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God GIAD

ABSTRACT

ON THE APPLICATION OF THE BOUNDARY ELEMENT METHOD

TO PLANE ORTHOTROPIC ELASTICITY

By
Javad Katibai

Application of the boundary element method to
elastostatic, orthotropic, plane stress problems 1is presented.
The direct boundary element method is utilized. The boundary is
approximated as piecewise straight and, on each straight boundary
element, constant traction and linear displacement variations are
assumed. This model allows for traction discontinuities at the
boundary element interfaces. Three forms of the influence
functions are discussed for the orthotropic materials depending
upon a relation among the material constants. However, only two
practical cases are solved. Results are obtained for four

example problems and are compared to finite element

solutions (NASTRAN).
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CHAPTER 1

INTRODUCTION

Boundary solution techniques are becoming increasingly
poﬁular with engineers and have been applied for the solution of
a wide range of problems including two and three dimensional
elasticity. The most frequently used method employs the
fundamental solution of the governing equations as an influence
function and constructs the solution to the problem of interest
by superposition. This method is presented under different names
such as "Boundary Integral Equation Method", "Boundary Integral
Method”,etc. In its most general form this technique consists of
subdividing the boundary of the region under consideration into a
collection of elements; hence the name "Boundary Element Method"
(1,2).

Consider the classical mixed boundary value problem of
linear elastostatics, shown in Figure 1-1, consisting of an
elastic body, R, loaded by specified tractions, ti’ on portion Bt
of the boundary and specified displacements, u;, on the remainder
of the boundary Bu' Body forces are neglected here. The stress
fields and displacements everywhere in R, subject to the given
boundary conditions, are sought. Numerical solutions are sought
for this problem which allow for orthotropic material properties
and arbitrary body shape and loading conditions.

The Boundary Element Method derives from the statement

of the problem in the form of an integral equation. The



integrands consist of known influence functions and both known
and unknown boundary conditions. The influence functions satisfy
the differential equations exactly. Hence, the solution of
displacements and stresses also satisfies the differential
equations exactly. Thus, the resolution of high stress gradients
by the Boundary Element Method is very good.

The integration path of the integral equations of the
Boundary Element Method is around the boundary of the body. Thus,
for numerical purposes, the discretization needs to be done only
on the boundary . This is in contrast to the Finite Element
Method in which discretization is done over the' entire domain.
The net result of this difference is that the Boundary Element
Method requires less data preparation effort to solve a problem.

The Boundary Element Method, however, is not without 1its
own share of problems. Though the Boundary Element Method has
been used extensively for isotropic problems, literature on its
application to anisotropic material problems is relatively
sparse([6,11,12,13]. The sparsity of existing literature on
anisotropic materials is not the only problem. Many inaccuracies
present in these research papers and technical reports make
application of the method difficult. It is one of the objectives
of this dissertation to clearly define the influence functions
and to offer a systematic solution that is easy to understand
and implement.

The application of the Boundary Element Method to the



isotropic case is discussed in chapter II of this dissertation.
The general problem is formulated and all of the assumptions are
outlined.

In chapter 111, the application of the Boundary Element
Method is extended to orthotropic materials. It is demonstrated
that the mathematical formulation is the same except that the
influence functions are different from the isotropic case. For
plane problems involving orthotropic elastic materials, there are
three forms of the influence functions depending upon the
relationship among the four material constants [6].

The Boundary Element programs, ORTHO.CASEl and ORTHO.CASE2,
described in chapter 111, are based on the direct approach.
The boundary discretization consists of straight segments in
which displacements are assumed to vary linearly and tractions
are assumed to be constant.

In the final chapter, results of the program are presented
and it is compared to the isotropic case. Some conclusions are

drawvn from these results and recommendations are made.






CHAPTER 11
APPLICATION OF BOUNDARY ELEMENT METHOD

TO ISOTROPIC MATERIALS

I1.1 DESCRIPTION OF THE BOUNDARY ELEMENT METHOD

For the plane boundary-value problem of 1linear elasticity
illustrated in Figure 1I1.1, the displacement at a point x on B is
related to the displacements and tractions at all other points

on B by Somigliana’s identity, [1] {i.e.

aij(x)uj(x)+l(uc)1.j(x,x)uj(x)ds-l(uR)i‘j(x,x)tj(x)ds (I1.1)

B B
where the integral on the left hand side is interpreted in the
Cauchy principal-value sense. The function (uc)i.J(x.i) is the
displacement, ui(x), due to a unit displacement discontinuity,
cj(i), applied in the infinite elastic plane and (“R)i.j(x'i) is
the displacement, ui(x) due to a unit force, R,(x), applied in

3

the infinite elastic plane.

(x) are equal to 0.5§

The coefficients ag if the boundary

] 1)
is smooth at x, where 513 is the Kronecker delta. Otherwise
°ij(x) depends on the corner angle at x.

At a point x in R, the displacements and stresses can be

calculated from the equations

ui(x)-J (uR)i.j(x,x)tj(x)ds-l (uc)i_J(x.i)uj(i)dE (11.2)

B B



aij(x)-J (aR)iJ.k(x.i)tk(i)di-l(oc)ij'k(x,i)uk(i)dE (11.3)
B B

vhere the influence function (ak)ij k(x.i) and (ac)ij.k(x,i)

are the stress component o,,(x) due to a unit force, Rk(i),

1)

and a unit displacement discontinuity, ck(i). respectively,

applied in the infinite plane.

At each point x on B and in each direction, either uj(x) or
tj(x) is known. Therefore, equation (II.1l) can be used to solve
for the unknown values of uJ(x) and tJ(x). thus glving complete
boundary information. The displacements and stresses at any
internal point can then be determined by simple integration using
equations (II.2) and (1I.3).

It can be shown that, for plane stress and material
isotropy the influence functions or the Green’s functions (in

this dissertation the terms influence function and Green’'s

function are used interchangably) of equations (1I1.1),(I1.2) and

(I1.3) are given by [3]

(WR), =[-(3-¥)1logp+(1+)q,q, 1/(8xG) (11.4)

(ue); 1=[120140) (Bya, >-y0, 1+ (1-1)R a )+ (34)nq, 1/ (4mp)
(uc)l‘z-[2(l+v)(-ﬂqus-ﬁlq23)+(1+3v)62q1+(3+v)ﬁlq2]/(Anp)

(uc)z.1-[2(1+v)(-ﬁqus-ﬁlq23)+(3+v)62q1+(1+3v)ﬁlq2]/(ARp)



7

(ue)y p=[2(1+w) (-h1a, 43,0, )+ (1) + (340 )0y 4, 1/ (o)

(11.5)
(0R);; 1=[-2(10)q,>- (1-v)q; )/ (bmp)

(0R);, 1=[20140)q,>- (34)q,1/ (bnp)

(0R)5, 1=[2(14)q, - (1430)q, 1/ Cbnp)

(0R)}; o= [2(14)q, - (1431)q, )/ bmp)

(0R)}, p=[2(14)q, >~ (34)q; 1/ (bnp)

(0R) 5y o=[-2(14)qy - (1-v)qy)/(bmp) (11.6)

(0e)y; =6(1+) [ (1+6q,%-8q, *) +2q,q, (1-49, 7)) /(2067

(€)1, =610 [(1-84,%q,7)5,+2q,0,(1-6q, 220, 1/(2xp%)

2

(00) 5, 1=G(1+) [ (1-84,%,7)h,+2q,q, (1-43, )5, 1/ (2%57)

(0€)13.27(9¢) 15 1
(0€)12.27(9%) 95 1

(06) 5y o=6(10) [(1+49,2-8a, )0, +20,q, (1-49,2)5, 1/(2x07)

(11.7)
where

p- ((xl-i1)2+(x2-i2)2]1/2
q,=(x,-%,)/p
q,=(%,-%,)/p

ﬁl and 62 are the components of the outward-directed normal unit

vector to the boundary at x.



I11.2 PIECEWISE LINEAR ELEMENTS
Equation (II.1) can be solved numerically if the boundary B
is approximated by N straight segments, as shown in Figure 1I.2.

For this model, equation (II.1) can be written as

N
agy x™yu x4 L J‘“"’z. & Ryuy (Ryai
=

J
m
5 (M) =ve (3yas
-3 |wry, y n Xty (X)ds  (11.8)
m=1 ‘
m

where x(n) is the location of boundary node n.
The displacements and tractions in each segment m can be

approximated using shape functions so that

uj(i)-uj(“‘l)nl(e)+uj(“)Nz(e) (11.9)

tj(i)-cj“ (11.10)
where

Nl(f)-O-S(l-E)

N, (£)=0.5(1+¢)

i-nl(e)x(“'1)+nz(e)x‘“)

ds=0.5(s_-s__,)d¢ (11.11)

ds-0.54s _d¢ (11.12)

where § is a local coordinate for the segment m with value -1 at

node m-1, value 0 at the center of the segment, and wvalue 1 at

node m. Note that u(m) is the displacement at node m whereas t m

J 3



is the traction on the element m.
Note that the order of differentiation of ti(x) in the

interval is less than that of u,(x). This model allows for

J

discontinuities of tj on the boundary.

If equations (11.9-12) are substitued into equation (II.8)
the following is obtanied

N

(n)_ (n) (n)
Zaij uj +;51A8mll (“C)i_j(x .E)Nl(f)diuj

(m-1)

(n) (m) N (n) m
+ (uc)i J(x .€)N2(€)d€uJ J= Z (uR)i j(x .E)déAsmtj
. 1 .
m m

(11.13)

or

N
(n) = (n) (m.n) (m-1) (m.n) = (m)
2a1J uj + leAi.J uJ + Bi.j uJ ]
_zc, @™ ;

p=1 13 3

m (11.14)

where

(n)
aij - aij(
(n) (n)
uJ (-uJ;x l

m.n
Ary

x(n))

-As (uc)i.J(x(n),é)Nl(f)df (11.15)

g (m1)_, (n)

1.3 sp| (ue)y 4(x

.€)N2(€)d€ (11.16)
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(m.n) (n)
Gi._1 - J (uR)i.J(x ,£)d€ (11.17)
‘ m
m
F - AsntJ (11.18)

Note that the functions (“c)i.j.nd (\.11{)1“J are singular
when the point of coordinate £ approaches the node n. This 1is
the case when the element m ends or begins with the node n, 1i.e.
wvhen m=n or m=n+l (n=m or n=m-1l). In this presentation, the
terms involving logarithmic functions are evaluated analytically
and the Cauchy principal-value integrals involving 1/p terms are
evaluated numerically. One can also evaluate the logarithmic
terms numerically provided that a proper table of integrals for
numerical solution is used. Note that it is not necessary to
mathematically calculate aij since it only contributes to the
diagonal of (uc)i.j. The value of this diagonal term can be
determined quite easily using rigid-body considerations. This
will be shown later.

All nonsingular integrals can be evaluated by numerical
integration using Guass-Legendre quadrature. If it 1is defined

that( see Figure 1I1.3):

x®o 0.5 [x®@ax @1,

(n) 2 (n)
A S |

(m) ° (m)
by=x; " T-xg

2
R-a1a1-2aib1€+bib1€

a,= X



1"

then substitution into equations (II.15-18) gives expressions

that are easy to program.
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Xe(X.X,)

Figure II.1 Plane boundary value problem
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Figure I1.2 Boundary discretization
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ih)
b,
e, a b
x"™ —
.' b. ﬁ 1)
A(m)

Figure 1I.3 Definition of a;, b;, x



CHAPTER III

APPLICATION OF THE BOUNDARY ELEMENT METHOD

TO ORTHOTROPIC MATERIALS

I11.1 INTRODUCTION
For an orthotropic material for which the X,-x, axes are
alligned with the principal material directions the strain-stress

laws for plane stress reduce to

1 v
x
€ = — 0 - — o0
11 E 11 (E\\ 22
x N AN
v 1l
x
€pp= - — 0., + — 0
22 E 11 E 22
X y
1
€. . m —— g (111.1)
12 2Es 12

where vy is Poisson’s ratio and the constants Ex(Young's modulus

in the Xy direction), Ey(Young's modulus in the x direction),

2
and E‘ are the longitudinal, transverse, and axial shear moduli
of elasticity, respectively. We shall select the xy and x, axes
such that Ex > Ey. In general, orthotropic materials should
satisfy a fourth order polynomial equation in which the

coefficients are in terms of the aforementioned elastic

constants, [4]:

15
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1, 1 Yx 2 1
E 2E E E
x 8 x y

The roots of this equation can be expressed as

E E E
2 x + x 2 x
pom-— -y (— - v, )y o —
2E 2E E
8 8 y

(I11.3)

where the nature of the roots depends on the quantity under the

radical sign. Note that p2 is real if

(III1.4)

For isotropic materials, the equality of (III.4) is
satisfied. Furthermore, it appears that the inequality (III.4) is
satisfied for materials of practical interest. Table I1II.1 lists
many materials that are widely used in industry, all of which

satisfy inequality (III.4).

I11.2 THE INFLUENCE FUNCTIONS FOR ORTHOTROPIC MATERIALS

To find the influence functions or the Green’'s functions, a
two-dimensional infinite orthotropic plane is considered [6].
The equilibrium equation, the compatibility equation, and the

boundary conditions at infinity are satisfied using the technique
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of Fourier Transforms. The boundary conditions at infinity are
that the stresses and their first derivatives go to zero.

Three forms of the Green’s function have been found ([6].
These three forms of the Green’'s function correspond to the
nature of the roots of equation (111.2). However, for practical
purposes, the materials for which the material constants satisfy
inequality (III.4) will be considered here.

Let us define the distance between the field and the source

points in terms of Cartesian coordinate as:

where Xy and x, are the coordinate of the field point and il and
i2 are the coordinate of the source point. Then, the influence

functions (uR)i.J(x,i) and (uc)i.J(x,i) have the form [6]:

11 T7+Dp T

(uR); ,(x,%)= D
(WR); H(x,%)= Dy, Tg
D
D

(WR), ,(x,%)=

(uR)z.z(xoi)-

32 76

41 T7 + l)“2 T8 (II1.5)

(uc)y 1=-Eyy Ty my-Eyp Ty my-Egy Ty ny-Egp, T, My

(ue)y 9=-Egy Ty ny-Eg) T, 1my-Eq) T) my-Ey, Ty 1y
(ue)y 1=-Ey) Ty m-Byy T, m-Egy) Ty my-Eg, Ty My

(uc)y 9=-Egy Ty my-Egy Ty m-Eyy Ty ny-Eyp T, n,y (II1.6)
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and By and By are the roots of equation (III.3), By s By- Also
En-- (d1+d3 - a)/(awds)

Ej,=-(d) -d3-4d) / (4xdp)

21" % / (4™

t
]

522 - . (2d2 - d1 dlo) / (b = ds d6)
By = (L4 (4, /7 d) / (4% dy)

ay = 1/ 6 ®

E,p = (4) - 24,) / (4 = dg dp)
Es; = Ea
Egy = -E42
Egy = -d3 Ey
Eg, = 45 Eyp (111.7)
El1 Y% Ey
D11- -
E E
X X
Ej2 Y% E3p
D12 - -
E E
X X
By v Ep
Dyy = - +
E E
X X
D3y = Dyy
D,y =930y
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D42 - -d3 D12 (111.8)
where
E
x
d, =2 ( - v.)
1 2E. x
E
y
d2 - —
d3 -
da - -ux
dg = B * #y
“1'”2 case 1
d6 - (111.9)

1 case 11

the functions T1 through T8 depend on the relationship among the

elastic constants. Two cases are considered. In case 1:

Ex Ex
- v, )2 >
2E E

8 y

(

and the roots of equation (II1.2) can be expressed as

E Ex 2 E

e - L .
1,2 x - 2E x E
2E8 s y




then

20

In case 2:

E
x

2E
s

log (rl) + log (t2)

log (ry) - log (r,)




where

and

21

2 r
x
Tl - )
b1
2
-Zplrxry
T =
2 ] 4
1
2;411'y
T3 - )
n
2_3
r, ry # ry
T =
4 } 4
1
r r
X Yy
T6 - )
n
T7 = 2 log ( rl)
- 2
T y
8 2
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II1.3 PROBLEM FORMULATION

To determine the complete set of boundary information |,
i.e., the displacements and the tracions at all chosen boundary
points, one must solve the numerical form of Somigliana's
identity as formulated in Chapter II. The formulation of the
problem for orthotropic materials is exactly the same as in the
isotropic case except that the influence functions (uc)i.j(x.i)

and (uR), J(x.i) are different.

III.4 COMPARISON OF THE ISOTROPIC AND ORTHOTROPIC INFLUENCE
FUNCTIONS

The isotropic influence functions listed in chapter II were
compared to the orthotropic influence functions presented in
this chapter. This comparison was made by numerically
calculating the values of those equations for different field and
source points. The computer program TEST in Appendix B performs
these calculations. See Figure III.1 for the flow chart of the
the progrm TEST.

To better understand the differences and characteristics of
these influence functions, the following examples were examined.
Field points and source points were selected as shown in
Figure I111.2. The values of the influence functions in chapter
I for the isotropic case were calculated based upon the Poisson’s
ratio and shear modulus of 0.25 and 1.25, respectively. Tables

I11.2-7 exhibit the results for each of the source points. These
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tables also list the results for the influence functions of cases
1 and 2 assuming near-isotropic and isotropic conditions,
respectively.

The values calculated wusing the isotropic influence
functions of chapter I are identical to the case 2 influence
functions. This is expected since isotropic materials belong to
the case 2 of the orthotropic influence functions. It appears
that the case 1 is also suitable for isotropic materials provided
that the material properties selected are slightly anisotropic to
satisfy the inequality of equation III.4. Note that the (UR)l.l
of orthotropic influence functions are off by a constant. This
constant represents rigid body motion and has no effect on the

boundary element formulation.

I11.5 PIECEWISE LINEAR ELEMENTS

Somigliana’s identity can be solved numerically for the
case of orthotropic materials just as in the isotropic case by
approximating the boundary B with N straight segments, as shown
in Figure 11.2. The displacemnts and tractions in each segment m

are approximated using shape functions so that

- (m-1) (m)
uj(X) - “_1 Nl(f) + “_1 NZ(E)

- m
tJ(x) - tj

where

N(§) = 0.5 -8
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Ny(€) = 0.5 (1 + &)
% - Nl(e)x“"l)

ds =0.5(s_ - s )4

+ Nz(e)x“")

ds- 0.5 As _d¢ (111.10)
and £ is a local coordinate for the segment m with value -1 at
node m-1, value 0 at the center of the segment, and wvalue 1 at
node m. By substituting equations (III.10) into Somigliana’s

identity the following is obtained

N
(n).  (m) (n) ; (m-1)
2a1J uy + 21 As [l (uc)i.j(x €) Nl(f)dfuj

(n) (@), N (n) m
+j (we), 4 (x*™ O, (6)dgu, 1-21 I w@ry, (™ ragas e,
]

or
20“ (n)uj (m)ﬁlmi'-1 (m.n)uJ (m-l)'*Bi.j (""“)uj (m)]
- E c, , @™ (111.11)
a1 1-3 j
vhere
n=1l,....... N
o (M (n)y



25

IECOVIPRCON

3T

(m.n)
Ay -A

(x

(n)

ey (=™ ON, (€)a

B
B—

By 4 ™ea J ey, yx ™, ON,(0)at
m

(m.n) (n)
Ci.j -l (“R)i.j(x ,€)d¢

F B As t n
m

I11.6 SINGULAR TERMS

As in the isotropic case, the functions (uc):l..1 and (uR)i.j
are singular as £ approaches the node n. This is the case when
the element m ends or begins with the node n, i.e. when men,
r=n+l (n=m,m-1). Again all the 1integrals, singular or
non-singular, with the exception of the singular terms involving
logarithmic functions, are evaluated numerically.

The singular terms involving logarithmic functions are
evaluated analytically. However, one can evaluate those singular
integrals involving logarithmic functions numerically provided

that a proper table of integrals is used.
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II1.7 NUMERICAL INTEGRATION
The numerical integration is performed utilizing the
Guass-Legendre quadrature formulae. The following is a prelude

to the integrations. If it is defined that

x™o 0.5 (x® 4 x@1))

then
Ty = 8 - B¢
ry -a, - b2€
2 2 2 2
ri -(.l.bIE) + “i (32'525)

i=1,2

Also

b sn'sn-l

For the case 1 influence functions



(m.n)
1.1 - .

(m.n)
1.1

E,.b

1172

12°2

+E_.b

5171

+Egoby

(m.n)
and A2.2

(m.n)
1.1

and

(m.

A 1.1

and B

1
+ ayb¢ a,-b¢ .
( + J(1 + §) a¢
b b o 2 r 2
-1 1 2
1
F aloblf al-b1€ )
( ) - , (1 + €) &€
A n T2
1' “1(‘2‘b2€) “2(.2'b2€) i
[ ) + J(1 + €) d¢
A1 n Ty
[ Halaab®)  mylaybye)
[ - J(1 + &) 4
- r 2 T 2
-1 1 2 (1I1.11a)

Bz z(n.n) have the same expressions as

n) where E,. ,E.,.,E., and E are replaced by
11°'712° 751 52

E61’E62'E41 and 242 respectively. Also

A (m.n)
1.2 D
B (m.n) 5172
1.2
-Egoby
+Eq,b)

[ H10a2 B8 mplaybye)
[ + 115 €) a¢
- 2 r 2
-1 1l 2
T by (ayb)  wy(ay-b) -
[ - 11+ €) de
< r 2 b o 2
-1 1 2
{ al-ble al-ble )
( + Y1 F€) a¢
- r 2 r 2
-1 1 2
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1 a-bi6  a-bé
+E..b ( - YA+ §) &€
3271 J i} 2 2
-1 1l

2 (I11.11b)
and Az l(m.n) and 32 l(n.n) have the same expressions as
Al.z(m.n) and Bl.z(n'n) where 251.352.231 and 232 are replaced by

321'322'561 and E62 respectively. Finally
1
c. . ®™_ | (p  [log(r,)+log(r.)]+D.. [log(r.)-log(r.)])dE
1.1 11!108(ry)+10g(r,) J+D) [ tog(T, ) -10g(T,
-1

“l(az'bze) “2(‘2'b26)
(———)-tan L (————)a¢
ll'ble .l-blf

C (m.n)_ 1

1.2 D,,(tan

1= Sy

p “l(az'bzf) F2(‘2’b2€)
9.1 032(can'1(—) -can'l(——) ydaé
' - 2170y ¢ 870 ¢

2.2 (D, [1og(r,)+log(r,)}+D,, [log(r,)-1log(r,)])1d{

(I11.11lc)

For the case 2 influence functions
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1
A1.1 (m.n) 2(.1-b1€) )
B (m.n)" -Blle (__2—)(1 +0 «
1.1 3 L2
[ 2000507
+E, b, ( " YA+ §) o
-1 b
1 2 (a,-b,€)
B15827P2 ]
+Eg by (——-——2—)(1 + §) &
-1 n
1 2 3
P “1 (az'bzf) i
-Eg by (—4—)(1 +§) &
a o
1 2
P (.l.blf) (‘2'b2€) i
+Eg,b, ( . XA+ §) &
-1 N (111.114)
(m.n) (m.n)
and A2.2 and 32.2 have the same expressions as
Al.l(m'n) and Bl.l(n'n) where Ell'EIZ'ESI‘nd 1-252 are replaced by
561'E62’Elo1 and El.z respectively. Also
(m.n) 1 24 (a,-,0)
A1.2 1'72 72 .
1.2 3 r
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1 2
(.l-bIE) (‘2°b2€) .
-Eszbz ( . Y1 + §) &
A1 5 |
[ oM a0’
+Eg,b, ( A (1 + §) &
A1 o
1 2(;1-b1£)
+231b1 I (—2—)(1 + §) &
A b |
1 2 (a)-b,6) (a,-b,6)7 -
-232b1 ( . Y1+ §) &
r
-1 1 (1II.11e)
and A2 l(m.n) and 32 1(m.n) have the same expressions as
Al.z(m'n) and Bl.z(m'n) where 551.552.£3land 232 are replaced by

221'322’E61 and E62 respectivly.

(m.n) —————
C1.1 = | (Pyy2108(r))+D;,( —7 ¥

1 2
I (.z'bze)
1 1

1

(‘l'ble)(.2°b2€)

Dy, 2 14
] 1

1 (a,-b.€)(a,-b,8)
1796 (ay-D,

c, ®m_|p ¢ )de
32 2
n

(‘z'bze)
2.2 (D,12108(r)+D o ()14

. n (111.11f)
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I11.8) PRELUDE TO COMPUTER PROGRAMMING

Equations (II11.11) can be written in matrix form as
[uc]{u)=[uR](F) (111.12)

This is a system of equations relating nodal displacements
to resultant segment forces. In order to solve a well-posed
elasticity problem, it is necessary to re-pose this system of

equations in terms of nodal forces. Therefore, a transformation
(F)=[r](F)

relating the vector of nodal forces (F) to the vector of segment
forces (E). is introduced into the system (I1I1.12). The simplest
physical interpretation of the transformation is to replace the
segment forces by nodal forces equal to the average of the
segment forces adjacent to each node, or

(n+1)]

F,(M. 0.5 [51(“)+§

i i

The form of (] for this transformation is

110000.....0
01I1000..... 0
00I1II1IO00..... 0
[fl]=05]0001IT1O0..... 0

................
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where I is a 2x2 identity matrix.

For an odd number of nodes, the inverse of [] is

1-1 I-I......1
1 I-1 I..... -1
1 -1 I I-I...... 1
(f) * = I-1 1 I..... -1
BEE TS BT
and (I11I1.12) becomes
luc](u)-[uR][rl'l(r) (I111.13)

It should be noted that for an even number of nodes, []
has no inverse.
A perturbation is introduced into the system of equations

(I11.13) in order to enforce the equilibrium conditions, i.e.

N
i=1

N
i=1

N
(1) (1) . (1), (1)
121(x1 F, -x, Fy )=0 (III.14)

or in matrix form

[Q]{F)=0 (111.15)

where
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1 1 0 1
Q] - 1 1 .
D D L@ @

Coupling equations (II1I1.14) and (III.15):

uc uRf Q.r (F} }
0 (u) = Q 0 (1) (I11.16)

where [uR'] = [wR] [) L.

I1I.9 PLANE STRESS, ORTHOTROPIC BOUNDARY ELEMENT PROGRAM

The boundary element program described in this section can
be wused to solve plane stress, orthotropic elastostatics
problems. Linear interpolation is used for the displacements and
constant segment tractions are assumed. The logic of the program
for calculations for orthotropic materials belonging to case 1
and case 2 is the same. The only difference 1is that different

equations are used to solve for material constants E,, and D_,.

1) i)
The flow chart for the program is shown in Figure (I11I.3).
In the first part, the input data is read. Then the weights and
points for the numerical integration are assigned to the array
W(L) and R(L). Next, Eij and Dij are calculated. In the fourth

part of the program, the entries of the matrices [uc] and [uR]

are calculated based upon the relationship among the material
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constants. In part five, the diagonal of the matrix [uc] is
calculated. In the sixth part of the program, the operation [uR]
[r]'l is performed, and in part seven, the system of equations
are rearranged in order to have all the unknowns on the same side
of the system of equations. Once the system of equations is
solved by the Gauss elimination method, the unknowns are printed
in part nine of the program. Finally, the stresses and
displacements are calculated for the field points.
I11.9.1 INPUTTING THE PROBLEM DATA

The order and format in which the variables and arrays must

be submitted to the program are as follows:

TITLE -The title of the problem. This must be
written in column 1 through 80.

N -The number of nodes on the boundary. It
must be an odd number. Enter in free
format.

EX, EY, ES, PRX -Material properties. Enter in free
format.

X(1), Y(I) -Coordinates of nodes I through N, entered
counter-clockwise in free format.

J, K -Nodes, J, and corresponding directions,
K, at which displacements are specified
(zexro and non-zero). Enter in free

format and end by inputting 0, O.
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J,K,F(2*J+K+2) -Nodes, J, and corresponding directions,
K, at which non-zero forces are
specified, and specified values F. Enter

in free format and end by inputting

0,0,0.
I11.9.2 CALCULATION OF MATERIAL PROPERTIES Eij and cij
The program calculates E,, and C,, based on the criterion

13 13
of part three and equations (11I1.7-8).

I11.9.3 CALCULATION OF COEFFICIENT MATRICES

A more detail flowchart for part four of the program is
shown in Figure III1.4. The order of the 1loops was chosen in
order to avoid repeating operations.

For each value of loop J, associated with the element J,
parts of the (2x2) singular submatrices, shown in Figure 1III.5,
are calculated. Note that only singular, logarithmic terms are
evaluted in this loop. This type of function appears only in the
(uR)i.j influence functions.

In the other loop, I, all of the nonsingular integrals and
non-logarithmic singular integrals are evaluated numerically.
The positions in the matrices are illustrated in Figure 1II.6.
The functions for the numerical integration are calculated wusing
equations (I1I.11la-f).

The diagonal terms of the matrix (uc)i.j are calculated

after completion of the loops J and 1. Each diagonal term 1is
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calculated by algebraically summing row elements in the same row
as the desired diagonal term. To show this, consider the equation

(111.12)
[uc](u)=[uR](F)

If rigid body displacement is applied to the body so that

(L_, (2, 3)_, &) (n)

1 -u1 -ul -ul .o .-\-\1

L_, (@, 3)_ (&) (n)
g muymuy e, L -y,

u

u

then there are no stresses. Therefore, (F) is a null vector that

N

Y€ (2n-1)(2n-1)" ) Y¢(2n-1)(2m-1)
me=]
men

N

Y€ (2n-1)(2n)" -z U (2n-1) (2m)
n=1
mn

N

YC(2n)(2n-1)" -1 Y€ 2n) (2m-1)
m=1
mn

N

€ ony(2m)” L Y€(2n)(2m)°
m=1
mn
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I11.9.4  TRANSFORMATION OF COEFFICIENT MATRIX uR

This part of the program performs the operation
* -1
[uR] =[uR][r]

The most efficient way to obtain the matrix [uR]* is not to
create [|-]'1 and postmultiply by [uR], but to modify [uR] itself.
The alogrithm for this modification is better understood by

examining the example of a 6 x 6 matrix:

* *
[uR;;]7  [uRy,) [uR13] uR), WR), Ry, ][I -1 I
[WRy 1™ [uR,,) [uR23] uR), WRyy WRyy || T T -I
*
[WRy; 17 [uRy,]"  [uRy,] WRy, WRy, wRyy [T T I

in which the entries [uR21]

*
21! = 23]
[uRZZ]*- '[“R21] + [uR22] + ["‘R23]

[UR '([u-R21] + [“Rzzl < [“R23])+2[“R

%*
220 = 22]

* *
22] = ~[URy;] +2[uR,,]

In general it can be shown that

[uR, 1" =[uR, ) 14 [WR, 5] [WR] 14 [WR] - [WRy ] (III.17)

or [uR

and

[uRki]*--[uRk(i.l)]*+2[uRk1] , 1=2,...,N. (111.18)
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The flowchart for this modification 1is illustrated in
Figure III.7. In the first loop, the first two columns of [uR]"
are obtained using equation (11I1.17). In the second 1loop, the
other entries of [uR]* are generated using equation (III.18).
III.9.5 CONSOLIDATION OF KNOWN AND UNKNOWNS BOUNDARY VALUES

This part of the program consists of a reorganization of the
system of equations (III.16) so that all unknowns go to the left
hand side and all knowns go to the right hand side of the
equations. This procedure is illustrated with the flow chart of
Figure 11I1.8. The array NTBC(K,I) which specifies the boundary
condition at node K, direction I, is wused to decide when to
interchange columns, i.e. if NTBC(K,I)=0, there 1is a specified
force, and no interchange is necessary.

The final vector of knowns is multiplied by the matrix of
coefficients to produce the right-hand side of the final system
of equationms.

The final system of equations 1is then solved by Guass

elimination procedure.

I11.9.6 CALCULATIONS OF STRESSES AND DISPLACEMENTS AT
THE ELEMENTS AND NODES
In this part of the program, the stresses at each element

and displacements at each nodes are evaluated.



Calculation of uc
influence func,
of {sotropy

Cal. material
constants for the
first case of the
orthotropic

1:.1. of uR influ, ]
func. ©f the 1ist
case ©of the orth.

Cal of uc influ,
func. of the 2nd
case of the orth.

Cal. material
constants for the
second case of

the orthotropic

Cal. of uR influ.
func. of the ist
case ©of the orth

Cal. of uec influ
func. ©f the 2nd
case of the orth

Figure II1I.1 Flowchart of the program TEST
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(0.0,3.0)
P @ 1.4,1.0

3.0,0 O)x.

* (3.55,3.55)

(5.0,0.0)

- . —it-o X)

@ f£ield point

v g source point

Figure I11.2 Field and source points selected for the
example problem
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Points for
Numerical
Integration

Calculate Materia
Constants E;,, and
D,

Calculate Entries
of uR and uc
Calculate the

Diagonal of uc

Modify uR

|

Rearrange

Equation

|

Solve the System
of Equation

Output Forces,

Displacements,

and Stresses
R

Figure I1I.3 Flowchart of the program ORTHO.CASEl and
ORTHO.CASE2

C?(-Fﬁ') OO O OC
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Loop on
columns
Jd = 1, NN

Calculate
singular

LOOP ON TOWS
1= )1,NN

1=20, J-1

Loop on
points of
Integration
L=1, LL

Calculate
nonsingular

CONTINUéﬁ‘\—

Figure 11I.4 Flowchart for the calculations of the
coefficient matrix
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Loopon 1
I.loN

Calculate
[urR]S
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¢
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Figure III.7 Flowchart for modification of uR
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Loop on
nodes
K.I.N

Loop on
degrees of
freedom
1.1.2
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columns
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with signs
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3

)
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D

Multiply
matrix st RHS

bx vector of
nowns, save

in SAV(1)
i

Figure III1.8 Flowchart for rearranging ecquations
into final form
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TABLE 111.1 SOME COMPOSITE MATERIALS WIDELY USED IN INDUSTRY

MATERIAL 2 4 (34 2] POISSON'S RATIO
(GPA) (OPA)  (OPA) IN X=DIRECTION

ALMINAZEPOXY  230.0 21,0 | 7.0 0.28
BORON/EPOXY 210.0 195.0}] «.8 .28
BORON/EPOXY
TYPE B(4)/5505 204.0 1.5 | 5.6 0.23
ULTRA=LIGHT
MODULUS 290.0 6.2 | «.8 .25
GRAPH ] TE/EPOXY
HIGH=MODULUS
GRAPHITE/EPOXY  220.0 6.9 | 4.8 .25
GRAPH]ITE/EPOXY
TYPE T300/5280 181.0 1.3 | 7.7 e.28
GRAPH] TE/EPOXY
TYPE AS/3501 138.0 8.96 ] 7.17 0.3
HIGH-STRENGTH
GRAPHITE/EPOXY  145.0 10.0 | 4.8 .25
KELVAR 49
ARAMID/EPOXY 76.0 s.8 2.1 0.34
$~GLASS/EPOXY s5.0 16.0 | 7.6 e.28
E=GLASS/EPOXY 45.0 12.0 5.5 0.28
GLASS/EPOXY
TYPE SCOTCHPLY  38.6 8.3 | 4.5 0.26
1002
CONSTITUENT PLIES
ces 10.3 | .8 0.3
RES 18.5 18.5 | 7.2 .29
R7?5 3.5 17.7 | 9.7 0.3
c75 42.1 15.2 6.9 .33
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TVABLE I11.2 THE VALUES OF THE INFLUDNCE FUNCTION UR

i
i3
3

e o o @
e o o o o o

3132331113311111 0

FUUUUUES L UUUUU=S

sesebllililece-o
333113333111331 0

~esebdlililece-u
33333333333 333 ¢
Lbbdbilocwuuuu-e
31113313133133111

”....b.“...
33233131331211113

.

-'-&uuuu -‘.-‘““UI‘U.‘,

:-OOOL‘ -'-&-'-LL.‘.-G
1111133131313

FOR THE SOURCE POINT X=0.00 Y=S.00

UR ISOTROPIC INFLUENCE FUNCTION

UR11e=0. 44940 UR12=-0.05486 UR21=-0.03488 UR22=-.39880
UR11e=9.35332 UR12w=0.04200 UR21=-0.04200 UR22=-9.28165
UR11e=0. 19019 UR120=0.02391 UR21e=0.02391 UR22==p.07542
UR11=2=0.18974 UR12e=0.01231 UR21==9.01231 UR22=-9.06786
UR11==9.18061 UR12= 0.00000 UR21= 0.00000 UR22=-9.08527
UR11e=0.18974 UR12= 0.01231 UR21= 0.01231 UR22=-9.0€6788
UR11e=0.19019 UR12= §.02391 UR21= 0.02391 UR22=-9.07542
UR11e=9.35332 UR12= 0.04200 UR21= 0.04200 UR22=-9.26165
UR11e=.44040 UR12= 0.05486 UR21= §.05486 UR22=-9.30089
UR11e=0.50850 UR12w 0.02596 UR21= 0.02596 UR22=-—9.30552
UR11e=0.56886 URI2= 0.00620 UR21= 0.00620 UR22e-0 44514
UR11e=0.56883 UR12= 0.00311 UR21= 0.00311 UR22w-p . 44485
UR112=8.56883 UR12= 0.00000 UR21= 0.00000 UR22u-D. 44449
UR11e=0.56883 UR12e=0.00311 UR21e=0.00311 UR22e~0 . 44485
UR11e-0.56886 UR12=-0.00620 UR21==0.00620 UR22e-0.44514
UR11e=0.50850 UR12e=9.02596 UR21==9.02596 UR22=—9.39552

UR CASE 1 JNFLUDKCE FUNCTION

UR11=-0.57668 UR12==0.05482 UR21a=0.05482
UR110=0.48032 UR12w=0.04200 UR21=-0.04200
UR112=0.31666 UR12e=0.02392 UR21==0.02392
UR11e=0.31621 UR12w=0.01232 UR21==0.01232
UR11==0.31608 UR12= 0.00000 UR21= 0.00000
UR11==0.31621 UR12= 0.01232 UR21= 0.01232
UR11e=0.31666 UR12= 0.02392 UR21= 0.02392
UR11==0.48032 UR12= 0.04200 UR21= 0.04200
UR11==0.57668 UR12= §.05482 UR21= 0.05482
UR11a=0.63603 UR12= 0.02597 UR21= §.02597
UR11==0.69660 UR12= 0.00621 UR21e 0.00621
UR11==0.69657 UR12= 0.80311 UR21= 0.08311
UR11==0.69656 UR12= 0.00000 UR21a 0.00000
UR11e=0.69637 UR12==0.00311 UR21=-0.00311
UR11==0.69660 UR12e~0.00821 UR21=-0.00621
UR11e=0.83603 UR12=-0.02597 UR21==0.02597

UR CASE 2 INFLUDNCE FUNCTION

UR11e=0.57374 UR12==0.05486 UR21==0.05486
UR110=0.47766 UR12e-0.04200 UR21==0.04208
UR112=0.31453 UR12==0.02391 UR21==9.02391
UR11e=0.31408 UR12e=0.01231 UR21==9.01231
UR11==0.31395 UR12= 0.00000 UR21= 0.00000
UR11==0.31408 UR12= 0.01231 UR21= §.01231
UR11e=9.31453 UR12w 0.02391 UR21= 0.02391 UR22=-9.07542
UR11a=0.47766 UR12w §.04200 UR21a 0.04200 UR22«=9.2616S
UR11e=0.57374 UR12= 0.05486 UR21= 0.05486 UR22=-9.39089
UR11e=0.03284 UR12= 0.02506 UR21= 0.02596 UR22=-9. 39552
UR11e=0.69320 UR12= 0.00620 UR21= 0.00620 UR22=-9.44514
UR11e=9.69317 UR12= 0.00311 UR21= 0.00311 UR22e-9 . 44485
UR11e=0.69317 UR12= 0.00000 UR21= §.00000 UR22e-0.44449
UR11e=0.89317 UR12e-0.00311 UR21e=0.00311 UR22=-0.44483
UR11e=0.69320 UR12=-0.00620 UR21=~0.00620 UR22e—0.44514
UR11e=0.83284 UR120-9.02596 UR21=-9.02596 UR22=—9.39552

UR22=--9.39170
UR22=-0.26178
UR22=-0 . 07489
UR22=-0.06703
UR22=-0 . 06440
UR22=-0.06703
UR22=-0 .07469
UR22=-0.26178
UR22e-0.39170
UR22=-0.35588
UR22=-0 . 44555
UR22w-0 . 44505
UR22e-0 . 44489
UR22=-0 . 44505
UR22e-0 . 44555
UR22=-9 . 39588

UR22=-9.39089
UR22e-9.26165
UR22=-0 . 07542
UR22=-0.06786
UR22=-0.06527
UR22=-0 .06786
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TABLE 111.3 THE VALUES OF THE INFLUDNCE FUNCTION UR

3
6
3
a

COORDINATE

111131113341301 0

e o o o o o
DA

duuuuur’dpuuuUdO

cecodllililecesu
3333333333313l

33331

N
[ 4
(4

2bdbdblosuvuuuae
333333333333 333

=eoebdliililece-u

§833355888¢

§§§?§§§!§§§!§£§§

.

sesedlliililecs..
311133313311433

FOR THE SOURCE POINT Xe5.00 Yu=d.00

UR ISOTROPIC INFLUDNCE PUNCTION

UR11==8.06527 UR12= §.00000 UR21= 0.00000 UR22=-0.10961
UR11e=0.26165 UR12e—0.04200 UR21e—0.04200 UR22=-0. 35332
UR11e=0.37869 UR12=—0.05685 UR21e—8.05689 UR22=-0.42882
UR11e=0.38478 UR12e—0.05588 UR21e-9.05588 UR22e=9.43927
UR11e=0.39089 UR12u-0.05486 UR21e~0.05488 UR22w-0.44940
UR110=0.390699 UR12==0.05382 UR21=—9.05382 UR22=—9.45923
UR11e=0.40309 UR12=0.05279 UR21==9.05279 UR22=—9.48878
UR11e=0.39552 UR12=—0.02596 UR21e=9.02596 UR22=-0.50850
UR11o=0.44445 UR12= 0.00000 UR21= §.00000 UR22=—9.58883
UR11e=0.39552 UR12= 0.02596 UR21e §.02596 UR22=—0.50850
UR11e=0.40305 UR12= 0.05279 UR21e §.05279 UR22=-9.48878
UR11==0.30699 UR12= 0.05382 UR21= 0.05382 UR22=—9.45923
UR11e=0.39089 UR12w 0.05486 UR21= §.05486 UR22e—0. 44540
UR11e~0.38478 UR12= §.05588 UR21s 0.05588 UR22=—9.43927
UR11e=0. 37869 UR12= 0.05689 UR21= 0.05689 UR22=-0.42882
UR11e=0.26165 UR12= §.04200 UR21= §.04200 UR22=-0.35332

UR CASE 1 INFLUENCE FUNCTION

UR11e=0.19024 UR12= 0.00000 UR21= 0.00000 UR22=-0.16024
UR11e=d 38762 UR12w~0.04200 UR21e—p.04200 UR22w-—P.35448
UR11e=0.50535 UR12e=-0.05685 UR21e—8.05685 UR22=-0.43018
UR11e=0.51144 UR12e=0 . 05585 UR210-0.05585 UR22=-9.44067
UR11e=0.51754 UR120=0.05482 UR210=0.05482 UR22=—8.45084
UR11e=0.52364 UR12e-0.05379 UR21e=0.05376 UR22=—9.46072
UR11e=0.529073 UR12e-0.05276 UR21e=9.05276 UR22=—0.47029
UR11e=0.52172 UR12==0.02597 UR21==D.02597 UR22=—0.51019
UR11e=0.57073 UR12= 0.00000 UR21= 0.00000 UR22=—0.57073
UR11e=0.52172 UR12= §.02597 UR21e 0.02597 UR22=—9.51019
UR11e=0.52073 UR12= 0.05276 UR21= 0.05276 UR22=—0.47029
UR11e=0.52364 UR12= 0.05379 UR21= 0.05379 UR22e-0.46072
UR112=0.51754 UR12= 0.05482 UR21= §.05482 UR22=—0.45084
UR11e=0 51144 UR12= 0.05585 UR21= 0.05585 UR22=—p.44067
UR11e=0.50535 UR12= 0.05685 UR21= 0.05685 UR22=—9.43018
UR11e=0.38762 UR12= 0.04200 UR21e 0.04200 UR22w—0.35448

UR CASE 2 INFLUBE FUNCTION

UR11e=0.189€1 UR12= 0.00000 UR21= §.00000 UR22=—p.18961
UR11e=0 38590 UR12e—0.04200 UR21=~0.04200 UR22=-$.35332
UR11e=0.58303 UR12=-0.05689 UR21=—$.05689 UR22=—p.42882
UR11e=0.50912 UR12w-0.05588 UR21e~0.05588 UR22=-9.43927
UR11e=0.51523 UR12e-0.05486 UR21e=0.05486 UR22e—D.44940
UR110=0.52133 UR12=-0.05382 UR21e=—0.05382 UR22=-0.45923
UR1 1= . 52743 UR12e~0.05279 UR21e=D.05279 UR22==P.46878
UR11e=0_.51986 UR12e-0.02596 UR21==0.02596 UR22=—p.50850
UR11e=0.56883 UR12= §.00000 UR21= 0.00000 UR22=-p . 56883
UR11e=0.51986 UR12= 0.02596 UR21= 0.02596 UR22+=-p.50850
UR11e=0.52743 UR12= 0.05279 UR21= 0.05279 UR22=-p.46878
UR11e=9.52133 UR12= §.05382 UR21= 0.05382 UR22=—0.45923
UR11e=0.51523 UR12= §.05486 UR21= 0.05486 UR22=—0 .44940
UR11==0.50912 UR12= 0.05588 UR21= 0.05588 UR22=-0.43927
UR11e=0.50303 UR12= §.05689 UR21= 0.05685 UR22=-0.42882
UR11e=9.38599 UR12= 0.04200 UR21= 0.04200 UR22e-9.35332



TABLE 111.4 THE VALUES OF THME INFLUDNCE FUNCTION UR

3
e
3
3

COORDINATE

.

seeeddlililece.n

33338333313 331t 0
3233

Libbddloecvwuunuae

o o o o o o o o o o
o o o e o o o

$11113311331113 0

3.000 0.000
1.400 1.480
0.400 3.000
0.200 3.000
0.000 3.000
-£.200 3.000
-0.400 3.000
=1.400 1.400
=3.000 0.000
=1.400 ~1.400
«0.400 -3.000
-.200 ~-3.000
0.000 ~3.008
0.200 -3.000
0.400 ~3.000
1.400 -1.400

D

1131133331313

111111113111143

-l.....";-.a&-..‘&...-‘u
dbddusublesvuuuuase

FOR THE SOURCE POINT X=3.85 Y=3.85

UR JSOTROPIC INFLUDNCE FUNCTION

UR110=0.34600 UR12= 0.01881 UR21= 0.01881 UR22=-9.22839
UR112=0.24203 UR12= 0.08217 UR21= 0.06217 UR22=-9.24203
UR11e=0.19732 UR12= 0.02107 UR21= §.02107 UR22=-9.31430
UR11e=0.21327 UR12= 0.01988 UR21= 0.01988 UR22=-.33108
UR11==0.22839 UR12= §.01881 UR21= §.01881 UR22=-0. 34800
UR11e=8.24275 UR12= §.01785 UR21= §.01785 UR22=-9.38186
UR112=0.25643 UR12= 0.01698 UR21= §.01698 UR22=-8.37604
UR11e=0.35654 UR12= 0.84543 UR21= 0.04543 UR22e-9.44141
UR11e=0.45324 UR12= 0.05209 UR21= §.05209 UR22=-9.52112
UR11e=0.47014 UR12= 0.06217 UR21=s 0.08217 UR22=-9.47014
UR11e=9.52338 UR12= 0.05499 UR21= 0.05499 UR22=—. 48337
UR11e=0.52220 UR12= 0.05361 UR21a §.05361 UR22=-8.45925
UR11e=0.52112 UR12= §.05209 UR21= §.05209 UR22=—0.45324
UR11e=0.52012 UR12= 0.05041 UR21= 0.05041 UR22=-9.44735
UR11e=0.51922 UR12= §.04856 UR21= §.04856 UR22=-0.44160
UR11e=0.44141 UR12= 0.04543 UR21= 0.04543 UR22=-0.35654

UR CASE! INFLUENCE FUNCTION

UR11e=0 . 47389
UR11e=0 . 36848
UR1 =@ 32281
UR11e=0 . 33881
UR11e=@ 35357
UR11e=p . 36838
UR11e=0 38209
UR11s=0 48288
UR11==0 . 58004
UR11e=p 59735
UR11e=0. 85092
UR11e=0. 64974

UR12= §.01882
UR12= §.06211
UR12= 0.02108
UR12= 0.0198%
UR12= 0.01882
UR12= 0.01786
UR12= 0.01699
UR12= 0.04543
UR12= 0.05206
UR12= 0.06211
UR12= 0.05495
UR12= §.05358

UR21= 0.01882 UR22=-0.22813
UR21= 0.06211 UR22w-0.24264
UR21= ©.02108 UR22=-0.31534
UR21= 0.01989 UR22=-8.33218
UR21e 0.01882 UR22=-0.34806
UR21= 0.01786 UR22=-0.36306
UR21= 0.01699 UR22=-—0.37729
UR21= 0.04543 UR22=-0.44286
UR21= §.05206 UR22=—0.52281
UR21=s ©0.06211 UR22==0.47152
UR21= 0.0549S UR22=-0.46644
UR21= 0.05358 UR22=-0.46027

UR11e-0.64865 UR12= §.05206 UR21= 0.05206 UR22=-9.45420
UR11==0.64766 UR12= §.05639 UR21= §.05039 UR22w—p.44825
UR11e=0.64676 UR12= 0.04855 UR21= 0.04855 UR22e-0.44244

UR11e=0.56870 UR12= 0.04543 UR21= 0.04543 UR22e-9.35704
UR CASE 2 INFLUENCE FUNCTION

UR11e=0.47124 UR12= 0.01881 UR21= 0.01881 UR22=-p.22839
UR11e=0. 38637 UR12= 0.06217 UR21= 9.06217 UR22=-0.24203
UR11=-0. 32166 UR12= 0.02187 UR21= 0.02107 UR22==9.31430
UR11e=0.33761 UR12= 0.01988 UR21= 0.01088 UR22=—p.33108
UR11e=9.35273 UR12= 0.01881 UR21= 0.01881 UR22=-0.34690
UR11e=0. 36709 UR12= 0.01785 UR21= §.01785 UR22=-9.36186
UR11==0.38077 UR12= 0.01698 UR21= §.01698 UR22e-9.37604
UR11e=0 48088 UR12= §.04543 UR21= 0.04543 UR22e—0 . 44141
UR11e=0.57758 UR12= §.05209 UR21= 0.05209 UR22=—9.52112
UR11e=0.59448 UR12= 0.06217 UR21= 0.06217 UR22=-0.47014
UR11a=0.64773 UR12= §.05499 UR21= 0.05499 UR22e~9.46537
UR11e=0.64654 UR12= 0.03361 UR21s §.05361 UR22=—-9.45925
UR11e~0. 64546 UR12= 0.05209 UR21= 0.05209 UR22=-9.45324
UR11e=0.84446 UR12= §.05041 UR21= 0.05041 UR22e-p.44735
UR11==0.84356 UR12= §.04856 UR21= §.04856 UR22=-0.44160
UR11==0.86575 UR12= 0.04543 UR21= §.04543 UR22=-9.35654
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TABLE 111.8 THE VALUES OF THE INFLUENCE FUNCTION UC
FOR THE SOURCE POINT X=0.00 YaS.00
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3.000 0.000
1.400 1.400
0.400 3.000
0.200 3.000
0.000 3.000
-£.200 3.000
-0.400 J3.000
-1.400 1.400
«3.000 0.000
-=1.400 ~1.400
-0.400 -3.000
-0.200 -3.000
0.000 -3.000
0.200 -3.000
0.400 -3.000
1.400 ~1.400

3.000 0.000
1.400 1.400
0.400 3.000
0.200 3.000
0.000 3.000
-$.200 3.000
-0.400 3.000
-1.400 1.400
=3.000 0.000
=1.400 -1.400
=$.400 -3.000
=5.200 -3.000
0.000 -3.000
0.200 -3.000
0.400 -3.000
1.400 -1.400

UC ISOTROPIC INFLUDNCE FUNCTION

UCii= 9.03792 UC12=-9.03326 UC21==0.02599 UC22= 0.08952
UC11==0.02056 UC12=-0.01120 UC21= §.04350 UC22=-9.05570
UC11==9.02333 UC12=-0.04149 UC21= §.06801 UC22=-9.08897
UC11e=9.06104 UC12= 0.01359 UC21= 0.02541 UC22e=9.25412
UC11e=0.05968 UC12= 0.00000 UC21e 0.00000 UC22=-8.25863
UC110=0.06104 UC12=0.01359 UC21e=9.02541 UC22e=0.25412
UCT11e=0.06474 UC12==9.02531 UC21a=9.04826 UC22w~9.24132
UC11=-0.00820 UC12= 0.02387 UC21==0.03685 UC22=-0.02246
UC11e=0.01181 UC12= 0.01026 UC21==0.02871 UC22==9.02186
UWCtie 0.01839 UC12= 0.01900 UC21= 0.00231 UC22= §.08673
UWCite §.00859 UC12= 0.01364 UC21=-9.01081 UC22= 0.03685
UC11e 0.01494 UC12= 0.00087 UC21= 0.00181 UC22= 0.06459
UCits 0.01492 UC12= 0.00000 UC21= 0.00000 UC22= 0.08486
UWCite 0.01494 UC12=-0.00087 UC21==0.00161 UC22= §.08459
UWite 0.01501 UC12==0.00173 UC21==0.00322 UC22= 0.06437
UCtiie 0.01487 UC12=-0.021890 UC21= 0.00417 UC22= 0.05325

UC CASE 1 INFLUENCE PUNCTION

UCl1= §.03782 UC12=-8.03317
UC11e=0.02051 UC12=-0.01126
UC11e=0. 02328 UC12=-0.04137
UC11==0.06089 UC12= 0.01360
UC11==0.05953 UC12= 0.00000
UC11==0. 06089 UC12=-0.01360
UC11e=0 . 06459 UC12=~0.02530
UC11=-0.00827 UC12= §.02380
UC11==0.01178 UC12= 0.01023
UC11= 0.01835 UC12= 0.01986
UC11= 0.00857 UC12= 0.01361
UC11= 0.01491 UC12= 0.00087
UCitle 0.01488 UC12= 0.00000
UCite 0.01491 UC12=-0.00087
UCit= 0.01497 UC12=—0.00173
UCli= 0.01484 UC12=-9.02185

UC21==0.02800 UC22= §.06947
UC21= 0.04347 UC22=-9.05577

UC21e 0.067983
UC21= 0.0255¢
UC21= 0.00000
UC21=—0.0255¢
UC21e=0. 04840
UC21=-0.03679
UC21==0.02866
UC21= ©.00239
UC21e=0.01077
UC21e 0.00162
UC21= ©.00000
UC21==0 . 00162
UC21e=0 . 00323
UC21= 9.00410

UC CASE 2 INFLUBNCE FUNCTION

UCi1= 0.03782 UC12=-0.03326
UC11e=0.02056 UC12=-0.01129
UC11e=0.02333 UC12=-0.04149
UC11a=0.0€104 UC12= 0.01359
UC11e=0.05968 UC12= §.00000
UC11e=0.06104 UC12=-0.01359
UC11e=9.06474 UC12e—9.02531
UC11==0.00829 UC12= 0.02387
UC11e=0.01181 UC12= 0.01026
UCita 0.01839 UC12= 0.01990

UCii= 0.00859 UC12= 0.01364
UCi1= 0.01494 UC12= §.00087
UCite 0.01492 UC12= §.00000
UC11= 0.01494 UC12=-0. 00087

UC21==0.02599
UC21= 0.04350
UC21= 0.06801
UC21= 0.02541
UC21= 0.00000
UC21e=0 . 02541
UC21=-0.04826
UC21==0.03885
UC21==0.02871
UC21e 0.00231

UC21==0.01081
UC21= 0.00161

UC22=-0.08722
UC22=~0 . 25500
UC22=-0.25958
UC22=-0.25500
UC22=-0.24202
UC22=-0 .02249
UC22=-0.02164
UC22= 0.06691
UC22= 0.03¢898
UC22= 0.06482
UC22= §.06489
UC22= 0.06482
UC22= 0.06460
UC22= 0.05339

UC22= 0.06952
UC22=-0.05570
UC22=-p . 08697
UC22e-0.25412
UC22==0 . 25863
UC22=-9.25412
UC22=-0.24132
UC22=-0 . 02246
UC22=-0.02166
UC22= 0.06673

UC22= 0.03685
UC22= 0.06459

UC21= 0.00000 UC22= 0.06468

UC21e=0.00161

UC22= 0.06459

UC11= 0.01501 UC12w=0.00173 UC21e=0.00322 UC22= 0.06437
UC21= 0.08417 UC22= 0.05325

UC11= 0.01467 UC12==0.02189
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111.6 THE VALUES OF THE INFLUDNCE FUNCTION UC
FOR THE SOURCE POINT X=S.00 V=d.00

UC 1SOTROPIC INFLUDKCE PUNCTION

UC110=8.17031 UC12==0.04492 UC21= §.04492 UC22=—0.03930
UC11==0.04104 UC12w 0.04002 UC21==9.01719 UC22=—0.01518
UC11==0.03053 UC12= 0.03367 UC21e=0.00577 UC22=-9.01824
UCi1= §.03797 UC12= 0.00114 UC21e=0.03463 UC22= 0.02164
UC11= 0.03635 UC12= 0.00207 UC21==0.03304 UC22= 0.01983
UClte 0.03479 UC12= 0.00209 UC21==0.03156 UC22= 0.01821
UCti= 0.03320 UC12= 0.00361 UC21==0.03017 UC22= §.01676
UWCite 0.07174 UC12==0.00581 UC21==0.018087 UC22= §.01977
UClts 0.04258 UC12= 9.01123 UC21==9.01123 UC22= §.00983
UC11e 0.06126 UC12=-4.00064 UC21= §.02103 UC22= §.01888
UCt11= 0.06845 UC12= §.02631 UC21= §.02830 UC22= 0.03447
UCite 0.03479 UC12==0.00289 UC21= 0.03156 UC22= 0.01821
UCt11= §.03635 UC12=—0.00207 UC21= 0.03304 UC22= 0.01983
UCli= 9.03797 UC12==0.00114 UC21e §.03463 UC22= §.02164
UWCite 0.03664 UC12=-0.00010 UC21= §.03631 UC22= §.02368
UC11e=0.07202 UC12==0.04558 UC21= 0.00355 C22=—-9.02658

UC CASE 1 INFLUDNCE FUNCTION
UCT110=0. 17093 UC12e-0.04480 UC21= §.04480 UC22=-0.03920

UC11=-0.04109
UC11e= . 03050
UCti= 0.03783
UClis 0.03632
WClis 0.03477
UCtie 0.03327
UCit= 0.07183
Wits §.04273
UCtitle 0.06143
UCi1= 0.06843
UC11= 0.03477
UCli= 0.03632

UC12= 0.04887 UC21==0.01714 UC22=-0.01511
UC12= 0.03361 UC21==0.00576 UC22=—0.01819
UC12= 0.00110 UC21==0.03453 UC22= 0.02158
UC12= 0.00202 UC21=—0.03295 UC22= ©.01877
UC12= 0.00284 UC21==0.03148 UC22= ©.01818
UC12= 0.08356 UC21==0. 03009 UC22= ©.01672
UC12==0.00588 UC21==0.01804 UC22= 0.01972
UC12= 0.01120 UC21==0.01120 UC22= 0.00980
UC12==8.00056 UC21= §.02099 UC22= §.01884
UC12= §.02633 UC21=s ©.02823 UC22= 0.03438
UC12==0.00284 UC21= 0.03148 UC22= 0.01816
UC12==0.00202 UC21= §.03295 UC22= 0.01977

Uit 0.03793 UC12=—0.00110 UC21= §.03453 UC22= 0.02158
UCi1e 0.03960 UC12=-0.00006 UC21= §.03622 UC22= 0.02362
UC11e=0.07210 UC12e=0. 04557 UC21= 0.00393 UC22=—0.02652

UC CASE 2 INFLUENCE FUNCTION

UC11e=0. 17031 UC12e=0.04492 UC21= 0.04492 UC22=-0.03830
UCT110=0.04104 UC12= 0.04092 UC21==0.01719 UC22=—$.01515
UC112=0.03053 UC12= 0.03367 UC21e—9.00577 UC22=-0.01824
UC11= 9.03767 UCi12w 0.00114 UC21==0.03463 UC22= 0.02164
UC11= §.03635 UC12= 0.00207 UC21==0.03304 UC22= §.01983
UCite 0.03479 UC12= 0.00289 UC21==0.03156 UC22= ©.01821
UC11= 0.03329 UC12= 0.00361 UC21e=0.03017 UC22= 0.01676
UCi1= 0.07174 UC12e-9.00581 UC21e=0.01887 UC22= 0.01977
UCite 0.04258 UC12= 0.01123 UC21==0.01123 UC22= 0.00583
UCiie 9.06126 UC12=—0.00064 UC21= 0.02103 UC22= 0.01688

UC11= 0.06845 UC12» 0.02631 UC21e 0.02830 UC22= §.03447
UC11e 0.03476 UC12=—0.00289 UC21= 0.03156 UC22= §.01821
UCi1e 9.03635 UC12=-0.00207 UC21= 0.03304 UC22= 0.01983
UCiie 0.03797 UC12==0.00114 UC21m 0.03463 UC22= 0.02164
UCi1= 0.03964 UC12=—0.00010 UC21= §.03631 UC22= §.02368
UC112=0.07202 UC12=-9.04558 UC21= 0.00355 UC22=—0.02658
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TABLE 111.7 THE VALUES OF THE INFLUENCE FUNCTION UC
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FOR THE SOURCE POINT X=3.8S Ya3.S5S

UC ISOTROPIC INFLUDNCE FUNCTION

UC11e 0.02303 UC12=-0.01468 UC21= §.03622 UC22= 0.09080
UC11e=0. 10448 UC12==0.06267 UC21=-0.06790 UC22==0.10446
UC11e=@. 14646 UC12e-0.00549 UC21=—0.03358 UC22=-0.03800
UC11==0.02419 UC12» §.03166 UC21==9.03773 UC22=-0.00619
UC11==8.02165 UC12= 0.03827 UC21==0.03540 UC22==0.00548
UC11e=0.01648 UC12= §.02897 UC21==9.03335 UC22=—0.00489
UC11e=0.01763 UC12= 0.02777 UC21==9.03152 UC22==0.00439
UC11= 0.04768 UC12= 0.03349 UC21==9.00296 UC22= 0.01916
UCi1= 0.01263 UC12= 0.02056 UC21=—9.01070 UC22= §.00620
UC11= §.04537 UC12= 0.02722 UC21= §.02049 UC22= §.04537
UCite 0.02629 UC12= 0.02758 UC21= §.01345 UC22= 0.04754
UC11= 0.02502 UC12= 0.01187 UC21= 0.02758 UC22= 0.04818
UC11= 0.02475 UC12= 0.01204 UC21e 0.02730 UC22= §.05038
UC11= 0.02443 UC12= 0.01213 UC21= 0.02691 UC22= §.05261
UCi1e 0.02487 UC12= 0.01215 UC21= §.02639 UC22= 0.05487
UCi1e 9.00502 UC12=-0.01788 UC21= §.02587 UC22= 0.01248

UC CASE 1 INFLUENCE FUNCTION

UC11= §.02298 UC12=-0.01462 UC21= 0.03621 UC22= 0.09119
UC1 1m0 . 10419 UC12e=0.06252 UC21e=0.06773 UC22n-0.10419
UC11e—0. 14691 UC120—0.00562 UC21e~0.03353 UC22e-0.03791
UC11e=0.02426 UC12= 0.03156 UC21=—0.03764 UC22=-.00618
UC11e—0.02172 UC12= 0.03018 UC21e—0.03532 UC22e—8.00547
UC11e=0.01855 UC12= 0.02888 UC21==0.03327 UC22==0.00488
UC11e=0.01768 UC12= §.02768 UC21=—0.03145 UC22=—p.00438
UC11e 0.04771 UC12= 0.03347 UC21=—0.00295 UC22= 0.01912
UCite 0.01262 UC12» 0.02052 UC21a=0.01067 UC22= 0.00619
UCi1te 0.04526 UC12= 0.02715 UC21= 0.02942 UC22= 0.04526
UCite 0.02622 UC12= §.02750 UC21= 0.01347 UC22= 0.04790
UCi11= 0.02495 UC12= 0.01183 UC21a §.02757 UC22= 0.04816
UC11e §.02468 UC12= 0.01200 UC21= 0.02730 UC22= 0.05037
UC11= §.02437 UC12= 0.01210 UC21= 0.02691 UC22= 0.05261
UC11= 0.02401 UC12= 0.01212 UC21= 0.02640 UC22= §.05489
UCi1= 9.00500 UC12=-9.01783 UC21= §.02582 UC22= 0.01249

UC CASE 2 INFLUENCE FUNCTION

UC11= 0.02383 UC12=-0.01468 UC21= §.03622 UC22= 0.09090
UCT te=f . 10448 UC120-0.06267 UC210=0.06790 UC22e-0.10446
UCt1==0. 14648 UC12e~0. 00549 UC21a=0.03358 UC22=—0. 03800
UC11e=0.02419 UC12» 0.03168 UC21a=0.03773 UC22=—0.00619
UC11e=0.02165 UC12= 0.03027 UC21e~0.03540 UC22u=p.00548
UC11e=0.01948 UC12= 0.02897 UC21e=0. 03335 UC22=—0.00489
UC112=0.01763 UC12= 0.02777 UC21==0.03152 UC22=-0.00439
UC11= §.04768 UC12= 0.03349 UC21e—0.00296 UC22= 9.01916
UC11e §.01263 UC12= 0.02056 UC21==9.01070 UC22= 0.00620
UC11e 0.04537 UC12» 0.02722 UC21= §.02949 UC22= 0.04537

UC11= 0.02629 UC12= 0.02758 UC21= §.01345 UC22= 0.04704
UCi1= 0.02582 UC12= 0.01187 UC21= §.02758 UC22= §.04818
UC11= 0.02475 UC12= 0.01204 UC21= 0.02730 UC22« 0.05038
UC11= 0.02443 UC12= 0.01213 UC21= 0.02691 UC22= §.05261
UCi1e 0.02487 UC12= 0.01215 UC21= 0.02639 UC22= 0.05487
UC11= 0.00502 UC12==9.01788 UC21= §.02587 UC22= 0.01248



CHAPTER 1V

EXAMPLES AND DISCUSSION

IV.1 Examples
Four example problems are solved utilizing the Boundary
Integral Method and the results are compared to NASTRAN. In the
first example problem, a triangular shaped geometry is analyzed.
The FEM and BEM model of this problem are shown in Figure 1IV.1
and 1IV.2, respectively. The structure is subjected to the
following non-constant boundary conditions, on the side where x=0
2
ux--4.76 y /2
2

u =-1.43 2

y y/
on the side where y=0

ux--1.43 x2/2

uy=-4.76 x2/2 - 167 x
and on the side where x + y = 1 the following tractions are
applied

t-ycosa - sin a

ty- -cos a + x sin a

The orthotropic material properties of Graphite/Epoxy,

AS/3501 was used and those properties are as follows:

E_ = 0.210084

x

E_ = 0.014006

y

Es = 0.002994

54



55

v, - 0.300400

This material belongs to first case of orthotropic
formulated in chapter II1. The problem was solved utilizing BEM
by discretizing the boundary into 13 elements as shown in Figure
IV.2. The NASTRAN model shown in Figure 1IV.1 contains six
rectangular elements and four triangular elements. Table 1IV.1
lists the displacements calculated by these two codes for three
points on the side where x + y =1,

In the second example, the same problem is solved, however,
the number of nodes used on the boundary was increased to 19 in
the BEM model as shown in Figure IV.4. Figure IV.3 exhibits the
model used to solved the problem using NASTRAN. T;ble IV.2 shows
the displacements calculated by both codes on the side where x +
y = 1. In example problem three, a quarter of a plate with a
hole in the middle subjected to a uniform distributed 1load of
magnitude unity is solved. The FEM and BEM model of this problem
are shown in Figures IV.5 and 1IV.6, respectively. Table 1IV.3
lists the displacements calculated with both codes. The material
properties selected for this problem are as follows:

E - 2.50000
Ey = 2.50000
E. = 0.50000
v, - 0.25000

In the example problem four, the same problem was solved

with 47 nodes on the boundary. The coordinates of the points

selected and displacements calculated by NASTRAN and BEM are
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listed in Table 1IV.4.

Note that this material belongs to the second case of the
orthotropic formulated in chapter III.

IV.2 DISCUSSION

Some conclusions can be drawn from the results of the four
example problems.

The BEM results are in agreement with FEM results generated
from the NASTRAN code.

As expected, it is much easier to prepare the data for BEM
than for FEM. This factor can be quantified by comparing the
input decks of NASTRAN and BEM 1listed in appendix C. This
advantage of the BEM is even more profound when solving three
dimensional problems.

For the same number of the boundary nodes, fewer equations
are solved in the BEM program. However, since the BEM matrix of
coefficients is neither symmetric nor banded, a greater effort is
necessary for solving the equations. Conversely, the high number
of equations in the FEM method are solved quite efficiently due
to the symmetric and banded form of the global stiffness matrix.

The numerical method used to solve the singular terms in

BEM seems to be adequate to obtain accurate results.
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Figure IV.1 FEM model of example problem one
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Figure 1IV.2 BEM model of example problem one
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Figure IV.3 FEM model of example problem two
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Figure 1IV.4 BEM model of example problem two
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Figure 1IV.5 FEM model of example problem three
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B
Bt

Figure IV.6 BEM model of example problem three
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Table 1IV.1 Displacements calculated by NASTRAN and BEM for
selected points in example problem one
RNASTRAN BENM
x-ooord. y-coord. | m-displ. y=displ. n-displ. y=4ispl.
0.75000 0.25000 «3.41530 <120.95080 «3.85450 «121.34789
0.50000 0.50000 -8.81401 =81.34058 -8.80608 «81.37060
0.25000 0.75000 |-19.53734 =44.36070 | -19.62609 «43.95847
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Table IV.2 Displacements calculated by NASTRAN and BEM for
selected points in example problem two
NASTRAN BEM
x=-coord. Yy-coord. | x=-displ. y=-displ. x=-displ. y=-displ.
0.66670 0.33333 =4.37904 +=107.75980 -4.69846 =108.18671
0.83330 0.33333 =5.74310 -=136.10740 =4.99990 «135.93440
0.50000 0.50000 -8.85747 =81.14751 «8.72976 -81.85050
0.33333 0.66670 [=15.44165 =56.30618 |-=15.56597 -56.63600
0.16670 0.83330 [-24.33414 =31,12919 |-24.16266 «31.13294
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Tadble 1IV.3 Displacements calculated by NASTRAN and BEM for
selected points in example problem three
NASTRAN BEN
®x-000rd. Yy-coord. | m=displ. y=aispl. x=displ. y=aispl.
1.00000 1.73210 1.26791 «1,02519 1.38968 «1.06707
1.73210 1.00000 2.44562 -4.95746 2.55895 «5.58470
6.00000 2.00000 3.55484 0.25596 3.51277 0.17675
6.00000 4.00000 2.81648 0.28166 2.85083 0.14799
€.00000 6.00000 2.02305 0.10245 2.13085 «0.00495
4.00000 €.00000 1.24023 «0.65758 1.40719 «0,68455
2.00000 6.00000 0.55251 «1,29541 0.67339 -1,22614
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Table 1V.4 Displacements calculated by NASTRAN and BEY
for selected points in example problem four

NASTRAN BEMX
x-coord. y-coord.|x-displ. y-displ.|x-displ. y-displ.
0.00000 2.00000 0.00000  ~1.85883 0.00000  =1.88414
0.43100 1.95000 0.73183  «1.82299 0.72876  =1.82348
1.00400 1.73000 1.60271 -1.31113 1.99667  <1.3231%
1.20700 1.89500 1.92000  ~1.19073 1.05500  =1.2178%
1.57000 1.22900 2.86548  «0.90910 2.88409  =0.923%
1.73308 0.9980¢ 2.85385  «9.%74192 2.85700 -9.73754
1.9580¢ 0.45800 3.25107  «9.33328 3.28387  «9.33842
2.00000 0.00000 3.33426 0.00000 3.36612 0.00000
2.80000 0.0000¢ 3.39587 0.00000 3.38677 0.00000
3.00000 0.00000 3.42132 0.00000 3.42707 0.00000
3.80000 0.0000¢ 3.49017 0.00000 3.80013 - 9.00000
4.00000 0.0008¢ 3.50540 0.00000 3.608643 0.00000
4.50000 0.00000 3.7282¢ 0.0000¢0 3.73011 0.00000
$.00000 0.00000 3.88000 0.00000 3.89049 0.00000
8.5000¢ 0.00000 4.04202 0.00000 4.05342 0.00000
6.00000 0.0000¢ 4.2027¢ 0.00000 4.20080 0.00000
6.00000 0.50000 4.16963 0.12081 4.17887 0.11218
6.00000 1.00000 4.07393 0.22000 4.08634 0.22791
¢.00000 1.50000 3.92525 0.31448 3.93476 0.31618
6.00000 2.00000 3.737117 0.37126 3.74346 0.37306
¢.00000 2.50000 3.82428 0.39822 3.82812 0.39875
6.00000 3.00000 3.20963 0.39818 3.30205 0.30885
6.00000 3.50000 3.07208 0.37662 3.07497 0.37333
6.00000 4.00000 2.85027 0.34002 2.85258 0.33488
6.00000 4.50000 2.63388 0.20447 2.63708 0.28787
¢.00000 8.00000 2.423%6 0.24476 2.42000 0.2357%
6.00000 8.80000 2.21748 0.10406 2.22504 0.18013
6.00000 6.00000 2.01263 0.14377 2.04479 0.11850
8.50000 6.00000 1.81321 -9.06064 1.82730 «9.08623
§.00000 6.00000 1.61306  «9.26392 1.6243¢ -$.26772
4.50000 6.0000¢ 1.41473 «9.46500 1.4235¢ -9.46756
4.00000 6.00000 1.21577  «9.66428 1.22324 -0 .86589
3.50000 6.00000 1.01900  «0.96233 1.02511 -8.86346
3.00000 6.00000 0.8285%  ~1.05828 0.83208 -1.05956
2.50000 6.00000 0.64885  <1.24863 0.65178 -1.25084
2.00000 6.00000 0.4848¢  =1.42604 0.48866  ~1.43064
1.80000 6.00000 0.33856  «1.88265 0.34137 «1.58009
1.00000 6.00000 0.21317  =1.70542 0.21744 =1.71397
0.80000 6.00000 0.10223  =1.78426 0.11337 =1.78898
0.00000 6.00000 0.00000  ~1.81148 0.00000 =1.00821
0.00000 §.50000 0.00000  «1.78245 0.00000 -1.78932
0.00000 §.00000 0.00000  =1.74987 0.00000 =1,75586
0.00000 4.50000 0.00000  =1.72041 0.00000 =1.72691
0.00000 4.00000 0.00000  ~1.69815 0.00000 -1.7047¢
0.00000 3.50000 0.00000  ~1.88549 0.00000  ~1.09092
0.00000 3.00000 0.00000  ~1.68125 0.00000  -1.68303
0.00000 2.80000 0.00000  ~1.6770¢ 0.00000  ~1.08485




Appendix A) Computer listing of the program ORTHO.CASE1l
and ORTHO.CASE2
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LisTING OF THE PROGRAM ORTHO.CASE1l

LAAAA A A AT A L i A A i e e L s s brlart

PROGRAM ORTMHO.CASE1

THIS PROGRAM EMPLOYS THE DIRECT BOUNDARY ELEMENT METHOD

USING STRAIGHT BOUNDARY ELEMENTS CHARACTERIZED BY LINEAR
DISPLACEMENTS AND CONSTANT TRACTIONS TO SOLVE PLANE STRESS
ORTHOTROPIC MATERIAL PROPERTIES PROBLEMS OF LINEAR ELASTICITY.
UNIT THICKNESS 1S ASSWMED.

THE FOLLOWING IS TME USER'S DEFINED INPUT PARAMETERS,
VARIABLES AND ARRAYS:

N IS THE MMBER OF TME NODES ON THE BOUNDARY. WMUST BE 00D
NABER. ENTER IN FREE FORMAT.

EX 1S THE LONGITUDINAL MODULUS OF ELASTICITY.

EY 1S THE TRANSVERSE MOOULUS OF ELASTICITY.

ES 1S THE AX]JAL SHEAR MOOULUS OF ELASTICITY.

PRX 1S THE POISSON'S RATIO IN THE X-DIRECTION.

X(1) AND Y(1) ARE THE COORDINATES OF NODES 1, N ENTERED IN
COUNTER-CLOCKWISE IN FREE FORMAT.

J,K ARE NODES, J, AND CORRESPONDING DIRECTION, K, AT WHICH
DISPLACEMENTS ARE SPECIFIED(ZERO AND NON-ZERO). ENTER IN
FREE FORMAT AND END BY INPUTTING O, O.

J,K,COND ARE NOOES, J, AND CORRESPONDING DIRECTION, K, AT
WHICH NON-ZERO FORCES ARE SPECIFIED, AND SPECIFIED VALUE
COND. ENTER IN FREE FORMAT AND DNXD WITH BY INPUTTING ©, O, ©.

000NN OHOHHOHONOOHOONHOOD

|

PARAMET ER (MAXN=101)
PARAMET ER (MAXNNS 26 MAXN , MAXNP SmbAXNN+3 )

IMPLICIT REALeB (A=H,0=-2)

REALeB X(MAXN),Y(MAXN)

REALeBS R(8),wo(8).W1(8),W2(8).MAT(2)

REALe8 RL(8).WLO(B).WL1(8) . wL2(8)

DIMENSION NTBC (MAXN,2) ,BC(MAXNN) , SUMX (MAXN) , SUMY (MAXN)
REALeB UC(MAXNPY ,MAXNPI) ,UR(MAXNPS , MAXNN) ,RHS (MAXNP3 )

[ o)

P1=DACOS (~1.00D00)

READ(S,e
READ(S,¢) EX,EY,ES,.PRX
READ(S.¢) (x(1),Y(1).l1=1,N)

(o
00 9 =1 ,N
D0 9 Ke1,2
: NTBC(] . K)=0®
1" READ(S,0)J,.K

1F(J.EQ.0)GOT0 12
NTBC(V.K)=1
GOTO 11
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CONTINUE

NN=2sN
DO 15 1=1,MN
8C(1)=0.

READ(S,¢) J,X,0C0ND
1F(J.EQ.0)GOTO 17
J=2e (J=1)4K

8Cc(1

GOTO 16

CONT INUVE

Cli=1/EX
C22=1/EY
C66=1/(2¢ES)
C12=-PRX/EX

RITE?.IM)

WRITE(6,150)

DO 19 1= ,N

1l=2¢]

1IMi=] = ~ + -

1F(NTBC(1.2).EQ71) GOTO 20

IF(NTBC(1.1).€Q.1)GOTO 21

WRITE(6,200) 1,X(1),Y(1).BC(1IM1),BC(11)

GOTO 19

IF(NTBC(1.1).EQ.1) GOTO 22

g}rge(:.zu 1.x(1),v(1).BC(1Im1),BC(11)
1

WRITE(6,202)1,%(1),Y(1).BC(1IM1),BC(1I)

GOTO 19

WRITE(6.203) 1,Xx(1),Y(1).8C(IIM1),BC(11)

CONT INUE

ROOT 1=DSQRT
ROOT2=DSQRT

AUX-OSMT((%C!‘&&CSS)/C! 1)e((C124C86)/C11)=C22/C11)

20124666 /C114AUX
C124C66)/C11-AUX
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DUM1=(C124C88)/C11
DUM2=C22/C11
DUM3=DSORT (DUM2)
RAD=DUM1  DUM1-DUM2
DUM4=DSQRT (ABS (RAD) )
m'ru;-osom DUM14DUM4
MAT (2)=DSQRT (DUM 1 =DUM4
DUM4=C12/C11

DUMS=MAT ( 1)4MAT (2
DUMG=MAT ( 1 )=MAT (2
DUM1=2 . eDUM1

£1 10— (DUM1 +DUM3=DUM4 ) / (DUMS s 40P ]
£120=(DUM1=DM3-DUM4 ) / (DUME o 40P ]
E21=DUM4/(4P1)
r.zz-(z.-m-mm-m)/(m-m-«m)
E31= 1.+ow/umg/(ows-nu

E32e( 1. ~DUM4/DUM3 ) / (DUME P 04
E41e—1./(4sP1)

E42=(DUM1=2 . oDUM4 ) / (DUMS s DUME e 4P ] )
ES1m=1./(4eP1)

ES52=-£42

E6 1o—(DUM3+DLM4 ) / (DUMS s 4oP] )
E62=(DUM3-DUM4 ) / (DUMB e 4P )

D11=C11sE114C120E31
D12=(C11eE124C120E32)
D22=—C110£22-C12¢E42
D32=D22

DUM=DSQRT (C22/C11)
D41=DUMeD 11
D42=—DUMeD12

R 1;-—.06028985649753
R(2)=.79666647741362

R(3)=—.52553240991632
4)=—. 18343464248565

5)=R 1;
R Ggo-R 2
R27 -R;Sg
R(8)=—R(4
”§1 =, 10122853629038

wo(2)=.22238103445337
we(3)=.31370664587789
we(4)=.36268378337836
we (s Mgl
wo (6)=we (2
n§7 -0 (3
wo(8)=wo (4

DO 10 L=1,8
w1 L;-1 -REL;
w2(L)=1.4R(L
CONTINUE
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J.1)=0.
IF(1.GT.NN) GOTO 1
m J.'H.

J=2e)
IF(J.EQ.1) THEN
JMisN

JJM2=hN

ELSE

Mis)=-1

JIM2my J=2

END IF
1F(J.EQ.N) THEN
JPis1

JJP1=s1

ELSE

JPimJ4+1
JUPI=JJ+1

END IF

m-sx(.: +X (JP1 ;/2.
= (Y(J)+Y(JP1))/2.
Bi=sX JPig-m
B2=Y(JP1)-YM

BDB1=B1eB14ROOT1eRO0T 1¢B2B2

8082w 1¢B14RO0T2sRO0T2sB2¢B2
tmt-OLoc(aom3401..00(9032)4-4.“.00(2.)-4.
TERM2=DL0G (BDB 1 )-DLOG (BDB2)

UR(JJ=1,JJP1 -t.RiJJ—! ,JJP1 ;-o-on-'rm\wn-'rcmz
UR(JJ,JJP141)mUR(JJ,JIP1+1)4D4 1 TERM14D420 TERM2

W= xiarxi.m) /2.
s (Y (J)+r(In1))/2.
Bi=X (J)-XM
B2=Y(J)=-YM
808 1=81¢B1+RO0T10ROOT 1082482
B082=81¢B14R00T2eR00T2¢B20B2
TERM1=DLOGC (BDB1)+0LOG (BDB2 )44 .9LOG(2. )=4.
TERM2=DLOG (BD81 )-DLOG (BDB2
+D11s TERM14D12¢ TERM2

WéJJ-‘I y=1)mUR(Jd=1,JJ=-1
UR(JJ,JJ)sUR(JJ, JJ)+D4 10 TERM14D42¢ TERM2
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DO 2 l=1,N
11=2e]

AteX(1)=)M
A2=Y(])=-YM

ADA1=A 18 A14RO0T 1sRO0T 10A20A2
ADA2=A 1 e A14RO0OT2eRO0T20A20A2
ADB1=2. osuoawkoonoaoon -Az.sz;
ADB2=2 .

A1eB14RO0OT2¢R0O0T2¢A20B2

DO 3 Le1,8
R\-ADM-ADB1.R(L3¢BDBI-R(L).R(L

R2=ADA2-ADB2e¢R(L
A1BlmA1=B1eR L;
A282=A2-B2+R(L

T1=A1B1/R14A1B1/R2
T2=A1B1/R1-A1B1/R2
T3=ROOT 1eA2B2/R1+RO0T2¢A282/R2
T4=ROOT 19A2B2/R1-RO0T2¢A2B2/R2

TA110=E110B2¢T1-E12eB2¢ T24ES510B1eTHES26B10T4
TA22e—E610B20 T1=£620B2e T2+E410B10T3+E42¢B10T4
TA120=E510B820 T3-E520B2e TA+E310B1sT14E320B14T2
TA21e=-£21¢82¢T3-E220B2¢ T4+EC610B10T14E62eB1sT2

+8DB2eR(L)sR(L

UC(1I=1,JJM2=1)mUC(11=1,JJM2=1)+W1 (L)W (L)sTATY
UC(11,JIM2)eUC(1],JIM2)+W1(L)oWR(L)eTA22
UC(11-1,JIM2)=UC(11=1,JJM2)4W1(L)oWR(L)eTAY2
UC(11,JIM2-1)aUC(11,JJM2=1)+W1(L)ewe(L)eTA21

UC(11=1,Jd=1)aUC(11=1,JJ=1)+W2(L)oWO(L)eTA11
UC(11,4J)mUC(1],JJ)4W2(L)ewO(L)eTA22
UC(I1=1,Jd)=UC(11=1,JJ)+W2(L)oWO(L)eTAY2
UC(11,dd=1)=UC(1]1,JJ=1)+W2(L)sWO(L)eTA21

ARGU1=ROO0T 1 e A2B2
ARGU2=RO0T2¢A2B2
1F(ABS(A1B1).LT.1.0E-3)THEN
1F(ARGU1.GT.0.) TANTI=P]/2
1F(ARGU1.LT.0.) TANT1==P]/2
1F(ARGU2.GT.0.) TANT2=P1/2
1F(ARGU2.LT.0.) TANT2=-P]/2
ELSE

RATIO1=ROOT 1sA2B2/A1B1

TANT 1=DATAN(RATIO)
RATI02=R00T2¢A2B2/A181
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TANT2=DATAN(RAT]02)
ENDIF

F11=@.5¢(D11¢(DLOG(R1 00!.&2'!2) +012+(DLOG(R1)=-DLOG(R2)))
F22e0.5¢ (D41¢ (DLOG(R1)+DLOG(R2) )+D42¢ (DLOG(R1)-DLOG(R2)))
F12=D22¢ (TANT1=TANT2
F21=032¢ (TANT1=-TANT2

{gé.m..l.oa.l.:o..m)m
UR(11=1,JJ=1)aUR(1]=1,JJ=1)+F11eWO(L)
%{;.um(n.uym-m(u
m?m.Jag-m(u-l.u;#u-mu
UR(I1,99=1)sUR(11,JJ=1)+F21eWO(L

CONT INVE
CONTINVE

%
%

NOOOOOO

CALCULATION OF THE DIAGONAL ENTRIES OF UC MATRIX.

I]J).(]l"_l'ljll]11:[]1].[1.[111.[1‘11])] CCCCCCCCCOCCOCOCLLOLLULLLA IAJ‘

COCC

59

DO 59 l=1,NN

SUMX (1)me .

SUMY (1 )m.

DO 59 J=1,N

Ji=2eJ

SUMX (1 )=SUMX (1)4+UC(1,d9=1)
SUMY (1 )=SUMY (1)+UC(1,J4J)
CONTINUE

1

Ju=1

DO 51 ]=1,NN

M+ 1

UC(1,d)==SUMxX(1)

UC(1,J41)==SUMY (1)

1F(M.EQ.6)GOTO 51

Jui+2

=1

CONT INVE

WRITE(6,455) ((UR(M.L).L=1,NN) M=1,NN)
WRITE(6,26)

WRITE(6,455) ((UC(M,L),L=1,NN) M=1,NN)

C455 FORMAT(10(1X,F5.3))

11=2¢]
1iMie] ]=1
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AB=1,
DO 4 K=2,N

l.R TIMY, 1)asUR(TIMY, 1)+UR(IIMI,20K=1)0eA0
UR(11, l)-ui(ll 1)%(1! ZoK-i)vo
UR(11IM1 ,2)sUR(TIM1 2)ﬂn(nu1 2¢K)oA0

UR(II, 2)-0?(!! 2)«.!!(!1 20K)0M

AD=—AD
DO 5 K=2,N
UR(TIMY,2eK=1)o=UR(I1IM1,2¢K-3)42.oUR(11M1,20K=1)

lR 11, 2-0(-!;-(!!(!! 2“(-3)#2 sUR(1I, 20K-1)
UR(1IMY,2eK)e~UR(11IM1,20K-2)42. -m(llm ,20K)

UR(II,2eK)==UR(I], 20K-2)+2 sUR(II,20K)

DO 7 Imi,N
UC(2¢1=1,NNP1 )1,
UC(2¢1,NNP2)e—1.
UR(NNP1,2¢1-1)m1,
UR(NNP2,2¢]1)=1.

DO 8 l=2,N
UC(2¢1-1,NNP3)mY(1)=Y(1)
UC(2e1, MPS)-X(i)-X(l)
UR(NNP3, 2¢ 1=1)mY(1)-Y(1)
UR(NNP3,2¢1)mX (1)=X(1)

1lm2e (1=1)4K
KK=NTBC(1,K)
IF(KK.EQ.0) GOTO 13
DO 14 L=1,NNP3
TEW=UR(L,11)
LR&L.I!;-—(&(L.H)
UC(L,I1)==TEM
CONTINUE

CONTINUE

c
g DETERMINE KNOWN RIGHT=HAND SIDEM
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DO 18 l=1,NNP3
RHS(])=0.
0O 18 L=1,NN
18 RHS (1 )=RHS (1)+UR(1,L)eBC(L)

DO 23 I=1,NNP2
PIVOT=®.
DO 24 J=] ,NNP3
TMABS(LC(J.I;)
IF(PIVOT.GE.TEM) GOTO 24
PIVOT=TEM
1PIVOTey

24 CONTINVE

IF(IPIVOT.EQ.1) GOTO 4S

DO 27 Kel,NNP3
TEM=UC (1 ,K)
UC(1,K)=UC(IPIVOT,K)
UC(IPIVOT,K)=TEM

27  CONTINUE

c
TOMRHS(1)
RHS(1)=sRHS(IPIVOT)
c RHS(IPIVOT )=TEM
45 IPl=]41_ .

DO 28 K=IP1,NNP3
O=—UC(K, 1)UC(1,1)
UC(K,1)md. :

RHS (K )mQeRHS ( 1 )+RHS (K)
DO 29 J=IP1,NNP3
UC(K,J)=QeUC(1,d)+UC(K,J)

20 CONTINUE

28 CONTINUE

23 CONTINUE

RHS (NNP3 )mRHS (NNP3 ) /UC (NNP3 ,NNP3)

DO 30 Kei,NNP2

o=0.

DO 31 Jm=1,K

QmQHUC (NNP3—K , NNP4—J ) sRHS (NNP4—J )
31 CONTINUE

RHS (NNP 3—K ) (RHS (NNP3—K ) =Q) /UC (NNP 3—K , NNP 3K )
30  CONTINUE

NODAL DISPLACEMENTS INTO KRMS VECTOR

c

Cc PUY

C PUT NODAL FORCES INTO BC VECTOR
g OUTPUT VECTORS RHTS AND BC
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DO 32 l=1,N
DO 32 K=i1,2
KK=NTBC (1,K)
11e2e (1=1)4K
JIF(KK.EQ.1) THEN
TOP=BC(11)
BC(11)=RHS(11)
RHS(11])=TDWP
ELSE

DD IF
CONTINUE

WRITE(6,300)

WRITE(6,325)

DO 33 I=1,N

I11=2e]

1 iMi=] =1

WRITE(6.350) I,RHS(IIM1),RHS(I11),BC(11M1),BC(11)

o

SAV1I=BC(1)

SAV2=8C(2)

AB=—1 .

DO 34 l=2,N

I1=2e]

1IMi=] I=1
BC(1)=BC(1)+ABeBC(1IM1)
BC(2)=BC(2)+A0eBC(11)
AB=—AQ

DO 35 I=2,N

11=2e]

1IMie] J=1

SAV3=BC (] 1M1)

SAV4=BC(]1)

BC(11M1)=2 . eSAVI=BC(1IM1=2)
BC(11)m2.eSAV2-BC(11-2)
SAVi=SAV3

SAV2=SAV4

CONTINUE

C COMPUTE BOUNDARY STRESSES AND OUTPUT

c

€ CCCCCCCCCCCCCCCCLCCCCCCCCCCCCCCCCCCCCCCCCCeeeeeecceceeeeeeeceecee

WRITE(6,400)
WRITE(6,425)
00 36 l=1,N
11=2¢]

1lsis] 1-1
IF(1.EQ.1) THEN
IMi=N

11M2=2eN
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ELSE

IMi=]=1

11M2=] }=2

END IF

1IM3=] JM2-1

=X ( 1)=X( 1M1

Y (1)=Y (1M1

SF=DSQRT ( XM )04+ YiMe YM)

CTFaYM/SF

STF=—)XM/SF

SIGNN=(CTFeBC(1IM1)+STFeBC(11))/SF

SIGNT=(CTFeBC(11)=STFeBC(11M1))/SF

SIGTTaPReSIGNN+(1.4PR) e (CTFe (RHS(11)=RHS(1IM2))=STFe (RHS(11M1)
+=RHS(11M3)))e2./SF

SICTT=®.

WRITE(6,450) 1,SIGNN,SIGNT,SIGTT

CONT INVE

425

465

470
475

485

403
S$10

26
Ses

FORMAT(//,* BOUNDARY NODES AND PRESCRIBED BOUNDARY CONDITIONS®)
FORMAT(/.* NODE',6X,'X’,9X,°Y’,8X,"CONDITIONS")
FORMAT(/,15,F10.5,F10.5,5X,'FX ="' F10.5,3X,'FY =* F10.5)
FORMAT(/,15,F10.5,F10.5,5X, 'FX =' ,F108.5,3X, 'UY =* ,F10.5)
FORMAT(/,15,F16.5,F10.5,5X, 'UX =' ,F108.5,3X, 'FY =’ F10.5)
FORMAT(/,15,F10.5,F10.5,5X,'UX =’ ,F10.5,3X,'UY =' F10.5)

FORMAT(//.* DISPLACEMENTS AND FORCES AT ALL BOUNDARY NODES')
FORMAT(/,* NODE',BX, UX’, 11X, UY’' 11X, "FX' 11X, 'FY’)
FORMAT(/,17,2X,F10.6,3X,F10.6,3X,F10.6)

FORMAT(/,15,2X ,F18.5,3X,F10.5,3X,F10.5,3X,F10.5)

rmté//.' STRESSES ON ALL BOUNDARY ELEMENTS')

FORMAT(/,' ELEMENT' ,3X, 'SIGMA NN',5X,'SIGMA NT',5X,°'SIGMA TT')
roamgzx.'sn- *,E12.6,2X,°'S12= *' ,E12.6,2X,'S16= *

+,E12.6

rgmngzx.'s:n- *,£12.6,2X,'SE12= * ,E12.6,2X, SE16= *
+,£12.6

FORMAT (24X, °S(2,2)= *,E12.6,2X,'S(2,6)= *',E12.6,2X)

FORMAT (24X, ‘SE22= ' ,E12.6,2X,°SE26= *,E12.6,2X)

FORMAT (46X, *S66= ' ,E12.6)

FORMAT (46X, 'SE66= ' ,E12.6)

FORMAT(1X,* MATERIAL PROPERTY S(1,J) AFTER TRANSFORMATION °)
FORMAT (1X,* THROUGH ANGLE PHl= * F5.2,1X, 'DEGREE')

FORMAT (1X,///)

FORMAT (1X, POISSON RATIO = ,F6.3)

FORMAT(1X,///)

Fomn?x./)

FORMAT (10(1X,F6.3))

STOP

[ 0]
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LISTING OF THE PROGRAM ORTHO.CASE2

c
c
c
Cc
c
c
c
c
c
c
C
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

PROGRAM ORTMO.CASE2

THIS PROGRAM BMPLOYS THE DIRECT BOUNDARY ELEMENT METHOD

USING STRAIGHT BOUNDARY ELEMENTS CHARACTERIZED BY LINEAR
DISPLACEMENTS AND CONSTANT TRACTIONS TO SOLVE PLANE STRESS
ORTHOTROPIC MATERIAL PROPERTIES PROBLEMS OF LINEAR ELASTICITY.
UNIT THICKNESS 1S ASSWMED.

THE FOLLOWING 1S THE USER‘S DEFINED INPUT PARAMETERS,
VARIABLES AND ARRAYS:

N 1S THE MABER OF THE NODES ON THE BOUNDARY. WUST BE OODD
NABER. ENTER IN FREE FORMAT.

EX 1S THE LONGITUDINAL MOODULUS OF ELASTICITY.

EY 1S THE TRANSVERSE WMOOULUS OF ELASTICITY.

ES 1S THE AX]AL SHEAR MOOULUS OF ELASTICITY.

PRX IS THE POISSON'S RATIO IN THE X-DIRECTION.

X(1) AND Y(1) ARE THE COORDINATES OF NODES 1,N ENTERED IN
COUNTER=CLOCKWISE IN FREE FORMAT.

J,K ARE NODES, J, AND CORRESPONDING DIRECTION, K, AT WHICH
DISPLACEMENTS ARE SPECIFIED(ZERO AND NON-ZERO). ENTER IN
FREE FORMAT AND END BY INPUTTING O, O.

J,K,COND ARE NODES, J. AND CORRESPONDING DIRECTION, K, AT
WHICH NON-ZERO FORCES ARE SPECIFIED, AND SPECIFIED VALUE
COND. ENTER IN FREE FORMAT AND END WITH BY INPUTTING @€, ©, ©.

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCOCCLLLCLLLLCCCLCCCLLCCCLCCCCCeeeeeee

c
c
c

PARAMETER (MAXN=101)
PARAMET ER (MAXNN= 2 6 MAXN , MAXNP SsdAXNN+ 3 )

IWPLICIT REALeE (A=H,0-2)

REALSB X(MAXN) ,Y(MAXN)

REALe8 R(8).wo(8) ,wi(8),w2(8) ,MAT(2)

REALe8 RL(8).,wiL0(B).wLi(8).wL2(8)

DIMENSION NTBC(MAXN,2),BC(MAXNN) , SUMX (MAXN) , SUMY (MAXN)
REALeB UC(MAXNPI ,MAXNP3) ,UR (MAXNPJ , MAXNN) , RHS (MAXNPJ )

P1=DACOS(-1.00D00)

CCCCCCCCCCCCCCCCCOCCCCCCCCCCCCOCCOCCCOCCCOCCCCCCCCCCCLCCCCOCOCCLC c

READ IN THE INPUT DATA FROM FILE S

READ(S,¢) N
READ(S,.¢) EX.EY,ES,.PRX
READ(S,¢) (X(1).Y(1).l=1,N)

0O § l=1,N
DO § K=1,2
NTBC(1.K)=e

READ(S5,0)J.K
1F(V.EQ.0)GOTO 12
NTBC(J .K)=1

GOT0 11
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12 CONTINUVE
c

NN=2eN

DO 15 l=1,NN
‘1:5 BC(1)=p.

16 READ(S.¢) J,K,COND
1F(J.€Q.0)GOTO 17
1e2e (J=1)4K

C1i=1/EX
C22=1/EY
C66=1/(2+ES)
C12=—PRX/EX

OUTPUT PRESCRIBED INFORMATION

)OO0OOOQO

L CCCOCCCCCCCCCCCCCCCCCCCLettent A (]]J‘JI.[JJJ.(JIIX'I CLLULULLCCCCCCCOCCCCL

e

O

WRITE(6,100)
WRITE(6,150)
DO 19 =1 ,N
11=2¢]
M=l ]=1
IF(NTBC(1,2).EQ.1) GOTO 20
1F(NTBC(1.1).EQ.1)G0TO 21
WRITE(6.200) 1,X(1),Y(1).BC(IIM1),BC(11)
GOTO 19
20 IF(NTBC(1,1).EQ.1) GOTO 22
WRITE(6.201) 1,X(1),Y(3).BC(11M1),BC(11)

GOTO 19
21 WRITE(6,202)1,X(1),Y(1),BC(1IM1),BC(11)
GOT0 19
22 WRITE(6,203) 1,x(1),Y(1),BC(1IM1),BC(11)
19 CONTINUE
PARAMETER (MAXN=101)

PARAMETER (MAXNN=2 s MAXN , MAXNP 3sbAXNN+3 )

[ & & 0 0 & & o o ¢ l])]XJJJJ‘[I]]]v'l]]]]l]]]‘[)]]]]x]111‘[1]1’1]1]]]]111]] CLULCUCC
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WRITE(6,50)PR
WRITE(6,100)
WRITE(6,1%0)
00 19 J=1,N
11=2¢]
I IMi=] ]~1
IF(NTBC(1,2).EQ.1) GOTO 20
IF(NTBC(1,1).EQ.1)GOTO 21
WRITE(6.200) 1,X(1),Y(1).BC(I1IM1),BC(11)
GOTO 19
20 IF(NTBC(1,1).EQ.1) GOTO 22
WRITE(6,201) I,Xx(1),Y(1).BC(IIM1),BC(11)
GOTO 19
21 WRITE(6,202)1,x(1),Y(1).BC(1IM1),BC(11)
GOTO 19
22 WRITE(6,203) 1,X(1).Y(1).BC(IIM1),BC(I1)
19 CONT INVE
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeeeee

CALCULATE MATERIAL PROPERTIES IN THE INFLUENCE FUNCTIONS

00000

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeeee

ARG1=(C124C66)/C11
ROOT=DSQRT (ARG 1)

DUM1= (C124C66)/C11
DUM2=C22/C11
DUM3=DSORT (DUM2 )
DUM4=C 12/C11

DUMS=2 . e DSORT (DUM1)
DUM1=2. s DUM1

E1 1o (DUM14+DUMI-DUM4 ) / (DUMS e 40P ] )
€12~ (DUM1-DUM3—DUM4 ) /(4oP] )
E21=DUM4/(4eP])

E22e—(2. ¢sDUM2-DUM1 ¢ DUM4 ) /(DUMS e 4P )
E31=(1.4DUM4/DUM3) /(DUMSeP1e4)
E32=(1.=DUM4/DUM3) /(Ple4)
E41e=1./(4eP])
E42=(DUM1-2.eDUM4 ) /(DUMSs 4eP] )
ES1e—=1./(4eP])

ES2=—E42

€6 10— (DUM3+DUM4 ) /(DUMS e 40P ] )

E62= (DUMI~DUM4 ) /(4eP])

D11=C110E114C12¢E31
D12=(C11¢E124C12¢E32)
D22e~C11¢E£22-C12¢E42
D32=D22

D4 1=DUM3eD 11
D42e-DUMIeD12

R(1)=—.96028985649753

(2]



0000000 -

(o Xe XoXoXeoRH
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R(2)=—.79666647741362
R(3)=.52553240991632
R(4)=—.18343464249565
R(S)=R(1
R(6)=R(2
R(7)==R(3
R(8)=R(4

wo(1 ;-. 10122853829038
We(2)=.22238103445337
Wo(3)=.31370664587789
wo(4)=. 36268378337836
we(5)=we (1)
wo(6)=wo(2)
wo(7)mwe(3)
wo(8)=we(4)

DO 10 L=1,8
wi(L)=1.=R(L)
w2(L)=1.4R(L)
CONTINUE

|

INITIALIZE MATRICES

"( COULLOULLLUC U CCCOCCCCCCCCCCCCCCCCC ettt rnnnto (0 O O B O O O O Oy ¢

NNP 3aNi+ 3

DO 1 I=1,NNP3

DO 1 J=1 ,NNP3
UC(J.1)wd.
IF(1.GT.NN) GOTO 1
UR(J,1)m8.

CONT INUE

CLLLLCCCCLCCCCCCOCOCCCOCCCCCCCCCCCCC ettt ecerenc CUULCCCCCC(

LOOP ON COLUMN

crwmmmmmrmommmrrrmw
DO 2 J=1,N
Jum2ey
IF(J.EQ.1) THEN
JM =N
JJIM2eNN
ELSE
JM1m)=1
JIM2mJy=-2
END IF
1F(J.EQ.N) THEN
JPi=1
JJPi=1
ELSE
JPimJ41
JIP1mJJ+1
END IF
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= (X (J)4+X(IP1))/2.

Y= (Y (J)4Y(JP1))/2.

Bi=X(JP1)=XM

B2=Y(JP1)-YM
BDB1=81¢B814RO0TeRO0OTeB20B2
TERM1=2.¢DLOG(BDB1)+4.0L0G(2.)=—4.
TERM2=2 . eB2¢B2/BDB1

IRgJJ—I.JJPi aUR(JJ=1,JIP1)4D11TERM14D12¢ TERM2
UR(JJ,JJP141)mUR(JJ,JIP141)4D4 1 TERM14D42¢ TERM2

e (X(J)4X(IM1))/2.
(Y (J)+Y(IM1))/2.
BleX(J)=M
B2=Y(J)-™

BOB1=B1¢814+RO0OTeRO0TeB20B2
TERM1=2.¢DLOG(BDB1)4+4.2L0G(2.)—4.
TERM2=2.+B2¢B2/BDB1

UR(JJ=1,JJ=1)aUR(JJ=1,JJ=1)4D11e TERM14D12¢ TERM2

UR(JJ,JJ)mUR(JJ,JJ)4D4 10 TERMI4D42¢ TERM2
CCCCCCECCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCECCCCCCCCCCCeeeeeeeee
c

c

C LOOP ON ROW
c
CCCCCCCCCCCCCCCOCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeCeeeeeeeee
DO 2 I=1 N
11m2¢]
c
AteX(])=XM
A2=Y(1)=YM
c

ADA1=A 16 A14RO0TeRO0OTeA20A2

ADB1=2 .9 (A1¢B14+ROOTsROOTeA2¢B2)
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeeeceececceeeeecee
LOOP ON POINTS OF INTEGRATION

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCOCCCCeeeeee
DO 3 L=1.,8

0O 00000600

R1=ADA1-ADB1eR(L)+BDB1sR(L)eR(L)
A1B1=A1=B1eR(L)
A2B2=A2-B2¢R(L)

T1=2.¢A1B1 /R
T2=-2.eRO0TeA1B10A2B2¢A2B2/(R1eR1)
T3=2.¢R00T+A2B2/R1

T4 (A1B10¢20A2B2-RO0Te22¢A2B20¢3)/(R1eR1)

TA110=E116B2¢T1=E120B2¢ T24ES1eB1e¢TI+ES52eB1eT4
TA220-E610B2e T1=E62¢B2¢ T24E410B1eT34+E42¢B 1 T4
TA120—-E510B2e T3~E£520B2¢ T44E31eB1eT14E32¢B1eT2
TA210=-E£21¢B2e T3-E22eB2e T44+E616B1eT14E62eB1eT2



82

UC(11=1,J0M2-1)=UC(11=1,JIM2=1)4W1(L)oWO(L)eTA11
UC(11,JuM2)=UC(11,JUM2)+W1(L)ewe(L)eTA22
ucgn-t.uuz)-uc 11=1,JJM2)4W1(L)owO (L) e TAL2
UC(11,J0M2-1)mUC(11,JJM2=1)+W1(L)eWO (L) TA21

UC(11=1,JJ=1)uUC(11=1,JJ=1)4W2(L)eWO(L)sTAI1
UC(11,dd)sUC(11,d0)4W2(L)ewo(L)eTA22
UC(11=1,J)=UC(11=1,JJ)+W2(L)oWO(L)eTA1I2
UC(11,d9=1)sUC(11,JJ=1)4W2(L)sWO(L)eTA21

Té=A1B1¢A2B2/R1
T7=DLOG(R1)
T8=A2B2¢A2B2/R1

F11aD11eT74D12¢78
F22uD41eT74D42¢T8
F12=D22+T6
F21=D32T6

1F(1.EQ.J.0R.1.EQ.JM1)THEN

ELSE
UR(T1=1,JJ=1)=UR(11=1,JJ=1)+F11eWwO(L)
UR(IT,JJ)=UR(11,JJ)+F22ew0(L)

ENDIF
UR(11=1,JJ)=UR(11=1,JJ)+F12eW0(L)
UR(IT,JJ=1)=mUR(IT,JJ=1)+F21ewe (L)

CONT INVE
CONTINUVE

gONUO

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeeceeeeeceeece

CALCULATION OF THE DIAGONAL ENTRIES OF UC MATRIX.

8000000

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeee
DO 59 l=1 NN
SUMX (1 )= .
SUMY (] )=,
DO 59 J=1,N
JUs=2e)
SUMX (1 )=SUMX (1)4+UC(1,dJ=1)
SWMY (1 )=SUMY (1)+UC(1,J9)
59  CONTINUE
M q
J=1
DO 51 Isi1 NN
[ )
UC(I,J)==SuMx(1)
UC(1.,J41)==SUMY(1)
1F(M.EQ.8)GOTO 51
JuJ+2
M1
L} CONT INUE



83

WRITE(6,26)
WRITE(6.505) ((UR(M.L),L=1,NN), M=1,NN)
WRITE(6.26)
WRITE(6.505) ((UC(M.J),Jm1,NN), M=, NN)

O 00O

[eXe X NeXi]

DO 6 l=1 N
11=2¢]

1 IMi=] ]=1
AB=1

DO 4 K=2,N

UR(TIMI,1)mUR(TIMY,1)4UR(T1IM1, 20K=1)sA0
UR(11,1)mUR(IT,1)4+UR(1],20K=1)eA®
UR(1IM1,2)=UR(IIMI,2)+UR(IIMI, 2¢K)eAR
UR(11,2)=UR(11.2)4UR(11,2¢K)eA0

AB=-AD

DO § K=2,N

UR(TIMY, 2eK=1)a=UR(TIM1,20K=3)42.eUR(]IM1, 20K=1)
UR(I1,20K=1)o=UR(1].2eK=3)42.eUR(1],20K-1)
UR(1IMY, 2eK)e=UR(1IM1,20K=2)42.¢UR(IIM1,62¢K)
UR(11,2eK)==UR(11],20K=2)42.eUR(]11],2¢K)

CONTINUE

ccceceecceeccccceeccececeececcececceecececeecceececeeceeccceeeccececcee

c

C AUGMENT FOR EQUILIBRIUM
C

c

CCCCCCCCCCeeeeeeeceeeecceecceeceeecececcecececcecceceeceeeececcececcece

c

8
C

NNP 1aNN+ 1
NNP2aNN+ 2

DO 7 I=1,N
UC(2e1-1,NNP1)e=1.
UC(2¢]1 ,NNP2)==1.
UR(NNP1,28]=1)m1.
UR(NNP2,2¢])m1,

DO 8 I=2,N
UC(2¢1=1,NNP3)aY(1)=Y(1)
UC(2¢1 ,NNP3)aX(1)=X(1)
UR(NNP3,2¢1=1)mY(1)=Y(1)
UR(NNP3, 2¢])ax(1)-X(1)

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeCeeeeeeeeeeee

c
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g RE-ORDER SYSTEM BASED ON KNOWN BOUNDARY CONDITIONS

DO 13 l=1,N
DO 13 K=1,2
11=2e¢ (1=1)4K
KKsNTBC(1,K)
IF(KK.EQ.0) GOTO 13
DO 14 L=1,NNP3
TOW=UR(L,I11)
UR(L,11)==UC(L,11)
UC(L,11)==TEM

14 CONTINUE

13 CONT INUVE

DO 18 ]=1,NNP3
RHS(1)=®.
DO 18 L=1,NN
18 RHS(1)=RHS(I)+UR(1,L)eBC(L)

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCLCCCCCCCLCCCCeeeeceeceee
c
C SOLVE FOR UNKNOWN BOUNDARY CONDITIONS

c
ccceececeeecceeceeeceecceecececeececeeceececeeceeececececcecceccecececeececccececeee
c

NNP 4aNN--4

DO 23 ]=1,NNP2

PI1VOTe®.

DO 24 J=] ,NNP3

TOW=DABS (UC(J.1))
IF(P1VOT.GE.TEM) GOTO 24

PIVOT=TEM

IPIVOT=y
24 CONT INUE
c

1IF(IPIVOT.EQ.1) GOTO 45
c

DO 27 Kel,NNP3
TEWUC(1.K)
UC(1.K)=UC(IPIVOT,K)
UC(IPIVOT ,K)=TEM

27  CONTINUE

¢
TEW=RHS (1)
RHS (1 )=RHS (1PIVOT)
RHS (IPIVOT)=TEM

c

45 IP1=]+1
DO 28 K=IP1,NNPJ
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O=—UC(K,1)VC(1.1)
UC(K,1)m0.
RHS (K )mQeRHS (1 )4RHS (K)
DO 29 J=I1P1,NNP3
UC(K, J)mQeUC(1,d)+UC(K,J)
29  CONTINUE
28 CONTINUE
23 CONTINUE

RHS (NNP3 )=RHS (NNP3 ) /UC(NNP3 ,NNP3 )

DO 30 K=1,NNP2

Q=p.

DO 31 J=1 K

QuQ-+UC (NNP3=K , NNP4=J ) ¢RHS (NNP4~J )
31 CONTINUE

RHS (NNP 3—K ) (RHS (NNP 3K ) =Q) /UC (NNP 3K , NNP3—K )
30 CONTINUE
c

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeee
c
C PUT NODAL DISPLACEMENTS INTO KRHS VECTOR
C PUT NODAL FORCES INTO BC VECTOR
C OUTPUT VECTORS RHTS AND BC
c
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
c

DO 32 l=1,N

DO 32 Kmi1,2

KKeNTBC(1,K)

11=2e (1=1)4K

IF(KK.EQ.1) THEN

TOP=BC(11)

BC(11)=RHS(11)

RHS(11)=TDWP

ELSE

END 1F
32 CONT INUE

WRITE(S,300)

WRITE(6,325)

DO 33 I=1,N

1I=m2e]

1IMi=] =1
33 WRITE(6,350) I,RHS(1IM1) RHS(II),BC(IIM1),BC(11)
c
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeCCeeeeeeee

C
C PRE MULTIPLY BC] BY GAMMA INVERSE
Cc
CCCCCCCCCCCCLCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeeeeeeeceeceeee
c

SAVIsBC(1)

SAV2=BC(2)

AB=—1 .

DO 34 =2 ,N

Ilm2e]

1 IM1e] =1
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BC(1)=BC(1)+ABBC(1IM1)
BC(2)=BC(2)+A0+BC(11)
AB=—AD

00 35 1=2,N
J11=2e]
1IMi=] =1
SAV3=BC(11M1)
SAV4=BC(11)
BC(11M1)=2, eSAVI=BC(11IM1-2)
BC(11)m2.eSAV2-8C(1]-2)
SAViIaSAV3
SAV2=SAV4
35 CONTINUE

og

WRITE(6,400)

WRITE(6.425)

DO 36 I=1,N

1]m2e]

1IMi=] 1=1

IF(1.EQ.1) THEN

IM1=N

11M2=2eN

ELSE

IMi=]=1

11M2=]1-2

END IF

TIM3=] IM2-1

XX (1)=X(IM1)

Y=Y (1)=-Y(1M1)

SF=DSQRT (XM XI+YMe YM)

CTFeYM/SF

STFe—XM/SF

SIGNN=(CTFeBC(11IM1)4STFeBC(11))/SF

SIGNT=(CTFeBC(11)=STFeBC(11M1))/SF
c SIGTTaPReSIGNN+(1.4PR) e (CTFe (RHS(1]1)=RHS(11M2))=STFe (RHS(11IM1)
c +=RHS(1IM3)))e2./SF

SIGTT=0.

WRITE(6,450) I,SIGNN,SIGNT,SIGTT
36 CONT INUE
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeeeeeeee
c
c FORMATS
Cc
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCLCCCeeeeeceeceeee
100 FORMAT(//.' BOUNDARY NODES AND PRESCRIBED BOUNDARY CONDITIONS')
150 FORMAT(/.* NODE',6X,'X’,9X,°Y’ ,8X, "CONDITIONS')
200 FORMAT(/,15,F10.5,F10.5,5X,"FX =*' F10.5,3X,'FY ="' F10.58)
201  FORMAT(/,15,F10.5,F10.5,5X,'FX =’ ,F10.5,3X,'UY =* F10.5)
202 FORMAT(/,15,F10.5,F18.5,5X,'UX =* F10.5,3X,'FY =* F10.5)
203 FORMAT(/,15,F10.5,F10.5,5X,'UX «' F10.5,3X,'UY =’ F10.5)



325
450
350

425
460

485

470
475

485

403
510

26
405
5e5
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FORMAT(//.* DISPLACEMENTS AND FORCES AT ALL BOUNDARY NODES')
FORMAT(/,* NODE',8X, UX", 11X, UY’, 11X, "‘FX* , 11X, 'FY"*)
FORMAT(/,17,2X,F10.6,3X,F10.6,3X,.F10.6)
FORMAT(/,15,2X,F10.5,3x,F10.5,3x,F10.5,3X,F10.5)

FORMAT(//.® STRESSES ON ALL BOUNDARY ELEMENTS®)

FORMAT(/,* ELEMENT',3X, SIGMA NN',5X,°SIGMA NT',SX,°SIGMA TT')
rommgzx.'sn- *,E12.6,2X,°'S12= * ,E12.6,2X,°S16= °*
+,E12.6

roasmgzx.'snh *,E12.6,2X,°'SE12= *,£12.6,2X,°SE16= °
+,E12.6

FORMAT (24X, °S(2,2)= *,E12.6,2X,°S(2,6)= *,E12.6,2X)

FORMAT (24X, *'SE22= °*,E12.6,2X, SE26= *,E12.6,2X)

FORMAT (46X, 'S86= °*,E12.6)

FORMAT (46X, *SE66= °* ,E12.6)

FORMAT(1X,* MATERIAL PROPERTY S(1,J) AFTER TRANSFORMATION ')
FORMAT(1X,* THROUGH ANGLE PHI= ° FS5.2,1X, 'DEGREE’)
FORMAT(1X,///)

FORMAT (1X, 'POISSON RATIO =' ,F6.3)

FORMAT (1X,///)

FORMAT (1X,/)

FORMAT (10(1X,F5.2))

STOP

END



Appendix B) Computer listing of the program TEST
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C
C
C
C
c
C
C
c
c
C
C
c
c
C
C
c
c
C
C
C
C
c
C

PROGRAM TEST

THIS PROGRAM CALCULATES THE VALUES OF THE ISOTROPIC AND BOTH
CASES OF ORTHOTROPIC INFLUENCE FUNCTIONS.

INPUT DATA
N 1S THE NUMBER OF THE FIELD POINTS.
PR 1S THE POISSON'S RATIO. ISOTROPIC INFLUENCE FUNCTION.
G 1S THE AXIAL SHEAR MODULUS OF ELASTICITY. ISOTROPIC
INFLUENCE FUNCTION.
EX IS THE LOGITUDINAL MODULUS OF ELASTICITY. ORTHOTROPIC
INFLUENCE FUNCTION.
EY 1S THE TRANSVERSE MODULUS OF ELASTICITY. ORTHOTROPIC
INFLUENCE FUNCTION.
ES1 IS THE AXIAL SHEAR MODULUS. ORTHOTROPIC INFLUENCE
FUNCTION.
PRX1 IS THE POISSON'S RATIO IN THE X-DIRECTION.
:glMD YS ARE THE X AND Y COORDINATE OF THE SOURCE
NT.
:él')nm Y(1) ARE THE COORDINATE OF THE FIELD POINTS
INT.

CCCCCCCCCCOCeeeee
IMPLICIT REALe8 (A—H,0-2)
REALe8 B(5),X(©:25),Y(0:25), LAMDAT, LAMDA2 ,MAT (5)
COMPLEX*16 2(2).ZE(2),2D(2
P1=DACOS (~1.00009)
READ(S, )N
READ(S,s)PR.G
READ(S,e) EX1,EY1,ES1,PRXY
READ(S,*) EX2,EY2,ES2,PRX2
READ(S.e) XS,YS
READ(S,e) (X(1).Y(1),I=1,6)
READ(S5.¢) (X(1).Y(1).1=7,12)
READ(S,e) (x(1).Y(1),1=13,16)
X(e)=1.4
v()m—1.4

CCCCCLCCCCCCCLLCCCCCCleeeeeeeceecceeececceeeeccecceeccececeeeccceeeee

C
c
c

CALCULATIONS OF UR INFLUENCE FUNCTIONS FOR THE ISOTROPIC CASE

cccececeececeeecceceeeeeceeeeccececceecececececeeccececceceeeccececececceecceeecee

c
c

WRITE(6,5501)

WRITE(6.20)

DO 467 Kes1 ,N

RO=DSORT ((X(K)=XS)es24(Y(K)=YS)ee2)

Q1= (X(K)=XS)/RO

02=(Y(K)=YS)/RO

URV1m((1.4PR)/(8eP1eG))eQ1¢Q1=((3.=PR)/(8eP1G))eDLOG(RO)

LR\2-((1.+PR;/(B.PI.G sQ1eQ2

m10§(1.¢PR /(8ePleG))eQ1eQ2

UR22=((1.4PR)/(8eP1¢G))eQ2¢Q2~((3.=PR)/(8eP1¢G))sDLOG(RO)
) X(K),Y(K),UR11,UR12,UR21,UR22

WRITE(6,2000
CONTINUVE
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67
68

WRITE(6,20)

WRITE(6,5502)

WRITE(6,20)

DO 459 K=1,N

RO=DSQRT ((X(K)=XS)ese24(Y(K)~YS)ee2)

Qi=(X(K)=-XS)/RO

Q2=(Y(K)-YS)/RO

VB=DSQRT ( (X (K)=X(K=1))ese24(Y(K)=Y(K=1))es2)
Wis2. o (Y(K)=Y(K=1))/VB

WN2==2. ¢ (X(K)=X(K=1))/VB

UC11=(1/(4sP1sRO) )e(2¢(1.4PR)e(VN1eQ10e3~-VN20Q2s03)+(1.=PR)e VNI
+0Q14(3.4PR)sVN2¢Q2)

UC12=(1/(4sP1oRO) )e(2¢(=1.=PR) e (VN2eQ10034+VN1¢Q2063)+(1.43.ePR)
+9Q10VN2+(3.4PR)eVN14Q2)

UC21=(=2¢ (1.4PR) e (VN20Q1s83+VN16Q2003)+(3.4PR)sVN2¢Q1
4+(1.43.sPR)sVN12Q2)/(4sP1eR0O)

UC22=(2¢ (1 .4PR) e (VN26Q2es3-VN1sQive3)+(3.4PR)*VN1eQ1
++(1.=PR)9Q2eVN2)/(4+P1eRO)

WRITE(6,2009) X(K),Y(K),UC11,UC12,UC21,UC22

CONTINUE

%EMATERIAL CONSTANTS FOR THE INFLUENCE FUNCTIONS OF THE
1.

C11=1/EX?

C22=1/EY1

C66=1/(2¢ES1)

C12=—PRX1/EX1
DUM1=(C124C66)/C11
DUM2=C22/C1 1

DUM3=DSQRT (DUM2 )

RAD=DUM 1 ¢ DUM1=DUM2

MAT(1)=1.
IF(ABS(RAD).LT.1.0E-03) GO TO 67
IF(RAD.GT.®.) GO TO 68
MAT(1)=—1

MAT (2)=DSQRT(©.5¢ (DUM14+DUM3) )
MAT (3)=MAT(2)

MAT (4 )=DSQRT (©.5e (DUM3-DUM1) )
MAT(5)==MAT(4)

GO 10 69

MAT(1)=0.

DUM4=d

IF(MAT(1).GT.0.) DUM4=DSQORT(ABS(RAD))
MAT (2)=DSORT (DUM14DUM4 )

MAT (3)=DSQRT (DUM1~DUM4 )

MAT (4)=0.

MAT(5)w0.

CONTINVE

DUM4=C12/C11

DUMS=MAT (2)+MAT (3)
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DUMEsMAT (2)=MAT (3)

IM=MAT (1)

IF(IM.EQ.0) DUME=DUMS
IF(IM.EQ.~1) DUM6m2.eMAT(4)
DUM1=2 . s DUM1
Ell-(DLNH-DW)/éMMOPl
€12=—(DUM1-DUMI=DUM4 ) / (DUME e 40P ]
E21=DUM4/(42P])
E22%—(2.sDUM2-DUM1sDUM4 ) /(DUMS s DUME e 4oP] )
E31=(1.4DUM4/DUM3 ) /(DUMSsP] 04
E32=(1.-DM4/DUM3 )/ (DUMEoP] 04
E41=-1./(4¢P])

€42=(DUM1=2. oDUM4 ) /(DLMS eDUME s 4¢P] )
ES1==1./(4P])

E52=—E42

€6 10— (DUMI+DUM4 ) / (DUMS e 4eP] )
€£62= (DI-DUM4 )/ (DIMEe 4oP] )
D11aC11eE114C12E31
D12=(C11eE124C12¢E32)
D22=~C110£22-C12¢E42

D32=D22

DUM=DSQRT (C22/C11)

D4 1=DUMeD 11

D42=-DUMeD12

ARG=DSQRT (((C124C66)/C11)e02-C22/C11)
LAMDA 1=DSQRT ((C124C66)/C11+ARG)
LAMDA2=DSQRT ( (C12+C66)/C11-ARG)

CCCLCCCCCCCLCLCCCCLLCCCCCCCCCCCCCCCCCCCCCCLCCCCCLCCCCCCeCCCeeeeeceee
C

c
c
c

CALCULATIONS OF UC INFLUENCE FUNCTIONS FOR THE ORTHOTRPOIC
MATERIALS OF CASE 1

CCCCCCCCCCCCCCCCCCCCOCCCCLCCCCLCCCCCCCCCCCCCCCOCCCCCCCCCCCCCeCCeCeee

875

WRITE(6,20)

WRITE(6,6544)

WRITE(6,20)

DO 875 K=1,N

R1=DSQRT ((X(K)=XS)ee24LAMDA10¢2¢(Y(K)=YS)ss2)
R2=DSQRT ((X(K)=XS)ee24LAMDA2¢02¢ (Y(K)=YS)e02)
Ti=m(X(K)=XS)/R1ee24+(X(K=XS))/R2e02
T2o(X(K)=XS)/R1ee2=(X(K)=XS)/R2002

T3=LAMDA1e (Y(K)=YS)/R1ee24LAMDA2¢ (Y(K)=YS)/R20e2
T4aLAMDAYs (Y(K)=YS)/R10e2-LAMDAZ2¢ (Y(K)=YS)/R2ee2
VB=DSQRT ((X(K)=X(K=1))ee24(Y(K)=Y(K=1))se2)
WN1is2. o (Y(K)=Y(K-1))/VB
VN2-2.0(X(K)-X(K—1)§/VB
UC11s(=E11eT1=E126T2)oVN14(=ES1eTI-ES2eT4) s VN2
UC22=(—E61eT1=-E620T2) e VN14(=E410TI=E420T4) e VN2
UC12m(=ES1eT3-E526T4)eWN14+(=E316T1-E320T2) e VN2
UC21s(=E21eT3=E£22eT4 ) e WN1+(=E610T1-E620T2) e VN2
WRITE(6,2009) X(K),Y(K),UC11,UC12,UC21,UC22
CONT INUE

CCCCCCCCCCCCCCCLCCCCCCCCCCCCCLCCCCCCCOCCCCLCCCCCCCCCCCCCCCCCCCeeeee

C
c
c

CALCULATIONS OF THE UR INFLUENCE FUNCTION FOR THE ORTHOTROPIC
MATERIALS OF CASE 1
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c

WRITE(6,20)
WRITE(6,6545)
WRITE(6,20)
DO 909 K=1,N
R1=DSQRT( (X (K)=XS)ee24LAMDAT 0826 (Y(K)=YS)s02)
R2=DSQRT ((X(K)=XS)ee24LAMDAZ¢¢2¢ (Y(K)=YS)ss2)
ARGUM=X (K )=XS
IF(ARGUM.NE.®. ) THEN
RATIOI-LMDA10(Y2Kg-YS§/ X(K}-XS)
K)=-Ys)/

RAT102=LAMDA2¢ (Y (K )~ X(K)=XS)
T6=DATAN(RAT101)=DATAN(RAT102)
TANT 1=DATAN(RAT]O1
TANT2=DATAN(RAT 102

ELSE

St=LAMDA1 ¢ (Y(K)-YS)
S2=LAMDA2¢ (Y (K)=YS)
IF(S1.GT.0.)THEN
TANT1=P1/2

ELSE

TANT 1=—P]1 /2

ENDIF
1F(S2.G7.0.)THEN
TANT2wP1/2

ELSE

TANT2=-P1/2

ENDIF

T6=TANT1=TANT2

ENDIF
T7=DLOG(R1)+DLOG (R2)
T8=DLOG(R1)-DLOG(R2)
UR11=D11eT74D12¢ T8
UR12=D22¢T6
UR21=D32eT6
UR22:D41¢T74D420 T8
WRITE(6,2000) X(K),Y(K),UR11,UR12,UR21,UR22
CONTINUE

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeCCCCCCCCCCCCCCCCCCCCCCeeeeeeeeee

C
c
c
c

THE MATERIAL CONSTANTS FOR THE INFLUENCE FUNCTIONS OF THE
CASE 2.

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCLCCCCCCCCCCCCCCCCCeCCCeCCCeeceeeeeee

Cli=1/EX2

C22=1/EY2

C66=1/(20ES2)
C12=PRX2/EX2
LAMDA=DSQRT ( (C124C66)/C11)

DUM1=(C124C66)/C11
DUM2=C22/C11
DUM3=DSQRT (DUM2)
DUM4=C12/C11

DUMS=2 . ¢DSORT (DUM1)
DUMi=2 . eDUM1
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E1 1= (DUM14+DUMI=-DUM4 ) / (DUMS s 4oP] )
E120=(DUM1=DUM3~DUM4 ) /(40P )
E21=DUM4/(4oP1)

E220—(2. sDUM2-DUM1sDUM4 ) / (DUMS e 4eP] )
E31=(1.4DUM4/DUM3 )/ (DUMSeP1e4)
E32=(1.-DUM4/DUM3)/(Pled)
E41=—1./(4eP])
E42=(DUM1=2. oDUM4 )/ (DUMS e 4eP] )
ES1e=1./(4eP1)

ES52«—E42

E£6 10— (DUMS+DUM4 ) / (DUMS e 4P )
E62=(DUMI-DUM4 )/ (4eP1)

D11=C11eE114C120E31
D12=(C11eE124C120E32)
D22=-C11E22-C12¢E42
D32=D22

D4 1=DUM3eD11
D42=—DUM3+D12

885

CALCULATIONS OF UC INFLUENCE FUNCTIONS FOR THE ORTHOTRPOIC
MATERIALS OF CASE2

WRITE(6.20)

WRITE(6,6546)

WRITE(6.20)

DO 885 K={,N

R1=DSQRT ((X(K)=XS)ee2+LAMDA®e2¢ (Y(K)=YS)ee2)
Tim2e (X(K)=XS)/R1ee2

T2w=2 LAMDA® (X(K)=XS) s (Y(K)=YS)se2/R1es4

T3=2e LAMDAC (Y(K)=YS)/R1ee2
Taa((X(K)=XS)e02s(Y(K)=YS)=LAMDAse2s (Y(K)=YS)se3)/Rieed
VB=OSORT { (X(K)=X(K=1))ee24(Y(K)=Y(K=1))es2)
WN1=2, o (Y(K)=Y(K=1))/VB
WN2e-2. ¢ (X(K)=X (K-1))/VB
UC11m(=E11eT1=E12¢T2) e VN14(=ES1eT3-E52¢ T4 ) e VN2
UC22=(~E610T1=E626T2)sVN14(=E41e T3~E42e T4 )e VN2
Wl?‘é-fﬁOTS—ESZOTQ)‘VNH(-EJ‘IOTl-EJZOTZ)'VNZ
UC21e(=E210T3-E22¢T4 ) e VN14(=E610T1=-E620T2)e VN2
WRITE(6,2009) X(K),Y(K),UC11,UC12,UC21,UC22
CONTINUE

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCLCLCCCCLCCCCCCCCCCCCCCCCCCCCCCeee

CALCULATIONS OF THE UR INFLUENCE FUNCTION FOR THE ORTHOTROPIC
MATERIALS OF CASE2

WRITE(6,20)

WRITE(6,6547)

WRITE(6,20)

DO 999 K=1,N

R1=DSORT ( (X(K)=XS)ee2+LAMDAee2¢ (Y(K)=YS)e0e2)
T6=(X(K)=XS)e (Y(K)=YS)/Ries2

T7=2¢DLOG(R1)

T8=(Y(K)=YS)se2/R1ee2
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UR11=D11eT74D12¢T8

UR12=022¢T6

UR21=032¢T6

UR22wD41sT74D420 T8

WRITE(6,2000) X(K),Y(K).UR11,UR12,UR21,UR22
CONT INUE

20
2009

FORMAT (18X, "UC INFLUNCE FUNCTION FOR CASE 1°'

FORMAT (18X, *UC INFLUNCE FUNCTION FOR CASE 2°

FORMAT (18X, *UR INFLUNCE FUNCTION FOR CASE 1°

FORMAT (18X, ‘UR INFLUNCE FUNCTION FOR CASE 2'

FORMAT (2X, X" ,7X,"Y*,5X, UR INFLUENCE FUNCTION OF ISOTRWY’;
FORMAT (2X, *X* ,7X, Y’ ,5X, 'UC INFLUENCE FUNCTION OF ISOTROPY'
FORMAT(F6.3,1X,F6.3,2X, 'UR11=" F8.5,1X, 'UR12=" ,FB8.5,1X, "UR21="’

+,F8.5,1X, 'UR22=" ,F8.5)

FORMAT (1X, /)
FORMAT(F6.3,1X,F6.3,2X, 'UC11="’ FB.5,1X,°UC12=" ,FB.5,1X, ‘UC21=’

+,F8.5,1X, 'UC22=" ,F8.5)

STOP
END



Appendix C) FEM and BEM input data for example problem two
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NASTRAN INPUT DATA FOR EXAMPLE PROBLEM TWO

//XNIVOMA JOB (8282-16).°J. KATIBAI® MSGLEVELel,
// MSGCLASS=Y, TIME=99 ,PRTYa7 ,NOT ] FYalCN] VDM,
// USER=XXXXXX , PASSWORD=XXXXXXXX

//oMAIN SYSTDaiVSA

//*FORMAT PR, DONAME= ,DESTeLOCAL

//MAIN LINLS=300 CARDS=S8e

// EXEC NASTRAN,WORKSP=3200,

/° ALTER=RF24D80,

// VSAPDSN= ‘KN]VDM.VSAP .N19*

NASTRAN BUFFS12E=5860

1D TRIANGULAR PROBLEM WITH 19 NODES

SOL 24

DIAG 18

TIME 200

$VSAP

SMERGE

$

$

CEND

TITLE= TRIANGULAR PROBLEM WITH 19 NODES
SUBTITLE= STATIC ANALYSIS TO CHECK DISPLACEMENTS

EO'D-SMY

SUBCASE 1

LABEL=STATIC ANALYSIS

SPC=100

LOAD=2

OLOADmALL

STRESS (VONMISES,PLOT )mALL

gISP(PRINT JmALL

BECIN BULK

PARAM AUTOSPC YES

COUAD4 12 1 246 268 273 247 0.
CQUAD¢ 17 1 263 264 269 268 ©.
CQUAD4 18 1 245 263 268 246 0.
CQUAD4 22 1 259 260 265 264 O,
COUAD4 23 1 258 259 264 263 0.
CQUAD4 24 1 244 258 263 245 0.
CQUAD4 27 1 255 256 261 260 ©.
COUAD4 28 1 254 255 260 259 0.
COUAD4 29 1 253 254 259 258 0.
COUAD4 30 1 243 253 258 244 0.
CQUAD4 32 ) 239 238 257 256 ©.
CQUAD4 33 1 240 239 256 255 0.
CQUAD4 34 1 241 240 255 254 0.
CQUAD4 35 1 242 241 254 253 .
CQUAD4 36 ) 232 242 253 243 0.
CTRIA3 37 1 256 257 261 @,

CTRIA3 38 ) 260 261 265 o.

CTRIA3 39 1 264 265 269 ©.

CTRIA3 4 1 268 269 273 .

CTRIA3 41 1 247 273 231 0.

CTRIAS 42 1 238 229 257 o.

$
: LCS.NAME & LOADI LOAD SET M IS 2
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FORCE . 2 257 1.0eFOEOO 1
oFOEGR1 ~1.389999986E~01-2. 779’99748(—02 0.000000000E+00 LOAD1
FORCE e 2 1.0¢FOEG02
oFOE02 ~1.111999750E-01-5. 5590998685—02 0.000000000E+00 LOAD?
FORCE e 2 265 1.0¢FOE0GR3
oFOL003 ~8.339995146E-02-8.339995146E-02 0.000000000E+80 LOAD1
FORCEe 2 269 1.0:FOCO04
oFOEO04 ~5.559999868E-02-1.111999750E-01 0.000000000E+00 LOAD1
FORCEe 2 273 1.0¢FOEGOS
oFOE0RS =2.779999748E-02-1.389999986E-01 0.000000000E+00 LOAD1
GRID 229 1.000 0.000 0.0080

GRID 231 0.000 1.000 0.000

GRI1D 232 0.000 0.000 0.000

GR1D 238 0.833 0.000 0.000

GRID 239 0.667 0.000 0.000

GRID 240 0.500 0.000 0.000

GRID 241 0.333 0.000 0.000

GRID 242 0.167 0.000 0.000

GRID 243 0.000 0.167 0.000

GRID 244 0.000 0.333 0.000

GRID 245 0.000 0.500 0.000

GRID 246 0.000 0.667 0.000

GRID 247 0.000 0.833 0.000

GRID 253 0.167 0.167 0.000

GRID 254 0.333 0.167 0.000

GRID 255 0.500 ©0.167 0.000

GR1D 256 0.667 0.167 0.000

GRID 257 0.833 0.167 0.000

GRID 258 0.167 0.333 0.000

GRID 259 0.333 0.333 0.000

GRID 260 0.500 0.333 o0.000

GRID 261 0.667 ©.333 0.000

GRID 263 0.167 ©.500 0.000

GRID 264 0.333 0.50 o¢.000

GRID 265 0.500 0.500 0.000

GRID 268 0.167 ©.667 0.000

GRID 269 0.333 0.667 0.000

GRID 273 0.167 ©0.833 0.000

MATS. 1 2.1008000000-01 1.400560000E-02 ©.300400000E+00eMA2001
oMA2001 2.994010000E-83

$ GENERAL RIGID ELEMENTS

:SHELLO 1 1 1.000000000E+00

: SPC2

SPCe 2 229 3458 0.000 X1
SPCe 2 231 3456 0.000 X1
SPCe 2 232 3456 0.000 X1
SPCe 2 238 3456 0.000 X1
SPCe 2 239 3456 ©.800 X1
SPCe 2 240 3456 0.000 X1
SPCe 2 241 3456 0.000 X1
SPCe 2 242 3456 0.000 X1
SPCe 2 243 3456 0.0600 X1
SPCe 2 244 3456 0.000 X1
SPCe 2 245 3456 0.000 X1
.SPCe 2 246 3456 0.000 X1



SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe

$
: LCS.NAME IS X2

SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCe
SPCADD,100,1,2

NN NN

P IR I R I X I I X I I Y IR Y Y I SR R SR S I I R T I W I R R e . X )
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247 3456
253 3456
254 3456
255 3456
256 3456
257 3456
258 3456
259 3456
260 3458
261 3456
263 3458
264 3458
265 3456
268 3456
269 3456
273 3456

SET ID MM 1S

232 123
242
242
242 3
241
241
241 3
240
240
240 3
239
239
239 3
238
238
238 3
229
229
229 3
231
231
231 3
247
247
247 3
246
246
246 3
245
245
245 3
244
244
244 3
243
243
243 3

X1
X1
b 4)
X1
X1
X1
X1
X1
X1
X1
X1
X1
X1
X1
X1
X1

e o o o o o o s e o o ® o s e »

0.000 X2
1-1.989999786E-82X2
2-2.790499878E+01X2

0.000 - X2
1=7.939994335E-02X2
2-5.592498779E+01X2

0.000 X2
1-1.788999438E-01X2
2-8.409498596E+01X2

0.000 X2
1-3.177999854E-01X2
2-1.123959961E+02X2

0.000 X2
1=4.964999557E-01X2
2-1.408139954E402X2

0.000 X2
1=-7.149999738E-01X2
2-8.587998962E+01X2

0.000 X2
1-3.569999693E+01X2
2-7.149999738E~-01X2

0.000 X2
1-2.478999329E+01X2
2-4.963999987E-01X2

0.000 ¥
1-1.586799908E+81X2
2-3.177999854E-01X2

0.000 X2
1-8.924999237E+00X2
2-1.779999733E-01X2

0.000 X2
1-3.965869904 E+00X2
2 7.942855358E-02X2

0.000 X2
1-9.920599461E-01X2
2-1.986899972E-02X2

0.000 X2
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BEM INPUT DATA FOR EXAMPLE PROBLEM TWO

19

0.21008403 0.014005602 0.00299401 0.3004

00 .1667 0 .33330 .50 .6667 0 .8333 0 1. 0. .8333 .1667 .6667 .3333
.S .25.3333 L6867 .1667 83330 10 .8333 0 .8867 0 .50 .3750 .25

1

NNOOVLLRALELUNNC«0

::;=-‘..ﬂ~l..u0‘50“"”.
babbbiibill
(- 3

-t o o -
wLON L
BN AN AN AN LN DN DN AN 2NN 2NN LB AN AN SN DN LN 2NN DN BNt NId NIt D)t D) b



13 2 -8.7150
14 1 =24.790
14 2 -0.4964
18 1 =-15.868
15 2 -0.3178
16 1 -8.925
16 2 -0.1789
17 1 =5.02

17 2 -9.1008
18 1 =2.2313
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