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ABSTRACT

TRANSPORT PHENOMENA IN POROUS MEDIA
WITH EMPHASIS ON WATER MOVEMENT IN SOILS

By

Lawrence Thomas Novak

Unrestricted dumping of domestic and industrial
waste water into the waterways will be a thing of the past
in the United States. Stringent federal standards will
require that waste water be treated before being returned
to the waterways. One method of treating this waste water
is by spray irrigation of the soil mantle.

In order to successfully design and manage a
spray irrigation facility, mathematical models are required
which will predict the movement of water and chemical
compounds in the soil. This work addresses itself to
modeling the water movement in soils.

One objective of this work is to develop a general
model for water movement in soils. This model is then
compared to less general models which have previously
been proposed to describe water movement in soils. Another
objective is to test the models by comparing the simulation

results with the experimental results.



- Lawrence Thomas Novak

The general model was derived by making material
balances on water in the liquid and vapor form, and by
making an energy balance on the soil. This resulted in a
set of transport equations which describe the movement
of water and energy in the soils. The novel feature of
this model is that the condition of interphase vapor-liquid
equilibrium is not assumed. This equilibrium asstmption
was the basis of an earlier model for water movement in
soils which was developed by Philip and DeVries.

The unsteady state numerical solution was developed
for the general model, Philip and DeVries model, and the
isothermal equation. An explicit finite difference
technique was used in the numerical solutions. The
unsteady state solution to the Philip and DeVries model
has not been obtained prior to this work. With the
numerical solution to the above models, soil drying
simulations were run and the results were compared to
experimental results.

It was found that even with dry soils the inter-
phéase vapor-liquid assumption is valid. Furthermore,
the isothermal equation and Philip and DeVries model
give essentially the same drying saturation profiles
when identical irreducible saturations are used in the
models. Good agreement was obtained between calculated

and experimental drying saturation profiles.



Lawrence Thomas Novak

The solution to the Philip and DeVries model developed
in this work should be useful in problems involving drying
of soils or porous media where a predictive capability is
needed. The general model will also be useful in these
types of problems to evaluate the interphase vapor-liquid
equilibrium assumption upon which the Philip and DeVries
model is based.

For soils which are above the irreducible saturation,
the isothermal equation for water movement would be the
most expedient model to use if soil temperature informa-
tion was not desired. In particular, the isothermal
equation would be a good base for structuring models to
describe the movement of chemical compounds in soils

subjected to spray irrigation with liquid wastes.
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CHAPTER I

INTRODUCTION

There is a growing desire today to achieve a
cleaner aquatic environment by cleaning up domestic and
industrial waste water. One method of treating waste
water is by spray irrigation of the soil mantle. This
method is gaining popularity in areas where inexpensive
land is available.

The soil mantle can act as a living filter. As
waste water trickles down through the soil, some chemical
compounds are adsorbed onto soil particles. Others are
absorbed by the roots of surface vegatation. Also,
microbial life in the soil feed on suspended solids and
soluble chemical compounds in the water and convert them
into microbial biomass and other chemical compounds which
are excreted. Chemical compounds which are not accumulated
into the biomass of surface vegetation or soil organisms,
will accumulate in the soil. As this accumulation continues,
the soil becomes saturated and these chemical compounds
eventually wash downward into the water table. A manage-
ment goal of a spray irrigation facility would be to
minimize the amount of chemical compounds entering the

water table.



It can be seen from the above discussion, that
the water acts as a carrier of chemical compounds in the
soil. 1In order to successfully design and manage a soil
mantle spray irrigation facility, one would like to be
able to predict the outcome of various spraying policies.
To do this a model is required which could accurately
predict water movement in soils over a range of operating
conditions. The water model would be the foundation upon
which other models could be built. For example, a model
to describe phosphorous movement in soils would recognize
that soluble phosphorous compounds move with the soil water
and are adsorbed or desorbed from the soil particles and
also taken up by the roots of terrestrial vegetation.

The objectives of this work are to develop a general
model for water movement in soils and to compare this model
to less general models which have been proposed to descibe
water movement in soils. Another objective is to test the
models by comparing the simulation results with experimental
results.

The first model to describe water movement in soils
was proposed by Darcy in 1856. Darcy studied the flow of
water through the sand filters of Dijon, France and con-
cluded that the volumetric flow rate of water could be

predicted by the following empirical equation [1].



(1.1) 0 =v° = - ka(®D)

Equation (1.1) is called Darcy's law and states
that the volumetric flow rate of water is proportional to
the pressure drop (AP) across a sand column of length L.
The proportionality constant is the product of the hydraulic
conductivity (K) and the column cross sectional area (A4).
Hydraulic conductivity is a function of the water viscosity,
the particle sizes, and the particle size distribution of
the porous media. Darcy's law has been found valid for

low flow rates in porous media.

pQD

= P
(1.2) Rep AL <1

This is because at low flow rates, the frictional forces
outweigh the inertial forces [2].

The type of flow problem studied by Darcy is
described by the terms saturated, isothermal, and steady
state flow. A saturated porous media or soil consists of
two phases: 1liquid and solid. When the volumetric flux
(v°) of water through a constant temperature soil does not
change with time, the flow is said to be steady state and

isothermal.



Water flow in soils also occurs when a gas phase is
present in the soil. This type of flow is called unsaturated.
Collis-George experimentally verified that Darcy's law
holds for unsaturated flow if the driving force is changed

from a pressure gradient to a potential gradient [3].

(1.3) vP = -KVo
where,

The potential (¢) includes a capillary potential
(Y) and a gravitational potential (-z). The capillary
potential is equivalent to the other literature terms
soil potential, suction, and tension. The potential (¢)
has been shown to be the free energy per weight of water
of the soil water at a given depth z [4]. Appendix A
illustrates the dependence of capillary potential on
saturation, temperature, history, and composition.

A practical problem of interest is the distribution
of water in the soil during and following irrigation [5,6].
The water flow in this type of problem is called unsteady
state. That is, the volumetric flux of water (Vo)
changes with time. To handle this type of problem, Gardner

proposed the following model [7].



where,
(1.6) 6 = Se
(1.7) 0 i S < 1.0

Gardner's equation for isothermal water movement
in soils is a material balance on water in the soil.
Equation (1.5) states that the rate of accumulation of
water (volume) per bulk volume of soil is equal to the
rate of gain of water (volume) per bulk volume of soil
due to convective flow. The amount of water per bulk
volume of soil is called the water content (8) and is
defined in Equation (1.6) as the product of saturation
(S) and porosity (g).

A phenomenon which is more difficult to model is
the drying of a soil or other porous media. The water
flow in soils during drying is unsaturated, non-isothermal,
and unsteady state. Water movement can occur in the gas
phase by water vapor diffusion and in the liquid phase by
capillary movement.

The first attempts to handle the drying phenomenon
were by engineers. Their main concern was to develop models
which would predict the drying rates of porous media. They

did not concern themselves with models based on the detailed

[



mechanisms of water movement in porous media during drying.
As a result, their models were a blend of theory and
empiricism. The engineering drying literature has been
reviewed in references 8 and 9. To describe the saturation
profiles in a drying porous media, a diffusion equation was
used with a constant diffusivity [10]. This approach did
not fit the experimental data. 1In Appendix B, it is shown
that Gardner's equation and Darcy's law can be combined to
yield a diffusion equation with a variable diffusivity.

A new model to describe the drying phenomenon was
proposed by Philip and De Vries [1l1l]. They assumed that
the water vapor was in equilibrium with soil water. In
this situation, the soil air is saturated with water vapor.
The main point is that for the first time a model was
proposed which mathematically described water movement
occuring in two phases: gas and liquid.

The model of Philip and De Vries is given below.

A reader interested in a detailed derivation is referred

to Reference 11.

= oK
= V'(DTVT) + V'(Deve) + 'a—z

6

Q

(1.8)

2

oT _ o, _ .
(1.9) C e Ve (AVT) Hvapv (De



Equations (1.8) and (1.9) neglect the effect of soil water
composition on the capillary potential and hence no
composition variable appears in these equations. The
energy balance (1.9) contains a conductivity (A) which
includes the thermal distillation effect [11].

At a later date, Taylor and Cary used the thermo-
dynamics of irreversible processes to develop a model
for unsaturated, nonisothermal, and unsteady state flow [12].
Their model also assumes vapor-liquid equilibrium and the
equations are of the same form as the equations of Philip
and De Vries.

To solve practical problems using models for water
movement in soils, the model equations must be solved.
For unsteady state problems, the equations are nonlinear
paétial differential equations.

Gardner's equation has been solved numerically for
infiltration, redistribution, and some drying problems.
A literature survey on numerical solutions to these unsteady
state problems has been given in Reference 13.

The drying of soils like many porous media
consists of a constant drying rate and falling drying rate
period. Covey studied the constant drying rate period
using Gardner's equation. The model parameters were varied
and saturation profiles were calculated [14]. Later,
Klute et al. stu?ied the falling rate period using Gardner's
equation [15]. Neither of these studies compared the

numerical results with experimental results.



A study by Fritton et al. used Gardner's equation
to simulate the drying of soil and compared computed results
with experimental results [l6]. Gardner's equation fits
the cumulative evaporation versus time data but did not
fit the saturation profiles. The experimental saturation
profiles had an inflection point whereas the numerical
results did not.

The equations of Philip and De Vries have not
previously been used to simulate unsteady state water
movement in soils or other porous media. Their usage has
been in calculating the water vapor, liquid, and energy
fluxes from experimental saturation and temperature profiles

at some instant of time.



CHAPTER II

THEORY

This chapter will be concerned with the development
of a general model for water movement in soils. Although
developed specifically for soils, it is general enough to
apply to other porous media such as crystalline catalysts,
wood, fibers, and paper. Before developing this theory,
some important concepts and terminology will be discussed.

The general model for water movement in soils will
be a set of equations which describe the transport of
fluids and energy through the soil. One fluid will be
the liquid phase and the other fluid will be the gas phase.
Both phases are fluid mixtures because the fluids contain
more than one component.

A theory of fluids is conveniently divided into
equilibrium and nonequilibrium properties of fluids. The
equilibrium properties are the thermal equation of state
(p = P(T,Vl,...,Vn)] and caloric equation of state
(U = U(T,Vl,...,vn)). These equations relate the local
pressure and internal energy of the fluid to the local
temperature and volume occupied by the components of the

fluid. The equations of state along with the equations



10

of change and appropriate boundary conditions describe

the transport pehnomena of the fluid. Transport phenomena
is concerned with the fluxes of mass, momentum, and energy
which occur in fluids not at equilibrium.

The equations of change are the equation of continuity,
the equation of motion, and the equation of energy. In their
most general form, they are written in terms of fluxes of
mass, momentum, and energy. These equations have been
derived for transport phenomena in fluids by Bird et al. [17].

The equations of continuity and energy are mathe-
matical statements of the conservation laws of science
applied to a fluid: conservation of mass and conservation
of energy. An early statement of the conservation of mass
principle was given by the Roman poet Lucretius (ca. 96-55 BC),
contemporary of Julius Caesar: "Things cannot be born from
nothing, cannot when begotten be brought back to nothing" [18].
The conservation of mass principle was modified much later
by Albert Einstein in his theory of relativity. For systems
in which the velocity of mass approaches the speed of
light, the conservation of mass principle is obeyed if
relativistic mass is used. The principle of conservation
of energy says that energy may be transformed from one
kind to another, but it cannot be destroyed. This principle
and the principle of conservation of mass are generaliza-
tions of man's experience, so far not contradicted by

observation of nature.
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The equation of motion is a statement of Newton's
second law of motion applied to a local fluid element.
Newton's second law says the unbalanced force acting on
a body is equal to the time rate of change of motion (or
momentum) of the body.

There are three levels of analysis which can be
applied to develop the theory of transport phenomena in
soils: molecular, microscopic, and macroscopic. The
molecular leyel of analysis develops theories of transport
based on the movement of molecules [19]. The movement of
molecules is caused by intermolecular forces. On this
level of analysis even a fluid is discontinuous as there
are voids between molecules. This difficulty is overcome
by using statistical distribution functions, and the
equations of change derived by molecular considerations
are partial differential equations with continuous
functions [19].

The microscopic level views a fluid as a continuum
and is not concerned with the individual movement of
molecules. It is concerned with the microscopic properties
of fluids such as local temperature, pressure, and velocity.
Transport in soils is then described by applying the
microscopic equations of change to the regions of the soil
where fluids are present such as the macropores and micro-
pores. The difficulty of this approach is the complexity

of the boundary conditions between the phases present.
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This difficulty is circumvented in the macroscopic
analysis as the complex microscopic boundary conditions are
incorporated into the macroscopic equations of change.
Furthermore, the macroscopic approach is concerned with
macroscopic properties of soils which are directly measure-
able such as temperature and saturation.

The general model for water movement in soils will
be the macroscopic equations of change. The macroscopic
equations of change for soils can be derived by two methods.
The first method involves volume averaging the microscopic
equations of change over a small macroscopic volume of soil.
Bird et al. have used this method to develop the macroscopic
equations of change for a general nondistributive flow
system [20]. The second method involves definition of
macroscopic quantities and derivation of the macroscopic
equations of change in terms of these quantities.

The following derivation of the macroscopic equations
of change will utilize the second method since it is more
simple and straightforward. The nomenclature is defined
on pages ix-xii and Appendix C contains the three dimensional

form of the macroscopic equations of change.
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Derivation of the Macroscopic Equation of
Continuity for Liquid Phase Water in the Soil

A mass balance on liquid phase water in a differ-
ential element of soil (see Figure 1) yields the macro-
scopic equation of continuity for liquid water. Ligquid
water enters the differential element at position z with
a volumetric flux V° and leaves the element at position
z + dz with a volumetric flux v°. Liguid water may evaporate
or water vapor may condense in the element also. The mass
rate of water evaporation per bulk volume of soil will be
represented by the letter E.

The rate of accumulation of liquid water mass in
the differential element is equal to the rate of gain of
liquid water mass by convecﬁive flow plus the rate of
gain of liquid water mass by condensation of water vapor.
That is,

EAdZ = —t—— .

o o
(2.1) PV Alz =AY Alz+dz - ot

where, P mass density of liquid phase water

0 = liquid water content
S = saturation (liquid water volume per volume of
voids)
and, 6 = Se

Since the cross sectional area is a constant, we can divide
by Adz and then take the limit as dz approaches zero.

Equation (2.1) becomes
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A = s0il column cross sectional
/ area.

€ = goil porosity (or void
fraction)

S = gaturation

zZ =g
z = z+dz

volume of soil particles in the differential element = (1 = ¢)Ads
volume of liquid water in the differential element = SeAdz

volume of soil air in the differential element = (1 «S)ecAds

Figure l.--Differential element in a soil column.
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apwv° oap 6
3 -E=
z ot

(2.2) -

Macroscopic Equation of
Continuity for Liguid Phase Water

The rate of evaporation (E) will be defined mathe-

matically later in this chapter.

Derivation of the Macroscopic Equation
of Continuity for Water Vapor in the Soil

A molar balance on water vapor in a differential
element of soil (Figure 1) results in the macroscopic
equation of continuity for water vapor. Water vapor
enters the differential element at z with a molar flux
§w and leaves the element at z + dz with a molar flux ﬁw'
The flux ﬁw is with respect to a fixed coordinate system
and contains convective and diffusional flow contributions.
Water vapor may also enter or leave the vapor state by
liquid evaporation or vapor condensation.

The molar rate of accumulation of water vapor in
the differential element is equal to the molar rate of
gain of water vapor by convective flow and diffusion plus

the molar rate of gain of water vapor due to liquid water

evaporation. That is,

. . 3(C. € (1-5)Adz)
(2.3) NAl, - NA + EAdZ = _ W

z " Iz+dz M ot
W

where, Mw = molecular weight of water
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and

(2.4) C =0=_MV

Dividing by Adz and taking the limit as dz approaches zero,

Equation (2.3) becomes
N 3(C_e(1-5))
(2.5) - =+ W

Q

E .
M ot
w

Macroscopic Equation of
Continuity for Water Vapor

In Equation (2.4), the molar concentration of water
vapor is given by the ideal gas law. The partial pressure
of water, the total gas pressure, and the mole fraction of
water vapor present in the gas phase has been represented

by the symbols, Py,+ P and X, respectively.

Derivation of the Macroscopic
Equation of Energy for the Soil

By making an energy balance on the differential
element of soil (see Figure 1) we obtain the macroscopic
equation of energy for the soil column. Energy enters
the differential element at z with a conductive energy
flux g and leaves the element at z + dz with a conductive
energy flux g. Sensible heat transferred by the fluxes
of liquid water and water vapor also contribute to an energy
flux. This flux has been assumed negligible compared to

the conductive energy flux and will be justified by the

<
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simulation calculations later in this work. A cooling or
heating effect is also present in the element due to
evaporation or condensation of water.

The rate of accumulation of enthalpy in the differ-
ential element is equal to the rate of gain of conductive
energy plus the rate of gain of enthalpy due to condensation

of water vapor.

That is,
_ ,C3T,Adz
(2.6) qA]z - qA]z+dz - AHvapEAdz = (5%)
where, C = volumetric heat capacity of the soil
AHvap = enthalpy of vaporization of water

Dividing by Adz and taking the limit as dz approaches zero,

Equation (2.6) becomes

L =c X
(2.7) 52 = MHyapE = C 3%

Macroscopic Equation of Energy
for the Soil

Thus far we have derived the macroscopic equations
of change in one dimensional form. An implicit assumption
in these derivations has been that fluxes, concentrations,
and temperature are constant over the cross sectional column

area (A).
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The macroscopic equation of motion has been derived
by Raats for a soil. He has shown that if inertia is
negligible, the equation of motion yields Darcy's law [21].
Darcy's law can be used to describe the volumetric flux
of liguid water in the soil (see Equations (1.3) and (1.4)).
Darcy's law is written in terms of a potential driving Zforce
(¢) . Appendix A indicates the dependence of capillary
potential (Y¥) on saturation, temperature, history, and
composition.

The expression for the flux of water vapor in soils
is dependent on the number of components diffusing and

the convective flux of the gas phase. In general,

~
~

~ ~ dX ~
_ gy W )
(2.8) NW = CDaWE(l S')-d—z— + XW i Nl
where,
(2.9) vt =lcv =1lx
1 1l 1 1 1
~ N 2 ~ B P
(2.10) C = i Ci = &7
and,
V* = molar average velocity with respect to fixed
coordinates
Vi = average velocity of molecules i with respect
to fixed coordinates
D = diffusion coefficient of water in soil air

aw
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When water is the only component moving and it is moving

by diffusion, Equation (2.8) reduces to

~ ~ e(l—S)de
(2.11) Nw = - CDaw (l—Xw)dz

The energy flux is written in terms of an effective

conductivity.
(2.12) qg=-k_ =

Model Parameters

Rate of Evaporation (E):
Interphase Mass Transfer

Evaporation and condensation of water in soils
involves the transfer of water molecules across the gas-
liguid interface present in the soil. This phenomenon
is referred to as interphase mass transfer. The theory of
interphase mass transfer is developed in a textbook by
Treybal [22]. In summary, the rate of water mass transfer
per unit area of gas-liquid interface is equal to the
product of an over-all mass transfer coefficient (KO) and

~

N ~
a concentration driving force (Cw - Cw).
The evaporation rate (E) can now be written as

~ % ~

(2.13) E = Koa(Cw - Cw)Mw

where,
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~x
) 14 ~ Pvagp PX,
and a = gas-liquid interfacial area per bulk volume
of soil (Adz).
Pvap = water vapor pressure

It should be noted that the water vapor pressure
(Pvap) is dependent on saturation, temperature, and water
phase composition. This mathematical dependence is indicated
in Appendix D.

When the liquid phase contains only trace amounts
of components other than water, the main resistance to
water mass transfer is in the gas phase. An exception to
this statement would be if a trace component is a surface
active agent which creates a small film of resistance at

the interface. When the gas phase is the main resistance,

(2.15) K, = k_

where,
km = gas phase film coefficient for mass transfer
%— = gas phase resistance to mass transfer
m

For concentrated water solutions, the liquid phase resistance
may become significant and must be included in calculating
the over all mass transfer coefficient (see Treybal Reference

22) .
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To allow mass transfer calculations using Equation
(2.13), the mass transfer coefficient and interfacial area
need to be quantified. The gas-liquid operations such as
humidification, absorbtion, and stripping also require
knowledge of the volumetric mass transfer coefficient
(Koa). This coefficient is determined experimentally. Since
no one has previously considered a general water movement
in soils model of the form presented here, the volumetric
mass transfer coefficient has not been measured.

The model presented here could be used to determine
the volumetric mass transfer coefficient from a drying
experiment. In addition to the model physical parameters,
the data required are the saturation (S), temperature (T),
and the gas phase water mole fraction (iw). No one has
measured all of these quantities together. As a result,
this work will theoretically estimate the volumetric mass
transfer coefficient.

Soils (porous media) are packed beds of small
particles, so earlier work on heat and mass transfer in
packed beds will be useful for determining the film mass
tranéfer coefficient (km). Since packed beds are composed
of particles, some early investigations of mass transfer
from single particles are pertinent. Frossling studied
evaporation from liquid drops and proposed the following

dimensionless correlation [23].

\
)
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(2.16)  Sh = 2.0 + 0.55 Re;/ZScl/‘?
where,
k_D
(2.17) Sh = DLE
awi
DV o
(2.18) Re_= B9
P "
_ u
(2.19) Sc = 5D
awi
and, Sh = Sherwood number
Rep = Particle Reynolds number
Sc = Scmidt number
km = gas phase film coefficient for mass transfer
Dp = liquid droplet diameter
Dawi = ordinary diffusion coefficient of component
wi in air
M = air viscosity
o = air density
Vg = air velocity

Later, Ranz and Marshall also studied evaporation

from liquid drops and proposed the following correlation [24].

172, .1/3

(2.20) Sh = 2.0 + 0.60 Rep Sc
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It can be seen that Equations (2.16) and (2.20)
predict Sherwood numbers of 2.0 when the air is stagnant.
This number is a theoretical value for a sphere in an
infinite stagnant medium. However, a recent mass transfer
study using the collapsing bubble method verified the
theoretical value of the Sherwood number (Sh = 2.0) for
an oxygen bubble in stagnant water (Rep = 0.0) [25].

At low Reynolds numbers (Rep<lO), most of the
experimental data in packed beds are from heat transfer
studies. Kunii and Suzuki predict values of Sherwood
numbers much less than 2.0 at low Reynolds numbers.

Their experimental data substantiates their model [26].

g

= (Re_Pr)

(2.21) Nu = —mTE—)—C- p

)
_ s
(2.22) Sh = E(1-5)C (RepSc)

where,
hD
(2.23) Nu =TR
C_ u
(2.24) pr = B
(2.25) ﬂs = 1.0 (shape factor)
€ = 0.4 (porosity or void fraction)
z = 10.0 (ratio of average channeling length

to particle diameter)
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and, Nu = Nusselt number
Pr = Prandtl number
h = gas phase film coefficient for heat transfer
k = gas phase thermal conductivity
Cp_= gas phase heat capacity

Later, Littman et al. used frequency response
techniques to study heat transfer from packed beds of
small particles (porous media). They have claimed Kunii's
method for calculating the film heat transfer coefficient
from experimental data is incorrect. They have presented
their own data and data of others at low Reynolds numbers
to show that the Nusselt number asymptotes to a value of
two [27]. The conclusions of Littman et al. will be used
to calculate the film mass transfer coefficient (km).

In order to determine the gas-liquid interfacial
area per volume of soil (a), the model illustrated in
Figure 2 was used. The soil is viewed as a packed bed of
cylindrical rods arranged in simple cubic packing. This
model predicts a porosity of 0.22 and a drainage saturation
of 0.37.

To calculate interfacial area per volume of soil (a)
from the model, sometﬁing must be said about the manner
in which the water distributes itself at a given saturation.
In this model, the water interface is assumed to have a

constant radius of curvature. Also, for saturations up to
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porosity 0.22

drainage saturation = 0.37

simple cubic packing of rods

front view

Figure 2.--Interfacial area model.



26

the drainage point the interface is tangent to the rod at
the point of intersection. When surface tension measure-
ments are made with capillary tubes, it is also common to
assume that the gas-liquid interface is tangent to the tube
surface at the point of contact.

The drainage point is reached during wetting when
adjacent interfaces first touch one another. This occurs
where the square diagonals intersect the rods (see front
view, Figure 2). The saturation at the drainage point is
calculated to be 0.37.

Beyond the drainage point, it is assumed that
drainage is slow enough so that the water will distribute
itself as shown in the front view of Figure 2. The radius
of curvature beyond drainage is taken to be the radius of
curvature of a capillary tube which has the same capillary
potential as experimental capillary potential data on a
soil.

The mathematical development and computer program
for this model are given in Appendix E. Figure 3 contains
the calculated relationship between interfacial area and
saturation. At the irreducible saturation of the soil,
the interfacial area must be zero. 1In Figure 3 the

irreducible saturation is zero.
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1000. 1
Data from simulation of simple
cubic rod packing model: Program
Area 3, Run No. 2/1/72.
10. 03. 03.

500. |

Interfacial Area Per Volume (cm-l)

0.5 1.0
Soil saturation (dimensionless)

Figure 3.--Interfacial area per volume versus soil saturation.
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Other models for interfacial area were considered.
A model consisting of a simple cubic packing of spheres
arrangement resulted in a porosity of 0.48 and a drainage
saturation of 0.18. With a body centered packing of spheres
arrangement( the porosity is 0.32. At a saturation of
0.12, the body centered packing of spheres was near drainage.
Both of these models predict drainage saturations much
lower than actually occur for sandy soils. For example,
a sandy soil on the south campus swine waste disposal site
had a drainage saturation of 0.35. For this reason and
the computational difficulties involved with the sphere
models, the simple cubic packing of rods model was chosen
for this work.

The over all mass transfer coefficient and inter-
facial area are two physical parameters which have just
been discussed. Other physical parameters in the general
soil water model are hydraulic conductivity, capillary
potential, water vapor diffusion coefficient, liquid water
vapor pressure, liquid water enthalpy of vaporization,
effective thermal conductivity, and volumetric heat capacity.

Hydraulic Conductivity

Experimental data on hydraulic conductivity on
Uplands sand is given in Figures 4-6. For high saturations,
hydraulic conductivity is determined by steady flow experi-
ments and Darcy's law. For lower saturations, hydraulic

conductivity is determined from unsteady state flow
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Data reference: W.J. Staple, Soil Sci. Proc.,
33 (840) 1969.
Uplands sand (78% 30-100 mesh)
© Experimental data points

. Least squares data points
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Figure 4.--Hydraulic conductivity versus soil saturation.
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Data reference: W.J. Staple, Soil Sci. Proc.,
33 (840) 1969.

Uplands sand (78% 30-100 mesh)
©® Experimental data points

. Least squares data points
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Figure 5.--Hydraulic conductivity versus soil saturation.
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W.J. Staple, Soil Sci. Proc.,
33 (840) 1969.

Uplands sand (78% 30-100 mesh)

© Experimental data points

. Least squares data points
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Figure 6.--Hydraulic conductivity versus soil saturation.

Soil saturation (dim.)




32

experiments and the equations of Gardner and Darcy (i.e.,
Equations (1.5) and (1.3)). The data contained in

Figures 4-6 was curve fitted using a least squares technique
so that the data could be used in computer calculations.
Appendix F contains the documented subroutine for this

data.

Capillary Potential

Figures 7-8 contain the capillary potential data
on Uplands sand. At high saturations the capillary potential
is determined by making measurements with a manometer.
For lower saturations vapor pressure measurements are
used to determine capillary potential (see Appendix A) [2] .
Appendix F contains the documented subroutine which is a
capillary potential curve fit modified to correct for
temperature. Comparison of literature data on hydraulic
conductivity and capillary potential demonstrates that
these parameters are strongly dependent on particle size
and particle size distribution. Figures 9-10 contain the
capillary potential data for the Valentine sand used by
Hanks et al.[30]. The calculation of some of the data
points is explained in Appendix L. Appendix F contains
the documented subroutine which is the Valentine sand
capillary potential curve fit modified to correct for

temperature.
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Data reference: W.J. Staple, Soil Sci. Proc.,
33 (840) 1969.

@ Drying curve for Uplands sand
(78% 30-100 mesh)
x Least Square fit of the experimental points (e ).
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Figure 7.--Capillary potential versus soil saturation.
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Data reference: W.J. Staple, Soil Sci. Proc.,
33 (840) 1969.

® Drying curve for uplands sand
(78% 30-100 mesh) -- Experimental

X Least squares fit of the experimental
points (® ).
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Figure 8.--Capillary potential versus soil saturation.
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Data reference: R.J. Hanks, et.al., Soil Sci. Proc.,
31 (594) 1967

© Drying curve for Valentine sand
(experimental values)

& Drying curve for Valentine sand
(calculated from saturation profile at the start
of Hanks drying experiment--see appendix L1,)

—— Least squares computer curve fit

-104 y—
m4
-
7
\
\
\
_103 \
1
1
\
\
\
- \
5 \
. \
5 2 ®
) -10 @
g =
2 —
Q, 'N’g{\.
> v
o
I
~
—
‘2
1
8 -10
"
=
+
-100 ?
0.2 0.4 0.6 0.8 1

Soil saturation (dimensionless)
Figure 9.--Capillary potential versus soil saturation.
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Data reference: R.J. Hanks, et.al., Soil Sci. Proc.,
31 (594) 1967

® Drying curve for Valentine sand
(experimental values)

Least squares computer curve fit
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Figure 10.--Capillary potential versus scil saturation.
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Water Vapor Diffusion Coefficient

In this study the water vapor diffusion coefficient
in soil has been assumed equal to the ordinary diffusion
coefficient of water vapor in air. Philip and De Vries
have sugges;ed a value of two thirds of the ordinary
diffusion coefficient [1ll]. Clearly the ratio of water
vapor diffusion coefficient in soil to the ordinary diffusion
coefficient will be a function of saturation and not
constant. It has been shown that the assumption just made
is an upper bound on the water vapor diffusion coefficient
(Daw) in soil [28]. The ordinary diffusion coefficient
for water vapor in air has been fitted as a function of
temperature using an empirical equation from the International

Critical Tables.

1.75
T (°K)

aw|T(oK)

aw|0(oc)

Liquid Water Vapor Pressure
and Enthalpy of Varporization

Data on liquid water vapor pressure and enthalpy
of vaporization was obtained from the Handbook of Chemistry
and Physics. Vapor pressure and enthalpy of vaporization
were curve fit as functions of temperature and vapor
pressure was corrected for the effect of saturation described
in Appendix D. The documented subroutines for these

parameters are contained in Appendix F.
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Thermal Parameters: Effective
Thermal Conductivity and
Volumetric Heat Capacity

The thermal parameters of effective thermal
conductivity and heat capacity were obtained on Ottawa
sand from Moench [29]. This data is presented in Figure 11,
and Appendix F contains the documented subroutines which
are curve fits of this data. The method of thermal con-
ductivity measurement and volumetric heat capacity calcula-
tion is contained in Moench's thesis [29]. 1In summary,
the thermal probe method was used to measure the apparent
thermal conductivity. The theory of Philip and De Vries
was used to estimate the energy flux due to the distillation
effect. The effective thermal conductivity is then obtained
by subtracting the energy flux due to the distillation effect
from the apparent thermal conductivity.

General Model for Water Movement

in Soils Under the Condition of
Vapor-Liquid Equilibrium

Thus far the general model for water movement in
soils has been presented along with the physical parameters
contained in the model. If vapor-liquid equilibrium exists,
the general model reduces to the equations of Philip and
De Vries. The equations of continuity for the liquid phase
water (2.2) and water vapor (2.5) are added to give

3p. 6

woo_ _ 9 o -
(2.27) at 5z PV NGMO)
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Data reference: A.F. Moench, Ph.D. thesis,
69-12533, pp. 74-80, Univ. Microfilms,
Inc., Ann Arbor, Mich.
70. T Thermal conductivity measurement
by the cylindrical thermal
probe method.
60l T
50. T
40, 7
30. 7
20. 7
10. ]
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Soil saturation (dimensionless)

1.0

Figure 1l.--Effective thermal conductivity and volumetric

heat capacity versus soil saturation.

Volumetric Heat Capacity (cal./cm.3 deg. C.)
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The energy balance (2.7) is modified to include the dis-

tillation effect.

H M .
0z vap w

In fhe next chapter, the general model for water
movement in soils will be tested. A drying problem will
be described and the numerical solution of the general
model and earlier models will be developed. Using the
numerical methods, some drying problems will be run using
the new general model developed in this work, the theory
of Philip and De Vries, and the isothermal equation of

Gardner.



CHAPTER III

NUMERICAL SIMULATION

In this chapter, a general drying problem will
be stated mathematically followed by the development of
the numerical methods for simulation of the drying
problem. The theory developed in Chapter II, the theory
of Philip and De Vries, and the isothermal water movement
equation will be used to simulate some drying problems.
In Chapter IV, a number of drying problems will be defined
and the simulation results will be presented and discussed.

Hanks et al. have published experimental data
obtained from drying of Valentine sand by radiation [30].
The saturation and temperature profiles published are
averages of two replicate experiments. Attempts by this
author to obtain their original data were unsuccessful
because they no longer had this data.

The complete set of boundary conditions for their
drying experiments on Valentine sand were not published.
In their experiments, ambient temperature was controlled
at 252 °C. but there was no control on humidity. Radiant
energy was supplied by heat lamps and they attempted to

minimize surface turbulence.
p

41
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The following general drying problem is for a sand
column of the same type and dimensions as the columns used
by Hanks et al. Figure 12 is a diagram of the sand column
with boundary conditions illustrated. Table 1 contains
the legend for Figure 12.

In order to simulate a drying problem, the initial
conditions and boundary conditions for the problem must be
stated. The surface boundary conditions say that water can
only be transported across the top surface of the column
in the vapor state. Furthermore, the water flux is given
by the product of a surface film mass transfer coefficient
(km,s) and a concentration driving force. The driving
force is the difference in water concentration between the
atmosphere and soil surface. The film coefficient is a
function of wind velocity and is calculated in Appendix K.
The energy boundary condition contains a radiative flux
(qr) and a convective flux (qc). The convective energy
flux is given by a surface film heat transfer coefficient
(hs) and a temperature driving force. The temperature
driving force is the temperature difference between the
atmosphere and soil surface. Again, the film coefficient is

a function of wind velocity and is calculated in Appendix K.
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Ambient Conditions

=z

////////1//////// -
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-T)
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=L

See Table 1 for the legend to Figure 12.

Figure 12.--Diagram of sand column for drying problems.
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TABLE l.--Legend for Figure 12.

Materials

NN Styrofoam insulation
UIHHB Plexiglass column wall

[:: Valentine sand

EE;E Column bottom; composed of a layer of plexiglass and wood

Column Dimensions

L = 45 cm. (Column length)

b, = 10 cm. (Column inside diameter)

b, = 11 cm. (Outside diameter of column wall)
b, = 27 cm. (Outside diameter of column)

Definitions of Variables

q, = radiant flux of energy fromr heat lamps

q. = convective flux of energy at the top column surface

9,211 = convective flux of energy at the column walls (radial direction)
&w,c = molar flux of water vapor at the top column surface

TA = ambient temperature

iw,A = ambient mole fraction of water vapor

Initial Conditions

(3.1) S(z,t) = S(z)
z ¢[0,L]
(3.2) T(z,t) = T(z) '
~ ~ t=0
(3.3) xw(z,t)= xw(z)
Boundary Conditions
At the top column surface,
(3.4) v°(,t) =
(3.5) Nw(o,t) = w,c = km’sP (XW'A—XW(O,t)) t>0
RT

(3.6) gq(O,t)

]

9, + 9, = g, + h (T,-T(0,t))

At the bottom column surface,

(3.7) v°(@,t) =o0

- t >0
(3.8) N_(L,t) =0
(3.9) gqg(L,t) =0
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The bottom boundary conditions say the column bottom
is impervious to water flow and is a perfect insulator.

Due to a lack of published information by Hanks et al., a
column bottom heat transfer coefficient cannot be estimated.
The validity of the perfect insulator assumption will have
to be demonstrated by computer simulation.

The general model for water movement in soils
(Equations (2.2), (2.5), (2.7)) is the set of equations of
change written in terms of fluxes of mass and energy. These
fluxes of mass and energy can be written in terms of
macroscopic properties of the soil (Equations (1.3), (2.11),
(2.12), (2.13)). The equations of change will now be
written in terms of the macroscopic properties of the soil.

When the soil porosity and liquid water density
are constant for the drying problems considered, Equations
(2.2), (1.3, (1.4), (2.13) can be comined to give
o ) Koa PM,, (i;-iw)

pwsRT

3 _ _ 1 vV
(3.10) 9t € 9z

(3.11) v = -K (%% - 1)

When the gas phase pressure changes with time and
position are negligible in comparison with other terms in
the equation of continuity for the water vapor, Equations

(2.5), (2.11), (2.13) combine to give
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- ~* ~
(3.12) E _ 3Nw . Koa (Xw"xw)
* ot 92 eT

_ X (1-8)
(3.13) C = N

_. D (1-S) X
(3.14) N = - 2% W

w 02

T(l-Xw)

The energy balance equation with a term to
include radial losses through the soil column becomes

(see Appendix J for calculation of Uo)

(3.15) c 3T _ _ 39 _ AH Egi PM (i*-i ) - EEQ (T-T.)
* ot 0z vap RT "~ "w ' 'w “w D 2 a'Ys
i
- _ aT
(2.12) q = ke N

It can be seen that the three coupled partial
differential equations are highly nonlinear. This fact
precludes the use of successive linearization and implicit
numerical techniques. Based on these considerations and
the nature of the boundary conditions, it was decided to
use the following explicit technique.

A first order forward difference formula on time

was used.

CIST)

(3.16) e Bl
r]
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C. ..,-C. .

i,+1 74,3 » 3C
(3.17) 5t =l
1,]

T, .,-T. .

i,J+1 i,j ~ 3T
(3.18) 5t = 5el, .
i,]

On the spatial derivatives of the fluxes, a first order
forward difference formula was used. A first order back-
ward difference formula was then used on the spatial partial

derivatives in the flux terms.

o o
Vo, =v°. . o
o(—itl,d " di,3y = _ 3V
(3.19) ( éz ) = z l
i,
Yi,37Yi-1,5 o
- J ’ - ;
(3.20) Ki,j( T2 1) = V Ii,j
N -N -
vy S oN
i+l J i,Jj ~ _ W
(3.21) ( é '3y w7y
V4 E i,J
X -X
D_(1-S, Xy
(3.22) -( aw 1:1) ( Vi, 3 1-1L3)) = § |
Ty, X, ) 0z Wiy
’ l,J
q. .-q. .
_¢2i+l,3 Gi,3, ~ _ 3g
.2 -y = - 3
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T, 5~Ti 1.4

(3.24) -k (=ed 2720l = g, .

i,3 8z 1.3

If Equation (3.20) were substituted into Equation (3.19)

and the hydraulic conductivity were constant, the following

second order difference formula would result.

v, =2¥Y. .+Y. .
(3.25) K( i+l,3j 2113 l_lLJ)

6z )

X 32y
—7
V4

e

i,]

The first order difference formulas on space were so
chosen to obtain this type of a result. Equation (3.25)
can be recognized as the second order difference formula
for the second partial derivative of ¥ with respect to
z.

The numerical approximation to Equations (2.12),
(3.10)-(3.15) is obtained by combining these equations
with Equations (3.16)-(3.24). The resultant set of
algebraic equations can then be solved on the digital
computer. Appendix G contains the documented computer
program which uses the above numerical techniques to
solve the general model equations.

If vapor-liquid equilibrium exists, the general
water model reduces.to the equations of Philip and De Vries
((2.27), (2.28)). These equations subject to the constraihts
of constant porosity, liquid water density, and gas phase

pressure reduce to
<
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~

= N M
s _ _ 123 O, WWw
(3.26) T T H(V + o )
N~ 4 D
3T _ _ 39 _ (9w - o -
(3.27) Cxp=- 52 (S5 BH M — U, (T-T,)
i

~

where, gas phase pressure (P) appearing in Nw is treated
as a constant.
The initial conditions for the Philip and De Vries

equations are:

(3.28) S(z,t) S(z)

(3.29) T(z,t) T(z).

The boundary conditions are the same as those given by

Equations (3.4)-(3.9). The explicit numerical techniques

used for the general problem (Equations (3.16), (3.17)-(3.24))

were used to transform the equations of Philip and De Vries
into a set of algebraic equations which could be solved
on the digital computer. The computer program which
solves the equations of Philip and De Vries is listed in
Appendix H.

The simplest water model for unsteady state flow
in soils is the isothermal equation of Gardner. For a
constant porosity Gardner's equation and Darcy's law

combine to give
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38 1 %°
(3.30) == -7 53

=0 oY
(3.31) Vo = -K(3; - 1)

These equations cannot predict the constant drying rate
during the constant rate period, and so to run a simulation
experimental data must be available to determine the
constant rate. If the boundary conditions at the soil
surface were known, the constant drying rate could be cal-
culated from the controlling transfer process: that is
heat transfer or mass transfer.

The initial conditions for the drying problem using

the isothermal equation are

]
o

(3.28) S(z,t) = S(z) t
The boundary conditions are

(3.32) Ve = constant, during the constant rate drying period.
When the surface saturation reaches the irreducible satur-
ation, the drying rate begins to decrease and the boundary

condition becomes

(3.33) s(,t) = Sirreducible

Appendix I contains a listing of the documented computer
program which solves the isothermal equation for a drying

problem.



CHAPTER IV

RESULTS AND DISCUSSION

Using the numerical method outlined in Chapter III,
a number of drying problems were simulated. Table 2 con-
tains a listing of the simulated drying problems. It
can be seen from Table 2 that a number of simulations were
run for each of the models: (1) isothermal Equation (3.3u,,
(2) Philip and De Vries model (3.26, 3.27), and (3) general
model (3.10, 3.12, 3.15). For simplicity, in the future
the above models will be denoted as: (1) IE, (2) P&DVM,
and (3) GM respectively. All of the simulations are for
the soil column described in Figure 12 and Table 1.

A numerical solution to any of these models brings
up questions of stability and convergence. A numerical
solution is stable if the difference between the real
solution and numerical solution does not have large

oscillations or grow large with time. A convergent

solution is one where the difference between the real solution

and numerical solution is very small.
In this work the experimental drying data of

Hanks et al. gives an indication about the general shape

of the solution. This information is useful for a stability

51
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criterion. If a solution deviates largely from the genera.
solution shape it can be judged unstable.

The real solution will be the solution converged to
by adjustment of the finite difference sizes used in the
numerical solutions. In this work, the procedure used to
arrive at stable, convergent solutions was the following.

A space increment of 9 cm. was chosen and 5 space increments
were used for the 45 cm. column. The time increment was
then changed until a stable solution was obtained. Using
the stable time increment as a base value, the time incre-
ment was decreased until the solutions converged. By
changing the time increments while holding the space increment
fixed the ratio of time increment to space increment was
changed. It was found that time increments differing by =«
couple orders of magnitude gave solutions which agreed out
to 7-10 significant figures. For the long simulation runs,
the larger time increments which gave convergent solutions
were used to minimize computation cost. It was felt that
7-10 significant figure agreement was sufficient.

The Michigan State University CDC-6500 computer was
used to simulate the drying problems. A number of compiler
options were available and the FTN compiler was chosen
since it is guaranteed against system errors by CDC and has
about 13 significant figures in single precision. 1In
contrast the RUNT compiler which generates a poorer code
matched only 9 significant figures of some sample FTN

calculations and overlooked a fortran program syntax error.
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A drying experiment was chosen to be an "acid test"
for the different models. This is because water movement
would occur in two phases and there would be temperature
gradients to affect the water movement. The porous media
chosen was a sand.

A literature search did not turn up any references
which contained the saturation and temperature profiles for
a drying experiment and a complete set of physical properties
data. However, the drying data on Valentine sand by
Hanks et al. [30] did contain the saturation and temperature
profiles and some capillary potential data. Since the data
needed on Valentine sand could not be found in the litera-
ture, data on other sands was found to supplement the
information provided by Hanks et al. Hydraulic conductivity
and capillary potential for Uplands sand was published by
Staple [6]. Effective thermal conductivity and volumetric
heat capacity was published by Moench for Ottawa sand [29].
With this data simulation numbers 1 and 2 were run. Table 2,
3, and 4 and Figures 13-15 contain the simulation parameters

and results [33].

The unsteady state solution of the P&DVM has not
previously been obtained. However, the constant and falling
rate drying periods have been studied numerically for the
IE [14,15]. In the P&DVM it was found that the material
balance on water determined the maximum allowable time

increment. During simulation numbers 1 and 2 it was found
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that the time increment could be increased with time.
For example the time increment used between 0 and 1 day
was 1 sec. After 1 day a 30 sec. time increment was
used.

Simulation numbers 1 and 2 used the hydraulic
conductivity and capillary potential (drying curve) for
Uplands sand. From Figure 13 it is obvious that the
simulation results do not fit the experimental drying data
(Figure 16) on valentine sand. This gives an idea of how
sensitive the hydraulic parameters are to the specific
soil or porous media type. Uplands sand is a soil in which
liquid water has a high capillary conductivity. This type
of soil has a very slight S-shape saturation profile during
drying because the liquid water movement is so rapid.

The IE gives only the saturation profiles whereas
the P&DVM gives the saturation, temperature, and equilibrium
mole fraction of water vapor profiles. The saturation
profiles calculated by both models were found to be the same
and these results are contained in Figure 13. The equilibrium
mole fraction of water vapor profile contains a peak
(Figure 15). This is because the temperature is monotonicaily
decreasing with depth and the saturation is monotonically
increasing with depth. The result is that although the
surface temperature is the largest and hence would yield
the largest free water vapor pressure, the surface saturation

is low enough to depress the vapor pressure far enough

'.
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below the free water vapor pressure to give the profile

peak (see Appendix D).
Since the Uplands sand data did not fit the

experimental drying data, the capillary potential function

for Valentine sand was obtained. The capillary potential

was measured by Hanks at low saturations and as discussed
in Appendix L, the capillary potential could be calculated

at the higher saturations from data published by Hanks et al.

[30].
Simulation number 3 was run with the IE to illustrate
the effect of the capillary potential function on the drying

saturation profiles. Tables 2 and 5 show that simulation

number 3 contains slightly different initial conditions

Also, the Valentine sand capillary

than simulation 1.
Figure 16

potential function is used in simulation number 3.
demonstrates that the Valentine capillary potential function

results in a less water conductive soil and a more pronounced

S-shape saturation profile., It also takes less real time

in simulation number 3 to reach the irreducible saturation.
Even with the Valentine sand capillary potential function,

the simulation did not fit the experimental drying data

on Va l entine sand.
Since the hydraulic conductivity of Uplands sand

appeared to be too large, simulation numbers 4 and 6 were run
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to investigate decreasing the hydraulic conductivity by

0.1 and 0.0l respectively. Tables 2 and 5 contain the
simulation parameters and Figures 17-19 contain the
simulation results compared with the experimental data.
Simulation number 4 fits the experimental drying saturation
profiles the best and also fits the cumulative evaporation
data the best. By decreasing the hydraulic conductivity

of Staple, the over all drying rate is decreased and the
S-shape of the saturation profile becomes more pronounced
and skewed. The S-shape saturation profiles obtained
during the drying simulations are very similar in shape

to the drying saturation profiles for sands and clays that
are presented by Larian [8]. The data presented by Larian
is experimental data taken by engineers concerned with the
drying phenomenon back in the 1930's. Unfortunately no
capillary potential or hydraulic conductivity data was taken
on these porous media.

The Blake-Kozeny equation for saturated flow in
porous media at low particle Reynolds numbers indicates
that the saturated hydraulic conductivity is proportional
to the effective particle diameter squared. This implies
that by cutting the hydraulic conductivity by 0.1, the
effective particle diameter of the porous media is cut
by 1//10. Since sands range in particle sizes from 2.0 mm.
through 0.10 mm. inldiameter and Staple's saturated

hydraulic conductivity of 188 cm/day corresponds to an
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effective particle diameter of .62 mm. we have the following:
By cutting Staple's hydraulic conductivity by 0.1, the
effective particle diameter turns out to be 0.20 mm. which

is still in the sand classification. Then, the hydraulic
conductivity in simulation number 4 does correspond in
magnitude to a sand.

The data reported by Hanks et al. on drying of
Valentine sand [30] are an "average" of two replicate drying
runs. The saturation measurements were by y-ray transmission.
The work of Fritton et al. indicates that the accuracy of
the saturation profiles measured by this technique is not
too good. There are differences between gravimetric and
Y-ray measurements which are probably due to slight inhomo-
geneities in the soil column compared to the soil used to
standardize the y-ray measurements [16]. Considering the
scatter in the saturation profiles of Fritton et al.,

Hanks et al. have probably published an eyeball curve fit
of the actual data. Attempts by this author to obtain more
experimental data on Valentine sand were unsuccessful
'because the original data had been lost. With the accuracy
of the y-ray measurements, simulation 4 is considered to be
a good fit.

As in simulation numbers 1 and 2, it was found in
simulation numbers 3-6 that the time increment could be

increased as the simulation proceeded. In simulation numbers
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3, 4, and 6, a time increment of 6 secs. was used to 1 day
and after 1 day a 60 sec. time increment was used.

Using the capillary potential and hydraulic con-
ductivity data which gave a good fit of the experimental
data in simulation number 4, simulation number 5 was run

to compare the IE and P&DVM. In addition to the hydraulic

oy

parameters required for the IE, the P&DVM requires the

effective thermal conductivity and volumetric heat capacity 7

o -

data. The data on Ottawa sand by Moench [29] was used.

It was assumed that this thermal data would not vary much
from one sand type to another. Tables 2 and 6 contain

the simulation parameters for simulation number 5. The
size increment between 0 and 1 day was 6 sec. and the time
increment after 1 day was 240 sec.

The saturation, temperature, and equilibrium mole
fraction of water vapor profiles from simulation number 5
can be found in Figures 19, 20, and 21 respectfully. After
5 days of drying there is good agreement between the IE
and P&DVM. However, after 40 days of drying, there are
some differences between the IE (No. 4) and P&DVM (No. 5
(refer to Figure 19). The irreducible saturation in simula-
tion number 4 was set at S=0.015 which is the value reported
by Hanks et al. for the drying of Valentine sand. The P&DVM

calculates an irreducible saturation of S=0.00977 at 40 days

of drying time. If the P&DVM is restrained to S=0.015, the

<
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saturation profiles obtained are in good agreement with those
obtained in simulation number 4 using the IE. And so the
differences at 40 days in Figure 19 between the IE and

P&DVM are due mainly to the differences in the irreducible
saturation used in the IE and calculated in the P&DVM.

Since the irreducible saturation appears in the
surface evaporation rate Equation (3.5), there is the
following explanation for why the P&DVM results in a lower
irreducible saturation and greater overall drying rate.
First, the ambient humidity used by Hanks et al. is not
known. If a higher humidity was used in simulation number
5, the higher irreducible saturation would have been
calculated in the P&DVM. Second, if the capillary potential
function for Valentine sand is on the low side at S=0.015, the
irreducible saturation calculated would turn out to be
lower than S=0.015.

The temperature profiles calculated in simulation
number 5 have shapes similar to the experimental temperature
profiles. However, the calculated temperatures are larger
than the experimental temperatures. For example, at a
drying time of 40 days the surface temperature calculated
is 5 deg.C. larger than the experimental value. The cal-
culated values are larger because the zero heat flux boundary
condition at the column bottom apparently was not met during
the drying experiment. As mentioned earlier, the temperature
profiles have very little influence on the calculated satura-

tion profiles. This was demonstrated by comparison of the
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calculated saturation profiles using the IE and P&DVM
with identical irreducible saturations.

Since the calculated temperature profile was similar
in shape to the experimental temperature profile, the
equilibrium mole fraction of water vapor profile in Figure
21 is expected to be correct in shape. As a result the
water vapor flux by diffusion as calculated in the P&DVM
should be correct.

Figure 22 contains the surface evaporation rate as
a function of time. It is interesting to note that the
P&DVM predicts the sartup until the "constant rate" period
is reached and then it predicts the falling rate period.

Table 7 contains a tabulation of the material and
energy fluxes during drying (simulation number 5). This
data illustrates what is happening during the drying of
porous media. During the first hour of drying, the evapora-
tion rate increases to the so called constant rate. During
the constant rate period the liquid and vapor fluxes in the
top 18 cm. of the column increase. The energy flux at the
surface decreases due to convective losses to a lower
temperature environment. The energy fluxes into the greater
depths begin to increase.

Between the third and fourth day, the falling rate
period begins and the evaporation rate drops rapidly during

the next day, as shown in Figure 22, It can be seen from
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TAELE 7.--Material and energy fluxes during drying (simulation number 5).

— - imsmsEme= e =z ===

Time (davs) Liguid Flux Profile Vapor Flux Profile Energy Flux Profile

(gm/cmz-day) (gm/cmz—day) (cal/cmz-day)

1/24 = 1 hour 0 ~.14129E+01 .85801E+03 2z=0 cm.
-.46369E+00 .63111E-04 .23667E+02 2z=9 cm.
-.25982E+00 .15354E-04 .10188E+02 z=18cm.
-.13915E+00 .18587E-05 .31995E+01 2z=27cm.
-.65285E-02 .93506E-07 .75314E+00 z=3ocCm.
1 -.14388E+01 .85335E+03 2=0 cm.
-.88040E+00 .72146E-04 .11885E+02 z=9 cm.
-.30021E+00 .18900E-04 .85283E+01 z=lBcm.
-.19946E+00 .66912E-05 .55225E+01 z=27Ccm.
-.11651E+00 .58193E-06 .27264E+01 z=3ocm.
2 ~-.14409E+01 .85289E+03
- 10207E+01 .11700E-03 .10140E+02 etc.
-.42355E+00 .22522E-04 .70477E+401
-.19684E+00 .79525E-05 .44487E+01
-.99388E-01 .18328E-05 .21548E+01
3 -.12793E+01 .82407E+03
-.11182E+01 -.13005E-02 .45391E+02
-.70782E+00 .17790E-03 .24730E+02
-.18273E+00 .30663E-04 .12806E+02
-.79696E-01 .71885E-05 .53402E+01
4 0 -.41641E+00 .56079E+03
-.38723E+00 -.16920E-01 .23402E+03
-.31114E+00 .23710E-02 .15406E+03
-.99323E-01 .38676E-03 .99201E+02
-.34819E-01 .10210E-03 .47797E+02
B 0 : -.21450E+00 .46602E+03
-.18575E+00 -.25756E-01 .25299E+C:2
-.17023E+00 .34746E-02 .16180E+03
-.67437E-01 .55468E-03 .10391E+03
-.18150E~-01 .14136E-03 .50424E+02
40 -.36044E-01 .37104E+03
-.10892E-02 -.34923E-01 .24895E+03
-.35984E-01 .49758E-02 .15033E+03
-.23704E-01 .17778E-02 .93742E+02
-.62395E-02 .22893E-03 .45435E+02

See Tables 2 and 6 for simulation conditions.
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Table 7 that during this period the liquid flux in the top
18 cm. drops rapidly. This is accompanied by a sharp
decrease in the surface vapor flux. However, the vapor
fluxes at the z=9 and 18 cm. levels begin to increase
rapidly. The energy fluxes at depths of z=9 cm. or more
begin to increase at a rate faster than before the start
of the falling rate period.

It should be noted that the difference in magnitude
between the liquid and vapor fluxes is usually an order of
magnitude or more throughout the simulation (Table 7). This
coupled with the fact that the effect of temperatures on
capillary potential is small explains why good agreement is
obtained between the IE and P&DVM. The IE is a one phase
model and the P&DVM demonstrates that it is the liquid flux
which is controlling the drying process in simulation number
5.

In Chapter II it was assumed that the convective
flow energy fluxes were negligible in comparison to the
conductive energy flux. The data in Table 7 was used in
calculations contained in Appendix M to justify this
assumption. The assumption was found valid.

Simulation numbers 7-10 contain the results of
simulations using the general model (GM) developed in
Chapter II. These simulations were run to investigate the
interphase vapor-liquid equilibrium assumption which is

the basis for the P&DVM. As mentioned in Chapter II, there
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is some disagreement in the literature about the value of
the particle Sherwood number at very low particle Reynolds
numbers. Since the interphase mass transfer coefficient is
contained in the dimensionless particle Sherwood number and
will have an affect on the calculated value of the gas phase
mole fraction of water vapor, it was decided to investigate
how sensitive the gas phase humidity (iw/iz) was to the
particle Sherwood number.

Simulations 7-10 used initial conditions for a
dry soil. The drying simulation results from the P&DVM
supplied the saturation and temperature profile initial
conditions for the general model (GM). The GM initial
condition for the gas phase mole fraction of water vapor
was taken to be the equilibrium mole fraction of water vapor
calculated by the P&DVM. Simulations 7-10 then show the
unsteady state response of the gas phase mole fraction of
water vapor from the initial conditions. A larger deviation
from the interphase vapor-liquid equilibrium assumption
would be found in a dry soil as opposed to a wet soil.

Tables 2 and 8 contain the simulation parameters
for simulation number 7. A particle Sherwood number of
0.002 was used as opposed to the generally accepted value
of 2.0. A lower value of the particle Sherwood number
would result in a lower gas phase humidity. Figure 23
shows the simulation number 7 results. It can be seen

that the surface mole fraction of water vapor in the gas
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phase quickly approaches a pseudo steady state value close

to 100% humidity. At lower column depths, the gas phase
humidity is even closer to 100%. This means that even
under dry soil conditions, the interphase vapor-liquid
equilibrium assumption is valid. Also, the dynamics of
the gas phase mole fraction of water vapor are very fast.

Simulation number 8 was run with the generally
accepted value for the particle Sherwood number of 2.0.
Tables 2 and 9 contain the simulation parameters and Table
10 contains the results. These results show that at all
column depths the gas phase humidity is very close to 100%.
Also the gas phase equilibrium mole fraction dynamics are
much faster than in simulation number 7. Evaporation is
taking place near the surface and condensation is taking
place near the column bottom. This is to be expected from
the profiles in Figures 15 and 21. These figures indicate
that water vapor diffuses away from the peak, toward the
surface, and toward the column bottom. This type of result
has not previously been obtained either by experiment or
theory.

Simulation numbers 9 and 10 are analagous to numbers
7 and 8 and were run to investigate what affect the soil
hydraulic properties might have on the interphase vapor-
liquid equilibrium assumption. Tables 2, 11, and 12 contain

the simulation parameters for simulation number 9 and 10.
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TABLE 10.--Simulation number 8 results.

Mole Fraction of Soil Water Vapor vs. Time
Particle Sherwood Number = 2.0

Time = 0.0 Secs.

Mole Fraction of Equilibrium Mole Fraction

Position Soil Water Vapor of Soil wWater Vapor
0. .11054655E-01 .11054655E-01
.900E+01 .65715938E-01 +.65715938E-01
.180E+02 .60620075E-01 .60620075E-01
.270E+02 .54257406E-01 .54257406E-01
.360E+02 .51391514E-01 .51391514E-01

Time = 0.002

Secs.

0. .11054643E-01 .11054655E-01
.900E+01 .65715919E-01 .65715938E-01
.180E+02 .60620075E-01 .60620075E-01
.270E+02 .54257407E-01 .54257406E-01
.360E+02 .51391515E-01 .51391514E-01

Time = 0.196

Secs.

0. .11054642E-01 .11054655E-01
.900E+01 .65715916E-01 .65715935E-01
.180E+02 .60620075E-01 .60620075E-01
+270E+02 .54257407E-01 .54257405E-01
.360E+02 .51391515E-01 .51391514E-01

See Tables 2

and 9 for simulation conditions.
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The results of these simulations are contained in Fig-
ures 24 and 25. Again, as in simulation numbers 7 and 8,
the gas phase humidity is close to 100% and the interphase
vapor-liquid assumtion is valid.

The factor controlling the allowable time incre-
ment in simulation numbers 7-10 is the mass transfer
coefficient. For lower particle Sherwood numbers the
interphase mass transfer coefficient is smaller, and a
larger time increment can be used. Although it is not
economical to run the GM for long periods of real time,
it can be run for a few seconds to check out the inter-
phase vapor-liquid equilibrium assumption. If the
assumption is valid, then the P&DVM is valid and can be
run for long periods of real time. If the assumption is
not valid, the P&DVM is only an approximation and the GM
should be run. It may be possible to develop a numerical
procedure for the GM which would be more economical than
the existing numerical procedure.

With the interphase equilibrium assumption validated,
it was decided to use the P&DVM to simulate the response
of the soil column to time varying boundary conditions.
This type of simulation also has not been run previous to
this work.

The simulation parameters are listed in Table 13
and the time varying boundary conditions are given in

Figures 26-29. Natural weather conditions existing in
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TABLE 13.--Simulation parameters for simulation number 11.

Numerical Information

Size of Time Increment .69444444E-04 for 0-1 day real time
.27777777E-02 for greater than 1 day

Column Length .45000000E+02

Size of Space Increment .90000000E+01

Number of Space Increments .50000000E+01

The Following is a List of Physical Parameters for the System

Column OD (Cm.) .26000000E+02
Column ID (Cm.) .10000000E+02
Porosity (dim.) .30500000E+00
Ordinary Diffusion Coef. Air-Water (cmz/day) .19000000E+05
Over All Mass Transfer Coef. (l/day) .38000000E+06
Pressure (Atm.) .10000000E+01
Molecular Weight of Water .18000000E+02
Gas Constant (CC.-Atm/Gm.Mole-Deg.K.) .82057000E+02

The Following is a Listing of the Initial Conditions

Increment Position Saturation Temperature Mole Fraction of Water Vapor
(Cm.) (dim.) (Deg.C.) (dim.)
0 .90E+01 .5715511E+00 .2500000E+02 .3117211E-01
2 .18E+02 .8424127E+00 .2500000E+02 .3117231E-01
3 .27E+02 .9057420E+00 .2500000E+02 .3117271E-01
4 .36E+C2 .9916412E+00 .2500000E+02 .3117300E-01
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Lansing, Michigan on June 11, 1971 were used to construct
a daily weather cycle which was repeated day after day
for the duration of the simulation.

The temperatures at the soil surface, 9 cm., and
18 cm. soil depths were plotted as functions of time in
Figures 30-35. The saturation profiles are given in
Figure 36. From Figures 30-36 it can be seen that between
the second and third day the falling rate period begins
and the surface saturation is near the irreducible satura-
tion.

The amplitude of the temperature oscillations
increases with time at all depths. For example, before the
falling rate period, the magnitude of the surface varia-
tion is about 15 deg. C., whereas during the falling rate
period the magnitude increases to about 30 deg.C. At
lower depths the magnitude of the temperature variation
decreases. Also, there is a lag between temperature peaks
in comparison to the surface temperature peak. The
temperature peak at the surface occurs at about 1300 hrs.,
whereas the temperature peak for z=9 cm. occurs at about
1330 hrs. At a depth of 2=18 cm., the temperature peak
occurs at about 1500 hrs.

Simulation number 1l illustrates the moderating
affect that soil water has on the soil temperature variations

and magnitude of the soil temperature. During the nighttime
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hours the soil temperature dropped below the ambient
temperature when the soil surface saturation was high.
This was because evaporation was taking place at night
with the subsequent cooling of the surface.

Although the bottom column boundary condition and
radial column energy loss do not represent exactly the
boundary conditions in an open field of soil, simulation
number 11 does give a reasonable estimate of the tempera-
ture variations. Cary has reported data on maximum daily
variations in soil temperatures at various depths for
Argonne, Illinois [32]. Table 14 shows these variations.
If the soil is wet, these simulation results are close

to those reported for Argonne daily maximums.

TABLE 14.--Maximum daily soil temperature changes over an
annual cycle at Argonne, Ill.

Maximum daily soil temperature

Depth (cm.) variation (deg.C.)
1 12
10 9
20 3
50 0.5

If the soil is very dry the simulation results are off by a

factor of two on the large side.



CHAPTER V

CONCLUSIONS

The objectives of this work, outlined in Chapter I,
have been met. A general model to describe water movement
in soils has been developed. This new model and earlier
models for water movement in soils have been used in
digital computer simulations. The different models have
been compared with one another and with experimental drying
data.

Using the general model developed in Chapter II, it
was shown that even under dry soil conditions, the inter-
phase vapor-liquid equilibrium assumption was valid. This
assumption is the foundation for the Philip and De Vries
model and has not previously been justified by soil air
hunidity measurements, or by theoretical analysis. The
general model can indicate the validity of the assumption
for a given situation defined by the following information:
(1) saturation profile, (2) temperature profile, and (3)
boundary conditions.

The unsteady state solution of the Philip and

De Vries equations has been obtained for both constant and

108
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time varying boundary conditions. Previous to this work,
the Philip and De Vries equations have not been solved
for unsteady state problems., Simulations on identical
drying problems using the Philip and De Vries model and
the isothermal equation has shown the following. When
the irreducible saturations (during the drying falling
rate period) used in both models are the same, there is
good agreement between the saturation profiles calculated
by each model.

An advantage of the Philip and De Vries model is
that it can be used to calculate saturation, temperature,
and equilibrium mole fraction of water vapor profiles
during the drying of soil or porous media. With the
hydraulic and thermal properties of the porous media, the
irreducible saturation can be calculated for a given set
of boundary conditions. The isothermal equation cannot
predict the irreducible saturation. This is because the
surface temperature is not known since this model does not
predict temperature.

Current use of the isothermal equation for drying
has mainly been in fitting experimental cumulative evapora-
tion data. Experimental information on the values of
irreducible saturation is used in the simulations. Now for
the first time the Philip and De Vries model has been solved

in this work to yield a predictive model.



110

A time varying boundary condition problem was run
with the Philip and De Vries model. Natural weather
conditions were used as the surface boundary conditions.

The temperature variations in the soil which were calculated
were reasonably close to the experimental data. The
simulations also showed that soil water acts to minimize

the maximum soil temperature reached in a daily cycle.

Also a dry soil has a daily tempefature variation almost
double that of a wet soil under the weather conditions studied.

Literature physical property data was used with the
isothermal equation and the Philip and De Vries model in an
attempt to fit experimental drying data. The saturation
profiles calculated fitted the experimental saturation
profiles. Although the caléulated temperature profiles were
similar in shape to the experimental temperature profiles,
the calculated temperatures were larger than the experimental
temperatures. This is because the column bottom boundary
condition on energy flux was not a close enough approximation
to the drying experiment boundary condition.

The solution to the Philip and De Vries model developed
in this work should be useful in problems involving drying
of soils or porous media where a predictive capability is
needed. The general model will also be useful in these .
types of problems to evaluate the interphase vapor-liquid
equilibrium assumption upon which the Philip and De Vries

model is based. The following is a brief listing of some
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problems where the Philip and De Vries model and the
general model would be useful.

(1) Drying of a porous media where a certain

temperature or dryness must not be exceeded
in the porous media.
(2) Management strategies for irrigation practices.
(3) Management strategies for insect pest control
(example, cereal leaf beetle) where the insect
hatching is st:ongly dependent on soil moisture
and temperature.

(4) Meteorological studies.

For soils which are above the irreducible saturation,
the isothermal equation for water movement would be the
most expedient model to use if soil temperature information
was not desired. 1In particular, the isothermal equation
would be a good base for structuring models to describe
the movement of chemical compounds in soils subjected to

spray irrigation with liquid wastes.
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APPENDIX A
CAPILLARY POTENTIAL AS A FUNCTION OF
SATURATION, TEMPERATURE, HISTORY,

AND COMPOSITION
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=0

= +y (called
capillary
potential)

T
v

porous plate

The free energy of water per weight of water in soil

is a function of saturation, temperature, and composition.

It can be calculated as follows:

Y
(A.1) dy = ( )dS + (&Har + Y (=) do¢
T, 65 T g, 6, 1 39;

where, ¥ = free energy per weight of water
o

Y“= standard state (S = 0, T,¢1,¢2,...,¢ ) =0

= dyne-cm/dyne

An analogy has been made between the soil drawing

water as shown above, and a capillary tube drawing water.

..
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The capillary tube analogy appears to be the source for
calling Y the capillary potential.

When the capillary potential (¥) is due to surface
phenomenon such as curved gas-liquid interfaces in soil
capillaries, the effect of temperature can be calculated

from the surface tension (or free energy) as follows:

(A.3) = - s T - LT 3T g7

Integration of Equation (A.3) gives capillary potential

as a function of temperature. This integration is contained
in the physical property subroutine for capillary potential
(see Appendix F).

It was mentioned that capillary potential is also a
function of history. This is because there is a hysteresis
in the capillary potential--saturation function which is
dependent on the drying--wetting history of the soil. From
the discussion in Appendix E on the interfacial area model,
it is evident that the way in which the water distributes
itself beyond the drainage point will affect the interfacial
area--saturation function. The water distribution phenomenon
likewise affects the capillary potential--saturation function,
and hence the hysteresis. For a drying process, there is
no hysteresis as long as the soil saturation is monotonically
decreasing. In this case a unique curve exists for the

capillary potential--saturation function.



APPENDIX B
ANALOGY BETWEEN THE ISOTHERMAL EQUATION
OF GARDNER AND THE UNSTEADY STATE

DIFFUSION EQUATION
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The isothermal equation of Gardner and Darcy's
law can be combined to give an equation of a form similar
to the unsteady state diffusion equation. Assuming
capillary potential (Y) is only a function of saturation,

Darcy's law can be written

2]

O _ _.(3¥ 35 _ _ _ 3
= Klzggz -1 =-0D

(B.1) \' + K.

Q|
N

Substituting Equation (D.l) into Gardner's equation for

constant porosity (e),

(B.2) € %—%=3—5(D =) - =

In the absence of gravity Equation (B.2) is analogous in
form to the unsteady state diffusion equation written with

a variable diffusivity.
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APPENDIX C
THREE DIMENSIONAL EQUATIONS OF CHANGE

FOR POROUS MEDIA
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The three dimensional equations of change can be
obtained by making material and energy balances which
include the possibility for variation in three spatial
directions. The equations of continuity (Equations (2.2),

(2.5), (2.7) in three dimensional form are:

Bpwe o
(C.l) __St— = -V'pwV - E
(C.2) ot w M
w
c.3) c&-_veg-VH _E
3t vap
where,
Y ) 9
(c.4) vV = (3—}2' 3—9', 3_2)

In the above equations the flux quantities (v°, ﬁw' q)

are vectors.
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APPENDIX D
LIQUID WATER VAPOR PRESSURE AS A FUNCTION
OF TEMPERATURE, SATURATION,

AND COMPOSITION
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The vapor pressure of water in soil is dependent
on temperature, saturation, and water phase composition.
Based on free energy considerations, it can be shown that
the vapor pressure--temperature relationship should obey
the Clapeyron equation [31].

~

d 1ln Pva AHva
(D.1) T = - T—'E
d(f)

This equation can be intergrated to give

D 1n Pva (TZ) _ AHvaE 1 1
(D.2) P T.)7/ ~ R T -5
vap 1 2 1

where, AHvap = constant over [Tl,TZJ

This equation is not accurate over a wide range of
temperatures because the enthalpy of vaporization is a
function of temperature. For purposes of this study a

quadratic relationship between 1ln Pv and (%) was used

ap
to obtain a good fit of vapor pressure over a range of
20-60°C.

Saturation is another variable which affects the

vapor pressure of water in soils. If a wet soil is dried

under isothermal conditions, the vapor pressure is reduced
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as the soil dries out. This is due to capillary and
adsorption forces. The adsorption forces predominate in
very dry soil. The phenomenon can be quantified based on

free energy considerations.
Consider the following states for soil water.

State 1 - pure water in soil at 25°C., saturation =S.=1.0

State 2 - pure water in soil at 25°C., saturation =S

The change of free energy of soil water between states one

and two is

P (SZ)

_ va

vap Sl

The free energy change can also be written as

~

(D.4) AG = VAP = y_gg_\((_-_\i’_)_

where, AP = -VY

The combination of Equations (D.3) and (D.4) give the
relationship between capillary potential (and saturation)
and water vapor pressure. This equation is used to
determine capillary potential under low moisture conditions

in the so0il by making water vapor pressure measurements.
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VpgY¥

(D.5) P (8,) = Pvap(sl) EXP(RTY

vap Yo ¥20

When the water in soil is not pure, the soluble
compounds affect the water vapor pressure. Methods for
handling this situation will not be covered here as they

are covered in standard thermodynamics textbooks [31].



APPENDIX E
INTERFACIAL AREA MODEL (SIMPLE CUBIC

PACKING OF RODS) AND COMPUTER PROGRAM
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Figure 37 on the next page defines the terms in
the following equations which are not defined in the

nomenclature.

The solid and void fractions are calculated as follows for

the simple cubic packing of rods.

2
(E.1) 1 -¢ =L _T
w2y 8

(E.2) e =1 - % = 0.21460

Before drainage is reached:

8L X g X
(E.3)  Se = == [ (y*-y) dx = = [ (y*-y) dx
DL "0 D "0

x* * 2 x* -
€.4) a="004 8 Tyl (@)% ax - By 4 (@2 ax

?(1&‘

]
+

DL DL O DL 0

The equation of a rod cross section:

E.5) (x-R) 2 + y2 = R®

The equation of the gas-liquid interface:

2 2

(E.6) x°% + (y-k)% =«
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simple cubic packing of rods

y axis

front vie

Rod diameter = D = 2R

Rod length = L
r = radius of curvature of liquid-gas interface

*
y =y distance from x axis to the gas-liquid interface

y = y distance from x axis to the rod surface

Figure 37.—-Interfabial area model (simple cubic packing
of rods).



so,

(E.7)

(E.8)

y

y*
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2

+ R - (x-R)2

- r2—x2+k

Before drainage the liquid interface is tangent to the

solid interface at the gas-liquid-solid contact point

(x=x%*) .

so,

(E.9)

(E.10)

(E.11)

x*

r

k

R(l-cos?b)

2 n

R(-1 + V1 + tan“® ) 0i0i4

R tano

Combining Equations (E.3)-(E.8) and integrating we get

(E.12)

(E.13)

S

a

*
—g— [kx* - %[x*\/rz-x*z + 2 sin-l(f—)]

D e

*
Y [(x*-R)\/ﬁz-(x*-R)z + R? sin" 1 (¥ ;R)]

+k R2 sin 1 (-1) ]

*

% + ;% [r[sinfl(g—)-Sin-l(O)]

1l,x*-R

-R[sin ~( n )-sin-l(-l)]]
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After drainage the following water distribution is assumed:

Drainage occurs at 6 =45° or x1=x2=%:
2
- = 29
v =P, = ry

r corresponds to
exptl. capillary
potential

The equations for saturation and interfacial area after

drainage are given below.

1 * 2, % =
(E.14) s =2 [ (y"-§) ax + I (y*-y) dx
L 1

_ 8L , dy*, 2
(E.15) a = 5 7; Jl + (a‘}x(—) dx

where,

k - \[r?-x% - \ij-(x-R)2
(E.17)  (y%-§) = -(x-R) - \/Rz-(x-R)z

(E.18) y* = - (x-R)

<
*
|
<1
!

(E.16)
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Substitution of Equations (E.16)-(E.18) into Equations
(E.14) and (E.15) and integration give the following

equations which apply after drainage.

X
(E.19) S = ;if[kxl-%(Xﬂ/rz—xi + rzsin—l(;i))-%(xg-xi-Z(xz-xl)R)
X-,-R
-%[(xz-Rhlzxzn-xg + R%(sin™t (=) =sin” 1 (-1)) 1]
8r » . -1,%1. . -1
(E.20) a=-= [sin “(=)-sin ~(0)]
D r

To find x consider the intersection of the line (y=-(x-R))

ll
. . 2 2 2
with the circle (x“+(y-k)“=r”). Then,
_ 2 2 B 2
(E.21) X, = -%(k-R)iV;r -%(k-R)“ , where r = %(k-R)

The location of the radius of the radius of curvature
(r) on the y axis will be at y = k. The following conditions
must be satisfied by this location.

1. The saturation calculated for a given k must be
equal to the experimental saturation associated
with the experimental capillary potential
represented by the radius of curvature (r).

2. A solution must exist for a given k. That is
the radius of curvature must intersect the rod

or the line y = =(x-R).
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The existence of a solution is also dependent on
the rod radius. The following is the documented
computer program which calculates the interfacial area
versus saturation curve over the entire saturation range.
Beyond drainage, logic statements are used to insure a
solution exists and a Newton-Raphson interation is used

to locate the radius of curvature at y = k.
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APPENDIX I
COMPUTER PROGRAM FOR NUMERICAL SOLUTION

TO THE ISOTHERMAL EQUATION
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OVER ALL WALL HEAT TRANSFER

COEFFICIENT CALCULATION
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Radial energy losses from the soil column (see
Figure 10) involves heat conduction through the soil, the
column wall, and the insulation. An energy balance on

the column wall or insulation gives the following equation.

3T _ 3 3T, , L3 oT
(J.1) pCp 3t = 2k 3z * 7 sk )

when Equation (J.l) can be written as Equation (J.2),

9
or

oT

(J.2) 3T

(rk ) =0

the over all heat transfer coefficient can be calculated

in the following manner. The radial heat flows are:

(J.3) qﬂDodz = UonDodz(TA-T) = hnDodz(TA-T3)
]
Insulation — | :;i;/ o
wWall =
/R

Soil /Qif“/ ////
ol
ﬁ_Dw-en

o 7

T TT T

12 3
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D (T -Tz) (T -Tl)

o) _ 3 _
(J.4) q21r§— dz = kiZNdZm = kWZﬂdzl_nWY

(T,-T)
_ 1 _ JdaT
= -keZﬂdz =575 = kiZNdz Iar
1 r
Equation (J.3) and (J.4) can be combined to give
(J.5) U_ = 1
* o D 1In(D,.,/D*) 1n(D /D,) In(D_/D )
0 [ i + w1, o° w 2 ]
2 k k k. hD
e w i o

The diameters and materials of construction for the soil
column in Figure 12 have been given in Table 1. The thermal

conductivities for these materials are:

ke = 8.5 x 10"4 cal/cm-sec-oc(for saturation = 0, data of
Moench)
kw = 5 x 10"4 cal/cm-sec-oc(for plexiglass--acrylic resin,

data from Polymer Handbook,
eds., J. Brandrup, E. Immergut,
Interscience, N.Y., 1966).

k. = 8.26 x 1072

i cal/cm-sec-oc(for styrofoam, data from

Principles of Polymer Systems,
F. Rodriquez, McGraw Hill,
N.Y.' 1970).

2

for D* = 9.2 cm and h = 1 btu/hr-££2-°F (1.355 x 10~ 4

cal/cmzvsec-OC), the over all heat transfer coefficient is

6

Uo = 6.35 x 10 cal/cm-sec-oc = 0.548 cal/cmz-day-oc
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The value of the film coefficient (h) is reasonable for

low wind velocities and the over all coefficient is not

that sensitive to the film coefficient. The resistance

controlling the over all coefficient is the insulation as
is shown below.
(J.5%) U_ = 1 = 6.35 x 107°

°©  13x10% + .257x10% + 14.62x10% + .74x10% A

soil wall insulation film coeff.
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SURFACE FILM COEFFICIENTS
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The wind velocity at the soil surface has an effect
on the surface film mass transfer and heat transfer
coefficients. To estimate these coefficients for the
soil column in Figure 12, some heat and mass transfer

correlations for laminar flow past a flat plate will be used. -

i
(K.1) Nu = 0.664 Re ;iPrl/3 Reference: Bennett, C.0. Myers,
L
J.E.,Momentum, Heat, and Mass -
% 1/3 Transfer, McGraw-Hill, N.Y.,
(K.2) Sh = 0.664 ReL Sc 1962, p. 302, 476.
where,
km SL
(K.3) Sh = L
LDaw
hsL
(K.4) Nu = —k—-
V _Lp
(K.5) Re = <
u

Using the properties of air at room temperature and a

wind velocity of four miles per hour and a dimension of

L = 27 cm, the surface film heat transfer coefficient

is calculated to be hS = 1.8 btu/hr-ftz-oF = 21.1 cal/cmz-
day-OC. By combining Equations (K.l) and (K.2) the surface

film mass transfer coefficient can be calculated to be
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4100 - hs (cm/day) .

S 1/3
(K.6) km,s Nu(%%

86510 cm/day



APPENDIX L
CALCULATION OF PART OF THE CAPILLARY
POTENTIAL--SATURATION FUNCTION

FOR VALENTINE SAND
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It can be seen from Equation (1.5) that at steady
state the volumetric flux of water is constant. Before the
actual drying of valentine sand, Hanks, et al. wet the sand
covered it, and allowed it to redistribute for a week.

The resultant distribution was a saturation profile
corresponding to the initial conditions for simulation
numbers 3-6 (see Figures 16,17). Assuming that during the
week an equilibrium saturation distribution was reached,
the capillary potential--saturation function can be cal-
culated over the range of saturations in the initial

condition saturation profiles (Figures 16,17),

(L.1) vO = -K(g—i - 1) =0, Y¥=¥(s)
then,
(L.2) Y (S) ]z - ‘{‘(S)Iz = (z-z)

O

The data points in Figure 9 identified as being calculated
were calculated from Equation (L.2) and the initial condition
data of Hanks et al. The capillary potential at saturation

was taken to be

It is not uncommon for air bubbles to cause capillary potentials

of this magnitude when the saturation is essentially one.
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APPENDIX M
COMPARISON OF CONDUCTIVE ENERGY

FLUX AND CONVECTIVE ENERGY FLUXES
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From data obtained from simulation number 5 and
contained in Table 7, the conductive energy flux can be
compared with the convective energy fluxes which represent
the energy transfer by the movement of liquid and vapor

water.

When time = 40 days, we have the following:

at z=0
(M. 1) g = +371.04 cal/cmz-day
= - o_ - — 2 _
(M.2) q, = OLCPL(T T of)V = 1.0(48.5-25.0)0 = 0.0 cal/cm® -day
—-— N -— —— - — - 2-.
(M. 3) dy = Nwapr(T Tref)- .0360(48.5-25.)=-.845 cal/cm -day

where, q.,9p, and g, are the conductive, liquid convective,

and vapor convective energy fluxes respectively.

at z=9
(M. 4) q = +248.95
(M.5) q;, = 1.0(39.8-25.) (-.10892E-02)=-.01615

dy
From looking at the fluxes in Table 7 at 40 days it can be

seen that the energy fluxes due to convective flow at
lower depths are also negligible compared to the conductive

energy fluxs.
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At t = 3 days, the convective flow energy terms in
comparison to the conductive energy term seems to be about

the largest. This is the start of the falling rate period.

at z=0

(M.7) g = 824.07

(M.8) q; = 1.0(26.8-25,) (0) = 0.0

(M.9) qy = -.14409E+01(26.8-25,) = =-2.45
at z=9

(M.10) g = 45.391
(M.11) g = 1.0(26.0-25.) (-.11182E+01)=-1.1182

(M.12)

dy -.13005E-02(26.0-25.)=-.013005

comparison between g and dr, and Qy ¢

ap*dy

(M.13) g = x 100 = -113.1/45.391 = 2.49

At other depths for t=3 days, the ratio of convective flow
to conductive energy flux will be smaller than 2.49%.

At the beginning of the falling rate period the
convective energy fluxes can be as high as 2%% of the
conductive flux at z=9 cm. At other depths this per cent
falls to about %%. Also after the falling rate period is
underway the maximum % convective to conductive flux oécurs
at z=9 cm. and the % is about %. As an example see

Equations (M.1-M.6).



APPENDIX N

COMPUTER PROGRAM SUBROUTINES CONTAINING

NATURAL WEATHER TIME VARYING

BOUNDARY CONDITIONS
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