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ABSTRACT

DIFFERENTIAL GEOMETRY OF SLANT SURFACES
By
Yoshihiko Tazawa

We consider immersions of differentiable manifolds into almost Hermitian
manifolds. The Wirtinger angle is a quantity which measures how an
immersed submanifold differs from a holomorphic submanifold. An immersion
is called a slant immersion if the Wirtinger angle is constant. It is a
generalization of holomorphic submanifolds and totally real submanifolds. A
slant immersion which is neither holomorphic nor totally real is called a
proper slant immersion.

In this article, we mainly consider slant surfaces of codimension 2. We
first clarify the relation between 2-planes and complex structures of Euclidean
4-space E? from the view point of multilinear algebra. Combining this with
the Gauss map, we characterize slant surfaces in complex 2-space 2. we
also show that a surface without complex tangent point in a 4-dimensional
almost Hermitian manifold can be a slant surface with any given constant
Wirtinger angle with respect to a suitable almost complex structure. This
shows a big difference betwéen almost Hermitian manifolds and Kahler
manifolds.

Next we show that no compact proper slant submanifolds exist in any
complex space (™ This is a similarity shared by proper slant submanifolds

and holomorphic submanifolds.



Finally, under some additional conditions, we can determine the shapes of
slant surfaces in C2. If a slant surface is contained in a 3-sphere 53, then
it is obtained from a kind of helix in S° or a great circle by
left—translations along a curve in $3. If a slant surface is contained in a
3-plane, or, more generally, the rank of the Gauss map is less than 2, then
we can do the analogues of the classification of flat surfaces in Euclidean

3-space E3.
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INTRODUCTION

In this article, we consider slant immersions of differentiable manifolds
into almost Hermitian manifolds.

The most natural submanifolds of an almost complex manifold are
holomorphic submanifolds in the sense that they inherit both differentiable
structure and almost complex structure from the ambient space, and the
tangent spaces of the submanifolds are invariant under the almost complex
structure. On the other hand, the notation of totally real immersions (or
anti-invariant immersions, Lagrangean immersions) were introduced in the early
1970's. A submanifold of an almost Hermitian manifold is called totally real
if each tangent space of the submanifold is mapped by the almost complex
structure into the normal space.

Recently B.-Y. Chen defined the term slant immersions as a
generalization of both holomorphic and totally real immersions ([BYC5]). An
immersion of a differentiable manifold into an almost Hermitian manifold is
defined to be a slant immersion if its Wirtinger angle « is constant (Chl
§4). If a =0, then the immersion is holomorphic and if a = /2, then it
is totally real.

In Chapters 2-5, we will state some properties of slant immersions which
we have obtained up to now. We consider mainly slant surfaces in complex
2-gpace 2 expect for Chapter 2 §3 and Chapter 3. In Chapter 2 §3, the
ambient space is an almost Hermitian manifold. Chapter 3 is about slant
submanifolds in complex spaces of arbitrary dimension and codimension.

Chapter 1 is a preliminary. In §1 we recall the basic formulas of the
differential geometry of submanifolds. §2 is about descriptions of the

Grassmannian G(2,4) as a product of two 2-spheres. The relation between



two descriptions of G(2,4), a quadric Q2 in CP and a set Dl(2,4) of
unit decomposable 2-vectors in A2E4, is clarified. §3 is a review of the
generalized Gauss map. In §4 we introduce the definitions and basic
properties of slant immersions written in [BYCS5].

In Chapter 2, we consider slant surfaces with codimension 2. In §1, we
investigate the relation between 2—planes in E} and complex structures on
b (Proposition 1). This provides a pointwise observation of slant surfaces.
In §2, we consider the Gauss map and characterize slant surfaces in 2
(Proposition 2). Especially, we show that a non-minimal surface in E! can
be slant with respect to at most four complex structures on E4. In §3, we
show that any surface without complex tangent points in an almost Hermitian
manifold becomes a proper slant surface with any given constant Writinger
angle with respect to a suitable almost complex structure (Proposition 3). §§2
and 3 show the difference between a Kahler manifold and an almost Hermitian
manifold.

In Chapter 3, we show that a compact proper slant submanifold does not
exist in complex space €™ (Proposition 4). This is a similarity of slant
submanifolds and holomorphic submanifolds.

Most examples of slant surfaces in €2 which we have constructed up to
now are doubly slant and have the rank of the Gauss map less than 2 and
hence flat surfaces (Chapter 2 §2). So, it is natural to consider the problem
of classifying flat slant surfaces in C2. Under some additional conditions, we
can determine the shapes of flat slant surfaces (Chapters 4 and 5).

In Chapter 4, we consider slant surfaces contained in a 3-sphere S 3
in €2 Since S 3 is a Lie group of unit quaternions, the theory of curves
and surfaces in S 3 s given a special development (§1). In §2, we define

another Gauss map on S 3 using left invariant vector fields and



characterize slant surfaces in S 3 (Proposition 5.). This is a spherical
version of Proposition 2. In § 3, we determine proper slant surfaces in S 3
(Proposition 6).

In Chapter 5, we consider a slant surface with the rank of the Gauss
map less than 2. Then, the surface becomes a flat slant ruled surface in’ (2
and we can do the analogy of the classical classification of flat surfaces in E°
and determine the shapes of slant surfaces (Proposition 7). In particular, if a
slant surface is contained in a 3-plane in C2, then its shape becomes more
concrete (Proposition 8).

We are at the starting point of the differential geometry of slant
immersions. We hope it will have a fertile development similar to the studies

of holomorphic or totally real immersions.



CHAPTER 1.
PRELIMINARIES

In this chapter we review and arrange some well-known formulas and
facts which we will use in this article. 81 is a list of formulas of differential
geometry of submanifolds. In §2 we recall the description of the
Grassmannian G(2,4) as a product of two 2-spheres. § 3 is about the
generalized Gauss map of submanifolds in Euclidean spaces. In §4 we

introduce the definition and basic properties of slant immersions.

§ 1. Notations

We follow basically the definitions and notations of [CBY1] — [CBY3].
Differentiability always means differentiability of class C ®. Listed below are
some formulas which we will use in this article.

Let (M, g) be an n—dimensional Riemannian manifold with the
Rienannian connection V, {ei}':=1 be a local orthonormal frame field and

{wi}';=1 be its dual coframe field. The connection form {w; } is defined

by
i _ i
(1.1) w; (X) = w(VXej) XeT™
i.e.
_ :

(1.2) | VXej =X wj (X)ei
The curvature form {Q;. } is deﬁned by

k.1
(1.3) : Q' 2- z R’kl WA w
where
(1.4) R(e -,ek)el =X Rlﬂc i

4



If we put
(1_5) VeJ ek = E F;k ei )
then
i _ ik

(1.6) w; = z rﬂ: W
(L.7) v J=-srkdJ

e, g

J

The structure equations are given by
(1.8) dw=—-2wJAwJ

i k i
(1.9) dwj = =X “’k A w; + Qj

Let (M, gy and (M, §) be Riemannian manifolds of dimensions n

and m respectively, and V and V¥ be their Riemannian connections. If
(1.10) z: M- M
is an isometric immersion, then

(1.11) ViV = VyV+ KX, V), X, Ye Z(M)
(1.12) Vi = - AgY + Dyt Xe Z(M), (€3 (M)

where A, A and D are the second fundamental form, the Weingarten map
and the connection in the normal bundle. Let {%,}7_, be a local adapted
frame field, i.e., a local orthonormal frame field on M and, if restricted to
M, {&}"_ is an orthonormal frame field on M. Let {&} and {@f)

be its dual coframe field and connection form on M. If we put

(1.13) | eA = eAIM

(1.14) o = |M’ ie., w' = z“‘w
A _ A

(1.15) wp = Up|y

where

i, j=1,.,n, A B=1,..m



then {e;} and {wi} and dual, {w;.} is the connection form with respect

to {e;} and
(1.16) Dee.= T (X
1.1 = w e, r=n+l,....m
xer = 2 ol Xe
If we put
m .
h= £ T K% w'ew’ee
r=n+1 1,j=1 J
i.e.,
- T
(1.17) g(h(ei, ¢ ), er) = hij ,
then
(1.18) h"J = h"
= r w?
(1.19) z hz] .
The mean curvature vector H is deﬁned by
(1.20) h = % trace h
m
=1 (% ML) e,
r=n+1 i=1

The equations of Gauss, Codazzi and Ricci are given respectively by
(121)  R(X, Y, Z, W) = R(X, Y, Z, W) + (KX, 2), (Y, W)
- g(h’(xr u’)t h(Y’ 2))

(122) (RX, )2)* = (T )Y, 2) - (X, 2
(1.23) RPx, v, ¢, n) =RX, Y, € n) + A4 A )X V)
where

(1.24) (HHY@-QﬂK@-MUK@-MKu@
(1.25) ( V)€ = DyDyt - DYDX{—D[X,Hg.



§ 2. Geometry of G(24).

Let E™ = R™,<, >) be the Euclidean m-space with the canonical

inner product < , >. Denote the canonical basis and orientation by

- (A)
(2.1) (80— €4=(0,...0,150,...,0),
2.2 w=2e A.A%_ €A™ E"
1 m

For each n € {1,...,m}, the space A" E™ s a (’:)—dimensiona.l real vector
space with the inner product, also denoted by < , >, defined by

(23) <X; Aeh Xy Y] AA Y > = det (<X, Yj>] and bilinearity.

Two spaces A"(Em)* and (A" Em)* are identified in a natural way,
namely, for @ € AYE™)* and X;,...,X, € E",

(2.4) QX Ak X)) = QX,e..., X))

Let, G(n, m) denote the Grassmannian of oriented n—planes in E™.

and linearity.

Then, G(n,m) is identified with the set Dl(n,m) of unit decomposable
n~vectors in A"E™. The correspondence 3 is given by
(2.5) Y : G(n, m) — Dl(n,m)
wV) = X) Ah X,
where {X i}?=1 is a positive orthonormal basis of V.
In particular, if n =2 and m = 4, G(2,4) is represented as a

product of two 2-spheres as follows. The star operator

(2.6) + . A%E? o A2t
is defined by
(2.7) <*,n>w=EEAn, for & nEA2E4.

For V € G(2,4), considered as an element of Dl(2’4) through ¢,
(2.8) V=



where V* is the oriented orthogonal complement of V in E} Since *

is a symmetric involution, A2E4 is decomposed into an orthogonal direct

sum

(2.9) A%E = A2 E* o A%

where AEE4 are the eigenspaces of * corresponding to the eigenvalues +1.
Denote

(2.10) r: A%E* 4 A2

the projections of this decomposition. For a positive orthonormal basis
{eA}:i=1 of E4, put
1
n, = —— (e;Ae, + eqhe,)
N L €34

(2.11) 1 7y = J——;— (el/\e3 - eyhey)

n3 = ‘/'-_;_— (e)Aey + exheg)

ny = J—_;- (el/\e2 - e3/\e4)
(2.12) s = J-.Tl— (e)heq + ejhe,)
e = —— (elAe4 - e2Ae3)

-

then {111, s 173} and {114, s "6} are orthonormal bases of A_%_E4
and A2 E! respectively. In particular, {% ?)2, ?;3} and {7, ?75, %)
obtained from {& 4} form canonical bases. For £ € D,(24),
(2.13 T (O = 6+ %0

7() = 5(€ - *¢)
and

(2.14) I, (O = =l = 1/V2.



Hence, if we denote by 5*2 the 2-spheres of radius 1/y2 in AEE4
centered at the origin, then
2
(2.15) r,: D)(2.4) — S,
and actually this gives rise to a description
(2.16) D,(24) = 5% x 5 *
(cf [S-T] p 360). If we choose an adapted frame {e,} for V in G(2,4);

4

i.e, {e4} is a positive orthonormal basis of E® such that {e], e} s a

positive basis of V, then
(2.17) (V) = 7, (UV) = slephey + eghey)
1_(V) = 1_(U(V) = slejhe, — exhe,)

N E* DO G2,4)= Pi(2.4) = St x S
NG

FIGURE 1

There is another description of G(2,4) (cf [H-O1]). Let
(2.18) []: ¢-cP?
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be the canonical projection of the complex 4-space onto the complex projective
space and define a quadric Q2 by
(2.19) Q={(2),izy) | B+t 4 =0} C €

Q = {(A1Z € Q) c P
We define a map
(2.21) ® : G(24) » Q
as follows. For V € G(2,4), pick a positive orthonormal basis {X, Y} of
V and put Z = X + iY. Then, the complex vector Z is contained in
Q2. Put
(2.22) (V) = (2]
Then, ¢ is well-defined and bijective and hence we may identify G(2,4)
with @, through @ ([H-O1] p6).

If we define a map

(2.23) 0:CxC— ¢
by
226)  plwy, wy) = (py(w, wy),. 04wy, up))

=(1+ w, Wy, i(1 - w1w2), w -, - i(w1 + w2)),
then ¢ satisfies
(2.25) 6+ tif = 0
and hence [p(w), w))] € Q. On (Cx(), go—l is given by
z3+z'z4 ,-23+iz4 )
Hh7% " HTin

and the biholomorphic map [¢] from €xC into Q, extends to a

(2.26) 0 (zpzy) = (

biholomorphic map of cp! x ¢! onto Q2, when we consider
(w;, w,) € (xC as inhomogeneous coordinates on cp! « cp!
(2.27) [¢] : CP! x P!+ @,
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We consider the metric on Q2 induced from the Fubini-study metric of
CP3 with constant holomorphic curvature 2. We also consider a metric on

(IP1 defined, using inhomogeneous coordinate w, by

2
(2.28) ds? = Zli"_’l_z_g_

(1+]w] )
Then, [¢] becomes an isometry and hence @, is considered a product of

two 2-spheres of radius 1/y2 through [¢)].
(2.29) [l : P! x Pl = 2 x 82— Q,
(For details, cf [H-01]§2)
The following lemma shows the relation between the two descriptions of

the Grassmannian G(2,4) as a product of two 2-spheres.

Lemma 1.
The bijection

(2.30) Voo lofg:8 x5 -582 x5

is an isometry. Srf is mapped onto Sf_ and Sg is mapped onto SE.

(Proof)
Let Ve G(2,4) and put
(2.31) WV) =(6, €) £ €S
(2.32) (V) = [pw), w)l
Express £, with the coordinates with respect to the canonical basis
A r 3
_ o
=yt b 2= 5 & A
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Put
(2.34) A+ iB = o(w, w)) e [A+ iB = &(V)
Since |A| = |B| # 0 and <A, B> = 0,
(2.35) (V) = # AAB
Hence
(2:36) & =<¥W), >
_ 1 )
= W < A A B, n >
_ 1
T Rarde D (ayy — agby + agby — a,by)
1
where A = EaA%A, B = EbA%A’ and wj = uj+ ivj , J =12
Therefore,
2 2
¢ = 1 - U - Y
1 V2 (1+uf + vf)
By similar calculations,
1 2 2
= - ur -1y 20 ,—2u,)
(2.37) | 77 e + o) e :

This shows that the mapping

(2.38) (“1: “2) - (€1: 62; £3)
is the composition of the stereographic projection, the homothety with ratio
1/y2 and a exchange of the coordinate axes. Note that this is the same
way, except for the change of axes, in which 5‘2 = C P! was parametrized
and given the metric. Hence, ¥ o o1, [¢] maps .5;1) isometrically onto

2 - 2
S+. Similar for 52.

Q.E.D.
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In this sense, we identify
52 x 82 = Dj(24) = G24) = @ = S x S5
2 _ 2 _

We choose orientations on A_?_R4 and A_%_lt4 such that {?71, ?72, ?;3} and

(2.39)

{?)4; ?;5, ?)6} are positive basis respectively and also orientations on Si and

SE corresponding to the exterior normal vectors.

§ 3. The Gauss Map.

Let z be an immersion of an n—dimensional oriented differentiable

manifold M into Euclidean m-space
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(3.1) z:M— E™
We always identify the tangent spaces of E™ with E™ itself. Then the

Gauss map, or the generalized Gauss map,

(3.2) v:M— G(n, m)
is defined by
(3.3) up) = TMC TpEm = E™.

Let {e A}',‘r;:l be an adapted local frame field on E™, i.e., a local positive
orthonromal frame field so that {e,(p)}':=1 is a positive basis of TpM if
p € M. Then, identifying G(n, m) with Dl("" m),
(3.4) Up) = (eA....Ae,)(p)

If M is compact, then the Gauss image (M) is mass—Symmetric in
the unit sphere of A" E™, according to Chen—Piccini ((CBY-P] Lemma 3.1),
namely
(3.5) fpeM Up)dVy, = 0
where v is considered as a A™ E™-valued function on M, and d VM is
the volume element of M with respect to the metric induced by the
immersion z.
(36) v : M —G(n,m)=D;(n,m) c S\ 1(0) c A"E™ = (A"R™, <, >)

=N, ¥ = ()

We rewrite this as follows for later use.

Lemma 2.
If M is compact, then
(3.7) fM <y, §>dVy =0

for any n—vector £ € ATE™
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In the case of n =2 and m =4, wepu v, = - v where 7,

are the projections defined in §1.
S

2
+
Y+ [ "+

M +52x8% = G(24)

g

$

These maps v, and »_ are related to the Gaussian curvature G of

+
M with respect to the induced metric and the normal curvature GD of the
immersion z as seen in the following lemma. This lemma is stated by
Hoffman—Osserman ([H-O2] Proposition 4.5) in terms of the decomposition

G(2,4) = Q2 = .S% x Sg but we prove it here in our notations.

Lemma 3.

(3.9) Jacobian of v = % (G + GD)
Jacobian of v_ = - % (G - GD)

(Proof)

Let {%A}i=1 be the canonical basis of E! and {EA}j=1 be a
positive local adapted frame field such that restricted to M, {Eiﬁ:l is a
positive frame on M. Let (@7}, (@), {e,}, (), {w3} beasin §L
Put

Bo
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where (85) is a SO(4)-valued local function of E!. By (3.4) and (3.11)

(3.12) Up) = ¢/(p) A e(p)
AB, \ o 0
=A2<:B€ (p) €4 A ep
where
o1 A7 - g o8 - o8 1

are local functions on M. If we denote by (yAB) 1 <A< B<4 the
coordinate of AZE? with respect to the canonical basis {& AN ¢ B}
1 < A< B<4, then, for a function ¢ on E4 and X € TM,

(3.14) (v+X)p = X(v v)
g AB
A<B (X

= (Z(XCAB) 6373_) @

Since AZE' is a vector space, j?— is identified with 2,A 2 g and

hence
AB,\ o 0
(3.15) wvxX = AZ<)B(X§ ) €4A eg
= D83 + Bl B3 - (X DBy - BB ®
4
= AzB (x gH8S e a5+ AEB pxed) ¢ 4n 25

(2 (XﬂA)eA) AE BF e+ (S ﬂAeA) A (Z(X B3) 8p)
= (VX e)) A ey + e AV y &)
Hence by (1.2)

(1.16) X = (S W(X)eg) A ey + e A (S D5(X)ep)
since Xe€ T™M

4
(3.17) X =5 u(X)eh eg + wp(X)eph e

- B(X)e €3 ~ W}(Xeah ¢

B
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We use here {7 6__ defined by (2.11) and (2.12). Then
a’a=1

(3.18) VK= 2 e+ By + () + ),
+ () + W)X + (&) + wi)(X)7g)
Hence
VX = 4—; (w] + W)Xy = (- + wy)(X)ny]

(319) X = (o + D0ns + (] + B0y
By (1.19)

| varle) = El (K +hgy)my + (3 +hg )]
(3.20) | V+*(32) [(h 2+h22)’72 + (-h 2'”'32)’73]

: valey) = 5 [("'11“‘31)"5 + (g Ay g
20 | vleg) = ﬂL (g +hoa)ns + (Ajy+hag)ng
Since at each pe M
(3.22) v, (p) = El' (eh ey + e3h e)(p) = 7;,71(1,),

"l(p) is the exterior normal of S_?_ at v +(p) and hence {712, 113} is a
positive orthonormal frame field on Sf_ with respect to the orientation
defined in §1.

On the other hand, by definitions of G and GP ([CBY2]), and Gauss'

and Ricci's equations,

(3.23) G = R(el, €g; €9 el)
= E (hy1hga =
(3.24) GP = el, €yi €4 e3)

= ":1;2("32 - B)) - Ky(hgy - B}
By (3.20)—(3.24), we get (3.9) and (3.10) .
Q.E.D.
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§ 4. Slant Immersions.

The notion of slant immersions has been defined recently by B.Y.Chen as
a generalization of both holomorphic and totally real immersions ([CBY5]). In
this section we introduce the definitions and some basic properties of slant
immersions written in [CBY35).

Let
(4.1) T:Ms M
be an isometric immersion of a Riemannian manifold (M, g) with a
Riemannian metric ¢ into an almost Hermitian manifold (M, 3, J) with
an almost complex structure J and almost Hermitian metric 3.

For each nonzero vector X tangent to M at p the angle 6(X)
between JX and the tangent space T,M of M at p is called the
Wirtinger angle.

(4.2) aX) = XX, TpM), XeTM

FIGURE 3
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If &X) is constant, we call immersion z a general slant immersion.
If z is a totally real immersion, i.e.,
(4.3) J( TpM) C T;M for Vpe M
where TpM denotes the normal space of M in M, then =z is a general
slant immersion with &X) = x/2.

If M is also an almost Hermitian manifold (M,g,J ) and =z is an

holomorphic immersion, i.e.,

(4.4) (JX) = J(zX) for VXeTM

where =z, is the differential of z, then =z is a general slant immersion
with &X) = 0. Similarly, an anti-holomorphic immersion satisfying

(4.5) x(JX) = =J(z:X) for Y Xe TM

is a general slant immersion with & X) = 0.

In this sense, a general slant immersion is a generalization of totally real
or holomorphic immersions. A general slant immersion with & X) # 0 is
called a slant immersion and the angle 6(X) is called the slant angle.

A slant immersion with #(X) # x/2 is called a proper slant immersion.

For any vector X tangent to M, we put
(4.5) JX = PX + FY, PX € TM, FX € T'M.
Then, P is a (1,1)-tensor field on M and F is a T*M-valued 1-form on
M. A proper slant submanifold which satisfied VP = 0 is called a Kahlerian
slant submanifold. If (M, g) is a Kahlerian slant submanifold with the slant
angle @, then, with respect to an almost complex structure J  defined by
(4.6) J = (sec 9) P,
(M, g, J) becomes a Kihler manifold.

Listed below are some of the lemmas, propositions and theorems in

[CBY2] for later use.



(a)
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(Lemma 2) Let M be a submanifold of an almost Hermitian
manifold M. Then, VP = 0 if and only if M is locally the
Rienannian product Ml""""Mk , where each Mi is either a
Kahler submanifold, a totally real submanifold, or a Kahlerian

slant submanifold.

This lemma comes from the decomposition T M=D;®- .. -eDz(p),

p

where Dz's are the eigenspaces of the self-adjoint operator

(4.7)

(b)

(d)

(Lemma 5) If M is a slant surface in C2, then G=GP
identically. G, GP are as in §3. Hence in this case v_ is

degenerated.

(Proposition 5) Let M be a compact surface. Then we have

1. If the Euler number x(M) # 0, then M admits no slant
embedding in 2

2. If x(M) =0, then every slant immersion of M in e s
regularly homotopic to an embedding.

3. If M has positive (or negative) Gauss curvature, then M

admits no slant immersion into C2.

(Lemma 6) If M is a holomorphic surface in (2, then, for any
constant a, 0 < a < /2, M is a slant surface in (E4, J a)
with slant angle a, where J o is the compatible almost complex
structure on b defined by

Ja(a,b,c,d) = (cos a)(-c,—d,a,b) + (sin a)(-b,a,d,—c)
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In [CBY5] and [CBY3], and also in this §4, €™ is regarded as follows.

™= ®R™ <, >, J)
(4.7) Jz yerenr By yl,...,ym) = (Yo Yy TpeeearTiy)

() (Theorem 1) Let M be an oriented surface in 2. Then there
is a compatible complex structure J on E4 such that M is

holomorphic in (EY, 9) if and only if M is minimal.

(f) (Theorem 3) Let M be a proper slant surface in 2. Then
there is a compatible almost complex structure J1 on E4 SO
that M is totally real in (E*, J) if and only if M is

minimal.

(g) (Theorem 4) Let M be a totally real surface in 2. Then
there is a compatible almost complex structure J1 on E4 L)
that M is a proper slant surface in (E4, Jl) if and only if M

is minimal.

The properties (b), (d) (e), () and (g) are all explained by a simple

characterization of slant surfaces as we will see in Ch 2. We will deal with

the compact case (c) in Ch 3.

We also list here the examples of slant surfaces in [CBY5]. These

examples have a common interesting feature as seen in Ch 2.

(Eg 1) For any non-zero constants a& and b,
z (u, v) = (a cos u, b cos v, @ sin u, b sin v)

gives a compact totally real surface in ¢ with ¥h =o.



(4.9)

(4.10)

(4.11)

(4.12)
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Here Vh is defined by (1.24).

(Eg 2) For any a>0

(Eg 3)

(Eg 4)

(Eg 5)

(Eg 6)

z (u, v) = (a cos u, v, @ sin u, 0)

defines a non—compact totally real surface in 2 with Fr = o.

For any a, 0<al#/2,
z (4, v) = (v cos @, u sin a, v, 0)

defines a slant plane with slant angle a in .

For any positive constant &,
z (u, v) = (ek" cos u COS v, 5 Sin u cos v,
ku

eku cos u sin v, € Sin u, sin v)

defines a complete, non-minimal pseudo—umbilical proper slant
surface in €2 with slant angle cos—l(k J1+k2) and with

mean curvature e-k"/ J£+;2.

For any positive number &,

z (u, v) = (u, k cos v, v, k sin v)
defines a complete, flat, non-minimal and non-pseudo—umbilical,
proper slant surface with slant angle cos—l(k ,/1+-l?) and

constant mean curvature k/2(1+k2) and with non-parallel mean

curvature vector.

Let &k be any positive number and (g(s), A(s)) a unit speed

plant curve. then
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(4.13) z (u, v) = (ks sin u, g(s), ks cos u, h(s))

defines a non—minimal, flat, proper slant surface with slant angle

(k ﬁ+?).

There is another example of a Kahlerian slant submanifold in ct



CHAPTER 2.
A CHARACTERIZATION OF SLANT SURFACES

In [CBY-M] B.-Y. Chen and J.-M. Morvan characterized holomorphic
surfaces and totally real surfaces in 2 using the description G(2,4)=S_%_x$3
as follows. Let z: M - E4=(R4, < , >) be an isometric immersion of an
oriented Riemannian surface into E- and v = (v,, v.) be its Gauss map

defined in Ch 1 §3. Then,

(a') z is an holomorphic immersion with respect to some complex
structure J on E} compatible with < , > if and only if
v +(M) is a singleton.

(b) =z is a totally real immersion with respect to some complex
structure J on E! compatible with < , > if and only if

v +(M) is contained in some great circle in S_?_.

The purpose of this chapter is to show that (a) and (b) have a natural
generalization to the case of slant immersions.

In §1 we consider the relation between 2-dimensional linear subspaces of
E} and complex structures on e compatible with < , >. In § 2 we
combine this with the Gauss map and characterize slant surfaces in €2. In
§ 3 we show that most surfaces in an almost Hermitian manifold (M, g, J)
can be slant surfaces with any given slant angle with respect to some almost
complex structures Ji's so that (M, g, J;)'s are almost Hermitian. This
shows that the argument about slant surfaces in 4-dimensional almost
Hermitian manifolds does not have much significance and also that there is a

big difference between almost Hermitian manifolds and Kahler manifolds.

24
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§ 1. Complex structures on et

Let €™ be the complex m-space with the canonical complex structure

J

o
(1.1) " = ®™<; >J)

where

(1.2) Jo(zl,yl,...,zm,ym) = (—yl,zl,...,-ym,zm).

If we use the canonical basis {2 A}izl of E2m=(R2m,< , >) then
(1.3) Jo%2A—1=%2A and hence '1022,4:—%2/1—1 for A=1,...m.

Note that this is different from [CBY3], [KN] and Ch 1 §4, and this is the
only difference between our notations and those of [CBY3]. J  is an
orientation—preserving isomorphism of E2m. In this section we consider the
case m = 2.

We denote by _# the set of all complex structures on et compatible
with <, >, i.e,
(1.4) S={J: E* 5 Elinear, 72 = -ig,

<JX, JY> = <X, Y> for V X, Y€ E%.

For each J € #, we can always choose a J-basis {eA}j=1, i.e., an
orthonormal basis satisfying
(1.5) Je, = &, Jeg = ¢
Two J-bases of the same J have the same orientation. Hence using the
canonical orientation w = %1/\- . -A34. We divide _f into two disjoint
subsets:
(1.6) ;+ = {J € S |J-bases are positive}
F = {J € S |J-bases are negative}
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For each J € #, we determine a unique 2-vector ( J € AZEY as

follows. Let J be the Kahler form of J.
(1.7) Q X, V) = <X, J¥> X, Y e EY, o, a%EY)
Since AX(E'") is identified with (AE%)" by Ch 1(24), we can set ¢,
to be the metric dual of —Q JE€ (A2E4)* with respect to the metric < , >
of A2E! defined by Ch 1(2.3). Hence, for X, Y € EI,
(1.8) <Cy, XAY> = —QJ(XAY)

= -Q /X, V)

= -< X, JY>

= <JX, Y>

We have the following lemma.

Lemma 4
The mapping
(1.9) ¢ s A% UL
determines bijections
(1.10) ¢: fT Si(ﬂ)
C: F7 2 WD

where Sz(ﬂ) are 2-spheres with radius 2 centered at the origin in AEE4.

(Proof)

Let J€ f and {e)}3_, bea Jobasis. If Je £ (or ),
then {e,} is a positive (or negative respectively) basis and vice versa. By
(1.7)

(1.11) (j = ehey + eghe,
Hence, by Ch 1(2.3)
(1.12) IGA = V2
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By (1.10), if Je€ % then *(;==x(;, andso (;€ AZE*, and hence
¢; € S2(+2). The injectivity of the map ¢ is clear.

Conversely, let £ € Sf_(ﬁ). Then, % €€ S_%_ and hence we can pick
an oriented 2-plane V such that
(1.13) ' Ve r (5 6 c G24).
Choose a positive adapted frame {es}4q_, of V in E' and define a
complex structure J on E4 by
(1.14) Je1 = &, Je2 = -e), Je3 = €y Je4 = —€g.
Then, J € # and ¢, = ¢ Similarly for J”.
(1.147) Je =6, J'e2 = -¢, .f'e3 =-¢, Je =€

Q. E. D.

Through the bijection of Lemma 4, we can identify these sets.
(115) # = 56D u K
2 = £, (v = £

Next, we consider slant 2—planes in (E4,< , > J) for Je #. Before

that we deform the definition of the slant angle slightly.

Definition 1.
For Ve G(2,4) and J € S, put
(1.16) afV) = cos (- () € [0,7]
and call V to be a—slant with respect to J if a J(V) = a.

The relation between & X) of Ch 1(4.2) and a J(V) is as follows.
Let z: M~ (Mj3J) be an immersion of a 2-dimensional differentiable

manifold M into an 4-dimensional almost Hermitian manifold M. Then,

regarding (T, 3, J) = E <, >, D,
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(1.17) 0(X) = min {a_(T M),r- a_(T M)}
J? J P
for X € TpM.

JX

FIGURE 4

If M is oriented, then it has a unique complex structure J
determined by the orientation and the induced metric, with respect to it M
is a Kiahler manifold. Hence,

(1.18) =z is a holomorphic immersion
—JzX=zJX VXeTM
—

= <Jz X zJX> =1 Xe TM, ||X|=1
pund Q:’(z*X Az (JX) = -1, Xe TM, || X]|=1

= a-(T.M) =0
J P
Similarly
(1.19) z; anti-holomorphic immersion
= a(T M =1
7P
(1.20) z; totally real immersion

= a(T.M =12
7P
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This argument holds also for dim M > 4, and we note here that the angle
a; coincides with the angle defined by Chern and Wolfson in [CSS-W1],
although they look quite different.

The angle a j can be also described in the following way.

Lemma 5.
If Je }+, then aJ(V) is the angle between r+(V) and ¢y - If
Je §, then a AV) is the angle between 7_(V) and (.

(Proof)
Let Je #1. Then by (1.16), (1.7)
(1.21) cos(a (V) = -2 4V)
=<(;, V>
= <y, 1, (N+r(V)>
= <¢;, 1 (V>
since (€ S_?_(ﬂ) C A3E4. Note that ||(J{| = 42 and l|7r+(V)|| = 1//2.
Similarly for J € . Q.E.D.

For each a € [0,x] and J € #, we define AGV,a to be the set of
all oriented 2-planes in E4 which are e-slant with respect to J, i.e,
(1.22) G.I,a= {Ve G(24) aJ(V) = a}
and also, for each a € [0,x] and V € G(2,4), we put "V,a to be the set
of all complex structures on gt compatible with the metric with respect to
which V is e-slant, i.e.,
(1.23) 4’,a= {Je £ aJ(V)=a}.
Put

"‘t’,a="’V,an}*'
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Then we can "visualize" these sets as follows.

Proposition 1.
(i) If Je }+, then
GJ,a = S.ll,a
where S.ll e is the circle on Sf_ consisting of the 2—vectors which have the

xSE

angle @ between (;. If J € F , then
Gre = S-?— * S‘ll,a
where S'll’ g 86 circle on SE defined similarly.
(ii) Under the identification of (1.15), }'{,’ g 8 6 circle on S_?_(,/?')
consists of the 2-vectors which have the angle a between x +(V).
"V,-a is a circle on S_‘z_(ﬂ) defined similarly by x (V).

(Proof)

Direct from Lemma 5.

NZE* NE*

FIGURE 5
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$ = U J- == S2D) USAE)

-+ -
jtf. a jlca.

ASE*

FIGURE 6
We state the following lemma which we need in Chapter 4 and 5.

Lemma 6
Let Woe G(3,4) and V € G(2,4) such that V Wo' Then V s

a—slant with respect to J € S if and only if
(1.24) <V, Jn> = - cos a
where U and 1 are positive unit normal vectors of V and Wo in Wo

and E4 respectively.

(Proof)
We put P~V = Wn JW. Then, l:V is a 2-dimensional J-invariant
linear subspace of E* We choose an orthonormal J-basis {e 4} of !

such that
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€y € = .Ie1 €E W,
(1.25) e, = Jes =1
4 3

Then e3 € Wn W and {el, €9 e3} is a positive orthonormal basis of
W. Let {X, X,} be a positive orthonormal basis of V. Since V c W,
X] A X, is spanned by {ell\ €y, €heq, e2/\e3} and hence by (1.21) and
(1.11)
(1.26) cos(aj(v)) =<(p V>

= <e1Ae2+e3Ae , XIAX2>

= <e e, XlAX2>
Since W is a Euclidean 3-space, the wedge product A in W is identified

with the usual vector product x, more precisely, the map defined by

A% w) - w
(1.27) f(XANY) =XxY and linear
is an a isomorphism preserving the inner product. Therefore,
(1.28) cos(aJ(v)) = <eg, v>
=-< Jn >

Q.E.D.

We also use the following notation. For V € G(2,4), we denote by
J'{', and Jy, the complex structures determined by
-1
(1.29) Iy = ¢ lr, (V)

where ( is the bijection in Lemma 4 and hence JT, € f * respectively.

§ 2. Slant Surfaces in ¢2

Let z be an immersion of a surface M into a 4—dimensional almost

Hermitian manifold (M, g, J). If we fix a point p in M, then we can



33

use the argument in § 1 about the slant angle of T)M in (TpM » 3y)
with respect to Jp. But, in order to compare the situations at different
points, we need some global structure.

In this section we assume M = E! and choose the parallel
displacement in TM, i.e., the identification of TpE4 and E4, as a "global
structure”. In short we use the Gauss map. We note that the argument in
this section also holds when # is a Riemannian quotient EX/T by some
discontinuous group, since it is parallelizable. In Ch 4 we will consider a
different "global structure" using left invariant vector fields. Another
interesting example of this "global structure" has been given by Micallef and
Wolfson ([M=W]): if M is a Ricci flat K3 surface then A_?_(TM) is a flat
bundle over M and we can use parallel displacement in A_?_(TM’) instead
of TM.

A slant surface in C2 is characterized as follows.

Proposition 2.
Let z be an immersion of a surface M into et
(2.1) z: M— E}
Then, z is a—slant with respect to J € + if and only if
(2.2) v (M) C S, C 52
where S.ll, g 8 the circle in Sf_ defined in Proposition 1. The same holds

replacing + with -

(Proof)

Direct from Proposition 1 and the definition of v,.
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.a-slant immersion wrt .fe}+

Sy

1
\ s

Yy

(M)

c? A E?

FIGURE 7

The following lemma is shown in [CBY 5] (in the proof of Theorem 1).

We state and prove it again in our notation.

Lemma 9.
Let z be an immersion of a surface M into EL. Then, z is
minimal and slant with respect to some J € S + if and only if v +(M) is

a singleton. The same holds replacing + with -.

(Proof)

Assume z is minimal. Then », and v, are both
anti-holomorphic ([CSS 1] and also cf [H-03]). In particular », and v,
are open maps if they are not constant. Hence by Lemma 1, v + and v_

are open maps if they are not constant. Furthermore, if z is slant with
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respect to J € )+, then by Proposition 2 v, cannot be an open map

+
and hence v +(M) is a singleton.

Conversely, let » +(M) be a singleton {¢}. Then 2£ € Sf_(ﬂ) and
we can choose a complex structure J = (-1(25) € S *  determined by
Lemma 4. By Proposition 2, z is 0-slant, i.e., holomorphic with respect to

J and hence minimal.
Q. E. D.

By Proposition 2 and Lemma 9, we can say:
(h) The following are equivalent:

(i) =z is minimal and slant with respect to some J € }+ (or

#)
(ii) v +(M) (or v_(M)) is a singleton.
(iii) z is holomorphic with respect to some Je f£1 (or F)

(iv) For any a € [0, ], there exists J, € }+ (or #7) such

that z is a-slant with respect to J .

(ii)2(iv) is shown as follows. If » +(M) is a singleton, we choose
some V € xIl(u+(hI)) and 7z is a-slant with respect to any J € "T’,a
(iv)3(ii) follows from (i) below.

If z is a non—minimal a-slant immersion with respect to J € }+,
then v +(M) contains a l1-dimensional portion of the circle S‘ll’ @ hence we
have;

(i) If z is not minimal, then z can be slant with respect to at

most two complex structures #J € /+, and at most two

' -—
complex structures J € § .
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proper slant

totally real anti-holomorphic

FIGURE 8

These facts give a clear geometric image to (b), (d), (e¢), (f) and (g) in
Ch 1 §4. And they show that minimal surfaces are completely atypical (cf
[H-03] p 731) also from the view point of slant immersions.

We define the following term, because this property is common in

examples (Eg 1) — (Eg 6) in Ch 1 § 4.
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Definition 2.
An immersion I : M EY s called doubly slant if it is slant with
respect to one complez structure J € }+ and at the same time slant with

respect to another complez structure J € S .

doubly slant, VM) < SfaxSpip

MNE?* ASE*

FIGURE 9

Or equivalently we can say, z is doubly slant if and if there exists
V € G(2,4) such that =z is slant with respect to .f"', and JT,, where
J3, is defined by (1.29).

Lemma 10.
If z: ME isa doubly slant immersion, then G = GD = 0.

(Proof)
Direct from Lemma 3 and Proposition 2.
Q.E.D.
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The next lemma shows how to calculate slant angles and ranks of v, v +

and v.

Lemma 11.

Let z: M2 - E  be an immersion of an oriented surface and put
o(p)=a Jo( TpM)
Hp)=ay (T, M

and J1=J°- o  defined by (1.29). Let {e), ey} be

(2.3)

where JO=J°+

el/\e2 ell\e2

a positive orthonormal frame field on M and put

4 o] .
(2.4) ¢ =B£1 B?eB , i = 1,2
Then
(23) cos o = (B85-A105) + (Bif501)
(2.6) cos b = (B)fo-Bi6y) - (B05-6105)
(2.7) v, =A§B[e1(ﬂ‘fﬂg-ﬁfﬂg)] A 8
(Proof)

By (1.21), (1.11) and Ch 1 (3.12), (3.13),
cos s =< (g, Up)>
0
(2.8) = <@ A% + TS, T £,.8,A%, >
1772 374 A<B AB"A""B

= &2 * &
= (B8 + (Bi55615)
Similarly for cos b. (2.7) is Ch 1 (3.5).
Q.E.D.
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The following is an example of a doubly slant surface with given slant
angles a, b € (0, x/2).
(Eg 7)
- Let p, ¢ be a non—zero real numbers and define an immersion z by
(2.9) z:R x (0, o) » E
z (u,v) = (pv sin u, pv cos u, v sin q u, v cos qu)
Then, using the notations of Lemma 11, z is doubly slant with respect to

Jo and J and the slant angles are given by

cos 8 = (PP +)/V(p°+q)(p>+1)

(2.10)
cos b = (PP~ /V(p*+9)(p*+1)
and
(2.11) rank v =rank v, =rank v_=1

We can also show by an elementary calculation that for any & and b
in (0, x/2) there exist non—zero real numbers p and ¢ which satisfy
(2.10).

In fact Eg 1 — Eg 6 of [CBY 5] stated in Ch 1 §4 are all doubly slant

as is seen in the following table.

slant angles rank v rank v rank v_
Egl a=b=x/2 2 1 1
Eg 2  a=b=x/2 1 1 1
Eg 3  a=0b€[0,x/2] 0 0 0
Eg 4  a€(0,x/2),b=x/2 2 1 1
Eg 5 a=b€(0,x/2) 1 1 1
- Eg 6  a=b€(0,x/2) not constant 1 1

Eg 7 a, be(0,7/2) 1 1 1
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Except for Eg 4, 4 and & are slant angles with respect to J, and
g of Lemma 11. In Eg 4, ¢ = slant angle with respect to J, and

b = slant angle with respect to J, , In Eg6, rank v=1 on M =

1heg
{peM|g"(p) = h*"(p) = 0} and rank » =2 on M\M’. Note that all
examples are flat, and proper slant éxa.mples have rank v < 2. Note also
that if an immersion z is a—slant with respect to J then =z is
(ma)-slant with respect to -J.

Eg 1 — Eg 6 are adjusted here to match our complex structure by

(2.12) (7)) 2y 23:24) = (3, 23, %3y)-

§ 3. Slant Surfaces in 4-dimensional Almost Hermitian
Manifolds.

Consider an immersion z of a differentiable manifold M into an
almost complex manifold (M, J). Then, a point p € M is called a complex
tangent point if the tangent space TpM of M at p is invariant in TPM
under the action of J. The purpose of this section is to show the following

proposition.

Proposition 3.

Let z be an embedding of an oriented surface into a 4-dimensional
almost Hermitian manifold (M, g, J). Assume that z has no complez
tangent point. Then, for any angle a € (0, x) there ezists an almost
complez J on M satisfying the following conditions.

(i) (M, g, J) is almost Hermitian manifold.
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(i) z is an a—slant immersion with respect to J.

(Proof)

We follow several steps.

Step 1.  An almost complex structure on M is considered as a
cross-section of a sphere bundle SE(M)

Step 2. The tangent bundle TM of M corresponds to a
cross-section of the pull-back :S'_?_(M) = z*(S_?_(M)).

Step 3. We construct a suitable cross—section ¢ of S_?_(M).

Step 4. We extend o to a cross-section o of Sf_(M) to obtain

a desired almost complex structure.

Step 1
M has the natural orientation determined by J. We note again that

at each point peM, (TpM, yp) is a Euclidean 4-space and we can apply the

argument of §1.

The bundle A2(M) of 2-vectors is a direct sum of two bundles.
(3.1) A%(dn) = A3(n @ A%(in)
where
(3.2) AY( T,i) = Af_(TpM) ® A% T, ¥ peM
in the sense of Ch 1(2.9) and

9 -

(3.2) AL = U AT,
We define two bundles over M by
(33) S3(M) = {¢ € A2 1€| = 1/48)
(3.4) ‘+(M) = {€e A2(0D)| €| = V)

Then a cross—section
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(3.5) p: M- 32(dn
determines at each point p € M a complex structure (J p) P € )+ on

TPM by Lemma 4 compatible with g, in the following sense

(3.6) 9((I) % (1), 1) = 9,(X, Y), ¥ X, Y€ T it
And hence p determines an almost complex structure J ) S0 that (M, g,

J p) is an almost Hermitian manifold, and vice versa.

Step 2
We consider the pull-backs of these bundles by the immersion z.

(3.7) AZ(M) = #(A3 (D)

(3.8) S2(M) = 2(s2(d)

(3.9) 52(M) = 2(52(3n)

Then the tangent bundle TM of M determines a cross—section 7 of

2 .
S+(1ll), ie.,

(3.10) T M~ S2(M)

(3.11) (p) = x+(TpA4) for Vpe M

where x_ is a projection of A Tpﬁ{) onto A_?_(TPM). Note that 27
is a cross-section of 3‘_?_(M).

(3.12) 2r : M~ 32(M)

and we have another cross—section z*p, which we also denote by p, of
o2

52 (m).

(3.13) p: M~ 52

Step 3

Let p € M. By the assumption that p is not a complex tangent

point,
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(3.14) p(p) # £2 1(p)
hence p(p) and 27(p) determine a 2-plane in (Af_(M))p = Ai(TpM)

+

which intersects the circle (}T at two points, where (;T+ s ) p is the

) a) p
circle on (S‘f_(M)) p determined by Proposition 1 setting V=T M. We
define o(p) to be the one of these intersecting points such that p(p), 27(p)
and o(p) lie on an open hemi-sphere of (S‘_?_(M))p as indicated in the
figure. Since p and 7 are differentiable, the cross—section

(3.15) o M~ 52(M

is differentiable.

(

| (é\f(m))f
A3 (TR

FIGURE 10

Step 4.
For each p € M, we choose an open neighborhood Up of p in M
such that al(Up N M) can be extended to a cross-section of S_%_(M) on

Up.

oL &2(F
(3.16) 0, Uy 3000\ U,,
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We can do this by the local triviality of Sf_(lf{) We identify here the
manifold M and the embedded image (M) c M. We put

(3.17) U=u U
peM P

and pick a locally finite countable refinement {Ui}°;.’=1 of the open covering
{Uplp € M} of U Foreach i wepick p€ M suchthat U;c Up
and put
(3.18) o; = crpl U; -

We choose a differentiable partition of unity {p;} on U subordinate

to the covering {U;} and define a cross-section o of Af_(M))l U by

(3.19) T: U+ A2@N)|U; T=2pg,.

Note that by constructions of o¢; and o

(3.20) o|M = o.

Since <Y(o(p), A(p)) < 7 and ofp)=a(p) for ¥V pe M,
(3.21) A_(o'(p), p(p)) < = for Vp EUNM V.

Since o(p) is a finite linear combination of oi(p)'s with positive
coefficients, (3.21) means

(3.22) a(p) # 0, X(a(p), p(p) )< * for V pe M,

By the continuity of o, we can pick an open neighborhood W of M

contained in U such that

(3.23) a(g) #0, (o(g), Aa)) <7 for V g€ W,
and we can define a cross-section & of S'_%_(M)l W by

(3.24) 5 W= 820w & = 5/v27|
satisfying

(3.25) A(o(g), p(a)) < x for V qe M.

Finally we consider an open covering {W, M-M} of M and local

cross—sections
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W 32(5n| W
(3.26) p: M-M - §2(in)| d-M
and repeat the same argument using a partition of unity subordinate to {W,

M-M} and get a cross—section &

(3.27) 5 i~ 520
satisfying
(3.28) 515 =0

Note that this is possible by (3.25).
Now, it is clear that the almost complex structure J corresponding to

o in the sense of Step 1 is the desired one.
Q. E.D.



CHAPTER 3
COMPACT SLANT SUBMANIFOLDS IN ¢™

In this chapter we prove the following.

Proposition 4.
Let z be a general slant immersion of I-dimensional differentiable
manifold M into the complez m—space C™. If M is compact, then =z

is a totally real immersion.

In other words, there exists no compact proper slant submanifold in €™

just as in the case of holomorphic submanifolds:
(j) There exists no compact holomorphic submanifold in ™.

Since a slant submanifold is a generalization of both holomorphic and
totally real submanifolds, this similarity is no surprise. (j) is shown in several
ways. From the view point of complex manifolds, (j) is a consequence of the
maximal modulus principle. From the view point of differential geometry, (j)

comes from

(k) Holomorphic submanifolds are minimal.

and

() There exists no compact minimal submanifold in Ek,

and (1) is shown by the maximal principle of harmonic functions or by the
existence of a point where the mean curvature vector does not vanish.
We note that our proof of Proposition 4 contains another proof of (j)

basically based on Stokes' Theorem.

46
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We note also that there is a compact proper slant surface in a complex
torus and, as is well-known, a compact totally real submanifold in complex

spaces as seen in the following examples.

(Eg 8) Let =z : RZ - 2 = (E4,.I ) be the proper slant plane of Ch 1
84 Eg 3. Let {eA}f1=1 be a basis of EY such that e =
z*(0/0u) and €y = 7*(3/0v). Let T be the lattice generated
by {e A}' Then, z induces a proper slant immersion of

Slxs! = R/D)x(®R/T) into C3/T.

(Eg 9) Let 1 <!< m Foreach j=1,.,, choose a closed curve

Cj :sta (z, , y; )-plane. Then Cix:---- xQ Slxenoxst o
cm

%j
is a totally real immersion.

To prove Proposition 4, we consider two cases:
(Case 1) I=m =2
(Case 2) general dimensions.
In case 1, Proposition 4 comes directly from Proposition 2 and Lemma 2.

In case 2, the idea is the same but we need some lemmas.

(Proof of case 1)
Let €2 = (E' J) and (; be the 2-vector in AZE* defined by

Ch 2 (1.7) and (1.8). By Lemma 2 and Ch 2 (1.21)
1 0= < Up), (;, > dV
(1) ./;GM J M

= cos(a(Ap))) dV

fpe 2 e M

vol (M) cos(a _,(u))
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because =z is slant and hence a J(u) is constant. Hence a J(u) = /2,
which means z is a totally real immersion.

(case 1 Q.E.D.)

To consider the second case, we set some notations similar to the ones in

case 1. We put

(2) =R <,>, J)

(3) QUX, V) = < X, JY >, Q € AYEZ™)*
Then by the identification of Ch 1(2.4)

(4) Q" ¢ A2"(E2m)* - (A2”E2m)*,

and we define (¢ g to be the metric dual of (—Q)" in AZPE2™ with
respect to the inner product < , > defined by Ch 1(2.3)

(5) <Cp > = ((D)"%n)  for Ve AZEP™
For VeG(l, 2m) and a €[0, x/2], we call V a-slant if
(6) A UX, V)=a for XeV, X¢#0.

Lemma 12

(7) QXA AXy,) =

1
m aeg sgn(U)Q(Xa(l) 0(2 ) ..... Q(X (2"‘1) 0(272))
2n
2m
for XXy, € E
where S2n is the symmetric group of order 2n and sgn denotes the

signature of permutations.

(Proof)
Let (e A}izl be an orthonormal frame of E°™ and {wA} be its

dual coframe. Put
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(8) 4= L Pap N YAB = ¥BA"
Then
9 o N = 5 gty
and .
n
(10) Q (/\’1,...,X2ni1 )
A
1 2 2n-1 2n
= [(Zyp W AW YAeeee AZ w Aw XX
AIA A2n—1A2n o 2n)
%m A1 A2n(
= Pa 4 *°°°° ) W Ao Aw X ,...,X
Ay Ag =1 142 Agn-142n 1 o)
%m
= ‘p ..... x
g Ag =1 142 Agn142n
1 4 Ay
[‘(‘2’,‘,)1 m§2 sgn(o)w (Xa(l)) w (’(0(2,,))]
n
1 4
= 5 sgn(a)(( E‘PA AY (X (1))“-’ (Xo(2))) x
A
. 2n-1 2n
Eea, 4,¢ (Xg(2n-1) @ 7 (Xg(2p)))]

By (9), (10) and Ch 1(2.4), we get (7).
Q.E.D.
The following Lemma 13 is shown in [CBY5] but we prove here again to

make our argument clear.

Lemma 13

Let Ve G(l, 2m) and Tyt E2™ 4V be the orthogonal projection.
If. V is a-slant in €™ = (E2™ J) with a# /2, then the linear
endomorphism J, of V defined by
(11) Jy = (sec a)(xy o JI v

is a complez structure compatible with <, >|V. In particular, | is even.
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(Proof)
Put
(12) P = xvo(JlV): VaVv
(13) N=J|V-P:V-»V"'
(14) S=P v
Then
(15) J| yv=P+N
By a simple computation using (15), we get
(16) <SX, Y> = <X,SY>,
(17) <PX,Y> = -<X,PY> for V X, YeV.
Since V is a-slant
(18) e = AUX, V) = XA (JX,PX), XeV, X#0,
and hence
(19) IPX]|=lIX]| cos a for V XeV.

By (16) S has real eigenvalues {’\i}£=1' Let {ei}gz1 be corresponding

orthonormal eigenvectors, i.e.,

(20) Se,) = A, Vi

Put

(21) Ple) =X Pij ¢

then by (17)

(22) Py = -P;

Hence

(23) A = <S(e)),e;>
= <P2(ei),e‘->
= - ?(Pif < 0.

On the other hand, by (19), (20) and (14)
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(24) I\ = IS(e)ll cos’s  for Vi,
ie.,

(25) A; = -cos’a Vi,

(26) SX = —cos?aX for ¥ XeV

and hence Jy, defined by (11) is a complex structure on V. Since
(27) 1y X1% = sec®a |1PXI% = 1XI>  for V XeV
namely, Jy, is compatible with <, >|V.
Q.E.D.

Lemma 14
Let V €G(2n2m). If V is a-slant with a # 7/2, then
_ n
(29) <¢(y,V>=up,cosa

where by i3 @ non—zero constant determined by n.

(Proof)
Let Jy, be the complex structure on V defined by (11). Let X be
a unit vector in V and put Y =J VX € V. Then, using P defined by
(12);
UX,JX) = QX,Y)

= <X, JY>

= <—JVY, JY>
Wy Y 1TV cos L5(JyY, JY)
= - cos L (PYJY)
= - cos Z(V, JY)

= — C0S G

i.e.

(30) X, JyX) = - cos a for V XeV with ||X]] =1
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If ZeV, Z.1JyX

X, 2) = <X, JZ >
= <X, PZ >
= cos @& < X, JVZ>=0
ie., '
(31) X,2) =0 for X,ZeV with Z1 JyX.
We choose an orthonormal J,basis {e a}izl on V,i.e,
(32) Cop = JV €op-1’ k=1,.n
(33) V = eA..he,y .
We fix a notation for indices by
(34) OF = 2k-1, IFT = 2k for k= 1,..,n
Then, by (30) and (31),
(35) Q(ea, eb) = —6ab cos a for a < b

Using (7), (33) and (35), we compute Q"(V) as follows
(36) (20)! Q%(V) = (20!) Q (e)A...Aey,)

= I o) eg(y) o) Meg(an1)€oan)

S2n
%n 61 ...... 2n ( ) ( )
= Qe ,e_ )...... Qe ,e
8yyeey By =1 Gyreely 4 % Gon-1 %2n
%n 51 2......2n ( ) ( )
= ~ ~ Qe e ). Qe e
al,. ,an= 1888, al | )
g . 61 ..2n o o )
=27 ¥ ... = = € 16 ). e e
a1<iz1 an<&n @, 8- anan | Gy Gy
1 ..2n
n n
= 2"(-cos a) ... L b, G 4
a1<a1 a <a 11" "n"n
n n 5 l1........2n
= 2"(-cos a)" n! 6 - -
( ) a8,..6,3,

a1<al<. . .<an<an

= 2™(-cos a)® n!
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Hence

(37) Q) = (—l)npncosna

where

(38) p, = 2"al/(2n)!

Note that, if n = 1, then by, =1 and (37) is nothing but Ch 2 (1.16).

Q.E.D.
Now we can prove the second case of Proposition 4.

(Proof of case 2)
Assume that the immersion z is not totally real. Then, by Lemma 13,

| is even. Put [ = 2n. By Lemma 2.

(39) 0= fp€M< v(p), C5 > dVy,
Let a be the slant angle of 2. By assumption a # 7/2. So by Lemma
14
(40) 0 =fMun cos"a dVM
= pnvol(M) cos™a,
but this contradicts to cos ¢ # 0. Hence z is a totally real immersion.

Q.E.D.



CHAPTER 4
SPHERICAL SLANT SURFACES IN €2

As we have seen in Ch 2 §2, examples Egl-Eg7 are all flat slant
surfaces. In Chapters 4 and 5 we consider flat slant surfaces under slightly
stronger assumptions, spherical slant surfaces and slant surfaces with the rank
of the Gauss map less than 2. Both surfaces are flat slant surfaces. Under
these additional assumptions, the shapes of slant surfaces become clearer.

In this chapter we consider spherical slant surfaces in C2, namely a
slant surface contained in a 3-sphere in C2. Slant angles are invariant under
parallel translations and homotheties, so, without loss of generality, we can
assume that the 3-sphere is the unit sphere centered at the origin. Our

3—1:he Lie group of unit

argument depends on a special structure of S
quaternions. We review this in §1. In §2, we define a map analogous to the
Gauss map to characterize spherical slant surfaces. In §3, we will see
spherical proper slant surfaces are two families of surfaces which we will

temporarily call helical cylinders and circular cylinders in S 3,

§ 1. Geometry of S3.

This section i8 a short review of the geometry of the 3-sphere written in
[S1] vol. 4 Ch 7.
R* is considered the non—commutative division algebra of quanternions
generated by {1, 4, j, k}
(1.1) 1 = (1,0,0,0), i = (0,1,0,0),
j = (0,0,1,0), k = (0,0,0,1)
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satisfying
1 = unit

(12) i.j: k=—j~£’ j-k: i=—k.j, k.i:j:-i.k
'-2 = j 2 _ k 2 _ 1

Then, S 3 is the lie group consisting of quaternions of norm 1. We can

also regard S 3 asa subgroup of O(4) through the identification

a -b -c -d ]
(1.3) a+bit+cptdk — | b a -d c

c d a -b

d -c b a

For each p € 5‘3, the left translation Lp
(1.4) Lp:53-'53;q-bp-q
is an isometry satisfying
(1.5) d(qu, q =const for VqeS 3
where d is the distance on S 3 induced from E4, and hence Lp is the
analogous of a translation in E3.
We identify TpE4 with E as usual. We put
(1.6) X, = (0,1,00), X, =(00,10), X;=(0,00,)
then {Xi}3‘=1 is an orthonormal basis of TIS 3, For Y=(0, Y Yo y3) €

T,S3 and p=(a b ¢ desS? LY is calculated by

a -b - ~d [ 0
t — -
(1.7) (L o* Y) = b a d c y
c d a -b Yo
d - b a Y3

where t( ) denotes the transposed matrix. Let {5(,.} be the left invariant

extension of {X}, ie.,



56

3 _ 3
(1.8) Xz(p) = Lp*Xl’ pES
then, every tangent vector of S 3 s spanned by {X i}'
Since S 3 is a space of constant curvature, the analogy of the curve
theory in Euclidean space holds. Suppose ¢(s) is a curve in S 3

parametrized by arclength. We denote by V’ the Riemannian connection of

S 3 and put

(1.9) s) = o(s) = cx(9/0s)
(1.10) K(s) = ¥yl

and if x # 0, put

(1.11) n(s) = (1/"(3))72(3)‘
(1.12) Ks) = Hs) x n(s)

(1.13) (s) = < v,t(s)b’ n(s) >

where x denotes the vector product in Tc(s)S 3 determined by the metric

and orientation. Then the Frenet—Serret formulas hold. If we set

(1.14) Ys) = élf,(S) X{((9)),
then we have the following equations.
(1.15) L, =0
(1.16) k= X()
(1.17) n= K5f X,
(1.18) b= n_lzgi).(i
where
9 = hR' — Kb’
(1.19) 9 = Bh' - LB’

93 = hk' - b’
(1.20) Vib = -n + T (9,/K)’ X;
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and also the following hold.

(m) ¥ r=1,

then b is left invariant along ¢ If 7= -1, then b is

right invariant along c.

(n) A flat surface M in S 3 s “in general" a translation surface

(1.21)

{cls)- 1)}

where ¢ and 7 are curves in S 3 parametrized by arclength

satisfying one of the following conditions:

(i)

(iii)

Torsions of ¢ and 7 are +1 and -1 respectively,
¢(0)=7(0) and the osculating planes at s=¢=0 coincide.

(In this case, at each point c(so)-7(to) the binormals of the
s—curve c(s)-7(t0) at s=s, and the t—curve c(so)-'y(t) at
t=t are normal to M in S 3.)

(0}
¢ has torsion 7=1 and 7 is geodesic. (In this case, at
each point c(so)-'y(to) the binormal of the s—curve
c(s)-'y(to) at s=s, isnormalto M in § 3.)
¢ is a geodesic and 7 has torsion 7=-1. (In this case, at
each point c(so)-'y(to) the binormal of the ¢—curve
c(so)-'y(t) at t¢=t is normal to M in § 3.)
¢ and 7 are both (distinct) geodesics. (In this case,

s—curves and t-curves are geodesics intersecting at a constant

angle.)

Here, "in general" means that we avoid the case in which the curvature

k of ¢ or

v has isolated zeros.
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§ 2 Another Gauss Map

Let z be a spherical immersion of an oriented surface M into C2 =

4
(2.1) z:M~ 83 =531 c®
We define J;, ¥, n and v as follows. Let J; be the complex structure

J‘—, € S defined by Ch 1 (1.29) with V = %1A32, where {%A} is the
canonical basis of E4, ie.,

(22) T 88, 80 -8, 80 -8, 80 8,

Let % be an isometry of E4 defined by

(2.3) e, b, ¢, d = (a, b, d, ¢)

Let 7, v be the positive unit normal vector field of S 3 in E' and of
M) in S 3 respectively.

(2.4) n = unit normal of S SCcE
(2.5) U = unit normal of (M) C S 3

4

Using the notation of § 1, we state the following Lemmas.

Lemma 15
(2.7) J;ﬂ(Q) = Lq*xl = Xl(q)

for Y qe€ S 3
Hence, Jon and J;n are right—and lef—invariant respectively.
(Proof)
Let ¢=(a b ¢, d) € 53. Then
(2.8) Jor)(q) = (-b, @, —d, ¢
(2.9) J,me) = (-b, 6, d, )
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Define a curve v in S 3 by

(2.10) Ys) = cos 8 + sin s &
Then
(2.11) %0) = X;
and hence
(2.12) RpX, = [%(Rq o o(s),_,
= %{(cos s+ sinsi)(a+ bi+ cj+ dl:)]s=0
= (-b, @, —d, ¢)
(2.13) LX) = 4i(a + bi + cj + dB)(cos s + sin s D] _,
= (-b, a, —d, ¢
Hence we get (2.6) and (2.7)
Q.E.D.
Lemma 16
The following are equivalent.
(1) z is a—slant with respect to J,
(ii) < Ap), J,Mx(p)) > = —cos a for YV pe M
(iii) <¢x p), Xj(p o Ap)) > =-cosa for Vpe M
(iv) ¥ o z is (x—a)-slant with respect to J;.
(Proof)

If we apply Lemma 6 pointwise, we get the equivalence of (i) and (ii).
Since Y% is an orientation—reversing isometry, -v.V is the positive unit
normal of % o z(M) in S 3. Hence, using (2.7), we apply again Lemma 6
pointwise and get the equivalence of (iii) and (iv). By (2.3), (2.8), (1.7) and
(1.8)
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(2.14) bl D) = X (Mg)  for VgeS$?,

which shows the equivalence of (ii) and (iii).
Q.E.D.

Now we define two maps analogous to the Gauss niap in E® which
translate each unit normal of a surface in S 3 to the unit tangent sphere At
the unit 1 = (1,0,0,0) using left—translations instead of parallel translations.
Recall that left-translations in S 3 are the analogues of parallel translations
in E3 (§1).

Definition 3
Let z be a spherical immersion z: M- S 3 cE? of an oriented

surface M. We define two maps g, from M to the unit 2-sphere S 2

in TIS 3

(2.15) g0 M-8%crs?
by

(2.16) 9+(P) = (L,[,(z(p))*)—l(lb*"’(?))
(2.17) 0.(0) = (L) (0(p)
for VYV pe M

We show here two examples.

(Eg 10)
Let M = S'xS! be a flat torus in S 3 parametrized by

(2.18) u,v) = L (cos u, sin u, cos v, sin v)
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Then
- 1 . .
(2.19) u, v) = —— (cos u, sin u, —cos v, —sin v)
V2
(2.20) YeiAu, v) = # (cos u, sin u, —sin v, —cos v)

Hence, the images of g, are great circles perpendicular to Xl‘

(Eg 11)
Let M= 52 be a totally geodesic 2-sphere in S 3 parametrized by
(2.23) 2(u,v) = (cos u cos v, sin u cos v, sin v, 0)
Then
(2.24) u,0) = (0,0,0,1)
(2.25) ¥«i/u,v) = (0,0,1,0)
Therefore
(2.26) g +(u,v) = (o, sin v, cos u cos v, —sin u CoS v)
(2.27) 9_(u,v) = (o, —sin v, sin u cos v, cos u, cos v)
Hence, ¢ + and g are isometries.

Now, we can state the spherical version of Proposition 2. As before, we
define circles in S ¢ TIS 3 perpendicular to XI:
(228) S ={XeT S IXl=1 <X X;>=-cosa}, a€lo,

Then, the following proposition characterizes spherical slant surfaces.

Proposition 5.
Let z: M-S 3 C et be a spherical immersion of an oriented surface
M. Then
(i) z is a—slant with respect to J, if and only if
1 3
(2.29) g+(M) C Sa C TS
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(i) z is a—slant with respect to J; if and only if
3
(2.30) 9 (M) c SIH) ¢ T,5°

(Proof)

Direct from Lemma 16, (2.7) and Definition 3.

spherical slant surface Q.E.D.

X4

C2 T1 S3= E3
FIGURE 11

Corollary 1.
If ¢ +(M) is contained in a circle S' in S 3, then z is slant with

respect to a complez structure JT, determined by Ch 2(1.29), where
(2.31) V=0(000)A2Z2

(2.32) ZeTS3 2.8, |71 =1

Similar for g (M).

(Proof)
If suffices to consider an orthogonal transformation of E' which leaves
(1, 0, 0, 0) fixed and maps (0, 1, 0, 0) to Z.
Q.E.D.
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Corollary 2
g +(M) or g (M) cannot be a singleton.

(Proof)

If g (M) is a singleton, then by Corollary 2 'z is a holomorphic
immersion with respect to some complex structure on E4 and hence - z(M)
is minimal in EL But spherical submanifolds cannot be minimal in el

Q.E.D.

§ 3 Classification of Spherical Slant Surfaces

As will be seen in Proposition 6, spherical proper slant surfaces are
something like "helical cylinders". A generalized helix in Euclidean 3-space
E® is a curve such that the angle between its tangent vector ¢(s) and a
fixed vector v € E3 is constant. In other words, if we extend v € E3 =
T0E3 to a global vector field v on B by parallel translations, then a
general helix is a curve ¢(s) satisfying
(3.1) < ¢(s), ¥(c(s)) > = const.

We will define a "helix" in S 3 replacing parallel translations with left
translations. A cylinder in R} is a surface obtained by parallel translations
of a curve along a straight line. We will define a "cylinder" in S 3 asa
surface obtained by left translations along another curve in S 3,

Let
(3.2) ¢c:1-+83

be a curve parametrized by arc length s and put
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3 <
(3.3) o) = ) = T fs) X(dAs))
=1
as (1.14).
Definition 4
(1) We call ¢(s) a helizin S 3 with the azis vector 5(1 if
f(9) = b
(3.4) h(s) =acos (' s+ s o)

j3(s = a sin (a’ s+ s

where @, b, a’, s are constants satisfying

0
(3.5) 2+ =1

(ii) We call an immersion z : D~ S 3 of @ domain D of R? 4
helical cylinder if (t,s) is a flat translation surface 1(t) - «s)
described in §1 (n) and c(s) is a heliz in S 3 with the azis
vector X, defined in (i).

(iii) We call an immersion z : D+ S 3 of a domain D of RZ o
circular cylinder in S 3 if 2(t,s) is a flat translation surface
c(s)-At) of type (ii’) in (n) which satisfies for some t,

(3.6) <Lc(s)*b(to)’ Jor)(c(s)-'y(to))> = —C0S a
for Vs
where a i3 a constant with cos a#0, =1 and bt) is the

binormal of 1(t).

Of course we can define a helix with an arbitrary left invariant vector
filed as its axis but we don't need it in this article. The following lemma
shows the existence of helixes in S 3. Then, the existence of a helical

cylinder reduced to the existence of the curve +(t) satisfying the conditions
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of §1(n), but this is guaranteed by the Existence and Uniqueness Theorem
of the curve theory in S 3 ([S1] vol. 4 p 35).

The existence of a circular cylinder in S 3 i5a pending problem.

Lemma 17

Let I be an open interval containing 0 and j;(s), i =123, be
differentiable functions on I satisfying
(35) 12+ 53+ g2=1
Then, for any point p of S 3, there ezists a curve c¢(s) defined on a
neighborhood I’ of 0 in I satisfying

3 .
(3.6) ') = T fls) X{ds))
=1

(Proof)

Considering the curve L;l o ¢ if necessary, we can aassume without
o

loss of generality p 0 = 1=(1,0,0,0).
First we assume such ¢(s) exists and put
(3.7) os) = ((9), U9), 49), w(s)) € 5 °
Then
(3.8) ¥s) = (z'(s), ¥’ (), 2'(s), w'(s))

By (1.8) and (1.6)
(3.9) E f{s) X{e(s)) = T f{s)L o(s)*Xi
= Lyg(Z f{s) X})
= Ly5)*(0, (s) 5(s), A(s))
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Hence, by Ch 1 (5.7)

- ;
x’ T -y -z -w 0
(3.10) v | = Y z -w z A
4 z w T -y fz
w’ w -z z
L J L y J L jé J

Conversely, consider a system of 1st order ordinary linear differential

equation (2.10) with the initial condition

(3.11) ((0), %(0), #0), w(0)) = (1,0,00) = 1 € S 3.
Then, it has a unique solution in a neighborhood I of 0 in I Put
(3.12) o(s) = («s), us), As), wfs)), s€I
then ¢s) is a curve in E® with 0) € S3. Hence, in neighborhood /I’
of 0 in I,
(3.13) (2(3)) 24+ v nenn + (s)2 40, sel.
Put
(3.14) A= M9) = ((e)24eenen +(u(s)H)!/2
Then, (1/A)(z,y,2,w) € S 3 and hence
[ ; -y -2z -w

(3.15) —%— v z -w z | € 0(4)

z w z -y

w -2 ] T

Put this matrix A and multiply A~! = !4 from the left on both sides of

(3.10), then
( z -y -z -w « rx’ - 0
(3.16) v z -w z v = A2 A
z w z -y z ﬁz
w -z Y z w’ j&
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Picking up the first component,

(3.17) '+ yy + 22+ ww =0
hence
(3.18) L@@+ +2+ =0

which means, together with (3.11),
(3.19) 2 + y2 + 2+ P =1
Therefore °| is a curve on S 3. Tracing back (3.10) and (3.9), s)

satisfies (3.6)
Q.E.D.

Lemma 18

Let ¢(s) be a curve parametrized by arclength. Then, the following are

equivalent.
(A) d(s) is a heliz with the azis vector :\’1 of the form
fs) = b
(3.20) h(s) = s ((-2/b) s + s o
K(s) =as —2/b)s+s)
where
(3.21) 2+ =1 ab#0
(B) c(s) satisfies
(3.22) 7(s) = -1
(3.23) <is), Xl(c(s))> = g, a# 1,0
(Proof)
((B) 2(A))

Assume (B) holds. By Frenet-Serret formulas and (3.22)
(3.24) Vip=1n
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By (3.24), (1.20) and (1.17),

(3.25) (g/x)' = 2]"-’/5, i=123
By (3.23) and (1.18)

(3.26) e = gl/n

By (3.25) and (3.26)

(3.27) 2/{/& =(a)’ =0
Hence Jf = const. Put

(3.28) b= 4 (const).

By (1.18), (3.26), (1.19) and (3.28)

(3.29) b= aX, - (b /R)X, + (bhy'[R)X,.
By (1.16) and (3.28)

(3.30) 2= () + ()
By (1.17) and (3.28)

(3.31) n= (,fz’/fc)f\’2 + (f3’/n))'(3
By ||b]] = 1, (3.29) and (3.30),

(3.32) @+ 5 =1

By |8 = 1, (1.14), (3.28) and (3.21)

(3.33) L2+ g2 = &

By (1.15) and (3.28)

(3.34) hh' + BB =0

By (1.18) and (3.29)

(3-35) 9 = ok 9y = —bj'is’, 93 = bj:z’

By (3.33) we can put
jz=,£2(s) =acos 0, 0= 6s)
(3.36) k= fls) = asing
By (3.30) and (3.36)
(3.37) k= |ad’'| #0
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because we are considering the curve ¢ with binormal & By (3.35) and
(3.36)
a |ab’|

a b cos 0-6’

L~)
[y
I

(3.38)

S
[

g3 = -6 b sin 6-6’
By (3.25), (3.37) and (3.38)

(3.39) (~a b cos 0-0'/|ab’|)’ = -2 a sin 6-0’/|ad’|

Hence

(3.40) sin - (b6’ + 2) = 0.

By (3.37) sin &(s) has isolated zeros so by continuity,

(3.41) b +2=0

By assumption a # *1 and hence by (3.32) b # 0, so

(3.42) 0= - % s+ 8, s, = const

Hence, by (3.28), (3.36) and (3.42) we get (3.20) together with (3.21) =
(3.32).

((A) # (B)) straightforward.
Q.E.D.

Now, we can state and prove the following proposition which determine

spherical proper slant surfaces.

Proposition 6
Let z be a spherical proper slant immersion of an oriented surface M
into compler 2-space.
z: M~ 53 =53 cc®=E, Y
Then, z(M) is locally a helical cylinder in S 3 or a circular cylinder in

S 3, Conversely, & helical cylinder and a circular cylinder (if ezits) in S 3
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2
are proper slant surfaces in C°.

(Proof)
First we note that the isometry ¢ has the following properties:
(3.44) Wp-9=wa)-¥p) for p,qe 3
(3.45) X € Z(S3) is left (or right) invariant.
<= WX is right (or left respectively) invariant.
(3.46) T(goe)= "¢ for a curve ¢ in S °
(3.47) b is the binormal of ¢ in S 3.

—>> - b is the binormal of oc.
Assume <z is proper slant immersion with the slant angle a. Since =z
is spherical, its normal curvature GD vanishes and hence by Lemma 3 and
Proposition 2, z(M) is a flat surface in S 3. Therefore M) is locally a
flat translation surface |
(3.48) M) = {c(s)- ()}

described in §1 (n). We follow the four cases in (n).

Cases (i) and (ii)

With a suitable choice of orientations we can assume that the binormal
of s—curves are positive unit normals of (M) in S 3. Let 5s) be the
binormal of (s). Then,

(3.49) Uc(s)) = Us).
By Lemma 16 (iii) and (3.49),
(3.50) <tx Ks), Xl(‘l/1°6‘(8))> = —c0s «

Let ¢ = yoc and B be the binormal of ¢. Then, by (3.47) and (3.50),
(3.51) <¥(s), XI(E(s))> = ¢0s a
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By r,=1 and (3.46)

(3.52) T_=-1
c

Since =z is proper slant,

(3.53) cosa#0, %1

By (3.51), (3.52), (3.53) and Lemma 18, ¢ is a helix in S 3 with a, b,
a¢’ in (3.4) determined by

(3.54) a=cosa b=sina a = -2/sina
By (3.49)
(3.55) (poz)(M) = {¥ (c(s)- (1))}

= {¥(1(?) - Ac9)}
= {(gon)(t) - ols)}
Since (yoz)(M) is also flat, (3.55) shows that (yoz)(M) is a helical
cylinder. Note that if 4 has torsion -1, then o7 has torsion 1 by (3.46)
and if 74 is a geodesic, then oy is also a geodesic.
Conversely, if (yoz)(M) is a helical cylinder
(3.56) (Yoz)(M) = {A?) - (s)}
such that ¢ is a helix satisfying (3.54) and 7 is a geodesic or has torsion
T = +1.
Put ¢ = yoc, ¥ = yo7. Then by (3.44),
AM) = {ds) - A}

and 7,=1. Let b and b be the binormals of ¢ and ¢. By Lemma 18,

(3.57) <¥s), 5(1(2(3))> = cos a
By (3.47)
(3.58) <b(s), w,.,(:\’l(z(s)))> = —cos a

Since 1/)*5(1 = Jon,
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(3.59) <Y(s), Jor](c(s)> = —cos «a
Since the binormals of s—curves are the normals » of z(M) in S 3 and

(M) is a translation surface,

(3.60) 9(‘(3)‘7(t))=37(t)*b(3)
Since J is right invariant, (3.55) and (3.56) means
(3.61) <A c(s): (1), Jyn () A#))> = —cos a

which shows, by Lemma 16, that (M) is a-slant.

Case (ii’)
Let (M) = {c(s):7(t)} where ¢ is a geodesic and 4 has torsion
r=-1. With suitable choice of orientations, the binormal of any ¢—curve is the

positive unit normal vector of z(M), i.e.,

(3.62) A c(s) 7(t))=Lc(s)*b(to)
By Lemma 16 and (3.62),
(3.63) <Lc(s)*b(to)’ JoT (c(s)-7(to))> = —cos a for Vs

for any fixed by which shows that (M) is a circular cylinder in S 3
defined in Definition 4.
Conversely, let 2(M) be a circular cylinder in § 3 satisfying

(3.64) <’A’(P1)a JO’I(PI)> = <Lc(sl)*b(t1)’ Jofl (P1)>
Since v has torsion -1 and hence its binormal is right invariant,
(3.65) ) = Rp  _ +b(?)

U ety

Jor; is also right invariant, so

(3.66) J n(p,) = R[ ]*Jon(dsl)-v(to))

-1
Hence, using Lpo Rq = Rq o Lp for Vp, qe€ 53,
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(3.67) <f/(p1), Jon(Pl)> = <LC(31)*b(tO)’ Joﬂ (c(sl)‘7(t0))>
= - (008 a

by (3.63). Hence =z is a-slant.

Case (iii)
Let z(M)={c(s)-7(t)} where ¢ and 4 are geodesics in S 3 and
¢(0)=7(0). Since s—curves and t—curves are geodesics intersecting at a constant

angle, the immersion (s, t) -+ ¢(s)-7(tf) can be extended to a global

immersion
(3.68) v R85 s §) = o) oY)
Since ¢ and 7 are periodic, y induces an immersion of torus
(3.69) = T = ®/21l) x R/27T) » S 3
¢ and v are great circles and hence we can write
( [cos s
sin s
(3.70) os) = A [0
0
L
(cos ¢
sin t
W)= B |0
0

with suitable A, B€ O4). Let X and Y be the vector field along
y(IR2) determined by s-curves and ¢-curves respectively. Then, using (1.7)
and its right version, we can see that the components of X and Y at
«(s)-7(t) with respect to the global frame field {Xi}?=l are polynomials of
sin s, cos s, sint and cos t with coefficients in R. The same holds for
?=XxY and Jgn = 1/;,..)'(1. Hence if we put

(3.71) Fls) = <i(e(s)- o), Jon(els)-A(1)>

then F(s,t) is a polynomial of sin s,....,cos t.
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Since z: M-+ S 3 C C2 is a-slant, we can choose an open domain U

in R2 such that

(3.72) j/=y|U:U-+53cC2
is proper slant. Then, by Lemma 16,

(3.73) F(s,t) = —cos a = const on U
and hence,

(3.74) F(s,t) = —cos a on R

which shows gy is proper slant globally on IR2 and hence y: 72 - S 3 C
C2 is a proper slant immersion, contradicting Proposition 4.
Therefore, z can be proper slant only in cases (i), (ii) and (ii’) and
hence, Proposition 6 is proved.
Q.E.D.



CHAPTER 5
SLANT SURFACES IN €2 WITH RANK <2

Let z: M- C2=(E4, J o) be a slant immersion of an oriented surface.
In this chapter, we consider slant surfaces with the rank of the Gauss map
less than 2.

(1) rank v < 2.

We note that proper slant surfaces among Eg 1-Eg 7 have this property (Ch2
§2). Eg 4 has rank v = 2 and proper slant with respect to J o but totally
real with respect to "1' We also note that rank » < 2 means rank v +
<2 and rank v_ < 2, hence, by Lemma 3,

(2) ¢g=c6P=0

and z(M) is a flat slant surface in 2.

What we are going to do here is a version of the classification of flat
surfaces in ES. As was pointed out by Spivak ([S1] vol.4 Ch 4, [S2]), the
classical "classification” of flat surfaces was not complete. Likewise, if we try
here to classify flat slant surfaces with rank v < 2 completely, we cannot
avoid some messy argument. But it is not our main concern, so we will just
consider typical surfaces and will not go into the problem of gluing pieces of
these surfaces together. The result is stated in Proposition 7.

If we assume some additional conditions, the shapes of these surfaces
become more rigid. For example if z(M) is slant and contained in some
3-plane in E4, then rank v<2 and we get Proposition 8.

We first prove the following lemma.
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Lemma 19
If z s slant and rank v < 2, then (M) is a flat ruled surface in
4
E*.

(Proof)

Let ¥,V and R, R be the connections and curvature tensors of E°,
M with respect to the induced metric of M. By GD = 0, (h:j)'s are
simultaneously diagonalized, so we can choose an adapted from {e,} such
that

3 R Nl

By Gauss' equation Chl (1.21),

(4) bc + de = 0

Put

() M, = {p € M|H(p) # 0} openC M
(6) M, = Interior of(M-Ml)

If Mo#ﬂ, then by (4) and d+ c=d+e=0, b=c=d=¢e=0
on MO’ ie, (M, ) is totally geodesic in E4 and hence

(7 (M) = a portion of 2-plane in EL

In the following assume M = M, (i.e., we don't think about 6M1).
Let e = H/||H|l. Then, since rank v < 2,
(8) bce=0, d=e=0
by a direct computation using Chl (3.7) and Ch 1 (1.19). Without loss
generality ¢ =0, b # 0, i.e,

3\ _[b 0] 4 _
©) (%) = [0 0], () = 0
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Put

(10) w% = At + yw2

(11) “’2 = W' + md?

Then,

(12) R(e;, eg)e; = R(ei, eg)e) — (egd + Ab)eg + bme,
(13) R(e), eg)e;, = R(e), e))e; + b peg

Since R=0, R=0 and b#0

(14) b + Ab =0

(15) m=u=0

(16) v ey = pe; =0

e
2

which means the integral curves of e, in (M) is geodesics in E4, ie.

straight lines.

Therefore, z(M) is a flat ruled surface.
Q.E.D.

A flat ruled surface in E4 is, "in general", a cylinder, a cone or a

tangent developable ([S1] vol. 4 p 127). Let us consider slant surfaces of each

type.

(Case A) M = a-slant cylinder
In this case
(17) M) =c x|l
where ¢(s) and [t) are integral curves of e and e, through
P, = c(0) = Xo) € (M) and [ is a straight line. If (M) is a-slant,
(18) cos a = -Q(el, e2)
= <e;, -J 5>

= <c'(s), -J &>
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If we denote by W the orthogonal complement of ! in E4, then

c(s) is a curve in W and —Je, is a fixed vector in W, hence (s)

is

a generalized helix in W whose tangents have a constant angle a between

—Je2.

Slant cylinder

FIGURE 12

(Case B) M = a-slant cone.

Let c(s), X¢) be the integral curves of e, and e, through a point

p,= c(0) = o). Without loss of generality, ||p o||=1 and the vertex of the

cone is the origin of E}. Since

(19) os)/le(s)| = ey(e(s))  for Vs
i.e.

(20) <c(s), ¢’(s) > =0 for Vs
hence

(21) ll(s)ll = const = 1

which shows ¢(s) is a curve on S 3_s :1}(0).
If z(M) is a-slant, then as before,
(22) cos a = <c’'(s), =J e2(c(s))> for Vs
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But

(23) J ey(cls)) = J m(c(s))

where 7 is the exterior normal of S 3 and hence by the argument of Ch 4
§2, (¥ o ¢)(s) is a generalized helix in S 3 with the axis vector field X,.

slant cone

FIGURE 13

(Case C) M = a-slant tangent developable. Put
(24) As) = os) + (t-3)c’(s)

where ¢(s) is a curve in et parameterized by arc length.

Put
n(s) = ¢'(9)
(25) 5,(3) = llgy (3l
w(s) = (1/5,(3))%](s)
then
(26) <o,5,> =0, |yl = llsl = 1.
Put :
e, (8,8) = ()
(27)

& (5,8) = 9()
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then, {el, e2} is a positive orthonormal frame on M.
Assume z is a-slant, then
(28) cos ¢ = - QJ(elAe2)
= <ny(8), -J v(s)>
= <o O/l -7 3(s)>
We consider ol(s) acurvein S5 Then (28) means
(29) cos a = <{s), -J v (s))>
where ¢ is the tangent of the curve v (s). Hence, by Ch 481, (¥ o o(s))
is a generalized helix in § 3 with the axis vector field X,

slant tangent developable

7 C(8)
%

FIGURE 14

In cases B and C, a generalized helix in S with axis vector field

X, is defined, analogous to Euclidean case, by Definition 4 with (3.4)

replaced by
f(9) = b
(30) (59 + () = 1-4%
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In each case A-C, the converse is also true. Summing, up, we have the

following proposition.

Proposition 7
If z(M) is a slant surface with rank v<2, then z(M) is a flat ruled
surface in 2 Furthermore,
()) A cylinder in 2 is a slant surface if and only if it is of the
form ¢(s) x t) where, | is a straight line generated by a unit
vector, say e and c is a generalized heliz with azis Je in a
3—plane perpendicular to I
(i) A cone in 2 is a slant surface if and only if it is of the form

(modulo translations)

te(s)
where (¥ o c)(S) is a generalized heliz in S 3 with azis vector
field 5(1.
(#7) A tangent developable

»Hs,t) = o(s) + (&-s)c’(s)
i3 a slant surface if and only if ¥ o ¢’ 1is a generalized heliz in

S 3  with the azis vector field X,

Next, we consider slant surfaces in €2 contained in a hyperplane in

E:. We note first the following lemma.

Lemma 20
Let z: M- C = (E4, Jo) be a slant immersion of an oriented

surface. If z(M) is contained in some W € G(3,4), then rank v < 2
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and 1 is doubly slant with the same slant angle.

. slant surface in a hyperplane

FIGURE 15

(Proof)
As in the proof of Lemma 6, we choose a positive orthonormal basis

{eg} of E4, such that

(31) €, €y = Joel € Wn JW,
(32) ey = Jeg = 1),
where 7 1is the positive unit normal of W in B, Put
(33) Aw = {2-vectors of W},
2
(34) Gy = G(2,4) n A°W

A2W is a 3-dimensional linear subspace of X3k spanned by {elAez,
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eghes, e3Ae1}. Any € € A2W satisfies ENE = 0, i.e,, € is decomposable,
and hence Gy, is the unit sphere in A2W. For ae [0, 7], put

(35) G Wa = {Ve GylV is a—slant with respect to Jo}
Then, by Ch 2(1.26), Gy, isacirleon Gy =S 2 expressed by
(36) GW,a = {Ve Gyl <V, e;he,> = cos a}
Put as before
(37) Jo= T

1 e;Aey

by Ch 2(1.29).
Then, using notations of Ch2 §1,

_ el 2
(38) "’+(GW,a ) = SJo’a c Sy
(39) (G, ) = syo,a c &
If z is a-slant with respect to J, and (M) ¢ W, then
(40) v(M) GW,a
which implies
(41) rank v < 2,

and by (39) and Proposition 2, z is also a—slant with respect to Ji-
Q.E.D.

Remark

If we identify AW with Euclidean 3-space E> spanned by {ej, e,
e3} through the isometry X A Y - X x Y, where x is the usual vector
product, then v : M - GW C A2W is nothing but the classical Gauss map
g:M-+S2cES So, (M) isa slant surface if and only if g(M) is
contained in a circle S}; on S 2 uws= E perpendicular to e1x€y =
e == Jm

(42) S}z ={Ze W| < Z, -Jn > = cos a}
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By Lemma 20, we consider slant surfaces contained in a hyperplane
according to the three cases of Proposition 7. We choose a local frame field
{e4} used in the proof of [BYCS5] Theorem 2 as follows. Let P, F be as
in Ch 1 (4.5) and ¢, f be as in [BYC5], namely,

(43) JY=tY+fY for Ye T'M

where tY e TM and fY € T*M. Pick a local unit vector field e¢ on M
which takes value in T;M NW at pe M. Let a be the slant angle of
(M) and assume z(M) is proper slant. Then, we can put

[ ¢ = te/|te]
€ = (sec a) Pe,
(44) | €3 = (cosec a) Fe,
e = (cosec a) Fe,

then {e,} is an adapted frame field on M and satisfies

(45) e3(p) € T;M nw
(46) teg = ~(sin a) ¢, , te, = —(sin a) e,

fe3 = —cos a) ey , fe4 = (cos a) ég-
Since V e, =0,

4\ _

(47) (h; j) = 0.
By [BYC5] Proposition 2 and Lemma 3, we can use ApyY = Apy X, and
hence
(48) w) =l 3

ij ) =|o 0

(47) and (48) means our frame {e,} coincide with the one we chose in the
proof of Lemma 19 and all equations there are also valid here. As before, we
consider the case a # 0. By Vx(Je4) = 0 and (46),

(49) ~(sin a) Vye, - (cos a) A3X =0
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hence

(50) wé(el) = -b cot a
and by (10) and (14)

(51) ezb = ¥ cot a.

Case (A’): a slant cylinder in W

(52) (M) =cxlc W

where [ is a straight line generated by some unit vector v and ¢ is a
curve in a 2-plane W’ in W perpendicular to ® Then, M) is
totally real with respect to J ;,,. So z(M) is either a portion of a
2-plane (the case of Ch 2 §2(h)) or a non—minimal totally real cylinder (the
case of Ch 2 §2 (i)) and hence J = JY, or -

Case (B’): a slant cone in W.

(53) AM) = {t ds)} ¢ W
where ¢(s) is a curve in
(54) st=5s3nw

Assume z(M) is proper slant and define {e,} by (44). Let ¢ m b &
and T be the tangent, normal, binormal, curvature and torsion of ¢(s) in

W = ES. Then,

(55) el(s, t) = c’(s) = (1/t)9/ds
(56) e2(s, t) = c(s) = d/at
(57) e3(s, t) = el(s, t) x e2(s, t)

where z is the vector product in W = E3. Hence
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(58) b = <Vele1, eg >

= (1/¢) <§6/63 e, €3 >
=(1/t) < ¥, txc>
=—kft) < m txc>
= —kft) < mxt c>
= —(k/t) < b, ¢ >.

Differentiating < ¢, ¢ > =1 by s twice,

(59) <mc>=-1/k

note that x # 0 since c¢ is spherical. Differentiating again,
(60) < b c>=—H1/7(Q1/x)’.

By (58) and (60)

(61) b = (-x’/x7)(1/0).

Hence by (51), (61) and (56)

(62) Kk’ = Kkt tan 0.

By (59), (60) and < ¢, ¢> =0
(63) c=—1/k)n - (1/7)(1/x)’D

Since |¢| =1,

(64) 2t = k22 4 (K')2
By (62) and & # 0

(65) r2(n2—1—ta.n2a) =0
(65) and (62) imply

(66) T=0

which means ¢(s) is a circle on S 2 and hence (M) is a circular cone.

By the remark after Lemma 20, we can see that the axis of this cone is

-Jo 7.
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Case (C’): a slant tangent developable in W.
(67) Ast) = c(s) + (¢-3)c’(s)
Assume z be proper slant and {eA}, t=19,n= v, b, k = Ky T be as

in case (B’) and case (C). Then,

(68) e (s, t) = n(s) = (1/t-s) 8/0s
(69) ex(s, 1) = ¥s) = 9/dt
(70) e3(s, t) = €/(s, 1) x eys, t) = -Ys).
Hence
(711) Vel e, = (1/(t-s)s)n’(s)
= -1/(t-s)t + 7/(t-s)x b
= -1/(t-s)e, - 7/(t-8)Keq
so by (9)
(72) b=- 7/(t-8)%
By (72) and (69)
(73) egb = 7/n(t-s)?
By (51) and (72)
(74) 7/k = tan @ = const

Hence, ¢(s) is a generalized helix in W and z(s, t) is a helicoid. The

axis of this helix is —Jon.

In each case A-C, the converse holds. For any circular cone in W,
we can choose a complex structure J on E4 such that -Jp is the axis of
this cone, and the same for a helicoid.

Thus we have proved the following Proposition.
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Proposition 8

Let z: M- C2=(E4, Jo) be a proper slant immersion of an oriented
surface M. If z(M) is contained in @ 3-plane W, then HM) is a flat
ruled surface in W. And,

(A) A cylinder in W is a proper slant surface with respect to a
complez structure J on et if and only if it is a portion of
2—plane.

(B) A conein W is a proper slant surface with respect to a complex
structure J on E4 if and only if it is a circular cone.

(C) A tangent developable in W is a proper slant surface with respect

to a compler structure J on et if and only if it is a helicoid.



(1)

(2)

(3)

(4)
(5)

(7)

SUMMARY

We have proved the following:
The set of 2-planes in C2=(E4, JO) with constant Wirtinger angle a

is described as S}, x SE where G(2,4)=S_?_ x SE is the
0’

decomposition of the Grassmannian into the product of two 2-spheres of

a

radius 1/y 2 in the eigenspaces of the star operator of A%E} and

1 . . . 2 .
S Jo’ g 183 circle in S + determined by J0 and a.

An immersion z of an oriented surface M into C2 is a slant

immersion with the Wirtinger angle a if and only if v +(M) C S‘II s
01

owv, v is the Gauss map and x, is the projection

where v, =« 4

+ - "+
of G(2,4) onto S_?_.
Any surface without complex tangent points in a 4—dimensional almost
Hermitian manifold is a proper slant surface with given Wirtinger angle
with respect to a suitable almost complex structure.
No compact proper slant submanifolds exist in complex spaces C™.
For a surface contained in 53 of E4, we can define another Gauss
map by means of left-invariant vector fields. A surface in S isa
slant surface with respect to a complex structure if and only if the image
of this Gauss map is contained in a circle.
A surface in .53 is a slant surface if and only if it is a "helical
cylinder" where "helixes" and "cylinders" in $® are defined by
analogies of those of E] replacing parallel translations with left
translations.

If a slant surface in €% has the rank of the Gauss map less than 2,

then it is a flat slant ruled surface in C2 and we can apply the

89
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classification of flat ruled surfaces in E4. In particular a proper slant
surface contained in a 3-plane in C2 is, in general, a portion of a

2-plane, a circular cone or a helicoid.
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