NUMERICAL SIMULATIONS AND ANALYSES OF
SHOCK WAVE-BOUNDARY LAYER INTERACTIONS

By

Avinash Jammalamadaka

A DISSERTATION
Submitted to
Michigan State University
in partial fulfillment of the requirements
for the degree of
Mechanical Engineering — Doctor of Philosophy

2013



ABSTRACT

NUMERICAL SIMULATIONS AND ANALYSES OF SHOCK
WAVE-BOUNDARY LAYER INTERACTIONS

By

Avinash Jammalamadaka

Shock-boundary layer interaction (SBLI) is becoming one of the benchmark problems
in the high-speed flow modeling and simulation community. The interaction of shock wave
with the boundary layer is a very complex phenomenon that requires high-fidelity numerical
methods like direct numerical simulation (DNS) and large-eddy simulation (LES) to capture
the flow physics. In this study, SBLI is examined for various flow conditions using DNS and
LES.

In the first part of this study, DNSs are conducted for a Mach 2.75 turbulent bound-
ary layer interacting with an impinging shock at three different shock incidence angles.
Instantaneous flow visualizations show the effect of shock on turbulence structure in the
shock-boundary layer interaction zone and also in the flow downstream of the interaction
region. The separation bubbles exhibit highly unsteady and three-dimensional behavior and
are larger for stronger shocks but the maximum probability of flow separation is found to
be independent of the shock strength. A detailed examination of the terms in the turbulent
kinetic equation shows a strong coupling exists between the mean and turbulent fields in
the interaction region with energy being continuously exchanged from one field to another.
However, the compressibility-related terms in the transport equations for turbulent kinetic
energy and enstrophy are found to be small for the simulated flows.

In the second part of this study, data generated by DNS for a Mach 2.75 zero-pressure

gradient turbulent boundary layer interacting with shocks of different intensities are used for



a priori analysis of subgrid-scale (SGS) turbulence and various terms in the compressible
filtered Navier-Stokes equations. The behavior of SGS stresses and their components, namely,
Leonard, Cross and Reynolds components, is examined in various regions of the flow for
different shock intensities and filter widths. The backscatter in various regions of the flow is
found to be significant only instantaneously while the ensemble-averaged statistics indicate
no significant backscatter. The budgets for the SGS kinetic energy equation are examined for
a better understanding of shock-tubulence interactions at the subgrid level and also with the
aim of providing useful information for one-equation LES models. A term-by-term analysis
of the SGS terms in the filtered total energy equation indicate that while each term in this
equation is significant by itself, the net contribution by all of them is relatively small. This
observation is consistent with our a posteriori analysis.

In the third part of the study, assessments of several existing SGS LES models along with
a new model are made for SBLI through systematic a priori and a posteriori analyses. In
the problem chosen for this study, the incident shock is strong enough to generate a marginal
separation of the boundary layer near the interaction region, hence providing the SGS models
with a non-trivial challenge. The effect of SGS stress term on the resolved velocity field is
found to be significant and shock-dependent. The subgrid-scale models tested include the
mixed-time-scale model, the dynamic Smagorinsky model, the dynamic mixed model and a
new dynamic model, termed the compressible serial decomposition model. A prior: analysis
indicate that the new dynamic model is more accurate than other SGS closures. A posteriori
tests also indicate better predictions of DNS results by the LES employing the compressible

serial decomposition model.
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Chapter 1

Parametric Investigations of Shock
Wave/Boundary Layer Interactions

Using Direct Numerical Simulation

1.1 Introduction

Shock-turbulent boundary layer interaction (SBLI) is becoming one of the benchmark prob-
lems for high-speed flow modeling and simulations. This problem has mainly been studied
in two flow configurations, a compression corner and a flat plate turbulent boundary layer
with an incident shock. In the former, the shock is generated as a result of the geometry of
the surface on which the boundary layer is developing. In the latter, the shock is generated
from an external source and impinges on the boundary layer. In either case, turbulence
is amplified across the shock and the boundary layer experiences a strong adverse pressure
gradient which may lead to its separation. An important feature of the separated boundary
layer is the low-frequency, large-scale unsteadiness of the shock that has been observed in
experiments and numerical studies, but is yet to be fully understood. The characteristic
frequency of the shock oscillation is generally an order or two magnitudes smaller than the

characteristic frequency of the incoming boundary layer.



The reflected SBLI problem has been receiving significant attention in recent years even
though one of the earliest experimental studies was performed more than four decades ago [3].
In this experimental study, the shock deflection angle (#) varied between 2° and 10.5? while
the Mach number was kept constant at 2.5. Measurements were made using pitot probes
and wall-pressure taps and flow visualizations were made using surface oil and optical tech-
niques like schlieren and shadowgraph techniques. The experimental results indicated that
the boundary layer remains attached for weaker incident shocks but separates for stronger
incident shocks. The interaction region for the separated boundary layer was shown to ex-
hibit a complex pattern with the primary reflected shock followed by an expansion wave and
then a series of compression waves near the reattachment point.

Dupont et al.[4] studied the interaction of an impinging oblique shock with a flat-plate
turbulent boundary layer at M = 2.3 using PIV technique. The primary focus was on the
unsteadiness of the reflected shock. Measurements were made for different incidence shock
angles # which varied between 7° and 9.5°. By analyzing the wall-pressure signals in the
interaction region, the authors found some low-frequency oscillations in the second part of
the recirculation bubble. The characteristic frequency of these oscillations was found to be
close to that of the reflected shock suggesting that the reflected shock unsteadiness could be
related to the unsteadiness in the recirculation bubble. The effect of interaction strength on
the unsteadiness of separation bubble was experimentally investigated by Souverein et al. [5].
From their experimental data, the authors inferred the following: when no separation occurs,
unsteadiness of the shock motion is correlated with the incoming boundary layer; when mean
flow separation occurs, the shock motion exhibits a strong correlation with the unsteadiness
of the separation bubble; when incipient separation occurs, the shock unsteadiness appeared

to be related to a superposition of both upstream and downstream flow conditions.



Touber and Sandham|[6] studied the effect of shock strength on SBLI using large-eddy
simulation (LES). They replicated three different experimental configurations and found
a good agreement between LES and experiments. They showed that for low-to-moderate
shock intensities, the length of SBLI region, when scaled by the upstream boundary layer
thickness, is linearly proportional to the shock intensity scaled by the upstream wall shear
stress. Using LES, Morgan et al. [7] carried out extensive parametric studies of SBLI for
various wedge angles, Reynolds numbers, streamwise and spanwise domain sizes. They found
that the Reynolds number did not have any significant effect on the separation bubble size.
Increasing the wedge angle led to an increased size of the interaction region but did not
necessarily cause a higher probability of reversed flow.

A state-of-the-art DNS calculations were performed by Pirozzoli and Bernardini [8] for a
Mach 2.25 boundary layer interacting with an oblique shock. The numerical strategy relied
on a hybrid scheme that used a high-order non-dissipative central scheme [9] in the shock-
free regions and a fifth-order WENO scheme in the shock regions. A very long streamwise
domain size was used to avoid possible adverse effects of the recycling-rescaling procedure
and also to capture the recovery of boundary layer to an equilibrium state downstream of the
interaction region. While the differences in Reynolds numbers prevented a definite one-to-
one comparison with experiments, the DNS was able to reproduce the overall flow structure
of SBLI observed in experiments.

The main objectives of the present study are to examine SBLI under various flow condi-
tions and to improve the basic understanding of SBLI by a detailed analysis of DNS data.
The Mach number of the incoming boundary layer is kept fixed at 2.75 and the strength of
the interacting shock is varied by varying the flow deflection angle, 6. Three different flow

deflection angles, # = 6°,7.75° and 9.25°, are considered. The selected flow parameters lie



on the higher end of DNS studies performed to date on SBLIs. The DNS calculations are
performed using a hybrid numerical methodology that uses a minimally dissipative central
scheme [9] in the shock-free regions of the flow and a very robust monotonicity preserving
scheme [10, 11] in the shock regions. More details on the numerical method are described
in Sec. 1.2. The effect of interacting shock strength on various flow quantities, mean and
turbulent statistics is examined. The contributing terms to the turbulent kinetic energy and
enstrophy variations are examined with the aim of explaining the effect of shock on turbu-
lence, for providing useful information for high-order turbulence models and also for testing

the accuracy of DNS calculations.

1.2 Computational Methodology

1.2.1 Governing equations

For the current DNS computations, we solve the compressible, three-dimensional Navier-

Stokes equations in conservative form. The dimensionless equations read as:

dp B
%3 y (puj) =0 (1.1)
0 0 . ap (%ij
ot (pug) + @ (puluj) = _a—xi + (%:j (1.2)
OE 0 90 0Q;
E + @ (E ‘l‘p) uj = % (O'”ul) — % s (13)

where the viscous stress and heat flux terms are obtained from the following Newtonian

models:
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Here, the temperature dependence of p is based on Sutherland’s law, u(T) = T19(1 +

C)/(T + C) with C' =0.82. In Eq. (3.3), E is the total energy defined as

P 1

Finally, the thermodynamic variables, p, p and T" are linked by the ideal gas law,

_ T
ML

P (1.7)

1.2.2 Numerical scheme

DNS and LES of turbulent flows require low dissipation numerical schemes to avoid un-
physical damping of “small” scales due to numerical dissipation. In the presence of shocks,
it becomes necessary to use shock-fitting schemes to prevent spurious oscillations near the
shock regions introduced due to the Gibbs phenomenon. While standard shock-capturing
schemes like WENO or monotonicity preserving scheme (MP) [10, 11] successfully capture
the shock without any spurious oscillations, they can be dissipative in the regions away from
the shock and may reduce the accuracy of the solution. It should be noted that DNS com-
putations of SBLI have been performed using WENO [12, 13, 14, 15] and MP [16] schemes
with a good degree of accuracy. However, these schemes are not suitable for flows at higher
Reynolds numbers or flows with strong shock/turbulence interactions. An ideal solver for
numerical simulations of shock/turbulence interactions should have very low numerical dis-

sipation in the regions away from the shock and should also successfully capture the shock



without introducing any spurious oscillations. One way to achieve this goal is to use a hy-
brid scheme which incorporates a very low dissipation central-difference scheme in shock-free
regions and a shock-capturing algorithm in regions near the shock. The switch between the
two algorithms can be made by using a shock sensor. This hybrid methodology has been
successfully used for various shock/turbulence interaction simulations [17, 8, 18].

In the present study, we use a similar hybrid methodology to discretize the convective
terms in Egs. (3.1), (3.2) and (3.3). In the shock regions, we employ a fifth-order MP scheme.
(It should be noted that the order of accuracy degenerates to first-order near discontinuities).
This scheme has proved to be very robust for a wide variety of problems and has lesser
numerical dissipation and faster grid convergence when compared to a standard WENO
scheme [11]. The details of MP scheme can be found in Ref. [11]. In smooth regions of the

flow, the convective terms are cast in a split form [19, 9, 18]:

Opujp 10pujp 1( Opy 8u]'<p+ 8puj)

aSL’j _4 8:53 Z uj 8$] +p8xj QP&xj (1,8)
LA 00 ) Ouk 90
4 p ]8xj pwaxj j(pal’j

where ¢ is unity for the continuity equation, velocity components (u;) for the momentum
equations and H = ~/(v — 1)p/p + upui/2 for the total energy equation. The casting
of convective terms in spilt form ensures global conservation of total kinetic energy in the
limit of inviscid, incompressible flow and ensures strong numerical stability. Pirozzoli [9] has
shown that the above split form for convective terms can be cast in a locally conservative

form:
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and be approximated using a central-difference operator of the form:

L
Df; Zzz—;<fj+l—fj—z) : (1.10)
=1

This is achieved by defining the numerical flux as:

L 1-1
Fis12=2D a1 Y (0, 9)j—my (1.11)
=1 m=0
where
- 1
(fr9,h)j1 = g(fl + fje)(g + 9510 (hy + hyyg) - (1.12)

Since the above formulation is based on central differencing, there is no additional numerical
dissipation induced as in upwind schemes. Also, since the split form ensures strong numerical
stability, there is no need for the use of spectral-type filters [20] which may also introduce
artificial dissipation. In the present study, we use a sixth-order accurate central scheme
(L = 3) for the formulation of convective terms in split form.

The switch between MP scheme and the central-difference scheme is made using a mod-

ified form of Ducros sensor [8]:

(V.u)?
(V)2 4+ |V X ul? + (uso/6)?

0= 0<O<1 (1.13)

In the present study, we use a threshold value of © = 0.075 to distinguish between shock and
shock-free regions, i.e., for regions where © > 0.075, MP scheme is implemented and in all
the other regions, the central-difference scheme is used. The hybridization is achieved by first

computing the values of © in the computational domain and pre-marking the critical regions.
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Figure 1.1: Instantaneous density contours overlaid with modified Ducros shock sensor val-
ues. The critical regions identified by the shock sensor are shown in red. For interpretation
of the references to color in this and all other figures, the reader is referred to the electronic
version of this dissertation.

Next, the fluxes are computed in the entire domain using the central-difference scheme. In
critical regions, the fluxes are then selectively replaced by using the MP scheme. For the
treatment of interfaces between the shock and shock-free regions, a padding of 3 points on
either side of the interface point is used to prevent the incursion of non-dissipative central-
difference scheme into the shock regions [8, 21]. In Fig. 1.1, we show the instantaneous density
contours overlaid with the shock sensor values in an x — y symmetry plane for § = 7.75°.
The regions highlighted in red are identified as critical regions by the shock sensor and a
switch is made to MP scheme for computing the convective fluxes in these regions.

The viscous and diffusion terms are cast in a “Laplacian” form [22] for proper representa-

tion of diffusion effects at the highest resolved wavenumbers and also for improved numerical



stability. We found that when using a non-dissipative scheme for discretizing the convective
terms, as done in the present study, it is necessary to use the non-conservative form for dis-
cretizing the viscous and diffusion terms which otherwise could lead to numerical oscillations
in the solution, particularly near the wall. The viscous and diffusion terms are computed
using a sixth-order central compact scheme [20] for both first and second derivatives. The

time integration is performed using an explicit third-order Runge-Kutta scheme.

1.2.3 Inflow turbulence generation

The generation of a realistic inflow boundary condition for turbulent boundary layers is
very important. Several methods are described in the literature, each with their own merits
and demerits. In the present study, we adopt a two-step approach to prescribe the inflow
turbulence for SBLI simulations. This is similar to the method used in Refs. [16, 15, 23].
First, we first perform an auxiliary DNS for a canonical zero-pressure gradient turbulent
boundary layer. The domain size for the auxiliary simulation was 37.70,. f X 150,¢ f X 3.50,.
in the streamwise (z), wall-normal (y) and spanwise (z) directions, respectively. Here, 6. ¢
is the boundary layer thickness at the inlet of the auxiliary DNS. The useful part of the
domain in the streamwise direction was only until & = 24, after which is the sponge
region [24] which is used to drive the flow to a uniform state towards the exit of the domain.
The corresponding grid resolution for the auxiliary simulation was 1464 x 202 x 193. The
grid was uniform in the streamwise direction until x = 249,y and stretched in the sponge
region. The grid was also uniform in the spanwise direction. In the wall-normal direction,
grid points were clustered near the wall using a hyperbolic sine transformation. In terms of
wall units, the streamwise and spanwise grid spacings were Az™ = AzT ~ 4.5 (the reference

quantities are taken at x = 2304,., f). In the wall-normal direction, 100 points were located
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within y/6,..r = 1 and with the node next to the wall located at a distance of Ayt ~ 0.6.
For prescribing the inflow boundary condition for the auxiliary DNS, we used the recycling-
rescaling method similar to the one described in Ref. [25]. The recycling station was located
at a distance of 230,y from the inlet of the domain. Once the flow reached a statistically
steady state, a time-history of all the primitive variables were stored in a y — z plane located
at a distance of 239, from the inlet for a total length of approximately 3600, r/Us. This
“inflow box” was then used as the inflow boundary condition for SBLI simulations. The
total length of the inflow box (3600, /Uso) was sufficient to carry out the SBLI simulations
without having to recycle the inflow box. To establish that the recycling procedure used
for auxiliary DNS does not introduce any spurious periodicity, we show the spectra of wall
pressure at the recycling station in Fig. 1.2. Evidently, we do not see any phase locking due
to the recycling procedure. As explained in Ref. [25], if a phase locking were to occur, a
peak in the spectra would appear at frec = Ue/Trec where Ue & 0.8Us and Tpee = 235T€f.
This would correspond to free = 0.0348Us0 /8y f (indicated by a vertical line in Fig. 1.2).
At the outflow of auxiliary DNS, a supersonic exit condition was used. At the top
boundary, a symmetry boundary condition was applied to all the primitive variables and a

periodic boundary condition was used in the spanwise direction.

1.2.4 Computational setup for DNS of SBLI

The primary motivation for using the inflow box method in our DNS computations was to
keep the incoming flow identical for all three selected flow deflection angles. Additionally,
this inflow box can also be used for other DNS and LES computations. The computational
parameters for the SBLI simulations conducted in this paper for various shock intensities

are given in Table 1.1. In this table, Py/P) is the pressure ratio across the incident shock.
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Figure 1.2: The wall pressure spectra at x = 230,..y for the “auxiliary” DNS.

For all simulations, the grid is uniform in streamwise and spanwise directions. Similar to
the auxiliary DNS, the useful part of the domain in the streamwise direction extends only
up to & = 23.50,.f after which is the sponge region. In the wall-normal direction, the
nodes are clustered near the wall using a hyperbolic sine function to resolve the boundary
layer. It should be noted that the inflow box generated from the auxiliary DNS had 202 and
193 grid points in the wall-normal and spanwise directions, respectively. However, for the
SBLI simulations, we increased the number points in both y and z to improve the resolution
(See Table 1.1). Hence, the inflow box was interpolated to the SBLI DNS grid in y and
z directions using a third-order polynomial. Since the time step for SBLI computations is

controlled by the CFL condition, a third-order polynomial interpolation was used to obtain
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Table 1.1: Simulation Parameters for DNS of SBLI.

Parameter Case | Case II  Case 111

Mo 2.75 2.75 2.75
0 6° 7.759 9.25°
Py/ P 1.51 1.69 1.86
L, 23.50,cf 2350, 23.50f
Ly 156,ef  130pef 13055
L, 3480 cf 3480, 3.480c¢
N, 1440 1632 1632
Ny 252 302 302
N, 234 234 234
AxT 4.1 3.45 3.45
Ayt 0.6 0.6 0.6
Azt 3.45 3.45 3.45

the inflow values at an arbitrary time ¢. As in the case for the auxiliary DNS, a sponge
layer is used at the outlet to damp out the fluctuations, thus enabling the use of a simple
extrapolation for all variables. At the top boundary, a symmetry boundary condition is
applied to all variables. The bottom boundary is an isothermal wall with wall temperature
set equal to the adiabatic wall temperature of the undisturbed boundary layer. A no-slip
condition is used for the three velocity components and the density at the wall is computed

using the unsteady characteristic boundary condition [26, 27].

1.3 Results

The DNS results for three different shock intensities or deflection angles, § = 6°, 7.75° and
9.25° are discussed in this section. For convenience, we refer to simulations with 8 = 6°, 7.75°
and 9.259 as Cases I, II and III, respectively. The ensemble-averaged statistics reported

in this paper are obtained by averaging in time and the homogeneous spanwise direction.
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Table 1.2: Boundary layer parameters for the incoming boundary layer.

0 01 09 R652 Cf

14840, 04418607 0.1026,.; 2070 2.42 x 1073

The time integration was for at least one time period of the low-frequency oscillation of
the reflected shock system. The time period of the shock system was estimated a prior:
using the data presented in Fig. 7 of Ref. [4] and assuming a characteristic frequency
of Sty = 0.03, which is the typical value observed in most experimental and numerical
studies. For calculating/presenting various statistics, we use either Reynolds decomposition
((¢) = ¢ — ¢') or Favre decomposition ({¢} = ¢ — ¢”, {¢} = (pg)/(p)) of the variables.

In the discussion of results for SBLIs, it is customary to use a non-dimensional streamwise
coordinate defined as X* = (z— X,)/L. Here X, is the nominal shock impingement location
and L is the length of the interaction region, defined as the region between the nominal shock
impingement location (X,) and the apparent origin of the reflected shock. As done in other
studies, the apparent origin of the reflected shock is obtained by extrapolating the mean
reflected shock to the wall. In the present study, the nominal shock impingement location
was kept fixed at Xy = 156, for all three DNS calculations. Using X* as the streamwise
coordinate, the interaction region is located between —1 < X* < 0.

The flow parameters for the incoming (undisturbed) boundary layer are shown in Ta-
ble 1.2. For evaluating these parameters, data at the reference station x = 99,y was chosen.
For the purpose of this study, the boundary layer thickness (dg) is defined as the location

where the mean spanwise vorticity reaches 0.5% of its maximum value.
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1.3.1 Accuracy of DNS

To assess the accuracy of our DNS calculations, we first compare the mean and turbulence
quantities of the incoming boundary layer with the DNS results of Pirozzoli and Bernardini [1]
which were at Mach 2. For this purpose z = 9.00,. r, which is located just upstream of the
interaction region for Case III, is chosen as the reference station. Figure 1.3(a) shows the
Van-Driest transformed mean streamwise velocity profile of the incoming boundary layer.
The universal linear relationship, U™ = y™, (shown using dash-dot line in the figure) is
exhibited by the incoming boundary layer for y™ < 5 and there is a logarithmic behavior

+

between 30 < y™ < 60. The logarithmic behavior is in a very good agreement with the

log-law profile (shown using dashed line in the figure) given by Eq. (1.14)

Ui p = %ln(y—'—) +C (1.14)
where

K =041, C=51

The differences in the wake region are due to the differences in Reynolds numbers com-
puted using momentum thickness and wall properties (R652w). In the present DNS cal-
culations, Res, ~~ 1000 while in the DNS calculations of Pirozzoli and Bernardini 1],
Re52w ~ 1300. The density-scaled Reynolds stresses are shown in Fig. 1.3(b) in outer scal-
ing. Once again, a very good agreement is obtained between our current DNS results and
DNS results of Pirozzoli and Bernardini [1].

The accuracy of the incoming boundary layer statistics does not necessarily guarantee
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Figure 1.3: (a) Van Driest transformed mean streamwise velocity profile and, (b) density-
scaled Reynolds stresses of the incoming boundary layer. Symbols represent DNS data of
Pirozzoli and Bernardini [1]
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the accuracy of results in the interaction region and also downstream of the interaction
region. Since there are no experimental data available in the range of current simulations, it
is very important to establish the numerical accuracy of present DNS calculations in different
ways. The numerical accuracy of current DNS calculations, both in the upstream and the
downstream regions of the interaction, were assessed by checking the sum of all the terms in
the turbulent kinetic energy equation, which in theory should be equal to zero for a converged
solution. The net sum of all the terms in turbulent kinetic energy equation was found to be
negligible compared to the leading order terms. These results, discussed in detail in a later
section, and all the other results obtained for different grids indicate the numerical accuracy

of our DNS data through out the simulated domain.

1.3.2 Flow Visualizations

The complex features of SBLI are shown through the streamwise density gradient contours
for Case III in Fig. 1.4. The strong amplification of turbulence behind the reflected shock is
apparent from the density gradient contours in this figure. Also notice that the flow appears
more fine-grained downstream of the interaction region, indicating the effect of shock on
different turbulent length scales. The formation of expansion fan (represented by negative
values of the density gradient) is also evident behind the reflected shock. The expansion fan
region is followed by a series of compression waves which arise due to the reattachment of
boundary layer which mimics the effect of a compression corner.

The effect of shock strength on the shock-boundary layer interaction can be qualita-
tively examined by looking at the instantaneous numerical schlieren visualizations of the
flow obtained from DNS data (Fig. 1.5). We use the density gradient parameter defined

in Ref. [13] for flow visualizations in Fig. 1.5. The dark regions indicate regions of high
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Figure 1.4: Instantaneous streamwise densitygradient contours for Case III. Contour levels
are evenly spaced between -1 and 1.

density gradients. One can clearly observe that the origin of reflected shock shifts upstream
with increasing shock intensity and the reflected shock is followed by a series of stronger
compression waves. Also notice that the strength of the reflected shock increases with an
increase in shock intensity.

The overall behavior of the boundary layer can be examined by looking at the flow in a
plane parallel to the wall, i.e., in an x — 2z plane. It is recommended to examine the stream-
wise evolution of flow structures in a fixed y/d plane [1]. However, the presence of shock
makes the computation of boundary layer thickness () in the interaction region difficult.
Hence, we chose the mean sonic plane, i.e., the plane wall-normal location at which the
mean Mach number is equal to 1, instead of a fixed y/J plane. Additionally, the mean sonic

plane approximately represents the beginning of the supersonic regime in the boundary layer.
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Figure 1.5: Instantaneous numerical schlieren visualizations at an x —y symmetry plane. (a)
Case I, (b) Case II, (c) Case III.
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Figure 1.6 shows the instantaneous velocity and temperature fluctuations along the mean
sonic plane. For the incoming boundary layer, the velocity and temperature fields exhibit
a typical streaky structure with alternating low and high momentum regions observed in
a canonical zero-pressure-gradient boundary layer. These structures can sometimes extend
to lengths of around 400 and are referred to as superstructures. Some SBLI studies [28]
have postulated that these superstructures may be responsible for the low-frequency oscil-
lation of the shock system. In the region upstream of the interaction region, the velocity
and temperature fields are negatively correlated, i.e., high-momentum regions correspond to
low-temperature regions and vice-versa. In the separation region (indicated by the two ver-
tical lines), the streaky flow structure is observed in the initial part of the region but it soon
becomes “chaotic” and “isotropic” with a finer structure compared to the incoming flow.
From a numerical perspective, this is very important because conventional shock capturing
or upwind schemes cannot accurately capture the turbulence downstream of the interaction
region due to their inherent numerical dissipation. The shock appears to enhance mixing in
the boundary layer too. The anti-correlation between the velocity and temperature fields
drops in the interaction region and also downstream of the interaction region. For the incom-
ing boundary layer, the correlation between velocity and temperature field is approximately
—0.85 along the mean sonic line but drops to —0.55 in the interaction region and regions
downstream of the shock. This indicates the weakening of Reynolds analogy assumptions in
the interaction region and regions downstream of the shock. We also examined the behavior
of velocity and temperature fluctuations in the x — z plane along which the turbulent kinetic

energy was maximum and found similar results.
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Figure 1.6: (a) Instantaneous velocity fluctuations and, (b) instantantaneous temperature
fluctuations along the mean sonic plane for Case II.
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1.3.3 Reynolds- and Favre-Averaging

For a turbulent variable f, the Reynolds-averaged value (f) is related the Favre-averaged

variable {f} by the following equation:

) == (1.15)

Both Reynolds- and Favre-averaged forms of the flow statistics may be used for analysis of
compressible flows. Huang et al. [29] compared Reynolds- and Favre-averaged quantities for
a supersonic channel flow at Mach numbers of 1.5 and 3.0 and observed small variations
between them in regions close to the wall. Here we examine the two forms of averaging for
different shock intensities before discussing the flow statistics for SBLI.

Figure 1.7 shows the difference between the two kinds of averaging for the mean stream-
wise velocity and temperature at X* = —1.1, which corresponds to the incoming boundary
layer not yet affected by the shock. For the streamwise velocity, the maximum difference is
about —2.5% w.r.t. the Reynolds-averaged velocity and it is observed to be near the wall. For
the static temperature, the maximum difference is about 1.5% w.r.t. the Reynolds-averaged
temperature but the difference persists to a greater distance along the wall-normal direction.
The difference between Reynolds- and Favre-averaged total temperature was found to be
less than 0.4% w.r.t. the Reynolds-averaged quantity and can be considered negligible. In
the interaction region (X* = —0.5), the maximum difference between Reynolds-averaged
and Favre-averaged velocity increases to 5% for all three shock intensities (Fig. 1.8(a)). For
the temperature (Fig. 1.8(b)), there is only a marginal increase to 1.75%. In summary, dif-
ferences between the two forms of averaging appear to be largely independent of the shock

intensities and relatively small for the selected cases.

21



0 0.2 0.4 0.6 0.8 1

y/do
(b)
Figure 1.7: Differences between Reynolds- and Favre-averaged quantities at X* = —1.1. (a)

velocity, (b) temperature.
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Figure 1.8: Differences between Reynolds- and Favre-averaged quantities at X* = —0.5. (a)

velocity, (b) temperature.
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Since the differences in the two forms of averaging are more significant near the wall,
it can influence the prediction of skin-friction coefficient (C'y). In Fig. 1.9, the Cy values
computed from Reynolds- and Favre-averaged velocities for Case II are compared. As evident
from the figure, the differences mainly occur in the interaction region and downstream of
the interaction region.

The relationship between the Reynolds- and Favre-averaged turbulent stresses is given
by

wju b = (ugaey) — (uf'){uf) + (p'uju) /() (1.16)

Consistent with supersonic channel flow DNS results [29], our results show that the term
associated with the product of two mean Favre-averaged fluctuations, (u )(u;/ ) is approxi-
mately 1% of the Favre-averaged stress value in all the regions of flow. On the other hand,
the triple correlation term (p’ u;u;) is not negliglible, particularly in the outer regions of the
boundary layer, as can be seen in Fig. 1.10. Although, it should be noted that the magnitude

of stresses is small in the outer regions of the boundary layer. Similar results are observed

for turbulent heat flux terms.

1.3.4 Flow Reversal Comparisons

Figure 1.11 shows instantaneous streamwise skin-friction coefficient (C'y;) contours for the

three cases considered in this paper. The streamwise skin-friction coefficient is defined as

2
Tzy (1.17)
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Figure 1.9: (a) Comparison of C' ¢ computed using Reynolds- and Favre-averaged quantities.
(b) Percentage difference in C' + computed by Reynolds- and Favre-averaged quantities. The
results shown are for Case II.
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Figure 1.10: Comparisons for (p uluj> (a) for different shock intensities. X* = —1.1, (b)
X*=0.25.
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where oy is the x —y component of the shear stress at the wall. Only regions with C'y, <0
are shown to illustrate the extent of boundary layer separation. The locations of mean
separation and mean reattachment points in this figure are indicated by the dashed vertical
lines. The effect of shock intensity on the extent of flow separation is evident from the
larger separation regions created by shocks with higher intensities. The instantaneous data
show much larger separation zones than the corresponding mean separation zones (denoted
by dashed vertical lines). Additionally, the separation regions are not continuous and are
distributed non-uniformly in the spanwise direction. This shows that the separation bubbles
are highly unsteady and three-dimensional.

To further illustrate the 3D nature of flow in the interaction region, instantaneous span-

wise skin-friction coefficient (C'y,) contours are shown in Fig. 1.12. (', is defined as

20
C,, = —9 1.18

The incoming boundary layer is statistically homogeneous in the spanwise direction and
more-or-less “uniform” but we observe several patches of high C'y, values in the separation
region as well as in the regions downstream of the reattachment point. This indicates that
the flow is three-dimensional, at least instantaneously, not only in the separation region but
also downstream of the reattachment point, where the boundary layer is recovering back to
an equilibrium state.

For an additional characterization of the unsteady and intermittent nature of flow sepa-
ration, we computed the statistical probability of flow reversal (¥) at the wall. According to
the classification by Simpson [30], incipient detachment (ID) occurs when the instantaneous

flow reversal happens about 1% of the time, intermittent transitory detachment (ITD) oc-
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Figure 1.11: Instantaneous streamwise skin-friction coefficient contours. The contour levels
are evenly spaced between —6 x 1073 and 0. (a) Case I, (b) Case II, (c) Case III.
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Figure 1.12: Instantaneous spanwise skin-friction coefficient contours. The contour levels
are evenly spaced between —5 x 1073 and 5 x 1073, (a) Case I, (b) Case II, (c) Case IIL.
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Figure 1.13: Comparisons for the probability of flow reversal for different shock intensities.

curs when the instantaneous backflow happens 20% of the time and transitory detachment
(TD), which in practice coincides with the mean flow reversal, occurs when the flow reversal
happens 50% of the time. The streamwise variation of 7 for the three cases with different
shock intensities is shown Fig. 1.13. All three cases show a maximum flow reversal proba-
bility between 65 — 70%. As evident from the figure, with an increase in shock strength, the
probability of flow reversal extends to regions further downstream of the interaction region.
However, by increasing the strength of the incident shock, the maximum probability of flow
reversal does not change very much. This behavior was also observed by Morgan et al. [7]
in their LES studies.

Henceforth, for convenience, the streamwise skin-friction coefficient (C'r;,) will be referred
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Table 1.3: Separation and Interaction lengths.

Parameter Case 1 Case II Case 111

Loep  0.9150,0; 176007 3.3
L/5 2.04 2.49 3.44

to as just skin-friction coefficient and will be denoted by C'y. Figure 1.14 shows the stream-
wise distribution of mean skin-friction coefficient for the three cases simulated with different
shock strengths. The abscissa of the plot has been modified to coincide the mean separation
points for all three cases and all three cases exhibit appreciable mean separation bubbles.
The separation lengths (Lsep) and the interaction lengths (L) for Cases I, II, and III are
given in Table 3.3. Dupont et al. [4] proposed a linear relationship (for weak-to-moderate
interactions) between the length of the interaction region (L) and the shock intensity. The
interaction lengths computed in the present simulations agree well with the data presented
in Fig.7 of Ref. [4]. Interestingly, Fig. 1.14 shows that the rate of decrease of C'y ahead of

the mean separation point is similar for all three cases, even though the recovery rates vary.

1.3.5 Mean and Fluctuating Wall-Pressure Comparisons

The streamwise variations of mean wall-pressure for Cases I, IT and III are shown in Fig. 1.15.
In Fig. 1.15(a), the mean wall-pressure is again plotted against the streamwise coordinate
whose origin has been shifted to the mean separation point. The mean wall pressure for all
three cases begin to rise upstream of the mean separation point, i.e., before x — xgep = 0.

Also, similar to the trends shown for C , the rate of increase of wall-pressure is similar for all
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Figure 1.14: Comparisons for mean skin-friction coefficient for different shock intensities.

three cases during the initial part of the interaction. When the non-dimensional mean wall
pressure, P* = (P, —p1)/(p2 — p1) (p1 and py are the pressures upstream and downstream
of the incident shock, respectively) is plotted against X* (Fig. 1.15(b)), the profiles show a
reasonable collapse across and downstream of the interaction region. However, the collapse
becomes poor as the shock intensity increases [4] since the non-dimensionalization is valid
only for the inviscid limit.

Figure 1.16(a) shows the instantaneous wall-pressure fluctuations for Case II. In the
incompressible separated boundary layer DNS study by Na and Moin [31], the wall pres-
sure fluctuations were found to be lower in the separated region compared to the region

downstream of the reattachment point. However, in the present study, we find that the
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Figure 1.15: Mean wall pressure distribution for different shock intensities plotted with
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wall-pressure fluctuations are high even in the separation region (between the dashed ver-
tical lines in the figure). The streamwise evolution of r.m.s. of wall pressure fluctuations,
normalized by the mean wall pressure and plotted against X*, are shown in Fig. 1.16(b).
The data show a reasonable collapse, particularly for Case II and Case III, in the regions
downstream of the interaction region. Also note that the peak of the r.m.s. wall pressure

fluctuation moves upstream with increasing shock strength when plotted in this scaling.

1.3.6 Thermodynamic Variables

Figure 1.17 shows the variation of r.m.s. values of thermodynamic variables along the wall-
normal direction at different streamwise locations for Case II. At all the streawise stations,
the pressure fluctuations (normalized by the mean pressure) are nearly constant in the near-
wall regions, as shown in Fig. 1.17(a). For the incoming boundary layer (X* = —1.1), the
maximum pressure fluctuations intensity is approximately 4% of the mean value. However,
in the interaction region (X* = —0.5), the r.m.s. value of pressure increases to 12%. The
spike in the r.m.s. pressure profile seen at this station is due to the shock, and as shown in
the figure, there is a very sharp increase in pressure fluctuations across the shock. As we
move to downstream stations, the intensity of pressure fluctuations decreases, although the
peak values keep shifting to the outer part of the boundary layer. The variations in static
temperature fluctuations (Fig. 1.17(b)) due to the shock are not as significant as those of
the pressure. However, for the incoming boundary layer (X* = —1.1), the r.m.s. values of
temperature fluctuations are quite significant with a peak value reaching to about 12% of
the mean temperature. In the interaction region (X* = —0.5) there is a modest increase

in the peak value of r.m.s. temperature fluctuations. Even the jump in the temperature

plot across the shock (indicated by the spike) is not as strong as that in the pressure plot.
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Figure 1.16: (a) Instantaneous wall pressure fluctuations for Case II. (b) Streamwise evolu-
tion of r.m.s. of wall pressure fluctuations for different shock intensities.
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In the downstream stations, the r.m.s. temperature fluctuation values drop to the values
comparable to those found in the incoming boundary layer. Also, similar to the r.m.s. of
pressure fluctuations, the peak values of temperature r.m.s. keep shifting towards the outer
part of the boundary layer as we move to downstream stations. The fluctuations in the
total temperature (not shown) are not negligible, even for the incoming boundary layer.
Interestingly, for the selected streamwise stations, the maximum value of total temperature
fluctuations occur at X* = 0.25, and not at X* = —0.5, which is in the interaction region.
And, unlike the fluctuations for pressure and static temperature, the fluctuations in total
temperature are not so much affected by the shock, which is evident from the absence of
spikes in the total temperature plots.

To get a better understanding of the global behavior of various thermodynamic variables
and their turbulent fluctuations, we show the contours of their r.m.s. in Fig. 1.18 for Case
II. Figures. 1.18(a) and 1.18(b) show contours of pressure and density, respectively. The
highest fluctuations in the thermodynamic variables are observed in the interaction region.
The oscillations in pressure and density are shown to propagate along the reflected shock and
the strength of the fluctuations propagating along the reflected shock are shown to increase
with increasing incident shock strengths. Although the intensity of pressure and density
fluctuations decreases as we go further along the reflected shock towards the freestream,
they could be partly because of the grid coarsening.

A convenient and important parameter for predicting the effects of compressibility in
supersonic turbulent flows is the turbulent Mach number, M;. It is defined as the ratio of
twice the turbulent kinetic energy and the mean speed of sound,
RS
= T .
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Figure 1.17: R.M.S. of thermodynamic fluctuations at different streamwise locations for Case
I1. (a) pressure, (b) temperature.
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Figure 1.18: Contours of turbulent fluctuations of thermodynamic variables for Case II. (a)
r.m.s. of pressure fluctuations, (b) r.m.s. of density fluctuations.

Another useful quantity is the fluctuation Mach number ((M’)) which is the r.m.s. of the
Mach number fluctuations. Compressibility effects in turbulence are predicted to become
important when M; exceeds 0.3. In Fig. 1.19, we show the profiles for M; and (M’) at various
streamwise locations for Case II. Both M; and (M’) show similar trends with (M’) exhibiting
slightly larger values. The incoming boundary layer shows a peak M; value of approximately
0.3 and it increases to 0.55 at X* = —0.5. As we go to regions downstream of the interaction

region, the peak value of M; reduces, but the location of peak moves towards the outer part
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of the boundary layer, similar to pressure and temperature fluctuations. Unlike My, (M)
experiences a sharp jump across the shock, which can be seen in its profile at X* = —0.5.
Similar trends are observed for the other two cases with the difference being the magnitude

of peak values which are higher for stronger shocks, as expected.

1.3.7 Turbulent Kinetic Energy Budget

Useful information for turbulence modeling can be obtained by looking at various terms in
the turbulent kinetic energy (TKE) transport equation. The transport equation for turbulent

kinetic energy (k = 1/2{u/w/}) is given by

%:O+P—6+T+V+H+D (1.20)

where C, P e, T, V11, D are the contributions from mean convection/advection, production,
viscous dissipation, transport, viscous diffusion, pressure dilatation and mass diffusion terms,
respectively. The expressions for these terms are given below.
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Figure 1.19: Turbulent and fluctuating Mach numbers at different streamwise locations for
Case I1. (a) My, (b) (M').
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The production term (P) generates the turbulent kinetic energy through the mean velocity
gradient. This term is responsible for the energy transfer between mean flow kinetic en-
ergy and the turbulent kinetic energy. The transport term consists of two parts, turbulent
transport term (7}) and pressure transport term (7). The contributions from the pres-
sure transport term (7)) and the pressure dilatation term (II) together are known as the
pressure work. The pressure dilatation term is responsible for the energy transfer between
the turbulent kinetic energy and the mean internal energy and is significant only when the
compressibility effects become important. The pressure transport term is responsible for the
redistribution of energy to the inhomogeneous flow regions. As stated in Ref. [32], the mass
diffusion term (D) is usually associated with variable inertia effects for flows with low turbu-
lent Mach numbers. But at higher turbulent Mach numbers, this term can also include the
effects of compressibility. Note that the mass diffusion term involves the Reynolds-averaged
value of the Favre fluctuation of the velocity which, as we have shown earlier, is small and
primarily confined to regions close to the wall.

Figure 1.20 shows the turbulent kinetic energy budget for the incoming boundary layer,
e, at X* = —1.1. Since the profiles are similar for all the three cases at this location,
we show the results only for Case II. The legend for various terms in the turbulent kinetic
energy equation is given in Table 1.4. The results at X* = —1.1 are representative of a typical
zero-pressure gradient boundary layer. Near the wall, viscous dissipation is balanced by the

viscous diffusion term and away form the wall, the production term largely balances the
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Figure 1.20: Turbulent kinetic energy budget for Case IT at X* = —1.1.

Table 1.4: Legend and colors for turbulent kinetic energy budget plots.

Term Color Line style

convection (C) green solid

production (P) black solid

dissipation (e) red solid

turbulent transport (73) blue  solid

pressure transport (7,)  blue  dashed

viscous diffusion (V) black solid line with open circles
pressure dilatation (II)  black open squares

viscous dissipation term and the turbulent transport term. The advection term is negligible
for the incoming boundary layer due to the absence of any significant mean strain rates in

the flow direction. The sum of all the terms in Eq. 1.20 is shown by the dashed red line and

it indicates excellent numerical accuracy of our DNS calculations.

The profiles at X* = —0.5 are shown in Fig. 1.21. At this location, the pressure transport

42



term becomes important near the wall (indicating the redistribution of TKE to the inhomo-
geneous directions) and cancels the other two important terms, the viscous diffusion and the
viscous dissipation terms. The dissipation near the wall increases with generally higher dis-
sipation for higher shock intensities. Since dissipation is largely associated with small scales
of the flow, larger dissipation indicates more small scales are formed due to the interaction
of the boundary layer with the shock. As a result of the boundary layer interaction with
the shock, the peak value of production term increases by almost four times which results in
the amplification of turbulent kinetic energy at this location. Also, the peak of production
term shifts away from the wall into the mixing layer region developing over the separation
bubble. As shown earlier, the height of the separation bubble increases with an increase in
shock intensity and this explains the shifting of the peak away from the wall with increasing
shock intensity. Away from the wall, the convection term becomes significant, again due to
the formation of mixing layer over the separation bubble, and helps in balancing out the
production term in the outer part of the boundary layer. The turbulent transport term has
both positive and negative contributions in the boundary layer. Near the wall, it has a posi-
tive contribution and compensates for the draining of the energy due to viscous dissipation.
Near the regions where the production term attains its peak, the turbulent transport term
is negative to counter the production term but once again its contribution becomes positive
in the outermost region of the boundary layer to balance out the convective term. Once
again note the excellent balance between all the contributing terms which is indicated by
the dashed red line.

At X* =0.25 ( Fig. 1.22 ), again the pressure transport term, the viscous diffusion term
and the viscous dissipation term cancel each other near the wall. For Case I ( not shown ),

the production term exhibits two peaks, one in the inner layer and the other in the outer
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Figure 1.21: Turbulent kinetic energy budgets at X* = —0.5. (a) Case II, (b) Case III.
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layer, with the inner peak having a larger value. For Case II ( Fig. 1.22(a)) and Case III (
Fig. 1.22(b)), the inner peaks are just beginning to form. This indicates the varying rates
of boundary layer recovery towards an equilibrium state for different shock intensities. The
peaks of production in the outer part of the boundary layer are balanced by the turbulent
transport and viscous dissipation terms. The convection term is positive in the inner part
of the boundary layer to negate the effect of viscous dissipation but becomes negative in the
outer part to balance the production and turbulent transport terms.

At X* = 1.5 ( Fig. 1.23), a recovery towards an equlibrium state is still in process with
the peak of production term moving back towards the wall, although the peak in the outer
layer still exists. The convection term becomes small again at X* = 1.5 compared to the
previous two stations and the pressure transport term continues to be important near the
wall. The significance of the pressure transport term in the interaction region and also
downstream of the interaction region indicates the effect of shock in redistributing the TKE
in the inhomogeneous directions. In other words, the shock tends to make the flow more
homogeneous near the wall. The compressibility related terms like II and D are found to be
negligible at all the four selected streamwise locations.

The behavior of TKE and various terms in the turbulent kinetic energy budget across
the interaction region can be examined by looking at their evolution along the mean sonic
line (Fig. 1.24). We show the results only for Case II since similar observations are made
for the other two cases. Figure 1.24(a) shows the evolution of TKE along the mean sonic
line. During the first half of the interaction region, TKE increases significantly, it then drops
sharply before increasing again. This behavior can be explained by examining various terms
in the TKE transport equation.

Along the mean sonic line, the production term in the incoming boundary layer is bal-
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Figure 1.22: Turbulent kinetic energy budgets at X* = 0.25. (a) Case II, (b) Case III.
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Figure 1.23: Turbulent kinetic energy budgets at X* = 1.5. (a) Case II, (b) Case III.
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anced by the turbulent transport and the viscous dissipation terms. Due to the interaction
of the turbulence with the shock, the production term increases in the interaction region.
The production term couples the mean flow kinetic energy and the turbulent kinetic energy.
Hence, a positive increase in the production term means energy is transferred from the mean
flow to the turbulent field (which explains the increase in TKE in Fig. 1.24(a)). The loss of
energy from the mean flow is due to the bulk flow deceleration caused by the shock-generated
adverse pressure gradient. The adverse pressure gradient also causes boundary layer sepa-
ration and, hence the lift-up of vortical structures which leads to an increased contribution
from the convection term. In the first half of the interaction region, the convection and
viscous dissipation terms balance the contributions by the production and turbulent trans-
port terms. At approximately X* = —0.4, the production term becomes negative and the
convection term becomes positive. This is due to the formation of the expansion region in
the boundary layer that causes a local flow acceleration and the energy transfer from the
turbulent field to the mean field (This explains the sharp drop in TKE in Fig. 1.24(a)). The
pressure dilatation term is both negative and positive in the interaction region. The negative
values of II; (which indicates a loss in turbulent kinetic energy and gain in mean internal
energy in this region) occur near the foot of the incident shock while positive values occur
around the expansion fan region (which indicates a loss of energy from the mean internal
energy to the turbulent field). Hence, the compressibility effects are confined only to a small
part of the interaction region. Similar to the pressure dilatation term, the pressure transport
term is also significant in the expansion and compression regions of the interaction zone. As
we go downstream of the interaction zone, production is once again balanced by turbulent
transport and viscous dissipation.

The streamwise evolution of various terms in the TKE transport equation along the locus
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of maximum TKE (which in the interaction region would approximately correspond to the
centerline of the mixing layer) exhibit behavior similar to that along the mean sonic line
except for the pressure-dilation term whose contribution was found to be negligible along
the locus of maximum TKE.

The viscous dissipation term in the TKE equation can be decomposed into solenoidal

(€5), dilatation (e7) and inhomogeneous components (ey).
e=¢€s+egter (1.21)
where

es = () (wiwj)
4 8u;€ 8u2
€d = §<M><8—xk8—xl>

02 (uiu’) 9 ou
_ VA, W A}

Figure 1.25 shows the streamwise variation of viscous dissipation and its components along
the mean sonic line. As evident from the figure, the solenoidal part is the most significant
component of the three. Similar to the pressure-dilatation term in the TKE equation, the
dilatational dissipation is only noticeable in the interaction region. From Fig. 1.25, we also
see that the solenoidal dissipation, and the total dissipation, increases across the interaction
region which suggests the amplification of vorticity variance or enstrophy across the interac-
tion region. The effect of shock on various terms in the enstrophy equation are discussed in

the next section.
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Figure 1.25: Evolution of dissipation term and its components along the mean sonic line.

1.3.8 Enstrophy budget

The transport equation for enstrophy (€ = 1/2(wiw})) is given below.

o,y O (u;) / ,3u; O(ug,)
<u]>axj - <wi _]> 8.%’] +< 1779 8.%’] Q 8$k
— ~~ ~ ~ ——
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In this equation, term I represents the convection term, term II is the production/destruction

of enstrophy due to the mean velocity gradient, term III is the self-stretching due to the
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Table 1.5: Legend and colors for enstrophy budget plots.

Term Color Line style

1 black dotted

11 black dash-dot

111 black solid

VII black dashed

X black solid with open triangles

fluctuating vorticity field, term IV is the vorticity-mean dilatation, term V is the vorticity-
fluctuating dilatation, term VI represents the generation of vorticity due to baroclinic torques,
term VII is the viscous diffusion term, term VIII is the turbulent transport term, term IX
is the production of enstrophy due to mean vorticity field, term X is associated with the
interaction of the fluctuating stretching term (w;Vu;) with the mean vorticity and term XI
represents the interaction of the mean vorticity with the stretching term associated with the
dilatation term.

Not all terms are important in the enstrophy transport equation before, within and after
the interaction zone. In Fig. 1.26, we show the dominant terms in the enstrophy transport
equation at X* = —1.1. The legend for the enstrophy budget plots is given in Table 1.5.
Near the wall, terms IIT and X have positive contributions to the enstrophy budget and they
are balanced by terms II and VII. As we go away from the wall, the stretching term (X)
becomes zero and the production term (II) becomes positive to compensate for the stretching
term (X).

In the interaction region at X* = —0.5 (Fig. 1.27), the two most dominant terms are
the self-stretching term (III) and the viscous dissipation term (VII) and they balance each

others effects. The increase of enstrophy (and viscous dissipation in the TKE equation)
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Figure 1.26: Enstrophy budget for Case II at X* = —1.1.

in the interaction region is primarily due to the stretching term (III). There is a small
contribution from the convection term (I) and as the shock strength increases, the production
term (II) becomes less significant. At X* = 0.25 (Fig. 1.28), the stretching term (X) and
the production term (II) again become significant near the wall with varying degrees of
contributions for different shock intensities. The convection term (I) becomes negligible at
this location. As we go further downstream to X* = 1.5 (Fig. 1.29), where the boundary
layer is in the process of reaching an equilibrium state once again, the dominant terms in
the enstrophy transport equation show behavior similar to the one observed at X* = —1.1.
Again, terms III and X have positive contributions to the enstrophy evolution near the wall
and are balanced by terms II and VII. The contribution of the baroclinic term (VI) was found
to be negligible at all the selected streamwise locations. Similar to the pressure-dilatation
term (II) in the transport equation for the turbulent kinetic energy, the baroclinic term (VI)

is also associated with the effects of compressibility.
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Figure 1.27: Enstrophy budgets at X* = —0.5. (a) Case II, (b) Case III.
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Figure 1.28: Enstrophy budgets at X™* = 0.25. (a) Case II, (b) Case III.
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Figure 1.29: Enstrophy budgets at X* = 1.5. (a) Case II, (b) Case III.
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1.4 Summary and Conclusions

Direct numerical simulations are carried out for shock waves of different intensities interacting
with a Mach 2.75 flat-plate turbulent boundary layer. The numerical method used for dis-
cretizing the Euler terms is based on a hybrid strategy that uses a sixth-order, non-dissipative
central-differencing scheme in the shock-free regions and a robust fifth-order monotonicity
preserving scheme in the regions around the shock. The accuracy of DNS calculations are
verified by comparing the incoming boundary layer statistics with the published literature
and also by checking the balance of all the terms in the turbulent kinetic energy transport
equation.

Visualizations of instantaneous flow velocity and temperature in the planes parallel to the
wall clearly indicate the significant and complex effects of shock on the turbulence structure.
As expected, the flow downstream of the shock becomes more chaotic with a fine-grained
structure and the mixing is also enhanced. The change of length scales downstream of the
shock is very significant from a numerical perspective since it places additional constraints
on the downstream grid and also the dissipative properties of the numerical scheme. The
anti-correlation between velocity and temperature fields are found to be reduced across the
interaction region indicating a breakdown of the strong Reynolds analogy. The differences
between Reynolds- and Favre-averaged velocities are more significant than those for tem-
perature but are only important near the wall and in the interaction region, as reflected in
the skin-friction coefficient computations. The increase in shock intensity does not appear
to increase the differences between Reynolds- and Favre-averaging.

As expected, the separation region grows with increasing shock intensity due to an in-

creased adverse pressure gradient. Instantaneous flow reversal analysis indicate that the flow
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reversals are highly unsteady and three dimensional. The effect of shock strength on the
boundary layer interaction is clearly visible in the flow reversal comparisons. However, the
maximum probability of flow reversal does not increase with increasing shock intensity, an
observation also made in the LES studies by Morgan et al. [7]. The length of interaction
regions computed from the present DNS calculations show very good agreement with exper-
imental results (Fig. 7 in Ref. [4]). The wall pressure fluctuations measured by the r.m.s. of
pressure show a reasonable collapse downstream of the interaction region when normalized
by mean wall-pressure and plotted against the non-dimensional streamwise coordinate, X*.
The fluctuations of thermodynamic properties are intensified in the interaction region with
pressure showing the largest amplification in the interaction region.

The turbulent kinetic energy (TKE) budgets are examined for a better understanding of
shock effects on turbulence. Various terms in the TKE equation showed similar behavior for
different shock intensities when measured at the same non-dimensional streamwise locations,
X*. The streamwise evolution of TKE and terms contributing to its evolution are also
examined along the mean sonic line. The increase in TKE in the interaction region is
primarily due to an increase in the production term. The production term is found to be
negative in the expansion fan region after the impinging shock, indicating a loss of energy
from the turbulence to the mean flow. This effect is stronger for higher shock intensities.
The pressure dilatation term and the dilatational dissipation are found to be significant
only in the regions surrounding the shock. The pressure dilatation term is negative near
the foot of the reflected shock which indicates an energy transfer from turbulence to the
mean internal energy. In the expansion fan region, the pressure dilatation is positive and
responsible for a net energy transfer from mean internal energy to the turbulence. All these

indicate a strong and dynamic coupling exists between the turbulent and mean fields in
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the interaction region with energy being continuously exchanged between the two fields.
Despite the relatively high values of incoming Mach number and interacting shocks, the
compressibility-related terms like the pressure dilatation term are found to be negligible
in the TKE equation in most of the flow regions although the turbulent Mach number
exceeded 0.3, a conventional threshold for the turbulent compressibility effects to become
important. Examination of the enstrophy budgets also revealed that the baroclinic term,
a term associated with compressibility effects, was negligible even for the highest shock
intensity. The vortex stretching term in the enstrophy transport equation is found to be
primarily responsible for the net increase in enstrophy in the shock-turbulence interaction

region.

59



Chapter 2

A Priori Analysis of Subgrid-Scale
Turbulence for Shock-Boundary Layer

Interactions

2.1 Introduction

Large-eddy simulations (LES) are becoming increasingly popular for high speed flow com-
putations due to the current restrictions on performing direct numerical simulations (DNS)
and the short-comings of Reynolds-averaged Navier-Stokes simulations (RANS). In LES,
only the large scales in the flow are explicitly computed and the small scales are modeled
using a subgrid-scale (SGS) model. Unlike the turbulence models used in RANS, which are
mostly of the two-equation type, the commonly used subgrid-scale (SGS) models for LES
are the zero-equation eddy-viscosity type models. These models, despite their simplicity,
may still perform well because they model only the small (or unresolved) scales which are
generally more homogeneous than the large turbulent scales.

Shock-boundary layer interaction (SBLI) is becoming a benchmark problem in the high-
speed flow modeling community due to its unique characteristics. Firstly, the setup for SBLI

flow is simple enough for DNS and LES but it is of great practical significance. Secondly,
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the interaction of shock with the boundary layer is very complex and requires high-fidelity
numerical methods like DNS and LES to correctly capture the flow physics. With the obvious
limitations of DNS, the focus is on LES to provide a reasonably accurate description of the
flow. The development of models for LES of high speed (supersonic) flows, including SBLI,
is a continuing research. There have been several LES computations of SBLIs. Garnier et
al. [33] were the first to conduct LES of SBLI for a flow Mach number of 2.3 and a flow
deflection angle of 6 = 8°. Their LES results were in good agreement with the available
experimental data. Using the mixed time scale SGS closure, Touber and Sandham [34] were
able to reproduce the experimentally-observed characteristic frequency of the reflected shock
system. In another separate LES study [6], they compared their LES results with those from
three different experimental configurations. Pirozzoli et al. [35] examined the capabilities of
LES and RANS models to predict unsteady flow characteristics of SBLI. Jammalamadaka
et al. [16] evaluated the performances of several SGS models for the problem of SBLI by
comparing DNS and LES results and found that dynamic similarity-type models gave good
predictions. LES has also been used to study SBLI in compression corners. [36, 37]

In LES of incompressible flows, the only terms requiring models are the SGS stresses
which appear in the filtered momentum equations. Several types of models are employed for
the SGS stresses in incompressible flows, the most common being the zero-equation eddy-
viscosity type models. These models have also been used for modeling the SGS stresses in
compressible flows with varying degrees of success. However, in LES of compressible flows,
in addition to SGS terms in the filtered momentum equations, there are several terms in
the filtered energy equation which also require modeling. The modeling of SGS terms in the
energy equation has been a bit of a grey area for LES of compressible flows where some terms

are modeled while the others are neglected. There have been some studies that examined the
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behavior of SGS terms in the filtered energy equation but these studies have been limited
to relatively simple subsonic flows [38, 39]. In complex flows like SBLI that involve both
shock and turbulence, the behavior of SGS terms in the LES equations is largely unexplored.
The main objective of the present study is to examine the behavior of various SGS terms
appearing in the compressible filtered Navier-Stokes equations for SBLIs. This is primarily
done through a priroi analysis of DNS data for SBLI [40]. The description of the DNS
database is described in the next section. The contribution of various components of SGS
fluxes in various regions of the flow is examined. We also examine the budgets for SGS
kinetic energy to study the effect of shock on subgrid-level turbulence and with the aim of
providing useful information for one-equation SGS LES models. To the authors’ knowledge,
this is the first comprehensive attempt to examine the behavior of SGS correlations/terms

in supersonic flows of the type seen in SBLIs.

2.2 DNS data

This study is based on a priori analysis of DNS data we have recently generated for SBLI [40].
The setup for the DNS of SBLI was a typical impinging oblique shock interacting with
a zero-pressure gradient turbulent boundary layer developing on a flat plate. The DNS
computations were performed for three different shock intensities to examine the effect of
shock intensity on SBLI. The incoming freestream Mach number for the turbulent boundary
layer was 2.75 and the flow deflection angles for impinging oblique shock were # = 6°,
7.75% and 9.25°. For the selected flow deflection angles, all three cases exhibited mean

flow separation. It was also shown in the DNS study [40] that the shock wave significantly

affects the mean and turbulent quantities and these effects were amplified for higher shock
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intensities. With these results in view, we can expect the shock to have a similar effect on
various SGS terms.

The computational algorithm used for generating the DNS data was based on a hybrid
methodology. Hybrid numerical methodologies are popular for shock/turbulence simula-
tions. In regions away from the shock, we used a minimally dissipative central scheme [9] to
compute the Euler terms in the Navier-Stokes equations. For enhanced numerical stability
and accuracy, the Euler terms were cast in a split-form [41, 9]. Interested readers are referred
to Refs. [9, 41] for a detailed description of the method. In regions surrounding the shock, a
fifth-order monotonicity-preserving (MP) scheme [10, 11] was used. Taking advantage of the
hyperbolic nature of the Euler terms, and also for improved numerical stability, the fluxes
were computed in the characteristic space and then transformed back to the physical space.
The flux-splitting in characteristic space was done using Lax-Friedrich’s method. Details on
characteristic transformation can be found in Refs. [42, 43, 11]. The MP scheme has proven
to be very robust for a wide variety of problems involving discontinuities like shocks and also
has lesser numerical dissipation in comparison to the standard WENO scheme [44]. However,
for the present DNS setup, MP scheme alone was not sufficient to resolve all scales in the
flow. The switch between the central scheme and MP scheme was made using a dilatation-
based shock sensor [8]. More details on the hybridization can be found in Refs. [21, 8]. The
diffusive terms of the Navier-Stokes equations were computed using sixth-order compact cen-
tral schemes [20]. The diffusive terms were cast in a non-conservative form [22] for enhanced
numerical stability and also to ensure finite molecular dissipation at all wavelengths. In our
experience, it is necessary to use the non-conservative form for the diffusive terms when the
Euler terms are cast in a split form and computed using very low dissipation central schemes.

Otherwise, unphysical oscillations appear in the solution, particularly in regions close to the
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wall.

While the details of the DNS can be found in Ref. [40], some computational details are
given here for a better understanding of the results presented in this paper. The grid spacings
in wall-units for DNS of SBLI were as follows: in the streamwise direction, Az = 4.1 for
6 = 6° and Azt = 3.45 for § = 7.75° and 9.25°. In the homogeneous spanwise direction,
Azt = 3.45. The grid was clustered near the wall and the node immediately next to the wall
was located at a distance of Ay™ = 0.6. For the incoming boundary layer, Reynolds number
based on the momentum thickness and freestream quantities was 2070. The accuracy of the
incoming boundary layer statistics was verified by comparing them against results published
in the literature [1]. However, the accuracy of incoming boundary layer characteristics does
not necessarily guarantee the accuracy of solution in the interaction region and regions
downstream. In the absence of any experimental data, the accuracy of DNS calculations in
these regions was verified by grid-sensitivity assessment and by checking the sum of all terms
in the turbulent kinetic energy (TKE) equation. An accurate and converged solution would
result in a near zero sum of all the contributing terms in the TKE equation. For the DNS
calculations, the sum was indeed found to be negligible compared to the leading order terms
in the TKE equation in all the flow regions. In our opinion, this is a better way to ensure
numerical accuracy for DNS of turbulent flows when compared to the standard practice
of conducting grid refinement studies. Our studies showed that carrying grid refinement
studies with MP scheme (which is based on an upwind scheme) alone gave converged results
for various second-order statistics at Az™ = Azt = 4.1, but the contributing terms in the
turbulent kinetic energy equation were not found to be in full balance, even after further
refinement of the grid, possibly because of the numerical dissipation of the scheme. Although

increasing the grid resolution would theoretically increase our ability to capture smallest
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scales in the flow, the numerical dissipation of the scheme may prevent us from doing so.
The hybrid method employed here [40] generated fully accurate data in all flow regions with

the selected grids.

2.3 Results

The results presented in this section are obtained from either using a single realization of
instantaneous filtered DNS data or an ensemble average of the data. For ensemble averaging,
averages were taken in time and homogeneous spanwise direction. The duration for temporal
averaging was 1" ~ 15§/Us, with & being the boundary layer thickness of the incoming
boundary layer and Uy, the free stream velocity. The primary motivation to do ensemble
averaging was to reduce the numerical noise in the results for a better interpretation. We
stress that we were not looking to obtain fully converged statistics at low frequencies, which
would need much longer integration.

One of the parameters studied in this paper is the filter width. Three different filter
widths are considered: A = 4Apyg, A = 8Apyg and A = 16Apyg, where A is the
characteristic size of the filter and Appg is the characteristic size of the DNS grid. In
this study, filtering operations were performed mostly in the streamwise (x) and spanwise
(z) directions where the grid was uniform. Filtering in the wall-normal (y) direction was
avoided because of the complexities associated with filtering on non-uniform grids. It should
be noted that this is a standard practice for wall-bounded flows. Filtering was performed
in the physical space using a top-hat filter with the filtered variable, ¢, obtained using the

relation:

_ 1 [A)2
3 A/_MM (2.1)
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The integral was evaluated using the trapezoidal rule and the resulting 1-D discrete filter is
given by:
I=N/2

b= . wdiy (2.2)

I=—N/2
where the coeflicients a; are the corresponding coefficients of the trapezoidal rule and N = 4,
8 and 16 for A = 4Apyg, S8Apng and 16Apyg, respectively. Multi-dimensional filtering
was performed by applying the above 1-D filter consecutively in each direction. For LES
of compressible flows, it is customary to use a Favre-filtered variable, ;5, which is given by
¢ = po/P.

Since the simulated SBLI has two inhomogeneous directions (z and y), various SGS
terms are compared along the wall-normal direction at selected streamwise locations. The
streamwise stations were located at X* = —1.1, —0.5, 0.25 and 1.5. Here, X is the non-
dimensional streamwise coordinate defined as X* = (x — Xj)/L, where X is the nominal
shock impingement location and L is the length of the interaction region, defined as the
distance between the nominal shock impingement location and the extrapolated wall-location
of the reflected shock. The interaction region is then defined as the region between —1 <
X* < 0. Hence, X* = —1.1 would correspond to the the incoming (pre-shock) boundary
layer, X* = —0.5 is located in the middle of the interaction region and X* = 0.25 and 1.5

are located downstream of the interaction region.

2.3.1 SGS terms in the filtered momentum equation

There are no unclosed terms in the filtered continuity equation when Favre-filtering is used.

B 0 -\
E‘F%j(puj)—o (2.3)
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However, unclosed terms appear in the filtered momentum equation which require model-
ing. The filtered momentum equation is obtained by applying the filtering operator to the

compressible Navier-Stokes equations. The dimensionless form is given by:

o o ,__ - (9]_9 B 8%- (%ij o ,_ ~
ot (pu;) + @ (puzu]) + 8—562 = ax] - 8$j + ax] (Ulj - Uzg) ) (2.4)
Tij = puitj — u;;)
_ (D) 1 (0w | duy\ 10, ]
i = Re |2 (8Ij * ox; 385L’k5”_
g 2UT) L (Ou; w1 0uy o ]
* Re [2\0z; Ox; 30z

where 1 is the dynamic viscosity of the fluid and Re is the reference Reynolds number. The
tilde denotes Favre-filtered value, ¢ = pd/p. The last term in Eq. (3.9) is due to the non-
linearities and differences in Favre and regular filtering operations. This term was found
to be negligible by Vreman et al. [38] and also in the present study. Like in low-speed
flows, the most important unclosed term in the momentum equation is the SGS stress, 7;;.
The profiles of 7;; at various streamwise locations are shown in Fig. 2.1 and Fig. 2.2. The
results are shown only for § = 7.75° and A = 8Ap g since similar trends are observed for
other shock intensities and filter widths. In all figures, the wall-normal coordinate (y) is
normalized by the incoming boundary layer thickness (Jg). At X* = —1.1, the profiles look
very similar to the turbulent Reynolds stresses with 711 being the dominant stress. Similar
to the turbulent Reynolds stresses, peaks for various SGS stresses occur close to the wall
and are unaffected by the shock at this streamwise location. In the interaction region at

X* = —0.5, however, the effect of shock is significant on the SGS stresses. All the SGS
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stress components are amplified and their peaks move away from the wall into the mixing
layer developing over the separation bubble. This trend is once again similar to that seen for
the turbulent Reynolds stresses. At X™* = 0.25, all the three normal SGS stress components
exhibit very similar peak values. While the peak value for 711 decreases in magnitude from
X* = —0.5 to X* = 0.25, those for 99 and 733 are increased between these two locations.
The shock appears to have made the subgrid-level turbulence more isotropic at this location.
The reason for this behavior is discussed in a later section where the transport equations for
normal SGS stress are examined. At X™* = 1.5, the peak value for 711 shifts back to the near
wall region, but those for 79 and 733 are still located away from the wall. Hence, we see a
very complex behavior exhibited by various components of the SGS stress tensor.

The effect of shock strength on SGS stresses can be better understood by looking at the
PDFs of different stress components. The PDFs were obtained using a single realization of
the filtered DNS data in the regions between 5.0 < x < 20.0,0.0 <y < 1.0and 0.0 < z < 3.5.
Figure 2.3 shows the PDF's for m19. It is clear that as the shock strength increases, the PDF's
become wider, indicating the probability for large SGS stress values to occur in the flow is
higher. Hence, for stronger shocks more energy is present at the subgrid level. This was
also observed in the R.M.S. values of SGS stresses for different shock strengths. For the
same filter width, the peak R.M.S. of SGS stresses were higher for stronger shocks in the
interaction region and downstream of the shock.

The SGS stress, 7;;, can be decomposed into generalized Leonard stress (Lij), Cross

stress (C;;) and Reynolds stress (I;;) parts [45, 46].

Tij = Lij + Cij + Rij , (2.5)
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Figure 2.1: SGS stresses at different streamwise locations as obtained from the filtered DNS
data for §# = 7.75° and A = 8Apyg. (a) X* = —1.1, (b) X* = —0.5. Black solid line for
711, black dashed line for m9, black dash-dot line for 733, black dots for 719, red solid line
for ksgs.
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Figure 2.2: SGS stresses at different streamwise locations as obtained from the filtered DNS
data for § = 7.75° and A = 8Apng. (a) X* =0.25, (b) X* = 1.5. Black solid line for 1,
black dashed line for 79, black dash-dot line for 733, black dots for 779, red solid line for
ksgs.
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Figure 2.3: PDFs of 719 SGS stresse as obtained from the instantaneous filtered DNS data
for A= 8ADNS-
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L;; is closed as it is represented by only the resolved variables. R;; is only a function of
unresolved components and Cj; is a function of both resolved and unresolved components.

Hence, when it comes to modeling SGS stresses, the mixed-type models [46] are expected to
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perform better because they include the Leonard stress part in the model formulation.

The decomposition of 797 stress for A = 4Apyg are shown in Fig. 2.4. At all selected
streamwise locations, L1 has the maximum contribution towards the total SGS stress. The
contribution of Rjj is the smallest at X* = —1.1 but increases as we go to downstream
stations. Since Rpq is represented by only the unresolved scales, an increase in its value indi-
cates generation of scales smaller than the characteristic filter width by the shock. However,
the contribution of C'{1 remains largely unchanged through all the regions of the flow for
filter width of the size A = 4Apyg. The shapes of all the individual components of the
SGS stress are very similar to the total SGS stress. This suggests similar kind of models,
say similarity-type model, can be used to model individual stress parts. The compressible
serial decomposition model [16] is one such example. LES calculations with filter widths of
the size A = 4Apyg can be termed as “fine-scale” LES. The LES studies in Refs. [34, 6]
are some examples of “fine-scale” LES.

The Leonard, Cross and Reynolds components of 717 stress for A = 8Apyg are shown
in Fig. 2.5. Once again, at X* = —1.1 and X* = —0.5 (not shown), the Leonard stress
component has the largest contribution. However, at X™ = 0.25, the Reynolds part of the
total SGS stress has nearly the same contribution as the Leonard part. At X* = 1.5, the
contribution of Ryj exceeds that of Li;. This once again highlights the effect shock has
on the small scales in the flow and subsequently, the SGS stresses. For the filter width
A = 8Apyg, accurate modeling of R;; becomes important to correctly predict the behavior
of SGS stresses, and consequently the flow. LES calculations conducted with filter widths of
the size A = 8Apyg can be termed as “coarse-scale” LES.

For very large filter widths of the size A = 16Apyg (Fig. 2.6), a very significant part

of turbulent scales are removed by the filtering operator. Hence, the unresolved scales
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Figure 2.4: SGS stress decomposition at different streamwise locations as obtained from the
filtered DNS data for § = 7.75% and A = 4Apyg. (a) X* = —1.1, (b) X* = —0.5. Black
solid line for 71, black dashed line for L, black dash-dot line for C';1, black dots for Rq.
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Figure 2.5: SGS stress decomposition at different streamwise locations as obtained from the
filtered DNS data for § = 7.75° and A = 8Apng. (a) X* = 0.25, (b) X* = 1.5. Legend
same as in Fig. 2.4.
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represented by R;; become very dominant in all the flow regions. At these filter widths,
the LES can be termed as “very-large-scale” LES or VLES. No model currently exists to
accurately capture the behavior of SGS stresses at such large filter widths. For even larger
widths, we would be approaching the realm of RANS computations.

We have seen the effect of filter width on the behavior of individual parts of the SGS
stress. It is evident that with change in filter width, different parts of the SGS stress become
dominant in different regions of the flow. For example, for A = 8Apyg, the Leonard stress
part is important mostly in the pre-shock region, while the Reynolds stress part is very
important in the shock and post-shock regions. Clearly, choosing the SGS stress model for
simulations of shock-turbulence interactions is not very straightforward and is dependent on

the filter width and shock strength.

2.3.2 SGS terms in the filtered energy equation

The energy conservation for compressible flow simulations can be achieved by solving different
forms of energy equations [47], e.g., the transport equation for internal energy, enthalpy or
the total energy. However, for flows involving shocks, it is often better to use the conservative
form of governing equations which makes the total energy equation an appropriate choice.
The filtered equation for total energy is obtained by applying the filtering operator to the
exact (DNS) total energy equation and subtracting the equation for SGS kinetic energy from
it [38]. The dimensionless form of the filtered total energy equation is given by:

OE 0 0

ot (E+7) ) = o (@) -

0Q;
—B1—By—B B B Bg — B7, (2.6
o o, o - — By — By — B3 + By + Bs + Bg — By, (2.6)

ox j
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Figure 2.6: SGS stress decomposition at different streamwise locations as obtained from the
filtered DNS data for § = 7.75° and A = 16Apyg. (a) X* = —0.5, (b) X* = 0.25. Legend
same as in Fig. 2.4.
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The term Bj in Eq. (3.10) is proportional to the divergence of SGS heat flux term (when
pressure is replaced by density and temperature using the equation of state), Bo is the
pressure-dilatation term, Bsg is the SGS transport term, By is the SGS production (or some-
times also referred to as the SGS dissipation) and By is the SGS contribution to the molecular
dissipation. Terms Bg and By arise due to the differences between Favre and regular filtering
operations and were found to be negligible in the present study.

The modeling of By can be based on a similarity-type closure,

B p(ar-a7)] 2D
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or a gradient-diffusion type closure,

0 PVt oT
By = — 2.
1 a[lfj (’y(’y - 1)PTtMgO &vj) ( 8)

where 7 is the ratio of specific heats, Pr; is the SGS turbulent Prandtl number and v is the
SGS eddy-viscosity. The model for the pressure-dilatation term, B, is often neglected in
many practical LES computations. Vreman et al. [48] proposed a similarity model for this

term as:

By = Cy [— O —_a“i] (2.9)

Pij5— — Pijg5
O Oz
The SGS terms B3 and By are computed directly using the model for 7;;. For modeling the

dissipation term, By, Vreman et al. [48] proposed several different types of models:

W . 0w = oy
2 _k3/2 = =x=
Bé ) - C’ng k= (u,ul — u,u,) /2, (2.11)
E3/2 "
B = Cyp~r— k= /3/M|3] (2.12)

where k is the modeled SGS kinetic energy. The first model is based on the similarity idea
and the last two are based on the concept of balancing the production and dissipation of
SGS kinetic energy.

The object of discussion here is not to make an appraisal of different SGS models but to
give a quantitative estimate of each SGS term in Eq. 3.10 using the DNS data. In Fig. 2.7
we show various SGS terms in the filtered total energy equation at different streamwise

locations for § = 7.75° and A = 8Apyg. The trends are similar for other shock intensities
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Table 2.1: Color and legend for filtered total energy plots.

Term Color Line style

By black solid

By black dashed
B3 black dash-dot
By black dotted
Bs blue  solid

and filter widths. The divergence of filtered molecular heat flux (8C§j /0x;) is also plotted
in Fig. 2.7 for showing the relative importance of each SGS term. The choice of 8@j /0
as the reference is arbitrary. The net contribution by all SGS terms in the filtered energy
equation is shown by the dotted red line. This would signify the importance of modeling the
terms in the filtered total energy equation.

At X* = —1.1, the two dominant terms are By and Bg which have opposite signs. The
net contribution by Bj, Bo, Bs, By, and By is very small compared to Oéj/ﬁxj. This
suggested that for the incoming boundary layer which is a supersonic canonical turbulent
boundary layer, the modeling of By, B9, Bs, B4, and By terms in the total energy equation
can be ignored. This is confirmed in our a posteriori tests which will be discussed later.

At X* = —0.5, which is located in the middle of the interaction region, the peak values
of most terms are comparable to that of 065]- /0xj. The values of SGS molecular dissipation
(Bs) and the SGS production terms (By) increase in the interaction region, which is an effect
of shock interacting with the subgrid-level turbulence. The overall contribution of all the
SGS terms has some significance in the inner and outer part of the boundary layer. The

net contribution follows the trend of By near the wall and in the outer layer, its peak is
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Figure 2.7: Various SGS terms in the filtered total energy equation at different streamwise
locations as obtained from the filtered DNS data for § = 7.75° and A = 8Apng. (a)
X*=—-1.1, (b) X* = —0.5. See Table. 2.1 for legend.
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comparable to By. At X* = 0.25 and X* = 1.5 (not shown), the net contribution of SGS
terms, By, By, B3, By, and B, is negligible in the outer part of the boundary layer and is
only significant near the wall. Hence, the shock affects each SGS term differently in different
flow regions, which is shown by the relative importance of the net contribution of By, Bs,
B3, By, and By in different flow regions.

To assess the importance of modeling SGS terms in the total energy equation in practical
LES calculations, we carried out two different a posterior: tests: one in which no models for
SGS terms in the filtered total energy equation were used (LES1) and in the other, models
for By, Bs, By and By were implemented in the LES calculations (LES2). In LES2, the
similarity model for the pressure-dilatation term (Bs) given by Eq. (2.9) caused numerical
instability and, therefore, was not used. For the term Bj, the gradient-diffusion model
(Eq. (3.24)) is used and Bjs was modeled using Eq. (2.11). To model the SGS stresses in
momentum equations, the mixed-time scale model [34] was used. This model has yielded
acceptable results for LES of SBLI and is also relatively inexpensive when compared to the
dynamic Smagorinsky model or the dynamic mixed model. A posteriori tests were performed
for two different shock intensities, 6 = 7.75° and 0 = 9.25°. The LES grid was four times
coarser than the DNS grid in the x and z directions. To avoid filtering in the wall-normal
direction, the grid in this direction was kept the same as the DNS grid. The setup for
LES calculations were similar to the one described in Ref. [16] where the inflow boundary
condition for both LES and DNS were kept consistent.

In Fig. 2.8, we show the skin-friction predictions by the two LES calculations for § =
7.75°. The result from filtered DNS is also shown for comparison. As evident from the figure,
there is no significant effect of modeling the terms Bj, Bg, B4 and Bs in the energy equation

except for small differences in the interaction region. It should be mentioned here that by
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Figure 2.8: Skin-friction coefficient predictions as obtained from a posteriori LES calculations
for # = 7.75° and A = 8Apng. Solid black line for filtered DNS, red dashed line for LESI,
blue dash-dot line for LES2.

ignoring the model for Bs, we observed some differences in C'y predictions between LESI
and LES2 downstream of the interaction region. Similar results were observed for § = 9.25°.

Figure 2.9 shows the (u/u/) Reynolds stress profiles for § = 7.75° at X* = —1.1 and
—0.5. The modeling of (or the lack of) SGS terms in the total energy equation apparently
has no significant effect on the Reynolds stress profiles at X* = —1.1, as also observed in
our a prior: analysis. However, there are some differences between the LES calculations
conducted with and without SGS models (LES1 and LES2) in the interaction region and
downstream of the interaction region. In fact, modeling the SGS terms in the total filtered

energy equation slightly deteriorates the results in these regions. This could be because the
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model for the pressure-dilatation term (B9) was ignored, and our a priori results indicated
that this term is not negligible. The same behavior is also observed for the turbulent heat
flux term, (u/T”), shown in Fig. 2.10. Evidently, LES calculations conducted with no models
for By, B3, B4 and By in the filtered total energy equation give better results than those
conducted with some of these terms modeled.

The modeling of isotropic part of the SGS stress (73) is often neglected in LES of com-
pressible flows. To assess the importance of this term, we also carried out LES simulations
with and without models for 75;. In one simulation, 7, was assumed to be proportional
to Ly (similarity-type model) and in another simulation, it was neglected. The results

obtained with the similarity model were similar to those obtained with no model for 7.

2.3.3 Resolved and residual kinetic energies

The filtered kinetic energy can be decomposed into resolved kinetic energy (E;) and residual

or SGS kinetic energy (ksgs).

1 1 1,

—_— —
Ey ksgs

The ratio ksgs/(ksgs + Er) provides us with the information on how much SGS energy is
present in the flow in comparison to the total filtered kinetic energy. We have computed
the ratio of ksgs/(ksgs + Er) from SBLI DNS data for § = 7.75? and different filter widths.
The results for A = 4Apyg at different streamwise locations are shown in Fig. 2.11. The

cross symbol on the plots indicates the location of peak values of ksgs. At X* = —1.1, the

contribution of ksgs is only 2.5% near the wall and just 1% at the location of peak ksgs. This
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Figure 2.9: Turbulent Reynolds stress at different streamwise locations as obtained from a

posteriori LES calculations for § = 7.75° and A = 8Apyg. (a) X* = —1.1, (b) X* = —0.5.
Solid black line for filtered DNS, red dashed line for LES1, blue dash-dot line for LES2.
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Figure 2.10: Turbulent heat flux at different streamwise locations as obtained from a pos-

teriori LES calculations for § = 7.75° and A = 8Apyg. (a) X* = —1.1, (b) X* = —0.5.
Legend same as in Fig. 2.9.
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indicates that at pre-shock locations, the flow is over-resolved by LES with A = 4Apyg.
At X* = —0.5, the ratio increases to 15% near the wall and 5% near the maximum Kggs
location which are acceptable values for LES. In further downstream locations, the ratio
drops again but is still higher than that of the incoming boundary layer values. With larger
filter widths, the contribution of k545 to the total filtered kinetic energy increases as expected.
For example, with A = 8Apyg (Fig. 2.12), the ratio ksgs/(ksgs + Er) at the location of
peak kggs increases from 2.5% to 12% as we go from X* = —1.1 to —0.5. For A = 16Apyg
(Fig. 2.13), the contribution of ksgs to the total filtered kinetic energy in the interaction
region is as high as 60% near the wall. The results in Figs. 2.11, 2.12 and 2.13 elucidate
the significant effect of shock on the distribution of SGS energy in different regions of the
flow. Also note that these results were obtained using ensemble-averaged filtered DNS data.
Instantaneous filtered DNS data can give even higher ratios. With such significant changes
occurring in the distribution of SGS kinetic energy in the flow, it is important for an LES
model to accurately predict the behavior of kggs.

The effect of shock strength on SGS kinetic energy is evident in the contours of ksgs/(ksgs+
E,) in Fig. 2.14. The results are shown for A = 8Apyg. Note that the y-axis is in log-
arithmic scale for a better illustration of the near-wall results. As observed in Fig. 2.14,
the maximum value for the ratio is approximately 0.4 in the interaction region for all three
shock strengths (The slightly higher values predicted for § = 6° compared to § = 7.75° and
0 = 9.25° is possibly due to different grids used for cases with different shock angles). Hence,
the filter width is a more important parameter than the shock strength for the SGS kinetic
energy.

To better understand the behavior of SGS kinetic energy, we examine the transport

equation ksgs below. This would also provide useful information for the one-equation SGS
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Figure 2.11: The ratio of SGS kinetic energy to the total kinetic energy (ksgs/(ksgs + Er))

at different streamwise locations as obtained from the filtered DNS data for 8 = 7.75° and
A=4Appng. (a) X*=—1.1, (b) X* = —-0.5.
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Figure 2.12: kggs / (ksgs + ET)_at different streamwise locations as obtained from the filtered
DNS data for § = 7.75° and A = 8Apng. (a) X* = —1.1, (b) X* = —0.5.

88



02
— 0.15|
]
_|_
S 0.1
=
>
& 005}
O .—2 .—1 0
10 10 10
y/50
(a)
0.8

107 10" 10
y/50
(b)

Figure 2.13: ksgs / (ksgs + ET)_at different streamwise locations as obtained from the filtered
DNS data for § = 7.75° and A = 16Apyg. (a) X* = —1.1, (b) X* = —0.5.
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Figure 2.14: ksgs, /(ksgs + Er) as obtained from the filtered DNS data for different shock
intensities with A = 8Apng. (a) 8 =69, (b) 0 = 7.75%, (c) = 9.25°. The contours levels
are uniformly spaced between 0 and 0.5. The figures are shown not to scale for clarity.

models which make use of ksgs transport equation. The transport equation for the SGS

kinetic energy is given by:
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Table 2.2: Color and legend for ksgs and normal SGS stress budget plots.

Term Color Line style
convection (I) black  solid
turbulent transport (II) red solid
pressure-dilatation (III) green solid

pressure-transport (IV) blue  transport
viscous diffusion (V) black dashed
viscous dissipation (VI) black dash-dot
production (VII) blue  dashed
SGS diffusion (VIII) green dashed

Sk - i — DU — [k 5Tk
ot + &”L’k PULRsgs + 5 &Tk PUUUE — PUUGUE paxk p&l’k

7 I7 111

o (. __ 0 ~ o~

IV v
8ul- ~ 8’112 ~ 0 -
Oik gy~ Cikg |~ TikeSik + Dy LaTik
T, r) ~—~—~ Oz
~ - VI ~——
VI VIII

In this equation, term I is the convection term, term II is the SGS turbulent trans-
port/diffusion, term III is the pressure-dilatation, term IV is the pressure-velocity transport,
term V is the viscous diffusion, term VI is the viscous dissipation, term VII is the SGS pro-
duction (sometimes also referred to as SGS dissipation) and term VIII is the SGS diffusion.
Notice that terms III, IV, VI, VII and VIII also appear in the filtered total energy equation
(Eq. 3.10) simply because the transport equation for ksys is used to derive the filtered total

energy equation. We once again use the filtered DNS results for § = 7.75° and A = 8Apyng
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to study the behavior of each term in Eq. (2.14) at selected streamwise locations. . The
budget for ksgs transport equation at various streamwise locations are shown in Fig. 2.15
and Fig. 2.16.

At X* = —1.1, the two most dominant terms are the turbulent transport (II) and the SGS
diffusion (VIII) terms and and as shown in Fig. 2.15 they cancel out each others contributions
to the SGS kinetic energy. Knight et al. [49] proposed the following model for computing

the turbulent transport term (II):

p(ujuiug — witity) = g (2.15)

N | —

which is exactly the same as the SGS diffusion term (VIII). Hence, in the fully developed
supersonic boundary layers, terms II and VIII can be neglected together in the modeling of
transport equation for ksgs. The pressure-dilatation (III) is not negligible and has similar
contribution as the pressure-velocity term (IV) but with an opposite sign. Hence these two
terms also cancel out each others contributions for the incoming boundary layer. Near the
wall, the viscous diffusion term (V) balances the contribution from the viscous dissipation
(VI) term (similar to turbulent kinetic energy). The production (VII) term is responsible
for the generation of ksgs. A positive contribution from the production term implies energy
transfer from the resolved kinetic energy (FE;) or resolved field to the SGS kinetic energy
(ksgs) or residual field (analogous to the energy transfer from mean and turbulent kinetic
energy fields in RANS) which is known as forward-scatter. It is, however, possible for the
energy to be transferred from the SGS/residual field to the resolved field, referred to as
backscatter. Under such circumstances, there would be a net negative contribution from the

production term (VII) to the ksys transport equation.
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Figure 2.15: SGS kinetic energy (ksgs) budget at different streamwise locations as obtained

from the filtered DNS data for § = 7.75° and A = 8Apyg. (a) X* = —1.1, (b) X* = —0.5.
See Table. 2.2 for legend.
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Figure 2.16: SGS kinetic energy (ksgs) budget at different streamwise locations as obtained
from the filtered DNS data for § = 7.75° and A = 8Apyg. (a) X* = 0.25, (b) X* = 1.5.
See Table. 2.2 for legend.
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At X* = —0.5 in the interaction region, all the contributing terms to the ksys are
amplified in their magnitudes. The production term (VII) is the most dominant term in the
interaction region which explains the increase in ksgs in this region (Fig. 77). Once again,
the turbulent transport (II) and the SGS diffusion (VIII) terms balance each other and hence
can be ignored together in the modeling of ksg4s equation. The pressure-dilatation term (III)
is significant near the wall, and unlike the incoming boundary layer at X* = —1.1, where it
is balanced by the pressure transport term (IV), the modeling of this term cannot be ignored
in the interaction region. The viscous dissipation term is also significant near the wall, where
it balances the contributions from pressure-dilatation (III) and the viscous-diffusion (VI),
and also away from the wall where it balances the production (VII) term. Hence accurate
modeling of this term is also important.

At X* = 0.25, similar to X* = —0.5, the terms which need modeling are the pressure-
dilatation (III), pressure-velocity (IV), viscous diffusion (V), viscous dissipation (VI) and the
production (VII) term. The contribution from the pressure-dilatation term is comparable
to the production term near the wall. At X* = 1.5, the profiles of these two terms look
similar to the profiles at X* = —1.1. At all the selected streamwise locations, the turbulent
transport (II) term and the SGS diffusion (VIII) term cancel each others contributions and
hence have a net zero effect on ksgs equation and can be ignored together.

Earlier we had shown the behavior of various SGS stress components in different regions
of the flow. It was observed that 799 and 733 SGS increase in magnitude from X* = —0.5
to X* = 0.25 while the 717 component showed a decrease between these two locations. The
reason for this behavior can be examined by looking at the transport equation for the normal
SGS stresses (7;;). On examination of the transport equation for the normal SGS stresses,

it was observed that at X* = —1.1 the production terms for 799 and 733 are negligible and
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the entire production of ksgs comes from 717. At X* = 0.25, the production term for 99

and 733 becomes significant and this explains their behavior at X™* = 0.25.

2.3.4 Backscatter

As discussed earlier, a positive contribution from the SGS production term to the SGS kinetic
energy equation indicates an energy transfer from the resolved field to the residual field. It
is, however, also possible for the energy to be transferred back from the residual field to
the resolved field (backscatter). The ensemble-averaged values of the SGS production term
indicated no significant backscatter, i.e., the SGS production term always had a positive
contribution to the SGS kinetic energy equation. However, instantaneous flow realizations
show that backscatter does indeed occur in various regions of flow. This can be observed
in Fig. 3.14 where the instantaneous contours of the SGS production term in a y — z plane
at four different streamwise locations are shown. The results in this figure are from the
instantaneous filtered DNS data for § = 7.75° and A = 8Apyg. Only regions indicating
backscatter are shown. Figure 3.14 shows that significant backscatter does indeed occur
instantaneously. For example, at X* = —1.1, backscatter occurs in 11% of the selected y — z
plane and at X* = —0.5, it occurs in 16% of that flow region. However, no backscatter is
observed in the ensemble-averaged data. This might explain why constant-coefficient SGS
eddy-viscosity models, which cannot account for the energy backscatter, yield acceptable
results for many steady flow calculations. However, we would like to emphasize here that
shocks do have a very significant effect on the energy transfer between resolved and SGS
scales and generally increase the backscatter, mainly because they increase “small-scale”
turbulence.

To better understand the effect of shock on energy transfer and backscatter, we computed
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Figure 2.17: Instantaneous contours of SGS production as obtained from the filtered DNS
data for = 7.75° and A = 8Appyg. Only the backscatter regions are shown. 50 uniformly
spaced contour levels between 0.0 and 0.005. (a) X* = —1.1, (b) X* = —0.5, (¢) X* = 0.25,
(d) X* =1.5.

the probability of backscatter in the simulated flow. Figure 2.18 shows the contours for the
probability of backscatter for § = 7.75° and A = 8Apyg. Analogous to the definitions used
by Simpson [30] for identifying flow reversal, a probability greater than 50% would mean

backscatter occurs in the mean flow. As shown in Fig. 2.18 the maximum probability in
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Figure 2.18: Probability of backscatter in the z —y symmetry plane as obtained from filtered
DNS data for § = 7.75° and A = 8Appng.

majority of flow regions does not exceed the 40% value and only in the regions close to the
shock, particularly in the expansion fan region, the probability reaches close to 50%. This is
similar to the production term in turbulent kinetic energy equation where the the production
term had negative contribution in the expansion fan region [40]. Figure 2.18 also shows that
the shock increases the probability of backscatter in the interaction region (—1 < X* < 0)
and in the regions downstream of the interaction. Hence the shock affects the dynamics of

energy transfer between the resolved and residual fields.

2.3.5 Directional filtering

In all the results discussed until now, filtering was performed only in z and z directions,
which is a common practice for wall-bounded flows. To examine the effect of shock on SGS

fluctuations in each spatial direction, it would be useful to examine the amount of SGS
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energy present in each spatial direction. To study this, filtering operations were performed
in only one spatial direction, i.e., z-only and z-only directions. Additionally, filtering was
also performed in y— only direction using the 1-D filter function given by Eq. (2.2). The
filter coefficients were evaluated using the trapezoidal rule for non-uniform grids. It should be
noted that the 1-D filter (Eq. (2.2)) is a symmetric filter and is ill-defined at the wall. Hence,
near the wall, the grid points dictated by the filter width were ignored while computing the
filtered value. Nevertheless, the results discussed here are very useful and help us to better
understand the effects of directional filtering on LES quantities. The results are presented
for § = 7.75° and A = 8Apyg and at X* = —1.1, —0.5 and 0.25.

Figures 2.19 and 2.20 show the spatial variations of 711, 792, 733 and 719 SGS stresses
along the wall-normal direction at X* = —1.1. For 711, the maximum SGS energy occurs
near the wall in y and z directions, as indicated by the y-only and z-only filtered values.
Very little energy is present in the streamwise direction which is evident in the z-only filtered
results. This indicates a slow growth of SGS turbulence in the streamwise direction. It also
explains why the grids are relatively coarse in the = direction compared to z and y directions
in LES of boundary layers (eg. Ref. [50]). While the overall 19 stress values are small relative
to those for 771, important contributions are observed for the z-only and z-only filters. The
contribution from the y-only filter is negligible which indicates that the SGS turbulence does
not change significantly in the wall-normal direction for m9. For 733, while the stress values
are small relative to 711, they are still significant in all three spatial directions. This suggests
that 733 is more homogenous than 711 and m99. The peak for 33 with z-only filtering occurs
near the wall, while the peak is away from the wall for the z-only filtered 33. The net effect
of a combined x — z filter results in the peak being shifted away from the wall, as seen in

Fig. 2.1(a). We should also mention here that the 719 SGS stress is almost entirely due to
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the SGS fluctuations in the spanwise direction.

In Figs. 2.21 and 2.22, we show the results for 711, ™9, 733 and 779 SGS stresses in
the interaction region at X* = —0.5. While the z-only filtered 711 stress is still the most
dominant one, the contribution from the x-only filtered 7 stress increases in the interaction
region, indicating that the SGS fluctuations for the streamwise velocity component increase
in the streamwise direction due to the shock. The near wall peak for y-only filtered 771 stress
disappears at this location because of the separation bubble. The trends for m9 and 712 are
similar to those at X* = —1.1. For 733, the z-only and z-only filtered stresses are of nearly
same magnitude, indicating that the z component of SGS stress is more homogeneous. At
X* =0.25 (Figs. 2.23 and 2.24), the trends for 711 are same as at X* = —0.5 except that
the near-wall peak for y-only filtered 711 reappears and there is also a second peak away from
the wall. For 733, the z-only filtered stress values exceed the z-only filtered values, suggesting
that the streamwise SGS fluctuations are more important. In general, the shock seems to
homogenize the normal components of SGS stresses by increasing the SGS fluctuations in

the streamwise direction.

2.4 Conclusions

A detailed analysis of various subgrid-scale terms in the filtered equations for large-eddy
simulation (LES) of compressible flows is made using accurate DNS database for shock-
boundary layer interaction (SBLI) that resolves the flow both upstream and downstream
of the interaction region. The SGS stresses were examined in different flow regions and
their behavior were found to be generally similar to those of turbulent Reynolds stresses.

The Leonard, Cross and Reynolds parts of the SGS stresses were also examined in different
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Figure 2.19: Directionally filtered SGS stresses as obtained from the filtered DNS data for
0 =7.75° and A =8Apyg at X* = —1.1. (a) 111, (b) T29. solid black line for z-only filter,
dashed black line for y-only filter, red dash-dot line for z-only filter
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Figure 2.20: Directionally filtered SGS stresses as obtained from the filtered DNS data for
0 =7.75°and A =8Apyg at X* = —1.1. (a) 133, (b) 712. solid black line for z-only filter,
dashed black line for y-only filter, red dash-dot line for z-only filter
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Figure 2.21: Directionally filtered SGS stresses as obtained from the filtered DNS data for

6 =7.75° and A = 8Apyg at X* = —0.5. (a) 711, (b) T29. solid black line for z-only filter,
dashed black line for y-only filter, red dash-dot line for z-only filter
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Figure 2.22: Directionally filtered SGS stresses as obtained from the filtered DNS data for
0 =7.75° and A =8ApyNg at X* = —0.5. (a) 133, (b) 712. solid black line for z-only filter,
dashed black line for y-only filter, red dash-dot line for z-only filter
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Figure 2.23: Directionally filtered SGS stresses as obtained from the filtered DNS data for
0 ="7.75° and A = 8Apng at X* = 0.25. (a) 711, (b) T99. solid black line for z-only filter,
dashed black line for y-only filter, red dash-dot line for z-only filter
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Figure 2.24: Directionally filtered SGS stresses as obtained from the filtered DNS data for

6 =7.75° and A = 8Apyng at X* = 0.25. (a) 733, (b) T2. solid black line for z-only filter,
dashed black line for y-only filter, red dash-dot line for z-only filter
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regions of the flow for three different filter widths, A = 4Apyg, 8Apyg and 16Apng
and shock intensities. For the smallest filter width, the contribution of the Leonard stress
component was found to be the most dominant in all the flow regions, suggesting that the
mixed-type models could be appropriate for LES with such filter widths. For intermediate
filter width (A = 8Apyg), the Leonard stress component was dominant for the incoming
boundary layer while the Reynolds stress component’s contribution became very significant in
the regions downstream of the shock. These suggest that accurate modeling of the Reynolds
stress part of the SGS stress is important close to the shock. For very large filter widths
(A = 16Apng), the Reynolds stress part of the SGS stress dwarfs the contributions from
the other two parts.

To further study the shock effect on compressible boundary layer flow, the SGS terms
in the filtered total energy equation were examined in various regions of the flow using
the ensemble-averaged DNS data. It was observed that while the individual unclosed SGS
terms in the filtered energy equation had sizable contributions by themselves, the combined
contribution from all the terms was relatively small when compared to the divergence of
filtered molecular heat flux term. To confirm this, two different a posteriori LES calculations
were performed in which SGS terms in the total energy equation were either neglected or
modeled via suggested models in the literature. The skin-friction coefficient predictions
between the two LES calculations showed no significant differences. Interestingly, comparison
of the turbulent stress and heat flux profiles show that the modeling of SGS terms in the total
energy equation slightly deteriorate the LES predictions in comparison to DNS. This could
be partly because the model for the pressure-dilatation term was ignored as it was found

to cause numerical instability to the LES calculations. Based on these observations, one

could argue that it is probably better to ignore the SGS terms in the total energy equation
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altogether instead of modeling just a few terms. These results are, however, for the total
energy equation only and might not be valid for the internal energy or enthalpy equations.

The transport equation for SGS kinetic energy was examined using ensemble-averaged
values with the aim providing useful information to aid in the development of one-equation
LES models. The turbulent transport and the SGS diffusion term were found to balance
each others contributions in all the regions of the flow suggesting that modeling of these
two terms can be safely ignored for boundary layers and SBLIs. The contribution from the
pressure-dilatation term was not negligible and became more significant in the interaction
region and downstream of the interaction region. Hence, the modeling of this term cannot be
ignored, which is commonly is done. The ensemble-averaged production term was found to
have a positive contribution at all the selected streamwise locations and also in the majority
of flow region. This suggested there were no backscatter regions in the flow, where energy
is transferred back from the residual field to the resolved field. However, examination of
instantaneous flow samples indicated that backscatter does indeed occur in the flow. To
quantify the occurrence of backscatter, its probability was computed and was found to be
less than 50% in all of the flow regions with higher values in the expansion fan region.
Making an analogy to Simpson’s flow reversal definitions [30], less than 50% probability
indeed confirms that backscatter does not occur in the mean flow in the majority of flow
regions. The high probability of negative energy transfer from residual field to the resolved
filed in the expansion fan region is reminiscent of the behavior of production term in the
turbulent kinetic energy equation, which also has a negative contribution in the expansion

fan region.
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Chapter 3

SGS Models and their Applications to

LES of Shock-Boundary Layer

Interactions

3.1 Introduction

Shock boundary layer interactions (SBLI) are important to a wide range of applications [51].
The shock wave can significantly alter the structure of supersonic boundary layers and de-
pending on the strength of shock, the boundary layer may even separate in the vicinity of
shock impingement location. There is an amplification of turbulence across the shock and
in the case of boundary layer separation, the shock oscillates at a frequency lower than the
characteristic frequency of the incoming flow [4, 14, 12, 34, 13]. To understand and predict
the complex SBLI phenomena, high-fidelity simulations, i.e., direct numerical simulation
(DNS) and large-eddy simulation (LES), are needed. DNS is limited to simple geometries
and low-to-moderate Reynolds number flows. LES can be conducted at higher Reynolds
numbers and for flows in complex geometries but only computes the large scales and has
some limitations in wall-bounded flows [52]. Although the filtered equations for LES are

derived from Navier-Stokes equations with no major assumptions, there are several unclosed
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terms appearing in the filtered momentum and energy equations. These terms are often
represented in terms of resolved quantities through subgrid-scale (SGS) closures. The use of
models to include the effects of small scales introduces an uncertainty into the computations.
Also, many of the SGS models were originally developed for incompressible flows. Their ap-
plication to high speed flows, particularly the shock-turbulence interaction locations where
turbulence and shock effects are both important, has not been fully tested or justified.

The most common type of SGS models used for LES are zero-equation models devel-
oped based on the eddy-viscosity and isotropic SGS interaction assumptions which are not
necessarily valid in SBLI. Scale-similarity models [46, 53] and dynamic models [46, 54] are de-
veloped to replace or improve the original eddy-viscosity models. However, it is still not clear
how these eddy-viscosity, similarity or mixed models behave in shock-turbulence regions.

The problem of shock wave interacting with a boundary layer has primarily been studied
in two configurations, incident shock interacting with an already fully developed flat-plate
supersonic turbulent boundary layer [8, 55, 5, 4, 33] and shock-boundary layer interaction
in a compression corner [23, 13, 15]. The focus of the present study is on the incident SBLI.
An important characteristic of SBLI is the low-frequency oscillation of the shock system.
Although a few DNS studies [15, 14, 13, 12, 23] of low-frequency shock oscillations have been
reported, the computational cost associated with such simulations is still very significant at
reasonably high Reynolds numbers, Mach numbers and shock intensities.

LES method has also been used, particularly in recent years, for studying the main
characteristics of SBLI. Garnier et al. [33] were the first to conduct LES of SBLI for a
flow Mach number of 2.3 and a flow deflection angle of § = 8 deg. They compared their
LES results with the available experimental data for similar flow conditions and found a

good agreement between the numerical and experimental results. More recently, Touber and
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Sandham [34] studied the low-frequency oscillations in SBLI problem using LES with a new
inflow generation technique based on digital filters [56] and the mixed-time-scale closure for
SGS stresses. They also examined the effect of spanwise domain size on the separation bubble
and recommended that the spanwise width be at least the same as the separation bubble size.
Their results were in good agreement with the experiment. Morgan et al. [57] studied the
low-frequency behavior of shock motion using an improved rescaling/recycling method [58].
However, they used no SGS model in their LES studies, arguing that the artificial viscosity
they used for shock capturing mimicked the behavior of an SGS model. Morgan et al. [7]
also carried out extensive parametric studies of SBLI for various wedge angles, Reynolds
numbers, streamwise and spanwise domain sizes. They found that the Reynolds number did
not have any significant effect on the separation bubble size. Increasing the wedge angle
led to an increased size of the interaction region but did not necessarily guarantee higher
probability of reversed flow. Pirozzoli et al. [35] used LES and RANS models to study SBLI
under the conditions of incipient separation. By comparing with experimental results, they
found that both LES and RANS were able to qualitatively predict some basic features of the
interaction.

Given the importance and complexity of shock-turbulence interactions at small scales, the
SGS models are expected to play an important role in the flow development and quantitative
predictions of SBLI under various flow conditions. Our main objectives in this study are to
systematically assess the performance of several widely used SGS models along with a new
dynamic model for SBLI simulations and to evaluate the effects of shock and compressibility
on the models. Comparisons are made, both a priori and a posteriori, with the DNS data
for an incident 34° oblique shock interacting with a flat-plate turbulent boundary layer at

Mach 2. For these selected flow conditions, the boundary layer exhibits a marginal mean
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flow separation.

The organization of the paper is as follows. In Sections 3.2 and 3.3, the governing
equations and SGS models are presented. In Section 3.4 we describe the numerical method.
The computational setup and parameters and simulation results are given in Section 3.5

followed by concluding remarks in Section 3.7.

3.2 Governing Equations

Written in conservative form, the non-dimesionalized form of governing equations solved in

DNS read as
ap 0
E—f‘&?j (pu]) =0 (31)
8 8 o ap 8%-
ot (pu;) + @ (/)uzuj) = _8—l’i + axj (3.2)
OE 0 0 0Q;
-~ 4 Z (E L (o) — 5 )
ot T o, (BRI = g o) = 5 (3:3)
where the viscous stress and heat flux terms are obtained from the following models:
o 2p |l du;  Ouy 1 Juy, Ny
75~ Re {2 (8xj * x; 38xk5” (3:4)
— oT
Qj = a (3.5)

~ (y—1)RePrM2, ox;
Here, the temperature dependence of p is based on Sutherland’s law, p(7) = T1'5(1 +

C)/(T + C) with C' = 0.65. In Eq. (3.3), E' is the total energy defined as

D 1
E = po— + 5 PUili (3.6)
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Finally, the thermodynamic variables, p, p and T" are linked by the ideal gas law,

pT

_ 3.7
TMZ, (3.7)

p

The filtered equations for LES are obtained by applying the standard filtering and Favre
filtering operators to Egs. (3.1), (3.2), (3.3) and (3.7). The final dimensionless form of the

filtered continuity, momentum and energy equations are

Jp o ,
o o - (9]_9 8&’17 872-]- o ,_ ~
a (/)ul) + @ (/)uzuj) 8—% axj - axj + 8$j (Uzj - Uzj) ) (3’9>
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where the SGS stress term 7;; and the filtered viscous stresses 0;; 7;; and are given by
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~ 2T 1 (0w | Ouy\ 100 ]
7= Re |2 (8Ij i Ox; 385L’k5”_ (312)
) [T (0w 0w\ 10w, ]
7ij = Re _2 (8xj * 8$Z 38§L’k ”_ (3.13)
~ —u(T oT
Qj = w(T) (3.14)

(v — 1)RePrM3, 0x;
The last term on the RHS of Eq. (3.9) appears as a result of non-linearities in the viscous flux

terms due to filtering. Vreman et al. [38] found this term to be negligible for compressible

mixing layer. The same is assumed to be valid in the present study. The choice of total energy
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equation for energy conservation, although is not unique, is appropriate for formulating the
Navier-Stokes equations in conservative form which is necessary for flows with discontinuities.
In Eq. (3.10), E is the Favre-filtered value of the modified total energy and the subgrid

scale terms By, By, B3, By, By, Bg, and By are defined as

(‘9uk ~ 8uk
Bs = ki o 01' ki o &zj

0

B
6= 8:53

(Uljul 5Z]al)
0

B
[ 01']

——(@Q; - Qj)

Equations (3.8), (3.9), (3.10) are completed by the filtered state equation.

T
YMZ,

D= (3.15)

The terms which need modeling are 7;;, By, Be, B3, By, Bs, Bg, and By. The modeling of

these terms is described in the next section.
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3.3 Subgrid-Scale Models

The filtered equations presented in previous section require closures for the unclosed SGS
terms. Several models have been proposed including the eddy-viscosity type ones in which

the deviatoric part of the SGS stress is modeled as

1 1 /0ou; Ouj 10u
2 R yo T U A Rl 1
Tij 3 kk(sl] Prt {2 (8:6]' + 8@-) 38%;65”} (3.16)

To compute the isotropic part of the SGS stress, 754, Yoshizawa [59] proposed the following
model,

T = 2C1pA° |52, (3.17)

where |S| = \/2§ij§ija A is the characteristic filter width and Cj is the model constant
which is typically chosen as 0.006 for isotropic turbulence or computed dynamically [54,
60]. However, Eq. (3.17) correlates poorly with the DNS data for compressible isotropic
turbulence [61].

In this study, four different SGS stress models, namely, the mixed-time-scale model
(MTSM), the dynamic Smagorinsky model (DSM), the dynamic mixed model (DMM) and
a new dynamic model, termed the compressible serial decomposition model (CSDM) are

examined. A brief description of each model is given below.

1. Mixed-Time-Scale Model (MTSM): The mixed time scale model has been used by Tou-
ber and Sandham [34] for LES study of low-frequency unsteadiness in SBLI. Although
this model gives an incorrect asymptotic behavior of eddy-viscosity near the wall, it

has been found to yield acceptable results for SBLI. The model details are given in the
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following set of equations.

vy = CMTS]{:GSTS (318)

Cryrs = 0.03,Cp = 10

2. Dynamic Smagorinsky Model (DSM): In the dynamic Smagorinky model, the Smagorin-
sky coefficient, Cs, is computed dynamically [62]. The compressible form of the model
is given by,

v = C5A%[S] (3.19)

Gii — 5G0ii) M
Cy = _<( 1] _5, kk 2]) m) (3.20)

In Eq. (3.20), /()" denotes the averaging in homogeneous direction and the tensors G;;

and M;; are computed by the following relations.

————  DU;pu;
Gij = puilj — —=

Iz

o~

N\ 2 - ~ <
A = (= 1= ~ [~ 1~
M;j = (K) plS| <Sij - gskk%) —7lS| (5@' - gSkk%’)

The charactersitic width of the test filter, 3, is chosen to be twice of the grid filter

width, A.
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3. Dynamic Mixed Model (DMM): One of the known drawbacks of eddy-viscosity mod-
els is the inherent assumption that SGS stress and resolved strain rate tensors are
‘aligned’. This assumption is generally not correct, particularly in wall-bounded flows
where there is significant anisotropy. The model predictions also correlates poorly with
the DNS data. The dynamic mixed model (DMM) addresses these issues by including
the Leonard part of stress tensor in the model. This results in ‘lesser’ modeling since
Leonard stress is respresented only by the resolved quantities and a better represen-
tation of energy back-scatter to the resolved scales. Salvetti and Banerjee [46] and
Vreman [53] used the DMM model in their a priori analysis and a posteriori simula-
tions of compressible (but subsonic) homogeneous turbulence and planar mixing layer.

The model is described in the following equations.

1 (0 aaj) 1 9y,

1 1 -
Tij — ngk&'j = (Lij — ngk&'j) — 2pyy [5 (c%cj + e — g&xk%] (3.21)

Lij =p <ﬂlﬂ] — ﬁlﬁ])
v = CpA2S]

<[<Gij — %Gkk%’) - <Hi' - %Hkk%ﬂ M;j)

Cm - — 5
<2A MZ]M”>

—~

== pupu;j
Hij = puin - =

p

4. Compressible Serial Decomposition Model (CSDM): The SGS stress tensor 7;; can be
decomposed into modified Leonard stress, modified Cross stress and modified Reynolds

stress components (Eq. 3.25). In the dynamic mixed model, the Cross term and the
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Reynolds term are modeled together using an eddy-viscosity type model [46]. In the
compressible serial decomposition model, they are modeled using a similarity type
model following the same dynamic procedure used for DSM or DMM. For the sake
of brevity, we refrain from describing the details of the model in this paper. Further
details about this model can be found in Ref. [63, 64]. The basic formulation for CSDM
is given below.

Tij = Lij + CaFij (3.22)

o _ WGij — Hij] Nij)
«
(NijNij)
= pﬂﬁ%'
Nijj =pvjvj — v

In the filtered total energy equation, the term Bj is modeled as

0 PVt oT
B = — .2
1 89:] <’y(’y — 1)PTtMgO 8:5]) (3 3)

for the eddy-viscosity type models. For the mixed type models which includes the dynamic

mixed model and the new compressible serial decomposition model, By is modeled as

~ L
0 PVt oT 1 8(]]-
B =— + 3.24

1 8xj <7(7 — l)PrtMgo 8xj) y(y — 1)]\402O 8xj ( )



For CSDM, we use MTSM to compute the eddy-viscosity used in modeling By. The turbulent
Prandtl number, Pry, is assumed to have a constant value of 0.89 for the simulated boundary
layer. Once 7;; is known, B3 and By are computed from their definitions. The other unclosed
terms, B, Bj, Bg, and By were neglected by Garnier et al. [33] in their LES of SBLI and

the same is done here.

3.4 Numerical Method

Numerical simulation of shock-turbulence interactions require high-order numerical schemes
for accurate computations of both the shock wave and turbulence. Since it is very difficult
to resolve the shock structure, the use of a shock-fitting scheme that treats the shock as a
discontinuity becomes necessary. In this study, we use a recently developed seventh-order
Monotonicity-Preserving (MP) [11, 10] scheme to discretize the Euler fluxes. The MP scheme
has proved to be less dissipative and more accurate than the standard WENO scheme [11]
for shock and turbulence calculations. To discretize the viscous fluxes, we use a sixth-order
compact scheme [20] with a fourth-order boundary formulation. The viscous terms are
discretized in conservative form. However, for the sake of comparison, we also performed
LES computations with the viscous terms discretized in Laplacian form [22] and found no
significant differences between the two forms of discretization. The governing equations
are integrated in time by a third-order low-storage Runge-Kutta scheme. The details of

numerical method are presented in Ref. [11] and also in Appendix A.
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3.5 Results

3.5.1 Computational Setup and Parameters

The computational parameters for DNS and LES are listed in tables 3.1 and 3.2, respectively.

Table 3.1: Simulation Parameters for DNS of Mach 2 SBLI

Parameter Value Comment

Mo 2.0
Pr 0.72
R€5ref 13500
Re§2 1475 at xt =6
Tw 1.717T
L, 200,
Ly 130yef
L, 357°ef
Ny 1333
Ny 252
N, 201
Az 3.89 at x =6
Ayl 0.65 at v =6
Azt 3.89 at x =6
15} 349
0 4.67°
X7 100,¢ f
C'f 0.0031 at t =6

In these tables, Re(;re f is the Reynolds number based on the reference boundary layer
thickness, d,. ¢ (computed from DNS data as described below), and the freestream velocity,
density and viscosity. R652 is the Reynolds number based on momentum thickness (d2) and
the freestream quantities. Also in tables 3.1 and 3.2, x, y and z denote the streamwise,

wall-normal and spanwise directions, respectively. The grid is uniform in z and z directions.
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Table 3.2: Simulation Parameters for LESof Mach 2 SBLI

Parameter  Value Comment
Moo 2.0
Pr 0.72
R€5re f 13500
Tw 1.717T
L, 200 f
Ly 130y
L, 367‘€f
Ny 333 1/4'h of DNS
Ny 252
N, 51 1/4th of DNS
I} 349
0 4.67°
Xy 100, f

In the wall-normal direction, a hyperbolic sine function was used upto y = 50, and then
the grid was smoothly varied to a uniform spacing up to the top boundary. In this work, the
wall-normal grid resolution is identical for both DNS and LES since filtering is performed
only in z and z directions. A sample x — y slice of the DNS grid is shown in Fig. 3.1. For
clarity, we only show every other 201" grid point in the z direction and every other 4th grid
point in the y direction. The grid in the blue region after x = 20 is coarse and indicates
sponge region.

When comparing LES results with DNS results, particularly when making model assess-
ments as being done in the present study, it is important to minimize the effects of inlet
boundary condition on simulations. In order to keep the inflow boundary condition consis-
tent for both DNS and LES, we first carried out an “auxiliary” DNS of a canonical turbulent
boundary layer with a rescaling-recycling inflow condition similar to that used by Pirrozzoli

et al. [25]. Once the flow reached a statistically steady condition, a time-history of primitive
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Figure 3.1: An x — y slice of the sample DNS grid.

variables was collected at a y — z plane located at a distance of 23 boundary layer thick-
nesses from the inlet (this was also the location of recycling plane). A total of 5000 samples
were collected for a period of T' = 750,.. /Uso which corresponded to approximately 3 flow-
through times and were periodically used as the inflow boundary condition for both DNS
and LES of SBLI. The inflow turbulence generation method employed in this work is similar
to that previously used in other SBLI simulations [23, 65, 36]. For LES, the inflow DNS
quantities were filtered in x and z directions using a box filter in physical space and then
down-sampled onto the LES grid. It should be noted here that the streamwise flow varibles
at the inflow boundary are obtained from a time-dependent periodic box data. Thus, for
filtering in z-direction, Taylor’s hypothesis was used to convert the temporal coordinate into
a spatial coordinate using a convection velocity of Us,. A schematic of the computational
procedure is shown in Fig. 3.2.

At the outlet, a sponge layer [24] is used and supersonic exit condition is applied to
all variables. At the wall, no-slip isothermal wall with wall temperature (73,) close to the

adiabatic wall temperature is used. The wall pressure is computed by assuming that the
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Figure 3.2: A schematic of the computational procedure for DNS and LES of SBLI.

pressure remains constant across the boundary layer, i.e., dp/dy = 0. Symmetry boundary
condition is applied to all variables at the freestream and at the spanwise boundaries periodic
boundary condition is used. The shock is introduced at the inlet boundary by imposing
discontinuous conditions according to the Rankine-Hugoniot relations.

In order to evaluate the performance of SGS models for SBLI simulations, the flow
statistics at three different streamwise locations, (i) z = 6, upstream of the mean separation
point, (ii) z = 10, downstream but very close to the mean reattachment point and (iii)
x = 15, further downstream of the mean reattachment point, are compared. Here, all the
spatial coordinates are non-dimensionalized by the reference boundary layer thickness d,.f
unless otherwise stated.

Figure 3.3 illustrates a typical impinging shock-turbulent boundary layer interaction.
The shock is identified using the modified Ducros shock sensor [8] and the vortex structures
are identified using Ao criterion [2]. The vortex structures are shown through isosurfaces
of Ao = —3 and colored based on the local velocity magnitude. The effect of shock on

turbulence is clearly very significant.
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Figure 3.3: Flow structure in a typical shock/boundary layer interaction configuration. Vor-
tex structures identified using A9 criterion [2] and colored based on the local values of in-
stantaneous velocity magnitude.

To demonstrate the validity of our DNS results, Van Driest transformed mean streamwise
velocity profile of the incoming boundary layer is compared in Fig. 3.4 with zero-pressure
gradient Mach 2 DNS results of Pirozzoli and Bernardini [1] for two different Reynolds
numbers. The mean DNS velocity profile shows a linear relationship, U‘J} D= yT, until
yT =~ 6 and a logarithmic behavior (Eq. (1.14)) between y* a~ 30 and y™ ~ 100. The
density-scaled profiles of Reynolds stresses are shown in Fig. 3.5 in wall units. Evidently,
there is a good comparison between the density-scaled profiles of the current DNS with those

of Pirozzoli and Bernardini. [1]. To further establish the numerical accuracy of current DNS
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Figure 3.4: Van Driest transformed mean streamwise velocity profile of the incoming bound-
ary layer in inner scaling calculated from DNS data at = 6. Black dashed line represents
U‘J/r D= yT and Eq. (1.14) is represented by black dash-dot line.

data, we computed various terms in the turbulent kinetic energy equation at different regions

of the flow and found them to be in balance.

3.5.2 A Priort Assessment

The four models described in Sec. 3.3 are tested a priori for the SBLI problem using a single
realization of instantaneous DNS data. Although a priori testing of SGS models provides

only a partial assessment of LES, it is still a good direct method of evaluating the models.
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Figure 3.5: Density-scaled profiles of Reynolds stresses obtained by DNS at x = 6.

To make useful conclusions, filtered values from the DNS data are down-sampled onto an
LES grid four times coarser than the DNS grid in the streamwise and spanwise directions.
The modeled SGS fluxes are then computed on the LES grid and compared with the true
SGS fluxes. The filter function used for filtering the DNS data is a box filter in physical
space and filtering is performed only in x and z directions.

Following Germano’s [45] redefinition of stresses, the SGS stress tensor can be decom-
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posed into modified Leonard’s stress, Cross stress and Reynolds stress components.
Tij = Lij + Cij + Rij (3.25)

where

= (. — T
Rij=7p <ui“j uluj)

Figures 3.6 and 3.7 show the three parts of SGS stress tensor 711 for two different filter widths,
A =4Apys (Fig. 3.6) and A = 8Apyg (Fig. 3.7), where Ap g is the characteristic size of
DNS grid. Note that since the LES grid is four times coarser than the DNS grid in z and z
directions, A;pg = 4Apyng. Hence, A = 4A g would imply that the characteristic filter
width and the characteristic LES grid size are the same, i.e., A = A;pg. As expected, the
magnitude of subgrid-scale tensor 711 increases with filter width. The modified Leonard’s
stress component (L;;) and the modified Reynolds stress component (R;;) have the largest
and the smallest contributions, respectively, when A = 4Apyg. However, the contribution
of R;; increases significantly and becomes comparable to L;; near the wall and to C;; away
from the wall when the filter width is doubled, i.e., A = 8 Apyg. This is expected since
the Reynolds part of the total stress represents the unresolved scales and as the filter width
is increased, the contribution of unresolved scales also increases. Henceforth, in the results

and discussions of a priori assessment of SGS models we use A = 8Apyg since it presents

a greater challenge for SGS models to correctly capture the behavior of SGS stresses and
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SGS Stresses

Figure 3.6: Leonard, Cross and Reynolds parts of the spanwise-averaged 711 SGS stress
component at z = 6 for A = 4Apng. total stress - black solid line; L1 - dashed black line;
(11 - dash-dot red line; Rjq - blue dotted line.

fluxes.

Figure 3.8 shows the comparison between the true and the modeled values of spanwise-
averaged trace-free 711 SGS stress tensor. The reported 711 values are normalized by the
local mean wall shear stress and are plotted against the wall-normal distance normalized by
viscous length scale. Since the eddy-viscosity models assume an alignment between the stress
and the strain-rate tensors and do not take into account the Leonard stress component, they

compare very poorly with the true stress. On the other hand, the DMM and CSDM account
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SGS Stresses

Y

Figure 3.7: Leonard, Cross and Reynolds parts of the spanwise-averaged 711 SGS stress
component at z = 6 for A = 8Appng. total stress - black solid line; L1 - dashed black line;
(11 - dash-dot red line; Rjq - blue dotted line.

for the Leonard’s term and, understandably, show a better agreement with the true stress
values. In fact, CSDM predicts the trend of true stress better than the DMM. These trends
are reiterated in Fig. 3.9 where we compare the spanwise-averaged contours of 7q1. For the
sake of brevity, we only compare DSM, DMM and CSDM predictions with the exact values
in this figure. It is evident that the shape and levels of isocontours predicted by DMM and
CSDM are similar to those considered to be exact while the DSM’s predictions seem to be

very poor. Between DMM and CSDM, the contours of CSDM show a greater similarity to
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the contours of true 771 stress.

Figure 3.10 shows the spanwise-averaged plots of 719 SGS stress tensor. The DSM gives
a marginally improved prediction for 719 as compared to 711 predictions. The eddy-viscosity
models assume the stress components to be proportional to the strain-rate components. Near
the wall, the gradients are generally very high in the wall-normal direction as compared to
the gradients parallel to the wall. This makes the z —y component of strain-rate tensor more
significant and hence, a better prediction of 719. The predictions of MTSM are the poorest
since the turbulent viscosity computed by the model is small compared to the turbulent
viscosity computed by DSM. The DMM and CSDM again show better agreement with the
true stress in comparison to other models. Again, the predictions by CSDM are qualitatively
better than those of DMM.

A priori analysis of SGS models indicate that DSM and DMM correctly predict the
Smagorinsky coefficient, Cs, to be zero at the wall. However, at other locations Cy values
predicted by the DMM are found to be smaller and fluctuate less than those of DSM. This is
consistent with the results previously reported in the literature [46]. The dynamic coefficient
of CSDM is not of the same order as the dynamic coefficients of DSM or DMM. Its value is
generally an order of magnitude greater than DMM or DSM. However, the fluctuations in
CSDM’s coefficient are smaller than those of DMM.

Figure 3.11 shows the spatial variations of the streamwise component of SGS heat flux
q. =P (7;/;? — ﬂkT> along the wall-normal direction. For eddy-viscosity type models, g;. is

modeled as
y2%; 8f

== 2
Uk Prt 8:% (3 6)
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Figure 3.8: Spanwise-averaged values of the trace-free 711 component of SGS stress tensor
at (a) x = 6, (b) x = 10. Legend : open triangles = True stresses, dotted black line =
Modeled-MTSM, dash-dot green line = Modeled-DSM, dashed blue line = Modeled-DMM,
solid red line = Modeled-CSDM.
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Figure 3.9: Spanwise-averaged isocontours of trace-free 711 SGS stress component. (a) True
stress, (b) Modeled-DSM, (c¢) Modeled-DMM, (d) Modeled-CSDM.
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Figure 3.10: Spanwise-averaged values of the 719 SGS stress component at (a) z = 10, (b)
x = 15. See Fig. 3.8 for legend.
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For the dynamic mixed model, it is modeled as,

. ﬁl/t 0TV L
T = P?“t 8:):k U

where qlg is the Leonard part of the heat flux vector computed as,
i =7 (0T -0T)
For the CSDM, the SGS heat flux is modeled as,

%=¢+%ﬁ

0o = Gk = Hy| Ny)
B
(NEN)
——  pupl
Gy, = puy T — "
D
= gl
Hy, = puy, T — &L
P
== pupt

Ny =pogh — =5
D

U = U — U

(3.27)

(3.28)

Similar to 711 and 79 results shown in Figs. 3.8 and 3.10, the best predictions are given by

CSDM. Similar trends are observed for other components of SGS stresses and heat fluxes.

134



0 50 100 150

0 50 100 150

Figure 3.11: Spanwise-averaged values of ¢; SGS heat flux component at (a) z = 10, (b)
x = 15. See Fig. 3.8 for legend.
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To better illustrate the performance of models, we have plotted in Fig. 3.12 and Fig. 3.13
the correlation coefficients between the true and modeled SGS stress and heat flux compo-
nents. The correlations are plotted against a non-dimensional parameter termed ) which is
a measure of the filtered density gradient. The parameter v is similar to the parameter NS

used by Wu and Martin [13] in their numerical schlieren visualizations and is defined as

¢ =1.0—exp [-10.0 (¢ — dppin) / (dmax — dmin)] (3.29)

where ¢ = |Vp| is the magnitude of the filtered density gradient. This transformation ampli-
fies the small density gradients in the flow. Here, we chose the data in the domain between
[5.0,0.0,0.0] and [20.0,1.0,3.0] for computing the correlation coefficients. The maximum
and the minimum values of ¢ are then found within this domain and the interval between
the minimum and maximum values is divided into 10 equal sub-intervals. The correlation
coefficients for 717 and ¢ corresponding to each sub-interval are shown for DSM, DMM and
CSDM in Fig 3.12 and Fig 3.13. Evidently, the correlation coefficients are higher for DMM
and CSDM, which is consistent with other a priori results we have shown in this paper. Be-
tween DMM and CSDM, the CSDM gives higher correlations, which is again consistent with
other a priori results shown earlier. Interestingly, for all models the general trend is that
the correlation coefficient for SGS heat fluxes, and to a lesser extent for the SGS stresses,
increases with an increase in the density gradient magnitude. A possible but not definite
explanation for this trend is provided in Fig. 3.14 where the amount of backscatter or reverse
energy transfer from subgrid field to the resolved resolved field for various levels of ¢ are

shown. The backscatter occurs in the the regions where the SGS dissipation, €55 = 7;;5;;

is positive, i.e., Tl'jgl'j > 0. Figure 3.14 shows that the amount of backscatter generally

136



W
08¢ A_A/A,.A/A’A"A/A—_A/A 1

0.6¢

(1)7'11

047

0 02 04 06 038 1
¥

Figure 3.12: Correlation coefficients between the true and the modeled values of 711 SGS
stress for different values of density gradient parameter 1. Legend : open circles = DSM,
open triangles = DMM , open squares = CSDM.

decreases with an increase in density gradient. The SGS models tested here are expected to
perform better when the transfer of energy from the unresolved to resolved scales is minimal.
This is corroborated in Fig. 3.15 where it is shown that the correlation coefficient between
the true and modeled SGS dissipation decreases appreciably for CSDM in the backscatter
regions. The same trend is also observed for DSM and DMM, although the correlation
coefficient for CSDM in the backscatter regions is still higher than other models.
Analogous to the SGS kinetic energy dissipation, €545, we have the SGS scalar ‘dissipa-

tion’, €4, g5’ which appears in the SGS or residual scalar variance equation. For temperature,
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Figure 3.13: Correlation coefficients between the true and the modeled values of g; heat flux
component for different values of density gradient parameter 1. Legend : open circles =
DSM, open triangles = DMM | open squares = CSDM.

the SGS scalar dissipation is defined as,

or

The ‘backscatter’ for temperature occurs when the temperature variance values transfer from
the unresolved to resolved fields (i.e.,s(bs gs > 0). Similar to that for e54s, the backscatter for
Epsgs shown in Fig. 3.14 decreases with increasing density gradient parameter 1, although
the decrease in £, 95 with ¢ is much more pronounced than that for £545. This again might

explain why the correlation coefficients for the SGS heat fluxes increase with increasing .
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Figure 3.14: Variations of backscatter with the density gradient parameter ).
3.5.3 A Posteriori Assessment

In the a posteriori assessment of SGS models, the Reynolds-averaged statistics (represented
by ()) are obtained by averaging in time over a period of 60, t/Usx and in the homogeneous
spanwise direction. The time period used for statistical averaging was found to be sufficient
for the convergence of second-order statistics. The LES statistics are compared with those
obtained from the filtered DNS (FDNS) data. The FDNS data was obtained by filtering and
averaging DNS data on the fly. The characteristic width of the filter function employed for

LES computations and for filtering the DNS data was chosen to be twice the characteristic
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size of the LES grid, with filtering being performed only in z and z directions, i.e., A =
2v/AzAz. In LES of compressible flows, the isotropic part of SGS stress (73j) cannot be
neglected. Here, to model 755 in MTSM, DSM and DMM, we use the trace of modified
Leonard stress, i.e., Tpp =~ L.

Figure 3.16 shows the turbulent kinetic energy profiles at x = 6. In addition to FDNS and
LES results with different SGS models, we also show the profiles of DNS and LES without
SGS model (No-Model). The effect of SGS model is quite clear in the turbulent kinetic

energy profiles. Since in all LES calculations we use the same filtered inflow velocity, the

<
o)

Correlation Coefficient
o
~

S
b

—— whole domain
—— backscatter regions

—=— forwardscatter regions

O I I I I
0 0.2 0.4 0.6 0.8 1

(&

Figure 3.15: Correlation coefficients for the SGS dissipation, €545, as a function of the density
gradient parameter 1 as predicted by CSDM.
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Figure 3.16: Turbulent kinetic energy profiles at x = 6. Legend : open circles = DNS,
open triangles = Filtered DNS, crosses = LES-No-Model, dotted black line = LES-MTSM,
dash-dot green line = LES-DSM, dashed blue line = LES-DMM, solid red line = LES-CSDM.

profiles for turbulent kinetic energy are the same at inlet. However at x = 6, as shown in
Fig. 3.16, the LES predictions with different SGS models significantly differ from each other.
The prediction by LES with No-Model is comparable to DNS but not FDNS. In fact, LES
with No-Model even slightly over-predicts the peak DNS value. On coarser grids like the ones
used in our LES, without an SGS model there is an energy build-up at smaller scales which
cannot be dissipated properly and leads to an over-prediction of turbulent kinetic energy

and perhaps even a failure of the simulations at higher Reynolds numbers. This clearly
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demonstrates the necessity of SGS models. In Fig. 3.17, the 1D-energy spectra obtained by
LES with No-Model, MTSM and CSDM is compared with that of FDNS. The spectra for LES
with No-Model and MTSM show an over-prediction at all wavenumbers, which is consistent
with the over-prediction of turbulent kinetic energy in Fig. 3.16. At higher wavenumbers, the
MTSM provides a slightly better comparison than No-Model. The CSDM, on the other hand,
shows a very good agreement with the FDNS spectra, particularly at higher wavenumbers
where it correctly predicts the decay of energy. Comparing the spectra for FDNS and LES

with No-model suggests that our numerical scheme is not excessively dissipative.
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Figure 3.17: One-dimensional energy spectra in spanwise direction at x = 6 and y ~ 0.07.
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Figure 3.18: Evolution of mean skin-friction coefficient, C'r. See Fig. 3.16 for legend.

Figure 3.18 shows the skin-friction coefficient, C'y obtained from FDNS and LES data.
The skin-friction coefficient is defined as
2
1 pw ( Ur )
Cp==-——|(—+ 3.31
f 2 poo \Uxo ( )
Figure 3.18 shows that the shock is strong enough for creating a small recirculation region
in the flow. The predictions by various models can be compared in three different flow
regions: upstream of the separation point, in the interaction region and downstream of the

reattachment point. The C'y predictions by the new model (CSDM) are very good upstream

of the separation point. For example, at x = 6 the difference between FDNS and CSDM
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results is only +1.5% (positive sign indicates over-prediction by the model). All other SGS
models under-predict C'y with DSM giving the poorest prediction. At x = 6, the errors
of No-Model, MTSM, DSM and DMM are —8%, —10%, —17% and —7%, respectively. It
should be noted that the C'y values of FDNS and LES are identical at the inflow boundary.
The inset in Fig. 3.18 shows the evolution of C'y downstream of the inflow boundary. The
under-prediction of C'y by MTSM, DSM and DMM downstream of inflow boundary indicates
the inability of these models to accurately model the SGS stresses. On the other hand, the
new model properly accounts for the SGS effects as LES results with CSDM are very close

to those of FDNS.
Table 3.3: Separation region sizes

FDNS No-Model MTSM  DSM DMM  CSDM

Loep 0.540,c¢ 058005 0.68,0¢ 0946, 0.620,0; 0.365,.;

In the interaction region, none of the SGS models are accurate and can completely capture
the FDNS results. Table 3.3 shows the lengths of separation bubble obtained from FDNS
and LES data. While LES with No-Model, MTSM, DSM and DMM over-predict the size
of separation region with varying degrees, the FDNS results are under-predicted by CSDM.
LES with No-Model, MTSM and DMM predict the onset of separation well but compared
to FDNS, the mean separation point occurs earlier when DSM is employed or delayed when
CSDM is used. Downstream of the reattachment point, the predictions by MTSM and CSDM
are in good agreement with FDNS, although it should be noted that MTSM under-predicted
C'y upstream of the mean separation point. Similar to results shown upstream of separation,
LES with No-Model, DSM or DMM under-predict C’.

Figure 3.19 shows the downstream variations of mean wall pressure normalized by the
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Figure 3.19: Evolution of mean wall-pressure, P,,. See Fig. 3.16 for legend.

upstream wall pressure. It can be observed in this figure that the wall pressure begins to
rise at x = 7.2 even though the nominal impingement location is at = 10 which is due to
the upstream propagation of the disturbances through the subsonic region of the boundary
layer. In general, all models predict the FDNS data satisfactorily. The CSDM predicts the
pressure rise at a slightly later location in comparison to other models and also in comparison
to FDNS.

Figure 3.20 compares the Van Driest transformed mean streamwise velocity profiles in
inner scaling at different streamwise locations. At x = 6 (not shown), the FDNS profile

exhibits a log-law profile (Eq. 1.14) between 30 < y* < 100 . At this location, the boundary
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layer is unaffected by the shock and exhibits the profile of a canonical turbulent boundary
layer. Also, at this location LES results obtained by CSDM are in excellent agreement
with those of FDNS. However, the results obtained by LES with No-Model, MTSM and
DMM are different than those of FDNS. DSM seems to be the least accurate model. Since
the velocity profiles are normalized by friction velocity, u,, the variations in the slope of
logarithmic function for various models is directly related to the C'y predictions. At z =10
(Fig. 3.20(a)), just downstream of the mean reattachment point, the velocity profiles do not
exhibit any logarithmic behavior although the universal near-wall U = 4™ behavior is still
obeyed. Once again, CSDM shows the best agreement with FDNS profile in comparison
to other models. At = = 15 (Fig. 3.20(b)), the boundary layer starts to relax back to
a canonical boundary layer profile although it has not fully recovered from the effect of
adverse pressure gradient induced by the shock. At this location, the profile exhibits a
logarithmic-like behavior albeit with different constants and a stronger wake region. This is
very similar to a separated incompressible boundary layer [31]. All models show reasonably
good agreement with FDNS at this location. Overall, the predictions by CSDM are more
accurate than other tested models for mean streamwise velocity at all three streamwise
locations.

Figure 3.21 compares the Rj; Reynolds stress component obtained by DNS and LES
at different locations. At z = 6 (Fig. 3.21(a)), LES with any model or with No-Model
over-predicts Rj1 with No-Model giving the largest values. However, the best agreement
with FDNS profile is obtained by the CSDM. At z = 10 (Fig. 3.21(b)), the peak value of
R11 increases due to the shock and this trend is well captured by LES. Again, the best
agreement with FDNS profile is obtained by CSDM. Interestingly, the LES results obtained

by No-Model and those with eddy-viscosity models are very similar at this location. Similar
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Figure 3.20: Van-Driest transformed mean streamwise velocity profiles in inner scaling. (a)
x =10, (b) x = 15. Black dashed line represents law of the wall. See Fig. 3.16 for legend.

147



trends are observed at x = 15 (not shown), although the predicted LES trends do not quite
match with those of FDNS.

For the R9o component of Reynolds stress, Fig. 3.22 again shows a general trend of over-
predicting the FDNS stresses by LES employing No-model, MTSM, DMM or even CSDM at
all selected locations, even though the best prediction is by CSDM. At = 15, the predictions
by MTSM and No-Model are similar. Similar behaviors are observed for the R33 and Ri9
component of Reynolds stress (not shown) with the best predictions given by CSDM at all

three selected locations.

3.6 3D effects of lateral walls on SBLI

Up until now, majority of the SBLI simulations have been carried out with an assumption
of homogeneity in the spanwise directions. Several experimental results indicate that the
lateral walls of wind tunnel influence the physics of SBLI. A recent numerical study by
Garnier [66] has shown that the corner separation generated due to the presence of lateral
walls reduces the effective span of the wind tunnel, strengthens the interaction and the
strongest fluctuations are found at the corners. This problem has been gaining a steady
interest because of its practical relevance, for example, at the inlet of a scramjet.

To examine the effect of lateral walls on SBLI, some preliminary calculations have been
performed. A unique approach was adopted to overcome the specific challenges to this
problem. The first challenge was to generate a realistic turbulent state at the interaction re-
gion. The presence of lateral walls meant standard inflow turbulence generation methods for
boundary layers could not be used. To generate a realistic turbulent state in the interaction

region, an auxiliary LES simulation was first carried out. In the auxiliary LES, a laminar
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Figure 3.21: Comparisons of Rj; Reynolds stress component obtained by DNS and LES. (a)
x =6, (b) x = 10. See Fig. 3.16 for legend.
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Figure 3.22: Comparisons of R9o Reynolds stress component obtained by DNS and LES. (a)
x =10, (b) x = 15. See Fig. 3.16 for legend.

150



boundary layer profile was specified at the inflow and the boundary layer was perturbed by
a blowing-suction forcing at the wall [67]. This is achieved by computing the wall-normal

velocity component at the wall in a region between a < x < b using the following relation:

v(x, z,t) = U Af(x)g(2)h(t) (3.32)

where

f(z) = 4sinf(1 — cosh) /27

10
g9(2) =>_ Zsin(27l(z/L. + ¢;))
=0
10
Y Zi=1, Z,=1257,4
=0

5
h(t) = Z Tinsin(2rm(Bt + ém))

m=0

10

> T =1, Ty = 1.25T;4

1=0
The amplitude for the perturbations was chosen equal to A = 0.1 and the forcing frequency,
B = 0.1. The domain size for the auxiliary LES was, x = 4.5in, y = 1.3in and z = 0.5in.
The blowing and suction strip was placed between 0.5in < x < 1in. The freestream Mach
number was 2.75. The Smagorinsky SGS model was used for the computations. Once the
flow reached a realistic turbulent state downstream, a time history of primitive variables was
stored from a selected downstream plane. This ‘inflow box’ was then used periodically for the

main SBLI simulation. The second challenge was the generation of an impinging shock. A

compression ramp with an inviscid/slip wall boundary condition at the freestream was used
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to generate the impinging shock. The wedge angle was equal to 6°. In Fig. 3.23 we show the
y—z slices for instantaneous temperature contours. The nominal shock impingement location
was at x = 3 and as can be seen in the figure, the mixing is enhanced in the interaction
region and also downstream of the interaction region and there is a very significant influence
of the boundary layers developing on the lateral walls. It should be noted that the spanwise
width for these computations was only 0.5in which is very narrow and hence, 3D effects are
expected to be very strong for narrow spanwise domain widths. A further detailed analysis

is required to make a direct comparison between the cases with and without lateral walls.

Figure 3.23: Instantaneous slices of temperature contours at different streamwise locations
for 3DSBLI.
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3.7 Conclusions

A priori and a posteriori assessments of SGS models are made for the problem of 34°
incident shock wave interacting with a Mach 2 turbulent boundary layer via direct numerical
simulation (DNS) and large-eddy simulation (LES) data. In both DNS and LES, the Euler
terms of the governing equations are solved by a new seventh-order monotonicity preserving
scheme while the diffusion terms are solved by a sixth-order compact finite difference scheme.
The SGS stress and scalar flux models tested are the mixed time scale model (MTSM),
the dynamic Smagorinsky model (DSM), the dynamic mixed model (DSM) and the new
compressible serial decomposition model (CSDM).

A priori testing of the models indicate the superiority of similarity-type models like
DMM and CSDM over eddy-viscosity type closures like DSM. Between DMM and CSDM,
the predictions by CSDM are more accurate. The decomposition of SGS fluxes into Leonard,
Cross and Reynolds components shows the importance of taking into account the Leonard
component since it is a major contributor toward the total SGS stress or heat flux. For
larger filter widths, the contribution of Reynolds component also becomes important since it
represents the direct effect of unresolved scales. Hence, a proper modeling of this term is also
necessary for accurate LES computations. The compressible serial decomposition model uses
a similarity concept to model this term and it is more accurate than the eddy-viscosity type
model employed by the dynamic mixed model. This is clearly reflected in the correlation
coefficients computed between the true and modeled SGS stresses and heat fluxes. The
correlation coefficients computed for the three dynamic models are found to increase with
increasing the density gradient magnitude. A possible but by no means definite explanation

for this trend can be the amount of backscatter which is shown to decrease with increasing
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density gradient magnitudes.

A posteriori comparisons made for mean velocity profiles and filtered Reynolds stresses
indicate the significance of SGS model effect and are generally consistent with our a priori
testing of SGS models. For a posteriori assessment of the models, special attention was made
to keep the inflow boundary condition consistent in DNS and LES. Also, the characteristic
filter width for a posteriori assessment was chosen to be A = 2A[ g since, (a) it presents
a greater challenge for the SGS models to correctly capture SGS terms behavior, and (b)
it gives a better indication of model performance for higher Reynolds number flows where
the grid requirements are more demanding. The skin-friction coefficient is shown to be best
predicted by CSDM in comparison to other SGS models for the incoming boundary layer. In
the interaction region, however, the predictions by CSDM is not very accurate, which might
be due to CSDM not being sufficiently dissipative. The performance of other models is also
not adequate. Overall, the LES results obtained by CSDM are found to be comparable with
the FDNS values, despite the fact that the SGS terms Bs, By, Bg, and By are neglected
in our LES calculations as is done in most LES studies of compressible flows. These terms
represent the interactions between the resolved and unresolved fields and non-linear effects
in the filtered energy equation. It is possible that these terms could be significant in shock-
turbulence interactions at higher shock intensities and/or flow Mach numbers, something
that has to be tested in future studies. In general, the LES results obtained by CSDM

appear to be very promising. However, certain features of the model need to be improved.

Also, its predictions for other compressible turbulent flows needs to be further examined.
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