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ABSTRACT
STABILITY OF THE ALMOST HERMITIAN CURVATURE FLOW
By

Daniel J Smith

The Almost Hermitian Curvature flow was introduced in [7] by Streets and Tian in order
to study almost hermitian structures, with a particular interest in symplectic structures.
This flow is given by a diffusion-reaction equation. Hence it is natural to ask the following:

which almost hermitian structures are dynamically stable? An almost hermitian structure

(W, J) is dynamically stable if it is a fixed point of the flow and there exists a neighborhood

N of (@, J) such that for any almost hermitian structure (w(0), J(0)) € N the solution of the

Almost Hermitian Curvature flow starting at (w(0), J(0)) exists for all time and converges

to a fixed point of the flow. We prove that on a closed Kéhler-Einstein manifold (M, @, J)

such that either ¢q(J) < 0 or (M,w, J) is a Calabi-Yau manifold, then the Kéhler-Einstein

structure (w, J) is dynamically stable.



ACKNOWLEDGMENTS

The author would like to thank his advisor Jon Wolfson for all of his help and encouragement
on this project. The author would also like to thank his colleagues Andrew Cooper, Cheryl
Balm, Luke Williams, Chris Hays, Jeff Chapin, and Tom Jaeger for great conversations,

mathematical and otherwise, during graduate school.

il



TABLE OF CONTENTS

Chapter 1 Preliminaries . . . . . ... ... ... ... ... ... ... 1
1.1 Imtroduction . . . . . . . . .. 1

1.2 Linear Stability and Parabolic Estimates . . . . . . .. ... ... ... ... 4
1.21 L%Zboundsof ¢pinterms of € . . . . . . . ..o 16

122 LY2 boundsof ¥ intermsof e . . . . . . . ... ... ... .. 17

1.23 L%2boundsof ¢ interms of € . . . . . . . ... ..., 18

1.24  L™*TL2 bhounds on ¢ given L™2 bounds . . . . ... ... ... ... 20
Chapter 2 Dynamic Stability when ¢;(J) <0 . . . .. ... ... ... ..... 24
Chapter 3 Dynamic Stability in the Calabi-Yau Case . . . . . ... ... .. 32
3.1 The Kernel of £ and the Space of Calabi-Yau Structures . . . . ... .. .. 32
3.2 A New Calabi-Yau Structure . . . . . . . . . ... ... ... ... ... 36
3.3 Finding the Limit Calabi-Yau Structure . . . . .. ... .. ... ... ... 48
BIBLIOGRAPHY . . . . . . . . . . 55

v



Chapter 1

Preliminaries

1.1 Introduction

Let (M, J,g) be a closed almost complex manifold such that J is compatible with the Rie-
mannian metric g, that is for any vector fields X and Y we have g(X,Y) = g(J(X), J(Y)).
To the metric g we associate the 2-form w defined by w(X,Y) = ¢g(J(X),Y). We call such
a pair (w,J) an almost hermitian structure.

The Ricci flow has proven to be a successful tool in studying the Riemannian geometry
of manifolds. Therefore it is natural to attempt to use a parabolic flow to understand the
almost hermitian geometry of almost complex manifolds. However, the Ricci flow does not,
in general, preserve the set of almost hermitian structures. In [7], Streets and Tian introduce
the Almost Hermitian Curvature flow (AHCF'), which is a weakly-parabolic flow on the space
of almost hermitian structures.

AHCF generalizes Kéhler Ricci flow in the sense that if the initial structure (wp, Jg) is
Kéhler, then the evolution of (w(t), J(t)) by AHCF coincides with Kéahler Ricci flow. In [8],
Streets and Tian construct a parabolic flow on the space of hermitian structures (w, J) (here
J is integrable), called Hermitian Curvature flow (HCF). AHCF also generalizes HCF.

As we will see below AHCF is, in fact, a family of geometric flows. Streets and Tian have

a particular interest in one of these flows, called Symplectic Curvature flow (SCF). Given



an almost hermitian structure (wg, Jp) such that dwg = 0, under SCF w(t) is a closed form
as long as the flow exists. Therefore, SCF is a tool which can be used to study symplectic
structures. Hence we see that AHCF is a very general family of geometric flows.
The Almost Hermitian Curvature flow is a coupled flow of metrics and almost complex
structures. It is written
0
—w=-25+H+Q
ot (1.1)
0

S is a “Ricci-type” curvature. In particular, S;; = Wleklij and (2 is the curvature of the
almost-Chern connection V. That is, V is the unique connection satisfying Vw =0, VJ =0
and 711 = 0. 711 is the (1,1) component of the torsion of V. @Q is any (1, 1) form that is
quadratic in the torsion of V. IC; = wht Vi N, le where N is the Nijenhuis tensor with respect
to J. H is any endomorphism of T'M that is quadratic in N and skew commutes with J.
The term H (X, Y)i% [w(=K+H)(X), J(Y))+w(J(X), (—K+H)(Y))] is required in order
to maintain the compatibility of wy with J¢. Streets and Tian prove short-time existence and
uniqueness (see Theorem 1.1 in [7]) of the flow starting at an almost hermitian structure
(w(0), J(0)). Notice that the generality with which the tensors @) and H are defined implies
that (1.1) is in fact a family of geometric flows. This family of geometric flows includes
Hermitian Curvature flow, Symplectic Curvature flow and Kahler Ricci flow. Associated
to AHCF is the volume-normalized version of the flow (VNAHCF), the volume-normalized
version is the one with which we will work.

One natural question to ask is: does M admit a Kahler-Einstein structure? If so, is it

detected by VNAHCE? The main result of the paper is the following:



Theorem 1. Let (M2 .3, J) be a closed complex manifold with (&,J) a Kdihler-Einstein
structure such that either cl(j) < 0 or (M,&,j) is a Calabi-Yau manifold. Then there
exists € > 0 such that if (w(0), J(0)) is an almost hermitian structure with |(w(0) — &, J(0) —
j)‘coo < €, then the solution to the volume normalized AHCF starting at (w(0), J(0)) exists

for all time and converges exponentially to a Kdhler-Einstein structure (Wi g, JKE)-

Remark 2. Theorem 1 gives evidence that the Almost Hermitian Curvature flow reflects

the underlying almost hermitian geometry of M.

Remark 3. In this paper we define a Calabi- Yau manifold (M, o, J) to be a compact Kéhler
manifold with trivial canonical bundle such that w is a Kéhler-Einstein metric with Ric(w) =

0.

Remark 4. In the case when ¢1(J) < 0, the Kéhler-Einstein structure that the flow starts
close to is the same one that the flow converges to, in other words (@, J) = (wi g, JKE)-
This is proved in Theorem 13.

In the Calabi-Yau case we cannot guarantee that (w, J ) and (Wi g, JKE) are the same

Calabi-Yau structure.

The notion of stability in Theorem 1 is often referred to as dynamic stability. Dynamic
stability has also been studied in the case of the Hermitian Curvature flow by Streets and
Tian ([8]) and for the Ricci flow by Sesum ([6]) and by Guenther, Isenberg, and Knopf ([4]).

The first step in proving Theorem 1 is to show that Kéhler-Einstein structures behave
like sinks of the linear flow associated to VNAHCEF, this is done in Section 1.2. Also in
Section 1.2, we derive parabolic estimates for the VNAHCEF (see Theorem 12).

Next, in Chapter we prove Theorem 1 in the case when cl(j ) < 0. Finally, in the

last chapter we complete the proof of Theorem 1 by showing how to find a Kéahler-Einstein
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structure (Wi g, Jxg) to which the flow exponentially converges in the Calabi-Yau case.

1.2 Linear Stability and Parabolic Estimates

To prove theorem 1 we first show that, on a linear level, any Kéhler-Einstein structure (w, J)
is a “degenerate sink” with respect to the Almost Hermitian Curvature flow, meaning that the
linear operator associated to the non-linear flow is negative semi-definite at Kahler-Einstein

structures. For notation sake write VNAHCF:

gw =F
%t (1.2)

To the operator (F,G), we have the associated linear operator (F,G). In particular, we

consider a one-parameter family of compatible, unit volume, almost hermitian structures

(w(a), J(a)) and (F,G) = & | _ (F,G)(w(a), J(a)). Similarly we write (w, J) = & | _(w(a), J(a)).

Definition 5. An almost-hermitian structure (w, J) is called static provided (F(w, J),G(w, J)) =
0. Moreover, a static structure (w,.J) is linearly stable if the linearization £ = (F, Q')(w, J) 1s

negative semi-definite, that is (£-, '>L2(g) <0.

Notice that Kahler-Einstein structures are static under VNAHCEF. Next, we prove

Theorem 6. Let (M,.J) be a closed complex manifold with ¢1(J) < 0, then any Kihler-

Binstein structure (,.J) on M is linearly stable.

Proof. Employing the DeTurck trick as in Proposition 5.4 and 5.5 of [7] the weak-ellipticity

of (F,G) follows. Furthermore, computing the linearization of (F,G) at a Kéhler-Einstein



structure, in complex coordinates with respect to J. , the linearization is written

; . -kl
.7‘:2']' = —QV*VL&Z‘]‘ (1.4)
Gl = —2V*VJL 4+ 2JPIRL (1.5)
J J Jpq

Here V* is the L?(3) adjoint of V and R denotes the Riemannian curvature of .

To show that (w, J) is linearly stable we have to deal with the fact that in (1.3) and (1.5)
the lower order terms do not have a sign. To see that the linearized operator is negative

semi-definite at Kéahler-Einstein structures we use a couple of Weitzenbock-Bochner formulas
(cf. [2]).

Lemma 7. Let o and B be a (0,2) and (1,1) form respectively. If g is a Kdhler-Einstein

metric, then we have

S
(Ada)fj = QV*VOéZ-*j + 25047]- (1.6)

7 S
(AaB);5 =2V VB — 26 Ry = + 2=z (1.7)

Where A, is the Hodge Laplacian with respect to g and s is the scalar curvature of g. In

addition we will use another Weitzenbock-Bochner formula.

Lemma 8. Given a TVO(M,, j) valued (0,1)-form, ¢ and Kdhler-Einstein metric g we

have:

T _ % 7 ) S
(Ago)s = V'V — PIRE + — gt (1.8)



Where Ag represents the complex laplacian %g + 5*55.

Therefore using equations (1.3), (1.4), (1.6) and (1.7), we have that
; . S .
F = —Adw + 2—w. (19)
n

Similarly, using equations (1.5) and (1.8), we have

. S .

= —-AxJ +2—J. 1.10
g a7 T2, (1.10)
Combining (1.9) and (1.10) we see that

L(o,J) = (—Adw+2%w, —A5J+2%J>. (1.11)

Finally since ¢1(J) < 0 implies that s < 0; by integrating the theorem follows. H

Notice that if ¢1(J) < 0, then the scalar curvature of g is negative; that is s < 0. Hence
from (1.11) it follows that if cl(j ) < 0, then L is strictly negative definite with respect
to L2(§). Let A = min{|\;| : ); is an eigenvalue of £}. Further let C denote the space of
almost hermitian structures modulo diffeomorphism. Therefore we have proved the following

corollary.

Corollary 9. Let (M,w,J) be a closed complex manifold such that ((D,j) is a Kdahler-

FEinstein structure and moreover c¢1(J) < 0. Let 1) € T@ j)C, then

~ i 2
<E(L~U,J)¢,¢>L2@ < )\W|L2(§)'



Corollary 9 will be crucial to proving Theorem 1 in the case when ¢q(J) < 0 (see Chapter

Fix a Kihler-Einstein structure (,.J) and let (w(t), J(t)) be a solution of the coupled
system (1.2) starting at an initial almost hermitian structure (w(0), J(0)). We will quantify

the amount by which the solution deviates from (@, J) using

Notice that p(t) € A2(M) x End(T'M). Throughout the paper we use the operator norm on
End(TM).

As noted in the proof of Theorem 1.1 in [7], C is a non-linear manifold. In the following
lemma we will see that p(t) ¢ T@’ j)C , however p(t) can be estimated by an element of the

=C.

tangent space T(a’ 7

Lemma 10. Fizt and let (w(t), J(t)) be an almost hermitian structure. Write w(t) = w—+h(t)
and J(t) = J + K(t), in other words p(t) = (h(t), K(t)). If lp(1)| 0 < 1, then there exists

W(t) € T@j)c so that

W@k < )] ks (1.12)

p()] 12 < [6(8)] 12 + C1lv (D) (1.13)



and

()] ok < [0k + Caltb (1)

(1.14)

where Cy and Cy depend on the L? and C* norms of p(t) respectively.

Proof. We will begin by studying the tangent space T@ ~)C . Let (ws, Js) denote a path of
almost hermitian structures such that (ws, Js)|s—o = (@,.J) and let Js | (s)) =

(w, J). Given vector fields X and Y, the compatibility condition is written:
ws(X,Y) = ws(Js(X), Js(Y))
and the almost complex condition is written:
JEHX) = -X.

Hence the linearized compatibility and almost complex conditions are given by:

O(X,Y) = o(J(X), JV) + B(J(X), J(Y)) + B(J(X), J(¥)) (1.15)

0=JoJ(X)+Jo J(X). (1.16)

From (1.16) we see that the tangent space to the space of almost complex structures is given

by endomorphisms that skew-commute with J. Equivalently, J can be viewed as a section

of [Ao’l ® Tl’o] & [ALO ® To’l}. Here we use J to decompose TM = TN ¢ 7011
First we will prove that the endomorphism K (t) can be estimated by an element of the

tangent space to the space of almost complex structures at J. For the sake of notation we



will often write K (t) = K.
Using J we decompose K = Ké’? + Kg’ll + Kll’g + K?’é where Ké’? . 701 701

equivalently
Kyy € A% o110,

Take (1) € T( = C and write ¥(t) = (¥1(t),%2(t)) € A2(M) x End(TM). We define

w,J)

(1.17)

That is, ¥9(t) is defined to be the projection of K onto [Ao’l ® TLO] &) [Al’o ® To’l]. Next
we will show that Kg:ll and K 117’8 are quadratic in 1o (¢). We will only prove this for Kg:ll
since the same argument applies to K 11 ’8 :

Using that J(t) is an almost complex structure we see that K(t) satisfies:
0=KoJ(X)+JoK(X)+K*X). (1.18)

Now for K acting on 79! we will write K = Kg’ll + Ké’?. Therefore using (1.18), on 791

we have

01 01 01 .10 01 . 10 .10 01 .10
0= —=2v—1Kyy + Ky o Ky + Kyy o Kgip + Ky o Ky + Kig o Koy

and so by type consideration,

0,1 -1/ .01 .01 0,1 1,0
. (Km o Kot + Ky o Km) . (1.19)



Notice that on 701, K?”é o K&’? — 19(t)%. Hence we are able to write Kg:ll in terms of

2
<K8,’11 ) and a term that is quadratic in ¥9(t).
2
Next, consider the first term on the right-hand side of (1.19), (Kg’ll> . We will use (1.19)
2 4
to show that (Kg ’11> can be expressed as <K8 ’11 ) plus terms which are quadratic in ¥9(t).

2
Plugging (1.19) into each factor of (Kg’ll) , we see that
P 1 4 2
0.1 0,1 0,1 0,1
<K0,1) =71 [(Km) + (K0,1> 015 + 15 o (K0,1> + IP%] ,

which can be substituted into the term Kg:ll o Kg:ll in (1.19). Iterating this process by

successively plugging (1.19) into the highest power term in Kg’i[, we see that Kg’ll can be

expressed as a series. Notice that since |p| c0 < 1it follows that ‘Kg ’11 co <1, and so this

series converges. Therefore

Kg’ll = 1b9(t)%2 + [higher-power terms in 9 o higher-power terms in K]. (1.20)

)

Next we will show that the two form h(t) can be estimated by an element of the tangent

space to the space of compatible metrics. Notice that for vector fields X and Y,

O(X,Y) — w(J(X), J(Y)) = 2020402 x y),

and so by (1.15)

2020402 (x v) = G(J(X), J(Y)) + B(J(X), J (V).

Using the compatibility of w(t) and J(t), we see that h(t) = w(t) —w and K(t) = J(t) — J

10



satisfy:

h(X,Y)=h(J(X),JY)) +w(K(X),JY)) +w(J(X),K(Y))

FO(K(X),K(Y))+h(K(X),J(Y)) +h(J(X), K(Y)) (1.21)

+ h(K(X),K(Y)).

We define 11 (t) as follows

$D = 00 (1.22)
P FOTO2 (X vy = G(R(X), (V) + B(T(X), K(Y)) (1.23)
= O(Ya(X), J(Y)) + B(J(X),ya(Y)). (1.24)

The last equality follows from the definition of 19 and the fact that w is of type (1, 1).

2,0)+(0,2)

Next we will show that h(20)+(0:2) _ wg can be expressed as terms that are

quadratic in ¢ (¢). Combining (1.21), (1.23) and (1.24) we have

5 (h(2,0)+(0,2) (X, V) — {20+ y)) = (K (X), J(Y)) + h(J(X), K(Y))

(1.25)
W(K(X),K(Y))+h(K(X),K(Y)).

As we proved above in (1.17) and (1.20), K can be written in terms of 19 and hence
the terms in the second line of (1.25) are higher-power in 1. Next we consider the term
WK (X),J(Y)). Since the left-hand side of (1.25) is a section of AZ0T02) Jet X vV €

TOLIM . So for X, Y € TOLM we can write the components of A(K (X), J(Y)) as
Koy O + kP, (1.26)

11



From (1.17) and (1.22) we see that the second term in (1.26) is quadratic in 1. By
(1.20) the first term is quadratic in ¢ plus higher-power terms in 1) composed with higher-
power terms in p. Notice that the same argument can be applied to h(J(X), K(Y)). Abusing

notation we let 1) x1 denote terms which are quadratic in v plus terms that are higher-power

in ) composed with terms that are higher-power in p. Therefore we have
p20H02) (x ) = pEOFOD (x vy =gy, (1.27)
Notice that by the definition of ¢ (t), given in (1.17) (1.22) and (1.23), the inequality

WOl ek < 1) ok

follows immediately. Again using the definition of v (¢) along with (1.20) and (1.27) we see

that

p(®)] ok < [0k + ClEOR,

where C' depends on the C* norm of p(t). Notice that (1.13) follows analogously. O

In Theorem 6 we proved that the linearization of (F,G), denoted L, is negative semi-
definite on T(@ j)C . The goal is to use the sign on L to prove exponential decay of p(t).
However as we observed in the previous lemma, p(t) ¢ T @, j)C . To deal with this we will
prove exponential decay of 1 (t) € T(a) J~)C which, by (1.14), will prove exponential decay of
p(t).

Next we show that 1(t) evolves by a parabolic flow equation and moreover that we have

estimates on the non-linear part of the flow.

12



Lemma 11. Let L be the differential operator defined by (1.11). Then for ¢¥(t) € T(a j)C

defined by (1.17) (1.22) and (1.24) we have

1. F(t) = L(1) + A(@, ), (1))
2 1@, ) D)l € CUHO| e P20t + IVEO,)
where C' depends on the C* norm of p(t).

Proof. To prove %w(t) = L)) + A(@, J),(t)) we first study the evolution of p(t).

Notice that since (@, J) is independent of ,

9 plt) = o (D), (1) = (Flelt) (), Glel0), J(1)) (1.28)

Furthermore since (&,.J) is a static structure, when we linearize (F,G) at (,J) in the

direction v (t), we have

(F,G) = L(¢(#) + A, ]), p(t))- (1.29)
Hence from (1.28) and (1.29) it follows that
0 ~

50 = L) + A(@, 7). p(1)), (1.30)

where A represents the error in approximating (F,G) by the linearization £. As in [8] and

6] we have the following C* bounds on A:
Ak < Clpl ek V20l ok + V01 )-

13



Therefore by Lemma 10 we have the following bounds on A:

Al < LIVl o + V2. (1.31)

Next we will use the definition of ¥ (¢) and the evolution of p(t) to derive an evolution
equation for ¢ (t). By the definition of 1o(¢) and the (1,1) part of ¥1(t) (see (1.17) and

(1.22) respectively) we have

0 0 (10, 01
Fv2) =5 <K0,1 + K1,0> (1.32)
g1 () = g ). (1.33)

For %%2,0)“0,2) (1), it follows from (1.25) that

0 (2,0+(0,2 0 0
2 0 ><t):§h<2,o>+<o,2><t>+(a@*p, (1.34)

since the (2,0) + (0,2) components of ¢1(t) and h(t) differ by terms that are quadratic in
p(t) = (h(t), K(t)). Notice that by (1.30) and (1.31) we have %p is second order in ¢ and
hence the final term in (1.34) may be absorbed in the error estimate A. Therefore from

(1.32), (1.33), (1.34) and (1.30) it follows that

%W) — L(b(1)) + A(@, T), (1),

where A is a different tensor than in (1.30), but we still have |A[ < C(]w|0k|V2¢|Ck +

VL2, a

Roughly speaking, the following theorem says that given any finite time 7" > 0, by

14



starting the flow very close to (@, J), the solution (w(t), J(t)) remains close to (w, J) on the

interval [0, 7).

Theorem 12. Given T > 0, ¢ > 0 and an integer k > 0, there exists € = e(T, € k) > 0

such that if |p(0)|coo < € then, (w(t), J(t)) exists on [0,T) and moreover |p(t)| ;. < € on

o
0,T).
Proof. First, for e sufficiently small, work of Streets and Tian (see Theorem 1.1 in [7]) shows
that there exists 77 > 0 such that the solution (w(t), J(t)) exists on [0,7”) and moreover
p()| ok < ¢ on [0,T"). Suppose by way of contradiction that there exists a maximal 7" so
that for all e > 0 the solution exists and |p(t)|0k <€ on[0,7) withT" < T. Fix T < T".
To derive a contradiction we will produce bounds on the C* norm of p(t) on [0, 7] in terms
of €, independent of T.

Recall from Lemma 10 that associated to p(t) we have ¥(t) € T(w’ j)C . In order to obtain
CF estimates on p(t) in terms of ¢ we will produce C*¥ bounds on #(t) and employ (1.14).

To this end, we study the evolution of ¢(¢). Recall from Lemma 11 part (1) that

o ~

501 = L®) + A(@, J), (b)) (1.35)

where £ is negative semi-definite and A represents the error in approximating (F,G) by L.

From part (2) of Lemma 11 we have

Al < CULLkIVE on + VL2 ). (1.36)

Notice that C depends on the C* norm of p(t) which we are assuming is bounded by € for

te 0,7 > [0,T).

15



In the estimates that follow Rm will denote the curvature of the fixed metric g and V
will denote the Levi-Civita connection of g. Moreover we will use the fact that M is compact

and hence there exists a constant C' such that | Rm |goo < C.

1.2.1 L? bounds of ¢ in terms of ¢

The linear stability of Kihler-Einstein structures will allow us to produce L? bounds on v (t)
in terms of ¢ which are independent of T. Indeed, for t € [O,Tv] by (1.35) and using that

(L~ -, -)LQ@ < 0, we have

(@,J)
10 o [ )0

Now, using the bound on A given in (1.36), we see that

/A*¢:/¢*2*v2¢+w*2*¢_

Using integration by parts on the second term yields

/MA w1 < /M V*2 % V2. (1.38)

For ¢ € [0, 7], by assumption and (1.12), ()] ok < € therefore [y, V2V < C€ [ 0%

Hence combining (1.37) and (1.38) we have

19
550 /M [[3dvoly < Cyé /M [ [3dvoly. (1.39)

16



Therefore for any t € [0, f],

/ /
(1) < P12y < €17 (1.40)

1.2.2 L'2 bounds of ¥ in terms of ¢

Given the L2 bounds above, we bootstrap to obtain higher-order bounds. Notice that linear
stability was only used to start the bootstrapping process. Using (1.3), (1.4), (1.5) and (1.35)

we have

10 9 B o B . )
§§/M |¢|§d”0l§—/M<§¢’¢> —/M< V*Vi + Rm ) + A, ). (1.41)

Since M is compact there exists a constant C such that | Rm(g)|goo < Co. Moreover,

we can bound the term associated with A as we did in (1.38) and (1.39) to get

10

2 » . 9 N 9 -
5&/}\4 |¢[5dvoly < /|V@D| dvolg—l—C'3/|7,ZJ| dvolg. (1.42)

Integrating from 0 to T, we see that

/ ! J il [ w@E < [ ks | ! ] 1wk

Now the L? bounds from (1.40) imply

T / /
/ / V2 < Oyl g2, < 0y T (1.43)
0 M

17



1.2.3 L?? bounds of 7 in terms of ¢

Next, we use the L2 bounds above to produce L?? bounds. Similar to (1.41),

10

201 /M [Velgdvols = /M (V(=V*Vi+ Rmx + A), Vo). (1.44)

First consider the term [(V(=V*V4), Vi) above. Commuting covariant derivatives and

using integration by parts we get

. v = — 2 2 1m * k . .
/M<V( V), Vi) /M|V Y| +/MR Vi Vi (1.45)

Next we obtain estimates on the term [(V(Rmx¢), Vi) = [(V Rm*t) + Rm «V, Vi)

from equation (1.44). Since | Rm |goo < C9, we can use Young'’s Inequality, to show

/ 2 " 2
/M<V(Rm*w>,w>sc /Mw e /M 2, (1.46)

Finally, we consider the final term in (1.44), [ VA% V4. Using the estimates on A from

(1.36), we have

/vmw:/v¢*2*v2w+/¢*w*v3¢.

Integration by parts on the last term yields [ VAx Vi = [ Vip*2 % V2ih + IEE V2¢4*2 and

hence

" 2 / 2,112
/M<VA,V¢>§C’ /MIVQM + Cre /M|V Y| (1.47)
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since 1] . < ¢ for t € [0, 7).

Combining (1.44), (1.45), (1.46), and (1.47) we see that

10
——/ |V 2dvoly < —/ |V2¢12+c5/ W+06/ \w\2+c7e’/ V2|2
20t Jpm M M M M

(1.48)

Hence, we choose ¢’ small enough so that C7e < % Integrating (1.48) from 0 to T we have

/Of/M|V2¢|2+/M|V¢(T)|2 < /M|V1/Jo|2+205 /Of/M |2 + 206 /OT/M|V¢|2'

(1.49)

Therefore, using the L? estimate from (1.40) and the L2 estimate from (1.43) we have
T 2,2 CreT)) 12 C1€'T
| [ 1920 < e T, < crreaTe (1.50)

Notice that (1.49) also gives bounds on \V@b(fﬂ%Q Moreover by integrating (1.48) from
0 to ¢ for t € [0,T] these bounds hold not just at T but for any ¢ € [0,7]. Hence we also

have

/
sup ]Vzﬂig < CyTeC1¢ T,
[0,T]

T /
Now since %@Z) is second order in 1, estimate (1.50) also gives fOT S ]%Mz < OTeC1¢ T,

Next we use induction to show that for any p we have both:

T
//‘V%PSC(Z?)TeClE,TE
0 Jm
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and
sup [V71yf2y < C(p)Te1 T
0,77

1.2.4 L™12 bounds on ¢ given L"™? bounds

To produce L™*1:2 hounds on ¢ given L52 estimates for s = 1,2,...,m we compute the

evolution of the L? norm of V™).

10

201 /M V™ p[dvol; = /M (V(~V*Ve + Ry + A), V). (L51)

First we consider the term [(V™(=V*V4), V") above. Similar to, (1.45) commuting

the covariant derivatives and using integration by parts yields
m—1 . .
/ (VM(=V*Ve), VM) = —/ [V 2 +/ > VIRm#V" e x VM,
M M M =0

Furthermore, using that | Rm|cco < Cy and employing Young’s Inequality on each of the

final m — 1 terms on the right-hand side we have that there exists a constant C’ such that:
m .
[ v, vy < - [ 9P e O Y i, 1
M M ;
7=0

Next we study the term [(V™(Rm ), V™)) from equation (1.51). Again using that

| Rm |r0o < O3, by Young’s Inequality we see that

/M (V™ (Rm*y), V™)) = /M V)% VM + - /Mw O
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and hence there exists a constant C” such that
m .
[ (R, 90 < 073 W, (1.53)
=0

Finally consider the term [(V"A, V™) from (1.51). Again we use the estimates on A

from (1.36). Here we have
m . . m . .
/ (VA V™) < / D VIR R VT« V) + / > VIt VT Y,
M M7 Mii—o

We will now show how to estimate the highest order terms in the right-hand side of the
above inequality. First we rewrite the right-hand side as [ V24 5 VM s 1h + VM) «

V™4« Vip + lower order terms. Integration by parts on the first term yields

/(VmA, V) < /Vm+1¢ « VL s ) + VL)« V) x Vb + lower order terms.

(1.54)

Next we use Young’s Inequality on the second term on the right-hand side. In particular,
Young’s Inequality is written ab < 77a2 +C (n)b2 where 17 > 0 can be taken arbitrarily small

at the expense of making C'(n) large. Hence by Young’s Inequality,

/ VL« VT« Vi < / L2 4 o) / VIRV (155)

Therefore combining (1.54) and (1.55) and using that |¢[. < ¢ for t € [0,T] we get

S (VA V™) < (Cs€' + 1) [y (VL2 + O T |V™4)|2 + lower order terms. Hence
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we choose n = %1 and ¢ sufficiently small so that

1
Cge' < T (1.56)

And so,

1
/ (VA V™) < 5/ VL2 C’g/ IV™4)|? + lower order terms. (1.57)
M M M

We now have estimates for each term in the evolution of the L2 norm of V™) given in

(1.51). In particular combining (1.51) (1.52), (1.53), and (1.57) we have

10 1 mo
§§/M ‘Vmw%dvolg < _é/M |Vl 2 +sz ijﬁ:?' (1.58)
j=0

Integrating from 0 to T we get

T T m
m+1,,2 m, (|2 m 2 Joh|2
| [ e [ @< e+ | LV 09

Now we can employ the L52 estimates for s = 1,...,m to get Lm+1.2 hounds. In

particular,

T / /
/ / (VL2 < O Te1e T1ol3 o < CnTe1¢ e,
0 Jm ’

Notice that (1.59) also gives bounds on |V")(T) |i2 Moreover by integrating (1.58) from

0 to t for any t € [O,f], the bound on \Vmw]%Q holds not just at 7 but for any ¢ € [0, f]

22



Hence we also have

2 C1éT, |2 C1€'T
sup [V™0[79 < CTe 1 " ol o < CTe 1 e
(0,77

This proves that for any p

T / /
| [ 19 < come i T, 5 < corer T (1.60)
and
. ! /
sup VP72, < Cp)TeC1 g2, 5 < C(p)Te“1 e, (1.61)
0,77

Furthermore, since %1/1 is second order in v, (1.60) also implies that fof / M g—t"qvwﬁ < (e
for any q,r > 0, where C is independent of T.

Now use the Sobolev Embedding Theorem, with respect to g, to obtain C* bounds on ()
in terms of e. And hence by (1.14) we have C* bounds on p in terms of e. In [7], Theorem
1.9, Streets and Tian prove that if there is a finite time singularity 7 of the flow, then
lim¢—7 sup{| Rm |0, | DT -0, |T|é0} = 00. Here D denotes the Levi-Citia connection and
Rm is the curvature of D. Therefore, the fact that the estimates above are independent of
T implies that the solution exists on [0, T"]. Again, using the short-time existence result of
Streets and Tian ([7]), the solution can be extended past time T"”. Moreover, for ¢ sufficiently
small, we maintain the C* estimates on p(t) past time T". This contradicts the maximality

of T". O
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Chapter 2

—~

Dynamic Stability when ¢;(J) < 0

In this chapter we prove that when ¢q(J) < 0, VNAHCF converges exponentially to the

Kéhler-Einstein structure (w, J). As above we let p(t) = (w(t) —w, J(t) — J).

Theorem 13. Let (M%",3,J) be a closed complez manifold where (@,J) is a Kihler-
Binstein structure such that ¢1(J) < 0. Given a positive integer k, there exists € = e(k) > 0
such that if (w(0), J(0)) is an almost hermitian structure with |p(0)|cOO < €, then the solu-

tion to the volume-normalized AHCF starting at (w(0), J(0)) exists for all time and converges

exponentially in C* to (@, j)

Proof. We prove Theorem 13 using two lemmas. As in Chapter 2 we have to deal with the
non-linearity of the space of almost hermitian structures. To prove Theorem 13 we will show
that there exists e so that if | p(0)| oo < € then 1(t) exponentially decays in C*. Finally

employing (1.14) exponential C* decay of p(t) will follow from exponential C* decay of v(t).

Lemma 14. Given 6 > 0 and an integer k > 0, there exists €1 = €1(0,k) > 0 such that if

}p(0)|coo < €1 then |¢(t)|ck < 0 for all t > 0 and moreover |@b(t)|i2 < Ce M forallt > 0.
Proof. As in Section 1.2, let A = min{|\;| : \; is an eigenvalue of L}. Further let ¥(t) €

T @ j)C be the element of the tangent space, from Lemma 10, associated to p(t). Recall that

24



from Corollary 9 that ¢1(J) < 0 implies that

And by (1.35),

10 _— 0 B

Then for any ¢ for which [¢(¢)| 2 < ¢, we can employ the bound

[ <, (23)

derived in (1.38) and (1.39). Combining (2.1), (2.2) and (2.3) yields

10

2 a2 2
3o [ WBdvoly < oy + C1oloE2

Here we choose ¢ so that

C16 < %)\. (2.4)

Integrating from 0 to ¢ yields L2 exponential decay of ¢ (t). In particular,
O, < e Mp(0), (2.5)

for any ¢ for which |¢(t)[~2 < J. Therefore to complete the lemma, we will show that
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given k > 2, there exists €1(k,6) > 0 such that if [p(0)[coe < €1, then [¢(t)[ . < 0

for all t € [0,00). Notice again that from (1.12) it follows that |p(0)|coo < €1 implies

[9(0)| oo < €1

By Theorem 12 we know that given 7' > 0, k > 0 and € > 0, there exists ¢ > 0 such that
p(0)|goo < € implies that [¢(f)] .k < ¢ on [0,T). We apply Theorem 12 with ¢ = ¢ and §
sufficiently small so that (2.4) holds. Let e denote a constant that is small enough so that

if |¢(0)|coo < € then |w(t)|ck < 60 on [0,7) and assume that

[1(0)|coo < €2 (2.6)

Given T, let tg < t < T, then integrating (1.42) from t( to t we have

! 2 1 2 ! 2
Léwwﬂséwwmﬁ+@Awaﬂ. 2.7

Furthermore since (2.5) holds on [0, 7),

t t—s 1
AW@@SAfAWWEZfAWWﬁg (2.5)

Therefore combining (2.7) and (2.8) yields

C3

t 1 C. 1 _
/to Vel7y < Sl 7o + 52e MO 0)[3, < (5 + 7) e MO (0)[2,. (2.9)

The last inequality is again by (2.5). The key observation here is that the LY2 estimate in

(2.9) is independent of t.
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Next, to obtain a similar L?? estimate we integrate (1.48) from t( to t.

t t t
| IV + Vo, < Vo) + Cs [ 02+ Co [ (V60 (210
to to t0

Bounding the last two terms of (2.10) using (2.8) and (2.9) yields

t
| 1920+ 1900025 < 1Vutto) 25 + Ce M0l 0) 2.
0

Again the key observation is that the estimate above is independent of ¢.

Using the same inductive argument as in the proof of Theorem 12 shows that for any p,

t
IO+ [0, < bty + Caple M0 (2)
0

where C7(p) and Co(p) are independent of ¢. Notice that there exists a constant C, such that

[ (t0)]7 12 < Cle(to)|op—1. Hence by (2.11) we have [VP~1(t)[7 5 < C1(p) ¥ (to)| cp—1+

Co (p)e*AtO. Therefore applying the Sobolev Embedding Theorem we have

()] ke < CLR)[$(t0)] p—1 + Ca(k)e 0 (2.12)

where C1(k) and Cy(k) are independent of t.

Since (2.12) is independent of t, to prove that |¢(t)| - < 0 for all ¢ € [0, 00), it suffices to

e
show that there exists a constant €] with 0 < €] < €9 and such that [p(0)|coo < €1 implies
that the right-hand side of (2.12) is bounded above by 4.

First we bound the second term on the right-hand side of (2.12). Notice that, given

d > 0 small enough so that we have (2.4), the argument above which led to inequality (2.12)
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holds under the assumption (2.6). Furthermore, notice that the estimate in (2.12) holds for

to < T, independent of T'. Therefore we take T' to be sufficiently large so that T" > ¢; and
Y 1
Co(k)e M0 < 5(5. (2.13)

To bound the first term in (2.12) we again use Theorem 12 with ¢’ = ﬁ& and T > 1.

Hence, by Theorem 12 there exists €3 > 0 such that |p(0)|coo < €3 implies that

1
201 (k)

Wlop-1 <€ = § (2.14)

for t € [0,7") D [0, tg].
Finally, choose €; = min{eg, e3}. Hence combining (2.12), (2.13) and (2.14) proves that
if [1#(0)|coo < €1, then (2.12) holds independent of ¢. Therefore it follows that |¢(t)[ <6

for all ¢ > 0 and moreover the L? decay estimate in (2.5) holds for all ¢ > 0. O

To finish the proof of Theorem 13, we show that the L? decay estimate above and

parabolic theory can be used to prove C* decay of W(t).

Lemma 15. Given an integer k > 2, there exists 6 = 6(k) > 0 such that if both |1(t)] o <6

for all t € [0,00) and |@Z)(t)|i2 < Ce M then [¢(t)] . < C(k)e M.

o
Proof. We begin the proof by deriving an L2 exponential decay estimate. The same argu-

ment that was used to derive (1.41) shows that there exists a constant C such that

0
o l07e < —IVU[Ea + Crlel]s,

where C] depends on both (&, J) and |4(t)| o2; but by assumption [¢| 2 < 4 for all ¢ > 0.
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Integrating from ¢ to oo yields,

(0.] (0.¢]
| 1ves <o [y < oot (2.15)

The last inequality follows from the assumed L? exponential decay estimate.

Next, for a fixed ¢, let 6(s) be a smooth function which is 0 for s € [t —1,t— %},
monotonically increasing from 0 to 1 for s € [t — %,t} and 1 for s > t. As we shall see
below, 6(s) will be used to deal with boundary terms which arise in the parabolic estimates
that follow. The same argument that was used to produce (1.48) shows that there exist

constants such that

10
o Vel < = [ V0P 4o [ e [ wut o [,
M M M v u

(2.16)

again these constants depend on both (&, J) and [¢(¢)| 2. Now we choose ¢ sufficiently small
so that Cyd < % Hence using (2.16) and that both 6(s) and its derivative are uniformly

bounded,

L (005)1V0()22) < OV + Colis) 3. (2.17)

We integrate (2.17) in s from ¢ — % to t for t > 1. Using that 6 <t — %) =0and 0(t) =1 we
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get

t t
Vo <G5 [ 1V06)E+Co [ o)l
3 3 (2.18)
<o [ vy s [ 2,
< 5/t%| Ve +Co [ WO

2

Hence using the L? decay assumption and (2.15) it follows from (2.18) that
V()2 < Ce. (2.19)

This proves exponential L1 decay.

Next we prove L2 decay. By (2.16) with ¢ small enough so that Cyd < %,
9 o2 2,12 2 2
E|V7’Z)|L2 < _|V 77D|LQ + 203|V770|L2 + 202|¢|L2'
Integrating from ¢ to oo yields

0.} (0.0} 0.0}
|1V <190, 20 [ Vel +acs [y < e @)

Where (2.19), (2.15), and the L? decay assumption were used in the first, second, and third
term on the right-hand side respectively.
Now, as in (1.56) we choose 0 small enough so that (1.58) holds for m = 2. Therefore

there exists a constant Cg such that

2

10 1 .

s [ oot < =5 [ 190 + o Y Vv
]:
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Hence, there exists a constant C'7 so that

0
— (00 V(s) 2y) < CrIV20(s) 2y + CrIVU(s) 2 + Crlu(s) 2. (2:21)

We integrate (2.21) in s from ¢ — % to t for ¢ > 1. Using that 6 <t - %) =0and 0(t) =1 we

get

SR, <cr [ Y e < or [T 3 v
2=%7/ 2="7J 1 g2

t=3 j=0 =3 j=0

Hence using (2.20), (2.15) and the assumed L? decay we get
IV20(t)25 < Ce.

This gives exponential L%2 decay.

Continuing in this way we get

(P 0 < Clp)e™.

Furthermore by the Sobolev Embedding Theorem we get [1(t)| . < C(k)e M. O

o

By Lemma 15 we know that given k > 2, there exists § > 0 so that if both [¢(¢)] - <0
and |w(t)\%2 < Ce=M hold for all t > 0, then |w(t)|ck < C(k)e=M for all t > 0. Furthermore
by Lemma 14 we know that there exists e; > 0 such that if |¢/(0)|goo < €1, then both
()| ok < 0 and |¢(t)|%2 < C'e=M hold for all t > 0. Hence let § be determined by Lemma
15. To finish the proof of Theorem 13, we apply Lemma 14 with ¢ = ¢; and note that by

(1.14) exponential decay of p(t) follows from exponential decay of 1 (t). O
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Chapter 3

Dynamic Stability in the Calabi-Yau

Case

3.1 The Kernel of £ and the Space of Calabi-Yau Struc-

tures

In Chapter we proved Theorem 1 when ¢1(J) < 0 by using that, in this case, the linearization
L is negative definite. However in the Calabi-Yau case, the kernel of £ is non-trivial and so
the non-linear part of the flow is no longer controlled by the linear part. In this chapter we
will show that in the Calabi-Yau case we can find a Calabi-Yau structure to which the flow
exponentially converges.

In order to find a Calabi-Yau structure to which the flow exponentially converges we will
construct a sequence {(wj, Jj)} of successively better Calabi-Yau structures; in the sense
that the solution (w(t), J(t)) to the VNAHCEF converges exponentially on larger and larger
intervals. Moreover we will prove that each of these Calabi-Yau structures is contained in
a fixed neighborhood of the original Calabi-Yau structure (see Theorem 20 part (2)). This
will allow us to extract a limit (wx g, Jxg) to which {(wj, J;)} subconverges. One could
imagine that if this sequence failed to converge that we would only be able to conclude that

the solution becomes asymptotic to the space of Calabi-Yau structures.
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In order to choose a new Calabi-Yau structure we will use Koiso’s Theorem. Before

stating Koiso’s Theorem we need a definition.

Definition 16. Let AC denote the space of almost complex structures on M modulo diffeo-
morphism. A complex structure .J is unobstructed if for any J € T;.AC such that N(.J) = 0,
there exists a path of complex structures J(a) such that J(0) = J and %‘a:OJ (a) = J.

Again, N denotes the Nijenhuis tensor.

Theorem 17. (Koiso [5]) Let (w,J) be a Kdhler-Einstein structure on M. Assume that:
1. the first Chern class of J is zero;
2. J is unobstructed.

Then the space of Kdihler-FEinstein structures, modulo diffeomorphism, around (w,J) is a

manifold.
In order to make use of Koiso’s Theorem we employ a theorem of Tian and Todorov.

Theorem 18. (Tian [9] and Todorov [10]) Let (M,J) be a closed Calabi-Yau manifold.

Then J is unobstructed.

Next we will describe the tangent space of Calabi-Yau structures at (w, J) ). Using the
above two theorems we prove that the kernel of £ is isomorphic to the tangent space of
Calabi-Yau structures at (@, .J). Let U denote the space of Calabi-Yau structures near (&, J)

modulo diffeomorphism.

Lemma 19. Let (M,w,J) be a closed Calabi-Yau manifold, then T@ j)l/{ =~ Ker L.

Proof. Let (w(a), J(a)) be a one-parameter family of unit volume almost hermitian structures

and write %!azo(w(a), J(a)) = (w,J). First since Calabi-Yau structures are static under
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the system (1.2), we have T(w J~)U C Ker L. To prove Ker £ C T@ j)LI, let (W, J) € Ker L.
We make the following claim. If J € ker G then J € ker N. To see this, first notice that
from (1.10) and using that the scalar curvature sz = 0, if J € kerG, then Agj = 0. By

integrating we see that dJ = 0. On the other hand, in coordinates, the Nijenhuis tensor is

written

b= JN0pJ} — JL0p T} — i IF + Tyop Y.

Hence,
Njy, = J0pJy + Jj0p . = Ji0pJj = JL0p T} = Jy05T5 = Jy03 Iy, + Jp0 T} + Jp0r J].

Now each of the terms above of the form J % 9. can be written as J % 9.J = J(V.J + T x J).

So using normal, complex coordinates (with respect to the Calabi-Yau structure (g, J)), at
a point p € M, we have that each of these terms vanish. Here we also made use of the fact
that when (g, J) is Kéhler the Chern connection coincides with the Levi-Civita connection

and so J is parallel with respect to the connection. Next, since J € A% @ 710 in these

normal, complex coordinates at p € M, we have,

t _ gPa i Do 7i 19 P 1 P _
Nip = JRopJi — JRopJt— 1072 + Jy0p Tt = 0.

This proves the claim.
By Theorem 18 there exists a path of complex structures J(a) where J(0) = J and
d%‘] a0 = J. Next, using (1.9) we have that w € ker F implies that Agw = 0, that is w is

harmonic. Therefore, by the Calabi-Yau Theorem ([1], [11], [12], also see Theorem 2.29 in
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[3]) w(a) is a variation through Kéhler metrics such that [w(a)] = [wx g(a)], where wg g(a)
is Ricci-flat. Moreover by the Hodge Decomposition Theorem there is a unique harmonic
representative in each cohomology class. Hence w(a) = wig g(a) and we have that w arises

as a variation through Calabi-Yau metrics. O]

Notice that AZ(M) x End(7TM) is an affine space which can be viewed as a vector space
by taking (&, .J) to be the origin. Throughout this chapter we will view A2(M) x End(T'M)
as a vector space. Let my : A2(M) x End(T'M) — Ker £ be the projection onto the kernel of
L.

Let (@, J ) denote the Calabi-Yau structure from Theorem 1. Roughly speaking, we will
next prove that there exists a better Calabi-Yau structure (wy,Jy); in the sense that the
solution (w(t), J(t)) to VNAHCF exponentially converges to (wy, Jr) on an interval I (see
Theorem 20 and Lemma 21). Throughout this chapter pr(t) = (w(t) — wy, J(t) — Jp) will
quantify the distance the solution is from this new Calabi-Yau structure. As above let
p(t) = (w(t) — @, J(t) — J). Notice that we may view both p(t) and py(t) as elements of
A%(M) x End(TM).

As in Section 1.2 we have to deal with the non-linearity of the space of almost hermitian
structures modulo diffeomorphism denoted C. Notice that we may write p7(t) = p(t) — pr
where p; = (wy — @, J; — J). From Lemma 10 associated to p(t) we have 1(t) € T(wj)C
and analogously associated to p; we have J €T @, j)C . Hence associated to py(t) we have

vr(t) € T@j)(,’ defined by

br(t) = P(t) —¢r.
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Moreover, employing the same argument as in the proof of Lemma 10 we have

Wr®l ok < lor®l ok (3.1)
P12 < |[¥r#)l 2 + C|¢I<t)’%2 (3.2)

and
o1l ok < W)k + C|¢I(t)|20k~ (3.3)

Similarly by the proof of Lemma 11 we have

9 brlt) = (D) + A(@, 7). 61(1) (3.4

where

A(@, T), 1)l i < CUOr®)] i V2010 ok + V1D )- (3:5)

3.2 A New Calabi-Yau Structure

Next we will use the identification of the kernel of £ and the tangent space of Calabi-Yau
structures at (@,.J), from Lemma 19, to find a new Calabi-Yau structure denoted (wy, J;)

such that [m(¢r(t))];2 is small relative to [¢y(¢)|;2. Furthermore we will show that the

new Calabi-Yau structure is contained in a fixed neighborhood of the original Calabi-Yau
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structure (@, J).

Theorem 20. Given tg and T > 0, let I = [tg,tg + T]. There exists §(T,q) such that if
supy [ (8)| ok < 0 with k > 2, then there exists a Calabi-Yau structure (wr, Jy) with the

following properties:

1. |7TO(¢I)@2(§) < 21[|¢]|%2(§) on I

2. |(wI —(,T),J] - J)lck‘ < CSUP]|¢|C]§-

Proof. First by Theorem 17 we know that ¢/ has a manifold structure near (@, J ) and more-

=U.

over by Lemma 19 we have Ker £ = T(a, 7

By identifying Ker £ and T@ J~)u we will view (W, J ) as the origin of Ker £. Let & =

) @J) Ker £ — U denote the exponential map at (w, J). Now since D@ j)q) is the identity

map, the inverse function theorem may be applied to . By the inverse function theorem

there exists a neighborhood V' C Ker £ of (w, J) on which the exponential map is invertible.

Let 1 be small enough so that

m0(¥(t0))| ok < 61 implies that mo(¢(tg)) € V- (3.6)

Notice that if supy |1| < d1 then since ¢y € I, it is clear that |mo(¢(t0))|k < 61. Hence

by the inverse function theorem there is a Calabi-Yau structure (wy, Jr) € U such that

(@)~ ((wr, 1)) = mo(¥(t0))- (3.7)

Applying @ to each side of (3.7), it follows from the inverse function theorem that there
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exists a constant C so that

((wr =@, Jr = )| ok < Clmo((to))] -k

< CSl}pWICk-

This proves (2).

Next, using that (<I>|V)*1((w], Jr)) =mo((wy — @, Jy — j)), from (3.7) we have

mo(¢1(to)) = 0. (3.8)

In other words, there exists a Calabi-Yau structure (wy, Jy) such that at time tq, ¥y(t) is
orthogonal, with respect to L2(§), to Ker L.

To prove (1) we will carefully study the evolution of ¥;(t) starting at ¢ = ¢g in order
to get L% estimates on 7o(¢by). First let |[¢7|[ar<1= [ W[’LQ@) denote the L? norm on
M x I. Let {B;} be an orthonormal basis, with respect to L?(g), of T@’ j)C determined by
the eigenspace decomposition of £. Then there exist constants ¢; so that {ciBZ-e)‘it} is an
orthonormal basis, with respect to ||-|| 37« 1, of Ker <% — E) ! 1757 Where \; is the eigenvalue

associated to B;.

We let 7/ (¢7(t)) denote the projection of 17 () onto Ker (% — £> ‘Mx]‘ In other words,

5" Wit)) = L (vr(1))). (3.9)
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From (3.8), we have 7! (1;(ty)) = Z)\i#o k;B;. 1t then follows that

wl@Wrt) = kiBietil=to), (3.10)
)\1750
We write
Dr(t) =l (r(t) + &1(1). (3.11)

Since 7! (vr(t)) is orthogonal to Ker £ on I, it follows that for ¢ € 1,

Imo(Lr()] < €7 (B)]- (3.12)

Therefore to obtain estimates on m(1(t)) we compute the evolution of &7(¢). Moreover,
from (3.10) and (3.11), since \; < 0 is bounded away from 0 for all 7, we have that £;(¢)

converges exponentially to 17(t). Therefore there is a uniform constant C' so that on I,

1@ < Clor(8)]. (3.13)

To compute the evolution of £7(t) we compare two evolution equations for ¢y (t). From

(3.4), ¢r(t) satisfies Zoy(t) = L(¢r(t)) + A((@, J),¢y) and hence,

S1(6) = £ Wy (1) + LE0) + A, T), va(0) (3.14)
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Furthermore, 7/ (17(t)) satisfies (3.9) and so

Orlt) = (= i0) + €1(1) = L (1) + e (). (3.15)

Combining equations (3.14) and (3.15) we have that £7(¢) evolves by

0 ~
5810 = L{E&1(1) + A((@, ), ¥r(t)). (3.16)
Recall that £ is negative semi-definite; and so by (3.16), on I we have
S0P =2 [ (G0 woly <2 [ A(@.D)60) <&
ot I L2(§) % ot I\t),sI ; g = M o )y VT I\t)-
Now using the bounds on A from (3.5), the same computation as (1.37) shows that
O iert)y <0 [ IV2%11011E]
825] L2@)_1M TSI
Hence by (3.13),
I < Co [ R0l (3.17)
ot >R = 2 [y T |

Next we assume supy [1(t)| . < 0 with & > 2 and § < §; where d7 is from (3.6). Using

c

part (2) of Theorem 20 and the triangle inequality, from (3.17) it follows that on I

0
(B2 < Codlur ()2,
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Now since £;(tg) =0,

t o t
2 2 2
Er®)72 ) = /to 55 1€1(9)[125)ds < C30 /to [91(3)[7 25 ds- (3.18)

Notice that since %@/J](t) = %w(t) is second order in () and supy [¢)(t)| . < 6 with k > 2,
%wl(zﬁ) is uniformly bounded in terms of ¢ and hence each ¥(s) for s € I is uniformly

equivalent. Therefore

t
|70(¢I<t))’%2@) < ’5[@)@2@) < Cyd /to |¢I(t)|%2@)ds - 055(t - t0)|¢1(t)|i2(§),

where the first inequality follows from (3.12) and the second is from (3.18). To finish the

proof we choose § small enough so that both C5T'd < % and 0 < 47 hold. O

We will now use part (1) of Theorem 20 to prove L? exponential decay of ¥ (t) on I.

Notice that by (3.3) this implies exponential decay of py(t) = (w(t) — wy, J(t) — Jr) on 1.

Lemma 21. Let I and (wy, Jr) be as in Theorem 20. There exists § > 0 such that if

|2 < B on I, then

sup / \w[\2dvol~<e 2 / log)? dvoly

[to+3Tto+T) 1o, t0+ 37|

where A = min{|\;| : \;j is a non-zero eigenvalue of L } > 0.

Proof. We compute the evolution of |¢]|22 and as in (3.4) we have

0 _— ~ - ~
E/MW dvolg—2/M(L’(¢]),¢]>dvolg+/MA((w,J),@/)[(t)> cpdvoly. (3.19)
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Recall that by the definition of 7, 17 — mo(¢/1) is the component of ¢; orthogonal to the

kernel of £. Hence by the definition of A,

2 [ (etun) ooy < ~2Ar = molen)2s (3.20)

< =27 (o l2a = Imo(en)l?, ) (3:21)

Let 0 be the constant from Theorem 20. By Theorem 20 part (1), if supy [¢(t)| 2 < B1

with 81 < 4, then from (3.20) and (3.21) it follows that

3
2 [ (L) vy < =52y (322)

Next consider the term [ A %17 from (3.19). We use the estimate on A from (3.5) to

bound [ A 4. Notice that if |¢7] ;2 < B3, then as in (1.38),

[ A(@ 9010 = wrdvoly < Calur 2 (32)
Now we choose 3 small enough so that

Cps < % (3.24)

Let (9 be sufficiently small so that |1M02 < (B9 on [ implies that |z/1]|02 < [3 on I. Notice
that this can be done using the triangle inequality and part (2) of Theorem 20.
Finally we choose 5 = min{f1, f2}. Combining (3.19), (3.22), (3.23) and (3.24) it follows

that if |¢|02 < fon I, then
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gt/ 7|2 dvol; < )\/ 7 dvoly. (3.25)

Integrating from tq to t gives

wr(t)25 < e X0y (1) 2. (3.26)

Finally since (3.25) implies that |¢[(t)|i2 is decreasing, plugging tg -+ %T into (3.26) proves

the lemma. O

This gives exponential L? decay of 1 7(t) on I. Next we prove a general result about
parabolic flows (cf. Lemma 8.8 in [8]). The following lemma says roughly that exponential

decay at a later time implies exponential decay at an earlier time.

Lemma 22. There exists v > 0 so that if k solves the parabolic flow equation z%/i = L(r) +

A(k) and |k(t)| ok < v for allt € [0,tg + T, then

sup /|m|2<e 7 su /|Ii|2 (3.27)

t0+jT t0+T to t()-l-?T

implies that

/|/{|2<e 3 /|,f|2 (3.28)

t )b -I-QT t —?Tt

Proof. Suppose, by way of contradiction, that the lemma fails to hold. Then there is a

sequence v; — 0 with k;(t) solving %l{i = L(k;) + A(r;) and |/<;Z~\Ck < wvjon [0,tg+ T] and
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moreover (3.27) holds but (3.28) does not. Parabolically rescale the solution x;; that is let
R(t); = z/i_lkai(yit). Now for all i, [k;|- < 1 on [0, I/Z-_l(t() +T)] D [0,tg + 7] and so by
compactness we get a convergent subsequence k(t); — K(t)oo on [0,tg + T as i — co. Now

since k; solves %T{Z = L(v;jk;) + A(v;k;) and A(k) is quadratic in x this implies that Koo ()

solves the linear equation

0 . ~
9 e = LlFne). (329)

Furthermore since (3.27) and (3.28) are scale invariant it follows that for K (3.27) holds
but (3.28) does not. This is a contradiction.

To see the contradiction, first notice that (3.29) implies that
0 -
&mm@z <0 (3.30)

as L is negative semi-definite. It then follows that

Foolty + 3T)2y = swp  [Rools (3:31)
[t0+%T,tO+T}
T o
<e 2 sup |/<;OO|L2 (3.32)
TA )
= P frsolto) 2, (339

where the inequality follows from (3.27). As above, let {B;} be an orthonormal basis, with

respect to LQ(E), of T@ j)C determined by the eigenspace decomposition of £. We can now
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write Koo(t) with respect to this basis,

Foo(t) = Foo(t0) (Z Bie/\i(t_t())> . (3.34)

Notice that at time ¢t =t + %T we have

[Foo(to + 5T)I25 = [Foo(t0) 79 (Z e ) : (3.35)
By combining (3.31), (3.32), (3.33) and (3.35), it follows that
TA
delhi<em T (3.36)

From (3.34) it follows that

[Foo(to = 3772 = [Ros(t0)l7 (Ze—“i) : (3.37)

7

Finally using (3.37) and the concavity of f(z) = % we see that

"‘100(150)|L2 = [Roo(to —T>\

< Rt — (Z ey ) (3.38)
T)]|

<e. 2 |"€00(t0—%

The last inequality in (3.38) follows from (3.36). Notice that the above inequality along with

(3.30) imply that (3.28) holds. This is a contradiction. O
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Corollary 23. GivenT >0 and j > 1 there exists a = (T, j) > 0 such that if [ ()] 2 < @
on [0,(j + 1)T] then there exists a Calabi-Yau structure (wj,J;) so that pj(t) = (w(t) —

wj, J(t) — Jj) satisfies the following exponential decay estimate:
) Y
Ipj(0)2y < Ce™

fort €[0,(j + 1)T] and a constant C' independent of j.

Proof. First notice that by (3.2) it suffices to prove exponential decay of ¥;(t), the tangent
vector associated to p;(t). We will prove exponential decay of 1;(t) using the previous two
lemmas and Theorem 20.

Let 6, § and v be the small constants from Theorem 20, Lemma 21 and Lemma 22
respectively. In order to apply the above lemmas and Theorem 20 we let a« = min{0, 5, v}
and assume that |¢)[2 < a on [0, (J + 1)T]. Employing Theorem 20 (with {9 = jT') and

Lemma 21, there exists a Calabi-Yau structure, denoted (wj, Jj), such that

o filase T s [yl (3.39
Kj—i—%)T,(ﬁ—l)T} [jT,(j%)T}

Now, Lemma 22 says that exponential decay at a later time implies exponential decay
at an earlier time. In particular, from Lemma 22 and (3.39) it follows that for any & € {4 :

neZand1l<n<2j+1},

s P <e T s [yl (3.40)
[k:T,(lH—%)T] [(k—%)T,kT}
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Applying (3.40) with k = % implies that for any t € [%T, T],

't2<_TT)\ 2 12 3.41
‘wj( )|L2 >€ sup ‘wj|L2 >€ sSup ’w] L2 ( : )
[0,%71} {0,%T}

Next, using (3.40) with k& = % and k =1 yields

_TA _
sup |29 e 2 sup [jlry < e sup fuyf2,.

3] ] ob

Therefore it follows that for ¢t € [T, %T ],

_ M
()59 < e” T sup [jl70 < e 2 sup 0517 5. (3.42)
0.37] 0.37]

Combining (3.41) and (3.42) yields L? exponential decay of ¥;(t) on [%T, %T} . Tterating

this argument, we see that for ¢ € [%T, (7 + 1)T],

2 A 9 _At
[Wi(t)|7e < e 2 sup [l < Ce 2.
047

Notice that C' is independent of j. Indeed by assumption [¢)(t)[ 2 < e on [0, (j+1)T]. Hence
part (2) of Theorem 20 and the triangle inequality imply that [¢;(¢)| 2 < C on [0, (j +1)T],

where C' is independent of j. O]
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3.3 Finding the Limit Calabi-Yau Structure

In this section we will show that there is a sequence of Calabi-Yau structures {(wy, J)},
indexed by k, which subconverges as k — oo to a limit Calabi-Yau structure, which we will
denote (wg g, Jxg). By the choice of the Calabi-Yau structures in {(wy, J;.)}, it will follow
that the solution (w(t), J(t)) of the system (1.2) exponentially converges to (wx g, JxE) as
t — o0.

Notice that the decay estimate from Corollary 23 may fail to hold for intervals beyond
I;. In order to maintain exponential decay we want to choose another Calabi-Yau structure
(wj41,Jj41) to which the solution exponentially converges. To ensure that we can continue
this process we need to prove that |¢(¢)|~2 is small for all time so that Corollary 23 may
be applied on any interval. This is the purpose of the following theorem. As a corollary we
will prove the existence of a Calabi-Yau structure, denoted (wg g, Jx ), to which the flow

exponentially converges.

Theorem 24. Let (M,@, J) be a closed complex manifold with (v, j) a Calabi-Yau structure.
Given € >0 and k > 0 there exists € > 0 so that |p(0)|coo < € implies that |¢(t)|ck <€ on

[0, 00).
Proof. We will employ Theorem 12. To do this we make explicit T', €, and €.

1. Let T be large enough so that

T°C3(k+2) 1 1
TA_1 <73

Where Cg(k + 2) is a constant depending only on k and (@, J).
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2. Choose

Where « is the constant from Corollary 23.
3. Choose € sufficiently small so that (w(t), J(t)) exists on [0,37] and

El

sup [$(t)| ok < =5
(0,27 C el

We want to prove that |¢(t)[ 4 < ¢ on [0,00). Suppose by way of contradiction there
is a finite maximal time 7" such that W)k < ¢ on [0,77) with k > 2. Write [0,7") =
0,T]U[T,2T]U--- U [NT,T") and let [jT,(j + 1)T] = I;. Also let (w;,J;) denote the
Calabi-Yau structure, from Corollary 23, to which (w(t), J(t)) exponentially converges on

I;. Using (3.39) and applying Lemma 22 iteratively we have

sup |1/)j %2 < e AT(-1) sup |@Z)j|iz (3.43)
Ij—1UIj [07%]

We again use a parabolic regularity argument to prove that from (3.43) we can obtain a

Ch+2 decay estimate.

Lemma 25. There exists a constant o > 0 so that if both [¢)| ,2 < a on I and SUPT; Ul \wj\iQ <

e~ AT(j—-1) sup|, I \¢j|i2, then there exists a constant C'(k + 2) such that

sup |¢j|0k+2 < C(k+ 2)T€_T>\(j_1) sup |1/Jj %2.
I {O,%T}
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Proof. The proof of Lemma 25 uses essentially the same argument as the proof of Lemma
15 hence we omit some of the details.

From (1.42) we have

0
5% 20 < —IVe2g + Crlthyl2 .

Fix ¢t € I; and integrate from (j — 1)T" to ¢;

t

t
[ e < =0+

;2
i DT Jr2

A1 ) (3.44)
< CTe”TAG—Y) Slip %5172,
0.47]
where the second inequality follows from the L? exponential decay assumption.
Next let (s) be a smooth function which is 0 for s < (j — 1)7", monotonically increasing
from 0 to 1 for s € [(j — 1)7,jT] and equal to 1 for s > jT. As in Lemma 25, 6(s) will be

used to deal with the boundary terms that arise in the estimates below. Now from (1.48)

we have

0
57| Vilta < Cslulls + sl Vel

and since (s) and its derivative are uniformly bounded, it follows that

0
— (80)V05 ()12, ) < Crly 22 + G5Vl

50



We now integrate from (j —1)T to ¢t € I; and use that 6((j — 1)7) = 0 and 0(¢) = 1,

t t
Vo <0 [ G [ [vul, (3.45)
-1)T 1T
< CTe 7Y sup Jyy)2,, (3.46)
0.57]

where the first and second terms on the right-hand side of (3.45) were bounded using the L?
exponential decay assumption and (3.44) respectively. Notice that (3.45) and (3.46) yield
the desired L12 exponential decay estimate.

Continuing in this way, on I; we get

051122 < C)Te D sup [y)2,,
0.57]

moreover by the Sobolev Embedding Theorem, for any ¢ € I;

[0 (8)] v < CUk+2)Te” AT sup [yy2,.
o47]

From Lemma 25 it follows that

< Co(k + 2)T6_T)\(j_1)€/
ck

0
sup | =—v
I ot

since ‘%Mck = ‘%¢j‘ck < C’sup]j ¥jlokt2- Hence, for j > 2 and any ¢ € Ij, by
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integrating we see that

0
aw‘

(1) o < Tsup
Ij C

+ su
i Ij_p1 |¢|Ck:

J P
<73 sw| 2y

+ sup |¢b]
1=2 1

Ck I()UII

1 1 1

/ 2

<eC k—|—2T( + +o 4+ — )+ sup |9
3( ) AT Q20T c(i—1)AT 10U11| ‘Ck

< o C3(k +2)7°

< S s o

—1 IOUIl

<g@m+mﬁ+_a
= AT T

<€/
>

Where the final inequality is from our choice of 7" and e. The key observation here is that
the above inequality is independent of both j > 2 and ¢ € I;. Hence the above inequality

holds for j = N which contradicts the maximality of 7”. Therefore T = co. m

The important thing to notice about Theorem 24 is that it allows us to find a Calabi-Yau

structure (Wi g, Jig ) to which the flow converges.

Corollary 26. Under the assumptions of Theorem 1 with (M,w,J) a Calabi- Yau manifold,

there exists a Calabi-Yau structure (wi g, JxE) to which the flow exponentially converges.

Proof. By Theorem 24 we know that given ¢ > 0 and k > 0, there exists ¢ > 0 such that
if |p(0)[coo <€, then ()] -k < ¢ for all t > 0. Let ¢ = «, where « is the small constant

from Corollary 23. Recall that p;(t) = (w(t) —wj, J(t) — J;). Now since [¢)(t)] - < a for all

c

t >0, by Corollary 23 there exists a sequence of Calabi-Yau structures {(wj, J;)} such that
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pj(t) exponentially decays in L? for all t € [0, (j + 1)T7] and for each j. Specifically,
_At
pj(t)| 2 < Ce 2 (3.47)

for t € [0, (5 + 1)7T] and for each j.

Next, by part (2) of Theorem 20, each of these Calabi-Yau structures (w;, J;) is contained
in a fixed neighborhood of (@,.J), in particular [(wj — @, Jj — j)]ck < C¢. Therefore as
J — 0o we have a convergent subsequence (wj, J;) = (Wi g, Jkg). And hence by (3.47) we
have L? exponential convergence of (w(t), J(t)) to (wg g, Jig) for all t > 0. Finally applying

the parabolic regularity argument of Lemma 15 it follows that the exponential convergence

of (w(t), J(t)) to (wxp, Jxg) is CF convergence, that is

() — i J() — i)l < Ce 2 (3.43)

At
In other words, (w(t),J(t)) is contained in a ball of radius Ce” 2 of the limit Calabi-Yau

structure (wg g, Jg ) for all t > 0. This gives us the desired exponential decay estimate. [
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