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ABSTRACT

AN INTEGRAL-OPERATOR APPROACH TO THE
ELECTROMAGNETICS FOR INTEGRATED OPTICS

By
Mark Stephen Viola

There is an increasing interest in the study of optical and elec-
tronic circuits immersed in a layered dielectric surround. Conventional
differential-operator formulations for the fields vithin these circuit
devices are ineffective due to the inseparability of the aspplicable
boundary conditions for structures having practical shapes. An inte-
gral-operator formulation, based on the identification of equivalent
polarization currents, circumvents this difficulty.

An electric field integral equation (EFIE) is developed for the
integrated system consisting of electrically heterogeneous dielectric
regions embedded vithin a tri-layered substrate/film/cover background
environment. Uniqueness of the solution to this EFIE is established.
Special consideration is given to axially uniform integrated dielectric
vave guiding systeas.

It is observed that the longitudinal invariance of the integrated
vaveguiding system renders the integral-operator of the EFIE convolu-
tional in the axial variable. Use of the Faltung theorem is prompted
and a Fourier transform-domain EFIE is obtained. Analysis of solutions
to this transform-domain EFIE in the complex-plane of the transforas
variable facilitates the identification of a propagation-mode spectrua.

Surface vave modes, comprising a discrete spectrum, are associated vith



pole singularities. Regimes of purely-guided and leaky surface-vave are
determined. A continuous spectrum of radiation-modes arises from solu-

tions to the transform-domain EFIE along an appropriately chosen branch

cut contour.

An asymptotic form of the transform-domain EFIE is presented and is
applied to the study of dielectric vaveguides capable of supporting a
surface-vave mode at limitingly lov frequency. Examples are given to
support the validity of this asymptotic EFIE.

An iterative scheme is devised to generate solutions to the forced
transform-domain EFIE. Applications of this method to the graded-index
asymmetric slab and graded circular dielectric vaveguide indicate that
one iteration can provide a reasonably good approximation for high-fre-
qency spectral components of the continuoue spectrum vhen the refractive

contrast is small.



Copyright by
MARK STEPHEN VIOLA
1988



TO MY WIFE, LAURA



Ny
Je

re



ACKNOWLEDGEMENTS

The author would like to express sincere thanks to Dennis P.
Nyquist for his inspiration and guidance. Special thanks are given to
Jes Asmussen, K.M. Chen, and Byron Drachman for their support in this

research.

vi



LIS



TABLE OF CONTENTS

LIST or FIGURES © 0 0 000000000000 000000006000 0000060060800600600006006006000000

1.

2.

I.T‘DUCTIO. € © 0 0000000000000 00000000060060000600006006000060600600606060000

m‘mlcswum Dlmxm ® @ 00 06000000 0000000000000

2.1

2.2

2.3

2.4

I"TRODUCTIO“ © 0 0 0000000000000 0000000600600606006060600606000060000000

HERTZIAN POTENTIAL GREEN’S DYAD ...ccccceceeccccnccccsscnns
2.2.1 PRIMARY GREEN'S DYAD ..ccceceeeccccccosccscnsasacnnas
2.2.2 REFLECTED GREEN’S DYAD FOR SOURCES IN THE COVER ....
2.2.3 REFLECTED GREEN’S DYAD FOR SOURCES IN THE FILNK .....

ELECTRIC DYADIC GREEN’S FUNCTION ....ccccceecccccccaccnccas
2.3.1 DERIVATIVES OF THE HERTZIAN POTENTIAL ....ccccoeeees
2.3.2 DEVELOPMENT OF THE PRINCIPAL DYAD ..c.ccccvecococcne
2.3.3 EQUIVALENCE OF PRINCIPAL VOLUMES ...ccccccceccccccee

SUHHARY © 0 006 00 000000000000 CLLOLONRLOIONGNCEOEONBCEOINOEONECEOECONEOSIOEOIOSIEOITOIOITODO

AR INTEGRAL-OPERATOR APPROACH TO INTEGRATED OPTICS .............

3.1

3.2

3.3

3.4

I“TRODUCTIO" ® 0 0 00000060 000000000000 060000000000 0000000000000
ELECTRIC FIELD I"TEGRAL EQUATIO" @0 000000000000 000000000000
3. 2.1 muIVALE“T SOURCE IDE"TIFICATIO" ®@ 6 0000600060060 000009000
3.2.2 CONSTRUCTION OF THE INTEGRAL EQUATION ...ccoccceeoes
30203 u"lnugugss OF SOLUTIO“ © 0000800000000 000000000000000

AxIALLY-U"IFORn 'AVEGUIDES ® 0 0 006060000000 0000000000000 0008000
3.3.1 EFIE FOR THE TRANSVERSE FIELD ...ccceveeccenccasns

sunuARY © 0 600 0000000000000 000000000000006000000000806060006060s000

vii

10
13
15
18
21

21
24

28

31

31

35
35

41



‘0 Tng p.op‘s‘rlu.-.nos SPECT'un G0 e 0 ese0 0000000000000 000000000000s0

5.

6.

4.1

4.2

4.3

4.4

4.5

I"TRODUCTID" © 0 0 0000000000000 006000000000060006000000000000000

COMPLEX Z-PLANE ANALYSIS .c.coceccvenccencssscccnsscccccnns
4.2.1 GREEN’S DYAD Z-PLANE SINGULARITIES «.ccecccvcscnnscs
4.2.2 ELECTRIC FIELD Z-PLANE SINGULARITIES ...ccceoceesvee
4.2.3 CONTOUR DEFORMATION ...ccccccovecccnccccvoscscanncas

THE DISCRETE SPECTRUM ....ccoceecccocctcccnscccoosssscnnnes
4.3.1 DETERMINING THE RESIDUE ....cccccveeteccecncsccnnans
4.3.2 DETERMINATION OF POLE ORDER ..ccvcccececascnsccncccs
4.3.3 SURFACE-WAVE LEAKAGE .ccccveocecccnoscccoscssccnnsns

THE CO“TI“UOUS SPECTRUﬂ 0000000000000 0000006000000000000000

SUHnARY © 6 0 0 0000000000000 00000600000006000000800000000000s00000

‘. AS'!PTOTIC EFIE €060 000000000000 0e000000000600600000a00000000000s00

5.1

S.2

5.3

5.4

5.5

I"TRODUCTION ® 0 0 0 0 0060060600000 000000080060 060000 0600000000000 00
THE GRADED-INDEX ASYMMETRIC SLAB WAVEGUIDE .....ccc00000a0e
502.1 BFIE POR THE AsYH"ETRIc SLAB 0 0 6000000600000 0 06000000
S.2.2 TE MODE AEFIE FOR THE ASYMMETRIC SLAB .c.cccvevecane
5.2.3 TM MODE AEFIE FOR THE SYMMETRIC SLAB .....cccc00000e
AGB"ERAL AEFIE @ 0 8 0 ¢ 00 0 000 0000800000000 0000000000000 00s0800s0

AEFIE OF THE CIRCULAR FIBER .....covvceeereccoccasccocnnnne

SU"HARY 9 0 00 0000000000000 00000000000000060000000000000000000

APPROXINATION OF THE CONTINUOUS SPECTRUN .......ccc00evcenecncns

6.1

6.2

6.3

IuTRODUCTIO" © 000060000006 0000000000000600000606000000000000c0s00

ITERATIVE METHOD ...cccvecececocnosccccoscconcssconsasccnna
6.2.1 ERROR ANALYSIS ..cccceeeeveccocscccoossccosasscnncns
6.2.2 NEUMANN SERIES THEOREM ....cccoceccerscescceacassace
6.2.3 RELATIVE ERROR OF ONE ITERATION ....ccco0evccnccccns
6.2.4 REMARK .cccccccvooccccaosccconsascnnssssonossscncsase

ANALYSIS OF THE ASYMMETRIC SLAB .ccccovccccrssccosanccccses
6.3.1 TE MODE OPERATOR ANALYSIS ...ccccccceesecccccsscccns
6.3.2 TE MODES OF THE STEP-INDEX SYMMETRIC SLAB ..........
6.3.3 TN OPERATOR ANALYSIS ...cccececcccccrcnccnsssscnnsas
6.3.4 TN MODES OF THE STEP-INDEX SYMMETRIC SLAB ..........

viii

52

52

33
33

61

71

72

74

74

75

81
84

8883 ® ¥

100

101
101

107
114



APP

APP

APP

APF



6.4 A“ALYSIS OF THE CIRCULAR FIBER @ 0 0 0 00 02 0000 0000000000000

6.4.1
6.4.2
6.4.3
6.4.4
6.4.5
6.4.6
6.4.7

FOURIER SERIES EXKPANSION ....ccccceveccvcccccccannns
IMPRESSED FIELD ..cceccceceoccscctotasccensaaccccnnas
SPECIALIZED EFIE .¢icvcceerecccaccccosascssocccsansnse
EXACT FIELD ...ceceeeeccececccecccccotacscconncscnsnse
FIRST ITERATE ...ccieieeeeeeececccccoccccscanncccnnse
COMPARISON ...cecveccceencccccooscasscorsssssansscsas
RESULTS cevceeeeoocccsococcscccooscssssasssscannassns

605 SUHHARY ® 8. 0.0.6 000 0000000000000 006000000000060600008060060606060606060000

70 CO.CLUSI m ‘TIO‘S @0 0600000000000 00000c000000000000

”Pml‘ A ® 8 0 0 0600000000000 0 0000000000 000000000000000000600000060066000

‘Ppml, ' ® 0 0.0 04 00000 0000000000000 00000060000000606000006060060006006000000

”me‘ c ® 0 0 6 00000000 0080000000080 000060000006000060060606000000600600800e000

‘Ppmlx D © € 0 0 0 0 000000 0000000000 0000000086000 0000000000000000000s00s000

”Pme E ® 0 0.0 000 0.0 0000008000000 00080000000000000006060006060060606006000000

LIST OF mcs ® 0000060000000 0000000000c0000000006000000060060000000

ix

115
126
129
130
131
132
134
136
136

148

151

153

161

163

167

170



Fi

Lo,

11,



LIST OF FIGURES

Figure Page

1. A typical integrated optical circuit....c.cccceeececccnccaccscccs 2

2. Tri-layered structure used as the background environment ....... 7

for integrated optical and electronic circuits.

3. Examples of practicsl optical, millimeter-vave, and elec-....... 9

tronic integrated circuits. (a) MHNicro-strip vaveguide.
(b) Millimeter-vave dielectric strip vaveguide. (c) Op-
tical dielectric strip vaveguide. (d) Optical dielectric
channel vaveguide.

4., Tri-layered structure vith (a) sources exclusively in the....... 11

cover: (b) sources exclusively in the filwm.

S. Tri-layered structure vith currents immersed exclusively ....... 16

in the cover region.

6. Tri-layered structure vith currents immersed exclusively ....... 19

in the filwm region.

7. Four paths vith different y-dependent phases. (a) -y-y’ ....... 20
(b) y+y’+2t. (c) y-y’+2t. (d) -y+y’+2t

8. A "slice" principal volume excluding the singularity point r ... 25

of the electric dyadic Green’s function; closed surface Ss is
the boundary of the slice voluwe.

9. A general optical device immersed vithin a tri-layered ......... 32

dielectric surround.

10. (a) The physical system of an optical device vithin an in- ... 34
integrated surround. (b) An equivalent system in vhich P
accounts for all effects of the inhomogeneous dielectric ob-
stacle.

11. Geowetry for field behavior at the boundary surrface S of an .. 38

optical device immeresed in a uniforms surround.



12.

13.

14.

13,

16.
17.
18.

19,

20.
21,
22,
23.
2,
25,
2.
27,
28,
29,
30,
31,
32,
33,
3,
35,

3,



12.

13.

14.

15.

16.

17.

18.

i9.

20.

21.

22.

23.

24.

25.

26.

27.

28.

30.

31.

32.

33.

34.

35.

36.

A longitudinally-invariant vaveguide deposited within the .....
cover of an integrated background environment.

Complex n-plane with contour Cn

@00 0000000000000 0000000000

Complex Z-plane singularities of the transforwm-dowain..........

electric field.

Closed contour C in and on vhich the transform-domain..........
electric field is analytic except at ¥ = Zn.

Determination of the proper branch for each Yyeoorrorencoecnnes

HyperbOIic erRCh cutsooollo0o.000.ooooooooo.ooobo'o..oo.oooo..

COaleﬂced branCh cutsooooooa0.00..-00-.opooo.o.oo-ooa.oooloo.oo

Hyperbolic branch cuts in the complex Z-plane in the limit.....
of lov loss.

The graded-index asymmetric slab vaveguide.........ccocccceecsce

Geometry of the step-index circular fiber..........c.cccieueeee

Complex Z-plane wvith branch cut Cb.............................

Relative error vs. 5c for TE mOde8. . ccccceveectcoccocncoavsnnana

Relative

Relative

Relative

Relative

Relative

Relative

Relative

Relative

Relative

Relative

Relative

Relative

Relative

field

field

field

error

error

error

field

field

field

field

field

field

error

amplitudes for TE mode (éc 2 2.0) eieeennnnanens

amplitudes for TE mode (ﬁc S:0)eceeriescnccnncase

amplitudes for TE mode (ﬁc 2= 10.0)eceececcncncne

2
va. (oc/kc) for TH -ode (m = .032)....0.'..0..

vs. (Oc/kc) for TM wmode (Anz 2 ,203)ecceieccccns

ve. (Q_sk_) for TN wode (A" = 05200 eeneennnnn.

2
amplitudes for THM mode (An

amplitudes for TH
amplitudes for THM
amplitudes for TH
amplitudes for TH
amplitudes for THM

vg. (Q /k ) for n
c c

xi

mode

mode

mode

mode

mode

(&n

(An

(An

(4n

(&n

2

e032)eceeeincnnens
B 0 < . FO N
¢e203)icieiccnnnnnn
s ) J
e520).cciiencnnnns

0520)00000...00.00

2
'om. (M 8.032)....“0.‘

42

44

57

60
62
63

70

76

a9
102
108
109
110
11
116
117
118
119
120
121
122
123
124

137



37.

38.

39.

40.

41.

42.

43.

44.

Relative

Relative

Relative

Relative

Relative

Relative

Relative

Relative

error

error

field

field

field

field

field

field

veg. (Q /k ) for n
c c

veg. (Q /k ) for n
c c

amplitudes for n = 0

amplitudes
amplitudes
amplitudes
amplitudes

amplitudes

for

for

for

for

for

n=0

n=0

xii

2
O wmode (An = .,203).ccevcsee

2
Omode (An = .362).ccceccee

2
mode (An

mode

mode

mode

mode

mode

(&n

(An

(&n

(An

(&n

-032)..........

0032)...-..0..0

.203)-.........

.203)....0...0-

0362)...¢.olo..

l362)‘...l.....

138

139

140

141

142

143

144

145



Ir

im

op

ba

al

vi

80

fo

]

p1

L

£

(4



INTRODUCTION

There is an increasing interest in the study of optical circuits
immersed in an integrated dielectric surround. Typically, an integrated
optical circuit (Figure 1) consists of a layered substrate/film/cover
background in vhich circuit devices (represented by regions of electric-
al heterogeneity) are immersed. This dissertation is intended to pro-
vide a method of analysis appropriate for electromagnetic phenomena as-
sociated vith this structure. In particular, this method is specialized
for, and applied to the study of integrated dielectric wvaveguides.

Formulating a general analytic description of the electromagnetic
fields vithin integrated dielectric vaveguides is complicated by the
peculiar geometry of the background/vaveguide structure. In fact, it is
precisely the inseparability of boundary conditions vhich render conven-
tional differential-operator formulations ineffective for devices having
practical shapes. Approximate solutions have been obtained from a dif-
ferential-equation approach for the step-index rectangular strip guide
(see for example Marcatili (1]1) but this wmethod is inaccurate near cut-
off. The elaborate mode-matching approach of Peng and Oliner (2, 3]
yields an exact description for this class of structures, but it used a
discretized radiation spectrum.

Recently, integral-operator formulations have been used. Notably,
the boundary-elewment method has been used by a number of investigators

(4,5,6). This method is a generalization of the surface formulation
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Figure 1. A typical optical circuit.

2



UE
ci
ac

o]

ic
tt
de
V3
e]
ir

de

£
8
t

ti

t)

£
te

tc



used by Chang and Harrington (7] and is based on field equivalence prin-
ciples at surfaces. Although conceptually exact, this method does not
account for inhomogeneously-graded structures and fails to address the
continuous spectrunm.

This dissertation uses an integral-operator approach, bassed on the
identification of equivalent polarization currents, vhich circusvents
the inadequacies of the aforementioned methods. This formulation vas
developed by Johnson and Nyquist (8] and advanced by Bagby (9] and pro-
vides a conceptually exact description of the electric field within an
electrically heterogeneous region of arbitrary shape embedded in an
integrated surround. All vaveguiding phenomena are unified by this
description, thus furnishing a poverful model.

The text is divided into seven chapters. In Chapter tvo, a Green’s
function for the tri-layered background is developed. Subtleties in the
appropriate electric dyadic Green’s function for this structure are
thoroughly discussed. This dyad is used in Chapter three to construct
the integral equation vhich describes the electric field. A transform-
domain version of this integral equation, suitable for the study of
longitudinally-uniform vaveguides, is developed and forms the basis for
all subsequent analyses. In Chapter four, the propagation-mode spectrum
of these guides is identified. A discrete spectrum is found to be asso-
ciated vith surface vaves, vhile superposition of the continuous spec-
trum yields the radiation field. A specialized integral equation, ap-
propriate for the study of vaveguides operating at asymptotically low
frequency, is developed in Chapter five. Application of this equation
to the asymmetric slab [(10] and the circular fiber (11) provide asymp-

totic expressions vhich are shown to concur with [10] and [111].
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An iterative scheme is devised in Chapter six to spproximate those spec-
tral components of the continuous spectrum having high spatial frequen-
cies. First iterative approximations to the graded-index asymwmetric
slab and the circular fiber vere made. Comparisons to exact well known
solutions are given. Finally, conclusions and recommendations are
provided in Chapter seven.

Some of the notation vhich is used liberally should be clarified.
First, vector quantities appear bold faced. Similarly, dyads are bold
faced and are overstruck vith a double bar. Unless stated othervise,
integrals vith no specific limits are to imply an integration over the
entire domain. Finally, throughout this dissertation the folloving

assumptions are effected:

(1) All wedia are linear and isotropic;

(2) All of space is magnetically homogeneous such that the
magnetic-induction field B is related to the magnetic field H
by the constitutive equation B = uH.

(3) Electrically heterogeneous regions are characterized by
permittivity «(r) and conductivity o(r) such that the electric
displacement D and conduction current density 3% are related
to the electric field by the constitutive relations D = ¢E.
and J° = oF respectively.

Jut

(4) The time dependence is harmonic (e ) and is suppressed.

Under these assumptions, Maxvell’s equations in N-K-S units are greatly

simplified and may be written as:



Vee E = p ««.Gaugs’ lav (la)

VxE = -jouH ...Faraday’s lav (1b)
VxH = J + Jme.E «++.Amperes’ lav (1c)
VeH = O .+ . Absence of magnetic monopoles (1d)

vhere € = € + c/jw is the complex permittivity. The complex permittiv-
2
ity way be written as € (r) = €,n (r) vhere n is the complex refractive

index and €, is the vacuum permittivity.
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CHAPTER TVO

ELECTRONAGNETICS OF LAYERED DIELECTRICS

2.1 INTRODUCTION

In this chapter, the electromagnetics of layered dielectric struc-
tures is investigated. Description of the fields in a layered environ-
ment may be furnished by integrating the inner product of an sppropriate
Green’s dyad with the electric source density maintaining the fields.
Knovledge of this dyad is of particular importance since it is used
throughout this digsertation as the kernel in the integral equation for
the electric field in integrated optical vaveguides.

Analysis of electromagnetic fields in a layered environment vas
first made by Sommerfeld [12]) in 1909. Fields produced by electric di-
poles oriented normal or tangential to an air-earth interface vere con-
sidered. Integral-transform techniques vere used to obtain integral
representations for these fields. These integral expressions vere of
generic form and have since been categorized as Sommerfeld integrals.
Sommerfeld integrals appear in the formulation of fields in layered
media for wmore complicated situations.

Attention is focused on the tri-layered structure depicted in Fig-
ure 2. A filw layer of thickness t and refractive index ng is deposited
over a substrate region (y < -t) vhich is characterized by index of re-
fraction n,- The region (y > 0) is the cover vith refractive index n.-
All dielectrics are assumed to possess limitingly small dissipation with

Re(nf) > Ro(n.) > Re(nc), vhere Re{ )} designates the real part of the

6
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region 1: y > O

n_ (cover)
c

region 2: -t <y <0
- ¢

nf (film)

y = -t

region 3: y < -t

n. (substrate)

Figure 2. Tri-layered structure used as the background environment
for integrated optical and electronic circuits.
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quantity wvithin the braces. Immersed electric current density J wain-
tains electromagnetic fields in all three regions.

Although the ensuing analysis may be generalized for a structure
having any number of dielectric layers vith embedded currents, the situ-
ation in Figure 2 provides a useful model for the background environment
of practical electronic, millimeter-vave and optical integrated circ-
uits. Several examples of these structures are shown in Figure 3. A
dielectric substrate is used for integrated optics, vhile a conducting
ground plane replaces the substrate for millimeter-vave and electronic
integrated circuits.

In the next section, the electric Hertzian potential N for the tri-
layered structure is expressed as a superposition integral of the inner
product of the appropriate Green’s dyad 6 vith the impressed current
density J. OGreen’s dyads are quantified for situations in vhich cur-
rents are embedded exclusively in either the cover or the film region.

In section 3, tvo equivalent representations of the electric field
are given. A spectral representation is used to identify a natural
depolarizing dyad L vhich is relevant to the Green’'s dyad &% for the
electric field. Finally, the electric field is expressed as a volume
integration of the inner product of 6% with the electric current source
J, modified by a correction term in wvhich L appears. The volume of
integration extends over the support of the current density but excludes
the singularity point of 6%. The excluding region is identified as the
*principal voluwe® vhich corresponds to the preferred choice of the de-

polarizing dyad.
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nc(cover)
conducting

E////////A

nf(fill)

11111111111111111171711777777777
conducting ground plane

(a)

nc(cover)
guiding

l n(r) I

nf(fill)

n.(-ubatrato)

(c)

n_(cover)
c

guiding

[ nep '

nf(fill)

111111177717711177117111117777
conducting ground plane

(b)

n_(cover)
c

guiding
core

nf(fill) n(r)

n.(.ubltrlto)

(d)

Figure 3. Examples of practical optical, millimeter-vave, and elec-

tronic integrated circuits.

(a) MHNicro-strip vaveguide.

(b) Nilliwmeter-vave dielectric strip vaveguide. (c) Op-
tical dielectric strip vaveguide. (d) Optical dielectric

channel vaveguide.



2.2 HERTZIAN POTENTIAL GREEN’S DYAD

For the reader vho is unfamiliar vith the definition of the Hertz-
ian potential, a reviev is provided in Appendix A. The relationship of
the potential to the electric field, along vith the Helmholtz equation
vhich the potential satisfies, are given.

A general development of the Hertzian potential Green’s dyad & for
layered dielectrics has been discussed by Bagby and Nyquist (13). Based
on the classical development of Sommerfeld (14), the Hertzian potential
dyadic Green’s function vas shovn to have scalar components represented
by tvo-diwmensional spectral integrals. In the subsequent developwment,
the analysis in [13] is altered slightly so that identification of a
natural depolarizing dyad i. corresponding to the Green’s dyad 6% for
the electric field, may be made.

Consider the situations shovn in Figures 4(a) and 4(b). Electric
current density J, immersed in the ith region (i=c(f), for cover(film) )
of Figure 4a(b), produces Hertzian potentials in each region of the tri-
layered structure. The Hertzian potential subject to the Lorentz gauge
satisfies the Helwholtz equation

2 2
(Ve k0, = -3/jwe, (1)

in each region (2=s,f,c for substrate, film, cover). Note that in (1),
J =0 for £ # 4. Formal operation on (1) vith the tvo-dimensional Fourier

transform

Fle} = ” (o) e IMT 4xdz

A A
vhere A = x¥ + 2T, reduces equation (1) to the ordinary differential
equation

2 _ 2 2
(9 /3y - pz)nz(x;y) = -j(x;y)/juei (2)

10
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- ¢
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Figure 4. Tri-layer
cover:
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region 1: y > O

n_ (cover)
c

v
y=0 b x
region 2: -t <y <O
-0 &
ng (filw)
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region 3: y < -t
ng (substrate)
(a)
%
region 1: y > 0
n_ (cover)
c
y=0 b x
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-0 ¢
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region 3: y < -t
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(b)

Figure 4. Tri-layered structure vith (a) sources exclusively in the
cover: (b) sources exclusively in the film.
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2 2 _2 2
vhere n, = r(nz), J = F{J}, and Py" T+ -k Solution of (2) is

2 r
elementary, and may be wvritten as a sum of particular and complementary
solutions. Physically, the particular solution represents the primary
vave vhich radiates in the hypothetical unbounded region of spsce, vhile
the complementary solution represents the reflected vave maintained by
the surface polarization current at the interfaces of dielectric discon-
tinuity. This decomposition for the transform-domain potentials is

m,(Ay) = ‘u{ Iv gP(ny, e ‘3'-‘-:-‘;-1—’ dv'} . v;m ePr¥ LAY e PoY

- 4 - -y ?
JAer e pily y I/2pi and 811 is s Kronecker delta.

are determined by satisfying the appropriate bound-

vhere gp(ksy,r') z e
*
) 2

ary conditions (13) across the dielectric interfaces and as y+iw, These

The coefficients W

boundary conditions and their implementation sre given in Appendix B for
currents immersed exclusively in the filw. The result for currents in
the cover is discussed in Section 2.2.2. Solution to the problem with
sources in the substrate may be obtained from the solution to the prob-
lem vith sources in the cover by interchanging n, vith n, and making the
coordinate transformation y = -t - y.

Inversion of the transform-domain potentials may be performed and

yields the solution to (1) with the potential in the ith region given by

1 Jkor{ P by J4X°) .}
m(r) = - “ . Iv Py, r) L ave | azaz (3)
(2n) 1
o [, Farirne el gy,
v joti

The principal portion of potential P is expressed as 8 spectral inte-
gral and the reflected part I’ is described through the reflected dyad

6. The reflected dyad may be vritten as

12



vher

diel

nent

curr

o
(o)
Fev 111

late

2.2.

WOTre
ts,

8 pr

The
int,
thy,
P. g
the

int,

'hE]



r r

3G 3G
- , = A rA A _g A rA c A A rA
& (rir") thx +y (ax X + Gny e z) + zGtz

vhere G: (G:) yields components of potential tangential (normal) to the
dielectric interface maintained by tangential (normal) current compo-
nents. G: accounts for the coupling betveen tangential components of
current vith the normal component of potential. The scalar components
of G* have spectral integral representations vhich are elaborated in

later sections.
2.2.1 PRIMARY GREEN’S DYAD

The principal part of the Hertzian potential in (3) may assume a
more femilier form by use of Fubini’s theorem for improper integrals
(15, p.473]1. Although the integrand of the spectral integral in (3) is

a proper volume integral, the principal part of (3) may be written

1 jAer { Pra.o ooy JUE’) }
) . '”e 1in fv_vg(x.y.r)j“i dv’{ d&dZ (4a)

. (2:)2 143 “ eINT ”v-v gP Ny, r') ‘;:T:i—’ dv'} d¥dZ. (4b)
The volume v is any volume vhich excludes the singular point r’=r. The
interchange of the limit wvith the spectral integral is justified since
this integral converges uniformly (15, p.473). Use of Abel’s test (15,
p.472) for uniform convergence of improper integrals along vith Fubini’s
theorem for improper integrals allows the spatial integration to be
interchanged vith the spectral integration. Therefore, (4b) becowes

Jir’)
o LX)
we,

&P ’ ’
Py = yup [ BPerirn) av
Zp =D i P =
vhere the principal dyad G is given by 6" = IG°. I is a unit dyad and

13
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the principal Green’s function GP is given by

Py ly-y’! -
Pirir) = —b [[ 82— I grqz, (s
(2m) Py

An alternative integral representation of GP can be obtained from (5) by
transforming the double integral to polar coordinates. MNaking the fol-
loving substitutions

E = A\ cosbd

Z = A\ 8iné

= (A= k¥
Py i

d&dZ = A dédA
x - x' = |gs-<’| cos¢
z-2'"= le<'| sing

2 2
vhere l«-x'| = [(x-x') + (2-2') ]*. equation (5) becomes

o -p. ly-y’l 2n e -
Gp(r'r') . 1 . I g_%_— {I .jX|t <'lcos(© .) dO}MX (6a)
(2m° o Py 0
o -p ly-y’l
=2 [ e g fezz 1% (6b)
2n o

o 2py
vhere J, is the zeroeth order Bessel function of the first kind. 1In
going from (6a) to (6b), use vas made of an integral representation of
J° found in (16, p.360]. Evaluation of the integrals in (S) and (6b)
may be performed, but need not be vhen it is realized that P is a par-
'ticulnr solution to (1) with conditions on its asymptotic behavior at y
= 3w, Whence, the familiar free space Green’s function obtains as

.-Jk lr-2’|
6Pirir’) = &=—32 —— (7)

4nir-r’)l °

The form of (7) is not a convenient representation of & for use in in-

tegrated optics. For practical applications, the spectral

14
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representations (5) or (6b) are recommended. Finally, the Hertzian po-

tential in (3) may assume the standard form

N , J(r’) ,
m(r) = lig Iv-v Grir’)e Joe, dv

= = =p =r
vhere G is given by 6 = G + G .
2.2.2 REFLECTED GREEN’S DYAD FOR SOURCES IN THE COVER

In this section, the reflected Green’s dyad 6" is detailed for the
situation shovn in Figure 5. Source and field points are situated in
the cover region. The reflected vave, vhich is illustrated, represents
the grand sum of all vaves reflected from the interfaces of dielectric
discontinuity wvhich travel in the positive y direction. Intuitive appeal
suggests that the y dependent part of the reflected vave should have a

phase of y + y’. In fact, the scalar components of ér are given as

é ) )
G:(rlr') Rt(k)
P ly*y”) o
< Gl (rir’) > = J‘f < R (M) > e ¢ .JK’(I‘ r’) dzk
n n 2
2(2m) Pe
G:(rlr') C(\)
~ .J N

vhere dlx = d&dZ. The reflection coefficients Rt and Rn as vell as the
coupling coefficient C have been derived in (9, pp.163-172]) and are tab-
ulated below.

Computation of the reflection and coupling coefficients is tedious

due to their complicated dependence on environmental parameters. Out-

lined belov is a simple procedure for obtaining these coefficients.

1. Calculate tangential reflection and transmission coeffi-

cients associated vith the cover-film interface as

15
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> <

region 1: y > O

n_ (cover)
c

reflected rimary v
wave /7 wave
y=0 N %

region 2: -t <y <O

ng (film)

y = -t

region 3: y < -t

n. (substrate)

Figure S. Tri-layered structure vith currents immersed exclusively
in the cover region.
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3.

4.

6.

7.

t t
Rec = (Pc7Pg)/(P*Pg) Reg = (Pg7Pc)/(Pc*Pg)

t t

2 -2
Tec = 2MgcPy/ (P *Pg) Tog = Mg P/ (P*Pg)

vhere "fc = (nf/nc).

Calculate tangential reflection and transmission coefficients

associated vith the film-substrate interface as
R, = (p,-p ) /(p,+p ) ¢ - 2N 2p,/(p,ep )
sf f s f's fs sf £ f '8

vhere st = (n'/nf).

Calculate the normal reflection and transmission coefficients

associated vith the cover-film interface as

n 2 2 n 2
Rfc : ("fcpc pf)/(“fcpc'pf) ch ® 2pc/(“£cpc’Pf)

n 2 2
= 2N /(Nfcpc+pf).

Tee £cPt

Calculate the normal reflection and transmission coefficients

associated vith the film-substrate interface as

n 2 2 n 2
Rsf ® (lepf pa)/(“nfpf’ps) Tfs 2p£/(N.£p£*p.).

Calculate intermediate expressions

t . _pt ot _-2p_t
D 1 Rcfknie £

n _ n_.n -2p.t
D 1 - thk.fe £ .

Calculate the intermediate coupling coefficients as

2 t t, .2

e N2 - t _-2p.t
1 "Ic(“fc l)ch(l . R. e ""£7)/D (N

1 £cPc*Ps’
2 2 t .t .t .2
Cp = N_ N ~1)T_ T /D"(N__p +p).

c

Finally, the reflection and coupling coefficients are evaluated

17
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| i
. ot t .t t -2p.t t t t -2p.t .t
: Rt = Rfc + chchR'fe £/D = (Rfc + R.fo £)/D :
| (
= " n.n_.n _-2pt n _ .n n _-2p.t. ,.n
: Rn Rfc + chchR'fe £°/D (Rfc + R.fo £7)/D :
[ |
_ n , n -2 -2p,t,.n
: c=¢C, + ch(Rsfufcc1 + Cle "£°/D :
. n -2p.t n -2p.t n
: [c,ca + B2 ePety o c,10 PPt ] 0 !

2.2.3 REFLECTED GREEN'S DYAD FOR SOURCES IN THE FILM

Congider the situation showvn in Figure 6. Electric current density
J, immersed in the film region, maintains electromagnetic fields in each
region. Again, the y dependence of the reflected vave may be correctly
determined by use of a physical picture. As seen in Figure 6, a source
point at y’ pfoduces a primary disturbance in the film region. Trans-
mission and reflection of the primary vave occur at the interfaces of
adjacent regions. A vave vhich is reflected from one interface travels
tovard the other interface vhere it experiences transmission and reflec-
tion. Figure 7 shovs that there are four fundamentally different vays
in vhich a vave from a source at y’ may arrive, via reflection, at the
observation point at y. The y dependence of the reflected Green’s dyad
is comprised of four terms vith phases associated vith these distinct
paths. Using Figure 7, the phase path lengths are ¢,(y,y’,t) = -y-y’,
0 (Y ¥y’ t) = yey'+2t, o (y,y’,t) = y-y'+2t, and ¢, (y,y’,t) = -yey’+2t,
Scalar components of 6" may be written as

r A Y

G:(rlr') n:m
4 Pl (y, ¥y, t)) ey 2
< G:(rlr') & z II t< R:(X)> ._f__i_z_ .jM(r r') da
i=1 2(2m p,
G (rir’) C.(\)
c i ,
-~ < .~
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A

region 1: y > O

n_ (cover)

c
y=0 = — X

reflected rimary wave
wave

region 2: -t <y <0
-o ¢ :

ng (filwm)

v
reflected primary

y =z -t wave wave

region 3: y < -t

n. (gsubstrate)

Figure 6. Tri-layered structure vith currents immersed exclusively
in the films region.
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Figure 7.

(d)

Four paths vith different y-dependent phases.
(b) ye+y’+2t.

(c) y-y’+2t. (d) -yey’'+2t
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vhere R:, R:. and Ci are derived and detailed in Appendix B.

2.3 ELECTRIC DYADIC GREEN'S FUNCTION

In this section, calculation of the electric field in the tri-lay-
ered environment is made. The electric field is related to the Hertzian
potential as given in equation (A.S5) by E = (kz + We)ll. Obviously,
evaluation of derivativee of Il are required to calculate E. The evalua-

tion of these derivatives demands the use of strict mathematical rigor.
2.3.1 DERIVATIVES OF THE HERTZIAN POTENTIAL

Each of the reflection and coupling coefficients appearing in the
reflected dyad is a bounded function of A as IAl9w, Pole singularities
are present in the complex A-plane and are associated vith surface-vave
phenomena. Under the assumption that all media have limitingly small
dissipation, these surface vave poles are located off the real axis in
the complex A-plane. Due to the decaying exponential term in the inte-
grand of the spectral integrals of the scalar components of &r' these
integrals converge uniformly and absolutely for all r in the domain over
vhich they are integrated. Hence, derivatives of the reflected part n’
of the Hertzian potential are obtained by formally differentiating under
the volume integral. In fact, the second order derivatives of o are

given by

20 (x) _J' 28 (rir), gt v
v

axuaxB axaaxa juti
Special attention is required in determining derivatives of the princi-

pal part of N

The principal part 0P of the Hertzian potential is represented by
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the spectral integral on the right side of (3). It is shovn in Appendix
C that under the assumption that J and VeJ are continuous and of com-
pact support in V, derivatives up to second order of [ may be obtained

by formally differentiating under the spectral integral. Therefore,

’ 2
wWerP(r) = ” w-{ ”"'H oPirsy, ro) L dV'l }d A
(2m > v Jue,

P

Splitting the spatial integral into regions in vhich g° is continuously

differentiable yields

— (” woe {’j”r”yu, PNy, 1) ';(ri) dv’ ]}

(2n)
. jx-r[ Piy.y pory LT ” 2
+ II w { e Iy'>y g (A;y,7’) J“ei dv dA].

Tangential derivatives (i.e. derivatives vith respect to x and z) of the
JAer

bracketed terms above operate only on e . Hovever, performing the

WelP(r) =

derivatives vith respect to y demands additional considerations. Appro-
priate use of Leibnitz’s rule (15, pp.321-325] for differentiation under

the integral sign reveals that

2 by AT o, by XD 4y,
oy ‘Iy.q gP Ay, r) av' o+ [, gPiny,rr) TEL gy ,

oy juei y’>y juci
9 . p J(r’) , 2 p h ,
Iy ey 35 SNy, T) ot dv’ _[y >y 35 N >—L—J v @

* ” e JA°T’ e Py YY) R N ier) dx’ dz’
2p, 2p, Jue, lv '=y

J(r’) , 2
juei gv’ - Iy'>y oy

Pinsy, ") ur’) o

p(k,y,r ) jue
i

'Iv '<y 3v

vhich is the result obtained by formally passing the derivative under

the integral sign. Hovever, performing a subsequent differentiation
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vith respect to y shovs

2
9 P,y. sy Jer’) . Py, Jir’)
Y ‘Iy'q g (Ny,r’) Jue, dv’ « Iy'>y g (N;y,r’) Jue, dv’

2 2
2 _ Pixiy.r’ J.Lz_. ’ 2__ P M'_ '

- ’ -pyly-y’) Py ly’-y) ’
. ”’ e JAer 9 e i _9 e i J(r’) ' . _dx’dz’
N dy 2p; Jue, y'=y

2
2__p by TED) o, 2 P vy LD L,
, g (N;y,r’) dv’ « ’ g (Ny,r’) dv
Iv <Y oyt joe, Iy >Y oyt Jue,

J[ Aanzt) e gy,
i

vhich is altered from the formal result by the presence of a correction

term. Finally, evaluation of wen’ yields

wetPir) = [[ [ [, anrrre j:L:i—’ av' | a*a

(x Yo 2')

e N gerdzr | oIMT g%

(2m”
” [Iv ginT, T ). J"‘—i dv’ ] d*x - Le3tr1/jee, (8)

AA
vhere L = yy and the dyad ; is given by the expression

—? »
w [.JR'(I‘ r) 91(7 y )/Bn pi), y’'<y

;(k;r,r') ]
JAe(r-r’) .-pi(y -y)

2
W (e /8n pi]. y'>y.

The term LeJ vas extracted from exploitation of the Fourier inversion
theorem [17, p.315], and is found to correspond exactly wvith that ex-

posed in [18) for a "pillbox" principal volume. The form of ; suggests

23



that the "slice" exclusion in Figure 8 might be a wore natural principal

volume pertaining to L. This assertion is verified belov.
2.3.2 DEVELOPMENT OF THE PRINCIPAL DYAD
Using (8), the principsl part of the electric field wmay be written as

EP(r) = -juy, ”{ .[v gt (N, r')eJ(r’) dV’ } d’x - l’.-.m:-)/;jc.».-i (9)

= 2 2 .
vhere the dyad ge = a/k1 + (1/4n )igpe:’A T

Equation (9) is a useful expression for the principal part of the
electric field due to the simple nature of the integrand appearing in
the volume integral. Hovever, (9) is not wvritten in the standard form
as a volume integration of the inner product of a Green’s dyad vith the
electric current density. Since the depolarizing dyad L has manifested
itself naturally, a corresponding principal volume is sought.

In appendix C, it is shown that the spectral integral in (9) con-
verges uniformly. Hence, proceeding analogously as in the development
of the principal part of the Hertzian potential Green’s dyad, (9) wmay be
vritten

EP(r) = -jup H { 1 _[ gt (Air, r7)eJ(r") dV'}dz)\ - LeJ(r)/jue
0 vﬁb V-v i 1
= -jup, 1 ” {I g (AT, ') ed(r) dV'}dzk - LeJ(r)/jue

Ho V$U V-v 9 i i

vhere v is any region excluding r. In order to exchange the order of
integrations, uniform convergence of the spectral integral of ;e is

desired. Observing that the spectral integration of ;e does not even
converge unless y’#y, interchanging the order of integrations may be
illegitimate. Hence, the choice of v is limited to volumes vhich ex-

clude y. The form of ;e suggests that the slice region is the
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Figure 8. A "slice® principal volume excluding the singularity point r
of the electric dyadic Green’s function; closed surface 55 is
the boundary of the slice voluwme.
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appropriate choice for the principal volume. Choosing v to be the
slice, Fubini’s theorem for improper integrals allovs the spatial inte-
gral to be interchanged with the spectral integral. Therefore, the

principal part of the electric field may be written

EP(r) = -jou, Lip [y.y B rizrreaeny ave - LeJ(r1/gue, (10)
5

vhere V_ is the slice in Figure 8 excluding the singularity of 6% at T,

8
and ée is given by

.

) B Yy .
[[ ooy [IAFr) ede [ gy
2(2n) Py |

&xrir) = (11)

[ ey o P YY),
[[ @ v oo | el yosy,
L 2(2m) Py |

Note that the differential operator in (11) may be passed outside of the
spectral integration. 1In fact, the slice principal volume is equivalent
to a pillbox vhen the differentiation is performed lastly. A classical

development is used belov to establish this equivalence.
2.3.3 EQUIVALENCE OF PRINCIPAL VOLUMES

Starting vith the common representation for the free space Green’s

function y(rir’) = e-Jki'r-r '/4nlr-r'l. it is shovn in Appendix D that
for a slice principal volume, the correction term EC(r) for the electric

dyadic Green’s function for field points in the source region is

1 ’ 14 AD ’ ’
ES(r) = Jur, 1ip ‘[ssv w(rir’)n’eJ(r’) dS (12)
vhere Ss is shovn in Figure 8. The correction term above is nov shown

to correspond to the correction terms sppearing in equations (9) and

(10). The surface integral term in (12) is split into integration over
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S, and S, (planes at yS respectively). This yields for (12)

E(r) = - 14 (- ISIV’v(rlr')'y I (x’,y+&, 2’ Vdx'dz’

'my+s 'y
’Is

As &30, S, approaches S, and Jy(x'.yt&,z') approaches Jy(x'.y,z') due to

Joe
i (13)

zv wirir )ly'=y -5 Jy(x »Y-6,2')dx’dz ).

the smoothness of the boundary of V and the continuity of J at y’s=y.

Thus, (13) simplifies to

y’'=y+é

. -1 . ,
ES(r) Jec, 18 Is 9 ¢irir’)

J (x’,y,2")dx’dz’ (14)
Y'.y_‘ y

vhere S extends over the x’'-z’ plane. Expressing V'y in Cartesian form
as

.-Jkiﬁ A
Vyirir’) = (-Jki-l/R) = [x(x'-x) y(y -y) ¢ z(z -z)]

4nR

vhere R=ir-r’l, it is found that

) Al AC e JKRs &
Vyirir’) = (-jki-llm =3 v2§ (1S8)
y'=y-& 4n88
2 2 2.%
vhere R& z [(x-x’) + (2-2’) « § ). Substitution of (15) into (14)
yields
-jk.R
Er) = 11— %38 ty Is 25(-k -1/R ) #‘5 I (x',y,2' )dx"dz" ). (16)
n
8

The integral in (16) may be decomposed into the sum of integrals
over S - Cv and Cv. Cv is a circle centered at (x,z) vith radius v. As

&40, integration over S-Cv venishes. If v is chosen sufficiently small,

then Jy(x‘,y.z') s Jy(r) and e -3k RS s 1 so that (16) becowes
1 jk 01/R
E(r) = - —yJ (r) Lip ns]' $ 4x'dz’) (178)
Jue C, omn?
i v 2n R&
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Jky*lirg

= jwe yJ (r) Lig (8 Iz“d f a5 4 (17b)
s
Jkyot/rg
= j“ yJ (r) Lin (sf i S JUTIN (17¢)
s
vhere rg *® (pzosz)*. In going from (17a) to (17b), integration over Cv

has been transformed to polar coordinates. Performing the angular inte-
gration is trivial and yields (17c). Noting that the integrand in (17¢)
is a perfect differential, the term in braces becomes

jk 01/r v

2 2 2 2 -
s f S yp s (3k, 1n(p'+s ¥ - (plesH™H)
re

2 2% 2 2 -y
8 (Jki [ln(v +&§ ) - 1né]l + [1/8 - (v +8§ ) "1}

1 (as &§+0), (18)
Finally, substitution of (18) into (17c) yields

E(r) = - 12—y 3 .(p
Joe, ¥ Yy

vhich is precisely the same correction term appearing in (10). There-
fore, the correction term for the slice exclusion is identical to that
for a pillbox. Hence, this establishes the equivalence of these princi-

pal volumes.

2.4 SUMMARY

In 8 tri-layered dielectric configuration, the Hertzian potential Nl
in a current carrying region decowmposes into principal and reflected
parts. The principal vave is that vave vhich propagates directly from
the source to the point of observation. Surface polarization currents,

vhich are induced at the boundary of adjacent regions by the primary
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vave, account for the reflected part of the disturbance.

Integral representations for Il may be expressed in either spectral

form as
R | Jk-r{ P,s. J(r’) }
o (r) 2 ” e Iv g (N;y,T*) Joe dv’ ¢ d&dZ (19)
(2n) i
E e AT o,
. .[v E(rir’)e Ty dv’,

or in a wore standard form as

' (r') ,
) = yam o Burire JL——"i av 2o

vhere G = GP + ar and v is any volume vhich excludes the singularity
point r’=r of 6°. scalar components of G are represented as tvo
dimensional spectral integrals. The spectral form (19) is useful in
practical applications, vhile the standard form in (20) may be more
suitable for theoretical purposes.

The electric field corresponding to the Hertzian potential is
given by E = (kz + We)ll It is found that use of the spectral repre-
sentation for the principal part of Il yields a natural depolarizing dyad
i = ;; in the formulation of E. Integral representations E are ex-

pressible in either spectral form as

2
£ = -gou, [[ { [} 8 unrreaan ave fa's - Leersgee, (20

z »
+ (k. + 9O0) f E(rir)e 32 4y
i v joei
or in the standard form
z ’
E(r) = (k- + Y9) 1351' Grire TEL 4y (228)
i v V-v

j«ei
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= - e » ’ o_g
= jwuo %38 IV-VSG (rir’)eJ(r’) dV L'J(r)/juci (22b)

2 ’
. I (k2e Po) E(rirr)e TEL 4y
v i Juei

vhere G° is given in (11) and V_ is a the slice exclusion in Figure 8.

&
As vith the Hertzian potential, the spectral form (21) of E is useful
for numerical analysis, vhile equations (22a) and (22b) are appropriate

for theoretical use.



AN INTEGRAL-OPERATOR APPROACH TO INTEGRATED OPTICS

3.1 INTRODUCTION

Many problems in mathematical physics, vhich are described by a
differential equation subject to particular boundary conditions, may be
expressed alternatively by an integral equation. In an integral equa-
tion, an unknovn function appears as part of an integrand.

There are several advantages to using an integral equation over its
differential counterpart. First, vhen placed in the context of linear
operator theory, integral operators often have desirable properties
(e.g. boundedness) vhich are absent in the differential problem. Conse-
quently, poverful analytic theorems may be used to generate, and study
properties of, solutions to the problem. Second, an integral equation
relates an unknovn function to its values throughout an entire region,
including its boundary. Therefore, boundary conditions are incorporated
naturally in an integral equation. In fact, vhen boundary conditions
are inseparsble, a differential formulation is highly impractical. With
these considerations in mind, study of optical circuits immersed in an
integrated surround may proceed.

Figure 9 illustrates the configuration vhich is to be investigated.
A dielectric obstacle, characterized by refractive index n(r), is embed-
ded in a volume V vithin the cover of the tri-layered structure of Chap-
ter tvo. Electric current J, immersed in the source volume V.. is the

source of electromagnetic fields. Unfortunately, none of the eleven
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y = -t
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n. (substrate)

Figure 9. A general optical device immersed vithin a tri-layered
dielectric surround.
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orthogonal coordinate systems, for vhich the Helmholtz equation is sepa-
rable, match the boundaries associated vith this optical system. Hence,
developwent of a Hertzian potential Green’s dyad for this system is at
best, intractable. An integral-operator formulation, based on identifi-
cation of equivalent volume polarization currents, circumvents this dif-
ficulty.

In the next section, this equivalent polarization source is identi-
fied. The electric field integral equation (EFIE) for the field wvithin
the obstacle is constructed. Solution to the EFIE is shovn directly to
satisfy Maxvell’s equations along wvith the appropriate boundary condi-
tions.

In section 3, the EFIE is specialized for axially invariant wvave-
guides in the integrated surround. A transform-domain integral equation
is introduced vhich is used extensively throughout this dissertation.
Transverse field components are shovn to satisfy an integral equation

vhich is independent of the longitudinal components.

3.2 ELECTRIC FIELD INTEGRAL EQUATION

Consider the physical system depicted in Figure 10(a). The tri-
layered structure of Chapter tvo is perturbed by introducing an optical
device, of refractive index n(r), into a volume V of the cover. System
excitation is provided by an impressed current source J, vithin a volume
V., vhich maintains an impressed field Si. Scattering of the impressed
field occurs due to the contrast Snz(r) = n:(r) - n: of refractive indi-
ces betveen the optical device and the uniform cover. The acattered'
field E' superposes vith the impressed field so that at any point the

total field E is given by E = Ei « E%.
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Figure 10. (a) The physical system of an optical device vithin an
tegrated surround. (b) An equivalent system in vhich P
accounts for all effects of the inhomogeneocus dielectric ob-

stacle .
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The eiectric field of the optical circuit in Figure 10(a) remains
unaffected by replacing the dielectric obstacle vith an equivalent po-
larization source P®Y as showvn in Figure 10(b). This equivalent polar-
ization radiates in the uniform cover surround and is the source for the

scattered field E°. Ampére’s lav is used belov to identify P®9.
3.2.1 EQUIVALENT SOURCE IDENTIFICATION

For the physical system in Figure 10(a), Ampére’s lav vithin V is
given by

2
UxH(r) = jwe,n (r)E(r) (1)
vhile for the equivalent system in Figure 10(b), Ampére’s lav is
eq 2
VxH(r) = jwP “(r) + jweonct(r) (2)
vhere ijeq = 3%9, Subtracting (1) from (2), and solving for P9 yields
2
P?Ur) = e én (PIE(D) (3)

vhere P*? is the excess induced polarization vhich augments the polariz-
ation existing in the cover background. With the Green’s function of
the integrated surround knovn, construction of the EFIE for the field

vithin the optical device may nov be accomplished.

3.2.2 CONSTRUCTION OF THE INTEGRAL EQUATION

Impressed field Bi is the field maintained by J in the unperturbed

integrated surround. Therefore, use of equation (2.22a) yields

2 [
El(r) = (k- + W) I Birir)s &L 4y (4)
c V. Jjoe

c

vhere the limit on the improper integral has been omitted since the
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excluding region is shape independent.
Similarly, scattered field Es, maintained by P.q, may be expressed
as

P’q(r')

2 =
E*r) = (k) + W) [ Berirye dv’ (Sa)
c
2 & (r’)
= (k> o oo [ EAEL Birir) B dv? (Sb)

n
c
vhere use of (3) has been made in going from (Sa) to (Sb) .

Using linear superposition, the total field may be written as

2
2 4

E(r) = (kc + We) IV éa_%I_L B(rir/)«E(r’) dv’ + Bi(r) (6)

n

c
so that transposition of the scattered field to the left side of (6)

yields

2
2 »
E(r) - (k_ + W) Iv &‘%ié(rlr')-a(r') dv’ = El(r). (7)

(]

It should be rewmarked that (7) is a valid expression for all r such that
y > 0. Hovever, to the extent that knovledge of E vithin V determines
the field everyvhere throughout the region y > 0, (7) is an integral
equation for E vith domain r € V, Nore precisely, (7) is an integro-
differential equation for the unknovn electric field within the optical
device. Although use of (1.17b) allovs (7) to be converted into a pure
integral equation, the degree in singularity of the resulting kernel is
such greater than that of 6. Hence, use of (7) is preferred for most

analytical purposes.
3.2.3 UNIQUENESS OF SOLUTION

It is wvell knovn that the solution to (7) is unique if it satisfies

Maxvell’s equations along with the appropriate boundary conditions. By
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construction, solution of (7) satisfies Maxvell’s equations. Therefore,
to prove uniqueness of solution, it is sufficient to shov that the field
has the proper behavior at the boundary of the optical device.

Figure 11 assists in the discussion of the applicable boundary
conditions. Observation point r lies on the boundary S of the optical
device. VWithout loss of generality, r (r') is interior (exterior) to V
and displaced a distance 8§ from r along a linear path defined by the
surface normal 3. Field behavior across S may be determined by evaluat-

ing the field at r and r and forming the difference AE given by

& = Lip (E(r) - E(r" )

. 55‘ [}:‘(r’) - siu-')] . [l-:'(r’) - E'(r')”. 8)

Consider nov, each bracketed term in (8) separately. First, it is
shovn that the impressed field is continuous at r. Under the assumption
that V and V. are disjoint, the volume integration in (4) never passes
through the singularity point r of &. Hence, & and its partial deriva-
tives are continuous for all r’€ V and r € V, vhereby a standard theorem
of advanced calculus [15, p.322) guarantees continuity of Ei at r.

Thus, the first bracketed term in (8) vanishes as &-0.

Next, examine the scattered field E® as given by (Sa). Since the
reflected dyad 6" and its partial derivatives are continuous throughout
the cover, that portion of the scattered field originating from proper-
ties of the layered surround is also continuous. Hovever, analysis of
the principal part of the scattered field reveals a discontinuity in the
component of field vhich is normal to the boundary of the optical de-
vice. This claim is asserted belov.

Using (Sa), the principal part of the scattered field wmay be
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3= 3>

Figure 11. Geowmetry for field behavior at the boundary surface S of an
optical device immersed in a unifors surround.
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vritten as

q e
E2(r) = (k- + WOe) I &Pirir)e il¢ 3} dv’ (9)
P c v jwcc
= I,(r) + I ()
vhere the integrals I, and I, are given by
2 ’
1, = k. [, 8Prirne bl LRy (10a)
1 c JvV jotc
- P
1, = we [ BPurirn)s i g, (10b)
2 v jucc

Under the assumption that J%9 and v¢3°9 are continuous and of compact

support in V, use of (D.4) allows (10b) to be written

I(r) = (- [y w6Perirs) 9 es®rry av

1
jue
¢ (11)
A
N Is n’ o J*% ") v6Pirir’) dS').

In general, J%9 vill not be zero at the boundary surface S. Therefore,
unlike in (D.6), the surface integration in (11) must be retained.
Continuity of I, in (10a) as vell as the volume integral in (11)
may be established by arguments used by Kellogg (19, pp.150-151] in
shoving continuity of static potentials and thus vill not be given here.
It is in fact precisely the surface integral of (11) vhich leads to dis-
continuity in the component of electric field vhich is normal to S.

Thus, the difference AE becowmes

gP(et 1o’y - Pip” ']A' ’ 4
AE = %18.[5[95“' ir*) - 96P(r ir*) | n’e3®r) ds

Ju:c

*
r=r

A
n'«J*%r’) ds’.

1 P
= VG (rir’)
jnec %58 IS —

Decomposing this surface integral into the sum of integrals over S-Sv
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and Sv yields
.
_ne3%%’) ds
rer (12)

*

A
_n*e3*%r)ds’

r=r

. 'GP '
6+ fur %%{Is-svvs (rir*)

r=r
N Is v 6P(rir’)
v

rsr
vhere Sv is a subset of S such that r € Sv and v is the maximum chord of
S .
v

The first integral in (12) vanishes as &390 since v'GP is a bounded
and continuous function for r’€ S - Sv as &30. Evaluation of the inte-
gration over Sv may be simplified by an appropriate choice of Sv. Let
Cv be a circle of radius v and center r lying in the tangent plane to S
at r. Choose Sv to be the projection along ; of Cv onto S. For v suf-

A q A eq -

ficiently swmall, n’eJ® (r’) s neJ “(r ) and the surface integral over Sv
may be approximated by integration over Cv. Therefore (12) reduces to
*

1 rsr

ju:c

AE =

A -
ned*3(r™) Lin .[c vGPirir’)
v rsr

A
Aligning the unit normal n along the y-axis by an appropriate coordinate
rotation, it is found that

+

rsr -jk R

v 6Pirir’) _ = (-3k_-1/R) e ¢ . n2s.
r=r 4nR
s
If v i8 chosen so small that O-JRCRG s 1, then AE becowmes

- jk_+1/R
AE = nneJ®9(r7) 14p (.sf —< 98 yxrdz") (13)

Jue Cc 2

c v 2"R6

vhich is essentially the same quantity (vith nsy), modulo sign, as that
in (2.17a) for the correction term Bc to the electric Green’s dyad for a

slice principal volume. Using this result, (13) becowmes
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AE = 33-:’“«:')
jue

c
2
vhereupon substitution of jwe, &n E for %9 reveals
+ Y N\ YL
E(r) - E(r) = n|{= 73— (n-B(r ))
n
c

from vhich the relations

* -
Et.n(r ) = Et.n(r )

2 * 2 - -
n E (r ) =n (r )E (r)
C norm nora

A A
vhere Bt = nxE and E = neE, are found to agree vith the wvell
an norm
knovn boundary conditions for the electric field at the interface of
dielectric discontinuity. This establishes uniqueness to the solution

of (7).
3.3 AXIALLY-UNIFORM WAVEGUIDES

Unless the geowmetry and electrical characteristics of the optical
device discussed sbove are specified, there is not much that can be said
about solution to (7). Hovever, there are several interesting simplifi-
cations vhich can be made vhen this device is a longitudinally-uniform
vaveguide. Figure 12 depicts a typical integrated optical vaveguide
having infinite extent along the z-axis and a general cross sectional
shape CS in the transverse (x,y) plane. This guide is assumed to be
optically dense vith refractive index n(p) > neo vhere p = ;x + ;y
designates the transverse position vector. As a consequence of the

axial independence of the index of refraction, the integral operotorlin

(Sb) is rendered convolutional in z with
6ok - I é(plp';z-z')ct(p',z') dz’
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Figure 12. A longitudinally invariant vaveguide deposited vithin the
cover of an integrated background environment.
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thereby prompting use of the Faltung theorem (16, p.1020]. Formal oper-

ation on (7) vith the one dimensional Fourier transform

-j%z

F (-} = I (-1 e dz
z

leads to the transform-domain EFIE

. Lo ae

2
2 e M s ’ ’ [
el(p, 0) (kc + We) ICS - gz(plp ) c@(p’, Z) dS [
c

i si -~ A A a
vhere e = Fi(t). e = F&( }, V= V£ + zj%, and v& =X ox

transform-domain Green'’s dyad ;Z decomposes as before into principal and

+ ; %; « The

reflected parts vith
;z(plp') = ;g(plp') . ;;(plp').

The principal dyad Sg is given by

"'p
oz = Ioj

vhere the principal transform-domain Green’s function gg is given by

.-pcly-y : .Jt(x-x')

dt. (15)
Qupc

gg(plp') = I

An alternative integral representation of gg can be obtained from (15)
by considering a wmapping of the real Z-line into a contour Cn in a com-
plex n-plane by letting ¥ = Ye sinhn (vhere Yo " (Zz- k:)‘). Figure 13
shovs the contour Cn vhich is determined by requiring Il(Yc sinhn} = O,
Re(yc) > 0, and I-(yc) > 0. Invoking these restrictions, it is found
that @ = tonOl(Iu(yc)/Ro(yE} < n/2. After transformsing the spatial

variables to polar coordinates, extensive complex-plane analysis shovs

that (1S) can be transformed into

P

o-jn
. A -jy.lp-p’ Isinhn
gz(plp ) = an I e ''c dn (16a)
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Figure 13. Complex n-plane vith contour Cn.
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S S (2) _ . - '

* an (-3m) Hy ¢ jyclpwp 1y ... larg( chlpﬁp 1Nl < n/2 (16b)
Y '
2n Ko(yclpvp 1) ses 0 < .rg(yc) < n/2 (16¢)

(2)

0 is the Hankel function of order zero and Ko is s modified

vhere H
Bessel function of order zero. In going from (16a) to (16b), use vas
made of an integral representation of H;z) found in [16, p.360] wvhile
the relationship betveen K, and H;’) (16, p.37S] vas used to obtain

(16c). It can be shovn that (16c) is valid for -n/2 < urg(yc) < n/2.

The reflected dyad E: has the form

r
=r Ap oA A aGZC A r A r A Apoa
g = XOgeX * Y\ Tox X *9zn ¥ * 3%y Z) ¢ g

vhere the scalar components of ;Z sre represented as spectral integra-

tions vith
T (plp") R, (A)
gz PP t -p_(ysy®)
r , e ¢ JE(x-x’)
QZn(plp ) = I Rn(k) -——Z;;;—- e dt
r »
gZC(plp ) cn

vhere as before p: = tzo lz- k: and the reflection coefficients Rt and
Rn as vell as the coupling coefficient C are given by the expressions
tabulated in the preceding chapter.

There are several advantages to using the transform domain EFIE in
(14) over the EFIE in (7). First, numerical approximation to the solu-
tion of (7) for each ¥ is wmore readily accomplished since both spatial
and spectral integrations have been reduced in diwension. Second, dif-
ferentiation vith respect to z transforms to multiplication by the

transform variable Z. Third, as showvn in the next section, field
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components vhich are transverse to z satisfy an integral equation vhich
is independent of the longitudinal component. Fourth, and perhaps wmost
important, identification of a propagation-mode spectrum may be effected
by a study of solutions to (14) in the complex Z-plane. Chapter 4 is

devoted to a detailed discussion of this topic.
3.3.1 EFIE FOR THE TRANSVERSE FIELD

It is possible to formulate a transfora domsain EFIE which uncou-
ples the longitudinal component from the transverse components. Devel-
opment of this transverse EFIE relies upon use of the Fourier transform
of Gauss’ lav (1. 1la)

-~ 2
Ve {n @} = 0. (17)

A
Writing e = e, + ze_, (17) may be wvritten as

t

2 2
vt' {n .t) + jZn e, = 0. (18)

Solving (18) for jlez yields

e = - 5 9o (n'e) (19a)
n 2
V,n

== Ve - 3 ‘e (19b)

vhere use of the vector identity VEO {ed) = Q‘i" . v&.-t has been made.

AA
Operating on (14) with zz+ yields

2
. 2 én (p") 2 .= . ' » dS’
zez(p, ) = kc ICS 2 (zogz(plp )e@(p’, %))z dS

c

2
A~ ( ') A
+ §22Ve Ics %Lyz(plp')w(p',t) ds’ « zo:(p. ). (20)

c
Subtracting (20) from (14) yields
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.t(p' 2) = k ICS ——n-;e-— (gz(plp')oo(p ) - ztzogz(plp')oo(p » )1} dS’
c
e énz( ') i
e 99 [ o TL Gz (p1p') selp’, T) dS’ + € (p, Q)
c

" ke Ics _Lz (g, (plp') celp’, T) - ZIZ'OZ(DIp )ew(p’, 2)1) dS’
n

c
(21)
_9_‘ ) s ’ ’ ’ i
A ICS 2 V-(gz(plp )ea(p’, %)) dS’ + .t(p' 2).
c
The inner products appearing in (21) may be expanded as
= = = A
Uz © 9z * 9g°ze,
= ‘p Ar A r
s gzo.t . [zgz . qut . yjlgzc]ez (22a)
A A3z A A g A g A
z[z-gz-o] = z{ zeg e, + z°g,°ze, }
= z( gPe_ + gT.e ) (22b)
Tz itz
~ = A=
v-(gz-o) = Vt-[gz-ol 4 szoqzoo
= = A A g A g A
= Vt-[gzmt + gzozez] + JU zeg e, ¢ Z°g,°ze, }
39,
= Uy oluged ("g * O * azc ) Ize,
r
= (9, 09,000, + | gP + g5, + Ve jZe (22c)
t YT Tt Z (44 dy z

so that substitution of equations (22) into (21) leads to

2
2 én (p’') = , Ar ’ ’
Qt(p, Q) = kc ICS nz (qz(plp )mt(p',l) + ygzc(plp )Jtez(p X)) dS’
c

+ €eD (23)
&n(p") ,
s Jes a2 (19, °g,(pIp' ) 1o, (p, ) + g, (plp’)jZe (p*, X)) dS’
]
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vhere the function g, is given by

r
39 Zc
oy

’ P r
g,(plp’) = gy * gy *
Using (19b), Jlez may be eliminated from (23) resulting in

2
R | IJ‘ én (p’') = 'ye , ,
et(p, 2) Qt(p, Z) + kc cs nz gz(plp ) .t(p , %) dS (24)

2
én (p') o .= , , .
+ v ICS - [vt gz(p!p )loot(p , %) dS

2
c
2 W' (p)
- vkl én (p’) r , , , t , } ,
ch Ics 2 Gy_c‘P'P ) {Vt'ot(p 3 v /3 : . .t(p ,2)4dS
n n (p’)
c
Vin (p’)
gt P

2
) én (p’ . } '
v, .[cs * @ (p’,2)(dS".

) . ’ ’
2 g,(plp") {Vtoot(p yZ) »
n
c

It is desirable to eliminate the terms in (24) wvhich contain vt..t by

n (p’)

integrating by parts. This is accomplished by using the tvo-dimensional

divergence theorem

A
[cs YAt ds = [ neatp) a1

A
vhere CS has boundary contour I' and n is the outvard unit normsal vector.
Let g represent either °§c or g, in (24). Using the vector identity

vt-(u) = ¢ VoA + Wped, it is discovered that

2
2 |, V.n (p’)
&'—;-L) g(plp'){v;:'ot(p',t) . %—— . ot(p'. Z)}
n, n (p’)
n (p’) 0 (p’)
. v{.{—;L— g(plp')ct(p',l)} - —29— e, (p’, 2) eV glplp’)
n n
c c
2 (25)
V{n (p’)
- glplp’le, (p’', Q)0 —— ,
t 2
n (p’)

Application of (25) along vith the tvo dimensional divergence theorem
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allovs (24) to be written

2

i 20 $n(p) = .

ot(p, Z) = ot(p, T) + kc Ics nz gz(plp')-ot(p',Z) ds (26)
c

(p’) .. = , , ,
t Ics 2 [V, *9,(p!p’ ) 1ve (p’, 3) dS
[

( » » ’
. yk Ics x L 97 (p1p’ ) ve, (p*, T) dS’
c

V.n (p’)
————— ’ r ’
+ ICS n:(p') . ot(p » %) gzc(plp') ds

- II‘ 8—“—(9—— gz (plp’) .t(p ,Z)on dl’

c

_L 4 ’ 4 ’
v, {Ics ol CRCTER XTI
[~

2
V{n (p’)
+ ICS -—z"_ . ot(p',t) g,(plp’) dS’
n (p’)
- Il‘ Mg!(plp ) ot(p Z)-n dl’
n

c
Finally, after combining terms and performing a considerable amount of
algebraic manipulation, (26) simplifies to
\
0 (p0) = & (p2) + ky [ &n(p) G, (plp ) ve (', 1) dS* (27

t
2
‘n (p’)
’I vtnp
cs

4 4 ’
nz(p') ° .t(p » %) gtz(plp ) dS
Sna(g') A
- II’ 2 gtz(plp') ot(p',l)on' dl’

. ICS gta(plp )nt(p , %) dS
c
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vhere the quantities atl' - APY and ;ta are given by
r

= i P Ap A A r aglc A

Opy = 19z T XX T Y\ Yz y

ag,
A2y P r (4]
Oe2 = Y9z * % ("z * 9zt * oy )

r
= 'v{*a_[r . r .”ZCI}
93 Yt Q Yoy |92 * 92t * Ty IS¢

It should be noted that while ;u and ;ts are dyadic functions, g, is

simply a vector quantity.

3.4 SUMMARY

Due to the inseparability of boundary conditions for the general
integrated optical circuit, development of a Hertzian potential Green'’s
dyad for this system is intractable. An integral equation, based on
identifying an equivalent source system, circumvents this difficulty.

An electric field integral equation (EFIE) for a generally heterogeneous
dielectric, immersed vithin the cover of the tri-layered background, may

be vritten as

2
2 '
Er) = (k. o+ Wo) [ SAEL BeriptyoBiry ave o B (28)

vhere 6 is the Hertzian potential Green’s dyad for the layered surround
and Ei is the impressed field vhich radiates in the absence of the die-
lectric obstacle. Solution to (28) is unique since it solution satis-
fies Naxvell’'s equations along vith the appropriste boundary conditions
across the surface of the optical device.

For an axially uniform guiding structure deposited vithin the cov-

er, the integrand of (28) becomes convolutional in z as ﬁ-t. A Fourier



transform in z is prompted and leads to the transform domain EFIE

€p, Q) - (k> ¢ T .[cs —ng(plp')oo(p' Z) ds’ = el (p, T) (29)
n
c

-JZz" and 6 = v; . ;jt is the transform of the

vhere e = F(E}, a = r«é».
del-operator.

Finally, in the transform domain, the transverse field components
are uncoupled from the longitudinal component. The transforms domain

EFIE for the transverse components is wvritten as

i 2 2 . pd 4 4 14
ot(p, q) = ot(p, ) + k, ICS én (p’) gu(plp )oot(p » %) ds' (30)

2
V/n (p’)

t 4 14
+ ICS z_' ® ot(p’,t) gtz(plp ) dS
n (p’)

- 6n_<e'_ ' '
Ir n gtz(plp ) ot(p ,Z)on dl

(>}

2
én (p’) = , ,
. Ics ) g (plp')ee (p,2) dS

vhere the dyads ;tl and ;ta' as vell as the vector g,, ore given by

ag,
= Ar A r (-
Oy, = 107+ xogx oy (“Zn * oy )”

3%
P. Zc
0, = TROG * 9 <°z 02t * oy )

o
.V { [ agtc }
93 " "t ’ay O2n * 92t ° ay I}°

31



CHAPTER FOUR

THE PROPAGATION-NODE SPECTRUM

4.1 INTRODUCTION

As vas stated in Chapter three, the transform-dowmain EFIE (3.29)
may be used to identify the propagation-mode spectrum of longitudinally
invariant integrated dielectric vaveguides. Analysis of solutions to
(3.29) in the complex Z-plane facilitates this identification. Use of
Cauchy’s theorem for contour integrals (17, pp.218-220] allovs the ini-
tial real-line inversion-integral of the transform-domain electric field
to be deformed. An appropriate choice of contour deforsation reveals
that the field decomposes into tvo types of modes.

Before identification of the propagation-modal types may be made,
location of Z-plane singularities of the transform-dowmain field must be
determined. Due to the complicated nature of the integro-differential
operator appearing in (3.29), firm mathematical statements regarding the
locality of these singularities do not exist. Nevertheless, heuristic
arguments vhich have intuitive appeal may be made to determine the
placement of these singularities. These arguments are supported by
situations for vhich solutions (or numerical approximation to solutions)
are knovn (e.g. (20, pp.485-5081).

Existing singularities in the Z-plane are either isolated (e.g.
poles) or branch points vith associated branch cuts. It is shovn that
at simple poles, modal fields satisfy the homogeneous transform-domain

EFIE. These modes comprise a discrete spectrum vhich is associated with
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surface vaves supported by the vaveguide. A continuous spectrum arises
from solutions to the forced EFIE (3.29) along an appropriately chosen
branch cut. It is argued that superposition of this continuous spectrum

leads to the radiation field of the vaveguide.

4.2 COMPLEX Z-PLANE ANALYSIS

Inversion of the unknovn transfors-domain electric field in (3.29)

can be obtained as the Cauchy principal value (17, p.317]
1 R jZz
E(r) = jim =% IR e(p, 2) %% gz (1)

Deformation of this real-line integration requires knovledge of the
singularities of e in the complex Z-plane. Since e is described in
(3.29) through the Green’s dyad ;Z' it makes sense to discuss Z-plane
singularities associated vith ;Z' It is argued that any Z-plane branch
point of ;Z is also a branch point of e. After locating these branch
points, a discussion of the appropriate branch cuts is given. Finally,
Cauchy’s theorem for contour integrals is used to determine the appro-

priate contour used in identifying the propagation spectrum.
4.2.1 GREEN’S DYAD Z-PLANE SINGULARITIES

As seen in the previous chapter, scalar components 9208 of az are

represented by spectral integrals having the generic foras

e PYH’! I T(xx")

d&. (2)
4npc

gzuo(plp') = I Hup(k)
The integrand of (2) has a complicated functional dependence on the
2%
i) .
chosen to satisfy the physical constraints vhich require wvaves to decay

2 2
vavenumbers P, = (E +«+ X -k The signs of these square roots are
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and propagate outvardly. These conditions are satisfied vhen Ro(pi) >0
and Il(pi) > 0.

Note that integration in (2) passes through ¥ = 0, vhence P, "V
vhere Yi = (Zz- k:)“. In order to ensure that p1 remain single-valued,
it is necessary that vy is single-valued vith Ro(yi) > 0 and I'(Yi) > 0.

Therefore, ;t has branch points at tk, in the complex Z-plane. Branch

i

points at tk, are removable singularities, hence not implicated, since

£

all integrands for the components of az are even functions of Pg
4.2,2 ELECTRIC FIELD Z-PLANE SINGULARITIES

An indirect method of proof may nov be used to shov that e shares
the branch points of ;Z’ Assume that e is an even function of Yb (Y.)
so that the singularities at Z = tkc (T = tk.) are removable. Then the
inner product of ;Z vith e, vhich appears in the integral operator for
the scattered field of (3.29), yields a function vhich has branch points
at tkc (2k.). Since both the scattered and impressed fields have these
singularities, so does their sum. The sum of the scattered and im-
pressed fields is the total field e vhich vas assumed to have removable
singularities at Z = tkc (T = tk.). This is the desired contradiction
vhich establishes that e must have branch points at tkc (tk.).

In addition to the branch point singularities, e may have a finite
number of isolated singularities. The existence of a pole singularity
depends on the cutoff characteristics associated vith the wvaveguide.
Chapter five is devoted to a detailed discussion of this topic. For
the present, it is assumed that a finite number 2N of simple poles exist
at T = ttn (n=1,...,N). The possibility that e has poles of higher

order is discussed.
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Figure 14 shovs the location of the singularities of e in the com-
plex Z-plane. Real and imaginary parts of Z are designated lr and Zi
respectively. Under the assumption that the optical system has limit-
ingly small loss, all singularities reside in quadrants tvo and four and
are infinitesimally displaced off the real Z-axis. Simple poles are
confined to the region such that ll:l“x > I(Zn)l“x > lk.l vhere lkl..x
is the maximum value of k = ni(p)k,. Branch cut lines originate from
each branch point and extend to the point at infinity. At this stage,
these cuts may be chosen arbitrarily so long as they do not intersect

the initial inversion integral. Subsequent analysis involving contour

deformation demands a particular choice for the branch cuts.
4.2.3 CONTOUR DEFORMATION

Calculus of residues provides a poverful analytic technique for
evaluating certain types of definite integrals. Specifically, the resi-
due theorem (17, p.275) may be used to deform the initial real-line in-
version integral in (1). The details of this deformation are given
belov.

Consider the closed contour C in the complex Z-plane as shown in
Figure 15. The line segment -R < lr < R is closed in the upperhalf
(loverhalf) plane vith a contour consisting of the upperhalf (loverhalf)
CR of the circle IZl = R vhich detours around the branch cuts Cb. Sinée
e(p, ) exp(j%z) is analytic inside and on C except at the points Zn

(tln), the residue theoream guarantees

jgz jlzl

Ic e(p, ) ¢I°% dZ = 2nj T Res_le(p, e

vhere C is taken in the positive sense and Rean( ] denotes the residue
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Figure 14. Complex Z-plane singularities of the transform-domain
electric field.
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Figure 15. Closed contour C in and on vhich the transforms-domain
electric field is analytic except at Z = Zn.
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of the bracketed quantity at Zn (tln) vithin the closed contour C. It
is nov seen that
R

IRQ(p, ) e

%2 4z = 2nj £ Res_tetp, 0163 %) - [ etp 1) &I 4z, (@)
n cboc

If the contours Cb of the branch cuts are chosen so that the integration
over CR vanigshes as R-w, then the space-domain electric field as given

by (1) may be expressed as

jiz

E(r) = 52 (2n) I Res_te(p, 1ed %) - [ etp, 1) eI a2y, (4)
n Cb

2n

It is nov apparent that the electric field decomposes into the sum of
tvo fundamentally different spectral superpositions. This decomposition
is recognized as a sum of a discrete spectrum and an integration of a
continuous spectrum. The considerations necessary to determine the
appropriate branch cuts Cb. for which (4) is valid, are subsequently
shown.

First, it wust be decided in vhich half-plane the contour C is to
be closed. Without loss of generality, this may be accomplished by
assuming that the space-domain impressed source is a surface current
located at z" such that J(p",z) = J(r") &(2-2") dz" vhere &(2-2") is a

Dirac delta. Then the impressed field ci is of the form

i . -jzzi 2 """. = . (r?) .
elip) e ICS”(kc’ We) g, tplpt)e J—Lj“c ds* dz

vhere CSn is the infinite transverse cross section. O0Obviously, 01 is

- [ ]
proportional to e Jzz . Exploiting the linearity of (3.29), the total

- | ]
field @ must also be proportional to e 2z . Hence, the exponential

§2Uz-2")

factor e appears as part of the integrand in (3). In the upper-

half (loverhalf) plane, this exponentisl factor is decaying for z-z" > 0

A




(z-z" < 0) vhile it increases exponentially for z-z" < 0 (z-z*' > 0).
Hence, C must be closed in the upperhalf (loverhalf) plane vhen z > z°
(z < 2") so that on CR' e-j!(z-z') vanishes as R-ew.

Second, the branches for each Yi must be chosen so that the inte-
grand of (2) represents a decaying and outvard-propagating vave. This
requires that Re(yi) > 0 and In(yil > O along the initial real-line
inversion contour. Figure 16 is helpful in determining these branches.

% %

Writing v, *® (z - ki) (T + ki) , it is seen that the arguments of each

factor satisfy the inequalities

0 < arg(z - kH* < nr2

-n/2 < arg(z « k¥ <0

since 0 < 9; < nmand -n < 9; < 0. A careful examination shovs that the
sum of these arguments satisfies 0 < 6; + 0; < n. Hence, the argument
of \A lies in the interval 0 < .rg(yi) < n/2. Thus, on the proper
branch, the positive root of \A must be chosen.

Finally, consider the behavior of e along CR' Inasmuch as e is
described in (3.29) through the Green’s dyad ;z, it is intuitively ex-
pected that as 1Z19w, e should exhibit asymptotic properties similar to
those of ;Z’ It can be seen that for X € CR' a increases vithout limit

(approaches zero) as R-#= for Re(yi) <0 (Ro(yil > 0). Hence,

143 max le(p, 2) e3%2% - o, (S)

In order to ensure that CR remains on the proper branch for which

Ro(yi) > 0, the branch cut emanating from k., must be the boundary vhich

i
separates the proper and improper branches. Thus, Cb must be the con-

2
tour defined by Re(yi) = 0. Observe that vhen Re(yi) = 0, \A satisfies
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Figure 16. Determination of the proper branch for each y i
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2 2 2
both (1) Il‘Yi }) = 0 and (ii) Re(yi } < 0. VWriting k1 = ki- jk;, Yi nay

be wvritten as
2 ,2

T S S R T
Yi r

(A" ]
. HER IR IR ER LI H 15

i1

from vhich it can be seen that condition (i) is satisfied if and only if
ole?le®
zrzi = kiki’ (6)

,2
i
In order to satisfy condition (ii), Zr must satisfy the inequality

2 2
(T _+ k¥ ).
r

2 -2 .2
Along the hyperbolas defined by (6), Re(y1 } = Zr (Zr- k i

- ki< Zr < ki' (7)

Conditions (6) and (7) describe the portions of the hyperbolas shown in
Figure 17. A decrease in the losses associated vith the cover and sub-
strate implies a decrease in k; and k;. In the limit of zero loss, the
hyperbolic branch cuts emanating from k' and kc coalesce resulting in
the contour depicted in Figure 18. In either the case of moderate loss
or limitingly lov loss, these branch cuts guarantee that for all X € CR,
Re(yi) > 0. Use of Jordan’s Lemma [17, pp.303-305] along vwith (S) as-
sure that

3%z 4z . 0

ﬁ_i.g ICR.("' ) e

assuring the validity of (4). With the appropriate contour deformation

determined, analysis of the discrete and continuous spectrums proceeds.

4.3 THE DISCRETE SPECTRUM

A discrete-mode propagation spectrum has been showvn to arise from

evaluation of the residues of e at poles in the complex Z-plane. In

practice, it is an extremely difficult task to determine these residues




Figure 17. Hyperbolic branch cuts.
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Figure 18. Coalesced branch cuts.
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due to the unknovn order of the pole singularity. In this section, a
recursive procedure for obtaining the residue through knovledge of the
order of the pole is presented along vith a method to determine the pole
order. Finally, a discussion of the regiwes of surface-vave leakage and

purely-guided vaves is given.
4.3.1 DETERMINING THE RESIDUE

Under the assumption that e has no essential singularities, the
principal part of its Laurent series terminates in some neighborhood of

ln. Assuming that e has a pole of order N at Zn. its Laurent series may

be written
Q_H(p) o_l(p) © -
.(p’z) z —— ,,, ¢ ————— s T e (p) (Z - ) (8)
| 1 L ] n
(< - Zn) (T - Zn) w=0

for 0 < 1% - an < Z for some Z. Substituting (8) into (3.29) yields
e » e ] i
E Q.(p) (< - Zn) = "op{ L 0.(p) (Z - ln) ; + @ (p %) (9)
m=-N n=-N

vhere the linear operator sz is defined by

2
2 - Sn (p') = ety der
Lot = (koo W) .[cs —‘L—n, G (plp’ ) ele) ds’. (10)
[~

By choosing Z sufficiently swall, the impressed field 01 and the opera-
tor ‘bp are analytic functions of ¥ for all IZ - an < Z and may be
expressed by the Taylor series at ln

elp,2) = £ el (2 - 2" (11a)
» n
=0
()
2 (e} s R (o) (ZT-2))" (11b)
op (-3 n
=0 »

vhere the coefficients in the series are given by
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: L e (pZ)
e (p) = ol -
az
n
»
e ()
2 (o) = f; o
P - Y4 Za2 .

Substitution of expressions (11a) and (11b) into (9) reveals
(]

[ [ ]
n » i
L e(p (Z-2)"=£12 L e(p) (Z-2) }(z -2
T P 4=0 °’1{---u " n n

® i »
+Le(p) (T -2C)
[ n
n=0
[} [ ] [ ] 1 »
+ L elp) (T-2C)
» n
n=0

= £ L2 _te(p) (z-2)*"
w=-N i=0 Py

(12)
By wmaking the change of indices q=i+m and appropriately changing the

order of summations, the double series may be converted into a single
series so that (12) becomes

| ] by [n.- ] n
I e(p) (T -2 ) = £e (e . (p)) (T -2)
. R me-n|i=0 Py "1 n
® 4
+ L etp) (2 -2O"
» n
»=0

(13)

Uniqueness of series representation allovs coefficients to be equated

term by term from vhich the folloving relations are obtained:

Hem
e(p) =L 2 (e  (p)) cee "M S m<O
n 1=0 opi m-1i
(14)
Nem i
e(p) =L 2 (e .(p) +e(p) ... 0<m
n iys0 °P; " i n

As can be seen from (14), e (P satisfies the homogeneous form of the
transform-domain EFIE (3.29)

2

2 ~ ~ én (p’) = , .
o_n(p) (kco v;v;-) ICS nz qzn(plp )-o_n(p) ds 0 (1S5)
c
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vhere GL and ;l are respectively the del-operator and the transform-
n

domain Hertzian potential Green’s dyad evaluated at Zttn. After solving

(15) for e_,, (14) may be used to obtain the forced EFIE

e _xP - szo(ol_n(p)) = szllc_n(p)).

A recursive relation results and the residue 0_1 satisfies the EFIE
N-1

e, (p) -2 (._l(p)) =L e |

o o (p)}.
Po i=1 Py

®1-1

In the special case vhere N = 1, the residue satisfies the homogeneous
transform-domain EFIE

2
2 ~ = &n'(p') = ,
e (p) - (kv 99 o) [cs _Ln' gzn(plp')oo_l(p) ds’ = 0. (16)

c
In order for this recursive procedure to be useful, knovledge of the

order of the pole is required. A wethod for establishing the order of

a pole singularity is nov given.
4.3.2 DETERMINATION OF POLE ORDER

As vas shovn in the previous section, solution to the homogeneous
transform-domain EFIE (15) yields a function proportional to the leading
term in the Laurent expansion of the solution to the forced EFIE. Oper-

ating on each side of (3.29) with the inner product operator defined by

2
&n_(p) .
<@t = [oq as ——-P-n, e, (p
c
leads to the equation
i
<e_, le> <o_nlsz(o)> + <o o>, (17)



As asserted by Bagby, Nyquist and Drachman [21], the reciprocity rela-
tion for the electric Green’s dyad as stated by Collin (20) is valid

for the transform-domain Green’s dyad. Therefore, (17) can be written

<e__le> = <olszfo_ 1> <e_nloi> (18)

vhereby substitution of the Taylor series (11b) for the operator sz

into (18) results in
[ ]

<e_ le> = L <elz (e
n=0 Pa

1 (2= 2" o <e_lebs, (19)

Notice that the first terwm in the series of (19) contains the inner

product <olsz (o_n)>. Use of (15) along vith the commutative property
]

of the inner product allove (19) to be written
[}

L <el2 {e
m=1 0p.

1> (2 - 2" x - < o> (20)

Substituting the Laurent series (8) for e into (20) and manipulating the

resulting double series reveals

® Hem »n i
r [ L <e § A {fe ,})> 1 (T =T ) = ~-<e _le>. (21)
w=l-N  i=1 m-1i op1 -N n -N

Since the right side of (21) is not singular at l-!n. uniqueness of

series representation implies that either M = 1 or

Hem
ifl<.--1lz°p1‘.-n)> = O X fOX‘ .'l-n' 2'“,..., -1. (22)

Pole order M may be deduced from (22) by determining the number of val-
ues m for vhich 1-M € m § -1. Hovever, in all of the vaveguiding struc-
tures vhich have thus far been investigated, all poles have been simple
(22). In this case, N=1 and the amplitude coefficient L of the msodal

function e_, can be extracted from (20). Let e(p) » s e, (p) in (20).
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Equating the leading terms of each series in (20) and solving for L

yields

a = - <e_

loi>/<o 2 (e  )}>.
n -1 Top -

10 1 1 1

By exploiting the reciprocal property of the electric Green’s dyad and

using (15) with M=}, a  assumes the familiar form

a = - 1 -j!nz

>
n
jotc

IV J(r)-o_l(p) e

dv / <e_ "bp (0_1)

1"opy
vhich agrees, wmodulo the form of the normalization, to that given by

Collin (20, pp.483-485].
4.3.3 SURFACE-WAVE LEAKAGE

The physical phenomenon of surface-vave leakage from open-boundary
integrated dielectric vaveguides vas identified Peng and Oliner (2, 3]
through use of an elaborate mode-matching method. A leaky vave is a
surface vave vhich propagates in a direction deviating from the vave-
guiding axis. As stated in [(2,3], leakage may actually be a desirable
effect in certain applications of novel devices such as a leaky-vave
directional coupler. Hovever, the vaveguide is usually used as a compo-
nent in an optical or millimeter-vave integrated circuit, and this leak-
age can cause unvanted coupling betveen circuit devices. It is there-
fore essential to knov vhich modes, if any, of a particular guiding
structure are leaky. An examination of the homogeneous transform-domain
EFIE is used to predict vhether a mode is leaky or purely guided.

Suppose that e has a simple pole at Z = Zn. Then the residue e,
satisfies the homogeneous transform-domain EFIE (16). Scalar components

(qz )uﬂ of the reflected Green’s dyad appearing in (16) are of the form
n



“p_(A)(yey’) ,
r , e c jeUx-x’)
(qzn)up(plp ) = I SN B TXE dt (23)

vhere W is representative of Rt' Rn and C. An alternative form for

of
(23) may obtained by deforming the initial real-line integral in the

complex I-plane. The I-plane singularities of the integrand of (23)

2
% and t(Zn- k.)” along vith associ-

2 _2
ated branch cuts and a finite number of poles at tp = t(lb- Zn)“ vhere

2
consist of branch points at :(Zn- kc)

Ab corresponds to the poles of W If the branch cuts are taken along

@.

the familiar infinitesimal-loss hyperbolic contours showvn in Figure 19,

then the analysis of section 4.2.3 applies to the deformation of the

initial real-line integral in (23) and the scalar components of 92 may
n

be written

“P_(X )(y+y’) ’
: ePcp TV .
(95 1, (PIP’) = I RestW y(\)) &—S-Brrs oI fp!x-x’!
n P c Pp

.-pctk)(yOy ) JEx-x’1

- I IUREN e
c,"os amp_(0)

dt (24)

vhere evidently (g; )uﬁ decomposes into the sum of a discrete spectrum
n

and integration of a continuous spectrum.

Observing that Ab is confined in the interval k. < Ab < kf vhereas

Z lies vithin the interval k < Z < k , it is clear that either Z_ >
n s n nax n

2 2
A_ or Zn < Ab are possible. 1If Zn > Ab. then Zp = (Ab— ln) sust be

P
purely imaginary and the x-dependent function appearing in the residue
series of (24) is exponentially decaying. In this case, the time-aver-
aged transverse pover flov is zero and the surface vave is purely bound.

On the other hand, if Zn < Ap' then tp is purely real and pover is

transported transversely. This leaky vave propagates in the direction
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Figure 19. Hyperbolic branch cuts in the complex Z-plane in the limit
of lov loss.
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' -1
vhich makes an angle 6 = tan (Re(tp)/ﬂe(ln)l vith the vaveguiding axis.

This agrees vith the result given in (2, 3).

4.4 THE CONTINUQGUS SPECTRUM

A continuous-mode propagation spectrum has been shovn to arise froa
solutions to the forced transform-domain EFIE (3.29) at each point along

the hyperbolic branch cut C._ shovn in Figure 18. An examsination of the

b
spatially dependent functions vhich appear in the integrand of ;Z re-
veals that ;Z is a spectral superposition of oscillatory y-dependent
vaves. Hence, the continuous spectrum is appropriately called the radia-
tion spectrum.

Each spectral component of the radiation spectrum may be regarded
as a superposition of solutions to the transform-domain EFIE vith elem-

entary (point source) excitation. Consider the form of the impressed

field oi as given by

i . 2 o~ o= 1(p*, %)
e (p 2) Icsﬂ"‘c' We) 'z("'p')' j“c ds*

- . 1, 3) .
Icsn‘ [  ETITAY o, dz ) ds

vhere ig(plp’;!,!) is the integrand of the spectral representation of
(k:0 650) ;z(plp'). A unit point source of current located at p' = p’.
and polarized along & (uf = ;. ;. or ;) produces a component of impressed
field given by [ig(plp‘;t.!)o &]/jocc. This elementary impressed field
maintains the elementary radiation spectral component lu(plp'st.l) vhich

satisfies the transform-domain EFIE
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2
2 fatind Gn(')' » ] " ’
R_(pIp*iL, 2 = (ki+ W) fcs“-;;e—- G,(p1p")e R (p'1p"3E,T) dS

[~
A
. tig(plp-;t,Z)- al/jec,.

Defining a radiation spectral dyad & by

i(plp':t,l) = Ru(plp';t,l) &
@

the total radiation field BR is given by

I § jZz . 3", %)
Er) > fcb daz eI [ gz fcs¢f<pup'.z.z)- Joc ds®

vhich verifies the conjecture (23) that the total radiation field may be

obtained by a tvo dimensional spectral integration.
4.5 SUMMARY

Identification of the propagation-mode spectrum of axially uniform
integrated dielectric vaveguides may be made by analyzing solutions to
(3.29) in the complex Z-plane. By appropriately deforming the initial
real-line inversion integral of the transform-domain electric field, the

space-domain field E may be expressed as

Y
2n

j%z

E(r) = {2nj E Rnn[c(p. Zle } - IC el(p, ) ejtz d?) (25)
b

vhere Cb is the hyperbolic branch cut shown in Figure 17. It can be
seen from (25) that E decomposes into a superposition of two types of
modes. A discrete-mode spectrum arises from evaluation of the residues
of @ at poles in the complex Z-plane vhile spectral components of the
continuous spectrum are solutions to (3.29) slong the branch cut Cb'

The residue e_, of e at a pole ln is obtained by a recursive proce-

1
dure. Under the assumption that e has no essential singularities, the
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principal part of its Laurent series terminates. The leading term in

the Laurent series e_, (NM21) is shovn to satisfy the homogeneous EFIE

2
_ 2 ~ o &n (e') = R »
Q_“(p) (kc0 v;vh-) ICS nz gzn(plp ) o o_n(p) ds’ = 0.

c
If ¥ > 1, then higher order terms are solutions to the forced EFIE
Hem

e (p) =L R (e
n jsg OP3 " i

(p)} ces 1-M S m S -1 (26)
vith ‘bp given by (10). In order for (26) to be useful, it is necessary
to determine M. This is accomplished by deducing the number of values

wm such that

Hem

L <e 2 {e L})>=0 ... for m=1-M, 2-4,..., -1
i=1 mn-i op, -N

is satisfied.

Surface-vave leakage is the phenomenon in vhich a surface vave
propagates in a direction vhich deviates from the axis of the guiding
structure. Through an analysis of the homogeneous transform-domain
EFIE, regimes of leaky and purely-bounded vaves are identified. 1If Ab
is a pole of the integrated background, then a purely-guided vave has a
pole Zn < Ab. If ln > Ap’ then the surface vave is leaky and propagates
in the direction vhich makes an angle 6 = tln-llke(!p)lke(ln)] vith the

vaveguiding axis.
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CHAPTER FIVE

AN ASYNPTOTIC EFIE

S.1 INTRODUCTION

In this chapter, an asymptotic form of the transform-domain EFIE
(henceforth designated an AEFIE) is developed vhich is appropriate to
the study of dielectric vaveguides capable of supporting a surface-vave
mode vith no lov-frequency cutoff. It is a conjecture that such a sur-
face vave can exist on any axially-invariant dielectric vaveguide im-
mersed in a uniform surround. Although it is beyond the scope of this
discussion to prove this claim, examples are given vhich provide evi-
dence to support it.

By the simple example of the graded-index asymmetric slab vave-
guide, it is shovn that unless the guiding surround is uniform, the ex-
istence of a surface-vave at limitingly lov frequency cannot be guaran-
teed. Alloving the surround to becowme uniform, the asymptotic form of
the fields and propagation numbers for the TE and TM modes are computed
directly from the integral equation formulation. Specializing the situ-
ation to the step-index symmetric slab vaveguide, these limiting forms
are shovn to agree vith the small argument approximation of the vell
knovn results as given by Marcuse (10, pp.13,161].

Next, the step-index circular fiber is examined. Again, both the
asymptotic field and propagation number are extracted from the AEFIE.
These results are showvn to concur vith a ssall argusent approximation to

the vell knovn results as given by Johnson [24].
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Aside from the academic purpose of proving the aforementioned hypo-
thesis, the (AEFIE) provides a favorable alternative to numerically im-
plementing the non-asymptotic EFIE in the investigation of surface vaves
propagating in the regime vhere the phase constant approaches the vave-
number of the surround. While no numerical results are given here, this

is suggested as possible research for the future.

5.2 THE GRADED-INDEX ASYMMETRIC SLAB WAVEGUIDE

The geometry of the graded-index asymmetric slab is shovn in Figure
20. A guiding region of thickness t and refractive index n(y) is depos-
ited over a substrate region (y < 0) vhich is characterized by index of
refraction ng: The cover region (y > t) has refractive index n. Obvi-
ously, the background of this guide is a specialization of the tri-lay-
ered surround vith ne = n. It is assumed that the excitation of this
system is uniform along x, thereby rendering the total electric field e
independent of x.

The x-invariance of e allovs a specialized form of the transforms-
domain EFIE (3.30) for the transverse field to be formulated from vhich
a pair of uncoupled integral equations for e and ey are readily devel-
oped. This latter derivation is lengthy but the resulting equations
simplify the subsequent analysis. The EFIE for the x-component of field
is used to shov that dielectric vaveguides imwersed in a non-uniform .
surround can be incapable of supporting a surface vave vhich has no lov-
frequency cutoff. For the special case in vhich the background is uni-
form, the uncoupled integral equations are used to obtain asymptotic

(yc*O) forms of the propagation vavenumbers for tvo independent modal

types vhich agree vith vell knovn results for step-index guides.
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Figure 20. The graded-index asymmetric slab vaveguide.
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S5.2.1 EFIE FOR THE ASYMMETRIC SLAB

Since both the refractive index n and the field are not functions
of x, the vector 9> and the dyads ;tl and ata are the only functions
appearing in equation (3.30) vhich depend on x’. HNotice that these
quantities are composed of functions gt(plp') vhich have the generic

form

-p.lyy’l '
"y = e 'c JE(x-x’)
gt(plp ) I Ht(k) -——z;;;-—- e d&.
Therefore, carrying out the x’-integration in (3.30) involves integrals

of the type

-p.lyty’!l ’
e 'c JjE&(x-x’)

g, (plp’) dx’' = I l I W (A) ==——F— e d¥ } dx’. (1)

I t t 4npc

Exploiting the Fourier inversion theorem [17, p.317], (1) simplifies to

I d W, (Z=0 e YT 2)
( ' ') x' s ( z ) A ———————— (
g, (plp ¢ 2v,

vhere it is seen that each of these integrals is independent of x. Use

of equation (2) reduces (3.30) to the specialized EFIE

(yly')'ct(y',l) dy’ (3)

e, (y, Q) oi(y 2) kz I &Iz( ") l.l
=
t Y t * o o y t1

. It 2n'(y’) h

niy ") t2(yly') ey(y',l) dy’
o

2
én _(y’) , )
nz htz(yly ) oy(y .l)}
c

2

t '
. f éa_%z_L ‘ta(yly')oo (y’, %) dy’
0 n

y'=t

y'=0

t
c

vhere the dyads ;t and b, as vell as the vector h

1 t3 ¢ Ore given by the

expressions
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r
ah
= a a a a
By, = BP ol x o y(h;n a;c)" (4a)
r
ah
A r 2 P T Zc
bio ® ¥ 1 khze * oy ["z * bzt * oy ]} (4b)
r
2 - ah
A ) r r Tc|lA
‘ta =y { —ay' [th * Mz * oy ]}y (4c)

p .r r r
Scalar functions hz, th, hln' and hlc may be written as

e Y'Y V'l

Prviv’
hz(yly ) = 2y
c
r N N
h;t(yly') ry
=Y. (y*y")
r , e 'c
< by, yty ) > 'ﬁ r —ZYc
h§ (yly”) c
c
" y, . /

vhere the reflection coefficients Ty and r, as vell as the coupling co-

efficient c can be calculated by letting n_ = ng and %=0 in the expres-

£
sions for Rt' Rn' and C tabulated in Chapter tvo. Effecting these spe-

cializtions, it is found that

i
r = Y Vs

2
N Ye*Ye

20%-1)
Yo

c=—
(N ycoy.)(ycoy.)

2
i

As stated in Marcuse (10, pp.7-8], the invariance along x allovs

2
vhere N = (n./nc) and as before Yi' (T -k )* vith i=s,c.

modes of the asymmetric slab to be classified as TE (transverse-electric
vith 0280) or TH (transverse-magnetic vith hz-O). Examination of Nax-

A
vell’s equations reveals that the TE modes have e = xe_, vhile the T™M
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modes have e = ;oy¢ ;ez. Through a careful inspection of EFIE (3) and
equations (4a)-(4c), this uncoupling of the transverse field components
becomes apparent and is manifested by a further decomposition of this
EFIE into tvo independent equations for the x and y-components of field.
TE wmodes are described entirely by an EFIE for the x-component of field,
vhile the TH modes can be characterized through an EFIE for the y-compo-
nent. By vwriting the x-component of equation (3), the EFIE for the TE

modes is found to be given by
2 t z 14 ’ » ’ 1
ex(y,l) = kg Io é&n (y*) hxx(yly ) ex(y » &) dy’ « ox(y,t) (3
vhere the function hxx is defined as
’ P r
hxx(yly ) = hz + th

L X

. (6)

2Yc

Similarly, the TH wmodes arise from the y-component of equation (3) and

are described by the EFIE

t _ 2
2 én_(y’) , ' , i
ey(y,Z) = kc Io nz hlyy(y'y ) oy(y L) dy’ ¢ ox(y,t) (7)
c
.Itz"" L h _(yly’) e (y’, Drdy’
o“(Y') tzyy YY' Y

&n’ty’) y'=t
- h . (yly’) e (y’, %)
n: t2 y

y’'=0

vhere htz and the function hlyy are defined as

2 r r

3 h 2 dh
’ 2 p (41 2 9 r Zc
hlyy(yly ) = kc hz + ay' + kco 2 hzn’ -3;— (8a)

T

, 2 2_J,P s+, 2C
htz(yly ) = kc hzc + 2y hz . hlt . o |° (8b)
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Elementary forms for (8a) and (8b) can be established through insightful

administrations of the folloving relationships:

r r
hzt Pzt
a_ J),r\,. . r
ay \"zn Yo\ Pzn (Sa)
r r
htc hlc
2 2 2
v. +k =1 (9b)
c [~]
Zz = (9¢)
c Ycrt chn.

Performing the required algebra is straightforvard and thus the details
have been omitted. Using equations (98)-(9c) allov (8a) and (8b) to be
reduced to

h, (yly’) = k- (hP + h' )
lyy yly c 4 Zn

. Pt R A AL N r e Y YY"
z k 2 —
c YC

2 P - T

heotyty®) = o thz = M

Y L YY)

L4 2y,

Finally, a simplified form for EFIE (7) is obtained and can be expressed

t
i 2 2
e (y,%) = @ (y’',T) + k & (y’) h (yly’) e (y’, Q) dy’ (10)
Y Y. y Y 0 lo b4 Yy yly Y Yo Yy

t . ,,.,. 3 (yly")
22 (? ) YY e (yo'z) dY'
o Ny") 9y y
2 h ’ 'z
) S (y’) ahyy(yly ) v D) y'=t
2 ay .Y y ’
n, y'=0



vhere h__ and ; are given by
)24 Yy

A AR o
h (yly’) = —
yy 7Y 2y,
- -y’ - ’
_ A AR
B (yly’) = — .
yy 7Y 2v,

With the development of the uncoupled pair of integral equations (5) and
(10) completed, investigation of dielectric vaveguides wvhich support

surface vaves at limitingly lov frequency.
5.2.2 TE NODE AEFIE FOR THE ASYMMETRIC SLAB

It is nov shovn by means of an indirect proof that there is no TE
surface-vave mode of the graded-index asymmetric slab vhich exists for
arbitrarily swall frequency. As an obvious consequence of this observa-
tion, a surface vave vith no lov-frequency cutoff cannot be assured to
exist on every dielectric vaveguide vhich is placed in a non-uniform
surround.

Recall from Chapter four that solutions to the homogeneous version
of (S5) are modal fields for surface vaves. Hence, TE surface-vave modes

of the asymmetric slab satisfy
e (y) = k I &n (y’) h__(yly’) e _(y’) dy’ (11)
x °J, y xx x

for discrete eigenvalues Zn € (k.,k..x) vhere k = lgx(n(y)ko).

max
Nov, it is assumed that equation (11) has a non-trivial solution

for limitingly lov frequency. As k, approaches zero, ln must also tend

to zero since it lies in the interval (k..k..x). Therefore, for asymp-

2 2
totically small ko, v,= (2 - k¥ ~

i 0. Nov, the limiting form for
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small \A of the Green’s function hxx is found by approximating the expo-
nentials in (6) by the leading term in their Naclaurin series. As 7140.

hxx is asymptotic as

hxx 2y

= 1/0y, + ¥

Therefore, the asymptotic form of (3) is given by the AEFIE

2
k

—L—j‘tanzt ‘) e (y') dy’ (12)
Ty g S eyt dy

e (y) ~
x y Yc

Noting that the right side of (12) is independent of y, it is necessary
that e is a spatial constant. Solution to (12) is assumed to be non-
trivial so that each each side of this equation may be divided by e

Effecting this division reveals
2
<én >t (13)
2 2
vhere <én > designates the average of &n and is expressed as
2 1 2
<én > t I én (y) dy.

For n, 4 g the right side of (13) may be wmultiplied and divided by the

quantity Yo - Yg 8O that

Y. " Y
o~ 2 . ¢c s
1 ko <én >t 2 2
Yo~ Yg
<6n2>t
s < 3 (Yc - Y.)- (14)
n - n
s c

It is apparent that (14) is inconsistent wvith the hypothesis that yido

unless n, = n, thereby establishing the desired contradiction. That is
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to say that unless the guiding surround is uniform, there is no TE sur-
face vaves vhich exist at limitingly lov frequency.

A direct result of this development is that determination of the
asymptotic propagation vavenumber for the dominant TE mode of the
graded-index symmetric slab is facilitated. Letting n, = ng in (13) the

asymptotic form of Yo is found to be
2 2
Yo ~ kg, <&n >t/2, (15)

It should be emphasized that in order for (15) to be valid, it is not
necessary to assume that k,30. Letting n, = n, in (11), the only as-
sumption vhich needs to be effected is that the exponential may be ap-
proximated by the leading term in its Naclaurin series. This dewmands
that yct is asymptotically small from vhich (15) implies that the pro-
duct k: <8n2>t/2 tends to zero. Therefore, subsequent developments do
not impose the restriction that k, must be small but rather assume that
the product of Yo vith the maximum chord of the guide aspproaches zero.
The asymptotic expression (15) may be specialized for step-index

guides. If the index of refraction n of the guiding region is a con-
stant, then the contrast of refractive indices is designated Ana. The

asymptotic form of Yo for the step-index symmetric slab becowes

2
Y, "~ Ak t/2 (16)

vhere Ak2 = Anzk:. This expression is nov shovn to agree vith the small
argument spproximation of the vell known result given in (10, p.13).

It is shown in [10, p.13] that the mode of the step-index symmetric
slab vhich exhibits no lov frequency cutoff has as its characteristic

equation
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k tan(kt/2) = Yo

2 2 2
vhere k = (n k, - Zn)x. Approximating tan(xt/2) by the leading term of

its Maclaurin series, it is discovered that
2
(t/2) ~ yct/2.

2 2 2 2
Using the fact that x =+ Yo © Ok , it is easily seen that \ ~ &k t/2

vhich is precisely the relationship given by (16).
S.2.3 TN MODE AEFIE FOR THE SYMMETRIC SLAB

Deriving the AEFIE for the TM modes of the graded-index symmetric
slab is slightly more involved than the corresponding developwment for
the TE modes. Again, surface-vave modal fields are solutions to the
homogeneous version of (10). In addition, the symmetry of the back-

ground iwmplies r. = 0. Then the small Yo approximation for hyy becomes

h, (yly’) ~ 1/2
gy'Y"Y Yo

vhile the derivative of gyy has as its limiting form

3 -1/2 ... for y > y’
3y h (yly’) ~ (
y vy 1/2 ... for y < y’

Effecting all of these simplifications results in the AEFIE
2

e (y) ~ Ko I sn (y') e (y') dy’ (17)
y y 2Yc 0 y y 4 y
t n‘(y’)
- ’ ’
{ Io n(y ) e (y ) dy’ Iy aty") QY(Y ) dy l
1 2 2
- =3 &n (t) e (t) + &n (0) e (0); .
2n y y
c
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A closed form solution to this AEFIE exists and can be obtained by dif-
ferentiating (17) with respect to y. This transforms (17) into the

first-order ordinary differential equation

, ~ . 2n'(y)
ey(y) nly) ey(y)

-2
vhich has the vell knovn solution oy(y) «an (y). A substitution of

)

this solution into (17) leads to

2 2
_ k .t én (y) -
n z(y) ~ 2 = I 2 dy é-<{n z(y')
Ye "o n (y)

b4

-2
-n (y")

(]
2 2
. | én_(t) _ é&n (0) }
2 2 2
2n n (t) n (0)
c
from vhich the asymptotic form for Y, emerges as

2
k

t
~—9-J' &n’(y) (n /n(yn - d
e "z y) (n_/nty Y.

If the index of refraction n of the guiding region is a constant, then

the limiting form of Yo simplifies to
2 2
Y. ~“ (n_/n) &k t/2.
c c

This expression is nov shovn to agree vith the small argument approxima-
tion of the vell knovn result expressed in (10, p.161].
It is shown in (10, p.16] that the characteristic equation for the
dominant TH mode is written
2
(n_ /n) «x tan(kt/2) = vy
c c
2 2 2 %
vhere as before x = (n k, - Zn) « A similar development to that for the
TE characteristic equation shovs that the asymptotic behavior of Y, can

2 2
be expressed as Yo ~ (nc/n) &k t/2. This agrees vith the result
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obtained above.

S.3 A _GENERAL AEFIE

Attention is nov directed tovards obtaining an asymptotic form of
the transform-domain EFIE (3.30). Since the example of the asymmetric
slab demonstrates that an integrated dielectric vaveguide can be incap-
able of supporting a surface vave at arbitrarily lov frequency, an AEFIE
is developed only for those guides placed in a uniform surround. In the

absence of a layered background, EFIE (3.30) becomes

i 'I 2. o'y aPlolo’ 'y dS’
et(p,Z) = ot(p) + k, cs én (p’) g:(plp ) .t(p ) dS (18)
v, z( )
n (p
t lp'l
+ ICS 7, . et(p ) 9%gz(plp ) dS
n (p’)

2
f 8 tp') o Piointy @ (al Z)en dl?
Ir 2 v;gz(plp ) ct(p , &) en di

n
c
vhere the principal Green’s function and its gradient can be expressed

in terms of the Ko Bessel function as

P , Y '
gz(plp ) = Zn Ko(yclpvp 1)

Piolo’) = =L Kk’ . oo’
VEQz(plp ) = Zn Kotyclp-p 1) Yo lpp' 1 ° 19)

In order to derive the AEFIE vhich pertains to the homogeneous ver-
sion of (18), an examination of the behavior of gg and v&gg as ycr.40
(r- is the maximum chord of the vaveguide) is appropriate. Approxi-
mating K, by the limiting form for small arguwent as found in (16,

p. 375) shovs that the asymptotic expression for the principal Green'’s

function is



p ’ ~-—l 4
gz(plp ) Zn log(yclprp 1. (20a)

~o
>y logty r,) (20b)

The swall argument approximation for the gradient of gg can be obtained
by using either the small argument approximation of (19) or by directly

formulating the gradient of the right side of (20a). Taking the latter

approach, it can be seen that the asywmptotic form of v;qg becomes
p . ~ 4—1. —EL'-
V£gz(plp ) 2n lpp'l " (21)

Finally, simple substitution of equations (20b) and (21) into (18) re-

sults in the general AEFIE

S § 2 2
ot(p) on log(ycr-) ko ICS &n (p) .t(p) ds (22)

2
v:n (p’) ,
—_— (pi) _m;ds:

|
2n JCS n:(p') lp-p’|

2
A én(p’)) oo _ .0 4y

* n Ir 2 2 ot(p Jen’ dl’.

n lp-p’ |

c

This AEFIE provides a formulation wvhich affords a description of field

behavior in the regime vhere the propagation phase constant is limiting-

ly close to the vavenumber of the background. It vas stated in the

introduction that no attempt vill be made to prove that a solution to

(22) exists for all possible guiding structures. A general existence

proof seems precarious at this time due to the lack of available theory

on coupled systems of integral equations. In all practicality, numeri-

cal investigation of (22) for specific vaveguides may be pursued and is

usually required. An exact analysis of the step-index circular fiber is
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possible and is the topic for the next section.

S.4 AEFIE OF THE CIRCULAR FIBER

Figure 21 illustrates the geometry of the step-index circular fi-
ber. A guiding region of radius a and refractive index n is centered at
the origin of coordinates. As usual, the cover region is characterized
by index of refraction n. A natural choice of the polar coordinates
(p,9) is invoked so that AEFIE (22) can be appropriately specialized.
Outvard unit normal is the unit radial vector a vhere ; is given in
terms of cartesian unit vectors as 3 = ;conq + ;aino. Application of

(22) to the circular fiber is greatly assisted by use of the folloving

expressions:

2
lp~p'l = p + p’- 2pp’'cos(e~-9’)
A A
P =pp - p'p
Use of these expressions results in the specialized AEFIE
(@) ~ - = log( )&’I.I" ) 3
e e 2n o9fy.2 0 in e (P pdedp (23)

2 n A - Al
. EL an_ I p'oot(a,o') 2 2 p__8p a de’
-n P+ a - 2apcos(e-9’)

E ]
4

2
c
Consideration of the axial symmetry of this vaveguide suggests that
an angularly invariant solution to (23) wmight exist. In fact, further
considerations suggest that this solution is spatially independent.

Without loss of generality, the field may be written as ot(p) = ;'x‘

Then, the x-component of (23) simplifies to
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Figur-e 21. Geometry of the step-index circular fiber.
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2
e - log(ycl) Ak e Io p dp (24)
1an” " .
c o e I cosy’ — EE%!! L [~{=/ 1] a do’
n. -n p ¢+ a - 2apcosi{eg-¢')

Evaluation of the angular integral above can be performed in closed
form. Make the substitution ¢-¢’ = 6 and exploiting the periodicity of

the integrand results in

n
I(p, @) .J‘ cose’ _zm:_:__-ﬂ!_“
-n p + a - 2apcos(e-¢’)

n
pcosg - 8COoSi{9-9O)
cos(9-0) :- acos(9-6) de

n P+ .2_ 2apcos®

3

vhereby use of the addition formula for the cosine leads to

(2) 1)

2 1 2
I(p, 9) = pcos ¢ I; - acos ¢ Ic + pcosesing Ia (25)

ince 1'¥ - 2 ine I
asin ¢ I_ acosysiny I__

2 1 2
vhere the quantities I( ). I‘ ), I( ), I: )

, and I
c s scC

abbreviate the

folloving integrals vhich have been evaluated in [25, pp. 366-3681]:

n
(1)
18 =L
n
(2)
1! -I“
n
(1)
1! .J-'“
n
(2)
18 In
n
=]
sc J

cos® dé
2 2
P+ a - 2apcoséd

2
cos 6 dé

2 2
p + a - 2apcosd

8in® d6
2 2
p + a - 2apcosO

2
sin 6 d6

2 2
p + a - 2apcosd

2in® cos® dO

920 .z_ 2apcosé

- 2:(21:)
a-p
2 2

Nat+tp

2 2 2
a a-p
(1}
_n

2
a
0.

(26a)

(26b)

(26¢)

(26d)

(26e)



Therefore, the integral I(p,¢) is indeed independent of ¢. Substituting

equations (26a)-(26e) into (25) yields

2 2
2 o 2 2
I(p) = pcos ¢ 2:( /:) - acos ¢ —% !;1_2; - asin ¢ —%
e -p a 8-p a

Thus, the angular integral is in fact a spatially independent function
vhich implies that e is a constant. Equation (24) finally reduces to

the asymptotic form
2 2 2 _ 2
1~ - log(yca) Ak a /2 - On /2nc

vhich upon solving for log(yca) yields
2 2

n ¢ n, 1
log(yca) ~ - 2 -2 3 (27)

2
n Ok a
c

This expression is nov shown t9 agree vith the small argument approxima-
tion of the vell known result given in (24, p.175).
It is shovn in [10, p.175] that the characteristic equation for the

dominant mode of the circular fiber can be written as

2 2 2 2 2 . )
n+n, n J,(xa)J, (xa) (n + "c)Jz(“‘)Kx‘Yc‘)
2 2 © T 2 2 * R N (28)
(xa) (ycu) (xa) JI(K.) (nn)(yca)Jl(nn)Ki(yén)
2
. "c“o‘Yc"“z‘Yc"
2 2
(ycn) K‘(ycl)

vhere Jn and Kn (n =0,1,2) are the first kind Bessel function of order

n and the modified Bessel function of order n respectively. As with the
2 2 2

characteristic equations for the symmetric slab, x = (n k- Zn)“. The

small argument approximations for the Bessel functions of order n are

found in [16, pp.360,375) and can be wvritten as
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3 tz) - (z72)%/n1

- logz eee n =0
Kn(z) ~{

2n-1

(n-l,‘ Z-n ce e 021

Using these expressions in (28) and simplifying quotients leads to the

asymptotic characteristic equation

2 2 2 2 2
ne+n 2 ne+n 2n_log(y a)
c ~ . =D - c ___¢ ¢ (29)
( )z( .)z 2(&.)z (Ka)z( .)2 ( n)2
xa) e Ye Ye

vhich can be further simplified as follovs:
2( % z) ~ -2 2( )31 ( ) z( )2/2
n+n, n_(xa) log(y_a n (v
~ -2 2( )11 ( ) (30)
n (xa) logly s
2 2 2
since Yo is tending tovards zero. Observing that x = Ak - Yo allovs
(30) to be written as
2( 2 z) ~ -2 2(Ak2 2y 2)1 ¢ )
n o+ n n, & - y.8 )logly.a
22
vhere the product of Y0 and log(yca) vanishes vith Yo Hence,
2(n’+ n’) ~ - 2n° ak'a’ logl(y_a)
n¢+n n, a logly.s

vhereby simple division yields the asymptotic expression
2 2

log(y a) ~ -
¢ nz Ak’aa

vhich is precisely the the relationship given by (27).

S.5 SUMNARY

It is postulated that all axially-invariant dielectric vaveguides

immersed in a uniform surround are capable of supporting a surface-vave
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mode vith no lov-frequency cutoff. The example of the asymwmetric slab
shovs that unless the background is uniform, an arbitrary guiding struc-
ture cannot be assured to support such a surface vave.

For the x-invariant modes of the graded-index asymsetric slab, EFIE
(3.30) can be greatly simplified. This independence along x allovs
modes to be classified as TE or TH. This uncoupling is sanifested by a
decomposition of the EFIE into tvo independent equations for the trans-
verse field components. The TE modes are charscterized by an EFIE for

the x-component of field:
i 2 t z ’ 14 4 4
ex(y,l) = ex(y,l) + k, Io én (y’) hxx(yly ) ex(y , &) dy (31)

vhere the function hxx is defined as

P A A AL N rt,-vcw*y )
h (yly) = . (32)

Zyc

The asymptotic form of the homogeneous version of (31) has no solution
unless the guiding surround is uniform. Alloving the background to be
uniform, the asymptotic field is a constant and the limiting form for

the vavenumber Yo is given by
-2 2
Yo kg, <én >t/2

vhere <6nz> is the average value of an. In the case of step-index
vaveguides, this asymptotic expression agrees vith the small argument
approximation of the vell knovn result given in (10, p.13)

The TH wmodes are described entirely by an EFIE for the y-component

of field:
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t
i 2 I 2
e (y,2) = e (y’,2) + k &n (y’) h (yly’) e (y’, Q) dy’ (33)
YY' YY' o, y Yryy YY' y

oy 14
. t le'(y’) ahyy(y'y ) e (y', ) dy’
o My’) dy b4 LA y
&y’ ahy (yly’) ) y’'=t
- 2 2y e (y’, %)
n y’'=0
c
vhere h__ and ; are given by
Yy Yy
- -y’ - ’
e Yy Y, r e Yelyey’)
h. (yly’) = = (34e)
yy 7Y 2v,
- -y’ - 4
. e Yc'Y y'r r e Yc(Y’Y )
h (yly*) — . (34b)
yy V'V T 2y,

For guides in a uniform surround, the asymptotic fors of the homogeneous
2

versions of (33) has a solution ey ~ 1/n . The limiting form for Yo is

established as

2
3

~—°r5n'()( /nty)) d
Ye "z, y) (n_/nly y.

For step-index vaveguides, this asymptotic form concurs vith the
limiting form of the vell knovn results in (10, p.161].
For dielectric vaveguides immersed in a uniform surround, EFIE

(3.30) becowes

= i 2 I 2 ’ P ’ ’ ’
ot(p, %) Qt(p) + k, cs én (p’) gz(plp ) ot(p ) dS (35)

2
vén ") ’ p ’ ’
. .[cs T * &, (p") Vg7(plp’) dS
n (p’)

2
- én (p’) o P ' , b a1
Ir 2 VQQZ(pIp ) ot(p y&)en dl
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vhere the principal Green’s function and its gradient can be expressed

in terms of the Ko Bessel function as

P P § ’
gz(plp ) 2n Kotyclpﬂp 1)

P 'y £ =L g ’ -l - M
Vng(plp ) Zn Ko(yclprp 1) Yo ip-p'

An asymptotic form of this transform-domain EFIE (designated as an
AEFIE), vhich is appropriate for the study of surface vaves propagating
in the regime vhere the product of Yo vith the maximum chord of CS is

approaching zero, is expressed by

S § 2 2
ot(p) 7n log(ycr.) ko ICS én (p) .t(p) ds (36)

2
v;n (p’) ,
— e @, (p") _u_z ds’

-_IJ‘
2
RS n (p’) lp-p’ |

2
Af &n(p’) 09 _ iyens 41
* on Ir s . 2 e, (p’')en’ dl’.
lp=p’ I

c
Application of (35) to the step-index circular fiber allowvs the asymp-
totic field and propagation vavenumber to be determined. It is found
that the field asymptotically becomes constant vhile the limiting form
for Yo is expressed as

2 2
n e 1
1og(ycl) ~ - ( 3 > 2 32 °
nc Ok a

These results to agree vith a small argument approximation to the wvell

knovn results as given in ([24).
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CHAPTER SIX

APPROXINATION OF THE CONTINUOUS SPECTRUNM

6.1 INTRODUCTION

In Chapter four, complex-plane analysis vas used to identify the
complete propagation-mode spectrum of longitudinally invariant integrat-
ed dielectric vaveguides. It vas found that spectral components of a
continuous spectrum are solutions to the forced transform-domain EFIE
(3.29) at each point along the familiar hyperbolic branch cut. Due to
the complexity of (3.29), numerical spproximations of solutions to this
EFIE are required for all but a fev guiding structures.

Standard numerical techniques such as the method of moments (Mol)
(26) may be used to approximate spectral components along a finite por-
tion of the branch cut. As the spatial frequency increases, the corre-
sponding spectral component of field oscillates wore rapidly. This in-
creasingly oscillatory behavior demands that an extensive number of bas-
is functions be used in implementing the MoN. Accompanying matrix sizes
become so large that the MoN technique is rendered ineffective due to
limitations on computation. Therefore, an alternative method is sought
to approximate spectral components of high spatial frequencies.

In the next section, an iterative scheme is devised vhich wmay be
used to generate solutions to (3.29) for high spatial frequencies. The
aforementioned inadequacies of the MoM are not present in the iterative
method, since each iterate is a closed-form analytic function of Z.

In section 3, the iterative wethod is applied to the graded-index
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asyametric slab. Error estimates of the nth iterate along with conver-
gence criteria and are established for both the TE and TH wmodes. These
criteria are shovn to differ fundamentally from one another due to the
absence of charge in the TE case.

Finally, the graded-index circular fiber is examined. Fourier
series analysis is performed and angular modes are shown to uncouple by
exploiting orthogonality. The first iterate of the angularly-invariant
mode is calculated for the step-index fiber wvhich is excited by an axi-
ally-polarized point source of current. A comparison of the first iter-

ate to the exact solution is made.

6.2 ITERATIVE METHOD

The method of successive approximations is a standard mathematical
technique vhich has a vide variety of spplications. This technique is
used to generate a sequence of iterates vhich converges to the solution
of the prescribed problem. Heuristic argumsents are given belov to moti-
vate the application of the iterative method tovards obtaining spectral
components of the continuous spectrum.

Consider the transform-domain EFIE (3.29) vhich is expressed in
operator form as

ers sz(o) + oi (1)

vhere the operator sz is given by

2
c

2
- a2, oS &n (p') = Ceter der
£ 00) = (kie Tou) [es —L—n ROTSNDN'I

2
If én is in some sense small, then it is plausible to claim that e can
be approximated by the impressed field. Hence, the initial approximas-

o
tion is denoted 0( - oi. A better spproximation is found by
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' )
substituting c‘ ) for e in the right side of (1). This yields for the

1 o
first iterate o( - lbp(.( )) + 01. Continuing in this fashion, a se-

quence of iterates is generated and is given by

(0) i
e = e

) + @ (2)

e+ £ 2 ).

m=1 op

Formally, this sequence converges to solution of (1). Error analysis

makesg discussion of convergence rigorous.
6.2.1 ERROR ANALYSIS

It is natural to inquire hov closely .(n) approximates e. Typical-
ly, this accuracy is measured by the absolute error c(n) vhich is de-
fined as

™ 2 lie - ™t

vhere llel| is a suitable nors chosen to make complete a vector space of
complex-valued functions (complete normed vector spaces are called Ban-
ach spaces [27]). Forming the difference e - .(n) by subtracting (2) .

from (1) reveals

(n) - .(n-l))"

€ = (I (e
op
vhich by inductive reasoning becomes

0
™ - e e - i
op
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= (e e - et
op

= 11e ) ™ern. (3)
op

If lim e(n) = 0, then lim Q(n) = @ vith convergence being in the norm.

Sufficient conditions under vhich the sequence of iterates converges to
solution of (1) are made precise belov by borroving a theorem from lin-

ear operator theory (27, pp.86-871.
6.2.2 NEUMANN SERIES THEOREM

Suppose that ‘bp is a bounded linear operator on a Banach space B
such that the operator norm, defined by

e (£1 11
=)

1Lt y (£ #0)

lll.o Il £ sup
P £€B

satisfies the inequality lllbpll < 1. Then solution to (1) is unique

and is given by the Neumann series (27, pp.86-87]

i - i
exe + L (2 )M e) (4)
n=1 °P
vith convergence of the series being in the norms.
2
For sufficiently small |én I-.x, it is expected that lllbpll < 1.

Unfortunately, the notoriously complex nature of the ‘bp makes formulat-
ing a rigorous proof of this statement rather dubious. Therefore, num-

erical investigation of conditions for wvhich the iterative process suc-

cessfully approximates the continuocus spectrum is usually imperative.
6.2.3 RELATIVE ERROR OF ONE ITERATION

Since each successive iterate obviously becomes more difficult to

generate than the preceding one, subsequent analysis involves the



determination of the accuracy of one iteration. A useful gauge of this

1
accuracy is the relative error c( )

vhich is defined by
rel

1
() te-e' 1

€rel ¥ 7 llell y (3

An estimate of the relative error can be obtained in terms of the opera-
tor norm as follows. First, substituting the right side of (3) (vith n

= 1) for the nuwerator of (5) yields

2
‘(1) . II(ZQE) {e} il
rel liell )

(6)

Next, wmultiplying and dividing the right side of (6) by lllbp(e)ll and

invoking the definition of the cperator norm, it is found that

1L (2 (e})ll 1IZ_ (e}l
t(l) - op op op
rel lllbp(o)ll tiell

s e e i
op op
2
= e 1. (7
op

Therefore, the relative error of the first iterate is bounded by the
square of the operator norm. Inductive ressoning can be used to shov

that the relative error of the nth iterate is bounded by '|sz'|n01.

6.2.4 REMARK

Ag a final note, an observation on the consequence of the defini-
tion of the operator norm is given. Whenever an upper bound of the
quantity lllbp(o)ll/llcll is found, it must be greater than or oqual~to
the operator norm. That is to say, that if a number a is found by some

method such that llsz(e)ll S allell, then Illbpll S o
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6.3 ANALYSIS OF THE ASYMMETRIC SLAB

In this section, the iterative schewme is applied to the graded-
index asymmetric slab of Chapter five. Estimates of operator norass and
relative errors ¢::i for both the Tﬁ and TH wmodes are obtained on the
space of bounded and continuous complex-valued functions equipped with

the sup norm vhere the sup norm is defined by
lle“ll“ = lgp leu(y,l)l, (a=x,y).

It is vell knovn [27, pp.21-22] that this space is a Banach space,
vhence the theorem of the previous section applies.

Spectral components of the continuous spectrum for the TE and TH
modes are solutions to the forced equations (5.31) and (5.33) respec-
tively, at adjacent points on each side of the branch cut Cb shovn in
Figure 22. Noting that the Green’s functions appearing in (5.31) and
(5.33) depend explicitly on (1/yc), analysis is focused on approximating
spectral components of field on the portion of Cb vhere |Re{Z}I| < kc.

In this regime, both Yo and Y, are purely imaginary with
Yo" 39,
Yg" 39,

2 2. % 2 2. %
vhere Q@ = (k - ) and @ = (k - X ).
c c (] s

6.3.1 TE MODE OPERATOR ANALYSIS

The EFIE wvhich describes the x-invariant TE radiation modes of the

asymmetric slab is expressed in operator forms as

e = lTE(o } » oi
x op x x
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Figure 22. Complex Z-plane wvith branch cut C
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TE

vhere the operator £ ~ is defined by

op
t
lTE(e } = kz I Snz( ‘) h (yly’) e (y’,2) dy’
op x °Jd, y xx 7Y x 7 y

for Z € Cb. Along that portion of Cb vhere [Re{Z}I < kc' the Green'’s
function hxx specializes to

- -y’ - ’
e chly y'l . rt' jﬂc(y0y )

hxx(yly ) = 250

c
and the tangential reflection coefficient ry becomes the negative and

real-valued function of Z given by

Q-0
c s

An estimate for the operator norm is obtained from the folloving

relations.

T

12 5te )1 = (kg It &n'ty') b (yly’) e (y',2) d
= 4 ’
op ' ®x o f S0 () b, tyly) ety 0 dy

S kg It sn'(y') h__(yly") e_(y")]| dy’
ol y') h (yly') e (y')| dy

2 2
S kg <én >t [(sup th 1) lle 11 .
, XX X o
Y,y

Using the triangle inequality for complex numbers (17, p.205], the su-
premuns of 'hxx' is seen to be bound by (1 + lrtl)/20c. This provides

the folloving estimate for the operator norms.

2 - 2
TE <&n > (k)
He 1l s ———— 1+ Ir D 8)
200
2 - 2 -
<&n’>(ky)" 20

= 8

20 @+ @
c s [~

vhere Eot kct and 5c= Oct are normalized vavenumbers.
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It is apparent from (8) that the operator nora becomes less than
2
unity for either sufficiently small <én > or sufficiently large Oc.
Hence, convergence of the iterative sequence can be guaranteed vith the

relative error of the nth iterate satisfying the inequality

2 - 2 -
n>ky” 28 \™1

{n) S -_— . (9)

rel

Actual error may be considerably less than the upper bound predicted by
(9). An investigation of the accuracy of one iteration for the step-
index symmetric slab excited by an infinite line source is given belov.
Equivalence of the firat iterate and a first-order expansion in An2 of
the exact solution is directly established. Comparison betveen actual

1
relative error ‘:ei and its estimate in (9) is made.

6.3.2 TE MODES OF THE STEP-INDEX SYMMETRIC SLAB

Excitation of the x-invariant TE radiation modes of the symmetric
slab is provided by an x-independent current source vhich is directed
along the x-axis. Without loss of generality, the source density Jx is
taken to be Jx(y,z) = I &(y-y") &(z-2") with y* > t. The impressed
field ei in the guiding region is given by

F_{J}
F 4

i z>-‘-{(k’o$-)f g.(plp’)e ds'}
€'Y x c cs, 9z'PlP jucc

e 39 (Y -Y) -4Zz"
=k I jZz

P ay® ’
250 (I/jecy) &(y’'-y*) e dy

= C(Z) cjocy

-39y 3%t

vhere C(Z) = - (upollzoc) e is a spatial constant. The

resulting total field e can be found in closed form by any of several
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methods (e.g. [9, Appendix B)) and can be written as
e (y,2) = AD) eI . pzy) IV (10)
22 _24
vhere @ = (n k,- Z )" and the coefficients A(Z) and B(Z) are given by

@_(@ ¢+ @) eIt
A2 = & < c(2) (110)
2060 cos@t + J(0c0 Q) =inGt

30t

Q@ -0) e
c c

B(Z) = C(2). (11b)

2 2
2000 cos@t ¢ J(0c¢ Q) sinGt
A first iterative approximation to (10) is generated by the proce-
dure discussed in the previous section. Specializing 2:5 for the step-

index sywmetric slab, the first iterate becomes

t -3 _1y-y’1 )
ey, = ccrr { %Y + k2 I an® &S IO 4y
y o, 230_
an’k’ an’k’
0 (+]
=ci|1- eJ9Y 3< )(t -y &I9Y
20
40c c
L5 (12)
0 -
+ 2 e jocy .
40
[+

The inequality in (9) implies that the relative error of the first iter-
ate is of the order (Anz)z. In fact, a first-order expansion of .x in
povers of Anz is identical to the first iterate. A direct proof of this
statement is given belovw.

Approximation of e, by the first tvo terms in its Naclaurin series

2
in &n is greatly assisted by use of the folloving relations.

2 2 2 2
Q=0 + (k,/2@ ) An + O{(An ) ) (13a)
c o c

et $ja_t

2 2 2 2
= (1 % j(kot/20c) An ]l e + 0(tan )} (13b)
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2 2 2 2

sinQt = sinoct + [(kot/20c) 4n ] coooct + 0{cAn ) ) (13¢)
2 2 2 2

cos@t = coloct - t(kotlzoc) an ) -inOct + 0{¢an ) ) (13d)

vhere O{¢} notates "big 0" (15, pp.141-142] of the term in braces. Now,
2
A(Z) and B(Z) can be approximated to first order in An by substituting
2
(13a)-(13d) into (i1la)-(11b), retaining terms up to order An , and

manipulating the resulting expressions. Thus,
2 22 2

20 3% (1 + an'kg/400)
c [~

2 _jot 2 2__2
20 e''c {1 ¢+ (1 + jO t)(An ko/ZQ ))
c c c

A(T) = C(2)

2 2
&n'kg

2
4Q

(]

s 1 - (1 + 320 t)
c

2 2 2 2
20] 3% (ankp/40))

£

B(Z) » — 30t 2 22
20 e c {1+ (1 + jO t)(An ko/zo )}

c c c

C(2)

2 2
on'k,

2
40
c

C(2).

These expressions along vith (13b) vith t = y yield the first order ap-

proximation of the field

2 2 2 2
o'k, an'k, 5
e (y,2) s C(O{ [ 1- 1+ 320 ¢) 1+3 y | %Y
x c 401 2Q
c
c
an’x’ an'k’
o [+] -
. 2 1 -3 20 yYle jocy
4Q c
[~
m2k2 Mlkl
scr{|1-— )% - = 2t -y &9
40 c
c
an’k’
0 -
il s LR
4Q
[ ]
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vhich is precisely the first iterate.

A plot of the relative error versus ﬁc is shovn in Figure 23. The
cover is assumed to be vacuum vith n.= 1.0. In order to guarantee mono-
mode surface-vave propagation, An’E: sust be less than "a. If io is
chosen such that k. » .57kco. vhere kco is the cutoff vavenumber of the
first higher order surface-vave mode, then AnaE: s 3.25. It is clesr
that actual relative error follows the curve of its estimate closely.

Figures 24 through 26 shov relative field amplitudes exIC(l) and

(1)
e

. /C(Z) versus the normalized y-coordinate. In Figure 24, Oct = 2 and

a relative error of 0.3 results. Observation of Figure 25 indicates
clearly that for Oct = 5, field samplitude is very closely approximated
by the first iterate. Finally, Figure 26 has Oct = 10 and the first
iterate is nearly indistinguishable from the exact field. The absence
of charge in the TE mode situation affords the luxury of improving ac-
curacy of one iteration to any desired tolerance by merely increasing
Oc. Hovever, in wmost instances, charge is present and it is the con-
trast of refractive indices vhich sets a limit on the relative error.
This effect can be seen from examination of the TH wmodes and is the top-

ic of the next section.

6.3.3 TH OPERATOR ANALYSIS

Analysis of the TH modes proceeds in the same manner as that of the
TE wodes. A complete description of the TM modes is provided by an EFIE
for the y-component of field. In operator form, this EFIE is written as
e = l?n(o ) + 01
Y op Y y

vhere the operator 8;: is defined by
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Figure 23. Relative error vs. Ec for TE modes.
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Figure 24. Relative field amplitudes for TE mode tﬁc = 2.0).
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Figure 25. Relative field amplitudes for TE mode (5c S5.0).
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Figure 26. Relative field amplitudes for TE mode (ac = 10.0).
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ey = ko It Sno(y’) h (yly’) e (y’,2) dy’

op'®y o), Y b (yly') e (y', Q) dy
t 20’ (y*) ahyy(yly )

n(y’) oy

e (y’', %) dy’

0 y '
2 oy ’ ’
&n(y’) ahyy(yly ) y’'=t

P 2y oy(y‘,t)}
c

n y’'=0

for X € Cb. Again, the iterative scheme is spplied to spectral compo-

nents along that part of Cb vhere |Re{Z}| < kc. Then, the Green'’s

functions h__ and ; specialize to
Yy )24

.-jncly-y r, rno-Joc(y’y )

h (yly’) = —
yy 7Y 230_

3 ’-jocly-y I rn.-Jnc(y¢y )

b (yly’) = n
yy 7Y 230_

and the normal reflection coefficient rn becomes a real-valued function
of Z given by
2

NQ-Q

-3 ]
rns =
N 0c¢ 0.
vhere N = (n /n ).

8 cC
Obtaining an estimate for the operator norms is achieved from the

folloving relations.

Il?n(e o= kz It 6nz( *) h (yly’) e (y’,2) dy’
op Ty °olJ, b4 vy yly Y Y )4
t gg'(Y') ahyy(Yly ) e (yo ) dyo
o N(Y") dy y '’
2 N ’ ’
sn'ty’) ahyy(yly ) - y’'st
- 2 dy .Y Y.
n, y'=0
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S |k I énz( ‘) h,_ (yly") (y',2) d 'l
Y e b4
0 y Yy y y Y

g ’
tonriyr) My (YIYD)

o NY") dy

z ~
: &y o (yly")

cy(y'.l) dy'l

7"t|

e (y', Q) }
2
n L4 Y y’=0

2 2 ~
< { ko, <6n >t (sup |h 1] + 2<in’/ni> (sup 13h__/3y!]
e YY S 4 4
Y.y YoY

2 2 2 ~
+ [(8n°(t) + &0 (0))/2n_) (mup 13h__/3yl) } e 11,
e gyt VY Y o

vhere very crude estimates have been used. Upper bounds for the suprema
of hyy and the derivative of ;YY can be obtained by using the triangle

inequality. These provide the folloving estimate for the operator nora.

2 - 2 2 2
™ <én >(k°) &n (t) + & (0)
e It g —— + <In’/nl> + 2 (1 « ir 1) (14)
op 26 2n n
c c
2 - 2 2 2 2-
<én >(k°) &n (t) + &n (0) 2N 0.
S —_—— ¢ <in’/ni> < 3 ——
20c 2nc N 000 0.

vhich does not vanish as Gc tends to infinity. Hence, this result is
fundamentally different from the TE case. Indeed, if the contrast an
is not sufficiently small, then the iterative solution might fail. HNev-
ertheless, an upper bound for the relative error of the nth iterate can
be obtained by using (14). For the special case of the step-index sym-
metric slab, the relative error of the first iterate satisfies the

inequality

. i
() a2 o)

trel 2 =
n

In the next section, a comparison of the actual error vith this upper
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bound is wmade.
6.3.4 TN MODES OF THE STEP-INDEX SYMMETRIC SLAB

Excitation of the x-invariant TH radiation modes of the sysmetric
slab is provided by an x-independent current source vhich is polarized
along either the y-axis or the z-axis. For simplicity, the source
dengity is taken to be J(y,z) = ; I &(y-y®) &(z-2") with y* > t. Then,

the y-component of impressed field is given by

F_(J)
i A 2 ~n = , 2 ,
ey, 2) y-l (k> + W) Ics_ Ogplpt)e JE—ds }

-JO (y’-y) -
= k I jzz. dyo

-y ®
230 (I/7jeey) &(y-y*) e

= D(X) oJocy

- e - [ ]
vhere D(2) = (ZI/2ue ) e 30, y" -itz

c is a spatial constant. The re-

sulting total field .y is given by

(2 = A Y+ Biz) oI (15)

22 ~ ~
vhere as before Q = (n ko- T )" and the coefficients A(Z) and B(Z) are

. 0 (@ - n o ) @39t

AZ) = — D(Z)
2n 0 Q cosQt + j(n 0 . 0 ) sin@t

- Oc(O - n Gc) ojoct

B(Z) = — ~ D(Z)

2n°0 0 cosQt J(E'o:o Q’) sinGt
vith ; = (n/nc) a normalized refractive index.

A first iterative approximation to (15) is generated by the proce-
dure discussed in the section 6.2. Specializing l;: for the step-index

symmetric slab, the first iterate becowes
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ey, 0 = iy { 97 4 k) I ° 97" gy
- AL Pk IS 2 AR S o0
Zn: y-O
an'k; 2 50 an’x %
= { (1 - —57 -9 ) % - 5 o ey 3%
¥ 2 e (16)
okl 2
. °O_&n_ | _-j@ 7}
2 2
0 2n
c Cc

As vith the TE wmodes, the first iterate is equivalent to a first ordef
expansion of oy in povers of Ana. The proof of the statement is virtu-
ally identical to that given in section 6.3.2 and is therefore omitted
here.

Three plots of relative error versus Oc/kc are given in Figures 27
through 29. Again, n.= 1.0 and the operating vavenumbers are chosen so
that only the dominant surface-vave mode propagates. It is clear that
the actual relative errors are much less than the upper bounds obtained
through the rather crude estimates used in section 6.3.3. The explana-
tion of this result can be seen by examining the relative field ampli-
tudes shovn in Figures 30 through 35. It can be seen that estimating
the field at y = O and y = t by the maximum value of field can be a
gross over estimate. Hovever, the snalysis provides a starting point

from vhich more detailed studies can proceed.

6.4 ANALYSIS OF THE CIRCULAR FIBER

In the preceding section, the Banach space of continuous complex-
valued functions equipped vith sup nora provided a space on vhich upper

1
bounds for relative errors cl.i could be obtained analytically. The
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Figure 27. Relative error vs. (Oc/kc) for TH mode (An = .032).

116



TM—mode

—— Exact field
——— First iterate
1.00 . n=1.097 kC0=4.O
-
1
080 4 !
» |
n |
“ h \
0 0.60 - \
2 ] \
> ] \
©0.40 - \
0] i
@
0.20
0.00 TT T T [ T T T T [T T T T[T T TrT 1T rrrrI]

0.00 1.00 2.00 3.00 4.00 5.00
Normalized wavenumber (Qc/kc)

2
Figure 28. Relative error vs. (Oc/kc) for TH mode (An = .203).
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Figure 29. Relative error vs. (Oc/kc) for TH mode (An = .3520).
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Figure 30. Relative field amplitudes for TH mode (An = .032).
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Figure 31. Relative field amplitudes for TN mode (An = .032).
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Figure 32. Relative field amplitudes for TH mode (An = .203).
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Figure 33. Relative field amplitudes for TN mode (Anz = ,203).
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Figure 34. Relative field amplitudes for TN mode (4n = .3520).
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Figure 35. Relative field amplitudes for TN mode (&n = ,3520).
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relative simplicity of the operators alloved some rather crude estimates

of operator norms to lead to useful results.

Attempts to estimate oper-

ator norms of more complicated operators by similar methods often fail.

An examination of the operator for the radiation modes of the circular

fiber exposes this difficulty.

Consider the circular fiber of Chapter five modified by allowving

2 2
the refractive index to have radial grading vith &n (p) = &n (p).

Then,

specialization of (5.35) leads to the coupled pair of integral equations

i
e (p, %) = e (p, )
p P p P

-2
%

N - W)
op nip’)

2 0 2
¢k°I &n(p')
o

2 2
+ Kk, I é&n (p’)
o

2
asn (a)

,

_-"

, ‘
I sin(y-9’) e (p’, ) g’(pup') de’

e (p’, 2) qp(plp')ll d.'} (17a)
P p'=a
[+]

-n

[ I e (p , %) gp(plp') dQ l p'dp’

I

“ 9
cos(e-9’) op(p',z) gg(plp') dQ'J p’dp’

p’'dp’

d

2 n
i 129 aén (a) P
(py 2) (%) - = — ( 2) (plp’) ¢’ ( (17b)
Co P TGP 939{ n? I"'pp' °lp°|... }
c
n
lé_ * 2n'o") P ' | ardar
’pa. - [J' (e, 0 gz(plp)dQ]pdp
2 * a2 n P ]
+ k, I é&n (p’) cos(g-9’) e (p Z) gz(plp') de’ | p’dp’
0 -n )
N T . P
- kg I én (p’) I sin(e-9’) @ (p %) gz(plp') de’ | p’dp’.
0 L =it )

Along the relevant branch cut, the principal Green’s function assumes

the form given by (3. 16b)
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P vy = - 1yt ,
gz(plp ) 1 Hy (Oclp-p 1.

Exploiting the circular symmetry greatly reduces the complexity of the

problew.
6.4.1 FOURIER SERIES EXPANSION

Assume that for each p € (0,a), @ (ci) is a continuous function of
¢ and that de/9¢ (301/30) is a square integrable function of ¢ on the
interval - n S ¢ € n. Then, the Fourier series for the transverse com-

ponents of e (.i) converge uniforaly (17, p.84] and are written

e(p) =L e (p) el?
p P pn' P

e (p) =L e (p) .jn¢

Jne

e (p) =L e _(p)e

Jne

e(p) =L e (p)e

<~ D~ &
" 3" 3

vhere the summation extends over all integer valued n. Note that the Z-
dependence of @ and @ has been suppressed. Substitution of these ser-

ies into (17a) and (17b), with the summing notation implied, yields

2
jne i jne 3 aén (a)
(p) e =@ (p) e -l S (a) N _(p,a;e) (18a)
ﬂpn P on P p nz .m n 7% 11

*

a
) 2n’(p’) , . s
% o nip’ cpn(p ) M (pp'se) p'dp

a
2 2
+ ky I én (p’') e (p’) Hz(p, 's9) p’dp’
o n

a
2 2
* kg I &n (p') e (p*) n:(p,p';.) p'dp’
0
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o

2
jne i jne _ 1 @ aén (a)
e.n(p) e = o.n(p) e o -; -—;;——- opn(.) Hn(p,.;Q) (18b)
c

8 2n’(p’)
P (p”) Hn(p.p':o> p'dp’

12 I
+ 4
paJ, nip’) “pn

+

2 (* 2 c
kg Io é&n (p’) Q.n(p ) nn(p,p se) p'dp

a
2 z ’ ’ . ’ ’ ’
k, Io é&n (p’) .pn(p ) Hn(p,p ;9) p'dp

vhere the quantities H:, H:. and Hn sbbreviate the integrals

H:(p,p';o) cos(e-9’)

H:(p,p':q) = I sin(e-¢’) ojn’ gg(plp') de’.
-n

Hn(p.p':v) 1

Naking the change of variable 6 = ¢ - ¢’ gives

H:(p,p';o) cosé
114
s , _ 1 _jne -jné . (2)
N (pp i p = - T e I“ stnoy ¢ 9" ui* (@ Ry do (19)
H.(Pp'i@) 1

2 2 %
vhere R, = (p + p’ - 2pp’cose)".
Closed form expressions for the integrals in (19) can be obtained

by using the folloving expansion found in Gradshteyn (25, p.979).

(2)

¢ ) .J-e

(2
(Q_Ry) = E J (Qp ) H “(@p)

N (20)

vhere Pe (p,) is the smaller (larger) of p and p’. Nov, substitute the
series (20) into (19) and formally interchange the summation vith the
integral (this is justifiasble by uniforms convergence of (20)). The re-

maining integrations are trivial and are evaluated by exploiting the
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orthogonality of the complex exponentials. This reduces (19) to the

closed form expressions

c ', « - dn _Jne
nn(p,p ;) e (Jn (Q p() H (@ p’ +J (Ocp ) H 1(0 p,

-1 1 c nel

(2)

s ', .o _Jne 2) _
nn(p,p ) = ik (Jn (Q p<) H 1(Ocp>) J (Ocp<) Hn*l‘°c°>)

-1 nel

’, - in _Jine (2)
Hn(p,p ;9) = 2 ° Jn(00p<) Hn (Ocp))

After substituting the expressions above into equations (18a) and
(18b), the orthogonality of the complex exponentials are used again
alloving Fourier coefficients to be equated term by term. This results

in the folloving pair of coupled integral equations.

in an(.)

2

i
e (p) = e (p) »
PN e PN e

(2) )
nz [epn(.) (Ocu) Hn (Oc.)) Jntocp) (21a)
c
a
R L. I 2n'(p’) , (2) " s
-~ s nip) epn(p ) Jn(ncp<) Hn (Qcp>) p’dp

LI , (2) rda’
én (p’) .pn(p ) Jn-l(ocp<) “n-l(ocp>) p’'dp

2
’ ’ 4 ’
én (p’) opn(p ) Jn*l‘ocp<) Hn*l(n p>) p'dp

) 14 ’
1 Ocp’) p'dp

)
> 2

k'I.af(') (') J .@p ) B'?
ol Py e (p*) I (@p ) H

(2)

(@p) H |l

(Qcp>) p’'dp’

N

Ko I. sn’(p’) (p*) J
ol RIS B
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i n na & (a) (2)
Cn'P) = T (p) - 5 0 ~ Lo (0) H "' (@ _a)) 3(a p) (21b)
c
nn 2n’(p’) (2) " as
-0 Io Ty ®oaP’) 3 (8p,) H 7@ p) pdp

k’rsn'(') () 3 @p) B2 p ) pdp’
o, P e (p*) 3 (B p) H _ (@p) p'dp

>3

-1

-!'-k'rsn'(') () J @ p ) H@p) p'd
dho ] snten) et n01°<n01"°"

a

-M'J‘ 2, ’ (2) ' e
n ko o én (p’) o'n(p ) Jn-l(acp ) Hn 1(Qcp>) p'dp

-mk'f.snz(p')o (p*) 3 (Op)ﬂ (Qp)pdp
4 04, o, n+l n*l

It can be seen that the estimates used in the previous section are not
adequate to obtain asnalytic bounds for the operator norm. Nevertheless,
a single iteration might still provide a "good" approximsstion for wvave-
guides vith sufficiently small contrest of refractive indices for those
spectral components of sufficiently high spatial frequency. As a simple
example, the n = 0 mode of a step-index fiber is investigated. Excita-
tion is provided by an axislly-polarized point source and a comparison

of one iteration vith the exact solution is wmade.
6.4.2 INPRESSED FIELD

Consider an axially-polarized point source of current located at
A
(p*,2") vhere p" > a. Then, J = 2 J &(p-p*") &(2-2"). As usual the
impressed field is given by

F_(J)
i 2 ~~ P ry 2
e (p) = (k_+ We) Ics.gz(plp ) Jue,

ds’.
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The radial component of field can be written

(2) -jLz*

i - g—— -1 ’ [N ] ’
elip) = 32 3 Icsu‘ L ug" @ te-p' 1) (37gue ) e &(p'-p*) dS

from vhich use of (20) allovs the Fourier coefficient ':n to be extract-

ed. Then,

i _ jJ( )m oy _-J%2" _-jne* .,
epn(p) = ‘.‘c zoc Hn (Ocp ) e e Jn (Ocp)

and for n = 0

i . A3 ( ) (2),. .. _-jZz*
e o'p ey Za_)Hy (@ p") e 3, (@_p)

= A(Q) Jl(Qcp) (22)
(2) -j%z"
vhere A(Z) = (JJ/Qutc) Zﬂc Hy (Ocp') e is a spatial constant.
Similarly, the ¢-component of field is expressed as

i =z l a_ -1 (2) ’ -jzz. 'l »
e’(p) jZ o v JCSQ( ‘) Ho (Oclprp (B (J/jotc) e &(p’'-p") dS

so that oi becomes
on

i J (2) ey o~J%2" _-jne"/n
€l (P .(“‘c z)un @ p") e . (p)Jn(Ocp).

Therefore, the ¢-component of the n = O radiation mode is not excited by

a8 z-directed current source.
6.4.3 SPECIALIZED EFIE

When equations (2ia) and (21b) are specialized for the n = 0 mode,

an uncoupling of the transverse components results. To see this, invoke

(2) (2)

the relations J_, = - J, and H_, = - Hl found in (16, p.360]. Then,

-1

(21a) becowes
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(2)

2
(p) = o in fo ta) (p () (@_a) H,

po(p) -2 nz 0

[+

epo (Oc.)l J,(Ocp)

a
_im 2 2n’(p’) , (2) At
2 5; s nip' epo(p ) Jo(ocp<) Hy (0c9>) p’dp

a
- m II 2 ’ ’ ", [ ’
2 ko o é&n (p’) opo(p ) Jl(Ocp<) H‘ (Ocp)) p’'dp

vhich for the step-index guide simplifies to

f .y .dnon (2)
epo(p) = opo(p) 2 nl [on(l) (Ocl) “o (Ocl)) J‘(Qcp) (23)
c

P
-1! 2 2 , ’ » ’ ’ (2)
1%k, Io &'(p') @ (p') 3,(8.p") prdp’ [ Hy") (G p)

a
2 z 14 (z’ [ ’ 14

- dm 2 [ Ip &n’(p') @ otp") B (@ p") prdp } 3,40 p)

vhere the integral has been split into a sum of integrals. Obviously,

this mode uncouples the transverse components of field. The g-component

of field for the n = 0 mode is given by

i )

(o) = et (o) - 12 [* sn2i0r) € (o) 3. p ) B 2@ o) prde’
e0'P) = el - 3R kg Io P*) @ plp®) J,(Qp ) H, (Qp) pdp

vhich is also an uncoupled EFIE.
6.4.4 EXACT FIELD

Exact solution for spectral comsponents for the step-index circular
fiber have been discussed by Snyder (28]. Eigenfunction expansions of
unknovn interior and exterior fields are made and boundary conditions at

the dielectric interface are enforced. An alternative and equivalent
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approach in vhich the exterior field is vritten as the sum of the known
impressed field and the unknovn scattered field may be also be used. In
either case, the closed form solution for the n = 0 mode excited by the
axially-polarized point source is
2
j2n

C
e olP) = A(Z)( —

2 (2) 2 (2)
vhere W = n_ @ Jo(Ql) Hl (Qa) -n QJ . (Qa) H (Q a).
c c 1 0 c

) v 3 e (24)

6.4.5 FIRST ITERATE

The first iterate is obtained as usual, by substituting (22) in the

right side of (23). This yields

2
an (2)
;;— (J,(Oc.) (Oc.) Ho (Ocn)l Jl(Ocp)

¢ (25)

P
- J.! 2 ’ ’ ) ’ (2)
1% fo 3,000 3,0p*) prdp’ | H ¥ (@_p)

(1)

= _dn
e (P = AD) {Jl(Qcp) 2

2 (% 0o B o) order
Ak Ip J‘(Ocp ) H, (Ocp ) p’dp Jltﬂcp)

“k

2 2 2
vhere as in Chapter five, Ak = An ko.
Each of the integrals in (25) can be evaluated in closed form. The

first integral is given in Gradshteyn (25, p.634] as
2
[ 13,00 p11%pdp = B (13,00 _p11*- Jo(@_p) 1,0 p)) (26)
11¢8.p pdp 2 119.P o'¥.P? JlE Pl .

Writing J, in terms of J, and J, through use of the recurrence relation

(16, p.3611

2
L A r L

allovs (26) to be written
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r
2 e_ 2 _ 2 -L
I J1@_p) pdp = 2= (J,(Q p) - J;(Q _p)) o 3ol p) 3,00 p).  (27)

The second integral is evaluated in Appendix E (E.9) and is given by

(2) o (2) (2)
I Ji(ocp) H, (Ocp) pdp = 2 [Jl(ocp) H, (Ocp) . Jo(ncp) Hy (Ocp)l
(28)

I -1 (2)
oc Jl(ﬂcp) Hy (Ocp).

Substituting (27) and (28) into (25) gives first iterate

(1)
e

2
- in &n
00 (p) = AD) {J,(ocp) 2 2 [@_e) JH 1 J (@ p)

2 2
in =[e_ 2 (2) e 2 (2)
x| -3l uV @ e + 8- 3l0@ o) B (@ p)

(2
o

2 2
B Jpta_p) 3,00 p) HY )(Ocp) +B-3lw@p n

)
Q p)
Oc Oc c

2 2
e (2) _p_ 42 (2)
2 Jol@.P) J,(Q p) Hy (@ p) - o= J,(Q p) H, "(Qp)

2

+

8
(Mo * 38,0 3,48.0) - g- (J,Hy) J‘(ch)]}

vhere Bessel functions vithout specified arguments are assumsed to have
argument Oc.. Judicious factorizations and use of VWronskian derived in

Appendix E (E.8) simplify the first iterate to

2
(1) ingn” 2
e o (P - A(Z){ 3,00 + 3% S ((Za/8 )3 H,) I,(Q_p) (29)
[+
2
o & (@ p) J(Q p) - 23.(Q p))
2 P’ Jo'¥P 1'9:P
Cc

dm 22
1 &k a (JH, + J . H,) J‘(Ocp) )
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6.4.6 COMPARISON

As vith the wmodes of the slab vaveguide, the first iterate (29) is
2
directly shovn to be equivalent to a first-order expansion in An of the

exact solution (24). The folloving expansions facilitate this develop-

ment.
n’- n: . Anz (31a)
2
Jo(@p) = J,(Q_p) o a_ (@_p) J3(0_p) ot(anhH ™
Cc
2
= g0 e - @ p) 3,0 ) + OL(aa") (31b)
c
2
3,(@p) = J,(@ p) e (@_p) 3;(@_p) + ot(anH™
c
&2
= Jl(Qcp) . 2 ((Ocp) Joﬂcp) - J‘(Ocp)] (31c)

c
2 2
+ 0l(an ) )

Nov, the quantity ¥V appearing in (24) can be approximated by using equa-

2
tions (31a) through (3ic), retaining terms of order An and manipulating

the resulting expression. This reveals

2 (2) 2 Ak
n, Q J°(°l) H, (Qa) = nc OcH, {Jo . 20, tJo - (Oco)JlJ}
c
2 /20
2 (2) 2 Ak c
n Qch(Oa) llo (Oco) L nc Gcllo Jl . 20,(;—:— J, . “'c‘”o - J‘) .
c ' ©

Forming the difference in these expressions yields

(2)

2
Ws nc Q Jo(Ou) H‘

a a
(@a) -n @J. aa) B o)
c cl o c
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2
2 &k | 2 2 2
V¥ ng BIH, - T M) 0 D {nc Q(JH, + JHy) - n_ @ a(IHy + I H)
c
3
znc (32)
= 2 dH,

ko

Use of Wronskian (E.8) shovs that J H, - J H, = Zjl(nﬂcn), vhereby (32)

becowes
2 Akz 2 2 2
W n_ Gc(12/n0cl) . 202 {ncoc (2 H, + (J2/u0cn)) - n Oca(Joﬂo + J,H)
c
»
20, }
-2 i,
k

2 20 a
* (j2n_/ma) {1 . ::, (1 o 1% (g ) (I, ¢ I M) - gn k,“ Jln°>’.
c c

2 -
With e =z A(Z) (j2nc/na) W 1 J,(@p), the first order approximation is

p0
given by

2

Akz in 2 [ 4 Ocn

opo(p) = A(T) {1 - ;;;'(1 * 2 (Ocu) (JHg ¢+ J,H)) - Jn —— J . H,
c c

2
&k

x (J‘(Ocp) . 20’ [Ocp Joﬂcp) - Jl(ch)l)
c

2
in &n 2
= A {3,(Q_p) ¢ 3% - 1(270/Q )3 Hy) 3,0 p)
n
c

2
&k -
. 2 tﬂcp Jo(ﬂcp) 2Jl(ﬂcp)l

_dm 202
n &k a (JH, * JH) Jl(ocp)

vhich as expected is the first iterate.
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6.4.7 RESULTS

A comparison betveen the first iterate and the exact solution of
the n = 0 mode vas made. Again, n, vas taken as vacuum index. In order
to guarantee mono-mode surface-vave propagation, Akzll sust be less than
(2.405)". 1f k, is chosen such that ks .75k__, vhere k__ is the cutoff
vavenumber of the first higher order surface-vave mode, then Ak’a’ s
3.25. Figures 36 through 38 shov relative error versus the norsalized
vavenumber Oc/kc. It appears that a reasonably good approximation to
the relative error is given by (An,/n: . A(E)’/zﬁc)'. This correspond-
ence may be explained by examining the large argument approximations of
the Bessel functions. With the apriori knovledge of solution, it can be
seen that Iopo(.)l = llopoll x 1J,(@a)1/11J,11. Then for large Oc. the
relative error asymptotically approaches (Anz/n:):.

In Figures 39 through 44, relative field amplitude lopolA(Z)l and

1
¢ )/A(Z)I versus norsalized radius p/a are shovn. It is apparent that

e0
2
for small An , the field amplitudes compare vell at relatively lov spa-

tial frequencies. In fact, it appears that the difference betveen the
relative field amplitudes is wmuch closer than the absolute error. This
suggests that an alternative normed vector space might be more suitable

for analysis.

6.5 SUMNARY

Numerical approximation of spectral components of the continuous
spectrum is required for all but a fev guiding structures. Standard nu-
merical techniques such as the method of moments are ineffective in ap-
proximating those spectral components having high spatial frequencies

due to limitations on computation. The method of successive
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Figure 36. Relative error vs. (Oc/kc) for n = O mode (An = ,032).
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Actuol error
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Figure 37. Relative error vs. (Oc/kc) for n = 0 mode (An = ,.203).
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Figure 38. Relative error vs. (Oc/kc) for n = O mode (An = .362).
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Figure 39. Relative field amplitudes for n = O mode (&n = .032).
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Figure 40. Relative field amplitudes for n = O mode (&n = .032).
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Figure 41. Relative field amplitudes for n = O mode (An = .203).
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Figure 44. Relative field amplitudes for n = O mode (&n = ,.362).
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approximations avoids these deficiencies.

Transforms-domain EFIE (3.29) may be expressed in operator form as

o=z e+ ol (33)

vhere the operator ‘bp is given by

2

2, == &lpt) = o, :
Bopte) = (ke o) [es X G (plp*)ele) dS’.

c
Heuristic reasoning suggests that the total field should be close to the

2
iwpressed field provided that &én is adequately small. An iterative se-

quence is generated by the recursive formsula

[} -
o( ) = oi .(n) = oi . lbp(o(n 1’). (n21).

A theorem from functional analysis guarantees that this sequence con-

verges to solution of (33) if the operator norm llszll defined by

He__(£301
O]

T1£110 » (£ #0)

nuzb il = sup
P £€B

is less than one.
Usually in practice, only one iteration is feasible. The relative
error of the first iterate is defined by

1
(1) tie-e' 1
€
rel flell

and is bounded above by the square of the operator norm. Therefore, an
estimate of the operator norm provides an estimate of the relative er-
ror. As a consequence of the definition of the operator norms, any esti-
mate of the form llszto)ll S a llell implies that llszll S o

Analyses of the slab vaveguide and the circular fiber indicate that

one iteration can provide a "good" approximation to solution of (33) for
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2 2
sufficiently high spatial frequency provided that (&n ) << 1. The

regsults quantify the accuracy of the first iterate.
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CORCLUSIONS AND RECOMMENDATIONS

An integral-equation formulation, providing a conceptually exact
description of the electromagnetic field vithin a fairly general class
of integrated optical circuits, has been presented. This formulation
affords an extremely poverful method of analysis for both theoretical
and practical spplications. Apparently, the integral-operator approach
is particularly useful in the investigation of axially-invariant vave-
guides.

A detailed discussion of the electric dyadic Green’s function for
a tri-layered substrate/film/cover dielectric structure vas given in
Chapter tvo. Knovledge of this dyad vas of utmost importance since it
vas used throughout this dissertation as the kernel in the EFIE for
integrated optics. The developwent of the electric Green’s dyad demand-
ed a mathematically rigorous treatment and revealed a natural depolariz-
ing dyad appropriate for the Sommerfeld-integral representation of dyad-
ic components. Again, rigorous analysis effected the subsequent identi-
fication of the corresponding principal volume. This developwent is be-
lieved to be nev and is the subject of a paper vhich is currently in the
reviev cycle (291].

In Chapter three, a transform-domain EFIE vas developed to facili-
tate the study of axially-invariant dielectric vaveguides. A straight-
forvard derivation resulted in an EFIE for the transverse field, thereby

uncoupling the axial field component. This derivation is presented in a
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forthcoming paper [(30] as a potentially nev contribution.

Complex-plane analysis effected the identification of the propaga-
tion-mode spectrum for axially-unifors integrated dielectric vaveguides
in Chapter four. Pole singularities of the transform-domain field vere
observed to comprise a discrete spectrum associated vith surface vaves,
vhile hyperbolic branch cuts corresponded to a continuous spectrum. Re-
gimes of purely-guided and leaky vave poles vere also identified.

An asymptotic EFIE, appropriate to the study of dielectric vave-
guides capable of supporting a surface-vave mode vith no lov-frequency
cutoff, vas derived in Chapter five. It wvas conjectured that such a
surface vave can exist on any axially-invariant dielectric vaveguide im-
mersed in a uniform surround. Applications of the AEFIE to the graded-
index asymmetric slab and the step-index circular fiber provided evi-
dence to support this conjecture. Aside from the academic purpose of
proving the aforementioned hypothesis, the AEFIE provides a favorable
alternative to numerically implementing the non-asymptotic EFIE in the
investigation of surface vaves propagating in the regiwme vhere the phase
constant approaches the vavenumber of the surround.

Finally, standard numerical techniques vere observed to be ineffec-
tive in approximating spectral components of the continuous spectrum
having high spatial frequencies. An iterative scheme vas proposed which
avoids deficiencies in such wethods. Analyses of the slab vaveguide and
the circular fiber indicated that a single iteration can provide an ade-
quate approximation to high-frequency spectral components vhen the con-
trast of refractive indices is sufficiently small. These analyses vere
performed on the space of continuous functions equipped vith sup nora.

This space is quite restrictive and future endeavors are encouraged to
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investigaté other normed vector spaces (e.g. the Hilbert space of square
integrable functions). At this tiwme, there seems to be little hope in
successfully approximating high spectral components for guides having
high refractive-index contrast. Research in this area is also recom-

mended.
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APPENDIX A
ELECTRIC HERTZIAR POTENTIAL

The Hertzian potential is developed by observing the nonexistence
of magnetic monopoles through (1.1d). Borroving a theorem from vector
calculus (15, pp.640-643], the magnetic field H may be expressed as the
curl of a vector potential. In an electrically homogeneous medium, H
may be expressed in terms of the Hertzian potential 0l as

B = jewe Vxi. (1)
Substitution of (1) into Faraday’s lav (1.1b) yields
Ux(E - k') = 0 (2)
vhere kz = uzpe is the wvavenumber in the wmedium. Under suitable
conditions (see (15, p.639]1), (2) implies
E=kN-W (3)
vhere ¢ is a suitable scalar field. Use of (1) and (3) into Ampere’s
lav (1.1c) yields
(V" + KON = -3/juwe + TN +¢) (4)
vhere use of the vector identity VxVxF = WWeF - VzP has been made. Ac-
cording to a vell knovn theorem from potential theory (31, pp.66-67], a
vector field is uniquely determined through knovledge of its curl and
divergence. Therefore, at this stage, 0l is arbitrary since its diver-
gence is unspecified. Choosing Vell = -9 uniquely determines 0. Thus
(4) simplifies to

2 2
(V + k)l = -J/jee
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vhich is the Helmholtz equation for the Hertzian potential subject to
the Lorentz gauge Vell = -¢. Use of this gauge in (3) yields
E=(k + Well (s)

vhich relates the electric field to the Hertzian potential.

152



APPENDIX B



APPENDIX B

HERTZIAR POTENTIAL GREEN’'S DYAD

The boundary conditions for the scalar components of the transforms-

domain Hertzian potential are given in [13] and may be expressed as

2

"cu = "fc "fu ces @ = X,¥,2 (la)
on on
ca _ ,? fa . -
_ay “fc _ay cee @ = X,2Z at y =0 (1b)
anc anf -2
—5;1 - -5;1 = (ch - 1) (J& LI 3Z "cz) (1c)
= “z = (1d)
"fu = N ¢ ".c ces O = X,¥,2
on on
fa 2 sx . -
ay = H.f y ' a=x2z st y t (le)
anf an. 2
—5;1 - —5;1 = - (N.f - 1) (3JT Max * j< n.z) (1£)

vhere “fc = (nf/nc) and N.f = (n./nf). Additionally, the potential wmust
vanish as |yl . These boundary conditions are implewented belov for
the situation in vhich currents are immersed exclusively wvithin the film

region of the tri-layered dielectric structure.
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As shovn in Chapter tvo, the transform-domain potentials decompose
into reflected and principal parts. Enforcing the boundary condition at

y = %o, the potentials for sources in the film are given by

n (Ay)

W\ e PSY «ee ¥y >0
ca ca

* PeY - “PgY -
LI ST M VIPLS AR OIS VI N 0«2(&y) e 0>y > -t

W (A ePs’ cee =t >y

“Sﬂ( Ayl 8Qx

vhere the principal part uz of the transform-domain potential is

J, pfly y’l -jkor' Ju(r )
v

"2‘“’ 2;:»f juef

dv’.

It will be useful to abbreviate the folloving quantities. Let uu(k) and

vu(k) be defined as

P
un(k) g uu()s, 0)

P per BT
v 2p, * jee, 9Y
Pg £
v (N s uzn.-t)
. .-pf(tfy ) -jAer’ Ju(r ) )
= v T2 e jee, 9Y
Pg £
Then, it is easy to see that
an';(),y)
—_— = - u (A
oy |y-0 Pelq
anP(A, y)
L v = p_v (A)
oy lys-t fa

Nov, implementing the boundary conditions (1a)-(1f), the followving sys-
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tem of equations is generated.

r + -

wca = “fc (wfc + 'ia + ua) ool = x,v,2) (2a)

W= N._(pV, v, ) eeila = x,2) (2b)

Peca © “fc'Pf"fa ~ Pf'fa ~ Pglq’ 'O T X Z
+ - -2
- pc"cy - (pfwfy - pfwfy - pfuy) = (Nfc - 1) (J¢€ ch + 32 ch) (2¢c)
+ _-p.t - _p,t 2 -p_t

vfu e "f « wfu e f -« va = H.f H.u e's ...(a=x,Y¥,2) (2d)

+ _-p,t _ - _p.t 2 -p_t
pfwfu e 'f pf'fu ef - PeVo ® H.f p.w.a e's ...(a=x,2z) (2e)

LA - 7S SR N A 3 - -p_t
pf(ﬂfy e ' f ny ef - vy) p.U.y e's (2£)

- (N° - -p_t -p_t
= (ll'f 1) (3¢ '-x e's + 3¢ '.z e 's).

Tangential components of potential (a = x,z) satisfy the boundary
conditions (2a), (2b), (2d), and (2e). These relations provide a system

of eight linear equations in eight unknowvns. Solving (2a) and (2b) sim-

+
ultaneously for 'ca and 'fu in terms of 'fn and v, yields

t -
wca = ch( fo + uu) (3a)
* t -
'fu s Rcf(wfu . “u) (3b)

L]

vhere the tangential reflection and transmission coefficients associated

vith the cover-film interface are

t t 2
Rcf = (pg- pc)/(p£0 P’ ch = 2H£cp£/(p£0 pc).

Siwmilarly, solving (2d) and (2e) simultaneously for 'fa and 'su in terms

+
of wfu and Vo yields

- t .+ _-2p,t -p,t

'fa = R.f(wfor ) £« vu e "f) (4a)
t + (p_- pt p.t

V.a = 1'f.(wf(x e's b 4 * vc e's ) (4b)
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vhere the tangential reflection and transmission coefficients associated

vith the filwm-substrate interface are given by

t _ t -2
Rge = (Pg™ Pg)/(Pg* Pp) Teg = MggPg/(Pg® Py)-

Finally, solving the resulting equations (3a), (3b), (4a) and (4b) sim-

ultaneously yields

W = (1t u o+ Tt Rt e Pt vyt (Sa)
ca fc « fc sf a

. t t .t -p,t t

Vfu = (Rcf ua * Rch.fe £ vc)/D (Sb)
wo = (RE Rt e™Pst .« Rt Pt v it (Se)
fa cf sf o sf o

L] = (Rt Tt e(ps- ""f)t u ¢+ ‘l't 'p.t v )/Dt (Sd)
sa cf fs a fs a

vhere the quantity Dt is defined as Dt El - szﬂife-zpct.

Normal components of potential (a = y) satisfy the boundary condi-
tions (1a), (1c), (id), and (1f). These relations provide a system of
four linear equations in four unknovns. Solving (2a) and (2¢c) simultan-

+ -
eously for ny in terms of ny. uy, ch. and ch yields

N -1
+ __ph y- _gN . _fc
ny = th ny Rfc uy Nz ) {3t ch + jT wcz) (6)
fcpc pf

vhere the normal reflection and transmission coefficients associated

vith the cover-film interface are

n n 2
Rec = (NgcPc™ Pg)/(Ng Pt Py Tec = MgcPg/ NgcPet Py

- *

Similarly, solving (2d) and (2f) simultaneocusly for ny in terms of ny,

vy, 'ex’ and Usz yields
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.f(ﬂ.f - 1)
2

. ) (3t 'cx + 32 w.z)
cfpf p. (7)
e'(pc’ pf)t

n _-p.t N
+ Rl e Pt v o
s y

w. = R" e 2Pt y* <

fy sf fy

vhere the reflection and transmission coefficients associated wvith the

film-gubstrate interface are

n 2 2 n 2
Ros = (NggPg~ Pg)/ (N gPs* Pg) Tea = 2Pg/ (N gPs* Pg)-

Nov, equations (6) and (7) can be solved simultaneously for ';y and ';y

revealing
n n n _-p.t -2
v . E!E thn.fe £ "gg 1 ]
fy - " n Yy~ n Yy T T2 n IE Wy * I N,)
D D (“fcpc’ pf)D
(8)
NN, -
- st Ry e ‘Ps’ Pt (yzw v gz )
(N p.+ p yp® f€ sx 8z
sf'f s
n .n _-2p_.t n _-p.t -2
o= - Rfcacf' t Rcf' £ - "fc ! R" e 2Pst
fy n Yy * p" Vy i~ pP of® I
D fcPc’ pf)
(9)
NN, - 1)
x (JEW_ o+ gzw_y o S 8L Rt Pt (yry 4 ogzw )
cx cz (N> .p,+ p yp" sx sz
sf'f s
vhere the quantity D" is defined as D" = 1 R:ck:fo-ZPft.

Nov, the reflected part of the potential in the film can be calcu-
lated by inverse Fourier transforming the transform-domain potentials.

First, use equations (Sa)-(5d), (8) and (9) to express tangential compo-

nents as
t t .t _-p,t t. p,y
e (Ny) nzn.y) + [(R_u_+R_R e Pf v )/D°) Pt
(10)
« t(RE R e %Pst y « Rt e Pst v )/Dt) o 7Ps.
cf's o

£ a sf
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Then, application of the inverse Fourier-transform operator

Frley =« —1— If (o) &IMT 4%\

(2n)
to (10) yields the tangential components (a = x,z) of potential

J (r’)
a

P
Mg (r) = %ss IV'V G (rir’) jue

dav’
£

J (r’)
jhtf

r [ [
. IV Gt(rlr ) dv’.

Here, GP is the principal dyad discussed extensively in Chapter twvo, and
the tangential component of the reflected dyad G: is expressed as the

spectral integral

e P£%  gae(r-r) 2
- 2' e

4
G trir’) = II £ n}«x) d’a (11)
i=] 2(2n) Ps

The tangential reflection coefficients Rt

4 are given by

t .\t
= Rcflb
t .t
= R.f/D
t .t
= Rch.flb
t

t (12)

0
Ect Ot Nt =t

= R
and the phase lengths v, are given in Section 2.2.3.

Calculation of the normal component of potential is slightly wmore
elaborate due to their coupling vith the tangential components of cur-
rent. Therefore, define "fyy as that part of "fy produced by Jy' Then,
the potential llfyy becowes
J (r’)

. Pirir') X—— gy
Ny, 0 = 4y [y, Perirn for o

J (z’)

oyt
. Iv Gltrir) o dav’.
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The normal component of the reflected dyad G: is expressed as the spec-

tral integral

“P,® p—
e fzi ejk-(r r’) dzk. (13)
2(2n) Pg

n
i

4
Gherir’) = If L RjOV
i=1

vhere the normal reflection coefficients R, are given by

(14)

- ) ) o
&85 WO ND =

(]

]

[ ]

TV M

-]
L)

|-}
N
o

-}

Likevise, define n . that part of "fy produced by tangential current

fy
Ja‘ Then, the potential nfyu becomes
J (r’)
n, (r) = I 2 _ GT(rir") dv’
fya v axa c jucf

vhere the coupling component of the reflected dyad G: is expressed as

the spectral integral

e Pf¥® ATy 2

4
cherir = [ £ - d"n (15)
1=1 2¢2m p,

and the coupling coefficients Ci are given by

[ -2 2 2
c .. Nee "1 b MarMer "D ¢ oae c2ptl
1 t.n 1 2 fc 2 cf fc f..
pD" | N, p +p N .p,* P J
fc'c £ sf' £ s
(W2 - Rl -
1 fc t .n .t -2p.t sf sf t
C, = - {———R R . T, e £ - T q
2 DtDn "2 . sf sf fc "2 . fs
| "gcPc’ Ps stPt’ Pg LY
(N2 -1 Nl - 1) e
1 fc n .t sf =sf t .t
C, = - 15— RLT, - — R_ T, @
DtDn N p+p sf fc N p.+ p ct f.J
\ fc'c b § sf" £ s
r N - N 1)
1 fc t .t sf sf n .t
C, = - {1 R_T 3 R, T, (.
DtDn Nop+p sf fc W p.+ p fc fs
\ fc'c £ } &b 3 s )
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Finally, the potential in the film can be expressed as

P __L. ‘e ur’) .
e = uip [, BPrir o av'e [, 8z o 3L el

vhere the principal dyad is I6P and the reflected dyad is written in

terms of scalar components as

r r
3G G
, - A rA A c A A c A A rA
& (rir") thx . y<—ax x ¢ G:y * 3 z)o zGtz.

The scalar components of the reflected dyad are calculated by using

equations (11)-(16).
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APPENDIX C
DIFFERENTIATION SPECTRAL INTEGRALS

It is nov showvn that the differentiation under the spectral integ-
ral of (2.3) is a legitimate operation. Without loss of generality,
justifying this interchange of operations for the folloving is suffic-

ient.

2
J{ W.Iej"" Ivgpmy.r') Ie*) dv’ ] d’A (1)
r

In (1), kr is the real part of kc and evalustion of Pc is made on the
Riemann sheet vith Re(pc) > 0.

Assuming that J and VeJ are continuous and have compact support in
V, use of the vector identity Ve{gA]} = ¢ VedA + Vged along vith the div-

ergence theorem on (1) yields

J{ w-[ej”' [ysP Xy, 30y ave ] d’a -JI v[.’*" [yor sace)

r r
P 2
x g (Ny, ') dV']d A
“p.ly-y’l .
s)ﬂ vle”"' [ Foreairen L;—p— dy'l d’A (2)

c
T

vhere F{(Ve]J} is the Fourier transform of VeJ as defined in Chapter tvo.
Next, use Po * P * in' vhere P, and p; are the real and imaginary

parts of P respectively. The exponential .-prly-y'l is of constant
sign for all y. Using the generalized form of the first mean value

theorem for integrals (15, p.117), the right side of (2) wmay be written
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Y nax -p_ly-y’l
[ ] - - 2
JI vle”‘ r Re{ﬂv' Jix',nzr1e PyIYN }I —— dy’] d’x (3
Yy [+

r min

y o vy’
*J)ﬂ vle-""" Il{F(V' J(x’, 0,z 11e P17 }J”x PtV dy'] a’s
r

y-in

vhere Ynin< no « Y max (J = 0 for all y < Yain’ Y > y..x). The spatial

integral in (3) is trivial and leads to

- - o(p_3y)
v[ej"" ne{r(v' Jix’,n,z')1e IPLIY N } —E I d>a (4)
2p.P,
r
- - o(p_iy)
o [[ 0|eI?" 1a{Fivre3ix’, 0,201 P3Y"ON L 2| 42
2
prpc
r

PRy Yoin! ly

win - Q-P

vhere o(pr:y) = {(2- e T nax‘y)). Since VeJ is contin-
uous and of compact support in V, VeJ € L2 (i.e. the space of square
integrable functions). In perticular, for each y, V¢J is an Lz function
in the x-z plane. Using a standard theorem from Fourier transforam the-
ory [17, pp.310-313), the 2-D Fourier transform of VeJ is an L2 function
in the E-Z plane. Thus, Fi9eJ) = 0(A 1) as (As®, €0). The integrand
in (4) is dominated in magnitude by a function vhich is independent of r
and 0(A"2"%). The Weierstrauss N-test [15, p.470] guarantees that the
integral in (4) converges uniformly. A standard theorem from advanced
calculus [1S5, p.474] justifies the interchange of differentiation and

spectral integration.

162



APPENDIX D



APPENDIX D
ELECTRIC DYADIC GREEN’S FUNCTION IN THE SOURCE REGION

A classical developwment of the electric dyadic Green'’s function for
observation points vithin the source region proceeds as follovs. The
Hertzian potential maintained by electric current sources J in an un-

bounded medium is given by

J{r’)
’ ’
I(r) = %aa Iv-v wirir’) Jue dv (1)

vhere v is any volume containing r’=r, and

-jkir-r’l

» ————————————
wirir®) = e’ |

is the familiar representation for the free-space Green’s function.
Since (1) is independent of the shape of v, it is often written vithout
the limit.

The electric field E is related to I by E = (sz We)ll. Evidently,
calculation of E requires evaluation of the derivatives of 0. Fikioris
[{32) has shovn that first derivatives of Il may be obtained by formally
differentiating under the integral in (1) provided that J is continuous

in V. Therefore

Vell(r) = j:: IV Wirir’)eJ(r’') dV’ (2a)
-—1-— ’ ’ ’ 14
= - Jue IV J(r’)e Vyirir’) dV (2b)
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vhere the relstion W = - V’'y has been used in going from (2a) to (2b).
Nov, under the additional assumption that VeJ is continuous throughout
V, use of the vector identity Ve{gA) = Uped + ¢VeA allows (2b) to be

written
2= - —1— 4 ’ ’ - [ » ’ l 4
Vell(r) Jue IV l V' el(J(r’) wirir')l wiriz’) V¥ oJ(r’) dv’. (3)
Application of the divergence theorem to (3) yields
vetr) = == 1 [ wtrien) @ edirey dve - [ onedirn) wiriet) @8t ()
joe | dv ¥ s v

vhere S is the boundary of V and n is the outvard unit normal to S.
A
Since J is assumed to have compact support in V, neJ = O on S. Thus

(4) simplifies to
LI 'y O el(r’) dV’
Vell(r) = Joe JV wirir’) V' ¢J(r’) dV’. (S)

Nov second derivatives of Il may be obtained by formally differenti-

ating under the integral in (S). Thus

[ = —1— ’ » ’ ’
Welr) = S Iv Qyirir’) ¥ eJ(r’) dv

1

=-mlv7v(rlr)903(r)dv. (6)

Writing V' eJ(r’) = ¥ «{J(r’) - J(r)) in (6) yields
Wellr) = - Lj’ W lyirir’)] 9 e(J(r’) - J(r)} dV’
Jjee JV
I I (J(r’) - J(r))e n’'Pylrir’) dS’ (7)
Joe V$U S+s v

- Iv-v (J(r’) - J(r)}le VP ylrir’) dV’

vhere as before v is any volume vhich contains r, and 8 is the boundary

of v. By differentiability of J at r, the volume integral in (7) con-
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verges as v30. Hovever, it may be illegitimate to separate this inte-

gral into the sum
%*a {IV‘V J(r’')e V'V'v(lql'i) dv’- Iv-v J(r)e vovtv('qro) dV" (8)

since each integral in (8) may not converge. Hovever, evaluation of the

second integral in (8) reveals
%g’a .[V-v J(r) V'V ylirir’) dV’ = - J(r)-[%w IV-v VVyirir’) dV"
vhich upon application of the divergence theorem becowes
» ’ ’ 4 AI ’ ’ ’
%18 IV-v J(r) o9’V yirir’) dV’ = J(r)-{%&a IS*. n’'Vylrir’) dS |
A
= J(r)O{ IS n’'Veyirir’) ds’
" 4 ’ l}
+ %sa I. n'Vwyirir’) ds’;. (9)

Clearly the limit in (9) is convergent. Consequently, convergence of
the first integral in (8) is nov established since it is equal to the

sum of convergent integrals. Novw, substitution of (8) and (9) into (7)

reveals
A
of] = x. ’ ’ ' " ’ , , ,
Well = Je 438 { [y-y Twrirreaieny avi- [ @wiricins o3y ds
» ’ " ’ » ’ A' »
-[.[S.. Vw(rir'in’ ds’'|sJ(r) ’[Is’. Vy(rir’in’ ds’ |sJ(r)
= » O ’ » ' - " 2, , ,
Jeo 148 {Iv-v PP yirir’)eJir’) dV .I.s’. @' w(rir')n’eJ(r’) dS ’

: A
= 'J%; %ia ‘IV"V V'V yirir’)eJ(r’) dV'- I.  wirir’)n’ eJ(r’) dS"

vhere again the vanishing of :l'J on S has been observed. Finally, the

electric field is given by

165



= L ‘[ 2 v I ’ ’ ’
Er) = o im [y, (Ik"e 99 wirir ) e3(x’) dv’ + E5(p)
vhere the correction term EC is given by

' a
E(r) = - # 14 j'. V' wirir’)n’eJ(r’) dS’.
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APPENDIX E
EVALUATION OF AN INDEFINITE INTEGRAL

Evaluation of the indefinite integral I x Zp(ﬂu) Bp(bx) dx vhere Zp
and Bp are arbitrary Bessel functions, can be found as the limit of the

folloving integral vhich appears in Gradshteyn (25, p.6341].

PxZ (ox)B _1(0x) - oxZ _l(ux)B (Bx)
I x zp(au) Bp(Bx) dx = —E p-1 p-1  p

2 (1)

a - ’z

for a # B. An initial inspection of (1) seems to indicate an inconsis-
tency. The left side of this expression is clearly wvell-behaved for a =
8. Hovever, the right side is not of indeterminate form as o¥. This
apparent discrepancy is reconciled by remembering that (1) is an indefi-
nite integral. It is shovn belov that addition of an appropriately cho-
sen constant to the right side of (1) results in an indeterminate fora.

Let V be defined by the limit

VoElqp (Bx 2 (cx) B

(Bx) - ox 2 (ox) B (Bx)}
p-1 - P

p-1

= Bx (Z (Px) B
p -

p l(ﬂx) -Z . (Bx) Bp(ﬂx)). (2)

p-1

Noting that the folloving Wronskians (16, p.360] hold,

J (Bx) Y_ (Bx) - J_  _(Bx) Y (Bx) = 2/(nBx) (3)
P p-1 p-1 P
1 2 1 2
B sy B o) - 1 e W (o) = - 43/ (nBx)
P p-1 p-1 P

167



it can be seen from (2) that V is independent of x for integer valued p.

Subtracting V from the numerator of the right side of (1) yields

BxZ (oox)B  ,(Bx) - oxZ .(cx)B (Bx) - V
p-i p-1 P

I x Z (cx) B (Bx) dx = (4)
P p

vhich is clearly of indeterminate forms.
Nov, application of L’hopitals rule (15, pp.95-102) to the right

side of (4) allovs evaluation of the folloving integral.

I x Zp(ﬂx) Bp(Bx) dx = %&B I x Zp(ux) Bp(ﬂx) dx

= 26 uia Py {BxZ (ux)Bp (Bx) - uxzp_l(cx)np(bx))
Y
28 (bx ZP(OM) B ltﬂx) x zp_l(Ox) Bp(bx)
(3)
- bxz 2’ .(Bx) B (Bx)}.
p-1 P
The derivatives Z’ and 2’ are related to Z_ and 2 through the
P p-1 P p-1
recurrence relations (16, p.361]
Z'(Bx) = Z_  (Bx) - = Z (Bx) (6a)
P p-1 Bx p
' = - | §
Zp 1(ﬂx) Zp(ox) . B Zp_l(bx). (6b)

Substitution of (6a) and (6b) into (35) shovs

A - R
[ x Z (8x) B_(Bx) dx = 3¢ (o’ By (8x) (2 (Bx) - g2 2 (ex))

- Bx B (Bx) [-Z (Bx) + B=L Z2  (mx))
] P Bx “p-1

- x B _(Bx) Z__ (Bx))
P P-1
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=% (2 (Bx) B (Bx) + Z
P P -

(Bx) B (Bx)]
p-1 -

p-1

N

(7)

. Bx
28 [Zp(P0) B (Bx) o+ 2, (Bx) B (Bx)).

This expression is used belov to evaluate a specific indefinite inte-

gral.

(2

Let p =1, 2 =13, B =H

) and Bx = Q_p in (7). Then,

f 3.0 0 B @) pdp = & 13 @ 0 B @) + 3.0 0 1@ pn
1 "¢ 1 c 2 1 ¢ 1 c 0 ¢ o c

- (2) (2)
20 [3,(0.p) Hy '@ p) + Jo (@ p) H,

(Ocp)l.

An alternative form of this integral is obtained by aspplication of the
2
Wronskian (3) and the relation H; )(Bx) = Jp(ﬂx) - JYP(OM) (16, p.3581.

It is easy to shov from these relations that
(2) (2)
J (Bx) H (Bx) - J (Bx) H (Bx) = -3j2/(nbBx)
P p-1 p-1 P

vhich for p =1, B = Oc. and x = p can be written

(2) (2)
Jo@p) H, (@ p) = J,(@_p) Hy' (@ p) + J2/(n@_p). (8)

Substituting (8) into (7) yields

2
(2) e_ (2) (2)
I Jl(Ocp) H, (Ocp) pdp = 2 (Jltocp) H, (Ocp) + Jo(ﬂcp) Hy (Ocp)]

.2 (2)
zoc [2J,(0cp) H, (Qcp) + jZ/(uﬂcp)].

Stressing that this is an indefinite integral, the last term may be

omitted since it is constant. Therefore,
(2) g: (2) (2)
I J‘(Ocp) H, (Qcp) pdp = 2 [Jl(ocp) H, (Ocp) . Jo(ch) “o (Ocp)l
(9)

S - (2)
°c Jl(Ocp) Hy (Ocp).
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