M/2)4HZ4. If a partial unwrapping is applied to
f which unwraps each n = (ny, na, ng,nq) ton’ = (n+Mn, ng—i-Mnﬁl) then it implies that
w: (z1,29) — (1, Mx1, 29, M29) and g has the Fourier domain, [—M?2/2, M?/2)2NZ? where
accordingly M’ = M? and D’ = 2. This is one example and there are variations of partial
unwrapping methods and tilting methods which can be found in Chapter 2. Using samples of
g(or f), the transformed frequency vectors n’ and corresponding Fourier coefficients ) (=Cn)
are found through the parallel projection method, and n/ are transformed back to n. Now,

we remind the readers using comprehensive notations how n’ = (nf,n,- - ,n’D,) can be
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recovered element-wise using the parallel projection method and the ideas from the one-
dimensional sparse Fourier algorithm. Let p be a prime number greater than a constant
multiple of s, i.e., p > C's for some constant C', n be a fixed frequency vector in S, k be fixed
among the set {1,2,---, D'} and e;, be a vector with all zero entries but 1 at the index k.

kth

Furthermore, € is defined as a positive number < 1/M’. To recover the element of each

n’, we use two sets of p-length equispaced samples g]g and g];jf as follows,
A 14 Tk l
glg[ﬁ] =g (5e%> and gpell] =g (]_9675 + eek>

where ¢ = 0,1,--- ,p — 1 and ke {1,2,---, D'} is the index of coordinate axis where a
particular n has kth element, ﬁ%, different from the &' elements of any other energetic
frequency vectors. In this case, we refer to the above phenomenon as “no collision from
projection”. At the same time, if there is no collision modulo p, i.e., ﬁ% has the unique
remainder modulo p from others then the discrete Fourier transform of each sample set

is

F (glng) [h] =p Z Cn/@?m'nke _ pCﬁ€2mﬁk’6, (3.1)

k‘th

respectively. The equations above in (3.1) give a unique entry for the element assuming

kth

there does not exist a collision modulo p of the vetor projected onto the axis. Hence, in the
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above equations, when the second equalities hold, we can recover cj; and nj, as follows,

k.k ~
F\ape ) 1] F(g%) 0]
_ 1 9p
ng = Q—Arg —_— and G =—"" (3.2)
e\ F(gf) P
The right choice of the branch and the shift size € < # make it possible to find the correct

ng. Algorithmically, the two kinds of collisions are guaranteed not to happen using the

F (9535 ) 1]

F(gp)

following test:

— 1, (3.3)

which is inspired by the test used in [1]. Practically, we put some threshold 7 > 0 so that if
the difference between the left and right-hand sides in (3.3) is less than 7, then we conclude
that there are no collisions of both kinds. In this case, each ny, for k = 1,2,---, D’ can
be recovered using a pair of sets g% and gﬁf , respectively. Otherwise, we take another
prime number for sample length, switch the index of coordinate axis for the projection,
update the samples by eliminating the influence from previously found Fourier modes and
repeat our procedure as before. Switching the coordinate axis and updating samples reduce
the occasions of collisions from projection. In Chapter 2, moreover, it is proved that the
probability is very low when D’ is large that all remaining frequency vectors have collisions
from projection onto all coordinate axes, which we call the “worst case scenario”. In the
“worst case scenario”, the parallel projections we just used do not work and thus, we need

a rotation mapping, «’, defining another function ¢’ = f o u’.
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3.1.2 Noise Model

In practice, the samples from f(or g) are often corrupted by noise. The high-dimenisonal
sparse Fourier algorithm introduced in Section 3.1.1 works well when f is exactly s-sparse
and the samples from f are not noisy. It is not robust to noise since in order to find entries
of energetic frequency vectors we compute the fraction F (gili’f ) [h]/F (gg) [h] which is
sensitive to noise. In the remaining sections of Chapter 3, we consider the case of noisy

measurements of g as follows

7 14
r];[é] = gg[é] +zy=9g (]—?e%> + 2y

for £ =0,1,---,p—1 where z := (20,21, -, zp—1) is a complex Gaussian random variable

with mean 0 and variance o2I. If we apply DF'T to this sample set, we get

_ -1 |
F (rf;) h] = F (g’;) [h] + pz 2o 2 (3.4)
/=0

Since zp are i.i.d Gaussian variables, the expectation and variance of the second term in (3.4)

are
p—1 L f
E Zzg€_2m}bﬁ —0
(=0
and
p—1 ¢
Var ZZg —2mihy = po?,
(=0

respectively. Accordingly,
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and

Var []—" (rﬁ) [h]] — po’.

For noisy shifted samples set 'r];f = glgf + z with an i.i.d Gaussian random vector z, we

E []-“ (ﬁ;}f) [h]] =F (gﬁf ) [1]

Var {]—" <r§;§) [h]} — po.

In the case of nfl5 not having collisions both from projection and modulo p, and n% =

have likewise

and

h (mod p),

F (r’;) W] = pe, s + O(c/p) (3.5)

and

N ",
F (r’é:f) [h] = pcn/62mnk€ + O(o+/p)

for each k = 1,2,---,D’. As a result, we get

.k
d (Tp,e) [h] 2rin’ e o

TR

) (3.6)

and note that if there were no noise in samples, we only have the first term on the right
side of (3.6) which makes it possible to recover n?ﬂ by taking its argument and dividing it by

27e as (3.2). With noisy samples, however, it is corrupted with noise which is a multiple of
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64:\/15. Defining
NECHL
N = _A - ;7 ~~ 3.7
o et | 87

we want to see how far ny, is from n;c For this purpose, we introduce the Lee norm associated
with a lattice £ in R as ||z|z := minyep [z — y| for z € R and the related property that

under the Lee norm associated with the lattice 277,

<
217,

, (3.8)

1%
lArg(y + v) — Arg(1)ll2nz = HArg (1 i ;)

NN

v
f)/
where |y| > |v| with «,v € C. By choosing the sample length p large enough depending
on the least magnitude nonzero c¢y,i, and the noise level o, (3.8) can be applied to (3.6) as
follows,
.k
F (rp,e) [h] ”
Arg | ——— —27m;€e §O( )

F(rf)m [eminlv/P

2wl

Consequently,

~ / g
s =kl <0 (5757 7) 59)

which implies that the error of our estimate 7y, to n;f is controlled by the size of —Z——.
€ [eminlvP

Thus, p needs to be chosen carefully depending on ﬁ On the other hand, from (3.5),
min

we can approximate the corresponding coefficient ¢, with the error of size O(c/\/p) as

follows

¢ = F (r’;> ENe (—) . (3.10)
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3.2 Multiscale Method

In [2], rounding and multiscale methods for the one-dimensional sparse Fourier algorithm
for noisy data were introduced. Both methods use the fact that the peaks of the DFT are
robust to relatively high noise, i.e., h can be correctly found such that n = h(mod p) for an
energetic frequency n. The Rounding method is efficient when o is relatively small, which

approximates such n := bp + h for some integer b up to p/2 error and rounds a multiple of

p in order to get the correct b. It was shown that p > max{Cjs, 02(E|C;in|)2/3} for some

constants C'1 and (o makes it possible to correctly find n through the rounding method. On
the other hand, the multiscale method was introduced for relatively large o. It prevents p
from becoming too large, which happens for large ¢ in the rounding method. In this section,
we focus on extending the multiscale method to recover high dimensional frequencies by

gradually fixing each entry estimation with several shifts €.

3.2.1 Description of Frequency Entry Estimation

Let n' € 8’ and k € {1,2,---, D'} be fixed. The set S’ is defined to be the set containing all
n’ transformed from n € S. The target frequency entry n;c is assumed not to have collisions
both from projection and modulo p. We start with a coarse estimation n?w of n% defined
by

kk
F <rp:€0) [h]
71270 : Arg | —————

= 2Teg F <'r£> [h]

where ¢y < 1/M’. Then n?ﬁo = n%(mod p) even though it is not guaranteed that n?@o = n;ﬂ
Thus, we need to improve the approximation. With each correction, the solution is improved

by [ digits where [ depends on the parameters that are chosen in the method as well as noise.

49



Each correction term is calculated with a choice of growing ¢; > 1/M e, €g—1 < €q for

all ¢ > 1. With the initialization by, o := eOn;f o- the correction terms are calculated in the

(7 (rﬁfq) 0

following way,

and

for ¢ > 1, where z (mod [—1/2,1/2)) is defined to be the value a € [—1/2,1/2) such that

x =a (mod 1). Using this fact,
11
b o ~ €g1) d |—=, =
kg N Eqny, (mo { 5 2)) ,
the error n% — n?@q_l can be estimated as

P _ 1 !
eq(ny, ”k,q—1) = €qN — €qN g—1

11
~ (bk,q - Eq”;g,qfl) (mod {—57 5))

and thus, in a similar manner to (3.9),

(o) B B 1)

€q Cmin\/z_9

(3.12)

=) —np . (3.13)
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As the correction is repeated with larger €4, the error of the estimate decreases. In other
words, we approximate n?{ by its most significant bits and the next significant bits repeatedly.

The performance of this multiscale method is shown in detail in the next section.

3.2.2 Analysis of Multiscale Method

The following theorem shows how the correction term dy, , /€ is constructed in each iteration

and how large the error of estimate n;g after L iterations is in the multiscale frequency entry

estimation procedure.

Th 4. Letn/ € 8"k € {1,2,--- D'} be fived and MM Let 0
eorem 4. Letn' € Sk € {1,2,--- D'} be fived and nj, € | =55, %5 ). Let 0 < ¢y <

€1 < <er and by, b1, , by 1, € R such that

legny, —brgllz <6,  0<q<L

where 0 < § < 21; Assume that eg < 1;42,5 and By = 6;31 < 15—(?5 Then there exist
dr0,dg 1, ,di 1, € R, each computable from {eq} and {by, ,} such that
L L
5 dy
~ / —1 -~ . aq
‘nk—nk’ < E—Hﬁq , where np. :Ze_
0 =1 g=0 1

Proof. The proof is the same as the proof of Theorem 4.2 in [2] since each entry of frequency
vectors is corrected in the same way as each one-dimensional frequency w in [2] is. Each dg

is defined as

51



11
= — _ _ = >
dg == bg — €gAg—1 <mod [ 5 2)) for ¢ > 1,

where A\ = dy/eq for ¢ > 0. O

Corollary 1. Assume that we let By = 3 in Theorem 4 where < 15—(?5, i.e., €g = Pleq for

allq>1. Letp >0 and L > Llogﬁ %J + 1. Then,

N —

~ o
|nk—n;€‘§55 L .

Proof. This is straightforward corollary of Theorem 4. O

Corollary 1 looks very similar to Corollary 4.3 in [2]. However, it is different in that the
iteration number is increased in order to make the error between nj and n;c less than 1/2
instead of p/2. In [2], the remainder A modulo p of each energetic n is known by sorting out
the s largest DF'T components of p-length unshifted sample vector so that p/2 error bound
is enough to guarantee the exact recovery of n. On the other hand, in the high-dimensional
setting of this section, the remainders of all entries of n% are not known. Instead, the
remainder of n% is only known where k is the index of coordinate axis where the frequencies
are projected. Thus, we decrease the error further by enlarging the iteration number L and
are able to recover the exact n% by rounding when the error is less than 1/2.

Remark 1. Similar to Theorem 4.4 in [2], the admissible size of 6 can be estimated as

follows,

. 1—60M/ 1
(5—m1n( 5 ’2ﬁ+2) (3.14)

under the assumption ey < 1;42,5 of Corollary 1 together with the assumption [ < 15626 of
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Theorem 4.

3.3 Algorithm

In this section, the parameters that determine the performance of our algorithm are intro-
duced and the way that they are chosen is shown. Those are affected by the noise level,
o. Furthermore, the pseudocode of the multiscale algorithm and the related explanation are
provided. It is important to know how the frequency entry estimation works in the algorithm
and how the collision detection tests are modified from the tests in Chapter 2 in order to

make them tolerant of noise.

3.3.1 Choice of p

The sample length p affects the total runtime complexity since the discrete Fourier transform
is applied to all sample sets taken to recover the frequency entries. Due to this, we want
to make it as small as possible. At the same time, however, we can see from (3.9) that the
error between the target entry and its approximation becomes smaller if a larger p is taken.
Thus, as discussed in Section 3.2, if p is large enough, then the rounding method instead of
multiscale method can recover the exact frequency by rounding (3.7) to the nearest integer
of the form pv + h with an integer v. In this case, p is large enough to diminish the influence
of o, and therefore if ¢ is large, so is p. Instead, the multiscale method makes it possible to

enlarge p moderately. From Theorem 4, we get

Y
€q+1

|n§€,q+1 —np| < (3.15)
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and (3.13) implies

/ / g
n —n <O (—) . (3.16
’ kot k‘ 2775(1 |Cmin’\/ﬁ )

By putting the right side of (3.16) as Cyx with some constant C, and equating

o
€q [eminlvP

both right sides of (3.15) and (3.16), 3 := €,41/€¢ can be estimated as

_ 2movp. (3.17)

leanU

8 determines the choice of ¢, for each iteration, i.e., ¢, = 3%¢ where ¢ is chosen to be less

than 1/M’. Combining (3.14) and (3.17), the sample length p can be calculated as

<5(6 + 1)Cmin000) 2
p =

™

1

when €) = AT

and $ > 1, which implies § = w% Eventually, the sample length p for the

multiscale method needs to satisfy

_ 2
p > max {C’ls, (5(6 i 1)cmnga) } ) (3.18)

™

where p > (s ensures the sample is long enough so that the 90% of all energetic frequencies

are not collided modulo p on average which comes from the pigeonhole argument in [1].
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3.3.2 Collision Detection Tests

As mentioned in Section 3.1.1, frequencies are recovered only when there are no collisions

from the projection and the modulo p division. These conditions are satisfied if

F (gg’f > (] B

- (gg) - < T, (3.19)

for kK = 1,---, D’ and some small 7 > 0 which are the practical tests of (3.3). In our

noisy setting, Equation (3.6) implies that the left hand side of (3.19) is bounded above by

@ ( g > Thus, we set our threshold 7 as a constant multiple of —Z—~. Moreover, since
CminVP P Cmin VP

we iteratively update the estimates nz q for ¢ = 0,1,---, L, we reject the estimate after L
iterations if the tests fail for more than n(L+1) times for each kth entry with k = 1,2,--- , D’

where 7 is a fraction< 1. Numerical experiments indicate n = zle is a good number.

3.3.3 Number of Iterations

From Corollary 1, L > Llog 8 %J + 1 guarantees we get the approximation error, ‘ﬁk — n?{’ <
% which is required to recover the exact n;c by rounding 7nj to the nearest integer. With our
choice of ¢g = ﬁ and the fact that 0 < 1, L = Llogﬁ M’J + 1 suffices to satisfy the 1/2 error

D
bound. For example, if each n € [—%, %) NzZP is partially unwrapped to some value

. v i\ g e e
n |—%5—, 55— N Z*2 where di and d9 are positive integers satisfying D = dyds, then

dy entries of each energetic frequency are recovered element-wisely after L = O(dqlog M)

iterations.
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3.3.4 Description of Our Pseudocode

In this section, we explain the multiscale high-dimensional sparse Fourier transform whose
pseudocode is provided in Algorithm 4. The set R contains the identified Fourier frequen-
cies and their corresponding coefficients, and it is an empty set initially. Parameter ¢ is
the counting number determining the index k of the coordinate axes where the frequencies
are projected in line 6. Parameters p,7 and L are determined as discussed in the previous
sections. Function @) in line 7 is a function constructed from the previously found Fourier

modes which is used in updating our samples in lines 9 and 17. In line 9, the unshifted

k

p corrupted by random Gaussian noise zy are taken and in line 11, DFT is applied

samples r
to these samples and the transformed vector is sorted in the descending order of magnitude.
Only its s* largest components are taken into account under the s*-sparsity assumption.
In the loop from line 12 through 39, the entries of frequencies corresponding to these s*
components are estimated iteratively. The shift size ¢4 is updated in line 14 and we get the
D' number of length p samples at the points shifted by €q along each axis. Each length p
sample will be used to approximate each entry. Similar to line 11, DFT is applied to each
length-p sample and the transformed vector is sorted again following the index order of the
sorted DFT of unshifted samples in line 19. In line 22, we check whether the D’ tests are
passed at the same time or not. If not, the vote is increased by 1. From lines 24 through
34, the estimate nz for kth entry is updated. Except when ¢ = 0, nﬁc is improved by adding
the correction term shown in line 29 in each iteration. In the last iteration when ¢ = L,
nf{ is rounded to the nearest integer in order to recover the exact entry, as guaranteed by

Corollary 1. Whether this estimate is stored in the set R or not is determined by checking if

the vote after L iterations is less than n(L 4 1). If it is less, this implies that the failure rate
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of the collision detection tests is less than 7. Accordingly, we estimate ¢,/ from the DFT of
unshifted samples and store (n/, ¢,,y) in R. The entire while loop repeats until s energetic
Fourier modes are all found through switching the projection coordinate. Once we find all s

frequency vectors, each n/ € R is transformed to D-dimensional n = v~ (n’).

Theorem 5. Let f*(x) = f(x)+z(x), where f(n) is s-sparse with all frequencies satisfying
neSc[-M/2,M/2)P NZP and not forming any worst case scenario, and z is complex
i.i.d. Gaussian noise of variance 0. Moreover, suppose that s > C(B(B + 1)Cmin0)2 for
some constant C. Algorithm 4, given M, D, s, with M > 5s and access to f*(x) returns a

list of s pairs (n,cp) such that (i) each v € S and (ii) for each n, there is an n € S such

that |cn, — cp| < Co/\/s. The average-case runtime and sampling complexity are

O(sDlogslog M) and O(sDlog M),

respectively, over the class of random signals.

Proof. The difference of Algorithm 4 from Algorithm 3 appears in lines 13 through 39.
Algorithm 4 has the multiscale frequency entry estimation. Thus, the average-case runtime
and sampling complexity of Algorithm 3 is increased by a factor of L which is the number
of the repetition in the multiscale frequency entry estimation. Corollary 1 ensures that the
returned frequency vectors n are correct, and the coefficient ¢z has the desired error bound

from (3.10). O
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3.4 Empirical Evaluation

In this section, we show the empirical evaluation of the multiscale high-dimensional sparse
Fourier algorithm. The empirical evaluation was done for test functions f(x) which consist of
¢n, randomly chosen from a unit circle in C and n randomly chosen from [—M /2, M/2)PnzP .
Sparsity s varied from 1 to 219 = 1024 by factor of 2. The noise term added to each sample
of f came from the Gaussian distribution A (0, 02). Standard deviation o varied from 0.001
to 0.512 by factor of 2. The dimension D was chosen to be 100 and 1000, and M was
chosen as 20. The transformation u was the one for partial unwrapping that was used in
[35], i.e., every 5-dimensional subvector of each frequency vector was unwrapped to a one-
dimensional vector and therefore each 100 and 1000-dimensional function f was unwrapped
to a 20 or 200-dimensional function f o g whose Fourier domain is ([—205/2, 20°/2) N Z) 20
or ([—205/2,205/2) N Z) 200, respectively. Input parameters C; = 2, Cy = 6, n = 1/4 and
f = 2.5 were empirically chosen to balance the runtime and accuracy as in [2]. Initial shift

size €p was set to 5 2105. All experiments are performed in MATLAB.

The three plots in Figure 3.1 show the average over 10 trials of the [; error, the number
of samples, and the runtime in seconds as the noise level o changes. These values are in
logarithm in the plots. Dimension D and sparsity s are fixed with 100 and 256, respectively.
On the other hand, the other three plots in Figure 3.2 show the average over 10 trials of the
l1 error, the number of samples, and the runtime in seconds as the sparsity s changes when
D = 100 and 1000. These values are in logarithm in the plots, either and the noise level is

fixed to 0.512.
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Figure 3.1: (a)Average l1 error vs. noise level ¢ in logarithm. (b)Average samples vs. noise
level in logarithm. (c)Average runtime vs. noise level in logarithm.
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Figure 3.2: (a)Average [ error vs. sparsity s in logarithm. (b)Average samples vs. sparsity
s in logarithm. (c)Average runtime vs. sparsity s in logarithm.
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3.4.1 Accuracy

In Figure 3.1a and Figure 3.2a, the [y errors of Fourier coefficient vectors are given under
various parameter changes. Throughout all trials conducted in these experiments frequencies
were always recovered exactly even for the noise level of 0 = 0.512, which is relatively large
compared to the true coefficients from the unit circle in C. Thus, we can observe the errors
only from coefficients whose size is a constant multiple of \/Lﬁ from (3.10). Due to the charac-
teristic of the multiscale method which uses less samples compared to the rounding method,
[1 errors are relatively large in nature. From Figure 3.1a, {1 error looks increasingly linear

as o increases, which meets our expectation. In Figure 3.2a, the plot does not look exactly

linear, but between logg s = 5 and 6, there is a transition of slope. This is because the sample

B(B+1)cpinCoo

s

2
length p from (3.18) changes from C1s to ( ) during this transition.

3.4.2 Sampling complexity

Sample number along o changes in Figure 3.1b seems irregular at first sight. Looking at
the scale of vertical axis, however, we can see that the difference between maximum and
minimum is less than 0.3. Therefore, sampling complexity is not very affected by noise level.
In Figure 3.2b, the red graph shows the average sample numbers as the sparsity increases
when D = 100 and the blue graph shows the ones when D = 1000. Since our multiscale
algorithm recovers each frequency entry iteratively using log M sets of O(s)-length samples,
the average-case sampling complexity is indeed O(sDlog M). Two graphs in Figure 3.2b
look close to be linear excluding the transition between logg s = 5 and 6, which again is
caused by the change of p from (3.18). Moreover the difference between the values of the

red and blue graphs are close to 3, which implies that the sampling number depends linearly
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on D. The D-dimensional FFT whose sampling complexity is O(M D ) cannot deal with
our high-dimensional problem computationally, whereas our algorithm uses only millions to

billions of samples for reconstruction.

3.4.3 Runtime complexity

Figures 3.1c and 3.2c show the average-case runtime complexity of the algorithm. The time
for evaluating the samples from functions is excluded when measuring the runtime. For the
main algorithm, we demonstrated that it is O(sD log s log M) because for each entry recovery,
DFT with O(slogs) runtime complexity is applied in D log M iterations. In Figures 3.1c,
the runtimes in seconds look irregular but the scale of vertical axis is less than 0.3 so that
we can conclude that similar to sample numbers the runtime is not affected by o very much.
Overall, it took less than a second on average. In Figure 3.2c, the red graph represents the
runtimes as the sparsity changes when D = 100, and the blue graph represents the ones
when D = 1000. Those graphs do not look linear, but considering the average slope we can
see that the runtime is increased by around 28 while s is increased by 219. On the other
hand, the difference between two graphs implies that the runtime complexity is linear in D.
Compared to the FFT with runtime complexity of O(M D log M D ) which is impossible to
be practical in high-dimensional problems, our algorithm is quite effective, taking only a few

seconds.
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Algorithm 4 Multiscale High-dimensional Sparse Fourier Algorithm Pseudo Code

—_ =
— O

— =

,_.
e

— =

e e

N DN
[N

N

S I

DO DO

w oW w
W e

W W W w

N
(O S)

)
@

w
2

w

w

Input:f,u,s,M,D,M/,D’,cr, Cmin700'7017777ﬂ
Output:R
R+ 0,t<0
while |R| < s do

s* «+ s —|R|

p + first prime number > max {Cls*, (BB + 1)Cmin00'0'/7r)2}

CO'O'

~ ‘minVP’
k+ (tmod D) +1

Q@) S perul®

for€—()—>p—1do
510 1 (u(Feg) ) + 20— @ (5ez)

end for _ _

f(r’g> eFFT( k) Jsort ( 5) « SORT (]—' (r’g»

vote <+ 0

for ¢=0— L do

T

L« 1+ [logg M’

o2rin’-x

q
6q(—2€\4,,
for k=1— D' do

for (=0—p—1do

Ek
Tp,eq[ ] + f( ( e~+eqek>) —&—zZ—Q (f; k+eqek)
end for
F <r’; fq> « FFT ( Ik ) Fsort (rk fq> « SORT <]—' (r
end for
for h=0— s*—1do B
if Hfsort(r’g)[h]’/ fsort(r’;;fq)[h]’ - 1‘ > 7 for any k=1,2, -

end if
for k=1— D' do

kok k
bk‘ — %ﬂArg ((]_-SON] ("' eq) [M) / (]:SOIt (7‘5) [h]>)
if ¢ == 0 then

”2; —br/eq
else
= i+ (0= canl) (mod [-1/2.1/2) e
end if
n;{ < round (n%)
end if
end for
if vote <n(L + 1) then

Cpt ]lj]_—sort (r’ﬁ) [h], R+ RU (n c /)
end if
end for

end for
t—t+1

: end while
. inverse-transform each n’ in D’-D to n D-D and restore it in R

)

, D! then vote + vote + 1
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Chapter 4

General Sparse Harmonic

Transforms

4.1 Preliminaries

In this section, we introduce a completely different approach for high dimensional sparse
problems. The approach is a generalized sparse transform for a generic tensor basis. We

present the new method and a class of problems that it is ideally suited for.

4.1.1 The Compressive Sensing Problem for BOPB-Sparse Func-
tions

Toward a more exact problem formulation, let p € N be any natural number and [N] :=
{0,1,2,..., N —1} for all N € N. The set of functions, {7}, : D — C}ke[N] forms a Bounded
Orthonormal System (BOS) with respect to a probability measure o over D C RP with BOS

constant K := maxy, [|T}||cc > 1 if K < 00, and

1 ifk=1

(T, T1) (Do) = /DTk(wm(w)dU(w) = 0, =
0 ifk+£I
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holds for all k,1 € [N]. Now let Bj := {T}; : Dj = C}yc[py) form a BOS with respect to

a probability measure v; on D; C R, with constant K ; for each j € [D]. Then, the BOPB

functions B :={Tp, : D — C}ne[M]D’ defined by

again form a BOS with constant

K = max||Tn||o = II &5
jelD]

with respect to the probability measure v := ®je[p)V;j over D := x jel D]Dj c RP.

Herein we consider BOPB-sparse functions f : D — C of the form

flax) = Y cnTn(=)

neSczC|M|P

(4.1)

where S| = s < |Z| < |B| = N = MP. Following [32, 20, 18] we will take Z to be the

subset of [M ]D containing at most d < D nonzero entries.

Considering the recovery of f using standard compressive sensing methods [36, 37] when

T = [M]P, one can simply independently draw m/| points, gk = {t17""tm’1} C D,

according to v and then sample f at those points to obtain

' =1 (0¥) = (f(tl),f(tg),...,f (tm,l)>Tecm'1-

Our objective becomes the recovery of f using only the samples y®.
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/ D
Let the m’l x MP random sampling matrix ® € C™1>*M™ ave entries given by

Oy = Tn(ty). (4.3)

Y

We can now form the underdetermined linear system

f(t1> Tnl(tl) Tng(tl) TnMD(tl)
f(t2) Tny(t2)  Tny(ta) -+ -+ Tn n(t2)
yE _ _ 1 2 mD c = de,
)]\t Tt o )
D
where ¢ € CM™ contains the basis coefficients ¢y, of f, and the index vectors ny,...,n uD €

(M ]D are ordered, e.g., lexicographically. Note that this linear system is woefully underde-
termined when m’1 < MP. When ¢ has only s < M D nonzero entries as it does here,
however, the compressive sensing literature tells us that ¢ can still be recovered using sig-
nificantly fewer than MY function evaluations as long as the normalized random sampling

matrix ¢ has the Restricted Isometry Property (RIP) of order 2s [37].

Definition 1 (See Definition 6.1 in [37]). The s restricted isometry constant 6 of a matriz

® € C"*N s the smallest 6 > 0 such that
2 _ Iz |12 D
(1= 0)llel < ||@e|, < 1+ 0)el}

holds for all s-sparse vectors ¢ € CV. The matriz ® is said to satisfy the RIP of order s if

ds € (0,1).
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Furthermore, one can show that random sampling matrices have the restricted isometry

property with high probability when ‘QE

is relatively small.

Theorem 6 (See Theorem 12.32 and Remark 12.33 in [37]). Let A € C"™*N be the random

sampling matriz associated to a BOS with constant K > 1. If, for §,p € (0, 1),
m > al?62s - max{log?(4s) log(8N) log(9m), log(p~ 1)},

then with probability at least 1 — p, the restricted isometry constant dg ofg = \/LEA satisfies
0s < 9. The constant a > 0 is universal.

Note that Theorem 6 effectively decouples the number of samples that one must acquire/
compute in order to recover any BOPB-sparse f from the overall BOP basis size |B| = MP.
It guarantees that a random sampling set of size ’gE‘ =m) =0(K?.5-D- log* (KM D))
suffices. The main obstacle to reducing the sampling complexity (i.e., m’l) at this point
becomes the BOS sampling constant K. To see why, consider, e.g., the cosine BOPB where
for all j € [D] in (4.1) we set Tj.,(v) = V2 cos (nz) for n > 1 and Tjo(z) = 1in (4.1).
This leads to a BOS with K = 2P/2 with respect to uniform probability measure v over
D = [0,27]P. Now we can see that we still face the curse of dimensionality since K2 = 2P
even for this fairly straightforward BOPB. Nonetheless, it expresses itself in a dramatically
reduced fashion: 27 is still a vast improvement over MP for even moderately sized M >
2.

As previously mentioned, to further reduce the sampling complexity from scaling like
90(D)

previous work has focussed on developing efficient methods for effectively reducing

the basis size to a smaller subset of the total basis B (see, e.g., [19, 20]). To see how this
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might work in the context of our simple cosine BOPB example above, we can note that the

BOPB elements in (4.1) can be rewritten as

D—-1
Tn(x) = 2lmlo/2 H cos (njx;)
=0

in that case. It now becomes obvious that limiting the basis functions to those with indexes
inZ :={n e [MP | |n|lg < d < D} leads to a reduced BOS constant of K = 2¢/2 < 2D/2
for the resulting reduced basis, as well as to a smaller basis cardinality of size (g ) M =
o ((23h)).

In particular, the utility of the assumption that the s non-negligible basis indexes of
f, & C [M]D , also belong to the reduced index set Z above is supported in some UQ
applications where it is known that, e.g., the solutions of some parametric PDE are not only
approximately sparse in some BOP bases such as the Chebyshev or Legendre product bases,
but also that most of their significant coefficients correspond to index vectors n € NP with
relatively small (weighted) ¢,-norms [19, 20]. In certain simplified situations this essentially
implies that S C Z as discussed above. As a result, we will assume throughout this chapter
that S C Z so that N =|Z] = (§)M? < MP 1

Even when s-K2 < N so that the number of required samples m/1 is small compared to the
reduced basis size |Z| = N, however, all existing standard compressive sensing approaches
for recovering f still need to compute and store potentially fully populated intermediate
coefficient vectors ¢ € CV at some point in the process of recovering f. As a result,

all existing approaches are limited in terms of the reduced basis sizes Z they can consider

1 Additionally, we will occasionally assume that our total grid size |G| below always satisfies |G| < N€ for
some absolute constant ¢ > 1 in order to simplify some of the logarithmic factors appearing in our big-O
notation. This will certainly always be the case for any standardly used (trigonometric) polynomial BOPB
(such as Fourier and Chebyshev product bases) whenever sK DM < N.

68



by both their memory needs and runtime complexities. In this chapter we develop new
methods that are capable of circumventing these memory and runtime restrictions for a
general class of practical BOP bases. As a result, we make it possible to recover a new class
of extremely high-dimensional BOPB-sparse functions which are simply too complicated to

be approximated by other means. We are now prepared to discuss our main results.

4.1.2 Main Results

The proposed sublinear-time algorithm is a greedy pursuit method motivated by CoSaMP[22],
HTP[23], and their sublinear-time predecessors [38, 39]. In particular, it is obtained from
CoSaMP by replacing CoSaMP’s support identification procedure with a new sublinear-time
support identification procedure. See Algorithm 5 in section 4.2 for pseudocode and other
details. Our main result demonstrates the existence of a relatively small grid of points G C D
which allows Algorithm 5 to recover any given BOPB-sparse function f in sublinear-time
from its evaluations on G. We refer the reader to section 4.1.3 for a detailed description of
the grid set G and its use in Algorithm 5. The following theorem is a simplified version of

theorem 7 in section 4.2.

Theorem (Main Result). Suppose that {Tn |neZc []\/[]D} is a BOS where each basis
function Ty, is defined as per (4.1). Let Fs be the subset of all functions f € span {Tn ‘ n e I}
whose coefficient vectors are s-sparse, and let ¢y € CT denote the s-sparse coefficient vec-
tor for each f € Fs. Fiz p € (0,1/3), a precision parameter n > 0, 1 < d < D, and
K = sup |Tnl|loo- Then, one can randomly select a set of i.i.d. Gaussian weights

n s.t.||n|g<d
W C R for use in (4.19), and also randomly construct a compressive sensing grid, G C D,

whose total cardinality |G| is O <S3D£’K4 max {d4 log*(s) log*(D? M), log%%)}) , such that
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the following property holds V' f € Fs with probability greater than 1 —3p: Let y = f(G) con-
sist of samples from f € Fs on G. If Algorithm 5 is granted access to y, G, and WV, then it

will produce an s-sparse approximation a € CZ s.t.
ey —all2 < Cn,

where C' > 0 is an absolute constant. Furthermore, the total runtime complezity of Algorithm
5 1s always
@] < <S5D2£K4 max {d4 log?(s) log* (D% M), logQ(%)} ) x log @) .

Note that Algorithm 5 will run in sublinear-time whenever s° DLK*d* < |Z| (neglecting
logarithmic factors). Here and in the theorem above the parameters £ and £’ depend on
your choice of numerical method for computing the inner product between a sparse function
in the span of each one-dimensional BOS B; = {Tj;m ‘ m € [M ]} More specifically, let
E} represent the number of function evaluations one needs in order to compute all M-inner
products {(g, Tj;ﬁ>}ﬁe[M] in O(L)-time for any given function g : D; — C belonging to the
span of B; that is also s-sparse in B;. We then set L= max;e[p| E;-. For example, if each
BOS B; consists of orthonormal polynomials whose degrees are all bounded above by M then
quadrature rules such as Gaussian quadrature or Chebyshev quadrature give £ = O(M?)
and L' = O(M) [14]. If each B; is either the standard Fourier, sine, cosine, or Chebyschev
basis then the Fast Fourier Transform (FFT) can always be used to give £ = O(M log M)
and £ = O(M) [14].

Moreover, there are several sublinear-time sparse Fourier transforms as well as sparse
harmonic transforms for other bases which could also be used to give other valid £’ and £

combinations [40, 41, 10, 5, 24, 42, 43, 7, 44, 8, 45, 11, 46]. These typically have O(s¢ logcl M)
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runtime and sampling complexities for small positive absolute constants c and ¢. As a result,
one can obtain much stronger results than the main theorem above when s < M and every
one-dimensional BOS B; is either the Fourier, sine, cosine, or Chebyshev basis. The follow-
ing corollary of our main theorem is obtained by using deterministic one-dimensional SF'T
results from [11] and [44] in order to compute all of the nonzero inner products in lines 6 — 13

of Algorithm 6. They lead to £’ and £ values in section 4.2’s theorem 7 of size O(s2 log* M).

Corollary 2. Suppose that {Tn ‘ nerlcC [M]D} is a BOS where each basis function Tp
is defined as per (4.1), and where every one-dimensional BOS B; is either the Fourier, sine,
cosine, or Chebyshev basis. Let Fs be the subset of all functions f € span {Tn ‘ n e I}
whose coefficient vectors are s-sparse, and let cr € CT denote the s-sparse coefficient vector
for each f € Fs. Fiz p € (0,1/3), a precision parameter n > 0, 1 < d < D, and let
K = sup |Tnlloo. Then, one can randomly select a set of i.i.d. Gaussian weights
n stlnlo<d

W C R for use in (4.19), and also randomly construct a compressive sensing grid, G C D,
whose total cardinality |G| is

@) (33D log4(M)K4 max {d4 log4(s) log4(D2M), log%%)}), such that the following property
holds ¥f € Fs with probability greater than 1 — 3p: Let y = f(G) consist of samples from

f € Fs on G. If Algorithm 5 is granted access to y, G, and W, then it will produce an

s-sparse approximation a € CcZ st
ey —alla < Cn,

where C' > 0 is an absolute constant. Furthermore, the total runtime complezity of Algorithm

5 1s always
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(@] ( <85D2 logd (M) K* max {d4 log?(s) log* (D% M), log2(%)} ) x log HC£”2> .

Note that the runtime dependance achieved by the corollary above scales sublinearly with
M, quadratically in D, and at most polynomially in the parameter d < D used to determine
Z. We also remind the reader that the BOS constant K for the Fourier basis is 1. As a result,
the K dependence in the runtime complexity vanishes entirely when the BOPB in question is
the multidimensional Fourier basis.2 Finally, there are also sublinear-time sparse transforms
for one-dimensional Legendre polynomial systems [44], though the theoretical results for
sparse recovery therein require additional support restrictions beyond simple sparsity. Thus,
corollary 2 can also be extended to restricted types of Legendre-sparse functions in order to
achieve sublinear-in-M runtimes. A detailed development of such results is left for future

work, however.

4.1.3 Randomly Constructed Grids with Universal Approxima-
tion Properties

Fix a BOP basis B and sparsity level s. We will call any set G C D a compressive sensing

grid if and only if 3 a set of weights W s.t. V f : D — C that are s-sparse in B
Algorithm 5 with weights W can recover f from its evaluations on G

is true. As mentioned above, our main results demonstrate the existence of relatively small

compressive sensing grids by randomly constructing highly structured sets of points that are

2Though the resulting O (55D2d4polylog(MDs||c||Q/np))—runtime achieved by corollary 2 for the multi-
dimensional Fourier basis is strictly worse than the best existing noise robust and deterministic sublinear-time

results for that basis [11] (except perhaps when s34 <« D3)7 we emphasize that it is achieved with a different
and significantly less specialized grid G herein.
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then shown to be compressive sensing grids with high probability. We emphasize that our
use of probability in this chapter is entirely constrained to (i) the initial choice of the grid G
given a BOP basis B and sparsity level s, and to (i7) the entirely independent and one-time
initial choice of a set of random gaussian weights W for use in (4.19) (i.e., as part of the
initialization phase for Algorithm 5). Algorithm 5 is entirely deterministic once both G and
W have been chosen.

The compressing sensing grids G utilized herein will be the union of three distinct sets
of points in D. The first set of points is the set G¥ ¢ D on which f is evaluated in order
to obtain y® in (4.2). This set of points is used in Algorithm 5 in order to estimate the
basis coefficients for the basis elements identified by Algorithms 6 and 7. The second and
third sets included in G, GI ¢ D and G¥’ C D, are utilized by Algorithm 6 and Algorithm 7,
respectively. They are defined below.

Let U; := {ujp, e ,uj7£9_1} C Dj be the set of E} points at which one can evaluate

any given Bj-sparse function g : D; — C in the span of B; in order to compute all M-inner

products {(g, Tj;ﬁ>}ﬁe[M]

function that is zero when k < j, and one when k > j. For each j € [D] we will then define

in O(L)-time. Also, let I>; : [D — 1] — {0,1} be the indicator
Qj[ C D to be the set of mE}- randomly generated grid points given by

g = (@500, (@501, ()01 w0 (250)45 - (Tj0)p—2) V(0 k) € [m] x [L]],

where each (7;/)x € D, I5.4(x) is an independent realization of a random variable ~

Vit I i(x) for all £ € [D — 1]. We now take G to be the union of these sets so that

I I _
g' = U g; = U {w3’€7k}(e,k)e[m}X[£’-]'
je[D] j€E[D] ’
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/
Finally, similar to (4.2), we will also define f’s evaluations on G! to be yI € C"2 where

_f (g[> — (f <m6’0,0> f <m670’1> yoes f (wlD—l,m—l»ﬁlD_l—l)>T‘

To define G we will again need several different subsets for each j € [D]\ {0}. For
cach fixed (j, £, k) € [D]\ {0} x [m1] x [ma] let w;p € X;c(;11)D; and 2z € ><ZDJ_1~_1D be

chosen independently at random according to ®ielj+1)Vi and @P respectively.? We

-1
1= j-l—lVZ’

then define QJP C D to be the set of m1mg randomly generated grid points given by

G5 = {(wj g, zjx) | (L) € [m1] x [ma]} V¥j € [D]\ {0}.

As above, we now let QP be the union of these sets so that

"= U g
JelDI\{0}

/
and define f’s evaluations on G¥ to be yP € C™3 where

y¥ = f <QP> = (f (w10,210), f (w10,211) .. f ('le,mllale,m21>>T-

As we saw in Section 4.1.2, it turns out that G := gE U gf U QP will be a compressive
sensing grid with high probability even when each component set is chosen to have a relatively
small cardinality. The vast majority of the remainder of this chapter will be dedicated to
proving this fact. We will begin the remainder of Section 4.1 by introducing additional

notation that is used throughout the rest of the chapter, and by interpreting our function

3When j = D — 1 the vector Zj L is interpreted as a null vector satisfying (wj 0% k)= w; g V(L k).
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evaluations on G,

/ / /
y ="y y")" e T (4.4)

as standard compressive sensing measurements. Next, in Section 4.2, Algorithm 5 is discussed
in detail and the main theorem above is proven with the help of a key technical lemma (i.e.,
Lemma 2) that guarantees the accuracy of our proposed support identification method.
Lemma 2 is then proven in Section 4.3. Finally, a numerical evaluation is carried out in
Section 4.4 that demonstrates that Algorithm 5 both behaves as expected, and is robust to

noisy function evaluations.

4.1.4 Notation and Problem Setting

In this section we introduce the notation that will be used in the rest of this chapter as
well as the problem for which we will develop our proposed algorithm. We denote by N the
set of natural numbers, R the set of real numbers, and C the set of complex numbers. Let
[N]:={0,1,2,...,N —1} for N € N.

In this chapter all letters in boldface (other than probability measures such as v) will
always represent vectors. Vectors whose entries are indexed by indez vectors in, e.g., [M ]D
will be assumed to have their entries ordered lexicographically for the purposes of, e.g.,
matrix-vector multiplications. Thus, we say either v € clM P orveCM b when we want
to emphasize that each entry vy of v is corresponding to its index vector m, or when we
perform, e.g., matrix-vector multiplications, respectively. We further define the ¢y pseudo-
norm of a vector v by ||v||g := |{i : v; # 0}| where the index i refers to the i'™ entry of the

vector (in lexicographical order). If v € C is a scalar then we will also use the ¢y-notation
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to correspond to the indicator function defined by

1 ifv#0
[ollo = : (4.5)

0 ifv=0

We will consider functions f : D — C given in a BOS product basis expansion below so

that

fl@):= Y cnTnlx). (4.6)

ne[M|P
We will further assume that f is approximately sparse in this BOS product basis. That
is, we will assume that there exists some index set S C Z for an a priori known index set
7 C [M]P such that S has the property that both (i) |S| = s < |Z| < MP, and that (i)

the set of coefficients C := {cp, ‘ n € §} C C dominates f’s fo9-norm in the sense that

Dol YT el =

nes ne[M]P\s

for a relatively small number € > 0. We emphasize here that absolutely nothing about § is
known to us in advance beyond the fact that it is a subset of Z, and has cardinality at most
s. We must learn the identity of its elements ourselves by sampling f.

Our analysis herein will focus on the case where Z is given by
7:={neMP | |nfo < d}

for some d < D (cf. Section 4.1.1). Note that this includes, for d = D, the special case

where Z = [M]P. We will call the index vectors n € S energetic. Our goal is to recover
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S and the associated coefficients C as rapidly as possible using only evaluations/samples
from f. This will, in turn, necessitate that we sample f at very few locations in D. In this
chapter we will mainly focus on providing theoretical guarantees for the case where ¢ = 0
(i.e., for provably recovering f that are exactly s-sparse in a BOS product basis). Numerical
experiments in Section 4.4 demonstrate that the method also works when € > 0, however.

We leave theoretical guarantees in the case of € > 0 for future consideration.

4.1.5 Definitions Required for Support Identification

As with most compressive sensing and sparse approximation problems we will see that iden-
tifying the function f’s support S is the most difficult part of recovering f. As a result our
proposed iterative algorithm spends the vast majority of its time in every iteration recov-
ering as many energetic n = (ng,ny, -+ ,np_1) € S as it can. Only after doing so does
it then approximate a sparse vector ¢ € clM 1P containing nonzero coefficients ¢, for each
discovered m € §. Here, each n will be referred to as an index vector of an entry in c.
Let supp(v) C [M ]D represent the set of index vectors whose corresponding vy, entries are
nonzero. We introduce the following notation in order to help explain our algorithm in the
subsequent sections of the chapter.

For a given v € C[M]D, j € [D], and n € [M] the vector v;.5; € cMP 7 indexed by
k e [M]P~1 is defined by

if n= (k‘o,...,/{?j_l,ﬁ, kij,...,/{:ng)

U'n,a
(vj;ﬁ) = . (4.7)
0 otherwise
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Note that v;.5 will only ever have at most

d
N e (P L ymin{a-ilg.p-1y o (D =DM (4.8)
d—1nlo — \max{d—1,1}
nonzero entries if v, = 0 for all n € [M]P with |n|jg > d by assumption. Here, as

throughout the remainder of the chapter, we define (2) to be 1 whenever ¢ > p or ¢ < 0

[M1P

Y

(also recall the definition of ||71]|o from (4.5) above).? Similarly, for a given v € C

j € [D], and 7 € [M}P*! the vector Vj7,..) € (C[M]Dijfl indexed by k € [M]P—7-1 ig

]; ,.o.
defined by
vp, ifn=(nk)
(v55.0), = - (49
0 otherwise
The following lemma bounds the total number of nonzero entries that Vj.(f,..) can have

given that vp = 0 whenever ||n|lop > d. Note that for j =0, v;.5 = v ) SO that (4.8)

75 (7,

follows as a special case.

D ~ ; ~
Lemma 1. Let v € CIMI7 | j € (D], and 7 € [MPT with |7y < d. Suppose that vy =0

whenever ||n|lo > d. Then v,z ..y can have at most

| . d
N oo (P 3 =1\ yminfa-|alg.0—i-1) o (D =j=DM (4.10)
7 \d—nllo ~ \max{d—j - 1,1}

nonzero entries.

Proof. Since vy, = 0 whenever ||[n||g > d it must be the case that (Uj.(ﬁ )) = 0 whenever
b ) n

4The min {d —||n]|g, D — 1} in the exponent of the M in (4.8) handles the case when d = D and n = 0.
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n = (n,7) has ||7/||g > d— |||, where 72/ € CP=I~1 As aresult, if D—j—1>d— ||
then there are at most (5—_”%](1)) entry combinations left in m which can be nonzero, each of
which can take on M different values. If, on the other hand, d — ||n|jg > D — j — 1 then all

of the remaining D — j — 1 values of n can each take on M different values. O

Motivated by the definition of v;.5 in (4.7) we further define

Iiz = {neT|nj=n}cC C[M]D,

[M]P

and denote the restriction matrix that projects vectors in C onto each Ij;ﬁ (considered

D-1 D . . .
MZZ2XM™ - That is, we consider each Pj5 matrix

D-1
as a subset of CIMI” ™) by P €{0,1}
to have rows indexed by I € [M]P~1, columns indexed by k € [M]P, and entries defined
by

1 itk = (g, L1, 70, Do)
(Pjaik = . (4.11)

0 otherwise

D
As a result, we have that P;.zv = v, forall v € cM]”,

The fast support identification strategy we will employ in this chapter will effectively boil
down to rapidly approximating the norms of various Cj.7 and Cj.(m,-) vectors for carefully
chosen collections of 77 € [M] and m € [M]/T!. This, in turn, will be done using as few
evaluations of f in (4.6) as possible in order to estimate inner products and norms of other

proxy functions constructed from f. As a simple example, note that ||c||2 can be estimated

by using samples from f in order to approximate || f ||%2 (D) since
WV

||f||%2(p’y) = Z |Cn|2.

ne[M|D
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A bit less trivially, for j € [D] and n € [M] one can also define the function < f, Tj;ﬁ>(p ) :
Jvi

J

D;. — C with domain Dg i= X}, D}, by having <f, Tj;ﬁ>(Dj,uj (w) evaluate to

/D flwo, ..y wj—1,z,wj41, ..., wp_2)Tj.5(2) dvj(z)

J
for all w € Dg-. Let 1/;- = @£V 1t is not too difficult to see that
2 2 2
[T @l vy = 2 lenl = lejal? (4.2
27 n st n;=n

J

in this case. Similarly, for some j € [D] and 7 € [M}J*T! one can define the function

(f,T:.=) from D := x . D;. into C by letting
P (el ®ilj1)%) g -
(f,T:.5) (w) equal to
I (il Pisiefj+1%)
/ . fzwo,..owp_j o) [ Tea, (o) d <®z‘e[j+1}’/z'> (2)
Xielj+1]"i ke[j+1]
for all w € D}'. Let u;»’ ‘= @,V Analogously to the situation above we then have
that
2
(f. Tj7) = lleji) I3 (4.13)

As we shall see below, both (4.12) and (4.13) will be implicitly utilized in order to allow the
estimation of such ch;ﬁH% and [, z....) H% norms, respectively, using just a few nonadaptive

samples from f.
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4.1.6 The Proposed Method as a Sublinear-Time Compressive

Sensing Algorithm

)

Note that ¢, c¢;

i and ¢ .y from (4.6) are all at most s-sparse under the assumption
that € = 0. As mentioned above, this means that recovering f from a few function eval-
uations is essentially equivalent to recovering ¢ using random sampling matrices. Given
this, the method we propose in the next section can also be viewed as a sublinear-time
compressive sensing algorithm which uses a highly structured measurement matrix A con-
sisting of several concatenated random sampling matrices. More explicitly, the measurements

/ / /
(NS C™1T™2T3 ytilized by Algorithm 5 below consist of function evaluations (i.e., recall

(4.4)) which can be represented in the concatenated form

yE dc P
_yP_ _AP c _AP |

for subvectors y® e (lel, yl e (CmIQ, yP e (Cmé (recall Section 4.1.3), and structured
sampling matrices ® € Cm/1XMD, Al e CméXMD, and AL € (CméXMD.

In (4.14) the matrix ® is a standard random sampling matrix with the RIP formed as per
(4.3). It and its associated samples yE = ®c are used to estimate the entries of ¢ indexed by
the index vectors contained in the identified energetic support set 7" in line 13 of Algorithm 5.
The matrices A7 and AT are both used for support identification. In particular, AL and its

1

associated samples yI = A'c are used to try to identify all of the energetic basis functions
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in each input dimension, i.e., the sets

J\/'J{::{ﬁE[M]‘HnGSwithnj:'ﬁ}g[M]

for each j € [D] (see Algorithm 6). The matrix AT and its associated samples y¥ = AP¢
are then used in Algorithm 7 to help build up the estimated support set T C [M ]D from the
previously identified ./\/j/.—sets. See Section 4.2 below for additional details.

The matrix AL above is buils using the matrix Kronecker products Zj ® Lj for j € [D],

~ D—1 !
where A; € C™~ [M] is the random sampling matrix defined in (4.20), and L; € (CEJ <M
is a sampling matrix associated with ¢; C D; from Section 4.1.3 defined as
(Lj)qm =T (ujq), q€ [E;] and n € [M]. (4.15)

The matrix AT, on the other hand, is constructed using Bj ® Cj for all j € [D]\ {0} where

each B; € (lex[M]‘Hl is the random sampling matrix defined below in (4.35), and each
D—j—1

Cj e cm2xIMIZ7 7 the random sampling matrix defined in (4.34). In particular, we have

that
Zo ® Ly B1® Cq

Al = : , and AT = : . (4.16)

| Ap-1®Lp_1 | Bp-1®Cp_1]

From a set of random gaussian weights VW, a marix G € CLxm ig defined as
(G = gf, k € [L] and £ € [m], (4.17)

where géf ’s are the gaussian weights from (4.19).
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Briefly contrasting the proposed approach interpreted as a sublinear-time compressive
sensing method via (4.14) against previously existing sublinear-time algorithms for Com-
pressive Sensing (CS) (see, e.g., [38, 39, 47, 48, 49]), we note that no previous sublinear-time
CS methods exist which utilize measurement matrices solely derived from general BOS ran-
dom sampling matrices. This means that the associated recovery algorithms developed herein
can not directly take advantage of the standard group testing, hashing, and error correcting
code-based techniques which have been regularly employed by such methods, making the
development of fast reconstruction techniques and their subsequent analysis quite challeng-
ing. Nonetheless, we will see that we can still utilize at least some of the core ideas of these

methods by sublinearizing the runtime of one of their well known superlinear-time relatives,

CoSaMP [22].

4.2 The Proposed Method

In this section we introduce and discuss our proposed method. Roughly speaking, our
algorithm can be considered as a greedy pursuit algorithm (see, e.g., [50, 23, 22, 51, 52])
with a faster support identification technique that takes advantage of the structure of BOS
product bases. In particular, we will focus on the CoSaMP algorithm [22] herein. Note that
support identification is the most computationally expensive step of the CoSaMP algorithm.
Otherwise, CoSaMP is already a sublinear-time method for any type of BOS basis one likes.
Our overall strategy, therefore, will be to hijack the CoSaMP algorithm as well as its analysis
by removing its superlinear-time support identification procedure and replacing it with a
new sublinear-time version that still satisfies the same iteration invariant as the original.

See Algorithm 5 for pseudocode of our modified CoSaMP method. Note that most its steps
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Algorithm 5 Sublinearized CoSaMP

1: procedure SublinearRecoveryAlgorithm

2: Input: Sampling matrices P, Al AP (implicitly, via the samples in G that determine
their rows), samples yE = de, yI = Ale, yP = AP¢, a sparsity estimate s, and a set
of i.i.d. Gaussian weights W

3: Output: s-sparse approximation a of ¢

4: a’ =0 {Initial approximation}
5: vl yl ol — 4P

6: t<+ 0

7 repeat

8: {The next line calls Algorithm 6 ...}

9: N; Vj € [D] + Entryldentification(v!, W) {Support identification step # 1}
10: {The next line calls Algorithm 7 ...}
11: Q) + Pairing(v’, N; Vj € [D]) {Support identification step # 2}
12: T + QU supp(a!) {Merge supports}
13: br @TTyE {Local estimation by least-squares}
14: t+—1t+1
15: al « by {Prune to obtain next approximation}
16: vl « yl — Algl, v’ + yP — AP gt {Update current samples}
17: until halting criterion true

18: end procedure

are identical to the original CoSaMP algorithm except for the two “Support identification”
steps, and the “Update current samples” and “halting criterion” lines. Thus, our discussion
will mainly focus on these three parts.

Like CoSaMP, Algorithm 5 is a greedy approximation technique which makes locally
optimal choices during each iteration. In the ¢-th iteration, it starts with an s-sparse ap-
proximation a! of ¢ and then tries to approximate the at most 2s-sparse residual vector

r := ¢ — a'. The two “Support identification” steps begin approximating r by finding a

2
support set 2 C Z of cardinality at most 2s which contains the set {n ’ \rnIQ > #} (i.e.,
a“s
() contains the indices of the entries where most of the energy of = is located). These support
identification steps constitute the main modification made to CoSaMP in this chapter and

are discussed in more detail in sections 4.2.1 and 4.2.2 below. After support identification, in

the “Merge supports” step, a new support set 1" of cardinality at most 3s is then formed from
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the union of Q with the support of the current approximation a’. At this stage 7" should
contain the overwhelming majority of the important (i.e., energetic) index vectors in S. As a
result, restricting the columns of the sampling matrix ® to those in T' (or constructing them
on the fly in a low memory setting) in order to solve for by := argminu€C|T| |Dru — yE|o
should yield accurate estimates for the true coefficients of ¢ indexed by the elements of T
cT.5 The vector by restricting by to its s largest-magnitude elements then becomes the next
approximation of ¢, altl,

As previously mentioned, the main difference between Algorithm 5 and CoSaMP is in
the support identification steps. In the proposed method support identification consists of
two parts: “Entry Identification” and “Pairing”. For each of these steps we use a different
measurement matrix, AL or AL, respectively, as well as a different set of samples (either ol
or v’ ) from the current residual vector. Thus, we need to update a total of three estimates

I P

every iteration: v!, v¥ and a’. In the next two sections we review each of the two newly

proposed support identification steps in more detail.

SIn practice, it suffices to approximate the least-squares solution b7 by an iterative least-squares approach
such as Richardson’s iteration or conjugate gradient [14] since computing the exact least squares solution
can be expensive when s is large. The argument of [22] shows that it is enough to take three iterations for
Richardson’s iteration or conjugate gradient if the initial condition is set to at, and if ® has an RIP constant
09 < 0.025. In fact, both of these methods have similar runtime performance.
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4.2.1 Support Identification Step # 1: Entry Identification

Algorithm 6 Entry identification

1: procedure Entryldentification

[\]

. Input: v’ and a set of i.i.d. Gaussian weights W for use in the hj.j, below (see (4.19))

w

: Output: N for j € [D]

4: for j=0—-D—1do

5: Nj 0

6: forn=0— M —1do

7 {The method works because median(r) ‘(hj;k,Tj;ﬁ(Djo) ~ |[7jzll2- See
8: (4.18) and (4.19) for the definition of hj.j,.. For exactly s-sparse ¢ one can use
9: 7 = 0 below. More generally, one can select the largest s estimates for ./\fj}
10: if medianger) ’(hj;k,Tj;ﬁ)(Dj’,,j) , then

11: N — {n}UN;.

12: end if

13: end for

14: end for

15: end procedure

For each j € [D] the entry identification algorithm (see Algorithm 6) tries to find the j-th
entry of each energetic index vector n corresponding to a nonzero entry 7y, in the 2s-sparse
residual vector r = ¢ — al. Note that for each j this gives rise to at most 2s index entries

in [M].5 We therefore define /\/}t to be the resulting set {n; | n € supp(r)} of size at most

6Note that we are generally assuming herein that 2s < M. In the event that 2s > M one can proceed
in at least two different ways. The first way is to not change anything, and to simply be at peace with
the possibility of, e.g., occasionally returning ./\fj = [M]. This is our default approach. The second way is
regroup the first g € N variables of f together into a new collective “first variable”, the second g variables
together into a new collective “second variable”, etc., for some g satisfying MY > 2s. After such regrouping
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2s for each j € [D]. Note that n € /\/jt if and only if [|r;5ll2 > 0. As a result we can

learn ./\/jt by approximating ||7 ;.52 using H<h’Tj5~>( via (4.12) as long as

2
n DJ’VJ)HLQ(D’.,V’-)
JJ

we know
hm):= Y rpTa(). (4.18)
nesupp(r)
2
Whenever ||(h, Tj;ﬁ>('Dj7Vj) H is larger than a threshold value (e.g., zero) for a par-

L2(D97u;.)
ticular choice of j € [D] and n € [M], we could simply add 7 to NV (our estimate of /\/'Jt) in

this case.
Of course we don’t actually know exactly what h is. However, we do have access to
samples from A in each iteration in the form of vl and v, And, as a result, we are able

to approximate H (h, Tim

n>(Dj7Vj)HL2(D/' " = ||rjzll2 for any j € [D] and n € [M] with the
17

estimator

medlank ‘ <h‘],/€7 Tj,ﬁ) (D]7Vj)

defined using (4.19). In section 4.3.1 we show that this estimator can be used to accurately
approximate ||7;.5|l2 for all 2s-sparse residual vectors r € (C[M]D using only (’)(S CK2dc!
polylog(D, s, M, K )) universal samples from any given r’s associated h-function in (4.18)
(i.e., the samples in vl ).7 Furthermore, the estimator can always be computed in just
O (32 - K2d%L - polylog(D, s, M, K))-time.

At this point it is important to note that managing to find each N}t exactly for all j € [D]
still does not provide enough information to allow us to learn supp(r) when d > 1. In general

the most we learn from this information is that supp(r) C (xje[D]N’j) NZ c [M]P. In

the algorithm can then again effectively be run as is with respect to these new collective variables.

"Recall that £/ represents the maximum number of function evaluations one needs in order to com-

pute <g,Tj.ﬁ) for all n € [M] in O(L)-time for any given j € [D], and s-sparse ¢ : Dj — C in

span {Tj;m | me [M}}
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the next “Pairing” step we address this problem by iteratively pruning the candidates in
Xje[l]N'> Xje[2]N’j s Xje[D]-/vj down at each stage to the best 2s candidates for being
a prefix of some element in supp(r). As we shall see, the pruning in each “Pairing” stage
involves energy estimates that are computed using only the samples from A in vP. These

ideas are discussed in greater detail in the next section.

4.2.2 Support Identification Step # 2: Pairing

Algorithm 7 Pairing

1: procedure Pairing

2 Input: vF = {h(w; . 2;5) | j € [D]\ (0.0 € [mi]. & € [ma]}, A for j € [D]
3: OQutput: P

4 Py MNp

5: for j)=1—-D—-1do

6: {This method works because Ej, 5z )= H"'j;(ﬁ,---)”% below. }

£ Eji(5i...) ¢ Ty Skelmy) |y 2otelmy) HW)6 2j.1) T (W ) i e Pj—1 x Nj.
8: Create P; containing each n whose energy estimate Ej;(ﬁ_._) is in the 2s-largest.
9: end for

10: P <+ Pp_1

11: end procedure

Once all the N; C [M] have been identified for all j € [D] it remains to match them together
in order learn the true length-D index vectors in supp(r) C [M ]D . To achieve this we begin
by attempting to identify all the prefixes of length two, n = (ng,n1) € Ny x N7, which

begin at least one element in the support of . Similar to the ideas utilized above, we
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now note that (7,m’) € supp(r) for some n’ € [M]P~2 if and only if ||7“j;(ﬁ,-~)||% > 0.
As a result, it suffices for us to use the samples from h (recall (4.18)) in v¥ in order to

compute Ej. g )~ HTj;(ﬁ,---)”% in Algorithm 7 above. The 2s-largest estimates Ey. 7.

(7..
are then used to identify all the prefixes of length 2 which begin at least one element of
supp(r). Of course, this same idea can then be used again to find all length-3 prefixes of
elements in supp(r) by extending the previously identified length-2 prefixes in all possible
O(s2) combinations with the elements in Ny, and then testing the resulting length-3 prefixes’
energies in order to identify the 2s most energetic such combinations, etc.. See Algorithm 7

above for pseudocode, Section 4.3.2 for analysis of these Ej;(ﬁ...) estimators, and Section

4.2.2.1 just below for a concrete example of the pairing process.

4.2.2.1 An Example of Entry Identification and Pairing to Find Support

3
Assume that r € CIM]” is three-sparse with a priori unknown energetic index vectors
supp(r) = {(3,5,6), (4,7,8), (11,5,100)} C [M?

and corresponding nonzero coefficients 7(3,5,6)> T(4,7.8) and 7(11,5,100)- We can further imag-
ine that M here is significantly larger than, e.g., 100 so that computing all M3 coefficients
of r using standard numerical methods would be undesirable. In this case, Algorithm 6 aims

to output the sets
Ny =1{3,4,11}, N1 ={5,7}, and Ny = {100, 6,8} C [M],

i.e., the first, second, and third entries of each index vector in the support of r, respectively.

Note that there are 18 = 3 x 2 x 3 possible index vectors which are consistent with the
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Np, N7, and Ny above. Algorithm 7 is now tasked with finding out which of these 18
possibilities are truly elements of supp(r) without having to test them all individually.8

To identify supp(r) without having to test all 18 index vectors in Ny x N7 x No, the
pairing process instead starts by estimating the energy of the [Np|-|Ni| = 6 length-2 prefixes
in Ny x N7 which might begin an index vector in supp(r). In the ideal case these energy
estimates will reveal that only 3 of these 6 possible length-2 prefixes actually have any

energy,

P ={(3,5),(4,7),(11,5)} c [M]>.

In its next stage the pairing process now continues by combining these three length-2 prefixes
in P; with N in order to produce |Pi| x |[Na| = 9 final candidate elements potentially
belonging to supp(r) C [M]3. Estimating the energy of these 9 candidates then finally
reveals the true identities of the index vectors in the support of r.

Note that instead of computing energy estimates for all 18 possible support candidates in
No x N1 x Ny, the pairing process allows us to determine the correct support of r using only
15 =6+ 9 < 18 total energy estimates in this example. Though somewhat underwhelming
in this particular example, the improvement provided by Algorithm 7 becomes much more
significant as the dimension D of the index vectors grows larger. When [supp(r)| = [Nj| = s
for all j € [D], for example, X je[D]N’j will have s total elements. Nonetheless, Algo-
rithm 7 will be able to identify supp(r) using only O (S2D) energy estimates in the ideal

setting.9

81n this simple example we can of course simply estimate the energy for all 18 possible index vectors. The
three true index vectors in the support of r with nonzero energy would then be discovered and all would be
well. However, this naive approach becomes spectacularly inefficient for larger D > 3.

9n less optimal settings one should keep in mind that Algorithm 7 only finds the most energetic entries

2
T
in general, so that P D {n | \Tn|2 > |2”2} for a given e > 1. This is why we need to apply it iteratively.
a‘s
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4.2.3 A Theoretical Guarantee for Support Identification

The following lemma and theorem show that our support identification procedure (i.e., Al-
gorithm 6, followed by Algorithm 7) always identifies the indexes of the majority of the
energetic entries in . Consequently, the energy of the residual is guaranteed to decrease
from iteration to iteration of Algorithm 5. We want to remind readers that r is always

2s-sparse since ¢ and each a!~!

are s-sparse in the present analysis (i.e., € = 0).

Lemma 2. Suppose that {Tn ‘ neclcC [M]D} is a BOS where each basis function Ty, is
defined as per (4.1). Let Hog be the set of all functions, h : D — C, in span {Tn ‘ n e I}
whose coefficient vectors are 2s-sparse, and let T, € CT denote the 2s-sparse coefficient vector
for each h € Hos. Fizpe (0,1/2),1<d< D, N = (g)Md, and K = sup 1T | co-

n s.t.||n|g<d

Then, one can randomly select a set of i.i.d. Gaussian weights W C R for use in (4.19), and
also randomly construct entry identification and pairing grids, GlcDand G cD (recall

Section 4.1.3), whose total cardinality ‘gI’ + ‘QP 18

O (sD£'K2 max{log?(s) log?(DN), log(2)}+s* DK * max {log4(s) log?(N) log?(DN), log?(2) }) ,

such that the following property holds Yh € Hog with probability greater than 1 — 2p: Let
'U{L € le? and vﬁ € Cmg be samples from h € Hag on G and G¥, respectively. If Algorithms
6 and 7 are granted access to U}IL, vﬁ, G, GT, and W then they will find a set Q C [M}D of

cardinality 2s in line 11 of Algorithm 5 such that
[(rp)aclle < 0.202[|rp|2.

Furthermore, the total runtime complezity of Algorithms 6 and 7 is always

O <52DEK2 max{log?(s)log?(DN), log(%)}+s5D2K4 max {log4(s) log?(N)log?(DN), logQ(%) }) .
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In Lemma 2 above £ denotes the maximum number of points in D; required in order to

determine the value of <g,Tj;ﬁ>(Dj7Vj) for all n € [M] in O(L)-time for any given s-sparse
g : Dj — C in span {T}.,, | m € [M]}, maximized over all j € [D]. See Section 4.1.2 for
a more in depth discussion of these quantities. The reader is also referred back to Section
4.1.3 for a discussion of the entry identification and pairing grids, G/ and G, mentioned
in Lemma 2. The proof of Lemma 2, which is quite long and technical, is given in Section
4.3.3. Once Lemma 2 has been established, however, it is fairly straightforward to prove that

Algorithm 5 will always rapidly recover any function of D-variables which exhibits sparsity

in a tensor product basis by building on the results in [22]. We have the following theorem.

Theorem 7. Suppose that {Tn { nelcC [M]D} 1s a BOS where each basis function Ty
is defined as per (4.1). Let Fs be the subset of all functions f € span {Tn | n e I} whose
coefficient vectors are s-sparse, and let ¢y € CZ denote the s-sparse coefficient vector for
each f € Fs. Fizp € (0,1/3),1 <d <D, N = (g)Md, K = sup | Thl|co, and a
n s.tnlg<d

precision parameter n > 0. Then, one can randomly select a set of i.i.d. Gaussian weights
W C R for use in (4.19), and also randomly construct a compressive sensing grid, G C D,
whose total cardinality |G| is

O (sDﬁ’K2 max{log?(s)log?(DN), log(%)} + s3DK* max {log4(s) log?(N)log?(DN), logQ(%)}) ,
such that the following property holds ¥ f € Fs with probability greater than 1 — 3p: Let y

consist of samples from f € Fs on G. If Algorithm 5 is granted access to y, G, and W, then

it will produce an s-sparse approrimation a such that

ey —all2 < Cn.
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Here C > 0 is an absolute constant. Furthermore, the total runtime complezity of Algorithm
5 is always
O ( <32D2£K2 max{log?(s)log?(DN), log(%)}+s5D2K4 max { log*(s) log?(N) log*(DN), log2(%) })
x log @) when |G| is bounded as above.

As above, we refer the reader back to Section 4.1.2 for a discussion of the quantities
L' and £ appearing in Theorem 7, as well as to Section 4.1.3 for more information on the

compressive sensing grid G C D mentioned therein.

Proof. In order to analyze the support identification step, we replace Lemma 4.2 in [22] by

Lemma 2, and then we obtain
ley —a™ s < 0.5]cp — a'|

for each iteration ¢ > 0, which is the same as in Theorem 2.1 in [22] provided that f is exactly
s-sparse and samples are not noisy. Except for the support identification step(s), Algorithm

5 agrees with CoSaMP, so that Lemmas 4.3 — 4.5 in [22] still directly apply to Algorithm 5.

C
After O (log ” %”2) iterations, we see that the s-sparse approximation a therefore satisfies
ey —all2 < Cn.

Since the runtime complexity of the support identification steps and the sample update
process in each iteration, the total running time arises from multiplying it with the number
of iterations. The number of sample points, m’l, m, m1 and moy used to define the matrices
D, /Tj, B; and C discussed in Section 4.1.6 are all chosen to ensure that these resulting

measurement matrices have the RIP. Thus, the samples of f in y can be reused over as many
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iterations as needed. Updating the samples for the entry identification or pairing causes an
extra O(sDmb) and O(sDmf) computations respectively which causes a D? factor instead
of D in the first term of runtime complexity. The probability of successful recovery for all
f € Fs is obtained by taking the union bound over the failure probability p of ® having

095 < 0.025 via Theorem 6 together with the failure probability 2p of Lemma 2. m

We are now prepared to begin the process of proving Lemma 2.

4.3 Analysis of the Support Identification

In this section, we analyze the performance of the sublinear-time support identification tech-
nique proposed herein. First, we show in Section 4.3.1 the success of the entry identification
step. Indeed, Theorems 8 and 9 show under the RIP assumption that certain one-dimensional
proxy functions allow us to identify the entry with large corresponding coefficients. Lemma
6 then estimates the necessary sample complexity. In Section 4.3.2, we analyze the pairing
step showing that it works uniformly for any 2s-sparse functions in Theorem 10. Finally, in
Section 4.3.3, we complete the proof of the Lemma 2 providing the complete result for the

proposed support identification method.

4.3.1 Entry Identification

In this section, we seek to find N containing the j-th entries of the index vectors of the
nonzero transform coefficients for all j € [D]. Define [D] := [D]\ {j}.

Assume without loss of generality that the number L € N of proxy functions is odd.
Choose X := {@; s}¢c|,,) where each x;, is chosen independently at random from D;.

according to dug. Also, choose {g]f, e 7951}k€[L] where each géf is an i.i.d. standard Gaus-
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sian variable ~ N(0,1), which forms W introduced in Section 4.1.3. We define a function

hj.x : Dj = C of one variable in D; as follows,

1 1
hig(z) = N Z gfh([%wj,e]) = Z af Z ?”nTj;nj(UU) H Tin, (%5,0)i
Le[m) /elm]  mesupp(r) ic[D)
(4.19)

and [z, ¢] is the vector obtained by inserting the variable z between the entries of x;,

indexed by [j] and {j,7+1---,D — 2}, ie,

[z, 0] == ((2j.0)0, (201, (€0 -1, €, (@j0), - (xj0)p_2) -

For the sake of simplicity, we let Tp (&) := HiE[D]/TZ‘;ﬁZ. (#;) with n e [M]P~1 and & €
/
Dj-

We choose m large enough above to form the normalized random sampling matrix Zj €

cnx M g, each j € [D], defined as

(Zj)m - J—%Tﬁ(xj’g), e m], ne [MPL (4.20)

so that each one has a restricted isometry constant dogs of at most § with high probability
in its restricted form. Here, the restricted form is introduced by eliminating the columns of
the full Ej indexed by vectors n ¢ Zj.5- To explain further, we denote ngj;ﬁr = Avj'rj;ﬁ
where P;.5 is a restriction matrix defined in (4.11). This comes from the inner product in
line 10 of Algorithm 6 which is calculated by using the evaluations of h; ;. at U; defined in
Section 4.1.3. Then, the inner product can be written as <GEij;ﬁr>k where G is defined

as in (4.17). In other words, the evaluations of h at [u; ;,x; (] from QJI in Section 4.1.3 are
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utilized to compute the inner product. Then, the matrix-vector multiplication erj;’ﬁ can
be considered in its restricted form by eliminating the columns of Zj and elements of g
which are zero due to their corresponding index vectors not belonging to Z; 5. The resulting
restricted matrix Avj has the size m x N’ where N’ is bounded above in (4.8) so that /Tj has
the restricted isometry constant d9s mentioned. The advantage of forming RIP matrices in
this fashion is that it allows us to analyze the different iterations of Algorithm 5 repeatedly
with the same RIP matrices. For a discussion about the number of measurements needed to
ensure that ](j satisfies the RIP, see the following lemma (which is a simple consequence of
Theorem 6).

Lemma 3. Let Zj € meN’ be the random sampling matriz as in (4.20) in its restricted

form. If, for §,p € (0,1),

D—-1)DM D
m > akK?6~%s max {dlog2(4s) log(9m) log (86( . ) ) ,log (—> } ,
p

then with probability at least 1 — p, the restricted isometry constant dg of jj satisfies 63 < O
for all j € [D]. The constant a > 0 is universal.

As we will show, more than half of the proxy functions, {hj; L} kelL] are guaranteed with
high probability to have [|h;.|| Ly(Djv}) bounded above by ||7]|2 up to some constant, and
also |(hj.p, Tj;ﬁ>(Djo) bounded above and below by ||r;.5[|2 up to some constants for all
n € [M] and j € [D].

To show this we consider the indicator variable Ej, ;7 ;. which is 1 if and only if all three
of

1. th?k”i%D- v < d/||7||3 for the absolute constant o/ defined in Lemma 4,

23
2 sl = |y L), 0| 2 2T lz. and
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3. the vector of Gaussian weights gF € R™ satisfying %m < ||gk||% < %m,
are simultaneously true, and 0 otherwise.

The proof will proceed as follows. Lemmas 4 and 5 together with the bound on ||g¥||2
through Bernstein’s inequality imply that the probability of each Ej, ;7 1. being 1 is greater
than 0.5. Combining this with Chernoff bound, the deviation of Zke[L] By ;7.5 below
its expectation shows exponential decay in its distribution. Then, with sufficiently many
proxy functions, i.e., sufficiently large L, the probability that Zke[L] Ep ik < L/2 for all
(h,j,n) € H x [D] x [M] becomes very small, which is shown in Theorem 8. The number
L logarithmically depends on DM|H|. In order to get the desired properties for all 2s-
sparse functions satisfying our support assumption, the finite function set H is taken as
HE with corresponding coefficient vector set R¢ which is an e-cover over all normalized 2s-
sparse vectors in CV in Theorem 9. Thus, with high probability, the desired properties hold
uniformly, i.e., for all functions of interest, and for Vj € [D] and n € [M].

The following lemma bounds the energy of the proxy functions.

Lemma 4. Suppose that r € CcV s 2s-sparse, and the restricted isometry constant dog of
;Ij satisfies 695 < & for all j € [D] where 6 € (0,7/16). Then, for each k € [L], there exists

an absolute constant o/ € RY such that
2 2
P e, ) = oIl <025 (4.21)

for all j € [D].

Proof. Consider the random sampling point set X; = {@; ¢ | £ € [m]} to be fixed for the

moment. We begin by noting that
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higll? ——/ hoir (@) Pdv; (z
I j’kl|L2(Dj’Vj) Dj| ],k( )| ]( )
2

1
:/Dj v Z gkn([z,2;])| dvj(x)

Zgggg,/ ([, Dl ) dvj ()

éé’
Z aigy Y. ety | Tin(zi0i ] Lt (2,00)i0
€ ¢/ e[m] n,n’ esupp(r) ie[D] i'e[D] !

(4.22)

y /D T ()T ) vy 0

=% z ko | > 3 varg T1 Tintoss T1 T Gl
elm i'e[D]

ne[M] nn' St ZG[D]/

B

M,

/Z gégg’( Vi Jn) (A]r] n)gla (4.23)
t'e[m]

~ / /
where A; € C™*N" is the restricted random sampling matrix from (4.20) and Tim € cN

is the restricted vector from (4.7). Thus, we can see that

||hj;k||iz(pj7yj) _ N%ﬂmjrmjggf _ H(gk)*ijHz _ “(gjg)*gk“z
n

!/ ~
where R € CNV' XM s the matrix whose nth

E 5 |17l = ||A;R||3.
o Wil | = 1AiRIR

Now observe that (/L-R)jﬁ gk ~ N(0,US2U*), where USV* is the SVD of (AVJ-R)* and

column is 7;5. This yields results that
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2 ¢ Rmin{Mmpxmin{M,m} i the diagonal matrix containing at most min{M,m} nonzero

singular values, o1 2 09 > -+ = opin(ar,m) = 0, of ;IJR. Let g& := “V*gk ~ N(0,%2)

and note that ||U§k|\% = ||§k|]% As a consequence, one can see that
min{M,m}
2 ~k 2 2
O e (- EY 3 I S Sy

(=1

holds for all ¢ € R, where each X, is an i.i.d y2 random variable. Applying the Bernstein

type inequality given in Proposition 5.16 in [53] we deduce that

. t2 t
>t| <2exp | —a min T T
lofly o5
, t2 t
< 2exp | —a'min § —=——r = (4.24)
1A BRI 1A R]%

where a’ € R™ is an absolute constant, and & is the vector containing the diagonal elements

o | [P

of ¥. An application of (4.24) with ¢ = max {log 80/d’, \/log 80/a’} ||ij||% finally tells us

log 80 log 80 ~
2 g g 2
||hj;kuL2(DM)z<1+max{ eR }) I14;RI

will hold with probability at most 1/40.

that

Turning our attention to ||ZJR||12; = Zﬁe[M] ||gj'rj;ﬁ||%, we assert that

~ ~ 1 1

2 2 2 2

|4 R|lF = §|Mﬂmhz§ §H%ﬁb=yMb
ne[M] ne[M]

holds since the restricted isometry constant dog of jj is assumed to be bounded above by

1%. Therefore, we finally get the desired probability estimate with o' := %(1 + max {loiﬁ,
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The following lemma bounds the estimated inner products.
Lemma 5. Suppose that r € CN is 2s-sparse, and the restricted isometry constant dyg of
;fj satisfies dog < 0 for all j € [D] where § € (0,7/16). Let k € [L], j € [D], and n € [M].
Then, there exists an absolute constant ' € RT such that

V23

9
P 3 Irjiallz or [k T (o )| 2 7l7jiall2 | < 0.273. (4.25)

‘<hj;/€> TjJﬁ>(Dijj) =

Proof. Consider the random sampling point set X; to be fixed for the time being. Recalling

the definitions of hj.;, and of r;.5, one can see that

<hj;k7Tj;n>(DJ yj) \/— Z gﬁ Z n H TznZ jﬁ 1= Z (A]rj n)g (4'26>

TTLlStn ie[D] Le[m)]
J

Looking at (4.26) one can see that <hj;k,Tj;ﬁ>(Dj7yj) ~ N(0, ngrjﬁH%) and hence,

A7l

P )<hj;k>Tj;ﬁ>(Dj,yj) < — 3 o [k T (D ) Z3||Aj7“j;ﬁ||2] < 0.273 (4.27)

holds. Combining (4.27) and the assumption on dog, which yields - 5175 n||2 < ||Ajrj n||

U

Hrj 5|13, establishes the desired result.

Theorem 8. Let H be a finite set of functions h whose BOS coefficient vectors are 2s-sparse,
and let rp, € CN denote the coefficient vector for each h € H. Suppose that the restricted

isometry constant 09 of;{j satisfies 695 < & for all j € [D] where § € (0,7/16). Furthermore,
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let p € (0,1), L € N be odd, and L > Flog(DM|H|/p) hold for a sufficiently large absolute
constant ¥ € R, Then, > oke(r] Engig > L/2 simultaneously for all (h, j,n) € H x [D] X
[M] with probability at least 1 — p. That is, with probability at least 1 — p, the following will
hold simultaneously for each (h,j,n) € H x [D] x [M]: All three of

1. th;kH%Q(Dj,zw) < d||ryll3 for the absolute constant o defined in Lemma 4,

2 rn)sallz > (g i) 0,0y | = B2 n)jlla. and

3. the vector of Gaussian weights g% € R™ satisfying %m < ||gk||% < %m,

will be simultaneously true for more than half of the k € [L].

Proof. Let h € H, k € [L], and n € [M]. The probabilities that the first and second
properties fail are given in (4.21) and (4.25), respectively. For the third property, applying

the Bernstein type inequality given in Proposition 5.16 in [53], one obtains

m /

P|lg*13 —m| = Z] <207

/
> m < 0.03, (4.28)

where a” € RT is an absolute constant.
Combining (4.21), (4.25), (4.28) via a union bound now tell us that P [Eh’j’ﬁ’k = 0] <

328/1000. Utilizing the Chernoff bound (see, e.g., [54, 55]) one now sees that

_ N —L/7 p
P> Bpjar<L/2|=P| Y (1—-Ep 5, >L/2| <e < DA
kelL] ke[L)

for an absolute constant 47 € R™, where the last inequality follows by choosing 7 = 7 in the
assumption. Applying the union bound over all choices of (h,j,n) € H x [D] x [M] now

establishes the desired result. O

Theorem 9. Let Hog be the set of all functions h whose coefficient vectors are 2s-sparse,
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and let rp, € CN denote the coefficient vector for each h € Hag. Suppose that the restricted
isometry constant d9s of ﬁj satisfies 695 < & for all j € [D] where 6 € (0,7/16). Fur-
thermore, let p € (0,1), L € N be odd, and assume that L > ~'s - d - log (ﬁ) for
sufficiently large absolute constant v' € RY. Then, with probability greater than 1 — p, one
has 3 reir) Engag > L/2 simultaneously for all (h,j,n) € H x [D] x [M]. Consequently,
with probability greater than 1—p, it will hold that for all choices of (h,j,n) € Has X [D]x [M]
both

1. th;k|\i2(pj’yj) < (o' +1)||rp,|13 for the absolute constant o/ defined in Lemma 4, and

2. 3ll(r) jall2 > jotes Ty (D )| 2 3l
are true simultaneously for more than half of the k € [L].
Proof. Define R¢ ¢ CV as a finite e-cover of all 2s-sparse coefficient vectors r € CV with
|r||2 = 1, together with 0, where N = (g) M® and e € (0,1). Such covers exist of cardinality
R < (%)25 <1 + %)23 (see, e.g., Appendix C of [37]). Define H¢ as the set of functions
corresponding to the 2s-sparse coefficient vectors in R€. Assume that for H = H® and all
choices of (h,j,n) € H x [D] x [M], Properties 1 — 3 of Theorem 8 will hold for more than
half of the k£ € [L]. By the theorem, this event will happen with probability at least 1 — p.
We will now prove that under this assumption both Properties 1 and 2 above will hold as
desired.

Let n € [M], j € [D], consider h € Hag with coeflicient vector r = rj,, and let 7 := H’I"H%
Then, there exists an ' € H with coefficient vector ' € R such that both |7/ = 1 and

Hr — 7‘1“’H2 < et hold. Finally, let k € [L] be one of the values for which Properties 1 — 3 of

Theorem 8 are simultaneously true for (b, j, 7). We will begin by establishing Property 1
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above for h, j and k. Using (4.19) we have that

1 k
1725z }LQ(Dj,yj) ~|vm )N/ rnTjin () LI Timi(0)i
¢elm]  mesupp(r) ic[D] 2
L <D]’Vj)
<r Hh’-. H (4.29
Ik L2(D;v;) )
1 k
+ \/_E Z 9y Z (Tn—TT;l) Tj;nj(x) H Ti;ni<xj,£)i
telm]  mesupp(r) i€[D] L2(D;v;)
70
/ / . /
<Vl + H(h h )j;kHLQ(Dj,vj)
— ! _
— Vol + H(h Th)j;kHLQ(Dj’Vj), (4.30)
where the last inequality follows from the first property of Theorem 8 holding for A'.
2
Repeating the expansion from the proof of Lemma 4 for (h — Th,)j;k ‘L2(Dj71/j)’ one

obtains

7R el
< 3 4 -l 4],
ne[M)

2
2

9
< Nk Z H(r — T’l‘/)j;ﬁ

ne[M]

where the last inequality follows from the third property of Theorem 8, and gj having

0og < 1_76 Continuing, we can see that

H (h — Th/)ﬁkHiQ('Dj,Vj)
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Combining this expression with (4.30) we now learn that
7.k <T \/J+§e\/ﬁ = ||| \/J-F%e\/ﬁ
FRIL2(Djv5) = 2 -z 2 '

—1
Making sure to use, e.g., an € < (6\/ o/m) ensures property one.
Turning our attention to establishing Property 2 above for h, n, and k, we now choose

an b’ € H® whose coefficient vector v’ € R has ||7’[|o = 1, and also satisfies

, < er’ (4.31)

for 7/ = |77 l2. Note that all nonzero entries of 'r;.,ﬁ agree with those of 7/, the latter
vector only has certain additional nonzero entries in locations where r;.,ﬁ and also 7.5

vanish. Consequently, replacing r’ by 'r;.,ﬁ makes the left hand side of (4.31) smaller, and

one obtains that
/
. j;ﬁ.HQ <er (4.32)

From (4.19) one can see that

<hj;kaTj;ﬁ>(Dj,1/j)) 2 )<7/h;chj;ﬁ>(D"V')‘ B |<(hj;k — ) ’Tj;ﬁ>(Djo)

23 ~
> X2~ | Y of (Aj (r _T’r’)j;ﬁ)g .

Le[m)

where the last inequality follows from the second property of Theorem 8 holding for A’

Continuing using (4.32) we have that

VB i
(i Ty ;.| 2 o (Irjaalla = 17" = 1) lla) — ' (4 (r =77 j9") \

104



23 x 11 k
> T”rj;ﬁ’b - TET — ‘ <Aj (’l“ —T7r )j;ﬁ’g > ’

\/ V23

= “ ryall2 = e _HA r—7r) ) Hg H2
v ?2 \/2

27“%‘;%”2 ETR ——\/_H r—1'r") §i7i

1 V23 V23¢9
= slrjalle | — ev/m | .

On the other hand,

<(hj;k T/hj k) ’Tj;ﬁ>(p. V)

<h‘j,]{i7Tj,ﬁ>(D],UJ>’ = ’(T h] kot n> D]’Vj)’ + i

< T H'r‘jn|\2+ g;]gg ( (r—rr)];ﬁ>£ .
€

As above, we obtain using (4.32) that

9 ~
a%b@ﬁm%%ﬁsZ(wmmz+MH#—rgﬁm)+KAmr—#wbﬁg@]

9 9

< Sl + Jer'+ | (A (r = 707) .0%),|
9 9

SZH jn||2+467' —i—HA ’I"—T’I" ”ng
9 9

§Z||jn”2+4€7—+ \/_HT_TT ]”HQ
9

2
||r~ |2 (1+e+§e\/ﬁ) :

—1
Once again, making sure to use, e.g., an € < <6\/ of m) will now ensure property two for

h as well. []

Lemma 6. Let Hos be the set of all functions h whose coefficient vectors are 2s-sparse,

and let ry, € CN denote the coefficient vector for each h € Hag. Furthermore, let § €
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(0,7/16), p € (0,1), L € N be odd, and assume that m > § K25~2s max {dlog?(4s)log(9m)
log (w),bg (%)} and L > ~'s - d -log (%) for sufficiently large ab-
~ sd (p/2)1/*
solute constants B',~' € RT. Then, with probability greater than 1 — p, all of the following
will hold for all (h,j,n) € Hag X [D] x [M]: Both
1. ”hj;k||%2(pjv’/j) < ( + 1)Hrh||% for the absolute constant o defined in Lemma 4, and
2. 5l trn)jalle > joter Ty (D )| 2 3ll(ra) jll2
will be simultaneously true for more than half of the k € [L].
Proof. Let A be the event that for all (h, j,n) € Hog x [D] x [M], the properties 1 and 2 in
Theorem 9 simultaneously hold for more than half of the & € [L], and let B be the event
that the restricted isometry constant d9g of gj satisfies dog < § for all j € [D]. By Theorem
9 and Lemma 3 with properly chosen parameters including L and m, both P [A } B] and
P[B] are greater than 1 — p/2. We obtain, by Bayes’ theorem,

1-p< (1—§> (1—%) <P[A| B]P[B] =PAn B] < P[A],

which establishes the desired result. O

The results from Lemma 6 can be exploited in our algorithm as follows. In the entry
identification, by taking the median over k € [L] of ‘(hj;k,Tj;ﬁ>(Dj7yj)), we get a nonzero

value if is zero, especially due to the

’(Th)j;’ﬁH2 is nonzero and a zero value if ‘(""h)j;h’ 5
second property in Lemma 6 being satisfied for more the half of k € [L]. Thus, we store all
those 7 with nonzero median value in ;. On the other hand, the summation over n € [M]
)‘ can be also used for the halting criterion in our algorithm.

of mediank ‘(hj;kv Tj;ﬁ>('Dj,Vj

Although O(||c||2/n) iterations guarantee the desired precision, it is not necessary to repeat
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the iteration if the residual r already has small energy. For any j € [D], if

2 1 9

S_T/a

‘mediank|<hj;k,Tj;ﬁ>(pj’yj)| 9

ne[M|

then ||r|l2 < n by using the lower bound in the Property 2 of Lemma 6.

4.3.2 Pairing

In the entry identification, we can find at most 2s entries belonging to Nj := {n; | n €
supp(r)} C [M] for each j € [D]. However, we do not know how to combine the entries of
each /\/j to identify the elements of supp(r). In order to do this, in the pairing process briefly
introduced in Section 4.2.2, we successively build up the prefix set P; of the energetic pairs
for all j € [D]\ {0} such that P; D {’n € Pj_1 x Nj | 1754 ||2 > I ”2} with the ini-
tialization of Py = Ny. The prefix set Pj contains only 2s pairs throwing out the other pairs
with smaller energy for each j € [D]\ {0} so that Pp_1 D {ﬁ € supp(r) | Irs|? > %}

a“=s
|

From (4.13), the energy Hrj5(ﬁ"") ) corresponding to each n € [M]jH has the following

equality,

(h,T;

Jin

(4.33)

)2 . .
L (Xz‘e[ﬁl]pz@ie[ﬁl]”@) LQ(D’.’ ,,//)
J7

The energy is estimated by using the following estimator E;. (72, ) defined as

which approximates the right hand side of (4.33) by using only a finite evaluations of h. Those

sampling point sets W; x Z; for all j € [D]\{0} are constructed from W; := {wj,é}ée[ml] and
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Zj = {Zj,k}ke[mQ] where w; p and 2 . are chosen independently at random from Xielj+1)Di
and D;.’ for j € [D — 1]\ {0}, respectively. If j = D —1, Wp_1 := {wp_1 ¢} scn,) Is chosen
from x;e;pD; and Zp_1 = (). Note that W; x Z; = QJP from Section 4.1.3. Furthermore,
the sets W; x Z; for all j € [D] \ {0} build a random sampling matrix AP in (4.16) which
explicitly expresses the samples(evaluations) of the 2s-sparse h used in the (4.34) as APy,
The matrix A" is broken into smaller matrices Bj and Cj for j € [D]\ {0} defined and
explained in the next paragraph for the complete analysis of the pairing process in the
upcoming lemmas and theorems in this section.

D—j—1

For all j € [D—1]\{0}, the measurement matrix C; € C"'2* [M] is defined as

Thy(zjk), k€ lmal, g e [M]PI7T, (4.34)

where T,’{2(y) is a partial product of the last D — j — 1 terms of Ty (x) defined in (4.1),
ie.,

T’r/l/Q (y) = H n+j+1;ni+j+1 (yl>7 Y < ’D;/
ie[D—j—1]

The matrix Cj can be restricted to the matrix of size mgo X Nj when C; is applied to Vi (7, )
where N. ; estimated in (4.10) is the cardinality of the superset of any possible supp(v j;,ﬁ) with
fixed j,m, D and d so that it satisfies RIP with sufficiently large mo. When the j = D — 1,
the matrix C} is defined to be 1 since Zp_; = . For all j € [D]\ {0}, on the other hand,

. +1 .
the matrices Bj c cmixIM & is defined as

(Bi)omy = \/T—IT’;L1<wj,£)7 0 € [my], ng € [MPT (4.35)
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where T7/11 (z) is a partial product of the first j + 1 terms of Ty () in (4.1), i.e.,

Th(z) = [ Tin;(z0), 2 € Xiej1)Dic
i€[j+1]
The matrix Bj can be restricted to the matrix of size mp X Nj where Nj = (jgl) M it
J+1>d or M @ otherwise. The number Nj is the cardinality of the set of any possible
prefix n € [M ]j +1 with fixed j,n and d. The sampling numbers m and msg are chosen for
all Bj and C; with any j € [D] \ {0} to satisfy RIP with the restricted isometry constants

5234_1 <6 and 5&8 < ¢, respectively. We again mention that Cp_; = 1.

Lemma 7. Let Hog be the set of all functions h whose coefficient vectors are 2s-sparse and
let 7, € CV denote the coefficient vector for each h € Hag. Let j € [D]\ {0}, and § and
8" be chosen from (0,1). Assume that Bj and Cj satisfy RIP with 528+1 < and b <0,

respectively. Then, denoting r := rj, for simplicity,

(1= 83,) (max{0, [y ||, ~ Bosstlirla})” < By
< (1 + 8hy) (Hrj5(ﬁ"")H2 + 5234—1”7"”2)2
(4.36)
for any n € [M]j+l-

Proof. As j € [D]\ {0} is fixed, for simplicity, we use notation wy and 2z, for sampling points
instead of w; ¢ and 2, j, constructing the sampling matrices B; and Cj as in (4.35) and (4.34),

respectively. Fix 72 € [M}PTL. Letting n = (nq,ny), ny € [MJPt! and ny € [M]P~971, we

109



can rewrite the energy estimate Ej;(ﬁ’,,,) as follows,

2
1 1
iy == D | D h(wg zp)Tjz(w)
? kelmo] | tefmy]
2
1 1 -
:m—2 Z m—l Z Z TnTn(weazk)T a(wy)
kemo] telmq]) n=(n1,n9)esupp(r)
2
1 1
= Yoo DL D raTn (w) s (w) T, (2k)
2 my
kemso] nesupp(r) £€[mq]
2
1 1 ~
=: m_2 Z W Z (Tﬁ)nQ T1{7{2(z/€) ) (437)
ke[mg] 1 ng s.t. Ing
with (nq,n9)€supp(r)
where
(T = > rn Y Ty 7(wp). (4.38)

n’l s.t. le[mq]
n=(n1,ng)Esupp(r)

We can construct a vector r := ((’Fﬁ)n2) e €™ with entries (Fﬁ)nz at m9 so that 7 has

a support whose cardinality is at most 2s since h is 2s-sparse. Thus, the energy estimate

~ 2
Ej;(ﬁ,~ ) in (4.37) can be expressed as HC’j (mL1> H2 Since the restricted measurement matrix

C € CmQX J satisfies the RIP,

2 2

r

’I"

(1 - 3b) (4.39)

~ \ (12
T
s (m—l)\g (0 |15

S ’

In order to get an upper bound and lower bound of

T

N
m1 ||y we define e; € C''7 as a standard
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basis vector with all 0 entries except for a 1 at n, and R; € Vi N as
"(nq,mo) if (n1,n9) € supp(r)
(Rj)n27n1 =
0 otherwise .

Note that R; contains at most 2s nonzero elements since h is 2s-sparse, and 7 is any element
in [MPH. Set Q :={n}U{n € [MPT! | Iny e [M]P~I~1 such that (n1,n9) € supp(r)}
with a fixed 7 € [M]/T!. Thus, the cardinality of Q is at most 25 4+ 1. Orderings of indices
n1 and no depend on the column orderings of B; and Cj, respectively. We note that the

n-th column of Rj isr

. Both bounds of ‘ are found as follows

. T
];(n)...) ml 2

r
— — 1m0l = |Ri(B)5(Bj)oen — Riex
‘ m Ji(m, )H2 H i(Bj)o(Bj)oen j n||2
< Rjll2=2l(Bj)o(Bj)o — Ill2—2llesll2
< 625+1||Rj||F
= dpsp1lI7ll2
and therefore,
~ -
SN | (R P <5
H mi || Hrj,(n,---)HQ‘ < G517l
- 7 -
[, — Fealrlle < Hm—1H2 < s, + Bosalirl @0
Combining (4.39) and (4.40), we reach the conclusion in (4.36). O

Lemma 8. Let Hog be the set of all functions h whose coefficient vectors are 2s-sparse and

let rp, € CN denote the coefficient vector for each h € Hag. Let j be any integer such that
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€ [D]\ {0}, and & and &' be chosen from (0,1). Given a > 1, assume that the restricted

Bj; and Cj; satisfy RIP with gQSJrl <4< #g for some ¢ > /2 and (5és < ¢ € (0,1),

respectively, with %g: < g — 1. Then, denoting r := vy, for simplicity, one has the set

Pj D {ﬁ e [M]it! | ||rj;(ﬁ,-~~)||% > Z”S%} of cardinality 2s resulting from Algorithm 7 if

Piq D {n & (MY | Ir;_1igi I3 2 ”’"”2}

Proof. By assumption that Pj_1 C x;¢[;)/\; contains all prefixes in {ne M) | I7i-1.(n H%
> HTHQ} Pj_1 x Nj contains all possible prefixes n € [M]7+! with 7@, ||2 > ” ”2 by

the definition of P; and /\/'j for all j € [D]. If Hrj;(ﬁ’”')HZ = 0, i.e., there is no n9 such that

(n,mn9) € supp(r), then from Lemma 7,

~ 2 2
0% By < 10 (el < 0 (L12)

2 _Irl3

)2 a2 i.e., there is ng such that (n,n9) € supp(r), then

On the other hand, if H’I"‘j;(ﬁ7... ) H

1=l )" 0 (s, - 311)°

< Ejm,..) < (1+ d') <‘ f'“j;(ﬁf")’ - gHr|]2>2

, we should have

In order to distinguish nonzero Hr )HZ > % from zero "r ..

=
S

g5 (e

(1+ 6 (%)2 <(1=¥) (%‘%)2

1—|—(5/< é—l
Vi—¢ ~« ’

which is implied by
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2

. : . . r
as in the assumption. Since estimates of zero energy and nonzero energy greater than LHTQ
a“s

are separated, choosing 2s prefixes with largest estimates Ej; guarantees that it contains all

prefixes with energy greater than ”;2”32' O

Theorem 10. Let Hog be the set of all functions h whose coefficient vectors are 2s-sparse
and let rj, € CN denote the coefficient vector for each h € Hag. We assume that we have
Nj for all j € [D]. Let a > 1, 5 < ig for some ¢ > /2 and &' € (0,1), satisfying

1+§,<——1 and p € (0,1). If

1

1+ —s—
5 (<) 2 5 eMD dlog3 (4s)
my > aK (5) smax ¢ log©(4s) - d - log y log(9m1),log(2D/p) ¢ and
a0
_ _ MD (0] S
my > BK? (6" ? s max log?(4s) - d - log v y log(9m2),log(2D/p) ¢ ,

for absolute constants & and 3, then denoting v := 7, for simplicity, Algorithm 7 finds

Po{ne] MIP | |rpl? > Ir HQ} of |P| = 2s with probability at least 1 — p.

Proof. Given my and mg, by Theorem 3, the probability of either B; or C; not satisfying

9541 < 0 or 05, < &' respectively is at most o for each j € [D] \ {0}, and thus the union
p(D-1)
D

bound over all j yields the failure probability at most < p. That is, Theorem 3 ensures

that B; and C; have RIP uniformly for all j € [D]\ {0} with probability at least 1 — p.
2
Repeatedly applying Lemma 8 yields the final P(= Pp_1) D {n e [M]P | rn)? > KP} of

cardinality 2s by combining the fact that Py(= Ny) D {'ﬁ € [M] | 7@ || HTHQ} O
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4.3.3 Support Identification

In this section, it remains to combine the results of entry identification and pairing processes
in order to give the complete support identification algorithm and to prove Lemma 2 which
is the main ingredient of Theorem 7 in Section 4.2.3. The support identification starts with
the entry identification providing N;, j € [D] as outputs, and in turn, the pairing takes N,
j € [D] as inputs and outputs P of cardinality 2s containing {n e [MP | |rn|? > %}
Accordingly, we can get the following result.

Lemma 9. The set P contains at most 2s index vectors satisfying

15— V27|l
- )

0428 «

lrpells < 128

where rpc is the vector of v restricted to the complement of P.

Proof. Note that r is 2s-sparse and by Theorem 10 the squared magnitude of each 74, at P°¢

2
is less than % so that we obtain the desired result. O

Finally, we are ready to prove Lemma 2 in order to complete the analysis of support

identification.

Proof of Lemma 2. By choosing « = 7 and P =  in Lemma 9, we obtain the desired
upper bound of ||(7},)qc||2 with probability at least 1 — 2p given the grids G/ and G¥. The

union bound of the failure probabilities p of Lemma 6 and Theorem 10 gives the desired

Y

probability. It remains to demonstrate the sampling complexity combining ‘QI ’ and ‘QP

is mL£'D

and the runtime complexity combining Algorithms 6 and 7. The first term ‘QI
where m comes from Lemma 6, £ is defined as in Section 4.2.3 , and D, the number of

changes in j € [D], therein. We emphasize that m samples are utilized repeatedly in order
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to implicitly construct L proxy functions combined with different Gaussian weights so that
L does not affect the sampling complexity but affects the runtime complexity. The second

term ‘QP is mymo(D — 2) + mq where mj and mg are from Theorem 10, and D — 2 is

the number of changes in j € [D — 1] \ {0}. We remind readers that Cp_; = 1 implied
by Zp_1 = 0 so that m; samples are utilized instead of mimsg when j = D — 1. Now, we
consider the runtime complexity. The first term in runtime complexity is O(mLLD) from
Algorithm 6 where m L computations are taken to implicitly construct the L proxy functions,
O(L) is defined as in Section 4.2.3 ; and D comes from the for loop from Algorithm 6. The
second term in runtime complexity is 452 (myma(D — 2) +m1) + 4s5>m; J-D:_ll (7 +1) from
Algorithm 7 since 452 energy estimates are calculated using the mjymo samples for each
j € [D—1]\ {0} and my samples for j = D — 1, and the evaluations of Tj.5(w; ) are
calculated for all n € Pj, Vj € [D]\ {0}. Here, it is assumed that it takes O(1) runtime to

evaluate each i™® component T‘Z';ﬁi((wj’g)i) of Tj.5(wj p)- O

4.4 Empirical Evaluation

In this section Algorithm 5 is evaluated numerically and compared to CoSaMP [22], its
superlinear-time progenitor. Both Algorithm 5 and CoSaMP were implemented in MATLAB

for this purpose.

4.4.1 Experimental Setup

We consider two kinds of tensor product basis functions below: Fourier and Chebyshev. In
both cases each parameter, M, D, and s, is changed while the others remain fixed so that

we can see how each parameter affects the runtime, sampling number, memory usage, and
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error of both Algorithm 5 and CoSaMP. For all experiments below d = D so that Z = [M ]D .
Every data point in every plot below was created using 100 different randomly generated

trial signals, f, of the form

fl@) =" cnTn(x), (4.41)

nes
where each function’s support set, S, contained s index vectors n € [M ]D each of which was
independently chosen uniformly at random from [M ]D , and where each function’s coefficients
cn were each independently chosen uniformly at random from the unit circle in the complex
plane (i.e., each ¢ = e where 6 is chosen uniformly at random from [0, 27]). In the Fourier
setting the basis functions Ty, (x) in (4.41) were chosen as per (4.42), and in the Chebyshev
setting as per (4.43).

Below a trial will always refer to the execution of Algorithm 5 and/or CoSaMP on a
particular randomly generated trial function f in (4.41). A failed trail will refer to any trial
where either CoSaMP or Algorithm 5 failed to recover the correct support set S for f. Herein
the parameters of both Algorithm 5 and CoSaMP were tuned to keep the number of failed
trials down to less than 10 out of the total 100 used to create every datapoint in every plot.

Finally, in all of our plots Algorithm 5 is graphed with red, and CoSaMP with blue.

4.4.2 Experiments with the Fourier Basis for D = [0, 1]”

In this section we consider the Fourier tensor product basis

D-1
Ta(z) = [] &% (4.42)
j=0
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Figure 4.1: Fourier basis, M € {10,20,40,80}, D =4, s=5

whose orthogonality measure is the Lebesgue measure on D = [0, 1]D . In figures 4.1, 4.2 and
4.3, results are shown for approximating Fourier-sparse trial functions (4.41) using noiseless
samples y. In figure 4.1, the parameter M changes over the set {10, 20, 40,80} while D =4
and s = 5 are held constant. In figure 4.1a, the average runtime (in seconds) is shown as
M changes. The average here is calculated over all 100 trials at each data point excluding
any failed trials. As we can see, the runtime of Algorithm 5 grows very slowly as M grows,

whereas the runtime grows fairly quickly for CoSaMP since its measurement matrix’s size
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Figure 4.2: Fourier basis, M =10, D = {2,4,6,8}, s =5

increases significantly as M grows. Figure 4.1b shows the number of samples used by both
CoSaMP and Algorithm 5. We can see that Algorithm 5 requires more samples due mainly
to its support identification’s pairing step. On the other hand, we can see in figure 4.1c that
the memory usage of CoSaMP grows very rapidly compared to the slow growth of Algo-
rithm 5’s memory usage. This exemplifies the tradeoff between Algorithm 5 and CoSaMP
— Algorithm 5 uses more samples than CoSaMP in order to reduce its runtime complexity

and memory usage for large D and M. Finally, figure 4.1d demonstrates that both methods
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produce outputs whose average errors (over the trials where they don’t fail) are on the order
of 10715,

In figure 4.2, the number of dimensions, D, changes while both M = 10 and s = 5 are
held fixed. Here, we can clearly see the advantage of Algorithm 5 for functions of many
variables. The runtime and memory usage of CoSaMP blow up quickly as D increases due
to the gigantic matrix-vector multiplies it requires to identify support. Algorithm 5, on the

other hand, shows much slower growth in runtime and memory usage. When D = 10, for
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example, CoSaMP requires terabytes of memory whereas Algorithm 5 requires only a few
gigabytes. In figure 4.3, s varies in {1,2,3,---,10} while M = 20 and D = 4 are fixed.
Since Algorithm 5 has @(55) scaling in runtime due to its pairing step, it suffers as sparsity
increases more quickly than CoSaMP does. Note that the crossover point is around s = 8,
so that Algorithm 5 appears to be slower than CoSaMP for all s > 8 when M = 20 and
D = 4. Though “only polynomial in s”, it is clear from these experiments that the runtime
scaling of Algorithm 7 in s needs to be improved before the methods proposed herein can

become truly useful in practice.

4.4.3 Experiments with the Chebyshev Basis for D = [-1, 1]

In this section we consider the Chebyshev tensor product basis

D-1

1
Tn(x) = 921mllo H cos (nj arccos(z;)) (4.43)
j=0
h hogonali is dv = ] D = [-1,1]°. Runti
whose orthogonality measure 1s dv = ®j€[D]7r\/1—7 on D = [—1,1]”. Runtime, memory,
J

sampling complexity, and error graphs are provided in figures 4.4, 4.5 and 4.6 as M, D, and
s vary, respectively. Since this Chebyshev product basis has a BOS constant of K = 2D/ 2
both CoSaMP and Algorithm 5 suffer from a mild exponential grown in sampling, runtime,
and memory complexity as D increases (recall that d = D for these experiments). This leads
to markedly different overall performance for the Chebyshev basis than what is observed for
the Fourier basis where K = 1. A reduction in performance from the Fourier case for both
methods is clearly visible, e.g., in figure 4.5. Nonetheless, Algorithm 5 demonstrates the
expected reduced runtime and sampling complexity dependence on M and D over CoSaMP

in figures 4.4 and 4.5, as well as a striking reduction in its required memory usage over
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Figure 4.4: Chebyshev basis, M € {10,20,40,80}, D =4, s =5

CoSaMP even in figure 4.6 when its runtime complexity is worse. Unfortunately, the @(35)

runtime dependance of Algorithm 7 on sparsity is again clear in figure 4.6a leading to a

crossover point of Algorithm 5 with CoSaMP at only s = 3 when M = 10 and D = 6. This

again clearly marks the pairing process of Algorithm 7 as being in need of improvement.
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Figure 4.5: Chebyshev basis, M =20, D = {2,4,6}, s=5

4.4.4 Experiments for Larger Ranges of Sparsity s and Dimension

D

Figures 4.7 and 4.8 explore the performance of Algorithm 5 on Fourier sparse functions for
larger ranges of D and s, respectively. In figure 4.7, a function of D = 75 variables can
be recovered in just a few seconds when it is sufficiently sparse in the Fourier basis. It
is worth pointing out here that when D = 75 the BOS in question contains 2070 ~ 1097

basis functions, significantly more than the approximately 1032 atoms estimated to be in
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Figure 4.6: Chebyshev basis, M =10, D =6, s={1,2,3,--- ,10}

the observable universe. We would like to emphasize that Algorithm 5 is solving problems
in this setting that are simply too large to be solved efficiently, if at all, using standard
superlinear-time compressive sensing approaches due to their memory requirements when
dealing with such extremely large bases. Figure 4.8 also shows that functions with larger
Fourier sparsities, s, than previously considered (up to s = 160) can be be recovered in about
an hour or less from a BOS of size 40° = 102, 400, 000.

In figures 4.9 and 4.10 we consider the functions which are sparse in the Chebyshev prod-
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Figure 4.8: Fourier basis, M =40, D =5, s € {5, 10, 20, 40,80}

60

80

uct basis. Again, due to the larger BOS constant of the Chebyshev basis, the D and s ranges

that our method can deal efficiently are smaller than in the Fourier case. When D is 12 or s

is 20 in figures 4.9 and 4.10, respectively, for example, it takes a few hours for Algorithm 5

to finish running. We again remind the readers that standard superlinear-time compressive

sensing methods cannot solve with such high dimensional problems at all, however, on any-

thing less than a world class supercomputer due to their memory requirements. In the figure

4.9 experiments the Chebyshev BOS contains 2012 ~ 10! basis functions when D = 12. In

the figure 4.10 experiments the BOS contains just over 100 million basis functions.

124



-14

8 2 x10

10* 10

15
10

Iy error
-

10
0.5

A
--+-Our method e
B -

- 102 0
2 4 6 8 10 12 2 4 6 8 10 12 2 4 6 8 10 12

(a) (b) (c)

Runtime in seconds
Number of samples

x101°

Runtime in seconds
.
o
2,
Number of samples

(a) (b) (c)
Figure 4.10: Chebyshev basis, M =40, D =5, s € {2,4,6,---,20}

4.4.5 Recovery of Functions from Noisy Measurements

In figures 4.11 and 4.12 we further consider exactly sparse trial functions (4.41) whose func-
tion evaluations are contaminated with Gaussian noise. That is, we provide Algorithm 5
with noisy samples

/ / Hy”2
Y =yYy+g = y+o,—49
gll2

where y contains noiseless samples from each f as per (4.4), g ~ N(0,I), and o € RT is

used to control the Signal to Noise Ratio (SNR) defined herein by

lyll3
SNRgp, := 10logqg <HQIH22 = —10logyg <a2> .
2
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Figure 4.11: Algorithm 5, Fourier basis, M = 10, D € {4,6,8,10}, s = 5, SNRyp €
{0,10,20, -, 80}

Figures 4.11 and 4.12 show the performance of Algorithm 5 for the Fourier and Chebyshev
product bases, respectively, as SNR varies. Figure 4.11a shows the average runtime for each
D € {2,4,6,8} as SNR;p changes. When SNRypg is close to 0 (which means that the fo-
norm of noise vector is the same as the f9-norm of sample vector), the runtime gets larger due
to Algorithm 5 using a larger number of overall iterations. The runtime also increases mildly
as D increases in line with our previous observations. The sampling number in Figure 4.11b

is set to be three times larger than the sampling number used in the noiseless cases. Figure
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Figure 4.12: Algorithm 5, Chebyshev basis, M = 10, D € {6,8}, s = 5, SNRyp €
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4.12 shows the results of Algorithm 5 applied to functions which are sparse in the Chebyshev
product basis. Similar to the Fourier case, the runtime grows as the noise level gets worse in
Figure 4.12a. Also, larger D results in the larger runtime as previously discussed. In Figure
4.12b, the sampling number is also set by tripling the sampling number used in noiseless
cases.

As above, in both figures 4.11 and 4.12 the average {s-error is computed by only consid-

ering the successful trials where every element of f’s support, S, is found. Here, however,
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the percentage of successful trials falls below 90% for lower SNR values. The success rates
(i.e., the percentage of successful trials at each data point) are therefore plotted in figures
4.11d and 4.12d. Both figures show that a smaller SNR;p results in a smaller success rate,
as one might expect. As SNR,p increases, however, the {9-error decreases linearly for the

successful trials.

4.4.6 Some Additional Implementational Details

In the line 13 of Algorithm 5 solving the least square problem can be accelerated by the
iterative algorithms such as the Richardson method or the conjugate gradient method when
the size of the matrix ®p is large [22]. For our range of relatively low sparsities, however,
there was not much difference in the runtime between using such iterative least square solving
algorithms and simply multiplying y® by the Moore-Penrose inverse, (IDTT = ((ID*TCDT)*l(I)}.
Thus, we simply form and use the Moore-Penrose inverse for both CoSaMP and Algorithm
5 in our implementations below.

Similarly, in our CoSaMP implementation the conjugate transpose of the measurement
matrix, @, of size m x M D g simply directly multiplied by the updated sample vector v in
each iteration in order to obtain the signal proxy used for CoSaMP’s support identification
procedure (recall that d = D in all experiments below so that Z = [M]P). It is impor-
tant to note that this matrix-vector multiplication can generally be done more efficiently
if, e.g., one instead uses nonuniform FFT techniques [56] to evaluate ®*y for the types of
high-dimensional Fourier and Chebyshev basis functions considered below. However, such
techniques are again not actually faster than a naive direct matrix multiply for the ranges of

relatively low sparsities we consider in the experiments herein.!? Furthermore, such nonuni-

10coSaMP always uses only m = O(s - Dlog M) samples in the experiments herein which means that its
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form FFT techniques will still exhibit exponential runtime and memory dependence on D
in the high-dimensional setting even for larger sparsity levels. Thus, nonuniform FFTs were

not utilized in our MATLAB implementation of CoSaMP.

D
measurement matrix’s conjugate transpose, ®* € cM XM can be naively multiplied by vectors in only

O(s-Dlog M - MD)—time. When s is small this is comparable to the O(D log M - MD) runtime complexity
of a (nonuniform) FFT.
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Chapter 5

Conclusion

In this thesis, we developed several sublinear-time high-dimensional function learning al-
gorithms under the assumption that the function has a sparsity in the tensorized basis of
bounded orthonormal functions including the tensorized Fourier basis. When focusing on
Fourier basis, nice properties of Fourier basis make it possible to more quickly and efficiently
recover the frequency vectors and the corresponding Fourier coefficients using much less
samples.

In Chapter 2 we showed how to extend our 1D sublinear sparse Fourier algorithm to the
general D dimensional case. The methods project D dimensional frequency vectors onto
lower dimensions. In this process we encounter several obstacles. Thus we introduced “tilt-
ing method” for the worst case problems and the “partial unwrapping method” to reduce
the chance of collisions and to increase the frequency bandwidth within the limit of com-
putation. Through those methods we can overcome the obstacles as well as maintain the
advantage of the 1D algorithm. In [1] the average-case sampling complexity is O(s) and the
runtime complexity is O(slogs). Extended this estimation from our 1D algorithm, we have
O(Ds) sampling complexity and a runtime complexity of O(Dslogs) on average under the
assumption that there is no worst case scenario happening.

In Chapter 3 we developed a multiscale high-dimensional sparse Fourier algorithm re-

covering a few energetic Fourier modes using noisy samples. As the estimation error is
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controlled by the noise level 0 and the sample length p, larger p reduces the error. Rather
than recovering the frequencies in a single step, however, we choose multiscale approach in
order to make the sample length p increase moderately by improving the estimate iteratively
through correction terms determined by a sequence of shifting sizes ¢;. We showed that
the finite number of correction terms are enough to make the error smaller than 1/2 so
that we can reconstruct each integer frequency entry by rounding. As a result, the algorithm
has O(sD log M) sampling complexity and O(sD log slog M) runtime complexity on average
combining the result from Chapter 2 and [2].

In Chapter 4 we have shown that there exist sublinear-time algorithms that approximate
multivariate functions sparse in BOS. The approximations provide uniform error guarantee
for any function at certain sparsity level. As well as the uniform error guarantee for all
exactly sparse functions, the numerical experiments demonstrate our proposed method can
well approximate functions containing certain level of noise.

All methods in this thesis assume that we can get the measurement at any sample point.
However, this is not always the case in practice. Our future work will be a modification of
the algorithms to make it work for given discrete signals with sparsity in Fourier domain
using the idea of filtering from [10]. Moreover, one of the future work will be proving rigorous
error guarantee of Algorithm 5 for nearly sparse functions. Moreover, combining the work
in this section with [32] sublinearizing the dependence on ambient dimension D when the
functions only depend on d-variables instead of D > cz we expect the further acceleration of

approximating functions of many variables.
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