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ABSTRACT

FINITE STATE k-EXTENDED SET COMPOUND
DECISION PROBLEM

By

Chitra Gunawardena

In compound decision theory the wusual standard for evaluating
compound decision rules is R(Gy), where R is the Bayes envelope in the
component problem and GN is the empirical distribution of the component
states @ = (fy,.....,0y). As introduced by (Johns and ) Swain (1965), a
more stringent standard for evaluating compound rules is Rk(GIlfl), where
Rk is the Bayes envelope of a construct called I‘k game by Gilliland and

Hannan (1969) and Gll\} is the empirical distribution of the overlapping

k-tuples (0,,....,6,), (6 """0k+1)’ (0N—k+2”"”0N—1’0N’01)’
wN—k +3”""0N’01’02)’ veeny (0N—2""’0k—1)' The  k+1 standard is more
stringent than the k standard and R'(Gy) = R(Gy).

Ballard's thesis (1974) considered the sequence version of the finite state
finite act compound decision problem with Rk(GIlfI) as its risk standard.
He exhibited procedures which play I‘k Bayes against a delete estimate of
Gl(; in the ath component problem, V 1 < a < N, and showed that, on the
average risk scale, the excess compound risk over Rk(GllfI) for his
procedures has rate O(N_l/ 5). Ballard, Gilliland and Hannan (1974)
improved the rate to O(N—*).



We here consider the set version of the finite state compound decision
problem with Rk(GIlG) as its risk standard and treat both delete and
nondelete procedures which play I‘k Bayes against corresponding estimates of
Gll\} in each of the component problems. In both cases we show that, on
the average risk scale, the excess compound risk over Rk(GllfI) for our
procedures has rate O(N—*), when the action space is finite. Similar, but
weaker results are obtained in Section 2.4 when the action space is infinite.

In addition, we characterize extrema of the expected value of a function
of a generalized Binomial random variable, under constant variance; an
analogue to a work of Hoeffding (1956), under constant mean. We show that
extrema are attained at points whose coordinates take on at most four

different values, only two of which are distinct from 0 and 1.
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CHAPTER 1
INTRODUCTION TO THE k-EXTENDED
COMPOUND DECISION PROBLEM

This chapter presents the general k-extended compound decision problem.
We begin with the introduction of some notations that will be wused
throughout Chapters 1 and 2. In Sections 1.1 and 1.2 we describe the
compound decision problem with its usual standard (1.6) for evaluating
compound procedures. In Section 1.4 we describe a more stringent standard
(1.11) for evaluating compound procedures and with it we introduce the
k-extended compound decision problem. In order to describe the concepts in
Section 1.4 we devote Section 1.3 to present the I‘k decision problem

introduced by Gilliland and Hannan (1969).

Notations:
k and N will denote integers with k < N.
The square brackets will be used to denote the indicator function.

If fi are functions defined on some sets Ai for i = 1,2,....,j then

] ]
® f. will denote the function; x € A, x...x A. ~~ II fi(x:) .
i=1 ! 1 ) i=1

For a sequence y* = (4)0py...), Uy Wwill denote (u,uy,.....,;); the
subscript N will be abbreviated by omission. With indices arithmetic mod
N,V1<ij<N u, will denote the k—tuple (ui—k 1 ,ui) and .u.

17)
the (j-i)-tuple (mod N) (ui g ,uj) .



1.1 The Component Problem

The component problem has the structure of a usual statistical decision
problem, which is composed of a parameter set O, indexing a family of
probability measures {P,: 6 € © } over a o-fild 2 of a sample space
%, an action space ., a loss function L : © x 6 -+ [0,), decision rules
¢ : F-+ A such that L(6,p) is measurable for each 6, with risk
(11) R(6¢) = Ey L(6)
where E0 denotes the expectation with respect to P K

1.2 The Set Compound Problem

When N independent problems each having the same structure of the
component problem described in Section 1.1 are considered simultaneously, the
N-—fold global problem is called a compound decision problem. The loss in
the compound problem is taken to be the sum of the losses in the N
decision problems.

Thus for each N, in the compound decision problem we have the

parameter set eN indexing the family of probability measures

N
{P0= x P0 : 0 € GN} over ( .ZN,.ﬂN ), the action space AN,
= i=1 "

compound decision rules ¢ = (cpl,....,pN) where for each 1 < a < N

Y, ° B 5 € is such that L(6,p,) is measurable for each @ with loss

N
(1.2) INED = T LOue,) .

ath component risk

(1°3) Ra(.e’Q) = I L(oas‘pa) dpg



and compound risk

N
(1.4) R(p = T R (89 .
a=1

As standard in compound decision theory, we say that a compound
decision rule ¢ is simple symmetric if ¢ (x) = w(x a) Vxe 2 and
V 1< a<N , for some component decision rule ¢. For a simple

symmetric rule ¢
N

(1.5) R(89 = I R(6,9) -
a=1

This is the same as the component problem Bayes risk of ¢ against the
non-normalized empirical distribution GN of 01, ..... ,0N . Thus, with

R(G) denoting the Bayes risk versus G in the component problem

(1.6) D(49) = R(4p - R(Gy)
can be considered as a standard for evaluating compound decision procedures.

D(8,p) is called the modified regret of the compound decision procedure ¢
at # We say that a rule ¢ is asymptotically optimal (a.0.) if

(1.7) sup D(89) = o(N).

13 T* Decision Problem
The decision problem concerning the last component of a k-tuple with
the decision based on independent observations on all k parameters is called a

¥ gecision problem by Gilliland and Hannan (1969). Specifically, for an
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k decision problem has states gk = (01,02,..,0k) € Ok

k
indexing possible probability measures { P 9 = .x Po : »ek € Gk } on
~ 1 7

i=

integer k > 1, the T

( .Zk,jk ), action space 6 , loss function Lk(gk,a) = L(ﬂk,a), decision
rules ¢ & 4 6 such that Lk( 0,v) is measurable for each 4 with
risk when state gk holds defined by

(18) RU(0) = ] L(Gop) 4Py

For a prior Gk on Qk the Bayes risk of ¢ against Gk is
(19) R¥(G%0) = | R¥(g.0) dGX(g)
and the I‘k Bayes envelope evaluated at Gk is

(1.10) RK(GK) = inf R¥(GK,p) .
¢
The decision problem I‘l is the component game in the compound

decision problem.
One of the important facts about the I‘k decision problem is given by

the Remark (1) of Gilliland and Hannan (1969); which states that if Gy is

k

the marginal of G on any ordered subset of the coordinates of

(ipigrrnip) With i =k then RKGY) < RIG,). Tf, in addition, GX is

J
the product of G, and the marginal H, on the other coordinates then
RKGY) = RI(G4). If G¥ is not the product of Gs and H, then the
difference between Rk(Gk) and Rj(G*) could be substantial as was

demonstrated by Ballard and Gilliland (1978).



1.4 k-Extended Set Compound Decision Problem

The k-extended version of the compound decision problem was first
introduced by Johns (1967) and has a more stringent standard for the
compound risk than R(Gy). Gilliland and Hannan (1969) have given the
most general treatment of these standards.

In order to preserve lower case letters for dummy variables under
consideration, w.l.o.g. we will assume that the domain of the random
observations X in the compound problem is its range space 3N . Thus
the Xi will viewed as the coordinate functions of X.

To introduce the k-extended risk standards we consider a compound
decision procedure ¢ of the form

ﬁz) = (w()él)’w(?v(?)» °°°°° $‘p(),SN))

for a fixed T* decision rule ¢. For such ¢ it follows from (1.3) and
(1.4)
Nk
R(8Y = I R(§,9)
a=1

which is the same as I‘k Bayes risk of ¢ against the non-normalized
empiric GIlfJ of the N overlapping k-tuples 'ei J<i<N.
The compound decision problem with Rk(GIlfJ) as its risk standard is

called the k-extended set compound decision problem. Let
k _ k ~k

Dk(_e,yg) is called the modified regret of the compound procedure ¢ at @

in the k-extended compound problem. Since GN i the marginal of GIIG

on the last coordinate, it is8 immediate from the previously mentioned remark
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of Gilliland and Hannan (1969) that R¥(Gf) < R(Gy). Thus R¥(GY) is
more stringent than R(GN). Hence producing compound rules satisfying
(1.12) sup D) = o(N)

is more ambitious than producing rules satisfying (1.7). Set compound rules
¢ where @, plays I‘k Bayes against an estimate of GIlfI in the ath

component problem may provide asymptotic solutions to the k-extended

problem.

1.5 Literature Review

The compound decision problem was introduced by Robbins (1951). In
his featured example involving N  independent discriminations between
N(1,1) and N(-1,1), he exhibited a bootstrap compound procedure satisfying
(1.7). The bootstrap refers to the fact that each ¢, is component Bayes
against an estimate of G based on all observations. Since Robbins original
paper there has developed a large literature and much of it has dealt with
the construction of bootstrap rules satisfying (1.7) with rates for various
component problems. The most general results available in the literature for
finite © are those of Gilliland and Hannan (1986,1974) in which they
reduce the problem of a.o. of the unextended compound problem to that of
the consistency of the estimates. Vardeman (1980) successfully used these
results to obtain admissible a.o. rules for the k—extended problem. Vardeman
(1980) used a clever separation technique and the concavity of Bayes risk
that allowed direct application of existing unextended results to k-extended
problems.

One of the most important developments in compound decision theory

can be traced back to Hannan (1956, 1957) for the introduction of the



sequence compound problem. The sequence compound problem restricts the
compound rules to ¢, where each ¢ ~ is a function of the first a
observations, 1 < a < N. Hannan's procedures in the sequence problem
involves artificial randomization and Van Ryzin (1966a, 1966b) showed that
in many finite state finite act statistical problems the extra randomization is
not necessary. Ballard (1974) in his thesis generalized Van Ryzin's (1966b)
procedures in a finite state finite act statistical setting to achieve k-extended
risk objectives in the sequence version of the compound problem. Ballard
(1974) showed, on the scale of average risk, that the excess compound risk
over Rk(GllG) for his procedures has rate O(N_l/ 5). By taking advantage
of the special product structure of the estimator of Gll:- that was used in
Ballard's (1974) procedures, Ballard, Gilliland and Hannan (1975) improved

-1/ 2) obtained for the unextended

the rate of convergence to the rate O(N
case by Van Ryzin (1966b).

In Chapter 2 we consider the set version of this compound problem and
obtain an analogue of the Ballard, Gilliland and Hannan (1975) result thereby
generalizing Van Ryzin (1966a) procedures to produce solutions to the set

version of the k—extended problem.



CHAPTER 2
SET COMPOUND DECISION PROBLEM
WITH m x n  COMPONENT

In this Chapter we consider the set version of the k—extended problem in
the finite state finite act statistical setting (as in Ballard (1974)) and exhibit
two compound procedures that satisfy (1.12) with rate O(N*). The chapter
is organized as follows. In Section 2.1 we describe our rk problem and
establish some useful results related to IX Bayes rules (Remark 2.2) and
rk risk (Lemma 2.1). In Section 2.2 we give a brief review of the
estimator of GllfI that we use in our procedures. In Section 2.3 we define
our procedures (2.14) and (2.15). In Section 2.4 we prove that they satisfy
(1.12) with rate O(N*). In Section 2.5 we consider the extension to
compact action space and prove that the procedures satisfy (1.12) by adapting

some results in Oaten (1972).

2.1 Preliminaries

We consider a set compound problem as described in Section 1.1 with
6 = {1,2,...,m} indexing 5’={P1,P2,....,Pm} and = {1,2,....n}.
Under this set up, the I‘k decision problem has mk x n loss matrix Lk
satisfying  LX(gj) = L(4.) and a randomized T decision rule
Y= (cpl,gpz,....,<pn) is a mapping into .A’*, the set of probability measures

on 6 such that Lk( 0,,v) is measurable for each 6 , with risk

k _ (¥ ,
(2.1) R (,ek#’) = IJEI L(0k,_]) ‘Pj dPg}(-



i,05f051 be a density of P0 with respect to p
1
YV 0€¢ 6 and

(2.2) £ o f V 8 €6F
2.2 = ® € .
b =1 ~k
mk j
Also let Q = (R +) and ul be the 0-valued function with
. . k
(2.3) u) = L(4,j f vV g €6
8, = L&) fg k

Then the T¥ risk Rk(gk,q)) in (2.1) can be written as

k S k
(2.4) RY(0,,0) = [2 uy o du .
bet) =2, vy ¥

Remark 2.1. With

(2.5) ul = ol - ,

for any two rk decision rules ¢ and ¢

k

(2.6) R¥(g,.0) - RX(f.¢) = J wy o v du
1] ~

)

by writing the ¢ and ¢ integrals as the product integral of the

difference of their integrands.

Let¢ L = sup L(6,a) . Then
0, £

i k
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hence

2.7) RHS. (26) < T [Ty [g w} > 0]du® .
1)

~

mk k
Let S c [0,00) be the risk set of this T

problem. Then for each
l‘k decision rule ¢ we can associate a point 8 in S, with coordinates of
8 given by (24). For we Q2 and 8 € S, let w8 denote the vector
inner product of w and s . We will also identify (01,0 ,....,0k) € 9“
with the basis vector in Q with 1 in the (01,02,....,0k) position. Thus
if s is the risk vector associated with ¢ then

R (89) = 8

and the Bayes risk of ¢ versus w € Q is

and

Rk(w) = wo(w) = A 8.

That is, o(w) is the risk vector associated with a ¢(w) satisfying

(2-8) o(w) = 0 if j is not a minimizer of w w.

J

Remark 2.2
For every < wj,wpx > € @ x Q x & and ¢ satisfying (2.8) ,

(2.9)  wy(w))(x) ‘Pj(“’g)(?&k) > 0 only if ulJ(Ax'k)wl <0« UIJ(?Sk)“’Q .
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Let Ea_ denote the expectation w.r.t. Po. and E denote the
= =

expectation w.rt. P =P0 .

The following lemma gives a useful upper bound for the risk of I‘k Bayes
rules.

Lemma 2.1
' . .2N . . k
If H and H' are mappings from into @ and ¢(w) is T
Bayes against w € 2, then for all X € .2N and Qk € Gk

(2.10) By LX(, W HC)(-) - g o(H'(X)

<TITfy [4HY ) > 0] d¥,
1] ~a

with H¥:) = HX, ., * 2 XN)-
Proof

The assertion (2.10) is that of (2.7) in Remark (2.1) with ¢ and zp'
replaced by @H%*(-))(-) and @(H'(X)) respectively. o

2.2 Bootstrap Procedures and Estimation of the Empiric GllfJ

Definition 2.1

A set compound rule ¢ is called k-order non—delete bootstrap rule
associated with the (-valued estimator WN based on X if for each
1<a<N qpa(X) = ¢(WN(Z(.))(),$ a) where (w) is rk Bayes against
w. The rule ¢ will be called k-order delete bootstrap rule associated with
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the Q-valued estimator aW ok based on aX ok if foreach 1 <a<N

0 (X) = P W, 1 (X X, -

In order to find k-order bootstrap rules in the k-extended compound
problem we need to estimate the empirics Grlfl.

The question of estimating the empiric Gllé has already been solved in
Ballard (1974) in the following sense.

If the estimator h on S to € h(X,) = {h,ek(’»«(k) B € ek} is

r
¥ h(X a) is an

such that E. h, (X;) = [§, = i,], then the estimate
L o=1

unbiased estimate of Gk Vi<k<r

T 9

It has been shown that such a function h exists if the set of densities
{f;sfy-....f,} are linearly independent in L, (s). One such bounded h can
be obtained by taking bounded unbiased estimators h = (hl’h2"“"hm) of

& and defining the mapping h from &£ o 0 componentwise by

(2.11) h 6 b 6, € oF
11 = o e ok,
% =1 G vk

Such an estimator is called a product estimator. Further the covariance

matrix of h has full rank under P P v gke Ok if the covariance matrix
~k

of h has full rank under Py V 0 € o.

The details of the results stated above and the method of obtaining such
functions h are given in Section 3 of Ballard (1974).

Our theorems concern k-order bootstrap rules based on the bounded

unbiased product estimator h of #F  defined in (2.11).
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The estimators of Gllé we will be using in our procedures (Definition

2.1) are Wy with
(2.12) Wy(X) g h(X Hy (say)
: N&) = I h(Xy) = Hy (say

for the non—delete rules, aW ok with

a—k

for the delete rules.

The estimators Wy and aW ak has (k-1)-dependent summands for

N > 2%, Wy is unbissed for Gx and W, is independent of X

for each a and, on the average scale, is asymptotically unbiased for GllfI .

a

2.3 Definition of the Procedures and a Useful Upper Bound for the Modified

Regret

With  Hy of (2.12) and H

ook of (2.13) the set compound

procedures we investigate are

(2.14) ¢ with ¢ (X) = o(Hy)(X,) for 1 <a<N

and

*x *
(2.15) ¢ with ¢ (X)=¢ H )(X,) for 1<a<N.

The following lemma gives useful upper bounds for the modified regret of
the k-extended compound problem evaluated at ¢ and g_:* .
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Lemma 2.2.
With Wy defined in (2.12) let
(2.16) WR() = Wy * 1oXN):

Then, for ¢ and y_)* defined in (2.14) and (2.15)

(2.17) D89 < Ay + By
and

* k %* *
(2.17) DX@e) < Ay + By
where

N . .

- k
Ay =T I [Zf, Eu? W2 <0 <u Hy du
N 215 N N

« _ N . . .
Ay =T % JSf, EuY H_ , <0<u) Hy] du
N a=1ij ga a ak N

and
By= E Gy (o(Hy) - o(GY)) -
Proof
For each 1< a < N
(2.18) Ro(89) = E By L¥ (g, o W2())(-)
and
(2.18)" Ro(be) = E By L(00(gHo,)() -

We will apply (2.10) of Lemma 2.1 with H = H' = WN to the inner
integral of the R.H.S. of (2.18) and with *H = WVox and H =Wy to
the inner integral of the R.H.S. of (2.18) , noting the abbreviations in (2.12)



15

and (2.13) and (2.16), to obtain

219) Ry(@9) <TE (51, [5(WQpyHy) > 0 4 + E §,0(Hy),

219 R(8¢) STE [Ty [a(gHos) lfy) > O &

+ E §, o(Hy).

< wg( * )’HNa *>
Taking < Wy, ¢+ > =
< algg o Hyp o>
in (2.9) of Remark 2.2, we bound each summand in the integrand of the first
term in R.H.S. (2.19) by
f»‘i’a [ Wy <0 < u¥ Hy]
and that of (2.19)* by

ij ij
fga[u oHox $0Su? Hyl .

%*
With these bounds substituted in (2.19) and (2.19) , followed by summation

and (3,
1)

over all a and the interchange of E

N
(2.20) R(@9) < Ay + X E g, ofHy)

and

* * * N
(2.20) R(bg) < Ay + afl E §, o(Hy) .
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Since the second term in the R.H.S. of (2.20) and (2.20)* is E GllfI o(Hy) ,
(2.17) and (2.17)" follow by (1.11). o

2.4 Asymptotic Optimality
Theorem 2.1

Let A, denote the minimum eigenvalue of the covariance matrix of
h = (hy;hy,....;h ) under Pp; 0€® and A = min { Ag: 0 € 6}
Suppose the kernel h of (2.12) and (2.13) is the bounded unbiased product
estimator (2.11) and )\ defined above is positive. Then, for the compound
procedures ¢ and Q* defined in (2.12) and (2.13),

(2.21) \3 DX(6.9) = o(N?)
and

2.21)" ;Dk(ﬂ,se*) = O(NY) .
Proof

In view of (2.17) and (2.17)" it is enough to show that Ay = O(NY),
*
Ay = O(N*) and By = O(N*). We establish these results in Lemma 2.3

and Lemma 2.4. o

Lemma 2.3
Assume all the conditions of Theorem 2.1. Fix X) € .Zk and a,b € A

Let vy (i) = fg (Koo vg_G) =T ()

1
vg, () = T () (L(4a) = L(Gb) V=120V § € oX and

k
Ml =1 GV >0, (T 82 )t < MYX . Then
= =1
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(2:22) [u®®x,) B < M v

and, for Hy, H ., WL defined in (212), (2.13), (2.16) and, for
N > 2k, 3 a constant C1 independent of N and @ such that

(223  E[*g) WR) € 0 < v*y) Hyl < N,
(224) EW(5) Hoy < 0 < uty) Hyl < O N
Lemma 2.4

For Hy defined in (2.12)
(2:25) E Gy(o{Hy) - o(GY)) < CN* .

The proofs of Lemma 2.3 and 2.4 depend on the following Proposition 1
and the Theorem 2 of Section 4 in Ballard, Gilliland and Hannan (1975).

(B.G.H.) Proposition 1
Let k 2 1 and suppose U,,U,,... are (k-1)-dependent random

variables. Then

n
Var (5 U,) < knv,
i=1

where v = max { var U; : 1 <i<n}
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(B.G.H.) Theorem 2
Let  v(1),......,v(k) be fixed vectors in R™ and h = (hy,.....h ) be an

R™-valued function on % the range space of the independent random

variables  X;,X,,.... and (X} ,Xg,....) ~ Pglx P02x.... for 8% € ©° with

k
0 ={1,2,..,m}. Let x = I (v(j)h(X, a = 0,1,.. and
j=1

a — J+a))
k =
v = I (v(j),v(j))* . Let ), denote the minimum eigenvalue of the
=1
covariance matrix of h under P,V 0 € © and A = min {}p: 0 € ©}.
f A>0and (hh)?! < M/ < & then

n—1
£ o, <b}<A(M)T +B n>k §%¢0”
=0

7* P{a <

where A = (7kA¥)H(b-a) and B = 2 2! kM[cA®)F + MA K] ; C s
the Berry Esseen constant in the independent summand case and v is the

greatest integer in nk .

Proof of Lemma 2.3

Since u2P(x,) = v, (1)...v4 (k) and h, = hge...@h
P) = vg, ()vg () and by = hgo...0 by

k
(2.26) u(g )b = x‘.kg ok (7, (Vv (K)(hg @0 1 ) =j:l (v(j),h).

Applying Schwartz inequality to each of the inner products (v(j),h) and

. s . o2 1/k
using the definition of v with the fact that (X hj 2 <M we
=1

obtain (2.22).
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By (2.12) and (2.26)

N
2.27 uabx Hy = X uabx h(X
(2.27) (X Hy 2 (%) h(X

N
= I (V)R gy 1) (vOB(X 4y ) -

o

Similarly, by (2.13) and (2.26)

a—k

b
(2.28) w2g) H oy = i=§+k (V(1)h(X;,1))-on (VDX L))

Each of (2.27) and (2.28) has (k-1)-dependent summands of the type = of
(B.G.H.) Theorem 2 . Also,

a+k—1
29) ) Uy - WD) = _ T u™(g) (BCK) - b(z)

with

Zl _ [(Xl_(k_l),..,xa_k ,xl,..xi_(a_k)) a—k+1 < i { «a
(xi+l_a"" ’xk7xa+1v'",xi) 0'+1 S i S a+k—1
and,
a+N+k+1
b ab
(230) u*°(x,) (H_, -Hy)=- I u?(x, ) h(X.) -
~k/ ‘o ok N i= -+ N—k+1 k i

Hence an application of the bound in (2.22) to the R.H.S. of (2.29) and
(2.30) respectively yields
b
(2.31) u*(x,) (Hy - WR(x,)) 2 ~kM|lv]) ,
and

(2.32) u?(g) (H, - Hy) 2 ~4kM]v] .
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Note that
(2.33)  L.HS. (2.23)

= E[uba(?&k) (Hy - Wﬁ(;sk) < “ba(?sk) Hy < 0]
and

(2.34) L.HS. (2.24)
= Eu®®(g) ((H, ) - Hy) € u?Cx) JH, <0 .

Replacing the lower bound in each of the integrands in (2.33) and (2.34) by
the bounds in (2.31) and (2.32)

(235)  R.HS. (233) < E[H4kM|V]l < uP2(x )Hy < 0]
and

(236)  RH.S. (2:34) < E[kM|lv]| < u®®(g) H_, < 0] .

Each of the summands in R.H.S. of (2.35) and (2.36), (cf. (2.27) and (2.28))
are summands of (k-1)-dependent random variables of the type =« o D
(B.G.H.) Theorem 2. For x;,...,x, such that [lv|| > 0 we can apply
(B.G.H.) Theorem 2 with a = —4kM|lv|| and b = 0 to the R.H.S. of (2.35)

and (2.36), to obtain (2.23) and (2.24) with C, = (dAX)H4kM + B. o
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Proof of Lemma 2.4
Since Hy o(Hy) ¢ Hy o(Gy)

(237)  Gy(a(Hy) - o(GR)) < (G - Hy)(o(Hy) ~ o(G)) -

Taking ¢ and ¢ in (26) a5 ¢(Hy) and (Gy) and bounding u'g]’(
by L fok we obtain

|80(Hy) - 40(GR) < T Vg €6~
Hence
(2.38) RHS. (237)<T £ |cX, —HE |
. ¥ 8 vYo B . D k N'ek N'gk .
0,0
Integrating both sides of (2.38) with respect to E and using the fact that
HN is unbiased for GllfJ and the moment inequality, we obtain

T H
(2.39) LHS. (225) <L ¥ (Var Hy gk)
9,€6

Since H =
No,
random variables, from (B.G.H.) Proposition 1 and the fact that

(5 b2 )t ¢ i/

=1
2 k
Var Hyp < kNM vV g €05

Thus (2.39) yields (2.25) with C, = T m“(kM?)%. o
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2.4 Infinite Action Space

In this section we replace the assumption that € is finite by

(2.40) . is totally bounded in the metric d(a,b) = sgp |L(6,a) — L(4,b)|

and obtain results analogous to Theorem 2.1.

For esch ¢ > 0 let D, = {a,...a} C 4 be such that disjoint
Aj CB e(aj), 1 <j<r covers £ Consider the problem obtained from
the original (henceforth called the .¢-problem) when we restrict the action
space to D ¢

For any decision rule ¢ in the é-problem let ¢ denote the decision
rule in the sub—problem given by ¢p§ = qp(Aj), i<jgsr

Then, if ¢ is a I‘k decision rule in the .¢problem VY 'ek € Qk

1589 - 1X(8,09)] = |j§1 J L) o) - jél La) o]
J

T
= ']El Ag (L(6.a) - L(0k,aj)) p(da)|

< e

By integrating this inequality with respect to E0 ,
~k

(2.41) IR0, ,0) - RE(8,,09)| < ¢ v o eok
Nk Nk ~k ~
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In particular, for a rk Bayes rule ¢(w) against a w €  in the
6-problem and using ¢%(w) to denote (p(w)), (2.41) implies

(2.42) R¥(8,.¢5(w) - §, o) € ¢ Vg €6k,
where o denotes the risk of (w).

The following remark regarding a I‘k Bayes rule ¢ in the ¢problem
is an adaptation from Section 6 of Oaten (1972).

Remark 2.3

For every < Wy, wo,X > € Qx Qx .31‘ and, I‘k Bayes rule ¢ in the
J6-problem
(243) #i(w))(x,) #j(wy)x,) > 0 only if

b.b. b.b.
ut dgdwy €0 <ul Mg )w, for some { bub} € { AA}

Proof
By the definition of ¢f, for any w € @ and X € u%k

A(wg) > 0 only i pwlig)(A) > 0.

Since p(w) is rk Bayes versus w in the #problem
tp(w)(;gk)(Aj) > 0 only if 3 an bj (a Bayes rule against w) € Aj such that

b.a
qu(ggk)so Vace f£.
Using this fact with w = w; and w = w, we obtain (243). o
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Theorem 2.2
Consider the compound procedures ¢ and _Q* defined in (2.14) and
(2.15) but assuming @(w) i8 rk Bayes against w in the .¢problem.

Then, under (2.40) and assumptions of Theorem 2.1

(2.44) \énk(ﬂ,se) = o(N)
(2.44)" ;n“(m_’*) = o(N).
Proof

With w = WR(-) (cf. (216) ) and wy= Hy (cf. (2.12) ) in (243),
an application of (2.23) of Lemma 2.3 yields
(2.45) E [ ¢(WY) ¥(Hy) > 0] < N7,

and with w; = H , (cf. (2.13)) and w, = Hy in (2.43), (2.24) gives
%
(2.45) E [ ¢j(H,y) ¢i(Hy) > 0] <C N7

For any compound decision rule § = (51,....,&N) in the ¢problem let
& be the compound rule in the sub—problem given by & = (&,...,85)-
Then V €O and 1<a<N
|L(8,,8,) - L(0a,6;)| <e
and, by integrating this with respect to P 4



25

(2.46) Ry (00 - R85 < ¢ Vgeol.
Express Qk(fl,g‘) as

(2.47) DX(0D) = A+ Ayt Agt A,

with

N
Ap= T {Ry(0D - Ry(0F))
N P k €
Ay = I (R, (0F) - E RY(§, (Hy)) }

N
_ k €
Ag= I E (RN(EpHy) - 8, olHy)
and

N
k
Ag= I E {f, offly) - 8, oAGR) -

By (2.46) A, < Ne. Applying (2.42) with w = Hy, Ag < Ne.

Note that the proof of Lemma 2.4 remains valid when ¢ is the risk
vector associated with a rk Bayes rule in the .¢-problem.

Hence, an application of this generalized version of Lemma 2.4 gives
Ay < CoNt .

Since Ra(_a,f) =E Rk(ga,dfl), on replacing ¢ and ¢' in (2.7) of
Remark 2.1 by 5; and w‘(HN) and applying Fubini, each summand in
A2 is bounded by

+ € € k
(2.48) L | i? f'ea E| 6ai qu(HN) >0]ds .

Taking 8 = ¢ in (2.48), we apply (2.45) to the inner integral and bound
the iterated integral by C1 2 N1,



26

Similarly, we obtain the same bound by applying (2.45)* with § = _Q*
in (2.48).

Hence A, < L C, 2 Nt when § ={ 2,,,
9 .

With these bounds substituted into the R.H.S. (2.47)

p(0,0)

(2.49) .
D¥(0,¢)

]52Nc+02N*+fCIr2N*.

Since the R.H.S. (2.49) is asymptotically equal to 2Ne¢ we have proved
(2.44) and (2.44) . o



CHAPTER 3
EXTREMA OF Eg(X) FOR GENERALIZED BINOMIAL X
WITH CONSTANT VARIANCE

3.1 Introduction and Statement of the Problem

Let S be the number of successes in n independent trials, and let
p = (pl’pZ"""pn) with P denoting the probability of success of the jth
trial.

Hoeffding (1956) considered the problem of finding the extremum of
Eg(S), the expected value of a given real valued function g on the range of
S when ¥ p; s fixed and proved that extrema are attained when
Py:Pgs--sPp take on at most three different values, only one of which is
distinct from 0 and 1. In this chapter we consider the analogous problem of
finding the extrema of Eg(S) when var S = ¥ p,(1-p;) = A is fixed and
prove (Corollary 3.2) that extrema are attained when Py:Pgsr--Pp take on
at most four different values only two of which are distinct from 0 or 1.

The proof basically depends on the functions f X, defined in (3.5) and
the representation of f = Eg given in (3.6). The characterization of
extrema in Theorem 3.3 asserts that if a is an extrema of f and has at

least three unequal coordinates in (0,1) then, any point b € D A (cf. (3.3))

having the same number of zero coordinates and unit coordinates as a and

n n
satisfying X b, = D) a , i also an extrema of f. To prove this
i=1 i=1
assertion, first we show, inductively (Lemma 3.2), the functions
fm i(al.l"“’m) in (3.6) with m = # of coordinates of a in (0,1), are
zero V 3 <i<m. Theorem 3.1 covers the case m = 3 and i = 3. Then
m m
we use the fact that, a € D, and be D, and ¥ b, = Y a with
A A i=1 1 i=1 |

27
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fn_m,i(al"'"m) =0 V 3<i<m, in (3.6), to show f(a) = f(b) (cf. proof
of (3.23)). In Corollary 3.2 we exhibit such a point b € D ) of the form
stated.

Theorem 3.1 is a corollary to Lemma 3.1 which in turn is a consequence
of the Implicit Function Theorem. Theorem 3.2 depends on a simple basic
result on the intersection of circles and lines, and is helpful in evaluating the

maximum.

3.2 Notations and Preliminaries

The notations used will be consistent with that of Hoeffding (1956).

For a p = (pl’pZ’"'"pn) with 0 < p; <1

(3.1) 6) = B(g) = £ () by (0

with b ,(p) = P(S = k) given by

o j
(3:2) by k(P) = ) I_Il pj (1-py)

{i : ¥ i, = k}
=1
where i = (ij,....,i;) with ij € {0,1}.

For 0 < A < .25n,

n
33) Dy={pl0<p<l, S (p-5°=28n-2}.
1=

1

i
For any given a € R", al”7™ Gill denote the (n—m)—dimensional

vector obtained from a by deleting the coordinates il,...,im.
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For any given a and b € R, a(bi ,...,bi ) will denote the vector
1 m

obtained from a when & yeerly is replaced by bi ""’bi .
1 m 1 m
Since f is symmetric under permutation of its coordinates and

linear in each coordinate, we can write

(3.4) f(p) = b; fn__l’l(Pl) + fn_l’o(Pl) V1<i<n

where the functions f _,, and f ,, are independent of the index i
and symmetric and linear in the components of pi. In general, we will
define the functions fn—k,i by

£y 0@) = f(p)
(3.5)

1,k _ 1,....k+1
ki) = Py Ty i@

L. k41
) + fpgeg @)

0<i<k;0<k <n-l.

By repeated application of (3.5) to the R.H.S. of (3.4)

m
(3.6) (0) = 2 cy(Pyrpp) fomi(®

,...,m)

m=1.,,n; 0<i<m
where

¢ o(Ppby) = 1

and, for 1 <i<m

h

cmi(pl,...,pm) = the it symmetric sum of PyseeesP

m"
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With (Or,ls) denoting the point in R't®  whose first r coordinates

are 0 and the remaining s coordinates are 1, let
(PyPy) € (@1 b = 0,1,...,m].

Evaluating (3.6) at (0™ B1Ppl2-M) v h = 0..i we obtain a
system of linear equations in f h(pl’""m) ; 0 <h <i By solving this
1,...,m)

system for f __ .(p

i . .
(37) fn—m’i(pl’-.-,m) - hEO (_l)l h [lll] f(om—h’lh’pl,,m) )

Evaluating (3.6) at p(a;,...,a)) and substracting it from (3.6)

m (pyrsbyy)

1,....m
(3.8) f(p) - f(p(a;,-.a ) = i f_niP7) .
P mn ™) O™
In particular when m = 3

(3.9) £(p) — f(P(8),8084) = (DyPoPq — 8183q) £ o(p1727)

: 113233 1PoP3 ~ 312933) 15, 33
if

Py + Py +P3 =3 + 3y + a4

and

PL* P+ Pg =8+ i+ ag
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3.3 Necessary Conditions for Extrema of Eg

In this section we state and prove two sets of necessary conditions
(Theorem 3.1, Theorem 3.2) for the maxima of Eg. The following lemma is
a consequence of the Implicit Function Theorem and will be used in the

proof of Theorem 3.1.

Lemma 3.1
Let h and k be functions from R3 ~- R defined by
h(x,y,2) = x+y + 2z
and

k(x,y,z) = X2 + y2 + 22 .

Suppose a = (ai,aj,ak) € [0,1]3 is a solution to h = a and k = 4,
where o and [ are known constants. If a, # aj , then there exists an
interval J containing a, and unique continuous functions wu, and uj
defined on J such that V x € J the point

u(x) = (5(x), ui(x), x) € (o,

satisfy h(u(x)) = a and k(u(x)) = § with u(a) = (a;, 3, ay)-
The interval J has the form

(8- 6, 3] (0.1)% x {1}
(3.10) J=1(a-6 a+ 8 if ae] (01>

(3, &+ 6) 0,1)2 x {0} .
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Proof
The functions h and k have the following properties.
(1) h and k are c! functions on
B(a) = {x e B | x-a]l < ¢}, 0.

(i) h(a) = ¢ k(a) = 8
a(h,k)
X,y

(iii) the Jacobian at a is non zero.

Therefore by Implicit Function Theorem 3 6§ such that 0 < 6 < ¢
and unique continuous functions u, and uj defined on the interval
(a0, & +68) such that V x € (a6, ay+6) the point u(x) = (y(x),
uj(x), x) € B(a) with h(u(x)) = e k(u(x)) = f and uyla) = a,
uj(ak) = 3

Suppose (ai,a.j,ak) € (0,1)3. Then for small enough ¢ > 0 ,
B c(».) C (0,1)3. But the fact that 0 < § < ¢ implies V x € (a.k—6, 2. +96),
u(x) € (0,1)3.

Suppose (ai,a.j,ak) € (0,1)2 x {1} , then for small enough ¢ > 0 ,
B (a) c (0,1)2 x (0,1+¢) . Therefore V x € (a6, a,+6) the first and
second coordinates of wu(x) are in (0,1). Hemce V x € (a-63),
u(x) € (0,1 .

By a similar argument we can show that V x € [ak,ak+6)
u(x) € [0,1)3 if (253, € ©0,1)% x {0} .

Thus, we have shown the existence of an interval J of the form stated

in the lemma. o
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Remark 3.1
If two of a, 3, & are on the boundary of [0,1] the only solutions
in [0,]] for h=a and k = § are the permutations of a,, aj, 3.

Remark 3.2
As a consequence of (3.10) of Lemma 3.1 for any (ai,aj,ak,al) € (0,1)4
with o < a, # 3 # < 1, we can always find a (bi’bj’bk) € (0,1)3 such

that
bi#bj#bk#al,
ai+aj+ak=bi+bj+bk
and
a +af +ap = b + b7 + b,
Theorem 3.1

Le¢ a maximizes f on D,\ and suppose for i # j # k

& # aj # ay with at least two of ai,aj,a.k are in (0,1). Then

(AV4

0 if one of the coordinates is 1

i,j,k . 2
(3.11) fn_3,3(a”-" ) { =0 if (338) € (0,1)°, & # 3 # o

IN

0 if one of the coordinates is 0.

Proof

_ 2 .2, .2 _
Let 3 +ta+a =a and ai+aj+ak—ﬂ.

Since f is symmetric with respect to the permutation of ai,a.j,ak
without loss of generality we will separate the assumptions of the theorem

into the following cases.
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(i) (ai,a.j,ak) € (0,1)2 x {1} with a ¢# 3
(ii)0<ai#aj#ak<1
(i) (a5 € (01)% x {0} with a ¢ a;.

If a maximizes f on DA , then, by (3.6), with fn_3’k(aijk)
abbreviated to fk, (ai,aj,ak) maximizes
F(x,y,z) = xyzfg + (xy + yz + x)fy + (x + y + 2)f;
on
D = [0,1]3 n {(x,y,z) | x2+y2+z2 = a?+aj?+a§ , X+y+z = ai+a.j+ak } .

On D, xy + yz + zx = 33 + a3y + a,a, and xyz = (z—-ai)(z-aj)(z—ak).
Hence F(x,y,z) = G(u) = (u—a.i)(u—a.j)(u—a»k)f3 + F(ai,aj,ak) on
J={u| u=2z with z € D}.

Since cH # aj, by Lemma 3.1

(a'k' 6’ a’k] (1)
J=1 (a6 a+d Iif (ai,aj,ak) satisfy (ii)
[y, &+ 6) (iii) .

Therefore we must have

20 right boundary point of 30
G'(ay) { =0 if a, € 50
<0 left boundary point of 0.

Since G'(ay) = (ak—ai)(ak-aj)f3 we have shown (3.11). a]
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Theorem 3.2

If a maximizes f on D, then for any i # ]

(3.12) (ai+aj-.5)fn_2,2(al’3) + fn_2,1(a"3) =0

v
o

(a‘ivaj) or (aj,ai

. . 2
if {a; # 3; with (ai,aj) € (0,1)

(a.i,aj) or (aj,ai)e {0} x (0,.5) U (0,.5) x {1} or .5 <a = a; < 1.

)€{0} x (:5,1) U (51) x {1} or0< a;=a;< 5

Proof

Since f is symmetric with respect to the permutation of a, aj

without loss of generality we will assume that a < aj .
If a maximizes f on D, , then by (3.6), with f, denoting
fn_2’k(a”), (a.i,aj) maximizes

F(xy) = xyl, + (x + y)f;

on
D=[<x<y<n[x-52+(@-52%=r]
with
? = (a - 5) + (a; - 5)% < 5.
On D
2xy=(x+y)2—(x+y)+.5—r2
so that
F(x,y) = G(x +y)
with

G(z) = .52° £, + a(f; - 5L,) + 5(5 - ),



on

Z={z|z=x+y with (xy) € D}.
Next we will show that Z is the union of 1 or 3] closed intervals. The
line x + y = z is a tangent to the circle (x-.5)2+(y-.5

2 = 2

when z = 1 + 2% and intersects the circle when z € a1- 2*r, 1+ 2*r).

Hence if D c [0,1]2 ; that is, if 0<r? < .25 , then
z el -2 1+ 2h)

If .25 < 12

< .5, then

ze[l-2 5-JU[5+615-qUlLs+41+2h
with 6= (2 - .25)%.

(0 +2%
(\v5+8
(-5-9)
5+$)
(o 5-8)
(\-&)
,+x’3

Since Z is the union of [1 or 3] closed intervals, with G'(a; + aj)
denoting G'(z)l , we must have
a.i+aj
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A
(=}

left boundary point of 70

. 0
if ai+aj€ Z

right boundary point of 70 .

In terms of (a,l,aj) €D
0
G'(a; + a.j) { 0

(ai,aj) € {0} x (.51) U (.5,1) x {1} 02 0< a; = a; < 5

v |l A

if {0< ai<aj<1

(a.i,aj) € {0} x (0,.5) U (0,.5) x {1} or .5 < a = 3 < 1.

Since G'(a; + aj) = (y +a; - .5)f, + f; the proof of the theorem is

complete. o

Corollary 3.1

If a maximizes f on D)‘ andif0<a1#a2#a3<1,then
1,23 1,23, _
(3.13)  (a; + ay + a3 - .5) fn_3,2(a ) + fn_3,1(a )=10.

Proof
Since 0 < a, # a, < 1, by (3.12)

(3.14) (a, + 2y — .5) fn_2’2(31’2) + fn_2’1(a.1’2) =0.



By (3.5)
(3.15) fn-z,z("l’z) = ag fn_3’3(al’2’3)
and

(3.16) fn_2,1(31’2) = a3 f g,(a

1,2,3
+ fn_3’2(a )

1,2,3 1,2,3)

) + fn—3,1(a

Since 0 < a, # a, # a3 < 1, by (3.11) fn__3,3(a.1’2’3) = 0. Using this
fact in (3.15) and then, substituting for fo 2(a.l’2) and f , 1(al’z) in

(3.14), yields (3.13). 0

3.4 Characterization of Extrema
Theorem 3.3.

Suppose a maximizes f on D/\ and, has at least three unequal
coordinates in (0,1).

(i) I b is any other point in D A with the same number of zero

and unit coordinates as a and

[ Se )=

n
bi= ) ai,then b also
i=1 i=1

maximizes f on D,\.

(i) If a has exactly r, unit coordinates and A; = I a
{i|0<a;<1}

then
(317) f(a) = .5(A -2 {g(r) - 2g(r; + 1) + g(r; + 2} + g(r}) -

Lemma 3.3
Let 3 <m<n and Ak denote the statement that

fn—k,i(ak+1”"”an) =0 V 3<i<k

and
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k
(iEI a, — .5) fn—k,2(ak+1"""an) + fn—k,l(ak+1"""an) =0 Vk>2,

if a i3 a maximum of f such that (a8q,....a ) € (0,1)™ with at
least three unequal coordinates and others 0 or 1.
Then Ak holds if 3 <k < m .

Proof

The proof is by induction. Without loss of generality we will assume
3 ¢3¢y,

That A3 is true follows from (3.11) of Theorem 3.1 and (3.13) of
Corollary 3.1.

Assume that A, is true for a k with 3 <k <m.

Suppose that
“bl,...-,bk) = (bl,....,bk,ak+1,..--,an)

satisfy
k k
k k
i=1 i=1
(3.20) OSbiSI V 1<i<k.

Then, from (3.18) and (3.20) it follows that a(b,,...,b,) € D, , from
(3.18) and (3.19) we obtain

k k

3.21 pX b.b.
(321 {G,ili#}

= ¥y a.a. .
(AT
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From (3.8) with m replaced by k there and the induction hypotheses

(ie. £ ;=0 V3<i<k) we obtain

8] 5eeensBy

2
(3.22) 1(a) - f(alby ) = & [ck’i bl,-..-,bk] foge i B 1Bg)s

V 1<i<k.

But (3.19) and (3.21) implies that each of the differences of the
symmetric sums in the R.H.S. (3.22) is zero. Hence
(3.23) f(a) = f(a(bj,...,by)) for every such a(b;,..,b,) .
Since (31’3‘2’33) € (0,1)3 with a, # a, # a5 , by Remark 3.1 we can
find a (b),by,bg) € (0,1)° such that
by + by + by =a; + a5 + a4
2 2 2 _ .2 2 2
b] + by + b3 = aj + a5 + a3
and

0<b1#b2#b3¢ak+1<1.

For such a choice of bl’ b2, b3, b3 = (bl,b2,b3,a4,...,an) € D,\ and
satisfies (3.23). Since f is symmetric with respect to the permutation of its
coordinates, f will also be maximized by the permuted points b:'; , b:';' of
b3 given by

by = (8 1:bg,Dg,8yeesy,D 8y L orennsdy)
bé' = (ak+l,bl,b3,a4,....,ak,b2,ak+2,....,a.n) .

The first k coordinates of by and by' are in (0,1) with at least

three unequal ( mainly the first three) coordinates. Hence, by the induction
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hypotheses , V3 <i <k
fn—k,i(bl’ak+2"'"’an) =0

and

fn —-k,i(b2’ak +2,....,a.n) =0.

By (3.5) we can write the above two equations as
b fn-k—l,i+1(ak+2"""°‘n) + fn—k—l,i(ak+2"""an) =0
and
b, fn—-k—l,i+1(ak+2"""an) + fn—k—l,i(a'k+2"""an) =0 V3<i<k
Since b1 # b2, this implies that

f

nk-1,i+1( Bk 42r3p) =0

(3.24)

fn—k—l,i(ak+2’ consdy) = 0 Vi<3<k

Also by the induction hypotheses

k
(3.25) (iil a - .5) fn—k,2(ak+1"""an) + fn-k,1(3k+1"""an) =0.

Applying (3.5) for the functions foyo and f 4, in (3.25)
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k
(iﬁl ai - .5) a'k+1 fn_k_l,3(&k+2,....,an)

k
(3.26) + (iﬁl a — .5) f -k-—l,2(ak +2,....,an)

toy 1 Ty o(Bgpgeety) + I g (B ygray) = 0

By (3.24) the first term in the L.H.S. (3.26) is zero and the rest of the

equation simplifies to

k+1
(3.27) (izl a, - .5) fn—k—1,2(ak+2"""an) + fn—k—l,l(ak+2"""an) =0.
(3.24) and (3.27) implies Ay 41 18 true, thus proving the lemma. o

Proof of Theorem 3.3
Suppose a maximizes f over D A with I, zero coordinates and

m=mn-1)-1 coordinates in (0,1). We will take a1y 1O be

those coordinates and assume 3 # 3y # ag . Then with k = m in
Lemma 3.3, Am holds for any b that satisfies the hypotheses (i) of
Theorem 3.3 and by (3.23) f(a) = f(b) , thus proving (i) of Theorem 3.3.

To prove (ii) of Theorem 3.3 we first observe that
T2
(3.28) A=A - L a

) S ¢
and we can put alrom - (0 0,1 1).

Then by Am of Lemma 3.3

r

(3.29) f 0% =0 V3ci<m
’ n-m,i‘\" ° - =<
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and

o r0 1 r0 N

Applying (3.29) with (3.6)

0.1
(3.31) f(a) = E a.la..l f m, 9(0 1 )

+Ea.f 0% 41 (001
i=1 -m,1 n—m,0 ’ ’

From (3.28), (3.30) and (3.31) it follows that

(332)  f(a) = 5(A - A)? n—-m2(0 PR —mo(" ey

Applying (3.7) with p ™ = (0%}

m—h+r0 h+r1

ny_ Lo (i
@21 ) = B ™ [0 0
and from (3.1)
m—h+r0 h+r,
£(0 )1 ) = gh + 1))
Therefore,

To r1 i i-h

(3.33) fym @ %1 1) = D [] gh + ).

(3.33), with i = 2 gives
T r
1
fo-m,0® 1 ) = &(r)

and, with i = 2 gives
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Ip T
fn_m’z(o 17) = g(r)) — 2g(r; + 1) + g(r; +2) .

The appropriate substitutions from the above two equations into (3.32)

gives (3.17), thus proving (ii) of Theorem 3.3 . 8!

Corollary 3.2
Let D0 ={pe€E D, | P;:Pgs--sPp take at most four different values
only two of which are distinct from 0 and 1}.

Then, extremum f(p) = extremum f(p) .
pE D0 peD A\

Proof
Since, Corollary 3.2 is trivially true when A = 0 or A = .25, without

loss of generality we will assume 0 < A < .25 By (i) of Theorem 3.3 f

1,...,m o.M
will also be maximized by any point b with b """ = (0°,1°) and

m m
L b, = P a; . In the following we show that there exists such a b of
i=1 i=1
the form (c 4,0 1 7) with 85 21, and s 21,
m m ,
Let A, = L a sothat ¥ a;y = A - A

i=1 ! i=1
Since 0<ai<1 V1<i<m ,m>A1>A1—A>0 and

2
m(Al—A)>A1>A1—A>0.

For a suitably chosen k, 1 < k <& m we will define

where
mozo,m1=m—(m0+k+l)
c=( -m)k+ 17T +6 d=c-(k+ 1)
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with
5= {(kk + D) (A - m; - A - (4 - m)Pk + 1)}

Then by definition of ¢ and d
(i) ke +d® =2 -m -2
i) d<c
(iv) ¢ and d are real numbers if
0¢(A -m)? Oy -m-NTck+1
(v) d>0 if k< (A -m)A -m -7
and (i) e<1 if (A -m-k=-52+X1-.25>0.

The conditions in (iv) — (vi) can be met by choosing

EHENERY 0 m-k-1
k = n -1 ,ml= 0 , m0= 0
1 r-1 m-r-1
if
A2 .25

m-1+(1—2)f <A <m with A<.25
AVv(r-1+ (1-20h) < <r+ (1 -20 with A< .25 for

some 1<r<m-1.

8, 8
For these choices of k, m,, m, the point b = (ck,d,O 0,1 1) with
8§ =Tp + my and 8 =1, + m; isin D, thus proving the existence

of a point b of the form stated in Corollary 3.2 and hence proving it.
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