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ABSTRACT

MONOTONICITY BASED IMAGING METHODS FOR PULSED EDDY CURRENT
TESTING

By
Zhiyi Su

Eddy current testing (ECT) is used extensively as a nondestructive evaluation (NDE)
method to detect cracks and corrosion in critical structures, particularly in the aerospace
and nuclear industries. The major advantages of ECT is its non-contact nature allowing
high-speed inspection, simplicity of operation and robustness in hazardous environments.
While the detection of defects is relatively simple and straightforward in eddy current test-
ing, the imaging problem, i.e. reconstruction of the defect profile is a challenging inverse
problem. Iterative methods generally applied to solve the inverse problem for the defect
profile are computationally intensive and are prone to be trapped in local minima. Non-
iterative methods are required for real-time imaging capability. Monotonicity based imaging
method is one class of non-iterative methods for reconstructing defect profiles from pulsed
eddy current measurements.

This dissertation presents two major contributions to the fields of NDE and eddy current
imaging:

1. Formulated two important properties, namely monotonicity of time constants and
monotonicity of transfer function, in time-domain eddy current measurements.

2. Developed non-iterative, real-time imaging algorithms based on the monotonicity.

The transient response of the eddy current system can be characterized by a discrete set
(countable) of real, non-negative time constants. Time constants are global properties of the

specimen under test and they are monotonic with the anomaly profile: Do C Dg = 7'5 > Tg,



where Dy and Dg are two anomalies and 75 and Tg are the associated time constants
arranged in decreasing order.

This property is exploited in this thesis to implement a non-iterative imaging method
which determines if a voxel/test element in the sample is part of the anomaly or not by
comparing the time constants. However, the implementation of this method has two major
challenges, namely non-uniqueness of solutions due to the isometry and extraction of time
constants. In this thesis, additional conductive blocks are introduced as part of the inspection
system to break the isometry. Different algorithms are implemented to extract the time
constants from transient waveforms. A Laplace-Pade approximant approach is shown to be
able to extract a few significant time constants.

An alternate monotonicity property found in transient eddy current measurements is the
monotonicity of the transfer function: Do C Dg = Zq — Zg is negative semidefinite, where
Z is the transfer function evaluated on the negative real axis. An imaging method based
on this property is also studied and compared to the earlier method using time constants.

Validation results using simulated and experimental data are presented.
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Chapter 1

Introduction

1.1 Nondestructive Testing

Nondestructive testing (NDT) is the process of inspecting, testing, or evaluating materials,
components or assemblies for discontinuities or anomalies without destroying the service-
ability of the part or system [1]. A variety of nondestructive techniques are used in industry
to detect variations in structure, changes in surface finish, the presence of cracks or other
physical discontinuities, and assess the integrity of critical structures and components [2].
Modern nondestructive tests are widely used in almost every industry, civil engineering
[3], automotive [4], aircraft [5], nuclear [6], renewable energy [7], etc. NDT is also used
as a control mechanism to ensure that manufacturing processes meet design performance

requirements and in turn reliability.

1.1.1 Overview of Other Nondestructive Testing Methods

In order to use a nondestructive testing effectively, it is necessary first to understand the
principles of the method. The six most frequently used test methods according to the Amer-
ican Society for destructive Testing (ASNT) are Visual Testing, Magnetic Particle Testing,
Liquid Penetrant Testing, Ultrasonic Testing, Electromagnetic Testing and Radiographic

Testing. The following section briefly describes these methods and their applications.



e Visual Testing. As the name implies, visual testing is the visual observation of a test
object to evaluate the presence of surface discontinuities. Visual testing could be per-
formed directly using eyes, or indirectly using optical instruments such as magnifying
glasses, mirrors, borescopes or computer-assisted viewing systems. The test usually re-
quires proper cleaning of the surface and adequate illumination. It is the most widely
used method for detecting and examining surface discontinuities. The following sur-
face discontinuities may be detected by a visual test: cracks, misalignment, warping,

corrosion, wear and physical damage.

e Magnetic Particle Testing. Magnetic Particle Testing makes use of leakage mag-
netic field to locate surface and near-surface discontinuities in ferromagnetic materials.
When the test object is magnetized, discontinuities that lie in a direction generally
transverse to the direction of the magnetic field will cause a leakage field at and above
the discontinuities. Very fine colored ferromagnetic particles ("magnetic particles”)
are then applied to the surface of the test object. The magnetic particles are attracted
to the leakage field around discontinuities and hence, form visible indication of the
presence of this leakage field and therefore the discontinuity itself. The magnetic field
can be applied using a permanent magnet or an electromagnet such as yokes, prods,
electric coils or central conductor. Some of the typically detected discontinuities are

surface discontinuities, seams, cracks and laps.

e Liquid Penetrant Testing. Liquid penetrant testing reveals fissures and voids on the
surfaces of solid and nonporous materials. The liquid penetrant is a liquid of very low
viscosity, when applied to the surface of the test object it seeps into the open-surface

fissures and voids. Once the excess penetrant is removed, the trapped penetrant forms



a visible indication and the test object is inspected visually by eyes, or with aid of
an ultraviolet light in case of fluorescent penetrants. The test requires the surface
of interest to be clean and free of any material or liquids that prevent the penetrant
from entering the voids and fissures. The following surface discontinuities are typically
detected by a liquid penetrant inspection: surface discontinuities, seams, cracks, laps,

porosity and leak paths.

Ultrasonic Testing. Ultrasound refers to acoustic waves of frequencies higher than
the upper audible limit of human hearing and it does not travel through air. Ultrasonic
testing is a nondestructive method in which beams of acoustic waves are introduced
into test object for the detection of discontinuities in the material. These acoustic
waves travel through the material with some attenuation and are reflected at disconti-
nuities, or more precisely, at the interfaces between two materials of different acoustic
impedance. The reflected waves are then collected and analyzed to detect and locate
the discontinuities. Sound waves of lower frequencies have better penetration but are
less sensitive to small defects. The excitation sound is usually injected by means of
an ultrasonic transducer which converts electrical impulses into acoustic waves. Since
ultrasound does not propagate in air, usually a liquid or gel called ”couplant” is used
between the surface of the transducer and the test object. Ultrasonic testing is very
widely used to detect internal discontinuities in most engineering metals and alloys, as

well bonds produced by welding, brazing, soldering and adhesives.

Radiographic Testing. Radiographic testing involves exposing the test object to
penetrating radiation — either electromagnetic, e.g. x-ray and gamma ray or particulate

radiation, e.g. positron, neutron — and a recording medium on the other side of the



test object. Different portions of the test object absorb different amount of penetrating
radiation depending on the differences in density, thickness, absorption rate, etc. Thus,
by monitoring the unabsorbed radiation that passes through the object and arrives at
the recording media, one can discover variations in the absorption of radiation and
therefore the variation in material properties. Typically detected discontinuities and
conditions in radiographic testing include inclusions, lack of fusion, cracks, corrosion,

porosity, leak paths, missing or incomplete components and debris.

There are many other nondestructive testing methods such as Acoustic Emission Testing,

Ground Penetrating Radar, Thermal /Infrared Testing and Vibration Analysis.

1.2 Electromagnetic Testing

Electromagnetic methods are an important and very widely used method in nondestructive
testing. The electromagnetic test method involves exposing the test object to an electro-
magnetic field and measuring the response of field/flaw interaction, in order to evaluate the
property of the test object. Electromagnetic testing methods cover a wide range of the fre-
quency spectrum and include magnetic flux leakage testing, eddy current testing (ECT) and
microwave testing [2]. Magnetic flux leakage testing typically uses excitation frequencies
near 0 Hz. Eddy current testing uses excitation frequencies from about 100 Hz to about
10 MHz, where the electromagnetic field is said to be quasi-static. Microwave testing uses
excitation sources usually beyond 10 MHz, where the energy propagates in the form of waves

into the test object.



1.3 Eddy Current Testing

Eddy Current Testing is an electromagnetic NDT technique operating at quasi-static regime,
namely from 100 Hz to about 10 MHz, where the displacement current is negligible. ECT
relies on the principles of electromagnetic induction to interrogate test object. When a
coil excited by alternating source current is brought close to the specimen, the primary
field B generated by the coil induces eddy currents Jg within the electrically conductive
specimen. According to the Lenz’s law, the secondary field B4, produced by these eddy
currents opposes the change in the primary field (Figure 1.1) thereby altering the terminal
impedance of the coil.

Conventional ECT measures the terminal impedance of the coil. If the test specimen is
non-ferromagnetic, the magnetic flux linked with the coil decreases since the secondary field
Beddy opposes the primary field Bs. Because the self-inductance of the coil is linear with
its flux linkage, the inductance of the coil decreases. At the same time, the resistance of the
coil increases due to the fact that eddy current losses incurred within the specimen have to
be met by the source of primary excitation.

Eddy current is sensitive to changes of the electromagnetic properties, namely electrical
resistivity n and permeability p, within the specimen. For instance, the presence of a discon-
tinuity in the specimen causes a reduction as well as a redistribution of the eddy currents.
Consequently the changes in the inductance and resistivity of the coil are reduced.

In case of ferromagnetic materials, when the coil is brought close to a ferromagnetic
specimen, its inductance increases due to the higher permeability of the material and there
is an increase in its resistance due to the eddy current and hysteresis losses.

The secondary field generated by eddy currents can also be measured using separate



pick-up coils or field sensors. The terminal voltage of a pick-up coil is linearly dependent on
the rate of change of the magnetic flux linkage associated with it:

o(t) = N300

e (1.1)

where v(t) is the induced voltage, ¢(t) is the magnetic flux and N is the number of turns of
the coil. Hence, pick-up coils are used to measure only varying magnetic field, usually of a
moderate frequency which is not too low. Magnetic field sensors based on different sensing
technologies such as Hall Effect, Anisotropic Magnetoresistance (AMR), Giant Magnetoresis-
tance (GMR), and others such as Tunneling Magnetoresistance (TMR) and Superconducting

Quantum Interface Device (SQUID) are also used to measure the induced magnetic field di-

rectly..
Excitation
chrrent, J;
o B,
Induced eddy Py
tJ ¢
i Defect B.is B=B;+B.is

Figure 1.1: Principle of eddy current testing method.

1.3.1 Advantages of Eddy Current Testing

Application of eddy current tests are numerous, particularly in automotive, nuclear [8, 9],
aircraft [10, 5] and renewable energy [7, 11] industries. Modern eddy current techniques offer
low cost means for inspecting a variety of materials including metals, alloy and composites.
For instance, carbon-fiber-reinforced plastic (CFRP) materials, which are commonly seen

in components of vehicles or wind turbines, can be inspected using eddy current method



[11, 12]. In particular, the main advantages of ECT are:

e Versatile applications. In the proper circumstances, eddy currents can be used for
crack detection, material thickness measurement, coating thickness measurement, and

conductivity measurement.

e Low cost. Minimum part preparation, wire-would coil(s), is required.

e Simplicity of operation. Very little pre-cleaning and preparation time is required. On
relatively uniform parts, eddy current method can inspect very quickly and be easily

automated.

e Non-contact. This feature allows eddy current detect through non-conductive surface
coatings, or work under harsh operation conditions that other NDT methods are not

capable of[13].

e Rapid inspection. Eddy current testing gives immediate results regarding crack detec-

tion applications.

e Works with single side access. The nature of magnetic field penetration allows eddy
current to detect defects in multi-layer structures without interference from the planar
interfaces. This is very valuable particularly for in-service inspections where only one-

side access is possible.

Consequently, the ECT method is widely used in a production environment for detection

of anomalies in materials.



1.3.2 Limitations of Eddy Current testing

The Limitations of eddy current testing are direct consequences of electromagnetic fields.
Eddy current tests provide maximum sensitivity to surface or near-surface layers of the test
object due to the fact that eddy current density decreases exponentially from its value at the
surface according to the depth from the surface, which is commonly recognized as the skin
effect. In general, eddy current testing are only applicable to test materials with significant
electrical conductivity, where eddy currents are induced. Also, eddy current signals are not
sensitive to discontinuities that lie parallel to the induced eddy currents. The EC methods
produces a strong signal in the case of discontinuities that lie in the direction generally
transverse to the flow of eddy currents, as they significantly modify the current flow paths.
At last, eddy current signals are sensitive to the coil lift-off and tilt. They are usually

considered as noise sources and are undesired in defect detection.

1.4 Pulsed Eddy Current Testing

Pulsed eddy current testing (PECT) employs excitation waveforms of repetitive pulses, such
as square, triangular or saw tooth waveforms. Compared to conventional eddy current
method which exploits a single frequency waveform, PECT is advantageous since it contains
a large spectrum of frequencies and hence, provides more information that can be used in
the detection and characterization of defects.

Figure 1.2 shows a typical PECT signal and its time-domain features. Analysis of PEC
data is usually carried out in the time domain. Some commonly used features are the peak
value, the arrival time of the positive peak, the arrival time of zero-crossing, the arrival time

of the rising point, and the arrival time of the descending point [14]. Other signal process



techniques exploiting the statistical features such as principle component analysis (PCA)
[15] have also been used, and showed promising results in defect detection and classification.
However, these features are sensitive to probe lift-off and tilt, as well the driving system and
excitation waveforms. In some cases, the variation due to lift-off can be compensated by

introducing extra reference signals [16].

P -
L — - — - reference signal
,// — — test signal
i 4 — differential signal
150f ¢/
>
S f f
E 1
8 ’II
& 100f !
20
= il
5 il
= sl
' Peak point
e
0{5\\ L— ' .
Oere 5 » 10 15 20

i fime/ ms
Rising part Descending part

Figure 1.2: A typical PECT signal and common time-domain features.

In PECT, the induced eddy current density J, after the excitation is switched off, can be

represented as sum
+00

Ir,t) =Y cdi(x)e /i (1.2)

i=1
where J;(r) are the natural modes, 7; the time constants and ¢; the linear coefficients. In this
report, we present time constants as a new feature of pulsed eddy current testing for defect
detection and identification. Time constants characterize the source-free response in PECT
and they depend only on intrinsic properties of the test specimen. In other words, time

constants are invariant w.r.t. probe lift-off, tilt, driving system and excitation waveforms.

Pulsed eddy current method has been applied extensively by several researchers. Yang et



al. [5] exploited pulsed eddy current excitation and giant magnetoresistive (GMR) sensors
to detect cracks as small as 1 mm in the 2nd and 3rd layer of a three-layer structure, which
demonstrates the potential of this method in detecting flaws at large depths. Multi-modality
is another research area in PEC techniques. Cheng et al. [12] combined PEC and infrared
imaging to successfully detect defects over a relatively large area within a short time.

This report consists of four parts. In the first part (Chapter 1 and Chapter 2), a brief
introduction to the background of this study and important concepts of inverse problems
in NDT are given. The second part (Chapter 3 to Chapter 5) starts off with a mathe-
matical model of the eddy current problem, introduces the concepts of natural modes and
time constants, and proves the monotonicity property of time constants. A few important
properties of time constants are also explored, including the global interaction and isometry.
Finally, a non-iterative imaging algorithm is presented and validated with numerical models,
along with addressing the practical problem of extracting time constants. The third part
(Chapter 6 to Chapter 7) focuses on another monotonicity property of eddy current problem:
the monotonicity of transfer function. While time constants are related to the source-free
response of the problem, transfer function is derived from forced response. Monotonicity
of time constants and monotonicity of transfer function are two complementary properties
that can be applied to the problem of eddy current imaging. Concluding remarks and some

considerations on the extension of this study are given at the end of this report (Chapter 8).

10



Chapter 2

Inverse Problem

The inverse problem in nondestructive evaluation is defined as estimation of material prop-
erty distribution in a structure, given the NDE sensor measurements. In this chapter we
introduce the basic concept of inverse problem and its definition in nondestructive testing.
We discuss the general ideas of solving an inverse problem, including iterative methods and

non-iterative methods.

2.1 General Remarks

Consider the equation

Ax) =y (2.1)

where A is a continuous operator mapping a subset X of a Banach space to a subset Y of
another Banach space, and the target is to find x € X given y € Y. This problem is said to

be well-posed if the following conditions hold [17]:

1. for any y € Y there exists a solution x € X (existence); (2.2)
2. for any y € Y there is only one solution x € X satisfying (2.1) (uniqueness); (2.3)
3. [[x = x"||x — 0 when |y — y*|ly — 0 (stability). (2.4)
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In (24),x" € X, y" € Y and A(x*) = (y%). || ||x and || - ||y are proper norms defined in X
and Y, respectively. They compute the distance between two elements in the corresponding
space.

If any of the conditions from (2.2) to (2.4) is not satisfied, the problem (2.1) is said to be
ill-posed. Inverse problems are typically ill-posed. Of the three conditions for a well-posed
problem, the condition of stability (2.4) is most often violated. In other words, small errors
in the measurement of y are greatly amplified in the solution x.

A most common approach for solving (2.1) is by means of regularization, which essentially
replaces the original problem with an alternative equation that includes a regularization term
[17]. The alternative equation can be solved in a stable way and its solution is ”close” to that
of the original problem. The nature of regularization is to introduce additional information,

i.e. the smoothness or bounds on the solution x, to prevent over-fitting.

2.2 Inverse Problem in NDT

Inverse problem in NDT involves the characterization of the specimen parameters given an
NDT probe signal [18]. This usually involves the evaluation of material properties, which is
equivalent to detection/imaging of anomalies. Adapting the idea of (2.1), X is the parameter
space of the specimen and Y is NDT probe signal in this context. Ideally, one wishes to
develop an analytical model of A that gives a closed form representation of the probe signal
given the specimen geometry. However, this is usually not possible in NDT problems due to
the material nonlinearity and arbitrary shapes of the specimen and anomalies. This results
in the use of numerical methods such as finite element modeling to describe the model of

forward system A. However, numerical models do not yield a closed form representation of
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the problem making inverse problem solution more difficult. A typical model-based approach
for solving the inverse problem follows an iterative procedure as described in section 2.3.1.

This report focuses on the problem of imaging an anomaly given the pulsed eddy current
signals. Let & be the operator for mapping a prescribed resistivity distribution 7(r) onto
the measured quantity m, i.e. & : n — m. The inverse problem in PECT problems is then
defined as estimation of n(r) given the measured quantity m. Typically, the inverse problem
is formulated in terms of minimization of an appropriate cost function plus a regularization
term [19]:

min ||/ (n) — m||* + a(n) (2.5)
neC

where m is the experimental, noisy measurement, ) a penalty term which takes into account
a priori information about the unknown resistivity distribution 7, « the corresponding regu-
larization parameter, C' the constraint set and |||, an appropriate norm. 7 is then estimated
by minimizing the cost function over C. For instance, C' can be the set of non-negative

electrical resistivity distributions.

2.3 Solution to Inverse Problems

This section discusses model-based methods to solve the inverse problem. There are other
possible non model-based methods, for instance using neural networks to map the measure-
ment data to the parameter space [20, 21]. However, it is not effective to train networks to
cover a broad class of defects. The trained networks only provide good performance over a
narrow range of signals compatible with the training dataset [22]. Model based solutions to

inverse problems can be generally classified as iterative methods and non-iterative methods.
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2.3.1 Iterative Methods

The iterative methods start from an initial guess of the resistivity distribution 7y. The
numerical model is solved to predict the measurement signal. The error between simulation
and measurement forms the cost function. The solution 7 is then iteratively updated to
reduce the value of objective function (2.5), until a stopping criterion is met. This approach

is presented schematically in Figure 2.1.

start

1

Set /=1 and
x; = initial guess

~i
-

b

Compute A(x;) and
derivatives of A(xy)
(forward problem)

k=k+1
Update x;

L

Stop criteria is
satisfied?

;4

stop

Figure 2.1: Flowchart of the iterative methods to solve inverse problems

Several iterative methods have been applied to solve the minimization problem in (2.5)

and they have been proved to be quite successful in solving NDT inverse problems [23,
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24]. However, iterative algorithms suffer from: (i) false solutions since the algorithm may
be trapped in local minima, and (ii) high computational cost. Generally speaking, high
computational cost is the bottleneck for iterative methods. All these algorithms require to
solve the forward problem (sometimes the gradient of the forward problem as well), which is
usually a 3-D FEM model in ECT problems, at least once in each iteration. Further, with
Gauss-Newton algorithms including the steepest descent algorithm, the conjugate gradient
algorithm, and the Levenberg-Marquardt algorithm, the computational cost increases also
due to the need for computing the gradient of the objective function. This typically requires
the solutions of N forward problems at every iteration, N being the number of degrees of
freedom of the electrical resistivity in discrete domain. Norton and Bowler [25] reduced the
computation of N forward problems to two by deriving an explicit expression for the gradient
in terms of solutions of an ”ordinary” forward problem corresponding to the current estimate
of the resistivity, and an "adjoint” problem. We also mention Lionheart and Soleimani [26]
who derived a formula for sensitivity of the induced voltage in a measurement coil due to a
small perturbation in the resistivity.

Also, it is possible to avoid the risk of local minima by using meta-heuristic algorithms to
update the estimation of solution. Commonly seen meta-heuristic algorithms used in NDT
studies include simulated annealing, tabu search or genetic algorithms [27, 28]. Formally,
a meta-heuristic is a high-level design to find, generate or select a subordinate heuristic
for intelligently exploring and exploiting the search space, in order to achieve global or
near-global optimal solutions [29]. For instance, genetic algorithms use mechanisms inspired
by biological evolution, such as reproduction, mutation, recombination and selection. It
is called a population-based meta-heuristic algorithm. These algorithms again requires a

large number of forward problem solutions, and is hence computational intensive. With
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development in large-scale parallel computation techniques, Yusa et al. [30] conducted a tabu
search algorithm on a supercomputer using up to 128 CPUs to reconstruct the natural stress
corrosion crack profile with piecewise constant resistivity values in a reasonable computation

time (600 seconds).

2.3.2 Non-iterative Methods

There are practical situations where it is sufficient to retrieve only the support of an anomaly
in an otherwise homogeneous background. An example is nondestructive testing of conduct-
ing materials where the target is to detect, locate and image fatigue and corrosion cracks
in homogeneous structures. In these cases, non-iterative imaging methods are appealing
because of their real-time, or near real-time, capabilities. The common concept in this class
of methods is the computation of an indicator, i.e. a function of the space, assuming differ-
ent values if evaluated inside or outside the anomalous region. This approach is presented
schematically in Figure 2.2.

A few of the non-iterative imaging methods are mentioned here. Colton and Kirsch in-
troduced the first non-iterative approach named Linear Sampling Method (LSM) [31] for
wave-propagation phenomena. The Factorization Method (FM) was proposed by Kirsch
[32] for wave-propagation phenomena and extended by Hanke and Briihl to Electrical Re-
sistance Tomography (ERT) [33]. MUSIC (MUltiple Slgnal Classification) algorithm is well
known in signal processing as a method to estimate the constant parameters upon which
the measurement depends such as frequency estimation. Devaney [34] pointed out that it
could also be used in imaging problems. Ammari and Lesselier [35] developed a MUSIC
algorithm for locating small inclusions buried in a half-space, given the scattered amplitude

data. This method is able to detect multiple inclusions at the same time but limited to the
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Figure 2.2: Flowchart of the non-iterative methods to solve inverse problems

case that inclusions are small and well separated. Eventually, the Monotonicity Principle
Method (MPM) was introduced by Tamburrino and Rubinacci [36] and applied to electrical
resistance tomography (ERT). In this method a simple test determines if a given small test
anomaly is contained in the unknown anomaly or not. MPM was first introduced in the area
of ERT [36] (elliptic PDE problems) and then extended to parabolic PDEs such as those
governing eddy current testing in small skin-depth regime [37] and large skin-depth regime
[38] with experimental validations in [39]. MPM was also extended to hyperbolic PDEs such

as those governing wave propagation inverse scattering problems [40]. MPM provides upper
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and lower bounds for the unknown object in the case of a finite number of measurements
(limited aperture data) [36]. In [41] it was proven that MPM provides the exact shape of
the anomalies in the ideal case of an infinite number of measurements (full aperture data),
under the hypothesis that each connected component of the anomalies is contractible.

Among non-iterative methods, MPM is a topic of active research and has been shown to be
promising by many investigators. In [42] the authors have formulated a monotonicity-based
shape reconstruction scheme and regularized against noise and modeling error. Further, two
reconstruction algorithms are formulated and validated by numerical examples with both
simulated complete electrode model (CEM) data and experimental measurement data. In
medical imaging area, a novel bimodal imaging technique combining both breast microwave
radar (BMR) and electrical impedance tomography (EIT) methods are presented to form
a resistivity distribution map of a breast region that can be used to assess the presence of
malignant lesions [43, 44]. This technique uses a priori information obtained from BMR
images to estimate the location of the dense breast regions and then, the monotonicity of
the impedance matrix is used to reconstruct a profile of the tissue distribution in the breast
region.

Monotonicity of time constants in pulsed eddy current problems was first introduced and
numerically validated in [45]. The imaging method based on this property was developed in
subsequent publications [46, 47]. These studies demonstrated that MPM of time constants

is capable of fast reconstruction of an anomaly within practical 3D structures.
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Chapter 3

Monotonicity Principle Method in

PECT problems

3.1 Mathematical Model of Pulsed Eddy Current

Problems

This section first describes the specific eddy current system setup for ECT problems, based
on which we deduce the mathematical model describing the relationship between the eddy
current density and given excitation current source. The domain is discretized for numerical
implementation, and the concepts of natural modes and their related time constants are

introduced.

3.1.1 Mathematical Model

The system setup of ECT is showed in Figure 3.1. It is assumed that: (i) the probe comprises
an array of N, coils and (ii) the measurement consists of voltages across this set of coils for
prescribed currents injected in the same set of coils. Hereafter ;. (t) (k = 1, ..., N.) stands
for the current impressed at the k—th coil and vy, (t) stands for measured voltages across the
k—th coil. The system is operated in time-domain.

The forward problem, that is the computation of the induced voltages, can be conve-
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ECT coils
g —

Conductor D
Anomaly V

Figure 3.1: Schematics of a typical ECT system.

niently solved by describing the underlying eddy current problem via an integral equation in
terms of induced eddy current density J. It is assumed that (i) the conducting domain D is
surrounded by an insulating material which implies that J-n=0 on dD, where 11 is the unit
normal vector of the boundary 0D, (ii) the measurement system operates in a contactless
manner and (iii) the current circulating in the excitation coils is impressed and controlled
by the measurement system.

Assuming that the conductive material is linear, non-dispersive, isotropic, non-magnetic
and neglecting the displacement current, the eddy current density J satisfies the following

equations (rotation, gradient and divergence are meant in weak sense) [48, 49]:

nJ=—0:A; [J] — Vo — 0tA¢, in D (3.1)
V-J=0,inD (3.2)
J-1H=0on 0D (3.3)

20



where D is the conducting domain, 7 (-) is the electrical resistivity of the conductor, ¢ is
the electric scalar potential, A, is the magnetic vector potential due to the assigned driving

currents and the integral operator A;, acting on spatial coordinates, is defined as

. Ho J( ) /
A2 J(r,t) —» — - /D —HI' — r/”dV . (3.4)

Following [38], the vector potential A, can be expressed as:

)= Acr®)ir(t), (3.5)
k

where A}, is the magnetic vector potential produced by a unit current flowing into the k-th

coil:

110 dr’
A =— — ‘
C,k (I') 47T [Yk ”I'—I'/”7 (3 6)

where ;. is the curve representing the path of the wire of k—th coil.

From the Faraday-Neumann-Lenz law, the voltage across the k—th coil is given by

de¢ d eddy
v (1) = nyiy (1) + (bgt(t) + i g” ()7 (3.7)

where

E:%mm (3.8)

dd ar-J I‘// t
. /L/ m—ﬂwdwc (39)
o

Ny, is the resistance of the k—th coil, ¢} is the free-space magnetic flux linked with the k—th
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coil and ¢dey is the magnetic flux linked with the k—th coil due to the eddy current density
J.
The variational formulation (w.r.t. the spatial coordinates) for the eddy current problem

(Eq. (3.1)-(3.3)) is!

/ J'(r)-nJ(r,t)dV=— 0 / J(r)-A; [J]dV — o / I (r)-Ac(r,t)dV, ¥ € H (3.10)
D D D

where H = {v € H (div; D)|V -v =0, v - =0 on dD}, i is the unit normal vector of the
boundary 0D and J (-,t) € H for any given t. This implies that there is no source or sink
of eddy currents within the conducting domain D and the eddy current does not flow out of
D, which is imposed by the assumption that D is surrounded by an insulating material.
Let i(t) and ¢ (t) be defined as i(t) = li1(2), ... ,iNc(t)}T and

T
ey () = [gbiddy(t), . ,gb?\c,lfy(t)] . It is worth noting that the operators

M:i(t) = Ac(r,t)|p (3.11)

N T (r,t) — ¢ (1) (3.12)

are one the adjoint of the other, i.e. ML = A [50]. Indeed,

ifDJ/-VgadeObecauseV-J’innDandJ/-ﬁ:00naD.
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(I Mi) 2 ) = Ek: /DJ A g (r)ig(H)dV

= zk:z'k(t) Ak [Z—ﬁ/DMdV] 'dl (3.13)

= (W3

In the following, we assume that n € L° (D) and that 0 < 7jg < n(r) < 7; < +00 where

7o and 71 are two constants.

3.1.2 Numerical Model

The numerical model (see [48, 49]) is obtained by introducing the electric vector potential
T (J =V x T) to enforce (3.2), and expanding T by means of edge-element shape functions

N;’s, i.e. T(r,t) = SN Tj(t)N;(r) and

J(r,t)=> T;(t)V x N; (r). (3.14)

Here N is the number of Degrees-of-Freedom (DOF) of the discrete representation. The tree-
cotree decomposition technique is used to impose both the uniqueness (gauge condition) of
the electric vector potential and the boundary condition J - =0 on 0D [49, 51].

The Galerkin method applied to the weak form (3.10) yields the linear system

(R+%L> T (t) =s(t), (3.15)
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where

Ri; = /Vle nV x N;dV,

VxN;(r)-VxN;(r
L2 // i@ qyav
||I‘—r||
Si(t)é_E/DVXNi(r)'AC<r7t)dV

It is worth noting that [38]

or in matrix form
where

Thus, (3.15) can also be written as

(R+th> T(t) = —M%i(t),

(3.16)
(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

where i is the column vector containing the unknown coefficient i;.’s of impressed current in

the coil array.

Substitute (3.20) into (3.7), the output voltage across the k-th coil when the excitation
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current is switched off is

o () _ 2 Mz‘il;dTi(t) |

or in matrix form

dT(t)
eddy £ = MT ‘
v (i) &

3.1.3 Natural Modes for Eddy Current Problems

Following [50], the natural modes are the homogeneous solutions of (3.15):

(1) 7000

and, as well known, are of the type ue~!/T where u satisfies:

1
(——L+R) u=20.
-

7 and u are, therefore, solutions of the following generalized eigenvalue problem:!!

Lu = 7Ru.

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

The 7's are the time constants of the first order differential system (3.15). The eigenvectors

{uy,...,uy} form a basis that is orthogonal w.r.t. the scalar product induced by L and R

u! Lu;=0 for i # j,

uf Ru;=0 for i # j,

(3.29)

(3.30)

e highlight that both L and R are positive definite if uniqueness of the electric vector potential has

been enforced.
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i.e. the matrix U = [uy, ..., uy| diagonalizes L and R:

ulLu=D;, (3.31)

UTRU=Dy, (3.32)

where D, = diag (l1,...,l5), D = diag (r1,...,rny) and [; > 0 and r; > 0,3 = 1,...N. The
generalized eigenvalues 7;’s can be expressed as 7; = [; /r;.
Let us assume that the generalized eigenvalues are ordered in a decreasing sequence

T > 79 > -+- > 71N > 0, we have the following min-max characterization (See Appendix A):

. xI'Lx
7i= max | min— . (3.33)
dim(U)=i \ xeU x* Rx

3.2 Monotonicity of Time Constants

The source free response, i.e. the response when the source current is switched off, of pulsed

eddy current problem can be represented as sum of exponential terms:

Ir,) =Y di(r)e /T, (3.34)

00
1=1

where J(r,t) is the eddy current density, as a function of spatial coordinate r and time ¢
and 7; is the time constant as obtained by solving (3.28). 7;’s are real, positive, bounded

and approach to zero. According to the Biot-Savart law, the corresponding magnetic flux

26



density is

Beddy(y 1) = 1. / J (r,t)| X (r—r/)dv’

s v — /|3
_ i A Jz’(r) x (r —r')dV’ ot/
= Y4 v —1/||3
[ee]
Z eddy Yo~ t/Ti.
=1

Adopting (3.7) and (3.9), the voltage across the k-th coil is

d (beddy ( )

( [ ]St
( /vk/pnrf—rn )-;—je—t/q

= Z c,'vkﬂ-e*t/Ti.
1=1

v (t) =

(3.35)

(3.36)

It is worth notice that, these different quantities share the same set of time constants.

This is straightforward according to Biot-Savart law and Faraday’s law of induction. From a

practical point of view, it states that the time constants can be measured exploiting different

sensors and techniques. It can be achieved with any standard pulsed eddy current testing

system. The only requirement is that the response should be measured when the excitation

current is switched off, which stresses the idea that the excitation current is impressed and

controlled by the measurement system.
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3.2.1 Monotonicity Principle

Given a conductive domain D and two different anomalies V] and V5, we assume that the
resistivity of the anomalies is larger than that of the background. The time constants related
to anomaly V] are denoted as TZ-VI and those related to anomaly V5 as TZ-VQ, 1=1,2,3,...,N.
The time constants are assumed to be ordered in a decreasing sequence. The monotonicity
of time constants is stated as [50]:

ViCVy =1 l>7"2 Vi (3.37)

7

To prove (3.37), we notice that V] C Vs implies 1y (r) < 2 (r), and therefore R —Rg <

0!, Then from x? R;x < x! Rox we have

T T
x* Lx x* Lx
min — > min — (3.38)
xeU x* R1x — xeU x* Rox
and, from the min-max characterization (3.33), it turns out that:
T T
x* Lx x* Lx
7'-V1 = max min T >  max min o | = 7'-V2. (3.39)
! dim(U)=k \ xeU x! Rix dim(U)=k \ xeU x' Rox !

3.2.2 Isometry and Time Constants

[sometry is a distance-preserving bijective mapping between two metric spaces. Formally, let
X and Y be two spaces with metrics, i.e. distance function between two elements of a set,

denoted as dx and dy, A map f: X — Y is called an isometry if the following condition is

Hiwe notice that x! Ryx = Tpm |2k 2V % Nk’2dV > [pn2 |k eV x Nk"2dv =x"Rox, vx
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true:

dy (f(a), f(b)) = dx(a,b) for any a,b € X. (3.40)

Isometry is by definition a bijective, i.e. one-to-one, mapping. By contradiction, if a
map g : X — Y maps two different elements a,b € X to the same element ¢ € Y, then
dy (g(a),g(b)) = dy(c,c) =0 < dx(a,b). Thus, g is not an isometry.

Any translation, reflection and rotation and any combinations of them are isometries on

Euclidean spaces. Figure 3.2 shows an example of isometries in a 2D Euclidean space.

A A, A,
B3
translation reflection rotation C3
C — 0, — C, —»
B B, B, As

Figure 3.2: Isometry in Euclidean space: translation, reflection and rotation.

Time constants depend on properties of the conductive specimen only. Two configura-
tions that can be transformed into each other by an isometry are said to be congruent. The
time constants of two congruent configurations are identical. For instance, let us consider a
20 mmx20 mm x 20 mm cube having a resistivity of 1 x 1077 Q m and two possible anoma-
lies as shown in Figure 3.3(a). These two configurations are identical up to a reflection
about the x = 0 plane, which is an isometry and, their related time constants are identical
as shown in Figure 3.3(b). This means that, in principle, two congruent configurations are
indistinguishable from the knowledge of time constants.

However, it is possible to overcome this issue by introducing additional conductive patches
external to the specimen, as part of the inspection system. It is required that the original

isometry which relates two congruent configurations is not equivalent to an identity map for
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Figure 3.3: If two configurations can be transformed into each other by an isometry, they
have identical time constants. (a) Schematic of two isometric configurations, and (b) the
related time constants.

these additional conductive patches. When source currents are impressed in the excitation
coils, eddy currents are induced not only in the specimen but also in the external patches
and hence, the eddy current distributions are different even for two congruent anomalies.
This idea exploits the freedom in the design of inspection system as we have control not only
on the probes and excitation waveforms, but also on the problem domain setup.

For example, let us introduce a conductive patch at 1 mm from the specimen. As shown
in Figure 3.4(a), these two configurations are no longer congruent related by reflection about
the x = 0 plane. The thickness of the patch is 3 mm and the resistivity of the patch is
1.25 x 1077 Q m. The resistivity of the additional patch should be chosen smartly. As a
general rule, the resistivity of the patch and of the specimen should be of the same order of
magnitude, but the optimal value is yet to be determined depending on the size of the patch,
on the distance between them, etc. If the resistivity is chosen too large, the eddy currents
mainly circulate in the specimen and the patch does not introduce enough interference in the
eddy current path and, eventually little disturbance in the time constants. If the resistivity

is chosen too small, the eddy currents mainly circulate in the patch and the time constants
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reveal the properties more of the patch rather than of the specimen, the useful information

in time constants is little.

Additional conductive patch

z (mm)
z (mm)
Time constants

i i i i i ; i i i
4 6 8 10 12 14 16 18 20
Index of time constants

(a) (b)

Figure 3.4: Introducing an additional conductive patch can help distinguish two isometric
configurations. (a) Schematic of the test specimen together with the patch, and (b) the
related time constants.

The time constants related to the two anomalies after the introduction of additional patch
are given in Figure 3.4(b). From this plot it is evident that the two anomalies can be clearly
distinguished.

Summing up, when introducing the additional conductive patches: (i) the isometry which
relates two congruent configurations can not be equivalent to an identity map for the patches,
(ii) the shape, position and resistivity of the patches should be chosen smartly in order to

interfere properly with the eddy current in the specimen.

3.2.3 Interaction between Natural Modes and Anomalies

In this section we investigate how anomalies may affect the time constants. Let us consider
a simple example consisting of a conductive cube of 20 mm x20 mmx20 mm. The resistivity
of the cube is 1 x 1077 Q m. By solving the generalized eigenvalue problem (3.28), we obtain

the time constants 7;, the generalized eigenvector u; and the associated natural modes in
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N
terms of eddy current density J;(r) = Zuz [k]V x Ny (r), where u;[k] is the k-th element
k=1

of u;. Figure 3.5 plots the natural modes in terms of J; for some selected <.

(a) Conductive cube

Figure 3.5: The natural modes of a conductive cube. (a) The cube, and (b)-(1) the natural
modes associated with the k—th time constant.

As depicted in Figure 3.5, the eddy currents related to the 1st, 2nd and 3rd time con-
stants circulate mainly on the surfaces of the cube. As one can expect, these three modes
correspond to time constants of identical value since they are equivalent up to a proper ro-

tation. Similarly the eddy current modes i = 4,5, =16,7,8 and 1 = 9,10, 11 are three other
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groups of equivalent modes. The natural modes in the same group correspond to identical
time constants.

When there is an anomaly in the cube, the eddy current is forced to redistribute around
the anomaly. The anomaly affects a mode if and only if it interacts significantly with the
associated eddy current. For instance, if an anomaly is located in the center of the cube,
then it will not interacts significantly with modes like the 1st, 2nd and 3rd which circulate
mainly close to the surface. On the other hand, the same anomaly will interact significantly
with the 6th, 7th and 8th modes modifying the corresponding time constants.

As a comparison, a surface breaking anomaly on the top surface and a buried anomaly
in the center of the specimen were considered and the time constants were computed with
and without the anomaly. The dimensions of the anomaly are 4 mmx4 mmx4 mm. The
surface breaking anomaly interacts mainly with modes ¢ = 2,3 and ¢ = 10, 11; the buried
anomaly interacts mainly with modes ¢+ = 6,7, 8. The corresponding results are summarized

in Table 3.1 and Table 3.2.

Table 3.1: The perturbation of time constants when introducing a surface breaking anomaly

Anomaly |No.|No anomaly (us)|With anomaly (us)|Difference (us)
1 178 178 0
2 178 172 6
3 178 172 6
|4 96.2 96.0 0.2
<@ > 5 96.2 96.0 0.2
‘ 6 89.8 89.6 0.2
{ 7 89.8 89.6 0.2
8 89.8 88.4 1.4
9 78.2 77.9 0.3
10 78.2 74.2 4
11 78.2 74.2 4

(a)

In Table 3.1 a surface breaking anomaly is introduced at the center of top surface. Modes
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Table 3.2: The perturbation of time constants when introducing a buried anomaly

Anomaly |No.|No anomaly (us)|With anomaly (us)|Difference (us)
1 178 177 1
2 178 177 1
3 178 177 1
. | 4 96.2 96.2 0
5 96.2 96.2 0
%l 6 89.8 81.6 8.2
| T 89.8 81.6 8.2
8 89.8 81.6 8.2
9 78.2 78.2 0
10 78.2 78.2 0
11 78.2 78.2 0

(b)

1 = 2,3 interact significantly with this anomaly and, therefore, the associated time constants
are strongly affected, whereas the time constant for mode i = 1 is barely changed. Similarly
for another group of modes ¢« = 9,10, 11 which circulate close to the surface. Modes 7 = 4,5
form a loop on the surface and hence barely interact with the anomaly in the center of this
loop. Modes i = 6, 7,8 circulate mainly in the center of the cube and the associated time
constant are only slightly affected by the presence of the surface breaking anomaly.

In Table 3.2 a buried anomaly is introduced at the center of the cube. Modes i = 6,7, 8
interact significantly with this anomaly and, therefore, the corresponding time constants are
strongly reduced. Modes i = 1,2,3,7 =4,5 and i = 9, 10, 11 circulate mainly on the surface
of the cube and the associated time constant are only slightly changed by the presence of
buried anomaly.

Concluded from these simple examples, time constants associated with modes circulating
mainly in the innermost region of the conductive specimen are sensitive to buried anomalies.
Therefore, the analysis of time constants is a valuable tool for inspecting deep regions of the

specimen which is usually a difficult task with conventional eddy current methods.
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3.3 Application of MPM to Imaging

Monotonicity of time constants yields a fast and simple imaging method, as presented in

[45, 46, 47].

3.3.1 Imaging Method based on Monotonicity Principle

Let Tj,5 = 1,2,..., P, be the test elements. That is, T} is an a prior: prescribed volume

inside the specimen. And let V' be the unknown anomaly. From (3.37), if T; C V/, then

Tj 14 . . . . Tj Vv .
7,7 > 7;, Vi. Thus, if there exists at least one ¢ such that 7,° < 7,7, then T} ¢V, ie.

(]
T is completely or partially external to V' (Figure 3.6). By repeating this simple test with
different T; we may estimate V" as follows:

T.
Vo =zl > 7 vid. (3.41)

Figure 3.6: The imaging method exploiting the union of test elements. (a) If the test
T
element 77 is part of the anomaly V, then 7, ) > TZ-V , for all 7. (b) If there exist an i such

hat 7.9 < 7V, then T i Y
that 7,7 <7, , then 7} is not part of V.

T.
Similarly, if V' C T} then TiV > T 7 ¥i. Thus, if there exists at least one i such that
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T
vV < T J then V ¢ Ty, i.e. V is completely or partially external to T; (Figure 3.7). By

7

repeating this test with different 7; we may estimate V' as follows:

T‘
Vi =({Tjl7) > 7,7 i}, (3.42)

Figure 3.7: The imaging method exploiting the intersection of test elements. (a) If the
T.
anomaly V' contains the test element T}, then TZ»V > T 7. for all i. (b) If there exists an i

T.
such that TiV < 7 then V does not contain T5.

Vy and V7 are the anomaly profiles estimated via the union/intersection of the test
elements, respectively.
We also point out that, when the unknown anomaly is precisely represented by the union

of the test elements:
V=T UTJ'2 U o UTJM (343)

where {ij|m =1,2,..., M} is a subset of all test elements, the reconstruction with the

union method is equal or larger than the unknown anomaly. According to (3.41):
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T.
T, CV =1 >0V Vi= T V= | T, SVu=V W (3.44)

Similarly, when the unknown anomaly is precisely represented by the intersection of the

test elements V' =T} (T, (--- (1T}, we have

T.
VT, =7 =25/ Yi=s Vi CTy, = Vi C( T} = Vi CV. (3.45)

T =

In other words, combining the union and the intersection method, we can reconstruct

the upper and lower bounds of the unknown anomaly.

3.3.2 Consideration of Noise

In practice, the measured waveforms are noisy, which in turn affects the estimated time
constants. Here, as a preliminary step, we assume the noise affecting the time constants to

be a multiplicative one.

Let us denote the noise-free time constants for V' as TZ-V and the corresponding noisy
version as ?Z-V. We assume a multiplicative noise, i.e. %ZV = TZ-V (1 + &) where & is a

uniformly distributed random variable in the interval [—A, A].

Adapting the idea of Harrach [52], if a test element T} is part of V', we have 7 ) > Tl-V, Vi
- DI o 2V < T Tj 1 4 A) s
which corresponds to 7, 7 > 1+€i,Vz. Therefore, 7" < 7,7 (14 &) < 7,7 (1+ A),Vi and the

reconstruction algorithm based on union becomes:
Tj -V o\
Vo = U{ij (14+A)>7,Vi}. (3.46)
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Similarly, in the presence of noise, the reconstruction algorithm based on intersection

becomes:

Vi =({T317Y > 77 (1= ), il (3.47)

3.4 Concluding Remarks

As discussed through this chapter, time constants is a very powerful tool in eddy current
testing. Given the comprehensive knowledge of natural modes and time constants, we are
able to reveal the defect profiles even at the innermost region of test sample, which is not
possible with traditional eddy current methods. However, time constants is not a directly
measurable quantity. It is of great significance to correctly and accurately estimate time
constants from the time-domain eddy current response. Next chapter will be dedicated to
this problem, exploring different methods to estimate time constants, and discussing the

merits and limitations of different approaches.
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Chapter 4

Estimation of Time Constants

In the following section, we assume that the measurements consist of the terminal voltages
of a set of N pick-up coils due to eddy currents only. Adopting the expression of (3.36), we

denote the voltage across the k-th coil as

N N
v (t) = Z civkvie_t/Ti = Zﬁk,ie_t/”, k=1,2, ..., N (4.1)
1=1 1=1

The problem of estimating time constants is to estimate the number of exponential terms
N, the time constants 7; and the linear coefficients 3}, ; given the knowledge of v (t) at a

finite number of discrete samples at ¢; = jAZ, assuming uniform sampling.

4.1 Previous Works on Exponential Analysis

The estimation of time constants from transient waveform, i.e. finding 7;’s given the knowl-
edge of v(t) = ZiNzl B;e~t/Ti | is challenging. A more general framework of this problem
is recognized as the exponential analysis, which is proved to be highly ill-posed when the
number of exponential terms is large or when two consecutive time constants are close to
each other [53]. This problem has been tackled from the mathematical, physics and engi-
neering perspectives by previous researchers, but none of these methods yielded a general

solution to it. The major numerical techniques of exponential analysis include: the nonlinear
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least square fit, the Prony method [54, 55], the method of modulating functions [56, 57], the
method of moments [58], the Laplace-Padé approximation [59], the Tikhonov regularization
method [60], the Gardner transformation [61, 62], the method of maximum entropy [63, 64]
and others.

Most of these methods, similar to the Fourier transform approach, rely on generating
peaks in some spectral function for the detection of the exponential components with real
exponents. The general scope of these methods corresponds to numerically performing the
inverse Laplace transform of v(t). Hence, they suffer from difficulties of unresolved peaks in
the noisy data [59]. It can be proved that the closest exponential components that can be

resolved satisfy [53]:

§ = JHL _ om/wmax (4.2)
T

where wax is determined by the SNR (signal-to-noise ratio) in the transient waveform:

cosh(Twmax) = T(SNR)? (4.3)

The ill-posed nature of the exponential analysis problem was demonstrated by the exam-
ple of Lanczos [65]. He showed that a sum of two exponentials could be reproduced to within
two decimal places by a sum of three exponentials with entirely different time constants and
amplitudes. This example of Lanczos is reproduced in Figure 4.1, where the experiment data
(circles) and the double-exponential and triple-exponential fits (lines) are plotted. Though
in Figure 4.1 there are two separate lines, they are not distinguishable because the difference
between them is smaller than the line width.

Of course, it is important to note that a prior: knowledge can partly compensate for the
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Figure 4.1: The example of Lanczos. Twenty-four data points (circles) are fitted by a
double-exponential function f;(t) = 2.202¢ /445 4 0.305¢ /158 (blue solid line) and by a
triple-exponential function fo(t) = 0.0951e ™t + 0.8607¢ /3 + 1.5576e~%/5 (red dash line).

information lost in noisy data, and can be used to improve the accuracy. For instance, if
it is known that all linear coefficients [3; are positive, specific algorithms could provide fits
orders of magnitude more accurate than other generic algorithms [66, 67]. Other useful a
priori information includes the range of 7, the number of exponential terms, etc.

Istratova and Vyvenko [53] emphasized three cases of exponential analysis. In the simplest
case, further referred to as "monoexponential analysis”, the transient is assumed to be a

single exponential, which is characterized by the linear coefficient A and exponential A:
f(t) = Ae M (4.4)

If the decay consists of a sum of N exponentials of the form (4.4), it is within the scope

of "multiexponential analysis”:

N
flt) =" At (4.5)
=1

The goal of the multiexponential analysis is to determine the number of exponential
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components N, their amplitudes A;, and decay rate \;. Finally, in the general case when
the decay is described by a continuous spectral function g(\) rather than by a sum of
discrete exponential transients, it is discussed as the analysis of "nonexponential transients”

or spectroscopic methods of exponential analysis:

£(t) = / g0 M (4.6)

0

Analysis of nonexponential transients is aimed at determining the spectral function g(\).
Equation (4.6) reduces to (4.5) if the spectral function g(\) can be represented as a sum of

N delta functions:

N
g(A) = Ais(A = N) (4.7)
=1

It is thus straightforward that the problem of estimating time constants can be tackled
with those techniques to solve the problem of "multiexponential analysis” and ”nonexponen-
tial analysis”. An extensive review of these techniques from various branches of engineering,
physics and mathematics is given in [53]. However, when N is a large integer, most of these
techniques become unstable and the solution is not unique.

Despite all challenges as discussed above, it is important to mention that previous studies
on this problem focused on one single waveform only. Whereas in our study of estimating
time constants, there are multiple waveforms sharing the same set of time constants. It is
potential that by exploiting this extra information, an properly-designed algorithm could
enhance the signal to noise raito (SNR) and eventually, increase the resolution in time
constants space, i.e. distinguish two ”close” time constants.

This study is currently still under active research. The following sections will present a

modified method based on the Laplace-Padé approximant approach for accurately estimating
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the time constants and preserving the monotonicity property.

4.2 A Modified Method Based on the Laplace-Padé

Approximant Approach

This report introduces a modified Laplace-Padé approximant approach to estimate the time
constants.

The Laplace-Padé approximant approach was first introduced by Yeramian and Claverie
in [59]. This approach is based upon the combined use of Laplace transform and of Padé
approximants. It does not require a hypothesis of the number of exponential terms, which is
an output of the analysis. Further, this is an iterative method that allows a priori knowledge
to be integrated into the stopping criteria.

The proposed method is based on the Laplace-Padé approximant approach, tailored for
the pulsed eddy current problem.

Let us assume the voltage measured across the k—th coil,

N
ve(t) =3 Brae i+ g (1), (4.8)
=1

where £.(t) is the noise signal.

In practice, we have at our disposal only a finite number of samples of v (t) at tj =
JAt, 5 =0,..., M, where At is the time step and ¢, should be large enough such that all the
waveforms decays to almost zero. We assume that all individual waveforms vy, (t) have been

normalized to their maximum values.
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By definition, the Laplace transform of vy () is

Vie(s) = /O - v (t)e5ldt. (4.9)

Specifically, the Laplace transform of a exponential decay function f(t) = e~ o > 0 is

F(s) = SJ%O(, whose region of convergence (ROG) is Re(s) > —a. Thus,

N .
Vi(s) =) - f’“lﬂ/r + Z5(s), Re(s) > —1/71. (4.10)
i=1 L

where Zj(s) is the Laplace transform of £.(t) and 71 > 79 > ... > 7.

The Padé approximant is the approximation of a function as a ratio of two power series.
Given a function f and two integers L > 0 and M > 1, the Padé approximant of order
[L/M] is the rational function:

Pr(x) ZIL:O ay! ag + a1z + agx® + ... +apxl

L/M< ) QM(x) 14_2%:1 by x™ 1+b1x+b2I2+...+le‘M ( )

Notice that the first term of (4.10) is exactly its own Padé approximant of order [N —1/N].
As a general remark, the Padé approximant is unique for given L and M. Especially for

a power series

o
Ax) =) djal (4.12)
=0
The coefficients are found by setting
P
Aw) = 22 (4.13)
Qn(x)

44



which gives the set of equations

dop = ag
d1 + doby = a1
do + d1b1 + doby = a9
(4.14)
dr, +dyp_1b1 + ...+ dobp, = ay,

dr41 +dpby + ... +dp_pr410p =0

dr+ar +dpspr—1b1 + ... +dpbyy = 0.

The Laplace-Padé approximant algorithm attempts to equate the Taylor expansion of
Vi.(s) at point sg up to order 2n — 1 and the Padé approximant of V.(s) of order [n — 1/n],
where n is estimate number of exponential terms. n changes during the execution of the
algorithm and is essentially an output of the algorithm. Assuming only one single waveform
v(t) = sz\il ﬁie_t/ Ti + &(t), the original algorithm for estimating the time-constants based

on the Laplace-Padé approximation [59] is summarized as follows:
Step 1 Set the estimated number of time constants n to 1;

Step 2 Calculate the coefficients of Taylor expansion for the Laplace transform of v(t) at

point sp and its successive derivatives up to order 2n — 1;

Step 3 Equate the Taylor expansion and the Padé approximant of order [n — 1/n] at point

50:

2n—1 _
- ;i ag + a1z + a9x® + ... 4 ap_1z"
> di(s — s0)' =

14 bz + boa? + ... + by

1
; (4.15)

1=0
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Step 4 Find the poles and residues of the Padé approximant, which correspond to the

estimated time constants 7; and linear coefficients (3;, respectively;

Step 5 If a linear coefficient BZ is significantly smaller than the remaining ones, the algo-

rithm stops;

Step 6 Set n =n + 1 and go to step 2.

We notice that the Laplace transform referred to in Step 2 may be numerically computed

from the samples of the waveform as follows:

M-1
(e_Stlv(tl) + e Syt ) + e : (4.16)
j=2

V(s) =~ At

DN | —

The Taylor expansion of V (s) at s = sq is

+00
s) = Z di(s — s0)", (4.17)
1=0

where d; = % (fl(lgz‘)/) . Adopting the expression of (4.16), the derivatives of V(s) w.r.t
' 8 5=5()

s is numerically calculated as

1 (dDy
di=7 (dsm )
SZSO
M— 1

((=t0)e"u(tn) + (=tar)e Mu(tyy)) + e )
]:2

(4.18)
~ At

DN | —

Also, adopting (4.14) in Step 3, the coefficients of the denominator b; can be obtained
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by solving an set of n equations with n unknowns:

dp—1 dp  do b —dp,
d oodo Ay b —dp41
! ~| " (4.19)
d2(n—1) v dp dpq bn, —don—1
Then the coefficients of the numerator a; are
a; =dj +dj_1by +---+dob;j(: =0,1,...,n —1). (4.20)

The algorithm proposed in this study is modified in the following manner. First, multiple
waveforms sharing the same set of time constants are considered. Multiple waveforms are
simultaneously integrated in the solution to enhance the robustness w.r.t. mnoise. When
trying to equate the Taylor expansion of order 2n — 1 and the Padé approximant of order
[n — 1/n] at point sg, in the original algorithm, there are n independent equations and
n unknowns; in the algorithm proposed here, there are N.n independent equations and n
unknowns, which gives an over-determined equation set. [by,bo, ..., bn]T are determined in
the least-squares sense.

Second, the selection of sp, which is the only parameter to be set in reconstruction
procedure, was originally chosen by experience. Specifically, [68] states that a reasonable
choice for sq is the inverse of the time the waveform takes to decay to half of its initial value,

hereafter denoted as s, /2- In the proposed algorithm, s is determined by minimizing the
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following function:

N
els0) = | Dlklty) = D Bralso)e /02 (4:21)

k.j i=1
where Bk,i(so) and 7;(s) are the estimations of 3, ; and 7;, as obtained in Step 4 of the
original algorithm. Bk’i(so) and 7;(sg) depend on the point of expansion sg.

In numerical fits, residuals, i.e. the difference between the experimental data and the
fit, are often used to evaluate the quality of the fit. Equation (4.21) minimizes the sum
of the squares of the residuals at every time step. By implementing (4.21) it eliminates
the arbitrariness in the choice of sy. Some preliminary tests about sy were carried out in
this study and we assumed that the sj which minimize the I2-norm of the residual is the
best choice. Test results showed that sy /2 is usually close to the optimal choice but not the
optimum. Therefore, in this study the choice of s( is determined by minimizing the objective
function ¢(sp) in the range [0.25s /9,451 /o].

Third, a proper stopping criteria is proposed considering the physics of pulsed eddy

current problem. The algorithm stops when at least one of the following conditions is met:
e A negative time constant appears;
e A pair of conjugate complex time constants appear;
e The error reaches a minimum;
e The error is smaller than the prescribed noise level.
A step-by-step procedure of the proposed algorithm is given as follows:

Step 1 Set the estimated number of time constants n to 1;
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Step 2 Set the point of Taylor expansion sg to 51/25

Step 3 Calculate the coefficients of Taylor expansions for the Laplace transform of vy, (), k =

1,2, ..., N. at point sg and their successive derivatives up to order 2n — 1;

Step 4 Equate the Taylor expansions and the Padé approximant of order [n —1/n] at point

505

Step 5 Find the poles and residues of the Padé approximant, which correspond to the

estimated time constants 7;(sg) and linear coefficients Bk’i(so), respectively;

Step 6 Update sy to minimize the error function (4.21) in the interval [0.25s1 9,45y /]-
Assuming the error function ¢(sg) is a unimodal function, this is implemented as a

golden-section search [69].
Step 7 If p(sg) is the minimum, let s* = sy and go to Step 8, otherwise go to Step 3;
Step 8 If one of the following stopping criteria is met, the algorithm stops:

e one of the estimated time constants (at s*) is either negative or complex;
e the error, as a function of n, increases;

e the error is smaller than a prescribed threshold related to the noise level.

Step 9 Set n =n+ 1 and go to step 2.
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4.3 Numerical Examples on Estimating Time

Constants

This section provides numerical examples of application of the aforementioned algorithm on
synthesized signals consisting of the sum of exponential terms. In the framework of MPM,
it is important not only to accurately estimate the time constants, but also to preserve
the inherent monotonicity of time constants. In other words, if anomaly A is contained in
anomaly B, all the time constants related to A, when ordered in a decreasing sequence,
have to be greater than the corresponding time constants related to B. The time constants
estimated via the proposed algorithm from measurement of A must be greater than those
from the measurement of B. If there exists TZ-A > TiB for some i and 7',;4 < TkB for some k,
we say that the time constants related to A and B have cross-overs, which means neither A
is part of B nor B is part of A. For a good algorithm which estimates the time constants,
if the true time constants related to anomaly A and B have cross-overs, then the estimated
time constants have cross-overs as well.

To demonstrate the validity of the proposed algorithm, two numerical examples are pre-

sented in this section.

Example 1:

Group 1

vy(8) = et/10 4 o t/5 4 o t/2 L o t/1 | /05y /02 L —1/0]
vo(t) = e t/10 4 9= t/5 4 367t/2 | yemt/1 4 5et/05 4 get/02 4 7o—1/01

vg(t) = Te /10 4 ge=t/5 4 5e=t/2 4 ge=t/1 4 3671/05 4 9 t/02 4 —t/01
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Group 2

vy (t) = et/ L omt/A5 | /18 | /0.9 | —t/0.45 | —t/0.18 | ,—/0.09

v3(t) = Te =t 4 6et/AD 4 5et/18 | 4o=t/09 | 3,—t/045 9 —t/0.18 | —1/0.09

The first example comprises two groups of signals. There are three time-domain signals
in each group. Each of these signals is sum of 7 exponential terms. In other words, these two
groups of signals are considered as in (4.8) with £k = 1,2,3 and N = 7. The time constants
in group 2 are 90% of those in group 1 and the linear coefficients By.; are the same in both
groups.

In pulsed eddy current testing, the signals measured at multiple pick-up coils share the
same set of time constants. In order to imitate the experimental measurements, each group
consists of three waveforms representing the voltages measured at three different pick-up
coils.

All waveforms are sampled from 0 to 50s, which is five times of the largest time constant,
and the sampling rate is 1000 samples per second. An additive noise proportional to the
magnitude of each individual waveform is imposed in this study. Specifically, the noise
&1.(t) added to the k-th waveform, is a uniformly distributed random variable onto interval
[—A - max{|vg(t)|}, +A - max{|vi(t)|}], where A = 0.001 (0.1% noise level). The energy of
the noise signal, which is defined as |/}, ; §k(tj)2, is 0.0647 for Group 1 and 0.0649 for
Group 2.

The estimation results are summarized in Table 4.1. ”n” in the first column represents

the number of exponential terms to be estimated and ”Error” gives the value of the error
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Table 4.1: Estimation of time constants from synthesized signals in Example 1.

n Group Estimated Time Constant(s) Error
1 1 3.8819 10.155
2 3.4824 9.6351
9 1 6.2542  0.7429 3.0323
2 5.6453  0.6723 2.8787
3 1 74942  1.4266 0.2840 0.9604
2 6.7439  1.2837  0.2556 0.9143
4 1 8.4740  2.3258 0.7369 0.1785 0.3173
2 7.6238  2.0866 0.6605 0.1606 0.3047
5 1 9.0699  3.2387 1.1743 0.4482 0.1383 0.1383
2 8.1189  2.8636 1.0544 0.4070 0.1254 0.1406
6 1 10.0454 5.0594 1.9430 0.8373 0.3209 0.1143 0.0661
2 8.7065  3.9017 1.4457 0.5987 0.2321 0.1016 0.0675
- 1 14.4586 11.5321 5.6226 2.0509 0.8739 0.3362 0.1171 0.0687
2 10.1987  6.4859 2.9230 1.2800 0.5395 0.1898 0.0847 0.0681

function as defined in (4.21). Starting from n = 1, the proposed algorithm attempts to
estimate n time constants from the transient signals. The value of error function decreases
as n increases, which means the reconstructed signals from estimated parameters, namely 7;
and Bk’i, become better fits to the original signals. The error function is minimized at n = 6.
Its values, 0.0661 and 0.0675, are very comparable to the energy of the noise signal, 0.0647
and 0.0649. The estimated time constants follow the same monotonicity as in the case of the
true time constants: all time constants in group 1 are larger than the corresponding ones in
group 2.

Example 2:

Group 1

v (t) = e7t/10 4 e7t/5 4 o7t/2 4 omt/1 4 o=t/05 | —/02 | —t/0.1
vo(t) = e7t/10 4 9™ t/5 4 3¢7t/2 | gemt/1 | 5emt/05 | get/02 | 7,1/0.1

vg(t) = Te~t/10 4 6emt/5 4 5et/2 4 agt/1 4 3=t/05 4 9—1/0.2 4 /0.1
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Group 2

vy (t) = et/ L omt/55 | /18 | /L1 —t/045 | —t/0.22 | —/0.09

v3(t) = Te~t9 4 6e/55 4 5et/18 | got/11 4 3—t/045 9, —t/0.22 4 —1/0.09

The second example also comprises two groups of signals. In fact they are the same as
the signals in example 1 except that: the 1st, 3rd, 5th and 7th time constants in group 2
are 90% of those in group 1 while the rest are 110% of those in group 1. In other words,
the true time constants have cross-overs. The energy of the noise signal is 0.0647 for Group
1 and 0.0648 for Group 2. The estimation results of this example are summarized in Table
4.2. The error function is minimized at n = 6, which means the reconstruction signals give
a best fit to the original signals. The estimated time constants of group 1 and group 2 have
cross-overs, as in the case of the true time constants.

It is worth noting that at n = 7, there are a pair of complex values in the estimated
time constants. Imaginary time constants represent sinusoidal components in the waveform,

which can be understood as the attempt to fit the random, bounded noise signal.

4.4 Concluding Remarks

This chapter focused on the problem of estimating time constants from the time-domain
eddy current response. This problem is broadly seen across different physics and engineering
disciplines, and is more generally recognized as the problem of exponential analysis. A lot
of numerical approaches have been suggested to deal with this problem. Among them the

Laplace-Padé approximant approach is most suitable for the specific problem of estimat-
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Table 4.2: Estimation of time constants from synthesized signals in Example 2.

n Group Estimated Time Constant(s) Error
1 1 3.8819 10.155
2 3.7243 9.8610
9 1 6.2542  0.7429 3.0323
2 5.9852  0.7036 2.8069
3 1 74942  1.4266 0.2840 0.9604
2 7.0223  1.2793  0.2508 0.2686
4 1 8.4740  2.3258 0.7369 0.1785 0.3173
2 7.5744  1.7254  0.5645 0.1637 0.3047
5 1 9.0699  3.2387 1.1743 0.4482  0.1383 0.1383
2 7.9509 2.7509 1.1882 0.3724  0.1199 0.1389
6 1 10.0454 5.0594 1.9430 0.8373  0.3209 0.1143 0.0661
2 9.2359  5.8665 1.8783 1.0074  0.3364 0.0995 0.0707
7 1 14.4586 11.5321 5.6226 2.0509  0.8739 0.3362 0.1171 0.0687
2 8.3945  4.1456 1.3912 0.4-0.21 0.4+0.21 0.3299 0.0998 0.0746

ing time constants, because it does not require the a priori knowledge of number of time
constants as an input, instead, the proper number of exponential terms is an output of the
analysis.

In this study, the Laplace-Padé approximant approach was further modified to fit the
problem of estimating time constants. To be more specific, the following modifications were
made: (1) multiple waveforms sharing the same set of time constants are considered; (2) the
value of sq is determined by minimizing the error function; (3) the estimated time constants
are limited to real numbers only. The modified algorithm has been applied to synthesized

waveforms and was capable of estimating up to 7 time constants with acceptable errors.
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Chapter 5

Numerical Examples

This chapter demonstrates the main features of the monotonicity principle method by means
of numerical examples. We first provide numerical evidence of the monotonicity of time
constants in a realistic 3D model. Next, examples of imaging via monotonicity of time
constants are provided. A parametric study w.r.t. the noise level and different number of
available time constants is also presented.

Monotonicity of time constants implies that when the size of an anomaly increase, all
related time constants decrease. This property can be applied to the problem of defect

detection, imaging, sizing, etc.

5.1 Validation of Monotonicity

In this section we validate numerically the monotonicity of time constants. A cylindrical
conductive pipe section of length 10 mm, inner radius 5 mm and outer radius 9 mm is
considered. In the finite element model, this conductor is discretized into 30 elements in the
azimuthal direction, 10 elements in the radial direction and 10 elements in the axial direction,
as illustrated in Figure 5.1(a). To break the isometry, three additional conductive patches
are placed close to the inner surface of the pipe as part of the inspection system, see Figure
5.1(b). An array of coils, acting as both transmitters and receivers, are also placed close

to the inner surface of the pipe. The electrical resistivity of the pipe and of the conductive
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patches is 1077 Q m and that of the anomaly is 107> Q m, which is 100 times larger.

ym 4 4

(a) Mesh of the discretized model (b) Additional patches and array of coils

Figure 5.1: 3D mesh of the test structure: a cylinder pipe section

In the first example we assume two outer surface anomalies A and B, where A is contained
in B. Figure 5.2(a) shows the differences between the largest 200 time constants related to A
and B, arranged in decreasing order. As expected, the differences are all positive according
to monotonicity principle.

In the second example we assume two outer surface anomalies B and C, where B and
C' are of the same size and are partially overlapped with each other. Figure 5.2(b) shows
the differences between the largest 200 time constant related to B and C, arranged in the
decreasing order. As expected, some of the differences are positive and some are negative
since the monotonicity condition is not satisfied. Similar results are observed in the third
example of an outer surface anomaly B and an inner surface anomaly D, see Figure 5.2(c).

Anomaly B is completely external to anomaly D.

5.2 Defect Reconstruction

In this section we consider the problem of defect imaging in a conductive slab via mono-

tonicity of time constants.

56



x 10"

1
. W
0

50 100
k

=

Anomaly A

150 200

P

Differences between time constants
related to anomalies A and B

(a) Anomaly A is part of anomaly B = TZ-A > TiB , for all 1.

Anomaly B

%107

Wwwwﬁmw«w

50

b

100 150

I

200

Differences between time constants
related to anomalies B and C
(b) Anomaly B is partially overlapped with anomaly C' =
TiB > TZ-C , for some 7 and TZB < TZC, for the rest.

Anomaly B Anomaly C

5

<5 0
.

“a 5

-10

W

%107

e

0

100 150

k

50 200

Differences between time constants
related to anomalies B and D
(c) Anomaly B is completely external to anomaly D =

Anomaly B

Anomaly D

TiB > TZ-D , for some 7 and TZB < TiD , for the rest.

Figure 5.2: Validation of the monotonicity of time constants

The conducting domain is a homogeneous slab of 20 mmx20 mmx3 mm. The region of
interest (ROI) is a thin layer in the middle of the slab: 0< z <0.4 mm, -3 mm< y <3 mm,
-3 mm< z <0, as highlighted in Figure 5.3(a) and enlarged in Figure 5.3(b). We assume
that all potential anomalies are inside the ROI. The resistivity of the plate is 1077 Q m and
that of the anomaly is 107° @ m. The ROI is discretized into 9 x 18 voxels in the forward
problem, as shown in Figure 5.3(b). A typical test anomaly in the inverse problem consists

of combinations of these voxels.

The excitation and measurement system consists of a 2D rectangular array of coils as
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Figure 5.3: A homogeneous slab as the test specimen.
seen in Figure 5.4(a). This array is placed at 0.1 mm above the specimen and covers a square

region of interest.

1 mmx1 mm and the thickness is

region of 6 mmx6 mm. The dimension of each coil is

whose

Y

an additional conductive patch

0.1 mm. In order to overcome the issue of isometry,

, as shown in Figure 5.4(b).

resistivity is 1.25 x 10~7 Q m, is placed above the specimen
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Figure 5.4: The inspection system consists of (a) a 2D coil array, and (b) a large conductive

patch above the specimen.

In the following examples all test anomalies consist of the voxels in the ROI, which is

18 elements in y direction and 9 elements

b

uniformly divided into 1 element in z direction

in z direction. We use "a x b” to describe a test anomaly that consists of a consecutive

in the z direction. For simplicity only

elements in the y direction and b consecutive elements

test anomalies of square shape are considered. Figure 5.3(b) gives an example of 2 partially
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overlapped 3 x 3 test anomalies. The target is to reconstruct an anomaly of 5 x 5 voxels. In
this first example we assume that the time constants are noise-free and the first 200 largest
time constants are available.

According to (3.46), we can determine if a test anomaly is part of the unknown target
anomaly by comparing their time constants. Figure 5.5 represents the reconstructed anomaly
using union of test anomalies which satisfy the monotonicity condition. Notice that we are
not presenting the reconstruction results using the union of 6 x 6, 7 x 7, 8 x 8 and 9 x 9 test
anomalies since they are empty. These test anomalies are larger than the target anomaly

and thus, the corresponding estimation Vf; is empty.

Union of 2x2 test anomalies | Union of 3x3 test anomalies

[T
Union of 4x4 test anomalies | Union of 5x5 test anomalies

Figure 5.5: Imaging example using union of test anomalies, assuming noise level A = 0. The
red dashed frames represent the target anomaly.

Similarly, the profile of the target anomaly can also be estimated using the intersection of
test anomalies according (3.47) as shown in Figure 5.6. The results presented in this example
are related to noise-free measurements and the first 200 largest time constants are considered.
Dual to the union method, we have no reconstruction when using test anomalies smaller than
the target anomaly because the set at the r.h.s. of (3.47) is void. The reconstructions using

8 x 8 test anomalies and using 9 x 9 test anomalies have a few extra voxels compared to the
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Intersection of 5x5 test anomalies

Intersection of 6x6 test anomalies | Intersection of 7x7 test anomalies

Intersection of 8 x8 test anomalies | Intersection of 9x9 test anomalies

Figure 5.6: Imaging example using intersection of test anomalies, assuming noise level A =
0. The black bold frames represent individual test anomalies that are found through the
monotonicity test (3.47). The red dashed frames represent the target anomaly.

target anomaly. This is due to the fact that these test anomalies are to large to move freely
in the ROI, especially in z direction, otherwise the intersection area would be reduced.

Also notice that, as a general rule, the reconstruction result is better when the sizes of
test elements are closer to that of the unknown anomaly. In all subsequent discussions, we
provide unions Vir using the largest test elements and intersections V7 using the smallest
test elements before the reconstruction result vanishes.

In the second example, for a prescribed noise level, we repeated the numerical experiment
for N = 1000 times by generating the time constants using multiplicative noise model (Eq.
(3.46)-(3.47)). The probability of the voxel ¢ being identified as part of the anomaly is defined
as p; = %, where N; is the number of times the voxel is identified as part of the anomaly.

200 largest time constants are used in these examples. Figure 5.7 gives the plots of p; as
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the average reconstruction results for noise level A = 1%, A = 0.1% and A = 0.01%. The
voxel of a darker color is more probable part of the anomaly. As expected, the reconstruction
result is better with lower noise level. In this experiment setup a proper reconstruction result

is obtained when the noise level is less than A = 0.1%.

Union, A = 1% Intersection, A = 1%

Union, A =0.1% Intersection, A = 0.1%

Union, A = 0.01% Intersection, A = 0.01%

Figure 5.7: Imaging example with various noise levels. The red dashed frames represent the
target anomaly.

Finally, we considered the impact of the number of available time constants on the re-
constructions. In the previous results, it was assumed 200 time constants are available. In
practice, this number strongly depends on the signal condition as well as the method to
estimate the time constants. In this examples, we reduced the number of available time con-
stants to 150, 100 and 50, and revisit the reconstruction results. The noise level is prescribed
as A = 0.1% and imaging is averaged over N measurements. Results are summarized in
Figure 5.8.

Generally speaking, reconstruction using the union strategy gives an estimate of the
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Union, 150 time constants Intersection, 150 time constants
1
i 0.4

Intersection, 100 time constants

Union, 100 time

o
o

Union, 50 time constants Intersection,
. LLL L)

Figure 5.8: Imaging example with various numbers of available time constants, assuming
noise level A = 0.1%. The red dashed frames represent the target anomaly.

upper bound of the anomaly while reconstruction using the intersection strategy gives the
estimate of the lower bound. When more time constants are available, the reconstructed
boundaries are more close to the real profile of the target anomaly, and further the difference
between the reconstructions of two strategies is smaller. It is worth noting that, even in the
case where only 50 time constants are available, the reconstructions correctly estimate the

lower and upper bound, which is very reasonable in an experimental realization.

5.3 Application of MPM in Defect Sizing

This section presents the application of MPM to the problem of defect sizing. Time constants
decrease as the size of anomaly increases. Moreover, time constants depend on the position of

anomaly since the way an anomaly interacts with natural modes is related to its position. As
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a consequence, anomalies of the same size can be clustered via time constants and clusters
related to different sizes are well separated. By investigating if the time constants of an
anomaly fall in a cluster, one can determine its size.

In this examples, the probe comprises an array of 14 coils above an L-shape conductive
block, which is the test specimen, as shown in Figure 5.9. Anomalies of various sizes and
locations are assumed buried in this specimen. More specifically the anomalies are considered
to be cubes of size 2 x 2 x 2 voxels denoted as S (for small), 3 x 3 x 3 voxels denoted as M
(for medium) and 4 x 4 x 4 voxels denoted as L (for large). The excitation coil was driven
with a square wave current of 50% duty cycle. The excitation coils were excited one at a
time and the transient signal was measured at the same coil when the injected current was

switch-off.

Figure 5.9: Illustration of the numerical examples. The coil array is above the test specimen.
The dark colored voxels represent the air domain.

Figure 5.10: Illustration of the anomalies of various sizes. (a) small anomaly (S), (b) medium
anomaly (M) and, (c) large anomaly (L).

The Laplace-Padé approximant algorithm as described in section 4.2 was used to ana-
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lyze the time domain waveforms measured from the coil array. Different noise levels were
superimposed on the measured waveforms. Two time constants can be estimated for each
configuration associated with a specific anomaly profile. Each point in Figure 5.11 represents
an anomaly in the 2D time constant space. The anomalies of three different sizes naturally
group into three clusters and can be separated by linear decision boundaries. It is clearly
illustrated in the figure that configurations associated with larger anomalies have smaller
time constants. Table 5.1 summarizes the probability of anomalies being correctly classified.
For instance, the first row shows that in the case the signals had 0.1% noise, 94.81% of the
small anomalies were correctly classified as small, 4.44% and 0.74% of them were classified
as medium and large, respectively. This result is very encouraging as it shows the proposed
method has a high probability (> 90%) of correctly classifying anomalies of different sizes,

even when the noise level is as high as 1%.

505 %1070 Estimated Time Constants
oo x10° Estimated Time Constants ¥ sizes T
22 5 O size M o
* size S 22 O size L
) O sizeM - s
Z215 o sizeL 215 o
o g s
= <
5 [}
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g =
5 8 2.05
a8 wy
3205
=]
o 2
2 o

: 1.95 i '
5 5.5 6 6.5 45 5 55 6 6.5 7

First time constant (s) %107 First time constant % 1070
(a) (b)

Figure 5.11: The time constants associated with anomalies of different sizes group into three
clusters. The measured signals have (a) 0.1% noise and (b) 1% noise.
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Table 5.1: Classification of anomalies via time constants

waveforms have 0.1% noise | waveforms have 1% noise
real identified as size identified as size
size S M L S M L
S 0.9481 0.0444 0.0074 0.9067 0.0896 0.0037
M 0 0.9643 0.0357 0.0786 0.8929  0.0286
L 0 0 1.0000 0 0.0577 0.9423

5.4 Concluding Remarks

In this chapter, algorithms based on monotonicity of time constants were applied to the
problem of defect reconstruction and defect sizing. Numerical examples were provided first
to validate the monotonicity property in a pipe section, which is a commonly seen structure
in eddy current problems. Next, we applied monotonicity of time constants to the problem
of imaging cracks in a metal plate structure. Numerical examples showed promising results.
However, in all examples with good imaging results, we used at least 50 most significant time
constants, while in practice we can at best estimate less than 10 time constants accurately,
from the analysis of Chapter 4. This raises concerns about applying monotonicity of time
constant in real-life inspections. Luckily, we discovered another nice property in pulsed eddy
current testing, namely the monotonicity of transfer function. Besides, transfer function is
directly measurable in experiments. This topic will be covered in the next two chapters.
The monotonicity of time constants was also applied to the problem of defect sizing. In
this example, only two most significant estimated time constants were used. The classifi-
cation result is very promising as it showed the proposed algorithm can correctly classify
defects of different sizes, with a correct rate of more than 90% even when suffering 1% noise

in the time domain waveforms.
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Chapter 6

Monotonicity of Transfer Function

and Imaging Method

A transfer function defines the input-output relation of an eddy current system. Specifically
in this chapter, we evaluate the transfer function on the negative real axis and prove that
this transfer function is monotonic with the anomaly profile, i.e. Do C Dg = Zg — Zg
is negative semidefinite, where Z is the transfer function. This property is exploited to
implement a non-iterative imaging algorithm. This chapter discusses the resolution of this

algorithm, sensitivity to noise and its implementation with experimental considerations.

6.1 Definition of Transfer Function

As described in Chapter 3, the linear equations that defines an eddy current system can be

written as:
(R—F%L) T (t) = —M%i(t), (6.1)
v(t) = MTdﬁ—it). (6.2)

where v () represents the voltage induced by the magnetic flux due to eddy current only.
Let us assume the input current is an exponentially decaying one, i(t) = igl(t)e /7 +

igl(—t), where i is a vector describing the magnitude of currents injected in the coil array,
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T is a prescribed positive constant, and 1(¢) is the heaviside step function:

1(t) = (6.3)

05 i i
%5 0 5 10

TiIIle Rl

Figure 6.1: An example of the excitation waveform

The solution to (6.1) consists of two parts, a source-free response and a forced response:

T(t) _ Tfree(t) + Tforce(t> (64)

The source free response is the solution to the homogeneous problem and can be expressed

as sum of the natural modes:

TrC(t) = 3 cpuge 7k (6.5)
k
The forced solution satisfies (R—i—%L) T(t) = —M%ioe_t/ T and can be expressed as
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T(t) = Ae /T where A can be determined by the following deduction:

RAe—t/T . Ee—t/T _ Mi()e—t/T
T T

LA Mi
~RA - =2 =200
T (6.6)

=7RA — LA = Mi

=A = (R — L)~ 'Mij

Substituting this into (6.2) gives,

v(t) = M7 i[(TR — L) 'Mige /7]
) dt (6.7)
= —-MT(rR — L) "Mige /7

T

A matrix Z, defined as Z = —%MT(TR — L)_lM, satisfies the input-output relation
v(t) = Zi(t) = Zige /™ when the input current is an exponential decaying one. Notice
that Z is not a function of time t. By definition of the Laplace transform, Z is the transfer
function evaluated on the negative real axis s = —1/7.

The measurement of the transfer function Z is straightforward. The elements of Z are
the self/mutual impedance relates the forced response and the input current. To estimate
Z, one chooses 7 >> 11 > 19 > --- > 1)y and measures the pick-up coil voltages when the

source free response vanishes (falls below the noise floor). To be more specific,

Um—(t)ﬂf >> (i _ 1)_1 (68)

7 —
mnee (t) m T

68



6.2 Monotonicity of Transfer Function and Imaging

Scheme

Given a conductive domain D and two anomalies V, and Vg, we assume that the resistivity
of the anomalies is larger than that of the background. The transfer function related to
anomaly V is denoted as Z, and that related to anomaly Vg as Zg. The monotonicity of
transfer functions is:

where Zy < Z 5 means that Zo—72 3 is anegative semidefinite matrix, i.e. all of its eigenvalues
are non-positive.

To prove (6.9), we notice that Vo, C Vg implies nq(r) < ng(r), and therefore Ro < Rg,

Do € D= Ry <Ry
= (TRl —L) < (TR2 —L)
= (tR; —L)"' > (#Ry —L)!
(6.10)
= MT(+R; — L)'M > ML (R, — L) 'M[70
= —lMT(TRl ~L)'M< —EMT(TRQ —L)"'M
T T

=21 <7y

Notice that the third line of (6.10),(7R;—L)~! > (tRo—L) ™!, is true only when matrices
TR1 — L and 7Ry — L are invertible. By definition of time constants, (7.R — L)u;, = 0
for non-trivial u?cs, i.e. (1.R — L) is not invertible for k = 1,2,--- | N. Because the time

constants 7;.’s are bounded and approach zero, it is necessary that the decay constant 7 of
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the injected current is chosen to be 7 >> 71 > 1 --.

Similar to monotonicity of time constants, monotonicity of the transfer function can be
exploited to formulate an non-iterative imaging algorithm. Let 7,7 =1,2,..., P, be the test
elements, V' be the unknown anomaly. From (6.9), if T; C V, matrix ZTj — Zy is negative

semidefinite. By repeating this simple test with different 7} we may estimate V" as follows:

Vi = U{Tj|sz <Zy}. (6.11)

The proposed method has low computational cost as it involves only a very simply test
on the eigenvalues of the different matrix ZTj — Zy/, which is usually small in size: the
dimension of the matrix is equal to the number of coils in the excitation array. To retrieve
the full profile (V77), one needs to repeat this simple test for all test elements. The number of
test elements is predefined by the inspector and should be adjusted according to the target
resolution. In practical cases, this number is of the order of hundreds.

When taking into account the noise, only a polluted version ZV of the genuine matrix Zy,
is available. In line with [52], we assume that the noise level is known, i.e. HZV — ZVH <9,
where § is a measure of the noise affecting the measured data. It is trivial to see the following

inequality holds:

Zy — 01 < Zy < Zy + 01 (6.12)

In this case, the unknown anomaly profile can be estimated as:

Vi = U{Tj\sz < Zy + o1}, (6.13)
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6.3 Numerical Results

This section is devoted to defect reconstruction exploiting the monotonicity of transfer func-
tions. The first part of this section demonstrates the measurement of transfer function from
transient waveforms. The second part presents reconstruction examples of four typical defect

configurations under noise-free and noisy assumptions.

6.3.1 Measurement of Transfer Function

The transfer function can be accurately measured from the transient waveforms of pick-up
coil voltages and input currents. Given a system described by (6.1) and (6.2), the #-method

evaluates the transient response as:

d d
T(tp11) = T(tn) + h[‘g&T(thrl) + (1 - 9)&T(tn)] (6.14)
where the variables are discretized in time domain, t, = nh, n = 0,1,--- and h is the time

step. 0 is a number between 0 and 1. When 6 = 0, (6.14) reduces to the Euler Method.
When 0 = %, (6.14) is the trapezoidal method. Notice that for 6 = %, f-method is a second-
order method, which means the local error at each step is of order O(h3), giving a global

error of order O(h?). For all other  values, f-method is a first-order method.

From (6.1),
d _ d,
g T(tn) = LN [-RT(tn) — Mi(tn)], (6.15)
iT(t ) = LY =RT(ty41) — Mi'(t )] (6.16)
a n+1) = n+1 dtl n+1)]- .
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Substituting (6.15) and (6.16) into (6.14), and applying 6 = %, we have

Tlt1) = Tltn) — S Ry 1) + MSi(r0) + R () + MEi()] (617

This gives an explicit computation scheme of T(t) given the knowledge of i(t) and T(0) =
0,

(I+ %hL—lR)T(th) =T(tp) — %hL_l[M%i(th) + RT(tp) + M%i(tn)] (6.18)

In practice, (I 4+ %hL_lR) is a large matrix and computing its inverse is time consuming.
LU decomposition and back substitution technique is used to update T (1) at each step.

To validate the measurement of transfer function from transient waveforms, let us assume
an example problem. The test sample is a 3”7 x 3”7 x 1/4” metal plate with a electrical
conductivity of 5 x 106 S/m. The sample is discretized into 20 x 20 x 6 elements in z,y, z
axes respectively. A pair of transmitter/receiver coil is placed on top of the sample with
0.825 mm lift-off. The coil thickness is 1 mm, the inner and outer diameter are 4 mm and 5

mm, respectively (figure 6.2).

Figure 6.2: An example problem: the mesh of specimen and the transmitter/receiver coil
setup.
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The true transfer function computed with Z = —%MT(TR — L) 'M is:

—8.2605 x 1077 —3.3128 x 107
7 = (6.19)

~3.3128 x 1077 —8.2605 x 1077
On the other hand, the elements of "measured” transfer function is calculated as the
ratio between pick-up coil voltage and drive current. Figure 6.3 illustrates these transient
waveforms. It is clear that this ratio converges to a constant value at large ¢. In practice,
the asymptotic values of these curves are estimated as the transfer function. These values,
as read in figure 6.3(c), are —8.2605 x 10~7 and —3.3128 x 107, which are identical to the

elements of true transfer function Z in (6.19).

6.3.2 Noise Free Reconstruction

This part of the results consider the ideal condition where the transfer function is obtained
with zero noise. To compare with the results obtained using monotonicity of time constants,
the test sample as well as the region of interest (ROI) remain the same as in section 5.2. The
length, width and depth of the ROI are 6 mm, 0.33 mm and 3 mm, respectively. A 2 x 6
coil array is arranged above the ROI (see figure 6.4) and hence the dimension of impedance
matrix is 12 x 12. The coils are placed at 0.1 mm above the sample surface, the inner and
outer diameter of the coils are 0.8 mm and 1 mm, respectively. The number of turns is 100.
Four defect profiles are considered: (a) L-shape top surface opening (b) square shape buried
defect (c) T-shape bottom surface opening (d) two separate square defects. An illustration
of all defects can be found in figure 6.5.

The reconstruction results using noise free transfer function are presented in the figure 6.6,
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Figure 6.3: Transient waveform and transfer function. (a) input current in coil 1 (b) pick-up
voltages (c) impedance, the asymptotic values are the transfer function
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Excited coil, one at a time

Figure 6.4: Sensor array configurations.

defect b

defect d

defect a

defect ¢

Figure 6.5: Example defect profiles.

together with a comparison with the real defect profiles. The reconstruction is successful for

all configurations, including multiple defects. When compared with time constants, transfer

function is a localized property, and hence is not insensitive to sensor liftoff and tilting,

easy to measure, (ii) it does not require extra

(i) it is

but it has the following advantages:

conductive patches to break the isometry.
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6.3.3 Noisy Reconstruction

The specimen and sensor system geometry are identical to the one described in section 6.3.2.

An additive noise is assumed on the transfer function

Zy =Zy + N, (6.20)

where Zy is the true transfer function of unknown defect V', of which Zy, is the noisy version,

and N is the noise matrix. Equivalently, in terms of matrix elements,

(Zv)ij = (Zv)ij +&ij - AZmax (6.21)

where AZmax = max; ; [(Zy);; — (ZBg)i,j| and BG denotes the background (defect-free)

configuration. §; ; is a Gaussian random variable with zero mean and standard deviation o,

2
oz
i.e. the probability density function f(§; ; =) = 1 5¢ 202 , Vi, 7. The estimate of noise
’ 2o

level ¢, as introduced in section 6.2, is selected to be 6 = ||N||
Different values of the prescribed decay constant 7 were selected. The maximum natural
time constant of the background specimen is 7 = 2.9405 x 1072, and 7 is selected to be 57y

and 271, respectively.
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Case 1: 7 = 571, the L-2 norm of matrix Zgefee is 0.0027, the maximum eigenvalue of

matrix Zgefeer 18 —1.5572 X 10~* and the minimum eigenvalue is -0.0027.

For a prescribed noise level o, as introduced in (6.21), we repeated the numerical ex-

periment for N = 1000 times by generating the time constants using additive noise model

The probability of a voxel 7 being identified as part of the anomaly is defined as

(6.21).

p._Ni

is the number of times the voxel ¢ is identified as part of the anomaly.

, where NN;

t— N

The imaging results at different noise levels are presented in figure 6.7 to figure 6.10. The

voxel of a darker color is more probable a part of the anomaly.
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Figure 6.8: Statistical reconstruction results for defect #2,
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Figure 6.9: Statistical reconstruction results for defect #3,
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Figure 6.10: Statistical reconstruction results for defect #4,




Case 2: 7 = 271, the L-2 norm of matrix Zgefee is 0.0214, the maximum eigenvalue of
matrix Zge feer 18 —9.7582 X 10~* and the minimum eigenvalue is -0.0214. Similarly, different
values of ¢ are selected and the reconstruction results averaged over 1000 implementations

are presented in figure 6.11 to figure 6.14.

D

AT G 0 A 0 O 4

(¢c) o = 0.001, SNR = 37 (b) o = 0.01, SNR = 27

Figure 6.11: Statistical reconstruction results for defect #1, 7 = 27

A few conclusions can be drawn from these two examples:

e All defect profiles, including shape, location, and numbers, can still be properly recon-

structed under noisy conditions.

e When the noise level increases, the performance of the reconstruction deteriorates.
When the SNR is smaller than 40, the reconstruction error increases at larger depths..

This is reasonable because these pixels are far away from the excitation coil array and
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(6.9). Besides, in practice, it is more difficult to measure the
83

under same noise levels. However, there is a lower limit of 7 = 7 to

)

Figure 6.12: Statistical reconstruction results for defect #2, 7 = 27
satisfy the monotonicity

hence, they are less coupled and produce less disturbance to the measurement.
transfer function with smaller 7 values since measurements have to be made after the
natural response vanishes and before the forced response falls below the noise floor. It

is important that there is a significant separation between 7 and 7.

e The reconstruction using smaller 7 value (in this case, T
7 value (7 = b7y
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(¢c) o = 0.001, SNR = 55 (b) o = 0.01, SNR = 45

Figure 6.13: Statistical reconstruction results for defect #3, 7 = 27

6.4 Concluding Remarks

This chapter has been focused on the concept, validation and application examples of the
monotonicity of transfer function, with support of numerical evidences. Monotonicity of
time constants and monotonicity of transfer function are two complementary properties.
While time constants are related to the source-free response of the eddy current problem, the
transfer function is obtained from the forced response only. Compared to time constants, the
transfer function is a localized property and it is not insensitive to probe lift-off and tilting.
However, for the same exact reason, monotonicity of transfer function does not suffer from
the problem of isometry when applied to defect imaging. Moreover, the transfer function

is directly measurable from eddy current responses and hence, is much more practical in
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Figure 6.14: Statistical reconstruction results for defect #4, 7 = 27|

real-life inspections.

The estimation of transfer function requires exponentially decaying drive current, and the

decay constants should be significantly greater than the time constants of natural modes.

Next chapter will present the efforts in building an experiment system which satisfies such

Experimental results of defect imaging via monotonicity-based approach will

conditions.

also be provided.
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Chapter 7

Experiment Setup and Results

The experiment setup consists of three major parts: excitation system, coil array, and mea-

surement system, which are all driven and controlled by a computer/control unit (Figure

7.1).

Computer |* ADC

Digital

waveform

Sel 1 gel 2
v " :
Current source

- Excitation é " ] Instrumentation | —
Voltage OP_AMP —_cmren+T % Coil array = amplifier > scilloscope
source =

Sample

Figure 7.1: Schematic of experiment setup
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7.1 Experiment Setup

A exponential decaying current is applied to properly estimate the transfer function. While
such a signal can be generated easily with an arbitrary waveform generator, a waveform
generator does not always drive current of identical waveform. The drive current depends
on the load connected to it. Specifically, a typical waveform generator has a internal output
impedance of 50 2 and the excitation coil features a very small resistance and significant
inductance. In practice, the actual drive current can be monitored by a small resistor which
is connected serially to the excitation coil. It is heavily distorted when the coil is directly
connected to the waveform generator.

A voltage controlled current source (VCCS) drives current that strictly follows the input
voltage waveform. The schematic of the specific implementation of VCCS in this study is
shown in figure 7.2. When an operational amplifier is operating in negative feedback mode,
the two input terminals (node #9 and node #10) are virtually short. The output current is
solely dependent on the input voltage and the feedback resistor R8, I = Vj,,/R8, regardless
of the load connected between node J5 and J8.

This circuit is built using the audio power amplifier LM3886. LM3886 is a high perfor-
mance amplifier capable of delivering 68W of continuous average power to a 4€) load. It has
a large gain-bandwidth product of 8 MHz, which is also highly desired in this experiment.
A considerable amount of drive current of the order of a few Amps is generated, so resistor
RS is chosen to be a power resistor and proper heat dissipation is ensured. A photograph of
the excitation system is presented in figure 7.3.

The frequency response of this circuit under different loads are measured. Specifically, a

5.6 Q resistor and a 100-turn coil (with its DC resistance measured as 6.8 €2) are used. The
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Figure 7.2: Design of the voltage controlled current source.

frequency response, in terms of magnitude and phase, are given in figure 7.4. The magnitude
is measured as the ratio between the voltage VRg across the feedback resistor R8 and the
input signal Vj,. It is clear that the magnitude is almost unity and the phase shift is very
close to zero up to 100 kHz. Below this frequency, the drive current follows the input signal
very well.

An exponentially decaying signal was programmed via an arbitrary waveform generator
(Agilent 33500B) and fed to this circuit. The decay constant is 50 ps. The drive current,
represented by the voltage across the feedback voltage, was plotted in figure 7.5. Please notice
that the current waveform is measured when connecting to a 100-turn coil. An exponentially
decaying current was achieved.

A sensor comprising two coaxial pancake coils (figure 7.6 shows the two coils separately,
the smaller coil is inserted into the larger one when used) is employed as the probe in this

experiment. The exterior/larger coil has an inner diameter of 7 mm, outer diameter of 11.5
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Transmitter-
receiver coil pair

Feedback

resistor .

Y

Figure 7.3: The voltage controlled current source is connected to a pair of transmitter-receiver
coils for testing performance.

mm, height of 5.4 mm and its number of turns is 60. The interior/smaller coil has an inner
diameter of 3 mm, outer diameter of 6 mm, height of 2.8 mm and its number of turns is 20.
Copper wire of AWG=30 is used to prepare these coils.

The specimen under test is a plate of aluminum alloy 6061 (length = 12 inch, width
= 6 inch, depth = 1/4 inch, electrical conductivity = 2.5 x 107 S /m). Three defects were
artificially fabricated with dimensions as shown in Figure 7.7. Defect 1 is of dimension 10
mm X 10 mm and serves as the test element in the inversion procedure. Defects 2 and 3
serve as the unknown defects to be reconstructed. The depth of all these defects is 3 mm.

The time domain waveforms including both the drive current and the induced coil voltage,
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Figure 7.4: Frequency response of the current source circuit.

are collected via the oscilloscope (model InfiniiVision DSO-X 4052A). The sampling rate is

2 x 100 samples per second.
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Figure 7.5: The excitation current agrees very well with the input signal.

Figure 7.6: The two coils consisting the array. The smaller coil is inserted into the larger
one when used.

7.2 Imaging Scheme and Results

When conducting an inspection, the sensor array was mounted on an automated 3D scanner.

A 2D area is scanned while keeping a constant 0.5 mm lift-off from the specimen. The scan

91



Figure 7.7: Three artificial defects are fabricated on an aluminum test sample.
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area was subdivided into pixels of dimensions 10 mm X 10 mm, which is identical to the
dimensions of a test element. The transfer function was measured when the barycenter of
the sensor was on the center of each pixel.

In practice, due to the localized nature of eddy current phenomenon, for a given test
element 7}, only the measurements from positions j in the proximity of this test element is

meaningful. Adapting the idea from [39], the unknown defect V' can be estimated as
V= U{TMZ%O;ZJ <z vj e I} (7.1)

where the superscript cotl, j means this is the transfer function measured at coil position j,
and [, is the set of proper measurement positions for test element 7}.. In this experiment,
the 9 positions centering the test element were considered the set of proper positions, as
numbered in figure 7.8 (the test element is at the center of these positions, which is position
5). The transfer function for this single pixel (test element) was experimentally measured
and processed in advance. Thanks to the translation invariance of the problem (assuming
the region of interest is far away from any edge or other defects), the measurement of a single
test element also comprises the transfer function of any other arbitrary pixel in the grid.

In practice, the measurements are corrupted by noise. To acquire a constant transfer
function for each position, an exponential curve was fitted to both the drive current and
pick-up coil voltage. Since we prescribed the decay constant in the drive current (7 = 50us),
curve fitting problem reduced to a simple linear regression. With this experimental setup,
the noise level in the voltage measurement was of the order of 10 mV. Figure 7.9 shows an
example of experimental waveforms and the corresponding fitted exponential curves.

For each "unknown” defect, a region consisting of 25 pixels was scanned and the transfer
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Figure 7.8: A test element and the coil positions where the measurements are relevant.

function was measured at each pixel. These measurements are used to determined whether
any of the 9 elements in the center is part of the defect, as formulated in eq. (7.1). The
reconstruction results are illustrated in figure 7.10. With this relatively simple surface-

breaking problem, the imaging results are error-free even under experimental noise.
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Figure 7.9: The measurements of experimental current and voltage waveforms and their
fitting to exponential curves.
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Figure 7.10: Experimental results using the imaging approach based on monotonicity of
transfer function.
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Chapter 8

Conclusions and Future Work

8.1 Conclusions

This dissertation developed a fast non-iterative method for imaging defects in electrically
conductive materials using time-domain eddy current test data and the monotonicity prop-
erties. Two monotonicity properties and related imaging algorithms were formulated, and
results of implementation are also presented to validate the approach.

This study started by formulating the governing equation of the eddy current problem in
terms of electric vector potentials. The result is a parabolic partial differential equation. The
solution to this governing equation consists of two parts: the source-free response and the
forced response. The source-free response, i.e. the solution to the homogeneous problem, can
be expressed as sum of natural modes: uf™e(r, ¢) = >k ckuk(r)e_t/Tk. The time constants
T are real, positive, bounded and approach to zero when arranged in decreasing order.

It was proved that if an anomaly in a conductive domain expands, all the time constants
associated with this anomaly decrease. This property is called the monotonicity of time
constants. It leads to a fast, non-iterative imaging method, which is referred to as the
Monotonicity Principle Method (MPM): the region of interest (ROI) is sampled with test
elements, if a test element is part of an unknown defect, all the time constants associated

with the test element are greater than or equal to the time constants associated with the
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unknown defect. If the test element is not part of the unknown defect, their time constants are
not monotonic. In practice, the time constants of test elements are numerically computed
or experimentally measured in advance. Hence, the imaging procedure requires only the
comparison of time constants, which takes negligible computation cost. Moreover, different
test elements could be processed in parallel to further reduce processing time.

From the study of natural modes and time constants, it was noticed that natural modes
are global. Time constants alters significantly when its related natural mode interacts
strongly with a defect, i.e. the natural mode will be changed notably if this defect is intro-
duced. Since natural modes are eigenvectors of the homogeneous problem, they are global
and independent of the excitation system. Some natural modes circulates mainly in the
center part of the problem domain, in other words, their time constants may help to find
deeply buried defects at the center of the sample. However, for the same reason that natural
modes are independent of excitation, time constants can not distinguish two configurations
if they are isometric. In this study, we solved this problem by using an extra conductor
patch to break the isometry.

Imaging of an anomaly requires the knowledge of time constants estimated from the tran-
sient signals of a pulsed eddy current testing. This report reviewed numerical techniques for
multiexponential analysis and nonexponential analysis and, proposed a modified algorithm
based on the Laplace-Padé approximant approach. This algorithm takes into account that
multiple measurements share the same set of time constants. Numerical examples showed it
is robust with respect to noise and preserve the monotonicity property in the estimated time
constants. We exploited this algorithm to estimate time constants from realistic transient
signals, the results are promising in the problem of classifying anomalies of different sizes.

MPM of time constants is advantageous over other imaging methods in PECT for two
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major reasons: (a) this is a non-iterative method requiring extremely low computation cost
and hence is suitable for real-time imaging and, (b) the time constants are intrinsic to test
samples and independent of the inspection system, and hence not sensitive to probe lift-off,
tilt and excitation waveforms. The inspection system, however, may affect the observability
of the time constants.

The second monotonicity property is derived from the forced response of the eddy cur-
rent problem. Specifically, when the system is excited with an exponentially decaying cur-
rent i(t) = ioe_t/ T, the input-output relationship can be expressed as a constant matrix:
uforeed (1) = Zi(t). Notice that in practice, this requires 7 >> 7, and the transfer function
should be measured after the natural response vanishes and before the forced response falls
below the noise floor.

The monotonicity of transfer function states that if an anomaly in a conductive domain
expands, the transfer function of the system increases. This dissertation also developed an
non-iterative imaging method exploiting the monotonicity of transfer function and validated
it with numerical experiments. When compared to MPM of time constants, transfer function
does not have the advantages of being insensitive to probe lift-off and tilting, but it is much
more practical and easier to implement.

An experimental system was built to measure transfer functions. This system consisted
of a voltage-controlled current source, a coil array, a 3D scanner, and a digital oscilloscope.
Data was collected using an automated data collection software developed in C#. Experi-
mental results validated the approach based on monotonicity of transfer function. Error-free
reconstruction examples using the monotonicity-based imaging algorithm show significant

promise.
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8.2 Future Work

Monotonicity of time constants and the imaging method based on it are very appealing, as
it is not sensitive to probe perturbation and excitation waveforms. However, the extraction
of time constants from transient waveform remains a very challenging problem. Researchers
from different areas have tried to address this issue. Different methods, e.g. statistical
methods, direct inversion methods and optimization methods, have been applied to it but
none yields an accurate enough result yet. A physics-based a priori condition may be
required to regularize this problem.

Transfer function is a local property. Good measurement of transfer function requires a
compact and careful design of coil array. Coils in the array should be nicely coupled with
each other in order to achieve high SNR. The example in Chapter 7 (two coaxial coil pair) is

just a preliminary attempt, a systematic approach to design the coil array is yet to develop.
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Appendix

Min-Max Characterization of Time

Constants

Following [50], let U and r (x) be defined as

U = span{uy, ..., u;}

(x) xTLx
r(x) =
xTRx
r (x) is the well know Rayleigh quotient.
Here we first prove that
o xILx (1)
T, = min .
b xeUy, xTRx
and, finally, that
. xTLx
T) = max min — : (.2)
dim(U)=k \ xeU x* Rx

First, we notice that (see [71]) the stationary points of the Rayleigh quotient provide the gen-
eralized eigenvectors and the corresponding values of r (x) give the generalized eigenvalues.

Indeed,

and, therefore, Vr (x) = 0 < Lx — r (x) Rx = 0. (.1) follows easily because the stationary
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points of 7 (x) in U are uy, ..., u; and the decreasing ordering of the 7;.’s.
To prove (.2) we notice that for a given k dimensional subspace U, we have a non vanishing

v €U N span {uy, ...,un}. Then

minr (x) <r(v) < max r(x) =7

xeU - xEspan{uk,...,uN}

and

max (minr(x)) < 1. (.3)

dim(U)=k \x€U

On the other hand, from (.1) it follows that

o xTLx o xTLx
max min —= > min T =Tk
dim(U)=k \xeU x! Rx xeU, x* Rx

which, together with (.3) proves (.2).
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