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ABSTRACT

NASH EQUILIBRIA IN THE CONTINUOUS-TIME PRINCIPAL-AGENT
PROBLEM WITH MULTIPLE PRINCIPALS

By

Lening Kang

In Chapter 1, we review some basic results of backward stochastic differential equa-
tion(BSDE) to prepare for the applications in Chapter 2. BSDE has proven to be a powerful
tool in financial mathematics. It was first introduced as a tool to price contingent claims and
was later used to model utility functions. The value of a recursive utility function is essen-
tially the solution of a BSDE. We present two versions of comparison lemma for BSDE. The
latter one allows quadratic growth in volatility term which is important for its applications
in Chapter 2.

In Chapter 2, we study the principal-agent(owner-manager) problem with moral hazard
in continuous time with a Brownian filtration, recursive preferences, and multiple principals
(one agent for each principal). In simple terms, the problem is defined in two levels, first for
the agents and then the principals. The key to the definition of the problem in both levels
is Nash equilibrium. The Nash equilibrium among the agents is straintforward and comes
through their competing(or cooperative) efforts. The Nash equilibrium among the principals
is more complicated, because the connection among them is indirect and comes only through
the agents’ Nash equilibrium in efforts. The objective is to characterize each principal’s
equilibrium control over his/her agent, taking into account the control is constrained by the
agents’ Nash equilibrium in efforts.

In technical terms, different principals’ problems are connected, because the effort of each

principal’s agent affects the common probability measure, and therefore one agent’s effort can



impact the cash-flow drifts of all the principals. This could capture, for example, the impact
of innovations by agents of one firm on the cash-flow prospects of competing firms. The
externality of each agent’s effort results in interdependence among the principals’ optimal
contracting problems. For the class of preferences we consider, solving the equilibrium reduces
to computing a system of linked subjective cash-flow value processes, one for each principal.
We show that the system has a closed-form solution, when each principal’s cash flow is driven
by an affine-yield state process. Each principal’s optimal pay policy amounts to choosing the
component of the subjective cash-flow volatility to transfer to the agent (that is, a volatility
sharing rule). The optimal sharing rules are simple functions of each principal’s own cash-
flow volatility in the case when the impact of aggregate effort on drifts is additive, but are
generally functions of all the principals’ cash-flow volatilities when the impact of effort on
the drift change is diminishing in aggregate effort. We provide a number of closed-form

solutions to illustrate.
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Chapter 1

Backwards Stochastic Differential

Equation (BSDE)

Backward stochastic differential equation has proven to be a powerful tool in stochastic
analysis in the last twenty years. It has been widely applied in the problems of stochastic
control and mathematical finance. Its general form was first introduced by Paradoux and
Peng in 1990(see Pardoux and Peng (1990)). A lot work has been done since then in both
theoretical aspects and applications, such as E.Pardoux and Peng (1992), Peng (1991), Peng
(1992) and Peng (1993). In particular, Antonelli (1993) extends BSDE to a forward-backward
form(FBSDE). The collection of papers Karoui and Mazliak (1997) summarized some of the
earlier results of BSDE with linear growth. More recently, BSDE with quadratic growth
was studied in a series of papers(Kobylanski (2000), Briand and Hu (2006), Briand and Hu
(2008), and Delbaen, Hu, and Richou (2009) etc.). In this chapter, we will review some
fundamentals of BSDE theory and prove a new version of comparison lemma, which will
serve as a primary tool for the applications in chapter 2.

All uncertainty is generated by d-dimensional standard Brownian motion B over the finite
time horizon [0, 7], supported by a probability space (2, F, P). {F¢:t € [0,T]} is the the
augmented filtration(satisfies the usual hypotheses) generated by B. Let B([0,7]) denote

the Borel o-field on [0,T]. Let A be the Lebesgue measure on [0,7] and P ® A on € x [0, 7.



The qualification ” P ® A almost everywhere” is omitted throughout.

For any subset S of Euclidean space, let L (S) denote the set of S-valued Fp measurable
random variables and £ (S) denote the set of S-valued progressively measurable processes’
w.rt. (2 x[0,T],F x B([0,T]),P ® \).

For this chapter, we will use the following spaces:

Let Ly(S), Ly(S) and Sp(S) denote respectively:

Lp(S) = {zxe L(9): E(jz]") <oo},

T
/ |zeP dt| < oo,
0

Sp(S) = {xEE(S): E( sup |x|p><—|—oo}, 1<p<oc.
0<t<T

Ly(S) = {xeﬁ(S): B

where |-| denotes Euclidean norm.

For any real-valued random or deterministic matrix Z, we will let Z’ denote its transpose.

1.1 Introduction: What is BSDE?

A BSDE is an equation of the following type:
T T
}Q:§+/ f(s,Ys,ZS)ds—/ ZldBs, 0<t<T. (1.1)
t t

or equivalently

dYy = —f(t,Yy, Z)dt + ZjdBy, Yp =E&.

111 the setting of augmented Brownian filtration, progressively measurable processes are
predictable.



where:
o the terminal value £ : 2 — R is Fpr measurable.

e the aggregator function f: Q x [0,7] x R x R? — R is progressively measurable with

respect to P x B(R) x B(R?) where P is the predictable o-field on Q x [0, T).

The solution is a pair of progressively measurable processes (Y, Z) valued in R x R? that
satisfies: ¢ — Y} is continuous and Z; € Lo(R%).

For PDEs in deterministic settings, in most situations a backward formulation can be
transformed into a forward one through reverse of time argument ¢. However, we can not
simply reverse time argument to transform a BSDE into SDE because of the measurability
requirement imposed on the solution. Moreover, unlike in the SDE case where the solution

has only one component, a solution of a BSDE consists of two components Y and Z.

1.1.1 Existence and Uniqueness of a Solution for BSDEs with Lin-
ear Growth

In the case of f(s,Ys,Zs) =0, s € [0,7], (1.1) reduces to martingale representation theo-
rem(see the examples after Theorem 1 below). For any process Z € Lo(R%), we know that
M = fot Z!ldBs, t € [0,T] is a martingale w.r.t. F; and Mp € Lo(R). It is natural to ask
whether the converse is true. The answer is Yes and this result is the famous martingale

representation theorem.

Theorem 1 (Martingale Representation Theorem for Lo-Martingales) Suppose that

My is a martingale w.r.t. Fy and Mp € La(R). Then there exists a unique process Z €



Lo(RY) such that

t
M; = E[My] +/ ZldBs, te€[0,T].
0
Remark 1 The theorem above can be extended to the case where My is a local martingale.

Before we proceed to the general case of (1.1), let us first look at two instructive examples,
which will show how to use Theorem 1 to get a solution to (1.1):

(a) In the case of f(s,Ys, Zs) =0, s € [0,7] and £ € La(R), there is a unique solution to
(1.1). We get the solution by using the theorem above. To see this, let Y; = F¢(£), t € [0,T]
, where Fy(-) = E(- | Ft). It is well-known that Y} is an Lo-martingale, so we let My = Y;
and the theorem gives us the existence of Z; € Lo(R?). To see that (Y3, Z) is a solution
to (1.1), note that Yp = ¢ and Y; = E(&) + fg ZLdBs, t € [0,T]. In this case, Y € Lo(R),
because Y is Lo-martingale and T is finite.

(b) The case of f(s,Ys,Zs) = 0, s € [0,T] can be easily extended to f(s,Ys, Zs) =
f(s), s € [0,7], i.e. the aggregator f does not depend on the solution (Y, Z). We also
assume f(s) € Lo(R). Let My = Ey fO s)ds + &), then My is an Lo-martingale.(Note
that f(s) € L£o(R) implies fO s)ds € Lo(R).) We get Z € Lo(R%) by the theorem, i.e.
My = E(Mry) —l—fo Z!dBs. The solution Y is given by Y; = My — fo s)ds = E} ft s)ds+
€), t € [0,T]. Note Y € Lo(R), because |Y;| < Et(f0T|f(s)|ds +1£]), t € [0,T] and the
right-hand side of the inequality is Lo martingale.

In the general case(i.e. the aggregator f depends on the solution (Y, 7)), the theorem
below taken from Karoui and Mazliak (1997) proves the existence and uniqueness of a so-
lution to (1.1) under certain conditions. Its proof will be based on a fixed point theorem
in addition to the martingale representation theorem. We will assume the following on the

aggregagor and terminal for Theorem 2 below.



Assumption 1 The aggregator and terminal satisfy: & € Lo(R), f(+,0,0) € Lo(R) and f is
uniformly Lipschitzin'Y and Z, i.e. there exists a constant C' > 0 such that¥(y1, z1), (y2, 22) €

R x RY

|f(ty1,21) — f(ty2, 22)] < Clyr — y2| + |21 — 22]).

Theorem 2 Assume 1. Then there exists a unique pair (Y, Z) € La(R) x Lo(R) that solves

(1.1).

Sketch of Proof. Forany 8> 0and ¢ € £o(5), let [l g = E UOT 66t|g0t|2dt]. We will let
L 5(5) denote the space of Lo(.S) endowed with the norm || - [| . The proof of this theorem
is based on a fixed point theorem for a contraction mapping from Ly g(R) x Lo B(Rd) into
itself.

For any (y, 2) € L9 g(R) x 5275(Rd), we will consider the following BSDE:

T T
Yt=£+/ f(s,ys,zs)ds—/ ZldBs, 0<t<T.
t t

By the uniform Lipschitz condition, we have |f(s,ys, zs) — f(s,0,0)[? < 2C(|ys|? +|2s|?). By
the assumptions f(-,0,0) € L9 g(R) and (y,2) € L9 g(R) x 5275(]1%‘1), we get f(s,ys, 2s) €
Ly 3(R). By the example (b) above, there’s a unique solution (Y, Z) € £y g(R) x EQ’ﬁ(Rd)
to the equation.

We will denote the mapping (y, z) — (Y, Z) by (Y, Z) = T (y, z). Forany (y', 21), (42,22) €
Lo 5(R) x Lo g(RY), let (Y1, ZY) = T(y!, 21) and (Y2, 22) = T (y?, 2%). Proposition 2.2 of
Karoui and Mazliak (1997) gives the estimate:

202 + T)C?
Y1 — Yz\l% + 121 — Zzll% < %(Ilw - yzll% + |21 — Zzll%)



Choosing 2(2+ T)C? < 3, we see that 7T is a contraction mapping from Ly 5(R) x £275(Rd)
into itself. Thus there exists a fixed point (Y™, Z%) € £y g(R) x L’Q,B(Rd), ie. T(Y*, Z%) =

(Y*, Z*), which is the unique solution to the BSDE (1.1). =

1.2 Comparison Lemmas for BSDEs

Since BSDEs are difficult to solve explicitly, a typical comparison lemma for BSDEs is a
useful tool in analyzing their solutions. It compares the solutions of BSDEs with different
aggregators and terminal values. Upon inspecting (1.1), it is easy to get the intuition that,
when the aggregator function and terminal value increase, the solution Y should also increase.
A comparison lemma makes this idea precise under certain conditions. In this section, we
will review a comparison lemma for BSDEs with linear growth that is a variation of Theorem
2.5 in Karoui and Mazliak (1997). We will also present a comparison lemma for BSDEs with
quadratic growth in volatility that extends the result in Briand and Hu (2008). BSDEs with
quadratic growth are heavily used in the analysis of recursive utility functions in economics,
as will be seen in section 1.3 and chapter 2. When it comes to BSDEs with quadratic growth,

uniqueness of the solution is usually proved by using a comparison lemma.

1.2.1 Comparison Lemmas for BSDEs with Linear Growth

The comparison lemma in this subsection is a direct result of the proposition below. It
deals with a linear BSDE that has an explicit solution. The solution depends on an adjoint

process, which in turn is the solution of a forward SDE.

Proposition 1 Let (5,7) be a pair of bounded progressively measurable processes valued in



(R,R%), p € L3(R) and & € Ly(R). The linear BSDE(LBSDE)

dY = — [pt + BYs + Ziye] dt + Z{dBy, Yp = €. (1.2)

has a unique solution (Y, Z) € La(R) x Lo(RY). Y is given explicitly by:

'Yy = B

T
ng"’/t FSSOSdS] (1.3)

where the strictly positive adjoint process satisfies:
dl'y =T (ﬂtdt + 7£dBt) , I'o=1. (1.4)
Moreover, if £ > 0 and ¢ > 0, then Yy > 0, t € [0,T]. If in addition, Yy = 0, then we have

p=0andY; =0, 0<t<T.

Proof. By Theorem 2, there exists a unique solution (Y, Z) € L(R) x La(R%) to (1.2). By
Ito’s formula, we have FtY}ngf(f psl'gds = Yo—i—fg (FSYSfy; + FSZé) dBg, so FtY}—i—fg psl'gds

is a local martingale. By (1.4), the adjoint process is

t / |7t’2 !
't =exp {/ {%dBt — —dt} + / Btdt}
0 2 0

Because 3 and «y are bounded processes, I' € L2(R) and by Doob’s inequality supg<;<7 [T¢] €

Ly(R).



Using an equivalent form of BSDE (1.2) Y; = £+ ftT (s + BsYs + Zivys| ds — ftT Z!dBs,

we get

T T
sup |V < [é] + / (05 + BsYa + Zlnslds + sup | / 7B,
0<t<T 0 0<t<T t

Because ¢, Y € L9(R), Z € £2(Rd) and 3,7 are bounded, we have by Holder’s inequality

T
/O |908 + BsYs + Z;’73|d8 S Lg(R).

We also have

T T t
sup |/ Z;stl < |/ ngBs| + sup |/ Z;st|-
0<t<T Jt 0 0<t<T JO

By Doob’s inequality, we get

t T T
E| sup / ZhdBg|? < 4_E|/ ZLdBs|? = 4E/ | Zs|?ds < oo,
0<t<T J0 0 0

SO SUPg<¢<T | ftT Z4dBs| € Ly(R). Thus we have supg<;<7 V3| € La(R).

By Holder’s inequality, we also have

T
sup |Yy|- sup |Ts and / (osTslds € Ly(R)
0<s<T 0<s<T 0

Thus

t T
E sup {FtY}g —|—/ gpSFsds} < E sup |Ys|- sup |I's|+ E/ lpsDs|ds < o0
0<s<T 0 0<s<T 0<s<T 0



We can conclude that the local martingale I';Y; + fot psl'sds is a uniformly integrable mar-
tingale, so we have:

'Yy = By

T
{FT—i-/ Fggosdsl
t

Because the process I' is strictly positive, it follows directly from the above equation that,
if £ > 0and ¢ >0, then Y3 > 0, ¢t € [0,7]. If in addition Yy = 0, then the expectation
of the non-negative random variable {I'p + ftT Pspsds is 0, so we have £ = 0, ¢ = 0 and
Y; =0, 0<t<T. mAs a direct result, we present the comparison lemma below, for which
we have the same assumption on the BSDEs as in Theorem 2. This guarantees the existence

of a unique solution for the equations in the theorem.

Theorem 3 (Comparison lemma for BSDEs with linear growth) Let (f', &), i =

1,2 be the aggregator and terminal value of the BSDFEs
dY{ = —fU(t,Y{, Z})dt + Z{'dBy, Vi =¢

that satisfy Assumption 1.
If et > & and f1(6, Y1 21 = FAYE ZE) or L YE ZE) = fA(G YR ZE), then we

have Ytl > Y;Q, 0<t<T. If in addition YO1 = Y02 we have then Ytl = Yt27 0<t<T.

Proof. Let 0Y =Y; — Y5 and 67 = Z1 — Zs, thus (6Y,67) will satisfy the LBSDE:

d(6Yy) = =0 frdt +0Z,dBy, 6Yp =& — 9. (1.5)



where

6ft = fl(t7}/t17Zt1)_f2(t73/t27Zt2)
:1 fl(t7§/t17 Ztl) - f2(t73/t17 Ztl)
N Y2 - fPYE 2
vl AYy oY

<f2(t7 Y?? Zt1> - f2<t7 Y?? ZtQ))ézédzt

oY

+1
2} 22 16Z¢|2

PR (3 (/3 bt M S (Y
Yi#Yy oYy

+7 1 2<f1(t7yt27Zt1)_fl(t7yt2’Zt2))6ZL{52t
2y #2§ |6 Z4|?

+f1(t7 3/1f27 ZtQ) - fQ(ta }/%27 ZtQ)

Y

By proposition 1, the LBSDE (1.5) has a unique solution (0Y,02) that satisfies 0Y; > 0, 0 <
t<T,if &' —¢2 > 0and fL(t, Y}, Z)) — f2(t, Y}, Z)) > 0, for i = 1 or 2. (Use equality
1 for fl(t,Ytl,Ztl) — f2(t,Ytl,Zt1) > 0 and equality 2 in the other case. Also, use the
Lipschitz assumption to bound the coefficients of §Y and §7). If in addition §Y{y = 0, then

0Y;=0,0<t<T. m

1.2.2 Comparison Lemmas for BSDEs with Quadratic Growth

The comparison result in Theorem 3 relies on the assumption that both aggregator functions
are uniformly Lipschitz in the corresponding arguments. In typical applications, we often
need to deal with the kind of BSDEs whose aggregator is quadratic in the volatility term,
such as recursive utility function with quadratic volatility penalty(see next subsection). Some
important properties of recursive utility are proved by using comparison lemmas. Reference

Kobylanski (2000) was the first to prove a comparison lemma for BSDEs with quadratic

10



growth in volatility and bounded terminal values. Later Briand and Hu (2006), Briand and
Hu (2008) and Delbaen, Hu, and Richou (2009) extended Kobylanski (2000) by allowing un-
bounded terminal values with exponential moments(the moment generating function is finite
on R). On the other hand, they added the assumption that the aggregator is concave(convex)
in the volatility term. In this subsection, we prove a comparison lemma(Theorem 4) for BS-
DEs with quadratic growth in volatility that extends the result of Briand and Hu (2008).
This lemma emphasizes the symmetry between f and f (the two aggregators in the two BS-
DEs that we compare) with regard to assumptions (a), (b) and (c) below and also allows
either f or f to be concave or convex in the volatility term. In chapter 2, we will apply this
theorem to solve the principal-agent problem with multiple principals. In Theorem 4 below,

we will use the following assumption on the aggregator and terminal.

Assumption 2 There exist two constants v > 0, 3 > 0 and a process a(t) valued in RT

such that,

(a) Yt € [0,T] andy € R, z — [ (t,y, z) is convez or concave;

(b) ¥(t,2) € [0, 7] x RY, and (y,9) € R, |f(t,y,2) = f(t,9,2)] < Bly = 3

(¢) V(t,y.2) € [0,T] x Rx RY, |f(t,y,2)| < a(t) + Blyl + F|=I

(d) The random variables fOT a(t)dt and |Yp| have exponential moments of all orders.
Theorem 4 Suppose (Y, Z¢) and (fft,ZAt) solve

dY; = —f(t,Y;, Z)dt + ZdB;, Yy = f(T),

dﬁ = —f <t, }A/%, Zt) dt + Zt,dBt, YT = f(T)

11



where f, f:Qx[0,T)xRxRE =R and f(T), f(T):Q—R. Forallw,t € Qx[0,T), let
either (f,Y) satisfies Assumption 2 and supg<i<T Vs has exponential moments of all orders
r (f, f/T) satisfies Assumption 2 and supg<i<7 Yy has exponential moments of all orders

then
(i) Yr < Yr

(it) f(t,y,2) < f(t,y,2), V(ty,z)€[0,T] xR x R4

implies Y; < Y;, Vt € [0,T] 23

Proof of Theorem 4. Suppose that f satisfies Assumption 2 and f is concave in the
volatility term. V6 € (0,1), let us define Uy = 0Y; — Y3, Vi = 02— Zy and 6 fy = f(t, Y3, Z¢) —
f(t.Y1,Z) < 0.

The aggregator of Uy could be written as: 4

9f<t7}/t7 ZL‘) - f(t7 }A/ta Zt) = Hf(ta Y%» Zt) - f<t7}/t7 Zt) + f(tv Yt, Zt) - f(ta YA;% Zt)(16)

+f(t7 YA%; Zt) - f<t7 be Zt)

21f f satisfies Assumption 2 (resp. fw,t,-)), then it is enough to assume f(t,V;, Z;) <
F(t, Y, Z)(vesp. f(t, Yy, Z¢) < f(t,Y:, Z;)). Here we assume uniform dominance over [0, 7] x
R x R? just for presentation convenience.

3Note that if the inequalities (i) and (ii) are reversed, then the inequality in the conclusion
is also reversed.

41t f satisfies Assumption 2 and f is concave in the volatility term, we can define
0ft = f(t,Yy, Zy) — f(t,Yy, Zy) < 0 and write 0f(t,Y:, Zt) — f(6, Y5, Zt) = 0f(t,Ys, Zt) —
0f(t,Ys, Zs) +0f(t, Y, Z) — f(t,Ys, Z¢) + f(£, Y2, Zt) — f(t,Ys, Zt). The rest of the steps can
be carried out accordingly.

The case of f satisfies Assumption 2 and [ is convex was covered by Briand and Hu (2008)
If f satisfies Assumption 2 and f is convex in volatility term, we can define Uy = Yy — QYt, Vi=
0Z; —0Z; and & f; = [, Ye, Zt) — f(t Yy, Zt) < 0. We can write f(t,Y%, Z¢) — Gf(t Y},Zt)
0ft + f(t, Yi, Zy) — f(t Y, Zt) + f(t Y, Zt) — Hf(t Y, Zt) and carry out the steps in Briand
and Hu (2008) accordingly.

12



We can rewrite

f(t,Y;f, Zt) - f(t>Y/t7 Zt) = f(t,Y;g, Zt) - f(ta 0Yz, Zt) + f(t,eYt, Zt) - f(taYA;% Zt)

= f(t,Ys, Z) — f(t,0Yy, Z¢) + a(t)Up

where a(t) = [f(t,GYt, Zt) — f(t,f/t, Zt)] /U, when Uy # 0 and a(t) = (3, otherwise. By

(b), we have |a(t)| < 8 and
F(&,Ye, Zt) = f(, Y4, Ze) < (1= 0)8]Yi| + a()Uy (1.7)

Since f is concave in Z, we have

. Z—0Z
f(taY%aZt) = f(ta}/;‘,?QZt_‘_(l_e)%Ht)

Zy—0Z

thus by (c)

ef(t’}/i’ Zt) - f(t,Y;f, Zt) < _(1 o e)f (t’y}z; Ztl_—HQZt>

< (1=0)(alt) + BIYE]) + 5 Ze = 02> (1.8)

T
=
We continue with (1.6). Upon combining (1.7) and (1.8), we have

v

5 a2
s g\ 07 ok (19

0f (t, Yz, Zt) — f(t, Y3, Zt) < a(t)Up+ (1 —0)(a(t) + 28] Yz]) +

13



Let Fy = 0f(t, Y, Zy) — f(t,f/t, Zt) — a(t)Us. We can rewrite (1.9) as

Fy < (L= 0)(at) +281Yi)) + 5|2 — 024 + 6o

T
(1-0)
Let Ay = fga(s)ds. By Ito’s formula, we have
d(eMU;) = —eMFydt + et V/dB, (1.10)
Let ¢ > 0 and define P; = exp{ceAt Ut}. By Ito’s formula,
dP; = —Gydt + Q}dBy,

where Q¢ = cPteAt%, and

At
Gy = cPet (Ft_%“/HZ)

A A gl celt 9
< A= 0)(alt) + 26l) + 00} +ePet | 5ot = S | W ()

Recall that [A;] < AT, so if we choose ¢(8) = vePT /(1 — ), then

g c(0)et
20—6) 2 =0
thus
Gy < c(0)Pe {(1—0)(alt) +28Yi]) + 0} = PiH, (1.12)

where H; = eAt {yeﬁT(a(t) + 2p6|Y3]) + 0(9)5ft}
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Let P, = Dy Py and Q; = DyQ;, where Dy = exp (fg Hsds). By applying Ito’s formula to P

and (1.12), we have for any 0 <1 <t9 < T,

- . ty .
-Pt2 _Ptl > QSdBS7 (]‘]‘3)
3

For any fixed t € [0, T}, define the sequence of stopping times 7,,, n > 1 as:

u ~
Tn:inf{uZt:/ |Q5|2d82n}/\T
t

By (1.13), we have

- - ™ .
Pt < PTn - / QSst (1-14)
t

where t Upon taking conditional expectation on (1.14) using Py = Dy P;, we have

p< b fon ([t [ ate) + 203D + c(0)35] s ) Pry |

By integrability condition (d) % and monotone convergence theorem, the exponential term

on the right-hand side of the above inequality converges.

P, = exp{ced™ Ur, }
< exp{ceﬁT(QYTn — Y} = exp{ce?T (6 — DYr, + ceﬂT(YTn —Y:)}

< exp{2ce®T (0 — 1)Y5,}/2 + exp{2ce®T (Yy,, — Y7,)}/2

SCorollary 4 in Briand and Hu (2008) shows that (d) implies that supg<¢<7 |Y3| has
exponential moments of all orders.
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t

T
P < Ey {eXp (/ efls [’YeﬂT(a(s) +2B[Ys]) + 0(9)5fs] dS) PT}
Because |A¢| < BT, we have:

BT+A X T
exp (W—H(Qyt — Yt)) < E {exp (/; eBT [VeﬁT(a(s) +28Ys])

1-0
BT 26T )
i ds + L (Y — YT)> }

€
gtk

1—-60

By 6Yr — }A/T = Q(YT — YT) + (9 - 1)?1“ < Q(YT — }A/T) + (1 — 9)’YT|7 we have:
,YGBT—i-At R 762ﬂT T R
exp 1—9(95/;5 -Y:) | < Epqexp 0 / dfsds +60(Y —Yr)
- - t

}

T .
Jr7€25T (/t (a(s) +20|Ys|)ds + ]YT|>

Because 5T 4+ Ay > 0, 6f(s) <0 and Yp — Yr < 0, we have:

A~ — T ~
0Y; —Y; < 1 S i log E {eXp (’yeQﬁT </ (a(s) + 20|Ys|)ds + \Yﬂ)) }
t

The right hand side is finite due to (d) and the simple fact that the class of random variables

of all exponential orders is closed under addition. Thus we can let # go to 1 and get ¥} < Y.
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1.3 Application to Economics

1.3.1 Recursive Utility Functions

In economics, wutility is a measure of relative satisfaction. Given this measure, one may
speak meaningfully of increasing or decreasing utility, and thereby explain economic behavior
in terms of attempts to increase one’s utility. Utility is often modeled to be affected by
consumption of various goods and services, possession of wealth and spending of leisure
time, etc. A utility function measures all the objects of choice on a numerical scale and a
higher measure on the scale means the consumer likes the object more.

The utility function that we will use is the continuous-time recursive utility introduced by
Duffie and Epstein in Duffie and Epstein (1992b) and Duffie and Epstein (1992a) as an exten-
sion of the popular time-additive utility. Skiadas (2008) summarized some important prop-
erties of recursive utility and its application to selection of optimal consumption-portfolio.
Let us consider an agent who can consume from 0 to 7. The set of consumption plans is a
convex set C C Lo (C), where C C R (typically C = RT). For any c € C, let ¢;,0 <t < T

denote the consumption rate at t. There also exists a terminal lump-sum consumption cp.

Definition 1 We will let Uy denote the agent’s utility att, 0 <t <T. (U, X) € Lo(R) x

EQ(]Rd) solves the following BSDE:

AUy = —F(t, ¢, Uy, Sy)dt + StdBy, Up = F(T, cp). (1.15)

We will assume that the terminal utility F(T,cp) : Q x C — R depends only on w and cp

and the aggregator function © F : Q x [0,7] x C x R x R? = R is increasing in ¢, concave

6In the general setup of BSDE (1.1), we allow the aggregator to depend on w in addition
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in (¢, U,X) and satisfies Assumption 2.

In the next example we present the standard time-additive utility that is widely used in

asset pricing theory. It is a special example of recursive utility.

Example 1 Assume that the terminal F(T,cp) € L1(R) and there ezists some function

u:Qx[0,7T] x C — R such that u(t,ct) € L1(R). The aggregator function F' satisfies:

F(t,Ct, Ut72t> = U(t,Ct) - BUt

for some constant § > 0.

By applying Ito’s formula to Ute_ﬁt, we have the following closed form expression for Uy.

Ui = E;

T
F(T, cT)e_B(T_t) +/ e_ﬂ(s_t)u(s,cs)ds] . (1.16)
t

This is the well-known standard time-additive utility.

In example 1, if in addition we allow 3 to vary with ¢, i.e. 8:Q x [0,T] x C — R™, we get

the following closed-form expression for U; that extends (1.16).

T
Up = Ey |F(T, cp)e” J& B(s,cs)ds +/ o JF B(TycT)dTu(S’CS)dS
t

For any given consumption plan ¢ € C, we will let (U(c), 3(c)) denote the solution of BSDE
(1.15) with consumption plan c.

In typical economical applications, we often require that the utility function satisfies

to time ¢ and the solution (Y, Z). This allows us to include other random processes in the
aggregator such as the consumption process c¢ in this section. In our main application in
Chapter 2, we will include more processes in aggregator functions.

18



certain properties, such as:
Monotonicity For ¢!, ¢2 € C, if ¢! > 2, then Uy(c1) > Upleg), 0 <t < T.

Concavity Forc!, 2 € Canda € (0,1), Up(act +(1—a)c?) > aly(c)+(1—a)U(c?), 0 <

t<T.

Dynamic consistency Let cl, 2 e C,0<s<t<TandAe Fs. Assume =2

on A x [s,t] and Uy(c') > Uy(c?)(or Up(cl) = Uy(c?)) on A, then U(ch) > U(c?)(or

U(cl) = U(c?) respectively) on A x [s, t].

Proposition 2 The recursive utility function in Definition 1 is monotonically increasing

and concave in consumption and satisfies dynamic consistency.

Proof. The proof of the proposition is based on the comparison lemma(Theorem 4). Mono-
tonicity follows directly from Theorem 4, because the aggregator function of BSDE (1.15)
is monotonically increasing in c.

For the proof of Concavity, let ¢ = ac'+(1—a)c?, U* = aU(ch)+(1—a)U(c?), and ©¢
aX(c) 4+ (1 — a)2(c?).

Thus (U%, %) satisfies(omitting the time argument ¢ for ¢ € [0,7)):

e = = (aF(ch,U(c"), 5(eh) + (1= a)F(,U(P), () de + 3*dB
= —(F(c™, U XY —p)dt +3¥dB,
UY = aF(T,ch) + (1 —a)F(T, )

= F<T7 C%) — PT-
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where

p = F(UYSY) —aF(c,U(),8(ch) = (1—a)F(,U(?),2(?)),

pr = F(T,¢})—aF(T,c}) — (1—a)F(T,c})

Because F' is concave in (¢, U, 3), we have ps > 0, t € [0,T].

We also have that (U(c%), X(c®)) satisfies:

dU(c™) = —F(c*,U(c%), S(c™)dt + ¥ (¢*)dB, Up(c®) = F(T,c5).

Applying Theorem 4 with (Y, Z) = (U%, %) and (Y, Z)) = (U(c%), 2(c%)), we get Uy(c®) >
U, 0<t<T.

For the proof of Dynamic Consistency, we consider the BSDEs for (U(c%),%(c')),
i = 1,2 on Ax[s, ] with the aggregators F(c!,.) = F(c?,-) and the terminals Uz (c!) > Uy(c?).
Thus it follows from Theorem 4 that U(c') > U(c?) on A x [s,t]. By symmetry, the claim
still holds with = replacing all the >. ®m When maximizing recursive utility with respect to
consumption plans, it is enough to maximize Uy, because the property of dynamic consistency
ensures that once an optimal consumption plan is chosen at ¢t = 0, the agent does not have
incentive to deviate from it at any ¢ € [0,T]. Assume Uy is maximized by the consumption
plan c € C. 7 Then for any t € [0, 7], there can not exist a consumption plan ¢ that satisfies
cs = Cs, s €[0,t) and Uy(¢) > Uy(c). Otherwise, we can define ¢ such that ¢s = ¢, s € [0,1)

and ¢s = ¢s, s € [t,T]. By dynamic consistency, we have Uy(¢) > Up(c), which contradicts

In typical applications such as optimal portfolio choice and optimal contracting, c¢ is
subject to extra constraints, which is generally expressed as a forward SDE. We will leave
out this technicality for the time being and get back to it in Chapter 2.

20



the optimality of ¢ at time 0. So if ¢ € C satisfies Uy(c) = maxzec Up(€), the agent will stick
to it as the optimal and not deviate.

Comparing Risk Aversion: In comparison to the standard time-additive utility (Example
1), recursive utility allows us more flexibility to adjust risk-aversion through the dependence
of aggregator function on the volatility term. To see this, we will consider two recursive
utility functions U’ with aggregators F, i = 1,2.

Ul is more risk-averse than U2, if U&(c) = Ug (c), for any deterministic plan ¢ and
U&(c) < Ug(c) for any plan ¢ € C.

For simplicity, we assume that the two aggregators F' are deterministic functions of
the corresponding arguments (¢, ¢, U?, %) and F(T, c%) is a deterministic function of ci;r,
i=1,2. If Fl(t,c,y,0) = F>2(t,c,y,0) for any t, ¢,y € [0,T] x C xR, then Ul(c) = U?(c) for
any deterministic plan ¢. While we can adjust F* such that Fl(t, c,y,2) < F2(t, c,y,z) for
any t,c,y,z € [0,T]xC x R xR, By Theorem 4, we get U&(c) < Ug(c), for any ¢ € C. Thus
The two recursive utilities U; and Uy have the same preference order over deterministic plans
while U; is more risk-averse. Risk-aversion of the standard time-additive utility is totally
governed by the preference order over deterministic plans, since there is no volatility term

in the aggregator to adjust risk-aversion.

1.3.2 European and American Contingent Claims Valuation

The following section summarizes some results from Karoui, Peng, and Quenez (1997),
Karoui and Mazliak (1997) and Rogers and Talay (1997) about the application of BSDE in
pricing European and American contingent claims. In pricing European contingent claims,
these results extend the classic risk-neutral pricing results in complete markets. The ap-

plication of BSDE allows us to use more flexible modeling of wealth equations including
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consumption, nonlinear generators and incomplete markets. We also introduce a variation
of BSDE; the reflected BSDE(RBSDE) which is closely related to optimal stopping. It is used
in pricing of American contingent claims. For simplicity, we will only impose assumption 1
on the BSDEs(RBSDESs) and cover the classic pricing problems with complete markets.
We will adopt the following setting for a complete market. There are d 4+ 1 assets. One
of them PY is a riskless asset. In addition, there are d risky assets Pi i=1,...,d that do

not pay dividends. The n + 1 assets follow the equations below.

dP) = PPrdt
dP} = P} |bjdt+Y oyldBl|, ij=1,....d
j=1

where 7 is the short interest rate, b = (b!,. .. ,bd)’ is a d x 1 vector representing the appre-

ciation rates of d stocks and ¢ is a d x d volatility matrix.
For simplicity, r, b and o are assumed to be uniformly bounded and predictable processes.

1'is uniformly bounded as well.

o has full rank and the inverse o™~
It is also being assumed that there exists a predictable and bounded-valued d x 1 vector

process 6 that solves the following market price of risk equation.

by —ril = o046y a.e.

where 1 is a vector with every component 1.
Under these assumptions, the market is complete.

Let m = (71, e ,7Td)/ denote the amount of wealth in the d risky assets, namely 7 is a
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portfolio. Let V4 denote the value of the portfolio. The pair (V,7) is called self-financing if
T
/ o} 2dt < +o0 as.
0

and the following two equations hold

d
V=Y
1=0
and
d .
AP}
m = Y i
=0 3
d o d )
= (Vi —mlrdt+ Y wf(bidt + > op?dB])
i=0 j=1

= rVidt + 7y (bt — r1)dt + Tyord By

= (Vi + Wthet)dt + WgatdBt

The case of European option.
First recall that an European contingent claim ¢ settled at time 7" is an Fp measurable

random variable. It is a contract that pays & at time 7.

Without considering consumption, a hedging strategy against a short position in £ is
defined to be a self-financing trading strategy (V, m) such that Vi = £. We denote the class

of hedging strategies against £ by H (). The claim £ is hedgable if H () is nonempty

The fair price Xy at time 0 of a claim £ is defined as
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Xo =inf{x > 0;3(V,7) € H({) such that Vj = z}

With the above setup, let £ be a nonnegative® square-integrable contingent claim. A

hedging strategy (X, ) against £ is a solution of the following linear BSDE
dXt = (reXe + Wégtet)dt + WgatdBt, Xp=¢

Without restrictions on the solution (X¢,m¢), the solution to such a BSDE is generally not
unique. If we require that the strategy is feasible i.e. X > 0, ¢ € [0,T], then the solution is
unique. As an alternative, we can require as in Theorem 2 that (X, oj7) € Lo(R) x Lo(RY).
In both cases, the solution is given by a standard result on linear BSDE as appears in

Proposition 1.

Xy = E[H’}ﬂft}

where H!, t < s < T satisfies dH! = —H' [rsds + ngBS] JHE =1.

The process H above is called "state price density” or "deflator”. The above characteriza-
tion of hedging portfolio agrees with the classic risk-neutral pricing result. By Girsanov’s
Theorem, there exists () a risk neutral probability measure so that W+ fg Osds is a standard

d-dimensional Brownian Motion that under Q Y.

8For simplicity, we only consider hedging a short position of a claim that has a nonnegative

payoff at T.
JSince we assume that 6 is uniformly bounded, % = exp — [fOT 0.dBs + % fOT \GS\QdS] is
a martingale.
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Then the solution of the above BSDE can be written as
Q| S rsd
Xy =E¥ |e” )t "5Y¢|Fy

As we see above, the solution of the European option leads to a BSDE with generator that
is linear in the wealth and volatility. However, we can apply more general assumptions on
the generator of BSDE such as Assumption 2 to allow more flexible modeling.

The case of American option.

To motivate using RBSDE in pricing American contingent claim, let us first consider the
problem of hedging European contingent claim with consumption. Let C be an increasing,
right-continuous process representing cumulative consumption. A self-financing superhedg-
ing strategy is a collection of (V, 7, C') where V is the wealth process and m the portfolio

process such that

dVy = (riVi + wfouby)dt — dCy + wiovdBy, Vip =&

T
/ oy | 2dt < 400 a.s.
0
A superhedging strategy is called feasible if
Vi >0, te[0,7T] as.

Let H'(¢) denote the class of superhedging strategy.

The upper price at time 0 of ¢ is defined as

X} =inf{z > 0;3(V,7,C) € H'(¢€) such that Vj = z}

25



By incorporating the consumption process C' into the generator of the wealth equation,

t 10is added to the generator. Given a claim &, we see by using the

a positive term dCy/d
Comparison Lemma 3 that the upper price should be no less than the fair price. In the
setting above, the fair price agrees with the upper price i.e. X(’) = Xp. This can be seen by
setting C' = 0 in the above equation.

A feasible superhedging strategy is a special case of RBSDE, if we further require that
f(;[ VidCy = 0 and V e 82. Although these two last assumptions are not needed for pricing
European contingent claim, it turns out that for American contingent claim, due to the early

exercise feature, a consumption process is needed for the case that the option holder does not

follow an optimal exercise policy. This concludes the motivational part of the presentation.

Definition 2 A standard data for an RBSDE consists of a terminal value & € L2, a standard
generater f : Q2 x [0, T] x R x R? = R that satisfy Assumption 1 and a continuous obstacle
process S € L2

The solution to a RBSDE with standard data (¢, f,S) is a tripe of F-progressively mea-

surable process (Yy, Zy, Ky), 0 <t < T taking values in R x R™ x R that satisfies
a. Ze€ L2 Y eS8 and Ky € [?;

b. Yi =&+ [ f(s,Ys, Zs)ds + Kp — Ky — [} Z:dBs, 0 <t <T;

c. V; >S5, 0<t<T;

d. K; is continuous and increasing, Ky =0 and fOT(Y} — Sy)dKy = 0.

Because of the backward formulation, the above definition might look counter-intuitive

at the first glance. Compare an RBSDE for Y; with a regular BSDE for Y; with the same

10 Assume €' is absolutely continuous with respect to the Lebesgue measure
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generator and terminal value.

—dYy = f(t,Ys, Zy)dt + dK; — ZidBy, Yp =&

—dYy = f(t,Yy, Zy)dt — Z{dBy, Yy = ¢

We see that the difference between the two equations is dK; which represents an upward
push of —dY;. Since Yy =& — ftT dYs, increasing —dY; has the effect of pushing Y; upward.

Another way of thinking of the effect of K; is if we let the volatility term Z; = 0 and
consider Y} to represent the price of a zero-coupon bond with a face value £ at T'. Adding K
to the equation has the effect of decreasing the interest rate and thus increasing the value of
the bond.

By condition (d) in the last definition, Ky is continuous and moves upward only when
Y; = Sy. This ensures that the minimal push is being used to make condition (c) satisfied.

Similar to the case of classic BSDE, with a set of standard data (&, f,.S) the RBSDE has
a unique solution (Y, Z¢, Kt). The proof of existence part is based on apriori estimates on
the solutions of two RBSDEs. The uniqueness part is based on the following comparison

theorem for RBSDEs.

Theorem 5 Let (¢, f,5) and (¢, f',S") be two sets of standard data and suppose that
a. £<¢

b. f(t,y,2) < f'(t,y,2) a.e.

c. Si<S0<t<T as.

Let (Y, Z,K) and (Y',Z', K') be the respective solutions of the RBSDEs associated with the
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standard data above. Then

V; <Y/, 0<t<T, as.

As in the European part, a wealth portfolio before the option is exercised is a pair of

processes (X¢, m¢) in L2(R) x £2(R%) that satisfies the following SDE

dXt = —b(t, X¢, mp)dt + W;Utth

where b is a standard generator. The European option case corresponds to b(t,x,m) =
—ryx — wrofy. The volatility matrix o is assumed to be invertible. Also o and o1 are
uniformly bounded. We can let ¢ be identity matrix without loss of generality as we can
treat o*m as 7.

Let £ denote the terminal payoff of an American contingent claim in case it is not exercised

early. Let S, denote the intrinsical value of the claim which is the payoff of the claim if it is

exercised at time u for any 0 < u < T. Also assume S € £2. Let

For any 0 <t < T, let ¥y = {7;7 is a stopping time and ¢t <7 < T'}. For any v € Uy,
there exists a unique solution (XY, 7Y) to the following BSDE for the wealth process with

terminal at the stopping time v.

—dXY =b(s, XV, 7¥)ds — () *dWs, 0< s <wv, X\ =5,

If (X, ) are the solution to a BSDE associated with terminal time 7', generator b(t, z, 7)1;<,

and terminal value Sy, then (X, 7¥) is just (X, 7s)15<,. This BSDE represents the wealth
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process stopped at v and replicates the payoff Sy, if the American contingent claim is exer-
cised at time v.
Thus the price of the American contingent claim at time ¢ with payoff S, at exercise time

v € Uy is given by

ess sup X{ = ess sup E
Z/E\Ift Z/G\I/t

~ 14
S+ / b(s, XV, 70)ds| Fy
t

The following proposition shows this price is exactly the solution of a RBSDE. It also
generalizes the traditional optimal stopping problem and provides a RBSDE that solves the

value of the American contingent claim.

Proposition 3 Let {Y;, Zy, Ky, 0 <t < T} be the solution of a RBSDE associated with a

set of standard data (&, f,S) then for each t € [0, T

14
Y; = esssup E {SU +/ f(s,Ys, Zs)ds|Fy
vel'y t

where S’u =&1y—7+ Sulyer, 0<u<T

The optimal stopping time in the above equation is achieved by
Di=inf{t <u<T:Y, =5}

Note that in the above proposition, when f is an £2 process that is free of (Y, Z), the solution
Y} corresponds to the value of an optimal stopping problem.

The solution of proposition 3 is compatible with pricing by using risk-neutral probability
measure namely, with ) denoting the risk-neutral probability measure, we get that the price

of the American contingent claim at time ¢ with payoff S, at exercise time v € ¥y is given
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esssup,cu, E S, + [} bls, XY, m¥)ds|F|

= essSup,cy, EY [exp (= [ rsds) Su|-7:t]
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Chapter 2

Principal-Agent Problem with

Multiple Principals

2.1 Introduction

A nontechnical overview of the problem: We study the principal-agent(owner-manager)
problem with moral hazard in continuous time with multiple principals. In simple
terms, the problem studies the interaction of a group of principals. Each has one agent

working for him /her.

To help understand the problem, we will first recall a simpler problem with just one
principal and one agent. In this problem, a utility maximizing principal offers a pay
plan to an agent in order to induce effort, which has an impact on both the principal
and agent’s utilities as well as the principal’s cash flow. In the meantime, the principal
faces two constraints. The first constraint is an incentive compatibility condition that
says the agent will make effort to maximize his/her own utility and not necessarily work
in the benefit of the principal. The second is a participation constraint namely, the
agent’s initial utility must exceed some fixed amount, because of his/her employment
opportunities elsewhere. The objective is to characterize the principal’s optimal control

over the agent, taking into account the two constraints.
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In the principal-agent problem with multiple principals, the new element is the as-
sumption that each principal-agent pair’s utilities and each principal’s cash-flow are
affected by the efforts of all agents. When choosing his/her controls, each principal has
to take into account not only the two constraints as in the single principal case, but
also the impact of his/her control on the other principal-agent pairs and their response.
The problem is defined in two levels, first for the agents and then the principals. The
key to the definition of the problem in both levels is Nash equilibrium. In simple lan-
guage, a Nash equilibrium is a relation among a group of utility-maximizing ” players”,
in which each player’s strategy is optimal in response to the others’ strategies. In
other words, in a Nash equilibrium, each player has no incentive to change strategy,
when the others do not change theirs. In our problem, the Nash equilibrium among
the agents are through their competing(or cooperative) efforts, which have an impact
on every agent’s utility function. The Nash equilibrium among the principals is more
complicated, because the connection among them is indirect and comes only through
the agents’ Nash equilibrium in efforts. That is each principal’s incentive compatibility
constraint, from the single principal case, is replaced by a Nash equilibrium condition
among the agents. Similar to the single-principal case, each principal also faces the par-
ticipation constraint of his/her agent. The objective is to characterize each principal’s
equilibrium control over his/her agent, taking into account the control is constrained

by the agents’ Nash equilibrium in efforts.

Main ideas of the paper: If agent effort is noncontractible, it is well-know from the
principal-agent literature that a principal can induce agent effort by linking pay to the

cash flows influenced by that effort. In a single firm with several agents and effort
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externalities (one agent’s effort affecting the output of others), the optimal contract
for each agent will generally depend on the other agents’ outputs (see Holmstrom
(1982) and, in a continuous-time model, Koo, Shim, and Sung (2008)). One reason
for this is the impact of an agent’s effort on the output of others (another is simple
risk reduction). But such effort externalities occur not only within firms but across
firms. For example, innovations (e.g., software, microchips, fracking technology, etc.)
by agents at one firm can affect the investment opportunities of other firms. Effort
by employees in the service sector could have spillover effects to firms in the same
industry. Alternatively, our model could represent a reduced-form model accounting
for competitive or complementary industry effects. ~ Within this setting there are
moral hazard and potential free-rider problems at two levels. Given the compensation
schemes offered by the principals, each agent considers only the impact of his effort
on his own compensation, ignoring the benefits to the other agents as well as the
principals. The agent may have an incentive to free ride off other agents’ efforts: in
one application we show that no more than one agent will exert effort at any time.
Each principal designs a compensation scheme to maximize own utility only, while
anticipating the impact of the promised pay on the agent equilibrium. Each principal
has an incentive to free ride off the other principals, particularly because the assumption
of binding agent participation constraints implies that the benefits of effort externalities

ultimately accrue to the principal.

We examine the multiple principals (one agent for each principal) problem in a continuous-

time setting with a Brownian filtration, recursive preferences, and one agent for each

1Even absent the effort externality, Holmstrom (1982) shows that such relative perfor-
mance evaluation can be optimal simply to reduce compensation risk when the task outputs
are correlated.
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principal. The effort of one agent changes the drifts of the cash flows of other princi-
pals/firms as well as their own. We show that optimal contracts in this setting cannot
be designed in isolation, because the compensation policy of each principal can affect
the distributions of the other principals’s cash flows and the incentives of the other
agents. The equilibrium is simple to obtain for the class of preferences we consider
(a generalization of additive exponential utility), and reduces to computing a system
of linked subjective cash-flow value processes, one for each principal. Each principal’s
optimal pay policy amounts to choosing the component of the subjective cash-flow
diffusion, or volatility, to transfer to their agent (that is, the volatility sharing rule),
and is solved by maximizing the drift rate of this cash-flow process given the policies

of the other principals.

We first examine applications with an additive impact of effort on the Brownian mo-
tion drift (which, in turn, implies an additive impact on cash-flow drifts). In the
additive case the marginal impact of effort is not affected by other agents’ effort. The
resulting sharing rules are simple functions of each principal’s own subjective cash-flow
volatility, but these cash-flow processes must be jointly solved because of the external-
ity of the other agents’ effort. When an additive measure change is combined with
quadratic effort and risk-aversion penalties, we obtain simple linear volatility sharing
rules and closed-form solutions for a class of affine type state-variable dynamics (one
example considers Ornstein-Uhlenbeck cash flows, and another example a square-root
stochastic cash-flow volatility model). In the simple case of Brownian cash flows and
no intermediate pay/consumption, the fixed component of each agent’s lump sum ter-
minal consumption is adjusted according to the covariances among the cash-flows. For

example, in a setting with two principal-agent pairs and positive covariance between
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the cash-flows, then each agent’s effort increases the drift of both cash flow processes.
This positive externality all accrues to the principals, who can reduce the fixed com-
ponent of agent pay while still meeting the participation constraint because the fixed

fraction of the cash flow paid to each agent becomes more valuable with the larger

drift.

We next consider applications in which the impact of effort on the Brownian drift
is diminishing in total effort. That is, the measure-change operator is concave in
aggregate effort. The sharing rules in this setting are more complicated, with the
optimal share of the subjective cash-flow volatility transferred to the agent (via the
promised pay) depending on all the principals’ subjective cash-flow volatility processes.
Each agent’s equilibrium optimal pay is therefore influenced by the cash-flow dynamics
of all the principals. We obtain an explicit solution with quadratic effort penalties
and two risk-neutral principal-agents pairs in which the lump-sum terminal pay of each
agent depends on the terminal lump-sum cash-flows of both principals, increasing in
their own cash flow and decreasing in the cash flow of the other. We also consider
the case of absolute effort penalties (with possibly risk-averse principals and agents),

in which the equilibrium results in only one agent working at any moment in time.

In the principal-agent problem with moral hazard, a utility maximizing principal pays
a compensation process to an agent in order to induce effort (which, increases expected
future cash flows). But the principal faces two constraints. First, because effort is as-
sumed noncontractible, the contract must satisfy an incentive compatibility condition
that the agent, faced with a particular compensation process, will choose effort to

maximize his own utility. Second, because the agent has alternative employment op-
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portunities, the agent’s initial utility must exceed some fixed amount (the participation
constraint). In the continuous-time Brownian version, first examined by Holmstrom
and Milgrom (1987), the impact of effort choice is often modeled as an equivalent
change of measure (that is, the agent’s effort changes the probabilities of the states),
which changes the drift of the driving Brownian processes. This is a convenient way

to model, for example, the impact of effort on the growth rate of a cash flow process.

In the case of multiple principals/agents, each principal chooses the pay process that
maximizes his/her own utility subject to incentive compatibility and their agent’s par-
ticipation constraint. At the agent level, we find that optimal effort generally depends
on both the volatility of the agent’s utility function as well as the effort levels of the
other agents. We give necessary and sufficient conditions for a Nash equilibrium among
agent effort processes in terms of the joint agent utility-volatility processes. At the
principal level, each optimal compensation contract is specified in terms of two con-
trols: his/her own consumption, and the volatility of agent utility. The agent volatility
control implies a unique class of pay plans. Each principal chooses the optimal con-
trols to maximize their own utility while fully anticipating the impact of their controls
on the equilibrium efforts chosen by the agents (pay cannot be directly contingent on
effort). The resulting set of optimal contracts establishes a Nash equilibrium among

principals as well as a Nash equilibrium among agent efforts.

The dynamic contracting problem with multiple principals appears formidable, but
is simple within the class of translation-invariant (TI) recursive preferences that we
consider. The TT class of preferences is essentially as tractable as additive exponential

utility, which is a special case, because the agency problem (the fact that effort is
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noncontractible) induces recursivity in the principal’s utility even in the time-additive
case. Furthermore, recursive preferences allow more flexible modeling of risk aversion,
as well as distinct modeling of aversion to variability in consumption across states
versus across time. We find that the important qualitative aspects of the optimal con-
tracts, as well as equilibrium agent effort, are driven by risk aversion. Preferences for
intertemporal substitution enter only indirectly by affecting the drift of the subjective
cash-flow value processes. We show in the case of an additive measure change that
the most tractable subclass, in which the solution reduces to a set of Riccati ordinary
differential equations when uncertainty is characterized by a set of affine-type state
variables, is not necessarily time additive. It is characterized by general risk aversion,
but elasticity of intertemporal substitution restricted to be infinite (or, alternatively,

no intermediate pay/consumption at all).

Literature review: Our paper is part of a broader literature on the impact of interactions
among principals/firms or agents on optimal contracting. Aggarwal and Samwick
(1999) show if the pay of the manager/agent is increasing in both own-firm and rival-
firm profits the incentive to compete is diminished and therefore prices and profits

are higher.2

Khanna and Schroder (2010) show that if loan non-renewal impacts the
future prospects of the rival firm, the optimal debt contract (which induces truthful
revelation of profits via the threat of loan non-renewal) is different from a standard

debt contract: If default benefits the rival, the optimal contract deters predation with

a reduced sensitivity to profits, and if default hurts the rival (say by allowing entry of

2The contract is assumed linear, and is not claimed to be optimal. They also consider a
principal-agent problem, but because each agent’s effort increases only own-firm profits, but
there is no interaction among efforts.
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a more efficient firm) then the optimal contract is made more sensitive to profits to
increase prices.  There is also a literature examining the impact of product market
competition on managerial effort in a principal-agent setting (see, for example, Hart
(1983), Schrarfstein (1988), and Schmidt (1997)), but the level of competition in these

papers is assumed to be invariant to the compensation contracts.

A large literature on team contracts allows agent efforts to jointly determine the dis-
tribution of output (see Chapter 8 of Bolton and Dewatripoint (2005) for a review).
Holmstrom (1982) shows that the role of the principal (implementing pay schemes and
extracting the surplus) becomes more important in team settings because of the free
rider problem; he also examines the relationship between the information structure
(signals and noise) can be used to implement efficient pay schemes. The incentive
of any agent to free ride can also be affected by the other agents. For example,
Winter (2010) shows that under complementarity of the production function, trans-
parency among agents increases the threat against shirking (shirking by one agent can
induce retaliatory shirking by his peers), thereby reducing the free rider problem. Ed-
mans, Goldstein, and Zhu (2011) considers a two-period deterministic team problem
in which firm output is either zero or one (failure or success) depending on the effort
levels (each in [0, 1]) of all the agents (they focus on the cases when either output de-
pends on the total efforts, or the minimum of the efforts). Synergy is modeled through
effort cost, which is assumed decreasing (for ”positive” symmetry), for each agent 7, in
the weighted sum of other agents’ efforts. The principal announces agent wages and

then agents simultaneously choose efforts, which constitute a Nash equilibrium. In a

3Their production function is defined as complementarity if the marginal impact of each
agent ’s effort increases as the set of other agents who exert effort increases.
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continuous time setting, Koo, Shim, and Sung (2008) give a general characterization
of agent equilibrium in a team setting with time-additive exponential preferences and

Brownian cash flows.

The agent-equilibrium part of our problem is similar the problem with a single principal
but multiple agents with multiple tasks (it is most closely related to the agent equilib-
rium in Koo, Shim, and Sung (2008)). As in the team-contract literature, there is first
an equilibrium among agents, but without a single principal to share the aggregate
output and coordinate the agents’ efforts, resulting in another layer of moral hazard
that reduces efficiency. Furthermore the effort externality links the principals’ con-
tracting problems, because the incentives created within one firm will indirectly affect
the opportunities of other firms. Therefore the optimal contracts set by the principals
also constitute a Nash equilibrium. It seems natural in this setting to consider each
agent’s effort cost to depend on own-effort only (in contrast to the ”synergies” modeled
in Edmans, Goldstein, and Zhu (2011)), and to consider agent efforts as substitutes
rather than complements: The Brownian-motion (and therefore cash-flow) drifts are

an increasing and weakly concave function of aggregate efforts.

Our solution approach employs a number of techniques well known from the time-
additive-utility case with a single principal. ~As in Schattler and Sung (1993), we
consider a general nonMarkovian Brownian setting, and use a solution technique sim-
ilar to their first-order approach (see also Williams (2008) and Koo, Shim, and Sung
(2008)). These papers contain the key ideas of letting the principal choose agent
utility diffusion (or agent effort) in order to solve for lump-sum terminal pay, which

is solved by running the agent utility forward from the participation-constraint level
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after substituting the optimal diffusion level. This reduces the principal’s problem to

a dynamic programming problem.

Organization of the paper: The chapter is organized as follows. In Section 2.2, we
present the setting and notation, define the translation-invariant (TT) preferences that
we use throughout, and outline the contracting problem. In Section 2.3, we develop
a necessary and sufficient condition for agent equilibrium and introduce the class of
CES(constant elasticity of substitution) measure-change operator. Section 2.4 char-
acterizes principal equilibrium. Section 2.5 presents closed-form solutions to a set of
linked BSDEs that represent principals’ subjective PV (present value) processes. Sec-
tion 2.6 and 2.7 present applications with an additive measure-change operator, and
a CES operator, respectively. Numerous examples are provided throughout. Finally,

the Appendices present proofs omitted from the text and derivations of some examples.

2.2 The Setting and Problem

All uncertainty is generated by d-dimensional standard Brownian motion B over the finite
time horizon [0,7], supported by a probability space (€2, F, P). All processes appearing
in this paper are assumed to be progressively measurable with respect to the augmented
filtration {F; :t € [0,T]} generated by B. For any subset S of Euclidean space, let L (S)

denote the set of S-valued processes, and, for any p > 1,

T
/ leePde| < o0,
0

Lp(S) = {zeL, (5): Eljar|’] < oo},

L7 (S) = {xEE(S): E
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where ||z¢|| denotes Euclidean norm.

Define the spaces

M = {zeR: xisar.v. such that F (e"") < oo for all k > 0},
T

r € L(R): :er,/ lzg|ds € M} .
0

We will let By 7} denote all the Borel sets on [0,7] and A denote the Lebesgue measure.

<
I

The qualification ”P ® A almost surely” is omitted throughout. =~ We will also use the
following notation: for o € SV, we will let a~% € SN=1 denote the collection of all but the
ith component (for example, if & € RV then o~ ! = (aQ, aly )) Also, for any number

r € R, we denote its positive part by 27 = max (0, 7).

2.2.1 The Setup

Each of the N principals in our model has a single agent whom they pay to induce costly
effort. The N agents’ effort together change the probability measure, altering the drift of B
and potentially the drifts of the principals’ cash flows and cash-flow volatility. It is through
the common change of measure that the principal and agent problems are linked.

We will define the following processes that are key to our paper

Consumption The set of consumption plans is a convex set C C Lo (R). Let

V= (cUl, . CUN> e CNand v = (ch, . CVN> e CV represent the consumption
processes of the N agents and N principals respectively. We interpret cg it < T,
Ui

as agent i’s consumption rate, and ¢’ as agent ¢’s lump-sum terminal consumption.

Similar explanation applies to principal ¢’s consumption.
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Efforts We define the set of effort plans as a convex set &€ C L5 (E) for some closed set
E C RY (typically E = R or E = ]Ri) For any e = ( > , we interpret
ef; as the time-t effort rate exerted by agent i. We assume that e’T =0 (no lump-sum

terminal effort).
Interest Rate We assume a bounded deterministic riskless short-rate process r.

Pay Process We define the set of pay processes as a convex set P C M. For any p =

Ui

< 1, ) > € PN we interpret pt, t < T, as intermediate pay and p7’ as lump-sum

terminal pay by principal i to agent .

Cash-Flow Process We define the set of cash-flow processes as a convex set X C M. For
any X = <X Lo xN ) e XN we interpret Xti, t < T, as intermediate cash-flow rate

and erp as lump-sum terminal cash flow of principal i.

Both principal ¢ and agent ¢ are allowed to borrow and lend through a money-market
account. As with agent effort, we assume that the agent’s money-market account balance is
noncontractible. We say that the pay process p' finances agent consumption VT if there is
a wealth (money-market balance) process WUV satisfying the agent’s budget equation (2.1);
and we say that the cash-flow process X finances p! and principal consumption VieCif

there is a wealth process wVi satisfying the principal’s budget equation (2.2):

Wéjl = w(()h, thUi=<Wt Tt‘f'pt_ct )dt C WT +pT’ (2.1)

W=l aw) (Wtwrtmz—pg—cfi) dt, = WE+ X5 — v (22)

Before the terminal date T', principal ¢ invests the cash flow less agent i’s pay and princi-

pal i’s consumption, and agent ¢ invests pay less the own consumption. At the terminal
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date, principal ¢’s lump-sum consumption equals the lump-sum terminal cash flow plus the
money-market balance minus the terminal lump-sum pay to agent 7; the agent’s lump-sum
consumption is the sum of the agent’s money-market balance and lump-sum pay

Define the discount factor D, as well as the price process I' of a bond paying a unit

coupon rate and unit (lump-sum) par value:

t 4 1 r
Dy =e fO s 5’ Iy = F / Dgds + DT (23)
t t

Note that
dl'y = (rl'y — D)dt, T'p=1.

As in Koo, Shim, and Sung (2008) we model the impact of the collective agent effort

ec &N asa change in probability measure to P¢ where

dp*
dP

3

and the exponential supermartingale Z€ is defined by

t 1 [t
Zi e ([ v an— [oeol?as)

for some function ® : R¥Y — R? which maps the agents’ effort to the change in Brownian
drift. We assume throughout that Z¢ is a martingale? (equivalently, EZ% = 1) for every

e € EN. By Girsanov’s Theorem, dBf = dBy—® (et) dt is a standard d-dimensional Brownian

4Imposing the well-known Novikov condition is sufficient.
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motion under P¢. The joint impact of effort on the probability measure links the agent
problems and the principal problems.

The key idea is that the time-t collection of agent effort rates e; changes the measure from
P to P¢, such dBf = dB; — ® (e;) dt is Brownian motion under P¢. For example, if the ith
principal’s cash flow process X satisfies ng = pdt+0o}d By, then its drift under the collective
effort process e is augmented, under P, by o}® (e;) because dX| = (1t + o} ® (er)) dt +

aédBf.

Definition 3 (Translation-invariant preferences) For any (cU, v, e) € CN N xenN,

the agents’ utility functions satisfy the following BSDEs: ®
avj = = {nV (t,af") + kU7 (tef, S0 b+ sPaBg, R =L i<, N, (24)

where

V=V _ul tel0,1),

for some deterministic functions
AU 10,T) x R = R and kY : [0,T] x E x RY - R.

The principals’ utility functions satisfy the following BSDEs:

v = = {7 (0ot ?) 70 (2 bt 2 VaBE, Vi = im0 N, (29)

(U, xUH) € R x R? is the solution of BSDE (2.4). U’ is the utility value and XU is the
utility volatility. Similar explanation applies to (2.5).
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where

o' =" =V, te0,T),

for some functions

Wi Qx[0,T] xR >R and k" : Q x [0,7] x R? = R.

It is easy to verify that, for any constant v € R

Uti (cUi + v,e) = Uti (cUi,e) + 0, th (cw + v, e) = V;l (CW,6> +v.  (2.6)

2?2' (cUi +v,e> = E?i <cUi,e> , 2}”’ (cw + v,e) = E,Yi (cw,e> .

We define the set of intermediate control as a convex set H C L7 (R). We will use

eV =@V 2UNy e Hand 2V = 2V, ... 2V )

. € H as part of the controls of agents
and principals respectively throughout the paper.
The following two examples give special cases of TI agent preferences. The case of

the principal is analogous, but with no effort penalty. In both examples the effort-penalty

function is given by g : [0, T] X RY - R (typically assumed convex in e).

Example 2 (Risk-neutral agent) If

Wit x) = B, kUi (t,e, %) = —g(t,e), B>0,

45



then time-t agent utility is

Uy = Ef {/tT e Als=1) <Bcé -9 (s, eé)) ds + B_B(T_t)céw} :

Example 3 (Additive exponential) If, for some v > 0,
Ui _ 1 Ui I PV
h='(t,x) = ——exp (—vyx), k7' (t,¢,X) = —§E Y ——gltye), (2.7)
v g

then the ordinally equivalent utility process up = — exp (—yUy) satisfies (assuming sufficient

integrability)

up = — f{/tTexp(— {”ycé—/tsg<w,efu)dw]>ds
. <_ lycg_/t ners de}.

That is u is a standard time-additive exponential utility with coefficient of absolute risk

aversion parameter .

2.2.2 Outline of the Problem and Solution

To model moral hazard, it is assumed that the agents’ effort processes are not contractible.
However, effort can be manipulated by the principal through the pay process. At time-0,
each principal i promises a pay process to agent i and selects his/her consumption plan.(The
commitment could be enforced by some legal entity.) In response to the pay process, each

agent i chooses effort and consumption processes to maximize his/her utility.
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Let

gt:a{es,wf,ogsgt}, 0<t<T

We assume the pay process p; is not adapted to the {G;} filtration, i.e. there exists ¢
such that p; ¢ Gy. The practical meaning of this assumption is that p can not be expressed
as a function of e and WV

We can think of the principal and agent choices as occurring in two stages. In the first
stage, the principals simultaneously commit to a set of pay processes p and choose their own
consumption processes. In the second stage, the agents simultaneously choose efforts and
consumption processes.

In general terms, the problem is to describe a Nash equilibrium for the whole system.
This means that in both levels of the agents and principals, there is a Nash equilibrium (see
Definition 5 for agent equilibrium and Definition 8 for principal equilibrium).

The solution is obtained recursively beginning with the second-stage agent-effort equi-
librium. For any joint pay processes p, each agent i chooses effort e’ and control 2Vt 1o

U=i =) It turns out

maximize utility, Ug (a:Ui, ei), given the other agents’ strategies (z
that the choice of agents’ controls (zU,e) is equivalent to the more natural choice (¢, e).
This is why Definition 5 is formulated in terms of (zVe).

In Section 2.3, we define the agents’ subjective present value(PV) process (Y, EY)(see
equation (2.9)) and show that the Nash equilibrium joint effort € is determined by the agents’
joint PV-diffusion processes Y. Technicalities aside, at time ¢ the Nash equilibrium takes
the form é; = é (t, Zf) for some deterministic function é (-) = <é1 (),...,eN ())

Theorem 6 shows that a sufficient condition for é (-) to be a Nash equilibrium is that, for

each agent ¢ and time ¢, the effort level éf& maximizes the sum of the risk-effort preference
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function plus the effort-induced increase in utility drift:0

. . .Y : .
é’(t,ZY) € arg r?ea; kU (t,ez, lft ) + E%/“@(ez,ét_z)
(&

for all B¥ € RN and t € [0, 7.

This function is solved in closed form for all our applications. Furthermore, this effort
equilibrium is dynamically consistent in the sense that the equilibrium determined by the
agents at time-0 will also constitute an equilibrium at any time ¢ in the future.

Having obtained the agent-effort equilibrium (iU, ¢), we then solve the first-stage prin-
cipals’ problem of choosing optimal pay and principal consumption. Rather than choose p
directly, we specify the principal ¢ strategies (xy 3 Efi)KT, from which the pay process P
1

is computed (as shown in Section 2.4). Choosing Vi s essentially equivalent to choosing

intermediate consumption {c}/ bt < T}.

Vi we show that the joint choice of YY implies a unique class of payment

For any x
plans. Given the form of the agent equilibrium, {é (t, Zf) t €0, T)}, the control ¥Y?
is the natural choice to influence agent effort; it also greatly enhances the tractability of
the problem. Taking as given the other principals’ strategies (xv_i, Zy_i), principal ¢
chooses <xw, EYi> to maximize utility Voi <xw, é (t, Zf)) subject to agent ¢’s participation
constraint Ug (cUi, e (t, E%/ )) > K. Note that principal i’s utility depends on equilibrium
efforts by all the agents, and the principal fully anticipates the impact of »Y on the effort
equilibrium.

In section 2.4, we define the principals’ subjective present value process (Z, »Z )(see

equation (2.37)) and shows that the equilibrium strategies > are interdependent and are

6We will assume, for simplicity, that the preference functions are deterministic (do not
depend directly on w), and therefore é’ (¢,%) will not depend on w.
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solved as a Nash equilibrium as a function of the subjective cash flow diffusion processes »Z,

A sufficient condition for XA]%/ =Y (t, »Z ) to be a Nash equilibrium is

YeRrd
xZig (é (t, ) 2}”—1)) ,

for each principal i, and all ©* € RN and ¢ € [0,77.

s . nZi _ % . . o
ST e ang max Iy RV (1, == ) 44U (t,é@(t,&Efﬂ))
t

Each principal ¢ chooses the volatility $Yi o transfer to the agent that maximizes the
sum of the principal and agent risk-effort preference functions plus the impact of effort on the
principal’s utility drift, all holding fixed the controls of the other principals (yet anticipating
the impact of the principal’s own control on the equilibrium efforts).

The resulting Nash equilibrium among principals is then consistent with a Nash equilib-
rium among agents’ efforts. The principal equilibrium is also time consistent, in the sense
that the equilibrium determined by the principals time-0 will also constitute an equilibrium
at any (w,t) in the future after replacing K ¢ with time-t value of equilibrium agent utility
processes U".

The final step is to compute the subjective PV processes. Theorem 7 shows that these
are given by Zf = FtVf — Wtw + Yf ,1=1,...,N, at the optimum. Because each cash
flow X' is split between the ith principal /agent pair, it is natural to add the agent PV
process to determine the principal PV process. Maximizing principal i’s utility is equivalent

to maximizing Zé because the participation constraint binds.” Defining the above drift

7Alternatively, we can interpret Zg as a Lagrange multiplier process, incorporating the
constraint on the agent’s initial utility. It can be shown that the Lagrange multiplier,
representing the sensitivity of principal utility to a unit change in agent utility, is always one
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functions evaluated at the optimum

i , . wZi _ $Yi , oy $Yi 2i y
ﬂtZ:Hg’—l—Ft l{VZ t,% +kUZ t,é(t,zt), 13 +Et " (é (t’zt >)7
t t

where

i = Ty (WY + 1 a0 - ¥ - ol

Then (Zi, ZZi> ,1=1,..., N, solve the backward equation system
A7} = —(—reZi + X} + pfVydt + 2F"dBy, Zi = Xk i=1,...,N.

Given the solution to this system, we substitute to get the principals’ controls and
sY <t, EtZ ) This yields equilibrium effort é (t, sY <t, EtZ )) and finally optimal pay, which
is obtained by running the agent subject PV equation forward from its starting value after

substituting the equilibrium policy SYi,

2.2.3 Regularity Conditions and Feasibility

This section is purely technical, imposing regularity conditions on the aggregators, and
defining the class of feasible consumption and effort plans to ensure existence and uniqueness
of the utility functions.

It is assumed that the aggregators satisfy the following condition.

Condition 1 Foralli=1,..., N, we have

with TT preferences.
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(a) There exists a € Ry such that
WVt y) — VTGt )| + [V (@, ty) = Vi, 9)| < Bly— 3l

for all (w,t,y,9) € Q x [0,T] x R?;
(b) kVi(w,t,-) and KV (t,e,-) are concave functions for all (w,t,€) € Q x [0,T] x E;

(c) Both WV (t,) and hV (w,t,-) are increasing functions for all (w,t) € Q x [0, T7.

Feasibility is defined as follows. Recall 2V and 2" from Definition 3.

Definition 4 The set of intermediate controls and effort plans (:CU, 2V, e) € HN S HN x N
will be called feasible if there exist v, 5 € Ry, a process a € L (Ry) such that, for all

i=1,...,N,
(a)

AVit, ) + KV ef, 2)| + RV o, )+ BV w8, 2)] 4+ [0 (e)|

< at—irﬁ]y\—l—%\z]?for all (w,t,y,2) € Qx[0,T] xR x RY,

where Bt y) = WV(t, T —y) and BV (w, t,y) = BV (w, t, ¢} " — ).

(b) f(;‘r a(t)dt, |H, (¥ e M,
where Ut and ¢V are the resulting consumption plans as explained in Section 2.2.2. 8

8By Corollary 6 of Briand and Hu (2008), there exists a unique solution (U i 32U to
the agent utility function in (2.4) and a unique solution (V*, EV’) to the principal utility
function in (2.5).
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We denote the set of all feasible intermediate controls and effort plans by 'Hg 7 X H{}f 7 X

N
&

2.3 Agent Equilibrium

The main result in this section is Theorem 6 which gives a necessary and sufficient condition
for agent equilibrium. Examples 4, 5 and 6 illustrate the result by obtaining the effort
equilibrium in closed form (as a function of agent utility diffusion) for some combinations of
quadratic and absolute effort penalties, and linear and concave measure-change operators ®.
In Section 2.3.3, we show that all the examples in Section 2.3.1 with two principal-agent pairs
are special cases of the class of constant elasticity of substitution measure change operator ®.
We will impose the feasibility condition as in Definition 4 on any collection of intermediate

controls and effort plans referred in this section and thus omit it from the text for simplicity.

2.3.1 A Necessary and Sufficient Condition for Agent Equilibrium

We first define the Nash equilibrium among agents. As explained in Section 2.2.2, the

controls are chosen to be (zU, ) which turns out to be equivalent to (¢V,e).

Definition 5 (Agent Equilibrium) Holding fized a set of pay processes p € PN the set
of agent control and effort plans (iU,é) where ¢ = {¢',i =1,...,N} and U = {iUi,i =

1,..., N} constitute an agent equilibrium (in the sense of Nash) if, for eachi=1,... N,

Ué(chi,é) > Ué(xm, (ef,e7%), for any ' € €, sV e H

To motivate the characterization of agent equilibrium in Theorem 6 below, define for

any feasible policy <J;U, 2V, e) the difference between the dollar utility value and financial

92



wealth:?

Y}/i <33Ui,e> = FtUti (in,e> - WtUi (xUZ) , te€]0,T]. (2.8)

By Ito’s lemma, and the identity Z%/i =2V we get the dynamics of YtZ = YtZ (in,pi, e):

. , . . . . . Y . .
Ay =— {_rth’ + P4 Ty (hUZ (t, a:g’) + kU (t, ey, Ié )) — 2Vt Ef“@(et)} dt
t

+3Y "By, Yih=1pl, i=1,...,N. (2.9)

Theorem 6 (Agent Equilibrium) Assume (Yi, ZYZ) solves the the set of BSDEs (2.9).
Then a necessary and sufficient condition for (§:U, é) to constitute a Nash equilibrium among

the agents is for eacht=1,... N,

. . . . wYi . .
Iy (hUZ <t, ;ﬁ?l) + kU (t, ét, F%)) — 2V Y1 (¢y) (2.10)
>T hUi ¢ Ui + k,Ui ¢ ) Z%/i _ Ui + ZYilq)( ) A—i)
=t Lt Gt Ty T t P\

t €[0,7T], for any ceg, 2Vien.

Proof.
Sufficiency Holding fixed a set of and principal controls 2V and pay processes p, consider
a set of agent control and effort plans (:%U, é) such that (2.10) is satisfied. Let hy denote

the nonnegative process that represents the following difference

9The wealth process wbi (xUZ> satisfies (2.1) after substituting consumption cg] L=
x?l + Uti <35Ui,e>.
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. . . .Y . .
hy — {rt (hU’ (t,ﬁh) + kU (t,ég, Ift )) — 2V zg/wcp(ét)}
. _ , i , o
Ay pUi (tyxg]z> —1—k‘UZ taezltv szt —x?l—f—Z%/“CI)(esz’ét_Z) .

With (iUi, éi>, the corresponding discounted process th/i solves the following BSDE

. . . . . - Y . . o
dDY} = —Dy {ht +pL+ Ty (hUZ (t, x?l) + ;U (t, el Ift >> — 2V 2 (el étl)} dt

+DS dBy, Vi = ph.

On the other hand, for any {(in,izU_i), (e’ é_i)} the corresponding discounted process

D;Y" solves the BSDE

. . . . . - Y . . S
dDY} = —Dy {pg + Ty (hUZ (t,x?l> + kU (t,e;, rtt )) — V4 2}”’@(%,@;@)} dt

+D2Y"dBy, Y = phn.

Theorem 4 implies

Y5 (@, e) 2 Yy (@l (¢, e7), (2.11)

By the definition of Y process in (2.8) and the identical initial wealth, we have Ué(iw, é) >
UV, (¢ e7))
Necessity Suppose (U7, é') is optimal for agent i given (#V =%, ¢7%) and (2.10) is violated

by some (in, e'); that is,
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. . . »Yi
I, (’”‘UZ (t.77) + 5" (f r )) — i+ 2 e < (212)
t
Ui (, Ui vi, i =t
Ty | A ’(t,xt Z)Hﬂ tep = | | =2 T+ 5 (e )
t

on some subset of € x [0, 7] that belongs to F x B[O,T} with a strictly positive P ® A

measure.
Let
2V ¢hy if (2.10) is true

(z7". )

2V, et) if (2.12) is true

Then comparison Theorem implies

YV e) < ViVl (&, e7Y)

and Ué(iUi, é) < Ué(fUi, (¢',7")), which contradicts the assumption.

|

From Theorem 6, at any equilibrium corresponding to p, for each 2 = 1,..., N agent ¢’s
time-t optimal control maximizes the (negative) time-t instantaneous drift of Y under the

original measure that is

eteE
forall B¥ = (Y1 2YNY e RN and t € [0, 7).

; . . ZYZ'
él(t,ZY) € arg max I‘tk;Uz <t,ez, - ) 4+ ZYZ/CD( i A_Z)
t

%)



and

@?’ € arg max rnt (t,xi> — (2.13)
z'eR

The effort equilibrium at ¢ is determined by only (t, if) The optimal 7Ui depends only
on agent ¢’s own preferences and not the other agents. Thus in our setting, agent equilibrium
is totally characterized by the equilibrium effort processes. At time ¢, the Nash equilibrium
ér=¢€ (t, Ef) is some deterministic function of ¢ and Eg/.

We will let ¥ (¢, %)) denote

Y1

pYi (t, zg”) —T (hUZ (t,@%”) + iV <t,é§, . )) VY e, nY)),  (2.14)
t

so the Y process defined in (2.8) at the equilibrium controls (¥, &) follows the following

set of BSDEs.

dy; = — (—rtYf +pl+ Yt (t, Ef)) dt +3Y"dBy, Yi=ph, i=1,...,N  (2.15)

With the ¥ of (2.14) and corresponding equilibrium policy functions é, #U of (2.13),
we can proceed directly to the principals’ problem in Section 2.4, but for completeness, the
solution of the equilibrium agent-policy sample paths

{a?U (t, Ef) , € <t, Ef) it € [O,T]} given p requires the solution (Y, EY> to the set of

BSDEs (2.15), which then yields the ¥¥ to substitute into the policy functions.
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We interpret Y as the subjective present value (PV) of pay process.!0  Note that
FtUti (i“by ¢ ét) represents the dollar cost of financing the optimal excess consumption stream
(relative to the zero-utility optimal consumption stream), and therefore Y;f = FtUg (iy i ét) —
WtUi represents part of that cost financed by promised pay. The uncertainty driving <Y, EY>
is entirely due to the pay process, because the agents’ aggregators are deterministic func-
tions. With 2U% of (2.13) and the solution Y7 of (2.15), agent i’s wealth process process
1{] T _

WUi is obtained from (2.1) after substituting optimal intermediate consumption ¢

Y4 <YtZ +W tUZ') Ty
LU Ui S Ui LU 1 i Y
Wi =uli, awli= (Wl (rt - —) +pl— Vi - 2t 4. (2.16)

Optimal lump-sum terminal consumption is ég’ = W}] 4 piT, and optimal agent utility
is U} (éUi,éZ) = (YtZ + WtUZ) /Ty. Equation (2.16) also shows that (zU,e) are effective
controls, because the process Y of (2.8) depends only on (V% pt e).

The solution of (2.15) is not needed to solve the principal’s problem, although we show
in Section 2.4 that the principals must solve analogous BSDEs representing their subjective
cash-flow PV process. We will assume that the equilibrium controls in (2.13) are well defined,
as is the case in all our applications. For sufficient conditions for the existence of a solution,
see Fudenberg and Tirole (1992).

A Nash equilibrium among the agents is obtained by defining the correspondence I' :

0,7] x RN4 5 B (EN> 1

100\ fore precisely, if we let y' (p) denote the solution corresponding to the pay process p,
then we can interpret Y} (p) — Y}’ (0) as the agent’s time-¢ subjective value of pay.
U1y our Section 2.7 application there will be cases in which multiple time-t equilibria exist

for a given E%/ (that is, [’ (t, Z%/ ) is indeed set-valued). However, we also show that such a
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D (L) = {eeEN:ei:ﬂ (t,e—i,zi), i = 1,...,N}. (2.17)

where It [0,T] x EN-1 xR & E represents agent ¢’s optimal effort, given the other

agents’ efforts e7* € EN 7L e 12

I (t, €', EZ> = arg max {FtkUZ (t, €, I‘_) + 2V ® (e, 6_7’)} .
e'ceE t

2.3.2 Some Basic Examples of Agent Equilibrium

We now give some examples of agent equilibria assuming, for simplicity, additive separability

of the risk-aversion and effort penalty terms:
Vit e, ) =L (t,8) +¢' (t,e), te€[0,T], i=1,...,N, (2.18)

for some concave f7, gt : Q x [0,T] x R? — R. Separability implies that the effort equilibria
depend directly only on the effort-penalty functions ¢*. The problem of finding equilibrium

efforts is reduced to

é (t, ng) = arg r?a}};(j {thi (t, 6%) + E%/Z/q)(et)} , te€]0,T]. (2.19)
€€

Examples 4 assume a linear measure-change operator, which implies that equilibrium

agent-i effort depends only on agent-i utility diffusion, and not the diffusions of the other

E%/ would never be part of an equilibrium strategy among the principals. That is why we

define the function é (t, E%/ ) which is some selection from I' (t, Z%/ > In our applications, é

is always well defined.
21 all our applications below I is well-defined: the arg max in (2.3.1) exists and is unique.
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agents. Examples 5 and 6 assume a concave measure-change operator, which generally
implies that agent-i effort will depend on all the agent diffusion processes. The examples
also illustrate the different implications of linear versus quadratic effort penalties. Unlike the
case of a quadratic penalty, a linear penalty results in a threshold effect such that agent 7’s
time-t effort is zero for sufficiently small E%/ “ compared to the other agents’ time-t diffusion

(in the concave case).

Example 4 (Quadratic effort penalties & linear ®) Suppose (2.18) with a quadratic

effort penalty and a linear measure-change operator:

N

1 1\ __ — et L _ 11

g <t,€t)——2€t iep, 1=1,...,N, @(et)_élﬁtet,
1=

where B, Q% € L (RdXd), and Q¢ is assumed symmetric positive definite. Each agent’s
optimal effort in this case does not depend on the other agents’ efforts, and there is a unique
equilibrium éf& = ¢ (t, Zgj), i=1,...,N. Applying (2.19), we have

If E =R? (no constraints on effort) then & = (1/T) (in)_l pisYi,

IfE = ]R‘_i'_ (nonnegative effort) then ég = (1/T't) max (0, (in)_l B%’E%/Z> (the mazimum
operator is applied to each dimension).

If E = {v eR:py=-.. = vd} (effort is restricted to be the same in every dimension)

then'3 ¢ = 1d135§’29i/ﬂ (léinld) where 14 is a length-d vector of 1s.

If, in Example 4, ﬂg is invertible for every i and ¢ € [0,7] we can redefine effort as

: . N
é; = Pie; (preserving the quadratic penalty form) giving ® (é;) = > €. We henceforth use
=1

1=

this normalization.

13The same result is obtained by letting E = R? and replacing obtained in with
(1&@?21(1) I and 3} with ﬂ;ldlé), where [ denotes an identity matrix.
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In the next two examples the marginal impact of any agent’s effort is diminishing in
aggregate effort, which we model with a measure-change operator ® (-) = (®1 (-),...,®4 ("))

that is concave in aggregate effort along each dimension:.

N 1-4
0
=1 5e0,1), k=1,....d

Dy, (er) = TG ,

(2.20)

Unlike the additive case, equilibrium effort of agent ¢ depends on the utility-diffusion pro-

cesses of all agents.

Example 5 (Quadratic effort penalties & concave ®) Suppose (2.18); E = Ri (non-

negative effort); a quadratic effort penalty
1 d
i A e i N2 .
g <t,et)— 2k§_1lek(t) , 1=1,...,N,

with sz > 0 for all i,k; and the power measure-change operator (2.20).

Equilibrium agent-i’s effort in the kth dimension is uniquely given by

k

-0
o) (g )\

A1 EY — k
k FQei I ej
tg, j=1 tQk

C k=1,...,d (2.21)

Agent i’s effort is increasing in his/her own wutility diffusion value but diminishing in the

diffusion values of the others.

The final example combines a linear effort penalty with a concave measure-change op-

erator, resulting in equilibria with only a single agent working in each dimension when
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penalty-scaled diffusions are different, and multiple equilibria with more than one agent

working in each dimension when penalty-scaled diffusions match.

Example 6 (Linear effort penalties & concave ®) Suppose preferences satisfy (2.18);

E = R‘i (nonnegative effort); a linear effort penalty

d
(t €t> Z kek ]_,...,N,

with qzi > 0 for all i, k; and the power measure-change operator (2.20). With two principal-
agents pairs, i € {a,b}, we obtain for each dimension k and time t (henceforth omitting time

arguments) the following possible Nash equilibria ey, € T}, (t, EY) in efforts4

1/6

+ .

B
+ 1/6

62 0 6% = {(2}€/a> /th]?;} Zf Ek‘Yb/qu:: < E}C/a/qg (2‘22)

1/6
+ .
e¢,el >0, ef+eb = {(z{a) /thg} if SY)qt =xY0/qb

The agent with the smaller scaled diffusion value will not work, whereas the agent with
the larger value will work if that value is positive.  Multiple time-t equilibria exist only if

Ekya/q,‘; = EkYb/qz for some dimension k.

14Given the other agents’ efforts, optimal agent-i effort in dimension k is

2
. _ N + ) .
i (ne sl = ({(F) ) - 2

JFi

+

I5For N > 2 the results are analogous: Total effort in dimension k is

: ( (EkYZ ) +> )
Z ey, - max :
k=1 =1 L'eqj,
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Derivation. See Section .2 in the Appendix. =

The marginal cost of each agent ¢’s effort is constant, and the marginal benefit is the
product of the agent’s diffusion and the derivative of the common measure-change operator.
Each working agent therefore equates the ratio of diffusion and penalty term to the same
quantity: the inverse of the common derivative. Each agent whose ratio falls short of the
maximum will find the fixed marginal cost of effort too high at any effort level, and will

therefore shirk, free riding off the other agents’ effort.

2.3.3 Constant Elasticity of Substitution(CES)

In this section, we define a new class of measure change operator: CES production func-
tion. The CES class deals with the case of two principal-agent pairs. It covers the linear
and concave ® in Section 2.3.1 as special cases and many other production functions in
Economics. Lemma 1 below presents closed-form solutions for agent equilibrium with CES
measure-change operator and quadratic effort penalty. We achieved additional relaxation
of the restrictions on parameters by working with quasiconcavity and FOC in the proof of
Lemma 1.

We assume two principal-agents pairs, ¢ € {a, b} throughout this section.

Definition 6 (Constant Elasticity of Substitution) For the measure change operator

O() = (P1(),...,P4(+)), we define

S

q)k(e):m{a(62)7+(1—a)(62)7} , k>0, a€(0,1),0#~<2,

O<v<2, 1<k<Zd.

and positive effort is exerted only by those agents whose utility to penalty ratio equals the
maximum ratio.
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FElasticity of substitution is 1/ (1 — =), and v is the elasticity of scale.
Some special cases follow:

Cobb Douglas production function:

1—
Q. (e) =k {(ez)a <€2> a} . This is achieved by letting v — 0.

Leontief production function (or perfect complements):

;. () = kmin <e%, 62) . This is achieved by letting v = 1 and v — —o0.

Infinite elasticity (linear production if v = 1; diminishing returns to scale if v < 1):

v 1
O, (e) = {ez + 62} . This is achieved by letting v =1, = 2 and k = 2.

Lemma 1 Assume preferences satisfy (2.18); E = R‘i (nonnegative effort); a quadratic

effort penalty
d

. : 1 o
g (teh) = =5 D Qffel, (7,
k=1
with Q? > 0 for all i,k; @ (e) satisfies (2.23).
Suppose 2Y . YYb > 0 and define
awx¥e o (1—a)uxY?

a p— pr—
S Ftha’ S Fthb
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a. 0 # v < 2. The unique Nash equilibrium among the agents’ efforts is

(v=7)/{7(2—v)}

Y

(v=2)/{r(2-0v)}

et = g1/ (Sa)l/(Q—V) {a (SG)V/(Q—V) +(1—a) (Sb>7/(2_7)}

b= /) (5b>1/(2‘7>{a(5a)v/<2v> N (Sb>7/(2—7)}

b. v = 2. The Nash equilibria are

1
" 2(211_0) UEYGK 2—v b 0 . aEYa N (1 _ a) nYb
Ft@a ) € Y

1
_v__ Yb 2—v Ya _ Yb
e = (1-a)22-0) (i;@:) , v =0, if ax < (1=a)%
t

2
avX¥og\27v o axYe (1 q)xnYh
r,00 . if .

a(e”)? + (1—a) (")? = (

c.(Cobb Douglas) v — 0. The Nash equilibria are

2—(l—a)v (d—ajv
o0 = 1/(2-v) (57) 2(2-v) (Sb) 2(2-v)
av 2—av

)

b= K12 (59)22-0) <Sb>2(27v)

and the additional equilibrium e® = e =0.

d.(Leontief) v — —oo. The Nash equilibria are

EYa EYb
ea:eb K, for any K € [0,%min<w,@>],
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Proof.

By Theorem 6, each agent solves, for each dimension k,

2l

T, . .
max ——%22’(6%)2 + E}kj/ﬁ {a(e%)7 +(1-a) (62)7} , (2.24)
e%EE 2

holding fixed the other’s effort. Henceforth omit the k subscript. Consider agent a’s problem

(2.24). The first derivative of the RHS of (2.24) w.r.t effort is

-1

2l

= e+ avs¥ o fa(e)T + (1-a) ()} (e
D (e)

{a(eaW +(1—a) (eb)V}'

_ _FtQaea_i_asza(ea)’yfl

First suppose »Ya < 0 then % < 0. The maximum is attained by e* = 0, if v > 0. The
maximum is unattainable, if v < 0. In this case, the Nash equilibrium does not exist and
instead the e-Nash equilibrium exists. However, in all our applications, we have »Yi >,
i €{a,b}.

Now suppose 2Y® > 0, £Yb > 0.

The stationary point is positive, because v > 0. The second derivative is

2l

Qs arsYe {{a«eaw -}

(8ea)2 9ot (ea)w—l}

where
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A sufficient condition for concavity is that the square bracketed term is nonpositive. That
is,

a(w=1) )"+ (-1 01-a) (") <0,

which is satisfied if v,y < 1 and because of our parameter restrictions. So the FOCs are
sufficient for optimality.

More generally, from

9 _ a a Ya; ayy—2 P (e)
der — © {_FtQ +avZ e {a(e)Y + (1 —a) (e?)7} } '

we get quasiconcavity(A function f : R™ — R is called quasiconcave, if the upper-level
set {x € R": f(x) > r} is convex, for any r € R.) if the term in the brackets is decreasing
in €%, because then the objective function is either always decreasing or first increasing and
then decreasing as e® increases. Assuming Y@ > 0 the term in parenthesis is decreasing if

and only if

-1

he) = ()12 : = w(e =2 {a(e) + (1 - a) ()]

decreasing in €®. From

=2

W (e = k(e ol + (1 - a) ()7} [0 - 2 a(e) + (v~ 2) (1 - a) ()]

we get

WEe)<0 < (w-=2)ae)+(H-2)1-a)() <0 (2.25)
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This holds if

7,0 <2 (strictly for e > 0 if v <2, 7 < 2)

We now deal with each case separately.

a. 7 < 2. The FOCs for the two agents can be written (if v < 2)

e (4) ® (o) -1
‘ = = ¢ = a —a) (e T
Sa TS e+ (1—a)(eh) K {a(e )T+ (1 ) ( )7}7 ;

so the FOC implies

o = W (0 o (59 4 (1) (sb)v/(w}(v_w{m_v)}.

2—y
D) e |
Use the equality &= 5u to get the solution

o= e (s0) (2_”){04(5“)7/(2—7)“1_@) (Sb>7/<2—7)}(”_7)/{7(2_“)}

The next step is to verify that é% is indeed a unique maximum point given ¢’ and vice
versa.

This is achieved by noting that strict monotonicity of h(see (2.25)) implies % > 0 for
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any e* € (0,é%) and % < 0 for any e® € (€%, 0).

b. v =2 The first derivative of the RHS of agent a’s problem (2.24) w.r.t effort is

Bei = e? (—FtQa + avxY % {a(ea)Q +(1—a) (eb)2}%_1 )

v
v
(it is easy to confirm quasiconcavity because {a(e%)Q +(1—-a) (62)2}2 is mono-

tonically decreasing in e*). The FOC (also sufficient) for a and b are, respectively,

2

EYa 2—v
(O‘?—Qa“> = a(e®)?+(1-a) ()2, (2.26)
t
Yb 22
(1 —a)vXtk\ 7Y
( QY = a(e?+(1—-a)()? (2.27)
Yb 2L
If ae®)? > (%) _U, then from (2.27) the optimal e® = 0, (2.26) implies
t

the first possible equilibrium below.

2
Y 2_
Similarly, the second possible equilibrium holds if (1 — ) (e?)2 > (aﬁfo “) ‘)

2
_ Yb _\ 2—v
The last possible equilibrium follows if a(e®)2, (1 — o) ()2 < (%) -
t

2
avnY | 2-v
QY '

Thus all the possible equilibria are (2.23).
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c.(Cobb Douglas) v — 0.

—y)) =N/ (2-0)}
lim {a(sa)v/@—v) (1-a) (Sb>v/(2 7)}

¥—0
[ ayy/(2—7) _ b v/(2=7)
R In (a(S’ )1/ 4 (1 - ) (s)
= exp | lim
=0 (2 —v) v
. i v a o b
= exp 52— {ozlnS +(1—a)lnsS }}

Therefore any equal nonnegative effort level less than or equal to min (—

is an equilibrium.

The CES measure change operator with quadratic effort penalty includes power measure
change operator with linear effort penalty as a special case. The notation change defined

below transforms CES with quadratic penalty into Example 6.
First define é}; = @/262, i € {a,b}.
For any 6 € [0,1), let

y=2,v=1-4§, a=1/2and Kk =1/(1 —9).
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With the new notations, the measure change operator (2.23) agrees with (2.20).

The agent equilibrium solution in (2.23) agrees with (2.22).

2.4 Principal Equilibrium

Having solved the agent equilibrium efforts as function of the agent subjective pay PV diffu-
sion, we now solve the equilibrium in the principal level. The principal equilibrium is defined
based on agent equilibrium and subject to participation constraints. The participation con-

straint

U>K' i=1,...,N. (2.28)

is equivalent to Yoi > FOKi — wgi, 1=1,...,N.
To simplify notations, for any set of SV we will let H(ZY) denote the set of agent

equilibrium efforts under Y, i.e.

nsY) = {e e &N forany t € [0,T), e € D(t, 2{)} (2.29)

where I'(+) is defined in (2.17).
Recall our definition, :cy L= cy - Vti, t<T.

We denote by

Vi1 VN)

="t 1 M)

and p=(p,...,p

the collection of principals’ strategies. As we explained in Section 2.2.2, choosing 2V s

essentially equivalent to choosing V.
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Because of the availability of money-market trading, the class of pay processes p that
generates the same agents’ and principals’ utilities is not unique. This is well known, but
shown in Lemma 2 below for completeness.

The following lemma shows that there is no unique optimal pay process because with
unrestricted trading in the money-market security, both principal and agent are indifferent
between shifting some intermediate pay to the money-market account, and modifying termi-
nal pay. The next lemma applies to any principal-agent pair ¢, ¢ = 1,..., N, so for simplicity

we will omit the superscript <.

Lemma 2 Suppose X finances (p, cv>, and p finances Y. Let py, t < T, be some
intermediate pay process. If
T T
pr = DT +/ elt 7545 (py, — ) at, (2.30)
0

then X finances <p, cv>, and p finances V.  That is, the same agent and consumption
streams are attained by investing the difference in intermediate pay in the money-market

account and adding the terminal money-market balance to lump-sum terminal pay.

Proof. Fix the consumption processes Y and cV, and let W* and W* , k € {U,V}, denote
the money-market balances corresponding to pay processes p and p, respectively. Then

Af; = WL? — Wtz, i € {U,V}, satisty

Af = 0, aay = (Afr+pe—pe)dt, 0= AY 4+ pp—pr,

AY = o, dA,}’:(AtVrt—pt+ﬁt>dt, 0=AY —pr+pr,
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which have the solutions
U b otrud ~ 1% U
Ay :/ elsTu (pg —pg)ds, A =-Ay, te€][0,T].
0

If (2.30) holds then (X,p) and (X,p) finance the same principal and agent consumption
processes.

]

We will say two feasible pay processes p and p are equivalent if (2.30) is satisfied.

Based on the above lemma, the set of pay P is a union of mutually exclusive equivalent
classes. We will treat the pay processes that belong to the same equivalent class as the same
throughout the paper. Any pay process can be replaced by its peers in the same equivalent
class.

Denote by Voi (xw, D, e) the initial principal 7 utility, given by the solution of the BSDE
(2.5). We now give our initial formulation of principal equilibrium. The final formulation

will appear later, see Definition 8.

An initial formulation of principal equilibrium: The set of principal strategies p =
{p',i=1,...,N} € PN and ¥ = {i’w,z’ =1,...,N} € HY constitute a principal

equilibrium (in the sense of Nash), if for all (zV,p) € N x PN and each i =1,..., N,

VoV, p,e) > Vi@V, (570, e),

given that p and (pi, ﬁ_i) induce agent equilibrium efforts € and e, respectively. Also the

participation constraint (2.28) is satisfied. As we saw in Section 2.3.1, agent equilibrium
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and participation constraint can be expressed by the following:

¢ € HEY (),

e € TEY(p',p7") and

i) > rok -l pe {5}
where (Y = Y (p), nYi— EYi(ﬁ)),i =1,..., N satisfy

i = = (=i w4 @ (62)))der SV aBy, Vi = =1, N,

and 1Y% () is defined in (2.14).

In the formulation above, (Yi, EYi) represents the agent ¢’s subjective PV process with
pay plan p and evaluated at the agent equilibrium solution. As we discussed in Section
2.3.1, the uncertainty driving <Y, EY> is entirely due to the set of pay processes p, in

addition to the driving Brownian motion B.

We follow the solution approach as in the single principal/agent case examined in Schroder
(2013). The paper shows that letting principals choose <£L‘V, p) is essentially equivalent to
letting principals choose (:%V, i]Y> By using the strategy (a:Vi, EY’), the principal’s prob-
lem is amenable to a simple dynamic programming solution. Furthermore, with this choice

of principal strategy, principal i need not consider whether his/her strategies will impact the
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participation constraints of other principal-agent pairs!®; all participation constraints are
shown to be binding under the TT preferences. The added complexity of the multiple princi-
pal problem is the interdependence of the problems and the determination of the equilibrium
strategies among principals and agents.

The first step in applying the dynamic programming approach is to confirm that the

participation constraints will bind at principal equilibrium.

Lemma 3 The participation constraints all bind in any principal equilibrium.

V,ﬁ) e HV x PN is a principal equilibrium, and there exists i, such

Proof. Suppose (&
that under the resulting agent equilibrium (¥, ¢), U§(2U%,é) > K'. Let (¢V,&") be the
implied sets of agents’ and principals’ consumptions and € = Ué(:i“Ui, é)— K i, By the wealth
equations (2.1) and (2.2), the same principal cash flow process would finance a principal
consumption rate ¢Viteanda pay plan rate of pt —e. This pay plan would finance an agent
consumption rate ¢V — ¢ and , while =¥, and therefore é (t, Zf) remain unchanged!”. By
quasilinearity (2.6), the resulting agent 4’s utility is Ué(éUi, é¢) = K', a binding participation
constraint. The resulting principal i’s utility is Voi(éw, é)+e> Voi(éw, é). Therefore (2", p)
can not be a principal equilibrium. =

Upon substituting the binding participation constraints Ué — K, which implies Yg =

161f o strategy choice by principal i were to cause a violation of agent j’s participation
constraint, then principal ¢ would have to account for the effect of agent j’s rejection of the
contract.

1"This can be seen from (2.15). Because Y is in the TI form, a constant change in pay
process results a deterministic change in Y and >Yi remains unchanged.
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'K - wOU ¢ into (2.15), we have the following set of forward equations

dYj = — (—rtY;' +pl+ pYi (t, 2}”)) dt +2Y7aB,, Y{=ToK' —wli, i=1,...,N
(2.31)
where 1Y(t, %)) is given by (2.14). Observe that the agent equilibrium solution (2, é) is
part of (2.14), so it is already built into (2.31).
With a binding participation constraint, for principal ¢, choosing p' is essentially equiva-
lent to choosing Y% Once the set of ©Y has been chosen, principal ¢ can choose any feasible

intermediate pay process(pi, s < T is feasible, if fOT péds € M.) with terminal pay implied

by (2.31) i.e. for any 5 and feasible intermediate pay process pé,t < T, the terminal pay is
) . T T .7 ) ) T .7 .
Pl = Yielo 7sds _ /O elt rsds [p§ + Y, nY )] dt + /0 et rsdsyYirgp  (2.39)

Each set of Y corresponds to a class of equivalent pay processes for each principal ¢. This
is because for any other feasible intermediate pay processes py,t < 7', let the terminal pays
ﬁ%ﬂ be implied by the forward equation (2.31) with the same initial value Yoi =TgK" — w([)] s

and Z}//,t < T chosen by the N principals as in (2.32), i.e.

. T T T . : T .r .
qu’ — Yolefo rsds _/O elt rsds [ﬁ%—FﬂYZ(t,E%/)] dt—l-/o eft ’I’SdSZ%/Z/dBt (233>

Upon subtracting (2.32) from (2.33), we see that (2.30) is satisfied. Thus p and p are
equivalent.

Based on the above argument, we will define ¥ as principals’ strategies instead of p.
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From now on, we denote by

the collection of principals’ strategies.
The following definition specifies the set of implementable principal strategies such that

the resulting equilibrium effort and control plans are feasible.

Definition 7 For a set of principals’ strategies (zV,2Y) € HN x Lo(RDN | let (2V ) be
the resulting agent equilibrium control and effort plans in (2.13).
If (:?:U,xv,é) € Hgf X ’H% X E}V, we will call (xv, ZY) implementable and denote the

set of the principals’ implementable strategies by N,

We will impose the above implementability condition on any collection of principals’
strategies and thus omit it from the text. Each principal ¢ chooses the optimal (xw, EY’)
to maximize utility holding fixed the strategies of the other principals, <$V*i, EY*Z) , while
anticipating the impact of their strategy on the equilibrium efforts of all the agents.

Based on the explanation above, for any set of principals’ strategies (xv, EY), we will let

\Ifi(EY) denote the class of equivalent pay plans of principal ¢ induced by EY, ie.

vi(nY) = {pi eP: piT satsifies (2.32) for any feasible p}, t < T} (2.34)

We will also let A(ZY) denote the pay plans of all principals induced by EY, ie.
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AEY) = {p ePN . pewi(xY), i=1,.. .,N} (2.35)

Since we have used (xv, EY) as principals’ strategies, we give the following appropriate

Definition for principal equilibrium.

Definition 8 (Principal Equilibrium) A set of strategies (#V,%Y) € HN x Lo(RHN

constitutes a principal equilibrium, if for all (xw, ZYi) € Hx L',g(Rd) and eachi=1,..., N,
v (iw iY) > Vg (xw Yi iY—z’)

subject to

Voi (iw, 2Y> = Voi <§cw,1§, é) ,  where eell <2Y> and p € A@Y)’
and
V(% <$Vi> EYia ZA]Y_i) = V(;I (xViapa €> s where e €1l (EYi, ZA]Y_Z.> and pE A(ZYZ., XA]Y_Z‘)'

The main result of the section is Theorem 7 and its corollary below, which show that
the determination of the equilibrium pay contracts reduces to the computation of a set of
subjective present-value (PV) processes and associated diffusion processes for the principals,
<Zi, »Z Z) , i =1,...,N(see (2.36) for the definition). The principals’ equilibrium controls

2 take the form f]f =Y (w,t,ZZ > The equilibrium time-t diffusion that principal
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i chooses for his/her agent is a function of the time-t subjective PV diffusion of all the
principals. In the case of a linear measure-change operator ®, the equilibrium simplifies
because ﬁ%/ i depends only ith PV diffusion value EtZi. But even in the linear case, the
principals’ optimal contracts are linked because the subjective PV processes 2 must be
solved jointly as the drift of each depends on the diffusion processes of the others. This
follows because even though agent ’s effort under the equilibrium compensation contract
will depend only on Zfi, this effort affects the cash-flow drifts and therefore the subjective
PV processes of all the principals.

To motivate the solution of principal equilibrium, for any implementalbe principal policy
<a:V, ZY> define for principal i, Zg (xw, ZY> as his/her subjective PV process, which is

dollar utility value plus the subjective pay liability minus the principal’s financial wealth:
zi (V157 ) =1 (2V15Y) =T (V) v (2. (2.36)

Applying Ito’s lemma, with (2.5), (2.31), and (2.2), we get the dynamics of Zf =

ZL? (a:Vi,ZY>:
dZi = — (—rtzg' + Xy pf (ﬂ”, EY>> dt +77dB,, Zih = Xh i=1,... N. (2.37)

where

2 oy : : . nZi _ i .
1 i ((EVZ,Z > =T th (t,:ﬂyl> + sz ¢, t - t _ xg/z
t

. . . wYi . .
4Ty (hU@(t, 2V 4 Ui (t, é (t, zf) , %)) — iVl xZig <é (t, ZZ» (2.38)
t
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A W LT £ (2.39)

and ig i and é (t, ng > are the agent equilibrium given by Theorem 6 for any set of oY
Theorem 7 below shows that each principal’s optimality is essentially equivalent to max-

imizing the drift term of his/her cash-flow PV processes.

Theorem 7 (Principal optimality) Suppose <Zi, EZi> , i=1,...,N solves the BSDE
system (2.37) with a set of principals’ strategies (xV,ZY> e HN x EQ(Rd)N. Then
(xw, EYi) € H x Eg(Rd) 1s optimal for principal i holding fixed other principals’ strategies,
i.e. Voi(xw, 2V > Voi (iw, sYi, Ey_i>, if and only if for any other strategy (iw, SYZ> €

H x Lo(RY),

where pf'(+) is defined in (2.38).

Proof.
Sufficiency Consider a set of principals’ strategies (a:V, ZY) and let the process Z' be
defined as in (2.36) with its dynamics specified by (2.37) and (2.38). If principal i’s strategy

(2V,2Y7) is switched to (2V?, XY?), analogously define
Z (jVi7 Vi EYfi) — T,V (jVi7 Vi, EYfi) Wy <£V1> 4y <2Yi7 2Y4> .
and it has the following dynamics

4Zf = — (=rZj+ X{ + ' (V7,575 ) de+ 7B, 2~ X,
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Using (2.40), define the nonnegative process

hy = pZi (xVi’EY> 4 <jVi7iYi72Yfi) t<T.

The discounted processes DtZL? and DtZL? follow the dynamics below.

ADiZ} = —Dy(hy + X} + if")dt + Di2FVdBy, Zh = XU, (2.41)

thZtZ = —Dt(Xti + ,lNLtZZ)dt + DtitZi/dBt, Z% = X%

The comparison theorem (Theorem 5 of Briand and Hu (2008)) implies

By the definition of Z and Z, the identical initial financial wealth and a binding participation
constraint for both, we have Voi(scw, ZY) > Voi (:ZVi, »Yi EY_i>.

Necessity Suppose that (xw, ZYi> is the optimal strategy for principal ¢ and there
exists some other strategy (a?w, f]YZ) such that the process h < 0 on some subset of 2 x [0, 7]
that belongs to F x B[QT} with a strictly positive P ® A measure. Here h is defined the same
as in the sufficiency part. We define

(xVi, ZYZ') it h >0,

(:z‘”, i”) - (2.42)

(jw, f]Yi> otherwise.
Analogously, define
A (i,Vi’ sVi E}Li) — T,V (i,Vi’ sYi E}Lz‘) Wy <fv1> 4y <2Yi’ EYfi) .

80



then the discounted process D;Z; solves
dD;Zi = —Dy (Xg' 4 (:7:”, sYi ZY—Z)) dt + DySEABy, Zi = X

By (2.42), ,utZi (iVi,iYi,EY_i> > ,utZi (zVi,Zy> on some subset of Q x [0,7] with
a strictly positive measure. Upon comparing the above BSDE with the BSDE for DtZg in
(2.41), the comparison Theorem implies Zé < Zg and thus Voi (xw, ZY) < Voi <37:Vi, sYi Zy_i>,
which contradicts the optimality of (:pw, ZY1>.

]

The corollary below characterizes principal equilibrium based on Theorem 7.

Corollary 1 (Principal equilibrium) Suppose (:ﬁv,iy) e HV x Eg(Rd)N satisfies

502/’ € argmax Fthw (t,z) — z, (2.43)
reR

£V vi, -3 Ui ; ST NPy
2 "€ argmax [y kY [ t, —Lt——" | + K77 (t,éz(t,E,Et _Z)a_>
yYerd It Tt

+EtZZ/(I) <é <t,2722/71)> ?::1,--~,N7 all (W,t) EQX [OyT)a
where (Z, EZ> solves the BSDE system
A7} = —(—rZ} + X} + pZ (t,2F))dt + 7 "By, Zh = Xk, i=1,...,N.  (2.44)

where we have defined
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| , [ wZi i , N 4
aft = H} +Ty (k;VZ (t,—t - L >+kU’ (t,é(t,Ef), lf ))
t t

+37ig (é (t, zf)) , (2.45)

i =T (V00 + W, — ' = a7,

and igji,

(

e ( t, 2%/) are the agent equilibrium given by Theorem 6 for the set oY
Then <§:V, iy) is a set of equilibrium strategies among the principals.

The equilibrium :cg/ ‘ only depends on principal ¢’s own preferences, while ZA)%/’ depends on
the diffusion of cash-flow PV of all the principals, 2. The equilibrium among the principals

is constructed by first solving (2.43) for 3%}5/ “ and XA]%/Z, the equilibrium thus takes the form

#Vi(w,t) and 22“:2”@,@25), te0,T), i=1,...N, (2.46)

Y

for some functions "7 : Q x [0,7] = R and Y7 : Q x [0,T] x R”“N 5 R.  These are
substituted into (2.45) to obtain the BSDE system (2.44). In Section 2.5, we obtain closed-
form solutions for (2.44), when the cash-flow dynamics for X i are driven by affine-yield state
variables. The functions &V (-) and £Y (-) evaluated at the BSDE solution <Z, »Z ) yields
a principal equilibrium.

Note that the final ”payoft” of Z% is principal 7’s lump-sum terminal cash flow, and
the intermediate cash flow enters the drift of Z%. If the agent and principal preference

functions do not depend explicitly on w as in all our applications, then the only source of
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uncertainty driving the Z’s is the cash-flow uncertainty. This justifies the interpretation of
Z" as principal i’s subjective PV of the cash-flow process X*.

The subjective PV process defined by (2.44) is within a multidimensional version of
the TI class of the utility functions and inherits their quasilinearity property: each unit
increase in the cash-flow process X’ (including the terminal lump-sum component) results
in a deterministic increase in Z°.

Recalling the identity EtZi = FtZY i 4 Z%/ " in (2.39), the equilibrium diffusion strat-
egy can be interpreted as a diffusion ”sharing rule” of the subjective PV process Z!, with
Y (w,t, ZtZ) of the time-t risk allocated to agent ¢ and ZtZi — nYi (w,t, Ef) allocated
to principal 2. Unlike the single principal-agent case, principal ¢’s optimal sharing rule can
depend on all the subjective diffusion processes, v = (221, e ZZN>.

As seen from the corollary, it is simple to compute the equilibrium controls #V because
the problems are unlinked across the principals. We will henceforth assume that the optimal
xy i is well defined for each i. Also, the equilibrium controls #¥ have no direct impact on
either equilibrium agent effort or on the equilibrium rule for sharing the subjective cash-flow
diffusion processes ©Z among principals and agents. As a simple example, if for some v > 0,
Wit z) = —%exp(—ym), then iyz = %ln(Ft).

The more interesting problem is the computation of the equilibrium strategies »Y,
which must be jointly solved, and each component »Yi may depend on joint diffusion
processes YZ.  Furthermore it is the set of %Y that determine equilibrium agent effort,
{é <t, Ef) ;te 0, T )} Our applications will focus on this control, for which we find ex-
plicit solutions.

Having solved for (Z , »Z > and the equilibrium principal strategies (iv, f)Y> , substitute
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>Y into (2.31) to get
i fErsd Y oteadu [0 Yig. oY Lot gdusyi
Vi =Ygelo™s® — efs rud [pé"f_/l (s, Xy ﬂ ds + els T "3 "dBs.
0 0
for any feasible intermediate consumption process. Then the terminal pay is
P =Y, (2.47)

equilibrium principal i’s utility is VtZ = (Z% — f/tz + Wtw> /T'¢, and equilibrium principal ’s
wealth satisfies (2.2) after substituting ét = xt 4 VZ

3 vi v _ (Vi 1 vi 2 =Y}
WO —wol, th = Wt v (Tt—r_> +Xt pt_i‘t [ —— dt,
t

and equilibrium lump-sum terminal consumption is c W Viy X% AZT

Remark 2 (Terminal consumption only) The following modifications are required if there
is no intermediate consumption (by either principal or agent). Let Vi = Vi =0 in the
wealth equations (2.1) and (2.2), omit the excess consumption arguments in the aggregators,
and replace the bond price I'y by Dp/Dy = e~ ftT 7sdS in the following equations.

The corresponding equations (2.9) for the Y process are changed to

Y1

ayy =- {_TtY# +pi+ ok ( DDy ) + 23/%(69} dt + %} "dBy, Yy =pf,

i=1,...,N.

The agent equilibrium condition (2.13) is the same except that the mazimization over
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intermediate consumption is dropped.

; Y Dr i, i %' Yirg (i i
e'(w,t, X" ) € argmax —k“" | t, e, + 3 VPt et
( ) ciee Di Dr/Dy AR

The corresponding equations (2.37) for the Z process are changed to

A7} = —(—rZi + X + pfVydt + 2F"dBy, Zih = Xk, i=1,...,N.

where

) D ) EZi_EYi ) EYZ' )
Zi T Vi t t Ui A Y t Zil N Y
(i (BB (), 57 (¢ (1,57))
H Dy ( ( Dt /Dy > - ( ‘ t DT/Dt>> e ‘ t

The principal equilibrium condition (2.43) is the same except that the maximization over

intermediate consumption is dropped.

-y Dr | vif, 5/ =% Ui, s Sy iy 2
SV e arg max —= kY[, S| 4 kU (el 2, Y ),
! YeRd Dy { < DT/Dt ( t ) DT/Dt

37 <é (t, 5, if—’))
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2.5 Closed-Form Solution with Cash Flows Driven by

State Processes

In the previous sections, we showed that the key step to solving principal equilibrium is
solving a subjective PV of cash flow process denoted by Z and given by (2.44). The equilib-
rium strategies Y are then functions of the corresponding subjective diffusion process »Z,
In general, this diffusion process is itself a stochastic process, with dynamics dependent on
the preferences of the principal and agent. We show in this section that if the principals’
aggregators in (2.5) are deterministic functions, and uncertainty is driven by state processes
in (2.48) with affine dynamics, then the subjective cash-flow diffusion 72 is deterministic,
solvable in closed form, and invariant to preferences (i.e., invariant to the form of the aggre-
gators). Of course the subjective cash-flow process will depend on preferences, but it will
always be affine in the state process for this class of state dynamics. The cash-flow-diffusion
solution below can be used in the subsequent sections to obtain explicit solutions for the
equilibrium policies under various specifications for the aggregators. We follow the main
result of this section with two examples, in which current Brownian shock have short-run
and long-run impacts on future cash-flows.

We introduce N state processes ' € L (R™) with dynamics
aci = (4w + A¢}) dt+2"dBy i = 1,... . N (2.48)

where!® ;i € R, gt € R™", and £¢ € R Assume that the cash-flow process X

I8 A1l the results, except the closed-form expression for © in Proposition 4, apply with
time-varying deterministic parameters replacing the constant parameters throughout.
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satisfies

Xj=Mj'¢}, i=1,...,N (2.49)

where M* € £ (R") is deterministic. Our examples will all assume constant M?, but by
allowing time-dependency we can also model the case of no intermediate cash flow by letting
]\4,5Z =0 for t < T. The following proposition gives the closed-form solution (Zi, ZZi> for
the subjective cash-flow PV processes. Z! is affine in the state process ¢ and $Z1 is affine

in the state process diffusion ¢,

Proposition 4 (Closed-form solution with affine state process) Suppose the princi-
pals aggregators RVi kVi i = 1,...,N are deterministic functions, the state process (
satisfies (2.48), and the cash flow X* satisfies (2.49).  Furthermore, let the deterministic

vector process O € LR™), i=1,..., N solve the linear ODE system:
o + (5“ . rﬂ) Ol =M/, t<T, ©h=M i=1,...,N. (2.50)
The system has the closed-form solution
i in — (L reds y si g in — [ rudu i
O} = exp((T' —t)B")e™ Jt "$®Mp + exp((s —t)B")e™ Jt "W M ds.
t

Finally, let

T
. D (o s ‘
i s [ il i | ~Zi (1l (NN
Gt—/t D, {@S,u + [ (t,E Og,..., % @S)}ds (2.51)

where %1 (-) is defined in (2.45).
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Then, the solution (Z,%7) to the BSDE system (2.44) satisfy

Zi =6 +0i¢, of' =x0}, te[0,T], i=1,....N. (2.52)

The equilibrium strategies SV are therefore deterministic and only the lump-sum components

of terminal pay pr are stochastic.

Because Y%7 is independent of preferences, it matches the diffusion obtained using risk-
neutral discounting of cash flows (that is, solving (2.44) with %" = 0). Risk aversion enters
only the 0 of Z°.

The first example considers Ornstein-Uhlenbeck cash flows. As mean reversion increases,
the impact of current Brownian shocks (and therefore current effort) diminishes more quickly,
and has only a transient impact on future cash flows. Higher mean reversion therefore implies
EZi

a smaller

Example 7 (Short-run effort impact) Suppose r is constant (for simplicity), and the

cash-flow dynamics are
dXti = (ni - /-iiXtZ) dt + ai’dBt, i=1,...,N (2.53)

for some o' € Rd, n' € R, and k' € Ry. This is just a special case of Proposition 4 by
letting M* = (1,...,1), pt =n'/n(1,...,1), B = —&'T and 0" = SV
Then

Zi = (1) + ) () X{, B =o{@)oi=1,.. . N
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where

i (1) = I 6—(T+/ii)(T—t) ( L 1) | (2.54)

r+ k!

. T _ .
() = / e T(s—1) {n’szl (s) + @2 (s, »Zt ,ZSZN> } ds.
t

Note that &1 (t) = T'y (T + lii), where T’ (7" + /-@i) denotes the bond price with interest rate
r+&t replacing r. If ' = 0 then <I)Zi (t) = T't, which follows because a unit time-t shock in the
kth dimension of By increases the present value of future cash flows by T'yo" [k], and therefore
increases Zf by this amount (by the quasilinearily property of Ztl) As k' increases, the
impact of effort diminishes through additional discounting, and as k' — oo, the contribution

to present value vanishes.

The second example considers long-run Brownian shock impact, modeled along the lines
of Bansal and Yaron (2004). Current Brownian shocks (and therefore current effort) is
allowed to affect not only the current cash-flow shock, but also the drift of the cash-flow

drift.

Example 8 (long-run effort impact) Suppose a constant r (for simplicity) and the cash

flow dynamics
dX} = oldt + o"dB;, dol = <77i - /fia%) dt +x"dBy, (2.55)

for some o, Xl e Rd, ui €R, and k' € R4.
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This is a special case of Proposition 4 by letting
. . N/ . . / . . . . .
G=(abxi), wi=(n0), 8- Con = (2heh), M= (0,1,

Then
Z} = o (1) + ®} (t) of + T X}, SF =@} (1) S+ Ty,

where 19

; T —\7r K]i S—
(1) = / ()= g (2.56)
t

. T o :
o) = / e~ (=) {nzq)ll (s) + a2 (s, »Zt ESZN) } ds.
t

A time-t unit shock in the time-t Brownian motion in dimension k has two impacts: 1)
it increases the future cash-flow path by o' [k], which increases its present value by Tyo® [k];
and 2) it increases the time-s cash flow drift, for each s > t, by e_”i(s_t)Ei [k], resulting
in a time-s present-value increment of e_(T+Ki)(S_t)Zi [k]Ts. This second effect reflects a
higher-order persistence effect.

Assuming v < 1 (less than 100%), then both Ty and ®' (t) are increasing T — t, time

remaining to the terminal date. Letting T — oo, then I'y is the time-t present value of a

The assumption of constant r implies

1 T 1 1 e~ "(T—t) i 1 1
F P (7" 1) - ) r(r—l—/@i) K {6 {7"+/<ci 1} (r !
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unit perpetuity and @Zi (t) is the time-t present value of a growing perpetuity

{(1 — e‘“l(s_t)> /Kl 5 > t}: Iy — %, Pl () — —L . and therefore
r(r—&—ﬁ;l)

Examples 7 and 8 show that increased persistence of current Brownian shocks on future
cash-flow increments results in higher subjective cash-flow diffusion (i.e., higher sensitivity of
the cash-flow PV process to Brownian shocks). The diffusion is sensitive to mean reversion
and the interest rate. Lower interest rates imply a larger impact of current shocks on
the subjective cash-flow PV, and therefore a larger diffusion, particularly with the long-run
dynamics. The sensitivity of the diffusion to the interest rate also increases with a lower
interest rate.

Because Y7 is determined by the impact of current Brownian shocks on the present value
of future cash flows, the terminal-date effects are driven by the principal’s lifespan, not the
agent’s. The same diffusion process would be obtained in a model with a short-lived agent

employed by a long-lived principal.
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2.6 Additive Measure Change and Quadratic Penalties

We assume throughout this section unrestricted effort?0, E = R?, and the following quadratic

penalties and linear measure change specification:

‘ . . 1 7 R R
Kt 2fT) = —SEl YRl - el qfel. (2.57)

kV’L (Eyl) — _522/7,/@2/222/2’ i=1
N

Oer) = Y e,

1=1

N

g ey 3

where the deterministic Q¢, QUi QV? e £ (RdXd> are assumed symmetric positive definite.
From Example 4, the set of equilibrium effort plans as functions of agent utility diffusion is

uniquely given by
&= (1/r)@H~eY, telo, 1), i=1,...,N. (2.58)

That is, each agent’s effort in equilibrium is linear in the the PV process diffusion. The fol-
lowing proposition gives the equilibrium principal controls Y and the resulting equilibrium

effort and subjective cash-flow PV processes.

Proposition 5 Under the linear measure change and quadratic penalties (2.57), equilibrium

agent utility diffusion and agent effort are

P . . . A —1 . .
E%/l:WtZEtZZa é%:(l/rt) <Q§Z> WtZZtZZv i=1,...,N,

20Except in Example 12 where effort is allowed only in one dimension.
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where
wi = (o) Qb of) B (@) +at),

and (Zi, EtZi; 1=1,..., N) solve the system of linked BSDFEs

dzi = - {—rtzi + X} + Hf - Tmz?’@flztzl (2.59)
1 .. N=1 . . .
+F—t2tZ“Z (Q?) WisZi S dt + 7B, Zh =Xk i=1,... N,
J#i
where
. . . N —1
QF = wi'Ql" — (of) (2.60)
i = T (WY 0,3V a0 — - b
and 2V is part of principal i’s equilibrium strategy defined in (2.43) and 2V s part of

agent i’s equilibrium strategy defined in (2.13).
For any intermediate pay pg, t < T chosen by the principal,

the terminal pay

' Uiy S rsd b T rsds T Ui (; 2Ui) _ oUi
pr = (DoK' —wg')elo "% —/ et Tsds [p%—}— (Fth ! (t,l‘t Z) — Iy l)
0

1

o 1 o : L T .7 o
_2TEtZZ/QfZEtZZ 4 _EtZZ/WtZ/ Z(Qf])—lwg EtZ] dt 4 / eff ngSZtZ’L/WtZ/dBt
t 0

I
t i

where

Q' =wi (@%” - (@?’)_1) wi.

Proof of Proposition 5.
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With the preferences and ® in (2.57), after substituting the equilibrium agent i effort

éf; = (1/T%) (in)_l E%/i, we have

pft = H + k7,202 5

where
K7, Y 5 2P = _% (EtZ’ EYz) QVi (EZz ZYz)
t
1 Yir Ui el 1 Yi Zil el Yi
= (0r) T e e () s
1 -1 .y
+F—EtZ“Z<Q?> 5 (2.61)

Maximizing over ©Y 7, the FOC for principal i (which is necessary and sufficient) is
. . R . N —1) N —1 .
QY (s -5¥1) - {Q? "+ (e }E?ﬁ +(Qf) sf=0, (6

which has the solution f]%/’ = VVtZEtZZ

Multiplying (2.62) by %f)%/i’, we get

Tavsr 7o /e N 1 avrs ; AT I IR N-1 .
SVl (s -2 - g Qb+ (o) S g8 (o) eF -0
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Upon substituting this into (2.61) we have

s A : ) 1 : . L 1 . N—1 Ay
kZZ(t, 2]}/7,7 Ef—l, ZtZZ) — __EtZl/QX’L (EtZ’L o Efl) + _EtZZ/ <Q§l> E%/Z
or, or,
L zir ei\ 1oy
S Z (Qt ) 5]
J#
1 , . : N —1 .
= —fEtZZ/ (WZ/Q?Z - (Q?) ) n7!
t
1 . N —1 . .
+F_tZtZuZ (Q?) Wg/2t237
J#i

where we used the identity Q) (I - WtZ) - (in)_1 Wi =wlQVi - (Q{f")_1 for the last
equality.

For any intermediate pay pé, t < T chosen by the principal, recall the expression of (2.32)
and the definition of 2¥7 in (2.14). We get the terminal pay (2.61).

The optimal diffusion sharing rule is simple: Principal ¢ lays off the (matrix-valued)
proportion WtZ of the appreciated subjective-cash-flow diffusion EtZi /T+ to the agent, and
bears the rest (from f)y = (I — th) EtZ /T'4). The weight process VVtZ depends only on the
risk aversion and effort penalties, and is invariant to the cash-flow dynamics. In the extreme
case of agent-¢ risk neutrality (QUi = 0) then W =T and all the risk of Z is transferred to
the agent. At the other extreme, as the agent becomes infinitely risk averse, then Wi -0,
the principal bears all the risk of Z, and the agent exerts no effort.

Each agent i’s equilibrium time-¢ effort depends only on his/her own subjective cash-flow
diffusion Y%, but the principal problems are nonetheless linked because of the common
impact of each agent’s effort on the measure (and therefore the distribution of cash flows).

This linkage appears in the summation term in the drift of Z, which adds the distorted
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covariances of the subjective cash-flow processes. Optimal agent terminal pay above has
the following components: a) a fixed component to satisfy the participation constraint; b)
an adjustment for utility from intermediate consumption and pay (through the hV? term); ¢)
compensation for agent risk aversion; d) an adjustment depending equilibrium effort of the
other agents; e) a martingale part typically driven by innovations in the cash-flow process.
The following example obtains an expression for equilibrium lump-sum terminal pay in
terms of the lump-sum component of terminal cash flow in the case of constant diagonal

preference parameters.

Example 9 Assume constant diagonal preference parameters: in = q¢“], Q?@ = qUiI, and
Qz/i = ¢V'I, for some ¢¢',qV", ¢V € Ryy, i=1,...,N. Then Wg = w'l, QtZi = Y],

and Q?i = ¢P'T where

Wi — 1+ q%q" Zi _ Uiyi_ 1 pi_(wi)2 vi 1 (2.63)
T 1+ gV 4 cigUi T =4q A q - ). :

Principal i’s equilibrium control and agent ©’s equilibrium effort are

~ . . . " w .
SUi=w'n?, & =—3xf

and equilibrium terminal pay for agent i is

1

T
— W | X4 / oI rsds xi gy
br = T 0 t

. T ) .
+ l(1 —whelo rsds (KT — Wl

T . .
T eff rsdswz<1 — w')
2thei

. T . . T T .
—wielo st gV — wl Z)] + / et msds¢iqy /
0 0

T T )
- /O elt rsdsyigy (2.64)

AP
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where

& = (rnVi(t, 2l = 2 T) - (1= w') (TehV (e, 27) - 37

The first component of terminal pay is a proportion w' of the terminal cash flow and the
cumulative intermediate cash flow. The second and third terms adjust for the participation
constraint and intermediate consumption. The fourth term compensates the agent for the
cumulative risk of the cash-flow process. The last term subtracts the cumulative intermediate
pay . The effort of other agents affects the solution (Zi, ZZZ) , which then impacts terminal

pay through Zé = FOVOi — w(‘)/i +ToK® — wgi and the quadratic variation term in (2.64).
Derivation. See Section .2 in the Appendix. =

In the single principal/agent case (N = 1), the BSDE (2.59) is of the same form as the
BSDE (21) in Schroder and Skiadas (2005) (which applies to the optimal portfolio problem).
They provide sufficient conditions on the BSDE parameters and Markovian state-variable
processes such that the Z will be an affine function of the state variables, the coefficients
of which satisfy a set of Riccati ordinary differential equations (ODEs). In Section 2.5,
we showed that an analogous result holds in the multiple principal/agent case, in which
the solution reduces to a tractable linked system of ODEs. The examples below follow the
Examples 7 and 8 in Section 2.5. We will assume the the same diagonal preferences as in
Example 9 throughout.

The next example follows Example 7 and focuses on the role of mean reversion and its
impact on equilibrium controls and optimal terminal pay. We obtain a simple sharing rule
for the terminal lump-sum cash flow, proportional to the volatility sharing rule. Neither

sharing rule depends on the distribution of cash flows. Therefore an increase in cash-
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flow mean reversion, which causes the impact of effort to become more transient and reduces
equilibrium effort rates, has no impact on the sharing rules. In fact, additional compensation

may be necessary in order to satisfy the participation constraint.

Example 10 (Ornstein-Uhlenbeck cash flow) This example follows Example 7 in Sec-

tion 2.5 where the cash-flow dynamics are
dX! = (ni - FJ'X,%') dt +o"dB;, i=1,....N

for some o' € RY, n' € R, and k' € Ry,
Assume the same constant diagonal preference parameters as in FExample 9 and that r is
constant (for simplicity).
In Example 7, we showed that
Zi=ol )+, () X], 2 =0l )o'i=1,..

N

*

The equilibrium principal v’s control and agent effort are

SV — i@l (1) 6!, 6= —— 3t ()0
Vi—welwe' d=p ol

where

r+ K r+ k!

i) = 1 _e(r+/<;i)(Tt)( 1 _1) (2.65)

T :

, o . N T I S wl

o) = /t e~ (=) nZ<I>21(s)+H§—2—H<I>Zl(s) q Za”a’—l—F—g@ﬁ(s)@{(s)a”zﬁﬂ ds
J#

In the absence of mean reversion, with an interest rate v € (0,1) the (IJ?'[ (t) increases as
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time to the terminal date increases so are the absolute agent diffusions and efforts.

; 1 Y wi ; W, wi :
(IDZ(t)T— it —ot el — —o' as T — oo.
1 ) t ) t
r r Tqcir

With a positive mean reversion (Hi > 0) that is large enough such that r + K> 1, Qﬂi (1)

decreases as time to the terminal date increases, and therefore absolute agent diffusion and

absolute effort also decrease.

‘ ‘ 1 s P i .
Ifr+ k"> 1, then ®i(t) | .,Z%/Z%w—.az, é%%#az as T — oo.
r 4+ K r+ K Ceg®(r + KY)

This is because the drift impact of effort is more likely to be reversed by mean reversion

(in fact both converge to zero as k' — c0).

The terminal pay is

J

pro= w' L= 3" = Cou( X', XT) | 4 e (DK — wfl) (2.66)
j#i !
1\2 T
1 . . . . .
+(w2) <qUz - ?> Var(X') — /0 6T(T—t) (p% + FthUZ(t,Z)AL’yZ> - igh) dt

where
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. T o
L' = /0 " Tt (1) o dB (2.67)
T . T .
— Xh+ /O TN Xl — Tl (0) X)) —nff /0 " Tt (1)dt

1 [T (1 , 1 1 1 :
= —/ FTHaxi — (= —1) X+ |~ - ) Ty 1) e T
T Jo T r o r4+st r 4 K

e ‘
—772/0 " T=D@ (1)dt,

X6

T (Tt (1D (¢)
Iy

Var(X?) = / %dX%dX{
0 t

Cov(X', X7) = / dXjdXx7,
0

The mean reversion term k' affects the deterministic function CIDZi (1).
The impact of other agents’ effort is through the deterministic the terms (ID{ (t), j#i.

In the case of terminal consumption only(cUi = Vi = 0) and zero cash flow drift (ni =

k' =0), the solution is *!

i) = I'y= 1 ) (1 - 1)

r

_ Zi it i i\ T ,
i) = _¥+UWZ%U] /t er(T=2sH0) g (5)2ds
J#i

and the terminal pay is

.21As discussed in Remark 2, the I's in (2.65) needs to be replaced by e~"(T'=5)  Although
®i (s) equals the old I's, it should not be replaced.
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. o w o - . .
ppo= o |- ﬁcov(xl, X +eT(ToK —wl?)
J#i

1\2 T

T . .

+_(w2) (qUZ — _ei) Var(X") — / eT(T_t)p%dt
q 0

where
T T
L= /0 "0 (t)ax] =~ /0 " T=Dax] — (; - 1) (X% — X{)

. . T 2 . . L
Cou(X', X7) = r(T=Dgi (¢ )) dX}dx] = 0”07 5(2)
T

. 2 . . ..
Var(X?) = (=gl (¢ )) dXidX! = o¥515(2)

S— S—

with 22

S(k) = /0 ! (67‘(T )i (t))k dt.

(2.68)

(2.69)

If the cash-flow covariance is positive, the jth agent’s effort increases the drift of X'

thereby increasing the value of agent i’s share of the terminal value of the cash flow, wiX%.

This allows principal i to reduce the fixed component of pay, while still satisfying the partic-

22Here S(2) = ( 2T 1 41— 1) (T - 1)) / (2r3) + (% - 1>2T
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wpation constraint.

Example 11 (long-run effort impact) This ezample follows Example 8 in Section 2.5

where the cash flow dynamics are
AXj = ajdt +0"dBy, daj = (v — wla}) dt + SVdBy,

for some o, X" e RY, 1 € R, and k' € Ry
Assume the same constant diagonal preference parameters as in Example 9. and that r
is constant (for simplicity),

In Example 8, we showed that
7 = @ (1) + B () of + T X[, B7 =@ (1) 2 +Tyo,
The equilibrium principal ©’s control and agent effort are
wi

(@Y (1) 28 4 Tyo?)

SYi _ i@t (1) 4 Tyot A1
t w'( 1() +Tio’), ¢ W&

where

CIDZi (t) = /tTe_(r—Mi)(s_t)FSds

. T o . Zi ) ) ~N s . .
i) = / e~(s=1) [7]2@21(5)4—}[;—;?<<I>ZI(S)EZ+FSJZ) (q)zl(s)EZ—i—FSUZ)
t s
1 wl i N (@ oy j
+Fszﬁ(®1(5)z +Too') (®](5)59 + Ty ) | ds
i#i
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The terminal pay s

pp = wl [L = To)(0)] + e T (MoK - wf’) (2.70)
wi(d—w') (Terd=D D\ (@i (s i
o /O v ((I)l(t)Z +Tio ) ((I)l(t)Z +Tio ) dt

T . .
+/‘ﬂ“ﬂ@—th
0

where L' is given by (2.69).

As the time to the terminal date T increases, both @Zi (t) and I'y increases.

1 1
— Ittt - as T — oo.
r(r+ k) r

(t) 1

The equilibrium principal and efforts approach the following limats.

v wh 1 . . Wt 1 . ,
sV — Y pot 6 — — Y+ o as T — .
r r+x g \r+ K

Example 12 (Square-root state-variable dynamics) Assume the same constant diag-

onal preference parameters as in Example 9. We introduce a state process ¢ € L (R™) with

dynamics

23

¢y — (MC + ﬁ%) dt + X' diag (M) dB;. (2.71)

where®* ;& € R™, S € R™", vy e R and V, ¥ € RY™. Let m' € R and M' € R" and

/
23For any length-N vector § = (61,...,0n), we define v§ = <\/5_, cee \/5N> and let

diag(d) denote the N x N matrix with ith diagonal element 9;.

24 A1l the results apply with time-varying deterministic parameters replacing the constant

parameters throughout.
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assume that the cash-flow process X' satisfies:
X =mj+ M'¢.

We obtain a solution for the subjective cash-flow value process Z' in equation (2.59) which

1s affine in the state variable:
Zi= 0 +0¢, 7= diag (\/v n vg) 20! i=1,...,N,

for deterministic (9% € L(R) and @é € L (R™) satisfying the Riccati ODE system

():epw”@—n%+mu4ﬂ+glﬁrmﬁmwwm@ (2.72)
FTE
-ifz@ﬂz%f (v)2O!
2Ft t Zag (v t
. . . . J . < /
0 = 6+ 576] — 0]+ M + Y —— (6] diag (6]'Y') V)
[T
JZi , ,
= (@;’z’dmg (@g’z’) v)
t
with the terminal conditions 9%7 = mZT and @% = M%, 1=1,...,N.

From Ezample 9, the equilibrium principal controls and agent efforts are

7

ifi:widiag<\/v+\/§}>2@%, &l = wﬂ.diag(yv—i—V@)Z@%, i=1,...,N,

I'tq

and terminal pay/consumption is
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) . Tde. de. y T Ui
p&::wZX%+[;€t“%Wﬁ—eO“%%+@mm +e T (K" — wl")

. . T
11 — w T ft rsds . . . .
K Gl / ¢ [@;’E’dmg(v) 20! + V' diag (@;’z’) z’@gg] dt
2qez 0 Ft

T ) .
+/ T (el — piydt,
0

The impact of the other principal-agents pairs enters both the fized component of pay (via
96 and @6) and the path dependent state-variable term(the (¢ part of the third term). Note
that © = (@1, e ,@N> are jointly solved from (2.72), and each O generally depend on the
preference parameters of all agents and principals.  Once the system © is solved, it is a

simple matter to solve the first-order linear ODE for each 6'.

Derivation. See Section .2 in the Appendix. =

2.7 Diminishing Returns to Effort (Concave ®)

Section 2.6 showed that with a linear ®, the sharing rule allocating the time-t subjective
PV volatility, E%/i, between the ith principal-agent pair depends on Z%/  but not on the
other principals’ subjective PV volatility terms. In this section, we build on Lemma 1
and Examples 5 and 6. We solve the principal equilibria under a CES measure-change
operator ®. A CES measure change operator implies that the marginal impact of an agent’s
effort is diminishing in the aggregate effort of all agents. As a result, each agent’s optimal
effort generally depends on the volatility-controls of all the principals, and therefore each

principal’s optimal (own-agent) volatility control generally depends on the subjective PV
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volatility processes of all the principals.
In this Section, we will assume two pairs of principals/agents (N = 2), labeled {a, b} and

the CES measure-change operator as defined in Definition 6 throughout.

@k(e):H{a(eg)ua—a)(ezw}g, k>0, ac(0,1), 0£7<2 0O<uv<2
(2.73)

We will also assume the diagonal quadratic penalties below, except in Section 2.7.3.

d d
. . . 1 o 1 . .
(e o) = =3 YR -5 Y Qe (2.74)
k=1 k=1
. ‘ 1 ‘ ‘
kVZ(Zf, 22/2> _ _§ZQZZ(EI‘;Z>2’
k=1

with Q¢, QY%, Q)" > 0 for all i, k.

Before proceeding to each special case, we first present a general solution of principal
equilibrium for risk-neutral principal-agent pairs in the following Lemma. A relaxation of
the restrictions on parameters is achieved by working with quasiconcavity and FOC in the

Proof of the Lemma.

Lemma 4 Assume the aggregator functions satisfy (2.74) and ®(-) satisfies (2.73). Suppose
that in addition to our usual parameter restrictions on ®(k >0, a« € (0,1), 0 # v < 2,0 <

v < 2) we assume v < v or

2>y>vandy(2—-7)(2—v)+v—7>0. (2.75)
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Note that (2.75) is implied by 0 < v <y < 1.

Henceforth, omit the dimensional argument. Let

awx¥e _(1-a) DR

¢ =
[iQee [Q

If the agents and principals are risk-neutral i.e. QUi=QVi=0,ic {a, b}, then principal

equilibrium satisfies

{a (54)7/ @) ; —+(1-a) (sb)w (2_”)} 54 (2.76)
e @)L

2—v

- Ca)nZb (o
G EICO R e =

{a (89 + (1- ) (Sb)w 2o 7} gb

Proof.

We showed in Lemma 1 that if v < 2, agent equilibrium is

0 = gl/C2v) (gayl/2=7) {a (S92~ 4 (1 - ) (Sb

b = g1/ <Sb> 1/@=) {a (S0 (1 - a) <Sb> V/(27)}

)7/(2_7) } (v=7)/{r(2=0)}

(v=2)/{r(2-0v)}
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and therefore

The principal a’s problem is

) 20=7)/{r(2-v)}
max —%Fthamz/@_U) (Sa)2/(2_'7) {a (Sa)’y/(Z—y) 4 (1—a) (Sb> 7/(2 7)}

v(2—7)
L xZa2(2-0) {a (5972 4 (1 — ) ( Sb) v/ (2—7)}7(2—1))

Let

e (8@ Z (1) (Sb>’7/(27)

and then the above problem is equivalent to

2(v— v(2—)

’y R N
m?X_%FthaHQ/(Q—v)ZW’Y {az + K}7(2—v) + 275Za,€2/(2—v) {az + K}7(2*”)

The derivative of the RHS is (using the abbreviation {} = {az + K})

2(v—y) 2(v—y)
9 _ [ 10 gea 2/ ) 2 201 @) 4 20 20 ) e
5 = { 2FtQ K 7z {}7 + az @) {}
2(v—y)
Za,2/2-0) " (2=7) (1 50=y)
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This is equivalent to

2(v—

. 20-7)
%: ({—Fth“}%zﬂ/V—l{1+azi2_3 {Ozz+K}_1}+aEt 7<( 7;) {}72 v) g2/ @)

To prove quasiconcavity, it is sufficient the term in the large parentheses above is mono-

tonically decreasing in z. This is equivalent to showing & (z) is increasing in z where

(v=") —1| 1oy (v—7) az 1 g9/
R R = AR ERAR R - P d S

The first derivative

2_
_2+U—7a27 1[(2—7)0zz+2K]
2 2—v (z + K)22

(2.77)

It is obvious that h/(2) > 0if 0 # v < v < 2.

Now suppose 2 >~ > v > 0.

Let ¢ = ;. From (2.77), we have
22
P (z) = & {2 ’y—i——7 (2—”}/)82+2€<1—6):|}
72 2—w
2_
_ T2 =92 =) +2(v = y)e +y(y — v)é?
72 2—7

And K (z) > 0 is equivalent to

9(e) = 272 =v) +2v = +(y—v)e? 20
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for any 0 <e < 1.

g (e) = 0 yields ¢ = 1

2

If 1 >~ > v >0, then the minimal of g(¢) is attained by ¢ = 1 and

g(1)=12-7)%>0when 1>~ >v>0.

If v > 1 and v > v > 0, then the minimal of of g(¢) is attained by € = % and

g(e) > 0 is equivalent to

Y2 —=7)(2—v)+v—7>0.

So quasiconcavity holds for any 0 #y <v <2or0<v <y <1lor

1 <~ and v < 7 such that

Y2—=7)(2—-v)+v—7>0.

Note that the above inequality is implied by 0 < v < v < 1.

Under these conditions, the optimality for principal a, holding fixed principal b, is equiv-
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alent to a positive solution z (there can be only one, because of the monotonicity of A (z))

to the principal’s FOC, which is equivalent to a positive solution z to

R e IO R s

which is a quadratic polynomial in z when v = 1.

If y=1,a=1/2 and k = 2", then

the measure change function is

®p(e) = {e% + eZ}U

and the FOC is

se Sl e 1 (ea . o) QP
(e S)este oo e,

2.7.1 Power Measure Change

For any ¢ € [0, 1), let

v=1,v=1-6 a=1/2and k =2'70/(1 —9).
The measure change operator is (2.20).
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In Example 5, we show the agent equilibrium solution is (2.21) in the case of two principal-

agent pairs i € {a,b}.

Proposition 6 (Risk neutrality) Suppose ® satisfies the above specification, and prefer-
ences satisfy the risk-neutral specification (2.74) with QUi = QW = 0. There are two pairs

of principal and agent i € {a,b}. Assume ZtZ“, Eth > 0 all t and define the processes

7 Zb 7 Zb
Qpt Qb Q- QP

The unique principal equilibrium is at each dimension k2°

sye Sk+\/sg+(2+5)5AZ+ﬂ O Sk+\/S,§+(2+5)5A§ A -
Qe 2(2+90) 27 Qb 2(2+9) 2 '

and the corresponding equilibrium agent-effort processes are

-5
) . iYi iYa in 1+9
i <t2y): B[ Zk 4 Zk ic{aby k=1,...d (2.79)
k ) <t ) ) ) )

Qe \ Q" TP

Total equilibrium agent effort is

1
Sp+ /57 +(2+06)087) T
(2 + (S)Ft ’

N
ek+€k =

Proof. Applying Lemma 4 with v =1, v = 1 — 9, a = 1/2(note that the restriction on

the parameters is obviously satisfied), the FOC (2.76) implies

25 As shown in the proof, when Z,fa < 0 the optimum is f]{a =0 and f]kYb = Efb, and
vice versa.
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nZa(1 - )

(ST + (1+06)SESE = (SE+SY) - (2.80)
2l QF,
»Zb(1 - §)
S 4+ (1+6)S88Y = (S¢+shH=k —
(Sp)”+ (1 +0)5pS; = (Sp +5¢) 2T, Qe
Subtracting the second equation above from the first yields
A Zb
S¢ — §h = L—6 (2" %
oT; Qza Qib
6 ZYCL ZYb
Using the fact that S% = Aé—f? and SY = Blz%t, where A = % and B = ﬁ, we get
A—B=A (2.81)

Plugging (2.81) into the first equation in (2.80), we get an equation for A below

AR(S, + Ap)

(2+0)A2 —[(2+ ) A, + S A+ 5

= 0.

This yields the solution (2.78).
For verification, in Section .1 in the Appendix, we provide another proof by directly

applying Corollary 1. m
Lemma 5 (Comparative statics) Under the assumptions of Proposition 6, the equilib-

rium optimal controls (f]%/a,f]g/b,éa,éﬂ as functions of (ZtZ‘l,Eth,é>, satisfy, for all

t€[0,T) and i,j € {a,b}, j # 1, the following:
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diYi el din
B <, —5Q§.§ k<o,
1490 de 1+5Qk3 dzkﬂ
b)
1 duye 1 duYb
ko— k<0 (2.82)

QY db _sz a

dét
—k <y
o =
d)
dét dét
k>0, k<.
szt dszJ

The inequalities in b)-d) are all strict if E%a, Egb > 0.

Proof. See Section .1 in the Appendix. =

In the kth dimension holding fixed Ef b an increase in Zf % implies an increase in both
principal a’s control, ZA]Z“, and agent a’s effort, é%; but a decrease in principal b’s control,
ikYb, and agent b’s effort (though total time-t effort exerted increases). (Analogous results
hold for an increase in E}:b.) The special case of § = 0 corresponds to an additive measure
change and the optimally bearing all the cash-flow risk under the principal’s optimal policy:
f]zz = Ef i the corresponding optimal agent effort is é}; = f]]f i (FtQZi), which is the first-
best effort level for principal 7. We also obtain XA]}G/“ = Zkz @ if EkYb = 0, and the corresponding

) 1/(146
optimal agent effort is éf = (2%“/(1}@2“)) )

, which is again first-best for principal a
(given zero effort by agent b). Finally, an increase in the concavity parameter ¢ implies a
decrease in both principals’ controls and both agents’ efforts.

The negative dependence of principal a’s sharing rule on principal b’s cash-flow volatility

is different from seemingly related results in some team contract settings. Here the interde-
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pendence is a free rider problem. With diminishing marginal productivity to effort, higher
sensitivity of firm b’s cash flows in any dimension will cause b to offer it’s agent a larger cash-
flow-volatility share in that dimension, inducing more effort by that agent. Higher effort by
agent b causes agent a to work less. Principal a responds to the diminished marginal value

of its own agent’s effort by reducing the cash-flow-volatility share is offers.

The following example illustrates the interdependence of the contracts in a two-dimension

setting with constant-volatility cash flows.

Example 13 (Terminal consumption only) Suppose risk-neutral preferences, the Brow-

nian dimension d = 2 and terminal consumption only. The cash flows satisfy

dX} = o"dB;, o' >0, ie{ab}, tel0,T]

, Qi = sz = @, k = 1,2 and a constant interest rate r. By Example 7(letting 0t =
KD = 0), the subjective cash-flow volatilities match the discounted actual cash-flow volatilities,
2 = Tyol, i € {a,b}, where Ty = 1/r — (1/r — 1)e "=t and the optimal principal

volatility controls are

2 2
ag+ag+\/(0g+ag) +(2+5)5<ag—a§;) 5o _ b
2(2+9) 2 ’

f]}c/b = Ft{ikya—<ag—az>}, k=1,2.

5P = Ty

There exist constants UE € (0,1) and v;- € (—1,0), i # j, such that the control 2Y is a linear
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combination of the cash-flow diffusions:25

SV = Dy (vlo® + Ugab), i €{a,b}.

)

That is, each principal’s volatility sharing rule depends on the wvolatility of both principals

cash flows. With any feasible intermediate pay pf;, t < T, the lump-sum terminal pay for

agent i is affine in the terminal cash flows of both firms® :

. . T . o .
Pl = YT — /O T Dpldt — T + vl L+ vl L¥ i € {a,b},

where the constant II is defined as 28

_(1=0 , SN2 ‘ : , ,
i 2 22: Q. (1+5) (#) (vzag’ + véai) + (vgoy + véaz)(véag + v‘gag)
149 1—0 20

= [(vg + vg)al‘g + (Ug + vg)az 1+9

with

26With d > 2 we cannot generally replicate Y with a linear combination of cash-flow
diffusion vectors because of the nonlinear relationship given in (2.78). With d = 2, let
the 2 x 2 matrix ¢ = [0%, 0%, then v = (vé,vé)’ is the solution of the linear equation
ovt =YY i e {a,b}.

271f § = 0 then vg =1, vé =0, ¢ # j and solution matches (2.68).

28The Ty in equation (2.79) needs to be replaced by Dp/Dy = e~ (T—1) throughout the
calculation. Apply (2.32) with

e~ T(T-1) 2

2
Yig, Y (1 Y2 &Y &Y
P = == Y Qe )+ Y Sy (et )
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S(k) = /0 ! (eNT—t)rt) "t

and

: T .1 T . 1 . .
Ll = / " T x) = - / " T=Daxi — (; - 1) (X5 — Xxp).
0 0

Agent a’s terminal pay is increasing in L% and decreasing in Lb (and analogously for
agent b). An increase in either cash-flow volatility (in either dimension) results a reduction
in the fixed component of both agent’s pay because the increase in aggregate effort increases

the cash-flow drifts.

Relaxing the N = 2 assumption, in the special case of identical cash-flow processes
X; = ¢/By; and identical Q%s (letting Q¢ denote the common effort penalty and Y2 the

common subjective PV diffusion process), the optimal controls and effort are

i}”:<1+<1—%>5)_lrta, é,@:N% 7 1 Li=1,...,N.
@ (1+(1-%))

When 6 = 0 (additive ®), the effect of N vanishes. As N — oo the optimal control

i}fz converges to (1+6) ! I'yo (and Eyi converges to (1 4+ 0)~lo and 22/1' converges to

[1 — (1+6)" o) and individual agent effort converges to zero (though aggregate effort is of

order N1/(1+9)y,

The next proposition shows that in the case of a strictly concave measure-change operator,
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as IV goes to infinity the optimal principal policies are motivated solely by risk-sharing, and
individual agent effort goes to zero. The sharing rules converge, as N gets large, to the

sharing rule of Proposition 5 with linear ® and infinite effort cost.

Proposition 7 Assume, for simplicity, terminal consumption only, deterministic principal
aggregator functions WV, kY for each i, and Ornstein-Uhlenbeck cash flows: Xti = (ni —
/ing) + v By, for each i and t € [0,T], where = Ri and the power measure-change

specification (2.20) with 6 > 0. Also assume

1 . .

Vi €1 Ui -

QRV'>—, QVQ°" <k, 1=12,..., lim g Vi = k=1,...,d, 2.83
K B N—)oo k= ( )

for some constant k > 0. Then the limiting equilibrium principal and agent controls as

N — oo are given by

Vi
hm 2{2_ Q Zq)l() i

and lim é}'ﬂ—>0, k=1,....d.
N—oo

QVZ QUZ Yk N oo

where @’i (t) = L e—(TJrHi)(T—t) (L _ 1>.

r+r? r+r?

Derivation. See Section .1 in the Appendix. =

2.7.2 Quadratic Penalty and Cobb-Douglas Measure Change

For any 6%, 6% € [0,1), 846 >0, let k=1, av =1 — 6% and (l—a)vzl—éb.

As v — 0, the measure change operator converges to
1-6%, b\1-4b
Dy (e) = (ef) (er) . k=1,....d
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In Section 2.3.3, we obtain for each dimension k£ and time ¢ the following possible Nash

equilibria

14-6? 1-5b
o SY (1 - 69)\ 2000+08) [ SYT(1 - 6b) 2(0+40)
k I Q" Q5

146% 1-4%
b YL - )\ 20004+08) (ZY (L~ 57 2(59+40)
* rQ5 Ly

or

Proposition 8 (Risk neutrality) Suppose ® satisfies the above specification, and pref-
erences satisfy the risk-neutral specification (2.74) with QUi = QY = 0. The principal

equilibrium solution is

22ZCH— 22Zb+

Yb

EYG,_ - =
14607 1+ 4@

Proof. From the parameter specification av = 1 — 0% and (1 — a)v = 1 — 6, we get

_ o __ (sa b __ 1-4°
v=2—(+6") and a 2 (o)

avnY @

Applying Lemma 4 with the above values and the identity S¢ = T, Qe and letting

v — 0, (2.76) implies the following equation for Y ¢,
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1— 6% 2. 1— o0 sYa _ sZa+__2
2 — (00 4 6%) 6@ + 60 2 — (6@ + 6b) 5@ + &b

Using the identity 2(1 — 6%) + (1 — 6°)(5% 4 &%) = [2 — (0% 4+ 6V)](1 + %), we get the

Za

solution LY@ = 22 Similarly, we can get the solution for »Yb,

1460
For verification, in Section .1 in the Appendix, we provide another proof by directly

applying Corollary 1. m

In the case of identical principal-agent pairs and constant return to scale i.e.

QUCL :QUb:QU, QVQZQW):QV, Qea :er:Q€7 6& :55 :%

The solution is

oo 1609V +4 gy
16Q°(QV +QUV) +3

Example 14 (Terminal consumption only) Assume the cash-flow dynamics are

dX} = o"dBy, i € {a,b}

for some = (R+)d, QW =0, QUi =0, i € {a,b} and terminal consumption only.

The equilibrium principal i’s control and agent effort are
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' s
; i\ AR o e i\ BT 1
L+oi” F (14 07)Qg (14 69)QY t

where

The terminal pay is

. : : T :
Py = (FOKZ—w(()]Z)erT—/O eT(T_t)p%dt (2.84)
d 165 L6 | s Lxdd 10T
iy §i 1o () 50487 (V01407 (57 ) 5T +67
(51 + ‘”> 1;1 (C)FF ) 55 k) T o)
2 .
+ L
1467
where

S(k) = /O ' (eT(T_t)Ft> ©

and
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: T .1 T . 1 , .
L' = / "I dx? = = / " T=Dgxi — (— - 1) (X5 — XP).
0 rJo r

Derivation. See Section .2 in the Appendix. =

2.7.3 Absolute Effort Penalty and Square-Root Measure Change

In this section we build on Example 6 and solve for the principal equilibrium with an absolute
effort penalty and, to obtain a closed form solution, a square-root measure change (i.e., the
power measure-change operator (2.20) with § = 1/2). Unlike the quadratic-effort-penalty
solution in the previous section, any equilibrium with absolute effort penalty has at most
one agent working in any given dimension at any moment. Furthermore, there are regions
with more than one possible principal equilibrium.

For simplicity, we assume throughout this section one-dimensional Brownian motionZ?

(d = 1), nonnegative effort (E = R ), and two principals/agents (N = 2), which we label a

and b. We also assume the preferences and measure-change operator

. . . 1 s . o : . 1 s . .
kUZ <t7€72f7 Egl> = _§Q1€]Z(Z7€]2)2 - q%e%, sz (t72y2> = _§Q1§/Z(Zyz)27 Le {a> b}a

D (e) = 2\/6%-1—6?,

where ¢, QU € £ (R44) and QVier (R4+). When N =1 this specification is equivalent

to the quadratic/linear specification 39 (2.57) with E = R

29The extension to d > 1 with diagonal preference parameters is simple: as in the agent
equilibrium in Example 6, the principal equilbrium below applies to each dimension.
30This is seen by redefining effort as é; = 2, /ey.
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Define, for i € {a, b},

2
S
4

2 ' )

wi = i =

- QZ+QUZ

1 i (e : 1.
— aiQ" (w} - i) + 5.
We assume that Qva, QVb > 0 are sufficiently small that

1 v 1\ _ 1 vi 2 ; ,
(§Q1§/Z + 7) w% > <§Q1‘f/2 + 7) wa te [07T] S {(l, b} : (285)

qy 4y

Condition (2.85) implies @} € (w},w?).
The agent equilibrium was given by (2.22) in Example 6. The following proposition
characterizes the principal equilibrium controls (XA)Y‘L,XAJYI’) and agent equilibrium efforts

(6%, ¢eb).

Proposition 9 If ZtZG,Eth <0 then ZAJ%/Z = thZZ for each i € {a,b}. If EZZ > 0 and

DL ZtZ] <&> mazx <—t,_7t> , 1,7 €{a,b}, i#}7,
J wh Wk
d; t
then there is an equilibrium with ifz = wt ZZ and Z = thZ] The corresponding

agent-effort equilibria are

SV o= winft = e =0,
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and the BSDE system for (Zi, ZZZ) satisfies (2.44) with

. 1 . 1 2 w
VA Y Vi —1 Ui —1 t
vxt) = [lavi (i) <L (g 2) (s + 22 |
L ( i [ QQt t 2<Qt +q%> wy) + p T, {é§>0}
(2%)"  wi(s )+
+ |-z {QtVZ (1 w§> + QUi <w§> } oot 1, . 1 (2:86)
Ft qg Ft {etZO}.

Derivation. See Section .1 in the Appendix. =

An equilibrium with principal-: sharing the proportion wé of EtZi corresponds to zero
equilibrium agent-i exert, and the higher proportion E% corresponds to strictly positive equi-
librium agent-¢ effort. The lower proportion is motivated purely by risk sharing, and the
higher proportion by both risk sharing and agent-effort incentive. If ZtZ ¥ is not positive, then
the only principal equilibrium is with ZA’J%/ = y%EtZ " and zero agent-i effort. If ZtZ © > 0 then

there is at least one principal equilibrium depending on the magnitude of ZtZ ¢ / ZtZ J. Defin-
ing \; = (%) max(i—g, Z—g) and \; = (%) min(i—g, Z—g), there is a time-t equilibrium
with only agent b working if ZtZ b / ZtZ @ > )\; and an equilibrium with only agent a working if
Zth/ZtZ“ < A¢. Because A\t > )\; we have both equilibria possible if Eth/EtZ“ € (At, j\t).
For example, if QV¢ = QV? =0 (risk-neutral principals) and the preference parameters
are identical (Q%] @ = ng b and q = qé’), then )\, = 1/2 and Ay = 2. Risk-neutrality of
principal 7 implies that agent-i diffusion is zero in a zero-effort-i equilibrium because there
is no risk-sharing motive on the part of the principal to share cash-flow risk with the agent.

For comparison, in a team setting with a single principal, identical agents and absolute

effort penalties, it can be shown that the optimal principal policy is to choose identical agent
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diffusions, resulting in a continuum of agent equilibria.

Example 15 (Equilibrium with only agent a working) We assume constant preference

parameters and interest rate v, terminal consumption only and constant cash-flow volatility:
dX} = o'dB;, o' >0, i€ {a,b}. (2.87)

Note that by Example 7, 2t = Tyo!, where Ty = 1 e—r(T—t)<l —1).

o T

Assume condition (2.85) as well as

el qa U~)b wb
— >\ |mex| =,— | .
ab qb we’ we

Then Proposition 9 implies that equilibrium principal and agent controls are

ZA]Ya = W40, in _ wbrtab?
— 2
. wo? T—t .
el = { 7 L’ T-04 b=y

Equilibrium terminal pay are

1 2
P = waLa+§(QUa—q—a> (@a™)2S(2) + T (oK — wl®) (2.88)
T
_/ eT(T_t)p?dt,
0
bbb U b g 1 ub (b b)2 rT b Ub
Pp = w’ (L 2qaaa S(2) +2Q w’o”) S(2)+e" (TgK” —wy”) (2.89)
T
—/ " T pbat.
0

where
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S(k) = /0 ! (eNT—t)rt) "t

and

. T .1 [T : 1 : .
L= / " T x) = = / " T xi — (— - 1) (X5 — x4)
0 T Jo r

Derivation. See Section .2 in the Appendix. =
If, for simplicity, agent preferences are identical, and principal preferences are identical,

b implies that principal a has a higher utility in an equilibrium with agent b

then 0% = o
working rather than an equilibrium with only agent a working. This follows because the
same effort is exerted in either equilibrium, but principal b pays for the disutility of agent
effort if agent b works. However, if ob is sufficiently close to zero, then principal a can be
better off with his/her own agent working because under the agent-b-working equilibrium
insufficient effort is exerted.

The example is easily extended to multiple dimension (d > 1), in which case the same

results holds dimension by dimension, and equilibria are characterized by only one agent

exerting effort in each dimension at any point in time.

126



APPENDICES
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.1 Appendix 1: Proofs Omitted from the Text

Proof of Proposition 4.

Matching the diffusion term of (2.44) and (2.52), we get
71 _ xfiey
Matching the drifts, we get
0, + 6 u+ (6] + 8761)¢] = rib) — (1, 5°0)) + (0] — M)}

Matching coefficients of Cf yields the ODE (2.50), and matching the other terms yields the

ODE

0 — ry0i = —p 7 (t, w¢lel, .. .,ECNG,{V) — e, 6 =0,

which has the solution (2.51). It is easy to then confirm that (2.52) solve the BSDE system

(2.44).
Below is a derivation of the closed form solution for ©7,

To solve

Or=—(8'—nD)Or =My, t<T, ,6p=My

where O, My are n x 1 vectors, [ is an n X n matrix, r; is a function, I is an identity

matrix.
To avoid confusion, for the exponential functions we will use exp(-) with matrix arguments
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and e with scalar arguments.

First note

de™ I rsdsg, — | —gle” I rsdsgy — e~ 1o rsdspg, | dt

t t
Substituting & = e~ Jo 5459, and Ny = e~ Jo TsdS VL we get the equation

dey = [~Fes — Nyl dt, &= e J0 msdsagy

Let y; = exp(t3')&;.

# exp(tf)) + expl(td) ot

= Blexp(tB)& +exp(tp’) [-5'& — Ny dt

dyt
dt

= —exp(tf) Nydt

where we have used ' exp(tf’) = exp(t8') 3.

T
Integrating the above equation from ¢ to T' and use yp = exp(T3')e™ Jo TSdSMT to get

T T
yt = exp(T)e™ Jo TsdsMTJF/ exp(sf')Nsds
t

S t
Substitute in g = exp(t3’)e” Jo "sd5Q, and Ny = e~ Jo rudt N to get
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! —ftrsds / —fTrsds T n,— J§ rudu
exp(tp’)e” JO Ot =exp(Tf)e” J0 Mrp + t exp(sf')e” J0 Mds

4
Left multiply both sides by exp(—tﬁ')efO "sd5 and use the fact that t18" and tof8' are

commutable where 1 and t9 are any arbitrary real numbers to get

T S
61 = exp(T — )8)e~ i 545 g 4 / exp((s — t))e JE Tt pg,ds
t

Proof of Proposition 6.
Let

14::<Zya>+ . £§§E21

ea ’ eb
FtQ FtQk
For notational simplicity, omit the dimension subscripts k. From equation (2.43) and

(2.21), at principal equilibrium given B

A € arg max f(A)

AeRT
where
T,0c0 —25 nZa 1-6 6
F() = -1 4204 4 By T O+ (A + B)IF
»Zb
If £2% <=0, then it is easy to check the optimal A = 0, B = er and vice versa. We

will assume 4% > 0, 4% > (0 and calculate the following derivatives.
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=25  T,0°§A2 —35—1 nZa —25
£1(4) = ~TQ A + BYTH + M S (4 ) T ¢ (s BT

(A+ B) 1+0
(14 6)2

F'(A) = [1Q%g(a) — 2057%(A + B)

where

g(A) = 46(1 4+ 6)A(A+ B) — (1+6)*(A+ B)2 — 6(30 + 1) A2

It is easy to verify that g(A) < 0 and thus f”(A4) < 0.

Z Zb
Let 0% = %2—62 and o¥ = %2%‘ Finding the equilibrium is equivalent to solving the

following FOC equations

—Ty(1+8)A(A+ B) +T16A2 + 0% (A+B) = 0

~Ty(1+8)B(A+ B)+T4wB>+6%(A+B) = 0

a_gb

Upon subtracting the second equation from the first, we get A— B = UF—t Substituting

this equality back to get

S+A)A

(2+5)(FtA)2—[(2+6)A+S]FtA+( 5 =0
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where S = 6% + o® and A = 0@ — o).
This yields the solution (2.78).

Proof of Lemma 5.

Each proof is for i = a and j = b (the other case is proved by reversing the roles of the
two labels).

Proof of a) From the expression (2.78) we have

avye 1
dsZe  2(2+49)

{14 9(A¢, St} + %

where

Sp+(2+96)0A

g(Ar, Sp) = —2 2400 (90)

\/S§+(2+6)5A§

Holding fixed Sy we have dg (A¢, St) /OAy > 0 and therefore g (=S¢, St) < g(Ag,St) <
. (244)(1-6) B .

9 (St St).  Substituting g (=S¢, St) = 75— — 1 and g (5, 5¢) = 1+ 0 yields the

first inequality. Note that di%/a/dEtZG is minimized at Ay = —5; (i.e.,at E%/a = 0) and

maximized at Ay = S (i.e., Zg/b = 0), holding fixed S.

Again from (2.78) we have

iYa EZb 1 1
d(Q%G)/d(thb) :m{1+g<_At75t)}_§ (91)

Because g is increasing in 4; it follows that the left side in decreasing in A, and therefore
maximized at Ay = =S (i.e., at E%/a = 0) and minimized at Ay = Sy (i.e., at Z%/b =0).

Substituting the above expressions for g (—S¢, S¢) and g (S, St) give the bounds.
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Proof of b) From the solution (2.78) we have

o dSUa g Si+[SE+(2+8)0A7

Qa5 db 246

@+ o (2+20) A7 St+\/8t2+(2+5)6A%

o o 2
(2+8)2 /57 + (2 +6) 047 (2+9)

Derivative is negative if and only if

(24 8) A7 < S/ S+ (24 6) 6A2 + 57

which follows easily. (The derivative equals zero when S; = Ay.)

Proof of c¢) Differentiating (2.79) and using the equality in (2.82)

R 5
R »Ya 6“) “Ya  $Yb\TF6 ! ($Ya YD oY
(Ty)L/(1+9) 0e _ 8( s (Zt R ) o {Zt R S S a}

a5 96 Q5 " Qs Qb T1+0Q¢
-
SYD\Too 1 [ S+ /S +(2+0)087 5
Q§G+ng (2+0)(1+0) I

) (2}”@ /Q§a> sy
- 95 (

The braced term is positive iff

St +\/S2+ (24 0)6A2 > (24 8)5A.

This is obviously true for A; < 0. Now consider Ay > 0. Because the left side is increasing
in S and St > Ay the proof is competed by showing the inequality holds at S = Ay, which

follows because ¢ < 1.
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Proof of d) We first have

d wWa ZYb 1
T () =Tt oee)

where ¢ is defined in (90). Differentiating (2.79) yields

)
ded 1 1 2YCL EYb 1+
ST PR RV A £
—5 4
5 iYa iYa EYb 1+
_1+5Qt§a (th Q 2+5{1+9(At75t)}

and therefore

5
$Ya ZYb SE R Jet
(Ft)l/(1+6) “t ( €

Q" Q d (22 /Qce)
L(Ee n 5 N ERVICUEARE 23“ EYb R

Positivity of dé?/dx)® follows because 1‘% <1/2

Now use

d EY@ ZYb 1
- 1+ g(=Ay, S

and (91) to get

)
. “yp\ Tog L )
e ) (E00 S\ det
() Qo Zb 10eb
t L d (Et /Qt )

1 ifaJrifb L1t g(FARS) | [LHg (A S| 8 B
2\ Qi T g 2410 240 11005
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The inequality g (—A¢, St) < 1+ 0 implies that é% is decreasing in E%/b.

Proof of Proposition 7.

The maximization problem can be handled dimension by dimension. In each dimension

- . : i_oxYioo —i N )
k, omitting the dimension argument k let y' = D,Qe 1=1,...,N, y ' = Zﬁézy and
: Zi
ol = 2 6; . The following Lemma implies the following bounds on principal i’s optimal policy:
N QV@ 1 . g
S (QVi+QUi eI Vi f"_t)
By Corollary 1, the principal ’s problem is
max f(y")
yZ
where
) Vz ez Uz el =20
f@l) - Ty Q Q U_ _ ( zQez>2 Q_ <y> <yz+y z) 1+6
Iy 2 2
IRE
. + +o
raigeiV Y (92)
1— 5
Lemma 6 Assume o', QY § > 0. Then the function f in (92) satisfies
> ory € |0, - - an ( ) < or > —
1) > 0srd e |0 s g e ! fors = g

Proof.

The first derivative is
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) = QP QM ~ 1@ + Q")
T2 i
LWy laz‘ Tyt — Fw%#] (93)

146 +y*

QVi

1
o .
 T(170) gV 1 U then both braced term are positive, the second because

If ' € |0

1

ol —Tyyl ~Tyy 60— — > o' Ty (1+48)y > 0.

Y +y
If y* > o', then both braced terms are negative. m

The second derivative of f(y') is

20

weoiy 2 Vi L iy Wy T Q0 250ty 4y
) = @@V Uy - W [ v
+ (T30 + 20 - 0wy + (14007 | <0

The concavity of f together with differentiability imply that ¢’s optimal policy §* is uniquely
given by the FOC f’ (g)l) = (0. The next Lemma bounds principal ¢’s optimal policy as a

function of the other principals’ policies,
Lemma 7 The optimal y* satisfies

i QVigi _;
"= gvivqur, () o
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‘ =20
where € (yﬂ) is of order (yfz) 1+0 given by

1 S i iNTEs —
_Qez‘ (QVi+QUi) (1+ 5)th (y > =€ (y >
—2§
1 1 N\ T+o

< Qe (QVZ + QUZ) (1+ 5)thl <y—1>

Proof. Substituting (94) into (93) and equating to zero yields

_ . . . 1 _ _ . i . =20
el Vi Ui —1 ) A~ —1 ) ~1 —i\ 140
Q7 Q" +Q I ( > = — — Iyt —Tpoy ' —F—— < + > . 95
( > te\yY 116 { tY toy Ql y_l} Yy Yy ( )

The inequality o — I'yy — ['ydy ! +y < o' implies
yry

—1

—20

£ <y_i> < Qi (Qvt QU (1 +15)Ft0i (y")m.

Substitute

. | Y (18 g o . .
ot Tyt —Tyoy i =gt Y + 1+ j.y Tyt > o — (14 6) vy > —d0"
yl +y 1 yl + y 1

into (95) (the last inequality because I'yjj’ < ¢') to get

Q° <Qw . QUi) Iy <y—i> > i 501' <yz . y—z’> 3 > - 50¢ <y—i)ﬁ .

Because e(y_i) — 0 as y ! — oo, and Zj;&i ) — oo as N — oo (by the lower

bound in Lemma 6 and the assumptions of the proposition), we get & (Zj;éi g)j > — 0 and
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Vi
(@Vi+QUnry
the assumptions of the proposition and Example 7 imply 22 (t) = <I>’i (tw',i=1,...,N,

VisZ1
QL% 77 Finally,

as N — oo, which is equivalent to yYi ST
QV'+Q

therefore ' —

(1) = L = (res)(T—1) (;_ )
where @ (1) A v 1).
|
Proof of Proposition 9.

We omit the arguments (w, t) throughout the proof. From the expression of equilibrium

efforts above, we obtain

- wWa Yo
\/@a (EU) ‘l—éb (EU) = max O,q—a,? /Ft

Fixing some »Yb ¢ R, and suppressing the dependence on »Y? in the notation, by Corollary

1, principal a’s problem is max J¢ (ZDY“) where

wacpr

a Ya 1 Va Za Ya 2 Ua Ya 2 Za EYa EYb
J (z ):—5 0 (2 _¥ )+Q (2 ) T

q
(
CORY
D N IV By
q" < p (Te)%e 1{2Ya/qa:EYb/qb}
\
()
_qa q@ 1{2Ya/qa>EYb/qb} (96>

Yay+\ 2
(note that el e [0, ((Eqa;)f > ] on {EY“/q“ = EYb/qb}). Switching a and b gives principal

b’s problem.

We first consider, in the following lemma, the case of nonpositive Y ¢
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Lemma 8 For any fixed »Z b,

EZa <0 — iYa _ QGEZG.

Proof. We first conclude that Y% < 0, because it is easy to be seen from (96) that

J%(z) > J*(—x) if x < 0. Principal a’s problem therefore simplifies to

+
1 2 nYo 1 2
max —-QV? (Eza - Zya> +2x%a — | - —QUa <2Ya> .
»Ya<o q 2
From the FOC
oJ
oxYa

_ QV@EZQ . {QUa + QVa} EYa -0

(Note that J* (x) is concave on < 0 and the right-hand derivative at 0 is negative) we get

the result. m

From Lemma 8 we also get that ©4° < 0 and £4% > 0 imply Y% = @?%%¢.  This
follows because 2Yb = %20 < 0 and (from (96)) J% (x) < J®(0) for any x < 0; therefore

principal a’s problem simplifies to

ZYGZO q®

_1 Va Za vYa 2 Za gYe _1 Ua 2 Ya 2
max —=QVe (x70 - xVe)" 1 ox el e A (V)"

(Note that J* (x) is concave on x > 0 and the right-hand derivative at zero is positive). The

result is obtained from the FOC

a9.J* Va , 2\ «Z 1% Ua | 2\ Y
aEYa:<Q “+q—a>2 “—(Q QT+ )T =0
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The next step, in the following Lemma, is to solve principal a’s problem given any

Yt > 0 chosen by principal b.

Lemma 9 Let Y@ denote principal a’s optimal control given SYb > 0. For any vZa >

Yb ~a q_b Za ; osWYa _ avZa ; _
then '° > w 7 | 2% implies X1 = w34 (which corresponds to zero agent-a effort)

Q

b N
and 0 < TYb < o (g—a) 20 implies that ©Y ¢ = woxZe (which corresponds to positive

agent-a effort).

Proof. Fixing some 2% > ( throughout and define principal a’s objective function corre-

sponding to zero and positive agent-a effort, respectively:

Yb

1 2 1 b
q
1 2 1 2 D
P = —5ev (EZ“ - z) -5 (QU“ + q—a> 5%+ 222aq—a.

Principal a solves (note that »Ya /q% = R / qb cannot be optimal unless principal a knows

with certainty that agent b will exert all the joint effort at that point)

(97)

N T ®) 1{Z/qa<2Yb/qb} + ) 1{

E/61“>2Yb/qb}-

The maximum of J" (E; EUb> occurs at 3" = w?¥Z% and

n (<. sUb 1 Va a Za 2 ZaZYb
J (2 3 >:—§Q (1—2)(2 ) +oxZes
q
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where we have used the equality
QY (1 —w")? + QY (w")? = QV*(1 — u?)

The maximum of JP (X) occurs at 3P = w£%% and

a

JP (ip) _ {_%QVa(l T + w_a} (Eza>2.

q

where we have used the equality

Qw2 + (@0 + )@ - 2 = QY1 )

Define

FZ) = Jm (2” z) P (zp>

1 _ w? by
_ {ﬁQVa(wa o wa) o q_a} (ZZa)2 + QZZa?

which is continuous and strictly increasing in . It is easily confirmed that

f (g—awazm) — 0 and therefore principal a’s optimal control is £Y¢ = P if RY0 <

b ~ ~ b
450520 apd LYo = 3 if 2Y0 » g—awGEZa. -

(=)

We now apply Lemma 9 to obtain the Nash equilibria among principals when nZa »2Zb

Case (i) (on agent b works): Lemma 9 implies that Y = w®n2e 5:Y0 — 5b52b nolds
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q q

»nZb qb ¢ w?
>l = |max| —,—= | -
S Za q® (@b T b )
Case (i) (on agent a works): Lemma 9 implies that %Y = ?22e $V0 — 405:2b holds if

b
SYb < (g—a) »2a and Y > @b (%) 2P that is

b
ﬁ§%>ﬁﬂ(L)?mmmznhuﬁ(%>2%mmmm

q
520 (Y (T
EZ(I qa min wb,wb .

The same Lemma easily rules out equilibria with both agents working.

Proof of Proposition 8.

Let
. EYa B EYb
VA Ty
and
. 1=0v 5 1-4
f = Qea I f = er

By (2.43), at each dimension k principal a is solving holding fixed B(omitting dimension
arguments)
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max f(A)

AeRT
where
Ftha »Za 2 FtQUa 5 r,Q% 1+5bb ) 1—5bb
fA) = o (S - A - T a? - T (A (B
1-5% 1-40

EZaA ay §a4gb B b m
+X7YASY) (Bf”)

If 2% <=0, the optimal A = 0. We will assume Efa > 0 and calculate the following

derivatives.

b b a
fl4) = nQve (—Ft ~ A) = TeQUAA = S (BY) 07 () 000 g A0
. , 1—§bb 1-d% | _ 5a 1—25a—bab
+¥4aB 00+0 ay§a409 —_ ~ A 6944
(B ()00 =2
—gb 146° b 1-259— 80
Q" : 1+46%)(1— 8¢
f”(A) _ —Ftha . FtQUa . : (be) §a+5b (fa)(gaJr(gb ( (5(1 i(éb)2 )A 5a+§b
1-? 1-5% by 1-359—250
+2Za<be) 5a+5b (fa)(;a_H;b (1 - 5a)(1 — 20" -9 )A 5a+5b

(6% + 4b)2

f"(A) <0 if
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(L4851 —g1)xYe

5 + 3701 =26 - 6% <0 (98)

Similarly, for principal b the solution has to satisfy

a _ shyyYb
_{d+9 )(12 O)x + 2251 =26 — 6% < 0 (99)

Assuming ¥4 > 0, i € {a,b}, (98) and (99) are satisfied if

26% 4+ 6% > 1 (100)

20 460 > 1

(100) holds if for example 6% 4 6% > 1.

We will solve the following FOC equations.

Za - 1-4b 146 1-6%
Qe (Er_t_A)—FtQUaA L (Bt (o) o4 L0 45040

1-gb 1-4¢ 1-259—§0
+Za(p byatab ( fa)ai-tod 51 f;A satsb  _ g (101)
7b 1—-6¢ 14+6¢ a 180
Qv (EF_t _ B) _1,QUB — FtQ (AF@) 0940V (£5)50-+00 5H+55 Baotob
1-5% 1-5b 126054

b b 1-5b b
+ 020 (A f) 6046 (£b) 5045 ;a_f(;bB sa4+s0  —
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Case 1 Both pairs of principal and agent are risk-neutral.

By letting QY7 =0, QUi =0, i € {a, b}, (101) yields solution

EYa B 2EZCL+ Vb QEZIH—

BT AN v T

Case 2 Only pair a of principal and agent are risk-neutral.

Let Qva =0, QUCL = (0 and assume QVb > 0, QUb > 0. (101) yields solution

EYa B QEZG,—I—
1 4+6b
If ©2% <=0, then
Vb QVbEZb—i-
2 - QVb + QUb

If pZe > 0, B is the solution to the nonlinear equation

1-5% 149% 1-4b
QVb( B)—FtQUbB LG (4 gy 50D () 50-+5P L2 o
_|_
1-49 1-gb M E 25050
EZb(Afa)5a+5b(fb>5a+5b 1-6 B §a46b -0

50440
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22Za+(1_5a)

a __
where Af% = r,0%(116h)

Case 3 Both pairs of principal and agent are risk-averse

The nonlinear equation system (101) has to be solved to obtain principal equilibrium.

In the case of identical principal-agent pairs and constant return to scale i.e.

Q QUb QU QV@ QVb QV Qea er Qe 5@_613

(101) simplifies to

F a
Q"s” —1(Q" + @A~ 2lar (A Ln <o
which yields solution
s 160°Q"+4 g

- 16Q4(QY +QV) +3
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.2 Appendix 2: Derivation of Examples

Derivation of Example 6.

By Theorem 6, at each dimension k agent 7 holds fixed e‘]i > 0 and seeks e}.ﬂ to maximize

max f(e})
6220

where

(e%C + ei)l_‘S

Fle}) = ~Tughef, + ST

, 4,5 € {a,b}, i #j.
The first derivative is

Fl(eh) = —Tegh + 51 (el +el) 7

Y

If EkYi < 0, the maximum is achieved by e}; = 0. So we assume E};i, )y kj > 0.

The second derivative is

f”(eij) = —522?(62 + e?ﬂ)_‘s_1

\1/8
. i ZYZ
If eij = 0, the FOC implies the maximum is achieved by e}ﬂ = < k ) and vice versa.

Tiqp,
If e?ﬂ > 0, the FOC implies
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Vi
I'iq;,

(efC + ei)(s =

Tiqp,

so the maximum is achieved by e}; = (0. Thus the agent equilibrium is

‘ N A NS S A
e%:(),ei: “k Jif kS TR

\1/6
. ZYZ .
If e?{ > ( k ) , the above FOC can not be satisfied. It is easy to see that f’(e}) < 0,

Tiq] q 49
. R E’k/j e
If e}, e > 0, symmetry implies —&— = —E—_ So the agent equilibrium is
k> “k q]zg qj
k

]
Derivation of Example 9.

Applying Ito’s formula on DtZg , using (2.44) and integrating from 0 to T, we get

T , _ T . . . T T , ,
/ eJi rsdssZigp, = xi el TsAs Vi — w4 i) + / elt rsds(xi 4 Hj)dt
0 0

T T .
T ft rsds ) ) T ft rsds . J .
€ ZiNZilZ1 € A W™ 7 j
— ———— 7"t —I—/ —_— E — >0 dt 102

Substituting (102) into (2.61) to get
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. ) ) T .7 . ) T .7 ) ) )
pr o= | Xht /0 el s Xfdt |+ w’ /0 el rots (Vi 5T - f7) it

T : : , T , T T : . .
—deWmm—wWﬂ+u—w6Fh%“m—/nJ%W“@mmﬁﬁ%—ﬁﬂdi
0

T . .

T Ji rsds, i1 _ i , , T T ‘

+/ e w (1 w )EtZz/Etszt_/ eft Tsdsp%dt
0 2Tq 0

Derivation of Example 12.

Apply Ito’s formula to

Z{ =0, + 0} ¢,

and match diffusion to get

ZtZi = diag (\/U + V(t> Y

Match drift to get (2.72).

Substitute the above into (2.64) to get (2.70) m

Derivation of Example 15.

Apply (2.32)
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) . T T .7 ) ) T .r )
P = Ygelo Tt - /0 el s [y 4 @¥ige, 2] e+ /0 elt rstsn¥iap,, i=a,b.

with

and

Ya,_r(T-t) 2
Yag, Yy —r(T=t) ) L U4 (wYar(@-t)\2 o X %Y
o (t, Et ) = € 2@ (E e ) q ( qa )

2EYG€T(T—?§)

a

+EY@

N (T 1 N2 oyYa r(T—t)
PRUTES SR, t){_iQUb (EYber(T t)) }+2Yb :

to get (2.88).

Derivation of Example 14.

The change of drift function is
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1-5% 1-4°

a a\\ ra. b b1 s\ saib 2 (6%4-8%)
Dp(er) = 2016(1()_5 )\ 09+d" (203(1 -0 2) 5-+6° (e?“(T—t)Ft> §a45b
(1+00)Qe (1+64)Q¢

In Example 7, we showed that

Zi =@ (1)+ ¥ ()X, SF =a(1)oli=1,...,N

where

The q)(i) is given by
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1467 . 1-6J
' T e~ (T=s) d 20 (1-— 51) 51‘153' 207 (1 — 5]’) 5i4sJ
0(t) = / e~ T(s=1) Z k— 2oL =07
t (1+6)Q¢ (1+0)QY

14" , 1—6J

r v r : 204 (1 —6%) \ st+sd (207 (1 —07) 67407
e G A

5Z+6J)
(er s) 50 ds.

1.+ 6‘7.7. y . 71 ._ 6j -
2%(1 —~ 5’)) 51467 (2(7%(1 - 5J)> 5146

= Qi —
2o \A+aey (1+01)Q
1-4! ; e
201 (1 —6%) \ 68407 [ 209.(1 —87)\ 6'+d7
+Z ( o : >> ( 71 3) -
L+07)Qy (1+01)QY
d 14" 1-6J 5t 4+ §J 1467 1-87

(V) 6L 6T (5T 5V 487
(o) (o))

— Z (ed) 50467 () 50+87
k=1

where

T 2 _2
F(t) _ /t e—r(s—t) (é“(T—S)) 51459 ! (Fs)(;Z_Hg] ds

i 2(1—.52') o 2(1—.59')'
(1+67)Q5! (1+0H)QY
and the terminal pay is
T
plT _ YozerT / 67“(T—t) [pz + ﬂYZ(t,Z%/)] dt + eft rsdss\Yil g p
0 0
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where

o d e r(T-gei 1460 1=6] 2
s = Y ———* k (CZJ@(SMM (Cya@auw <6T(T—t)pt>5%+5j
k=1
ool 15 1-4J 2-(5'+07)

14 6 (oig@ o) (Cj‘f‘@ 5'+07 (er(T_t)Ft> 5467

Thus we get the expression (2.84). m
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