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ABSTRACT

LICCI GORENSTEIN IDEALS
OF DEVIATION TWO

By
Elias Manue! Lopez

A new family of licci Gorenstein ideals of odd height and deviation 2, for
height at least 7, is introduced. A characterization, up to deformations and
specializations, of licci Gorenstein ideals of height 5 and deviation 2 is given in
terms of a minimal set of generators. Also, a family of licci Gorenstein ideals of
any even height larger or equal to 6 and deviation 2 defining a rigid algebra which

are not hypersurface sections is constructed.
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INTRODUCTION

Let (R, m) be a Gorenstein local ring, and let I be a proper ideal of R. The
deviation of I, d(I), is the difference between the minimal number of generators of
I and the grade of I. In some sense, it is a measure of the failure of I being a
complete intersection. Some authors refer to it as "complete intersection defect".

For perfect Gorenstein ideals of height 3 and deviation 2 we have the result
of Buchsbaum and Eisenbud [B—E, 2.1]. These ideals are generated by the 4x4
pfaffians of a 5x5 alternating matrix with entries in m. For perfect Gorenstein
ideals of height 4 and deviation 2, which are generically complete intersections‘, we
have the result of Vasconcelos and Villarreal [V-V, 1.1] (based on Herzog and
Miller [H-M, 1.7]). These ideals are hypersurface sections, namely they can be
written as (K, y), K a Gorenstein ideal of height 3 and deviation 2 and y a regular
elément on R/K.

In this dissertation, we give a structure theorem for licci Gorenstein ideals
of height 5 and deviation 2. Moreover, we construct a class of rigid algebras
defined by licci Gorenstein ideals of even height and deviation 2 which are not a
hypersurface section for every even height larger or equal to 6. By licci we
understand for an ideal to be in the linkage class of a complete intersection.

Deviation 2 is the smallest possible deviation for a perfect Gorenstein ideal
not being a complete intersection [Ku]. The first non trivial examples of licci
Gorenstein ideals of odd height and deviation 2, were constructed by Huneke and

Ulrich [H-U-1]. If R is local Gorenstein, n 2 2, X a 2nx2n generic alternating
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matrix, Y a 2nx1 generic matrix, then in R[X, Y](X,Y) the ideal H = (I (XY),
Pf(X)) is licci, Gorenstein, has deviation 2 and height 2n—1. Moreover it is not a
hypersurface section.

Our main tool is linkage of ideals. Linkage was first introduced by Peskine
and Szpiro [P-S], and it has been found to be very useful as a classifying tool, as a
method for proving results about special varieties [K—M, H-U-2], and for studying
the divisor class group of rigid algebras [H—U-1]. Our main interest is for ideals I
and J which are linked and the linking sequence is part of a minimal set of
generators of I. In this case we write I - J.

For the ideals of height 5 we are able to describe them, up to deformations
and specializations in terms of a minimal set of generators. To accomplish this, we
use induction on the number of steps needed to link such ideals to a complete
intersection.

We are able to show that every licci, Gorenstein ideal I of height 5 and
deviation 2 in a local Gorenstein ring is up to deformations and specializations,
either Hq or (H2, X, ¥), x and y regular modulo H, (theorem 2.22). To obtain this
result, we first characterize, up to deformations and specializations, all perfect
almost complete intersections of height 4 and type 2 in R (proposition 2.16). Then
we compute all possible ideals J and K such that H3 - J-K and (H2, xy)-J-K
(lemmas 2.17 to 2.21). It follows that K is either a hypersurface section or has a
common specialization with H3. Then, we prove our main result. As an
application, we find that if R = k[[x;,- - -,x ]}, then I is exactly of the desired form.

We also find a family K of licci Gorenstein ideals of height 2n—1 and
deviation 2, and show that K 4 is not obtained from any Hn by deformations,
specializations and taking hypersurface sections.

This new family can be described as follows: with the same notation, let X

J
be the pfaffian of the matrix obtained from X after deleting the i—th and j—th rows
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and columns and let [¢; - 4, n]t = XY. Then the ideal

Ky = (4" %n_3 Xon—1 20 Xon—2 o1 Xon—g 2p—1» PIX))
is licci, Gorenstein, has height 2n—1, and for n > 3, it has deviation 2. Also there is
a tight double link [K-M-2, 2.1] between H_ and K_.

These ideas are discussed in Chapter II.

In even grade, the only known result for Gorenstein ideals of deviation 2 is
due to Herzog and Miller, [H-M, 1.7] and Vasconcelos [V-V, 1.1]. They show
that, under some mild hypothesis, a perfect Gorenstein ideal of height 4 and
deviation 2 is a hypersurface section (this implies such ideals are licci). Kustin
once asked whether a Gorenstein ideal of even height and deviation 2 is a
hypersurface section. We answer this question negatively. We found a family En’
n 2 4, of licci rigid Gorenstein ideals of even height 2n—2 and deviation 2 which is
not a hypersurface section for any height (theorem 3.7). We obtain En from
(Hn—l’ Xqs Xon x3), X)) Xo Xg regular module Hn—l’ by performing what Kustin
and Miller call a semi—generic tight double link [K—M, 3.1]. The fact that E is
rigid follows from [K-M, 3.2 and K] and the fact that E_is not a hypersurface
section follows from the fact that En is contained in the square of the maximal
ideal.

We also find a family F, of ideals which are obtained from En by
specialization. These ideals Fn are easily described. Let k be a field, X a
2n—1x2n—1 generic alternating matrix, Y a (2n—1)x1 generic matrix, n 2 3. In
K[X, Y] x ) consider the product [/, - 1 oot = XY, and let X .o be the
pfaffian of the matrix obtained from X by deleting the rows and columns il" oo d

Then Fy = (/1,0 op_ g Xop 3 2p2 201" Xon-3
Gorenstein, has deviation 2 and height 2n—2 (theorem 3.3). F3 is a hypersurface

.
Xo_g» Xog_y) is licci,



4

section but Fn is not if n > 4 (corollary 3.10). We finish by showing that

k[x’Y](X,Y)/Fn is (R,) but not (Rg) (proposition 3.11).

We want to close with a question that has been around for some while, but
we want to formulate it again. If I is a perfect Gorenstein ideal of R, and I has
deviation 2, is I licci? If the answer is yes, we would have to describe all

Gorenstein ideals of height 5 and deviation 2.



CHAPTER |
BASIC RESULTS AND NOTATIONS

We will use as a general reference H. Matsumura's book Commutative
Algebra [Mat]. Unless otherwise stated, (R, m) will always denote a local
Gorenstein ring with identity.

We begin by establishing the notations needed for the manipulations of
pfaffians.

Let X be a nxn generic matrix of indeterminates (that is Xjj = Xjp Xjj =

0). InR[X] = R[{xij/ 1 <i,j < n}], the determinant of X is a perfect square. If n is
odd, this determinant is zero. For n even, the pfaffian of X, denoted by Pf(X) is a
uniquely defined square root of the determinant of X such that if X is specialized
to s = diagonal {S,--+,S},S = (_} 0), then pf(s) = 1. [Jac, 6.4].

If r < n, we denote by Pf, . (X) the pfaffian of the alternating matrix
I r

obtained from X by deleting the rows and columns i, - i .

o Define o(i) to be zero if (i) has a

repeated index, and otherwise to be the sign of the permutation that rearranges

Let (i) denote the multi index i

i+ +,i, in ascending order (see [K]).

Let

and let
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(1) X

§ = (—l)liIHa(i)Pf(i)(X)

Ifr=mn, let X = (=1)111+15(i), and for r > n, let X(jy = 0 The pfaffian of X

can be expressed in terms of lower order pfaffians as follows:

(2) PA(X) = 57_) x;;X;;

while
Zio1 XX =0 Itk

(see [Ar.E], page 142).
Let Y be a nx1 matrix of indeterminates over R[X], and write [Z,- - -,/n]t
= XY.

Consider the product

Then, on one hand this product is
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while on the other, by (2) it is [yj P{(X)]. Then

(3) =, xij/i = y; PA(X).

Also, because X is alternating, we obtain
(4) llyl +eo+ Ly, =0.

Let ay, a8, be elements of R. We denote by [al- . -ar] the 1xr matrix
whose entries are the ai's and by (al,- . -,ar) the ideal they generate.

If I is a proper ideal of R, u(I) denotes the minimal number of generators of
I, grade I its grade and ht(I) its height. d(I) = u(I)—grade I is the deviation of I. If
d(I) = 0, I is called a complete intersection and, in this case, I is generated by a
regular sequence. If d(I) < 1, then I is called an almost odmplete intersection.

The ideal I is a hypersurface section if I = (K, y) where grade K = (grade
I) -1 and y is regular on R/K.

Let (R, m) be a Cohen—Macaulay ring with canonical module KR (for
definitions, see [H—K]). We define the type of R, r(R), as WKg)-

If R = P/I, where P is a local Gorenstein ring and I is a perfect ideal and if

g g
0-P0o....p1l.p

is the minimal resolution of R, then r(R) = g . We now list some basic facts of
linkage of ideals.

Definition 1.1. Let (R, m) be a local Cohen—Macaulay ring, and let I and J
be two ideals of R.

a) We say that I and J are linked, and write I ~ J, if there is a regular
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sequence @ = a;," * -,ag in I nJsuchthat I = (a):J and J = (g):1.
b) I and J are geometrically linked, if I and J are linked and have no
associated primes in common.
Definition 1.1 (a) is what Peskine and Szpiro [P-S] call algebraic linkage.
We drop the word algebraic in this work. Notice that I and J are not allowed to

be the unit ideal. Moreover I and J are unmixed ideals of height g.

Definition 1.2. An ideal I of R is generically a complete intersection if I is
unmixed and Ip is a complete intersection in Rp, for all p € Ass(R/I).

Remark 1.3. With the notations of 1.1 (b), if I and J are geometrically
linked, then they are generically complete intersections.

The proof of the following proposition can be found in Peskine and Szpiro
[P-S].

Proposition 1.4. Let I be an unmixed ideal of height g of the Gorenstein
local ring R, let a be a regular sequence inside I with () # I, and set J = (ga):I.
Then

a) I=(g):J (i.e. I and J are linked)

b) R/I is Cohen—Macaulay if and only if R/J is Cohen Macaulay

¢) Let R/I be Cohen—Macaulay, then KR/I = J/(a) and KR/J = 1/(a).

d) In addition to the assumptions of 1.4 (c), assume that proj. dimR(R/ I)
is finite. Let F. be the minimal free resolution of R/I and K. the Koszul complex
of (g). Let U: K.~ F. be a morphism of complexes lifting the embedding (a) - I.
Then, the dual of the mapping cone of U, C(U*), is a resolution of R/J.

Definition 1.5. [H-U-2, 2.6] Let I and J be two ideals in R. We say that
J is minimally linked to I, and write I - J, if I and J are linked with respect to the
regular seqﬂence @, and the elements of g form part of a minimal generating set of
L

In general, minimal linkage is preferable to arbitrary linkage, partly
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because of the following observation, which follows directly from 1.4.c.

Remark 1.6. [H-U—-2, 2.7] In adition to the assumptions of 1.4.c, let k =
R/m.

a) r(R/J) = u(l/(@)) = w(I)- dimy((g+ml)/mI) > d(I). In particular, if
R/J is Gorenstein, I is an almost complete intersection.

b) r(R/J) = d(I) if and only if I - J. In particular, if I + J and I is an
almost complete intersection, then R/J is Gorenstein.

Definition 1.7. Let I be an unmixed ideal of R.

a) The linkage class (even linkage class) of I is the set of all R—ideals J
which can be obtained from I by a finite number of links (even number of links).

b) [H-U-2, 2.9] We say that I is licci if I is in the linkage class of a.
complete intersection.

Recall that if X is a nxm matrix of indeterminates over R, R[X] denotes the
polynomial ring R[{xij | 1<i<n,1<j<m}], and (m, X) is the ideal of R[X]
generated by m and the entries of X.

Definition 1.8. Let R be a local Gorenstein ring. Let I be an ideal of R of
grade g, and let f = fy,- - - f be a generating set of I, let X be a gxn generic matrix

over R, and consider the R[X] regular sequence g with
t t
[o]" = X(f]

a) [H-U-1, 2.3], Ly(f) = (@)R[X]: IR[X] is called a first generic link of I.

It can be shown that this definition is essentially independent of the
generating set f of I [H-U-1, 2.4].

b) [H-U-2, 2.12(a)] with the notation as in (a), set Ly(I) = I, L) =
L,(f), Ly(I) = L, (L;_, (1)), i > 0. Ly(I) is an i=th generic link of I.

Definition 1.9. Let I, X, g and f as in 1.8 or let I = R, g an arbitrary
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integer. Denote by R(X) the local ring R[x]mR[X]

a) [H-U-2, 2.10(b)] If [¢)* = X[f]* then L1(f) = (@)R(X):IR(X) is called a
first universal link of I.

It can be shown that this definition is essentially independent of f and g
[H-U-2, 2.11(b)].

b) [H-U-2, 2.12(b)] With the notations of (a), set L) = I, L}(1) =
L), Li(1) = L)), i > 0. LY(1) is called an i—th universal link of I.

Universal links have the following property.

Lemma 1.10. [H-U-3, 2.4] Set the notations as in 1.9, and assume R/m is
infinite. Then I is licci if and only if for some n > 0, L™(I) is the unit ideal.

We will use the idea of deformation.

Definition 1.11. a) [H-U-2, 2.1.a] Let (R, I) and (S, J) be pairs of local
Gorenstein rings R and S, and ideals I ¢ R and J ¢ S. We say that (R, I) is
isomorphic to (S, J) if there is an isomorphism ¢:R - S with ¢(I) = J.

b) [H-U-2, 2.2.a] With the notation of (a), we say that (S, J) is a
deformation of (R, J) if there is a sequence a, regular on S and on S/J such that
(S/(a)), a+J/(a)) is isomorphic to (R, I). Equivalently, one says that (R, I) is a
specialization of (S, J).

The following propositions give a connection between deformation and
linkage.

Proposition 1.12. [H-U-1, 1.12] Let I be a Cohen—Macaulay ideal of grade
g in R, g a regular sequence inside I with (a) # I and set J = (a):I. Let 3 be a

sequence in R regular on R/(a), set R = R/(f), and set T, a, J the images of I,

(a),JinR. ThenT = (a): T, T = (a): T and g is a regular sequence on R/I and
R/J.
Proposition 1.13. [H-U-2, 2.16] Let (R, I) and (S, J) be pairs of local
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Gorenstein rings R, S and Cohen—Macaulay ideals I of R, J of S, such that (S, J) is
a deformation of (R, I). Let I = I0 N In be a sequence of links in R.

Then, there is a sequence of links J = JO ~ J1 ~oee N .In in S such that
(S,Ji) is a deformation of (R, Ii) forall 0 <i<n.

Proposition 1.14. [H-U-2, 2.17] Let I be a Cohen—Macaulay ideal of R,
and let I = IO IR In be a sequence of links in R0 = R. For1<i<n. Consider
the i—th generic link Li(I) C R, where R, is a polynomial ring over R, LetT=

n
deformation of (R, Ii)’ 0<i<n.

R_. Then, there is a q € Spec(T) such that m C q and (Tq, Li(I)Tq) is a

Remark 1.15. Let I be a Cohen—Macaulay ideal of R, let (R, T) be a
specialization of (R, I), let T be as in 1.14, let q € Spec(T) such that m ¢ q, let S =

Tqand let S = Reps.

In S consider the sequence of localizations of generic links

IS~ L (DS~ -+ ~L(IS.

Then in S we have the sequence of links T S ~ L (I)T ~ -+ ~ L (I)S, where

LS = L(T)S and (5, L;(I)S) is a specialization of (S, L;(I)).

Proposition 1.16. [U-1] Let I be a licci ideal of R. Then, there is a
deformation (S, J) of (R, I) such that J is generically a complete intersection.

Definition 1.17. Let R be a formal power series ring over a field k, and I an
ideal of R. We say that the pair (R, I) defines a rigid algebra A = R/I if the first
upper cotangent module TI(A/k, A) vanishes (for definitions see [L—M]).

In this case (R, I) has the following property: let (S, J) be a deformation of
(R, I), with S also a formal power series ring over k. Then, there is a set of

indeterminates Z such that (R[|Z|], IR[|Z]|] is isomorphic to (S, J).



12

For more details on deformation theory, see [Ar. M].

Let (R, I) and (S, J) be pairs of local Gorenstein rings R and S and ideals I
of R and J of S. We write (R, I) % (S, J) if there is a pair (T, K), T a local
Gorenstein ring, with char R = char S = char T, such that (T, K) is a deformation
of (R, I) and of (S, J).

Definition 1.18. [He, 2.2] The equivalence relation generated by ~ for the
pair (R, I) is called the Herzog class of (R, I). Note that ~ need not be an
equivalence relation.

Definition 1.19. [He, 1.5] Let R be a formal power series ring over a field
and I a Cohen—Macaulay ideal of R such that R/I is reduced. I is called strongly
nonobstructed if I/I* @ o I Kp /I is Cohen—Macaulay.

Herzog [He] is able to show that if R = k([x,,---,x ]| and if I is strongly
nonobstructed, Cohen—Macaulay and reduced, then (R, I) has a deformation (S,J),
S = k[[T},---,T_]] and S/J rigid such that the following holds: let (P, K) be any
pair in the Herzog class of (R, I), P = k([z},-- -,z ]|, K reduced, then there is a
finite set of indeterminates w such that (P, K) is a specialization of (S[|w]],
JS[|w]|]). In particular, all rigid algebras in the Herzog class of (R, I) are
isomorphic, after adjoining power series variables. We use these ideas together
with the following propositions.

Proposition 1.20. [B] Let R = k{[x;,- - -,x ]] and I a licci reduced ideal of R.
Then I is strongly nonobstructed.

Proposition 1.21 [U-1, Cor 2.2]. Let k be a field, R = k[[x;,...,x ]] and let
I be a licci ideal of R. Then, there is a pair (R', I') in the same Herzog class of
(R, I) such that R'/I' is reduced.

Finally, we will use the following result.

Proposition 1.22 [H-U-3]. Let (R, m) be a local Gorenstein ring with

infinite residue class field and let I be a licci Gorenstein of R. Then there is a
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sequence of minimal links I = IO - I1 SRR - In where In is a complete

n—1
intersection and I2i is Gorenstein for 0 < 2i < n.



CHAPTER II
LICCI GORENSTEIN IDEALS OF
DEVIATION TWO AND ODD HEIGHT

Let (R, m) be a local Gorenstein ring. In this chapter we will study licci
Gorenstein ideals of R of odd height and deviation 2.

For n > 2, let X be a 2nx2n generic alternating matrix over R and Y a 2nx1
generic matrix over R[X]. Denote by [¢,---Z, |' = XY. Set S = R[X, Y|.
Consider the ideal H = (Z,,-- /2n’ Pf(X)). Using the ideas of Huneke and
Ulrich, one can show that in S(m’ X, Y)’ Hn is licci, Gorenstein, has deviation 2
and height 2n—1. [H-U-1, prop. 5.8 to 5.12], [K, introduction].

In this chapter we will produce a new family of licci Gorenstein ideals of
odd height and deviation 2, and we will establish a structure theorem for licci
Gorenstein ideals of height 5 and deviation 2.

We begin with the following sequence of lemmas.

Lemma 2.1 [J-P, th 2.3]. With the previous notations, in R[X, Y]

ht(Pfy (X)) = [2“‘§’+2] 0<2r<2n

where Pf2r(X) is the ideal generated by the 2r=2r pfaffians of X.
Proposition 2.2 [H, 1.1]. Let P be a Cohen Macaulay domain, and let M be

a P—module having a finite resolution

0——pm_A ph__ M .0

14
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Denote by by S(M) the symmetric algebra of M and by It(A) the ideal generated
by the txt minors of A. Then, the following are equivalent

i) S(M) is a domain

ii) grade (It(A)) >m+2-t for 1<t <m.

Recall that if M has a presentation of the form

(a:)
pm__U",pl M S0

then S(M) is isomorphic to P[T,,--+,T ]/J where J is the ideal generated by the
m linear forms E?=1 aijTj'

With this notation, Huneke shows that if ii) holds, then ht J = m.

In addition to the previous notations, lets assume R is a domain. Then we
can now establish the following proposition.

Proposition 2.3. The ideal (£}, --,4y o) is a prime ideal in R[X, Y] of
height 2n-2, n 2 3.

Proof. Let A be the matrix obtained from X by deleting the last 2 rows.
Then [£,+++, 4y, _o]' = AY.

First, because R is a Cohen—Macaulay domain, R[X] is a Cohen—Macaulay

domain. Consider now the following complex:

2n—2 A 2n
0—— RX) —2-@REX) — M—00.

Because A is a matrix with maximum rank over R(X), the map from (R[X])2n_2

to (R[X])2n is injective. Moreover
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R[X] [Y] ~__ RIX, Y]

n : = )

S(M) =

Thus, by proposition 2.2, it is enough to check that grade (It(A)) >
(2n—2)+2-t = 2n—t, 1 <t < 20-2.

Because R[X] is Cohen—Macaulay, grade equals height. Let T be the
matrix formed with the first 2n—2 columns of A. Then T is alternating and
ht(It(T)) < ht(I,(A)). We will show that for t < 2n—4, ht(I,(T)) 2 2n0-¢.

Buchsbaum and Eisenbud show [B—E, 2.6] that for T

Then, by proposition 2.1 and the definition of radical of an ideal
2n—2r] '

ht(Iy,(T)) = ht(L,,_(T)) = ht(Pf, (T)) = [ 2

Hence, for 2r < 2n—4

ht(Iy (T)) = (2n—2r)g2n-2r—1) > on—2r.
Also, for 2r—1 < 2n—5
m(IQr—l(T)) = ht(IQr(T)) = (n—r)(20-2r-1) > (2n—2r-1)+2 = 2n—2r-1).
Thus, we have shown that if t < 2n—4, then

ht(I,(A)) 2 ht(I,(T)) 2 2n—t.
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Hence, we are left with the cases t = 2n—3 and t = 2n—2. For the case t = 2n-3,

consider the (2n—2)x2n matrix

_2._).(12 Xj3 X4 0 ... 0 ]
12.° ..
3.
D=l=xyy " "0
X14
|0 0 =Xy X3 X9 0 X9 X3
We obtain D by specializing A. Here Xiipj — X145 1<i<3, and xij—-oO

otherwise. Therefore

ht(Ly,_o(D)) < ht(Iy_4(A)).

Now, I, _o(D) contains

x14 ....... 0
. _.2n-3
det . . . 0 =Xy
i X14
. e e e ]
X13 X140 0
. _ 2n-3
- X4
X13

and
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(X9 X3 X)q 0:-:0 0

det T = X mod(x13, x14).

Hence ht(l, 4(D)) 2 3 and therefore, ht(I2n—3(A)) > 3. Fort = 2n-2, we
specialize X; 4 —0 and let D be the matrix obtained from D in this way. Then

I, _o(D) contains

X|3 0 0
det = x%g_2
x
0
X13
and
[ Xjg X130 -+ 0
_ .2n-2
det , 0 =X]y ~ mod(x,3)
X13
X12 |

Then ht(I, (D)) 2 2, and therefore ht(I, o(A)) 2 2. It follows then that
ht(I,(A)) 2 20—. |}

Recall that S = R[X, Y], where R is a local Gorenstein ring domain, n > 2,

X is a 2nx2n generic alternating matrix over R, Y a 2nx1 generic matrix over



19

R[X]. We have the following corollaries.
Corollary 2.4. (&;,-- ’/2n—1) is a complete intersection in S( m, X, Y)'
Proof. We first treat the case where R = D is a Cohen—Macaulay domain.
By 2.3 (¢ P 2n 2) is a prime ideal in D[X, Y] of height 2n—2. Denote by

"——" images in D[X, Y]/(xi2n—1’ xj2n, i#2n,j#2n-1). If / on—1 € (/1’. 4

on—g)» then 7-2n—1 = Xon—1 2n Yon € (71" ) "z-2n—2) (22n 1 X j Leis
2n—2), which is false. Then (¢, ',/2n_1) is a complete intersection in D[X, Y].

We now prove how the claim follows for an arbitrary local
Cohen—Macaulay ring R. Let V be a prime ring of R localized at the contraction
of m, let p € Spec S(m,X,Y) with (/1,- . ‘,/2[1_1) Cp,andlet (r)=pnV. We
have to show that dim Sp > 2n—1.

First consider the case where 7 is not regular on Sp. Then since R is
Cohen—Macaulay, dim Sp/ 7rSp = dim Sp. On the other hand, D = V/(x) is a field
and Sp/ 7rSp is faithfully flat over D[X’Y]an[X,Y]' Then by what we have shown
before, 2n—1 < dim D[x’Y]an[X,Y] < dim Sp/ 1rSp = dim Sp.

Now consider the case where = is regular on Sp. In this case take D = V.
Now D is a domain and Sp is faithfully flat over D[X’Y]an[X,Y]' Again as
above, dim S D > 2n-1.

Corollary 2.5. The ideal (/1,- . "/2n—2’ Pf(X)) is a complete intersection

iﬂ S(m,x,Y).
Proof. It runs parallel to the proof of 2.4, after noticing that Pf(X) ¢
(£}sr**1op_o)- Grade, with the notations as 2.4, D[X, Y] by assigning deg X5 =

0, deg yj = 1. Then Pf(X) has degree 0, but each /i has degree 1. Then we are
done.

Corollary 2.4 is the key of the following lemma. In it we prove all our
claims about H .

Lemma 2.6. H is a licci Gorenstein ideal of height 2n—1 and deviation 2.
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Also, in S, a homogeneous resolution of Hn starts and ends like
2n
0-S(—(4n-3)) > -+ +S“(-2)®S(-n) - S.

Proof. By induction on n, consider first the case n = 2. H2 can be viewed

as the 4x4 pfaffians of the following 5x5 generic matrix

Then H2 is Gorenstein of height 3 and deviation 2 [B—E, 2.1]. Also, [B—E, proof of
2.1] the projective dimension of S/H2 is three, and hence it is perfect. Therefore,
H, is licci [W]. It also follows [B—E, proof of 2.1] that if deg x;; = deg ¥y = 1,

J
then a homogeneous resolution of S/ H, starts and ends like

0+ S(=5) = -+ = 89(=2) = S

and notice that 5 = 4(2)-3.

Assume now that the result is true for n—1. Let X' be a 2(n—1)x2(n-1)
generic alternating matrix over R, Y' a 2(n—1)x1 generic matrix over R[X']. Then
in §' = RX', Y'], H _; = (I;(X'Y'), P{(X")) is licci, Gorenstein has deviation 2
and height 2(n—1)-2 = 2n-3. Grade S' by assigning deg x;; = deg ¥y = 1. A

J
homogeneous resolution of H  _, starts and ends like

0- S'(4(n=1)=3) = - - - » 2% 2(_2) @ S'(—(n—1)) » S".
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Write [£7,- - -,/én_2]t = X'Y'. If X(resp Y) is a 2nx2n generic matrix over R
(resp 2nx1 generic matrix over R[X]), then we can view S' as a subring of S = R[X,
Y], X'(resp. Y') obtained from X(resp. Y) by deleting the last 2 rows and columns
(resp. last 2 columns). Then H(n——l) can be viewed as a licci ideal of S, with same

height, deviation and resolution

+ S(~(4(n-1)-3)) = - - - + S2"2(2) @ S(~(n—1)) -+ .

Then Pf(X') = X Write [}, -+, 4, ]* = XY. Consider in S, the

2n—-1 2n’

ideal (H(n—l)’ Yon—1° y2n = (/ én—2’ 2n—1 2n’ Y2n-1’ y2n)’ A
homogeneous resolution of this ideal is

0 -+ S(~(4n—5)) » - - - » S%(=1) ® S?272(_2) @ S(~(n—1)) - S.

Consider the ideal (¢ / on—9» Yop)» Which, by (2.3), is a complete

T
intersection. The Koszul complex of /1" . ’/2n—2’ Yo is

0-S(—(4n-3)) + -+ 2 $*"2 (-9) @ 5(-1) + S

and then a resolution of L, = (/1,- . "/211—2’ y2n): (H(n—l)’ Yon—1° y,_,n) starts

and ends like
0 — S(—(30-2)) ® S(—(4n—4)) — - -+ — S(-1) @ $BL(—2) 5.

Then L is generated by (¢ 1 ¢on_9 Yo,—1) and an element of degree 2.

Consider /2n 1" Because
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n-2
/211—1 Yon—1= 2?— / /2ny2n’

then 5 1¥on—1 € (41 s 4on 9 Yon) 4on1Xon 1,00 18 (4502 4oy 90 Yop)-
2n-1
Also, because Pf(X)y, = 2 Xion 4 /. then

2n-2
/.

on—1 = PIXWygq = & Xign (€ (4~ 9 Yon):

Xon—1 2n

Hence ¢, _, €L . A similar argument to the one used in 2.4, shows that lon_1 £
(41 +14on g Yop)- Then (£y,ee+,0o, 1, ¥op) € Ly and L /(402,45 o,
Yo) is minimally generated by one element of degree 2. Then (Z},---,¢y 1,
Yo n) = L. Hence in S(rn,X,Y)’ L, and (Hn—l’ Yon—1° y2n) are linked, L —
(H,_» You_1» Yo ) 2nd (H — L. Thenr(S/L))=2,d(L) =
1, by (1.6).

(n—1)’ Yon—n’ y2n)

Consider now the complete intersection (¢ 1,-~,/ opn—p) (see 2.4). Its

homogeneous Koszul complex is
2n—1
0 — S(—(4n-2)) — --- — S (=2) — S.
Then a resolution of (/1,v . °’/2n—1): L, starts and ends like
0 — S(—(40-3)) — -+ - — $2B(~2) ® S(—n) — .

Hence (¢}, -+,4, _1): L is generated by (¢} *145,_1)» One element of degree
2 and one element of degree n. Consider /2n and Pf(X). (3) and (4) in chapter
(1) show that (/1,- . -,611, Pf(X))=H_ ¢ (/l,- vylop )i Ly I

log € (450 ++,49p_1), then 4o =0 (mod(xij, i <2n-1, j < 201, yo ) which is
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not the case. As in 2.5, Pf(X) ¢ (¢,,-- -,/2n). Then H ¢ ( /1,- . ”/211—1): L,
and (¢, - lon 1) L/ (4),0 "/2n—1) is minimally generated by one element of
degree 2 and one element of degree n. Then H = (¢},-- ~,/2n_1): L. Hencein
S(m,X,Y)’ L -H andH -L. Then d(H ) =2r(S/H) =1, ht H = 2n-1.
The last twist of a homogeneous resolution of Hn is 4n—3, and Hn double linked to
(Hn—l’ Yon—1’ y2n)’ then Hn is licci. Now the result follows. [}

In some unpublished notes, Andrew Kustin obtains Hn from (Hn—l’ y, 2),
y, z regular modulo Hn—l’ by what Kustin and Miller call semi generic tight
double link [K—M, 3.1]. In those notes, he proves, by induction, that Hn is licci,
Gorenstein, has height 2n—1 and deviation 2. But moreover, he shows that in
k[[X, Y]], k a field, H_ defines a rigid algebra (see also (K]). We will use this fact
several times.

Corollary 2.5 gives the following lemma. .

Lemma 2.7. The ideal J = (4,45, o, Xgp 1 oy Pf(X)) is a licci
ideal of type 2, deviation 1 and height 2n—1 in S( m,X,Y)

Proof. We will show Hn -+J n via the regular sequence

/.

b= 4 dgy o

11"” Pf(X).

Grade S by assigning deg Xjj = deg yj = 1. A homogeneous free resolution of H n

(see 2.6) is
0+ S((4n=3)) -+ - -+ ~ $2%(~2) 5(-n) + §
while the Koszul complex of 3 is

0 + S(~(50—4)) = - - - + $2872(—2) @ §(—n) - S.
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Then a resolution of (g): H_ starts and ends like
2 2n—2
0-S%—5n—6))»--- =S (-=2) ® S(~(n—1))®S(-n) -+ S

Therefore, (3): H_ is generated by (8 and an element of degree n—1. Consider
Xo,—1 op Which has the appropriate degree. By (3) in Chapter (I), we see that

n-2
X ly 1 =PiX)yy B0 2 X,y L€ (D)

2n—1 2n i=

and

| n-2
X1 2n%n = Bia1 Xign_1 4-PIX)¥en_; € (8.

It follows then that J n € (B): H
Suppose Xon—1 21 € (8). Then, there would be homogeneous elements
“y39._o, D € S such that

2n-1 2n
Because n = deg Pf(X) > deg Xop—19p=0-1Lb=0.

If we assign now deg x;; = 0, deg y; = 1, then X,, , o would have degree

ij ’ J
0, but the 's would have degree 1. This is impossible. Therefore X, _, o # (8).
Hence Jn/(Q) is minimally generated by X, _, o . Also (Q):Hn/(ﬁ) is
generated by an element of degree n—1. It follows then J, = (8): H .
Then, in S(m X Y) = (8): Hy, and by 1.4(a), J, and H are linked.

Moreover H_ - J and hence Jn has type 2, by 1.6(b). Thus, J , is not a complete
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intersection but by 1.6(a), d(Jn) < 1. This implies d(Jn) = 1. J is also licci
because so is H . Now we are done. [

Lemma 2.8. The ideal (1) = (¢,,"* ',/20_3, X2n_1 2n,Pf()()), n>2isa
complete intersection in S(m,X,Y)'

Proof. We use induction on n. Forn = 2

0 x5 X3 X4 1
—X 0 X y
x = | 12 23 | y_ |72
X3 X3 0 X3 Y3
| X4 Xoq X34 0 | | Y4 |

and (2) is (x)5¥9 + X13Y3 T X 4Y g X190 X19X34 + X)4Xgg — X[3Xg,), Which has
height 3.
Consider now the case n = 3, and let p be a prime ideal containing (7) such

that ht p < 5. If p contains X191 X13 and X3 then p also contains

E?=4 X;i¥j 1<i<3

and hence ht p > 6. We may then assume w.l.o.g, that X19 £ p.

Then, there is a matrix A invertible over Sp such that

Atxa =10

and the entries of X' are generic over R[xIé, {xij’ i <2}]. IfY is replaced by
A-IY, then in Sp, (2) becomes (y,, o, ¢+ X{q, PE(X')), which has height 3+2 =
.
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Assume the result is true for n—1, n > 4. Let p be a prime ideal of
S(m X,Y) such that (7) C p and ht p < 2n—1. Then p does not contain the ideal I
generated by the entries of the (2n—4)x(2n—4) matrix obtained from X, by deleting

the last 4 rows and columns. In efect, for n = 4, if I C p, then p contains

(2?:5 xij)'jll <ig4),

which is a complete intersection [Ho|, and the Xijp

this ideal. Then ht(p) > 6+4, which is impossible. For n > 5, ht (p) < 2n—1 <
(n—2) (2n-5) = ht L.

1 <i,j £ 4 are regular modulo

We may assume then, w.l.o.g., that X{9 ¢ p. Then, there is a matrix A,

invertible over Sp, such that

and the entries of X' are regular over R[{x li <2}, x;. ] Y =A7'Y, and Y'is
obtained from Y" by deleting the first 2 rows, let [¢] --+ &5 2] = X'Y'. Then
(7) becomes

(yl’ Y2) / * /én__5a Pf(x'))

which, by induction hypothesis, has height (2n—3) + 2 = 2n—1. Then ht p = 2n-1
= ht(7) and 7y is a regular sequence in S(m X,Y) |
Theorem 2.9. In S(m,X,Y)’ for n > 3, the ideal

Ky = (4 49n-3 Xon—2 on Xon—2 201’ Xon—1 2n PIX))
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is a licci Gorenstein ideal of height 2n—1 and deviation 2.
Proof. We first show that Jn — Kn’ where Jn is the ideal of 2.7, via the
regular sequence (7) of 2.8.

Grade S as usual. A resolution of J, is (proof of 2.8)
0 — S%(~(50-6)) — - - - — S2""4(-2) @ S((n-1)) @ S(—n) — S,
while the Koszul complex of 7 is
0 — S(—(6n—7)) — -+ - — S 3(_2) ® S(—(n—1)) ® S(—n) — S.
Then a resolution for (7): J o Starts as
52073(_9) ® $3(—(n—1)) ® S(~n) — S.
Then (2): J, is generated by 7 and 2 elements of degree n—1.

Consider Xy o o, and Xo o o, which have degree n—1. By (3) in

chapter (I) we have

2n-3
/2n—2x2n—2 on = Yop 2 xl2n/ X2n—l 2n /2n—1 €(2)
and
_ n-3
lon-9%on—2 901 = Yan_1 =BT Xion14+Xon-1 20 %n1 € (2

Therefore K, ¢ (7): . If Xopn—2 on € (7), then for homogeneous elements

TR U S b, cin S, we have
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X /

and, by degree reasons, b € R, ¢ = 0. Then

(1) Xon-9 on0Xon_1 9n =814+ +ag, 34, o

If deg X;; = 0 and deg yj = 1, then (1) holds if and only if a) = =

39,3 = 0. Then

(2) X2n—2 on = b x2n—1 2n°

If we specialize, by making Xi op_9 = 0, the left hand side of (2) is nonzero, but
the right hand side is. Similarly, in_2 on—1 € (7, Xon—9 2n) if and only if

(3) X = bX +cX b,c€R.

2n-2 2n-1 2n—2 2n 2n—1 2n’

If we specialize by assigning Xion—2 = Xjop—1 = 0 the right hand side of (3) is
zero, but the left hand side is different from zero.

If we assign deg X5 = 1, deg ¥j= 0, then, say, ¢} isin

X Pf(X))

(4104903 Xon—1 2n> Xon—2 20’ Xon—2 201

if and only if ¢} € (45, "/2n—3)’ which is contrary to 2.3.
If deg Xjj = 0, deg y;= 1, then Pf(X) is in

AR

on—3 X

X

9n-2 2n* X201 2n’ X2n—2 2n—1)
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if and only if

P{(X) € (X X

2n—2 2n° Xon—1 2n’ Xon—2 on—1)-

Specialize by assigning Xjj — 0 i,j<nand Xjj = Xjj otherwise. Then X

becomes

where A is a generic nxn matrix. Then det(X) = (det A)2 # 0 and hence, Pf(X)#0.
However, for i, j € {2n—2, 2n—1, 2n} (note n > 3), if we delete the i—th rows

and j—th columns, we get

where D is a(n—2)x(n—2) matrix. So we get that this matrix has determinant 0.

In particular

x2n—1 on = X2n—2 on = X2n—2 on—1" 0.

Then K is minimally generated by (2, Xop o o Xo/_o op 1) and it is
contained in (2): J . Also (2): J|/(2) is generated by 2 elements of degree n—1.
Then K =(2):J .

Then, in S(m,X,Y)’ K, — Jn andJ — K . By 1.6(b), then
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d(KD) = T(S(m’x’Y)/Jn) =2

and

as claimed. Also, since J_ is licci, sois K. i

Theorem 2.9 presents a family of Gorenstein ideals of deviation 2 and any
odd height larger or equal to 5. K3 and H3 have height 5, and if deg Xjj = deg Y;
= 1, they are ggnerated by 6 elements of degree 2 and one element of degree 3
(later we will see they have a common specialization).

We turn our attention to the case n = 4.

In this case set k = Q, S = k[X, Y], X an 8x8 generic alternating matrix
over k, Y a 8 x 1 generic matrix over k[X].

Then, the minimal free resolution of H, [K, 5.5 and 6.1] starts as
g9 3T 9 o

and in particular the second Betti number of H 4 is 37.
Several applications of the mapping cone produce a (not necessarily

minimal) resolution of K 4 that starts as

and d 2 44. That means then that H, and K 4 arein different Herzog classes.

The minimal resolution for H3 is
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0—S—s —s¥2 g2 g7 g
If x, y are regular on S/ H3, their Koszul complex is
0—S—5%—S
and hence a resolution for (H3, X, y) starts as
37,9 g

and hence K, is not in the same Herzog class as (H3, X, y¥)- The minimal

resolution for H2 is

0—S5—8° 8§ s,

If x, y, z, w are regular on S/ H2, their Koszul complex is

0—Ss—stsb st s

and the resolution for (H2, X, ¥, z, W) starts as

s s

We see then that (H2, X, Y, 2z, w) and K 4 are in different Herzog classes.
So, it is still left to determine if for some n > 4, (K4, tl,---,tr) and
(Hn’xl""’xe) are in the same Herzog class, where bty form a regular

sequence modulo K 4 and Xprt Xy form a regular sequence modulo Hn. The
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answer is in the following sequence of lemmas.
Lemma 2.10. Let (R, m) be a local Gorenstein ring, and let I be a
hypersurface section in R. Then, any specialization of I is a hypersurface section.
Proof. Write I = (K, y), y regular on R/K. If g is a regular sequence on R
and on R/I, then the specialization via a is (R/(a), (I,(2))/(a)). Now

(I, o (Ky,9)
(o) (o)

and y, a are regular on R/K. Because R is local, @, y are regular on R/K and

hence

(K,y,@)  (K,ay)
(@ ~ (@

with y regular on R/(K, a). |

Lemma 2.11. Let (R, m) and I as in 2.10. Assume R/m is infinite. If I is
licci, so is K.

Proof. Write I = (K, y), y regular on R/K. By 1.10, there is an n such
that L™(I) = L"™(K, y) = (1). Because y € m, it is enough to show L*(K, y) =
(L™(K),y) since (L"(K), y) = (1) if and only if L®(K) = (1), and by induction on
n, we only need to consider the case n = 1.

Let g =grade I, f = fl,- . -,fr generators of K. Then (fl,- . "fr’ y) =1 Let
X be a gx(r+1) generic matrix over R. Then in R(X) = R[X]mR[X]’ Xgr+1 is

invertible, and after row and column operations X becomes

X 0
0 1
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with X' generic over R[{x X ., 1<1<g 1<j<r+1},x _1]. Then y is an

ir+1’ “gj
element of the regular sequence g given by

rg+1

and then LI(K, y) = (L1(K), y). B

Lemma 2.12. Let k be a field, S = k[[T,,- -+, T ]] and let I be an ideal of S
such that S/I is rigid. If I is a hypersurface section, then I ¢ mg.

Proof. Write I = (K, y), y regular on S/K. Let x be an indeterminate over
S. Then (S[[x]], (K, x)) is a deformation of (S, (K,y)) via the regular sequence
x—y. Because (S, I) is rigid, for some of indeterminate z, (S[[x]], (K, x)) is
isomorphic to (S[[z]], (K, y) S[[zl]). K I = (K, y) C (mS[[z]])z, then (K,x) C
(ms[[x]])2 and hence x € (ms[[x]])z’ which is impossible.

The following proposition is important by itself. It gives a criterion for a
licci ideal to be a hypersurface section.

Proposition 2.13. Let k be an infinite field and S a formal power series ring
over k. Let I be a licci ideal of S, and let (T, J), T = k[[x]], be in the same Herzog
class as (S, I). Then I is a hypersurface section if and only if J is.

Proof. Assume I is a hypersurface section, I = (K, y), y regular on S/K.
Because I is licci, then by lemma 2.11, K is licci. By proposition 1.21, there is a
deformation (é, k) of (S, K) which is reduced. Also, by 1.13, K is licci and hence
strongly nonobstructed by 1.20.

N

By the discussion following definition 1.19, there is a pair (S, K), S a power

NN

series ring over k, such that (S, K) is rigid, reduced, and for some indeterminate Y,

(§[[Y]], (Ih(‘, Y)) is a rigid deformation of (S, I). Let (T, J) be a pair in the same

Herzog class of (S, I). Then J is licci [U-2], and hence (T, J) has a deformation
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(’i‘, 3) with ’i‘/j reduced. By the same discussion following definition 1.19, (’i‘, 3)

is a specialization of

(g[[Y, w]], (Iz(, Y) g[[Y, w]]) for a finite set of indeterminates w. Then :I, and
hence J, is a hypersurface section, by 2.10. [

Another criterion for an ideal I being a hypersurface section is given by
Herzog and Miller [H-M, 1.3]. They show that if k is an algebraic closed field and
Iis a Gorenstein ideal of deviation 2 of R = k[[x, ,...,x,]] such that I is generically
a complete intersection and I/I2 is a R/I — Cohen—Macaulay module, then I = (J,
tl,...,tr), t{-st, regular on R/J if and only if u(I) — p(Hl(I)) > r, where Hl(I) is
the first Koszul homology module of I.

We come back now to our question prior to lemma 2.10, and assume the
answer is yes. Then repeated applications of proposition 2.13 would imply that Hn
is in the same Herzog class as (K,t;,,t.) or K, is in the same Herzog class as
(Hn, Xppt o ,xe) for n = 2, 3 or 4. But we saw this is impossible.

We summarize our findings in the next result.

Theorem 2.14. (S, (K, t1,-++,t.)) (b, -,t, & regular sequence on S/K,)

is not in the same Herzog class as (T, (Hn, xl,---,xe)), (xl,---,x regular

e
sequence on T/Hn) for any n > 2.

We now want to study the case n = 3 more closely. In this case ht K3 = ht
Hy =35.

We begin with the following lemma due to Brodman.

Lemma 2.15. [Br, 3. Satz] Let R be a local noetherian ring with infinite
residue class field, and let I be an ideal of R of grade g > 0 which is generically a

complete intersection. Then there are Xyt ,xg in I such that

i) Xp Xy form a regular sequence.

.. _ - . L
i) (xq, ’xg)p Ip for all minimal primes p of R/
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iii) {x;,- -,xg} is part of a minimal set of generators of I.

We now recall our notation: (R, m) is always a local Gorenstein ring. We
will assume also that 2 is a unit in R, and that R/m is infinite.

Proposition 2.16. Let I be a perfect almost complete intersection ideal of R
of height 4 and type 2. Further assume (R, I) has a deformation which is
generically a complete intersection. Then there is a pair (S, J) in the same Herzog
class as (R, I) such that J is licci and either:

i) J= Il(AB), A a 5x5 alternating matrix, B a 5x1 matrix, aij’ bj € mg, or

ii) J is a hypersurface section.

Proof. We can assume, after deforming, that I is generically a complete
intersection.

Let K be a minimal geometric link of I, which exists by 2.15. Then K is
perfect, Gorenstein, generically a complete intersection (1.3) and d(K) < 2.

If d(K) = 0, K is a complete intersection, say, K = (al, a9, ag, a4). If X1

Xo, Xg, X, are indeterminates over R, then
(R, K') = (R[x x5,X3 x4](x1,x.2,x3,x4)’ (x]X9,X3,%4))

is a deformation of (R, K) via the regular sequence 3 = {xi—aill <i<4}. This

sequence is regular on R'/K' if and only if
(x1s X9, X3, Xy, X)), Xg=8g, X323, X4~2)

is a complete intersection in R'. But this later ideal is

(xl’ Xoy Xgy Xys a 32, 33» 3'4)
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which is a complete intersection in R'. Notice also that R'/(8) = R and
K'+(8)/(8) = K.

Let K'(;) J' where (R', J') is a deformation of (R, J) (1.13). Since

r(R'/J') = 2 = u(K'/(2)),

two elements which are part of a minimal set of generators of K', say x; and x,
are in (7) C J'. Then J'is a hypersurface section.

Now assume K is not a complete intersection. Because K is Gorenstein and
perfect, then, [Ku|, d(K) # 1.

If d(K) = 2, then K — I (1.6(b)). Because K is generically a complete
intersection, then K is a hypersurface section [V-V, 1.1]. Namely, K = (L, t),L a
Gorenstein ideal of height 3 and deviation 2 and t regular on R/L. It follows then
I is licci.

Thus, there is a 5x5 alternating matrix D = [dij] with entries in m such
that L is generated by the 4x4 pfaffians of D, [B-E, 2.1],i.e. L = (Di’ 1<i<5h)
where D; are the pfaffians (with signs) of D.

We now compute all possible minimal links of K. Let (@) = (al, ay, 0g,
a4) be the regular sequence defining K — I. Then, there is a 4x6 matrix T with

entries in R such that

o T D2
ag D3
ay D,
D5

[t
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Because the link is minimal, a maximal minor of T is invertible. Thus, if "—"
denotes the reduction modulo m, T has rank 4 over R. Therefore, the matrix

formed with the first 5 columns of T has rank at least 3 over R. Then, after

performing row operations, one can assume that

519 4

89 Qo T

T < I, 2 Qg T9
83 43 T3

0143 $4 U Ty

and because the link is minimal, one of the element of the last row is a unit.

Let

100—slq1'
010—32q2
M=001—s3q3
000 10
|0 00 0 0 |

then M is invertible over R, M'DM is alternating and for 1 <i < 3
— (MUDM). =

Hence, we can perform column operations in the first 5 columns of T and after

doing so, T becomes
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—
w

[== T == B )

o O O
-
N

54 Y4 T4 |

we now deform (R, K) to (S, P), where S = R[Z, w]( where Z = [Zij] is a

m,Z,w)’
5x5 generic matrix over R, w an indeterminate over R[Z] ami P= (Zl’ Zz, Z3, Z 4
Zs, w). We deform here using the regular sequence Zij_dij’ w—t, 1 <1, j<5.

Let now J = (a):P. Then (S, J) is a deformation of (R, I) (1.13).

If ry is a unit (or if one of the r;'sisa unit) then w+S4Z4+q4Z5 €(a)CJ
(or W+Z, € (@) € J) and hence J is a hypersurface section.

If none of the ri's is a unit, then we can assume 84 is a unit (the case qy a
unit is symmetric). We deform then Iy» Tgy Iy and ry to undeterminates over S.

By (1.13) the link also deforms. Now specialize I, Iy, I3 to zero. Then, after

column operations T becomes

3 03,3

O1x3 1071
and g = Zl’ Z2, Z3’ Z4 + rw, which is a regular sequence, because r and w are
regular modulo (Z;, Z,, Z3). Then (by 1.12) the linkage also specializes. Our
ambient ring is now S = R[Z, w, r]. Grade S by assigning degree 1 to all
indeterminates.

The homogeneous minimal resolution of P is [B—E]
0 — S(=6) — ++» — S§°(~2) ®S(~1) — S

while the Koszul complex of g is
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0 —5(-8) — --» — SH-2) =S

and hence a homogeneous resolution of (a):P starts as --- — Ss(—2) — (S) and
hence (a):P/(a) is generated by an element of degree 2.
Consider z 45 Because z 45Z 4 and z 45Z5 are in (Zl’ Z2, Z3), then

ZysTW = z45(Z4+rw) - 24524 €(a)
and

245tZs = 1(245Z5) € ()

and it follows that (a, z45r) C (a):P.

If for homogeneous elements a1, a9, 8g, &y in R[Z, w, 1]
245t = 812 + 89Zo + 8924 + a,(Z +1W)
then by degree reasons, a € R, 1 <i< 4. But this is impossible.

Then J = (a):P = (Z,, Z,, Zg, 7y + 1w, z45r), (R[Z, r,w](
deformation of (R, I). Moreover J = (II(AB)), where

m,Z,r,w)’ J)isa

0 —2)4 234 0 23 ~Zgs
z 0 z 0 =z z
Ao | P14 24 12| 5_ 35
234 “Zgq 0 0 Zyg Z15
0 0 0 0 —r w
| 213 219 %3 T 0 | | 245

as claimed. [
Notice that if J is a hypersurface section, almost complete intersection of

height 4 and type 2, then J = (P, t) where P is an almost complete intersection of
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height 3 and type 2, which are described in [B—E].

In the following sequence of lemmas, all ideals J and K with H3 +J-+Kor
(HZ’ y, 2) =+ J =+ K, y, z regular modulo H2, are computed, up to deformations and
specializations. J turns out to be an almost complete intersection of type 2, while
K is a perfect Gorenstein ideal of deviation at most 2. We will observe that K is
either a hypersurface section, or it is obtained from Hgy by deformations and
specializations. Figure 1 summarizes our findings. Arrows mean minimal links
and the numbers associated to the arrows indicate the number of the lemma in
which the link is computed, h.s.s. means hypersurface section, while s.h.h.s
(d.h.s.s.) means single hypersurface section (double hypersurface secton). The

other notations are standard.

h.s.s.
s.h.s.s. 2—'1—84 [
Hg

i 2.IV

3
2.1N - [ h.ss.
2.19
(£, &4y Xep, PI(X)) ==
14243 ¢ p X56 PIX) H,
h.s.s.
h [s.hss 2.18, { Hy
(Hzay’z) / d-hSS 221-’ {hﬁ.s.
2.20 ) 39 boss
1
Figure 1

Lemma 2.17. Let X be a 6x6 generic alternating matrix over R, Y a 6x1

generic matrix over R[X]. In S = R[X, Y](m,X,Y) consider the ideal H = H,
t

generated by /1, /2, 6, /4, /5, /6 and Pf(X), where [/1 /2 /3 /4 /5 /6] = XY.
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Let J be an ideal of S such that H — J. Then there is a pair (S', J') in the same
Herzog class as (S, J) such that either

i) J'is a hypersurface section or

ii) There is a 6x6 alternating matrix A and a 6x1 matrix B, a‘ij’ bj € mg,
such that if [t) -+ ts]" = AB, then J' = (t, to, ts, t, Ace, PE(A)).

Proof. Because H is Gorenstein and has deviation 2, r(R/J) = 2 and d(J) =
1. Consider the regular sequence 7 = N YT T3 Vg T defining H — J. It is

given by the product

T
n 4
T2 4
B|=T| 4
74 %
| 75 | %

| P{(X) ]

where T is a 5x7 matrix with entries in S. Because H — J, one maximal minor of

T is invertible. Thus, if "——" denotes the reduction modulo the maximal ideal
of S, then T has rank 5 over S, and therefore the matrix formed with the first 6

columns of T has rank at least 4 over S. Hence, after row operations, T becomes

d1 q slT

Ty dy a9 3y

dg a3 35

dy aq 384

| 00 0 0 dg gy sg

and one of the elements of the last row is a unit.

As in 2.16, we can perform column operations in the first 6 columns of T.
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After doing so, T becomes

51
Iy 040 S9
53
$4
0 d5 Qg 35-

If neither d5 nor q are units we can deform them to indeterminates and Sg

is a unit. We get the regular sequence
2 = {4+s; Pl(x), dg s+ag fo+3¢ PR(X) | 1 <i <4}

By specializing d; and q to zero, this sequence becomes 7 = {/1,/2,/3,/4,Pf(X)}
which is regular, by corallary 2.5.

Then d5, qy are regular on S/(2'), and hence by 1.12 (2'): H specializes to
(2):H and by the proof of 2.7, this link is (¢}, 4, 4 4 Xsr PI(X)).

If d5 is a unit (the case Q5 a unit is symmetric), then by column operations

in the first 6 columns of T, this matrix becomes

51
Iy Ogxo 3o
53
84
le4 1 0 35‘

and 7= {/l + sin(X) i<i<s}.
If none of these si's is a unit, we can deform them to variables, and then

specialize to zero. 7 becomes {/1,/2, /3, / 4 /5}, which is a regular sequence, by
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2.4, and 7:H is a hypersurface section, by the proof of 2.6.
Otherwise, w.l.o.g., 3¢ is a unit.
After row operations and column operations in the first 6 columns of T, we

can assume that T is

5 | O4x2
01

and 3= {4}, 4y, 43,4y, 4 + PEX)).

By (3) in chapter I we see that
£5(Xsg+yg) = (PHX)+4)yg — iy Xig
and by (3) and (4) in chapter I,
%(Xa+¥g) = <PIXI )y + B (X544

and hence y+X,( € (2):H and then the link is a hypersurface section. [

Lemma 2.18. Let X be a 5x5 generic alternating matrix over R, Y a 5x1
generic matrix over R[X], v an indeterminate over R[X, Y]. In S = R[X, Y,
v](m,X,Y,v)’ consider the ideal J = (/1,/2,/3,/4,/5, v), where [/1.../5]t = XY,
and let J — K. Then K is a licci, Gorenstein ideal of height 5 and deviation at
most 2, and there is a pair (S', K') in the same Herzog class as (S, K) such that
either

i) K'is a hypersurface section or

ii) K' = H,.
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Proof. Observe first that (S, (/1,/2,/3, /4,/5)) is in the same Herzog class
as the pair obtained in 2.16 (i). Actually, such a pair is a specialization of
(S, (&4, ',/5)).

Then (/1,- . -,/5) is licci, (2.16 and 1.13), is an almost complete
intersection, has height 4 and type 2.

Because v is regular on S/(/,, - ',/5), then J is licci of type 2, deviation 1
and height 5.

Hence if J — K, then K is licci, Gorenstein of height 5 and d(K) < 2.

Let 7y = T T T Ty Y5 be the regular sequence defining the link J — K.

Then, for some 5x6 matrix T with entries in S we have

N [ /1 .
72 ‘5
131=T /. 3
4 ‘4
75 ‘s
L v 4
Because J — K, a maximal minor of T is invertible, and if "——" denotes the

reduction modulo the maximal ideal of S, then T has rank 5 on S, and therefore

the matrix formed with the first 5 columns of T has rank at least 4 over S.
Then, after row and column operations, in the first 5 columns of T, T

becomes

Iy 041

1x4

5 r
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and one of the elements of the last row is a unit.

If one of the r;'s is a unit, then v+/i or v+d5/5 is in (1) C K, and hence K

is a hypersurface section.
Otherwise, none of the ri's is a unit. Then we can deform them to variables
and then 7 becomes

~' =(/i+riv |1<i<5).

Consider, then the following generic matrices over R

| =T} —Tgy —Tg —T, —Ig 0
Then, if [/}, - -,/é]t =X'Y', /; = /i+riv, 1 <i< 5. Moreover,

(R[X', Y'](m,X',Y')a (/ia' * 'a/é))

is (S, 7') and
(R[X', Y'](m’XI’YI)’ (/i’ * ’a/g')a V))

is a deformation of (S, J), modulo the regular sequencer, - - - ,rg.

Moreover (¢},-+,Zg): (/',-'-,/5, v) = Hy  (proof of 2.6) and we are
done. |

Lemma 2.19. Set the notations as in 2.17, in S consider the ideal
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J = (/1,/2,/ ,/4, x569 Pf(X)),

and let J — K. Then K is licci of height 5 and deviation at most 2 and there is a
pair (S', K') in the same Herzog class as (S, K) such that either

i) K'is a hypersurface section or

i) K'=H,,.

Proof. That K is licci, Gorenstein of height 5 and d(K) < 2 is clear (1.6 and
2.7). Let 7 be the regular sequence defining J — K. Then there is a 5x6 matrix T

with entries in S such that

[4=T

By standard arguments (see the proof of 2.16 to 2.18) T becomes

[ 0 t; 8
13 0 t2 59

0 t3 83

Ty b4 84
09«3 I5 5 S |

and at least one element of the fourth row and one element of the fifth row, in
different columns, are units.
Assume first r, is a unit (the case Iy  unit is symmetric). Then, after row

operations T becomes.
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Yo%
Iy ty S
b3 S3
by 84
014 ts S5 |

and one element of the last row is a unit. If te is a unit, we may assume then that
1= {/i+si P{(X), Xgg + S5 Pf(X) | 1<i <4},
and because
(et Zi_q XigS; + 455) PAX) = B} _ (4+s; PEX))X, o+ 4y (Xog+55 PA(X))

is in (2), Yg + Z?=l xiﬁsi + /535 € (7):J and the link is a hypersurface section.

If ts is not a unit, then 3¢ i3 a unit and we get
2= {4+t Xge, PHX)+t5Xee | 1< < 4}
Since t 5 is not a unit, we may deform it to a variable and specialize to 0. Then
1= {4+t; Xgq, PI(X) | 1 <i <4}

If none of the ti's is a unit, again we may deform them to variables and specialize

to 0. Then 7= {/1,/2,/3,/4, Pf(X)} and 2:J = Hy by 2.7.

If, say t4 is a unit, we may assume then y = /1’/2’/3’/4'*')(56’ Pf(X).

Notice our ground ring is still S. Assuming deg X5 = deg yj = 1. A resolution for

J, which was obtained in the proof of 2.7, is
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0— 549 — - —8%-2)@5(-3) — S
while the Koszul complex of 7 is
0 — S(-11) — -+ — S} (-2) @ 5(=3) — .
Then a resolution of 7. J starts as
s8(—2) @ 5(-3) — 5.

Consider /5—)( 46 2nd €+X 45 Which have degree 2. Notice that, because of (3) in

chapter I
£(45=X4g) = ~¥GPIX) + B Xig 4+ (Xgg+ 4) 5 € (2
and
“4(%5+Xy5) = y5PIX) - Do) Xis4HXset 4 4 € ()
then

/.

546

K= (,4),00,4+X 5+Xys5 PI(X)) € (2):J.

1°2°3°47 756
By setting y; =0, these elements minimally generate K if and only if X 46’ X56’
X 45 Pf(X) minimally generate some ideal, which was the case of the proof of 2.9.
Then K = (7):J and d(K) = 2.

Specialize (S,K) via the regular sequence
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 J— —
= {y3+x19) YgX13 ¥1+X03) Y5:Xo5:X06X34X45:%46 X56)-
We obtain a pair (S', K'), where
K' = (x474 X 6Y6) Xo4¥ 4> X36Y6:2(X) 4X037X) 3%04):2(X) 5X0g+X) 9X35),
2(x) gXg3+X19X36)s X) 6XoyXg5—X) 5X04X36),
and then, because 2 is a unit, we get
K' = (x)4¥4+%6Y6 Xo4¥ 4 X366 X14%03*X13%04° X15%23+X12%35)

X 6X931X19%36 X1 6X94X35X]5%04%36)"

That is K' = (Il(AB), Pf(A)) where

0 X9 X3 X4 X15 X6 —X93

Xg 0 X3 X9 0 0 X13

Ao |33 00 X5 X550 o | X
X4 X4 0 0 0 0 Yy

X5 0 —Xgg 0 0 0 0
.—xlﬁ 0 —X36 0 0 0 Y6

Here we use the fact that 2 is a unit. We now have to show that (S', K') is a
specialization of (S, K). It is enough to show that ht K' = 5.

Let p 2 K', be a prime ideal in S'. 1f X93 is in p, K' contains also
X144 %16Y6 X36Y6' X12%35 and X1 3%X94 and then, ht p > 5. If Xo3 £ p, then in
Sp, K' becomes



50

X X, a0X
13%24 12%35
(X14¥4+%16Y6 %04V X36Y60 X14 ~ —x 2 ¥15 F —x
23 23
X4 aX
12%36
X16F iy’ ¥16%24 X357 X15%24¥36)

X X4 X X40X
13"24, x5 + 12 35 X gt 1’2( 36
23 23 23

Xo4Y4» X36Y6: Then ht K' 2 5, and then, because K' is a specialization of an ideal

which contains 3 linear forms, X14~ , and

of height 5, then ht K' = 5. Also notice that K' is a specialization of H,.
Finally, assume that neither ry and Iy are units. Then row and column

operations in the first 4 columns, T becomes

—
w
(=]

o o o

o o O o

where r "1, ré are still not units. Then
1= {/1,/2,/3, X56+r"1/4, P{(X) + ré/s}.

Now we deform r"1 and ré to indeterminates and specialize them to zero. 7y then
becomes {/1,/2,/3, X56’ P{(X)}, which is a regular sequence by 2.8. Then, the

linkage specializes (1.12). Moreover (3):J = (/1,/2,/3, X450 X460 X5 PIX))

46° 56’
(2.9). If we apply the specialization * to (S, K), we obtain the pair (S', K')
obtained before. Now we are done. [

We now turn our attention to the following case: let (R, m) as usual, and
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let X' a 4x4 generic alternating matrix over R, Y' a 4x1 generic matrix over R[X']
and y, z indeterminates over R[X', Y']. Set S = R[X', Y', y, z]. We are interested
in all ideals J and K of S(m,X',Y',y,z) such that (H2, y2) — J — K. Because H,
is a deviation 2 Gorenstein ideal of height 3, we may assume it is generated by the
4x4 pfaffians of a 5x5 generic alternating matrix X[B-E, 2.1). We write /i for
(-1)"*1 X.. Write then S = R[X, y, 2].

Lemma 2.20. With the previous notation, let I = (H2, y, 2z) — J. Then

there is a pair (S', J') in the same Herzog class as (S( J) such that either

m,X,y,z)’
i) J'is a hypersurface section or
ii) there is a 6x6 alternating matrix A and a 6x1 matrix B aij’ bj € m,
. t
such that if [tl,- . -,t6] = AB, then J = (t1,~ by A56, Pf(A).
Proof. Let 7 be the regular sequence defining I — J. Then there is a 5x7

matrix with coefficients in S(m X such that

\Y2)

NN
—

N

(4=T

N <
AN NN

Because I — J, a maximal minor of T is invertible. By using standard arguments,

after row operations and column operations in the first 5 columns of T, T becomes

s dy ]

I3 03,0 S dy
s3 ds

Ogug b4 Ty 84 d4
ts Ts 35 d|
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and at least one element of the fourth row and one element of the fifth row, in
different columns, are units.

If 35 or dg are units (and likewise for any other s or d,) y+tg / 4+ /5 or
z+tg /4+r5 /5 are in () and hence 7:I is a hypersurface section.

Then, we may assume that T is:
8 4
35 dg
5 (%393
34 dy
35 ds |

and none of the si's, di's are units 1 <i < 5. Therefore we may deform all of them

to indeterminates and specialize all of them, but s 4 d5, to 0. Then
1= {445,434y +sy, {5 + dz}
and ht(g) = 5.
If we assign deg X5 = deg y = deg z = deg s = deg d = 1, then, a resolution
for I is
0 — S(=7) — - -+ — SO(=2)88%(~1) — S,
while the Koszul complex of 7 is

0 — S(=10) — «+- — S9(=2) — S.

Then, a resolution of (7): I starts as
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$%(—2) ® 5(=3) — S.
Consider X4e sd, which has degree 3. Because

x4 dy = x,5d( /4+sy) - x45d/4 € (2)
and

Xy5 8dz = X6 s(/5+dz) —x453/5 €(2)

it follows that X458d € (7): I. If deg X;5 = l,degy =degz =2,degd =degs =0,
then (7) is generated by homogeneous elements of degree 2, but X45 8d has degree
1. Then x4 sd ¢ (7). Thus J' = (9):d = (/1,12,/3,/4+sy, /5+dz, x4 8d) which
can be viewed as (tl, to) tg, by, A56’ Pf(A)) where, if

0 x45 Xoq X905 0 0 [ X3 ]
X5 0 Xg4 X35 0 0 X19
A=|-Xgy X3y 0 X939 =d 0], B=] x¢
Xo5 X35 Xo3 0 0 - X14
o 0 d o0 0 0
o 0 0 s 0 0] y

then the t,'s are as in (ii). [}

In lemma 2.20 (i), J is a hypersurface section, namely J = (N, t), t regular
on S/N and N is a type 2 almost complete intersection of height 4, which is licci
because J is licci (2.11). By 2.16, after deforming and specializing if needed, N is
either of the form Il(AB), A a 5x5 alternating matrix, B a 5x1 matrix, or N is a
hypersurface section. In the first case, if J — K, then K is described in 2.18. We
now study the second case.

Lemma 2.21. Let J be a licci, almost complete intersection ideal of R of
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height 5 and type 2 which is a double hypersurface section. If J — K, K is licci,
Gorenstein, has height 5 and deviation at most 2, and K is a hypersurface section.

Proof. Write J = (N, y, z), y, z regular on R/N, N a height 3, type 2
almost complete intersection. Let Y, Z be indeterminates over R. Then (R', J') =
(R[Y, Z](m,Y,Z)’ (m, Y, Z)) is a deformation of (R, J). Let J' ~ K' such that
(R',K') is a deformation of (R,K) (such K' exists by 1.13). Hence J' — K' and we
will show that K' is a hypersurface section.

Let 7y be the regular sequence defining J' — K'. Then, for some matrix T

with coefficients in R', we have

where N = (al, 3y, a4, @ 4). By standard arguments, we may assume that T is

TO

o O o O ~

Hence 7 contains Y+t12Z+Z?=1 tito & and hence K' is a hypersurface section.
|

We are now ready to prove the main result of this chapter.

Theorem 2.22. Let (R, m) be a local Gorenstein ring in which 2 is a unit,

and assume the residue class field of R is infinite. Let I be a licci, Gorenstein ideal
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of R of height 5 and deviation 2. Then, there is a pair (R', I') in the same Herzog
class as (R, I) for which either

i) Iis a double hypersurface section or

ii) there is a 6x6 alternating matrix A and a 6x1 matrix B, such that I' =
(I,(AB), Pf(A)), » 350 bJ € m,,

Proof. By the conditions on R and because I is licci and Gorenstein, there

is a sequence of links
[=1 —»Il——w--—-»I

where In is a complete intersection and I2i is Gorenstein 0 < 2i < n (1.22).

Therefore I, is Gorenstein of height 5 and deviation at most 2 (1.6). If L
has deviation 0, then it is a complete intersection. If not, because 12 is perfect,
then by [Ku], d(I,) = 2, and I, is linked in two less steps to a complete
intersection. Therefore, by induction hypothesis, we may assume that either 12 is
a complete intersection or after deformations and specializations, I, is as (i) or (ii).

Assume first d(12) = 2. Then, because d(I,) = r(R/I}) =2, 1, — I), and
because d(I,) = r(R/IO) =11 =1,

If L,(I,) is a first generic link of I, in some polynomial ring R[Z], and if
L2(12) is any second generic link of I, in some polynomial ring R{Z, W], then for
some p in Spec(R[Z, W]), m C p, (R[Z, W]p, L,(I,)R[Z, W]p) is a deformation of
(R, I2 .), 0 <i <2 (proposition 1.14).

Therefore we can replace R by R[Z, W] , by L.(I,)R[Z, W] Change

p’ 2 —i
notations and call this ring R, and the ideals 12, I1 and IO' Then R is Gorenstein
local, 2 is a unit, I2 — I1 — IO and these links deform and specialize (proposition
1.13 and remark 1.15). Therefore, and by induction hypothesis, we may assume I,

is actually equal to the ideal described in i) or ii) and we can also assume all
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matrices are generic.

Assume I, is as (i). Then I, is a double hypersurface section. Then
lemmas 2.20, 2.16, 2.18, 2.21 and 2.19 describe I.

If 12 is as (ii), then lemmas 2.17, 2.16, 2.18, 2.21 and 2.19 describe I.

So, we now assume I2 is a complete intersection, and I — I — I . For I1
we know d(I,) = 1 and because r((R/I;) = 1,1, — 1. Hence I,~I; — 1.

Let (a) be the linking sequence from L, to I,. Then since r(R/I;) = 2 =
p(12/ (a)), three elements of I, which are part of a minimal set of generators of I,
are in (a).

Deform (R, 12)

(R[T}, Ty, Ty, Ty, Tyl (T}, Ty, Tg, T, T,)).
5(T1,T2,T3,T o) 273 5

3)

Then (a) contains 3 of the T;'s and hence I, is a double hypersurface section.
Lemma 2.21 describes I. Now we are done.

Corollary 2.23. Let (R, I) be as in 2.22. Then the minimal resolution of
R/1 is either

i) 0—R—R —R2_R2_R"—R
or
i) 0—R—R —RIS LRI R R

Proof. By 2.22, (R, I) is in the same Herzog class of (R[X, Y](m X,Y)' Hy)
for a 6x6 generic alternating matrix X and a 6x1 generic matrix Y, or in the same
Herzog class as (R[Z, t, w](m,Z,t,w)’ (H,, t, w)) for some 5x5 generic alternating
matrix Z and indeterminates t and w. A resolution for Hg is (i) and a resolution

for (Hy, t, w) is (ii) [K]. Now we use the fact that the Betti numbers are
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invariants of the Herzog class.

Corollary 2.24. Let J be a licci almost complete intersection ideal of R of
height 5 and type 2. Then there is a pair (R', J') in the same Herzog class as (R,
J) such that either:

i) J is a hypersurface section or

ii) There is a 6x6 ’a.lternating matrix A and a 6x1 matrix B, a5
such that if [£},..., )" = AB, J' = (£}, 4y, 43,4}, Agg, PE(X)).

Proof. Let J — I. Then J is licci, Gorenstein, has height 5 and deviation

bj € mp,,

at most 2.

If d(I) = 0, I is a complete intefsection and then, by the proof of 2.22, J is a
hypersurface section, and it is described in 2.16.

Otherwise d(I) = 2 [Ku]. Then, there is a pair (R', I') in the same Herzog
class of (R, I) such that I' is as (i) or (ii) of theorem 2.22. If I' is as i, lemmas 2.20
and 2.16 describe J. If I' is as (ii), lemmas 2.17 and 2.16 describe J. [}

Corollary 2.25. Let R = k [[x},---,x]], where k is an infinite field with
char k # 2 and let I be a licci Gorenstein ideal of R of height 5 and deviation 2.
Then, either

a) Iis a double hypersurface section or

b) I = (I,(AB), Pf(A)), where A is a 6x6 alternating matrix, B a 6x1
matrix, aij’ bj not units.

Proof. By (2.22), (R, I) is in the same Herzog class as (R[[X, Y]}), Hy) or
(R[[Z,t,w]], (H,,t,w)), where X is a 6x6 generic alternating matrix, Y a 6x1 generic
matrix. But since R[[X,Y]]/H3 and R[[Z,t,w]]/(Hz,t,w) are rigid [H-U-1, K], it
follows from the discussion following (1.19) that (R, I) is a specialization of

(RIIX,Y,w]], Hy R[[X,Y,w]]) or (R[[Z,t,w,V]], (Ho,t,w) R[[Z,t,w,v]]).



CHAPTER III
THE EVEN GRADE CASE

In this chapter, we construct a family of licci, Gorenstein ideals of deviation
2 and even grade that are not hypersurface sections in any even grade larger or
equal to 6.

The only positive result known on even grade is the result of Herzog and
Miller [H-M, th. 1.7). They show that if R is a local Gorenstein ring in which 2 is
a unit, and if I is a perfect, Gorenstein, generically a complete intersection ideal of
R of height 4 and deviation 2 such that I/I2 is Cohen—Macaulay, then I is a
hypersurface section.

Vasconcelos and Villarreal show that the condition of I/I2 being
Cohen—Macaulay follows from the other assumptions [V-V, th. 1.1].

We now construct a family of licci Gorenstein ideals of even height and
deviation 2.

Let k be a field, n an integer, larger or equal to three, X a (2n—1)x(2n—1)
generic alternating matrix, Y a (2n—1)x1 generic matrix over k[X]. Let R =

k[X,Y], S = R(X,Y) and in this ring consider the ideal

L =(

n 1,...’

/211—2’ X2n—1’ y 2n—1) = (Hn—-l’ y 2n—1)’

where [£,+++, 4y ]' = XY.
Notice In is licci, Gorenstein, has even height 2n—2 and deviation 2.

Lemma 3.1. With the above notations,

58
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G = (lyynds 1 X

n 1’ “2n—4° X

9n—3 20—2 2n—1° X2n—1' Yon—1)

is a licci ideal of deviation 1, height 2n—2 and type 2 in S.

Proof. This is essentially lemma 2.7.

Lemma 32. o = (/1""’/2n—4’ Xon—3 2n—2 2n—1’ Xop_) is @ complete
intersection in S.

Proof. By induction on n. Forn = 3,

[ 0 xjp X3 Xy X5 Y1
Xig 0 X3 Xg4 Xog Yo
X=|%3 X3 0 X34 X35 Y=|Y3
Xy Xgq X3y 0 Xy Yy
X5 Xo5 X35 X5 0 RE3

and

(ag) = ()9 X 3¥3 + X 4¥4 + X 5V5s Xog¥3 + Xgu¥y + Xo5¥5, X) 3Xo4—X) 4Xoq).

T = S/(x12), then T is a Cohen—Macaulay domain. A direct application of (2.2)
shows that (x13y3 + X144 t X g¥5r Xo3¥g + Xou¥y + x25y5) is a prime ideal of
height 2 (it actually defines Sym(I2(Z)) where Z is a 2x3 generic matrix) (see also
[Ho]) and X13Xg4—X4Xog i8 1Ot in this ideal. Hence (q) is a complete intersection.

For n > 4, let p € Spec(S) be such that ht p < 2n—2 and (gn) C p. Then, as
in 2.8, p does not contain the ideal generated by the entries of the matrix formed
with the first 2n—4 rows and 2n—4 columns of X. Then, we can assume, w.l.0.g.,
that X19 is invertible in Sp. Hence, there is a matrix A, invertible over S D’ such

that
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0 1

0 | X'

0

and the entries of X' are generic over k[xﬁ, {xij’ i<2}. Ify"= A7l Y, then
(an) becomes (yl, Yo O’n—l)’ which by induction hypothesis, has height (2n—4)+2
=2n-2. |

We can establish now the following proposition.

Proposition 3.3. With the previous notations,
Frl = (Lyymny

/2n—4’ x2n—1’ X2n—2’ x2n—3’ x2n—3 2n—2 2n—1)
is a licci Gorenstein ideal of height 2n—2 and deviation 2.
Proof. Grade R by assigning deg Xy = deg ¥ = 1. A resolution for G
starts and ends like (2.7)
2 2n—4
0 — R*(—(5n-10)) —:--— R(-1)® R (-2) ® R(—(n—2)) ® R(—(n—-1)) —R
while the Koszul complex for ( gn) is
2n—4
0 — R(—(6n-11)) —---— R (—2) ® R(<(n—2)) ® R(—(n-1)) — R.
Therefore a resolution for (g ): G starts as

.= R 4(=2) ® R(~(n-2)) ® R*((n-1)) — R.

Consider in_2 and X2H_3, which have degree (n—1). Let X' (resp. Y') be the

matrix obtained from X (resp Y) by deleting the (2n—2)th row and column (resp.
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(2n—2)th row).

Let [4,..4 5 4 ]'=X'Y", and notice X

2n—3 “2n—-1 —Pf(X'). Then

-2~

Xon—9¥on—1 = ~¥op— PI(X")

i=1 “'i2n—2 2n-1 4

/.

ion—2 2n—1 4+ %2n-3 20-2 201 %03

|
S
s
&
>

i2n—2 2n—1 %i2n—2) Yon—2

A

i2n—2 2n—1 4%+ %20-3 20-2 201 %n—3Xon—1 Yon-2

Similarly, Xo o yo, 1 € (@), and then F| C (a): G. If Xon—3 € (), then for

homogeneous elements PR PUT b, cin R,
_v2n4
Xgn3=ZiL1" 84+Xon 590 5 on 10 Xop .

Then deg b = 1. If we set deg X;i= 0,degy, = 2, thena; = --- =a, ,=0.

Therefore

Xon—3 =0 Xon39n-22n1 1t ¢ Xop -

Specialize, by assigning x;o, 4 =0. Then X, _, becomes zero but
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X =bX

2n—3 2n-3 2n—2 2n—1 ¥ O

but this is impossible, because X2n_3 is an irreducible element of R and neither b
nor Xo 3 9n 9 9p_1 € unitsin R.
Similarly, Xy o € (&, X, _4) only if, for homogeneous elements

X =aX

9n—2 on—3 202 2n—1 T P Xop 3 + ¢ Xop -

Then deg a = 1. If we specialize by assigning X; on_o = 0, we obtain

Xy

n_2=aX

on—32m—22n-17%0

which is impossible. In the same way

Xon—1 £ (41 *s%n_4 Xon_3 on-2 on—1° Xon-3 Xon—o)

Finally, as in 2.9, ¢} € (4y,.ndop 4 Xo 300 0 9n 15 Xon 30 Xop 00 Xo 1) if
and only if /1 € (/ ""’/2n—4)’ which is contrary to 2.4.

Then F| € (a,):G, and (g ):G /() is minimally generated by 2 elements
of degree n—1. Then F, = ( gn): Gn’ and o form part of a minimal generating set
of F.

Hence in S = k[X, Y](X,Y)’ F and G arelinked F — G and G, —F .
Then r(S/G ) = d(F ) =2 and r(S/F,) = d(G ) = 1. |

Proposition 3.3 produces a family of licci, Gorenstein ideals of every height
larger or equal to 4 and deviation 2.

When n = 3, F5 has height 2(3)—2 = 4 and then by [H-M] and [V-V], it is

a hypersurface section. We ask if Fn, n > 4, is a hypersurface section.



63

Before we answer this question we need some definitions and propositions.

Definition 3.4. [K—M—2, def. 3.1] Let I be a grade g Gorenstein ideal of the
local Gorenstein ring P. Let 3 be a 1xn vector which generates I, t an integer with
0<t<g—1, Y a (g—1)x(n—t) matrix of indeterminates, and v an indeterminate.

Define b by the product

Let y be an element of IP[[Y]] with b, y regular and u(I/(b, y)) 2 2. If w is any
element of P[[Y]] such that J = (b, y): I is generated by (b, y, w) and K = (b,
w+vy): J, then P[[Y, v]]/K is called a semi generic ti le link of P/I.

Kustin and Miller show that K is a grade g Gorenstein ideal, and if P =
k[[x,+++x]] and if I is a grade g ideal of P such that P/I is rigid, then any semi
generic tight double link of P/I is also rigid [K—M, prop. 3.2 and Cor. 3.7).

We now begin the construction of our example.

Set the notations as in the beginning of this chapter, let n > 4, and let
X'(resp. Y') be the matrix obtained from X (resp. Y) by deleting the last 3 rows
and columns. Let P" = k[[X', Y]], P' = k[[X, Y]].

In P" consider the ideal Ln = (1,0 én 4 f, Yon—3' Yon—2 y2n—1)
where [£],.., 4 ' = X' Y', ' = -Pf(X"), (actually it is Xo 300 001 1)-

Then, Ln has height 2n—2 and deviation 2, it is Gorenstein, licci and P"/L 0

is rigid ((H-U-1], [K]). Let b be defined by
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X1 2n-3 X] 2n-2 X1 on—-1 /]
[]
[b]t =1y 5 /2n-4 .
Xon4 20-3 *2n4 2n—2 *9n4 2n-1 f!
X, « x y 2n-3
| *20-2 20-1 *20-3 202 *20-3 201 | |y, o
] Yon-1 ]

That is

by = 4 + X19n-3 Yon_g+*1on-9Yon-9t %1901 Yop1 = 4

4

% 2n—4

on—4~ ¢9n—41*2n—4 2n-3Y2n-31*2n—4 2n—2Y2n—27*2n—4 2n-1Y2n-1 =
bon—3= F+Xon_o on—1 Yon—3+*2n—3 2n—2 Yon—2+*2n—3 on—1 Yon—1

b

. t .
Then, we notice that [¢. ’“"/2n—1] = XY and that y, _, € L P'is such that (b,
Yop—1) i8 & complete intersection contained in L P', by 2.5. Also (L /(b.y,, ;)
= 2, being generated by the images of Yon—g a0d yo_o.
Let w = Xo,_1 ~Xon_9 901 ‘02t Xon—3 202 ‘2n-3
Lemma 3.5. With the previous notations, Tn = (b, Yon—1’ w) is a licci,
type 2, deviation 1 ideal of height 2n—2 in P"'.

Proof. With C = (b, y2n_1): Ln and denote by "——" reduction modulo

(2) = (Xop_3 951> Xon—3 2n—2’ Xon—2 2n—1)>

which is a complete intersection in S'.
Then (b, y2n_1) = (/1’/2""’/2n—4’ f, y2n_1), which by corollary 2.5 is a

regular sequence in P'. Then (7) is a regular sequence on P'/(b, y2n_1) and
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therefore C = (b, Yop1): Ly = (B, ¥ou_1): L, and (2) is also a regular sequence
onS'/C (1.12).
In S"' = k[X, Y]/(q) assign deg X;j = deg yj = 1. Then a resolution of
L S" in 8" is ([K]), or (2.6)
0— S"'(—(4n — 8)) —_— . — Sm2n—-4(_2) ® S"'(—(n—2)) ® Sm3(__1) — S

while the Koszul complex of b, y, _, is

0 — S"'(—(5n—9)) —- - — Sm2n"4(_2) ®S"'(—(n—2)) ®S"'(—-1) — S"".

Then a resolution of C S"' in S"' starts as

sm2n—4(_2) ® SNI(_(n_2)) ® S"'(—(Il—l)) ® Sm(_l) — S

Now X2n—1 has degree n—1, and it is in C S"' but not in (b, Yon—1)- Then

C 8" = (b, ¥gp_1 X p) 3"

and therefore

C=(b Yon-1 Xop—1) T = T

Consider now Yon—o W and Yon—3 W-

First let X" (resp Y") be the matrix obtained from X(resp. Y) by deleting
the (2n—1)th row and column (resp (2n—1)th row). Let [/",...,/'2’11_2]t = X"Y".
Since Xy _; = Pf(X"), by (3) and (4) in chapter (I) we get
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l

Yon—o% = Yon o(Xon_17%on_9 on—1%n—2+*2n—3 2n-2 %on—3)

/.

on—2+Yon—2 Xon—3 2n—9 4

X 2n—3

= Yon—2 “on—1"Y2n-2%2n-2 2n—1

/2n—3

_2211—4

Xon—1)i2n-24} + Xon—3 2n—2 2n—1

4

~ Yon-9%9n-2 201 %2n-2 + Yon—2%2n-3 202 ‘on—3

Now we add and subtract

22n—3((x

i=1 ((Xop—1) § 2n—2%i 2n—1Yon—1-

Notice then that

(x2n 1)1 2n—2%i 2n— 1y2n—1+(x2n 1)1 2n— 2 (X2n—1)1 2n—2 /

Hence, we obtain

=22 x +X

on-1i2n—2 4 * Xon-3 202 2n—1 %2n-3

SEB X ) o oxeo Yo o+ Bl
i=1 Pon—1)i 202N 2n—1Yon—1 7 | 2, “i¥i|*2n-2 201
i #20-2

4

* Xon—3 2n—2 Y2n—2%n-3

2n—4
=1 [(Xon_1); on—27 Yi¥on—2 20114
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+%on-3X90-3 202 201 Y2n—3%20-2 201

+Xon_3 2n—9Y2n—21*2n—3 2n—1Y2n—1]

22n—3

2n—1)1 2n—2 %i 2n—1

+49n—1%2n-2 2n—11*2n—3 2n—1%2n—3Y2n—1 € (& Yop_y)

Also

l

Yon—3% = Yon—3(Xon_17%on—92 on—1%n-2 * Xon—3 2n—2%n-3)

Z

on—2 + Xon—3 on—2Yon—3%

X 2n-3

= Yon—3 “on—1"*2n—2 2n—1Y2n-3

— 22n—4

i=1 Xop—1)i 2n-34Xon—1)on-3 2n—2%

2n—2

Z

on—-21%on—3 9n—9Yon—3%

~ X9n—2 2n—1Y2n—3 2n-3

We now add and subtract

n-3
22 2 (X9 1); 2n-2% 20-1Yan-1-

We obtain then

i=1 Kon—1)i 2n-3%%2n-3 202 2n—1 %2n—2

4

n-3
— (227 (X9p-1)i 2m2 i 20-1) Y2n1~%2n-2 20-1¥2n-3%2n—2
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i% | *2n—3 2n—2

on—1)ion—3% Yi*on—3 2n-2) 4%

7

2n—2(x

2n-3 2n—2 2n—117*2n—2 2n—1Y2n—31*2n—3 2n—2Y2n—2

+x2n—3 on—1Y 2n—1)

2n-2
“Yon-1Zi=1 Xop—1)i 2n-3 % 2n-1F %2n—1%2n-3 2n—2

X9n-3 2n—1 /2n—2) €y 2n—1)‘

On the other hand, we had seen that Tn = C ( "——" denote reduction module
(2) = (X9p_9 9n—1 Xon—3 2n—2' Xon—3 op—1) 2nd that 7 is a regular sequence on
P'/C. Then also Tn = C. Moreover Ln — Tn and hence Tn has type 2, deviation
1 and height 2n—2. |

Remark 3.6. Let R' = k[X, Y] and grade R' by assigning deg X;j = 1, degyj
= n—3. Then Ln R' has a presentation

2n-3 3
R'  (Hn-2))@R' (~(n-3)) — R,

and hence a homogeneous resolution of T, R'starts and ends as

2n—3
0- R'2(—(11—2)(211—3)) S T ((n-2))eR'((n-3))eR'(~(n-1)) - R".

Let now v be an indeterminate over P' and let P = P'([v]]. In this ring, we
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consider, with the above notations, the complete intersection (b, w+vy2n_1)

l l

N=Xon_9 = V¥on_2 ~Xon-2 2n—1%n—-1 * *2n—3 2n—1 %203

and

/.

9n—2 ~ Xon—3 on—2%

¢=Xon—3* YWon—3 ~Xop-3 2n—1 on—1

with the above notations, we have the following theorem.

Theorem 3.7. Let n > 4. In P, the ideal En = (b, WHvyg 1o Th ¢)is a
licci, Gorenstein ideal of height 2n—2 and deviation 2, P/En is rigid and E  is not
a hypersurface section.

Proof. We will show Tn — EIl and En — Tn and that En is a
semi—generic tight double link of L. Then the conditions on the height, deviation
and type will be satisfied. Because L is rigid [H-U-1][K], then P/E_ is also
rigid, E being a semi generic tight double link of L . Also, E_ is contained in the
square of the maximal ideal, and hence, by (2.12), En is not a hypersurface section.

Therefore we only have to compute those links. Set deg x.. and deg ¥ as in

1j
3.6, and set deg v = 2. A resolution for (b, Yon—1° w) R' was found in 3.6

2 2n—-3
0— R ({20-3)(n-2) — - — R (~(n-2)) @ R'(~(n-3)
@ R'((n-1)) — R

while the Koszul complex of (b, yzn_1v+w) R'is

-3
0 — R'(—~(20-3)(n-2)—(n-1)) —---— R'2n (~n-2)) @ R'(~{n-1)) — R’

and then a resolution for (b, w+y2n_1v) R(b, yo,_1» w) R' starts as

2n—3 3
R' (<(n-2))®R' («(n-1)) — R".
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Then E_ is generated by (b, y,,_,v+w) and 2 elements of degree n—1.

Consider
N=Xon_9~ Yo 2~ Xon 9 9n-1%n—-1 + *20-3 2n—1%2n-3
and
¢=Xon-3+ YYon3 + Xon_3 9n—1%n—2 ~ *9n-3 20—2%n—1

Let X" (resp. Y") the matrix obtained from X (resp. Y) be deleting the (2n—2)th
row and column (resp. (2n—2)th row). Then Xop_o = —P{(X"). Let also

[/l’ ] = XIIY"

2n32n1

then, by (1), (3) and (4) in chapter (I), we have

/.

=X on-17 *2n-3 2n—1%2n-3Yon—1 =

Won—1 on-2 ~ YYon—2 T Xop—92 2n—1

l

X on—3Y2n—1

90-2Y20—1""Y2n-9Y9n—1%2n—2 201 “2n—1Y20—-1+*2n—3 2n—1

which by (3) in Chapter I becomes

— n—4 _
=Ti_1 Kop9)i on—14 ~ Xop_9)on-3 201 303~ Won—9Yon-1

l.

— X919 9n—1 4n—1¥2n-1 * *on-3 2n—1%2n—3 Y2n—1

Now, we add and substract

):2"‘3x

i=1 X 2n—2 2n—-1% 2n-2)Y2n—2"
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We obtain then, by also setting the indices in increasing order

n—4
’3? =1 Xi 2n-2 214" %203 2n—2 2n—1%2n-3"X2n-1Y2n-2

l

9n—1Y2n—-1+*%2n—3 2n—1%

~VYon—2Yon—1"%2n—2 2n-1 2n—3Y2n-1'

And by (4) in Chapter I, we get

n—4
2?:1 X; 9n—2 2n-1%7%20-3 20-2 201 “2n—-3"X2n—1Y2n-2

2n-2

“Won-2Yon-1 o2 2n-1  Z, 4it¥on-3 20-1%0-3V 201

Set  A; =X 9n—9 on—11%on—2 on—1¥p 1 $1¢ 204
Then, the last expression becomes
2n—4
Zi21 A4t Xon-3 2n—2 2n-1%n-3 ~ Xon—1Y2n—2 ~ Won—1Y2n—2
+ Xon_9 901 %on—3Y2n-3% *2n—2 2n—1%2n—oYon—2

+ Xon_39n—1%n-3Yon-1 =

2n—4
%21 A4t 4n-3(Xon_3 902 2n—1%2n—2 2n-1Y2n-3
+ X913 on—1Y2n—-1)

= Yon_oXon_1+Y¥on_1 ~Xon_9 on—1 %n—2)
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_y2n—4
= 2:?=1 A4+

%on-3X9n-3 902 2n-1F *2n-2 2n-1Y20-3 + X2n-3 2n-2Y2n_2

+ Xon 3 9n-1Yop—1)

l

X 9n—3)

/.

~ Yon—o(Xon_1+V¥on_1™%o5-9 2n—1%2n—21*9n-3 2n—2

€ (b, yyp_1vt+w).

Let now X (resp. \}) the matrix obtained from X (resp. Y) by deleting the
(2n—3)th row and column [resp. (2n—3)th row)]. Then Xop3= Pf().(). Let

-~ -~ ~ -~ -~ o~

[y Yon4on 0l =X Y-

Therefore, by (1), (3) and (4) in Chapter I, we have

Sy 2n—1 "~
(Xon—3+ V¥an—3~ Xon_3 2n-2%n-1% *on—3 201 / on—2Y2p—1 =
Xon—3Y2n—1* YYon—3 Yon—1~ *on—3 20-2%n—1Y2n-1
+ Xon_3 2n—1 2n—2Y2n-1-
By (3) in chapter (I) this expression becomes
2n+4 - -
¥ (Xon—3)i 2n-14i"Xon-3 202 2n-19202 * YYon—3¥on-1

i=1
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— X91—3 2n-2%n—-1Y2n-1 + *2n—3 2n—1 “on—-2Y2n1"

Add and subtract

on—3)i 20—1%i 2n—-3)Y2n—3

we obtain then

2n—4
Zi21 Xon—3)i on14 + Xon—3 2n—2 2n—1%n—2+Yon-3Y2n—1
2n-2
— ({21 Xop—3);i 2n-1%i 20-3 ) Y2n-3%2n—3 2n—2%2n—1¥2n—1
+Xon_3 9n—1 %on—9Y2n—1-

Which by (2) and (4) in chapter I becomes

22n—4

1—1 2n312n1 ‘

4+ X on—2tV¥on—3Yon—1

2n—-3 2n—2 2n—1
+X + ( E2n 2/ )x + x l
2n—1Y2n-3 i¥i/*on—3 2n—2 ™ *2n—3 2n—1“2n—2Y2n-1-

Set B, = (X 1<i<2n4.

on—3)i 2n—1 * ¥iXon—3 2n—2’
Then we obtain

2n—4
D /+/‘>n —2(X9n_3 20-2 20-11Y2n—1 *20-3 202

+ Xon—3 2n—2Y2n-2) ~ Yon3(Xon—1 + Vo1t ‘on—3%on-3 on—2)
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_v2n+4
=¥, B4+
%9n—2(Xon_3 2n-2 9n-1 * Yon-1%20-3 2n—1 + X003 2n—2Yon—2

+ Xon 9 9n—1Y2n-3)

4

~Yon—3Xon—1 + YWop1 + %n—3%9n-3 2n—2 *9n—2 2n—1 %2n9)

€(bw+yy, 4 V)

Therefore, (b, w + Yon—1¥+ R C(b,w+ y2n_1v) R':(b, w, y2n_1)R'. If ne

(b, w + y5,_1 V), then the image of 7 is in the image of (b, w + Yop—1V) in

R'
(V, X9p_3 9n—9s Xopn—3 2p—1' X2pn—92 2n—1)

Let "—" denote images in this ring. Suppose that

7=X (Lpperdyy_gr X

on—3 € 9n—4’ X2n—3 2n—2 2n—1’ X2n—1)

where X is the matrix such that 'fi i = Xij for

(i, j) £ {(2n—2, 2n—1), (20-3, 20-2), (203, 20—1)}

and Yij = 0if (i, j) is in this set.

As usual it would follow that X2n—3 is in (in_3 21—2 2n—1° in_l) (see
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proof of 2.9). But that says that Xopn_3=0 mod({x1j|2 <j<2nH4}u {xi ’2n—3})
and this is false. If n € (b, WHYon 1V ¢) then, as usual,

7=X

on—g € (X

2n—3 2n—2 2n~1°2n—3* Xon—1)

and hence

Xop_9=0 mod({x1j|2 ¢j<2H4iu{X, 5 ob)

and this is false.

If /l € (/. ""’/2n—4’ wtyor Vs M, ¢),thenin R™ /1 € (/. ""’/2n—4) and
this is false.

Thus, we have seen (b, Wt+Yon Vs ™ ¢) R' is not a complete intersection.
Moreover n and ¢ are homogeneous of degree n—1 and part of a minimal system of

generators of

(b, w+y,, ; VIR" :(b, w, y, R
(bw+y,y VIR

On the other hand, we had seen that this module is generated by two homogeneous

elements of degree n—1. Then

(b.’ W+Y2n_1V)R':(.Q, w, an_l)R' = (b, + Yon—1v n, )R

Hence in particular, (b, w+y2n_1v)P: Tn = En. Now we are done and all our

claims follow. |
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We are interested in the relation between E and F . Before studying it,

we need a lemma.
Lemma 3.8. Let X be the matrix obtained in 3.7, let n > 3 and let Y as

usual. Ink = [X, Y] the ideal

F,=(/

- X

< 2n-2 Xop—1»

m—4 Xon—3 X

9n—3 2n~2 2n—1)

has height 2n—2.

Proof. Induct on n. Notice first that F4 = F4 and hence ht F4 = 2(3)-2

For larger n notice that the ideal generated by the entries of the matrix
formed with the first 2n—4 rows and columns of X has height (n—2) (2n—5) (2.1).

Let p be in Spec(k[X, Y]) be such that ht p < 2n—2 and F_ C p. Then (see the
n

proof of 2.8) one of those entries, w.l.0.g., X1 is not in p.
Then x,, is invertible in k[X, Y]p. Hence there is a matrix A, invertible

over k[X, Y] D such that

ATxA =

0 X' X"

t
(_xu) 03x3

and the entries of X' and X" are generic over k[{xijli <2}, xzé]. Replace Y by

A7lY. Then in k[X, Y]p, F_ is (v}, yg F,__,) which, by induction has height
2(n—1)-2+2 = 2n-2. |}
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Theorem 3.9. (S, E ) and (S, F ) are in the same Herzog class.

Proof. In k[X, Y], both pairs are (k[X, Y], F ), and grade E =grade F
= grade F_, by 3.8. i

Now we can answer the question posed after 3.3.
Corollary 3.10. Fn is not a hypersurface section if n > 4.
Proof. Theorem 3.9, theorem 3.7 and proposition 2.13. [}

We close this chapter with the following proposition about Fn.
Proposition 3.11. Let S = k[X, Y](x Y) and let n 2 3. Then S/F_is (R,)

&

but not (R;). In particular, S/F_is a normal domain, but it is not rigid.

Proof. Forn=3

0 X9 X3 X4 X N
X 0 Xg3  Xo Xog Yo
X=|—x3 X935 0 X34 X35|Y=]yg
X4 Xg4 X34 0 Xy Y4

| X5 o5 X35 X5 0 | | Y5

and

Fg = (X9 X 3¥3 + X 4¥4 + X 5V5: X93¥3 + Xog¥ 4+ Xo5¥s,

X1 4%05 = X1 5%04) X13%X94 X 4X03» X13%957X] 5%93)-

Let p be a prime ideal of S of height at most 6 containing F3. Because X|9
€ p, {xi jli <2,3<j<5}¢p, and therefore one of those indeterminates is not in p.
Since each one of them appears in 3 generators of F3, one can see then that F38p

has at least 4 elements, part of a regular system of parameters of Sp. Hence
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(R/F) is (Ry).

If 9 = ({x;o} U {xijli =12, j=123}). Then ht ¢ = 7 and Fq Cq.
However F3$ q has at most 3 elements part of a regular system of parameters of
S ¢ Hence S/F3 is not (Rg).

For n > 4, let p € Spec(S) such that ht p < 2n. Let X' be the matrix formed
with the first 2n—4 rows and 2n—4 columns of X. Then II(X)' ¢ p. Otherwise, for
n = 4, p would also contain 2‘;:5 X5 1 <i<3andthen ht p 2 9. For larger n
I,(x') ¢ p, since ht(I,(X")) > (n—2)(20-5), (see 2.1) and (n-2)(20-5) > 2n if n >
4.

Then, w.l.o.g., X19 ¢ p. Hence, in Sp there is an invertible matrix A such

that

and the entries of X' are generic over k[xIé, {xij |i < 2}]. If we replace Y by A7y,

then in Sp, we have Fnsp = (yl, Yo Fn—l)’ n > 4, and then, by induction S/ Fn is
(Ry).
To show that R/F, is not R4, localize at the prime

p = ({x;;/20-5 <i, 205 < j)}

and observe that (R/Fn)p is obtained from R/F3 by a purely trascendental

extension of the residual class field of R/F5.



SUMMARY
We keep the notation corresponding to each result.

(1)  The ideal (/1""’/211—2) is a prime ideal of height 2n—2 in R[X, Y] where R
is a Cohen—Macaulay domain (proposition 2.3).

(2)  Theideal K = (¢),....d00_3 Xop_) 9 Xon—9 20’ Xon—2 2010 PI(X)) i

a licci, Gorenstein ideal of height 2n—1 and deviation 2 (theorem 2.9).

X

(3)  Let (S, I) be a pair where S = k[[W]] and I a licci ideal of S. Let (é, i) be
in the same Herzog class as (S, I). Then I is a hypersurface section if and only if I

is. (proposition 2.13)

(4) (S, K4) is not in the same Herzog class as (S, Hn) for any n > 2 (theorem

2.14).

(5)  Let I be a perfect almost complete intersection ideal of height 4 and type 2
in R. Then, there is a pair (S, J) in the same Herzog class as (R, I) such that
either:

i) J is a hypersurface section or

ii) There is a 5x5 alternating matrix A and a 5x1 matrix B, aij’ by €m,,

such that J = II(AB) (proposition 2.16).

(6) If Iis a licci Gorenstein ideal of R of height 5 and deviation 2, then there is
a pair (R', I') in the same Herzog class as (R, I) such that either:

i) I'is a double hypersurface section or

79
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ii) there is a 6x6 alternating matrix A and a 6x1 matrix B such that I' =
(1,(AB), Pf(A)), 3j) bj € mp,. (theorem 2.22).

(7)  With the notations of (6) if J is a licci type 2 almost complete intersection
of height 5. Then, there is a pair (R',J') in the same Herzog class as (R,J) such
that either:

i) J'is a hypersurface section or

i) Y= (¢, ,...,/4, Ages Pf(A)) (corollary 2.24).
(8)  Let R =K[[x,,...,x ]], and let J be a licci Gorenstein ideal of R of height 5
and deviation 2. Then either I is a specialization of H3 or a specialization of (HQ,

X, y) (corollary 2.25).

(9) F is a licci Gorenstein ideal of deviation 2 and height 2n—2 in k[X,

Y](X,Y)' (proposition 3.3).

(10) E  is a licci Gorenstein ideal of height 2n—2 and deviation 2 is S, such that
S/ E  isrigid and E_ is not a hypersurface section (theorem 3.7).

(11) (S, En) and (S, Fn) are in the same Herzog class, for n > 4 (theorem 3.9).
(12) Fn is not a hypersurface section, n > 4 (corollary 3.10).

(13) R/Fn is (R2) but not (R3) (proposition 3.11).
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