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ABSTRACT

MULTISCALE GAUSSIAN-BEAM METHOD FOR HIGH-FREQUENCY
WAVE PROPAGATION AND INVERSE PROBLEMS

By
Chao Song

The existence of Gaussian beam solution to hyperbolic PDEs has been known to the pure
mathematics community since sometime in the 1960s [3]. It enjoys popularity afterwards
due to its ability to resolve the caustics problem and its efficiency [49, 28, 31]. In this thesis,
we will focus on the extension of the multi-scale Gaussian beam method and its application

to seismic wave modeling and inversion.

In the first part of thesis, we discuss the application of the multi-scale Gaussian beam
method to the inverse problem. A new multi-scale Gaussian beam method is introduced for
carrying out true-amplitude prestack migration of acoustic waves. After applying the Born
approximation, the migration process is considered as shooting two beams simultaneously
from the subsurface point which we want to image. The Multi-scale Gaussian Wavepacket
transform provides an efficient and accurate way for both decomposing the perturbation
field and initializing Gaussian beam solution. Moreover, we can prescribe both the region
of imaging and the range of dipping angles by shooting beams from a subsurface point in
the region of imaging. We prove the imaging condition equation rigorously and conduct
error analysis. Some numerical approximations are derived to improve the efficiency further.
Numerical results in the two-dimensional space demonstrate the performance of the proposed

migration algorithm.

In the second part of thesis, we propose a new multiscale Gaussian beam method with



reinitialization to solve the elastic wave equation in the high frequency regime with different
boundary conditions. A novel multiscale transform is proposed to decompose any arbitrary
vector-valued function to multiple Gaussian wavepackets with various resolution. After the
step of initializing, we derive various rules corresponding to different types of reflection cases.
To improve the efficiency and accuracy, we develop a new reinitialization strategy based on
the stationary phase approximation method to sharpen each single beam ansatz. This is
especially useful and necessary in some reflection cases. Numerical examples with various
parameters demonstrate the correctness and robustness of the whole method. There are two
boundary conditions considered here, the periodic and the Dirichlet boundary condition.
In the end, we show that the convergence rate of the proposed multiscale Gaussian beam

method follows the convergence rate of the classical Gaussian beam solution, i.e. O(\%)
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Chapter 1

Introduction

Hyperbolic PDEs arise in a variety of practical applications, ranging from acoustics,
elasticity, electromagnetics to geophysics. Therefore, it is desirable to develop fast
and efficient algorithms to solve this family of PDEs. Moreover, efficient algorithms
are also desirable in a lot of inverse problems modeled by hyperbolic PDEs. The
term ’high frequency’ in the high frequency wave propagation is defined relative to the
low-frequency background slowness in the model. Therefore, all medium appeared in

this thesis is smooth, if not specified.

It is very costly for the direct method, the finite difference method or the finite element
method for example, to simulate the high frequency wave propagation, since fine grid
mesh is required by these methods to capture the oscillation. Therefore, some alterna-
tive methods have been developed, such as the traditional geometrical-optics method
(WKBJ ansatz), which is required to solve a pair of equations. The first one, which
is called eikonal equation, is a first-order nonlinear PDE. The second one is the trans-
port equation relying on the differentiability of the result of eikonal equation. It yields
faithful asymptotic solutions before caustics occur. However, the amplitude function
governed by the transport equation breaks down around the caustics [6, 22, 36], where

the phase function is multi-valued [36, 39]. The appearance of caustics is inevitable



even in the smooth medium [54].

0.8/

0.6/

—8.4 -0.2 0 0.2

Figure 1.1: Caustics Appearance in Gaussian Velocity

One of the alternatives is the Gaussian beam method [49, 51, 55, 15]. To resolve the
caustics problems automatically, the Gaussian beam method relaxes the restriction
that the phase term is real-valued. The single Gaussian beam ansatz is made up of
a complex-valued phase function and a complex-valued amplitude function near its
central ray. Away from the ray path, the beam decays rapidly as a Gaussian profile.
The superposition of many single beams will be an asymptotically correct solution of
the hyperbolic PDE in the sense that both the initial condition and the boundary

condition are satisfied asymptotically as well as the PDE itself.

There are two methods based on Gaussian beam method presented in this thesis to
resolve two related problems. The first one is about the simulation of the elastic wave
in a bounded domain. The second one is using a novel Gaussian beam method to

reconstruct reflectors under the surface by the data received along the boundary.



1.1 Prestack Inversion Process

In the first part, we propose a novel inversion and imaging procedure for finding the
parameter of the medium by solving the linearized inverse scatter problem. There
is a wide range of applications including seismic exploration, medical imaging and

underwater acoustics, etc.

There are many different migration methods existed to explore the geological structure.
The very early one was using the one-way wave equation [16, 17| to recover the accurate
travel time and locations of reflectors. However, the popular finite difference and finite
element method require extremely refined grid mesh in the high frequency regime to

prevent dispersion error. This is also found in the modeling process.

Kirchhoff method [7, 8, 28|, which bases on the asymptotic method, is mostly investi-
gated and widely applied to resolve the high frequency pattern. The Kirchhoff method
and all other similar ray-based methods are using the asymptotic approximation (high

frequency) of the Green’s function for the acoustic wave equation.

Gz, zg,w) = AeiWT(x’mo), (1.1)

where 7(x, z() is the traveltime from the point z( to the point z.

There exist several other problems in the Kirchhoff migration, although it is efficient
and flexible. The first obstacle is the presence of caustics points. It is not able to
characterize the structure in the presence of caustics, since they rely on the first-arrival

traveltime [18, 27] instead of multivalued traveltime. Its usefulness was questioned by



(25, 27, 43] since the first-arrival traveltime in complex media usually do not correspond

to the most energetic traveltimes crucial for imaging complex structures.

To overcome this issue, we use the Gaussian beam migration method [3, 45, 14].

The first obstacle is the way to initialize each beam solution efficiently, in other words,
how to characterize the wave propagator by beam solution in a sparse form. Another
closely related issue is the way to describe the wavefront of the perturbation. The
wavefront defines the singularities of a function not only in spatial space but also with
respect to its Fourier transform at each point. It is naturally adaptable to the high
frequency wave propagation which can be considered as the propagation of singular-
ity. From this point of view, the way to generate the decomposition should consider
both the optimal representation of the wave propagator and the sufficient condition
to reconstruct the target perturbation media. In some sense, some tradeoff should be

obtained.

The second obstacle is about the rigorous mathematical analysis of the imaging con-
dition. In this paper, the spread loss has to be proved to be compensated for in our
new imaging method. It is well known that the Gaussian beam solution has O(1//w)
convergence rate as an asymptotic solution. We will take advantage of this convergence
rate and the fact that the parabolic scaling principle is preserved along the propagation
to conduct a rigorous error analysis. Besides, we assume that a set of geodesics (rays)
have a consistent direction. The assumption simply means that the overturn rays don’t

exist in our model and this assumption is natural in the practical applications.

Our method enjoys several advantages. First, the flexibility of the Kirchhoff migration

is preserved and imaging without losing multi-arrival in the general slowness is possible.

4



Second, due to the Multi-scale Gaussian wavepacket transform and the parabolic scal-
ing principle employed, the sparse representation of the wave propagator is obtained.
This decomposition also makes the reinitialization feasible during the propagation so
that we have more control over the width of beam solution. Third, there is some re-
dundancy in the data in the view of our imaging condition. In practice, the error is
unavoidable, then this redundancy can help us to reduce the impact brought by the
noise since the average value is employed to cancel the variation caused. Fourth, our
imaging condition is performed in the time domain to avoid the extra Fourier trans-
form on the data set. This feature makes our algorithm more applicable considering the
large size of the trace dataset in the real world. The last feature is that the wavefront
set being characterized by the Gaussian wavepacket enables us to image the subsurface

partially in the sense of controlling the range of dipping angles.

There are some other true amplitude migration methods different from the ray-based
method described above. Zhang et al. [56, 57] developed true-amplitude common-shot
migration for heterogeneous media. Again, only the geometric spreading loss is re-
covered in these works. Other types of compensations, for example transmission loss

compensation, are discussed in [21].

1.2 Elastic Wave Equation

The elastic wave equation is a good model to describe the seismic wave propagation
in a uniform whole space and it has been used widely in the seismology community in

both inverse and modeling problem [1]. Similar to its simpler form, i.e. the acoustic



wave equation, the elastic wave equation will propagate oscillations in space and time
when the initial or boundary condition contains oscillation of the small wavelength.
We will develop a multi-scale Gaussian beam method to simulate the elastic wave in a

bounded domain.

The first problem to apply the Gaussian Beam method is how to decompose any
general initial condition to the form suitable to the beam profile. It is resolved by
the Multiscale Gaussian Wavepacket transform developed in [48, 5] for the acoustic
wave equation and single-scale transform for the Schrodinger equation [47]. Since the
Hamiltonian of the wave equation is homogeneous of order one, a Gaussian beam
should satisfy the parabolic scaling principle at any given time if it is satisfied at the
first place. The wavepacket satisfying the parabolic scaling principle is defined as the
wavelength of the typical oscillation of this wavepacket being equal to the square of

the width of this wavepacket.

To propagate each wavepacket, the dynamics system can be obtained in the typical
way. In this paper, we extend this idea further to the decomposition of the vector-
valued initial value and preserve all the optimal properties of the Multiscale Gaussian

Wavepacket transform.

The second problem is to derive the reflection dynamics. Unlike the Cauchy problem,
we have to consider the reflected beams. Most recently in [4], a numerical method
has been proposed for the acoustic wave equation. Other discussions can be found in
9, 49]. There will be more complex situations concerned in the elastic wave model
as there are two different types of wave modes in the process. The difference between

different wave modes requires extra efforts to preserve the accuracy.



The third problem is how to reinitialize Gaussian beams efficiently. Gaussian beam
solutions behave well around the caustics, however, not so well in the long-term wave

propagation. See more details illustrated in [48, 32, 42].

Therefore, there have been various methods developed to control the width of beams.
One method, for example, is to call the Multiscale Gaussian wavepacket algorithm
repeatedly during the propagation [48, 4]. A global time 7" is set at prior such that
beams will be summarized after propagating for 7" and then decompose the resulting
temporary wavefield to a new system of wavepackets. This process will be repeated

several times.

A new reinitialization method is proposed in this thesis which claims to have more
freedom and remains to be the asymptotic solution to the elastic wave equation. Instead
of decomposing the general wavefield after summation each time, we target on each
single beam in this new reinitialization method. It will give us more freedom to choose
which beams needed to be reinitialized rather than all of them. Moreover, with applying

the reinitialization strategy to each single beam, there exists the explicit expression.

1.3 Related Work

The fact that the Gaussian beam ansatz can be used to solve the wave equation has
been known to the pure mathematical community since sometime in the 1960s [3].
Then it is applied to simulate the propagation of the singularity [49, 30]. A single
Gaussian beam ansatz is an asymptotic solution concentrated on a single ray curve.

The critical point is to have a global solution to the Hessian of the phase function so



that the transport equation is well-defined. Moreover, the fact that imaginary part of
the Hessian remains to be S.P.D. leads to a well-localized solution. The localization is

justified theoretically [49, 40, 52].

Considering its ability to resolve multi-valued phase function automatically, the Gaus-
sian beam method was firstly introduced as a seismic imaging method by Hill in the
form of the poststack [28] and then the prestack migration procedure [29]. The perfor-
mance of the Gaussian beam migration is further tested by the common shot geometry
[26]. Most recently, a purely Eulerian computational approach was proposed in [33]
which improves the numerical method’s efficiency and its application in the semiclas-

sical quantum mechanics has been proposed in [31]. See [9, 42] for other recent works.

Besides the Gaussian beam method, there are several possible ways to construct global
asymptotic solutions for the wave equation even in the presence of caustics. The first
approach is based on Ludwigs uniform asymptotic expansions at caustics [35, 10] which
requires that the caustic structure is given. The second approach is is based on the
Maslov canonical operator theory [41], which requires to identify where the caustics

are at prior.

There is some recent advance in resolving the multi-valued traveltime problem. A
new method called fast Huygens sweeping method has been proposed in [37, 38] to
solve the Helmholtz equations in the inhomogeneous media and then it is used to solve
Schrodinger equation [34]. They take advantage of the fact that eikonal equation is

well-defined around the source point and Huygens-Kirchhoff secondary source principle.

There have been some recent advance in the optimal representation of the wave propa-



gator [52, 11, 50]. Tt is closely related to the Fourier integral operator representation of
the hyperbolic system and the special proposition of its phase function. The multiscale
Gaussian Wavepacket transform is developed [48] for the wave equation and the single
scale transform for the Schrodinger equation [47] which is also the fundamental basis
of our algorithm. This difference comes from the different Hamiltonian for these two
equations. Other paper also apply the Gaussian beam method in their true ampli-
tude migration [46, 2], however, they do not require the parabolic scaling principle for

Gaussian beams as our prestack inversion method does.

The parabolic scaling principle provides the theoretical basis for our new reinitialization
method as well as the proof of the correctness of the imaging operator in our new
multi-scale inversion algorithm. Other methods using the similar idea can be found in
[11, 50]. There are various types of such wavepackets, curvelet [13, 12] and wave atoms
[19, 20] for example. However, the Multi-scale Gaussian beam method is different
from these methods in that the single Gaussian wavepacket corresponds to the single
Gaussian beam at final time 7', while the curvelet frame does not have this one-to-one

relationship.

On the other hand, the Gaussian wavepacket transform has been proved a stable and
efficient decomposition of the arbitrary function [48], equivalently, the wavepacket is a
good characterization of the wavefront set. The Gaussian window function or Gabor
frame [24] are both well-localized in the phase space as the Fourier transform of a
Gaussian profile function is again a Gaussian profile function. The size of the Gaussian
window function in the phase space can be determined by the Heisenberg Uncertainty

Principle.



1.4 Contents

The remainder of this thesis is organized as follows. In Chapter 2 we present a brief in-
troduction of constructing and propagating a single Gaussian beam, which is the foun-
dation to the following derivation. We then describe the original multi-scale Gaussian

wavepacket transform [48] in Section 2.2.

In Chapter 3, we propose a new prestack inversion process based on the multi-scale
Gaussian beam method. We then modify the Gaussian wavepacket transform in Section
3.1 to adapt to the imaging operator. We then develop the new imaging operator with
the help of Gaussian wavepacket transform and the Gaussian beam functions. Based
on this operator, we propose the main inversion algorithm in Section 3.2.4. The next
part is devoted to proving the correctness of this new algorithm in Section 3.3. In
Section 3.4, we discuss the fast method to calculate the imaging operator. In the last
section of this chapter, we select several well-designed numerical examples to justify

the correctness of our analysis and the approximations mentioned earlier.

In Chapter 4 we propose the Multiscale Gaussian beam method to solve the elastic
wave equation with highly oscillated initial condition. We first extend the Multiscale
Gaussian wavepacket transform to the vector-valued initial condition in Section 4.3
and develop a new propagating dynamics for each single beam. After proposing the
decomposition scheme, the reflection dynamics for the homogeneous Dirichlet Bound-
ary value is derived in Section 4.5. The difference among various types of reflection
is analyzed in Section 4.7.2 and a new efficient reinitialization method is proposed
to resolve the problem from S-wave reflection in Section 4.6 and Section 4.7.3. The

reference solution to the elastic wave equation in general case is provided by the Finite-

10



Difference Time-Domain (FDTD) with staggered grid [53] and is justified in Section B.
In Section 4.8, several numerical experiments are conducted to show the correctness

and the convergence rate of our new multi-scale Gaussian beam method.

11



Chapter 2

Single (Gaussian beam ansatz and
Multiscale Gaussian wavepacket

Transform

2.1 Single Gaussian beam ansatz

The Gaussian beam solution itself is an asymptotic solution of the acoustic wave equa-

tion even around caustics.

%@Zu(xﬂf) — Aufz,t) = 0, (2.1)

where z is the point coordinate in the space R? and c(x) is smooth, positive and
bounded away from zero. Similar to the Geometric-Optics ansatz, the Gaussian beam

also assumes that the solution follows the form,

w(z,t) = Az, t)e@T@:h) (2.2)

12



where w is a large wavenumber, 7(z, t) is the phase function and A(x, t) is the amplitude
function. The asymptotic solutions means u(x,t) (2.2) satisfies the wave equation (2.1)
with small error when frequency w is large. After inserting equation (2.2) into equation
(2.1) and organize all terms according to the order of w, there will be two equations
obtained, which are eikonal and transport equations, governing 7(x,t) and A(z,t)

respectively. They come from the leading orders in inverse power of the frequency w.

2 (z,t) — E|Vr(z, t)> =0 (2.3)

2A4m — 22V A - VT + A(ry — cthce(Tm)) =0. (2.4)

Phase function 7:

After factoring out equation (2.3), there are two branches generated,

T £ c(x)| V7| = 0. (2.5)

Equation (2.6) is a Hamilton-Jacobi equation with the Hamiltonian G*(z, p) = +c(x)|p|.

We consider the generic situation for the eikonal equation,

7+ G(x,V7(z,t)) =0. (2.6)

13



We apply the method of the characteristics to solve the eikonal equation (2.6).

dx

= = Gple®).p0), x| _ =0
L G000, 8] =m0 2.7

t=0

where we define the ray trajectory v = {(z(t),p(t)) : ¢ > 0}, whose initial point is
(0, pp) in the phase space. We have that the momentum p(t) = V7(x(t),t) along the

ray.

To derive the dynamics of Hessian matrices, we first differentiate the eikonal equation

(2.6) with respect to t and z:

Ti(2,t) + G2, V7(2,1)) + Toa (2, ) Gp(x(t), VT (2,1)) = 0, (2.8)

Ttt(flf,t) +Gp(x(t)7v7-(xvt)) 'Txt(l’,t) = 07 (29)
Differentiating equation (4.13) with respect to x yields
Ttxx + Gmx + Txxpr + (Gajp)TTajx + Tg;g;GppTg;x + wapr =0. (210)

Therefore, the Hessian M (t) = VV7(x(t),t) satisfies the following Riccati equation,

dM
—r Gz + MGy + GLM +MGpM =0. M =l (2.11)

The size parameter € will be given after introducing the Gaussian wavepacket trans-

form.

14



One of the most significant differences between the Gaussian beam and other ray-ansatz
methods is that beams’ phase functions 7(z,t) are complex-valued. Complexifying the
equation guarantees a well-defined Hessian and a well-defined transport equation as
a result. This is not true in general case [49]. Furthermore, the positive definite

imaginary part is always true throughout the propagation for smooth ray trajectories.

Lemma 2.1.1. If the Hamiltonian G is smooth enough, then the Hessian M(t) along

the ray path v has a positive-definite imaginary part, provided that it initially does.

Transport Equation A(x,t):

With (z(t), p(t), M (t)) well-defined along the way, we can solve the transport equation

(2.4). Taking advantage of the fact that

dA(z(t),t)

= A+ VA Gyla(t). p(t)),

equation (2.4) is reduced to

dA A T
o + %(U trace(M) — Gy - Gp — Gy MGp) = 0. A = Ag (2.12)

A single beam solution is in the following form,
Upd (x,t) = A, )@, (2.13)

and the phase function is approximated by applying Taylor expansion around the

15



central trajectory {z(t) : ¢t > 0} at time ¢,
1
7(z,t) = p(t) - (x — 2(t)) + 5z — ()" M(t) (@ — 2(1)), (2.14)
and the amplitude is approximated by its value at trajectory v at the same moment,

A(z,t) = A(z(t), 1) = A(t). (2.15)

2.2 Multiscale Gaussian Wavepacket Transform

After constructing a single beam solution, the next problem is how to set up the
initial condition for the ODE system. The answer is Multiscale Gaussian wavepacket
transform, which will be introduced briefly in this section. More details about this
phase space decomposition can be found in paper [48] and its single scale application
can be found in paper [47]. The wavepacket transform is applied to L9 functions f in

the R? space.

We first partition the Fourier space R? into several Cartesian coronae Cpforl>1as

Cr={¢= (&, ,8) gzagdlégl e [al=1 47y

Now it is obvious to see that the Lo norm of ¢ in Cj is 0(41). For each C}, we can

further partition it into multiple windows with width 2!,

d

B = []12%s. 2 (is + 1))
s=1

16



where the integer multiindex (iq,149,- -+ ,i4) is any possible choice such that the box is
in the It layer, i.e. B, ; C Cj. After defining these cell boxes By ;, we can define the

Gaussian profile function g; ; associated with the box By ; by the following formula,

_<|5§l7i|>2
gi©~e \ (2.16)

, Y

where §; ; is the center of the box B; ; and o7 = 2l is the width of the box By ;.

The scale listed here is designed carefully following the parabolic-scaling principle.
This is the key to the success of our multi-scale imaging process as it provides the
theoretical justification of the size of each Gaussian wavepacket. The later proof and

error analysis will rely on this conclusion heavily.

To have a partition of unity, one also needs the conjugate filters f; ;, such that

e 9§
hyi(€) = SO i) (2.17)

The proof that the functions h;; are well defined and well-localized can be found in

paper [48]. It is easy to see that ; ; g ;i ; = 1. By shifting the central point,

&1 (€) L (€)
) € gl )
ik le/Q l
k&
o 1 2w
(F (f) € L h z(f)
li,k L7/2 L,

17



Taking the inverse Fourier transforms yields their definitions in the spatial domain:

1 2n(a— )€
i = i (&)d 2.18
sls) = L a14(6)de (2.18)

1 2n(a— )€
(@) = —= hy;(€)d 2.19
aale) = 27 L FOL: (219)

The approximation expression of the wavepacket ¢y ; 1.,

T d QM(ZE_LAZ)Q,Z' —0127T2|x—Lﬁl|2
€

oiata) = ([ Tn) o (2.20)

We list the lemma from paper [48] without proof to show that our decomposition is

correct.

Lemma 2.2.1. For any f € Ly(R%), we have

F@) = (Wi o p(@). (2.21)

Lik

The idea of decomposing discrete signals into wavepackets is very similar to the contin-

uous case, therefore, we skip this part and provide the pseudo code below. The total

Algorithm 1 Discrete Gaussian Wavepacket Decomposition

~

1. Apply the Fast Fourier Transform(FFT) to the discrete signal f. 2. Compute hy ;(&) f(§).
3. Wrap the result to the domain [—20y,20;]. 4. Apply the Inverse Fourier Transform to
obtain the coefficients ¢ ; 1.

cost of this algorithm is O(N%log(N)).
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2.2.1 Multiscale Gaussian Beam Method

With the Mutiscale Gaussian Wavepacket transform defined above, the initial con-
dition (zq, pg, My, Ag) for a single beam solution will be defined corresponding to a

wavepacket ¢y ; 1.,

dx k

- Gp(m(t)ap(t))a Lo = fl’

dp &1

— = —Ggz(x(t),p(t)), po=2r——,

b 2(@(t),p(t),  po &

M G~ MGy — GT M — MGyyM My = i(2n%07 /10T
dt T xp Tp pp Vs 0 = WaT oy [ISLil) 4

A A prace(M) = G- Gy — GTMGy), Ay = (|- ‘ (2.22)

and

(e, t) = Ala(t), t)ellalm@t) (2.23)

Then we can use the dynamic system (2.7)-(2.12) to propagate beams. The large
wavenumber ‘gl,i‘ serves as the key point of asymptotic methods. However, through-
out the following derivation, we will combine this constant [¢; ;| into the phase for

convenience.

We argue that there’s no difference. Denote the beam solution using initial condition

(x0, po, Moy, Ag) as (x(t), p(t), M(t), A¢) and the one using initial condition

~

(20, [1.41po, 161,11 Mo, Ag) as (2(t), p(t), M(t), A(t)). With respect to the ray trajectory,

dr(t) 1&2,ilp(2) ok
i =g er T
ML) Goaiepleslinl 16l = 2nti
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Since (x(t), | ;|p(t)) is the solution of the same Hamiltonian system equipped with the
same initial condition as (Z(t),p(t)), by the uniqueness of the initial value problem,

p(t) = 1&,3lp(t) and &(t) = x(t).

In terms of Hessian M, again we multiply |¢; ;| on both sides of equation (2.11).

T
d(|&4|1M) €1.4lp(2) 1€1.4p(?)
—a =VVou(x(t)]& )] — &MV O] PO — &IV (m) M

—<\§m-|M>( o ((?,gmt)p)(rw)

il 1€l lp(t)
= —VVu(@())B(t)] = MGap(i(t), p(1)) — Gap(2(t), 5(t) M

~

— MGypp(a(t),p(t)) M

Again, by the uniqueness of the initial value problem, M; = €4 M(t). The derivative

term Gy is given by

Proposition 2.2.1. The second order derivative of the Hamiltonian about the momen-

tum variable is

Gpp(,p) = i% <|p|2fd —ppT) : (2.24)

where 1 is the identity matrix.

The proof is easy, so we omit it here.

dA A
W = 26 G ), p) M) 8l Gala(®) p0) - Gplald). p(1)
i
OO0 (1641G5 o(6), PN M (DGl (1), p() ) (2.25)

Apparently, A(t) and A(t) share the same ODE and initial condition.
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Chapter 3

Multiscale Gaussian-Beam
Transforms for True Amplitude

Prestack Migration

3.1 Modified Multiscale Gaussian Wavepacket Trans-

form

We have so far finished introducing the Gaussian wavepacket transform in [48]. To meet

our inversion algorithm’s requirements, we have to substitute <¢l,i,k7 f) in equation

(2.21) with (¢ 1., f)-

Several new notations are needed in the following arguments. We first define a set for

each frequency ¢ as its cover set S(§),

S() =A{(l,7) - g1,,(€§) > 0}. (3.1)
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By is defined as the border of the partitioning,

BZE
© ma e 41 4N n{¢: ma —ql=t>olvmre 4l - ma <ol
{¢ élsgdlﬁsl [ EARES lrélsgdlésl >2'}n{¢ 1I£s§d|§3|— }

(3.2)

The remainder part C; \ By is defined as the major part of C;. Obviously, the border
part B; is much smaller compared with the major part. We will focus on the major

part first.

All frequencies in the major part of C; will not interact with those from different levels,
that is, the cover sets of all frequency ¢ in the major part C; \ B; will only contain
the compact support functions g; ; from the same level. This allows us to prove the

following claims.

Proposition 3.1.1. If ¢ € () \ By, we have

Z./(f): Z 9?/71./(5)4' Z gl2/,i/(§>+ Z glzl,z_/(f) = Z gfl’i/(f)‘ (3.3)

<l =l '>1 =1,

)

S
i
Proof. We assume that the concerned frequency & = (£1, &, -+ , &) satisfies,

= ) 3.4
&1 1?3§d|§8| ( )
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We first check the first term in equation (3.3), where <1 ,
> 95 (€)=0. (35)
/ )

<l

/
The nearest central frequency §l/ s in the lower level [ < [ should have
1

i

1€ =&y sl = 1e =€ 7 1= 2, (3.6)

On the other hand, gy is a compact support function in the box centered at fl/ ¥,
1

) 77/

/
with side length 2l +1. Since

/
ol +1 < ol (3.7)
the frequency £ in the level [ is at most on the edge of the box Bl/ 7
(3

We then check the third term in equation (3.3) where > 1. We denote,

S o g — 12816y ) (3:8)
Therefore,
I+1
- > (g — > - > — g | > 2!t .
16 =&y 71l = 185 51’,1’,5()' > |§l/’i/,so| €50l = |§l/7i/’50| &1] > 2 (3.9)

To summarize, for any §l/ 1 on the higher level, we have
N2

[€s0 =& 80' > ol (3.10)
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along the sy direction. We notice that the compact support area of 9y 4 along the
(3

bl

direction sg has side length 2l+2, however, £ must be on the left side of §l/ 1 along
)0

the sg direction. Then, £ will be at most on the edge of support area of the function

Wi -
For any central frequency & ; € Cp \ By, we define .J ;
_ 2
Jl,z‘ = Zgl/ / (51,1')' (3.11)
VAR
I
By Proposition 3.1.1,
= 9?/ (&) (3.12)
AR
I =l
Proposition 3.1.2. J;; is independent of the index i, that is
2
Ji=J=) 97 i/(fl,z‘)» V& € Cp\ By (3.13)
/ )

=1

Proof. Suppose there are two different central frequencies §; and § ;+ in the same
major part of Cj. By Proposition 3.1.1, we should only consider g;; from the same

level.

On the other hand, in the fixed level [, the compact support area of each box function
g1; has side length 2l*+1 along each dimension. In fact, each (1,4) will have overlapping
support with only two other i-indexes in each direction, since the central frequency & ;

in the level [ is chosen as 2!i with all possible integer multi index i.
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Using Proposition 3.1.1, we have

2

) o]

i+l &1 =& 1|
2 2 11,1
,E /gl/ (&) > exp ( )
!

A
zlzzl—l
/=1 I\ 2
7
= E exp | —2 (—)
aj
N
7 —=—1

-k
! [ien =& 0 ] 2 )
= Z exp [ —2 — ngl/ Z./(ﬁl,z‘*)- (3.14)
)
Uy

O-Z 9
</_.* 1
=

Two summations are the same since Gaussian functions are only about the distance

between two frequencies. n

Proposition 3.1.3. For all frequency £ € Cp \ By,

/ 2
o[ lle=2bi )
v o)
e =

i ezd

(Hszlh)Q <||szli’|>2
—9 S -9 S
Z e 4+ Z e

24|00 <al—1 12| oo >4t

L2
_2<|I£—U2z ||>
+ Z e !

al=l<2li || <al

(m—gl _,)2

-9 it

1

= Z e + €, (3.15)
J
2

where ||z||co = maxj <4<y |zs| and §l 1 1s the central frequency defined in the wavepacket
<s< i

transform at the level l. € is a small number which can be ignored.
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Proof.

2
||s—2%’|>

SEEa

o] <
20 oo <41
gl=1_ol=1 s=d _<§S—Cs>2
2al_d/---/ He 7l dcypdeg - - - deg
0 _
s=1
< /merfe(3), (3.16)

where erfc(-) is the complementary error function. Here we assume c is the central

frequency at the lower level, therefore,
o <419l (3.17)
Meanwhile, we assume that {1 = max;<s<4|€s] > A=1 4 9l then
£ —cp > 242071 (3.18)

With 0; = 2l_1, we have the upper bound specified in equation (3.16).

Similarly, we have

o]

(551,7/)2
ol_d Z e < /merfe(5). (3.19)
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Then

”5_5/,/ I

o]

2
<|£—2l/ll>2 —( 5 )
Z e = Z e + /merfe(3) + /merfe(5).  (3.20)

i ezd =1

Proposition 3.1.4. For any frequency & in the major part C; \ B;, we have

dogi == >0 g7 (&) VEEC\ By (3:21)

! ’ / J
I i I =l

Proof. We have already proved in Proposition 3.1.1 that any frequency £ in the major

part C) \ By satisfies,

d_ay &= D g7 (). (3:22)

, , I
Ui =l

Meanwhile, according to the Poisson summation formula,

m2
a

= const. (3.23)

d 2 1
( a > } : 6—07||x—|—ma||2 _ 2: 6_202”277
V2

2 ol 2
_2<|5ﬂ/H> _2<'@¢021”)
UZ l
d e = > e . (3.24)
g
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Using equation (3.15),

SIS 112
Y _2<||§—02lz||>
g = > e l ~ ) e

i =14 i ezd
2 2
_2 b) 0‘1 _2 O'7Z7
= Z e ~ Z e ~ ‘]l' (325)
i ezd =1
The proposition is proved. [

For the frequency £ on the border of the partitioning, their sums satisfy

Jio1 <> gh©) < . (3.26)
Li

Using J; as an approximation will yield an overestimation, however, it is negligible

since B; is much smaller compared with the major area away from the border.

To summarize,

=Y i), Vel (3.27)
1y
Then,
1
hyi(§) = jgl,i(f)‘ (3.28)
l

We therefore have a modified inverse wavepacket transform as the following,
Lemma 3.1.1. For any f € La(RY), we have
1
f@) = 7 Gk v (3.29)
Lik
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To end this part, we would like to display some numerical results to justify Lemma
3.1.1. The denominator in the expression of h;; (2.17) should be a step function
about the index [, suggested by Lemma 3.1.1. The range of the frequency concerned

is [64 : 320] x [64 : 320].

e 400

Figure 3.1: 37 ; 9l2 ; in different level [

3.2 Multiscale Gaussian Wavepacket Inversion

3.2.1 Setup of the True Amplitude Migration Problem

Let us suppose the wave propagation is governed by the scalar wave equation (2.1)

with the wave propagation velocity decomposed as,
c=v(1+ a), (3.30)

where v is the macro velocity being responsible for the traveltime and amplitude.
Moreover, it is assumed to be smooth and does not provide the significant energy back
to the boundary data. The rapid perturbation « is small but reflects the wave signal

back to the boundary data. In our inversion model, v is known at prior and our target
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is to image .

We simplify our model as a constant density fluid occupying a half-space X = {z €
R? : z; > 0}. The boundary data D(r,s,t) used in this paper is organized as the
common-shot trace, for example, Fig. 3.2, r parametrizes receiver positions on the
surface 0X = {z € R? xg = 0}, while s parametrizes source positions. We also
assume that the sources are contained in an open set Og C 0X and receivers are
in an open set O, C 0X. Therefore, the boundary data D is a function defined at

Os x Op x [0,T]. Similar to [44], we make some assumptions about rays.

2.5

2,

1.5/

0
-2 0 2
X
r
Figure 3.2: A typical source gather in Gaussian slowness

Assumption 3.2.1. There are no rays leaving points in the subsurface {xr € X : x4 >

0} and returning to graze Og or Oy. Moreover, there exists an universal lower bound

b, such that

[pal = bl[pll, (3.31)

for any rays hitting the surface where p is the momentum variable and py is the dth

component of p.
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Assumption 3.2.2. Rays departing from a source in Og and traveling into the sub-

surface do not return to receivers in Oy.

Assumption 3.2.3. There exists § > 0, such that v(x) is a constant if 0 < x4 < 0.

3.2.2 Born Approximation for the Trace Data

Denote the wave propagator with background velocity v as Ly and the wave propagator
with true velocity ¢ as L. Meanwhile, the corresponding Green’s functions are written

as G and G, respectively,

G=-L"Y% Gy=-L;, (3.32)

and by some formal computations,

G =Gy+ Go(L — Ly)G = Gy + GyV G, (3.33)

where V' = — Ly + L. The Born approximation assumes the whole scattering process
as the following. The signal is initiated from the source and travel through a smooth
medium afterwards. Then at some moment, it hits the reflector under the surface and
is reflected back. Therefore, the boundary data D(r, s, t) is the reflection data, or the
wavefield along the boundary minus the direct wave. During the whole process, we
assume that the reflection or scattering only happens once so that we ignore multiple

reflections.
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Define the incident wavefield G(x, t; s) generated by the source point s,

LoGo(z,t;8) = —0(t)d(z — s), Goli<o = 0. (3.34)

Then the reflection signal is obtained by total differentiation. We assume the true

velocity ¢ = v + av = v + dv and the total wavefield u = ug + du, where Loug = 0,

1 1 200
C—Qazu —Aum (S — U—S)af(uo + 6u) — A(ug + ou). (3.35)

v
Considering the first order term, we have

2
Lodu = 22 ~Fotun (3.36)

Now the perturbed wavefield dG [7, 46] satisfies,

20 92Gy

LodG = 530

(3.37)

This perturbed wavefield dG is the data recorded along the surface based on the Born

approximation, that is,

a 892G
D {—2} (r,s,t) = 0G = /dx—/thO % OG0, i), (3.3

where both G and G are Green’s functions. The Green’s function Go(r,t — h;x)
represents the perturbation received at the receiver r at the moment ¢ — h, and its

source is the subsurface point . G is about source points s and G is about receivers
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r. The same rules are applied to other functions.

200 200 ~
D {—2} r, s, t) =52 /dm /thO — h;x)Go(x, h; s). (3.39)

(%

To make things easier, we would like to develop our algorithm in the frequency domain
instead of the time domain so that we can simplify the convolution operator above.

Applying the following Fourier transform in time, we have,

2a0 ~

D [—} (r,5,0) = —w /dxv—GO(r w: 2)Cols,w: 7). (3.40)

Here we abuse the notation by writing the Fourier transform of the Green’s function
Go(r,t; x) about the time variable ¢ by Go(r,w; ). In equation (3.40), the reciprocity

of the Green’s function is involved as we replace Go(z,w; s) with G(s,w; z).

3.2.3 Multiscale Gaussian Beam Approximation of the Green’s

Function

We then approximate the Green’s function in the high frequency regime by the summa-
tion of Gaussian beams so that we can define the following multiscale Gaussian-beam

transform of the perturbation of the velocity,

D {2—0[] (r,s,w) = —wz/dxi—g // dgdnUGB(r,w;x,g)UGB(&w;x?n)’ (3.41)

2
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where without confusion, we sometimes shorten D [3—%‘} (r,s,w) to be D(r, s,w) so that
we use D(r, s,w) to denote the Fourier transform of the boundary data D with respect
to the time variable ¢. UGB(T,W; x,€) is the beam solution in the frequency domain
starting at the point x with the initial momentum ¢. From now on, the following

notation is used to the end,

Uap(rwiz,€) = UF(rw);  Ugp(s.wiz,n) = U5 (s,0).

The Green’s function can be considered as the solution to the acoustic wave equation
whose initial velocity is a Dirac-delta function by Duhamel’s principle and the mul-
tiscale Gaussian wavepacket transform can be applied to decompose the Dirac-delta

function.

26y

2
Ot Gola, ts) = AGo(z,t;5) =0, Go| _ =0, —=|

1
v (x)
(3.42)

—4(t)o(x — s).

Although the multiscale transform introduced in Section 2.2 and reference [48] is de-
signed to decompose any general L9 functions, the Dirac-delta function can be approx-

imated by some L9 functions.

3.2.4 True-Amplitude Migration Process

A new operator Ky applied to the perturbation a can be defined, which is correspond-

ing to the certain pair of Gaussian beams,

2 Q200 ~
(quv_(;) (r,s,w) = /dxv_gUg(nW)qu(s,w), (3.43)
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which will be called the atomic Gaussian-beam transform. The operator Ky, maps the

subsurface information to the boundary data.

(K pqg (y,w // drdszUgg (r,s,w),

(3.44)

which is the adjoint of the atomic Gaussian-beam transform. Applying K]"D‘q to the

boundary data D yields a single-frequency prestack angle-gather imaging function I,

Ip(](va) = (K;qD) (y,w),

or to write it completely,

Ipg {2(1} (y,w) = (K;qD [i—gD (y,w).

Substitute equation (3.41) about the surface data D into equation (3.45),

Ipq FQ} (y,w) = —’ //drdsﬁg(r,w)(}g(s,w)

/dmi—(; //dfdnf]g(r,w)ﬁg(s,w).

We will later show that the following approximation (3.47) is correct,

— //// dwdrdsdﬁdanﬁg(r, w) :g(s,w) Ag(r,w)f]ff(s,w)

YT (2

bl

~ E(p,q,y)c PrOb=o)cly=

(3.45)

(3.46)

(3.47)

where F(p, ¢, y) is a constant related to the parameters of the corresponding wavepacket,
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and My is a symmetric matrix with a positive definite imaginary part as defined in
the Multiscale Gaussian beam propagation. The integral [ dw should be interpreted
as [ x(w)dw, where x is an arbitrary C°° function which is zero in the low frequency

region and is 1 for the high frequency.

If we integrate (3.46) further with respect to w, then we will have the wavepacket

transform about 2—0‘,
v

2 20 (g T Mo,
/ Ipg {—ﬂ (y,w)dw = E(p. q,y) / do =5 PH =)o) " 5 =r) (3 48)
v v
As we can see in equation (3.48), f dwlpq is essentially the Gaussian wavepacket trans-
form of the function 2% in the direction of p + ¢. The integral [ dwlpq(y,w) can be
v
considered as taking the inverse Fourier transform to obtain I,4(y,t) at t = 0. Accord-
ing to Claerbout imaging principle [29], I;)4(y,t) at t = 0 yields the initial state of the

subsurface that we want to image.

By using the modified wavepacket transform (3.29), we can reconstruct perturbation

12}—%‘ through the imaging function (3.48).

2a 1 2«
Tz 7<U—2, O k) P10k (T)
Lik !
J Tpq [2—%] (Lﬁ?w)dw
_ v l )
=> Y w7, B1i e (2)- (3.49)

Lk p+a=¢) ;

Based on equation (3.49) ,
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Algorithm 2 Multiscale Gaussian Beam True-Amplitude Migration
1.Run the multiscale Gaussian wavepacket transform to get the dictionary of central points

y and central momentum p + q.

2. Separate p+q into two different wavepackets and shoot them from the subsurface point y
to the acquisition surface.

3. Angle-gather prestack image by calculating Ipg(y, w) = [[ dsdr(}g[:]é/D(r, S,w).

4. Stack all partial image I, with the same p + ¢ to reduce the noise.

5. Use equation (3.48) to get the coefficient of each wavepacket expansion of the perturbation

2
v’

6. Run the inverse multiscale Gaussian wavepacket transform to recover the rapid pertur-

bation 2—%‘.
v

3.2.5 Motivation for Inverting the multiscale Gaussian-beam

transform

Hereby we provide some intuitive justifications of the inversion process of the multiscale
Gaussian-beam transform, which may provide some theoretical guideline for carrying
out further analysis of our new methodology and extending our methodology to other

applications.

We start with considering the function b(r, s,t) defined by the linear operator D,

D[f](?“,s,t) = b(?“,&t), (350)

where the function f is defined at subsurface points. To solve this linear operator
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equation rapidly and efficiently, we would like to diagonalize the operator D by carrying
out a certain frame representation. Since the argument f of the operator D does not
sit in the same space as the right-hand side b, we first apply the adjoint operator D*
to both sides, so that we have

D*D[f] = D*b. (3.51)

Let W be the multiscale Gaussian wavepacket transform defined in Section 2.2, which

satisfies W*W = I. Then we apply W to both sides of equation (3.51), yielding

W(D*DYW*W§ = WD*b. (3.52)

Our results in Section 3.2.4 indicate that the above diagonalization is justified. The
operator WD*b is essentially equation (3.46), and the operator W(D*D)W?* is essen-
tially captured by the diagonal factor E(p, q,y) in equation (3.47). The overall effects

of the diagonalization process are epitomized in equation (3.48).
Therefore, we have

WF = (W(D*D)W*) "L WD*b,

=W W(D*DYW") "t WD*p, (3.53)

which results in our fast reconstruction formula (3.49).

To establish the theoretical foundation for our new methodology in terms of the Fourier
Integral Operator (FIO) theory, we need to carry out symbolic calculus to establish

several facts by following the works in [50, 23]:
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1. the forward operator D belonging to a certain class of FIO;
2. the conjugation process W(D* D)W yielding a diagonal operator in the frame de-

fined by W.

On the other hand, since the FIO theory is originated from the asymptotic of geometric
optics and a Gaussian-beam solution provides a globally defined asymptotic solution for
wave equations, we will carry out brute-force calculations to justify our new methodol-
ogy by heavily relying on the structure of multiscale Gaussian-beam transform, which

is composed of Gaussian beams and multiscale Gaussian wavepacket transform.

3.3 Theoretical Validation: The Proof about The

Imaging Operator

3.3.1 Road Map of The Theoretical Analysis

We will prove the approximation (3.47) holds. Since it involves the interaction of four

beams in time, we will carry out the analysis essentially in two main steps.

The first step consists of analysis of the following two integrals dealing with the beam

interactions on the receiver side and the source side respectively,
// drdff]g(r,w) Ag(r,w), // dsdn(}é"(s,w)ﬁ%(s,w).

Since receivers and sources are reciprocal in wave propagation, we just need to focus

on analysis of beam interaction on the receiver side, and the analysis of the source side
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is essentially analogous.

Our analysis of the two beams’ interaction yields the following approximations

[ ards iz ) ~ 0D e, g i),

/ / dsdnlY (s,0)02 (5, w) ~ €40~ H (2, 0, wiy, q).

where the functions H and H will be defined later.

Based on the first step, the second step consists of analyzing the left-hand side of

approximation (3.47) so that we have

//// drdsddnU (r, )0 (s,0) 0 (r, ) U2 (s5,0)

~ PO (2,6 wiy, p) H (x,m, w39, q). (3.54)
After carrying out the integral about w, the above approximation reduces to

— //// dwdrdsdﬁdanﬁg(r, w) :g(s,w) Ag(r, w)f]ff(s,w) =

PV K (p, 0, y)H(w, y,p, ) H (2, Y, p, q). (3.55)

where K (p,q,y), #H and H are defined later.

After making an essential assumption on the invertibility of the imaging operator, we
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are able to approximate functions H and H by

2/\

i ly—z|| .
: M©O)K(y, p, q),

H(z,y,p,q) = e

- llv=all ) ¢
H(z,y,p,q) = e K(y,p,q),

where I@(y,p, q) and K(y,p, q) can be easily computed.

These latter approximations allow us to obtain our main theorem,

/—w2dw/drds(:]g(r,w) ~g(s,w)/d§dnf]gc(r, w)Uy (s, w) ~

ool 2
K(p’q’y)]é(y’p’ q)ﬁ(y’n q)ez(p—i—q).(y—gg)eluy xHMO/Q’

which says that the four-beam interaction in time yields a weighted Gaussian wavepacket
centered at the scattering point y in the direction p + ¢, where (y, p) is the ray param-
eter for the beam from the scattering point y to the boundary receiver in the direction
p, and (y,q) is the ray parameter for the beam from the scattering point y to the

boundary source in the direction q.

The rest of the analysis will follow the above road map.

We will prove equation (3.47) in this section. Throughout the proof, the amplitude
function A is not involved as it is more smooth compared with the phase function

part. Denote the beam as (§(t),p(t), M(t), A(t)), whose initial value is (y, p, M, A),

and (&(t),£(t), N(t), C(t)) whose initial value is (z,&, N, C). Moreover, = and & are
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defined according to a fixed beam Uy,

~

£(t) = k(t; 2, &y, p)p(t) + Z(t; 2, &, y,p), (3.56)

and

On the source side, we have similar notation (§(t), §(t), M (t), A(t)), whose initial value

is (y,q, M, A), and (&(t),7(t), N(t),C(t)) whose initial value is (z,7n, N, C).

3.3.2 Approximation of Gaussian Beams along the Surface

The beam functions U;,/ (r,w) and Ug (s,w) are used in the inversion process to link the
data to the unknown perturbation. We would like to explore more about the beam

function’s structure to build the foundation for the future proof and calculation.

||| |?\4 denotes =T Mz in this paper for all vectors x and all symmetric matrices M.

For each beam UY, we define the hitting time 3 = #y(y, p) and hitting point 7o =

7(to(y, p)) according to the arrival time of its central ray at the boundary so that

~

o = 9(to(y,p)) € {z € RT: 24 = 0}.

In [49], the single beam is propagating by treating the time variable same as the spatial
components, see also [24]. The complete Hessian matrix is S.P.D. along the directions
transversal to the ray direction. Therefore, by Assumption 3.2.1, we have a Gaussian

profile if intersecting the beam solution at the surface x4 = 0.

Proposition 3.3.1. The Gaussian beam U]:)y(r, t) along the surface for r € {x =
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(T1,... a) 1 7g = 0} can be represented as

~ ~

U (r,t) =~ Alto) exp (i (F2(to; v, p) - (r — 7o) + 7(to; v, p) (t — t0))) %

: R 1. - 2 2 AT (f .
exp [ [lr - roll%wo) + 5ty p)(t —fo)* + (¢ t0)#¢y (f0; y, p) (r — 7o)
2

(3.58)
where ty = to(y, p) and all partial derivatives about the phase function T are on the

central ray. The proposition is equivalent to intersecting the complete (t, x) beam ansatz

at the surface vg = 0.

We first introduce the way to compute the terms 7, and 74, which can be obtained

by inserting corresponding ray parameters into equations (4.13)-(4.14).

#(t;y,p) = —G(i(t), p(t)), (3.59)
Fa(tiy,p) = —Go(9(), (1) — M(t;y, p)Gp(9(t),(t)), (3.60)
F(t;y,p) = —Gp(i(t), p(t)) - Fa(t; Y, D), (3.61)

where ((t), p(t)) = (§(t;y,p), p(t;y,p)). We also denote M* as the complete Hessian
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matrix about (¢,z) at (t;y,p) and t = fo(y,p),

A T
R Tt y,p), Tip(tiy,p)
M*(t;y,p) = ! ;

Ttz (ty,p), M(t;y,p)
F(r,t;y,p) = #(t;y,p) + Re(#a(t;y,p)) - (r — §(t)),

6(rt:y,p) = B(t) - (r = §(t)) + |Ir - @(“”236@3@%
o Iml) (BT = §0)
Qrty,p) = — Im(74)(t;y,p) '

Similarly, we denote (Z(t), é(t)) = (2(t; :p,ﬁ),f(t; z,§)), N*(t;x, £), F(T, t;x,§), é(r,t; z,§)

and Q(r,t;x,&”).

The following proposition is needed when taking the Fourier transform of Ug (r,t) about

time ¢,

Proposition 3.3.2. For any complex number ~y with positive real part, i.e. Re(y) > 0,

o0 2 . _w=
/ e MW e Wl — \/fe 4y (3.62)
—00 Y

Lemma 3.3.1. The Fourier transform of Ug(r, t) with respect to time t is

A~ A~

O (rw) = Ofrs0 o

_ id(rty.p) ;—iwtiB(ty.p) lw—7 (typ) —C (Gy.p) T (r—3(1)) 2

—|lr=5()[2-
2 . M(ty,p, M)

Aty S (3.63)
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where

R ~ Im(7; )[m Tt )T
M(t;y,p) = Im(M)(t;y, p) — Jr;(%t(t'zf pg;)
. 1 1

Ly, = T 52 ) > T ’
B(t;y,p) 2 (ty,p)  2iIm(7(t;y, p)) + 2Re(7y(t;y, p))

C(t:y.p) = Re(Fa(t;y,p)) — ﬁziz((i Z ]]99))))

Im(7e(t; 9, p)),

o (r,t;y,p) = 0(r,ty,p) + (F(r,t;y,p) — w)Q(r, £y, p)

Re(t#(t; vy,
N €(Ttt(2 Yy, D))

Q(r t;y,p)%.

(3.64)
(3.65)

(3.66)

(3.67)

Here t in Ug(~;t) serves as a fized parameter, since all terms defined above is defined

at this fixed moment.

Proof. We still abbreviate £y(y, p) as f( in this proof since we only concern the single

beam Ug here. From Proposition 3.3.1,

0¥ (r,w) ~ A({O)eié(nfo;y,p) / o—iwt iF (rfo;y,p)(t—fo)ei%Re(ftt(5o;y,p))(t—fo)2

A 7 2
—||(t=t,r—0(F ~ ~

P (B2
=t =gGoIf} | pn oy

After expanding the term e , we have

—[1(0,r—g(# 2 NI
» o [I( (0))||Im(M*)(t0;y,p,M0)
Up(r,w) = A(tg)e"”e " 0e 2

(= Fw)(t-Tg) i Reliyg oz ) 1) - T GOUDD )2

o~ (t=t0) (Im(F2) (Fosw.p)) T (=i () 3¢
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To make a complete square term in equation (3.69), we have

- Im(%tt)fo; L) (t —t0)® — (t — fo) Im(Fee(fo;y.p) " (r — d(Ho)) =

(I fo; 9.p) " (r = o) () (t i UmGa) (- ?J(fo))>2 |

2Im(74(to; v, p)) 2 Im(74t)

(Im(itg) (o) T (r=iig))
Im(7y)(t0:y.p)

Since Q(r,to;y,p) = —

9

Uﬁ(r, w) = A(fo)eiée_iwbei(F—w)Qei%Re(ftt)QQ

(Umig) i)  (r—atig) 2 ~IIr=aColT v s

e 2Im(7) (t0:yp) e — o [ Ji(F—wtRe(7)Q) (t—tg—Q)

(i Beliu)t—ig-@)2 - IO )2 O(|t —to|?)

. . | UImlg) Gory) T (r—(Eg))? —\|r—g<£0)||2m N
~ iFQiFRG)(Q)? ~iw(ip+Q), 2Im(7y) (to3v.p) . Im(M)(tg)
X EQ—WAA(tAo)eiée_gl_%t'i_W_Re(%tx)(f();yyp)'(T—ﬁl)(fo))—Re(?tt)(fo;y7p)Q|2. (370)

T4t (to; v, p)

Equation (3.70) is obtained by Proposition 3.3.2 where

1
2Im(%)(to; y, p) — i2Re(F) (to; y, p)

é(to;y,p) = (3.71)

After replacing B = 1€, we have the lemma proved. O

46



Corollary 3.3.1. The Fourier transform of ﬁg(r, t) with respect to time t is

TT _ 7T .
Uf (Ta W) - U{ (Tawv t)’tZtAo(l‘,f)

— elé(r,t,x,f) e*’LLder"A)/(t,l',g) |w77ﬁt (t,x,f) 71§(t7xa€)T (7"*55‘({)) |2

—[lr=a(1)]2,
291 . N (t2,6,Ng)
e g e 2, (3.72)
where
g _ o (. Im(#y) (7)) T
N(t;z,€) = Im(N)(t;z,€) — T (0.6 (3.73)
o(rtw,&) =0(r,t;2,8) + (F(r,t;2,6) — w)Q(r, t; 2, &)
+ g Re(Gult 2,€)Q0 12,2 (3.74)
i _ 1
) = G (6.0.6)) + 2Rea(E.7.6))
s o _ Re(tu(t;2,8) ,
19(t7 x7§) - Re(TtQS(ta {L’,f)) Im(Ttx(t7 CL’,S)) (375)

Im(7(t; 2, €))

We have the same conclusion for U (s,w) and U;;”(s, w) as Lemma 3.3.1 and all terms

involved are defined accordingly.

3.3.3 Asymptotic Analysis of Two Beams’ Interaction

In this section, we would like to explore the interaction between two Gaussian beams,

that is

[ aractptzee), [ [ asiniys.0ig 0.
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The rest of Section 3.3.3 is organized as the following. We will first discuss the distance
between two beams Ug and ﬁg satisfying the parabolic scaling principle in the phase
space. In Section 3.3.3.2, we will evaluate the error caused by replacing Ug(7 to(z,€))
with U, g(, to(y,p)). After that, the difference between the exponents at different times
is evaluated and it will allow us to map the phase term to the initial moment. In
Section 3.3.3.4 and 3.3.3.5, we will compute the integral about r and show that there
exists a Gaussian profile centered at §(fy(y, p)). And the analysis can all be applied to

the source side similarly.

Here we require that there is a significant interaction between two beams concerned,
which means the distance between two central rays, ((t),p(t)) and (2(¢),£(t)) is less
than the width of the beam Ug and the width of a beam is defined as 1/4/¢, where €

~

is the smallest eigenvalue of Im(M(t)).

3.3.3.1 Parabolic Scaling Principle

A wavepacket satisfying the so-called parabolic scaling principle means the wavelength
of the typical oscillation of the wavepacket being equal to the square of the width of
the wavepacket, and a Gaussian beam will satisfy parabolic scaling principle at any
given time if it does initially. The following graph shows a single Gaussian wavepacket

in R? satisfying the parabolic scaling principle.

The following asymptotic analysis is needed throughout the proof.

~

Lemma 3.3.2. Consider two scattering beams (j(t), p(t), M(t), A(t)) and
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Figure 3.3: Real Part of Single Wavepacket ¢ ; .

(2(t),€(t), N(t), C(t)) satisfying the parabolic scaling principle at the initial time, then
1M @)~ Olpll), 1IN B ~ O(€]). (3.76)

If there exists significant interaction effects between two beams, then

1
j(t) — (||~ 0 | — | . :
|g9(t) — ()] ( /_||P||> (3.77)

Moreover, if we have ||p — &|| ~ O(\/||p||) at the beginning,

&) ~ 1+ 0(pl"2), IEW®)]] ~ OG- (3.78)

Proof. The assumption ||p —&|| ~ O(1/||p||) is a reasonable assumption, as we will see
later ||p — £|| will be controlled by a Gaussian profile, which means the value will be

exponentially decaying when p and ¢ are far from each other.

First, the Hamiltonian G(x,p) = v(x)||p|| remains as a constant along the ray. This
implies that the order of the momentum ||p|| will not change as the velocity v is a

smooth function and bounded away from zero, that is |[p(¢)|| ~ ||p||-
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Second, we will evaluate M (t). The homogeneous of degree one Hamiltonian guarantees
that Gaussian wavepackets satisfy the parabolic scaling principle at any given time.
This implies that the size of Hessian M is around O(||p(t)||) and equation (3.76) is

correct.

Due to the fact that Ué/ is well-localized around g(¢) in the physical space, Ug will
have small interaction with Ug , if Z(t) is beyond this localized region. And equation

(3.77) is correct.

Third,

Hd(ﬁ(t) - &) ’
dt -

< Gallg(t) — & @B + Callp(t) — D),

where C1 and Cy are the upper bound of ||Vol|| and |[VVwv|| respectively. Moreover,

S(p(t) — £(t)) < 2|1M

dlp(t) — EDII* _,dp(t) — £(1))

dt dt 111(t) = I,

by Cauchy-Schwartz inequality. We further get,

R ¢ ) X R
AP~ SO < 6 15(e) — &)1 + Co(llate) — 2N B) — @)

(1) — £
5 .

< C1llp() — E@)I1% + %(CzHﬁ(t)HH?)(t) —&(t)I)? +
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By Gronwall inequality, we have

15(t) = @)1 ~ O(lpl)),

since O |p(t)||||y(t) — &(t)|| is uniformly bounded. Consequently, equation (3.78) is

correct. O

3.3.3.2 Difference between Two Interacted Beams’ Traveltime

In this part, we would like to calibrate the beam ﬁg (r,w; to(, €)) according to the

beam Ug(r, w) by shifting time #o(z,€) to time iy(y,p).

By Corollary 3.3.1,

A

Ug (r,w) = (10t (2.£);,6)  —iwio (w,€)

i (E0 (2.8)1.€) lw—74 (Fo (2,65, — D (Eo (2.8)s.8) T (1= (Fg (2.,6))) 2

—||r=2(ig ()%, .
227T A A N(tO(x7£)7x7£aN0)
= C(to(x, 2 . 3.79
\/@Ato(x,f);x,f) ot <) o

The difference |ty(x, &) — fo(y,p)| is around O < ‘1| ||>' To see this, the following
p

bound can be obtained using Lemma 3.3.2,

[9a(t) — 2q(t)] < [lg(t) — 2@)|] ~ O )- (3.80)

1
VIl
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By Assumption 3.2.1, we have

ol €) — foly,p) < DD —2aD] _ 5 (L) | (3.81)
b I

The following proof is essentially comparing each term of equation (3.79) at two dif-

ferent times Zo(z, €) and fo(y, p).

First, e~ wip(2:€) becomes,

o—iwly(.6) _ —iwty(y.p) ,—iw(to(x.€)~o(y:p)) (3.82)

Second we will discuss ¥V (tO( &) x,f)|w—%t(50(x,f),x,f)—1§(tA0(x,f),x,f)T(r—zﬁ(fo))|2

Proposition 3.3.3.

(o (z,€): 2. lw — 7ulio (. €);2,€) — Vo (. €);2,)" (r — 2 (o (x, )))I* =
Aol p)ix. Ol — lioly.p)i . &) — (Io(w.p):2.€)) (= #lioly.p))P

#0 (11 )

Proof. See Appendix A. m

Third, we will discuss ||r — 2({y(z, £)) jQ\A/

Proposition 3.3.4.

1
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Proof. According to Lemma A.0.1, we have,

Im(N)EET Im(N)
T Im(N)E

N(to(,€);2,€) = Im(N)(fg(w, €); 2, €) — (fo(x,€);2,€)).

Then,

N (o(z, €); z, €)E(Ho(x, €))
= Im(N)(to(z,&); 2, )&(Ho(x, €)) — Im(N)(to(x,&); 2, )E(Fo(2,€)) = 0. (3.85)

This is also correct for any vector parallel to &({g(z, €)). On the other hand,

r—i(to(z,8)) =r — &(lo(y, p)) + 2(to(y, p)) — & (to(z,€))

=r—i(lo(y,p) + G5 (@(fo(y, p)), (o (y, p))) (Fo(y, p) — fo(.€))

L i A A (o (2,
— 1 — alioly, p)) + v(itioly, ) ioly. p) — to(%ﬁ))%- (3.56)
Consequently,
I = oo, DI () = 17 = ol )+ Al D1
= ||r — i(fo(ym))llif(fo(%p» +[|r = i‘(fo(y,p))lva(go(x@)_mfo(y,p))
= llr = Gt P )+ © ( ¢|1|7||> . (3:87)
O

Finally, about o(r,fo(x,&);z,€) defined in equation (3.74). All other terms are at
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constant order, except for é(fo(x, €))-(r— Iff(fo(ffa £))),

=E{(to(y,p)) - (r — 2(to(y, p)) — 7 (to(y. p); ¥, p) Fo(y, p) — to(2,€)) + O(1). (3.88)

The asymptotic analysis in the last step comes from Lemma 3.3.2, that is |[p(t) —

@)~ OW/pl-

To expedite the discussion, we will use the following notations:

~

tC = fO(yap%
Aio(z,&y,p) = to(y, p) — to(z, ),
EC = EO<y7Q>7

AtNO(l“a??;ya Q) = EO(?J?Q) - EO(Z'?T])

Lemma 3.3.3. By Proposition 3.5.3, Proposition 3.3.4 and equation (3.82) and (3.88),

127
%tt (£07 f,lf, g)

el(w_%t (fc,.’l},g))AEO(l’,g,y,p) elé(£C)(r_i(fc))el’?(g&mé) |w—7ﬁt(£c,x7€)—19(1?0,1'75)7—’(7“—.@‘({671‘76)) |2

Ug(r’ w;to(z,€)) = é(gc)ei@(nfc;x,ﬁ)—ié(fo(xé))-(r—fc(fo(w,f)))e—iwfc

—|lr=2(e,8)l3 .

e e o (L) . (3.89)
Vel

Now, since two beams are using the same traveltime, we will abbreviate parameter £
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A

in Ug(r,w; to(z,€)). On the source side,

Corollary 3.3.2. When we calibrate the beam Uff(s,w; to(x,n)) according to the beam

Ug(s,w) by shifting time to(z,n) to time t., we have

i2m O (i,)eie(stesem) =ity (@) -(s—(tg () o —iwte
Tt (te; 2, m)

Uy (s,wito(z,m)) =

il s Ay (.15,0) i) (s~ (7))
—ls—&(Eczm>, ;
ST oyl —3 Gesen) (=i tEszn) 2, Ml (L) |

Vllall

(3.90)

3.3.3.3 Difference between Two Interacted Beams’ Phase and Hessians

We will compare the difference between M (t) — N(¢) in this section. We first have the
following inequality

~

Proposition 3.3.5. Consider two scattering beams (§(t), p(t), M(t), A(t)) and
(2(t),£(t), N(t),C(t)), and assume that there exists significant interaction effects be-
tween these two beams. There exists two bounded positive constants C7 and C3 related

to the background velocity, such that

d||M(t)d; N(t)H <t ||p||—|—C’§||M(t)—]\7(t)|| (3.91)

where ||M(t) — N(t)|| is defined as the matriz norm induced by the vector 2-norm.

Proof. See Appendix A. m
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~

Lemma 3.3.4. Consider two scattering beams (§(t),p(t), M(t), A(t)) and

A

(z(t), f(t), N(t), C’(t)), and there exists significant interaction effects between these two

beams. Then

18E(t) = Nt)l| ~ O (VIPl), vee 0,7, (3.92)

Proof. First, M(t) — N(t) is zero at t = 0, since they satisfy the same initial condition.
Using Proposition 3.3.5 and the fact that the norm |[M(t) — N(t)]| is positive and both

C7 and C3 are positive,

A ~ t ~ ~
8Lt = No)|| < CFVTPONIT + /O C3|MI(s) — N(s)|lds.  (3.99)

since the boundary data D(r, s,t) is measured in the time interval [0, 7. With Gronwall
inequality,

~ ~ C*
V() — N@®)|| < C5TeC2t\/[p]]. (3.94)

Moreover, we have the same conclusion for other related terms,

Corollary 3.3.3.

IM(t) = N@)]| ~ OW/Tpll),  IM(t) = N(@®)]| ~ O/ Tlall);
712 (Fe; 9, p) — Fra(tes 2, )| ~ OIPI),  Fta (e, @) — Fa(Ees )|l ~ OV ]al]);
F(te; y.p) — Fute; 2, €)| ~ OWIIDID,  1Fu(tesy, @) — Fe(Ees 2, m)| ~ O(V/T]al])-

Consequently, by Lemma A.0.1, both [7]33/ (r,w) and ﬁg (r,w) are well-localized along
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the boundary, and we have

2 0 -3
NN~ (||P|| ),

1
Sl — ()

which will be used in equation (3.101) when we replace N with M. Similarly,

1, g _1
Slls = 201, ~ Ollall"2).

~

Lemma 3.3.5. Consider two scattering beams (§(t),p(t), M(t), A(t)) and

A

(2(t),£(t), N(t), C(t)), and there exists significant interaction effects between these two

beams. Suppose the function g(t) is

g(t) =p(t) - (9(t) — 2(1)), (3.95)
then we have
g9(t) =g(0) + O(1), (3.96)
and
' oo (L IEOIE
g (t) = v((t)) <2/%(t)2||ﬁ(t)|]> : (3.97)
Proof. See Appendix A. n

~

Lemma 3.3.6. Consider two scattering beams (§(t),p(t), M(t), A(t)) and

(2(t),£(t), N(t), C(t)), and there exists significant interaction effects between these two

beams. Suppose the pure imaginary matric M (0) has a symmetric positive definite
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imaginary part and is the initial condition of the Hessian for the beam, then

(y — )" M(0)(y — x) = (9(t) — 2(6)) T M(£)(§(1) — &(1)) + O(1). (3.98)
Proof. See Appendix A. m

3.3.3.4 Approximation of Two Beams’ Interaction

In this section, we will use the conclusion obtained in previous sections to get the
explicit formula of [[ dfdrf]g (r,w) j g(r, w). We first have the proposition below which

will be used in approximation,

Proposition 3.3.6. The real-valued phase terms, o(r, te; y,p)—é(r, te;y,p) and p(r,te; x, €)—
é(r, te;x, &), can be ignored since they are constant order terms with respect to the large

wavenumber |[& ;]| = |[p + ql|.

Proof. See Appendix A. n
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According to equation (3.89), (3.63),

// dﬁdrl}g(r,w)ﬁg(r,w) — 0(1)

/ / drdgeiwfc%wfcefié(r,fc;y,p)+i9(r75c;y,p)e*ié(hfc;ym)e(iﬁ) w4 (Eeiy.p)—C(r—iEe)) 2

G’L'é(’l“,fc;l’,f)—ié(?‘,fc;l‘,f) eié(r,fc;m,f) ei’%w_%t(fc;x’g)_ﬁ(r_j(fc))pei(w_%t (5c§y7p))A£0 (%f;%p)

=g EMN2e . —lr=i(E)2 .
=i, | lr-atielg,
e 2 e 2

Liiai N (f N2 AR (o [2
_,io() /dé“e_thAC“FthAce_Zl||y(tc>_$(t6)||/\h(£c)€l2||y(tc>_x(tc>||R€(M)(£c)
x / ire B lonliciyn)~CT (=) i5lo—tyicion )07 (r—i(ie)) 2 i (i pan )

w (i(te)-(r=2(te)—ip(ic)-(r—g(te)) Lilw—F¢(Eciy.p)) Alg (w.&y.p)

_l r—t AC 2A K _l r— AC 2A A l ~ AC _4 Ac 2A ~
2l gy =il ) qllite)-at )IIMW’ (3.99)
where
(r dev.p,,€) = = [l3(Ee) - (00| — Sl a2
XA e, D8 6) = =5 lIe) = B el pe(any o) — 21" 7 YN Re(ai (ie)
1 N2
+ 5l = 2 e 52, (3.100)

Here we neglect some constant order real-valued phase terms by Proposition 3.3.6,

which can be considered as a smooth residual.
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Then we replace N with M, and the inner integral becomes,

/ dreiB)w—ri(Eesy.p)~CT (r=i(te)) 2 i lw—7p (e, &)—0T (r—i(ic)) 2

Ao ~ ~ ~ —1 ’I"—A AC 2A ~
e (r—ilie)) —in(ic) (r—g(ie)) i, 2" gy,

—lr—aA:Ac 2 . 1AAc—iAc 2 ~ (7 i
% e 3lir=a( )HN(tC)eZiHy(t )=t )HM(tC)ez(w—Tt(tc;y,p))Ato(x,f;y,p)

(3.101)

_ ilo—tyeyp) Mg @&yp) it o) (3(ic)~a(ie)) o~ LG (i) (Fe)

/ eikeiw'(274_@(7?0)_5‘)(%0))@7% ||2r—a(ic)—g(ic)] |3\}l(fc)

(18wt (Eesy.p)—CT (r=ip(Ee)1? i lw—rt (Fesw ) =0T (r—2(Ee))? g, <ﬁ> . (3.102)
p

The difference of replacing Hessian matrix has been evaluated in Lemma 3.3.4 and its

Corollary. Obviously, now the integral about the receiver variable r is well-defined.

We denote its result as é(m,f,w; Y, D),

—p(f n 7 —1 r—=o Ac —1 Ac 2, -
B(x,é“,w;y,p) _ /eiieiW'(%_‘%(tc)_g(tc))e 7l2r—2(tc)—g(t >||M(tc)

Similarly,

1(te)—q 7 - —Yes—# () =512 -
Ble.nwivg) = | 5 i M) (o i)y, 11125~ -0 7

o o(iB)w=F(Tesy.0)—CT (s—5(ie))|? jidlw—Fpliciem)—0T (s—a(ic)|? gq. (3.104)

We can see that the integral about r and s is accounted for in the computation of B

and B.
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3.3.3.5 Integral about Boundary Points r» and s

In this section, we will evaluate B and B defined in equation (3.103) and (3.104) to
show that they are essentially Gaussian functions. Continuing from the expression

(3.103) of E(a:,{,w; y,p), we first simplify the exponent X(r, ¢y, p, z, ),

I U 1. o ) »
= 20— 0 By gy + o00G) — 80T Re(T) ) 2r — i) — 3Ge),
(3.105)
so that we have

. —iXgEe) —zGZ .

B(x7§7w7y7p) =€ 2Hy( ) ( )||R6(M)(tc)

/e—i(]a le) 8lte) RO 5504 ) (or (i)t

*1 QT*LitAC *Al?c 2A ~ ~
X e 1l (et )HM(tC)}"(r,x,E,w;y,p)dr, (3.106)

where

F(r,x, & w;y,p) =

e~ Im(B)w—rp(esy.p)~CT (r—=4(Ee) P~ Im()w—Ty(fese ) =0T (r—2(fe) | gig (rw & wiyp)

(3.107)
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and

Q(T,{L‘,f,w; yap) = _RG(BMW - 7A-t(tAC)yap) - CAT(T - g(£€))|2

+ Re(§)|w _%t(fcﬂ%é) _ﬁT(T_j(gc)ﬂZ' (3.108)
Proposition 3.3.7. The sum of first two terms in the exponent of]:— in (3.107) satisfy,

— Im(B)|w = Fe(fe; . p) = ¢ (r = §(E))* = Im(A)|w — Fe(fe; 2,€) — O (r — 2(Ee) P

el tilledye = D) - a2

= —lIr -

<
— Im(B)|w — 7(te:y, p)|? — Im(3)|w — 7 (Ee; 2, > + O (ﬁ) , (3.109)

where B3, 4, ¢ and ¥ are all defined at t.. Similarly, § in equation (3.108) is an O(1)

term.

Proof. See Appendix A. n

Lemma 3.3.7. The integral B(x,f,w;y,p) defined in (3.106) has a Gaussian profile

centered at g)(fc) and ﬁ(fc);

~L|[g(ic)—i(ic)|2

B(m,f,w; y,p) =e Re(M)(te)—iIm(B)(¢T
o~ () o=yl ) 2= Tm() o=y i )2 G
det(M(ic) + TP ET)

—\(plie)—E(Ee)—Re(M) (ie) (9(ic)—i(ie)) ) |2
() ~&tie)~Re ) e itie) DI Gy 1 1)1

(&

where we ignore the real-valued phase term g.
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Proof. Using Proposition 3.3.7, the integral Bin (3.106) becomes the Fourier transform

of Gaussian functions, so that we have

—iXlg(te) =2 G2 .
B(.?c,f,w;y,p) =e 2llglte) =2 )HRe(M)(tc)—Um(ﬁ)CCT

det(M (L) + TP Ty

efm(B)w%t(fc;y,p)2Im(ﬁ)wft(fc;xﬁﬂJ (2m)¢~1 A

| (plFe) ~€(Fe) ~ Re(ND) o) i) ) 12 .
6 1(pEe)~E(Ge) ~ Re(NT) ) (3(ic) ~a(F >>)|(M(tc)+%lm(ﬁ)cg)_1' (3.110)

n
Corollary 3.3.4. Similarly, on the source side,
—ikllgE) —zEN2 .
B(x,n,w;y,q) =e gl9tte)=2tt )HRe(M)(fc)*”m(ﬂ)CCT
o~ T B)e—ylEcy.a) P~ Tm(3) o~ icien) G
det(M) (Fe) + L2 ECT)
- ~'Ec—~£c—R€M£c ~£C_£EC 2~~ ~ o~
6 (i) —iEe)—Re (M) (Fe) i) >>)|(M(tc)+%jmme)162,0(1). -
3.3.3.6 Conclusion of Two Beams’ Interaction
To summarize,
= . ~ Mgt -2 . id|lge)—a@E)Z ..
/drU]g(r,w)/deg(r,w)z/dfe Hlatie)=a(Goliy ;) igllitie)=atiell i
ol tGeiyp)) Mol ) inti) (1 e)-i(G0) VLGP e =G gy ¢ ey ).
(3.112)
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By Lemma 3.3.5 and Lemma 3.3.6, equation (3.112) reduces to

// drd{ﬁg(r, w) Ag(r,w) = eip'(y_x>]:.l(:v,w;y,p), (3.113)

where

<fc>—f:<fc>||ih(£c)

9y
~
[\
—
I
—~~
~
)
~
|
3>
—~
~
)
~
~—
—~
<
—~
~
)
~
|
8
—
~
o
~
~—
o9
—~
8
o
&
=
3
~—
Q
.
—~
i
Q)
—
>
o
=
G
~~
~—
>
k>
e}
—
8
o
=
G
~

(3.114)
and

~

bi(tx, & yp) = pt) - (5) — 2(t); V1(0;2,&y,p) =p- (y — 2);

~

. I STPORERPRT _ 1 2
bt €y.0) = 1150 = 2Ol i P20 60.0) = Slly = all} 0

(3.115)

-1 2
—iglly==ll, - .
The extra term e Re(M)(0) = 1, since M(0) is a pure imaginary matrix in

Gaussian wavepacket transform. We denote

Lz, & tesyp) = > ille) — i(0) — L) — £G)) - () — (). (3.116)

, 2
1=1,2
Lemma 3.3.5 and Lemma 3.3.6 guarantees L is O(1).

Lemma 3.3.8. The receiver-side beam interaction reduces to,

yﬁﬁﬁ%mw?mMzﬂwﬂm@awwm
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where

~ N _lAA —i‘Ac 2AA —Zl —1'2 R
(€1 y,p) = / decillaticyp), IO GG ) —al=ellp

x B(x, €, w;y, p)e@Ttltey.p) Alg(@&y.p).

Corollary 3.3.5. The source-side beam interaction reduces to,

/ / dsdnlY (s,0)02 (5, w) ~ €40~ (2, 0, wiy, q),

where

_1

= - G —FEN2- — —ikily—zl2 -
F[(az,n,w;%q) :/dnezL(x,n,tC;y,q)e gllute)—a( C)HM(tc)e i5lly xHRe(M)(O)

x Bz,n,w;y, q)e!@=Ttey.0) M@ ny.q)

where L is defined accordingly.

65



3.3.4 Asymptotic Analysis of Four Beams’ Interaction

Using Lemma 3.3.8 and Corollary 3.3.5, the left-hand side of equation (3.47) now

becomes,

— //// dwdrdsdgdanﬁg(r, w) :gj(s,w) Ag(r,w)(jﬁ(s,w)
~ = POV (3,6, wiy, p) H (2, m,w;, )

— _¢ipta)(y—2)
/ / dedpei bt E(Wgcgy,q)ef%ﬂm(fc)fae(fcnﬁ% @) efi|\g<fc>ff<fc>\|}4(gc)

/W2Bgei(w—%t(fc;y,p))ﬁfo(x,é“;y,p) W=t (te,a) Ao (2.039,9) g, (3.117)
We will discuss the interaction between four beams in this subsection.

3.3.4.1 Integral about Wavenumber w

We will evaluate the first layer of integral (3.117) about frequency w in this subsection.

Before that, we define a function K(p, q,v),

K(p7Q7y = -

| (Im@ (3e(Ees v p)) + Im(B) (a(fc;y,q)))?
B

e

t
m(B3)+Im(8) (3.118)
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a function B(m, &;y,p,q) on the receiver side,

_|Ady(x&y.p)? o ) CIm(B) 1o a2
Bee MmB+B) o—ImB)7ey.p)—rlicro)?, —z o) ~aolger

2
| |Blte)—E(te)—Re(M)(ic) (G(Ee)—2(Ee))| | / 1, 1z w22\ 1
. H ’(M(tc)+21m(ﬂ)§g ) | (3119)

and a function B(z,7;y, p,q) on the source side,

|Afy (@) ? o ] CIm(B) o r o
G aIm(peh) Il -nlcan?, 2 W35y
y (27T>d—1
det(M(Fe) + TOLEET)
2
—||dEe)—ii(Ee) ~Re(NT) (Fe) (3(Fe) -2 (Ee)) ||, - - -1
. H ’(M(tC)JrQIm(ﬁ)CC ) | (3.120)

Lemma 3.3.9. The result after taking the integral about w can be approximated,

_ /ei(w—%t(fc;ym))Afo(rmf;y,p)ei(w—%t(fc;yﬂ))ﬁfo(wm;y,q)w?Bgdw

) 5 5 -4 Afc - 2?c 2 Aa
— O K (p,q,9)B(x, &y, p, )B(x, 3y, p, q)e 2= e i

—LigEe)—iE)2 - -

where both B and B have phase functions with pure imaginary part only.

Proof. See Appendix A. n
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3.3.4.2 Integral about Momentum ¢ and 7: Evaluation of Real Part of
Phase

We can define the following integral directly from equation (3.117),

~

H(x;y,p,q) = / L@ eyp)

_Z'lAAC_j;AC2 R . R —lAAC—JAj‘Ac 2AA
. 5 l[g(tc)—a(t )HRe(M)(tc)B(x,f;y,p, 2o 1ll9(te)—(t )||M(tc)d€

)

where

ﬁ(:}:,f,f@y,p) = Z Qﬁz(fc) - 772)1(0> - l(ﬁ(fc) - é(fc)) ' (g(fc) — &

. 2
1=1,2

and recall that

. 1 N 1

(3.122)
Define functions g%l and qﬁg as derivatives of equation (3.122),
n d%&l t;$a€>yvp n d’&Q t;x7§7yvp
o1(t;2,8,y,p) = ( o ),ebz(t;x,f,y,p) _ Bl 7 ) (3.123)

In this subsection, we will explore the real part of the phase function in 7:[, ie., L-—

Bl9(Ee) = 21,
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Proposition 3.3.8. The function ngﬁl satisfies

Bi(t:,6,0,8) = 5 1p(1) — DI, +O (ﬁ) . (3.124)

Proof. See Appendix A. m

Define a 2d by 2d real-valued matrix R,

(3.125)

Proposition 3.3.9. ﬁ(m,y,p, q) satisfies

1 2 ilo-a-ECHI
~ . R _ ~(F -3 Ac R R( £
’H(x,y,p,q)zeZO“)/de(x,g;y,p,q)e qllg(te)—a(t )HM6 (2)

Proof. First,

duie) — 91(0) ~ da(0) — 5(pe) — EE)) - (iGe) — (o))
= dalfe) 1 (0) — 5(pe) — Ee)) - ((Ee) — i), (3126)
since Re(M)(0) = 0.
We approximate L as,
. . te ~ (te\ -
i) = ia0) = [ () e (3.127)
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Moreover, by using Lemma 3.3.5 twice,

i)~ €6 - ot — 360 = (2('5) (%)) - (s (%) -2 (%) ) + o

(3.128)

To summarize,

Corollary 3.3.6.

~ ~ -1 ~t~c—ffc 2~ A~ ~ ~ ~ EC
’H(x,y,nq)”/dnB(xvn;ym,Q)e H T e (Z”(y_x’q_n)(?"%(fc)).
2

All terms are defined accordingly.

Now the right hand side of equation (3.117) is equal to e!(P+0)(y=2)747{ Therefore,

we will focus on H and H next.
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3.3.4.3 Integral about Momentum ¢ and 7: Evaluation of Imaginary Part

of Phase

After seeing the real part of the phase function in Proposition 3.3.9 is a complete
quadratic term, we will explore more about the imaginary part in this section. Similar
to the real part, we will prove the imaginary part is a complete quadratic term as well

as a non-degenerate quadratic term.

We start with rewriting l’;’(x, &y,p,q) in (3.119),

ey ~l@e)—itie)plie)—ECeDIF ;.
det(M(ic) + THPIET)

Al @&y o )
e AIm(B+p) e—fm(ﬁ)|ft(tc;y,p)—?t(tc;:r7£)l2.

B(x,&y,p,q) =

where Z(f; y, p) is a symmetric matrix depending on the fixed beam’s parameters (y, p).

. _Re(M ) o Im(B)ééTﬂ 0
Hesyop) K+ 20m(BEE) | reany f] |
I 0, 0

(3.130)

Using Proposition 3.3.9, we have
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Lemma 3.3.10.

R d—1 —LgGe)—zEe) 2 .
H(z;y,p,q) = @m) ™" . /dge 1ot =y,
)

o o~ ImB)Flcsy.p)—r(icw )2, 4Im(3+8)

: FPRIRECEECS
<o | o) - allp), sy -élp| R |2
al's) — &)
o) = aio)
X exp —{wc)—rﬁ(fc), ﬁ(f(;)—é(fc)}f - (3.131)

Before proving H has a non-degenerate Gaussian profile, we need one extra assumption.

Transformation I/ between Two Phase Spaces: Suppose there is a transfor-
mation U between two phase spaces governed by the certain Hamiltonian flow. The
bi-characteristic of the beam Ug is initially in the phase space Py = {(x,¢),2 € R ¢ €
Rd}, then after propagating to the surface, the bi-characteristic is in the phase space

Py = {((t,z4), (w, &), t,w € R, x4, & € RIT1Y

~

Uw,€) = ((o(w,€), a<iolw, ). (=G (a(io(x. ). &(o(2,))) . x(io(,))) )
(3.132)

where ty(z, €) is the hitting time defined before, and

i(to(z,€) = (2«(to(x,£)),0) is the corresponding hitting point on the boundary.

G(x,&) is the associated Hamiltonian for the central ray and é* is the component of the

ray direction corresponding to the tangential direction of the surface {x € RY, zg = 0},
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that is

Eclto(2,€)) = (&1(to(2,€)), -, €q1(fo(2,€))). (3.133)

The component éd corresponding to the normal direction of the surface can be uniquely
defined by (-G, é*) according to eikonal equation (2.6), so the degree of freedom won’t

change. We need an extra assumption about the bi-characteristic,

Assumption 3.3.1. U is invertible.

The Gaussian profile is only related to the imaginary part of the phase function, there-

fore, we first ignore the term associated with R in (3.131).

Lemma 3.3.11. There exists a full-rank 2d by 2d S.P.D. matrix 5’, such that

o |Adg(z, & y,p)|?
4Im(f + B)

= 560 = )%y ) — Tm(B) ulEei o) — Flics 2, €)

= |ithe) = @(fe). pke) — ()| =9l (3134)

Proof. There are three steps to justify the non-degenerate Gaussian profile. First,
we will use some approximations to move the left-hand side of equation (3.134) to the
phase space Pa, since :%(fc) is not on the boundary. Second, we will prove that equation
(3.134) in the phase space Ps is non-degenerate. Finally, we will use the transformation
defined in Assumption 3.3.1 to move the left-hand side term from the phase space Py

to P1.
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Recall that fc = f()(?J»P%

|Afg(x, &y, p) P
AIm(B + B)

1,4 - A - .
= 5(E0) = @)%y ;) = Im(B) ulici . p) — #llei, O

A A A R G(te) — @(te)
- @(ta—f(tc%ﬂtc)—f“cﬂz (i) — £(fe)
Pte) = &lle

= Gty ) — o, NPy~ (B inlo(y, ;9. 9) — o, &), &)

to(y.p))

_ b syl [0 s g(te) — a(te) O( 1 )
e LCRECE RG] L@ tiy| T\

(3.135)

oAb &)
towp)  4Im(B + B)

= — 1 lGio(y. p)) — (G, )] %
— Im(B) |7t (fo(y. p)s . p) — Felfo(w, €);,6)

-| [g(fo(%p)) — i(f(,€)) iAiovH%H,ﬁ(fo(y,p)) - 5(50(%5))} H;*O (ﬁ) ’

(3.136)

where v in equation (3.136) is defined at §(fy(y, p)). The first step (3.135) is due to

the following derivation. Using Corollary 3.3.3,

Ni(Ee) — 2|12, o = [[i(Ee) — 2|2,  +O | —— | .
M(ic) N(te) 2]

Using Proposition 3.3.4,

- . R . 1
19(te) — 2t = lito(y, p) — 2(o(z, )5 +O | —= |,
N(te) Nte) P
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since §(to(y, p)) is on the boundary. Use Corollary 3.3.3 again,

litGo(w. ) = (ol D3 ) =

A ) 1
ll9(to(y,p)) — f(to(x,f)ﬂﬁ\}((io(ym)) O (m) .

The second step (3.136) is due to Assumption 3.2.3 as the ray direction £ remains as

a constant near the boundary.

Now we will prove equation (3.136) is non-degenerate in Ps.

If Ug and Ug have different hitting points §(t.) # Z(to(z, €)), then equation (3.136) is
obviously negative. This is also true for the nonzero difference of travel time Aty and
7i(to(y, p)y. p) — Tu(fo(z, €); 2, €).

If we have all difference mentioned above is zero and ﬁ—f is nonzero along the tangential

directions of the boundary, then equation (3.136) becomes,

100, plio . p)) = ECdol. ONIIE = l15e) = €GP gy ppirieryr > O (3137

since M and its pseudo-inverse M~ are S.P.D. if restricted to the tangential directions

by Lemma A.0.1.

Finally, due to the existence of U 1 we can define a non-degenerate Gaussian profile

about (x,¢) accordingly, that is

E=uTeut, (3.138)
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where C makes the following term

1 (Ado, g(te) — 2(to(x,€))), Gelle;y, p) — Felte; v, ), Blic) — E(Fo (2, €)))

equal to the equation (3.136). O

Remark 3.3.1. Although the real part of the phase function in equation (3.151) is
ignored in this part of the computation, it will not affect the above computation essen-

tially, especially the existence of the Gaussian profile.

3.3.4.4 Integral about Momentum ¢ and 7

After justifying the existence of a non-degenerate Gaussian profile centered at (y, p),
the next question is how to calculate £ in Lemma 3.3.11 numerically. We first define

a matrix /l(fc; Y, P, q) depending only on fixed beam’s parameters (y, p)

LX) + 15| ed%
A(te;y,p,q) = L(iciy,p) + Hel@onna (;))) Im({};ﬂ)) . (3139
o plte
0, Im(B)v* (3 (kc)) (Hp(f >|) (||ﬁ<fc>|>

where eg = (0,---,0,1) € R%,

Lemma 3.3.12. There exists a S.P.D. 2d by 2d matriz A, such that

1ty — 2.0 = )17 = [1(9(Ee) — 2(e). BlEc) — EENI (3.140)

and A is defined in equation (3.139).

Proof. Firstly, we would like to approximate Afg(x, &;y,p) and 74 (te:y, p) — 7 (te; 2, €).
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By the definition of hitting time and Assumption 3.2.3,

At(z, &y, ).

Here + is determined by the sign of the Hamiltonian. To summarize,

>
[\

_|Afo(a:,§;y,go)|2 _ ()12 e] (9(te) — 2 (te))| |
AIm(B + B) 4 (0(i(Ee))pa(ie))” Im(B + B)

Similarly,

—Im(B) (i y,p) — Feics . &) = —Im(BR((E)| G - €|

Furthermore, it can be approximated by,

Im(B)islesy.p) — Al .62 ~ —Im(BoR ()| LU (5 g

[Ip(te)l|

The Lemma is proved.

~

(3.141)

(3.142)

(3.143)

(3.144)

]

The integrand (3.131) now is a quadratic term about (§(fc) — &(fe), p(te) — E(Ee)).

Furthermore, we have the following proposition.

Proposition 3.3.10. There exists a linear map j(fc;y,p), such that

7

(3.145)



Proof. See Appendix A.

]

Similarly, the matrix A(f.; y, p, ¢) and the map J (f.;y, ) on the source side are defined

accordingly.

Now H becomes,

) 9 d—1
H(zy,p,q) = - ( . Im(B) »7
det(M(ic) + TP LT

~ |7 (Feiy.p) (y—.6—p) iIl7 (S y—ze-pl% .
/d{e

Therefore, & under Assumption 3.2.3 is

~ ~ ~

Ex Ty, p)t Alte;y,p, )T (s y, p).

1%
A(te;ypsa) e Rtey.p) .

(3.146)

(3.147)

The above equation provides an efficient way to approximate E. Now let’s compute

the integral about £&. We suppose the S.P.D. matrix £ ,
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Now we would like to show that there’s a Gaussian profile about = centered at y,

T 2
/df (y—z,p— £)|I5

s—1 6T 2
—ly—zl|2 = z|2 1 —|lp—E+E55 &Ly (y—2)|12
e &1 le 512522 812/d§6 22 12 £99

2 2
lly—ela =2llz so1ar ~llp—¢l1%
—e flie 12809 81 /dge €22

y—a2 Ny==l2

1g —[1(0,p—6)]1%
—e 11 E1285y €1y / dée 102-0)llz (3.149)

& — 5'125‘2*215’11; is S.P.D by the fact that it is the Schur complement of £99 in . This

displays that H contains a Gaussian profile about y— .

Together with equation (3.147), we have

2
/d5 ~ly—zp-6)I2

—|\y—1:||2 lly— 95” 1a B a2
. 114 £19855 €15 /dg 17 (fesy.p) (0.p liyy
Together with equation (3.146), we obtain a way to calculate ?:[(x, y,p,q). The real
part of the phase function associated with R will not affect the final result essentially

and it can be compensated by a constant order phase term.

H(asy, prq) = 100 eryt el
det(M(i.) + fm(ﬂ)ééT)

2 4 x 2
/d§ ill T (Eesy.p) (0,p— f)ll Hj( Fiyp)ly—ep= S)HR(tc,y,p) (3.150)

Here we use }lMO to approximate the Schur complement of £.
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Lemma 3.3.13. H can be approzimated by the following equation,

. . flly=all; o,
H(z;y,p.q) = Ky, p, q)e :

where

. (27)
’C(7 ) )Z =
PEUTN dermti) + Im(B) ¢ér

N 2 ; 2
/d{e 1T (Fesy.p) (0.6~ p)I\A( o 7q)€||u7( $1y.p) (0,6~ p)ll R

Similarly, H can be approximated by the following equation,

Corollary 3.3.7.

- - gllv==1% )
H(z;y,p,q) = K(y,p, q)e

where

(QW)d—l
det(M(F,) + LBl gery

K(y,p,q) =

—|1F (Feiy,q) (0,n— qm? i17($39.0) (0.0~ 9l
/dne (t07y7p q)

tCayap) .

(tC7y q) .

(3.151)

(3.152)

(3.153)

(3.154)

The real part R(f¢; y,p) and R(fe; v, ¢) can be compensated by a constant phase term

and will not affect the result essentially.

Remark 3.3.2. In equation (3.151), we essentially approzimate the Schur complement

511 — 5'1252—215'11; by %Q However, it is costly to use the exact value (3.146) since
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we have to store all matrices A(fc;y,p, q),jl(fc;y,p, q) generated by different pairs of
{(p,q) : p+q =&} to apply the inverse Gaussian wavepacket transform (5.49). On
the other hand, the difference between equation (3.151) and equation (3.146) will be at

constant order guaranteed by Lemma 3.3.6.

To summarize, the central direction and central point of the wavepacket will not be
affected by approximation (3.151) and the width of wavepacket is at the same scale.

The exact Hessian information (3.146) can be covered but it is costly to compute.

Theorem 3.3.1.

/—dew/drds(}g(r,w) :g(s,w)/dgdnﬁg(r, w)Uy (s, w) ~

) S 112
K (p. q.)K g, pr )Ry, pr ) @0 =21V lhsg 2 (3.155)

where K(p,q,y) is defined in equation (3.118), K and K are defined in equation

(8.152)-(3.154). The distance between 7+(te;y, p) and 7+ (te;y, q) is controlled by K (p, q,y).

3.4 Implementation of the Prestack Imaging Oper-

ator

By equations (3.46), (3.47) and (3.48), we conclude that the partial imaging function

Ipg(y,w) is related to the Gaussian wavepacket transform of 270‘ centered at y in the
v

81



direction p + q.
20 i(p+q)-(y—z) ~lly=all3, /2
Ipg(y,w)dw = E(p,q,y) dr—se e 072, (3.156)

where E(p,q,y) = I@(y,p, QK (y,p,q)K (p,q,y). The numerical scheme to calculate
E(p,q,y) is given by equation (3.118) and equations (3.152)-(3.154). Therefore, this
section will be devoted to illustrating how to compute the integral of the imaging

function Ipq(y,w) efficiently.

/Ipq(y,w)dw = /dw/drdsﬁg(s,w) T;{('r,w)D(r,s,w). (3.157)

We start with the integral about the wavenumber w. Using Corollary 3.3.1,

qA)(ra tACa yap) = 7A-t(z?Ca yvp) + éT(T - @(fc))a

(i(sv ECa Y, Q) = 7~_7f(£Ca Y, Q) + CT(S - g(£€>)

By considering the terms containing w in Ué’(s,w) and Ug(r,w) only,

/dw(}g(s,w) 7;j(r,cu)D(r, S, w) =

LO() / D(r, s, w)e@etic) (= Im(B)lw=& = Im(B) =B 4, (3.158)

Here we neglect the real part of the exponent, Re(f)|lw — ®|2 and Re(f)|w — ®|2,
since they are constant order terms by Proposition 3.3.7. Consequently, they are small

compared with the term w(f. + f.).
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The integral now can be considered as an inverse Fourier transform about wavenumber

W,
/ D(r, 5, w)eillctic) = Im(Blw—#[2 ~Im(B)lw—2[ g,
_ImBIm(B)(@-9)> o o )
¢ Im(5+5) gsacmah/1)@35¢”eawsxuﬂtaehnuﬂﬁxw5>dw,
(3.159)
where

Im(B)®(r, ey, p) + fﬂ}(@)&’(& te;y, 9

S(r,s,te,te;y,p,q) = 3.160
sty Im(3 + ) 10
The integral in equation (3.159) is indeed a convolution,
C_Im(BIm(B)(P-$)? o - )
eidltettc)q Im(5+5) /D(T,s,w)ei(“_s)(tc+t0)e_fm(5+ﬁ)(w—S) dw
= %615(7?0-‘1-5@)
V Im(5 + 5)
_ImAIm@B)(@-®)? p2
e Im(B+6) /e AIm(5+5) e’ShD(T, s,tc +tc — h)dh. (3.161)

Notice the data D in the above formula is in the time domain, which means there is no

need to apply the Fourier transform to the data at prior. Moreover, the convolution

integral is conducted in a small range, i.e. O < - 1 . ) .
VPilicyp) [+ ey.a)
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Naturally, use Corollary 3.3.1 and equation (3.157)

/ Tog(y,0)dew = ,/mzx@cm)

=gy, ~lls=glPy _ImAIm@E)@-2)2
/ drdse S e Mo (s giSliete) g—ila(r)+a(s))

B2

1 - - R -

X 27, [ — — /e 4Im(5+ﬁ)eZShD(r,s,tc+tc—h)dh. (3.162)
et (te; y, p)Tet(tes v, @)

The integral about r and s is easy due to the existence of Gaussian profiles which will

constrain the integral range. Therefore, the regular integration scheme is enough.

Here we notice that the value of the imaging function is controlled by |® — ®| ~
17 (tesy, @) — 7t (te; y, p)|. Therefore, an efficient way is needed to avoid computing pairs
of beams with little illumination or imaging function [ dwlpe(y,w) (3.162) which is

small. Therefore, we should select pairs of beams (y, p) and (y, ¢) such that

D (r, ic) — D(s,t)] < 2¢/]Ipl] + 2v/]]4l|- (3.163)

Fortunately, the time derivative of the phase function does not change along the ray,

which means we can estimate equation (3.163) without propagating beams.
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3.5 Numerical Results

3.5.1 Approximation of Beams along the surface

The numerical examples in this subsection are provided to justify the approximation
in Section 3.3.2. The following tests are done by comparing our approximation results

to the results obtained by the numerical integration method.

The velocity used here is v = 0.8 4+ 0.4x9 and the initial beam is initiated at the
subsurface point (0,0.5). The initial momentum is set as 30m[cos(0.17), sin(0.17)] and

the initial amplitude is 1 + 7.

0.15 ‘ 03
i 0.2
0.4 :
0.1
3 0.05 3
0
0 0.1
-0.05 0 1 02 0 1
X X

1 1

Figure 3.4: Numerical test for fast approximation of Gaussian beam along the surface. Left:
w = -110 Right: w = -100.

The blue line represents the result achieved from the numerical integration method

and the red star is the one from our fast approximation algorithm.
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3.5.2 The Correctness of Prestack Imaging Operator

We conduct the numerical test to justify Theorem 3.3.1.

We first fix a direction e and the point y so that x is acquired by moving along this
certain fixed direction, i.e. = = y + Ahe. We compare our proposed result with
the numerical integration result after removing the highly oscillated term e (y=2),
The initial subsurface point is the point y = (0,0.5) and the initial ray direction is
p = (6m, —30m). Two different directions are picked here. The first one is e = (1, 1),

while the second is chosen as (1,2). The x-axis in each plot is Ah , y-axis in each plot

5.5 ‘ 3
5
5 2.5
>4.5 ¥ 1 >
2 %
4 %
3.5 ‘ 1.5 ‘
-0.05 0 0.05 -0.05 0 0.05
dx dx

1 1

Figure 3.5: Constant Slowness: Theorem 3.3.1. Left: dz; = dxo Right: dxy = 2dx9.

is the value of integral. As we can see in the constant slowness, the approximation

proposed in Theorem 3.3.1 has only a small amount of error.

The second velocity used for test is 1 + 0.1x9 4+ 0.1z1. Other setups are the same. As

we can see in Fig. 3.6, the imaging operator does not perform as well as it does in the
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4 4
3
> > 2 .
2 * *
1 0
Jos 0 0.05 o 0 0.05
dx dx

Figure 3.6: General Speed: Theorem 3.3.1. Left: dz1 = dzy Right: dz1 = 2dxo.

constant slowness. However, the central momentum is captured correctly as stated in

Remark 3.3.2.

3.5.3 Single Source Migration Test

We will recover the reflector by the single-source data trace in this section.

3.5.3.1 Example 1: Constant Background Slowness

Fig. 3.7 is the true slowness we employ, and there is a dipped layer. The source point
here is at = (0,0). As the Fig. 3.7 shows, the migration result shows the ability of

our algorithm to detect the correct location and dipped angle.
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Figure 3.7: Example 1: Constant Slowness with Dipped layer. Left: True Slowness Right:
Migration Result with single source trace.

3.5.3.2 Example 2: Multiple Flat Reflectors

In this numerical example, our migration algorithm is tested by two flat reflectors at

different depth, The migration result is, The red dashed line is the true value while

-0.4
0.52

-0.2
0.51

0

& 0.5

0.2
0.49

0.4
0.48

0.6

-0.5 0 0.5
x1

Figure 3.8: Example 2: True Slowness Model with Multiple Layers

the blue line the migration result. The deeper layer is not captured as well as the first

layer. The error here is due to the Born approximation assumption.
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-0.04
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0.04;
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-0.04;

-0.0_6 ’
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Figure 3.9: Example 2: Constant Slowness with Multiple Layers. Left: Migration Result
over the Whole Space Right: Migration Result V.S. True Value at 1 = 0.

3.5.3.3 Example 3: Linear Background Slowness

To see the amplitude information, we plot the slowness at x1 = 0 and compare it with

the true value. And the red dashed line is the true value while the blue line is our

migration result.

3.5.4 Multiple Source Migration Test

We will use multiple-source data trace in this section.

3.5.4.1 Example 4: Constant Slowness with Dipped Layer

The background slowness is same as the one in Example 1. Sources are a series of

points along the surface _21I : %‘ : 21{ This is applied to all multiple-source tests. The

dipped layer is displayed correctly in Fig. 3.12.



Figure 3.10: Example 3: Gradient Slowness Model. Left: True Slowness, Right: Smoothed
Macro Slowness

-04 S 0.05 0.05
-0.3
-0.2}
-0.1

0.1 e

=
0.2 -
03
0.4

-0.05 -0.05
04 02 0 02 04 06 -1 0 1
X, )

><

Figure 3.11: Example 3: Gradient Slowness Model. Left: Migration Result over the Whole
Space, Right: Migration Result V.S. True Value at x1 = 0.
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-0.03

-0.04

-0.05

Figure 3.12: Example 4: Constant Slowness with the Dipped Layer (Multiple Sources)

3.5.4.2 Example 5: Flat Layer in Lateral Background Velocity

We add some lateral variation to the background slowness, i.e. v = 0.84-0.1sin(0.57y) sin(37(z+

0.05)). The reflector is a horizontal reflector.

0.02

-0.02
-0.04

-0.06

Figure 3.13: Example 5: Flat Layer in Lateral Background Velocity
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3.5.4.3 Example 6: Slowness with Caustics

The next two examples in the section are both using the Gaussian velocity as the
macro velocity shown in Fig. 3.14 (a). This is more complex as the caustics will show

up. As we can see in Fig. 3.14, there is a caustics around the level x9 = 0.46. Our

08

| 0§

0.76

10.74

10.72
x 04
10.7

10.68
0.66 0.2
0.64

0.62

CA 00

—

Figure 3.14: Example 6: Gaussian Slowness and its ray tracing. Left: Gaussian Slowness
with Flat Reflector Right: Ray Tracing

flat reflector is below this caustics at x9 = 0.6. The multi-value problem caused by

caustics is resolved automatically by the Gaussian beam solution in Fig. 3.15.

3.5.4.4 Example 7: Polluted Trace Data

In the end, we would like to test our inversion process using the polluted data. We
add 5% Gaussian noise into the synthetic data. See Fig. 3.16 for more details. The
red dot line is the trace with extra Gaussian error, while the blue line is the original

trace.
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0.4} | b 1-0.04
0.6 = - M _0.06
0.8 —0.08
-1 0.5 0 0.5

Figure 3.15: Example 6: Migration Result in the Gaussian Slowness with Caustics (Multiple
Sources)

Figure 3.16: Example 7: True Trace V.S. Trace with Gaussian Error

The migration result is displayed in Fig. 3.17. There is no much difference in resulting
images, especially around the reflector. To see more details, we compare two results at
r9 = 0.65 in Fig. 3.18, The red dot line comes from the non-polluted data while the

blue line is from the polluted boundary data.
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Figure 3.17: Example 7: Gaussian Slowness with polluted trace. Left: Migration result
from Non-polluted Data; Right: Migration result from Polluted data

0.1

0.08[

0.06}

3 0.04;

0.02}

-0.02, -0.5 0 0.5 1

Figure 3.18: Example 7: Gaussian Slowness with polluted trace. Two Migration Results at
x9 = 0.65
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Chapter 4

Fast Multiscale Gaussian Beam
Method for Elastic Wave Equations

in Bounded Domains

4.1 Asymptotic Method for the Elastic Wave equa-
tion

The problem considered in this paper is the initial-boundary value problem of the

elastic wave equation.
0= pii — VAV -u) = Vi - (Vu+ Vul) — A+ p)V(V - u) — pAu, (4.1)

where the parameters A and p are known as the Lame parameters.

. Ou .._32'u,
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and this notation is applied to all functions. They are assumed to be smooth, positive

and bounded away from zero. The initial condition is defined as the following,
u(X> 0) =f; l,lt(X, O) =8 (43)

where the functions f and g are compactly supported vector-valued functions in the
space LQ(Rd>. We are looking for the asymptotic solution for the elastic wave equation
(4.1) with two different types of boundary conditions, the periodic boundary condition

and the homogeneous Dirichlet boundary condition, i.e.

u(x, t) =0. (4.4)
00 x[0,T

4.2 The Asymptotic Ansatz Solution to the Elastic

Wave

We firstly derive the eikonal and the transport equation for the elastic wave equation.
Same as the Geometrical-optics form, we consider the solution as the following series

expansion,

u(x,t) = <703 A (1 x) (iw) ", (4.5)
n=0

where the wavenumber w is assumed to be a large parameter relative to the elastic

wlL
min(A, /)

moduli A and p’s changing rate, i.e. >> 1, where L is the characteristic
distance defined as the scale over which the velocity changes slowly. The asymptotic

solution for equation (4.1) is defined in the sense that both the equation itself and
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initial-boundary conditions are satisfied approximately with a small error when w is

large. To construct two equations governing the phase function 7 and amplitude func-

tion A(0) respectively, we substitute the ansatz form A0)eioT it equation (4.1). For

convenience, we write A©) ag A. The jth component of the elastic wave equation will

then be
1 ‘
O (;) = GZWT{)\J(A]C,]C + z’wAkryk) + ﬂ,k[Ak,j + Aj,k + ’iw(TJ'Ak + AjT,k)]
+ A+ w)[(Ag k) 5 +iw (AeTr) j + 75 AkE) — w2 jART ]
+ (A gr) +iw(2A; T + AT k) — Ajoﬂi%g]
+ pAjw?(7)? — 2iwpt Aj — iwpA;F — pA; Y, (4.6)
here | - | denotes the Euclidean norm in R% and
0
O0zq
\va
9
8$d

Other notations used frequently in this paper are - representing the inner product
between two column vectors and v representing the transpose of vector v. Other

notations we use in the above equation (4.6) are,

T,k = 87/89%.

To make our derivation simpler, we let p = 1 without losing any generality.
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4.2.1 P-wave and S-wave’s Eikonal Equations

2

To cancel out the leading term w* in equation (4.6), we set its coefficient to be zero,

0= 7"2Aj — (()\ + #)T,jAkT,k + ,LLAjT,kT’k> . (4.7)
After concatenating j = 1,2,--- ,d as a vector, we will get
A+ @)VTVTTA = (72 — pr i) A, (4.8)

so the amplitude vector A will be the eigenvector of the matrix VrV7rL. Notice that
this simple matrix is rank one matrix by some linear algebra calculations, and the
eigenvector corresponding to the single nonzero eigenvalue must be parallel to the
vector V7! , while other two associated with the zero eigenvalues are orthogonal to

V7. The superscript here represents the category of their wave modes. We have

(772 — (A 4 2u)(rE 2y = 0. (4.9)

i )

This is the eikonal equation for the P-wave whose amplitude vector AL is parallel to

the ray direction VY. Another two eigenvectors are corresponding to the S-wave,
- 5\2 S_S
)" —wlry7) =0. (4.10)

(7

whose the amplitude vector A% is perpendicular to the ray direction v,

With the eikonal equation at our disposal, we can apply the method of characteristics
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to the nonlinear eikonal equations (4.9) and (4.10). These two eikonal equations (4.9)
and (4.10) are essentially the same, consequently, we consider them in the generic

situation as a Hamilton-Jacobi equation.
05 L GBS (e, vr) =0, (4.11)

where the Hamiltonian of the P-wave GT (x,p) = /A + 2u|p| and the Hamiltonian

of the S-wave G° (z,p) = +./p|p|. We consider the P-wave case for the illustration,

dr = GP(a(t),p(t), =(0) = xo; (4.12)

d,
EF =—-GE®),p(t), p(0)=po.
where t is the running parameter of a bicharacteristic.

Solving this ODE system yields a bicharacteristic in the phase space

{(z(t),p(1)) : t = 0}

and the associated ray v = {z(t) : t > 0}, which is its z-component. Moreover, it is
noticed that we have the equation p(t) = V7(t, z(t)) along the ray v due to the method

of characteristics.

One of the most significant difference between the Gaussian beam and other ray-ansatz
methods is that beams’ phase functions are complex-valued. To be more specific, its
second order derivative is complex-valued. To derive the dynamics of the Hessian

matrix, we first differentiate the eikonal equation (4.11) with respect to t and = near
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the ray ~:

i+ 6P+ b6l =0, (4.13)
@+l =o. (4.14)

Differentiating the first equation above (4.13) with respect to x again yields

. P P P ~P P\T_P P ~P P P
Tox + Grg + ToxGop + (pr) Tox + TMGppTgx + ToaaGp = 0. (4.15)

Since the equations (4.14), (4.13) and (4.15) are all valid everywhere in the phase space,
it will still be valid if we concentrate them along the ray. Let MT (t) be the Hessian of
the phase function along the ray

dMF

——+ GL+ MPGL + (@D MP + MPGh MP = . (4.16)

And the same rule can be applied to the S-wave with GS(x,p) = £,/u|p|. One in-
teresting property of the Gaussian beam solution is that it will remain well-localized
throughout the propagation, which means the imaginary part of the Hessian M should
always be symmetric positive definite. The following lemma [49] guarantees this prop-

erty throughout the propagation for all smooth ray trajectories,

Lemma 4.2.1. If the Hamiltonian G is smooth enough, then the Hessian M(t) along

the ray path v has a positive-definite imaginary part, provided that it initially does.

Accordingly, the Hessian of beam ansatz’s phase functions is well-defined at all points

even the caustics.
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4.2.2 Transport Equation Governing P-wave’s Amplitude Vec-

tors

Setting the coefficient of O(w) term in equation (4.6) equal to zero will yield the

transport equation about the amplitude vector A. We first see the jth component,

0= (2Aj7" + TAJ) — >‘7j(AkT,k) — u’k(ijAk + AjT,k‘>
— (A4 n) ((Ap7k) j + A k7))

— M(2Aj,k7,k + AjT,kk)' (4.17)

Although it is complex at first glance, especially compared with the transport equation
of the scalar wave equation, the complexity can be reduced by properties of the P-wave

and S-wave.

We start with deriving the amplitude vector AP for the P-wave, which is parallel to the

ray direction V7¥'. Therefore, the P-wave’s amplitude can be separated as A = aV 7.

P

To make derivation more readable, we write 7* as 7 in this part. We will yield the jth

component by inserting A = aV7 into equation (4.17)

0= (2477 +2a77j + a77j) — )\J-(M';€ — 2a(p k7 k)T j
— (At p) (T,ja,/ﬁ,k + T T+ 4T+ 2@%%‘)

— (T T g + 27 ja g T g + 20T 4T k) -
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Then we multiply the above equation with 7 ; and then sum over j,

(2a7T + a7")7"2k + a7"|VT|% = a|VT|2(()\ +2u) k7 ) +a(A+ QM)T’QkT’kk

+2(\+ 2#)77%(T,ka)k) +2a(\ + 2”)(7',]‘7'7]'!:7',1@)‘
The term a7|V7|? on the left hand side of the above equation is equal to

a7"|VT|? = 2aT'(7'7k7"’k)

-\2
= a7 (1)

= a7 i (A +20) V7%

- (Z|V7'|27"k (A +20) j + 2a(X + 20)7 57 kT ks (4.18)

since we are talking about the P-wave mode now and its phase 7 satisfies the Hamiltonian-
Jacobi equation 72 — (X 4 2u)|V7|? = 0. Consequently, the transport equation about

the norm of the P-wave’s amplitude vector A is

A+2
0t ( é)chlﬂ,k . %((A + 2p)trace(M) — 7) = 0. (4.19)

Notice the second order derivatives of the phase function 7 is involved, and the trans-
port equation will be undefined if the phase function is not smooth. Lemma 4.2.1
guarantees a well-defined transport equation, while the classical Geometrical-Optical

ansatz fails at the caustics region. Following [48], the ODE about the norm of ampli-
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tude can be added into the P-wave’s dynamics by using equation (4.19) and Ccll—gg = G,

da(t,z(t)) a T
— + %((/\ + 2u)trace(M) — Gy - Gp — G, MG)p) = 0. (4.20)

4.2.3 Transport Equation Governing S-wave’s Amplitude Vec-

tors

S as 7 until the end of this section.

Now let’s see the S-wave’s case. We abbreviate 7
Again, we first separate the amplitude vector as AS = aD, where D is a vector which
is orthogonal to the ray direction V7% and its norm is fixed to be a constant. After

substituting A = aD into equation (4.17), we will have the following equation for the

amplitude’s jth component,

0= Q(QDj + GJD])T + aTD] — a(p)ka)TJ- — a(p,ykT’k)Dj

— A+ ) ((aD)yp75) — 2p(aDj) k7 — paDjT ., (4.21)

for j = 1,2,3. After multiplying D; with the above equation (4.21), we sum over the

index j.
. .. a2
(a,uva,k + apT g, + 2,ua’k77k) |D|2+2ua7,k\D]72k = aT|D]2+2aT|D]2+aT\D| , (4.22)

since D is orthogonal to V7. The last term in the above equation is zero as the norm
of D is fixed, we have

(Vr-V)D]? =0. (4.23)
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Therefore, the above equation can be simplified as,
apl kT ) + QT g + 200 T = 24T + at. (4.24)

We fix the norm of D to be one for convenience and the above equation (4.24) provides
the way to calculate the amplitude’s norm a. It is not the same equation as the

transport equation in the scalar wave equation. To yield the same equation, we divide
VIt on both sides of equation (4.24),
2at + a1t a

= —W T | T O/ UT gk + 24/ pa g T
ﬁ “7 ) \/_7 \/_7 )

=27 (va) ) + (VBa)T

If we set @ = \/pia as new amplitude, then
2a7 + a7 = p(27 A g + At ) (4.25)

After yielding the same transport equation, we can obtain the same ODE as the P-wave

(4.20).

Unlike the P-wave, we still need one more equation in the S-wave’s ray system to
describe the amplitude vector A®’s direction D. To obtain the equation about the
amplitude direction D, we would like to plug equation (4.24) into equation (4.21) and

the coeeficients in front of the direction D is zeros suggested by equation (4.24),
2a7Dj — 2ua(Dj,;7;) =7 (ap;Di + (A + p)(aD)g 1) (4.26)
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dD;(t,x(t))

The left hand side of equation (4.26) is equal to the term JT, since

i — uDj7iT7i(t,£l}(t)) (4.27)

dD;
We know that the left hand side of equation (4.26) is 2a7"d—t], and the right hand side
of equation (4.26) is parallel to V7. Therefore, d—? is parallel to V7. Together with

the fact that the amplitude’s direction D is always perpendicular to the ray direction

p(t) = Vr(t, 2(t)),

0 — Prpi(t)
dt
dDj, dpy, ()
0= —Ep.(t D
= pr(t) + o Dk

dDy (dpy_'(t)D_) Pi(t)

i D (4.28)

4.2.4 Single Beam Solution for P and S-wave

To summarize the ODE dynamics generated by the method of characteristics, we have

dx

P Gp(z(t),p(t)), =(0) ==

d

d—i’ = —Gy(2(t),p(t), p0)=po
dM T .

% = —%(CQtrace(M) — Gy Gp— GZMGgm A(0) = Ag (4.29)
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where the velocity term ¢ = A42y for the P-wave and ¢? = i for the S-wave. The term
G is the corresponding Hamiltonian. There is one extra equation about the direction

D in the S-wave’s dynamics,

dDy,  (dp;(t) '\ pg(t) -
= (%D) g PO Do

The initial condition of the system above will be given by the Multiscale Gaussian
Wavepacket transform, which will be specified in the later section. Now the way of

P,S

propagating the phase functions 72 and the amplitude vectors APS g provided, and

it allows us to finish the construction of a single-beam asymptotic solution,

P (t,2) = a(t)Vr(t, (1)) (4.30)

5(t,x) = a(t) DeTHT), (4.31)

and the phase function is approximated by the Taylor expansion near the central ray,

P9t 2) = vrPS (- a(t) + %(:c —a(t)T MP5(t)(z — =(t))
=p(t) - (x—=(t)) + %(w — ()T MO (1) (@ — (1)), (4.32)

The Gaussian profile is offered by the imaginary part of the Hessian matrix M

exp (—g(a; —a(®)TIm(M () (z — zc(t))) . (4.33)

Suggested by Lemma 4.2.1, a beam ansatz will be always well localized throughout the

propagation.
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4.3 Multiscale Gaussian Wavepacket Transform for

Elastic Waves

The initial condition of the elastic wave equation (4.3) can be any general Lo vector-

valued function, and it is not necessary to take the exact form like,

Ay (i (p0 (@ - @) + (e - 20 MO - 20)) ). (@430

The problem here is that how to decompose any general L9 function to multiple Gaus-
sian wavepackets like the above form (4.34) efficiently and make the total number of

beams to be calculated as small as possible.

We will provide a very brief introduction of the Multiscale Gaussian Wavepacket Trans-
form [48] for the scalar functions first in this section. More details can be found in
[48]. Then its extension designed for the vector-valued initial conditions is presented

afterwards.

4.3.1 Multiscale GGaussian Wavepacket Transform: Vector Func-

tions

After proposing the Multiscale Gaussian Wavepacket transform for the scalar function
in Section 2.2, we would like to extend this idea to the vector-valued function f. Here

we assume that each component of the vector f; is a Lo function.
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4.3.1.1 Decomposition of the Single Wavepacket

Suppose we have already applied the wavepacket transform to each component of the

initial condition f, i.e.

J1
fo

fd

= Z K1i kPli k-

ik

The idea here is to decompose each single Gaussian wavepacket into the sum of the

. &
P-wave and the S-wave. Let the unit vector vy ; . be |£§—’Z.‘, then
N2

T T
Klik = <ml7i,kvl,i,k> vkt ([d — v k(v k) ) Kl k- (4.35)

The first term on the right hand side of equation (4.35) is the P-wave component, and

the initial condition for its amplitude vector can then be written as

T v &L
(""l,i,k”l%k) Ylik = (“lzkw> i (4.36)
N2

To initialize the S-wave, we have to specify initial directions which are orthogonal to

each other and all of them are supposed to be orthogonal to vy ; .
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Therefore, we choose the first direction D) as the unit vector of the first column
vector of the matrix (Id — Ul,z‘,k(vl,i,k)T) and apply the Gram-Schmidt process to
generate the rest D) for m = 2,-++,d—1. And we notice that every column vector
of the matrix (Id — ”l,i7k(vl,i7k)T> is orthogonal to v ; 1., therefore, so are their linear

combinations. The corresponding amplitude norm ay,

am = Kl (Id - ”l,i,k(vl,i,k)T> D, m=12d-1. (4.37)

4.3.1.2 Preprocessing the Initial Condition

Before applying the method described above, we pre-process the initial condition first.
Following the same technology employed in [47], there are supposed to be two different
branches K;Fi i and K, for each wavepacket corresponding to different signs of the

Hamiltonian +c¢(x)|p|, where ¢(x) is the corresponding velocity.

To satisfy both the initial wavefield f and the initial velocity g, we define
(Kgli T B )ik = KLikdLik = . (4.38)
Taking the derivative of the wavefield about the time variable t yields
(K = B05) ([1€0:1GT (0. p0)) Srik = Erikdrik = 8 (4.39)

where & ; ;. is the coefficients generated from decomposing the initial velocity g. Here
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the left hand side of equation (4.39) is not the complete form of the beam’s time

derivative, instead, we pick the leading order term to approximate.

After solving the coefficients mfi p and K, based on equation (4.38) and equa-
tion (4.39), we can apply the decomposition described by equations (4.35) - (4.37)
to Rl—i_i . and K . respectively. The summary of the vector-version Multiscale Gaus-

sian Wavepacket is provided below.

Algorithm 3 Discrete Vector-Valued Gaussian Wavepacket Transform
1.Call the Discrete Gaussian Wavepacket Transform for each component in the discrete signal

fand g
2. Use equations (4.38) and (4.39) to compute ”l+i pand K
. : &1
3. Generate P-wave with the amplitude vector (K‘,?:l = |£l—’1|2) &
) l,l ’

4. Generate S-waves a;, D) by equation (4.37), form =1,2,--- ,d — 1.

The above process defines the initial amplitude vectors for the P-wave and the S-wave,
and the initial value of the phase function and its derivatives are given by the Multiscale

Gaussian Wavepacket transform of the scalar form, that is

dx k

— = Gl (1), p(1), @(0) = 7

dp §i

—£ = —G(z(t),pt), p0)=2r—",

yr z(x(t),p(t)) (0) €]

Y . 6.2 2
o —(Gap)" M — MGpy — MGppM — Gz,  M(0) =i(27707 /|&5])1.

d

d(l - a 9 B . T _ L

7 = ~ag\trace(M) = Gy - Gy — Gy MGy, a(0) = <\/ LlNUl> |
dD di T4

i~ Car PYigep W
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4.4 Multiscale Gaussian Beam Method for Periodic

Boundary Value Problem

In the above section, we have demonstrated the way to decompose the vector-valued
initial conditions in the Lo space. To solve the periodic boundary problem,each param-
eters and solutions are assumed to be periodic functions. Meanwhile, the central ray
in the periodic boundary problem will be smooth along the propagation in the sense

of modules.

The principle shown in Figure 4.1 will be employed to solve the periodic boundary value

problem. The red dashed line represents the wavepacket leaving the domain [0, 0.5], as

0.9t
0.8}
070
06
5 0.5¢
0.4t
03l
0.2t
0.1t

0 0.1 0.2 03 04 05
X

Figure 4.1: Periodic Boundary Problem: The Case Wavepacket leaving the Boundary.

the left half goes beyond the domain, while the right half still shows up. The missing
left half of the beam solution will enter from the other side with the same shape, which
is the blue line in the graph suggested by the periodic boundary condition. The cubic
region [0,0.5]% is chosen to test the correctness of our algorithm. We show numerical

results in Section 4.8.
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4.5 Multiscale Gaussian beam method for Homo-

geneous Dirichlet Boundary Condition

In this section, we would like to explore the solution to the homogeneous Dirichlet
Boundary condition. From now on, we use the 3-D space {x = (z,y,2) : z,y,2z € R}

as our model.

The wavefield on the boundary is assumed to be zero in this section. When the
reflection happens, the sum of all wavefields at time t" and the central point x(t")
of the ray should vanish, i.e. u(t", z(t")) = 0. The time when the central point x(¢")
of the ray is on the boundary is defined as the reflection time. From now on, all
equations below in this section are defined on the point (", x(¢")), if not specified.
The Hamiltonian used in this section is assumed to be positive G = ¢(x)|p|, and the

negative Hamiltonian will be treated similarly.

4.5.1 P-wave Reflecting Beams: Ray Direction

When the P-wave reflection happens, the total wavefield is made up by three different
sources, the original P-wave Gaussian beam, the new P-wave beam after the reflection

(PP-wave) and the new S-wave beam (PS-wave). At the reflection point x(t"),

P PP . PS
—aPe™ vl = oPPe™ T PP (PO P pls, (4.40)

Both P and S-wave will be generated after reflection.

All phase functions should have the same value at the reflection point, 78 = 777 =
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PS5 Otherwise, if we change the value of large wavenumber €., the homogeneous

boundary condition will be violated.

PP PS

The principle to derive new phase functions 7%+ and 7' * is to take advantage of the
continuity conditions, i.e. the continuity of the tangential components of the first order

derivatives of 7, so

where we assume the reflection happens along the surface {x = (z,y,z) : * = 0}.
Besides the spatial variables, the partial derivative of the phase function with respect

to the time variable t should also follow,

= P|vrl| = S|vrls),

Ll = P vrlr. (4.42)

where ¢’ = /A F 24 is the velocity of the P-wave and ¢° = VI is the velocity of the
S-wave. The partial derivatives along the tangential directions of the boundary can be
obtained directly from equation (4.41). To obtain the momentum along the reflection
direction or the normal direction of the boundary, one needs to use equations (4.42)

and (4.41) collectively.

. P\’
25 = —Szgn(Tf)\/ (C—S) (VTP|2 — (7P5)2 — (rFS5)2, (4.43)
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Here we focus our derivation on the reflection from P-wave to S-wave, while the rule

of the reflection between the same mode can follow the same way, so we skip it here.

The only ambiguity left here is the case when a beam hits the boundary at a corner
since it causes diffraction and the above derivation does not apply any more. Here
we simply ignore the situation when a beam hits a corner of the domain since the
Gaussian method is asymptotic. The numerical accuracy will not be degraded without

those beams as those diffractions have exponentially small effects.

4.5.2 P-wave Reflecting Beams: The Hessian of the Phase

To illustrate the derivation of the second order derivative terms, we pick three entries
among six distinct entries in the Hessian for explanation, 7yy, 7y and 74, since all
other entries can be classified into one of these three types. Again, the reflection is
assumed to happen along the surface {x = (x,y,2) : © = 0} and all terms without

arguments are defined at the reflection point.

To start with the first type 7, which is tangential component

P PS PP
Tyy = Tyy” = Tyy - (4.44)

72> and 7y, will also stay the same.

To derive the second type of terms 7'95;5 , we use the partial derivatives about the time
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variable t,

P\T P
7y =c |VTl ]+ ¢ —]vaP\ (4.45)
PS\T PS
ps S ps . s(VTy 7)) VT
7y 0 =cy|VT 0| + ¢ TVTPS| : (4.46)
The notation used here is 7 = E?t_aTy We have
DS (4.47)

due to the continuity of the tangential and time component. Now substitute equation

(4.45) and equation (4.46) into equation (4.47),

CP|VTP| + CP—(VTJD)TVTP = cS|VTPS| + cS(VT?fS)TVTPS
Y \VTP| Y ]VTPS|

P\T'o.-P
VS| (Vr, )' VT
(VT;DS)TVTPS =5 05\V7P| + CP—|yVTP| — 05]V7P5|

vrPSs vl vt
ps _ IVT77| (CéDWTPHCP y S|

Tay = cSTfS |VTP|
L ps_ps , _PS_PS
_ _Tfs (Ty Ty Tz O Tyz ). (4.48)

To obtain the last type of the term Tﬂs , we need to derive the formula of 753 first.

. P\T'g..P
R N CP%, (4.49)
T
- PS\T PS
P9 = S|P = #P5 = 5 Vr 2) vr (4.50)
|VrPS|
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We then have the following equation from equation (4.50) and equation (4.49),

p(ViD)Ivrl (vl Ty lS

C =C
VTP |VrPS|
(VP Ty -PS _ |VTPS!CP (vi)I'vrl
S V7P|
-ps_ 1 IVTPS\CP (vit)fvrl” +PS_PS _ :PS_PS| (451
v T PS5\ TS N v Ty z Tz :
xr

PS

With the formula about the term 72 5 given above, the term Ty can be obtained by

solving the following equation,

VTxPS)TVTPS

.PS_ Sio.PS| . :PS _ S;o.PS , S
TR = |V = 1.0 = VTP + e |V7.PS|

(4.52)

To remark, TQI; S will not be zero as we assumed our initial conditions are compactly

supported.

4.5.3 P-wave Reflecting Beams: Amplitude Vector

We have so far already derived the initial condition of all terms involved with the
phase function for our new ODE dynamic system after P-wave reflection. Since the
phase function itself does not change after reflection in the center of the beam, we will
have the following equation about the amplitude to satisfy the homogeneous boundary

condition at the reflection point x(t"),

—a'’vrl = PPy PP 4 o PSDPS, (4.53)
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D5 is orthogonal to its ray direction

We know that the PS-wave’s amplitude direction
vrPs by the definition and with unit norm by our restriction. Consequently, the

following equation can be obtained if we project both sides of equation (4.53) to the

vector VTP S at the same time.

—CLP(VTP)TVTPS _ CLPP<V7'PP)TVTPS,

P\T PS
af’f = —af (V7 ) Vr . (4.54)
(VTPP)TVTPS
Like the initial condition, a’SDPS is the summation of two S-waves.

oDPS =3 aPSD). (4.55)

2

Similar to the initial condition, we pick the first direction DWW to be the first column

VTPS

T and v = pg - Lhen, the second vector Dg will be
[V

vector of the matrix I3 — vv
D) = p() v, where X represents the cross product between two vectors. After

normalizing each direction, we can project the residual —aP’VrP — PP PP 16 each

PS

direction to obtain the amplitude «; ~.

4.5.4 S-wave Reflecting Beams: the Phase term

Similar to the P-wave reflection, we have the following equation to satisfy the homo-

geneous boundary condition for the S-wave wavepacket at the reflection point a(¢").

S . SP . SS
_aSem' DS _ aSpezT VTSP—l—aSSe” DSS. (4.56)
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After taking first glance of the above equation, the S-wave reflection dynamics seems
to be the same as the P-wave reflection developed in the last section. However, we
will find that there will be some significant difference between the S-wave reflection
and the P-wave reflection. To begin with, let us still use the case hitting the surface

{x = (z,y,2) : © = 0} as an example,

TyS = TySS = TySP, (4.57)
=% =1t (4.58)
TtS = TtSS = TtSP, (4.59)
= V| = L|vror). (4.60)

With all these equations combined, we will get

SIS\ 2
Tﬁpz—smnvf)\/ (Z5) - - (161

and the S-wave’s velocity S = V1 is less than the P-wave’s = F 2p. This
leads to the possibility that the part inside the square root in equation (4.61) will be
negative, or equivalently, T§P can be in general a pure imaginary number. It will be

a disaster, since there will be some exponentially increasing wave on one side of the

boundary.

Let’s consider the regular situation first, in which case, equation (4.61) is a real number.
It is same as the one employed in the P-wave reflection as illustrated above, so we skip

it here.
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The second case is when the term Tg Pisa pure imaginary number, i.e.

2
SivrS
z\/— () + e+ o5
VP = 5 . (4.62)

Ty

This phenomenon is called the evanescent wave and the energy will fade away quickly
around the boundary in this case. Therefore, there is no need to derive its Hessian due

to its small energy.

4.5.5 S-wave Reflecting Beams: the Amplitude Vector

The evanescent wave fades away quickly, however, we will still include SP-wave’s am-
plitude vector in our derivation so as to make the derivation easier. Moreover, we need
the nonzero amplitude vector ASP {0 make the homogeneous boundary assumption

true at the reflection point x(t"). To summarize,

—aD® = P (Re(VP) + ilm(VT*P)) + a® D%, (4.63)

The way we get the amplitude vector ASP g till from the same idea by using the fact

that the SS wave’s amplitude direction D% is orthogonal to its ray direction v,

(Re(A ) Re(VTOT) — Im(ASP)Im(V7F)) - v = —Re(a®)D® - v; (4.64)

(Re(A ) Im(VroT) + Im(AST)Re(VroT)) - v = —Im(a®)D® -w.  (4.65)
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ASP

The amplitude of the SP-wave’s amplitude can be obtained by solving the above

system. Consequently, the residual —aS D% — 5PV 5P is now well defined. F ollowing
the same process defined in the PS wave case, we can set up the amplitudes and

directions easily for SS-wave.

Notice that the ray after reflection is no longer smooth, which means that Lemma
4.2.1 is not applicable when reflections happen. Naturally, one needs to show that
the imaginary part of the Hessian after reflections defined above will still be positive
definite, especially for the PS wave and the SP wave case. In [4], authors have already
proved this is true for the PP wave and the SS wave, i.e. the conversion between same
wave modes. The proof about the conversion between different wave modes is provided

in Appendix B.

4.5.6 Method of Images for Boundary Conditions

In [4], authors have proposed a method to tackle the problem caused by partially
reflected beams. The partial reflection problem means the frontier part of a beam is
needed to be reflected back even when its central ray has not hit the boundary yet and
consequently the reflection dynamics has not been called. This is due to the fact that

beams have nonzero width and illustrated in the following graph.

Therefore, some modifications should be added to these partial reflection cases so that
the homogeneous boundary condition is always satisfied as well as our wavefield remains
to be continuous. Our strategy presented here is that the outer part is considered to
be reflected back, which is carried by some artificial beams. So we essentially apply

the odd extension to those beams, like what Figure 4.3 shows. The trajectory of the
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Figure 4.2: Partially Reflected beams
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Figure 4.3: Partially Reflected Beams with Odd Extension

blue dashed wavepacket in the graph is completely determined by its associates, the

red solid wavepacket in the graph. It implies that we don’t use any extra assumption

of the velocity outside the domain. The blue dashed wavepacket only serves as a

supplementary beam to satisfy the vanishing boundary condition.
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4.6 Stationary Phase Analysis of Beams

To reinitialize or sharpen the single Gaussian beam ansatz, we need to apply some
stationary phase analysis to the single beam. So we first list some lemmas and com-
putations here which are needed to implement the reinitialization process in the next

section.
For any function u in L? (Rd), there is a phase space decomposition method such that,

/ /
3d/2 : " o —?  wli—a |’
u(x) = (i) / / od/2 jiw(p(x—x )—p(E—x ))e_w|m 7 | e_w|m 7 | u(zE)d:idpd:cl.
2T R3d

(4.66)

Here x,  and wl are points in the spatial space R? and p is the dual momentum
variable in the frequency space. w is a fixed parameter determining the size of Gaussian
window functions.Here we would like to explore how to apply representation (4.66) to
Gaussian beams without considering its amplitude’s direction. Using P-wave as an
example, consider ®F(t,x) = a(t)e’™t®) instead of a(t)e™t®)p(t). Moreover, all
beam functions considered here are treated as single-variable functions by assuming a

principal variable while other variables are fixed.

In all the following derivations, the principal variable is assumed to be the variable y,

while other variables x and z are fixed.
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4.6.1 Stationary Phase Approximation with Respect to Spa-

tial Variables

The Gaussian beams u with y as the principal variable considered in this section are

in the following form,

. 1 2
u(y; x, 2, t) = A(x, z,t)ezq)(y*y())e_?lm(Tyy)(y_ys) , (4.67)

where (x(),yo,zo) is the central point of the beam ansatz. All functions below are

defined at this point if not specified, and

Re(ryy)(y — %0)°
2

®(y—yo) = Ty(y—vo)+ +Re(Tay) (y—yo)(x—z0)+Re(72y) (y—y0) (2—20)-
(4.68)

7 is the phase function. To define the scalar y;, we have the following equation where

all second order derivative terms are imaginary part only,

(I_any_yOaz_ZO> Tey Tyy Tyz Y=Y
sz sz TZZ z — ZO

= Tyy(y — 90)2 + 2(Tay(z — 20) + T22(2 — 20))(y — yo) + B(z, 2)

Tay(x — 20) + T22(2 — 20

= Tyy (y—yo+ ))2+B(93>Z)- (4.69)

Tyy

The complete square term in equation (4.69) is defined as (y — yf-)k)2 and B(a:, z) is a

constant with respect to y.
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To make the expression clear, we denote R = Re(7yy) and I = Im(7yy) throughout

this section. Applying decomposition (4.66) to u(y;z, z,t), we have
3/2 2 / /
u(y; o, 2,1) = Az, 2, 1) / V2P e S0 Py Vapay . (4.70)
R
and

¢(p7y') :eiB(x,Z)/e—iwp(ﬂ—yl) gli- y\ i®(F=y0) e~ Llg—u I dj. (4.71)

We will apply the stationary phase approximation described in the following lemma to

/
calculate ¥ (p,y ).

Lemma 4.6.1. We consider the behavior of I(w f f(t) eiwy(t dt where f and g are

smooth enough to admit Taylor approxrimation near some appropriate points in [a,b],
/

and g is real-valued. Suppose there is some point cy € [a,b] and g (t) # 0 everywhere

else in the closed interval [a,b]. Moreover, g”(cO) #0. When w >> 1, we have

b . . .
= [ 0o = (eg)etest)inil ?’—WNOG)’ (4.72)

wlg" (co w
. . "
where § is the sign of g (cg).

/
To use Lemma 4.6.1, we first substitute y = yg + ma into u(y;z, z,t), and the value

of a and w will be defined later. By equation (4.71), we have

G-y0) o ) ) )
p(y—yo—ma) e_%|y_y0_m“|2e_%‘y_y3|2dg.
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To compute the critical point gg of the phase term M — p(y — yo — ma), we have

o_Pi-w
0 R(§ — o) + Re(Txy)(x; 70) + Re(tyz)(z — 20) n L_y _p (4.74)

that is

fo = yo + wp — Ty — Re(Tay)(z —Rx()) — Re(ryz)(2 — ZO)' (4.75)

We denote

E(x,z) = : (4.76)

N wp — Ty
—yp = E.
Yo — Yo R +

Notice that E(x,z) is independent of the variable y, together with Lemma 4.6.1, the

term ¥ (p, yo + ma) is equal to

wp—Ty
) o YE)  wp _
, : R o (YPTTY _wYPTY a2
G_ZB(m’Z)iﬂ(PyyOvLma):eW( w (Rt Emma) ~§ 1=+ E-mal
LTy e 2 T o
w o 2= tE-yytuol® S ATR] |};T|'

Substitute the expression of the term ® into the above equation,

B | 2m by 2 WPy g2
b(p, yo +ma) = eBe 1R e sl gt tEP o~ 81 A E—mal

(TR E) - (BE) (P B) —p(PR Y+ B-ma) + 45 (P B))

(4.77)
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We insert equation (4.77) into equation (4.70),

) 2
uly; v, 2,) = aA(z, 2, 1)y, ( / Vet y=s0=ma) =2 W80l )y 4 ma)dpdim

3 ’/T R ~ i w 2 [\ wWp—Ty * 2
~ 2Aa <_2w> /]R] "ATR] i /ezwp(y—yo—ma)eglyyomal ] e s (RN (R
™

5t (3 (T215) T (T010) o0 15-0)
o SITg LHE—mal ew(w( r tE)=70 g tE)p\—g tEoma

_ 2
E wp Ty
R E) i, (4.78)

By applying the stationary phase approximation to the variable g, we reduce the triple
integral (4.66) to the double integral (4.78).

Notice that in Lemma 4.6.1, the assumption R # 0 is required. In general, it is not
/
true. However, if R = 0, then the integral about the function v (p,y ) is nothing but

the Fourier transform of a Gaussian function about y, so we omit it here.

4.6.2 Stationary Phase Approximation with Respect to Mo-

mentum Variables

Starting from the double integral (4.78), we would like to apply the stationary phase

approximation again. However, this time the variable we apply over is the momentum
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variable p.

s 3 /4 T R B o 9
u(y; x, z, 1) :A(x,z,t)ele/ (;) |_}7zT|€Zq |R|a/€ Fly—yo—mal dm
™ \/

: _L)YPTTy | x 2 _w WPy 2
X/ezwp(y—yo—ma)6 5l R Yo tyot+El e 5| rotE mal|

(B ) (Tt ) o (o) e (Fen))

(4.79)

For the inner integral of equation (4.79), the phase function g(p) is

Ty wp—Ty
— oy — e — Y g
g(p) = p(y — yo — ma) + - ( 7 T )

R-E - - R - 2
_R-E E+wp Ty 0 E—ma+wP Ty il wp Ty+E 7
w R 2w

and the smooth function f(p) is,

g|°"p_7y

wp—T/y
flp)=e 20 R R

+E-maf? gt —uftup B (4.80)

To compute the critical point,

/) = y-w-mat BB (B mar L) B (T ) asy
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then the critical point pq is

0y —yg—E. 4.82
7 Y — Y0 (4.82)

= (4.83)

So the approximation of the inner integral of equation (4.79) is

. L\WP—Ty 2 _wWP—Ty 2
/ etwp(y—yo—ma) ;~ 31— Yot t B~ B -mdl

(B () o () ()

;IR I 2 2
‘/ﬂje YA[R] yiwpo (y—yo—ma) ,~ 3 ly=y|* .~ 5 ly—yo—mal
w

) Ty—R-FE
o (2
X e

) ) ez'w (—po (y—yo—ma)+% (y—y0)2) |

We summarize the stationary analysis conducted in this section in the following lemma,

Lemma 4.6.2. Suppose the principal variable selected for the function u(y;x, z,t) isy

u(y; x, z,t) = Az, z, t)eiq)(y_yo)e_%Im(Tyy)(y_y3)2, (4.84)
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and R = Re(7yy) is nonzero, then the following decomposition can be obtained,

) 5 = ad " iB(r,z) [ YW
u(y; z, z,t) = aA(z, z, t)e o
—wly—yo—mal2 .~ v 12 ity (v-v0) 1B (v-v0)? !
/e y=yo—mal” .=l =Ypl" Ty (W=40) ' 2WY0)" gy + O [ = (4.85)
w
where Ty = 7y — R- E and
R-E = —Re(7z)(z — x0) — Re(7y)(z — 20). (4.86)

The fized parameter a is defined as a = The value of w will be specified later, but

4

its order is O(I).

4.7 Sharpening Beams by Reinitialization

In this section, we would like to propose a new reinitialization strategy based on Lemma
4.6.2 from Section 4.6. Again, we base our proof on the assumption that the variable
y is the principal variable. We first illustrate the reason why proposing a new reini-

tialization strategy is necessary.

4.7.1 The First Motivation for Developing a New Reinitial-

ization Strategy

It is necessary to add a reinitialization process into the propagation since the width
of a beam will increase exponentially in some generic medium [48]. We use the linear

velocity and 1-D problem for explanation. Suppose ¢(z) = o + Sx where o and [ are
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constants, then the Riccati equation about the Hessian M will be

M
dd—t +2MB =0, M(0)=ie. (4.87)

Solving this simple linear ODE, we have

M(t) = iee 20, (4.88)

If the slope 5 > 0, then the width of the beam solution will be exponentially increasing.

As we can see, the beam solution will lose its accuracy in the simple linear velocity,
and each smooth velocity can be approximated by a linear function locally, therefore,

the same phenomenon can be expected in other situations.

4.7.2 The Second Motivation for Developing a New Reinitial-

ization Strategy

The second motivation is to resolve the problem caused by reflection beams. The idea
in Section 4.5 we have used to derive the reflection formula is theoretically correct,
however, it will cause some problems when implementing it numerically, especially in
the S-wave reflection case. The difference is that the SP-wave is more likely to be a

grazing beam.

To see this, we employ the 2D model for the illustration and let’s suppose the ray

hitting the line { = (z,y) : © = 0}. Then, according to the analysis in Section 4.5,
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the y-component of the ray direction 7, does not change. For the PS reflection,

(SrP52 = (PN + (D)2 = (?) 73

(Psyz_ O 2l + Ot )y

o = )2 , (4.89)
while the SP reflection follows,
S2 2
2= (AN + p)T,
(rSPY2 _ plrz " — A+ )y (4.90)

(cP)?

QPS

We then compute the angle and 057 between the ray direction and the reflecting

boundary {x = (z,y) : x = 0},

Py _ Tio
tan(0'”) = ~PS
Y
A+ 20|78 1> + (A + )77
(05)27'5
A A+ 2p)|7E |2
_ + [ i (A + N)2|Tx | ‘ (4.91)
u s
Similarly,
S|2 Y
tan(99P) = [ HTElE _ Arn (4.92)
(A + QM)TyQ A+ 2p

We claim that for the PS reflection, the angle between the ray direction and the

boundary will be increasing after reflection, while for the SP reflection, this value will
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be decreasing. To see this,

M k2| |2
7

2
tan(07°) B g
tan(6f) | P 2
(%)
2
:A+2“+A+“<T—§Q) . (4.93)
7 TN

Apply the same idea to the SP reflection,

2
tan (057 R R (T_y>2 (4.94)
tan(0°) A2 A+2p\78) '

As we can see from equation (4.93) and equation (4.94), as 7, is increasing or the

incidence angle is decreasing, the ratio for the PS reflection is increasing, which means
that the angle after reflection is larger than the incidence angle, while the angle for
the SP reflection is decreasing as a quadratic function of 7. It means that the angle
for the SP wave 65 will be closer to zero even when the incoming S-wave’s incidence
angle 0 is away from zero. The grazing beam with larger width will interact with the

boundary. Therefore, it is needed to be sharpened to guarantee the accuracy.

To remark, there’s no problem with the reflection in the acoustic wave as the velocity
is the same. We have conducted the experiment to justify the analysis in 3-D space

and we show the result in the next section.
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4.7.3 Sharpened Wavepackets and Convergence Analysis

By taking advantage of Lemma 4.6.2, we have

u(y) = aAeiB1 / 216£|yy8|2€ify(y—y0)ei1§(yy0)2 /e_w|y_y0_ma2dm +0 (l) )
m w

(4.95)

The term 7 is the modified y-direction of the central ray, that is

To sharpen Gaussian beams, we have the following lemma,

Lemma 4.7.1.

lBZlk;CM/ Ty =w0)omrli=ui 2 =gl P it 0”4 97)

where a = % Parameters wy, and q will be given in the proof.

—wnly—y*|2 : o
As we can see the extra term e~ “k¥ %01 reduces the size of beams. And positive wy.

is obtained by choosing parameter w appropriately.
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Proof. To obtain equation (4.97), we first

/e—wy—yo—maIQdm — /e—wy—y3+y3—yo—mal2dm
= / o—wly=y5 1% —wlyg—yo—mal? .~ 2w(y—y5) (yf—yo—ma)

_ wly—ygl? /e—wlyé—yo—mal2€—2w(y—y6‘)(yé—yo—ma)dm_

(4.98)
The integral part above is
/e—wlyé—yo—mal2G—Qw(y—yf)k)(ya"—yo—ma)dm _
I%—I—% —w|yt— —ma\2 —2w(y—y) (Y —yog—ma)
f . e Yo~ Y0 e Y=Y9)\¥o—Y0 dm
—~ Ji—3
1
- / ’ ool (k+8)al? 2w (y—y) ((r+0)a) 45 (4.99)
keZ” 2

- . %
We require k to be integers, which means the value of k satisfies £k = k + M.
Notice first that we can truncate the above summation to finite terms, |k| < ¢, since

2, .
e~wly=yo—mal” is o L; function. By monotone convergence theorem,

o0 2
lim e~wlv=vo—mal® gy — 0 (4.100)
N—=oo JN

Case 1: k=0
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1
—w|(k—|—6)a|2 2w(y— yo)((k+5) )d5 /2 —w\6a|2 2w(y— )(5a)d5

1

2
1
~ [2 —wloal? 2"w" (y — ?/()
~ [ e (Z a5
2
1

n

%/?1 o—wldal? (Z (2w)*" (y — . )> 5“>2n> (4.101)

-5 -

2
The odd power terms in 0 vanish in the last step above since e~wloal” is an even

function about ¢ and all odd power functions are odd functions. The integral of all

odd functions in [—%, %] will be zero.

D=

1
2 —wldal? 20(y—y5)(6a) 45 /

<[y

2w)* da)t
The leading order error from equation (4.102) is O (( ) ) Ga) )

/

D=
| =

2
e~wldal (1 + 2w (y — y6)2(5a)2) do

ST

~wloa|? 22 (y—y§5)* (90)? 45 (4.102)

l\:>\>—A

4!

Case 2: k£ #0
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When £ < 0,

| —

\M‘H

D=
= ™

@_wl_|k|a'+6a|262w(y_y6)(_‘k|a+5a)d5

-/
-/

o—wl(k+d)af? 2w(y—yd)(k+8)a) 45 _ /

=

o—wl—[kla—da|? 2w(y—yf) (~Ikla—da) ;5

poj—

DN —

o—wllkla+dal? ~20(y—ys) (|kla+da) 45

)

DN —

(4.103)
by setting 6 = —4.

When £ >0

l 1
/ ol (k-+0)af2 20 (y—y) (k+5)a) g5 _ / 2 —wl(Ik+6)al2 20—y (F+0)a) 45
_1 1

2 2
(4.104)

Given k > 0, we add (4.104) for £ > 0 and (4.103) for —k < 0, so that we have

1
/21 —wlka+dal? (2 05)009) | =20lu3)49)) gy
2

1

2
- /21 9¢~wlka+dal (1 + 202 (y — )2k + 5)2a2> ds (4.105)
2

Here we use the Taylor expansion of the exponential function. Furthermore,

/21 9e—wlka-+bal? (1 + 203 (y — )2 (k + 5)2a2> dd

—_

[\

1
/?1 9p—w(k+8)2a% 202 (y—y§) 2 (k+0)a)? 45 (4.106)
2
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914 (Y (S o)
The error term is O <( W)y yQﬁ atha) ) The error of approximations (4.106) and

(4.102) can be summarized as an universe form, i.e, O (( @)y ygﬁ (da+ka) )

Now integral (4.99) becomes

/ o~y —yo—mal? ~2w(y—y§) (v —vo—ma) g, _

1
/ ? gmulblorof? —2uu—yi) (Hartda)gg

2
1
5 / ?1 9p—w(k+0)2a? 202 (y=y3) 2 (k+6)a)? 45 (4.107)
kE>0"" 2

To get the value [}, and wy, we start with £ > 0,

1 ~

1
—wly—y5 I / 2 5 —wk+8)%a? 22 (y—y) 2 (k+0)a)? 45 o,
2

9e == |2 22 (y—y) % (ka)? —wlkal?

e v P 2P ) (he)? (4.108)

First, the first step above is obtained by choosing § = 0. Second, the value of [}, is
defined by

2
I = 2e~wIkal”, (4.109)

Similarly, when k = 0,

Iy =1. (4.110)
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The next step is to compute the value of wj and define the parameter w. We start

with making the exponent in equation (4.108) negative,

—w + 2w2k2a? <0

1

and a is previously defined as \% in Lemma 4.6.2. If we choose w = #, then wy, in

equation (4.97) is
3¢% — 2k2

wp = (T) I (4.112)

After defining the values [} and wy, we will characterize the size of the error term,

e 2y — ) Ga + ka)t (20)4(y — y) (00 + qa)?

k<q 4! 4!
2/ I\*/1\*
<3 (sp) (7)o
2 1
S%q_él (4.113)

Although this is only the leading order in the series we truncated, the rest of them will

be easily controlled from the following two concerns. The first concern is the rest of

the series will have high power about ¢, i.e. 31%, for n = 3,4,---. The second concern
2
is that the coefficient (22—73, will decay exponentially. O
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4.8 Numerical Examples

In this section, we present all numerical experiments conducted to justify the proposed
method through some complex velocity and general initial conditions. All the refer-
ence solution in this section are provided by the FDTD method with staggered grid.

Reference solution’s correctness will be examined in Appendix B.

4.8.1 Beam Reinitialization
4.8.1.1 SP Reflection V.S. PS Reflection

In the subsection, we will provide the numerical results of the analysis in Section
4.7.2 and Section 4.7.3. We firstly conduct the following experiment to illustrate the
difference between the SP reflection and the PS reflection. The experiment’s setup for

the S-wave is,

—36m2 (22 +(y—0.25)%+(2—0.25)?
— sin(a) sin(367z + 367 sin(a)(y — 0.25))e 0" (+%+(u-025)+(:-025)%)

o= sin(36mx + 367 sin(a)(y — O.25))e_367r2 ($2+(y_0'25)2+(z_0'25)2) ;
0
(4.114)
and
g’ =o. (4.115)
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The experiment’s setup for P-wave is,

_ 2(,2 09 2 _0.9 )
sin(36mz + 367 sin(a)(y — 0.25))e 36w (I +(y—0.25)%4(2—0 5))

3672 (x2+(y—0.25)2+(z—0.25)2)
e

Y

ft = sin(«) sin(367x + 367 sin(«) (y — 0.25))

0

and

g’ =0 (4.116)

The initial width of the beams are all set to be 3672 and A = p = 1. The experiment’s

- pPS
result is displayed in Figure 4.4. The red star line in Figure 4.4 is the ratio Sl;(ne(a) ),

1.4

The ratio of Sin(8)
o o -
Ci @ = N

1N
>
:

o
()

00 0.1 0.2 0.3 0.4 0.5 0.6
sin(o)

Figure 4.4: PS Reflection V.S. SP Reflection: Different Ratio Behaviors.
PS Reflection(’o’), SP Reflection (’-")

(pSP
and the blue line is the ratio % Same as the analysis in Section 4.7.2, the angle

for the SP reflection will decrease to zero compared with the original hitting angle.

Therefore, the SP reflection wave should be modified to be more focused.
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Figure 4.5: Sharpened Beams V.S. the Original Beam on Fixed (y, 2).
Left: y=0.1, z=0.1 Right: y=0.08, z=0.13.

Beam Solution after Reinitialization(’0’), Original Beam Solution (’-").

4.8.1.2 Sharpened Beams V.S. Original Beams

The second experiment in this subsection is conducted to show the fact that the pre-
cision will not be impacted after adding the new reinitialization (4.97) process. We
compare the wavefield after the reinitialization with the original one. Suppose the

S-wave hits at the boundary z = 0 with the central point (0,0.1,0.1) and the Hessian

equals to
367 + 36m%i 1272 0
1272 Tr? + 3672 0
0 0 An? + 3672

Its amplitude norm is set as 100. We choose two different sets of the y-value and
z-value to show our reinitialization method’s correctness, The wavefield in Figure 4.5
is plotted along the x-axis. As we can see, the reinitialization algorithm won’t affect

the accuracy of the result, while the width of each new beam has been decreased.
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4.8.2 Periodic Boundary Condition

In this subsection, we would like to display some numerical results to the periodic

boundary problem.

4.8.2.1 Example 1: The Single Wavepacket in the Constant velocity

We first test our algorithm via the constant elastic moduli A = p = 1, and the nonzero

initial velocity g.

~3672 ((2-0.25)24(2—0.25)2 +(2—0.25)?)

sin(36mz + 97y)e
f = sin(36mz + gﬂ_y)e—%wz((x—0.25)2+(z—0.25)2+(z—0.25)2) 7 (4.117)
0
and the initial velocity g is
g=05f. (4.118)

We exhibit our result at the plane z = 0.25. The comparison between two results
shows that the propagation dynamics, including the eikonal equation and the transport
equation are correct. The Multi-scale Gaussian Wavepacket Transform is also justified,
although this is a single wavepacket initial value. We will test the transform further

with some more general initial condition.

4.8.2.2 Example 2: General Initial Condition in the Constant velocity

The next thing we would like to try is some general initial condition other than the

single Gaussian wavepacket to verify our initial decomposition. The initial value is
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Figure 4.6: Example 1:
Single Wavepacket Propagation with the Periodic Boundary Condition.
Left: FDTD Solution Right: Gaussian Beam Solution.

defined as
Sin(72ﬂ.x2>67367r2((x70.25)2+(270.25)2+(sz.25)2)
f= Sin(72m2)e—367r2((x—0.25)2+(z—0.25)2+(z—0.25)2) (4.119)
0
and
g="0 (4.120)

Let’s compare the result along the x-axis by setting z = 0.25 and y = % Now let’s

compare 2-D wavefields at z = 0.25.

For other more complex velocity, we will exhibit those results in the Dirichlet boundary

condition, since the periodic boundary problem essentially tests the correctness of

propagation dynamic and the decomposition process of the initial condition as proposed
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Figure 4.7: Example 2:
General Initial Value Propagation with Periodic Boundary Condition along z-axis
FDTD Solution(’o’), Gaussian Beam Solution (’-’)
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Figure 4.8: Example 2:
General Initial Value Propagation with Periodic Boundary Condition.
Left: FDTD Solution Right: Gaussian Beam Solution.

in Section 4.4. This can be examined in the Dirichlet boundary problem as well.
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4.8.3 Reflection: P-wave

We have so far used the periodic boundary condition to justify our decomposition
process and the dynamic system, now we would like to test our reflection scheme on
the pure P-wave initial condition. In this subsection, we fix our initial condition as the

following and test our algorithms over the different velocity.

3672 ((2—0.15)2 4 (—0.25)2 4+ (2—0.25)2
sin(327z + 8my)e 367 ((m 0.15)2+(y—0.25)2+(2—0.25) )

2 2 2 2
f= %sin(32m+87ry)e*367r ((2-0.15)2+(y-025)2+(:-025)2) (4.121)

and the initial velocity g is

—36m2 ((2—0.15)2+(y—0.25)2 +(2—0.25)2
2 sin(32me + 8my)e " ((2-0.15)24(y-0.25)2+(:-0.25)2)

i 20 1512 (0 9F 12 (o () 92
9= | Lsin(32ms + smy)e 367 ((x 0.15)2 4+ (y—0.25)2+(—0.25) ) (4.122)

4.8.3.1 Example 3: P-wave Reflection in the Constant velocity

Our first setting is still under the constant elastic moduli, A = 1 and u = 2. We
compare the wavefield at z = 0.25 and T = 0.14, after the primary reflection happens.

The P-wave reflection dynamics can be justified after this numerical experiment.

Here the mesh size of the FDTD method employed is 67116 and this scale will be used

for all the FDTD results in the rest of the paper.

145



0.2
0.1 ] 0.1 |
L 0.1 0.1
0.2 ] 0.2
> o > | 0
0.3} 0.3/ |
-0.1

0.4} | B-0.1 0.4
0.5 ‘ ‘ -0.2 0.5: ‘ ‘ | -02

0 0.2 0.4 0 0.2 0.4

X X

Figure 4.9: Example 3:
P-wave Reflection in Constant velocity with Dirichlet Boundary Condition.
Left: FDTD Solution Right: Gaussian Beam Solution.

4.8.3.2 Example 4: P-wave Reflection in the Linear velocity

The second velocity in the P-wave reflection section we use is p =2 and A =1+ 0.2z.
We first compare the result at the fixed (y,z) = (0.125,0.25) along x-axis. Then we
set z fixed as 0.25, The P-wave reflection dynamics in some general velocity has been
justified further. As we can see in Figure 4.10, the Gaussian beam solution performs

quite well in the major region, and the tolerable error shows up near the boundary.

4.8.3.3 Example 5: P-wave Reflection in the Sinusoidal velocity

Now let’s try the sinusoidal elastic moduli A = 1 + sin(47z), in which there will be
some caustics points. Again, we compare the result along the x-axis first by fixing

y=z=0.25.
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Figure 4.10: Example 4:
P-wave Reflection in the Linear velocity with Dirichlet Boundary Condition.
FDTD Solution (’0’), Beam Solution(’-")

Then we fix z = 0.25, To remark, the reinitialization scheme is not involved in all the
P-wave reflection results shown above. The small error implies that the P-wave reflec-

tion does not require the reinitialization, while it is necessary in the S-wave reflection.

4.8.4 Reflection S-wave

In this subsection, we will test the reinitialization process, but at first we will justify

the necessity of adding reinitialization process.

4.8.4.1 Example 6: S-wave Reflection with Orthogonal Hitting Angle

Firstly, we see the S-wave reflection with orthogonal hitting angle, that is sin(a) = 0
in Figure 4.4. It is displayed by Figure 4.14 showing that the original method without

the reinitialization is good enough.
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Figure 4.11: Example 4:
P-wave Reflection in Linear velocity with Dirichlet Boundary Condition.
Left: FDTD Solution Right: Gaussian Beam Solution.

Figure 4.12: Example 5:
P-wave Reflection in Sinusoidal velocity along z-axis.
FDTD Solution(’o’), Beam Solution (’-)

The setup of our experiment is

sin(367y)e 367 ((2-0.25)*+(y~0.15)%+(:-0.25)%)
f= 0

148 O
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Figure 4.13: Example 5:P-wave Reflection in Sinusoidal velocity with Dirichlet Boundary
Condition. Left: FDTD Solution, Right: Gaussian beam Solution

and there is no initial velocity, i.e. g = 0. Two velocity parameters A and p here are
both constants,

A=Lip=2

Figure 4.14 compares the wave field generated by our method to the one from FDTD
method at z = 0.25, 2 = 0.25 and T' = 0.2. Now we fix z = 0.25 and y = 3%, As we
can see from Figure 4.4, when sin(a) = 0, the regular reflection method is expected to

be well enough and the experiment result above justifies our conclusion.

4.8.4.2 Example 7: S-wave Reflection with Non-Orthogonal Hitting Angle

Now if we change the ray direction to increase the width of the SP-wave, we will see

that the regular reflection dynamics fails in this case. To make that happen, we specify
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Figure 4.14: Example 6:
S-wave Reflection with Orthogonal hitting Angle along y-axis
FDTD Solution (’o’), GB Solution (’-").
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Figure 4.15: Example 6: S-wave Reflection with Orthogonal hitting Angle along z-axis.
FDTD Solution (’o’), GB Solution (’-").

our initial value as,

—36m2 ((2—0.25)2+(y—0.15)%+(2-0.25)?
2 sin(36my + 18ma)e " ((2-0.25)2+(y-015)2+(:-025)2)

)6—36772 ((x—0.25)2+(y—0.15)2+(z—0.25)2)

F =1 —sin(36my + 187z (4.124)

0
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Figure 4.16: Example 7: S-wave Reflection with Non-orthogonal Hitting Angle. Left:
Gaussian Beam Solution without reinitialization, Right: Gaussian Beam Solution with
reinitialization. FDTD Solution (’0’), GB Solution (’-’)

We first see that the result generated without the extra reinitialization. The above
left Figure 4.16 is plotted along the z-axis with z = 0.25,y = 0.125. As we mentioned
before, although the main pattern is captured with good accuracy, the tail region of
the Gaussian beam wavefield is not clean enough due to the fact that the SP-wave is

involved.

After adding the reinitialization, in the above right Figure 4.16, the beam solution
with the reinitialization shows the better result in the tail region without hurting the

accuracy of other parts.

The experiment shown in Figure 4.16 illustrates that the analysis in Section 4.7 is
correct. The SP-wave reflection will lose the accuracy to some degree such that adding

the reinitialization scheme is necessary.
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4.8.4.3 Example 8: S-wave Reflection: Linear velocity

Let’s see the comparison under some more complicated elastic moduli y = 2 4+ 0.2y
and A = 1. We compare the wavefield without the reinitialization to the FDTD result

first at z = 0.25.

0 0
0.4 0.4
'\
011" 0.1
O 02 — 02
0.2 | 0.2
> | 0 > 0
Z 2z |
0.4 / | 04
4 -04 - -0.4
05 ‘ \ 5
0 0.2 0.4 050 0.2 0.4
X X

Figure 4.17: Example 8: S-wave Reflection in Linear velocity without Reinitialization.
Left: FDTD Solution Right: Gaussian Beam Solution without Reinitialization.

As we can see in the upper left corner of Figure 4.17, there is some significant per-
turbations in the FDTD result, while the beam method without the reinitialization,

which is shown in Figure 4.17, is not able to cover that part.

Now we will see the result after using the reinitialization process. As we can see
from the right Figure 4.20, the missing part in the upper left region is covered by the

reinitialization algorithm.
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Figure 4.18: Example 8: S-wave Reflection in Linear velocity with Reinitialization. Left:
FDTD Solution Right: Gaussian Beam Solution with Reinitialization.

4.8.4.4 Example 9: S-wave Reflection: Sinusoidal velocity

In this example, we set the elastic moduli 1 = 2 4 0.2sin(z) to make the Hessian of
the velocity nonzero. And all the other components remain the same as the last one,

including the initial value, A and the terminal time 7.

Compare two wavefields on the plane z = 0.25,

In this more complex velocity, the advantage of the Gaussian beam ansatz has shown
up as the caustics problem is resolved automatically. There will be caustics in this
sinusoidal velocity as the eikonal equation will be multivalued in some region. As

Figure 4.20 suggests, the beam solution will perform well even when the caustics shows

up.
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Figure 4.19: Example 9: S-wave Reflection in Sinusoidal velocity. GB Solution(’o’), FDTD
Solution(’-)
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Figure 4.20: Example 9: S-wave Reflection in Sinusoidal velocity with Reinitialization.
Left: FDTD Solution Right: Gaussian Beam Solution with Reinitialization.

4.8.5 General Initial Condition

Now after showing the effect of the reinitialization, especially after comparing it to the

result without the reinitialization, it islg(zlnﬁdent to say that the proposed reinitializa-



tion algorithm is correct and necessary in this problem. We will end our numerical

tests with some more general initial conditions.

4.8.5.1 Example 10: The General Initial Condition in The Sinusoidal ve-

locity

We test Multiscale Gaussian Wavepacket method via the general initial condition and

sinusoidal elastic moduli A = 1 + sin(4nx), u = 2. The initial condition is

- 2 r—0.1 2 —0.2 2 —09 2
sin(327z + 32my2)e 0" ((T 0.15)%+(y—0.25)?+(2—0 5))

_ 262 ( (i 2 _ 2 _ 2
f= | sin(32rz + 10my)e 0" ((r=015)+(y-0.25+(2-0.25)%) | (4.125)

sin(16m2)e " ((2-0.15)2+(y-025)2+(:-025)?)

Here we let our wavefield propagate until 7' = 0.2.

We first display the first component in the resulting wavefield. Let’s see the second
component of the resulting wavefield, and see the comparison between two methods
along the z-axis by fixing y = z = 0.25. With more general initial value, we include
P and S-wave at the same time, meanwhile, different types of the reflection happen

simultaneously, so as the different reflection modes.

Remark 4.8.1. Compared with the FDTD algorithm with parallel computing scheme,
our asymptotic algorithm has the larger time complexity. However, as the wavenumber
of the initial value is increasing, the FDTD scheme requires finer grid size, leading to
the requirement of some larger storage. This is impossible in the current GPU units,
while our method’s storage complexity is independent of the wavenumber as well as the

time complexity.
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Figure 4.21: Example 10: General Initial Condition Propagation with Reinitialization
(First Component). Left: FDTD Solution Right: Gaussian Beam Solution with Reinitial-

1zation.
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Figure 4.22: Example 10:

General Initial Condition Propagation with Reinitialization (Second Component).
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Left: FDTD Solution Right: Gaussian Beam Solution with Reinitialization.
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Figure 4.23: Example 10: General Initial Condition Propagation with Reinitialization
(Second Component). FDTD Solution (’o’), GB Solution(’-’).

4.8.5.2 Convergence Rate Analysis

In the end, we propose the convergence rate analysis. The initial condition is set as

sin(n(16mz + 87Ty))e_427r2 ((x—0-25)2+(y—0.15)2+(z—0.25)2)

£ = | sin(n(16mr + 87@))6—427r2 ((2-0.25)2+(y-015)2+(:-0.25)2) (4.126)

The velocity here are all constants,

The amplifying factor 7 is a geometric series, 1,1.5,2.25, -, 1.55.

The blue star line is the logarithm of the Lo norm of the error at different 7, while
the red line is the linear function with the slope as %log(lf)). It is well known that

the convergence rate of the Gaussian beam is \/%;, and as proved in the paper [5], the
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Figure 4.24: Log-log plot: Convergence Rate of the New Gaussian Beam Method
GB Method Error Curve(’-*’), Line with the slope = %log(lb)(’—’)

Multiscale Gaussian wavepacket transform also follows O(\/La) This pattern can be

seen in Figure 4.24.
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Chapter 5

Conclusion

We propose two methods based on multi-scale Gaussian beam method in this thesis.
The first one is solving the elastic wave propagation in the bounded domain and the
second one is for the prestack inversion process, which is an inverse problem in geo-
physical applications. These two methods are both based on the multiscale Gaussian
beam method described in Chapter 2. Therefore, both methods are capable of re-
solving caustics problem automatically and they both take advantage of the parabolic

scaling principle for efficiency.

In the first part (Chapter 3), we present a new prestack inversion process, which con-
nects the boundary data to the wavefront set of the perturbation. We first modify
the multiscale Gaussian wavepacket transform [48] appropriately to suit to the imag-
ing operator. Secondly, the multi-valued traveltime information is preserved due to
the Gaussian beam function. This improves the quality of resulting migration image.
Another big advantage of our multiscale Gaussian beam inversion method is its ro-
bustness to the polluted data. Since we recover the reflector by its wavefront set, the
noise in the boundary data, which is far from the target frequency, won’t affect the
imaging result. Lastly, our imaging condition is performed in the time domain to avoid

the extra Fourier transform on the data set. This feature makes our algorithm more
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applicable considering the large size of the trace dataset in the real world.

In the second part (Chapter 4), we present a novel Multiscale Gaussian beam method
to solve the elastic wave equation in the bounded domain. Firstly, a new vector-valued
wavepacket transform is developed to adapt to the highly oscillated vector-valued initial
condition following the parabolic scaling principle. Secondly, a novel reinitialization
strategy is added in the process to improve the efficiency and accuracy. There are
several advantages about this new reinitialization method. The first one is that the
new reinitialization is applied to the single wavepacket instead of the whole wavefield.
This will improve the efficiency greatly. The second one is that the center of each new
wavepacket after the reinitialization is same to the center before, which guarantees
all computation happening inside the domain without extra assumption outside the
domain. Although the typical FDTD (Finite Difference Time Domain) method is
faster by implementing in parallel, the requirement of large storage will still make

FDTD method unfeasible in the high frequency regime.
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Appendix A

Proof in Inverse Process

Hessian Matrix in Corollary 3.3.1

in the phase function is not

In Corollary 3.3.1, the quadratic term ||r — 7| 3\?1(5 )
C

necessary to be a Gaussian profile, since M is only the Schur complement of a semi

positive definite matrix.

Lemma A.0.1. For any boundary points r = {x = (x1,--- ,z4) : xg = 0}, we have
o Im(g) () Im(7a) T (& N
o rm(any(i,) — TGt miGa)” () | o o vy o, (A1)
Im(7y)(te)

for some constant a, if there is no grazing ray,

|ﬁd(£c)| > b||ﬁ(£c)||a (A~2)

where b is an universal lower bound.

By equation (3.60) and (3.61), we have

Im(ia) (o3 y,p) = Fo(§(Ee)) (V) (i) L) (A3)
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and

m(7) (te: — 2(0(t P (fe) m(M)(t pe)
Tm(d) i ) = v (@(Ee))g Zn Im(D) el 2o

(A4)

From now on, we let all functions be defined at ¢ = ¢, without writing it out explicitly.

Then,
TT]m(%ta?)]m(%tJ?)TT _ TTIm(M)ﬁﬁT{m(M>T (A5)
Im(7y) pTIm(M)p
We introduce the following notation,
, .
R S (A0
prIm(M)p

Then equation (A.1) can be translated to the following optimization problem. We can

instead prove that the optimal value of the following optimization problem with fixed

/

p is a,
. T SNEAY:
min 1-— <r Im(M)p) : (A7)
T
subject to rTIm(M)r =1, rle;=0,
where eg = (0,---,0,1)T. It is equivalent to,
. T oy !
min 1—r"Im(M)p, (A.8)
T
subject to rTIm(M)r =1, rTed =0,

since the optimization problem (A.7) is the square term of problem (A.8). Using
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Lagrange multipliers,

. 4T o T ’ T
L(r; M, ) =1 —=r"Im(M)p + M\ir" Im(M)r + Aor” €.

Differentiate L with respect to r,
~ / ~
—Im(M)p + 2 1 Im(M)r + Aoeg = 0,

then

~ /
o\ = —XoIm(M) ey +p .

T

By the second restriction r* e; = 0,

/
6?;]?

eZ;Im(M)_leg

Ay =

We denote A = 1/pT Im(M)p and D = eglm(M)_leg. Therefore,

T !
Ny = cal
AD
and the optimizer ry satisfies,
T'x H 70,
where 7 is defined as,
T !
I e5p ~oq
ro=p — ZD [m(M) €d
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(A.13)
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(A.15)



By restriction r1 Im(M)r = 1, we have,

e = A\ N— (A.16)
TOTIm(M)m

Equivalently, 2\ = \/Tg] m(M )ro. Equation (A.7) then becomes,

T
i Im(n)yp | . (A.17)

“ 2
min1 — <TTIm(M)p/> =1-
T

rglm(M)ro

The first term needed to be evaluated above is,

/ / eTp/ /
i Im(M)p = (p — ~5-Im(M) ™ eg)" Im(M)p
T./\2
N N (edp )
= () Im(aDp —
The second term is
/ eTp/ / eTp/
rf Im(M)rg = (p — 45 Im(M) " eg) " Im(M)(p — = Im(M)~"eg)
T./\2 T/
O N Y D (R A B 7Y 0\,
= Im(M Im(M - L
T./\2 T T/
N o (egp) 2e5p eyp
= Im(M -
T./\2 T./\2
N N (edp) 2<edp)
= Im(M —
T./\2
/ 1 (egp)
= ()" Im(M)p — —{5 - (A.18)
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T T Y
. ) Im(M)p, P Im(M)p
TOTIm(M)m r(:)FIm(]V[)rO
2
T,'\2
N ! (egp)
((p) Im(M)p — 55,
g 1 —_
T ./\2
NT ~ / B (edp)
/
(eqp )
— Al
To summarize,
- Im(F) Im ()T “
T (Im(M) — (r—ig)T m“}ﬁ &gﬁ“f) > r > ar Im(N) (Fe)r (A.20)
and
2 2
a= " b - . (A.21)

A2D (T Im(M)p)(e] (Im (D)) ~Ley)

Proof of Proposition 3.3.5

~

Proposition A.0.1. Consider two scattering beams (j(t),p(t), M(t), A(t)) and

(2(t),£(t), N(t),C(t)), and assume that there exists significant interaction effects be-
tween these two beams. There exists two constants C] and C5 related to the background
velocity, such that

d||M(t) — N(

NN < e ol + Cslate) - K@)l (A2

where ||M(t) — N(t)|| is defined as the matriz norm induced by the vector 2-norm.
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Proof. Both M(t) and N(t) satisfy

= =G0, 50)) — NTGip(5(0),5(0) — G (3(0), ) AT — NG (3(0) 5O
= G (0) €6)) — NG (i(0) £0)) — G (a(0), EO)N — NG, €1

Take the difference between above equations, we have

The first term in equation (A.24),

1Gas (3(8), 5) =G (@(8), E@NI| = || TV @) BN = VVel@®)IE]|

< C3(Ilg(t) — @)D 1B + C2(][B(t) = @)D, (A.25)

where ('3 is the maximum value of the third order derivative of the velocity v and Co
maximum value of the second order derivative of the velocity v. According to Lemma

3.3.2, we have

|Gz (§(1), B(t) = Gaa(@(t), £(1))]] ~ O/ 1IBOII). (A.26)
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The second term in equation (A.24),

2“]\7(15) (pr(ﬂ(t%ﬁ(t)) - Gw(i‘(t)’é(t))) H

A D T 3 '
=2% (V“@“” (o)~ w0 (régn) ) |

< 2|8 (1) (CQHZJ(t) 30|+ Oy ('|‘;g)>|‘|‘)> , (A27)

where C1 is the largest value of ||[Vv]||. Therefore,

2||N @) (Gap@(t), 5(1) = Gap(@(),€®) ) || ~ OL/TBN): (A.28)

The third term in equation (A.24),

|5 (Guplat0),500)) — Gpla ). €6)) ¥ (0)|| < | (H;y(f)ﬁ - H(S(S;)H)> (@)
N O AYE R COTEORAYE AR
+[|% e (ﬁy(t) (IIg(t)ll) (||§<t>||) &) (Hg@m) (ng) )N“))'

First, we have

I ~ el <o7ell =
(CIM v v(@(t))Hﬁ(t)—_é(t)“

p@)| P11

)IIN(t)N(t)HNO( @I (A.30)
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Second,

) [ pt) £(t) £(t)
HHp )]l (|Ii(t)||) (Ilp @)l HS (Hf )| )( €@ )

Hliymj_tlinH 1H;KHB> ()] |<otaoir®?. ey

To summarize,

[ X0) (Ganla(0).50) = Gup(a(®),£0)) K[| ~ OWTB@D: (A3

Insert these asymptotic analysis equations (A.26), (A.28), (A.32) into equation (A.24),

we have

_ — = O(WVIpM)]) + 2(M (t) — N(£))Gap(5(t), (1))

+ (M) = N(0)Gpp(0(t), 5(8)) (M (1) + N(t))

= OV + (V(t) = N (1)) (2Gap(3(0), (1)) + Gppli(2), B (VI(1) + N (1))

(A.33)

The coefficient matrix in front of M(t) — N(t) satisfies,

1265, 301, (0) + Go(3(0). HOYSHE) + )] < 2 Fu(a )] + 21O
< O(1). (A.34)

Then, M(t) — N(t) satisfies,
MO ZNON < o Toll + 31ty - Rl 190) - B0}l = 0. (A.35)
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Proof of Lemma 3.3.5
Lemma A.0.2. Consider two scattering beams (§(t), p(t), M (t), A(t)) and (&(t),£(t), N(t), C(t)),
and there exists significant interaction effects between these two beams. Suppose the
function g(t) is
g(t) = p(t) - (4(t) — 2(2)), (A.36)
then we have
g(t) = g(0) + O(1), (A.37)
and
/ A IEGI
g () =v@®) | 5737 (A.38)
2 ()2 [p()]]
Proof. We start with calculating the derivative d%—(tt) and assume the Hamiltonian to
be positive, i.e. G(z,p) = v(x)||p||. Negative branch will be the same.
dg _dp(t) . . dg(t) — di(t)
9 PO gy~ a0) + () (LD - (439
X X PR ) -y D) o €0
=—=Vou(y(t)) - (y(t) —z(t))||p(t)|| + p(t v(Yy(t)) = —v(z(l))—= .
() - (5(t) = 2(®)[[p@)]] + p(2) ( ( ())Ilp(t)ll ( ())||£(t)||
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Use the Taylor expansion of the velocity v at the point g(t),

dg . . . . 5 ﬁ(t)'é(t)
pn ||p()II(v(x(t))—v(y(t)))+||f9(t)|lv(y(t))—v(rv(t)) Q| +O0(|12(t) = §(1)[1%)
e — ooy P €D A2
p(0)[|v(2(t)) — v(2(1)) Q| o(l|z(t) —9®I%)
A A pt) - (1) A N
=v(z(t V| — ————= 1| +O(||z(t) — y(t .
(@(t)) <||p()|| Q] > ([lz(t) = a9@II7)
Substitute decomposition (3.56) into the fraction term 2 ﬁ?f;(”) Since Z(t) is orthogonal
to p(t),
PO _ RO
EOI a2 + 1E @)
_ RPN 1 .
ool 1_|IE@)]]
Y 2@
_} 12(0)[?
= POl = S RorseN

Here we use the Taylor expansion of the square root function and Geometric series to

approximate. Then

dg o RO | ) [E]R
ar ~ ") (”p“)” /%(t)\lﬁ(t)H)+ CRNPOTHIO (4.40)
—0(1),
Naturally, after finite time,
9(t) = 9(0) + O(1). (A.41)
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Proof of Lemma 3.3.6

~

Lemma A.0.3. Consider two scattering beams (§(t), p(t), M(t), A(t)) and (&(t), (t), N(t), C(t)),
and there exists significant interaction effects between these two beams. Suppose the
pure imaginary matric M (0) has a symmetric positive definite imaginary part and is

the initial condition of the Hessian for the beam, then

(y —2)" M(0)(y — x) = (§(t) — (1)) M(D)(G(t) — 2(1)) + O(1). (A.42)

Proof. We denote the function g(t) as

Throughout this proof, we use the Hamiltonian G(x,p) = v(x)||p|| and the negative

Hamiltonian will be the same. The derivative of g is,

%gzZﬂGﬁﬁﬂﬁ@»—GaﬂwfamTMuxmw—f@>

+ @0 - 20" O 0y - a0)

From Riccati equation (2.11), we have

dM

172



Insert the above equation into equation (A.43) and abbreviate G = G(9(t), p(t)), if

there’s no variable specified,

dZ_(? = —(§(t) — ()" G (1) — 2(£)) = 2(5(t) — 2(£)" M (1) Gap(i(t) — 2 (1))

+2(5(1) = &) MG () — 3(1))
N 2 T ~ N A ~ A A T ~ A A
+2(5(t) — ()T GopM () (3(1) — (1) — (MG = 2(8)) G (NEB)@() - 3(1)))

= —(5(t) = 2 G (§(t) — 2(0)) + 2(0(t) — £ G (H)(G(E) — ()
— (W00 — 1)) G (M0G0 — 2(0)
= —(5(t) = ()" G (G(8) — #(0)) — [[M(£)((1) = (1)) = (B(t) = EE))IIZ

Gpp

R ZORIGI . (Add)

The first term in equation (A.44) satisfies,

(§(t) = 2(6)" (G (9(8), 1)) (@() = (1)) ~ O(1). (A.45)

First, G2 (9(t), p(t)) ~ O(||p(t)|]), since v is smooth. On the other hand, §(t) — Z(t)’s

order is O(1/+/]|p(t)||) by Lemma 3.3.2.

The second term in equation (A.44) satisfies,

INEE)(@(6) = 36) = (5(0) — ENE, 30y 5y ~ OUBOIM BN 1o,
(A.46)

The term Gpp(y(t),p(t)) is of the order O(1/||p(t)||) implied by Gyp’s expression.

Again, Lemma 3.3.2 demonstrates that M (¢)(§(t)—2(t)) — (p(t) —£(t)) ~ OG/I[p@)]])-
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The third term in equation (A.44) satisfies,

15(t) = €D 50050 ~ CUBOIM 2B IBONY?) ~ O(1).  (A47)

It can be justified by combining Gy)’s expression and the fact that ||p(t) — E@)]| ~

OWIlp®)I))- O

Proof of Proposition 3.3.3

Proposition A.0.2.

i (to(x, €); 2, &) |w — Fi(fo(x, €); 2, €) = V(to(w, ); 2, )T (r — 2(fo(x,€)))

~ N ~ . T R
~ i5(to(y, p); z, §)|w — Te(to(y, p); ,§) — (ﬁ(to(y,p); %5))) (r — 2(io(y, p)))|?

+O( ! > (A.48)

17l

Proof. The coefficient ¥ satisfies,

1
Q%tt(fo(x, f), T, 5)

’3/(1?0(‘%75);:575) ==

By Assumption 3.2.3, it is safe to say that the background velocity v around (o (y, p))

is a constant function. Consequently, we have Hamiltonian satisfying G, = 0, and

Gip(&(to(,€); 2, €), E(fo(w, €); 2, €)) = +u(@(o(y, p))

~

= Gy(@(toly, p); 2, €), EEo(y, p); =, €)), (A.49)
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since ray direction does not change in the constant slowness. Then

iut(fo(x, €);2,€) = G (#(o(x, €)), E(fo (2, €)M (o (x, ); 2, &) Gl (Ho (2, €)), £ (Fo(, €)))

N

= GL (@ (o (v p)), oy, ) (M(to(y Py, €) + (ol €) ~ oly p>>>

~

ép(j(tO(ﬁ%p))a é(tAO(yap)))

= #u(to(y,p); 2, &) + O(V/1Ipl]), (A.50)

since we have 22 ~ O(||p||) by Lemma 3.3.6. On the other hand, |fy(y, p) —fo(z, €)| ~
O(||p||*1/2)-

We then have

" . B 1
Hoole &2, 8) = Q(Ttt(t() y,p);r, &) + O Hp
~ 207u(o(y, p); 7. €) Hp )
~ =(to(y, p); z, ). (A.51)

Q(Ttt(to(y,p); z,§)

Inside the quadratic term, we first have an invariant,

w—F(lo(z, €);2,6) = w = Fllo(y, p); 2, 6), (A.52)

since 7¢ will be a constant along the ray.

175



The next term is J({y(z, €); z, €).

Re(fg(fo (2, €); 2, €)) = —Re(M)(lo(x, €); z, &) Gpla(lo(x, £): 2, €), E(fo(w, €); 2, €))

= —Re(M)(to(y, p); x,€)Gp(i(to(y, p); 2, €), (o (y, p); 2, €))

dt

= Re(#z(to(y, p); 2,€)) + O(V/1Ipl])-

We have the similar conclusion for imaginary part,

Im(fy(to(x, €); 2,€)) = Im(Fea(fo(y, p); 2, €)) + O(V/]Ipl])-

Consequently, by equation (3.75)

I(to(x,€);2,€)) = (o (y, p); 2,€)) + OW/1IplD-

Next,

r—i(to(x,€)) = r — &(fo(y, p)) + &(to(y. p) — &(fo(2, )

=r—i(lo(y.p) + Gy (&(fo(y. p)). £(Fo(y, p))) (to(y. p) — To(x.€))

E(to(y,p))

=r—x(to(y,p)) £ v(Z(to(y,p)))(to(y,p) — tO(x’g))m

= —(o(y, p)) + O(1//|pl]).
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(A.53)

(A.54)

(A.55)

(A.56)

(A.57)



G¥ represents the different Hamiltonian by its sign. Therefore,

Alo(x, &) 2, )lw — Fi(fo (2, €); ,€) — Iio (2, ) 2, )T (r — &(lo(x, €))|* = A (lo(y, p); ,€)

~ (7 9(F g P (1 2 .
lw — 7 (to(y, p); x, €) — (19(t0(y,p);x,f)+0( ||p||)> (r—2z(to(z,€))] +O< ||p||>
) ) o T .
~ 3l (y.p)i 2, )l — Fulio(y.p)i.€) — (Ilio(w.p)i2.€) " (r = alioy.p))P
(A.58)
[]

Proof of Proposition 3.3.6

Proposition A.0.3. Some real-valued phase terms, o(r,te;y,p) — é(r, te;y,p) and
o(r,te;x,€) — é(r, te;x, &), can be ignored since they are constant order terms with

respect to the large wavenumber || ;|| = ||p + ql|.

A A

Proof. The first term: (F —w)Q

(7t(te; y, p) — w + Re(7ez) (te; v, p)) (

Im(F1a(Ees y,p)) T (r — @(@»)

Im(#u(te;y, p))

Iy (Best, )T (r — f:@))

- (%t(fc;x,ﬁ) —w+ Re(%tx)(gci z,§)) ( Im(f'tt(fc' z,€))

~ ~

~ (filtes 2,€) — w)(G(te) — 2(fe) + (lfes v, p) — Fulfe; 2.0)(r = §(Ee)) + O(D).

By Corollary 3.3.1, we notice the scale of | (t.; z, €) is controlled by Im(%) ~ O(W)'
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Therefore, by Lemma 3.3.2, ‘i’t(fc; z,€) —w

A(fc) - f(fc)H ~ O<1)'

[Fetesy,p) — Fulles 2, €)| = ’v(ﬁ(fc))l\ﬁ(fc)\\ —o(@(ie)) (L)
< [Vo(g(gte) | (@(te) — 2 ()@
+o(@(Ee) (B = 11EE))-

By Lemma 3.3.2, [#(ic; y,p) — #1(fes 2,€)] ~ OG/TIPIT), and [|r — ()| is controlled
by Hessian M (t.). So (7t(te:y,p) — 7e(te; 2, €))(r — (i) ~ O(1).

The second term: %Re(%ﬁ)Q2

~

S Re(n) QP ~ L Re(i)(r — (00))? ~ O(1), (A.59)

by Lemma 3.3.2. And the same analysis can be applied to the term associated with

the beam (z, ). O

Proof of Proposition 3.3.7

Proposition A.0.4. For the first two terms in equation (3.107), their exponents sat-

isfy,

— Im(B)|w — #(ic;y,p) — (T (r = 4(ie) ] — Im(A)|w — #e(les 2,6) — 9T (r — i(Le))|?

fe mB), ... .-
= D I i) i
— () — Fulles )2 — Im()o — ulles 2, P + O ( |1rp||> , (A.60)
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where B3, 4, ¢ and ¥ are all defined at t.. Similarly, § in equation (3.108) is an O(1)

term.

Proof. The quadratic term about r in equation (A.60) is,
T (fm(B)ééT + ]m(&)ﬁ(@)T) r. (A.61)

The matrix in the parentheses is positive semi-definite matrix as it is the sum of two

positive semi-definite matrices. We apply the eigenvalue decomposition
Im(B)C¢T + Im(9)9()" = QT AQ, (A.62)

where A is a diagonal matrix with non-negative entries and QTQ = 1.

The cross term about r in equation (A.60) is

2Im(B)(w — 7(te; v, p))CTr + 2Im(B)i(Ee) T (CCT)r
+2Im(3) (w — 7 (Ee: 2, )0 r + 2Im(5) 2 (F)T (99T )r

= 2 AlT(tAO wj y7p7 z, 5)7" + 2j2T(tA(37 wj y)p7 €, §>7”, (AGS)
where
Ji(te,w;y,p, 2,€) = Im(B)(w — F(te;y,p))C + Im(3)(w — F(te;2,€))0;  (A64)

Ta(te,wy,p, 2, €) = Im(B)CC i(Ee) + Tm(3)007 (i), (A.65)
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Combine the cross term (A.63) and second order term (A.61),

—(Qr)TAQr) + 27T QT Qr + 2J QT Qr. (A.66)

To make a complete quadratic term, its central point r is,

re = QTATIQ(Jy + Jo)

=QTA1QJy + O L) A.67
Q QJo + ( T (A.67)
1411 < IlTm(B)w = Felics v )N + 1m(3) @ = F1(Fes . )]

<o () o(VIRT) ol <0 (VIFT),
and

ol < [[Tm(B)CCT ()| + |1 Tm(3) 00T & (E,)||

1
<o ()0 (k) 0w < olsl

Here the inverse matrix is defined as the pseudo-inverse matrix for a rank-deficient

matrix, that is Ai_z'l = 0, if A;; = 0. If the diagonal term in Ai_z'l is zero, then

we set its center r.’s it coordinate to be the same as W’s, since we have

exp (—}l||2r —i(te) — g)(fc)Hi;l({c)) in the expression of B. Therefore, we carry out
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calculation by assuming A invertible.

QTATIQ = (Im(B)CCT + Im(%)9(D0)T) !

= 2Im(R)¢C" + Im(3)9(W)" — Im(B)¢C") ™

To evaluate the order of Im(3)0(9)T — Im(B)C¢T, we first have

A 1 1 1
-4 =5 - |
Tit(te;y,p)  Ti(te; o, §)
< ‘%tt(t&yap) _%tt(tC;xvé-)‘. (A68)

Fe(tesy, p)Fut(fe; 2, €)

By Corollary 3.3.3, we have |7 (tc;y, p) — 71t (te; 7, €)| ~ O(y/]|pl|). Consequently,
A _3
16 =41 < O(llpl]2). (A.69)
On the other hand, by using Corollary 3.3.3,
1< =9Il < O(W/1Ipl)- (A.70)

Then

A A

11m(3)@)T = Im(B)ECTI| < l1m(B) (& = 907 ) | + [11m(B — )09

< OW/llplD)- (A.T1)

181



Therefore,

QTATIQ = @Im(B)CC" + O(WVIIpll) ™ = 2Im(5)¢C") (A.72)

Similarly,

Jo = Im(B)CCT (9(Fe) + 2(Ee)) — Im(B)CCT (Ee) + Im(3)D ()" & (Ee)
= Im(R)¢C" (9(fe) + &(Ee) + O(V/1Ipl])-

~ Im(B)¢CT (g(te) + 2(ic)). (A.73)

The central point r. becomes,

re~ QTATQIy ~ Im(AETY (AT (3(fe) + i) = T LIy 7

Equation (A.60) now becomes,

— Im(B)lw — Fi(te;y.p) = ¢ (r = §(Ee)) P = Im(A)|w — Fi(es w,€) = ()" (r = 2(ic))

2 | — P T ille) o

_ e _ 7 F . 2 — o) — T .
= —Im(B)|w — 7e(te; y, p)|° — Im(Y)|w — Fe(te; @, € 5 2Im(B)EET

+J3 2Im(B)CCT) " Ty — Im(B)ICT ()2 — Im(3)[(9)T & (Ee) .
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Using equation (A.71),

I3 Im(B)(CT) T Iy — Im(B)ICT g (Ee) P — Im(3)|(0) T (i) |2

~13e) + 3G, gyer — NG, 5 e — 1R, g er
(e
=l = N e (A.75)

Equation (A.60) now becomes,

— Im(B)|w = fe(te;y,p) = ¢ (r = 9(E) ) = Im(A)|w — Fi(te; 2, €) — (D) (r = 2(Lc))

~ —Im(B)|w = Fi(te; y,p)[* = Im(A)|w — Fi(fe; 2, €)

i(te) +y(tc) Im(B), -

= lir - B pipricr — g tEe) = &) -

By applying the similar computation, the exponent of the last term in equation (3.107)

denoted as § contains two O(1) terms. O

Proof of Proposition 3.3.8

Proposition A.0.5. The function ggl satisfies

itz & y.p) = %Ilﬁ(t) — £z, +0 (ﬁ) : (A.76)

Proof. Using Lemma 3.3.5 for ¢1(t),

. 20412
o1(t;,&,y,p) = v(2(t)) (%Ku&) .
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We then would like to explore the term ||p(t) — é(t)”épp@(t) 5() by taking advantage

of Gpp’s expression.

160) —ED1Z, 00 000y = PO — EENT (Gop(a(0),5(0))) (5(2) — (1))

= T te) — )T (190111 = 50507 (50) - )
= TR &0 + R0 (00 - £0)
— TN (1= we)i) - 2(0)
L= (AT
Then,
20~ oz, = UG (A78)

Compare ¢?1(t) with equation (A.77),

o (TUE@IE Y 1 EGIR 1 el )R
) (2/%@)2||25(t)||> 5000 g ~ =3 (7000 - 6 ) 15

= O(llg(t) = z@)])- (A.79)

1 A
This is because &(t) ~ 1+ O(||p(¢)|| 2) and =(t) ~ O(\/||p(t)||) followed by ||p(t) —

E@®)|| ~ O(||p||*/?) in Lemma 3.3.2.

Then the derivative gEl becomes,

~

1 R
o1t 2.&.y.p) = 5lIp(1) —E(D)IIZ,,
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Proof of Proposition 3.3.10

Proposition A.0.6. There exists a linear map j(fc; y,p), such that

| =Jeyp) : (A.80)
p(te) — E(te) p—¢&

Proof. We consider (j(t)—(t), p(t)—£(t)) as a function about ¢ and its initial condition
(y — z,p — ). We denote this initial condition as (Az, A¢) and J(t;y,p) as the

dynamical variational system,

~ j(tc; ?/ap) . (A-81)

T J(), (A.82)
—Gua(§(t), (1)) —Gp((t), p(1))
and its initial condition is an identity matrix,
J(0) = Iy, (A.83)
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By solving j(t), we can get

y(t) —2(t;y —x,p —§) R y—x
= j(t; 1, p) . (A.84)

p(t) — €ty — x,p — €) p—¢

The transform j defined above is invertible due to the uniqueness of ODE system’s

solution. ]

Proof of Lemma 3.3.9

Lemma A.0.4. The result after taking the integral about w can be approrimated,

_/ei(w—ﬂs(fc;ym))Ato( &) i(w—Ty (tesy,q)) At (w YD 2Bz, €, wiy, p)Blx, n, w; v, q)dw

i0(1) ; . ~&[|g(ic) @ ()H2 i
="K (p,q,y)B(x, &y, p,0)B(x,m3 9, p, q)e Re(M(ic))

Proof. All terms containing w in é(a:, &, w;y,p) (3.110) are as the following,

exp (—Im(B)w — fuliery, p) 2 = Im(3)|w — Fa(ies 2, )?) =

exp< <>< (1 Mewp) iz ) +<ft<£c;y,p>—ﬁ(z?c;x,s»?))

g
—QIm < Tt tCa Y +Tt tC7 ’f))

o~ Im(B) 7y Ecyp)~Fy(icin€)|? (A.85)
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Similarly, for B,

exp (—Im(B)|w = Fulle; y,0) 2 — Im(F)|w = Folles 2, )|

_QIm(B) (w— 7~—t(£c§y7q)—i2-?t(fc;x,n) ) 2

~ e

o~ Im(B)Fy(Tesy.q) 7 (eiwm) (A.86)

Combine the terms containing w in equations (A.85) and (A.86) with —w?, and denote

w

> —2]m(5) <w_ %t(gc;yﬂ)‘iz‘%t(fc;m?n) ) 2
_N(tatcéxafa%y,p;Q) :/dwe 2

—2I'm(p) (w_ft(fc;y,p)—gﬁg (te;z8) ) 2

e ciw—T¢(Ecsy.p)) Aty (2.&5.p) pilw—T¢ (Eesy,a) At (2.m:9.9)

(A.87)

Then the target integral becomes,

— / ei(w—ﬁs(5o;y,p))Afo($,§;y7p)ei(w—ﬁs(5c;y,q))Afo(xm;y,Q)w2B(g;, ¢ w;y,p)B(z,m,w;y, ¢)dw

_ Re~Im(B)itltey.a) =7 e P o~ Im(B)| iy (lep) Ty (ieie &) (A.88)
without considering the constant terms in B and B. If we can approximate R by the

product of a constant K (p,q,y), functions on the receiver side and functions on the

source side, then the proposition is proved.
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Compute the expression (A.87),

Im(B)Im(5)S3

(e, e; 7, E,m,y, p, q) = e~ tlEeyp)Alg(@ &y p) =ity (feiy.p) Ao(@my.a) g~ Im(B)+Im(p)

/ W26 (.£.p)+ AT (2.1:9,0))  ~2(Im(B)+Tm(F)) (w=51)2 g,

)

(A.89)

where

Im(B) (%t(fc;y,p)—gﬂ(fc;x,é)) + [m(B) (%t(fc;%q)-g%t(fc;x’n))

Sy(te,te;z,&,m,y,p,q) =

Im(B) + Im(B) ’
(A.90)
ro %t(lngyap) +7A-t<1?67x7£) 7~—t(£€7yaq) +7-t(£07x777)
) _ — ) 91
52(t07t0ax7€777ay7p7Q) 2 2 (Ag )
We then have,
o - _ ImB)Im()s3
R = ¢ i7t(tey.p) Alg(x.&y.p) =iy (tesy,p) Ao (@n3.0) .~ Im(B)+Im(B)
2
q2 (€i51t6 21m(5+5))
dt? ’tAfo(fE,E )+ AE (2.m3,9)
(A.92)

Proposition A.0.7. Both S1 and Sy can be approximated as constants only related to
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the fixed parameter (y,p) and (y,q), that is

Im(B) (#i(fc; y,p)) + Im(
Im(B) + Im(

) (Tt(ta Y, Q))
) )

Sl(£C7EC;x7£7nay7p7 Q) ~

3
B
So(te,te;x,&,m,y,p,q) = 7t(te;y,p) — 7lte; v, ).

Proof. For Sy,

.~ [m(ﬁ) (Tt tay p ) + Im(B (Tt(gcﬂ/,Q))
S e les T, 6,1, Y, D, =
1(ttA §,1,9:p:9) Im(3) + Im(})
n Im(B) (Gi(te; 7, €) — Feltes y, p) + Im(B) (Felfes w,m) — Fe(Ees v, )
2Im(B) + 2Im(p)

_ I (ﬁ) (Tt(fc;yvp)) + ]m(B) (7- tCayv )) ~
Tm(d) —i—Im(ﬁ:) [1pel1) + OV 11l )

- Im(B) (Tt(tc;y,p)A) + Im(@) (%t(fc;?J,(J))’ (A.93)
Im(B3) + Im(p)

since the term in the last step above is about O(||p|| + ||¢||), and

Im(B)(7(te; w,€) — #elfe;y,p) + fm(@(ﬁ(fc;x,n) — 7t(te; v, q))
2Im(f3) + 2I'm(B)

< |flle;2,6) = fullesy. p)| + [(Feles v, m) — Tty @) < OWVIpel] + [lal]). (A.94)

Sl(ic, 'Ec, T, 57 n,Y, D, q) ~ [m(ﬁ) (%t(ta yvp)> + ]m(g) (%t(tCa Y, q)) . (A95)

Im(f) + Im()
For Ss,

52<£C7567$7£7777y7p7 Q) = 72t<tACJy7p) _%t<587y7q> +O( ||pH)7 <A96)

due to the fact that |7 (te;y,p) — Ft(te; 2, &) = v()||p|] — v(@)||¢]] and ||p — €| ~
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O(VIlpll). Then,

Im(@)Im(B)S3 _ Im(B)Im(B) Gy fesyp) 7y (i)

e Im@B)+HIm(B) ~ ¢ Im(B)+Im(5) O (A.97)

Y

since Im(f3) ~ O(HT}H) and Im(pB) ~ O(H}TH). We then approximate So by

52(507 507 ZZ', éa 77; y7p7 q) ~ 72t<tACv y7p) - %t<£c7 y7 q) <A98)

We also obtain \%t(fc;y,p) — %t(fc;y,q)| is around O(max(\/||p||, v/Il4l|))- O

Proposition A.0.8.

_adg@gyp)? (Al @nyal?  Im(B)Im(B)(S))?
N —Sfe  4HUmB+P) o Am(F+5) ¢ Im(B)+Im(5) (A.99)

Proof. The second order time derivative in equation (A.92),

s, Nio(,&y.p) + Ao, y,0) ) 1
Im(B + ) Im(B + )

) ) _|Adg (@ &y.p)+Adg (zny.0)
JiS1(Afo e £.p) +Afg (2p.) 2Am(5+5))

We now conduct some asymptotic analysis about the terms in the above equation,

St~ O(lpll + Mgl ——=—= ~ Olpll + llal)), (A.100)
Im(f + p)
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] 3 _ 1 3 __ 1
since = Y lic ) and = 7 tc,y s On the other hand,

Ao (, &; y p) + Ato(z, 1,9, 9) NQ( 1

A.
Im(B + ) NV \/H_) (Ilpll +1lgl).  (A.101)

Moreover, we have

|Adg(z, &y, p) = Abo(z, sy, ) |Alo(zmiy,9)|* |Ado(w, &y, p)[?

2(Im(6 + 5)) 4Im(3 + ) AIm(f + )
| |Ad(z, & y,p) = Mo (. my, )
4Im(3 + B)
g 2 n . 2
_ Aty my, @) |Aty(z, &y, p)l L o),
4Im(B + ) 4Im(B + B)
Consequently,
) i _|Ady(@gy.p)?
~ — 82615171 (Alg(#.6:y:0)) i(S1-T) (Mg (@.1::0)) ¢ 4Tm(B+5)
7|At0( 5Ys q)|2 72 (51) (5)
e AMm(B+B) o T Im(B)+I (5) , (A.102)
With respect to two real-valued phase terms in equation (A.102),
Am(B) ety p) —Te(Eeiy.a))
Li(S1 =) (Al (@E9p) _ o Im(3+7) Molesua) | on) (a03)
and
(81T (Aty(zmy.a)) o, LO(1) (A.104)
]
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To summarize,

A Eyp)® ALy (eay.0)? o Im(B)Im(B) iy (fciy.p)—F4(Fesy.0))?

Na —SZe  AIm(B+B) ¢ AIm(B+5) Im(B)+Im(P)
_|Afg(@&yp)® Ak @y
~ K(p,q,y)e HmBHB) o AIm(B+p) (A.105)
This is exactly the goal (A.88) we want to achieve. [
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Appendix B

Proof in Elastic Wave

Proof of Positive Definite Hessian Matrix

Theorem B.0.1. The imaginary part of the Hessian for every beam preserves the
S.P.D property after reflection, if it is neither grazing ray nor evanescent wave after

reflection.

Proof. In this appendix, we consider the reflection happens on the surface {x =
(x,y,2) : x = 0} without the loss of generality. We denote the phase function of
both P and S-wave as 7. The same rule can be applied to the velocity c. To simplify
the presentation, all Hessian matrices mentioned below are about the imaginary part
only, if not specified. We assume the reflection point is xg = (zq, yo, 29), and all terms
below are defined at this point, if not specified. The last simplification is that we follow
the positive Hamiltonian throughout this proof, and the negative Hamiltonian will be

treated similarly.
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Transformation between Hessian matrices

We first define a new matrix M at the reflection point

Tt Tty  Tiz

M = (B.1)

Tty Tyy Tyz

Ttz Tyz Tzz

Therefore, we can define a transform between the Hessian matrix M and M following

the certain eikonal equation.

Tex Txy Txz

Tey Tyy Tyz

Tez Tyz Tzz

The terms involved with the variable z are defined by following the certain eikonal
equation and in the way shown in Section 4.5. Moreover, X p means that the transform

follows the P-wave eikonal equation and Ng follows the S-wave eikonal equation.

If we can prove the transform XN and its inverse transform X! preserve the S.P.D.

property, then the theorem is proved since M™% = Rp(M) = NP(Ngl(M)) or MW =
Ng(M) = NS(NI_Dl(M)). To prove this, instead of considering two types of matrix in

equation (B.2) directly, we would like to base our proof first on the complete matrix

M.

TH VTtT
MC - )
Vg M

where V7 is the gradient of the phase function’s time derivative 7z and M is the
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original Hessian. Both M and M are submatrix of M,.

Proof by Contradiction: Ve =10

We start with the simpler case, i.e. Ve =0 at the point xg.

Lemma B.0.5. If Vc vanishes at xy, then M. is a positive semi-definite matrix and

with rank-three.

Proof. We write the complete matrix M, first,

T ovrl \&s vrlm
Tt Vi _ 17 M|V’T| 7] (B3)
V. M c]‘WVY_‘T M
To show that the matrix M, is positive semi-definite, we use v = («, p)T,
T T
T 92 QVT \Ya \V4 P T
Mev = M 2 M B.4
A T R 7 e T I .
T
\Ya \Ya
= M . B.5
(aegry +p) 1 (aegry +o) B9

Equation (B.5) shows that the null space of M, is an one-dimensional space and its
basis is v,

o= Vi |, (B.6)

The assumption that there are no grazing rays guarantees that 7,, # 0 for both beams

before and after reflection.
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We now start to prove the transform N and its inverse transform preserve the S.P.D.
property when Ve = 0. In other words, if M is S.P.D, then M = RX~1(M) is S.P.D.
On the other hand, if we have M is S.P.D, then R(M) is also S.P.D. for both P-wave

and S-wave eikonal equations.
Case I: M =X~ (M)

There are several steps involved to prove M is S.P.D. We first consider M is a submatrix
of the corresponding complete matrix M,.. Then we use Lemma B.0.5 to show this

submatrix is S.P.D.

For any vector w = (ug,ug,u3) € R3,

ul

u2

u3

if the reflection happens on the surface {x = (z,y,2) : © = 0}. Since there’s only a
single basis v in the null space of the matrix M., all vectors in the form (uq,0,us, U3)T
is not parallel to ©v. Moreover, the complete matrix M, is a positive semi-definite
matrix. Then for any vector {u = (uy,--- ,u4) : us = 0}, equation (B.7) will be

positive. Consequently, ul Mu > 0 for any w and M is S.P.D.

Case 2: M =R(M)

Similar idea will be applied here. The Hessian M firstly is treated as a submatrix

of the complete matrix M, and then use the fact that M, is a positive semi-definite
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matrix.

In terms of the transform M = R(M), for any vector u € R3,

T 0
u Mu = (0 uT) M. : (B.8)
u

t

Obviously, all the vectors concerned above (0, w)" is not in the null space of the complete

matrix M. In other words, for any vector (0, u),
(0,u)" # BB, VB €Ry (B.9)

Consequently, u Mu > 0 for any w and M is positive definite. m

Proof by Contradiction: Vc # 0

We will follow the similar path as the constant velocity case. First, we prove the

imaginary part of the complete matrix M, is a positive semi-definite matrix.

Lemma B.0.6. The imaginary part of the complete matrix M. is a positive semi-

definite matrix and with rank-three. Moreover, the single basis v in its null space is

b= (B.10)
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Proof. We first prove v is in the null space

2 vl im(M)Vr VL Im(M)

C
Im(M,) = R vl (B.11)
Im(M)V
c% Im(M)

Here, although the gradient of the velocity Ve # 0, this will only affect the real part.

Therefore, we can apply the same argument in Lemma B.0.5 to prove. O

To prove that the transform N and its inverse transform will preserve S.P.D property,
we can use the same idea in the case Ve = 0. The reason is that we only care about
the imaginary part of the matrix and their imaginary parts are exactly the same thing

as the ones in constant velocity case.

FDTD

As we mentioned previously, the reference solution is generated by the FDTD solution

with the staggered grid. Its correctness will be checked here.

To test this, we compare the FDTD solution with the exact solution in the general
boundary value problem. If this more general problem is solved correctly, then our

reference solution is justified. The parameters used here are,

A= 2;
p=1;
p=1
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while the initial condition f here is zero vector 0, and the initial velocity g is

0
87 cos(8t) sin(8mx)

0

With the appropriate boundary condition, we know its exact solution is sin(87t) sin(87rz).

We compare the result at 7' = 0.8, In Figure B.1, the blue line is the correct result,

15

0 0.1 0.2 0.3 0.4 0.5

Figure B.1: FDTD solution justify.

while the red star curve is the FDTD result with mesh size h = 0.01. Furthermore, we

display its convergence rate in Figure B.2.

We start the mesh size from % to ﬂl)Tj and each time the grid size is reduced by half.
The blue line in Figure B.2 shows the logarithm of Lo-error on each mesh size, while

the red star line is a linear function with the slope log(1/2) for comparison.
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Figure B.2: Convergence Rate of FDTD algorithm
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