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ABSTRACT

GEOMETRY OF THE MELNIKOV VECTOR

By

Masahiro Yamashita

The Melnikov method is developed for higher dimensional systems, and
the transversal and tangential intersection of the stable and unstable
manifolds are discussed. Hamiltonian systems are discussed as a special
case of the general theory. The theory is then extended to the case of a
heteroclinic orbit to invariant tori which includes systems with

quasi-periodic perturbations as a special case.
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§1. INTRODUCTION

The notion of a homoclinic point was introduced by Poincare [18].
To recall this concept, consider a diffeomorphism in R with a
hyperbolic fixed point p. A point q is called a homoclinic point of p
if q is in the intersection of the stable and unstable manifolds of p.
The point q is called a transversal homoclinic point of p if the
intersection of the stable and unstable manifolds is transversal, i.e. the
tangent spaces at q to the stable and unstable manifolds span the
whole space. We note that if one homoclinic point exists, there must be
infinitely many homoclinic points.

Poincare already observed that the existence of homoclinic points
implies complexity of the dynamics of the diffeomorphism. Later G.D.
Birkhoff [3] proved that every transversal homoclinic point of a
two—dimensional diffeomorphism is accumulated by periodic orbits. The
results by Smale [20], now called the Smale-Birkhoff theorem, extend the
Birkhoff's results both in two dimentional and to higher dimensional
cases and assert that the existence of a transversal homoclinic point
implies the existence of an invariant Cantor set in which the periodic
orbits are dense. See also Moser [14]. Moreover Newhouse [15] has
proved that there is a much more complicated dynamical behavior
associated with a homoclinic tangency. Thus the dynamics of
diffeomorphisms with transversal or tangencial homoclinic points are fairly
well understood.

However to apply the above abstract theories for diffeomorphisms to
a system of differential equations, we need to know the existence of a -

homoclinic point of a diffeomorphism induced by this system. More



precisely since we shall deal with an autonomous system with a
time—periodic purturbation, the above diffeomorphism appears as a
time—one map, called a Poincare map, induced by the flow of the
system.

Our problem is the following: an autonomous system of ordinary
differential equations with a time—periodic perturbation is given and
assume that the unperturbed autonomous system has two hyperbolic
critical point (not necessarily distinct) and a homoclinic or hetercolinic
orbit connecting them. Find computable conditions under which the
Poincare map induced by the perturbed system has a transversal
homoclinic point. See §2 for more precise definitions of these notions
and for a precise formulation of the problem.

Poincare [17], Melnikov [12] and Arnold [2] developed such
conditions for two—dimensional analytic Hamiltonian systems and it is
now called the Poincare-Melnikov—Arnold method or simply the Melnikov
method. The Melnikov theory has been studied by several authors, e.g.
Chow, Hale and Mallet—Paret [4], Holmes [9] and Palmer [16], and
generalizations to higher dimensional cases have also been studied, e.g.,
Holmes and Marsden [10] and Gruendler [6]. The key of these theories
is the use of the Melnikov function which measures the splitting distance
between the perturbed stable and unstable manifolds.

One of the purposes of the present notes is to clarify the geometry
of the Melnikov function (now should be called the Melnikov vector) in
higher dimensional cases and to extend the previous theories for the
two—dimensional case to higher dimensional cases.

Our theory is based on the theory of exponential dichotomy. We

shall recall basic results on exponential dichotomy in §3. Palmer [16]



showed that the linear variational system along the homoclinic orbit of
the unperturbed autonomous system has exponential dichotomies on
half-lines. Using this fact we shall derive explicit expressions of the
local stable and unstable manifolds of the perturbed system. This is the
content of §4. Then the Fredholm's alternative, given in Chow, Hale
and Mallet-Paret [4] for the two—dimensional case, in Palmer [16] in
heigher dimensional cases and explained in §5, is used to derive the
Melnikov vector in §6. In §7 we examine conditions for a transversal
homoclinic point and introduce the notion of the index of a homoclinic
or heteroclinic orbit which is useful to classify the cases that can occur
in higher dimensional cases. In §8 we discuss a relation between the
dimension of the Melnikov vector and the index of the homoclinic or
heteroclinic orbit. Numerical aspect of the Melnikov vector is discussed
in §9. In §10 we consider several special cases in which the Melnikov
vectors take simpler forms, and also we discuss the tangency. We apply
these general theories to Hamiltonian systems in §11. In §12 we extend
our theory to the case of a heteroclinic orbit to invariant tori and as a
by-product we drive a formula which guarantees the transversal
intersection of the stable and unstable manifolds of a two—dimensional
system with a quasi—periodic perturbation. See also Meyer and Sell [13]
and Wiggins [21]. Several interesting examples are discussed in §13 and
finally in §14 we show a serious limitation of the Melnikov method by
using an example for which the Melnikov method does not work. This
difficulty comes from the nature of Melnikov method as a perturbation

theory.



§2. FORMULATION OF THE PROBLEM

Consider a system of differential equations

(2.1) x = f(x)

and its perturbed system

(2:2) x = f(x) + eg(t,x)

where xeR", teR, ecR and |e|<<l. The vector fields f and g are
assumed to be sufficiently smooth and bounded on bounded sets. The
vector field g is periodic in t with the least period T(>0).

Assume that system (2.1) has two hyperbolic critical points x "
and x_ (not necessarily distinct). Also assume that there is an orbit

At), teR, of system (2.1) which connects the critical points x, and

+
x_. That is,
(2.3) Aft) +x, a8 t- ¢
If x + =X the orbit 7 is called a homoclinic orbit. Otherwise <«

is called a heteroclinic orbit.
Let  x(t:x)), deRn, be the solution of system (2.1) with the initial

data x(0; to) = x,. The stable manifold wWi(x +) of the hyperbolic

critical point x, of system (2.1) is defined by

+



(2.4) WS(x {x0 e R™%: x(t;x ) » x, as t - 4w},

+) = o) Xy

and the unstable manifold Wu(x_) of the hyperbolic critical point x_
of the system (2.1) is defined by

(2.5) wix ) = {xoe R": x(t;x)) » x_ a3 t - —w}.
Then we have
(2.6) 7 ¢ Wix,) n Wx)

from the above assumption.
Since the critical points x, are hyperbolic and system (2.2) is
periodic in t, there exist unique T-periodic solutions x,(t;e) of

system (2.2) such that

(2.7 lim x,(t,€) = x,(t,0) = x

+
0

uniformly in t. For details see Hale [7].
It will be shown in the next section that there exist sets Wfoc(i +,c)
and W‘lloc(i_,e) in R"x{0} c R"xR, where R"xR is the extended

phase space of system (2.2), such that



(28) Wi Ry = {(x0) Fx{0kIx(0,x,) -
- x,(t;¢)] ~0 as t - +o and

x_ i8 in a sufficiently small neighborhood

0
of 17}
and
(2.9) w‘lloc(i_,e) = {(x,0)¢ Rnx{O}:Ix(t;O,xo)—- X _(t;e)] » 0

and X, is in a sufficiently small

neighborhood of 1},

where x(t;r,xo) is the solution of system (3.2) with
x(r;r,xo) = X X, € R

If we define the time dependent stable and unstable manifolds,

Wi 43¢) and WU(x_,e), of system (2.2) by

(2.10) WO, 6)={(x,;m)e ROR: [x(tirx ) — X (te)] + 0

as t - +w}

and

(2.11) WU ,e) = {(xp7)e R™xR: |x(t;7,x,) — x_(t;€)| » 0

as t - —w},



then W?oc(i 40€) and Wllloc(i_,c) are the local cross sections at

t =0 of Wix 4o€) and WYU(x_,e) respectively. That is,

(2.12) Woe®,06) € Wo(x,,6) N (R"x{0})

and

(2.13) W]oe(®6) € WK e) n R"x{0}).

Since system (2.2) is periodic in t, its extended phase space can be
regarded as R"xS', where sl is the unit circle, and then W?oc()_c +e)
and Wllloc(i_,e) are the local stable and unstable manifolds of

hyperbolic critical points x, = x,(0;¢) of the Poincare map

I R™ o R", which is defined by the flow of system (2.2) as follows:
— . n
(2.14) Hf(xo) = x(T,O,xo), x,¢ R™.
Now we state our problem.

Problem I. When does system (2.2) have an orbit x(t), t ¢ R, so

that x(t) - x (t;) as t - 2w ?

Following the above argument, it is clear that Problem I is equivalent to



Problem I'' When do Wfoc(}'c'_*_,c) and wllloc(’—(-") defined

above intersect each other?
Then next natural question would be

Problem Il. When do W] (X,,6) and W) (X ) intersect

transversally?

Here the transversal intersection means that tangent spaces to

W3 (x,,) and to WY (X .,e) at a point of intersection span the
loc\"+ loc\™-

whole space R".

N
7

> petturbation

| i
*'/*-\f « > ¥ £
/+ t pevturbation il * {/\

Figure 1



§3. BASIC RESULTS FROM THE THEORY OF EXPONENTIAL
DICHOTOMY

In this section we recall the definition and basic results of
exponential dichotomy which will play a key role throughout the paper.
For details on the exponential dichotomy, see Coppel [5], Palmer [16] and
Hale and Lin [8].

Consider the system

(3.1) z = A(t)z, zR"

where A(t) is assumed to be a continuous nxn real matrix function
on R. Denote by &(t,8) the transition matrix of system (3.1).

Definition 3.1. System (3.1) is said to have an exponential
dichotomy on [to,w), to fixed, if there exists a projection

P:R®-SR", K>1 and a > 0 such that

(3.2) 18(t,t JPB(t 5)| < Ke?(t®) ¢ <5<,
(o) (0] 0

and

(3.3) | ®(t,t,) (I-P)®(t ,8)| < Ke""(s‘t),to <t <.

Similarly system (3.1) is said to have an exponential dichotomy on
(—m,tO] if there exists a projection Q: R® = R®, L >1 and b > 0
such that
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(3.4) |9(t,t)Qe(t8)| < L8 s <t g,
(35) 18t -Q2(t, 9| < LY, v s <t

Roughly speaking, the exponential dichotomy is hyperbolicity on
half-lines. More precisely, from (3.2) and (3.5), we see that the range of
P, denoted by #(P), is the (exponentially) stable subspace at t:
(3.6) HP) = {€e R: B(t,t )6 -0 as t - +a),

and £(I-Q) is the unstable subspace at to:

(3.7) #1-Q) = {ée R™: ®(t,t )6+ 0 as t - ).

R(1-@)

i RCP)
+s

\kLL ' t

Figure 2

We also note that 'the stable projection' <I>(t,to)P<I>(to,t) at time
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t(> to) is uniquely determined by P since <I>(t,t0)P<I>(t0,t) is a

solution of the matrix system.
(3.8) X = A(t)X - XA(t)

with the initial value P at t = to:
The similar statement holds for the unstable projection
<I>(t,t0)(I—Q)<I>(to,t) at time t(< to).

The key fact on the exponential dichotomy which shall be used is
the following: If system (3.1) possesses an exponential dichotomy on
[to,oo) with projection P and if P' is a projection such that
#(P) = R(P'), then system (3.1) also possesses an exponential
dichotomy on [to,oo) with projection P'. Similarly if system (3.1)
possesses an exponential dichotomy on (—oo,tO] with projection Q and
if Q' is a projection such that Z(I-Q) = £(I-Q'), then system (3.1)
also possesses an exponential dichotomy on (—m,to] with projection Q'.
Thus the stable subspace #(P) and the unstable subspace R(I-Q)

are uniquely determined but their complementary subspaces can be any.

Next the adjoint system of system (3.1) is defined by

(3.9) 6+ AT(t)p = 0

*
where A (t) is the transpose of A(t).
If system (3.1) has an exponential dichotomy on [to,oo) with projection

P, then the adjoint system (3.10) automatically has the exponential
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% x
dichotomy on [to,m) with projection I-P where P i3 the adjoint

operator of P. That is, (3.2) and (3.3) imply

% _ % * - —
(310)  |® (bt ) L-P)® (t,0)7 ] < ke3P ¢ <5<
and
— * - —afQ—
(311) @ (tt)TPR (1 07 < ke ¢ <t ¢

Similarly system (3.1) has an exponential dichotomy on (—m,to] with
projection Q, then system (3.9) has the exponential dichotomy on

*
(-m,t,] with the projection I-Q . That is, (3.4) and (3.5) imply

(312) |8 (tt) 1@ )@ (t 7] < L) g b gt
and
(313) 1@ () Qe (t 07 < Le Yt s <t

Note that if @&(t,s) is the transition matrix of system (3.1), then
<I>*(t,s)—1 is the transition matrix of system (3.9).

The key geometric fact, which will be used essentially in later
sections, is the following relation between the space of bounded solutions
of the adjoint system (3.9) and the spaces of bounded solutions on [0,)
and on (-w,0] of system (3.1).
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(3.14) {n ¢ R™: <I>*(t,t0)—1 -0 as t -+ o}
= 2(-P") n 2(Q)
= {&(P) + 2(1Q)}
= [{¢ ¢ R™: ()6 -0 as t - +w} U
{€ € R ®(t,to)¢ » 0 as t - —wo}]*

This is clear from (3.10) and (3.13).
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§4. THE STABLE AND UNSTABLE MANIFOLDS

Since we would like to describe the local cross sections W‘i’oc(i +,c)

and W‘lloc(i_,e) of the time dependent stable and unstable manifolds

Wi (x +,c) and WY(x_,e) of system (2.2) as part of the 'perturbed
manifolds' of W5(x +) and WY(x ) of system (3.1) respectively along
the orbit ~(t), we let, for a fixed acR,

(4.1) x(t) = 1(t+a) + ez(t+a).

Then system (2.2) becomes

(4.2) z = A(t)z + g(t-a, 1(t)) + h(t,z,a,¢)

where

(4.3) A(t) = Df(1(t)).

and

(49)  h(zad = ¢ {()+elt) - (o)
— eDf(1(t))z(t) + eg(t—a,(t) + ez(t))
- cg(t-aa‘Y(t))}'

We note that
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(4.5) |h(t,z,a,e)|] = 0(¢) uniformly in t,z and o
Since §+(O;e) is hyperbolic, by (2.3), (2.7) and (2.8)

(4.6) Aa) + €6 € W] (x )

if and only if the solution z(t;a,f) of system (4.2) with
z(aga,§) = £ is bounded on the time interval [a,@). Thus we have, by

changing acR, that

(4.7) WY (X,,6) = U {1a) + € the solution
loc\"+ acR

2(t;0,%) of system (4.2) is bounded on [ayx)}.

Similarly we have

(4.8) Wllloc(Y_,c) = LcJR {Aa) + €% the solution z(t;a,¢")
a

of system (4.2) is bounded on (-w,0q]}.

We remark that aeR works as a 'sweeping' parameter along the orbit
7. See Figure 3.
Now as the orbit < is assumed to be a homoclinic or heteroclinic

orbit to hyperbolic fixed points, the linearized sytem

(4.9) 7 = A(t)z
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of system (2.1) along the orbit 7 has exponential dichotomies on [a,)
and on (—w,a]. (See Palmer [16).) Let P(a): R® + R" and Q(a): R®
+ R™ be projections for exponential dichotomies on [a,@) and on
(-w,a] respectively.

Fix aeR. Then from the variation of constant formula, the

solution z(t;a,€) of system (4.2) satisfies

t
(4.10) 2(t;0,§) = ®(t,a)P(a)§ + (Iy ®(t,7)S(7){g(r-a, (7))
+ h(T,Z(T;a,{),a,C)}dT + <I>(t,a)(I~P(a))§
t
+(II &(t,7)(I-5(7)) {g(r-a,2(7))

+ h(rz(r;0,€),a,€)}dr

where &(t,7) is the transition matrix of system (4.9), and S(7) is

defined by
(4.11) S(r) = ®(r,a)P(a)®(a,r).
It is easy to show that z(t;a,{s) is a bounded solution of system

(4.2) on [a,®) if and only if z(t;a,6°) satisfies the following integral

equation:
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(412)  2(t;0,€) = @(t,a)P(@)€
+ &(r,0)P(a) (1: &(a,7){g(T-a, (7))
+ h(1,2(1;0,6%),0,¢) }d7
+ (t,a)(I-P(a)) OJ: ®(a,r{g(r-0,7(7))

+ h(r,z(na,{’s),a,c)}dr.
Here we used
(4.13) o(t,7)S(1) = ¥(t,a)P(a)®(a,7).

Let r;s = P(a){s. Then it can be shown by the contraction

mapping principle that integral equation (4.12) has a unique solution
2(1°)(t) = 2(t;0,8(7%) for |5°|<<| where & = £(5°) is a function
of 7°. By letting t = a, the function ¢ = {s(ns) is given by

3 a
414) € =1+ (I-P(a){J ®(a,)g(r-a,2(r))d7

a
+ Q(a,r)h(r,z(ns)(r),a,f)dr}.

We remark that

(4.15) ja ®(a,")h(r,2(7°)(7),a,€)dT = 0(e).

[¢ )

uniformly in 5°. Similarly z(t;a,6") is a bounded solution of system

(4.2) on (—w,0] if and only if
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(416) €= 1+ Q) B(en)g(r-ar(r)dr
o 00
+ 1% o(ah(ra(n)(r),a,e)dr)

—o

where 7° ¢ 2 (I-Q(a)), |n"|<<1 and
2(n)(t) = z(t;0,6%(n")) is the unique solution of

(417)  z(t;0,6") = B(t,a)n"

t
+ 9(t,0)(I-Q(a)) | ®(a,7){g(r-a,7(7))

a
+ h(r,z(r;a,{u),a,e)}dr

t
+ 2(r,a)Q(d) [/ @(a7){g(T-a,7(7))

+ h(r,z(r,a,(u),a,c)}dr.

We also remark that

a
(4.18) | <I>(a,r)h(r,z(nu)(r),a,c)dr = 0(e).

—00

Thus we have shown that W?OC(SE 40€) and W‘lloc(i_,c) have the

following expressions as functions of a, 7° or 7"

Proposition 4.1.

(i) The local cross section W3

locX40€) at t =0 of the time

dependent stable manifold W3(x +,c) of system (2.2) is given by the

following:
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(419) W)X, = U {ra) + M(a’,)}
acR
where

(4200 MYar’) = 1 + (1P(@)] B(er)g(ran(n)dr

(41
+ [ ®(a,Dh(r,z(5)(7),a,€)d7]

and 7°¢ RP(a), |1°|<<l and z(4°) is the solution of equation (4.12)
with 7° = P(a)&.

(ii) The local cross section Wllloc()_c_,e) at t = 0 of the time

dependent unstable manifold WY(x ,e) of system (2.2) is given by the

following:

4.2 U (X ,e) = a eMY(a,n%
(4.21) Wi oe(X_56) aljm{‘r()+ M (a,n"€)}

where

(42)  MYarhd = 1 + QS ®(ar)g(-a(r))dr
o —00
+ | ®(a,n)h(r,2(n")(7),a€)d7]

—00

and p'eR(1-Q(a)), |7"|<<1 and z(q") is the solution of equation
(4.17). o
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M
R-pw)= R(QW)

)= R(I-Q()

Figure 3
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Remark 4.2. Notice that ¥{(a)e#(P(a)) N R(1-Q(a)). Since we
consider the cross sections of the time dependent stable and unstable
manifolds in a vicinity of the orbit +, it is sufficient, by the tubular
neighborhood theorem, to consider coordinates in the normal bundle

1

L:R Tfy( a)IRn of the submanifold <, where T X a)Rn stands for the
a

normal vector subspace, in the tangent space T A a)Rn, to the
one—dimensional vectorsubspace spanned by 7{a), i.e.,
T‘;( a)Rn ~ T A a)IRn/spa.n{:y(a)}. Hence from now on, we assume, for

ﬂscT A a)lkn, r,ucT A a)IRn and adR, that

(4.23) e Tfy( a)m“ n %P(e)

and

(4.24) e Tfy(a)an n #(1-Q(a)).

We also assume, for aeR, that

(4.25) #(1-P(a)) C T* a)nn, 2Q(a) ¢ T a)nn.

. . . S ,— u - .
Under these assumptions, each point in Wloc(x +,c) or W, oc(x_,c) is

uniquely expressed in terms of the coordinates a, ns or 17“.
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Remark 4.3. The higher order terms

(I-P(a)) ]a &(a,")h(r,z(n°)(7),a,¢)dr and

a
Q(a) | ®(a,n)h(r2(n")(7),e€)dT

in (4.20) and (4.22) are of order ¢ uniformly in a. Though these
terms include the solutions z(5°)(r) and z(n")(r) of equations (4.12)
and (4.18), these solutions can be approximated in an arbitralily high
order of accuracy by an iterative scheme. In fact, second iteration is
enough to obtain all information we need to determine the transversality

of w?oc(§+,c) and WY (X_¢). (See §9).
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§5. THE FREDHOLM'S ALTERNATIVE
Suppose that the following system
(5.1) z = A(t)z, ze R

has exponential dichotomies on [0,») with projection P and on (-w,0]

with projection Q. Consider the inhomogeneous system
(5.2) z = A(t) z + g(t)
where g(t) is bounded and continuous on R.
Problem: find a condition under which system (5.2) has a bounded
solution on R.
Let &(t,s) be the fundamental matrix of system (5.1). Then it is

known that the solution z(t;0,6%) of (5.2) is bounded on [0,0) if and
only if

g 0
(5.3) &€ =1 + (I-P) [ ®(0,t)g(t)dt,
00
and the solution z(t;0,6") of (5.2) is bounded on (—»,0] if and only if

(5.4) ¢ =19"+Q IO ®(0,t)g(t)dt,

-
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where 7°¢#(P) and 7 eR(1-Q).
Thus the set of initial data {s(fu respectively) which gives a bounded
solution on [0,®) ((—=,0]) constitutes the hyperplane which is a shift by

the constant vector

0 0
(I-P) [ 2(0t)g(t)dt (Q [ &(0,t)g(t)dt)

-

from the unperturbed space R(P) (#(1-Q)).
Let

(5.5) d = Q IO @(0,t)g(t)dt — (I-P) IO @(0,t)g(t)dt.

Then we have the following lemma which is the starting point of the

paper.

Lemma 5.1. System (5.2) has a bounded solution on R if and
only if

(5.6) d e P) + 2(1-Q).

Proof. This is obvious because condition (5.6) is equivalent to say

that two hyperplanes defined by (5.3) and (5.4) intersect. )



25

The geometrical statement in Lemma 5.1 can be expressed analytically by

using bounded solutions of the adjoint system of (5.2):
. *
(5.7) p=A()¢

where A*(t) is the transpose of A(t).

Recall, from §3, that {R(I-P ) n #(Q )} = {#(P) + K(1-Q)}* and
{a(I—P*) n Q(Q*)} is the subspace of initial points at t = 0 of
bounded solutions of the adjoint system (5.7). Therefore condition (5.6)

Y
is equivalent to say that d is annihilated by ¢(0) where ¢(t) is
any bounded solution of the adjoint system (5.7).

RC(1-P)

/ R

/ af BOamit

/ / -r)ii%&t

Let m = dim{R(P) + AI-Q)}" and let {¢,(t),...4(t)} be a

complete set of bounded solutions of system (5.7) which satisfies that



26

(58)  {AP) + AI-Q)}* = span {4,(0),..6,,(0)}.

Then we have the following analytical restatement of Lemma 5.1.
-y
Lemma 5.2. d ¢ &(P) + R(I-Q) if and only if

(59 | $(Wet)dt = 0, i = L.,m.

-

Proof. de#(P) + #(I-Q) if and only if ¢;(0) d = 0,

i=1,.,m

Since

Q"4,(0) = (I )4,(0) = ,(0)

and

(1) = (871(0)¢,0) = @ (0,t)4(0),

0 =¢’;(0)3
. 0 ) 0
= 40Q | 200 - 4(0)I-P) | B0 ()t

[«

0 * 0 *
= | ¢;(0)2(0,t)g(t)dt — | ¢;(0)@(0,t)g(t)dt

0 * 0 *
[ #;(t)e(t)dt — | ¢;(t)s(t)dt

i* gwedt. o
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We remark that Lemma 5.2 had been proved in Chow, Hale and
Mallet—Paret [4] for two dimensional case and in Palmer [16] for general
case. However our proof is different and more geometrical. We shall
apply in the next section the method of proof of Lemma 5.2 to the

tangent space at each point of a homodinic or heteroclinic oribit.
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§6. THE MELNIKOV VECTOR

Our purpose in this section is to develop necessary concepts which
are useful to derive computable conditions under which the purturbed
stable and unstable manifolds intersect transversally. To do so, we
would like to measure the 'distance' between Wioc(i +,c) and
W‘lloc(i_,c). Define, for simplicity, the following quantities in the

expressions in (4.20) and (4.22):

61  mY(a) = (1P(a) | ®(e)g(t-ar()dt,
- (4]
62)  m(art) = (1P(a) | B(ah(ta(F)(t)aedt,
63  m%a) = Qa) | B(a)g(t-an(t)dt,
64)  m(arhe) = Qa) | B(ah(ta(r)(t)me)dt.

Then we have
65)  MYarte) = 7 + m%a) + m¥(an’e)
and

(6.6) Mu(a,nu,c) = nu + mu(a) + r;lu(a,nu,c).
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- -
Finally we define the distance vectors d and d by

(6.7) d(a,rPn%e) = MYan%,e) — M¥(a,1',e)
and
(6.8) ;i’(a) = m'(a) - m%(a).

Recall that we are working on the normal bundle U Tfr( a)an’

acR
Fix aeR and let ns,nueT 7( a)IRn. Consider the following decomposition

of T,,(a)

(6.9) Tf’( a)nn ={(1-Q(a)) N #P(a) N T* R o
® {A(1-Q(a)) N R(-P(a)) N T K"}
® {2(Q(a)) N &P(a) N TL( )’Rn}
® {2Q(a) N #(I-P(a)) n Tf,( a)IRn}.
According to this decomposition of Tf’( a)IRn, the vectors MY(a,n"¢)

and Ms(a,ns,e) are decomposed as follows:
(6.10)  M(ayn"ye) = (n),npm] + m}, my + my)
and

(6.11)  M(an'e) = (n],m] + m},n3m3 + m3).
See the diagram below.
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A (@)

o
7, 78
(A " + S
™| + %T 72:_
m + mi + ms
Figure 5

R(P@))

® (1-P@))

To get familiar with the decomposition defined above we give an example

in Figure 6. Here consider a homoclinic orbit 7 in R and assume

dim R P(a) = 2 and dim #(IQ(a)) = 1.
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AR

R{(I-P@)
A
//VIT‘*;':I """
d .
'l:* ;I': poefo - :
m - !
W i e
e
//’ TWe’ ‘
- " RCP)
RIQw) e
w“
ws

Figure 6
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Now it is clear from (4.19), (4.21) and (6.7) that W3

loc(§+’€) and

W'lloc(i_,e) intersect each other in the hyperplane ~(a) + Tf’( a)Rn if

and only if :i(a,ns,r;u,e) = 0 for some a,ns and 7". Since

(6.12)

d(a,7’n"€) = (1} - nf, 7wy — (m{+m]), (m]+m})

~ 1, (m+m}) — (mS+ms)),

a(a,ns,r,u,c) = 0 if and only if there exist

ng such that the following three equations

o= 1} = 1)), oy and

are satisfied.

0,

(613) 1y - {m3(e) + mi(awrd0} =
(614) 15— {mi(a) + mi(awrh0)} =
(6.15) {mg(a)+r;ll21(a,u,r)121,c)} - {m;(a)ﬂ;lg(a,u,n;,c)} = 0.

From (6.13) and (6.14),

(6.16)
= 0.
We notice that
am’ m"
(6.17) iu F(r)‘zl,a,u) =1- ———;— _111'
6172 6172 6172

is nonsingular for

small enough because

F(rbap) = 73 - {mS(a)+mS(e,m(a)+m(ay,13,6),0)
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"8 4 U
Gm; 9m,

1 2),
dng Oy

(6.18) = 0(e

Hence, it follows from the implicit mapping theorem that
(619) 1y = 7h(ape)

for |v|<<1. Similarly we have

(6.:20)  my = ny(ame)

for |v|<<1.

Therefore, by (6.15),
(621)  d(ar'n"e =0
if and only if

(622)  {m3(a) + mi(enn(ane),0)
- {m(e) + m(amni(ane0} = 0.

To rewrite (6.22) in a more convenient form, we utilize bounded

solutions of the adjoint system

623) S+ A () =0
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of system (4.9). Let

(6.24) m = dim{ %(P(a)) + #(1-Q(a))}*

and let {¢,(t),...,¢,(t)} be a complete set of bounded solutions of

system (6.23) which satisfies

(6.25) {R(P(e)) + 2(1-Q())}" = span{¢;(a),....d (a)}-

Then (6.22) is equivalent to the following equations:

626 4;(@)(mie) + myamny(anc)
— {m3(a) + m(armp(ape),0)}] = 0, i=1,...m,

where ¢;(a) is the transpose of g,(a). Since

(627)  4(1) = & (a)g(a), i=l,..m,

and

(628)  4;(0)Q(e) = ¢;(a)(1-P(e)) = 4;(a), i=l,...m,

(6.26) becomes
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(629) 0= 4(@{Q@) | abglt-anv)dt

(41
+ Q(a) | @(at)h(tz"(¥)(t),ae)dt

—o

- (I-P(a)) ]aQ(a,t)g(t—a,'y(t)dt

- (I-P(a)) ]a ®(a,t)h(t,z3(v)(t),0,€)dt}
= 1 ¢; (glt-an(t)at

" a
+ ¢:(a){ | @(at)h(t,z"(#)(t),a€)dt

+ [ ®(at)h(t,22(v)(t),a,€)dt},
o

i=1,..,m. Here z'(¥)(t) = z(t;a,{u(u,ng(a,u,e))) is the solution of
(4.17) and 7y is given in (6.19). Similarly

2(V)(t) = 2(t; 0 (v,m5(aw,€))) is the solution of (4.12) and 75 is
given in (6.20). Thus we have derived a bifurcation equation (6.29) and

now it is reasonable to define the following quantities.

Definition 6.1. The Melnikov vector M(a,v,¢) for system (2.2) is
defined by

(6.30) M(a,v,€) = (Ml(a,v,c),...,Mm(a,v,c))

where
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(631)  Mane) = | ¢;®8(t-ar(V)dt
+ a@( 1 (anhta W), adt

+ 1 B(a)h(tSW)(L),ame)dt},
(43

i=1,...,m.

Also the linear Melnikov vector B)I(a) for system (2.2) is defined by
(6.32) M(a) = (M,(a),...M (@)

where

" 6 (Dglt-a(V)dt, i=1,..,m.

J

(633)  M(a) =

Remark 6.2. M(a,v,¢) = 1;4(0) + 0(¢) uniformly in .

Remark 6.3. The above argument to derive the Melnikov vector is
essentially the same as the Lyapunov-Schmidt reduction. However we
employed the above more elementary and geometrical argument which
will be useful when we derive the condition for the transversal
intersection.

The next proposition follows from the definition of the Melnikov vector.

Proposition 6.4. W°(x +,c)

and only if M(ao,uo,e) = 0 for some a; and v,

and WY(X_,e) intersect each other if
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Proof. If M(ao,po,c) = 0 for some a, and Vo then it is

obvious from the definition of the Melnikov vector that Wfoc(x— +,c)
and Wllloc(i_,e) intersect each other. Conversely once W3(x +,c) and

WY(X_,¢) intersect, then there is a bi-infinite sequence {pi}"i"=_uo of

points of intersection which approaches x +

x + —» respectively. Hence for sufficiently large |[i], picW?Oc(i +,e) n

and x_ as x - 4o and

Wllloc(i_,e) which implies that M(a,v,€) = 0 for some a, and

V..
0 a



38

§7. TRANSVERSAL INTERSECTION OF THE STABLE AND
UNSTABLE MANIFOLDS

In this section we will prove our main result which gives conditions
for transversal intersection of the stable and unstable manifolds.
- 8
Recall from Remark 4.2 that Wllloc(x_,c) and W,

diffeomorphic to the graphs Fu(a,nlll,ng) and Fs(a,nf,n;) respectively

(x+,e) are

in a tabular neighborhood of < which are given by

(7.1) F(an),mp) = [a 7 ) ¢R
mn ¢ Range(1-Q(a))
y
m) (@)+m](a,n],7p) ¢ Range Q(a)
| my(@)+my(any,my)

and
N
(7.2) Fan,mp) = (e ] R
n
mi’(a)+m§(a,n“1’,7);) ¢ Range P(a)
ng ¢ Range (I-P(a))
| ma(a)+my(a,ryny)

Hence to show the existence of transversal intersection, it is sufficient to

show that column vectors in the following matrices D 4 u F! and
(0’,771,772)
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D g s F span the whole space R".
(0,171,172)
~
(7.3) D F =1 0 0
(avy,m5)
0 I 0
0 0 I (a)
0, u,"u d "u d “u
m,+m,) —— m — m (b)
d, u,"u Jd "u 0 "u
my+m,) — — (c)
36( 2772 617111 my 377121 my
(1) (2) (3)
(7.4) D . F=[1 0 0
(0,01,172)
0 I 0
9, 8,°8 d s a s
m;+m;) —— m — m (d)
B’&( 171 0’751‘ 1 a”; 1
0 0 I (e)
d, 8,3 d s a
my+m;) —— m — m (H
LHE( o1y 377? 2 37’; 2

Now we have the main result in this paper.

Theorem 7.1. Assume that system (2.1) has two hyperbolic critical

points x, and x_ (not necessarily distinct) and has an orbit 7

+

connecting them: (t) - x, as t - o and 7(t) - x_ as t - —ow.

+
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Let k = dim {#(1-Q(a)) N R(P(a))}, m = dim{ R(1-Q(a)) +
#(P(a))}* and let v = (st p) {R(1-Q(a)) N Z(P(a))} n

Tfr( a)Rn, where P(a) and Q(a) are respectively the projections of
exponential dichotomies on (-w,a] and on [aw) of system (4.9) and
satisfy the conditions in (4.25). Consider the perturbed system (2.2) and
define the Melnikov vector M(a,v,e) and the linear Melnikov vector
M(a) by (6.30) — (6.33). Then

(i) the cross sections WS5(x +,e) and WYX ,e) at t =0 of the
time dependent stable and unstable manifolds of system (2.2) intersect

0 for some a_,v. and small

each other if and only if M(a V€ €) = Yo

€.
In this case,
(ii) the intersection of W, oc(x ,6) and W (x ,€) are transversal

if there exist m nonzero column vectors in the mxk matrix

[ M(a) 52 M(a 0.

Proof. (i) This is Proposition 6.4.
(ii) Consider column vectors in matrices (7.3) and (7.4).
Firstly it is clear that all column vectors in blocks (3) and (6) are
always linearly independent. Secondly by (6.26), M(a a,, o,e) =0
implies that

(15 Imba) - mi(ag)] = Im§(arym(ayehe)
-m2(aol/0,772(0’0,l/0,€),€)| = 0(6)



41

(1.6) 52M(a)= [#] (a))(m(a )-m(a )| +[#] (a )z2m(a,)-mS(a )

X (a,)(m(a_)-m3(a 0| [mleorza(mbla,)-mS(ay)
= [4] (e))52mb(a )-mS(a))| + 0(c).
¢ (a )zmd(a )-m3(a )

Therefore if 'Bcgr 1§4(a ) # 0, then -a——(m m2(a )) # 0 and hence
column vectors (1) and (4) are linearly mdependent at the point of

intersection. Finally

(7.7) W, 50 M(ayv,0)

—

¢‘1‘(a0)3,"3—j{rh (@ T, 70,6) )-S50, 0,€)6))

. a -~ -
¢m(0’o)37{ 2( o’ 0’7'2(“0’”0")‘) ;( % 0,7;2(a0,u0,e) 9
J 7
j=1,....k-1.
Therefore if B'g' M(a a, o,e) # 0, then -3—(m -m2 ) # 0 and hence

J
j-th column vectors in block (2) and (5) are linearly independent at the

point of intersection.

Now consider the following decomposition of T )an.

1a

(18) TR = {R(1-Q(a) N AA(P())}e{A(1-Q(e)) N A(I-P(a))}
o AQ(a)) N AP(e))}e{ HQ(e)) N A(1-P(a))}
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with the following dimensions:

dim{ 2(1-Q(a)) N A(P(a))} = k,

dim{ 2(I-Q(a)) n &(I-P(a))} = n—n_-k,
dim{ (Q(a)) N HP(e))} = n,k,
dim{ £(Q(a)) N A1-P(a))} = m,

where n_ = dimW3(x ) and n 4 = dimW5(x +).
See the diagram below.
R(1-a@) k
n-n_.-k R (P&))
n, - k R ( I—Pet))
R (@) .
m
Figure 7

From the above argument, (n-—n_—k) + (n +—k)(= n-m-k) column
vectors in block (3) and (6) are linearly independent. The condition
of the theorem and the above argument imply that there are

(k-m) + 2m = k + m column vectors in block (1), (2), (4) and (5)
which are linearly independent and so we have (n-m-k) + (k+m) = n

linearly independent column vectors in matrices (7.3) and (7.4) 8]
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The condition for transversal intersections in part (ii) of the
theorem can not be, in general, the necessary and sufficient condition for
transversal intersections since the Melnikov vector is the projection of the
distance vector (6.12) to the subspace 2(Q(a)) N RK(I-P(a)). See the
decomposition in (7.8). In other words, the Melnikov vector contributes
only to the last components of column vectors, i.e. components (c) and
(f), in matrices (7.3) and (7.4). See example 3 in Section 13. However
if

(7.9) &(P(a)) = A(1-Q(a)),

the components (a), (b), (d) and (e) of column vectors of matrices in
(7.3) and (7.4) are missing and hence the Melnikov vector can be used
to give a necessary and sufficient condition for transversal intersection.

Thus we have the following

orollary 7.2. Under the same assumption as in Theorem 7.1 and

. . . u - s /- .
assumption (7.9), the intersection of W, oc(x_,c) and wloc(x +,c) is
transversal if and only if M(ao,uo,c) = 0 for some a, and y, and
there exist m nonzero column vectors in the mxk matrix

d i
[a-a M(ao) v M(O’o,l/o,f)]. 8]
We remark that condition (7.9) implies m = n - k.

Remark 7.3. It can be easily shown, by the implicit mapping

theorem, that if M(al) = 0 and g?v h)[(al) # 0 for some a;, then

M(a,v,¢) = 0 for some « and wv.
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Now we define the following quantity. Let y ¢ W%x ) n W3(x +) be a

homoclinic or heteroclinic orbit in R™.
Definition 7.4. The splitting index &7) of < is defined by

(7.10) §7) = dim Wi(x) - dim W(x,).

Notice from (6.24) that

(7.11) m = n - [{n-dim W(x)} + dim W(x_) - k].
Thus mk and 6(7y) satisfy the following relation.

(7.12) m = k + §7).

Remark 7.5. If 4 is a homoclinic orbit, then the splitting index
&7) is always zero. Thus by theorem 7.1(ii), all of k column vectors
in ['35 M -g; M] must be nonzero to guarantee the transversal

intersection. This situation is only the case in the homoclinic case.

Remark 7.6. Assume that 4 is a heteroclinic orbit in R". Then
we have three different situations.

(i) &7 >0, ie, dim W(x,) < dim W(x). Then
m = k + &%) > k. Thus theorem 7.1(ii) implies that that there is no

transversal intersection because the matrix [ga M gT/ M] is of the
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size mxk. A reason for this is that dim W5(x +) < dim W5(x ) s
equivalent to say that dim WY%(x ) + dim W3(x +) < n.

(i) &7 =0, ie, dim W(x,) = dim Wx). In this case
we have the same situation as in the homoclinic case.

(iii) &(7) < 0, ie., dim®(x 4) > dim W5(x_ ). Then
m = k + &) < k. Thus transversal intersection is possible.
In this way, we can classify the possibility and impossibility of

transversal intersection by using the splitting index &(7).
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§8 THE INDEX OF +, THE FREDHOLM INDEX AND THE
DIMENSION OF THE MELNIKOV VECTOR

Consider system (2.1) with the same assumptions in §2 and system
(8.1) x = {(x) + eg(t).
The linearized system of (8.1) along v is given by
(8.2) z = A(t)z + eg(t),
and the system z = A(t)z has exponential dichotomies on half-lines
[0,0) and (-w,0] with projections P and Q respectively.

We recall that the dimension m of the (linear) Melnikov vector

of system (8.2) is given by

(8.3) m = dim{2 P + & (I-Q)}*
= dm{2 (I-P) n 2 Q'},

which says that the dimension of the Melnikov vector is the same as the
number of independent bounded solutions of the adjoint system
3+ A (t)g = 0.

We also defined the splitting index é(7) by

(8.4) §7) = dim Wi(x) - dim Wo(x,).
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Though the splitting index &) is defined by local data, that is, the
dimensions of stable manifolds of hyperbolic critical points, &) is
global in nature since it can be used to distinguish homoclinic and
heteroclinic orbits, and also used to classify heteroclinic orbits.

Furthermore the relation
(8.5) m=k + §21)

shows how the dimension of the Melnikov vector depends on 1.
In this section we shall clarify the relationship between m,&) and
index L which is the Fredholm index defined as follows.

Define an operator L: BC!(RR®) -» BC°RR®) by

(8.6) (Lz)(t) = 2(t) — A(t)z,

where BCI(IR,IRn) is the space of bounded ¢! functions from R to
R and BCPRR") is the space of bounded continuous functions from
R to R™. As we shall show, L is a Fredholm operator. See also
Palmer [16]. The Fredholm index is defined by

(8.7) index L = dim(ker L) — codim (Range L)

Proposition 8.1. §(7) = - index L.
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Proof. Define a bounded linear operator A: BCORR") - R™

by

(88)  Ag = () 4(g)dt,, | Br(Dg(t)dH)

where ¢i’ i = 1,..,m are independent bounded solutions of the adjoint
system ¢ + A*(t)¢ = 0.

Then by Lemma 5.10, z is a bounded solution of (8.2) if and only if

g € ker A. Thus Range L = ker A, which means that Range L is
closed and

(8.9) codim (Range L) = m,

and hence L is a Fredholm operator.
Thus
index L = dim(ker L) — codim (Range L)
=k -m

=-§7. o

Remark 8.2. The splitting index &) in (8.4) was defined in
Sacker [19] and Proposition 8.1 was also proved there. However his
definition is for linear systems. Our definition of the splitting index is
to relate a local information about eigervalues to a global information

about a homoclinic or a heteroclinic orbit.
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§9 COMPUTATION OF HIGHER ORDER TERMS

In the case of dim{R(P)(a)) N #(I-Q(a))} > 1 for
n—dimensional systems (n > 3), we need to know nonlinear terms in
expression (6.31) of the Melnikov vector to examine the transversality
condition. To this end, we consider again bounded solutions on [a,x)
and on (-w,a] of system (5.2). We use the same assumption of
exponential dichotomics as in §4. These bounded solutions are given as
unique solutions of integral equations (4.12) and (4.17) respectively.

Let 5°¢2(P(a)), |1°|<<1, and let z(7°)(t) be the unique
solution of (4.12) which is guaranteed by the contraction mapping
principle. That is, z(7°)(t) is the solution of the following integral

equation:

(9.1) 2(t) = F(7')(8(t-a2(t)) + h(t,z(t),ae)),

where the operator %(ns) is defined by

(9-2) T (1) (@(t-0, () +h(t,2(t),¢))

= ®(t,a)1® + ®(t,a)P(a) | ®(e,"){g(-,1(7)) + h(r.2(7),a,€)}dr

+ O(t,a)(I-P(a))

t
J
o

t
| ®(ay7){g(r-a,2(7)) + h(r2(7),e¢€)}dr.

To approximate z(1°)(t), we use the following interation scheme

93 ")) = PN et-anw) + D)), ae).
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Set 2{°)(7%)(t) = 0. Then
AV = (P glt-at))
and
AD(P)1) = JP)El-a(t) + h(t, ) e(t-a(t),ee).
Notice that  J(7°)(h(t,J(7")(g(t-a.7(t), &) = 0(¢) and hence
A2 = AV + @)

for some function ;sl)(ns)(t). The true solution z(7°)(t) of (8.1)

satisfies

©049) =P = L)) + o(ed)
= A + aldi)w) + o), ¢ 2 o

Apparently zgl)(ns)(t) is the bounded solution on [a,) of linear
system z = A(t)z + g(t-a,1(t)).

Similarly define 511(1;“) by

95)  F(n")(glt-an(t) + h(t,z(t),ae€)

= o(t,0)n" + &(t,0)(1-Q(a)) {: ®(a,7){g(m-0,7(7)) + h(72(7),a,6)}d7

t
+ ©(t,0)Q(a) | @(ay7){g(r-a1(7)) + h(r.2(7),a¢)}dr,

—00
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where 7%eR(1-Q(a)), |7%] << 1 and let z(y")(t) be the unique
solution of (4.17). That is, z(n")(t) is the unique solution of

96)  2(t) = F(™)(glt-axt) + h(ta(t)ae)).
We use the following iteration scheme.
01 28N = 7 Et-axt) + btz r")(0),a0).
By setting 2\”(1°)(t) = 0, we have

2D = 7 () e(t-a(v)),

2D = 20 + @D,
and the true solution z(n")(t) of (8.6) satisfies
08 2 = D) + D) + od, b2 e
We notice that, by taking v = 1° = 7%eR(P(a)) N #(1-Q(a)),
AD0)(t) and 2{() give the linear Melnikov vector, and 2{})(v)(t)
and 2{D(1)(t) give the term of order ¢ or higher in the Melnikov

vector. Thus we have derived the following expression of the Melnikov

vector:
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(9.9) M,(av) = Mj(a) + e¢’;(a){ja 3(a,)h(t.z{D)(1), a0t

+ 1 o(atbt D)), m0dt) + o).
a

In this way we can compute the Melnikov vector in arbitralily high order
of accuracy. It is also clear that it is sufficient to consider the first two
terms in expression (9.9) for the transversality condition in Theorem 7.1.
More accurate expressions than (9.9) are needed for the tangency

condition.
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§10 THE LINEAR MELNIKOV VECTOR

In this section we consider special cases in which the linear
Melnikov vector gives a sufficient information for transversal and
tangential intersection of the stable and unstable manifolds. We consider
system (2.1) and (2.2) under the same assumption as in §2.

Case (i). Suppose

(101) k=1 and &1) = O.

This means that 2(P(a)) N X(I-Q(a)) = span{y(a)} and m = 1.

c
N,
.

!

Figure 8

Note that the Melnikov function in this case is

-

(10.2) M(a,e) = M(a) + 0(e).

Proposition 10.1. Assume (10.1) and suppose that there exists a ¢
R such that



54

(10.3) M(ao) =0 and gﬁ I;'I(ao) # 0.

Then W‘lloc(x_,c) and W?Oc(x +,c) of system (2.2) have a point of

transversal intersection.

Proof. By the implicit function theorem, condition (10.3)
combining (10.2) implies M(a,e) = 0 and gﬁ M(a,e) # 0 for some o«
near a,. Hence this proposition follows from Theorem 7.1. 0

Note: Condition (10.3) can not be a necessary and sufficient

condition for transversal intersection.

Apparently the two—dimensional case satisfies condition (10.1). In this

special case we have the following corollary.

Corollary 10.2. Suppose that system (3.1) and (3.2) are
two—dimensional. Then w?m(x +,e) and W‘lloc(x_,e) of system (2.2)

have a point of transversal intersection if and only if there exists aoeR
so that

(104)  M(a) =0 and I M(a) #0.

Proof. 'If' part is a special case of Proposition 10.1. Conversely if
transversal intersection exists, then by Corollary 7.2, there exists o

such that M(ay,) = 0 and S M(aj,€) # 0. Using (10.2), the

conclusion follows from the implicit function theorem. 0
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M%)

R (I-P))= R (Qea)

Case (ii). Suppose that
(105 Wi(x) n Wi(x,) = {(tw): LR, veS  RETY)

where S is a open subset of R¥1 and 1(t,v) is a homoclinic or

heteroclinic orbit connecting x_ and x_ for each wcS.

In other words the 'homoclinic or heteroclinic manifold'

wlx)n wW(x is parametrized by (t,v)e RxS. This case can occur

2
when the system and its perturbation have some symmetric propertics.

See example 2 in §13.

Figure 10

In this case the linear Melnikov vector has the form
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(106)  Ma) = | & (Oglt-artn)dt, i=1..m.

Note that

-

(10.7) M(a,v,€) = M(a,v) + 0(e).

Hence we have

Proposition 10.3. Assume (10.5) and suppose that there exist «

and A such that

(10.8) M(ao,uo) =0

and

(10.9) rank [d 1(4(0: v) 9 1(4(01 v) = m
: da 0’0’ Ov 0 0 :

Then W‘lloc(x_,c) and W?oc(x +,c) of system (2.2) have a point of

transversal intersection.

Proof. By the implicit mapping theorem, we have M(ay,v;,€) = 0
and rank [gi? M(al,ul,c) gl—/ M(al,ul,c)] = m for (al,ul) near

(ao,vo). Then the statement follows from Theorem 7.1. o

Remark 10.4. In the case m = 1, the rank condition (10.9) gives

a necessary and sufficient condition for transversal intersection.
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Next we turn to the tangency condition. Here a tangential
intersection of the stable and unstable manifolds means that the tangent
spaces of the stable and unstable manifolds at a point of intersection do
not span the whole space. Our discussion of tangency is based on
Corollary 7.2. Since Corollary 7.2 gives a necessary and sufficient
condition for transversality, we consider the situations in which the
condition in Corollary 7.2 is violated.

We consider the following system with parameters.
(10.10)  x = f(x) + eg(t,x,n)

where xeR", chN, € << 1, f and g are sufficiently smooth in all
arguments, and g is periodic in t. Assume, as before, that the
unperturbed system (e¢=0) has a homoclinic or heteroclinic orbit 7(t).
Recall, first of all, that
m =k + §27).
Thus it is clear that if é(7y) > 0, then intersection is always tangential
(see Remark 7.6).

Assume &) < 0 and assume that

(10.11)  #(P(a)) = 2(1-Q(a)) (=k).

We consider only several special cases here. Extension to more general
cases is straightforward.

(i) Assume m = 1.
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This case includes eg. k =1, §7) = 0 in R® and
k=2 67 =-1 in R3. We also assume that N > k.

Proposition 10.5. Suppose that

(10.12) M(a’oal-‘o) = g'c', M(ao,l‘o) =0,

(10.13) Z—ZZ M(egg) # 0
and

(10.14) gﬁ I\A/I(ao,uo) has rank k.

Then there exists a point of tangential intersection for sufficiently small

€.

Proof. Define

Flamme) = (M(awme), T3 Mlawn), T Mlawnm).
Note that F: RZHD L RK*1 and F(a,00) = 0.
Since conditions (10.12), (10.13) and (10.14) imply the matrix

_|1 9 a

D(a,“)F(QO,O,pO,O) =\ Ja M(aovﬂo) b M(aovﬂo)
2 . 2

i

2 -
P M(ag1) JaTi M(ag.up)
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has rank (k+1), by the implicit mapping theorem there exist functions
a(v,e) and p(v,e) such that

F(o(v,€), v, p(v,e)) = 0
for sufficiently small » and e. Hence the condition in Corollary (7.2)
is violated and the statement follows. 0

See Wiggins and Holmes [22] for a similar result.

(ii) Assume that m = 2 and k = 2 (and hence 6&(7) = 0).

Assume also that N > 3.
Proposition 10.6. Suppose that
(10.15)  M(enpu) = - M(appu) = 0
. k) T Fa (1Xall)

and the matrix

(10.06) | Tz Mlagug) T Mlaga)
® Mlagw) Ao Mlau)
902 Aty Fadp M\ %Mo
has rank 4.

Then there exists a point of tangential intersection for sufficiently small

€.

Proof. Define

F(a,v,u,6) = (M(a,v,p,¢), -35 M(a,v,u,¢)).
Then the proof is identical to the one in Proposition 10.5. o
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Next we consider a more special case.

(i)’ Assume that m = 2, k = 2 and N 2 2, and assume

condition (10.5). Thus the Melnikov vector satisfies (10.7).

Proposition 10.7. Suppose that

- -

(10.17) M(ao,uo,po) = ga M(ao,uo,po) =0

and the matrix

- N e
) |&m &m —gﬂ Mo |[-M &M g-ﬂ M
P oo P P P P P
Py M Fva M duda M dadv M P M Judv
< -~ <

has rank 4 at (ap, Yy pO).

Then there exists a point of tangential intersection for sufficiently small

€.

Proof. Similar to Proposition 10.6. o
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§11 HAMILTONIAN SYSTEMS
In this section we assume that the unperturbed system
(11.1) x = Xg(x)

is completely integrable, and we consider its non—-Hamiltonian and

Hamiltonian perturbations

(11.2) X

Xg(x) + eg(tx),
and
(11.3) x = Xg(x) + eXg(tx).

We shall derive the Melnikov vectors for system (11.2) and (11.3).

We first recall some basic facts from Hamiltonian systems. Let
HeC®(R™"). Then the Hamiltonian vector field Xy; with Hamiltonian
H on R™ js defined by

(11.4) Xg(x) = JVH(x)

-9 ;
H(x)
where J = [—(I] (I]] and VH(x) = o, .

(="
.

3,(—2;11{(*)
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Let F,, F2eC°°(R2n). The Poisson bracket {F;,F,} of functions F,
and F2 is defined by

(118)  {FFl(x) = dFl(x)XF2(x), N

where dF, is a differential 1-form on R20,
One of the key facts on the Poisson bracket is the following:

{F|,Fy} = 0 if and only if F, is invariant under the flow of Xp
J

where (i,j) = (1,2) or (2.1).

We suppose that system (11.1) has two hyperbolic critical points x_
and x (not necessarily distinct) joined by an orbit 4(t) of system
(11.1): lim At) = x,. Then the linearized system of (11.1) along the

t-t o0

orbit 7 is given by
(11.6) x = A(t)z, A(t) = DX g(7(t))-

Since A(t) = JD2H(7(t)), A(t) is infinitesimally symplectic for each
t ¢ R. Namely

(1L7)  AT(1)J + JA(t) = 0, teR

x*
where A (t) is the transpose of A(t). Now let us define the adjoint
system of (11.6) by

(118) ¢ = - ¢A(t)
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where ¢(t)eT’;(t)R2“ ~ R2)",
We note that z(t) is a solution of (11.6) if and only if
#(t) = (J_lz(t))* is a solution of (11.8). This is clear from (11.7).

We have the following

Proposition 11.1. Let FeC°(R’™). If {FH} = 0, then Xp(7(t))
is a solution of (11.6) and hence dF(7(t)) is a solution of (11.8).

Proof. Let <-,-> be the standard inner product on R2n. Then
{F,H} = < VF, JVH >.

Since
0=V < VF, JVH >
= D2F JVH - D2HJVF
2 2
we have
DXFXH = DXHXF.
Hence

%{ Xp(7(t)) = DXp(r(t))Xg((t))
= DXg(1(t)Xp(1(t))
= A(t)XE(A(t))
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Finally

IXp((V) = dF(f1). o

One of the special situations of the Hamiltonian nature appears in the

splitting index §(7) of 7. Since DXy(x +) = lim A(t), DXp(x +)

t-o

is infinitesimally symplectic. Hence if Aeo(DXp(x +)), then X, -\,
—Xea(DXH(x +)), where  o(DXy(x +)) is the spectrum of DX (x +)
and X is the complex conjugate of A. This symmetry property
implies that both of the stable and the unstable subspaces of DXH(x +)
have dimension n. Similarly the stable and the unstable subspaces of

DXH(x_) =1lim A(t) have dimension n and hence we have
t- ~w

Proposition 11.2. Suppose that Hamiltonian system (11.1) has a

homoclinic or heteroclinic orbit 4. Then &) = 0. 0

Now we suppose that Hamiltonian system (11.1) is completely
integrable. That is, there exist n C® functions F, = H, Fy,...,F
on R0 which are in involution, namely {Fi’Fj} =0 for 1<1i,j<n,
and dFi, i = 1,...,n, are linearly independent everywhere in R2n -
{x,}. We recall that dH(x,) = 0 in our case.

Let Fi('y(t)) = fi ¢ R, i=1,...,n, and define the set
My = {x ¢ R2D _ {x,}: F(x) =f;, i=1,....n}. Then the Liuville
integrability theorem (cf. Arnold [1]) asserts that M; is a
n-dimensional smooth manifold in RZ® which is invariant under the

flow of each



65

Hamiltonian vector field XF', i=1,...,n. Therefore the components of
i

the stable and unstable manifolds both of which contain the orbit «
coincide each other and it is contained in M. Furthermore Xg (1(t)),
i
i=1,...,n, constitute a basis of T'y(t)Mf'
Now since system (11.6) has exponential dichotomies on [aw) and
on (—w,a], aR, we denote projections at t=a by P(a) and Q(a)

respectively. Then we have the following

Proposition 11.3. Suppose that Hamiltonian system (11.1) is

completely integrable. Then

(i) R(P() = R(-Q(a)) = T, My,
and

(ii) {dFi(7(t)); i=1,...,n} forms a complete set of bounded
solutions of the adjoint system (11.8).

Proof. These are clear from the above argument and proposition

11.1. o

Thus for completely integrable Hamiltonian systems in Rzn, we have
k=m=n where k = dim{%(P(a)) N #(1Q(a))} and
m = dim{ 2(P(e)) + AI-Q(e))}"
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Now we will give special forms for the Melnikov vector of system
(11.2) and (11.3). Let x(t) = ¥t+a) + ez(t+a). then system (11.2)
and (11.3) become

(11.9) z = A(t)z + g(t-a,1(t)) + h(t,z,a,¢)
and

(11.10)  z = A(t)z + Xg(t-a1(t)) + Xé(t,z,a,c)

respectively. Here

A(t) = ID?H(~(v)),

h(tza6) = ¢ {{(7(0)+e2) - £(()) - D))z
+ eg(t-0,7(t) + ez) — eg(t—a,1(t))},

G(tz,a,6) = = {H(x(t) + ez) - H((t)) - eDH(x(t))z
+ eG(t—a,1(t) + €ez) — eG(t—-a,7(t))}.

Theorem 11.4. For system (11.2), the linear Melnikov vector

a

M(a) and the Melnikov vector M(a,v,€) are given by

a

(111)  M(e) = | dF(o(t)g(t-a1®)dt, i=L,..,n

and
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(11.12) M(ape) = Mi(a) + Ia dFi('y(t))h(t,zu(u)(t),a,e)dt

+ 17 ARG, i=1,.n.
a

where z'(v)(t) and z°(v)(t) are bounded solutions on (—w,a] and on

[a,0) respectively of system (11.9).

Proof. These are simple consequences of Proposition 11.3 (ii) and

Definition 6.1 of the Melnikov vector. 8]

Corollary 11.5. For system (11.3), the linear Melnikov vector

M(a) and the Melnikov vector M(a,v,6) are given by
- Q0
(11.13) M.(a) = | {Fi,G(t—a,-)}('y(t))dt, i=1,...,n
.
and

(11.14)  M(ape) = Mi(a) + Ia dFi('y(t))Xé(t,zu(V)(t),a,c)dt

—0

+ 1 dF()XGE W (1,0, i=1,..n
a

where z%(v)(t) and z(u)(t) are bounded solutions on (-w,a] and on

[a,0) respectively of system (11.10).
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Proof. These are simple consequences of Proposition 11.4 and the

definition of the Poisson bracket. o

The expression of the Melnikov vector in a more special case was

given in Holmes and Marsden [10]. See also Wiggins [21].

Remark 11.6. The dimension of the Melnikov vector for a

completely integrable Hamiltonian system is the same as the degree of

freedom of that system.

a

Remark 11.7. Since the linear Melnikov vector Mi(a) can be

written as

(1115)  My(e) = | {F,G(r,)}(nt+a))dr,

we have

ars) & M(a) = | & (F.G(r, )} (o(t+a))dr

{H,{F,G(r,")}((t-+a))dr

éh8 é‘-‘g

" {F;,G(t—a,")}((t))dt.

= |

oo

Here we used the following fact: for f € C°°(|R2n),
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many & (Etf) - {H,;‘tf}

-
where Ft is the flow of XH and th is the pullback of f by Ft‘

More generally we have

k - ©
(11.18) ﬁfMi(‘“L {H,{I:,...,{H,{Fi,c(t—a,-)}(v(t))dt.
-times
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§12 A HETEROCLINIC ORBIT TO INVARIANT TORI

In this section we extend our theory developed in previous sections
to the case of a heteroclinic orbit to invariant tori. The system we

consider is

(12.1) x = f(x), xeR™

and its perturbed system

(12.2) x = f(x) + eg(x), |e|<<1

where f and g are sufficiently smooth and are bounded on bounded
sets. We assume that system (12.1) has two normally hyperbolic smooth
invariant tori M! and M2 on which the flow of f is quasi—periodic,
and also that system (12.1) has a heteroclinic orbit 7 to M! and
M2 That is, there exist orbits {xi(t): teR} C Mi, i=1,2, such that

IAt) - x}(t)] - 0 as t - -
and

|7(t) = x2(t)] = 0 as t - +w.

2, we have a homoclinic orbit to invariant torus M1 as a

f M =M
special case. We remark that M! and M2 could be any normally

hyperbolic smooth invariant sets with no stationary points. However we
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assume the above conditions for its simplicity and applications. We also
remark that the normal hyperbolicity is nothing but the hyperbolicity to
the normal direction.

To develop an anologous theory to the one in previous sections, we
need the expressions of the stable and the unstable manifolds. For this
reason we shall decompose system (12.2), in neighborhoods of invariant
tori Mi, into the tangential and the normal components and apply the
theory of exponential dichotomy to the normal components.

Let dim M' = di (i=1,2) and we assume for i=1,2 that M is

given by the embedding
12.3)  u: T o M cR?

where T' = Slx..xS! (di—timw) i3 a standard d,—dimensional torus
with coordinates 0l = (0i,...,0(ii.). From now on we supress i and
1

2 is done exactly in

assume that M stands for Ml. The case of M
the same fashion.
Let TR™|M be the ristriction of the tangent bundle TR® to

M. Then
n _ L
(12.4) (TR™[M), = T M e T M, xeM

where TXM and T;M are respectively the tangent space and the

normal space to M at x.
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Now by the tubular neighbourhood theorem, there exist a
neighborhood U of T in Tan_d, a neighbourhood V of M in
T*M and a linear map N(6): R 9 L R? for each 6eT such that
the vector bundle map F: U c T-R" 9 L Vv ¢ T*M defined by

(12.5) F(0,z) = u(d) + eN(0)z

is a diffeomorphism. Here N depends on @ smoothly. Clearly we
have

*

(126)  (Du(9)" N(6) = 0
and
(127) N (9) N(§ = ™9

where (Du(ﬂ))* and N*(0) are transposes of Du(d) and N(4)
respectively. By using F, we transform the vector field f + eg on

Rn—d

- -
R to the vector field F(f+eg) on Tx where F is the

pullback by F. We set

(128)  F(f+eg) § a2 45,0
. +eg) = j + .
j=1 08 T 2y Oy

That is,
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(12.9) f(u(6) + eN(0)z) + eg(u(8) + eN(6)z)

= [Du(f) + ¢ 3y N(OI[A]| + N(O[B, -
[Ad én-d

By using (12.6) and (12.7) we have

(1210)  [A)]= (Du(®) Ku(8)) + e(Du(8)) [~ g5 (N(9)z)Du(Pf(u(6))
: -Df(u(#) )N(0)z - g(u(8))] + 0(e)
Ag

= w+ 0(fz) + 0().

*
Here we assumed that that (Du(f)) f(u(6)) = w, w = (w,...,wy) are
rationally independent. Under this assumption we also have

(1211) [B; = N (ODI(u(O)N(Bz+g(u(8) + 0(e) - Ty N(8)z[A)) ]

]:3n ;\d
= N (ODI()N(O)z - N (8)Ep N(O))w
+ N (g(u(8) + 0(¢)

= A(8)z + N (8)g(u(9)) + 0(e).

Note that A(f) is a linear mapping for each 4.

len_d, we need a scale change

To obtain the differential equations in T
in time. This is because w will be changed after perturbation. Thus

we set
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(1212)  x((1+ef)t+ea) = F(H(t)z(t)),

where B¢ R and ae R. By using (12.12) we have the following system
in T«R2Y,

(12.13) = (1+ef)[w+eB(82) + 0(eD)] = w + e(fw+O(8,2)) + 0(e2)
2 = (1+eB)A(D+N (Og(u(8) +0(¢)]
= A(B)z+N (O)g(u(d) + 0(e).

I <1 so that 7(t1) is enoughly close to M.

Then from (12.5), there exist unique ol = al(tl)cT and

wl = wl(t1

Now we choose t

)e R such that

(1214)  Ath) = u(el) + eN(al)wl.

1 1

Hereafter we use o and w instead of o and w".
Consider system (12.13) and let z = z(ft) where z is a
bounded function for te(-w,t'] which will be determined later. Then

the '@-equation' in (12.13) becomes

(1215) ¥ = w + (Bu+O(82(0,t)) + 0(ed).

Let 6(t) = O(t;t',a; 2) be the solution of (12.15) with #t!) = a. By

using @(t) for 6, the 'Z—equation' in (12.13) becomes
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(1216) 7 = A(&t))z + N (&t)g(u(AL))) + 0(¢)

with z(tl) = E(a,tl). Since M is normally hyperbolic, the linear

system 2z = A(#t))z has an exponential dichotomy on (—m,tl]. This

5 Rn—m

means that there exist a projection Q: [ , constants K > 1

and L > 0 such that

1217)  |8(t,tHQe(t )| < KeL(8) 5 ¢ ¢ < ¢l

and

(1218)  |o(ttl)(1-Q)e(tls)] < Ke LB, ¢ <5 < ¢l

where &(t,s) is the transition matrix of z = A(#t))z. Thus
z(t;tl,E(a,tl)) is a bounded solution of (12.16) on (—w,tl] if and only
if

(1219)  z(t;t!Z(ath)) = e(tt1)(1-Q)E(et?)
t x = -
+a(,t1)(1-Q) fy (1! ) (N (8(1))g(u(0(()))

t * - -
+ 0()}ds + 8(ttHQ | (th ) (N (At))g(u(A1))

-

+ 0(¢)}ds.

1

By letting t = t~, we have
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1 p— -
(12200 Hath) = 1 + Q J SN (Ksith s De(u(dsth.e; D))

+ 0(¢)}ds

where 17" ¢ #(I-Q). We can show, by the contraction mapping
principle, that equation (12.20) has a unique solution Z(nu)(a,tl) for
each 7, which is enoughly small. Thus (12.20) gives a local expression

of the unstable manifold of system (12.13) near a¢T in the space
Tan—d.

(12.20) has the folliwing expression in the 'original space' R"

(We use i =1 this time).

(12.21) ¢ = ul(al) + eNl(al)Zl(al,tl)
= u'(a))

1 -—
r TN § el (N (At alizl)) glul (st alE)

—o

0(¢)}ds]

where 7% = Nl(al)p® ¢ &(N!(a))1-Q)).

2

Next we choose t“ >> 1 so that ')(tz) is enoughly close to

M2. Then there exist unique o = 02(t2)c T2 and w2 = w2(t2) €

n--d2
R such that

12.22)  At2) = v(e®) + eNY (D)W

In exactly the same fashion as before we have the following local

expression of the stable manifold of system (12.13) near u2(a2) e M2

in the 'original space' RE
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(12.23) € = u¥(a®) + eNY(aP)Z2 (A tD)

= u¥(d?)
2
+ ¢ T+N2(a%)(1-P) jt 82t23) (N2 (B(s:t2,0%20))g (VA B2, 02, 20))
0(¢)}ds]

where 7° ¢ (N2(a2)P) and P is a projection of the exponential
dichotomy on [t2,+m).

To measure the distance between the sections of the stable and
unstable manifolds given in (12.21) and (12.23), we shall 'carry' the
section of the unstable manifold given in (12.21) to the hyperplane
7(t.2) + $(N2(a2)) by the flow of (12.1). Hence we shall need the
following expressions of the unstable and stable manifolds. From (12.14)

and (12.22), we have

(1224) €& = o)) + Nl(o))wl4n®
1
+QI ol ) (N (8 (st ), 0l i) gu (01 (st 7))

0(6)}dS]
= ) + MU

and
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(12.25) & = 1t} + N¥(ad)[-wi+r
2 -
H1P) | o2 (N (Pt D)l Pisit )
+ 0(€)}ds]
= t) + eM(r).

Now we consider system (12.2) along the heteroclinic orbit 7. Let

B(t) and a(t) be bump functions such that

(12.26)  At) =(B' for ¢

¢! and a(t)sa1 for t
for t 2

t a2 for t

IV IN
IV INA
-

and let
(12.27)  x((1+eB(t)t + ea(t)) = At) + ey(t).

Then system (12.2) becomes

(12.28)  y = B(t)y + g(2(t)) + {B(t) + a(t) + B(t)t}H(xt)) + 0(e)
where B(t) = Di(7(t)). Now let X(t,s) be the transition matrix of

y = B(t)y and let y(n")(t) be the solution of (12.28) with the initial
condition y(nu)(tl) = M%(7%). Also define 72(17“) so that

(1229)  y(m™)(2(1Y) € 1D + RN%(a?)).
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2

We note that 12(1;“) = t“ + 0(¢) because of the continuous

dependence of solutions on initial conditions. Thus

(12.30)  y(©™)(2(%) = X(AA") MY (")
7'2(’711) 9 .
+ XEE)HEE) + (66 + i)

+ B(s)s)f(1(s)) + 0(e)}ds
2

t
= XM (") + h X(t2.8){g(x())
+ (B(s) + a(s) + B(s)s)(y(s))}ds + O(e).

To measure the distance between y(nu)(r2(r;u)) and M3(7°), we

use linearly independent bounded solutions on R of the adjoint system

(1231) ¢ + B' (1) = 0.

Let {¢1,...,¢m} be a complete set of linearly independent bounded

solutions on R of system (12.31) which satisfy

2 2, 2\\11 .
(12.32) ¢,(t%)e{ 2 (P) n &(N“(a%))}", i=l,...m.
Define

(1233) M, = 6;6D) () + HoE®) - D) - M),

i=1,...,m.
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By using (12.24), (12.25) and (12.30), M; is computed as follows.

1238) 40D AW + UA2Y) - 1D
2

* t
= 4,(t%) (X(2HMY(n%) + fy X(t%5){g(2(5))

+ B(s) + afs) + BERE(AE)}ds + Ho(r(n%)

~ At) + 0(e)]
2

* 1\ u U :
=M + ) 46} E) +(86) + ()

+ B(s)s)f(n(s))}ds + 0(c)
2

* t7
= ¢, (t)M"(n") + [y #;(6)e(r(s))ds + 0(¢

= ¢t (@Dt + 1"
+Q i: 14>1(tl,s){N""(?l(s»g(ulafl(s))
+ 0(e)}ds] + {12 $;(9)8(2())ds + 0(c)
= flw%*(s)Nl*(7‘(s))g(ul(vl(s)))ds + {f 6;(5)g((s))ds

+ 0(¢)
L, 2
6, ()(u’ (F(s)))ds + f1 4i(e0(e)ds + (9

1 2
%*
i

t7 o«
¢;(s)g(7(s))ds + { 1 9;(8)8(7(s)))ds + 0(e)

-

¢
J
t
J
¢
J

-0

2
#;(3)8(2())ds + 0(c).

-
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Here we let ¢,(t) = \It%(t)Nl*(ifl(t)), ¢ < ¢l

(1235)  ¢;(t%) M)
= 6, (ONY(D)w? + 1,

2 -
+ (I-P) ;t 82(25)(N2" (#%())g(u2(F(s))) + 0()} ds
2
t x * = =
= | U (N (FP(5)gi(#P(5))ds + 0(e)
wt2
= J  $;,(6)8(E2E))ds + 0(¢)
a0 t2

Il
N

¢ (8)g(x(s))ds + 0(c).

Here we let ¢,(t) = WX(NZ (F(1)), t > t>.

Thus we have

L *

(1236) M, =

¢;(s)g(7(s))ds + 0(e)

J
o
and we have proved the following

Theorem 12.1. The linear Melnikov vector M = (1(41,...,1(4 m) for

system (12.2) is given by

(1237) M, = | ¢ (Ug(r(t)dt, i=l,..m,
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where m is the number of linearly independent bounded solutions of
: *
6+ DI ¢ =0. o

Remark 12.2. Since the heteroclinic orbit 7 is contained both in
the unstable manifold Wu(Ml) of M! and the stable manifold
WS(M2) of M2, it is interesting to consider how these manifolds
intersect each other along the heteroclinic orbit 7. Consider the case of

a time-independent perturbation and define
T Uyl 8/ a2
where T %t)WW(Ml) and T”’(t)WS(M2) are tangent spaces at 7(t)
to Wu(Ml) and WS(M2) respectively. Then k and the dimension
m of the Melnikov vector have the following relation.
_ . U/ el . S/x a2
(1239) m =n - [dim W (M') + dim W (M*) - K],
where
(1240)  dim W'(M') = dim 2(1-Q)) +

and

(1241)  dim WYM?) = dim #(P)) + dy
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Note that dim W'(M') = n - [dim WiM') - d].
If we define the splitting index &) of 74 by

(1242) &) = dim W3(M!) - dim W3(M?),

T -

we have, from (12.40), the following relation

3 I T .

r_‘.
4

(1243) m=k + 61 + d;
which is a generalization of (7.12).

Now we go into a special case to which Theorem 12.1 can easily be

applied. consider a system with a quasi periodic perturbation
(12.44) z = f(z) + cg(z,wlt,...,wdt), zeR™

where g is periodic in each 't' argument and W)Wy arE rationally
independent, see Meyer and Sell [13]. We assume that the unperturbed
system z = f(z) has a homoclinic or heteroclinic orbit 7 to
hyperbolic critical point(s). System (12.44) is equivallent to the following

system on the torus Td.

(12.45) z = f(z) + eg(z,0)

0 =w
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where 0 = (01,...,0d), w= (wl,...,wd) and (z,0)¢ R%T9d, This is a
special case of system (12.2) in the sense that the 'z—dynamics' of the
unperturbed system of (12.45) is globally defined in the normal bundle of
T4 By using the homoclinic orbit <, the homoclinic orbit % of

system (12.45) to the torus T s given by
—y r
(12.46) 7t) = (v(t), wit + ),y + 3) 5

where 0ic[0,2x), i=1,...,d. This is because the 'z—dynamics' and
'6-dynamics' of the unperturbed system of (12.45) are completely
decoupled. By Theorem 12.1, we have the following corollary in this

case.

Corollary 12.2. The linear Melnikov vector M(8),...,0,) =

(M1(0 ,...,0d),...,Mm(01,...,0d)) for system (12.44) is given

a

0 %
(1247)  My(0y,0) = | §O8(1(theyt + Oppgt + Gg)dt

i=1,...,m. Here {¢1,...,¢m} is a set of linearly independent bounded
solutions of ¢ + [Df(7(t))]*¢ = 0. o

As a special case, we shall prove the following proposition for

two—dimensional systems. See also Meyer and Sell [13] and Wiggins [21].

Propogition 12.3. Consider system (12.44) with the same

assumption as before and le¢ n = 2 and d > 2. Then the stable and
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unstable manifolds of system (12.44) intersect transversally if and only if

for the linear Melnikov function 1(4(01,...,0(1) defined in (12.47) (i = 1

in this case), there exist (@ ,...,0d) such that

(1248)  M(8,,...00) = 0

and

(1249)  (LM)(0,0y) # 0

where w = (w,..w;) and M is the Lie derivative of M with

respect to w.

Proof. Let 0i(a) = ;i - woe, i= 1,....d, aeR and define

D(a) = M(8(),....0(e).

Then we have

(1250)  D(a) = | ¢ ()g(rt)wy(t-0) + Oriyglt=a) + Gy)dt

. - -
¢ (t+a)g(r(t+a),wt + 0),....wyt + 0;)dt

d g d s

and

e 4

'E
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(1251)  D(0) = M(f,.0,) = 0.

From (12.50) a works as a 'sweeping' parameter along 7. See Figure
11. Since D(a) changes along 7(a), adR and since the difference of
the true distance of the stable and unstable manifolds and D(s) is of

order ¢, the implicit mapping theorem implies, using (12.51), that the
transversal intersection exists if and only if D(0) = 0 and D'(0) # 0.
Finally

- - dé.
M. (0)1rby) o (0)

1

(12.|52) D'(0) =

I e
oY)

Y(at)

Vi

Figure 11
Remark 12.4. We note that the case of two—dimensional systems

with periodic perturbations in §10 is a special case of this proposition.

That is, & M (a,) in Corollary 10.2 is generalized to (£ M)(0,,...,0,)-
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§13. THREE EXAMPLES

In this section we apply the methods developed in previous sections
to three examples. We shall exame (1) a two—dimensional system
which has transversal intersections, (2) a four-dimensional system which
has both of transversal and tangential intersections and (3) a system for
which condition (ii) in Theorem 7.1 is not satisfied but transversal

intersection exists.

Example 1 (Chow, Hale and Mallet-Paret [4])

We consider the following second order equation
(13.1) X -x + %x2 = € cost,
where ¢ is sufficiently small. That is,

(13.2) gg [;,‘] f(x,y) + eg(t)

_ 0
- [x gxz] y [cost].
We notice that the unperturbed system (i.e. ¢=0) has a homoclinic orbit,

sech2(t/2)
(13.3) ”t) = [558] = [—43ech2(t/2)tanh(t/2)}

to the origin. See the figure below.
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¢ dy=|" 'rf(t)
P

Yoy = pees

Pt

Figure 12

The linearized system along 7 is

(13.4) z = A(t)z

where

(135)  A(t) = Di(y(t)) = [1_30 1}.
p(t) 0

The adjoint system ¢ + A*(t)¢_ = 0 has only one linearly independent
bounded solution

136 40 = ["ggg]

and hence the (linear) Melnikov function is
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a

(137)  M(a)= | ¢ (t)g(t-a)dt

Jm
1" b(t)cos(t-a)dt

= - ¢ sin a

where ¢ > 0 is a constant.

Since
13.8) L M@n) = ((1)" e, 0 =0, £1, £2
. a-C_! ’ ] 9 9eeey

the perturbed stable and unstable manifolds always intersect transversally

and so tangential intersections never occur.

Example 2 (Gruendler [6])

In this example we consider the following system of two second order

equations.
. 9 .
(13.9) X =X - 2xl(x%+x2) + e{—3p1x1—p2x1
24 4u
3 2,.2 4
+ — (3x]+x5)cosut + —3 X cosuwt}
14w 1772 14w 12
X, = X —2x(x2+ 2) + €{—py—Xo—poxX +4#3 X; X5 COSwh
Xg T X T XXXy Mg T T 2 12
2p
4 2, 7.2
+ — (x]+3xg)cosut}.
I+w 1 2

Here Bs Bo- by and py are parameters, and ¢ is assumed to be

sufficiently small. We consider first the unperturbed system (¢ = 0).
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As easily seen, this unperturbed system is a Hamiltonian system. Let
5(1 = x5 and x2 = x4, and let x = (X;, Xo, X3, X;). Then the
unperturbed system becomes

(13.10)  x = Xp(x)

where the Hamiltonian function H(x) is given by

(13.11)  H(xpXpXgx,) = 5 (3+ x3) + g(x3+x3)°.

Furthermore system (13.10) has one more first integral

(13.12) F(xl,x2x3x ) = X)Xy — XoXg

which results from the conservation of the angular momentum.

Since

(13.13) {F,H}(x) = dF(x)Xg(x)

= [yxgxox)] g
X
4

2x1(x2 2)

2 2

-x2—-2x2( 1+x2)

and since dF(x) and dH(x) are linearly independent for any

xclR4\{0}, unperturbed system (13.10) is a completely integrable system
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in R4\{0}. So we shall utilize this special structure (see Proposition
11.3(ii) and Theorem 11.4) to derive the Melnikov vector even through
the perturbed system is not a Hamiltonian system.

Next we notice that the unperturbed system (13.10) has a

homoclinic orbit ~(t,0) to the origin.

(13.14)  At,0) = (p(t), o, P(t), 0)

where p(t) = sech t.

In terms of the complete integrability, we know that the stable and the
unstable manifolds of system (13.10), both of which have dimension two,
must coinside along 7(t,0) and in fact, by using a symmetry property

of XH, this 'homoclinic manifold' can be expressed as

(13.15)  A(t,v) = (p(t)cosv, p(t)siny, p(t)cosv, p(t)sinv),
ve[0,27), teR.

That is, system (13.10) has a family of homoclinic orbits parametrized by
v. Thus system (13.10) is an example to case (ii) in Section 10.

Now we go back to the original perturbed system (13.8).

2p
3 2,.2
Let g(tlx’p) = (0,0,—3;;1x1—u2x3 + ﬁ (3x1+x2)coswt

+ 74"4 ot
X, X0 COSwh,
1+ 1’2
~HXgHoX,y + ik X XoC08ut + 2—”% (x%+3x§)coswt),
1-;-;;2 1+w

where pu = (ul,u2,u3,p4). Then system (13.9) has the form
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(13.16) x = Xg(x) + eg(tx,m).

As we mentioned in case (ii) in Section 10, the linear Melnikov vector
can be used to detect a point of transversal or tangential intersection of
the perturbed stable and unstable manifolds of system (13.16).
Furthermore by virtue of Proposition 11.3 (ii), bounded solutions of the
adjoint system of the linearized system of system (13.10) along an orbit
y(t,v) are given by

(13.17)  dH(A{t,¥)) = (-p(t)cosv + 2p(t)3cosv, —p(t)sinv
+ 2p(t)3sinu, p(t)cosv, p(t)sinv)

and
(13.18)  dF(2(t,v)) = (p(t)sinv, — p(t)cosv, — p(t)siny, p(t)cosv).

It is easily shown that dH(4(t,v)) and dF(+(t,v)) are linearly
independent.
We can now compute the linear Melnikov vector

M(a) = (M(@), My(e)) as follows.

(13.19)  My(ap) = J dH(vtW)E(t-er(tn)m)dt

= 17 {my(3c0s®y + sinZp(t)p(t) — vy(t)?

+ —Iplugeosy + pysinn)p(yp(e)cosudt-a))de

= - % B — TW sech(%’)(—p3sinu + p 4(:031/)(;03“)0'
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Let c=17x sech(%‘—’). Then the Melnikov vector becomes

(13.21) I\)I(a,u,p) =| - % o = cw(u3cosu + p4sinv) sinwa

2p8in2v + c(—pqsiny + v cosv)coswa .

To find points of intersection, consider, for example, the case v = 0.

L)

In this case the Melnikov vector becomes

(13.22) M(a,o;u) = |- %- fo — Cwligsinwe|. "
cpycoswa

Solving I\;I(a,o;u) = 0, we have the following bifurcation set S in the

parameter space (ul,p2,;t3,;l4).

(13.23) S=AuBuUC,

where A = {(pl,p2,p3,y4): po = % g— Cwhg, by £ 0, ul,p2dR},
B = {(s)gibigitsy): || < Igcwﬂg,l, By = 0, pyugeR},
C = {(byobphighty): by = * 3k, By = O, by igR}.

See Figure 13.
Next we examine the transversality and the tangency of intersection

in the case » = 0. The derivatives of M are given by

(13.24) g& D;I(a,O;p) = —cw2y3coswa
—cwu4sinwa
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and

(13.25) & M(a0) = [Cumgsinue |
4p1—cp3coswa

Since, in this example, the stable and the unstable manifolds of the

unperturbed system coincide and constitute a two dimensional manifold in

kY, rank (O M(e,0) & M(a,04)] = 2 implies a transversal

intersection. (see Proposition 10.3.)

(i) Let peA. Since
a a . 0 £ C
rank [§7 M(a04) %5 M@0 = rank [, 0, 4;;’!1‘4] =2,
intersection is always transversal.
(ii) Let peB. In this case we have
2
8 - 8 - B —CW pigCoswar 0
[aa M(av01/‘) w M(Q,O,ﬂ)] - [ 0 4”1_(:”3(:030_,0
(ii-1) If B # i- ClgCOSWaY, then the rank of the above matrix is 2

and so we have a transversal intersection.

(ii-2) If B = 31‘- ClgCoswa, then g; M(a,o,p) = 0. By computing
the rank of (10.18), we have a tangential intersection.

(iii) Let ueC. In this case

a a 0 0
M 0301” M a’O ,” = .
(5 M(a,0.4) 7 M(a,0,4] [0 o, ]

By computing the rank of (10.18), we have a tangencial intersection if

ﬂl#oyl‘:;#o-

R L ey |






96

Example 3

The aim of this example is to give an example in which condition
(ii) of Theorem 7.1 is not satisfied but the stable and unstable manifolds
intersect transversally. To this end we modify the system in Example 2

slightly and consider the following system.

(13.26) X] = Xg

Xy = X4
: 2, .2 23 .2 2
X3 = X =2x)(x]+x5) + €{-3p;x —poxa+ -l+_w2 (3x7+x5)(cosut
+ e X, X,Co8ut}
112 12

X, = X2 (x2+ 2)+e{—u —f1yX +4l‘3 X1 X, COSwh
4 = XgTeXg(X TXy 1X97HoXy 1+ 1%2
2p
+ i+_j,2- (X%+3X§)COSM}

Yy =y + € cosut.

Notice that the unperturbed system (e=0) has the following stable and

unstable manifolds.
(13.27) W' = (p(a)cosy, p(a)sinv, p(a)cosy, p(a)sinv,y),
(13.28)  W* = (p(a)cosv, p(a)sinv, p(a)cosy, p(a)sinv,0)

where p(t) = sech t and a,yeR, ve[0,27].
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Note that dim WY = 3 and dim W3 = 2, and the 'homoclinic

manifold' is WY n W5,

From (13.17) and (13.18), it is clear that the adjoint system of the
linearized system of the unperturbed system has two linearly independent

bounded solutions on R which are given by

(1329)  ¢:(t) = (p(t)cosv + 2p(t)3cosw, —p(t)sinv
+ 2p(t)3sinu, p(t)cosy, p(t)siny, 0) b,

and
(13.30) ¢;(t) = (p(t)siny, —p(t)cosv, —p(t)siny, p(t)cosv, 0).

Hence the Melnikov vector for system (13.26) is precisely the same as

before. Consider the case v = 0. From now on we assume that
(13.31) peC and p # 0.

Then we know that g& M(a,0;4) = 0 and g‘—/ M(o,0;4) # 0. Thus
condition (ii) in Theorem 7.1 is not satisfied. However we shall show
that there exists the transversal intersection of the stable and unstable
manifolds of system (13.26). First recall, by using the notation in (7.3)

and (7.4), that we have the following situation.
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A(1-Q(a)) av } &(P(a))
I‘g mi(a"’)
(Q(a)) Z(1-P(a))
( ma( Vi) m(ayv)
(13.32) DFY = [1 0 o |
0 1 0
0 0 1
] 9 9
md Gm Ll
Ho
(1333) DF* = [1 o |
0 1
9 9
% ™ & ™

Therefore if gﬁ mi # 0, we have the transversal intersection even
though Bg D;I(a,O:u) = 0 which means that g-& mg = g& m;. Note
that the linearized system of the unperturbed system of (12.26) has an
unbounded solution (0,0,0,0,cet) on [a) where C is a nonzero
constant. Let

*

(13.34)  4(t) = (0,0,0,0,Ce”").
Then

(1335)  mj(a) = gy(a)m’(a).

|
|
|
|
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Referring (6.1) and the proof of Lemma 4.2, we have

13.36 Sa) = [ cet t-a)dt = —C 7@
(13.36) my(a) = [ ce " cosw(t-a)dt = 1—2 e .
oo +w

So we have

(13.37) (aia m}(a) = ——q? e *#0 for any a.
1+w

Thus in this example, there exists the transversal intersection but the
condition by the Melnikov vector can not be used to show it.

Let us summarize these analysis. In these examples the
Hamiltonian nature of the unperturbed systems is effectively used even
though the perturbations are not Hamiltonian. See Proposition 11.3 and
Theorem 11.4. Example 1 is a standard two—dimensional case which
gives the simplest case to which the linear Melnikov function can be
easily applied. We note that the linear Melnikov function gives a
necessary and sufficient condition of the transversal intersection and hence
it also can be used to show the tangential intersection. See Proposition
10.2. Example 2 gives a higher dimensional case to which the linear
Melnikov vector can be used to detect the transversal and tangential
intersection. See Propositions 10.3 and 10.7. In Example 3, we consider
a case to which the Melnikov vector can not give a complete information
about the transversal intersection. This limitation of the Melnikov vector
in higher dimensional cases comes from the fact that the Melnikov vector

is the projection of the real distance between the stable and unstable
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manifolds to the space of the completely unbounded solutions, i.e., the
complement subspace of #(P(a)) + #(I-Q(a)). Therefore the Melnikov
vector drops the information about the projection of the real distance to

other subspaces. See the decomposition in (6.9).
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§14. EXPONENTIALLY SMALL SPITTING OF STABLE AND
UNSTABLE MANIFOLDS

In this section we examine an example for which the Melnikov
function can not be applied to detect the intersection of the stable and

unstable manifolds. Before doing this, we recall Example 1 in §13.
(14.1) X-Xx + %xz = € cost.

The linear Melnikov function of this system was

(142)  M(e) = —¢ sine

where ¢ - 0 is a constant. The reason for that M(a) can be used
to detect the intersection of the stable and unstable manifolds of this
system is that the distance d between the stable and unstable

manifolds is expressed as
(143)  d = (M(a) + 0(¢)).

That is, the linear Melnikov function M(a) constitutes the leading
term.
Now we consider the following rapidly forced system.

(14.4) X-x+ gx2 = € C08 (t—)
‘1
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where ¢ << 1 and ¢ << 1. In this case the linear Melnikov

function takes the form
(145)  M(ae) = - T cosech () sin (2).

Hence M(a,c) can not be the leading term of the expansion of d in
terms of €. See also Holmes, Marsden and Scheule [11]. This is a
serious limitation of the perturbation method used in the theory of the
Melnikov function we developed before and in fact it relates to one of
the fundamental problems in dynamics since the time of Poincare.

Resolution of this difficulty has to wait for future study.
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