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ABSTRACT

LONG-TIME CONVERGENCE OF HARMONIC MAP HEAT FLOWS
FROM SURFACES INTO RIEMANNIAN MANIFOLDS

By

Kwangho Choi

We study the long-time convergence of harmonic map heat flows from a closed Riemann
surface into a compact Riemannian manifold. P. Topping constructed an example of a flow
that does not converge in the infinite-time limit. Motivated by the observation that Top-
ping’s flow has accumulation points at which the Hessian of the energy function is degenerate,
we prove convergence under the assumptions that (a) the Hessian of the energy at an accu-
mulation point is positive definite, and (b) no bubbling occurs at infinite time. In addition,
we present examples of heat flows for geodesics which show that the convexity of the energy
function and convergence as t — oo may not hold even for 1-dimensional harmonic map heat

flows.
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Chapter 0O

Introduction

A map u between two Riemannian manifolds (M, ¢g) and (N, h) is called a harmonic map if it
is a critical point of the energy function F(u) = % s |0lu|2 dvolg in 02(2, N). A harmonic
map heat flow is a gradient flow of the energy function on a space of maps. If one embeds
the target manifold N isometrically into R", then the harmonic map heat flow is a weak

solution u: M x [0,00) — N to a system of nonlinear parabolic PDEs with initial condition:

u = Au+ A(u)(du, du), (0.1)

u(+0) = ug("),

where we consider u: M — N < R" to be a map into R", and where A denotes the
second fundamental form of N in R”. Intrinsically, the right-hand side of (0.1) is minus the
gradient of E for the L? Riemannian metric on the space of maps from M to N. Thus one
can consider a solution u = u(t) to be a family of maps that starts from u( and flows in the

energy-minimizing direction.



Standard results show the existence and smoothness of solutions to (0.1) for short time.
Eells and Sampson [6] used harmonic map heat flows to prove that if the target manifold
N is a Riemannian manifold with non-positive sectional curvature then the solution to (0.1)
exists for all time and therefore any smooth map ugp: M — N is homotopic to a harmonic

map.

For dim M = 2, the energy F is invariant under the conformal change of metrics on
>} and it is possible that the energy density concentrates at a finite set of points. Sacks
and Uhlenbeck [16] discovered a “bubbling phenomena”, in which each point of energy
concentration yields a harmonic 2-sphere S 2, called a bubble. For sequences of harmonic
maps, Parker [13] proved a “bubble tree convergence theorem,” in which the maps converge
to a limit map together with bubbles so that energy is conserved in the limit and the image

of the limit is connected.

For harmonic map heat flows, Struwe [18] showed that a global weak solution u(t) to
(0.1) exists and is smooth away from a finite set of “singular points” (z,T%),..., (v, T}.)
in spacetime ¥ x R. At each singular point, energy concentrates at x; and a bubble splits
off. Struwe also showed that there is a sequence t;, — oo such that the maps u(tp) con-
verges weakly to a harmonic map uco together with possibly some bubbles (see Section 1.4).
Struwe’s theorem was refined by Lin and Wang [9] and by Qing and Tian [15] to a bubble
tree convergence result. Specifically, they showed that, at both the finite and infinite times,
enough bubbles appear to make the energy function continuous and the image of the limit
map uoo (including bubbles) is connected. Notice that all of these results require passing to

subsequences.

In general, the limit of the solution u(tn) as tp — oo is not unique and does depend on
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the choice of the sequence ty, of time. The uniformity of convergence of the heat flow at
infinity is proved for some interesting cases. For example, Topping [19] showed convergence
of the harmonic map heat flow u(t) from S2 to S2 ast — 00, assuming that uso and the
bubbles are all holomorphic or all anti-holomorphic maps as harmonic maps between two
S2’s. In case of real analytic target manifolds, the uniformity of convergence of harmonic

map heat flows follows by Simon [17].

In Chapter 2, we present details of the example of P. Topping that motivates our work
in this thesis. It is an example of a harmonic map heat flow from a 2-sphere to a compact
Riemannian manifold that exists for all time but does not converge as ¢t — oo. Instead, it
exhibits ‘winding behavior’ — the flow is asymptotic to a flow that moves around a circle of

harmonic maps with constant speed.

Topping outlined his construction in Section 5 of [19]. He later gave a more sophisticated
example ([20]) for domains with boundary. Section 2.1 shows how the details in [20] yield
a complete proof of the construction of [19] (and fix a small error in the original). For this,
we consider the manifold N = R2 x S2 with the warped product Riemannian metric used
by Topping in [20], and then consider the harmonic map heat flow u(t) from S 2 to N of the

form Topping uses in [19], namely u(q,t) = (p(t), q) where

p(t) = =V f(p(t)). (0.2)

This gives the existence of a harmonic map heat flow from S2 into N having tension
uniformly bounded in L2, but not converging anywhere as t — o0, although there exist
sequences {tn} such that u(tp) — uco in C°° as n — oco. Roughly, one can think of u(t) as

S? fibers “orbiting” the cylinder infinitely many times with orbits asymptotic to the center
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circle.

In fact, the accumulation points of the above flow are maps uco that lie in the set M
of absolute minima of the energy function. In Section 2.2 we show that M is a manifold
diffeomorphic to S1 x PSL(2,C) and we prove that the Hessian Hess(E) of the energy
function on the space of maps is degenerate as a bilinear form in the normal bundle along
M. The key observation of this thesis is that, in general, convergence is controlled by the

degeneracy or non-degeneracy of Hess(£) along the limiting set.

Chapters 3 - 5 develop criteria that insure a harmonic map heat flow will converge as
t — oo. Our approach is to avoid the bad behavior of the above example by controlling
Hessian of the energy function E(u(t)) along the heat flow. Consider a harmonic map heat
flow u(t) from a compact Riemann surface ¥ into a compact Riemannian manifold N. From
Struwe’s theorem, we know that supy- [du(t)| is necessarily unbounded at each finite singular
point. We also know that as t — oo there is a subsequence u(tp) that converges weakly
in W12 to a harmonic map uoo. This limit may not involve bubbles, and there may be a
uniform bound on sup |du(t)| as t — oco. In fact, if u(t) is very close to a stable harmonic
map uco for some large ¢ then one expects that u(t) will flow to uso without bubbles or
energy concentration points. For such flows, we can translate time so that t = 0 corresponds
to a time, beyond the finite singular times, such that we have a uniform sup bound on |dul

valid for all ¢ > 0.

Thus we will suppose that sups... [0,00) |du(t)| < C for some positive constant C'. Fur-
ther, if the Hessian of the energy F is positive definite at ucg, one expects the exponen-
tial convergence of the solution, that is, there should be constants C' and A such that

dist(u(t), uco) < C M. Notice that this is an assumption about the Riemannian geom-
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etry of the target space N. With these two assumptions, we prove the following result:

Theorem A. Let u: 2 x [0,00) = N be a harmonic map heat flow such that u(t) converges

to a harmonic map uoco weakly in w2, Suppose
(a) the Hessian of the energy E is positive definite at uco.
(b) supy |du(t)| < C for all large t > T.

Then u(t) converges to uso exponentially fast in W22 and hence in C1.

Consequently, under the hypothesis of Theorem A, u(t) converges uniquely to a harmonic
map uUoo, independent of any choice of subsequence. The proof of Theorem A is given in

Chapter 5.

The organization of this thesis is as follows.

In Chapter 2, we review Topping’s construction of a harmonic map heat flow from a two-
dimensional domain that fails to converge and that behaves problematically as described
above.

In Chapter 3 and thereafter, we assume that the energy density of the harmonic map
heat flow is uniformly bounded in t < oo for technical reasons. We consider the second
variation of the energy along the harmonic map heat flow u(t) to justify the definition of a
symmetric bilinear tensor B along u(t). Then we prove that if the symmetric bilinear tensor
B is positive definite along a harmonic map heat flow u(t) then u(t) converges exponentially
to a harmonic map in W22 norm where a parabolic estimate for harmonic map heat flows

plays an important role.



In Chapter 4, we discuss topologies on the space of maps to work with and then prove
that the symmetric bilinear tensor B is continuous on the space of maps in the wh2ncl
topology. Roughly, this implies that the symmetric bilinear tensor B is positive definite at

u nearby the accumulation point uso under the assumptions (a) and (b) of Theorem A.

Chapter 5 contains the proof of Theorem A. For the proof, we take a sequence u(tp)
converging to uco in w20 o0 and show by contradiction that, once u(ty) enters in a
w2 nct %-neighborhood, it stays in a w2 n ol 0-neighborhood for all n. Hence our

main theorem follows from the exponential convergence in Chapter 3.

Finally, in Chapter 6, we present examples of geodesic heat flows. This case is technically
simpler, but still displays interesting non-convergence behavior, and it provided motivation
for our work in Chapters 3 - 5. For the 1-dimensional domain, the harmonic map heat flows
from S! are called geodesic heat flows. Here one can use some facts from Morse theory,
working on the (infinite-dimensional) manifold of w2 loops in N. It is known that Palais-
Smale compactness condition is satisfied on this loop space with its W12 Riemannian metric,
but this does not insure convergence of downward W12 gradient flows (see [1]). The same

is true for geodesic heat flows: they may not converge as t — oo.

We illustrate such behavior by constructing explicit examples which show that the con-
vexity of the energy function and convergence as t — oo may not hold. For the first two
examples, we consider geodesic heat flows from S Linto a surface of revolution in R3 that are
equivariant under an .S I action and then derive a general solution of the geodesic heat flow.
As an application, we analyze the solution of the equivariant geodesic heat flow from S Linto
52 and show that the energy function is not convex. For the third example, we construct

the geodesic heat flow u(t): S 1 7 3, showing that the convergence fails as t — oco.
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Further studies on the geodesic heat flows, including a C°° convergence theorem, are in

progress [1].



Chapter 1

Background

We define the basic concepts and notations of harmonic maps and give a short introduction
to harmonic map heat flows in the light of the bubble tree convergence. In this thesis we
denote by ¥ a closed Riemann surface, and by N a compact Riemannian manifold unless

specified otherwise.

1.1 Energy

Let (M, g) be a compact Riemannian manifold without boundary and (N,h) a compact
Riemannian manifold. If u: M — N is a smooth map, we consider du to be a u*TN-
valued 1-form of M. The energy density e(u) of u is defined to be e(u) = %\du|2. In local

coordinates (z%) and (u') around z and u(z), we have

_Lag, @%
e(u) = 29 hw(u)(‘)xa oz
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The energy E(u) of u is

E(u) = /M e(u) dvolg

where dvolg is the volume form on (M, g). We note that, as a rule, Greek indices are used
for tensors on the domain manifold and Latin ones for tensors on the target manifold and

we use the summation convention.

1.2 Euler-Lagrange equation and harmonic maps

In this section, we derive the Euler-Lagrange equation of the energy F.

Let V € T'(u™T'N) be a vector field along the image of u: M — N and consider a family
of maps u(t): M — N such that u(0) = v and a%—gt)‘t:o = V. We consider the family u as

amap u: M x R — N and let @ denote %% Then we have

d d
S E®)|—y = o 1 ) dvolg|,—

1 0
-2 /M S {du(t), du(t)) dvolg|,_g

_ /MW 2 du(t), du(t)) dvolg|,_

where V is the covariant derivative in T*(M x R) ® u*T'N. For X € TM, we have

<Vadu)X = Vyi+du([$. X]) = Vi,
ot
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since [%,X] = 0. Then

(Va(t), du(t)) dvolg|,_

I
= /M (VV,du) dvolg

_ /M<v, 7(w)) dvolg

where 7(u) = trace Vdu is called the tension field of u. Hence the tension field 7(u) of
u € 02(]\/[ , N) is the negative of the gradient of the energy function with respect to the L2
Riemannian metric on the space of maps. In local coordinates (z%) and (uz), the tension

field 7(u) is given by

0

oul’

— 7l (u)

T(u) = (Aul+ga5F§k(u) Oul ou ) 0

0z 9B | ut

where Au’ = d{atgaﬁ% (\/detggaﬁgxig) and ng is the Christoffel symbol of N.

:

Definition 1.1. A smooth map u: M — N is harmonic if it is a critical point of the energy

E.

Note that u is a harmonic map if and only if 7 (u) = 0 for all i. For systematic develop-

ments of the theory of harmonic maps we refer to [2], [3] and [4].

1.3 Existence of harmonic maps from a surface

As a generalization of the problem of finding harmonic functions, one can consider the

problem of the existence of harmonic maps. In many ways, the most interesting case is
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when the domain is a 2-dimensional Riemannian manifold (¥, g). Then, given a Riemannian

manifold (N, h), the existence problem takes this form:

Given ¢: X — N, find a harmonic map u: 3 — N with u homotopic to ¢.

In general, the existence of nontrivial harmonic maps does not hold. For example, it is
known that there is no harmonic map of degree one from a smooth torus T2 to the round

sphere 2 (see Eells and Wood [5]).

A classical result on the existence of harmonic maps from S 2 was given by Sacks and
Uhlenbeck [16]. Unlike the 1-dimensional case, the Palais-Smale compactness condition for
the energy E in general fails on the space of maps of ¥ with any reasonable topology. Hence
the direct minimization method does not apply in the 2-dimensional case. To overcome this,

Sacks and Uhlenbeck considered a perturbed a-energy Eq: for a > 1
Ealu) = /2(1 + [dul?)Y dvoly

for w in the separable Banach manifold W1=2O‘(E,N) (See (1.3) below). Note that, for
a = 1, the critical points of Eq are harmonic maps. For a > 1, the a-energy Eq (u) satisfies
Palais-Smale compactness condition and hence (smooth) critical maps uq exist. Thus one
can consider a sequence uy, of ag. harmonic maps with o — 1 and with Eq, e (u.) uniformly
bounded. Sacks and Uhlenbeck showed that there exists a subsequence which converges
weakly in W1’2(S 2, R") to a limit uco and a further subsequence u; converges to uco in C 1
away from a finite set of points z1,...,2g in X. It follows that (after using a removable

singularity theorem) ueg is a smooth harmonic map. Furthermore, after renormalizing and
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passing to a subsequence, they obtained a nontrivial harmonic 2-sphere at each singular point
x; to (partially) capture the energy loss as u; = Uoo. As an application, they answered the
above problem when the fundamental group mo(N) is trivial: if m9(NN) =0, for ¢: ¥ — N,

there exists a smooth harmonic map u: ¥ — N homotopic to .

A nontrivial harmonic map of the 2-sphere S 2 5 N is called a bubble when it arises by

a renormalization process like the one used by Sacks and Uhlenbeck.

For technical reasons, it is convenient to fix an isometric embedding N C R" and write
the harmonic map equation extrinsically. Then 7(u) is the tangential component of Au and
satisfies

T(u) = Au+ A(u) (Vu,Vu), (1.2)

where Au is the Laplacian of R” (our sign convention is A = go‘ﬁ 8Q0B + lower order terms)
and A is the second fundamental form of N C R’ and we abbreviate A(u) (Vu, Vu) =
af g Ou_ _Ou_
Y (u) (&Eaa 01'5)'
To proceed with the extrinsic setting, a natural choice for admissible family of maps is

the Sobolev space W1’2(Z, N):
W22 N) = fue WH2(S,RY) | u(z) € N for ae. z € 3, (1.3)

where u € Wl’Q(E, R") if and only if ul e W1’2(Z) for each i = 1,...,7. It is well-known
that WI’Q(Z,N) is not embedded into CO(Z,N) though the space C°° (%, N) is dense in
leQ(E,N ). In particular, dim ¥ = 2 is the borderline case of the Sobolev embedding
theorem W12 <5 €0, The “bubbling phenomena” of Sacks and Uhlenbeck is related to the

borderline failure of this Sobolev embedding and also to the invariance of the energy F(u)
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under the conformal change of metrics on 3.

Now we consider a critical point of the energy F among variations of a map in W172(Z, R")

composed with the nearest point projection onto the compact Riemannian manifold N C R".

Definition 1.2. u € W172(M, N) is a weakly harmonic map if
Au+ A(u) (Vu,Vu) = 0 weakly (1.4)
that is,

/M—<Vu, Vo) + (A(u) (Vu, Vi) , ) dvoly = 0 (1.5)

for any ¢ € C°(M,R").

A weakly harmonic map is called stationary if it is also a critical point of the energy
with respect to domain variations. In general, stationary weakly harmonic maps are not
necessarily smooth. We state results on the regularity of stationary weakly harmonic maps
without proof below. Proofs and references can be found in Moser [11], and Lin and Wang

[10].

Theorem 1.3. A stationary weakly harmonic map w: M — N is smooth away from a

singular set of vanishing (m — 2)-dimensional Hausdorff measure where dim M = m.
Theorem 1.4. A continuous weakly harmonic map is smooth.
For the 2-dimensional case we have by Hélein [7]

Theorem 1.5. If dim ¥ = 2, every weakly harmonic map of ¥ is smooth.
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1.4 Harmonic map heat flow
Another approach on the existence of harmonic maps is the heat flow method. This approach
is the main topic of this thesis.

Let M, N be Riemannian manifolds of any dimension. A harmonic map heat flow is the

downward L2 gradient flow of the energy F(u):

w(t) = 7(u(t)) (1.6)

u(-,0) = wuy, (1.7)

where ug € C°°(M, N) and we abbreviate u(t) = u(-,t) for ¢ > 0.

In a seminal paper [6], Eells and Sampson showed that the nonlinear parabolic equation
(1.6) with the initial condition (1.7) has a short-time solution which is unique, and that if the
target manifold N is a compact Riemannian manifold with non-positive sectional curvature
then the solution to (1.6) exists for all time and therefore any smooth map ug: M — N is

homotopic to a harmonic map.

When the domain is a compact Riemann surface X, Struwe [18] showed the following

existence theorem:

Theorem 1.6. Given ug € C°°(X, N), there exists a weak solution u € Wllo’f(Z x[0,00), N)

to the harmonic map heat flow equations

i = Au+ A(u) (Vu, Vu) (1.8)

u(-,0) = ug.
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satisfying
(a) u: Xx[0,00) — N is smooth on Xx[0,00) away from a finite set of points in £.x (0, 00),

(b) At each bubble point xp, a bubble ‘separates’, so that the energy function E(u(t)) is

decreasing in t,

(¢) Near t = oo there erxist a sequence of time tn — oo and a smooth harmonic map
Uoo: X — N such that up = u(tn) converges to uso weakly in Wl’z(Z,N), and
strongly in W22 away from a finite set of bubble points xoo of X at each of which a

bubble ‘separates.’

We note that there are a finite number of bubble points at each singularity time and bubbles
separate in the sense that, for each bubble point xp with possibly T' = oo, there are sequences
xn — xp, tp = 1,0 < Rp — 0 as n — oo such that, after precomposing exponential map
eXPy,, at Tn, rescaling un o expg,, with scale Ry, it converges to a nonconstant harmonic
map of R2 — N with finite energy and hence induces, by the removable singularity theorem

[16], a nonconstant harmonic map via a fized stereographic projection.

By renormalizing sequences of harmonic maps to obtain “bubbles on bubbles”, Parker
[13] proved a “bubble tree convergence” theorem in which the limit map and bubbles are
connected for a sequence of harmonic maps from a compact Riemann surface .

Qing and Tian [15], also considering maps from surfaces, proved that any Palais-Smale
sequence of the energy functional with uniformly L2 bounded tension fields T(un) converges,
after passing to a subsequence and relabeling, pointwise to the image of the limit map, called
the bubble tree map. Building on the “bubble tree convergence” theorem of Parker and

Wolfson [14] and Parker [13], Lin and Wang [9] gave another proof of the Qing and Tian’s
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result.

In this thesis we examine the convergence of harmonic map heat flows u(t) from ¥ to N
as t — oo. It is natural to study the asymptotic behavior of the harmonic map heat flow as
t — oo. More precisely, one can ask if the weak convergence is actually convergence in 0 or
a stronger norm, and whether the convergence is independent of the choice of subsequences

as tp, — o0o. The remainder of this thesis is devoted to answering these questions.
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Chapter 2

Degenerate Hessian of the energy

In this chapter, we review an example of P. Topping of a harmonic map heat flow that
exists for all time but does not converge as t — oo. We then observe that Topping’s flow is
asymptotic to a manifold M of limit maps uco, and that a key feature of the flow is that

the Hessian of the energy is degenerate in the normal bundle to M.

2.1 Failure of convergence

Topping’s construction is outlined in [19], but for technical reasons it is necessary to replace
the flat metric on the torus T2 used in [19] with the modified metric that Topping uses in
[20] for a more sophisticated example. To start, consider the strip [-1, 1] x R with coordinates

(w, z) and with the metric

dw? + 2wldw dz + (1 + wh) dz2.

17



Let C be the cylinder obtained by taking the quotient of [-1, 1] x R by the group of isometries
I'={(w,2) = (w,z+n) | n € Z}, and let N be the warped product C'x S2 with the “warped

product” metric
h = dw?® + 2wldwdz + (1+ w4) Az + flw,2) (da2 + sin? adé’z)

where f is a smooth function of C' defined by the equation

_2r
1+e |wl (ﬂ—l—sin%r(ﬁ—z—%)) if w=#£0

flw,z) =
1 if w=0.

Using coordinates x = ﬁ — z and y = z, the metric is

h = (z+ y)_4d:)32 + dy2 + f(x,y) (da2 + sin? ad6’2)

where

flay) = 1 + o —2m(z+y) <\/§—|— sin 27 (x — %)) for w # 0

and satisfies g—i(o, ) = 0. We consider a path of maps u(t): $2 = N in (x,y,a,8) coordi-

nates by

_ 2
u(t)(r,0) = (0, y(t), arccos %, 9)

where we parametrize S 2 by stereographic projection, so our domain is R2 with polar coor-

dinates and with the conformally euclidean metric

A9 200
9= e (dr Fr de).
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Theorem 2.1. y(t) = 21? In 2\/§7r2(t +tp), for tg > 0 sufficiently large, yields a solution to

(1.6) for u(t):

= \/§7Te_2ﬂy(t) . (2.1)

Proof. Each u(t), as a map of (52, g) — (52, g), is the identity with respect to the metric g

on 52 and thus harmonic, that is, 7%(u) = 0 = Te(u). We also have Az =0 = Ay, g,.9 = 0,
Ja -2 09

and all partial derivatives are zero except for ar = 1,2 90 = 1. Using the formula (1.1),
T

we have

O 2 00 90\ 2
P = a0 () + g (55)

222 (_ N
- LY 10 (22

4 2 1472
(1+7r2)2(-1) 10Ff a2,
02 5 (z+y) %(an)ml
0
= et Py
of

0

= 0, since %(0,-)

da\ 2 90\ 2
TRy 00y

2 (- of (—2) \?
B ay " )<1+r2)

4 2 0Oy
22 (_ 2
(T+7r9)%( 1)g(0,y) 4r 12
42 2 Oy (1+172)2
_ _9f
= V2re 2TV,
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L o9 N 1
Suppose that y(t) solves (2.1). Then § = —27g“ and so y(t) 72W(t+t0)ofor tg > 0.
' 1 ' — 1 _ \V2me” %0
Write y(t) = 5 (Cp + In(t + £p)). Using (2.1), we set g = oty fort >0
and then get C(j = In (2\/§7r2). O

The target manifold N is given [20] where Topping considered the harmonic map heat
flow from the 2-disc D into his manifold N with a suitable initial boundary condition and
proved a finite time singularity is developed at center and is “winding” in the sense of [20].

Given t( > 0 sufficiently large, the tension field 7(u(t)) satisfies

2
2 Vol(S5#) 1
t))|“dvol = < C
/52 Ir(ult))]"dvo S2 472 (t+ t0)2

for all ¢ > 0. Hence we have

Corollary 2.2. There exists a harmonic map heat flow from S 2 into N having tension uni-
formly bounded in L2, but not converging anywhere ast — oo although there exist sequences

{tn} such that u(tn) — uco in C°° asn — oo.

Proof. For ty > 0, tp = t0627m yields such a sequence u(tp) — uoo as n — 0o. O

2.2 Degenerate Hessian of the energy

Define a family of smooth variations u(s,t): S2 5 N in (w, z, a, 0) coordinates by

2

—1+7r
u(s,t)(r,0) = s, t, arccos——, 6| . 2.2
(5,1)(1,6) ( = ) 22)
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Let W11’2(52,N) denote the space of w2 maps from S2 to N whose restriction to the
second component of N = C' x 52 is a degree 1 map S2 5 S2. Note that the group
PSL(2,C) of complex automorphisms of Pl = 52 acts conformally on 52 and acts on
N = (C x §2 by acting trivially on the first factor. Composition then gives an action of
PSL(2,C) on W11’2(S2,N): for vy € PSL(2,C) and ¢ € W11’2(52,N) the map v - ¢ is the

composition y o ¢.

Lemma 2.3. The absolute minima for the energy function E(u) on W11’2(S2, N) is the set

M = {you(0,t)|y€ PSL(2,C)},

which is diffeomorphic to sl x PSL(2,0C).

Proof. Any map u that minimizes F(u) is harmonic, and hence smooth. Writing v =

(ug,u9): S2 - C x S2, we have

1 2 2
E(u) = /52 |duy |z + f|du2|S2 dvol

2
1 2
5/52 f|du2|S2 dvol

1 2
5/52 |du2|S2 dvol

v

v

where the first inequality is strict unless uq is a map to a point p € C and the second
inequality is strict unless f(p) = 1, which occurs only if p lies on the circle S(l] ={w =0} in
2

(

C. Thus any u € Wll’ 52, N) with minimal energy has the form v = (p, ug) where p € S(l)

and us is a degree 1 map S 2 5 §2 with minimal energy. But minimal energy degree 1 maps
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Pl & Pl are holomorphic, and hence are elements of PSL(2,C). O

Proposition 2.4. Along the minimum set M of the energy function E on W11’2(S2,N),

the Hessian of E is degenerate.

Proof. We will show that, for each ¢, the maps u(s) = u(s,t) defined by (2.2) are a smooth
I-parameter family of maps with v in the absolute minimum set M, %u(s) 0 is not
S=

tangent to M, and

—E(u(s)) =0 and —= E(u(s))

e S p(s)+1 fors>0,

1 for s <0

where ¢(s) = sin 27‘(‘(% — %) + /2 for s > 0. Direct calculation shows that the derivatives of

©(s) satisfy o) = O(s—2") as s — 0, and that

d(s) = e s [271’8_24,0(8)-1-@/(8)

'(s) = e s [47r23_4—27rs_3+27rs_2 P'(s)+ ¢ (s)| -

Thus as s — 0 we have €/(s) — 0 and €//(s) — 0 (and in fact e(n)(s) — 0 for all n). This

gives the variations (2.3). Also note that the description of M = sl x PSL(2,C) given in

the proof of Lemma 2.3 shows that %u(s) 0= (1,0,0,0) is not tangent to M. O

S=
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Chapter 3

Hessian of the energy and W22
convergence of harmonic map heat

fAows

In this chapter, we prove that the harmonic map heat flow u(t) converges exponentially to a
harmonic map in W22 norm if the second variation of E (u(t)) is positive definite along wu(t)
and the energy density e(u(t)) is uniformly bounded in ¢. Key ingredients of the proof are
the first and second variations formulas (3.1) and (3.9) for the energy along the harmonic
map heat flows, and W22 estimates (3.4) on harmonic map heat flows. For completeness
we record at the end of this chapter the proof of regularity of weakly harmonic maps from

Y. under the assumption that e(u(t)) is uniformly bounded in t.
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3.1 Preliminary lemmas

We start with the following formulas for the harmonic map heat flow.

Lemma 3.1. For a smooth harmonic map heat flow u(t): M x [0,T) — N, we have
L Bu()) —-—/zhuﬂﬁdwl (3.1)
dt B M g ’

and

t
E(u(t))—l—/o /M|u(t)|2dvoldt = E(ug), Vte|0,T). (3.2)

Thus E(u(t)) is a nonincreasing function of t.

Proof. Multiplying (1.8) by @ and integrating over M yields

%mmm+ﬁﬂmm%m@=o vt € [0,T). (3.3)
Then (3.2) follows by integrating in ¢. O

For simplicity, we note that sup |du| are used interchangeably with |du|oo and numbered

constants below depend only on the geometry of 3 and N and |du|co.

Lemma 3.2. Let u(t): M x [0,00) — N be a harmonic map heat flow. If sup |du(t)| < C
by

vVt > T for some T >0, we have

lu(t) = u(s)llog < ey (li)) = als)lla + luh) — uls)12) ¥st>T.  (3.4)
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Proof. Regarding u(t) as maps into R, let v := u(t) — u(s). Then v is a weak solution of
Av = (aft) —ifs)) — P(u(t), u(s)) (3.5)

where ®(u(t), u(s)) := A(u(t))(du(t), du(t)) — A(u(s))(du(s), du(s)). By the elliptic estimate

for the Laplacian, we have

[vll2.0 < co ([[Avflg +[lvll2)

< e (la(t) —a(s)llo + [|D(ult), uls))ll2 + [Jult) —uls)ll2) - (3.6)
Since A is a smooth symmetric bilinear tensor,

[D(u(), u(s))ll2 < [ () — Alu(s)) (dut), du(t))]l9
+ [ A(u(s)) (du(t) — du(s), du(t) + du(s))|15
< 3| VAloo [du(t) o llu(t) — u(s)2
+ g |Aloo [du(t) + du(s) oo [u(t) — u(s)lly 2

< esllu(t) —u(s)ly o Vi s>T. (3.7)

Thus (3.4) follows from (3.6) and (3.7). O

Lemma 3.3. If u(x,t) satisfies the harmonic map heat flow equation then

—%at|u|2 — (VY 0) + tr (Ru(i, du)i, du), (3.9)
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and hence

A2 = 8al? +2 <|vu|2 + tr(Ru(a, du)i, du)) . (3.9)

Proof. By assumption, u(t) satisfies 1 = trVdu. Pick (z(,ty) € M x R and an orthonormal
frame {eq } on a neighborhood U of z(y such that [eq, et] = 0, Veyseq = 0 and Ve (Vey, 65) =

0 at each point in U and we may assume (Veq),, = 0 and hence [eq, eﬁ]zo =0, Va,p.

0
Then at the point (zq), (),

Vi = Vi (tr Vdu)
= V¢ (VaVau)
= Va (ViVau) + Ry(uxer, uxeq)useq
= Va (VaVu) + Ry (i, uxeq )uxeq

= —V*Vi + tr Ry (i, du)du, (3.10)

where we abbreviate Vo = Ve, and Vi = Ve,. Noting that %8“11\2 = (Vu,4) gives (3.8)
and (3.8) together with

A2 = —2(V*Va,a) + 2|Vl (3.11)
yields (3.9). O

Definition 3.4. Foru € C°° (M, N) a symmetric bilinear tensor B on u™*TN is defined as

By(V,V) = /M |VV|2 + trg(Ru(V, du)V, du) dvoly VV € u*TN (3.12)

Remark 3.5. If u is a harmonic map then By is the Hessian of the energy at u, i.e. the
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usual second variation of the energy at u.

3.2 W?? convergence of harmonic map heat flows

The following theorem holds for any closed Riemannian manifold M of any dimension.
Theorem 3.6. Let u(t): M x [0,00) — N be a smooth harmonic map heat flow and suppose

(a) there exist T >0 and A\ > 0 such that
By (@), i) = Aaly v >T. (3.13)

Then u(t) converges in L2 exponentially fast in t to a map uso € LQ(M, N).

(b) If further sup |du(t)| < C ¥Vt > T, the convergence u(t) — uoo is in W22 and uo is a
Y
weakly harmonic map. If dim M < 3 then the convergence is in 0 and if dimM = 2

then uoso s a smooth harmonic map.

Proof. (a) Let E(t) denote the energy F(u(t)) of the solution u(t). Then
E@1t) = — /M(T(u(t)),u(t)) dvolg = —||u(t)]|% <0. (3.14)
Integrating both sides of (3.9) (noting that OM = ), and then using (3.13), we have

E') = 2B,y (a(t) (1)) > AJa(t)]3 = —27E'(¢) (3.15)

27



for all ¢. Integrating in ¢,
E't) > E'(T) e 2N = —|lr(u(T))|3 e, (3.16)

and so

li@®)llg < Ir@(@)lly e M ve>T. (3.17)

Since the map of ¢ € [0,00) — u(t) € L2(M, R") is cl, we have

) = uly < [ idnlpdr < M2 = )

for all T' < t < s (the first inequality in (3.18) is proved in Palais [12]). Hence {u(t)} is
Cauchy in L2 and so limy s 5o u(t) = uco exists and is unique in L? (M,R"). Moreover,

uoo(x) € N almost everywhere z, since u(t)(z) € N V(x,t).

(b) Now suppose that |du(t)|co < C' ¥Vt > T. By interpolation, let C' = C(e) > 0 be a

positive constant such that

lut) —u(s)ll1 2 < ellult) —uls)ll2,2 + Cle)l[ut) = uls)ll2- (3.19)

Taking € = ﬁ and using (3.4), we have

[ut) —u(s)llz2 < cg (a(t) = als)l2 + lult) —uls)l2)

< ¢y e_)‘f“L vVt < s, (3.20)

where c7 = cg|T(u(T))||2 (2 + %) Thus u(t) is also Cauchy in W22 and so converges
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to uso in W22 as t — co. Moreover, (3.17) implies
|Auco + A(duco, duco)||g = lim  ||Au(t) + A(du(t), du(t))|lo = lim |[[u(t)|lo = 0.
t—00 t—00

If dim M < 3 then cv convergence follows from the Sobolev embedding theorem. If
dim M = 2 then the well-known theorem of Hélein [7], or Lemma 3.8 below, implies
that uoo is a smooth harmonic map.

O

Remark 3.7. Under the hypotheses of Theorem 3.6 with M = 22, Uoo 1S the unique har-
monic map in the weak wl2 closure of the flow {u(t) | t > T}. In particular, the weakly

convergent subsequences {un} of Struwe’s Theorem 1.6 all converge to uoo.

Instead of using Hélein’s theorem, we can use the following bootstrap argument in the

last sentence of the proof of Theorem 3.6.

Lemma 3.8. If dimY = 2, any weakly harmonic w2 map u: X — N with sup |du| < C
by

18 smooth.

Proof. Using sup |du| < C' and Holder inequality, we have u € W2p (3,N) Vp € (2,00),
by

since

IN

lull2,p < eg(l|Aullp + [|lullp)
< cg([|A(u)(du, du)llp + [lulp)

< cro(1 + flull2), (3.21)

where the constant cjg depends on p > 2 and Vol(X). By the Sobolev embedding theorem
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w2p < cl uecls N,

Using the Bochner formula for functions,

|AVqu| = |VaAu+RaBVBu|

< |Va(A(u)(du, du))| + ‘Raﬁvﬁu‘

IA

|V Al soldul + 2| Aloo|V2ul |du] + | R|so|dul

IN

e11 (I92ul? + Jauf? + |dul?)
where the last inequality holds by Young’s inequality. By (3.21), we have
lulzy < ciallull3g, < oo (3:22)
for all p < co. Hence u € 02(M, N). By induction, we have
Aval o ~Vak+1u = Val = -Vak+1Au + lower order terms.

Hence Hu“k‘%—l,p < c13 Zfzo Hqu’p Vp and thus u € C’k(M, N) for each k. O
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Chapter 4

Continuity of Hessian

In this chapter we discuss topologies on the space of maps to work with and then prove
that the symmetric bilinear tensor B is continuous on the space of maps in the wh2ncl
topology. Roughly, this implies that the symmetric bilinear tensor B is positive definite at

u nearby the accumulation point uoo under the assumptions (a) and (b) of Theorem A.

4.1 Sobolev spaces of maps

For a closed Riemann surface ¥ let M denote the completion of C°° (3, N) with respect to
the W1:P norm (p > 2) where N is isometrically embedded in R" as above. For dim Y = 2,
the Sobolev embedding theorem implies that M embeds continuously in C’l_% (3, N) and
hence M is a C2 separable Banach manifold. Then Ty M is the set of WP vector fields
along image:

TyM = {v eT (u*TN) [ VI, < oo}, (4.1)
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where ||V||]19’p = [)y IVVIP + |V|P dvolg. Hence M carries a weak L? Riemannian metric

given by
(V. W)y = /Z (V, W) dvol

and a weak W12 Riemannian metric given by
V,W)yg = /z (VV. VW) + (V, W) dvol, (4.2)

for V.W € TyM. Note that Ty M is not complete with respect to either L2 or wl2

topology.

Lemma 4.1. Suppose that the symmetric bilinear form B is positive definite at u € M with

respect to ( -,- )9: there exists A > 0 such that
Bu(V,V) > AV[3 WV eu*(TN). (4.3)

Then B is positive definite at u with respect to ( -, )1’2: there exists > 0 depending on

¥, N, A and |du|oo such that
Bu(V,V) > p|VI[io YV €u*(TN). (4.4)

The constant j1 > 0 is uniform on any set of maps with a uniform bound |du|oo < C.

Proof. Using the Hélder inequality and the interpolation inequality,

/ IVVI2 4+ [V]? dvoly < Bu(V,V)+2|R|oo/ V2| dul? dvolg—l—/ V|2 dvolg
5 5 5
21012 2
< Bu(V,V) +2|Rlool|VI 7l dullg + ZIVI dvolg

< Bu(V,V) +c1q€|VVI3 + 1+ Ce) VI3,
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where c14 = c14 (|R|oo, |du|oo, Vol(X)). Taking € = ﬁ and absorbing the second term

to the left hand side,

IVITo < 2Bu(V,V)+ei5]VII3

< (2+ 0175) Bu(V, V).

4.2 Continuity of Hessian

Fix an isometric embedding N — R" with a second fundamental form A. For small ¢ > 0 and
let Ne¢ be an e-neighborhood of N in R” such that the nearest projection map proj: Ne¢ —
N is well-defined. Let u,v € C°°(X,N). For V € I'(u*T'N), there is a corresponding

V € v*TN such that V = mV via the composition
TN < u*TR < £ x R" = o*TR" W o*TN

where my: v*R"” — v™TN is the orthogonal projection to the image of v. Let D denote
the Levi-Civita connection on R". For X € TY, A(u)(uxX,V) is the normal component of

D XV such that

Tu = dprojy,
Dy (X, V) = A(u)(uxX,V),

VxV = DxV — A(u)(uxX, V).
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Note the sign convention.

Now extend A smoothly to a tensor in a neighborhood N¢ of N in R”. For Theorem 4.3

we estimate the difference between the second fundamental forms at two points of V.

Lemma 4.2. There exists a constant c1g > 0 depending on the geometry of N such that

[1A@) (V. W)] = |A()(V, W) |

< cg(lu—o||VI[W|+ [V = V[|[W|+ V] |W - W), (4.5)

where c16 > 0 depends on the geometry of N.
Proof. Because N is compact, both |A| and |[VA| are bounded. We can then write

Alu)(V, W) = A(o)(V, W)

A

= (A(w) = A@))(V.W) + A@)(V = V, W) + A()(V, W — W),

and note that the Mean Value Theorem implies that |A(u) — A(v)| < Cdist(u,v) for some
C > 0. Lemma 4.2 follows because the Riemannian distance dist(u,v) in N is uniformly

equivalent to the euclidean distance |u — v|. O

Define the W12 o0 topology by the norm
lw = oll = [lu=vlly 2+ sup_|u(x) = v(z)] (4.6)

TEY

for maps uw,v: ¥ — N < R".
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Theorem 4.3. Suppose there exists A > 0 such that
By(V,V) > AV|3 WV e T(w*TN).

For C' > 0 given, there exist p = (X, N, A\, C) > 0 and a wl2n ol neighborhood U of v

such that
Bu(V,V) > p|[VI[5 ¥V € D(u*TN)

for all v € Upy == U N {sup |du| < C}.
)y

Proof. Fix v: X — N and let 61 < %inj(N) be a small positive number to be chosen later

and set 0 :=sup dist(u(z),v(x)) < 1. Write
rEXL

By(V,V) = By(V,V)
_ /z IVV|? = |VV|2 dvoly + /2 trg (Ru(V, du)V, du) — trg (Ry(V, dv)V, dv) dvol

— I + II. (4.7)

I) Let {eq} be alocal orthonormal frame. For V € I'(«*TN), we have
(

~ ~ A

VaV = DoV — A(v)(vseq, V)

A

= Dq(myV) — A(v)(vkeq, V)

= Dny(vkeq, V) +mp(DaV) — A(v)(vkeq, V)

= A®)(vkeq,V = V) + mp(Da V),

where

35



WU(DQV) = (7T'U — Wu)(DaV) + Wu(DaV)

= (71'1] — Wu)(DaV) + VQV

Applying the Mean Value Theorem with m = dproj, we have the bounds

‘7T’U_7TU‘ S 0175,

V—=V| = |(my —m)V|] < c180|V] (4.8)

Noting

[DaV| < [VaV[+[Aloo [dulcc|V] < c19(IVaV ]+ V),

we have

[IVaV] = VaV|| < |A@)(vxea.V = V)| + |(r0 = 7u)(DaV)|

< o0 0([VaV|+[V]), (4.9)

where co) = co(|A|oo, |dul, |dv]). And also,

IVaV]+|VaV] < 2|VaV]+co16(VaV]+ V)

< e (IVaV|+[V]), (4.10)

where c99 = c99(|A|oo, |dul, |dv|). Then (4.9) and (4.10) yield
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I < /E(IVVI +[VV) | IVV] = [VV]] dvolg

IN

c930 /E(|VV| +[V)? dvoly
< epd VI o (4.11)
(IT) For N < R" the Gauss-Codazzi equation becomes
(RX,Y)Z, W) = AX,W)-A(Y,Z) — A(X, Z) - A(Y,WV)
for X,Y,Z, W € T'N. Hence we have
[(R(w) (V. usea)V,uxea) — (R(v)(V,vxea)V, vsea)| < A + Ag,
where

A1 = AWV, uxea))? = |A@)(V, vxea) 2],

Ay = }A(u)(v, V) - Au)(uxeq, uxeq) — A(v)(v, V) ~A(v)(v*ea,v*ea)‘.
(A1) Noting (4.8), |[V| < |V|and Lemma 4.2, we have

Ap < (JA@)(V,usea)| + [A@)(V, vxea)l) | [A()(V, uxea)| = [A(@0)(V, vxeq)l |
< o5 |VI(8|V] + |du — dv| |V])

= co5(8 |V + |du— dv| [V]?), (4.12)

where cor5 = co5(|VA|oo, |A]co, |dul, |dv]).
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(A9) Using Lemma 4.2,

Ay < AWV, V) = A(w)(V, V)

}A(u)(u*ea, u*ea)‘

+HA@)(V, V)

|A(u) (useq, usea) — A(v) (vkeq, vreq)|
< o VI + con|VIP(6 + |du — dv))

cog (8]V[% + |du — dv| [V]?), (4.13)

IN

where cog = c98(|VA|oo, |A]co, |dul, [dv|). But the Hélder inequality and the Sobolev

embedding wh2 oy 4 give

/E|du—dv||V|2dvolg < [ldu — dully V)2

< ey llu—vl12 VI (4.14)
Combining (4.12), (4.13) and (4.14), we have

11 < egp (6+ =2l 2) IVIIT 5. (4.15)

Hence, from (4.11) and (4.15),
Bu(V,V) = Bo(V,V) = egp (64 lu—olly2) IVIIF o, (4.16)
where c31 = c31(2, N, [dv|oo, |du|oo).

Now we prove Theorem 4.3. Using Lemma 4.1 and (4.8), one can choose a positive
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number 11 > 0, depending on |du|og, such that

By(V,V) > ,L1||V||%72 YV € T(u*TN). (4.17)

Let 1 > 0 be a positive number with 61 < Qléil’)l' If 0+ |lu = v[ly 2 < &1, we have, from

(4.16) and (4.17),

Bu(V,V) = p1[VIl12 = e3101 V1T

A%

H1 2
ALz,
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Chapter 5

Proof of the main theorem

In this chapter we complete the proof of our main result Theorem A. To that end, we consider

a harmonic map heat flow u(t) : 3 — N whose energy density is uniformly bounded:
sup [du(t)] < C for all t > Tj. (5.1)
Y

Lemma 5.1 below shows that this bound implies that the flow is adherent to a smooth
harmonic map uso at t — oo. We then add the hypothesis that this limit ucg is stable, that
is, the Hessian of the energy function is positive definite (in the sense of Definition 3.4) at
Uoo. With these hypotheses, Proposition 5.2 implies that at some large time, the flow enters
and remains in a neighborhood of uog in which the symmetric bilinear tensor B is positive

definite. Theorem A then follows from the exponential convergence proved in Chapter 3.

To start, consider a harmonic map heat flow wu(t) : ¥ — N satisfying (5.1). This as-
sumption implies that the maps u(t) are uniformly bounded in WP for any p, so by the

compactness of the Sobolev embedding wkp — oV for p > 2, there is a sequence ty — 00
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such that the maps u(ty), which we denote as up, converge in 0 1n fact, using the heat

flow, we can also assume that the uy converges in W12 as follows.

Lemma 5.1. For any harmonic map heat flow u(t) : ¥ — N satisfying (5.1) , there is
a sequence tp — oo such that the maps up = u(tn) converge in w200 1o a smooth

harmonic map uco.

Proof. As above let ty, — 0o be a sequence such that uy, converges in €0 and so does in L.

By Lemma 3.1 we have

t+1 9
/ /2 |u(t)]“ dvolg — 0 ast — oo. (5.2)
t

Hence, after passing to a subsequence and relabeling, there exists a sequence ¢y, — oo such

that ||un |9 — 0 as n — oco. Under the assumption (5.1), the elliptic estimate for A shows

lunlla,z < ez (limlla + llunlly 2)

Interpolating the second term and absorbing to the left side, we have

lunllo2 < c33 (lunllg + lunll2)-

Hence up, converges to uoo in W2=2, and so in W12, Moreover, uco is a harmonic map,

since ||[inllo — 0 as n — oo. O

The W12 1 00 norm llu]l = [|ully o+ sup |u(z)| used in (4.6) defines neighborhoods of
T z€exn

Uoo

Us = {ulflu—uoccll <3}
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Proposition 5.2. Let u(t): ¥ x [0,00) = N be a harmonic map heat flow and let 57 > 0

be the constant in the proof of Theorem 4.3. Suppose that
(a) B is positive definite at ucso
(b) sup |du(t)| < C V.
)

For each § < 61 there exist a T > 0 such that if t > T, u(t) lies in the neighborhood Us ¢ of
uoo defined by

Us o = Us N {u[sup |du| < C}.
’ )

Proof. Choose a sequence tp — oo such that up converges to a harmonic map ucg in

wl2n o0 as in Lemma 5.1. By Theorem 4.3 with v = uoo we have
Bu(V,V) > p|V|3 vV € T(u*TN) (5.3)
for u € Us . After passing to a subsequence, we can assume that

o
lultn) —ucoll < 5+ ¥n.

Note that Theorem 1.6 implies that u is smooth on 3 x (0, c0) except for finitely many points

of ¥ x (0,00) and hence we can assume u € C°°(X X [t1,00), N). For each n, let
Tn = sup{t| |u(s) — ucc| < é1 Vs € [tn,t]}.

If Ty, = oo for some n, we are done. Suppose Ty, < oo for each n. We then have Ty, > tp,

and |Ju(tn) — uco|| = 61 for each n, since |Ju(s) — ucc|| is a continuous function in s on
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[t1,00). Note that Bu(s) satisfies the condition (5.3) for all s € [tp,Tn). Then by the

Sobolev inequality and (3.20) we have

lu(s) = ultn)ll < e lluls) —ultn)llg < eg5e M Vs € [tn, Tn)

for each n.

Choose n large enough that the right side of (5.4) is less than 21[51' Then

01 01 _ 91

lu(s) = wooll < luls) = w(t)ll + fu(tn) —uooll < L+% = 2

for all s € [tn,Th). Hence, we have |[u(Th) — ucol| < %51, a contradiction.

O

Theorem A. Let u: £2 x [0,00) — N be a smooth harmonic map heat flow such that u(t)

converges to a harmonic map uso weakly in w2, Suppose that
(a) the Hessian of the energy E is positive definite at uso and

(b) supy, |du(t)| < C for all large t > T

Then u(t) converges to uso exponentially fast in W22 and hence in C1.

Proof. By Proposition 5.2 and Theorem 4.3, one can find a T" > 0 so that the symmetric

bilinear tensor B is positive definite along u(t) for all £ > T". Hence Theorem A follows from

Theorem 3.6.
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Chapter 6

Examples of geodesic heat flows

A classical result in Riemannian geometry asserts that every map ug: S L 5 M into a closed
Riemannian manifold (M, h) is homotopic to a closed geodesic. Intuitively, this can be
proven by deforming wu( by following the flow of the downward gradient vector field of the

energy function

Blu) = %/51 du)? df (6.1)

on the free loop space of maps u: S Ly M. Tt is standard to do this using the w2 gradient
flow on the space of maps, but alternatively one can use the heat flow. Specifically, given an

w2 map uq: S L m , we can consider the “geodesic heat flow”

i = VT u(6,0) = ug(0) (6.2)

L' M that converge to a closed

One expects that this heat flow produces maps u(t): S
geodesic at t — oco. Standard results (cf. [8], [1]) show that the flow exists for all time, that

u(t) is smooth for each ¢t > 0 and that there is a sequence ty, — oo so that u(tp) converges
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in W12 to a closed geodesic. But, surprisingly, it is not known whether the flow converges
(without extracting a sequence).

Actually, convergence is claimed in [8]. Unfortunately, the proof relies on the assertion
that the energy F(t) = E(u(t)) along the flow is a convex function of ¢, and the proof of this
assertion in [8] has an error. In this chapter we give examples of geodesic heat flows that

show that
e the energy function E(t) need not be convex, and
e the geodesic flow may not converge.

Convergence results for the geodesic flow will be given in [1].

6.1 Geodesic heat flows on surfaces of revolution

In this section, we derive the equation for the harmonic map heat flow w(t) from S Linto a
surface of revolution M C IR3, for u(t) being equivariant for the standard S 1 action that

fixes the z-axis.

Consider a surface of revolution M in R3 obtained by rotating a curve r = f(z) > 0
about the z-axis and imagine a circle S 1 sitting in M as in Figure 6.1 below. Introducing

the angle coordinate 6 to S L and the cylindrical coordinates (r, 0, z) to ]RS, one writes

w®,t) = (f(=(t)), 0, 2(t)) € M C R3 (6.3)

Since the surface of revolution M is the graph of the map ¢: [0,27) x R — M given by
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(M, h)

(& p(?“,@,z)

Figure 6.1: u: (Sl,g) — (M, h)

w(0,2) =(f(2),0,z), we can use <p_1 as (global) coordinates for M as
—1 _ (1 2
¥ ou(9>t) - (9> Z(t)) T (u (9>t)>u (9>t)) (64)
In coordinates 6 for S1 and (ul, u2) for M, the metric on the domain is given by

g = db?, (6.5)

and the metric on M is given by

o= (@? + %0 + a2 |y
2
_ (ﬁ) d=2 + 2402 + d-2
dz
= 2a6% + ((f)*+1) a2 (6.6)
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for f/ = % Then the geodesic heat flow equation & = Auw is given in coordinates by

2 [ 92, 2 - ouk
Y 0“u i out du s,
R R S

Using the definition of ul and w2, the right side of (6.7) reduces to

S e 9 0
“—F118u1 +F11(%2
_ 4.9 1,22 0
05 ~ 2" M2y
ff 0

where we used the formula for the Christoffel symbols for M.
0

On the other hand, we have u = 2 ~- Hence the harmonic map heat flow equation is
u

a nonlinear first order ODE: for z = z(t),

P= (6.9)

6.2 The energy function F(t) needn’t be convex.

We will find the solution of a 51 equivariant harmonic map heat flow u(t) from S Linto 52
whose energy function E(u(t)) is not convex. For future use, we present two ways of finding

the solution via cylindrical and spherical coordinates.

(Method 1) In cylindrical coordinates (r, 6, z), S 2 as a surface of revolution about the z-axis
is obtained by rotating the graph r = v/1 — 22. Applying (6.9) with f(z) = V1 — 22,
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the S1 equivariant harmonic map heat flow equation is
. 2
z = z(1-27). (6.10)

Separating variables and taking integrals, we have

/ﬁ :/dt:t+C (6.11)

for some constant C'. Using the partial fraction expansion, the left integral of (6.11) is

/ dz ||
SN N

2(1 - 22) V12
Noting z = cos « in spherical coordinates (6, a) on S 2, we have

+
et_l'c = _ oo = cota.

1 — cos? o

Thus we have, for a constant C|

«a = arccot €t+C’7

» = cosarccote! TC, (6.12)

(Method 2) Let (M, h) be the unit sphere $2in R3. In spherical coordinates (p, 0, ) in R3,
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the harmonic map heat flow equation for maps u: S Ly [0,00) = S 2 i

= 1(u)
2 [ 92, 2 - ouk
Y 0“u i oul du 5,
=y 21 7t ‘szjk(m 55 o0 | o (6.13)
i= Jik=

where u(0,t) = (0, a(t)) := (ul(ﬁ,t), uz(ﬁ,t)) in spherical coordinates (6, ) of 52

(see Figure 6.2).

Since p =1 on 52, the metric & on S2 is given by

h = <dp2 + p2 sin? o df? + p2da2) Wi

= sin2ad92 + da2.

Then the same computation as in (6.8) shows

0= 6—s = — =

0
Ry o — =
2 9 11,2 y

Thus the harmonic map heat flow equation is

v = —=sin2a.
« 2sma

(6.14)

1. 0
—5 sin 2« w (615)
(6.16)

Using the relation z = cos a between two coordinates on S 2, it is straightforward that

(6.16) is equivalent to (6.10).

We compute the energy function E(t) with the solution «(t) = arccot e
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constant C' will be determined later. From (6.5) and (6.14), the energy density e(u(t)) of



(51, 9) (52, h)
<l
z" y

Figure 6.2: u: (Sl,g) — (52, h)

w(d,t) = (ul(6,1), u2(0.1)) = (6, a(t)) is

1 1 1 .
e(uft)) = 5|azu(ze)|2 = Shi=; sin? o,

1 2
since %UF =1 and %UF = 0. Consequently, the energy F(t) is

re—2(t+C)
Blt) = %/51 du®)2do = 7 sin2a(t) = ot

This formula implies that if the initial map u(0) is a circle close to the north pole, say
a(0) = .01, then u(t) approaches the point map to the north pole exponential fast, and the
energy function is convex. However, if the initial map is a circle close to the equator in the
northern hemisphere, say «(0) = 0.497 = arccot eC, then z(t) increases slowly at first, then
rapidly, and then approaches z = 1 exponentially as in Figure 6.3(a). Correspondingly, the
energy F(t) decreases slowly at first, then rapidly, and then approaches 0 exponentially as

in Figure 6.3(b). In particular, the energy function E(t) is not convex.
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(a) z(t) for «(0) = 0.497 (b) E(t) for the same flow.

Figure 6.3: E(t) is not convex.

6.3 A non-converging geodesic heat flow

In this final section, we construct an explicit geodesic heat flow u(t): S 1, (M, h) that does
not converge as t — oo. In this example, (M, h) is the 3-dimensional torus T3 with a warped
product metric — essentially the metric used for the harmonic map heat flow described in

Chapter 2. Again, this is based on the example of Topping in [20].

Let (w, z,0) be the standard coordinates for the flat 3-torus T’ 3 and fix a smooth cutoff
function n with support on [-2,2], with 0 < 1 < 1 and with n = 1 on [—1,1]. Define a

metric h on T3 as
ho= dw?+ 277(w)w2dw dz + <1 + n(w)w4> dz? + (w, z)d6’2
where ¢ (w, z) is the smooth function given by

1 ifw=0,+n
b(w,2) = 1
1+ n(w)e [w] (1 + sin (% — z)) otherwise.
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If z =7 —zand y = 2z with 0 < w < 1, the metric is written as

ho= (x+y) " 2de? + dy? + ¢(z, y)do?

where ¥(z,y) =1+ e T7Y(1 +sinx).

We consider the geodesic heat flow for maps u: S L 5 73 of the form

u®)(®) = (0, y(t), 0) (6.17)

in (z,y,60) coordinates. Then the image of u(t) lies in the product of the curve {(0,y)} C T2

and S1. Noting gp =0 and g% = 1, we have

06\ 2 1
() = 1%, (%) = 5 W™ hgg =0, (6.18)

since hgy ,. = %%(O,y) = 0. Similarly,

96\ 2 1 1 o B
™ (u(t)) = geerze (@) = 3 hxxhe(g,y = —5—(0,3/):@ Y

90\ 2
) = o1 (@) = hggp = 0.

Since u = (0,9, 0), the geodesic heat flow equation is

g = e Y. (6.19)

We take y(0) = m. Then the geodesic heat flow u(t) starts from (w, z) = (%,W) and lies in

the set where n = 1. Solving (6.19) for y, we have y(t) = In(t + €™ ) and so the geodesic heat
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flow is

w(t)(O) = (w,z,0) = ( In(t + e™), 9).

In(t +e™)’
This flow does not converge anywhere as ¢t — oo although there exist sequences {tp} such

that uy — uoo in C° as n — oo.
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