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TRANSPORT, BREAKDOWN AND NON-GAUSSIAN STATISTICS
IN DISORDERED SYSTEMS

Yongsheng Li

After reviewing previous work on transport and breakdown in dis-
ordered systems, I discuss the ability of random walk algorithms to
calculate the effective conductivity of a continuum percolation
problem. I quantify the convergence properties by simulating the ef-
fective oonductivity of regular arrays of inclusions and find that the
following two conditions are necessary for convergence: 1) The dis-
tance the random walker travelled >> the correlation length; 2) The
random walk step S size of the narrowest neck.

An extreme scaling analysis is used to estimate the size of
hotspots in random networks and the consequences these hotspots have
for network strengths. The most surprising result is that brittle
networks exhibit a "dilute limit catastrophe", in which any finite
fraction of disorder drastically reduces the network strengths. This

is in contrast to transport or elastic moduli which are linear in



dilution with slope O(1) near the pure limit. A logarithmic size ef-
fect also occurs in this 1limit. The origin of this difference is
explained by the fact that strength depends on extreme fluctuations,
while moduli depend on an average over all fluctuations.

In the language of local load distributions, I argue that
transport properties are related to the low moments, while breakdown
strengths are related to the very high moments. Thus, the moment
spectrum links and quantifies the crossover between these two very
different classes of properties. I study this crossover behavior by
analyzing the moment spectrum and find the critical moment m, at which
the crossover occurs.

Another implication of the dependence of breakdown properties on
extreme fluctuations is that breakdown strengths conform to extreme
statistics distributions and exhibit large sample to sample fluctua-
tions [0(1/1nV)]. In contrast, the conductivity or elastic moduli
follow the central 1limit theorem and have Gaussian distributions with

1/2)]. The thesis closes with

small sample to sample variations [0(1/V
a broad discussion of the role of non-Gaussian processes in disordered

systems.
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CHAPTER I

Introduction
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A basic aim of theoretical solid state physics is to understand
and prediet various properties of solids, such as their structures,
mechanical, electrical and magnetic properties. This basically has
been accomplished for crystalline solids‘, in which the periodicity of
the lattice structure and electronic band structures play a fundamen-
tal role. 1In reality, due to impurities, lattice distortion and some
other reason32’3 , most solid materials have non-crystalline structures
and the periodicity is violated. To understand the properties of
solids of this sort has been a great challenge. These properties have
been studied intensively for last twenty years with the achievement of
a reasonable understanding. Various models have been developed in
this field (a typical example is the percolation theory“). Today, it
is a well established field, but there are still many open questions.
Two such questions, which will be studied in this thesis, are the
transport properties of a continuum percolation system and the break-
down properties of a random medium. It is interesting to note the
fact that the second one is a new class of problem. It has attracted
a lot of attention recently, and is providing new insights to break-
down phenomena as well as to the statistical mechanics of extreme
phenmnenas.

In this chapter, I will first give a overview about the under-
standing of the transport properties in lattice percolation systems,
which will naturally lead to the diffusion calculation of the effec-
tive conductivity for continuum percolation systems in chapter II.
Then, I will give a general introduction to the recently developed

statistical mechanics approach to breakdown in random media. Some of

these results are based on original work done in this thesis (chapters
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IITI and IV). In chapter V, the theory of extreme fluctuations is
placed in the broad context of non-Gaussian statistics in disordered
systems. Finally, in chapter VI, this thesis concludes with an over-

view and future perspective.
I.1 Transport Properties in a Lattice Percolation System.

There exist many inhomogeneous composite materials. Examples of
these materials include mineral rocks, sandstones, metal-insulator al-
loy and fiberglass. These composites are characterized by the so
called effective transport properties such as the electrical conduc-
tivity and elastic modulus, which reflect the average behaviors of the
bulk materials. The study of these effective transport properties of
composites has been a subject of great interest for more than a cen-
tury. There existed many different approaches to this problem. A
good general review on this subject has been given by Landauer6. Here
I will concentrate on one of these approaches, i.e., the percolation
theory.

Percolation theory provides a well-defined, transparent, and in-
tuitively satisfying pedagogical model for spatially random processes.
It can be applied to a broad range of physical phenomena. The
transport properties of a percolation systems have been the subject of
many recent theoretical and experimental studies. These studies,
apart from their theoretical interest, may serve as guidance for un-
derstanding the transport properties of many types of inhomogeneous

7,8

materials, such as polymer gels near sol-gel transition and low-

porosity sedimentary r-ocks9 .



4

Let us first review the "standard" discrete lattice percolation
model and its transport properies10.

As a typical example of percolation process, consider the square
network shown in Fig. 1.1, where each bond is a conductor and a fixed
external voltage is applied to the network. Starting from the pure
network, which is a conductor, we remove fraction (1-p) of the con-
ducting bonds randomly from this network. As more bonds are removed,
the conductivity of the network decreases and less current flows
through it., Finally, it becomes an insulator and the percolation
transition occurs. The value of p at which the percolation transition
occurs is called the percolation threshold Po- The network is con-
nected when p>pc, and it is disconnected when p(pc. As we can see
from Fig. 1.1, there is no connected path which links the top and
bottom of the square network when p is less than 0.5. Therefore, the
percolation threshold Pe is equal to 0.5 for two dimensional square
networks. This model can be generalized to various other properties,
such as elastic moduli (in this thesis, I will mostly concentrate on
the electrical problem). Generally, given a network, we can define

the percolation model as follows:

1) For the electrical problem, each bond is a conductor and is

assigned a conductivity o according to the following distribution:

P(0) = p&(o-0y) + (1-p)&(0) (1.1)



P=0.8
T
"1"*17[ I
tf”‘ 1 110
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Fig.1.1 Exzamples of percolation lattice with L=20: p=0.20
(p<p,); P=0.50 (p=p); p=0.80 (p>p,).



2) For the central force elastic problem, each bond is a spring

and is assigned a spring constant k according to the following dis-
tributian;

P(k) = pd(k-k;) + (1-p)s(k) (1.2)

For simplicity, we usually choose the constants % and ko to be unity.
For any percolation system, there is a percolation threshold Po» But
1t varivé frod system so Bystdh! Thé pervblation trensifien has been
extensively studied and the geometric properties show universal scal-
ing behaviors similar to critical phenomena near thermodynamic phase
transitions’o.

Transport properties of these percolation lattices have been
studied by many researchers. Their results can be summarized as fol-

lows.

1) Near to the percolation threshold Por the effective conduc-

tivity has a universal scaling behavior10
t
L(p) ~ (p - p,) (1.3)

where t is called the conductivity exponent, which is independent of
the detail of the lattice geometry and only depends on the dimen-
sionality of lattice [for elastic problem, Young's modulus Y has a

similar behavior:



Y(p) ~ (p - pc)f (1.4)
where f is called the elasticity exponent]. For example,

1.3 for two dimensional lattice
t = 2.0 for three dimensional lattice (1.5)
3.0 for Bethe lattice

2) Outside the critical region, one can obtain an accurate
analytic calculation of the effective conductivity by using the effec-

11-15

tive medium theory Typically, in the weak disorder limit, there

is a linear correction to the effective conductivity:
L ~L,-0(1-p) (1.6)

where 20 is the conductivity of pure lattice.

3) Numerical simulation1o

is capable of accurately simulating
the effective conductivity of percolation lattice over the whole range
of p.

In order to compare these results with real composites, we have
to generalize these lattice percolation models to include the compli-
cated micro-geometry of composites. Therefore, the continuum
percolation model was proposed. The simplest example is the so-called

"Swiss-Cheese" model‘ﬁ'19

, where uniformly-sized circular (spherical)
holes are placed at random in a 2-dimensional (3-dimensional) uniform
transport medium. The holes are allowed to overlap with one another.

It is quite obvious that there exists a critical hole-volume fraction
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q, such that when q>qc the system ceases to support any transport.
For quc, one can again define all the transport percolation exponents
through: L ~ (qc-q)t'and Y ~ (qc-q)f'. In Fig. 1.2, a pliece of two
dimensional Swiss-Cheese is shown. It was found that the transport
exponents of continuum percolation models are dependent on the
detailed geometry of the models. This is because near the percolation
threshold Qg the transport properties of this class of models are
limited by narrow "necks", which are bounded by interpenetrating holes
(see Fig. 1.3). A good review article is given by Feng, Halperin and

Sen19

, where the continuum percolation critical exponents are es-
timated.

When the concentration of one of the components (for simplicity,
we will consider only two-component composite systems) is extremely
low, the behavior of transport quantities like the electrical conduc-
tivity can be adequately described by the Clausius-Mossotti

equationzo'zs.

In between these two extremes, i.e., close to the per-
colation threshold and the weak disorder 1limit, an exact microscopic
theory or detailed computer modeling of the transport properties is
very difficult and till recently neither was available. One of the
difficulties is the lack of good numerical simulations, which has been
a major research tool to understand the lattice percolation systems.
The obvious reason is that even the largest available machines can not
store enough information to meaningfully discretize continuum systems.

Recently, a novel approach to this problem has been 1ntroduced26,

in which the true continuum structure is maintained, and the effective

conductivity of a composite structure is calculated using random walk
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Fig.1.2 A piece of two dimensional Swiss-Cheese, where
the circular fraction is 0.20.



Fig.1.3 Narrow portion of a neck, passing between three
overlapping spherical holes, in the three-dimensional
Swiss-cheese model.



1"
techniques. We applied this new method (see chapter II) to composite
structures and tested the accuracy of the method by comparing numeri-
cal results on Swiss-Cheese percolation structures with analog

experimentsz7’28.
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1.2 Introduction to Breakdown in a Random Medium

If one applies tensile stress to a solid, it elongates and be-
comes strained. The stress (o)-strain (€) relation is usually linear
for small stresses (Hooke's law) after which nonlinearity appears.
Finally at a critical stress 0g0 depending on the material, the
specimen, geometry and loading condition, the solid breaks into macro-
scopic pieces -- fracture occurs [see Fig. 1.4(a)]. In the case of
brittle solids, the fracture occurs immediately after the Hooke's
linear region, and consequently the linear elasticity theory can be
applied to study the (essentially nonlinear and irreversible) static
fracture properties of brittle solid329'37.

Similarly, if one applies voltage V across a conducting electri-
cal circuit, a current I flows through it. For small voltages, the I-
V relation is linear (Ohm's law). Finally, at a critical applied
voltage Vc, depending the circuit, the circuit fuses as the current
through some part of the circuit exceeds its threshold value [see Fig.
1.4(b)]. 1In dielectric materials, when the voltage gradient exceeds
its threshold value, a similar (dielectric) breakdown occurs [Fig.
1.4(c))]. A similar behavior occurs in a superconducting material,
where a superconductor becomes a normal conductor when the current
reaches a critical value [Fig. 1.4(d)].

What happens to such responses when the solid contains random
quenched impurities, dilution for example? Obviously with more and
more random voids, the linear responses like the modulus of the elas-

ticity Y of the solid decreases, or with more and more
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1
nonconducting elements in a network the conductivity L of the network
decreases. So does the breaking strength of the material: the frac-
ture strength 0, of the specimen, or the fuse voltage Vb of the
network, or the breakdown voltage Vb of the dielectric, or the criti-
cal current Ic of the superconducting network, all decrease
(occasionally Vb increases due to the decreasing of conductivity) on
the average with the increasing concentration of random impurities
(random voids, insulators, conductors, or normal conductors
respectively). These breakdown strengths are properties of prime im-
portance in most applications of composites. Prediction of the effect
of composite microstructure on breakdown strength is however, at a far
more primitive stage than corresponding predictions of effective con-
ductivity or elastic moduli. Recent generalizations of the

percolation model to study breakdown phenomenaﬁ’w'“7

provide a new
starting point in this class of problem, and an important pedagogical
system in which to test the relative importance of various microstruc-
tural features and randomness on breakdown phenomena. In this
section, I give an introduction and overview of the ideas and results
that have been recently derived using this class of model.

There exist many percolation models for various breakdown
problems. Examples include the random resistor network model for
dielectric breakdown“, random fuse network model for electrical

breakdown39’u1'u3, Hookean spring network model for mechanical

45,46

fracture and the superconducting network model for dirty

superconductor3n7. In this thesis, I will concentrate on the random

fuse network model and study the electrical breakdown problem. Most
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results for this system can be easily extended to other categories of
problems.

The random fuse model is described as follows. For simplicity,
consider a d-dimensional hypercubic percolation lattice with percola-
tion probability p, i.e., p fraction of bonds are conductors and the
remaining fraction (1-p) of vacant bonds act as insulators. Assume
each conductor is a fuse and has a resistance of 1Q and a breakdown
point of 1A (1V). 1Its current-voltage characteristic is shown in Fig.
1.5. Above 1V, the fuse becomes an insulator. There is a fuse net-
work only when the concentration is above the percolation'threshold
(pcSpS1). Now, two busbars are separately installed horizontally
across the top and bottom of the system and an electric field or volt-
age drop is applied vertically between two bars. If a sufficiently
small voltage is applied then the system conducts just as a random
resistor network in the ordinary percolation problem. Now if this ex-
ternally applied voltage V is sufficiently large some of the fuses
will break. And if enough fuses break there will no longer be a con-
necting path between the busbars so we will say that there has been a
breakdown of the entire network. By studying the breakdown behavior
of this model, we can get a general insight to breakdown in random
media in general. 1In Fig. 1.6, the geometry of a typical random fuse
network and its breakdown path for 50x50 networks are shown.

Next we describe the numerical technique to calculate the break-
down voltages or currents within the random fuse network model. The

breakdown procedure for each lattice realization is as follows:
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1 (amps)

1
V(voits) ——»

Fig.1.5 I-V characteristic for a single ideal fuse.
Above a voltage of 1V, no current flows.
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Fig.1.6 Example of random fuse networks and topology of
their final breakdown path on 50x50 square network: (a)

0.70; (b) p=0.90 (from Ref. 42).

p=
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(1) By using the Conjugate-Gradient method, we numerically solve
the Kirchhoff's equation on a given lattice network and find all the
voltages (currents) carried on each bond;

(2) Find the fuse which carries the largest voltage (current),
i.e., hottest bond, and remove it;

(3) Repeat this procedure until the network becomes disconnected.

In all the calculations, a unit voltage drop is imposed across the op-
posite edges of the system and free boundary conditions are used in
the transverse direction. The currents are determined to within an
accuracy of 10"9 (a computer code for this calculation is given in
Appendix A). Since the set of equations to be solved is linear, it is
easy for each step in the iterative process to find the external volt-
age required to break the hottest bond. Following this procedure, we
can get a sequence of breakdown voltages or currents. A typlcal se-
quence of external voltages that induce failure in the hottest fuse in
a 100x100 network with p=0.70 is displayed in Fig. 1.7. We define V1

(the corresponding current is 11) as the external voltage at which the

first fuse blows, and V_ is the maximum of the external voltages which

b
is the external voltage to induce the global failure to the network
(the maximum external current required to break this network is Ib)'
We also define the numbers, N1 and Nf , of fuses that are broken at Vb
and just before the network disconnects, respectively. In most study,
we are interested in the scaling behavior of the breakdown strength as

a function of disorder and system size.
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external voltage need to be applied to break the hottest
bond in the network, as a function of the number of broken

bonds l1 for a 100x100 square network with p=0.70.
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Since \l‘| and Vb scale in qualitatively same way, we can understand the
breakdown strength (Vb) by studying V1.

Compared to transport properties, the most surprising result in

breakdown problems is that random networks exhibit a dilute limit sin-

gularity, in which any finite amount of disorder drastically reduces
the network strength. A logarithmic size effect also occurs in this
limit. The origin of this difference can be explained by the fact
that strength depends on extreme fluctuations, while transport
properties depend on an average over all fluctuationsug-m. We will
give detailed explanation and discussion of these difference in chap-
ters III - V of this thesis.

For network models, the dilute limit singularity mentioned above
can be easily explained by a Lifshitz type argument first given by
Duxbury, Leath and Bealeuz. Consider the pure limit (p=1) when there
are no defects in the network, as illustrated in Fig. 1.8 (a) for an
LxL square lattice. It is obvious that the same current flows in each
vertical fuse and no current is carried in the horizontal fuses.

Therefore, all fuses break at once so that V, = V. . We can easily

1 b
calculate the breakdown voltage and current and find:

Vv =V, =L, 1i.e., v Vb/L:V/L:‘I (1.7)

-
n

1
and

=1, = de, 1y = %!

_ d-1 _
b = I,/L =1 (1.8)

and all the vertical fuses break so that
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d
N, = L/d (1.9)

A single defect placed in the horizontal hyperplane of the net-
work has no effect on the properties of the network. However, when
placed on a vertical bond [as shown for 2D square lattice in Fig. 1.8
(b)] a single defect has a rather dramatic effect. Due to the
presence of a single defect of this sort, the currents carried on
those vertical fuses next to this defect will be enhanced. The en-
hancement can be calculated in terms of the equilibrium Green's
functions of the pure system. From which, the enhanced current is

found to be,

=1+ 8(1/m =PI = 4/ (1.10)
where i is the externally applied current per column (I = iLd'1).
Now, the bond labeled 1 in Fig. 1.8 (b) breaks when Ieuse = Vv 80 by
setting Eq. (1.10) equal to 1, we find i, = 1,/L9" =x/4. After the

1 1
first fuse breaks the fuses adjacent to them [labeled 2 in Fig. 8 (b)]

feel even greater enhancement of current and hence immediately also
break. Indeed, the network will break into two parts. Thus, for a

single vertical defect, we find

d-1 _ 1 97 - . (1.11)

i, =1 :Ib/L 1

b 1

and
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Fig.1.8 (a) Pure network for an LiL square lattice, the vertical
bonds all carry the same current. The horizontal bonds carry no
current. (b) Single-defect problem on a LxL square lattice. The
bonds labeled 1 break first. The bonds labeled 2 then feel an
enhanced current, and hence break. A crack propagates outward

in the direction of the arrows in the figure.
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vy = vy = V/Lo= /L= w/h( + 0(1/L) (1.12)
The order 1/L correction in Eq. (1.12) accounts for the change in con-
ductivity due to removing the one bond. Eq. (1.11) and (1.12) clearly
demonstrate the dilute limit singularity. Therefore, any finite con-
centration of defects will have an even more dramatic effect. And
clearly the defects dominate this problem.

Another fact to demonstrate the importance of defects in break-
down problem is the logarithmic size effect in dilute limit where 0 <
1-p << 1. From the discussion above, it was seen that a single verti-
cal defect has a profound effect on the breakdown strength, clearly a
cluster of such defects although less probable to occur, will have an
even larger effect. Therefore, we can understand the breakdown
strength by studying the most critical defect. One critical defect in
two dimensions is a horizontal line of removed vertical bonds (see
Fig. 1.9) simply because in this case the dipole fields for the
removed bonds add constructively to produce the maximum current en-
hancement at the defect edge. In order to quantify the identification
of the most critical defect, it is necessary to answer two questions:
(1) What is the current enhancement at the edge of the critical defect
cluster; and (2) Given a defect fraction 1 - p, what is the probabil-
ity that the critical defect occurs somewhere within this network?

The answer to the first question is that the enhanced current

Itip at the defect tip depends on the size of defect as
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=

Fig.1.9 "Lifshitz defect" of size n for the square lattice
fuse problem. The bonds labeled 1 break first, and a crack
propagation outward in the direction of the arrows.
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Itip ~ey+e, n® (1.13)
where Cyy Cp and a are constants, n is the size of the critical
defect. More detail study will be given in chapter III.

The second question is what is the probability P(n) that n ad-
Jacent vertical defects in the hypercube will be missing somewhere in
the L% network. Since (1-p)" 1s the probability of n bonds missing
and Ld measures approximately the number of places that the critical

defect cluster can be placed on the lattice, P(n) is approximately
P(n) ~ (1 - p)" L9 (1.14)

For characteristic critical defect certainly occurring somewhere in
the lattice, P(n) should be of order 1. Therefore, we can find the

size of the characteristic largest defect n, by

nc d
P(nc) ~(1-p)°L ~1,

which implies,
n, ~ [-d/In(1-p)]inL (1.15)

Combining Eq. (1.13) and (1.15), we then can predict the breakdown

current by using the Lifshitz-type argument, which is

1, = L/L ~ 1/{c, + c2([-d/ln(1-p)]1nL)a} (1.16)
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A similar result can be found for the breakdown voltage. Therefore,
the external current or voltage that needs to be applied to breakdown
the bonds at the tips of the largest defect is reduced by a factor of
order 1lnL. This is the so-called logarithmic size effect.

Before closing this chapter, I would like to point out the fact
that the study of breakdown problem is a broad field, which has been
linked to many other interesting topics in statistical mechanies and
solid state physics, such as pattern growth, instability analysis and
the statistics of extremesS. Some of these connections will become
more evident in chapters V and VI of this thesis, where we will dis-

cuss other physical properties which obey unconventional non-Gaussian

statistics.




CHAPTER II

Transport Properties of

Continuum Percolation Systems
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There exist many methods and techniques to calculate the effec-
tive transport properties of random media. Effective medium theory,
scaling arguments and random walk algorithms are some examples. These
methods have been proven effective for lattice or discrete-like per-
colation problems. In reality, most composites have continuum
structures, which are not well characterized by those lattice models.
Recently a number of researcher326’52’53 have been exploring the use
of random walk algorithms to calculate the diffusion constant, and
thus through an Einstein's relation, the conductivity of continuum
systems. An advantage of this method is that the true continuum
structure is maintained. In this chapter, the detailed computation
algorithm is presented. Then the effective conductivity of the
"Swiss-Cheese" model is calculated using this algorithm. Finally, I
study the convergence properties of this random walk algorithm by
simulating the effective conductivity of regular arrays of inclusions,
and comparing with accurate results found using multipole expansion
methods. The ability of this algorithm to calculate elastic moduli is

also discussed.
I1.1 Diffusion on Random Systems.

The problem of diffusion and transport in random materials has
been the subject of considerable experimental and theoretical
interestsu'(’o. One prototype system that has been the object of
recent investigation is the random resistor network (RRN). Here one

studies the random walk motion of particles on percolation lattices.
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A general review on this subject is given by Pandey et al61,
where they presented a detailed Monte Carlo study for random walks on
various percolating lattices. The algorithm can be described as fol-
lows. For a given percolation lattice, one selects a site randomly as
local origin; from here the ant starts its random motion. One of the
nearest-neighbor sites is selected randomly, and the ant is moved to
this site if the bond linking these two sites is connected; otherwise
the ant stays at its previous place. In both cases the time is in-
creased by a unit step, whether the attempt to move was successful or
not. This process is repeated again and again for a preset time, the
maximum time. From the calculated rms distance R as function of time
t at various concentration p we can calculate the radii, dif-
fusivities, and the anomalous diffusion exponent.

The motion of the particle depends on the percolation probability
of the network. If the particle starts for p<pc from an arbitrary
origin, due to the absence of infinite cluster, the mean square dis-

placement R2 =< rz(t) > after a long time t approaches

R = Ri - Aexp[-(t/T)"] + ... (2.1)

where A is some p-dependent constant, R  is the saturation value for R
and is some average cluster radius diverging at the percolation
threshold. Also the characteristic time T diverges at Po For p>pc,

R grows with time asymptotically according to a diffusion law:

dR%/dt = constant + Bexp[-(t/T')¥ ] « ... (2.2)
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Right at P=Pg» the asymptotic behavior of R(t) is presumed to follow

an anomalous diffusion law62

Rt + ... (2.3)

de Gennes proposed that one can equally think of the random

54

resistor network as a diffusion problem™ ', since the Einstein relation

connecting diffusion to conductivity applies regardless of whether or
not the system is random63 . His term "ant in a labyrinth" to describe
the random walker on a random substrate has led to many new results
for the RRNsu'SB, such as the scaling relations among the exponents
describing conductivity and percolative quantit13356'6u’65. This is
an important conceptual advance and has been generalized to various
different problems, for example, random superconducting net:wor'ks“'68
and two-component networks where bonds have two finite conductivities

(called termite diffusion)®9:70,

In the later case, the ant has dif-
ferent weights to correctly model the different conductivities when it
crosses the two-component boundaries. In this chapter, we use an
"ant" algorithm to calculate the effective conductivity of continuum

percolation systems.
I1.2 Computational Algorithm.

In order to generate the a Swiss-Cheese system (see Chapter I)
with a given percolation probability p, we first calculate the number
of insulator circles we need to put into the system. This can be cal-

culated by using the formulae given by Xia and Thorpe25,
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2
p = exp (-nma”) (2.4)

where a is the radius of circles, n is the area density of holes.
Then, for a two-dimensional system with size LxL and percolation prob-

ability p, the number of holes is
N = - L2/(ﬂ32) 1np (2.5)

Having this number, we can randomly put these holes into the system.
A typical example of this is plotted in Fig.1.2, where periodic bound-
ary conditions are used.

The random walk algorithm to find the electrical conductivity
consists of allowing an ant to land in a random location on the sys-
tem. If it lands on a void, the ant dies and is removed, if it lands
on a remaining part of the background, it begins to diffuse. The step
length of the ant is a variable in the algorithm, and must be chosen
to be sufficiently small to properly sample the inclusion geometry (it
must be much less than the void diameter). Detail discussion about
this will be given in the later section about the convergence problem.
The ant randomly picks a direction and moves one step in that direc-
tion. 1If the ant hits any inclusions, the ant stays at its original
place, but the clock advances one step forward. In Fig.2.1, one dif-
fusion trajectory is plotted. The electrical conductivity is related

to the diffusion constant via the Einstein relation



Fig.2.1 A diffusion trajectory is shown, where the ant
starts from position 1 and arrives at position 2 at time
t. And the distance the ant travelled is R.
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o = e%nb/k, T (2.6)
where o is the conductivity, e is the electric charge on the ant, D is
the diffusion constant, kb is Boltzmann's constant, T is temperature
and n is the carrier density. The diffusion constant is related to

the distance that the ant travels in a time t via:
R « Dt (2.7)

where R is the radial distance travelled in time t. The simulation
method consists of measuring R2 for long times, averaging over many
initial configurations and walkers, and extracting D from the data.
Actually, the effective conductivity is calculated by the following

formula:
o(p)/oo z D(p)/D0 P (2.8)

where o(p) and 0, are the the effective conductivity and background
conductivity respectively, D(p) and D0 are the diffusion constants for
systems with percolation probability p and background (same diffusion
step length r is very important). The factor p occurs because we only
take into account those ants which start from the remaining back-

ground. For simplicity, we chose the value o, to be unity. The

0

diffusion constant D, for background is related to the diffusion step

0
length r via:
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D. ~r (2.9)

An example of this procedure is given in Fig. 2.2 for the Swiss-
Cheese case with void fraction q=1-p=0.20. The value of o/o0 = Dp/Do
extracted from these calculations is 0.67 t 0.01, and is comparable
with the best available estimates from perturbation expansions and
(rather tedious) analog experimentszg.

We have calculated the conductivity of Swiss-Cheese systems in
two dimensions for various percolation probability p (see Fig. 2.3).
In all of these calculations, the system size is L=50, the radius of
the inclusions is a=1.0 and the diffusion step length is fixed at
r=0.1. The typical maximum time is of the order 106. The calcula-
tions are averaged over 50 system configurations and 20 walkers per
configuration. In Fig. 2.3, we have plotted the available experimen-

tal result527

which were found from measurements of the conductivity
of a metal sheet with randomly punched holes in it. In this experi-
ment, about 3300 circular holes were drilled on each of two steel and
two molybdenum sheets (these materials are used instead of copper or
aluminum to avoid deformation during the drill). The size of the
sheets are 16cm x 16cm and the radius of the holes is 0.32cm. The
thickness of the sheets are 0.13mm, 0.25mm and 0.38mm respectively.
Effects due to the thickness of samples are negligible after observing
no change among the samples with different thickness. The finite size
effect only occurs for p very close to Pe [typically when (p-pc)/pc s
2%]. Thus, we believe that this experiment provided a reliable data

to test our numerical calculations.
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Fig.2.2 The distance travelled by the ant as a function of
time. The diffusion constant is given by the slope at long
time. Here p=0.90, system size is L=50, the radius of
circles is a=1.0 and the random walk step is r=0.01. This
calculation is done by averaging over 50 system realizations
and 100 different ant trajectories per realization.
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As shown in Fig. 2.3, the calculated conductivities agree well with
the experimental data except in the region close to the percolation
threshold Po: We believe that the large discrepancy in this regime is
due to the following three reasons: 1) There exists a large finite
size effect as in lattice percolation problems; 2) The maximum diffu-
sion time is not large enough to find the correct limiting diffusion
constant near Po- This is because the diffusion behavior only sets in
when the distance travelled by the ant is much larger than the per-
colation correlation length §, which diverges close to Po (§ ~ |p-
pcl'v); 3) The random walk step length is not small enough to
simulate the narrow necks that occur near to P In fact the size of

the smallest neck § is related to the percolation probability p‘a’19

by
8§ ~1/L, ~ (p - p,) (2.10)

where L.I is the number of singly connected bonds and is proportional
-1
to (q,-q) .

Since there exist many di.*zcussions‘lo’w’f’1

about solving the
first two problems listed above, we concentrate on the third problem
and try to characterize the effect of random walk step size on the

convergence of the random walk algorithm.
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Fig.2.3 A comparison between the simulated conductivities

(x) and the experimental results (o).
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I1.3 Convergence Properties of Random Walk Algorithm.

In this section, we study the convergence properties of random
walk algorithms and test the ability of random walk simulation methods
to handle narrow necks by simulating the effective conductivity of
regular arrays of inclusions. The reason to use this system is: 1)
For this system, there exist more accurate results found using multi-
pole expansion methods”'?s; 2) It is easy to clarify this issue
since disorder does not play any role in this system. 3) Due to the
periodic structure of this system, the diffusion regime sets in much
earlier than in the disordered systems. Therefore, more accurate dif-
fusion constants can be found.

We first briefly review the multipole expansion method for cal-
culating the effective conductivity75'78. Consider a square array of
cylinders each having radius a and unit separation between their cen-
ters (see Fig.2.4). The cylinders have zero conductivities and the
matrix separating the cylinders has a unit conductivity. The effec-
tive conductivity of this composite is Oopf? which needs to be
determined. Set up polar coordinates (r,0) with r being measured from
a cylinder center P and 6 from a line joining neighboring centers.

Following Rayleigh76

we can expand the potential V(r,8) about P as

v(r,0) = A, + £ (ar' 4 B/rl) cosie (2.11)

for r>a and with the zero radial derivative at the cylinder surfaces.

The application of boundary conditions at the cylinder surface enables
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each A1 to be expressed in terms of Bl' Symmetry conditions constrain
1 to run over odd values. The set of unknown Bl up to any desired or-
der can be obtained by truncation and solution of the following set
equations:

2n
- n! Bn/a S . Bl (n+1-1)1/7(1-1)1 (2.12)

= 12183, .. 5ha

for n=1,3,.... Here the Sl are given by the sum over integers m and

5, = o 8 B 1/(mein)! (2.13)

where (0,0) is excluded from the summation. By using the Green
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theorem it can be shown that the effective composite conductivity

Oorp depends only on 81:

off ° 1 - 21|B1 (2.14)

Thus in order to calculate Oopf for a given order of solution (i.e.,
for a given number of unknown Bl) the appropriate number of lattice
sums Sl must be calculated from Eq.(2.13); this enables the inversion
of the truncated system Eq.(2.12) to give the value of B1, which is
then inserted in Eq.(2.14).

In table 2.1, we 1list the calculated values Oorf for various
volume fractions, f:uaz, and the minimum order, N, of solution re-
quired to achieve the accuracy shown there. An analytic expression

for Oopp of this array based on square truncation to order N=3 1379:
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Table 2.1 Values of conductivity o eff for the square array

of insulating cylinders with various volume fractions f and

the minimum values of N required to obtain the corresponding
accuracy.

f Ocpr N
0.1 0.8182 1
0.2 0.6665 2
0.3 0.5376 2
0.4 0.4254 y
0.5 0.3247 6
0.6 0.2303 8
0.7 0.1345 16
0.75 0.0784 36
0.77 0.0489 40
0.78 0.0278 100
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Oppp = 1-2f/[1 + £ - 0.305827fu/(1 - 1.‘402958f‘8)

- 0.013362f8] (2.15)

It is an interesting fact that Oofp is a monotonically increasing
function of the order of solution N. Thus, the numerical values con-
verges from below to the true solution, as N increases.

Another important piece of information is the conductivity ex-
ponent for this system. This can be calculated by the multipole
expansion method given above. But an easier and more physical cal-
culation has been done by Kellerao, where he noted that it can be
found by calculating the conductivity contribution from the narrow
necks. By calculating the effective conductivity, he found that the
exponent t=0.5.

We applied the random walk algorithm to this system and calcu-
lated the conductivity for various volume fractions f (see Fig.2.5).
In these calculations, a fixed random walk step length r=0.01 was
used. From this figure, we can see that, comparing to the multipole
expansion method, the random walk algorithm gives very good results
until fc-f ~ 0.1. Near fc’ there is a large discrepancy [see Fig.
2.5(b)]. Therefore, the conductivity exponent t calculated from these
conductivities is quite far away from the right value. This suggests
that close to the critical volume fraction fc the random walk step
length is not small enough to get a reliable result. In order to con-
firm this, we calculate the conductivity for two fixed volume
fractions (radius of inclusions a=0.40 and a=0.45 respectively) as a

function of the random walk step length r. And the result is plotted
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Fig.2.5 (a) The conductivity of a square array of ciroular
inclusions as a function of the volume fraction f (<>).

For comparison, the results from the multipole expansion
method is also plotted (0). (b) The data of (a) plotted on
a log-log scale to empheasize the large discrepancy near fc.
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Fig.2.6 The conductivity as a function of the random walk
step length for two fixed inclusion radius a=0.40 (<>) and
a=0.45 (o) respectively. This implies that the conductivity
saturates when the walk step length is below a critical walk

step.
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in Fig.2.6. As shown in the figure, the calculated conductivity in-
creases as the random walk step length decreases. It finally
saturates when the walk step length is below a critical length. This
is physically reasonable, as if the random walk step is much larger
than the size of the conducting narrow neck, the ant can not diffuse
through the narrow necks. Thus, we calculate a lower diffusion con-
stant which leads to a lower estimate of the effective conductivity.
As the random walk step length decreases, the diffusion constant be-
comes more accurate. When the walk step length is of the order of the
neck size, the diffusion constant saturates. This diffusion constant

leads to a good estimate of the conductivity.

I1.4 Conclusion and Possible Application to Elastic Moduli

Calculation.

In summary, we have addressed the question of transport property
in a continuum composite. We have found that a simple random walk al-
gorithm is able to calculate the effective conductivity in systems of
this sort. We have made extensive simulations of two different
specific models (Swiss-Cheese model and a square array of circular in-
sulating inclusions embedded in a conducting background), and obtained
results in agreement with those obtained from experiments and multi-
pole expansion method. We also studied the convergence properties of
these random walk simulations. Our main results is: in order to have
good estimate of the effective conductivity the following two condi-

tions are necessary:
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(1) The distance the ant travelled R >> § the correlation length
over which the disorder is correlated, which insures the diffusion
region sets in.

(2) Random walk step length S size of the narrowest neck. This
guarantees that the algorithm correctly samples the narrow necks which
have a significant contribution to effective conductivity for high in-
clusion fraction.

One disadvantage of this algorithm is that it is an inefficient
use of computer time. This is because the walker spends too much time
in the background without getting very close to any inclusions.

Toboehnik52

proposed an algorithm to improve this, where the first
passage times are used. The basic idea is as fellows. For a given
composite structure and a particular random walker position, we first
find the largest circle (or D dimensional sphere in D dimensions)
which does not overlap any inclusion and is centered at the present
position of the walker. Then we move the walker immediately to a ran-
dom position on this circle (or sphere) and update the time by picking
it from a distribution of first passage time to the circle. The first
passage time distribution can be determined by solving the diffusion
equation with the right boundary and initial conditions (for details,
see Ref. 52).

Finally, we briefly discuss the possible application of this ran-
dom walk algorithm to the calculation of the elastic moduli of
composites. The random walk algorithm appropriate to elastic systems
is vector in nature81, and has not yet been properly formulated and

tested, even on the much simpler lattice problems. The random walker

is no longer a scalar quantity but rather a vector quantity. This is
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because isotropic elasticity involves two degrees of freedom, leading
to two diffusion rates (related to the longitudinal and transverse
sound velocities) and two elastic moduli -- the shear modulus and the
bulk modulus. Therefore, the diffusion algorithm in this case in-
volves the walker both hopping, as in the scalar case, but also
rotating according to well defined rules. At long times the probabil-
ity distribution is the sum of two Gaussian-like distributions; one
depending on the longitudinal sound velocity and the other on the
transverse sound velocity. But, we have not developed a good way of
extracting these two sound velocities from the long time behavior.
This is the major technical problem in implementing the random walk
algorithm for the elastic moduli, and is under investigation now. 1If
this problem is solved for a lattice, it could be easily extended to

elastic continuum systems.



CHAPTER III

Size and Location of the Largest

Current in a Random Resistor Network

— Anomalous Size Effect in Breakdown
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III.1 Introduction.

As discussed in chapter I, the random resistor network is a
paradigm for the study of transport in random media" and can be ex-

39,“1-“4. It has

tended to the study of breakdown in random media
been briefly illustrated in chapter I that it provides a nontrivial
starting point in the study of crack initiation due to defects, and a
simple starting point for the study of breakdown in quenched random
media. In this chapter, I will use these networks to study the
anomalous size effect in breakdown problems.

An analytic study of breakdown networks centers on the bonds car-
rying the largest loads, and in the case of the fuse network, the bond
carrying the largest current. In this chapter, we will study the
properties of the largest currents, in particular, we will show that
the largest bond current in a random resistor network (RRN) with p

(p)pc) present bonds of resistance 1Q, and 1-p vacant bonds, scales

with L, the linear dimension of the network, as

a
Imax ~ (1nL) (3.1)

B
Icom ~ (1nL) (3.2)

in the dilute 1limit, i.e., for L (the linear dimension of the
netuork)));p (the percolation correlation length). This is the so-

called anomalous size dependence in breakdown problem. Imax is the

largest current in the random resistor network, and Icom is the

largest current in a failure initiating bond. a and B are enhancement
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exponents. In this chapter, we will analytically calculate the
largest current in some special cases, give general arguments to sup-
port Eqs. (3.1) and (3.2), and suggest that a and B obey the

approximate inequality

1/(2(D-1) }sasBs1 (3.3)

where D is the spatial dimension. Numerical simulations which support
the analytic predictions for two-dimensional random resistor networks
are also given. In addition, we study the location of the largest
current in the network and find that in a system with free boundary
conditions, there is a strongly enhanced probability near the free
surfaces of the network. Translated into breakdown language, this im-

plies that cracks are often initiated near the surfaces of a sample.
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II1.2 Analytic Study.

In the dilute 1limit, where L>>gp, defect clusters are well
separated, and may, in a first approximation, be treated independ-
ently. We consider LD random resistor (1Q per present bond) networks
that have a current of 1A through each vertical bond in the pure
limit. Upon adding a small fraction 1-p of defects (which have zero
conductivity), we then wish to find the size of the current in the
hottest bond (the bond carrying the largest current). As discussed in
Chapter I, in two dimensions, long thin defects are especially effi-
cient at causing current enhancements near their ends [see
Fig.3.1(a)], and our analysis begins by calculating the current en-
hancements due to defects of this sort. The largest defects of this
sort have the largest current enhancements, and as we have shown in
Chapter I, the largest defects of this form are of size InL. To find
the current at the end of a defect like that shown in Fig.3.1(a) on
the lattice, we use the continuum approximation shown in Fig.3.1(b).
The solution to this problem in two dimensions may be found using el-
liptical coordinate solutions to Laplace's equations, and is given in

Appendix B, from which we take the result

coshi_exp(§_-£)
Jtip(x) 2 JG 1 + === sIARE """ 1, (3.4)

where Jtip(x) is the current density at distance x from the tip (at
x=a) of the defect along the y=0 axis, ;:eosh"(x/a), and j_ is the

current density at a large distance away from the defect. To find the
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(a)

-
(b)

Fig.3.1 (a) A failure-inducing single defect in the square
lattioce random resistor network. (b) An elliptical defect

that acts as a continuum-1imit representation of the defect
in (a).
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prediction that this result makes in the lattice problem, we must in-

tegrate over the lattice spacing d, to find

a+d

Lijp = fa Jggp(®)dx

coshf_exp(_-E)
Igf:;d)Jm[‘ . ____S%EE--E---] csinhgdg

=101+ § D-exp(g,-5, )1} (3.5)

where ga = cosh'1(a/c), 11 = cosh'l[(a+d)/c], and I = j d if the

a+d
current flowing in a vertical bond is a long way from the defect. For
simplicity, we take I_ = 1. In terms of d, a, and b, there are two
limiting behaviors in Itip'

2

(i) da<<p®, where Iti ~ 1_ (1+a/b) (3.6)

P

(i1) da>»>b°, where T

ip ~ Tal1 + ¥(2a/d)] (3.7)
For LD (D is the spatial dimension) RRN, the lattice spacing d=1. In
addition, b corresponds to the thickness of the long defect of
Fig.3.1(a) in the y direction, and so b=1. Since a ~ 1nL, the limit
da>>b2 is the correct limit to take in comparing the ellipse result
with the lattice problem. Using the single-ellipse result, one then

finds that somewhere in the RRN there is a bond whose current scales

as
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- (lnL)1/2

I (3.8)

2D ellipse
Now consider the random resistor network to be a breakdown network by
changing all of the resistors to 1-Q, 1-A fuses. The failure of the
bond at the end of an "ellipse-like" defect will lead to the eventual
failure of the whole network, as the crack grows from the outer tips
of the long thin defect in Fig.3.1(a). The ellipse thus gives an es-
timate of the current in a "failure-initiating" bond, and from it we
obtain the estimate Icom 2 Iellipse' There are, however, defect con-
figurations that lead to large current enhancements and do not lead to
the failure of the whole network. One such configuration is shown in
Fig.3.2(a). The bond in the middle of the two cracks in this figure
carries the most current. However, when it fails it does not neces-
sarily lead to the eventual failure of the whole networkaz. This sort
of crack configuration is considered further below. Before doing
this, we find Icom in three dimensions based on calculations using a
oblate spheroidal defect found by forming a solid of revolution about
the y axis of Fig.3.1(b). Solving Laplace's equations in oblate
spheroidal coordinate383 (the detailed solution is given in Appendix
B), one finds, for the current density as a function of distance from

the edge of the y=0, r=a circle,
Jy:Jm{1-[cot_1(sinhu)-(sinhu)'1]/[cot-1(sinhu,)

- sinhuy/(1+sinh?u,)]}, (3.9)
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,)1/2

where a=ccoshu,, r=(x?+z =ccoshu, b=csinhu,, a*sb*+c?. This is

integrated over the lattice spacing d in the x and z directions, and

again taking the limit da>>b2, with b ~ d to obtain the lattice limit,

we find

Itip =z IJy dxdz

u(a+d)

2
21¢ Iu(a)

coshu sinhu Jydu

2

aczju{cosh u - [sinhzu cot"(sinhu) -

[1]

sinhu -tan“(sinhu)]/[cot-1(sinhu,) -

u(a+d)

sinhu, /(1 + sinhzu,)]}u(a)

~ 1,232/ (ara) V3, (3.10)
with the result a ~ "maxl/z ~ (1nl.)1/2 in three dimensions (3D)u1'u3,
and we find, further,

1/4
Icom 2 (1nL) (in 3D). (3.11)

Again, this defect leads to the eventual failure of the whole network

" "
as the crack grows from the outer edges of the penny-shaped crack.
Combining the equations above for Icom in two and three dimensions, we

find



56

I~ (L) with 821/[2(D-1)1. (3.12)
Here we have written B21/[2(D-1)] because although the isolated el-
lipse and spheroidal defects that we have studied will certainly lead
to the failure of the network, there may be other configurations that
we have not studied that lead to failure more readily. The ellipse
result thus provides an approximate lower bound on B. It is only an
approximate lower bound, as we cannot rigorously exclude the pos-
sibility that the network may be stronger than the prediction found
from the ellipse result; although on physical grounds we consider it
unlikely, and the numerical evidencem'u‘?‘ (also see next section) sup-
ports Eq. (3.12).

It is straightforward to find a defect configuration that leads
to a greater current enhancement than that induced by the ellipse. 1In
two dimensions, one such defect is shown in Fig.3.2(a). The bond be-
tween the two cracks carries the most current, and we can make an
analytic estimate of its current by solving a continuum two-crack
problem. It is not possible to solve the two-ellipse problem, but it
is possible to solve the problem of two infinitesimally thin slits in
two dimensions by using conformal transformation techniques. We thus
replace the lattice problem of Fig. 3.2(a) by the continuum problem of

Fig. 3.2(b). By conformal 1:.ranst‘or-mat::lonau-86

(see Appendix B), the
two-slit problem is transformed as depicted in Fig. 3.2(c), a problem
that is trivially solvable for infinitesimally thin slits. The form
of the conformal transform is quite complex, however, so we defer

detailed calculations to Appendix B. The current density between the

two slits of Fig. 3.2(b) is then integrated over the lattice spacing
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Fig.3.2 (a) A strong current-enhancing defect configuration in
the square-lattice RRN. The bond between the two defects carries
a large current. (b) A continuum representation of the defect in
(a). The defects are infinitesimal slits lying along the x axis.
(c) Under a conformal transformation, the defeot configuration of
(b) is transformed to that shown in this figure. The calculation
of the electric field in this geometry is trivial.
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d, to find, for the current between the two slits in the lattice
limit,
1 )

Islit;?.la,(a*-b)[E(k)-K(k)+E(k JK(k)/K(k )], (3.13)
where 2a is the distance between the two cracks [see Fig. 3.2(b)], b
is the length of each crack, k=a/(a+b), k' = /(1-k2), and K(k) and
E(k) are,respectively, elliptic integrals of the first and second

kind. When the cracks are close so that a/b+0 and k+0, we find

Iiotal ~ (a+b)/1nfa/(a+b)], (3.14)

which implies

I g ~ 1n(L)/1n(ln(L)], (3.15)
or a=1, ignoring the ln[1ln(L)] correction. As a technical aside, it
is interesting to note that although the single-slit result does not
produce the same current density at the slit tip as is found at the
ellipse tip, after integrating over the lattice spacing the ellipse
and the slit give the same expression for the current (this is
demonstrated in Appendix B).

In general, we believe that it is always possible to find a
defect configuration that channels a current proportional to the
defect size through one critical conducting bond, and hence that a=1
for any dimension. In any case, a=1 is an upper bound on the amount
of current that can be channelled by an isolated defect cluster, just

due to current conservation. Based on the isolated defect cluster
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calculations described above and Eq. (3.12), we thus find the ap-

proximate inequality given in the Introduction [Eq. (3.3)],
1/[2(D-1) ]SBSas1 (3.16)

The only way that this result can be invalidated is for the
cumulative effects of many defect clusters to lead to qualitatively
new behavior. We may estimate the maximum enhancement this effect may
have by replacing each defect cluster by a dipole current source, and
considering a random distribution of such dipoles on the lattice. The
maximum cumulative effect of such a distribution of dipoles is

D

1 ~ 111‘ dr rD"(1-p)1 /r, (3.17)

max dipole

where I is the average strength of one dipole [0O(1) for L>>§p].

dipole
The integrand is the maximum contribution to a bond current at the
origin due to all dipoles on the hypersphere at distance r. Upon

doing the integral, one finds
I ax ~ 1nL in all dimensions. (3.18)

The failure of such a bond does not necessarily lead to the failure of
the network, and the long range cumulative effects of dipole current
sources thus leads to the prediction asi1 as found above using defect-
cluster arguments. We thus believe that Eq. (3.16) provides reliable
bounds on a and B, and that the evidence is quite strong that a=1 in

two dimensions. In the next section we test the analytic predictions
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that we have made above by doing numerical simulations on the two-

dimensional random fuse network.
I11.3 Numerical Simulations.

In order to test our predictions, we have performed numerical
simulations on LxL square-lattice random resistor networks. As
described in Chapter I, we use the Conjugate-Gradient method to solve
Kirchhof‘f"s equations on this network. In the calculations described
here, we apply an external current of 1A per vertical bond and free

boundary conditions in the transverse direction. The solution is con-

sidered to have converged adequately when the residual vect;or“2 is

less than 1.01110'7 .

In Fig.3.3 we plot the maximum current Imax (averaged over 50
realizations) as a function of lattice size L, with L ranging from 10
to 200 for several values of p. At all values of p presented in the
figure, the data suggest that Imax is linearly dependent on 1lnL, and
hence that a=1 in two dimensions. These numerical data thus support
the prediction found from the analytic arguments of the preceding sec-

tion, and we thus believe a=1 in two dimensions for L));p.

‘”'“3, I =1 when there are no

As discussed previously com- ~max

defects in the system, and also that Icom ~ Ima at the percolation

X

point. We thus have chosen to do a detailed comparison of Ic n with

Ol

Imax at p=0.75, as any differences between two quantities should be
noticeable at this defect fraction. It is much more time consuming
computationally to calculate Icom as it involves carrying the crack-

propagation process to completion. The data presented in Fig.3.4 on
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Fig.3.3 The size of the largest bond current, amax)' on
Lzl square lattice random resistor networks as a function
of the lattice size L, for p=0.90 (o), p=0.80 (<>), p=0.75
(+), and p=0.70 (x). Each point is an average over 50
realizations.
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Fig.3.4 A comparison of the size of the bond currents,
<Im> (v) and <I°°.> (¢>), as a function L for p=0.75.
Each point is an average over 50 realizations.
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square lattices of sizes from L=10 to 100 with 50 realizations per
lattice size took 5 h of Cyber 205 CPU time. The data are consistent
Wwith the equality a=B=1 in two dimensions, although the Icom data have
some downward curvature. The data are certainly consistent with the
theoretical prediction given in Eq. (3.16) of the preceding section.

The prediction that a=1 in two dimensions has implications for
the nature of the tail of the bond-current distribution occurring in
the RRN. The fact that the largest current increases logarithmically
implies that the tail of the bond-current distribution is exponential,
as can be seen from the following equation,

LDexp(-BIma ) ~ 1, (3.19)

X

where B is independent of L, and so
I ~ 1nL. (3.20)

The relationship between the extreme values of a distribution and the
nature of the distribution tail is well studied in statistics, and may
be found, for example, in the book by Gumbe187. Another numerical
test of the exponent a is thus to study the form of the tail of the
distribution of bond currents. The bond-current distribution for L=80
square networks with p=0.80 and 0.90 is shown in Fig.3.5(a). The two-
peak structure of the distribution in Fig.3.5(a) is a reflection of
the fact that when there are no defects in the network, the vertical

bonds all carry the same current, while the horizontal ones carry

none. In the pure limit the distribution function is thus two delta
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Fig.3.5 (a) The probability distribution of bond currents
for the square-lattice random resistor network for p=0.90

() and p=0.80 (<>).

realizations of a 80x80 square lattice.

The figure was constructed from 50
(b) The data of (a)

plotted on a log-linear scale to emphasize the exponential

tail of the distribution function.

If the tail of (a) is

exponential, we expect the tail in this figure to be linear.
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functions, one at the origin and one at a current 1A. This two-peak
structure persists for defect fractions quite close to the percolation
point. 1In this chapter we most interested in the tail of the dis-
tribution function, and, in particular, we expect the tail to be
exponential in I, if the value a=1 is correct in two dimensions. The
bond-current distribution data in the tail of the distribution of
Fig.3.5(a) is plotted to fall on a straight line if the tail is ex-
ponential, and , to the accuracy of the numerical data, it does.

The location of the largest current in the RRN also shows an in-
teresting behavior as a function of the distance from the free edges
of the network. This is shown in Fig.3.6(a) and 3.6(b) for L=50 and
90 RRN at p=0.90. These figures show that there is a greatly enhanced
probability of finding the bond with the largest current near the sur-

faces of the network. This may be quantified by measuring the ratio

R(L) = P

max/Pbulk, (3.21)

where, for L=50, Pmax is the maximum of the curve in Fig.3.6(a) and
Pbulk is an average over the central region of the same graph. R(L)
appears to increase algebraically with system size, as shown in Fig.
3.7, which implies that with increasing system size the probability
that the bond carrying the largest current, lies near the surface, in-
creases.

The results depicted in Fig. 3.6 and 3.7 may be qualitatively ex-

plained on the basis of isolated defect-cluster arguments. The
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Fig.3.6 The probability D that a bond distance x from one
free surface of a square-lattice RRN carries the largest
current in the network. The distribution function was
constructed from 500 realizations of RRN's at p=0.90 for
(a) L=50 and (b) L=90.
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Fig.3.7 A plot of the ratio of the maximum of Fig.3.6 to
the bulk average as a function of system size L, for L from
10 to 90 at p=0.90.
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effect is reflected in a isolated-defect problem, in the statement
that as the isolated defect is moved closer to a free boundary the
current at its tip increases markedly. A graphical representation of
this effect is also given in Fig.3.8 (rectangles), where the current
at the tip of the defect of Fig.3.1(a) is monitored, as the defect is
moved towards the edge of the system. A similar effect occurs for the
defect of Fig.3.2(a), and is shown in Fig.3.8 (triangles), where the
current in the bond at the center of the two cracks in Fig.3.2(a) is
shown as a function of distance from the free edges of the network.
From Fig.3.8 it is seen that defects close to the free edges of the
networks lead to greater current enhancements than the same defects in
the bulk. An approximation to the enhanced surface probability is to
frame the question in a slightly different way. Namely, what size
surface defect do we need to have to produce the same current as a
reference defect in the bulk? In the case of the defect of Fig.
3.2(a) the defect at the surface needs to be about 3/4 (for an 80x80
lattice) the size of its bulk counterpart. One then finds for this
type of defect cluster the following enhancement in finding the defect

at the surface,

R= Psurface/Pbulk

~ (1-p)~3InL/ALINC1-p)] )y -10l/In(1-p) (5 55

where we have used Eq.(1.19) and (1.20) in Chapter I to derive Eq.

(3.22). We then find
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1Pk - L1/, (3.23)

Psurf‘ace

We expect that the qualitative behavior is correctly given by

these arguments for general lattice dimensions and when the random

distribution of defects is included into the network, but with a dif-

ferent exponent. From the results of simulations of the full network

presented in Fig.3.7, we find this surface probability exponent, x, to
be (at p=0.90)

LX, (3.24)

with

x=0.3%0.05. (3.25)

Translated into breakdown language, the results of Eq.(3.24) and
(3.25) suggest that cracks are often initiated near the surfaces of
the sample. This is an effect that is often observed in both electri-
cal and mechanical breakdown situations, but is usually attributed to
extra surface defects or surface inhomogeneities. Although these
probabilities do often occur in real situations, the results discussed
above show that the presence of a free surface is of itself enough to
induce a greatly enhanced probability of crack initiation in its

vicinity.

O KT

-
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II1.4 Conclusions.

In this chapter we have studied the size and location of the
largest current in a RRN. Our conclusions are follows.

(1) The largest current in a RRN, with fraction 1-p of zero-
conductivity bonds, on length scales L >> gp, has the scaling behavior
Imax ~ (lnL)a, while the size of the current in the failure-initiating
bond has the scaling behavior Icom~ (lnL)B. Analytic arguments place
approximate bounds on a and B, as given in Eq.(3.3). Numerical
simulations in two dimensions indicate that a=B=1.

(2) The probability of finding the bond with the largest current

near the free surfaces of the network is much larger than that of

finding the largest current in the bulk. This is quantified by ratio

R = Psurf‘ace/Pbulk

Numerical simulations suggest x=0.30%0.05 at p=0.90 in two dimensions.
The methods and results of this chapter can be used to study many
other network models of breakdown, particularly, the brittle fracture

and dielectric networks described in Chapter I.



CHAPTER IV

Comparison of Moduli and
Breakdown Scaling

— A Moment Spectrum Analysis
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IV.1 Introduction.

In this chapter, we will study the origin of the very different
scaling behaviors for transport and breakdown properties by analyzing
the moment spectrum of the local load distribution. If a constant ex-
ternal electric field or stress is applied to an inhomogeneous
material, the local stress or electric field shows strong spatial

43,82,88-9% 'm0 size of these local load fluctuations is

fluctuations
quantified by a distribution function we call the local load distribu-
tion L(x). This distribution function has been intensively studied
recently in the context of the voltage distribution at the percolation
point, where it has been labeled mltif‘ractalaa’ag’gs. In this chap-
ter, we show that the moment spectrum induced by a random environment
provides a useful concept in which to understand the differences be-

10

tween the scaling behavior characteristic of transport and

96-98

elastic moduli and the very different scaling behavior charac-

teristic of breakdown propertiess’m_%'ug’99"01.

It is known that the effective conductivity of an inhomogeneous
material is related to the second moment of L(x)w, while the resis-
tive noise is related to the fourth moment of this
distribution102'1o5. In a similar way, properties such as elastic
constant and thermal conductivity are related to the second moment of
the appropriate local load distributions. By contrast, fracture
strength, dielectric strength and other breakdown properties are in-
itiated in regions where the local load is largests’u1'u6'u9’99'1m.

It is intuitively plausible, and in this chapter we give quantitative
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evidence that, these load hotspots are related to the very high mo-
ments of the local load distribution. A study of the full moment
spectrum thus allows us to understand in detail the crossover from
low-moment scaling (transport properties, etc.) to high-moment scaling
(hotspots and breakdown properties).

To study this crossover, we first focus attention on isolated
cracklike flaws that most enhance local fields. The low-moment-to-
high-moment crossover of systems containing such isolated cracks is
discussed in section 2. To carry out the analysis, we need simple
scaling forms for the local stress or electric field distributions
near isolated cracks. These forms are derived in the Appendix B, and
are summarized in Eq. (4.15) and (4.22).

When a distribution of flaws is present in a material, it is not
possible to find the detailed form of the stress or electric field
distribution. Despite this, we argue in section 3 that it is possible
to estimate the point at which the crossover from low moment to ex-
treme scaling occurs, by studying the form of the tail of the local
load distribution. This analysis is carried out for systems with ex-
ponential, algebraic, and multifractal tails in L(x). A numerical
illustration of these arguments is provided by calculating the moment
spectrum as a function of dilution for two-dimensional random resistor
networks. The results are displayed in Fig.4.3.

In section U4, we study numerically the origin of multifractal be-
havior in electrical breakdown problem by using random resistor
networks. We find the local load (voltage) distribution change radi-
cally during the breakdown process, and that the narrow neck occurring

Just before failure generates a broad voltage distribution. This




75
broad voltage distribution leads to a multifractal scaling, and it
even occurs in systems very near the pure limit. The precise form of
the spectrum is sensitive to the initial randomness of the networks.

Finally, we conclude this chapter in section 5.

IV.2 Moment Scaling due to an Isolated Cracklike Flaw.

As in the most traditional theories of mechanical fractureua,

consider an isolated crack of length, a, and with a curvature at the

crack tip, x, in an otherwise, homogeneous system with large volume V

= Ld (a<<L). It is known that such an isolated crack (which is

modeled as a cracklike void) makes negligible contribution to the

overall conductivity11'15 [see Eq. (1.6)], L i.e., that,

eff?

L /Z.  ~1-0(V

ert’ Lo Ny, (4.1)

inc

where 20 is the background conductivity and vinc is the volume of the
inclusion. In contrast, such an isolated crack drastically reduces
the electrical and mechanical strength of the system, as near the

crack tip, strong load enhancements occur, and for the electrical case

one find55,43,45,46,49,

E /Eo ~ (::1/21()”2

tip (for a>>1),

which leads to an electrical strength of order

1/2
Eb(a)/Eb(O) E./E ip (2k/a)

o’Ee i (for a>>1) (4.2)
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where Eb(a) and Eb(o) are the electrical strength of the sample with a
flaw in it and with no flaws respectively, and the electric field is
applied perpendicular to the crack. Similar expression to Eq. (4.2)

hold for the tensile strength of brittle materials with E_ and Eo re-

b
placed by stresses, and with a different constant prefactor. The
important scaling behavior that we want to emphasize is that in many
materials electrical and mechanical strength decrease as the square
root of crack length, while conductivity and elastic moduli have cor-
rections of order (1/V) for a<<L. The result in Eq. (4.2) is based on
field intensity calculations. Fracture strength reduction due to
cracks is most often discussed using energy balance arguments, in
which the elastic energy reduction due to increasing crack length is
balanced against the energy to form new fracture surfaces. For the
linear elastic case this is a classical calculation, and leads to the

(plane strain) Griffith's formula50,

2Y = 102a/e which implies 0 = (2Yc.=./1la)1/2

: (4.3)

where Y is the energy needed to create new crack surfaces, while e is

51 is also

the elastic modulus of the background. An analogous result
available for the dielectric strength of a two dimensional insulator
containing a long thin piece of metal (this is a dielectric "crack")
oriented parallel to the direction of applied electric field.
However, this analogy does not carry over to 3 dimensions where a
penny shaped crack is most important for mechanical and electrical

failure, while a finger-like defect is most important for dielectric

failure.
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In this chapter, we use stress and electric field intensity for-
malism, as they provide a framework in which to better understand the
crossover from modull scaling to breakdown scaling.
To demonstrate that the moment spectrum of the local load dis-
tribution contains Eqs. (4.1) and (4.2) as limiting cases, note that

the maximum electric field occurring in a system may be written,

E  ~ g%/ (4.4a)

so that

m)1/m

Eb(flaued system)/Eb(O) ~ CE,>/<E as m+®, (4.4b)

0
For the case of insulating inclusions, it can be seen that the effec-
tive conductivity is related to the second moment of the electric

field distribution by noting that the power P

2 2 _ 2
P = VEO zef‘f = JETL(r)dV = £0<E >V, (4.5)
so that
- N
zerr/zo = <E >/<Eo>. (4.6)

Comparing Eqs. (U4.4b) and (4.6), it is seen that study of the function

- 1/m
R, = <Eo>/<Em> (4.7)
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provides a simple quantity that typifies the crossover from low-moment
to extreme moment scaling as a function of m. For a system containing
an isolated crack, this quantity shows a crossover from O(1/V) correc-
tions when m is small to the typical breakdown scaling of Eq.(4.3)
when m becomes large. We now study this crossover analytically for
electrical, mechanical, and dielectric systems containing an isolated
crack.

Consider an isolated cracklike elliptical void in the geometry

shown in Fig.4.1. 1In elliptic coordinates, E, n,

x=ccoshfcosn, z=csinhfsinn (4.8)

with the ellipse equation being

x%/a% + 22/b° = 1 (4.9)

and

and the electric field applied in the z direction has amplitude Eo far

from the ellipse. Solving Laplace's equation in elliptical coor-

dinates yields the electric potentials,

¢,, = -Acsinhgsinn (4.10a)
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Fig.4.1 The geometry of the two-dimensional ellipse problem.
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¢_ . = -E csinhgsinn + Be °sinn (4. 10b)

out 0
with

A:Eo(a+b)/B, B:-an(a+b)/c (4.10c)

The electric fields are then given by

Eg = -(1/1)3¢/93¢, En = -(1/1)9¢/9n (4.11)
where
T = c(slnh2§ + sin2n)1/2 (4.12)
The full expression for the electric field moments is given by
E™ = (W) 1 (E§ . Ei)m/zdv (4.13)

It is known that the second moment (m=2) and inclusion energy scale as

2

2
<E >/<Eo

>~ 1+ 0(1/V) (4.14)
the corrections to the conductivity due to the isolated crack are re-
lated to the second moment [see Eq. (4.6)], and this implies Eq. (4.1)
for a single crack. We have not been able to analytically evaluate

Eq. (4.13) for any m>2, but the important scaling behavior may be
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found by noting that the electric field as a function of radial dis-
tance parallel to the major axis of the ellipse behaves as shown in
Fig. 4.2 (a). The important scaling behavior that occurs in this

figure is summarized mathematically by (see Appendix B)

1+ aae/rcl for r>a (4.15a)

Ez(r)/Eo ~ Gt cze(a/Zr)V2 for k<r<a (4. 15b)
1/2

k1e + kze(a/Zx) for r<k (4.15¢)

where Ge is a dipole moment for the two-dimensional problem of a
crack in a resistive background, k is the crack tip curvature (=b2/a)
for an ellipse, and Ciet Coe! k1e and k2e are constants for the two-
dimensional (2D) electrical problem. In fact, the scaling behavior of
Eq. (4.15) is highly universal, and applies (with different a, ¢, and
k) to ellipse, ellipsoidal, and slitlike cracks in 2D and 3D linear
elastic (plane stress) and electric problems (see Appendix B). This
is illustrated for the 3D elastic problem in Fig.4.2(b) where the
z-direction stress is plotted as a function of radial distance from
the tip of an oblate ellipsoidal void (in the x-y plane). Again, the
near-field square-root behavior crosses over to a far-field dipole
form, in agreement with Eq. (4.15). As seen from Eq. (4.15b), an im-
portant singular behavior occurs near the crack tip, and the angular

dependence (to x axis) of this singular behavior is

E_(r,0) ~ Eo(a/Zr)1/231n(9/2),

(4.16)

172

Ee(r,e) ~ Eo(a/Zr) cos(6/2)
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Fig.4.2 (a) The (2=0) electric field, E’(r), as a function
of distance from the tip of an ellipse (a=200, b=1). The
mathematical form of the scaling behavior in Ea(r) is given
in Eq. (¥.15) of the text. (b) The 2=0 stress field, o’(r),
as a function of r for an oblate ellipsoid (a=200, b=1) in an
elastic background. The dashed line has slope —3.
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for 6 small. This more general form does not, however, change the mo-
ment scaling behavior derived below, and henceforth we use Eq. (4.15)
in our scaling analysis. The most important physical observation is
that as the moment value is increased, the regions (4.15b) (4.15c) in-
crease their contribution to the integral (4.13). This is explicitly
seen by subdividing and approximating the integral (4.13) as shown

below

V CLE(R)/EGI™ ~ 1 rdr (1+a, /09"
+ Ix<r<ardr [c1e+02e(a/2r)1/2]m
+1_rdr [k, vk, (ar2) /21" (4.17)
keeping the most singular terms in each integral, we find,
CAE(R)/EGT™ ~ 1+ mO(V, V) + (a/20)™2Ep (4.18)

where vin is the volume of the inclusion. The O(Vinc/V) term is es-

c
timated by considering the leading term in the first integral, and
including the correct angular terms. This is necessary, as this term
is a dipole integral, in which care must be taken to ensure that all
terms are included, and that boundary terms do not produce unphysical
results. The result is a term of order the inclusion energy, which
leads directly to the result quoted.

From Eq. (4.18), we can see that Rm [see Eq. (4.7)] has the fol-

lowing scaling forms:



84

1 - O(Vinc/V), m((mc,
R~ (4.19)
n 1/2
(2ksa) "' °, m>>m_,
where mc is found from
(a/2k)™2 2/ ~ 1 (4.20)
or
m, ~ 21n(V/k°%)/1n(a/2x) . (4.21)

Due to the universality of Eq. (4.15), this result straightforwardly
generalizes to three-dimensional electric problems and to elastic
problems in two and three dimensions.

There is also a great deal of similarity between the problem of
an insulating crack in a conducting background and the problem of a
conducting crack in an insulating background. The former problem has
been discussed as the simplest example of an electrical breakdown

5,41-46,49,99-101

problem , While the latter is the simplest starting

point for understanding defect-induced dielectric

breakdouns’u1'46’u9’99-101.

It is well known that in two dimensions,
the electric field enhancement at the tip of a metal ellipse oriented
parallel to the applied electric field in an insulating background, is
the same as that at the tip of a void inclusion oriented perpendicular
to the applied field and in a conducting background (see the Appendix

B). The asymptotic form (4.15) then applies equally well to the
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dielectric problem in two dimensions, and hence that Eqs. (4.17)-
(4.21) express the moment scaling appropriate to that problem. The
dielectric problem is different in three dimensions, however, as there
the most important cracklike defect is a fingerlike

5,41-46,49,99-101

inclusion , Wwhich induces the following electric field

behavior near its tip (for detail calculation, see Appendix B):

1 + a3d/r3 for r>a
Ez(r)/E0 ~ 1n(r/2a) + a/2r for k<r<a (4.22)
1 + (a/b)%/1n(2a/b) for r<

in this case the integration over the region near the crack tip leads

to
V([E(r)/EO]m> ~ I; rzdr (1+a3d/r3)m
+ I: rzdr[ln(r/Za) + a/2r‘]m
3 2 m

+ K°[1 + (as/b)“/1n(a/b) ], (4.23)

so that
CIE(P)/E- 1 ~ 1 + mO(V,_ /V) + (a/2k)®k3/V (4.24)
0 ine :

The moment value at which crossover between low-moment scaling and ex-

treme scaling occurs is then given by

m, ~ 1n(V/K3)/ln(a/2K). (4.25)
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For extremely sharp cracks (k+0), it is seen from Eqs. (4.18) and
(4.24) that if k becomes sufficiently small, a singular behavior can
occur for low-moment values. For the problems described by Eq. (4.18)

this moment value is

m. =4 (4.26)

m, =3 (4.27)

For m > LAY moments are affected by extremely sharp cracks, and in

fact these moments are singular as k +» 0.

IV.3 Systems with Flaw Distributions.

In this section, we consider systems with a distribution of
voids. These voids are randomly distributed and may have any shape.
When such a distribution of flaws is present in a material, a dis-
tribution of local loads is induced. The point at which extreme
scaling sets in, is determined by the form of the tail of the local
load distribution L(x). In this section we consider exponential, al-
gebraic, and multifractal load distribution tails. A specific
illustration of our results is provided by numerical studies on random

resistor networks.

A. Exponential tails in L(x) -- PP, random resistor networks
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When the dilution, f=1-p, is small, the distribution of bond cur-
rents (and hence voltages) in the 2D LxL random resistor network is

43

known to be exponential ~. In this case, the largest current in a
system of size Ld is of order Imax ~ lnL, and for a fixed applied cur-

rent of L amps, the high moments of L(I) are then approximated by

<a® ~ AIImax 1™ exp(-AI) dI (4.28)
This is true as long as m/A >> 1, and A ~ -1n(1-p) for p small. As p
approaches Por A becomes small, and a multifractal bond current dis-
tribution must be consideredea’ag. This integrand in Eq. (4.28) has a
maximum at Ipeak ~ m/A, after which it decays exponentially. If this
peak lies far above the upper limit of the integral in Eq. (4.28), the
algebraic term dominates, and the integral is approximated by

m+1

<a™ ~ o)™ '/(me1)  for m>m, ~ lnL (4.29)

so that

m)1/m

<1 ~1lnL ~ 1 (4.30)

max
Thus, for m)mc ~ 1lnL, moments drawn from an exponential local load
distribution exhibit extreme scaling,. For m<mc the full integral in
Eq. (4.28) must be calculated, and that in this regime the systems ex-

hibit low-moment scaling. To illustrate the crossover from low-moment
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to high-moment scaling numerically, we present in Fig.4.3 these mo-
ments calculated for 100x100 random resistor networks for a range of
values of p. In these calculations we find <Io>/<Im>’/m for fixed ex-
ternal supplied current as a function of p. As in the single crack
case, m+» yields a crossover to breakdown scaling, while low moments
are nonsingular near the pure limit, as is the conductivity. A plot
of these moments as a function of system size is shown in Fig.4.4,
where it is seen that low moments saturate at a finite value for large
system sizes, while extreme moments continue to decrease logarithmi-
cally as a function of system size (this is the characteristic "size
effect” of breakdown in random media). Since m, ~ 1nL, we find that
each moment has a critical length associated with it, and that this
critical length is given by Lc ~ exp(m). For L>Lc(m), the moments
show the 1/1nL size effect characteristic of breakdown. In this

sense, the breakdown limit is a critical point in moment space at

which Lc - o exponentially.
B. Algebraic tails in L(x).
Consider a bond current distribution which is algebraically

decaying in I and depends on a single exponent s. The current moments

are then given by

I
Iy ~ g max M-S 41 (4.31)
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Imax is found from

which implies

Evaluating the integral gives,

m (m-s+1)/s

<I'™> ~ (L - 1)/(m-s+1)

For m>s-1, the first term in the parentheses dominates, and

% ~ X(m/v

for m>s-1,

where

x(m) = (m-s+1)v/s,

(4.32)

(4.33)

(4.34)

(4.35)

Here v is the percolation correlation exponent and is included in the

definition of x(m) for comparison with systems having a multifractal

local load distribution (e.g., the percolation problem at pc). From

Eq. (4.34), we see that

(4.36)
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provided m>>s-1. That is, the bigger s is, the more slowly the cross-
over to extreme scaling occurs. As s +» o the distribution becomes

exponential, and m, ~ InL applies.

C. Multifractal L(x).

In this case, it is known that a moment scaling like that of Eq.
(4.34) occurs, but that x(m) is nonlinear in m [we note in passing
that a plot of Eq. (4.33) also looks nonlinear in m]. However, for
large enough m, the multifractal spectrum does become linear in m, and
once this has occurred, the moment scaling is strongly affected by
large currents. However, breakdown scaling does not become dominant
until the condition m>>s prevails. In the multifractal case, s is the
exponent one would get if the asymptotic linear behavior in the multi-
fractal spectrum were extrapolated back to the origin. For the
percolation problem it is seen from the data of Ref. 89 (Fig. 6) that
s ~ 4§, so that extreme scaling and low-moment scaling become identical
for moments in the part of the multifractal spectrum that is both

linear and satisfies m>>4.

IV.4 Multifractal Spectrum induced by Crack Pattern.

An interesting fact is that the propagating crack induces multi-
fractal behavior in the moment spectrum just prior to eventual
failure106’107. In this section, we study numerically this multifrac-
tal behavior in electrical breakdown problem by using the

deterministic crack propagation model in random resistor networks. We
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clarify the origin of this multifractal behavior by showing that a
propagating crack even in a nearly pure system always exhibits this
effect, but that the form of the multifractal spectrum is sensitive to
the amount of initial disorder.

To study this effect, we generate a two-dimensional random resis-
tor network of size L with fraction of (1-p) bonds removed. We grow a
crack pattern in this network using the hottest bond algorithm (see
the breakdown procedure described in chapter I). A typical sequence
of the external voltage that induce failure in the hottest bond in the
network with L=100 and p=0.70 is displayed in Fig. 1.7.

Next, the voltage distribution is calculated. Here, we are in-
terested in the voltage distributions at three different breakdown
stages. They are the voltage distribution of initial networks, at
voltage Vb and just before breaking the last bond. From these voltage
distributions, we calculated the average moments Mm, which are defined

as,
M= I n(V) Ve (4.37)

where n(V) is the number of bonds carrying voltage drop V. By the

L-P(m)/v

scaling relation Mm ~ , We calculated the moment exponents

P(m)/v for a range of m values.
In order to check our program, we first did these calculations
for the networks with p=0.50 (percolation threshold p). They show a

multifractal scaling, as in other calculationssa'go. The various mo-

ment exponents P(m)/v are consistent with previous calculation388’89

at P=p,, as shown in Fig.4.9.
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It is obvious that at Pe the network structures at the three dif-
ferent breakdown stages -- initial, at V, and before breaking the last
bond -- are almost the same. This leads to three similar multifractal
voltage distributions in this case. But for p>pc, there are many
parallel paths to channel current in the initial network. As more
bonds break, we cut more current channels. Finally, there is one
single link remaining in the network structure and this induces a
radical change in the voltage distribution. This is illustrated in
Fig. 4.5, where we have plotted the current distributions for 40x40
networks with p=0.90. Since N1 (the number of broken bonds at voltage
Vb) is very small for all p, there is no significant lattice structure
change at Vb. We therefore expect a similar voltage distribution at
this stage, as shown in Fig. 4.5(a) and 4.5(b). In both of these
figures, the distribution has a sharp peak and a exponential t.ailu3.

Therefore, for various moments,
Mo = § VIR(V)aV (4.38)

the large V tail in P(V) gives small contributions, and there is a
strong dominance in this integral due to the sharp peak. This implies
that there is one characteristic voltage which is responsible for the
scaling behavior for all moments. Thus, there should be a constant-
gap scaling behavior for the voltage distributions at these two
stages. But, just before breaking the last bond, there is a very
broad peak and a long tail in the voltage distribution as shown in
Fig. 4.5(c). There exists a competition between v® and P(V) in Eq.

(4.38) and this long tail gives a larger contributions for higher
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moments. . This leads to a set of different characteristic voltages for
various voltage moments, i.e., multifractal scaling behavior occurs.

In order to quantify this, we calculated the average moments, Mm,
as a function of the system size L, for a range of m values.
Typically, the calculations are averaged over 2000 samples for L=5;
500 samples for L=10, 20, 30 and 50; and 50 samples for L=80 and 100.
To demonstrate that each moment scales independently as a function of

]1/m. If there ex-

L, we consider the normalized moment M(m) = [Mm /Mo
ists a constant-gap exponent in the scaling behavior of the successive
moments, then all the M(m) should scale identically. In Fig. 4.6 and
Fig. 4.7, we plot the behavior of M(m) for three breakdown stages at
p=0.90, and p=0.70. Constant gap scaling is clearly seen in the data
for the initial configuration and at Vb [in figure (a) and (b)], while
multifractal behavior occurs just before breaking the last bond [in
figure (c)].

The presence of one or more single link bonds in all of the net-
works showing multifractal behavior suggests that this is the origin
of the multifractal behavior. In order to confirm this, we generate
1000 LxL (for a set of L values in the range from 5 to 100) p u r e
resistor networks with a single link bond in a random position inside
each network. We calculate the voltage distribution of these systems.
A broad peak and a long tail are found in these voltage distributions.
As shown before, this suggests that there exists a multifractal be-
havior in these systems. In Fig. 4.8, the normalized moment M(m) for
these systems is displayed and it does show a multifractal scaling.
In contrast to the random resistor networks, these systems are weakly

disordered. This implies that multifractal
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scaling behavior can even occur in systems very near the pure limit.

In Fig. 4.9, we plot the exponents P(m)/v as a function of m for
various systems. The curvature in small m region suggests a nonlinear
relation between P(m)/v and m. It becomes linear as m »+ ®, As shown
in the figure, the slopes decrease as the systems become less disor-
dered. It is consistent with the fact that the strongly disordered
system has a small conductivity. This is because the large m slope is
expected to give the conductivity exponentas'ag. The value of the in-
tercept of this line (as m » ») with the vertical axis gives the
fractal dimension of the single link bonds. From this figure, we can
see that this fractal dimension decreases from the value 1/v = 0.75 at
p=0.50 to 0 for the nearly pure systems. The very different values of
P(m)/v for various systems in this figure is due to the different
geometric structures of the networks in this problem.

In general, we believe that the origin of the multifractality of
the voltage distribution just before the systems breaks is due to cur-
rent channelling through narrow necks. To illustrate the generality
of this idea, we did similar calculations for the fractal-like
dielectric breakdown problems by using the stochastic dielectric

breakdown mode1108'110. This model has been used to study the fractal

dimension of dielectric breakdown pat:.i;ernma'110 and submarine cable

damage‘“"w. The structure of the breakdown pattern is often

fractal108'126 and is very different from that occurs in the random
resistor models. Here, the calculation was carried on an LxL square
lattice with potential V=0 along the discharge pattern and V=1 at the
top of the lattice. The probability p i to add the segment i connected

to the pattern is related to the local potential drop Vi'
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Py =V, (4.39)

In Fig. 4.10, we show a final breakdown pattern for a 4O0xU40 lattice
and it has a fractal structure. The moment spectrum calculated just
before breaking the last bond is shown in Fig. 4.11. As seen from
this figure, the moment spectrum is again multifractal as expected
from our previous discussion.

In conclusion, we have studied the origin of multifractal be-
havior in the breakdown of random resistor networks and flawed
dielectries. We found that during the breakdown process the voltage
distribution changes its behavior and that just prior to failure the
distribution has a multifractal structure. Multifractality originates
from the broad voltage distribution produced by even a single narrow
neck, but the precise form of the multifractal spectrum depends on the

initial disorder, as is seen from Fig. 4.9.
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IV.5 Conclusion.

1) We show that the strength of brittle systems is related to the
very high moments of the distribution of electric or stress fields oc-
curring in a material. By contrast, as is well known, elastic or
transport moduli are related to the second moment of such distribu-
tions. We define a quantity related to the moment spectrum that
interpolates between low moments (such as moduli) and extreme moments
(such as breakdown properties), and show that for most cleavage cracks
and for diluted networks away from P,» @ crossover from low moment
scaling to high moment scaling occurs at a critical moment value that
Scales as m, ~ 1nV, where V is the system size. For especially sharp
cracks, however, this crossover may occur as low as the third (3-D
dielectric) or fourth moment.

2) The multifractal spectrum that occurs in crack propagation
problems is induced by narrow necks, and only occurs very close to
final failure. Therefore, although the occurrence of this multifrac-
tal spectrum is interesting, it is unlikely to be experimentally

observable.



CHAPTER V

Statistics of Transport Properties

and Breakdown Strengths
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We have studied how the average transport properties
(conductivity) and breakdown strength of random media depend on disor-
der and system size. But, due to the presence of random flaws,
disordered materials may exhibit a wide scatter from sample to sample
variations in their transport and breakdown properties. Therefore, the
ensemble averages of these quantities do not tell the whole story
especially in quenched strongly disordered systems and that a complete
knowledge comes, for example, from the full ensemble probability dis-
tribution of each variable of interest. 1In this chapter, we will
discuss their statistical properties and try to answer the following
question: what is the conductivity and breakdown strength distribu-
tions and how do they fluctuate from sample to sample?

For conventional statistical variables, the central limit theorem
guarantees their distribution approaches a Gaussian function. This
leads to the result that these statistical variables self-average and
have small sample to sample fluctuations (for L>>§). But, for uncon-
ventional non-Gaussian statistical variables, which violate the
central limit theorem, the appropriate statistical distribution is of-
ten very broad, with large sample to sample fluctuations.

In section 1, we will review various statistics to be used in
this chapter, i.e., central limit theorem for random additive process,
log-normal distribution for random multiplicative process and the
statistics of extreme. Then, in section 2, we will discuss the dis-
tributions and fluctuations in the conductivity of percolation
networks. By using the central limit theorem, we find that this dis-

tribution is Gaussian, and that sample to sample fluctuations are
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relatively small [« (Lsg)~9/2

, Wwhere L is the size of system and § is
the correlation length]. In section 3, we study the probability dis-

tribution of resistances in one dimensional quantum electronic

systems. We find that the sample resistance is a product of a series
of random numbers, which is a typical multiplicative process. Based
on this, we argue that the logarithm of the resistance is the right
statistical variable and that it has Gaussian distribution (i.e., the
distribution of resistances is a log-normal). We also briefly discuss
the resistance distribution for higher dimensional quantum systems.
In section Y4, we apply extreme statistical argument to the distribu-
tion of breakdown strengths in percolation networks and find that it
is very broad. This results in that the sample to sample fluctuations

are 0[1/(1nV)]. This chapter concludes in section 5.
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V.1 Review of Various Statistics.

a) Random additive process and central limit theorem 271137,

The central 1imit theorem tells us that if we have a large number
of experiments which measure some stochastic variable, X, then the
probability distribution of the average of all the measurements ap-
proaches a Gaussian function (provided the tail of the distribution
decays faster than 1/x2, i.e., the second moment is finite), regard-
less of the form of the distribution for X itself. It is a very
important result and has fundamental implications for numerical
studies of stochastic processes governed by random additive process.
It guarantees that one can approach the real average by sampling only
an infinitesimal fraction of the total number of states of the system
with a relative small error (~ 1//N, where N is the number of
measurements). Here, we will give a proof of central limit theorem
and derive the Gaussian distribution function.

Given a random variable X with a probability density fx(x), we
wish to find the distribution of the random variable, Y, where the

value of Y corresponds to the average of N measurements of X:

X, + X, +%004 X
I I N
yN - N (501)

[This is called a random additive process. A typical example of this

is the one-dimensional random walk problem. Then, X corresponds to

the displacement of a particle after one step and f‘x(x)dx corresponds
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to the probability that it is displaced a distance x+x+dx in one

step.] Let us consider the probability density fY(yN-<X>), where <X>

is the mean:

<X> = [dx xfx(x)

Define the characteristic function:

®(k) = J exp[ik(yN-<x>)] fY(yN-<X>) dyy

Because

x1+x2+0"+xN

f‘Y(yN -<X>) = Idx1dx2°--de §[ N -

Yyl fy(x)fy(x5)e0efy (x))
We can rewrite Eq. (5.3) as
(k) = Jdx,dxyeeedxy exp[i(k/N)([x,-<X>]+
[xz-(x>]+--0+[xN-<X>])] fx(x1)fx(x2)-°°fx(xu)
=}1dx, expl1(k/N)(x,-<X>)] £ (x)("

= (o) N

(5.2)

(5.3)

(5.4)
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It will be shown later that k/N<<1, so that we can calculate ¢(k/N) by
expanding exp[i(k/N)(x-<X>)] and keeping to the second order term.

Therefore, we have,

¢(k/N)

fdx exp[i(k/N)(x-(X))]fx(x)

fax [ E) (ik/N)™(x-<%>)"/n1] £,(x)

ngo (1k/N)"/nt Jdx (x-<X>)nfx(x) (5.5)

By the definition of the moments <Xn>,
™ = Jdx xnfx(x) (5.6)
we get that

¢(k/N) = nfO (ik/N)"/nt <(x-<x>)™

1+ (1K/N)<(%=<X>)> = (K/N)2/2 <(%-<X>)%>+ eoe

S(K/N) = 1 + (1k/N)(<X>=<X>) -(k/N)2/2 [<X%> - <X>°]

1 - (k/N)2[<x2> - <x>2] (5.7)

Because the standard deviation o of X is,

02 = <x2> - <x>2 (5.8)
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Then
S(K/N) = 1 - (k/N)2/2 0° + oo
The function ¢(k/N) decreases with increasing k and is less than unity

for K/N<<1. The function [¢(k/N)]N then decreases even more rapidly

with increasing k. Then,

-:ruﬁ

(k) = [1'- (koW)2/2 + 033N L2 expl-(k0)2/(2M)]  (5.9)

The probability density f‘Y(yN - <X>) then becomes L
£, (yy-<¥>) = (1720) 17 dk #(k) expl-1k(yy-<X>)
=(172%) 1* 70k expl-1k(yy-<X>)-(ko)?/(2N) ]
= V(N/21) (1/0) exp[-N(yy-<x>)2/20%] (5.10)

In this equation, it is obvious to see that ®(k) [and ¢(k/N)] con-
tributes to fY only for small k, this is due to the oscillatory
character of exp[-ik(yN-<X>)] for large k. For simplicity, we can as-

sume k<<N, i.e., k/N<1,

From this distribution function, we can calculate the average

value of Y and its standard deviation. And they are as follows

> = <X>, <¥2> - <Y = g/N.
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Thus, regardless of the form of fx(x), the average of a large number
of measurements of X will be a Gaussian function centered at <X>, with

a standard deviation N'1/2

times the standard deviation of the prob-
ability density of X. The only requirements are that f(x) have finite
moments, that the measurements of X be statistically independent, and
that N be large. This result is called the central l1imit theorem and
helps explain why the Gaussian distribution describes so many

phenomena that occur in nature. From Eq. (5.10), we can get that the

sum of N random numbers is also a Gaussian distribution and

£ (Y -N<X>) = [1//(2xN0?) Jexp[- (¥ -N<x>)?/(2No?) ] (5.11)

where YN T Xy Xy 400+ X, and as N increases it approaches

<Yy = NCKO (5.12)
its standard deviation is

of = No® (5.13)

b) Random multiplicative process and log-normal distribution132.

There exist many natural phenomena which depend on the statisti-
cal properties of a product of random variables, such as the
distribution of incomes, body weights, rainfall, fragment sizes in

rock crushing processes, multifractal phenomena, etc133’13u.

. m e A — . ————
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Recently, the notions of random multiplicative processes have been ap-
plied to diffusive transport in random media135'137. Here, we will
derive the log-normal distribution and discuss the statistical
properties of random multiplicative processes.
Consider a sequence of random variables X,y X5, 00, Xy, in which

Xy has the probability density fx(xi). We are interested in the

statistical properties of the product of these N random numbers:

Py = X %y oxy (5.14)

i.e., we ask what is the average value of this N-fold product, <PN>

and what is the probability density fP(PN).

Take the logarithm of Eq. (5.14), we have,

lnPN = lnx1 + lnx2 + eoo +lan (5.15)

Because x, is a random variable, lnx, is also random number.

i i
Therefore, this is a random additive process and the central limit
theorem applies. From Eq. (5.11), the distribution function of lnPN

then is Gaussian function
£(InPy) = 1//(2uN) (1/0) expl-(1nPy -<inP>)%/(2N0%)] (5.16)

This is called log-normal distribution, whose name reflects the fact
that the logarithm of the product is normally distributed. The
parameters <1nP> and 0 can be calculated by finding the probability

density of f(z=1nx), which is
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f(z=1lnx) = [dx 6(z-1nx)fx(x)

=f, (e”) (5.17)
Then
<1nP> = Jdz z f(z)
= Jdz z fx(ez)
= fdlnx lnx fx(elnx)
= fdx [1lnx fx(x)]/x (5.18)
and
2 2

<(lnP)2> - <1nP>

Q
]

2

jdz zaf(z) - <1nP>

2

= fdx [(1n0)%F (x)1/x - <AnP> (5.19)
It is interesting to note the fact
<P> = <exp(1nP)> 2 exp<1lnP> (5.20)

which shows that the logarithm of the random product is a right quan-

tity to study statistically, instead of the product itself. But, we
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should point out that the log-normal distribution provides a poor ap-
proximation for the asymptotic behavior of the average value, and also
for the higher moments of the product. This is due to the fact that
the extreme events, although exponentially rare in N, are exponen-
tially different from the typical, or most probable value of the
product, and they have a dominant contribution to the average value.
In the log-normal distribution, information about the tail of the dis-
tribution is lost, and these details are crucial in determining the
higher moments of the product (for detailed study, see Ref. 133).

87,138-141

c) Statistics of extreme and three type of asymptotic dis-

tributions.

Consider a sequence of random variables, Xyy Xpy ®00, Xy, which
are independent and identically distributed with a probability density
f(x). We can find the largest value x of this sequence of random

variables,

X = max{x1,x2, ces, 2y}, (5.21)

We ask the following questions: what is the‘average value of x? What
is the distribution function of x and how does the average value and
the distribution function depend on N? The answer to these questions
comes from the statistics of extreme. In this section, we will argue
that there exist three different types of limiting distribution for
maxima and derive these three different types of distribution func-

tions.
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Consider n samples, each of size N, taken from the same popula-
tion. In each sample there is a largest value and the largest value
in the nN realizations is the largest of the n largest values taken
from samples of size N. The distribution of the largest value in nN
realizations will tend to the same asymptotic expression as the dis-
tribution of the largest value in samples of size N, provided that
such an asymptote exists. Consequently, the asymptote must be such
that the largest value of a sample of size N taken from it must have
the same asymptotic distribution.

Since a linear transformation does not change the form of the
distribution, the probability that the largest value is below x should

be equal to the probability of a linear function of x,
n
F'(x) = F(anx + bn) (5.22)

the two parameters a and bn being functions of n. Eq. (5.22) is

called the Stability Postulate and it can be generalized as follows:

Stability Postulate: If F is an asymptotic distribution, there exist

real functions a(s)>0 and b(s)>0 defined for s>0 such that,

F3[a(s)x + b(s)] = F(x) (5.23)

for all real x, s>O0.
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Before we start to find the asymptotic distributions, it will be
convenient for us to list some useful results without proof for in-
verses of monotone functions:
¥(x) is a nondecreasing continuous function and ¢-1 is the in-
verse function.
(i) If a>0, b and ¢ are constants, and H(x) = ¢(ax + b) - ¢,

then,

H'(y) = (b7 (y + ¢) - bl/a; (5.24)

-1

(ii) If ¢ ° is continuous, then,

o o0 = x. (5.25)

Now, wWe try to obtain the possible asymptotic distributions for

maxima and show there exist only three different types of asymptotic
distributions.

If F is a asymptotic distribution, then Eq. (5.23) holds for all

>0 and all x. Our task is to solve this equation and find all the

possible solutions. From Eq. (5.23), we have,
-s In{F[a(s)x + b(s)]} = - 1nF(x), (5.26)
so that,

-ln(-1n{F[a(s)x + b(s)]}) - 1n s = -1n[-1nF(x)]. (5.27)
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Now it is easily seen that the nondecreasing function $(x) = -

1n[-1nF(x)] has an inverse function U(y) defined for all y. Further,

Eq. (5.27) implies,

Vv[a(s)x + b(s)]) - 1ns = $(x),

so that by Eq. (5.24), we have,

U(y) = [U(y + 1ns) - b(s)]/a(s)

Substracting this for y=0, we have

U(y) - U(0) [U(y + 1ns) - b(s)]/a(s) - [U(1lns) - b(s)]/a(s)

[[U(y + 1ns) - U(1lns)]/a(s), (5.28)

n

Now, we write z = 1lns, a'(z) = a(ez) and U'(y) = U(y) - U(0), thus Eq.

(5.28) becomes,

U'(y) = [U(y + z) - U(O) - U(z) + U(0)]/a'(z)
= [U'(y + 2) - U'(z)]/a'(2)
i.e.,
U'(y + 2) - U'(2z) = U'(y) a'(2) (5.29)

for all real y, z.
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Interchanging y and z and subtracting, we obtain,

U'(y)[1 - a'(z)] = U'(2)[1 - a'(y)]. (5.30)

In order to satisfy this equation, we can have two possible cases, (1)

and (2) as follows:

(1) a'(z) = 1 for all z when Eq. (5.29) gives,

U'(y + 2) = U'(y) + U'(2).

The only monotone increasing solution to this equation is well known

to be simply,

u'(y) = py,

for some p>0. Then,

U'(y)

U(y) - U(0) = py,

or

0 (y) = U(y) = py + v,

where v = U(0) is a constant. Since this is continuous, Eq. (5.25)

gives,

x = 91 (0(x) = pb(x) + v,
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or,
¥(x) = -1n[-1nF(x)] = (x - v)/p

So, we finally have the first asymptote,

-(x-v)/p]

F(x) = exp[-e (5.31)

where p, v are positive parameters independent of N (s). This is also

87,142

called the Gumbel distribution It is immediately verified that

the functional Eq. (5.22) (5.23) are satisfied, provided that
a =1,b = pln(n) (5.32)
(2) a'(z) # 1 for some z when Eq. (5.30) gives,

U'(y)/[(1 - a'(y)] = U'(z)/[1 - a'(2)] = ¢,

where ¢ is a non-zero constant [since this would imply that U'(y)=0

for all y, hence U(y) = U(0), constant]. Therefore,

U'(y) = c[1 - a'(y)] (5.33)

From Eq. (5.29), we thus obtain,

c[1 -a'(y + 2)] -c[1-a'(z)] =c[1 -a'(y)la'(z),

a'(y + z) = a'(y) a'(z), (5.34)
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But a' is monotone, and the only monotone nonconstant solutions of

this functional equation have the form

a'(y) = e®, for ps0 (5.35)
Hence Eq. (5.33) yields,

o~ (y) = U(y) = UC0) + c[1 - Y]

v +c(1 - e (5.36)

where v = U(0) is a constant. Since P(x) = -1n[-1nF(x)] is increas-

ing, so is U(x), so that we must have c<0 if p>0 or ¢>0 if p<0. By

Eq. (5.25),
x = 0 0(x)] = v+ e[l - eP¥(®)y
= v + c(1 - exp[-pln{-1n[-F(x)]}]
= v+ c{1 - [-1nF(x)]17P} (5.37)
giving,

F(x) = exp(-[1 - (x - v)7c]” P}

or after shifting the origin of x, we have
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F(x) = exp{-[-(x/¢)]1”"/P} (5.38)

If p>0, ¢<0, we can rewrite Eq. (5.38) as,
F(x) = exp[-(a/x)%], x20, @0, k>0, (5.39)

This is the second asymptote, which is also called Frechet

87,138,139

distribution In this case, we also can find,

= n-1/k’ and b_ =0 (5.40)

(for detail, see Ref. 87).

If p<0, ¢>0, we can get,

F(x) = exP[-(x/a)k], x<0, a<0, k>0, (5.41)

This is the third asymptote, which is also called the Weibull

distribution1u3'1u5.

We also can find that,

a =n (5.42)

So, we have proved that there exist three different types of

asymptotic distributions for maxima and they are as follows:

Type I: F(x) = exp[—e'a(x'u)], a>0;
Type II F(x) = exp[-(a/x)¥], %20, 0>0, k>0; (5.43)
Type III F(x) = exp[-(x/a)k], xS0, a<0, k>0.
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V.2 Conductivity Distribution and Fluctuation in Percolation

Networks.

The average conductivity or elastic moduli varies on length L<E,
but saturates on length L>§, where § is the correlation length in per-
colation models, and a length scale over which the system is
disordered in general. Since regions on length L>{ are uncorrelated,
Wwe can assume that the average conductivities at length scale § are
independent random variables with the same probability distribution.
Then, finding the average conductivity of systems of size Ld becomes
to find the average value of (L/;)d random variables, which is a ran-
dom additive process. Therefore, the average value for the moduli
measured on samples of size Ld have fluctuations of order (L/;)-d/z.
This qualitative argument is valid for L>>f, but must be modified for
L~§. By similar reasoning, the central limit theorem shows that the

full distribution function for such a moduli and L>>f is Gaussian,

with
P(E,) ~ expl N(Z, - £)%/e (p)] (5.44)

where P(IZN) is the probability that the conductivity of a sample
measured on a sample of size N:Ld has value I:N. ce(p) ~ Cegd, and Co
is a constant for the electrical problem. Similar expressions apply
to capacitance in dielectric problems and elastic moduli in mechanical

systems, and c, is changed to ¢, and n respectively. Since the dis-

d
tribution in Eq. (5.44) is very narrow (for large N and away from the
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percolation point), sample to sample fluctuations are also small for
L>>E. This is the origin of the statement that, conductivity and
elastic moduli self average for large enough system sizes. We have
calculated the conductivity for a set of 2000, 50x50 random resistor
networks at p=0.90 and the result is plotted in Fig. 5.1. It is

readily seen that the distribution is a Gaussian function.
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Fig. 5.1 The probability that a 50x50 random resistor network
has conductivity G. The distribution was calculated fram 2000
realizations of the random resistor networks and <G> is the
average of the conductivity. (<>) is the numerical data and
the curve is the best fitting to the Gaussian function. It
clearly shows that the distribution is a Gaussian.
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V.3 The Resistance Distribution in Disordered Quantum Systems.

It is well established that the slightest amount of disorder in a
perfect lattice suffices to localize all electronic states in one
dimension1u6'158. Therefore, due to the exponential localization of
the states, the averaged residual resistance of long finite chains
grows exponentially with length L, as was first shown by Landauer159.
Along with the exponential growth of the average resistance with
length, one finds that the relative mean-square fluctuations also grow
exponentially at an even faster rate than the average value160'17u,
thus violating the central limit theorem. This implies that the
residual resistance is a non-additive as well as non-self-averaging
quantity (see more detailed discussion in this section). Instead,

Anderson et al161’162

showed that the problem of resistance of a dis-
ordered conductor could be reformulated in terms of a new scaling
variable [1n(1+p)], such that, the concepts of additivity, self-
averaging, and central 1limit theorem do remain valid in the usual
ensemble sense. Here, we will briefly give these arguments and calcu-
late the probability distribution of resistances for one dimensional
disordered conductors.

The resistance of a one dimensional conductor with many scatters

159

may be written as follows,

p= (he?) B o (nre?) (/1 - 1) (5.45)

~3|=0
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where h/e2 = 26kQ, T and R=1-T are the transmission and reflection
coefficients. Using the model proposed by Anderson et 31161, we can
calculate the total resistance by combining two resistances (scatters)

by first calculating the total transmission coefficient. The law of

composition of two scatters is
- !
t = t, [1700-rir,)]t, (5.46)
Here, the reflectivities of each systems r; and r, are assumed
stochastically unrelated to each other. Therefore, the total resis-

tance in unit of (h/e®) is

(/T - 1) = (171612 = 1)

©
n

ey [1-rtr ) 1,172 - 1 (5.47)

(1+p) = (1+p)I1 - ety 17201 + py)

2211 (1« py) (5.48)

(1 + p1) [1 - 2r1r2cose +r

where 0 is a cumulative phase depending on the characteristics of the
two scatters. In the random phase mode1161, phases of the individual
scatters are independent of each other and distributed uniformly be-
tween 0 and 2% (this is true if the distance between scatters is

larger than the dephasing length). This ensures a uniform distribu-

tion for the phase 0 in Eq. (5.48). Thus, the resistance Py of a one
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dimensional conductor with N scatters can be calculated from the fol-

lowing equation:

2.-
2 ] 1

1-171 (5.49)

1 + Py = iﬂ1 (1 + pi) 1!2 [1 - 2ri_1ricosei +r

It is clearly seen that (1 + pN) is like a product of a series of ran-
dom numbers. To clarify this perception, we rewrite Eq. (5.49) as

follows,

i 2 2
In(1 + pN) = ig11"(1 + pi) - igzln[l - 2r1_1ricosei + ri_1ri]

If the phase 61 are uniformly distributed and unrelated to Py» We can
first do the phase average for this equation (this approximation is

valid only in the large Py limit, i.e., the strong disorder limit),

2

0 r,coso, + r2

2
I 11710088, + ry _,ry)

"de1 In(1 - 2r

_ 1 2 2 2 2.2 2 2,172, _
= 7ln > (1 + ry_qfy * [(1 +r1_1r1) - uri_1ri) ]=0
so that Eq. (5.49) becomes,
In(1 + py) = 1!, In(1 + p,) (5.50)

This implies 1n(1 + pN) has a Gaussian distribution for large N.

166-174

Shapiro et al have studied the distribution of PN itself,

P(pN), and showed that P(pN) is log-normal in the large p limit and

B areues o
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P(pN) is exponential in the small p limit. Now, we just briefly
review these calculations.
From Eq. (5.47), the total resistance p can be represented in

terms of Pys Po and the phase 6,
p = 0(91, 02, 8) = 01 + p2 + 20192 -
2[p.p,(1 + p)(1 + p )]1/2 coso (5.51)
172 1 2 :
Then, we get the following equation for the distribution function P(p)

of the total resistance in terms of the distribution functions P1(p1)

and Pz(pz) for the individual resistances:
_ 21 ® ™
P(p) = (1/21)!0 de Iodp1 Iodp2 {P1(p1)P2(02) slp
- o(pys Py 01} (5.52)

After integrating over Py and rewriting the integral over 06 in terms

of y=cos@, Eq. (5.52) becomes
P(p) = (/)1 ay (1-y%)72 15ap.p(p )R (W), (5.53)

where

1/2

u(p, Py» ¥) = p + py + 20p, + 2ylp(1 + p)p,(1 + p,)] (5.54)
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We assume that P> is the resistance of a chain with N scatters, Py is
the resistance of a single (N+1)th scatter, P1(p1) is known and it is
same for all individual scatters. If we also assume that P1(p1) is
concentrated at very small Py value, i.e., all scatters are weak.

Then, expanding Eq. (5.54), we have the following recursion relation:

Pue1(P) = Py(p) + <p> == [(p + p) ap Py] (5.55)

where <p1> = I: dp, Py 1(p ) is much smaller than unity. In con-

tinuous limit, this equation becomes a differential equation:

ST PP = a 55 167 + p) 55 B ()] (5.56)

where L is the length of the disordered chain and a is the small-scale
resistivity.

In the large p limit [for l.>>§=c1'1 (localization length)], the p-
term in Eq. (5.56) can be neglected, and this equation becomes a

diffusion equation in terms of 1lnp. In this case, the solution is:
-1/2 2
P (p) = (Hnal) exp[-(1np - <1np>)~/(lal)] (5.57)

This is a Gaussian centered at a mean (most probable) value <lnp>.
This shows that 1lnp, rather than p itself, is a proper scaling vari-
able of physical significance for large L (p>>1). By using the
transfer matrix technique, we have numerically calculated the resis-
tance distribution for one-dimensional lattice of random delta

functions. The physical systems which we studied consists of
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uniformly spaced delta-function potentials of random strengths153.
The numerical simulation result is plotted in Fig. 5.2. It is clearly
seen that PL(lnp) exhibits a Gaussian distribution in agreement with
theory. We can calculate the ensemble average <lnp> and the standard

deviation 02. And they are,

B

<lnp> = [ d(1lnp) (1lnp) PL(p) (5.58)

2

0 = <(lnp)2> - <lnp>2

2aL (5.59)

Thus, <lnp> scales additively with length and the relative rms devia-
tion is

V2,(aL) = (2/a1)/? (5.60)

0o/<1np> = (2alL)

which decreases with increasing length L. This implies that lnp has a
central limit.

The most probable value (5.58) of lnp yields a typical or scale

resistance

p = exp(al),

which agrees with the result from the Landauer's formula for chains
with L>>g.
In the small p limit (for L<<E), the p2 term in Eq. (5.56) can be

neglected and the equation becomes,

i
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Fig. 5.2 Resistance distribution for one-dimensional chains
of 500 scatters. <lnp> is the average of lnp. <> are the
numerical data, and the solid curve is the best fitting to
the theoretical Gaussian distribution. The distribution was
caloulated from 2000 realigzations.




134

P 3 d

TR =55 [ 55 BL(P)] (5.61)
The solution is

P (p) = 1/(aL) exp[-p/(aL)] (5.62)

This is a very broad distribution and has a large fluctuations. 1In

fact,

<p> = alL (5.63)
0% = (aL)? (5.64)

Eq. (5.63) recovers the classical Ohm's law, but the fluctuations are
of order of the mean.

Finally, we briefly discuss the resistance distribution for d-
dimensional disordered systems. In this case, the system consists of
many parallel chains and each chain is a series of scatters. The
resistance can be calculated through the multichannel Landauer's

formula175,

o =g ! = [2Tr(tt*))”] (5.65)

where t is the transmission matrix for the plane-wave amplitudes. It

is clearly seen that, due to the transverse fluctuations (this fluc-

tuation arises from the addition of Ld'1 channels and is called
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"classical fluctuation"), the resistance is not multiplicative. And
the transverse fluctuations will produce substantial changes in the
distributions167’170’173. Instead giving the detail discussion, we
Just point out that, in the strong disorder limit (isolating regime),
one recovers the one-dimensional result, and the resistance distribu-
tion is a log-normal distribution. In this case, the "classical"
transverse fluctuations have relatively small contributions compared
to the very large fluctuations inside the one-dimensional channels.
Therefore, we can neglect the transverse fluctuations and assume all
d-1

L parallel chains have the same resistance. Indeed, this becomes a

one-dimensional problem.

V.4 Strength Distribution and Fluctuation in Percolation Models of

Breakdown.

Because breakdown properties are dominated by extreme events, the
breakdown strength follows one of the extreme value distributions
given in section 1 of this chapter. In particular, for a fixed amount
of disorder, sample to sample fluctuations in strength are far larger
than those for conductivity or elastic moduli. This is clearly seen
by comparing the probability distribution for the largest currents in
Fig. 5.3 to the conductivity distribution displayed in Fig. 5.1. 1In
Fig. 5.3, we plot the largest currents in the bonds of the network
(for brittle systems this is proportional to the inverse of the
electrical breakdown strength) for a set of 2000 50x50 random resistor
networks at p=0.90. It is readily seen that the maximum current (or

extreme moment) distribution is far broader than the
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conductivity (or low moment) distribution. It is possible to derive
the form to be expected for the distribution given in Fig.5.3 in
several ways depending on the amount of mathematical rigor you wish to
pursue. The most direct is to use the fact that we know that the dis-
tribution of bond currents is exponential for large currents for p)pc

(see Chapter III and Ref. 43),
P(I) ~ b exp(-bl) (5.66)

where b is a constant. Then the cumulative probability, C1(I<Imax)’

that a bond current is less than a maximum value, I is given by,

max'’

I
C (I ) ~ Ioma‘ b exp(-bI')dI"

=1 - exP('bImax) (5.67)

If we consider the bond currents to be uncorrelated, then the prob-
ability that no current in the N = Ld bonds in the network is greater

than Imax is given by:

Cy(I<I__ ) ~ [1 - exp(-blmax)]N (5.68)

Since I . 1is large, the exponential term is small, and the Eq. (5.68)

is approximated by

CN(I<Imax) ~ exp[-N exp(—blmax)] (5.69)

3
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The probability that a system of size N has maximum current Imax is,

then given by
P(I ) ~ N[b exp(-bI )] {exp[-(N-1) exp(-bI _ )]} (5.70)
~NbD exp(-blmax) exp[-Nexp(-bImax)] (5.71)

where bexp(-blmax) term is the probability that one bond inside the

network carries current Ima , exp[-(N-1) exp(-blmax)] is the probabil-

X
ity that the rest N-1 bonds in the network carrying currents less than
Imax’ and the factor N is due to the reason that there are N possible
bonds at which the maximum current Imax occurs. This form is clearly

skew. The typical (or average) strength, <Imax>’ is found from,

N exp(-b<I _ >) ~ 1 (5.72)

which implies,

<Ipo> ~ 1nL (5.73)

which has the correct size dependence as discussed in chapter III.
Because of I~ 1/Imax’ Eq. (5.69) implies that the cumulative dis-

tribution of breakdown current is

C(1,) =1 - exp[-Nexp(-b'/I,)] (5.74)
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This is a Gumbel distribution. Indeed, in extreme statistics, it has
been proved that for the exponential parent distribution given in Eq.
(5.66), the asymptotic strength distribution must be a Gumbel

138, 139.

distribution A more complete analysis that includes the de-

pendence on dilution p was given by Duxbury et alu2’176. The method
relies on 1) the estimation of the probability of finding the largest
defect cluster in a finite percolation network and 2) the calculation
of the corresponding current enhancement at the tip of this most
critical defect. A typical form of these cumulative distributions is
shown in Fig. 5.4 for the electrical breakdown problem.

Having the distribution of breakdown strength, we can calculate
the sample to sample fluctuation in strengthss. The expected sample
to sample variations in strength are found by comparing the location
of the 25% and 75% percentiles in these curves with the 50% percentile
-- the average value (these "percentiles" are more general concepts
than the standard deviation and the mean, which besides being most
suitable for symmetric distributions, are especially bad indicators of
observables when the local load distribution is very broad). Taking
the electrical cases, Eq. (5.74), as an illustrative example, we then

find that the typical breakdown current value at the pth percentile is

defined by:

(e}
1]

p/100 = C(I})

1 - exp[-Nexp(-b'/Ig)] (5.75)
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c

Isolating Ib

from this equation, we find that,

(o

Iy

= -b'/1n[-1n(1 - ¢)/N] = -b'"/{1n[-1n(1 - ¢)] - 1nN} (5.76)

and,

(] (o] (]
81, = Ib(c=75$) - Ib(c=25$)

-b'[{1n[-1n(1 - 75%)] - 1oN}"' - {In[-1n(1 - 25%)] - 1nN}"']

-b'[(0.33 - 1nN)" ) - (-1.25 - 1)~ )

= =b'(-1.25 - 1nN - 0.33 + InN)/[(0.33 -

1nN)(-1.25 - 1nN)]

= 1.58b'/[(1nN)2 + 0.921nN - 0.41]

~ 1.58b" /(1nN)? (5.77)

The main point of this equation is that sample to sample variations in

a system of size N are logarithmic. Therefore,

[1.58b'/(1nN)21/(=b'/In[-1n(1 - 50%)/N])

c,.c, _
AIb/Ib(c-sol)

[1.58/(1nN)2] (0.37 + 1nN)

(mu)‘1 (5.78)

]
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This is in contrast to conductivity or elastic moduli which have
sample to sample variations O(1/v/N). A similar analysis may be
carried out for the dielectric and mechanical cases and the strength
fluctuations are again logarithmic. For p approaching the pure limit,
the strength fluctuations become smaller, so that exactly at the pure
limit, they are zero. A practical consequence of the large sample to
sample fluctuations occurring in measured strength values, in combina-
tion with the destructive character of typical experiments, make
experimental studies of breakdown phenomena more demanding than cor-

responding experiments of transport or elastic moduli.
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V.5 CONCLUSION AND DISCUSSION.

We have discussed the use of unconventional statistics in the
study of disordered systems. Our specific results can be summarized
as follows:

(1) For P#P,» the distribution of the moduli of percolation net-
works is a Gaussian and the sample to sample fluctuations in moduli

2));

(2) Resistance of a disordered one dimensional quantum

are small [O(1/V

electronic chain is a product of a series of random numbers, which ex-
hibits a large sample to sample fluctuations. Instead, the logarithm
of resistance is a right statistical variable and it has a Gaussian
distribution;

(3) We calculated the distribution of breakdown strengths in
percolation networks and found it is a Gumbel distribution. In con-
trast to moduli, the sample to sample fluctuations in strengths are
0[{1/(1nV)]. This can be explained by the fact that strengths depend on
extreme fluctuations, while moduli depend on an average over all fluc-

tuations.

In chapter IV, we have shown that transport properties are re-
lated to the low moments of local load distribution and strengths are
related to the very high moments of local load distribution. The mo-
ment spectrum thus links the two very different classes of scaling
behaviors, i.e., the moduli scaling and breakdown scaling, and quan-

tifies their crossover. Generally, we would like to ask the following
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general statistical question: for any given distribution, what is the
critical moment m, and how does this depend on the system size N? As
discussed in last chapter, this can be studied by calculating the full
distribution function of m-th moment for a set of N random numbers.
Unfortunately, we have not succeeded in calculating the various moment
distribution functions. But, people in mathematics have extensively
studied a similar problem, what is the influence of the maximum term
in the addition of independent random variables and when the maximum
term will dominate the sum and thus violate the central limit theorem.
There the asymptotic distribution is the major interest. They have
found that, under the condition that the moments of the initial dis-
tribution diverge, the maximum term has a non-negligible contribution
to the sum and the sum follows an extreme form177'179. Following this
result, we can give an intuitive argument which leads to the calcula-
tion of m, for a given distribution. The idea is as fellows. For a
set of random numbers with a given distribution , we can calculate the
expectation value of the m-th moment and its standard deviation. We
can expect that the crossover occurs when the standard deviation is of
order of expectation value. This is due to the fact that for a
Gaussian distribution the deviation is much smaller than the expecta-
tion. To illustrate this idea, we now calculate m, for an exponential

distribution discussed in last chapter.

P(x) = b exp(-bx) (5.79)
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where b is a positive constant. We first calculate the expectation
value and standard deviation for the m-th moment, which is given by

following equation:

x® (5.80)

We know that,

™

Iaahx o P(x)

+ ®

b Ig “dx x" exp(-bx) = m!/b" (5.81)

and

02 = &y - o™

2
= (2m)1/b°™ - (m1/b™)2

= [(2m)1 - (m1)2]/b%™ (5.82)

Assume that the central limit theorem works here, then we have the

following result for YN:

qy> = N <™ = N[m1/b™) (5.83)
and
oF = N 02 = N[(2m)1 - (m!)2]/b%® (5.84)

Then, m, can be determined by the following equation:

-
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<YN)2 = 0:,
or
2 e 2 _ 2 2 2mc
N [mc!/b ] =N [( mc)! - (mc!) 1/b
or
N+ 1) (@12 = (2m)1 (5.85)

For large m, we can use the Stirling's formula,

In(m!) = mlnm - m,

then Eq. (5.85) can be rewritten as,

In(N + 1) + 2[m 1nm - m] = (2m) 1n(2m) - (2m)

Thus we find that,

m, = [In(N + 1)]/[21n2] ~ 1nN (5.86)

This agrees with the result we found in last chapter. Generally, we
believe this idea will give a reasonable estimate for m, for any dis-
tribution function. Research in calculating the full distribution
function of YN and studying the detailed crossover behavior is going

on now.




CHAPTER VI

Overview and Future Perspective
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I have argued that breakdown strengths are related to the extreme
fluctuations or the very high moments of the local load distribution,
but the transport properties are related to the average over all fluc-
tuations or the low moments of the local load distributions. One
consequence is that the breakdown strengths of percolation networks
exhibit a "dilute 1imit catastrophe" in which any finite fraction of
disorder drastically reduces the network strength. This is in con-
trast to transport or elastic moduli which are linear in dilution with
slope O(1) near the pure limit. A logarithmic size effect also occurs
in this limit. Another implication of the dependence of breakdown
properties on the tail (or high moments) of the local load distribu-
tion is that sample to sample variations in strength conform to
extreme statistics distribution, rather than the central limit form
appropriate to the conductivity or elastic moduli.

I can list many other statistical properties, such as specific
heat and magnetic susceptibility, which are quantities related to an
average over all fluctuations and conform to the central limit
theorem. These conventional Gaussian type statistical variables have
been intensively studied in statistical mechanies. But, it is impor-
tant to note there exist many other physical problems in which the
conventional central limit type microscopic averaging does not apply.
Instead, the novel idea and scaling theories used to study extreme
processes may eventually impact on these problems. Examples include
relaxation processes in disordered systems, transport in quantum sys-
tems and nucleation and growth processes.

I put this thesis in a broader perspective by discussing some of

the problems which are not in the category of breakdown phenomena, but
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in which I believe the extreme fluctuations or unconventional statis-

tics may play a key role.

VI.1 Relaxation Processes in Disordered Systems.

Due to disorder, the various parts of a random system relax at
different rates and often a rare statistical fluctuations will
dominate the asymptotic relaxation behavior of the system. One par-

ticular example is the relaxation processwo'190

of random magnetic
systems in the "Griffiths phase", which refers to the temperature
regime between the transition temperature Tc for magnetic long-range

order in the random system and the Griffiths temperature T The

G
Griffiths temperature is the highest possible transition temperature
allowed in principle by a rare statistical fluctuation of the disorder
over the whole system191. For a ferromagnet with site or bond dilu-
tion, TG is the critical temperature of the undiluted system; for a
ferromagnet with a bounded distribution of exchange interactions, TG
is the critical temperature obtained when all bonds take the maximum
value. For a ferromagnet with an unbounded distribution of exchange
interactions, the Griffiths phase extends to infinite temperature.
The free energy of systems in the Griffiths phase exhibits sin-
gularities, which are called the Griffiths singularities. Griffiths
singularities have important consequences for the dynamics of the sys-

tem. In particular, relaxation is nonexponential for Tc <TCK« TG’
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d/(d-\)]

exp[-A(1lnt) Ising systems (6.1a)

c(t) ~

/2

exp( -Bt:1 ) Heisenberg systems (6.1b)

where d is the spatial dimension, amplitudes A and B are constants and
depend on the system parameters (temperature, concentration of missing
sites or bonds, etc.). The physics behind Eq. (6.1) concerns the
dominance, as t+», of large regions in which, due to rare statistical
fluctuations in the disorder, the exchange interactions have values
characteristic of an ordered phase at the given temperature. Because
these regions are finite they do relax, but only slowly due to their
large size. This is a similar effect as in the breakdown problems, in
which the rare statistical events, largest defect clusters, have a
dominant contribution to the breakdown strengths. Therefore, I
believe that the statistics of extreme will apply in this problem.
Actually, following this direction, I can find the lower and upper
bounds for C(t) of the form in Eq. (6.1a) for the dilute Ising fer-

romagnets below the percolation t:hr‘eshold186'190

, Wwhere the systems
are sufficiently dilute they consist of finite clusters only. The
idea is as follows. The lower bound is derived by considering only
compact clusters. These are fewer in number than typical clusters,
but relax more slowly. The upper bound is obtained by including all
clusters, but replacing their lifetimes by those of compact clusters
of the same size. And the result is,

d/(d—1)]

C(t) ~ exp[-A(1nt) (6.2)
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and

Ain SAS Al (6.3)

mi X

A i, and A __ have the form of (T/o)d/(d'”f(p), where T is the tem-
perature, o is the surface tension and f(p) is a function of p.

There are many other problems in disordered systems where the
same rare statistical fluctuations or large cluster regions are
dominant in the long time relaxation processes. One example is the
asymptotic behavior of the survival probability P(t) for a diffusive

particle in a background with randomly distributed traps' 2~ 192

, where
the distribution of the large regimes without traps is crucial to the
asymptotic behavior of P(t). Another example is nucleation and growth
processes196'198, in which the nucleation and growth of the largest
droplet will dominate the growth rate. This is due to the fact that
the largest droplet will reach the critical size first and then start
to grow. Other examples include dynamic processes in spin

glass‘l 93-200 .

VI.2 Transport in Quantum Systems.

As discussed in last chapter, one dimensional quantum transport
process in disordered systems are another class of problems in which
non-Gaussian type statistics apply. Here, I briefly discuss two other
non-Gaussian quantum transport problems which have attracted con-
siderable attention. One is Lifshitz tails in the density of states
of disordered systems and the other on is universal conductance fluc-

tuations in mesoscopic systems.
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a) Lifshitz Tail in Disordered Systems.

Llfsh1t2201 argued that in random systems the van Hove band-edge

singularities in the density of states disappear and are replaced by
exponential singularities. In the language of harmonic chains with
two types of masses the underlying mechanism is that having a mode
with a frequency close to the maximal frequency one needs a large
region containing light masses only202-205. The probability of occur-
rence of such a region is exponentially small and so is the
probability to find such an eigenfrequency, i.e., the density of
states. It is clear to see that the Lifshitz tails in disordered sys-

tems in related to the rare statistical fluctuations.

b) Universal Conductance Fluctuations.

An interesting concept which is clearly emerging in recent
theoretical and experimental studies of quantum transport is that of
non-self-averaging of the conductance of samples in the mesoscopic
size range. This is the regime intermediate between microscopic and
macroscopic where the sample's dimensions are less than a phase

coherence length L, , which is the distance across which the electrons

¢

lose phase memory. In these systems, the conductances exhibit large

sample to sample fluctuations, and the so-called universal conductance

206-210
’

fluctuations are found i.e.,

<GZ> - <G>2 = constant o (e2/h) (6.4)
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where the angular brackets signify ensemble averaging and the constant
is a number of order unity, universal in the sense that it is inde-
pendent of both disorder and sample size. This result is very
different from the typical inverse square-of-the-size [0(1/VN)] de-
pendence of the relative fluctuations in conventional statistics. The
physical reason is that the electrons are phase coherent and the quan-
tum mechanical coherence of the electron waves dominates the physics
under these circumstancesz11'215. In particular, in two-dimensional
films the motion of even a single impurity atom leads to a change of
order (e2/h) in conductance, no matter what the sample size L. This

effect is very similar to the "dilute limit catastrophe" in breakdown

problems.

At present the above mentioned problems are treated by seemingly
different analysis methods. It is probable that a new unified class
of theoretical techniques for all these problems, based on the study
of rare statistical fluctuations instead of the average over all fluc-

tuation, can be developed.
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APPENDIX A

COMPUTER CODE TO CALCULATE THE BREAKDOWN CURRENT AND VOLTAGE

IN A RANDOM RESISTOR METWORK

Program Fuse

Purpose and method: to calculate the breakdown current and

Inputs:

Outputs:

voltage in a Lx(L+1) random resistor network with
percolation probability p by using the conjugate-
gradient method.

System Size = L; Percolation Probability = Prob;
Number of the Average Configurations = Nsys;
The Seed to Generate the Random Number = Iseed.

Conductivity = Cond; Total Current = Curr;
Breakdown Current = Cb; Breakdown Voltage = Vb.

IMPLICIT DOUBLE PRECISION(A-H, 0-Z)

COMMON GX(12000),GY( 12000) ,V(12000),V1(12000),V2(12000),
1 R(12000), P( 12000) ,Z(12000)

LOGICAL LX,LY

COMMON /SPAN/ L,MAX,LEVEL(500),NN(12000),LX(12000),

1 LY( 12000) ,PROB

INTERMX=5000
EPS=1.0D-9

MAX=12000

TO READ THE INPUT DATA

10 READ(5,%)

L,PROB,NSYS, ISEED

IF(L.LT.0) GO TO 999

N=L*(L+1)
N2=N+N
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L1=L+1
L2=L+2
LL1=L+L+1
NL=N-L
NLL=N-L-L

LOOP 800 IS TO AVERAGE OVER NSYS CONFIGURATIONS

DO 800 ISYS = 1, NSYS

SET UP INITIAL VOLTAGES AT EACH SITE: V(I)

DO30I=1,N
X=DBLE((I-1)/L)/DBLE(L)
V(I)=(1.0D0-X)

30 CONTINUE
40 CONTINUE

SET UP THE RANDOM RESISTOR NETWORK

DOSOI=1,N

GX(10=0.0DO0

LX(1)=.FALSE.

GY(1)=0.0DO0

LY(I)=.FALSE.

CALL THE RANDOM NUMBER GENERATOR: RAN()
RAND1=RAN(ISEED)
RAND2=RAN ( ISEED)

IF ( RAND1.LE.PROB) THEN
GX(1)=1.0DO
LX(1)=.TRUE.

ENDIF

IF (RAND2.LE.PROB) THEN
GY(1)=1.0D0
LY(I)=.TRUE.

ENDIF

50 CONTINUE

FREE BOUNDARY CONDITION IN TRANVERSE DIRECTION

DO60I =L, N, L

GY(I)=0.0D0
LY(I)=.FALSE.
60 CONTINUE

TO CHECK IF THE CONNECTION OF THE NETWORK

DOTOI =1, L
LEVEL(I)=1
70 CONTINUE
ITEST = ISPAN(O)

IF ( ITEST.LT.O0 ) GO TO 40

IF NETWORK NOT CONNECTED, REGENERATE IT




CURR=0.0DO
VB=0.0D0
CB=0.0D0
ITER=0
DIFF=0.0D0

CONJUGATE GRADIENT TECHNIQUE

STARTING PROCEDURE

OO0O00O0

DO90 I =1, N
P(1)=0.0D0
V1(1)=0.0D0
R(1)=0.0DO
90 CONTINUE
DO 100 I = L1, NL
VI(I)=(V(I-L)-V(I))*GX(I-L)+V1(I)
VI(I)=(V(I+L)-V(I))*GX(I)+V1(I)
VI(I)=(V(I-1)=V(I))*GY(I-1)+V1(I)
VI(I)=(V(I+1)-V(I))*GY(I)+VI(I)
R(I)=Vi(I)
P(I)=-R(I)
V1(I)=R(I)®*R(I)
100 CONTINUE
RR=0.0DO
DO 110 I = L1, NL
RR=RR+V1(1I)
110 CONTINUE

C
C RELAXATION PROCEDURE
C
DO 120 ITER = 1, ITERMX
IF ( ITER.GE.2 ) THEN
RRLAST=RR
RR=0.0D0
DO 130 I = L1, NL
V1(I)=R(I)*R(I)
RR=RR+V1(I)
130 CONTINUE
RR1=DSQRT(RR)
IF ( RR1.LT.EPS ) GO TO 180
E=RR/RRLAST
DO 140 I = L1, NL
P(I)=E®*P(I)-R(I)

140 CONTINUE
ENDIF
DO 150 I = L1, NL
V1(1)=0.0D0
150 CONTINUE
ZP=0.0D0

DO 160 I = L1, AL
VA(1)=(P(I-L)-P(I))*GX(I-L)+V1(I)
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VA1(I)=(P(I+L)-P(I1))*GX(I1)+V1(I)
VI(I)=(P(I-1)-P(I))*GY(I-1)+V1(I)
VI(1)=(P(I+1)-P(I))*GY(I)+V1(I)
Z(1)=V1(I)
VI(1)=Z(1)*P(1)
ZP=ZP+V1(I)
160 CONTINUE
Q=RR/ZP
DO 170 1 = L1, NL
V(I)=V(I)+Q¥*P(I)
R(I)=R(1)+Q*zZ(1)
170 CONTINUE
120 CONTINUE

END OF RELAXATION PROCEDURE

180 CONTINUE
WRITE(6,111) ITER
111 FORMAT(1X,'ITER',IS)

CALCULATE VB, CB, COND, CURR

POWER=0.0D0
POWMAXX=0,0DO
DO 200 I = 1, NL
V1(1)=0.0D0
VA(I)=(V(I+L)-V(I))*(V(I+L)-V(I))¥%GX(I)
IF ( GX(I).EQ.1.0DO.AND.POWMAXX.LE.V1(I) ) THEN
POWMAXX=VA(1)
IMAXX=1
ENDIF
POWER=POWER+V1(1)
200 CONTINUE
POWMAXY=0.0DO
DO 220 I = L1, NL
V2(1)=0.0D0
V2(I)=(V(I+1)-V(I))*(V(I+1)-V(I))*GY(I)
IF ( GY(I).EQ.1.0DO.AND.POWMAXY.LE.V2(I) ) THEN
POWMAXY=V2(1)
IMAXY=1
ENDIF
POWER=POWER+V2(1)
220 CONTINUE
POWMAX=DMAX 1( POWMAXX , POWMAXY)
CURR=POWER
COND=CURR
VB=1.0D0/DSQRT( POWMAX )
CB=CURR*VB
WRITE(6,1000) L,PROB,CURR,COND,VB,CB, ITER,RR
1000 FORMAT(1X,I4,5F12.6,17,F14.10)
800 CONTINUE
GO TO 10
999 STOP
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END

THE FOLLOWING TWO SUBROUTINES ARE TO CHECK THE
CONNECTION OF THE BETWORK

INTEGER FUNCTION LASS(M)
IMPLICIT DOUBLE PRECISION (A-H,0-2)
LOGICAL LX,LY
COMMON /SPAN/ L ,MAX,LEVEL(500),N(12000),LX(12000),
1 LY(12000),PROB
IF ( M.NE.MAX ) GO TO 1
LASS=MAX
RETURE
1 MO:=M
M=N(M)
IF ( MO.NE.M ) GO TO 1
LASS=M
999 RETURE
END

INTEGER FUNCTION ISPAN(IDUM)

IMPLICIT DOUBLE PRECISION (A-H,0-Z)

LOGICAL LX,LY

COMMON /SPAN/ L,MAX,LEVEL(500),N(12000),LX(12000),
1 LY(12000) , PROB

LP1=L+1
INDEX=1
DO 1000 I = 1, 12000
1000 N(I)=0
N(1)=1
DO 2K =2, LPY
ICONN=0
DO 3 I 1,
'(K-1)+I
( LX(J-L) ) THEN
MOLD=LASS(LEVEL(I-1))

F

ELSE
MOLD=MAX
ENDIF
IF ( LY(J-1) ) THEN
M1=LEVEL(I-1)
ELSE
M1=MAX
ENDIF
MTR=MINO(MOLD,M1)
IF ( MTR.EQ.MAX ) GO TO 5
IF ( MTR.EQ.1 ) ICONN=1
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IF ( MOLD.LT.MAX ) N(MOLD)=MTR
IF ( M1.LT.MAX) N(M1)=MTR

GO TO 8
5 INDEX=INDEX+1
MTR=INDEX
8 LEVEL(I)=MTR
N(MTR)=MTR
GO TO 4
7 LEVEL(I)=MAX
y CONTINUE
3 CONTINUE
IF ( ICONN.EQ.O0) GO TO 6
2 CONTINUE
ISPAN=1
RETURN
6 ISPAN=-1
RETURE
END

b e
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APPENDIX B

ANALYTIC SOLUTIONS FOR DEFECT PROBLEMS

In this appendix, we outline the derivations of the analytic
results for defect problems used before, i.e., scaling forms for a
cracklike elliptical (or ellipsoidal) void in electrical and mechani-
cal problems and for a long, thin metallic inclusion in a dielectric.
In all cases we consider an external electric field or tensile stress
applied along the z direction. We also restrict our attention to the
most severe flaws, namely ellipses and oblate ellipsoid voids with
their long axis perpendicular to the direction of applied load in the
electrical and elastic cases, and ellipse and prolate ellipsoid per-
fect conductors with their long axis parallel to the direction of
applied electric field in the case of dielectric problems. These el-
lipses and ellipsoids are characterized by one or two long axes, a,
and one or two short axes, b, and we consider a/b large to simulate

the most severe flaws.
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B. 1 Electric problems.
a. Two-dimensional insulating void in a conducting background.

Consider an elliptical defect in an infinite two-dimensional sys-

tem. The equation for an ellipse centered at the origin is

x2/a% + z°/b° = 1, (B1)

which is depicted in Fig. 3.1(b). To find the current density at any
point outside the boundary of the elliptical defect (go) solve the
Laplace's equation with the boundary condition

— = 0, for §=§0 (B2)

which ensures that no current flows into the insulating defect.

Laplace's equation is invariant under a transformation to elliptical

coordinatesa1, and in that frame, the appropriate form of the solution
is,

¥(g,n) = Az + Be-gsin(n+e) + Cegsin(£+n), (B3)
where

x = ccosh(E)cos(n); 2z = esinh(g)sin(n), (BY)
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a= ccosh(go), (B5)

b = esinh(g,), (B6)

¢ = (a2 - 212 (B7)
where A, B, C, and € are constants. Choose €¢ = C = 0 and A = -Eo to

produce the externally applied electric field. Then,

P
¥(E,n) = Egz + Be ®sin(n) !
= -Eqcsinh(g)sin(n) + Be_gsin(n) (B8)
and the boundary condition (B2) implies E_
€
B = -Ejce cosh(E). (B9)

The electric field in the z direction is then

Ez = %; = =[cosh(E)sin(n) (%%) +
sinh(g)cos(n) (%%)]/[c(coshag - cos®n)] (B10)

= E - Be'g[cosh(g)sina(n) -

sinh(;)cosz(n)]/c[coshzg - coszn] (B11)

the current density in the z direction is jz = oEz, where o0 is the

conductivity. Setting n=0, yields for the electric field and current
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density in the z direction as a function of distance from the ellipse

tip (on the 2=0 line):

Ez(g) = E0[1 + cosh;oexp(go-;)/sinhgl, (B12)
and
P
JZ(E) = Jp [+ coshioexp(io-i)/sinhil (B13)
This is the Eq. (3.4) used in Chapter III.
The electric field at the defect tip is then E:
Egyp = g (1 + arb) = By [1+ 22@r20) 2] (B14)

where k is the curvature at the defect tip and K=b2/a. Eq. (B12) can
be written in terms of r, the distance from the defect tip,

a(a*b)[(a+r)-(23p+P2+b2)1/2

1
) (B15)
c2(r2+2ar+b2)1/2

Ez(r) = E0(1 +

A plot of this equation is given in Fig. 4.2(a). When r is large,

Ez(r) asymptotes to a dipole form,

EZ(P) = E0(1 + Q

2
2e/r ) (B16)

Wwith the electric dipole moment
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@y = a(a+b)/2. (B17)
Since the inclusion is sharp, the electric field becomes large near
the defect tip [as seen in Eq. (B14)], the nature of this divergence
is found from a small r expansion of Eq. (B15) which shows

Ez(r) ~ Eti when r <<k (B18)

p’

and
E,(r) ~ Eg[1 + a(asb)/c?(as2r)'/?],
when a’>r >k (B19)
) 1/2
= Eo[c1e + 02e(a/2r) ] (B20)
with
e, =1 and c, = a/(a-b) (B21)

2e

are 0(1) as a »+ ®» and k » ». Therefore, we get

le

Note that °1e and c2e

the scaling form of electric field,

2
1+ aZe/r for r>>a,

1/2

Ez(r)/E0 ~ Ci* c2e(a/2r) for k<r<a, (B22)

1/2
k1e + kze(a/ZK) for r<x.

which is the Eq. (4.15) used in Chapter IV.
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b. Three-dimensional insulating void in a conducting background.

The single inclusion shape and orientation that is most effective
in enhancing electric fields for this case is penny shaped and
oriented perpendicular to the electric field direction. To simulate
this we use an oblate ellipsoidal void inclusion, and the electric
fields are found by solving the Laplace's equation in ellipsoidal
coordinates. The geometry is like that of Fig. 3.1(b), with the el-
lipsoid found by making a solid of revolution about the z axis. The
relationships between Cartesian and oblate ellipsoidal coordinates is

given by83

X = ccoshfcosncosé,
y = ccoshfcosnsing, (B23)
2z = csinhgsinn.

The electric potential for a uniform conducting background containing
this "penny-shaped" void, with a constant electric field Eo at in-
finity in the z direction, is then found by solving Laplace's equation
in oblate ellipsoidal coordinates to find

1

¥ = -cE.sinhgsinn[1 - (cot™

0 sinh§ - 1/sinhg)/A] (B24)

where

>
"

-1
cot sinh;0 - tanhgolcoshgo

cot"(b/c) -bc/a2

"

(B25)

TR T o
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The z-direction electric field as a function of distance, r, from the

ellipse tip in x=y=0 plane is then given by

Y
E,(8) = - 5 'x:y:O
- El1 - (cot™'sinhf - 1/sinh)/A] (B26)

The electric field at the tip of the defect is found by evaluating Eq.

(B26) at €=, and gives

Etip = EO(1 - [cot-1(b/c) - (e/b)]/A) (B27) i;i

which for large a and small b reduces to

Etip ~ E0[2/u + Ha(ub)]

1/2

= EO[k1e + k2e(a/2x) ] (B28)

with

k = 2/1 and k

Cuga1/2
e e = 42/ (B29)

2

for large a. Rewriting Eq. (B26) in terms of the distance from the

defect tip yields

-1 2 2 172
E,(r,2:0) = E, - Ej(cot™ [(a+r)?/ - 1] 2 _

-1/2

[(asr)2/c? - 117V2)/a (B30)
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and expanding for large r then shows that the "far-field solution" is

of a dipole form

- 3
Ez(r) E0(1 + a3e/r ) for r>a (B31)
where the dipole moment
Age = dipole moment = c3/3A (B32)

A small-r expansion of Eq. (B30) shows the near-field solution yields

172
Ez(r) Eo[c1e + cze(a/Zr) ] for k<r<a (B33)
with
Cio = 2b/mc and c, = 1/A. (B34)

When r<k, Eq. (B30) reduces to Ez(r) ~ Etip'
c. Use of the complex mapping method for solving the tip enhancement

in 2D two defect problem.

In this section, we will use the complex mapping method to calcu-
late the tip current enhancement for 2D two slit-like defect problem.
In the complex mapping method, we can find the required electric
potential solution to Laplace's equation in two dimension from the

complex potential function w defined by,

T
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wsu+iv (B35)

The electric field is also cast into a complex form as

du du
E=E +1IE = ox 15z

by the Cauchy's relation, this becomes

- . du yov
E=E, +1E, = =+ Iz (B36)

and so the complex electric field is found from the complex potential

from the equation

e-3 (B37)

where {=x + iz, It is straightforward to then find the physical
electric fields Ex and Ez from the complex electric field E. Now if
we assume that w(l) is analytic, u and v in Eq. (B35) obey Laplace's
equation. Under a conformal transformation, the transformed u and v
again obey Laplace's equation, and we look for conformal transforma-
tions that simplify the geometry of the original problem.

We first illustrate the process with a single crack of in-
finitesimal thickness as depicted in Fig. B1(a). In this figure, the
electric potential at infinity is linearly increasing with vertical
direction, and has no dependence on the horizontal direction. It is
very easy to solve this one crack problem by the mapping method. We

can use the following mapping
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(a)

4

(b)

Fig. B1 The single slit representation of the elliptic
defect. (a) is the original geometry; (b) is the geometry
after conformal transformation. In this geometry, the
solution is trivial provided the slit has infinitesimal
thickness.
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£ = (CZ _ a2)1/2 (B38)

to transform the [ plane to the § plane as shown in Fig. B1(b) where
the slit is transformed to an orientation parallel to the external
field. The boundary conditions at infinity are unaltered in the
transformation, and so the solution in the presence of the transformed
slit is trivial provided the slit is of infinitesimal thickness. We

then see that in the § plane, the complex potential is
w(g) = -iﬁoi (B39)
which using Eq. (B37) gives the correct solution in the transformed

space. This solution in the § space is then transformed back to the T

space to find the required solution

ue iy = -1EL(E? - a®) 12 (B4O)
and so from Eq. (B37) we find
_ 2 2,1/2
Ex - 1Ez = iEOC/(C -a’)

= 1IE:O();+iz)/(xz-zg-az«»Zixz)1/2 (BY41)
On x axis, z=0, the complex electric field becomes
_ 2 2,1/2
E, - i€, = iEx/(x" - a%) (B42)




m
As a function of distance (in the x-direction along the z=0 line) from

the defect tip, the electric field is

a2 1/2 (B43)

_ 2
E = ton/(x - )

z
It is interesting to note that Ez and hence the current density in the
2z direction is singular at the defect tip, in contrast to the ellipse
result where the current density is finite at the ellipse tip (x=a).
However, the two types of continuum defects give the same result in
the lattice limit for large system sizes, as may be seen by integrat-

ing the result (B43) over the lattice spacing d:

2,172

I = Ju(2ad + d%) (BUY)
and taking the large a/d limit, this gives,
1/2
I ~ 1o (227d) (B45)

Which is the same in the large a/d limit as the ellipse result Eq.
(3.7) quoted in Chapter III.
We know illustrate how to use this method to solve the two slit

problem depicted in Fig. 3.2(b). First, make a transformation

g = X + iz (BY46)

where a and b are defined in Fig. 3.2(b) and define
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k = a/(a+b) (BU47)

Now, make the mappingsu’85

£ = 105 (18 - 2%)/0e? - ne? - )12 (B48)

This mapping transforms the two collinear cracks problem of Fig.
3.2(b) to the biplane configuration of Fig. 3.2(c). The boundary con-
ditions are unaltered in this transformation except for a rotation by
ninety degrees, and in the new geometry, the potential in the trans-

formed space is again trivial for infinitesimally thin cracks. We

]r?., an

find the positions of the biplanes from the mapping Eq. (B48).

o
n

fp 0% - )10 - B - ) (B49)

and

=
n

1y 02 - /001 - 208 - e lag (B50)

where ¢ and h are as defined as in Fig. 3.2(c). A is fixed by the re-
qQuirement that the mapping (B48) should be independent of path, i.e.,

172

1=y (8% - 23710 - 2 - 6120 = 0 (B51)

where the integral path C includes each of the cracks. Thus

1/2

r=21y % - 210 -@? -1 =0 (852)
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-1/2d

2101321 2ag = 1) 102 P17 2ar (8s3)

2, 2.1/2

Let T = [1 - (1 - k¥)u1"? and k'°

=1 - k2, then,

-1/2dC

>
"

g e2710-2) @21 2aes1]) 10-82) (82

13 101 - 2?1081 2aur s )1 (1-02) (102?17 2au

E(k')/K(k') (B54)
where K(k') and E(k') are elliptic integrals of the first and second

kind respectively. In the § plane, we know the complex potential

function is simply

so, in the { plane, the potential is

w(@) = -1EIE (02 /1@%- 0212 (B56)
And from Eq. (B37), we get
E, - 1E, = iEy (232 /1(t2-1) (t%-iP)) /2 (B57)

On x axis, we then have:
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E, - 1E, = 1E,[x°-3%(a+b)?1/([x°-(a+b)?1[x°-a°]) /2 (B58)
and hence the behavior of the physical electric fields is,

for -a<dx<a:

E, =0, E, =t [x*2%(as0)?)/([x°-(a+0)?11x%-a%1) /2 (BS9)

for |x|>a+b:

B, = 0, E, = 2E[x*-3%(aw)’1/(1-(a+0)?11x°-a°D) 2 (B60)

for a<|x|<a+b:

E, tEO[xz-Az(a+b)2]/([(a+b)2-x2][x2-a2])1/2, E, = 0 (B61)

To find the current between the two cracks, we integrate Eq. (B59),

172

I, ies = $20E03 dx[x°-22(a+b)2 1/ ([x°-(a+b)?] [x%-a%])

20E0(a+b)[E(k) - K(k) + E(k")K(k)/K(k')] (B62)

where o is the conductivity of the system. We are interested in the

limit a<<b, which implies k+0. In this case,

Iits * 20E0(a+b)E(k')K(k)/K(k') (B63)
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As k-0, k'+0, E(k') ~ K(k) and both are finite, and K(k') is singular.

Because K(k') is singular as 1n(1-k'2), we find

~ ]
I its ~ 9Ep(a+b)E(K')K(Kk)/1n[a/(a+b)] (B64)
which is the result quoted in Eq. (3.14) in Chapter III.

To make contact with the result for one slit when the distance
between the two slits is zero, take the limit a+0, then A2=E(k')/K(k')
+0, and Eq. (B60) becomes
b2)1/2

E - -on/(x2 - for |x|>b (B65)

2

which is the one crack result reported in Eq. (B43).

B.2 Dielectric problems.

a. 2D problem of a conducting ellipse in an insulating background.
The most effective-field enhancing inclusion is a thin ellipse

with its long axis parallel to the direction of the electric field (z

axis). The electric field outside the inclusion can be found by solv-

ing the Laplace's equation in elliptical coordinates:

L]
"

csinhgisinn, z = ccoshfcosn (B66)

and

)
'

= ccosh;o, b = csinh;O
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The calculation is analogous to that described in Appendix B.1 a for

the 2D electrical problem. The only change is that the boundary con-

dition on the ellipse is now

¥(gy) = 0

The solution in this case is

¥(g§,n) = Acoshfcosn +Be'gcosn

where

A = -cE

Boundary condition (B67) determines that

-]
]

=z -Acoshgoexp(go)

chcoshgoexp(Eo)

Thus,

¥(g,n) = —chcoshEcosn + cEOcoshgoexp(go-g)cosn

The electric field in the z direction and on the z axis is then

) 1
Ez(;’nH){:O - 9z 'x:O

(B67)

(B68)

(B69)
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Ay

ag) -

= -[sinhgcosn(
cosh;sinn(%%)]/[c(cosh2§ - coszn)] lx=0
= EO[1 + coshgoexp(go-g)/sinhgl (B70)

Therefore, the solution is mathematically identical to that given
above for the 2D electrical case (although geometrically the conduct-
ing ellipse has its long axis parallel to the applied field), and
expression for the electric field at the crack tip, in the near field
and in the far field are identical to those given in Egqs. (B16) -

(B21) for the electrical case.
b. 3D problem of a conducting ellipsoid in a dielectric background.

The most efficient-field enhancing defect is formed by making a
solid of revolution about the z axis of an ellipse with its long axis
in the z direction. This "finger-like" inclusion is the most impor-
tant single inclusion for this case of dielectric problem. Solving

Laplace's equation in the probate ellipsoidal coordinates

X = csinhgsinncosé
y = csinhgsinnsiné (B71)
2 = ccoshgcosn

leads to the electric potentials

e
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¥. =0 (B72)

4 = -cE

out ocoshEcosn(1 - [ln(tanhg) + 1/coshg]/B)  (B73)

where

B = 1n[tanh(go/2)] + 1/coshg (B74)

The electric field in the z direction and at the z axis, as a

function of distance from defect tip is then

E,(§) = Ej + Ej(In[tanh(£/2)] + coshg/sinh%g) /B (BT5)

From this expression we find the electric field at the defect tip to

be

Egp = Eol1 a2/[b%1n(2a/b)1]) (B76)

The far-field (large r) solution again has a dipole form

3
Ez(r) - Eo ~ a3d/r (B77)

where the 3D electric dipole moment

a,, = 2¢”/3B (B78)

3d

For k<r<a, the electric field reduces to
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Ez(r) -E, ~ Eolln(r/Za) + a/2r]/B (B79)

0

and for r<k,

Ez(r) ~E (B80)

tip

B.3 Elastic problems.
a. 2D void in an elastic background.

We consider the geometry of Fig. 4.1 with the external electric
field replaced by a tensile stress. The calculation of the stress
field due to this inclusion is a standard calculation, and the verti-
cal stress along the horizontal direction is given by [taken from Ref.

216, Eq. (130)]

0,(§,n=0) = 00(1 + (A[3exp(-E)-exp(-3%)] +
Bcoshg) /s inh3E) (B81)

where

- _ 2
A = coshgo[exp(3§0) - 3exp(§0)], B=cosh & (B82)
The stress at the defect tip is then given by

) = 00(1 + 2a/b) (B83)

tip
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Expression (B81) in terms of r the radial distance from the crack tip,

and doing the large-r expansion, we find

2

oz(r) -0, ~ azm/r for r>a (B84)

0
with the 2D elastic dipole moment

a, = a“/2 (B85)

A small-r expansion of (B81) yields

1/2

oz(r) -0, ~ oo(a/2r) for k<r<a (B86)

0

b. 3D void in an elastic background.

The most important single defect is a penny-shaped inclusion with
its long axis oriented perpendicular to the direction of the applied
tensile stress. To study this, we form a solid of revolution about
the z axis of the ellipse inclusion of Fig. 4.1. The exterior stress
and strain fields are most easily found using the equivalent inclusion
method, and the z-direction stress as a function of distance from the
defect tip is given by [this is found after simplifying Eq. (126) of
Ref. 216],

1

oz(g) = oo[l + a"b(x1cot‘ sinht - K,/sinhf +

1

Kz/sinh3§)/(N1cs) ] (B8T)
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where
K, = (12-10/v)g + 2a'7ch - (25 - 22/v)alc? (B88)
K, = 12a%/cY - 6(g + 2)a/c? + 6g (B89)
N, = 6l4a'02/c® - 2(1 - 1/v)g? - (2a" - 8a%%)gsc’]  (B9O)
and

2

g = [aubcot'1(b/c) - a b2c]/c5 (B91)

where v is Poisson's ratio. The stress intensity at the defect tip is

found to be

Oip * ooaa([za“/b" - (1.5 - 1/v)a?/b% + 1 = 1/v] +
a?A[1/v - (1.5 + 1/v)a2/b21)/[(a%/b% + 1 - 1/v)/be
+ a28(a2/b2 - 2 - 2/v) - a*A%(1 + 1/v)/be] (B92)
where
A = tan-1(c/b) (B93)
For large a/b and 1/v<<a/b, we find
0., ~-u(3v + 2)/4 + 2a/b = k,_ + k. (as2x)V/? (B9Y4)
tip m 2m

with
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k, = -n(3v + 2)/4, k

: - 81/2
m m

2

A large-r expansion, yields the expected dipole behavior

3

oz(r) -0y~ a3m/r for r>>a

where

4 2
a3m = (K2 - K1/3)a boo/(c N,)

is the dipole moment. A small-r expansion yields

1/2 for k<r<a

oz(r) -0y~ 1/r
and

oz(r) ~ otip for r<<k

(B95)

(B96)

(B97)

(B98)

(B99)

) -
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