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ABSTRACT

COHEN-MACAULAY UNIONS OF LINES IN Pﬂ
AND THE COHEN-MACAULAY TYPE

by

Frank Judson Curtis III

Let V be a union of projective lines in projective n-space. We
consdier the questions of when k[V] , the coordinate ring localized at the
irrelevant maximal ideal, is Cohen-Macaulay, and what the Cohen—Macaulay
type is when k[V] = is Cohen-Macaulay.

Chapter 1 reviews the definitions and some of the history of the problem.
Chapter 2 shows how it can be interpreted as a problem involving the graded
ring k[V] and modules over k[V]. This approach yields a linear algebra
algorithm, similar to an algorithm by M. Baruch and W. C. Brown, which can
answer both questions (Chapter 3). The method also provides a graph
theoretical solution in the case where V is a graph on n+1 linearly
independent points (Chapter 4).

Chapters 5 and 6 are applications of a method, developed by A. V.
Geramita and C. Weibel, which uses pullback rings. In Chapter 5, the class
of simply connected unions V is defined and both questions are answered for
this class. A Hilbert function condition on k[V], which is necessary for
Cohen-Macaulay V. (due to A. V. Geramita, P. Maroscia, and L. Roberts), is

reviewed in chapter 6, and an example constructed to show the condition is

not sufficient.



The last chapter expands the class of known Cohen—Macaulay unions of
linear varietics by showing that any unmixed union of linear varieties W is
contained in a union of linear
varieties V of the same dimension which is Cohen-Macaulay. The type

of V is also established.



ACKNOWLEDGMENTS

I would like to thank my advisor, Professor William C. Grown, for his
guidance and encouragement, and particularly for the careful criticism and
many suggestions which he provided at every stage in the preparation of this

thesis.

I would also like to thank my typist, Loretta Ferguson, for a job well

done.

iv



Chapter 1.
Chapter 2.
Chapter 3.
Chapter 4.
Chapter 5.
Chapter 6.
Chapter 7.

TABLE OF CONTENTS

Introduction

Graded Rings

Matrix Methods

Graphs

Simply Connected Unions of Lines
Hilbert Function

Existence Theorems

15
30
44
52



Figure 4.1
Figure 4.2
Figure 5.1
Figure 5.2
Figure 6.1
Figure 6.2
Figure 6.3

LIST OF FIGURES

vi

18
19
32
36
46
46
49



CHAPTER 1
INTRODUCTION

The study of commutative algebra arose historically as an adjunct to the
study of algebraic geometry, but it has not been limited to this role in the
development of its methods and concepts. In fact, while commutative algebra
has been able to provide a more rigorous foundation for algebraic geometry, it
has at the same time produced new concepts whose significance in algebraic
geometry remains largely unexplored.

In this paper I will be concerned with two such properties, the
Cohen-Macaulay property for rings and the Cohen—Macaulay type of a
Cohen-Macaulay ring. The geometric objects I will consider are the localized
coordinate rings of reducible projective varieties consisting of unions of line in
Pl, where k is an arbitrary algebraically closed field. The two basic
questions are:

(1) When are such rings Cohen—Macaulay?
(2) What is the Cohen—Macaulay type in those cases where the
coordinate ring is Cohen—Macaulay?

Given the motivation for considering these questions, it is to be
understood that any answers to them will be of greater interest to the extent
to which the criteria invoked are clearly geometric, and that algebraic
computational solutions are not as informative.

Unfortunately, it appears that a satisfactory general solution to even the
first question is very difficult to obtain. In fact, one of the basic problems in
studying these questions is the scarcity of examples of unions of lines whose

coordinate rings are known to be Cohen—-Macaulay. For this reason, much of



this paper will be devoted to the task of identifying classes of examples whose
coordinate rings are Cohen—-Macaulay.

Before reviewing the history of the subject, I will pause to review some
definitions and introduce notation to be used throughout the paper.

Let k be an algebraically closed field. Let £ be a homogeneous
prime ideal of height n-1 in k[Xo,...,Xn] with .9’=(f1,...,fn_l), where
deg f;=1 for i=1,..n-1. £ is a prime ideal and L=% (£) c P, is a
line in Pﬁ Thus L is a linear variety of projective dimension 1. Linear

varieties of projective dimension 0 are points in P. Vv will denote a union

8
of s linesin P}, V=U L,
i=1 "
8
Let I=J(V)=n #. A will denote the coordinate ring,

i=1

A=k[V]=k[XO,...,Xn]/I.
We wish to consider the local ring A , where m=(xo,...,xn) is the
homogeneous maximal ideal of A. A 2-generated mA _-primary ideal q is

a parameter ideal, and any set of 2 generators for such an ideal is a system of

parameters. The multiplicity of a parameter ideal q is the leading
coefficient of its Hilbert polynomial.
Definition/Theorem 1.1. [ZS, p. 400; HK] The following are equivalent
for a Noetherian local ring (R,m) with dim R=d:
1) R is a Cohen—-Macaulay ring
2) m contains a regular sequence of length d.
3) e(q)=I(R/q) for some parameter ideal q, where e(q) is the
multiplicity and 1(R/q) is the length of R/q.
4) e(q)=I(R/q) for every parameter ideal gq.
5) One system of parameters is a regular sequence.

6) Every system of parameters is a regular sequence.



7) Ext j(R/mR)=0 for i=0,..d-L.

Any reduced Noetherian local ring of dimension 1 contains regular
elements, and is thus Cohen-Macaulay, by (2). In particular, the localized
coordinate ring of a union of points in Pi: is always Cohen—Macaulay.

Definition. The Cohen—Macaulay type r of a Cohen—Macaulay ring
(R,m) is a r=dimp /m(d, (R/q)) for any parameter ideal q [K, p. 189)].
& (R/q) is the socle, & (R/q)={y€R/q|ym=0} ¥ [q:m]/q. R is Gorenstein
if r=1.

Theorem 1.2 r is also [K, p.202, HK, p.4]

1) The number of irreducible components in an irredundant
decomposition of q into irreducible ideals.
2) dimp p, (Ext (R/m, R)).
For the rings A__  which are Cohen-Macaulay, r is also the last

m
nonzero betti number in a minimal free resolution of Arn over

0,...,Xn)'

It will sometimes be convenient to call V Cohen—-Macaulay whenever
A, is and refer to the Cohen—Macaulay type of Am as the
Cohen—Macaulay type of V.

The first partial answer to the first question (when is Am
Cohen-Macaulay) is due to Hartshorne.

Theorem 1.3 (by [H1, prop. 2.1]). Let A be the homogeneous
coordinate ring of a union of irreducible curves in Pﬁ If A is
Cohen—Macaulay, then the union of curves is connected.

This says that V must be connected in order to be Cohen-Macaulay.
So, for example, if V consists of two skew lines in Pl3<’ then V is not

Cohen—Macaulay.



Unfortunately the converse is false, as the following theorem illustrates.
We recall that the nonsingular quadratic surface, ¥ (X0X2-X1X3), is
isomorphic to Plz(xPﬁ; i.e., it is a ruled surface with two rulings [M, p. 27].

Theorem 1.4. Geramita and Weibel ([GW, 5.1]). Let V be a union
of lines on a quadric surface, with m lines from one ruling and n lines
from the other ruling. Then A, s Cohen-Macaulay if and only if
|m-n|<1.

In the same paper it is shown unions of lines through a common point
(pencils) are always Cohen—-Macaulay. Geramita and Weibel have also proven
the following theorem. Here, a vertex of V is a point of intersection of
two or more lines. For a reduced Noetherian ring R, with total quotient
ring Q(R), R is said to be seminormal if the following property holds:
whenever a€Q(R); a2, a.3€R, then aeR [S).

Theorem 1.5 [GW, 5.9]. If V is connected, and the lines through each
vertex are linearly independent, then V is Cohen—Macaulay if and only if V
is seminormal.

As a consequence, the examples of seminormal unions V given in [DR]
are all Cohen—Macaulay.

The Cohen-Macaulay type of V  has, so far a I know, been previously
studied only in some special cases which will be discussed in Chapter 4.

The Cohen-Macaulay type of unions of points has been studied more
extensively (see bibliography).



CHAPTER 2
GRADED RINGS

The ring A, as the coordinate ring of a projective variety, is naturally
a graded ring. In this chapter, we will relate the local properties of Am
(being Cohen—Macaulay of a certain type) to the global properties of the
graded ring A.

Let fl, fzek[xo,....,xn], with deg f1= deg f2=1. Denote by fi the
image of f in A andin A. As dim A =2,

q = (f}, [)cA ~is a parameter ideal (i.e., {f}, I,} is a system of
parameters)
& (), L)) is mA_-primary in A
& (f;, L) is m-primary in A
& (I, 1)+l = (XO,....,xn)
s v{E)nyE)nv=p in P
Because k is infinite, we can choose elements f1 and f2 of degree 1 so
that fl £ 2, for i=1,...,s, and f2 ¢ (fl, .9;), for i=1,..,s. Then
VI, L)+ = (X,....X ) and {fl, 1'2} will be a system of parameters.

In the following proposition, e(A) denotes the multiplicity of the
graded ring A, defined as follows. If we let P,(n)=dim A = be the
Hilbert function of A, and P,(n) the corresponding Hilbert polynomial,
then e(A) is the leading coefficient of P,(n). By [K, VI, prop. 2],

Brma_(Am) 2 KX e X,/ (L(F) [Fe))
= k[X,-.... X /T =A.

_ n, n+l . . .
As Pmm(n)—l(mm/mm ), it follows that the Hilbert functions of m

and the graded ring A are the same. So e(A)=e(mm).




Proposition 2.1. If 1(A/q)=e(A), then A is Cohen-Macaulay.

Proof. As q is m—primary, A/q is local with maximal ideal m/q.
So A/q';'(A/q)m /a YA /q,, so the lengths are the same. l(Am/qm)ze(qm),
as this is true for any parameter ideal, by [ZS II, p. 296).

Let qu(n) and qu(n) denote the Hilbert function and polynomial
respectively for q_, then qu(n)szm(n) for all n. Thus
Pq_ (n)2Pm_(n) for all n>>0. As these polynomials both have degree
2=dim A_, we can compare leading coefficients to obtain e(q_)>e(m_ ).
As noted in the discussion preceding the proposition, e(m_)=e(A), so
e(ay)2e(A).

We have now shown that the following chain of inequalities holds:

1(A/Q)=1(Ay/ay)>e(ar,)2e(A).

So if 1(A/q)=e(A), then 1I(A_/q )=e(q. ), and A is
Cohen-Macaulay(1.1(3)). u]

The converse of 2.1 is also true.

Proposition 2.2. If A, is Cohen-Macaulay, then 1(A/q)=e(A).

Proof. If A is Cohen-Macaulay, then ({f;, I} is a regular
sequence in A_, so {f;, f,} is a regular sequence in A. Consider the

Poincaré series:
@ i
1=

[« .
=X (dim, (A/q).)Z,
QA/q(Z) i=0( m, ( /Q)l)z
where Ai denotes the ith graded part of A. We then have an exact

sequence
K
0 -A(-1) 1 A + A/f;A40



is exact. So QA/flA(z)=QA(z)_QA(—1)(z)
= Q4 (2)2Q, (2)-

W .
Repeating the argument with f, we obtain Q A(z)=( X z1)2Q A/ q(z). So if
i=0
+1 ® i_ 2t g i . :
m €q, I (dimA)z = ¥ (i+1)z dlmk(A/q)iz. Equating coefficients

of z for ij, dim Ai:kio (i+l—k)dimk(A/q)k=k{?0 (i+1)dimy (A/q), -

20 k dimk(A/q)k=(i+l)l(A/q)—ké0 k dimy (A/q),. So e(A)=I(A/q). o

e(A) is the leading coefficient of the Hilbert polynomial of A. As
projdim (A)=1, the degree of V i3 e(A)-1!=e(A). We now apply [H,
prop.1.7.6]. Each line has degree 1; all lines have projective dimension 1; and
any two intersect in a variety of projective dimension 0 or —1. So the degree
of V is the sum of the degrees of the L, i.e. deg (V)=s. Thus e(A)=s.

We have now proven:

Proposition 2.3. A =~ is Cohen—Macaulay if and only if 1(A/q)=s.

As 1(A/q) can be determined by choosing as a composition series of
A/q a refinement of:

A/q 2 m/q 3 m%q/q) ...2 0,
it follows that A is Cohen-Macaulary precisely when dimkA/q=s.

The Cohen-Macaulay type can also be determined using q.

Proposition 2.4. r=dim, (q:m/q).

Proof. By definition, r=dim A /mm(qm:mm/qm). As

A /m_~A/mek, it suffices to note that dimk(qm:mm/qm)=dimk(q:m/q).
But this is clear, for if {xl,...,xn} is a basis for (q:m/q), then

X X
{11—,....,—'11} is a linearly independent set of elements of

(q:m/q)m=(qm:mm/qm). And, conversely, given a basis for qm:mm/qm, we



can choose representatives of the basis elements and clear fractions to obtain a
linearly independent subset of q:m/q. o
The significance of these propositions i8 that A, A/q, and q:m/q are

all graded, and all vector spaces over k. Thus 1(A/q)= 55 dim (A/q); for
i=0

some j>>0 (where the subscript i denotes the ith graded piece of A/q),

and dimk(q:m/q)=i§0dimk(q:m/q)i.

In the next two chapters we will use these formulas to reduce
determination of the Cohen—Macaulay property and computation of type to
elementary problems in linear algebra, and to obtain a formula for the type

for one class of unions V which are Cohen—Macaulay.



CHAPTER 3
MATRIX METHODS

In this chapter, we will use the results of Chapter 2 to show that we
can tell whether Am is Cohen—Macaulay, and compute the type if it is, by
doing elementary matrix computations. These results are more of theoretical
than practical interest, as the matrices whose ranks must be computed will be
very large, given V with a large number 8 of lines.

The reader should note that the method used for computing the type is
generalization to lines of Baruch and Brown's method for computing the type
in the case of points [BB, B].

Each line in V can be described as the linear span of two projective
points, Li=8pa‘n((bio"""’bin)’(cio’"‘"’cin))' Let S=k[Xo,....,Xn]. Let v be
the map defined by

g Y, k[Tgl), Tgl)] YN k[TgS), Tgs)],

{X)=(yT{) + e T8, b T{P e TE,
for i=0,....,n.
Let Hj be projection into the jth coordinate,
Hj:k[Tgl), () o....0 T{®), T(Y),
—kr), ().

Then rov: S KT, 1)) is the map defined by xjou(xi)=bji'r§j) +
c.-T(j). So ker v= rs1 ker (7.0 v)
12 j=1 j

8 . .

= () 4 ¢. W)

jgl {fes]f(b T + c;Ty)....
(3) () =

bjn T + cjnTZ ) = 0}

S
=N {feS|f e J(L)} =
=1 J
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So A=S/I ¥ im v.
We now use v to obtain a matrix representation for each graded piece

Ad of the graded ring A.

€
Lexicographically order the monic monomials in S d via II X >
i=0
f.
i, _ . (d) (d)
l1'[0)( if ei_fi for i=0,...t, and et+1>ft+1’ as g ’""’gr)(d)’ where

n+d a
= (d)_xo..... n -
r)(d)-[ n ] Let 8] =X X, (ao+....+an—d). Then

gl D)=x ) O ux,)
I LR DI U
. by T+ T(S)}a"--.-{b T(S)+csnT§s)}a“>
d d-a
D [p(1)
< B D )’

ag ()[T(s)] [Tgs)]%,

S

for some constants c( j). ; j=1,...,/(d); r=1,...,8j a=0,...,d. Define
[ggd)]r=[m, (),...c ] and let Ty(A) be the n(d)xs(d+1) matrix
defined by

| e
UGN RPN O

20 " so’

o{H0,... {10, o, (10, (50D

Thus T4(A) is a matrix representation of a spanning set for A, as

embedded in ® KT{), T{)),. In particular, dimy A =rk T4(A).
r=1

Next, choose an m-primary ideal q generated by two linear forms as

in the last chapter. We can assume coordinates on V have been chosen so
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that q=(xx;). Such a change of coordinates takes k[V] to an isomorphic
graded ring, so none of the numbers we are computing will change. Then
dim; (A/q) q and dimk(q: m/q)d can be determined by routine matrix
computations.

Because (q) q I8 generated by the images in A of all

(d)_x%...x% -
g =X, X, such that 00#0 or aI#O, (q)d can be represented in

J
n+d n—2+d
I‘d(A) as the span of the first -1 d rows. If we partition

n
ri | [[nt+d]  [n-2+d
Ty(A) as ?2—, where T, is al -1 4 x 3(d+1) and
d
2 n-2+d . 1 )
Ty is d x 8(d+1), then dimy(q)y=rk I'; and dlmk(A/q)d=

[}
rk T d(A)—rk I‘(li. As I(A/q)= X dimk(A/q)d, it follows (by proposition 2.3)
d=0

that we can determine whether Arn is Cohen—-Macaulay by checking the

equality:

[+ o]
1
s = ¥ (k T4(A) - rk TY).
doo™ Td d

As dimk(A/q) 4= implies that dimk(A/q) d +1=0, we only need to
compute ranks for values of d up to (at most) d=s.

We recall from proposition 2.4 that, if Am is Cohen—Macaulay, then
Q0
the Cohen-Macaulay type is given by r=dim,(q:m/q). =d2 dimk(q: m/q) d
=0

If A is Cohen-Macaulay, then dimk(A/q) 4f0 18 possible only for
d=0,1,...,8-1. Thus (q:m/q)d#o is possible only for d<s. So we need only
compute dimk(q:m/q) q for d<s

In the case d=0, dimk(q:m/q)o=0, unless s=1, in which case q=m

and dimk(q:m/ q),=1.
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To compute dim, (q:m/q) q for d21, we can use the following
procedure.

We first locate a spanning set for (q: x;)4 for each i=2,...,n.

Let M, be the matrix whose rows correspond to the u[ggd)xi],
where g(d) runs through the last [n—(2i+d] monic monomials of degree d.
Note that the gj(d) are precisely the monomials in X2,...,Xn. Note also
that M, is a submatrix of T, +1(A), consisting of all rows corresponding to

monomials in X2,....,X n where the exponent on Xi is nonzero.

1
r
Let M= d+1 , and suppose M acts on the right on row vectors.
M;
Let N=NS(M)=(N,|N,), where N, has [“‘ﬁ*d] columns. Let
1
i
i .
NoTy

Claim. The rows of Qi represent a spanning set for (q: Xi) d
Consequently, the row space of Q, satisfies RS(Q;)2(q:X,) g @and thus
1
d
MoT4
Proof. To show that each row represents an element of (q:Xi) a ve

rank =dimk(q:Xi) d

need only consider the rows of Nsl‘g. Each row represents a linear
combination ¥ 3;8; ( ) where the coefficients a, are given by a row of N,.
. d
Since  N)Tg. | +NoM;=0 1(3a, ()X) = Ta. u(%'(d)x

1 1
RS(N,M;)=RS(N, T |)CRS(Tg, ). So T a; g( )
(q: xi)d'

n(d)
Conversely, let g = é a. gJ (¢ x)4- In order to show that

represents an element of

g) is in the span of the rows of Q;, we need only consider g’ =% 3 g(d)

J
d) n—-2+d

where the gg are the last [ d ] monic monomials of degree d. We
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have the relation in A:
0-55 84+ p3 @

_ n—d+1 n—2+d+l :_[n+d]_[n-2+d n+d
where k—l,...,[ d+1 ] —[ d+1 ], and ]-—[ d] [ d ]+1,..,[ d ]

Then, by definition of N, (a. T )JERS(N). In particular,
(31, BBy )ERS(N2) So »g')=2% 3 V(g(d)) is represented by some

element in RS(N I‘2), i.e., some element in RS(Q)
n

From RS(Q;)¥(q;:%;)q » it follows that (qm)y 2 n RS(Q,) =

i=2
Z (RS(Q;)")", which can be computed using the following procedure.

Let Bi be the row reduced echelon form of Qi’ with the zero rows
deleted, so that rk(Bi) is the number of nonzero rows. Let Ci be a
permutation matrix such that B.C.=(I|D,), where I is an identity matrix

D -D.
of size rk(B;). Then (I|D;) [ ] =0, so (RS(I|D; Nt = CS [—r—] as
the column space has the correct dimension. Thus (RS(I|Di)) =RS(—Di (1),
-1 T -1
and (RS(Q))* =(RS(B)))*= (RS((I|D)C;1))* =RS((-DTNC;Y). Let
E=(-D} [C{!, for i=2,..n
Let E be the matrix E=(E3|Ej|----|EL)T. Then

n
RS(E)= T (RS(Q;))", and (RS(E))" can be computed by the same method

i=2

used to compute (RS(Q;))".

So we can compute both dimk(q) d =rk I‘(li, and dimk(q:m/q) d=
dimk(q:m) d- dimk(q) d- As previously noted, this gives the Cohen—Macaulay
type as

F dim(am/a)y = 3. dim(qm/q
r= im, (gm/q), = im, (@:m/q) ;.
d=0 k d ™ 420 k d
Thus, in principle, we can determine whether Am is Cohen—Macaulay, and

compute the Cohen—Macaulay type if it is, by doing matrix computations.



14

For large s, the matrices involved become very large, and accurately
computing ranks would be difficult. But for small s, the method is
practical.



CHAPTER 4
GRAPHS

We now consider examples of A which are also Stanley—Reisner Rings.
[Ho, Re], i.e., rings which correspond to simplicial complexes. In order for a
Stanley—Reisner ring to be k[V] for some union of lines V, it is necessary
and sufficient for it to be the coordinate ring of a graph over a field.

Let G be a graph on {0,....,n}, n > 1, that is, V(G) = {0,....,n}
is the vertex set of G. The edge set of G, E(G) is a subset of the set
of unordered pairs of distinct vertices. Let s = |E(G)|. We assume that
G has no isolated vertices, so, in particular s > n. For each edge
e = ij € E(G), Let £ be the ideal in k[Xo,...,Xn] generated by

{xo,...,xn}\{xi, Xj}’ and 1 =eeg(G) % Aseach 2 = ¥ (L,) for some

L, in Py (in fact, a coordinate axis), A = k[X,...X ]/l is k[V] for
some union of lines V. A is usually denoted k[G] to indicate its
construction from the graph G.

I is generated by monomials, for if f € n .9;, then each
ecE(G)

monomial term of f is in each £, as these are generated by monomials.

e
We first locate a generating set for I.
Suppose 1 contains an element of degree 1, say Xi. Then
X; € .%,VeeE(G)#ith(G) for any j
3 i is an isolated vertex of G.
As we assume that G has no isolated vertices, I contains no elements of
degree 1.

As I is reduced, it contains no elements X?. As for other elements

of degree 2,

15
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Xixjelﬁxie %, or Xje T Ve € E(G)
& ij ¢ E(G).
I will not contain any elements of the form: (1) Xl.l(, (2) X]i‘ X
where ij € E(G).

1.
J’

Finally, if i, j, and k are distinct, each Pe will contain one of
Xi, Xj or Xk’ so all other monomials are in 1. Thus, I is generated by
{XinIij £ E(G)} U {X; Xj Xl #1, 1§, k},
and A is a Stanley-Reisner ring [Ho, §1].
Note that for each graded part Ad of A, a basis is given by the set
of all monomials of degree d which do not occur in I d For example, A2

has a basis {x}} U {xx;]ij € E(G)}.

Proposition 4.1 (Reisner, [Ho, p. 180]) A _ is Cohen-Maculay if and

only if G is connected.

Proof. We give a different proof than the the one in [Ho], by
computing 1(A/q) for an m-primary ideal q. We note first that the
proposition holds in one direction by Hartshorne's result (Theorem 1.3).

Assume G is connected.

le¢ q = (fl, f2), where
[ = % 5
= x., fo = a.x., where:
1 i=0 2 j=0 11
0#&.61(, and ai#aj for i # j.
We have immediately,

q, = €0), so dimq =0
q = (fl, f2), S0 dimkqo = 0.
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n
2
iEO dx.fo = 0. Then (c; + d;a,)xj = 0 for each

i, by linear independence of basis elements of A2, 0 ¢ = —diai’ and we

n
Suppose X c.x.fl, +
i=0 '

have

i n n
(™ iEO —daxf, + iEO

Claim. dO = d1 = . = dn
Proof of Claim. If ij € E(G), then xixj # 0. So the coefficient of

oy s . =
XpX; in (*) is zero, i.e., —dia.i—dja.j + diaj + djaﬂl = 0,

so d, = dj' The claim now follows because any two vertices of G are

connected by a path in G. So ¢ = 'doai’ and

n n
iEO cixifl + iEO dixif2

(% axf - & xf,)

= —d a-X. - X. .

0 j=g 11 1 i=0 i2

So every linear relation on the generators of q is a multiple of the relation
n

So dimk(q)2 = 2(n+1) -1 = 2n + 1.

n
)
=

Next, we not that for i, j, i # j,

xixjf1 = x?xj + xix?, as xixjxk = 0,

for 41, j, k,

_ 2 2
xixjf2 = aXX; + a:x.X

i XX and ai#a.,

J

80 x?ijq for any i #j.

Then q contains

f, = x5+ T xox =0 (mod q).
il i i#i i7j i
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So qq = mg = mS. So q is an m-primary ideal. Moreover,

dim; Ao/q0 =1-0=1

dim; Al/q1=n+1—2=n—1.

dimk A2=n+1+8,
as I, contains every element of degree 2 except x? for each i, and X;X;
for the s edges ij € E(G). So dim, A,/qg, =n + 1+ 8- (2n+1) =
8 —n. Thus I(A/q) =s, and A is Cohen-Macaulay (prop. 2.3). g

In order to compute the type of Am, we will need some definition

from elementary graph theory. Consider a sequence of vertices V{»-V; Such
that vjvj+l € E(G) for j=1,..,i-1. If vj # vy for j#k, the sequence is
a path , and if vi=V; but vjaﬁvk for j#k otherwise, the sequence is a
cycle. G-v denotes the graph obtained from G by deleting the vertex v:
V(G-v) = V(G) - {v}, and E(G-v) = E(G) - {uv |uv € E(G)}. A vertex
v is a cut vertex if G-v is disconnected (i.e., not path-connected). G is
said to be a block if G has no cut vertices, and the blocks of G are
the subgraphs which are maximal with respect to the property of being a
block. For example, a graph consisting of two vertices and one edge is a

block, and a graph consisting of a single cycle is a block. the graph depicted
in Figure 4.1 is not a block, but it has as blocks the graphs in Figure 4.2.

Figure 4.1
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Figure 4.2

We will make use of the following fact: If |V(G)|] > 3, then G is a
block if and only if any two vertices lie on a common cycle (for this and
other elementary results, see [CL]).

We now return to consideration of the ring A = k|[G].

If ge A2, we can use the basis for A2 given previously to write g
uniquely as

2 -
g= I g.x; + X g(i, j)x.x.

ieV(G) ™' ijeE(G) tJ
where in the second sum, each edge ij is counted only once. To simplify

notation, we can refer to g(i, j) as 8ij O & either one denoting the

unique coefficient of X;X; in g. So

2
) g.x; + X g: X:X..
iev(G) 1! jjeE(G) N1

Proposition 4.2. Suppose 0, 1, ..., k, 0 is a cycle in G. Then there

is no element
2
g= X g.x; + X g..X:X. € q, such that.
jev(G) U 7 jjeg(g) AT 72
1 .. = 0. fi j = .
2) gm#O, g0k=0, gjj+1=0 for j=1, .., k-1
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Proof. k = 1. The proposition is trivial.

n
k > 1. Suppose there is such a g, and le¢ g = X c-x.f1 - d.x.f2.
j=0 41 i
o 2 n
h e = . = Y 1 . . = X . -
Then 8j; 0 implies o dJa'.l (as X #£0). So g jEO d‘lxj(a.'f1 f2),

and

= (di - dj)(a,l - aj), for each i j € E(G).
Then a —a,j #0 for i#j, but, for j=1, .,k-1 gjj+l = 0. So
4 = diyp
contradiction. g

and similarly dk = dO’ S0 d0 = dl' But &01 #0, a

n
Proposition 4.3. Let h =Y b.x € (q m),. If b, =b, =0 for
i=0 ! o do

iolo € E(G), then b, = 0 for all vertices 1 in the block B containing
the edge iojo .
Proof. If V(B) = {io, j0 }, there is nothing to show. So assume
|[V(B)] > 2, and let 1€ V(B) be any third vertex. Suppose bl #0.
Claim 1. There is path v, Vo V1 in B such that bv = 0,
b =0 b #0.
Yo 1
Proof. Because B is a block, we can choose path Upy ey Uy from

j0 = tol = u, which does not contain i Let P be the path io,

o
Upy ey U, Let vy be the first vertex along P such that bv # 0, and
1

le¢ v and vo Dbe the two preceding vertices.

There is a path P2 in B from v to v which does not contain
Voo 83y P2 is the path VYo weeny kk-l’ v = Ve Then Vo = Vi Vo
is a cycle in B. Relabel G, if necessary, so that vy = j for



21

j = 0,..., k.
Claim 2. g = xOh satisfies the conditions of proposition 4.2.
n
Proof. Let g = x,h = ) .x.Xx.. Here x.h =Y bxx.. If
0 ijeE(G) gu i”j 0 =g 101

i#04#]j then 8jj = 0, so Bjj+1 = 0 for j =1, .. k-1. Moreover,
bk =0, so Bok = 0, and b1 #0 so 801 # 0. So condition (2) of 4.2
is satisfied. If j # 0, then 8j; = 0. As bo = 0 implies oo = 0 also,
condition (1) is also satisfied.

Then 4.2 implies x,h £ q,, contrary to h € (q: m). therefore
b=0 forall 1€ V(B). g

Proposition 4.4. Suppose i is a cut vertex of G, and V0 the set
of vertices in some connected component of G — i. Let

g=L (3 - a)x.
i )
_|EV0

Proof. We show x,8 € q, for k =0, ...., n.

Cage 1. k¢Vo,k#i. Here kj ¢ E(G) for jeVo, S0 xkxj=0

then g € (q: m)l.

and xkg=0€q.

Case 2. keV. xg=x, £ (a -a)x. = %Y (a —a)xx. If
o “k kjEVo i 7773 jEVo i 97k7)

p ¢V, U{i} then XX, = 0, soif pg Vg, (3 - ap)xkxp = 0. Thus

R R VR VAR
Case 3. k =i

xg =fg-%¥ xg €q.
® T T e .

Proposition 4.5. If G is a block, then (q: m)1 = q.
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n
Proof. Let h = .2 bixi € (q: M). Relabel so that 01 € G(G).

1=

Define
’ bl - bO
h" = h = byf) - (==, (af; — )
0 1
n
= ¥ cx.

i=0 '’
Then ¢, =¢ =0, and h’ € (q: m), so h’ = 0 by prop. 4.3. So
heq g
Let¢ C= {i€{0,..,n}| i is acut vertex}. C may be empty.
For each i€ C, let vil’""vip(i) denote the connected components of
G-i Let W¢c Al’ be the vector space generated by

{f,, L}Ju{ £ (a -a)x.|ieC, p=1,.. p(i}
12 jEVip i 7]

Proposition 4.6. (q: m)1 = W.

Proof. By prop. 4.4., it is enough to show (q: m)1 cCW.
If G is a block, this inclusion follows immediately from prop. 4.5. So

assume G is not a block and relabel so that 0 is a cut vertex. For any

n
h=3% bx €A, let #(h)={i€V(G)]b =0} Let (%h)) be the
i=0

subgraph generated by (#%(h)); i.e., V({#(h))) = V(G) n %(h), and
E((#(h))) = {e = ij € E(G)| i,j € #(h)}.

Let ﬂo(h) denote the set of all vertices in the connected component of
(%(h)) which contains 0 (thus #%(h) = ¢ if b, # 0).

Suppose the proposition is false. Let h € (q: m)l\ W, h as above.
We can replace h mod W by h’ =h - bof1 and so assume that
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b, = 0. So the following set is nonempty
& = {h € (q: m);\ Wb, = 0}.
Choose h € & so that # (h) is a maximal (w.r.t. inclusion) element of
¥ ()]l e o
If ilo(h) = V(G), then h =0 € W, so we can choose
vV E V(G)\?to(h) and let u,
If necessary, replace v by the first u; on the path such that wu, ¢ ?zo(h).

=0, Up, gl =V be a path from 0 to v.

m
Relabel G so that u = i, for i =1, .., m.

If b =0 then u_ = v e %h). Since there is a path in %(h)
from 0 to v, ve€ ?lo(h), a contradiction. So b_ # 0.

Claim. m -1 is a cut vertex.

Proof. Case 1. m = 1.

There is nothing to show.

Case 2. m > 1.

If m-1 is not a cut vertex, then G — (m-1) is connected, so there
is a path from m - 2 to m which does not contain m — 1. But then
m -2, m-1, and m lie on a common cycle and thus in the same block.

Now bm_2 =b = 0. So bm = 0 by prop. 4.3. This is a

m-1
contradiction. Therefore m — 1 is a cut vertex of G.

Let V_ be the set of all vertices in the component of G - (m - 1)
which contains m.

Claim. #(h) NV, =0

Proof. Suppose not. Then (%(h)) U (Vo) is connected. So there is
a path P in (?lo(h)) U (VO) from m-1¢€ ?zo(h) to meV, say
P is Vo = M - 1, Vires Vg = M. Then Vor = Vi Yo is a cycle in
G, so m -1, Vi and m are in the same block of G. As
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m-1¢V, (m-1)v, € E(¥,(h))) and v, € % (h). Sob_  =b =0

1

forces bm_1 = bvl = 0 forces bm = 0, by prop. 4.3, a contradiction.
’ bm

Let g = jélvo(am_1 - aj)xj, and h/ =h - m g. Then

geEW, so h"=h mod W, and h’ € ¢ But by the claim,

?lo(h) € #,(h’), and the coefficient of x_ is zero in h’, so

m
¥ (h) C ?to(h’), contrary to choice of h. So 4.6 holds. g

In the following lemma, b(G) will denote the number of blocks of G.

Lemma 4.7. Let G be a graph with cut vertices Vi v Vg 8 > 1.

Then there exists Vl’ ..., V., such that

t
1) Each V, is the vertex set of some connected component of
G - Vi for some j.
2) Foreach j=1,..,5s G- Vi has all of its connected
components in {Vl’ ey Vt} except for one component.

3) Vig U V. for i=1,..,¢t
j<i !

4) |V(G) —.tJ Vil > L
i=1
5) t = Db(G) - 1L
Proof. We prove 4.7 by induction on the number of blocks of G.
As 8 21, the smallest case is when G has two blocks. Letting V,
be the vertex set of either component of G - ) satisfies the conditions.
Suppose G has m blocks and the lemma holds for all G with
m — 1 blocks. Choose a block B which contains only one cut vertex v of
G. Let G’ be the subgraph of G obtained by deleting all edges and
vertices of B, except v. Choose Vi, - V"; satisfying 1 — 5 for G’.
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Let V1=V(B—v), and for i =2, .., t + 1 let

V;_l, if ve V;_l
Vi = . It follows immediately that 14 hold
Vi’__1 u v, if ve Vi—l

for v, .., Vigpp and t+1= b(G’) -1+ 1=Db(G’) =bG) -1, s05
holds also. g

For the next proposition, it should be noted for each i = 1,..., t, there
is a unique cut vertex vj such that Vi is a component of G - v The
proof is as follows.

Let 2 and Vo be cut vertices with i # Vo Let C be a
connected component of G - Vi D a connected component of G - Vo
and suppose C = D. Choose w € V(C) so that wv, € E(G). If
w # vy, then wv, € E(D). But wv, ¢ E(C), so C#D, a
contradiction. Suppose now that w = v,. then v, € V(C) - V(D), again

contrary to C = D. Therefore, C = D is impossible.

Proposition 4.8. dimk((q:m)l/ql) = b(G) - 1.

Proof. If b(G) = 1, this is prop. 4.5. So assume b(G) > 1. We
use prop. 4.6 and show that dim W/q1 = b(G) - 1.
Let Vl’ eeey Vt be as in lemma 4.7. Let vj(i) be the cut vertex

corresponding to V;, and define g = L (a, - a.)x. Then g,...g
keV; j(i)

€ W. Fix i. The connected components of G - v.

; are among Vl’ ceeny

Vt’ except for one, say VO. We can assume G - v, = V0 Vv V1 Veeor V

if needed (m<t). Let h = X (a,v - aj)xj.

V__ by relabeling V,,...,V
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Suppose the vertex sets of the other components are Vl,...,Vm. Then

f -1, - (% g) 5 5 T T )

a f, -1, - g) =a X, — ax, - a_ —a)x, =
N L = T = B S A B

n

L (a, —a )x, - X (a, —a,)xy=%X (a, —a,)x,=h. So h is
ko Vi Kk VG-V, i K K ev Vi KTk

in the span of {g,,.....g;, f;, f,}. But h was any generator of W not in
this set, so {gl,....,gt, fl, f2} spans W. So dimkW/q1 <t =b(G) -1

By 4.7 (3), gy»---8; are linearly independent, and by 4.7 (4) (and
choice of f, f2), (gl,...,gt YN (fl, f2) =0, s0 gl,....,gt are linearly
independent over W/q;. So dim W/q;=b(G) - 1. g

Using prop. 4.8 it is now easy to determine the type of Am'

Theorem 4.9. Let A = k[G], for some connected graph G, and let
m be the homogeneous maximal ideal. Let |V(G)| = n+1, and assume
n>2. If |E(G)| = s, then the Cohen—Macaulay type of A, is
r=s-(n+ 1)+ b(G).

For example, the graph in Figure 4.1 has 10 edges, 8 vertices, and 4

blocks, so the type is 6.

Proof of 49. As |E(G)] >1 q# m, so dimk(q: m/q)o = 0. By

prop. 4.8, dim (q: m/q); = b(G) - 1. Finally, by the proof of 4.1, q; = m;

for i23, so (q: m), = A, and thus dimy(q: m/q), = dimA,/q, =
8 — n (again from the proof of 4.1). Moreover, dimk(q: m/q)i =0 for
i>3 So
® 2
r =% I((¢: m/a)) = £ dimy(q: m/q);
i=0 i=0
=0+bG)-1+8-n=8-(n+1)+ b(G). g

We conclude this chapter with some applications of Theorem 4.9.
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Example 4.10. A tree is a connected graph which contains no cycles. If
G is atree on n + 1 vertices then G has n edges, and every edge is a
block, so r = n - 1. In particular, if G is a path on n + 1 vertices
(n22), then r=n-1. g

Example 4.11. A graph is planar if it can be embedded in R® (This
does not imply that the corresponding union of lines embeds in l’2). By
Euler's formula, |V(G)| - |E(G)| + |R(G)| = 2, where R(G) is the set
of regions determined by any planar embedding of G. So if G is a planar
graph, then r = |R(G)| + b(G) — 2. In particular, if G is a cycle on
n+ 1points, r =1 g

Example 4.12. A complete graph on n+1 points is the graph which
contains all possible [";1 edges. If G is a complete graph, then
=3 (- (] - ]

Example 4.13. Let G be the graph obtained by adding i edges to a
cycleon n + 1 points, 0 <i ¢ [g] - 1. Then |V(G)] =n + 1,
|[E(G)] =n+1+1i, and b(G) =1, s0o r=1+ i So a graph on
n + 1 points can have any type r, 1 <r < [g] -

If G=G;UG, where V(Gl) n V(G2) consists of a single vertex,
and |V(G,)| > 2, |V(Gy)| > 2, then Theorem 4.9 implies r =r; +
T, + 1, where r; is the type of G,. This makes it easy to prove the

following.

Proposition 4.14. If G is a graph on n + 1 > 2 vertices, then
r £ ['21] If n+ 1> 3, then equality holds only when G is a complete

graph on n + 1 vertices.
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Proof. We induct on the number of blocks of G.

If b(G) =1, them |E(G)] < [‘“2“1] 0 < [g] by 4.9.

Suppose b(G) = m > 1 and that the proposition is true for
b(G) < m. Then G = G1 u G2, where G1 is a block with t vertices,
G, is a graph on n -t + 2 vertices, b(G,) = m -1, and
V(Gl) n V(G2) consists of a single vertex.

Suppose t > 2 and n-t + 2 > 2,ie, 2 <t < n. Then, by
inductive assumption, r < [t;l] ) Ty € [n—g+l] 80 T =1 +Ty+1¢
2]+ 2] < )

Suppose t = 2 (or similarly t = n). Then

|EG)| = 1 + |E(Gyl,
IV(G)] = 1+ [V(Gy,
b(G) =1 + b(G,)

If G2 also consists of a single edge, then r = 1 and the proposition
holds. Otherwise, r =1+ 1, <1 + [n;l] < [Izl]

Note that if G is a block, equality holds only if G contains all [g]
possible edges. And if G is not a block, equality can hold only if n = 3.
This is a genuine exception as a path on 3 points has type 1. g

The last result in this chapter was first proven by Hochster [Ho, p. 199],
using different methods.

ition 4.1 hster). r =1 if and only if G is a cycle or

consists of one or two edges.

Proof. the result is trivial if |E(G)| = 1, so assume |E(G)| > 1,
thus |V(G)| > 2. Any connected graph satisfies |E(G)| > |V(G)| - 1,
with equality precisely when G is a tree. Soif r =1, -1 + b(G) < 1,
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b(G) < 2. If b(G) =2, |E(G)] = |V(G)] -1, and G is a tree with
two blocks, i.e. G has two edges. If b(G) =1, then |E(G)| = |V(G)].
Removing one edge yields a tree, which must be a path, as b(G) = 1. So
G is a cycle. g

It should be noted that Hochster [Ho, p. 194] has given formulas for
the betti numbers for all Stanley-Reisner rings. The aim of this chapter has
been to show that in the case of graphs, the type (i.e., the last betti number)
is given by a simple formula which can be established using more elementary

methods than those used in [Ho].



CHAPTER 5
SIMPLY CONNECTED UNIONS OF LINES

Pencils of projective lines are the simplest non—trivial examples of
Cohen—Macaulay unions of lines [GW, 4.1].

In this chapter we review these examples and apply some results of
[GW], to extend them to a larger class of examples. We say that union V
of s lines is simply connected if it is connected and there is no sequence of
distinct lines in V, Ll""’Lt’ with t > 3, such that Li n Li+1 $ ¢,

L1 n Lt# ¢, and Li n Lj= ¢, for 1 < |i-j| <t -1. That is, a simply
connected union is one which contains no cycles. The goal of this chapter is
to characterize those simply connected V which are Cohen—-Macaulay, and to
obtain some results regarding the type.

If V consists of lines through a single projective point (i.e., V is a

pencil), then V is simply connected, and V is always Cohen—-Macaulay. A

proof of the first part of the following proposition was given in [GW].

8
Proposition 5.1. ([GW, 4.1]). Let V =uU L, be a union of lines
i=1

through a point v in P™. Then V is Cohen-Macaulay, and the type of

V is the same as the type of a union of points in pr 1

Proof. By a linear change of coordinates, we may assume v =
(1: 0:....:0). Then each line is determined by v and one other point v; =
(0: ay:..i8 ). As before, let 2 = J(L;). Then £ = (fippesfipq ) With
deg f.. = 1, fij € k[Xl,....,Xn], as no other linear polynomial vanishes at v.

30
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8
Let S = k[xo,....,xn], T = k[xl,....,xn] ?; =2nT, I= 2

8
I'=n 2 Asbefore, A =k[V], sothat A = S/L

i=1

Claim. A = T/I[x ).

Proof. Let »: T - S/I be the canonical map. Then ker v =
INT=0N2)nT=n2nT)=nR=1L So v. T/T+ S/l isa
monomorphism. For each i, fil"“’fin—l are linearly independent in S
over k, thus algebraically independent over k, and thus algebraically
independent in T over k. So ht ?i =n -1 for each i, and
dim T/T = 1. But dim S/l =2, and the canonical map T/I [x,] - S/I

is subjective, so x_ is transcendental over T/I, by consideration of

(0
dimensions, and so this map is also injective. This proves the claim.

Each 2 has height n -1 and is generated by linear forms, so it is
the ideal of a point in P". As v{ = (a,:.a ) € ¥ (), this implies
T/T = k[u vi] is the coordinate ring of a union of points, and thus contains

a regular element g. As x_ is regular by choice of coordinates, {xo, g}

()
is a regular sequence in A, so A is Cohen-Macaulay. By [HK, Satz

1.22], the type of A, is the same as the type of (A/(x)))_, where m
m

is the image of m in A/(xo). That is, the type is the same as that of
(T/T)_. »

m

In order to study simply connected unions of lines, we use the notion of

Cohen—-Macaulification of the graded ring A.

roposition 5.2. ([GW, 1.7]). Let C=uUM " c A, where M is

the homogeneous maximal ideal of A. Then C is a Cohen-Macaulay ring,
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finitely generated as an A-module, and C = M for n >> 0. Moreover,

every Cohen—-Macaulay ring containing A and finite over A contains C.

Remark. C is called the Cohen—Macaulification of A, as it is the
natural generalization to the graded ring A of the notion of
Cohen—Macaulification of a local ring, as introduced by Grothendreck.

Clearly A is Cohen—Macaulay if and only if A = C. The main goal
of this chapter is to determine when A = C in the case of a simply
connected V. We will use the following construction of C given by
Geramita and Weibel.

As before, we let the vertices of V be the points of the form
L n Lj# ¢, for i# j. Label these points P,,...,P,, and let 2 = J(P.)

t?
for i =1,.t. Let Jj =n{2|2 c .23}, so that S/Jj (where J J
S = k[XO, ..... ,X_]) is the coordinate ring of the lines of V which pass
through Pj‘ The set of ideals {Jj} n{2}u {Ij} is partially ordered by
inclusion and corresponds to a directed diagram T of the rings {S/Jj} u

{S/2} u {S/.fj} as in Figure 5.1.

S/3,  8/3 .
! /’1&1"22\‘ ‘/ t\
S/ %
mﬂz \/ by 2l / \f’s t /
s/Q, S/Q, ...  S/Q

Figure 5.1. The diagram T
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The maps of T' are defined as follows. For £ ¢ .Zj, @ is the

canonical map a; . S/.Ij + S/2, and ﬂji is the canonical map ﬂj %

51
S/ 2 - 'Zj
We will assume throughout the rest of the chapter that V is
connected, and consists of more than one line. Thus every line passes through
at least one vertex, and the initial rings of the diagram T will be the rings
S/J..
/ J
The pullback (or inverse limit) of the diagram I is the ring:

{(f}, f)EH S/3;1A(f;) = B(f)
j=1
whenever the maps A and B are defined and have the same image}.

Theorem 5.3. ([GW, 8.4]) The pullback ring of the diagram T is the

Cohen—Macaulification of A.

We first prove as a corollary a slightly stronger version of the theorem.

Proposition 5.4. Let I'’ be the directed diagram of the rings
{S/Jj} U {S/2} (ie, I’ is a subdiagram of T). Then the pullback ring

of T’ is the Cohen-Macaulfication of A.

Proof. Let C‘ be the pullback ring of I'’. Clearly Cc C’ as T’
a subdiagram of T with the same initial rings. So it suffices to shown
C’ cC.

Let (f},...1)) € C' ¢ IIS/J and suppose (f,,..f;) ¢ C. If j#Kk,
1<j<t

there is at most one i such that A C Qj n Qk’ 80 ﬂj,i % S/.Ij -

S/'ZJ is the only path in T from S/.lj to S/4. If j=k, and
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A C .9], then ﬂi,j o S/Jj - S/.2j is just the canonical map, and so does
not depend on i. So without ambiguity we can let % K S/Jj -+ S/4 be
the map defined by any path in T from S/Jj to S/4.

Because (Tl,...,ft) € C’, aj,i(fj) = ak,i(fk) whenever both maps are
defined. If (fl,...,l'r) ¢ C, then 7j,k(fj) # 7l,k(fl) for some j, k, . Let
Nk = ﬂi(l),kaj,i(l) and Nk = ﬂx(2),k°‘l,i(2) for some i(1), i(2). Then
Pi(l) C 4 and Pi(2) C 4. We can write Tk = ﬂi(l),kak,i(l) =
B ki) Then ) = By ko iyfi) and %) =
'an(l),kaj,i(l)(fj)' But ak,i(l)(fk) = aj,i(l)(fj) because (f,,...[) € C’. So
7k,k(rk) = 7j,k(fj)’ and 7k,k(rk) = 7l,k(fl)’ gimilarly. But then 7j,k(fj) =
7],1((?1), a contradiction. Therefore C’ ¢ C. g

Proposition 5.5. Let I? be the directed diagram contained in I/,
and consisting of {S/Jj} U {S/.?i’ILi contains at least two vertices}, where
A=J (Li)' Then T’ and T2 have the same pullback.

Proof. The initial rings of the two diagrams are the same. I‘2 is
obtained from I’ by eliminating only those terminal rings S/Pi which are

the image of precisely one initial ring. So the pullback is unchanged. g

Lemma 5.6. Let V be a simply connected union of lines. Then there
is a vertex P. such that among ng),...,ng), the lines through Pj’ there

is at most one L%J) which contains some other vertex of V.

Proof. Suppose V has no such vertex. Then V has more than one

vertex. Choose a sequence of distinct lines in V, Ll’""Lm such that

LN L # ¢ for i=l.m-1,and L0 Lg# @ if [i —j| >1, with m
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as large as possible. As V is simply connected, m > 3. Let Pi =

Li n Li +1 for 1 <i<m-1. Then Lm—l contains P and Pm—2’

m-1
and, by assumption, there is at least one other line L0 which contains

P and some other vertex. L0 = Li for i < m -1, otherwise V

m-1
would contain a loop. So wlog we may assume Lo # Lm' Thus there is a
vertex Pm # Pm—l on Lm, and Pm = Lm n Lm+1 for some Lm+1.
This contradicts the maximality of m. -

The following proposition characterizes those simply connected V which

are Cohen—Macaulay.

Proposition 5.7. Let V be a simply connected union of lines. Then
A = k[V] is Cohen-Macaulay if and only if the degree 1 graded part of A
is the pullback of the degree 1 graded parts of the rings of r2,

Proof. (G). Suppose A is Cohen—-Macaulay. Then A = C, which
is the pullback of I‘2, by propositions 5.4 and 5.5. In particular, A is a
pullback in degree 1.

(F). We induct on the number of vertices t. Suppose V contains t
vertices and A is a pullback in degree 1. If t = 1, then A is
Cohen—Macaulay, by prop. 5.1. Suppose t > 1 and the proposition is true
when V contains at most t — 1 vertices.

By lemma 5.6, choose P1 satisfying the condition of 5.6. Let L1 be
the unique line containing P, as well as some other vertex P2 (L1 exists
as t>1). Let A, be the directed diagram {S/Jj[ i#1} v {S/P|L,
contains at least two vertices}, Let A, be the directed diagram {S/J;} U
{S/P)}. Thus T? = A, U A,
Let 'V, be the union of those lines of V which contain at least one

vertex not equal to Pl’ and let V2 be the union of all lines of V which
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contain P,. As Kk[V,] is Cohen-Macaulay, k[V,] is the pullback of A,
We show next that k[V,] is the pullback of A,.

Let deg fi =1, i=2,..,4t, and suppose that (f ""’ft) € I; S/Ji
itl
is in the pullback of Al' As Vl n V2 congists of a single line

(f,

that A is a pullback in degree 1, there is some f € A1 such that f = f2

f,..f;) € TS/ isin the pullback of T So, by the assumption

mod Jl and f= fi mod Ji for i = 2,...,t. If we replace f by the image of
f in k[V,], then these congruences still hold. Thus k[V,], is the
pullback of the degree one parts of the diagram A;. As V, contains
t — 1 vertices, and is simply connected, it follows by inductive assumption
that k[V,] is Cohen-Macaulay, and thus that k[V,] is the pullback of
A
Let L1 = Vl n V2. In order to show that A is the pullback of the
diagram I‘2 = Al U A2, it now suffices to show that A is the pullback of

the diagram in Figure 5.2.
k[V,] k[Vy]
T T

K[L,]

Figure 5.2
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As A is the pullback in degree 1, and the maps xl and x are
subjective, we have:
(*) edim k[V] = edim k[V,] + edim k[V,] - edim k[L,]

Let m, = edim k[Vi], for i =1, 2. For any projective variety W,
edim k[W] = dim; Span (W), where Span (W) denotes the linear span in
AE’H of the cone of W (by [K, p. 165]). So it follows from (*) that
dim, Span (V) = dim; Span (V, U V,)

= dimy Span (V,) + dim; Span (V,) - dim(Span (V,) n Span (Vo))
= dimy Span (V) + dim; Span (V,) - dim (Span (Ly)-

Thus, dim Span ((Vl) N Span (V2)) = dimy_ Span (Ll)’ and so
Span (V) N Span (V,) = Span (L;).

It follows that we can change coordinates on V as follows. First, we
may assume by an initial change of coordinates that V is minimally
embedded; i.e. edim (V) = n + 1. [To do this, change coordinates so that
the affine subspace Span (V) consists of all points with non—zero coordinates
only in the first n + 1 coordinates. Then (if V C Prl?)

k[V]/(X »X ) ¥ k[V]] Next, change coordinates so that

n+17"
I (L)) = (XgprXp),

J(Span (V))) = (xml,...,xn )

J (Span (V2)) =(X2,..., xml—l)‘

Thus (V) 3 7 (Xpy X,y

)s J(V2) 2 (Xgseess xml—l)’ and then

k[L,] = kX, X,],
k[V,] = k[X,, Xl,....,xml_l],

K[Vo] = kX, X;, xml,...,xn].
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[Note that there are algebraic relations among the generators of the last two
rings.]

As J(V;) ¢ J(V), there are canonical surjective maps p;: k[V] -
k[V;]. Let (1, g) € k[Vl] x k[V,] be in the pullback of the diagram in

Figure 5.2. Choose F, G so that F € k[X,...X ;] ¢ k[V], G € k[X,
1

o

Xy Xml,...,Xn] € k[V], and such that p,(F) = f, p,(G) =g Let F =

Fl + Hl and G = G1 + H2, where H1 = F(xo, Xqs 0,...,0),
Hy, = G(xo, x5 0,...,0). Then =/ (p,(H,)) = x(f) = 2(g) = 2(p2(H2)).
As p; o m: k[V] + k[L,] is the identity when restricted to k[xo,xl], it
follows that H, = H,. Moreover, F, + H + G, € A = k[V], and
Po(F)) =0, py(G;) =0, so
(py(Fy + Hy + G)), po(F; + H; + G))) = (f, g)-

So A is the pullback of the diagram in figure 5.2., and therefore also the
pullback of T2 So A is Cohen-Macaulay. g

The preceding proof allows an alternative characterization of which
simply connected unions of lines are Cohen—Macaulay. For i = 1,...,t, let

vi= ¥ (J;). Thus vl consists of all lines through the vertex P..

Theorem 5.8. Let V be a simply connected union of lines. Then
edim k[V] < ¥ edim k[Vi] - 2(t-1), where t is the number of vertices of
V. Moreover, equality holds if and only if A = k[V] is Cohen—Macaulay.

Proof. Weinduct on t. For t =1, V = Vl, and there is nothing
to show. Let V have t > 1 vertices and assume the corollary is proven

when V has less than t vertices. Let Pl be as in the proof of prop.
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57. Let Vo=Vl and V, =U_ V, and L =V, nV, then, asin
the proof of 5.7, A is Cohen—Macaulay
FG A is the pullback of the diagram in Figure 5.2
We show first that the inequality holds. We always have
edim k[V] < edim k[Vl] + edim k[V2] - edim k[L,]
= edim k[V,] + edim k[Vy] - 2.
Then, by inductive assumption, there follows

edim k[V] ¢ T edim k[V}] - 2(t - 2)
i>1

+ edim k[V,] - 2.
As V2 = Vl, we conclude
edim k[V] < T edim k[V!] - 2(t - 1).
i>1

Suppose A is Cohen—Macaulay. By prop. 5.7, A1 is the pullback of
the degree 1 parts of the rings of r2. So by the proof of 5.7, la([Vl]1 is the
pullback of the degree 1 parts of the rings of Al, and thus is
Cohen-Macaulay, by 5.7. So, by inductive hypothesis,

edim k[V,] ¢ £ edim k[V'] - 2(t - 2)
i>1
But also,
edim k[V] = edim k[V,] + edim k[V,] — edim k[L
= edim k[Vl] + edim k[V2] -2
= T edim k[VY] + edim k[V!] - 2(t - 2) - 2
i>1 )
= ¥ edim k[V'] - 2(t - 1)
i21 .

For the converse, suppose that edim k[V] = ¥ edim k[V'] - 2(t - 1).

i>1

1

Then

edim k[V] = X edim k[V'] - 2(t - 2) + edim k[V'] - edim k[L;]
i>1
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Also

edim k[V] < edim k[V,] + edim k[V,] - edim Kk[L,].

If equality does not hold, then
edim k[Vl] + edim k[V2] - edim k[Ll]

> T edim k[V] - 2(t - 2) + edim k[V!] - edim k[L
i>1
= V!, this implies edim k[V,] > ¥ edim k[V'] - 2(t - 2)
i>1

1!

But, as V2

which is impossible. So
(1) edim k[V] = edim k[Vl] + edim k[V2] — edim k[Ll],
and also

(2) edim k[V,] = 2 edim k[V)] - 2(t - 2).
i>1

By inductive hypothesis, (2) implies that k[Vl] is Cohen—-Macaulay. In
particular, k[V,]; is a pullback of A, in degree 1. It then follows from
(1), that k[V], is a pullback of diagram 5.1 in degree 1, and thus a
pullback of r? in degree 1. So, by proposition 5.7, A is Cohen—Macaulay. g

Remark. These results are false if V is not simply connected. Let V
be a 2 x 2 configuration of lines on a nonsingular quadratic surface. Then
k[V] is Cohen—-Macaulay (theorem 1.4). Also edim k[V] = 4. However,

L edim k[V,] - 2(t -1) = 4(3) - 2(3) = 6 # 4.

We conclude the chapter by showing how to compute the
Cohen-Macaulay type of A m in the case where V is simply connected and
A is Cohen—Macaulay. As noted in Chapter 2, we can compute the type by
computing the graded analogue of the socle.

For each i = 1,..,t, let r; be the Cohen-Macaulay type of the ring
k[Vi], and r the Cohen-Macaulay type of k[V].
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Proposition 5.9. If V is simply connected and Cohen—Macaulay, then

Proof. We induct on T. For t = 1, there is nothing to show. As
in the proof of prop. 5.7, we reduce to consideration of the diagram in figure

5.2. By inductive assumption k[Vl] has type I r;, and it suffices to
2<i<t

show that the type of k[V] is the sum of the types of k[Vi], i =1, 2.
For ease of notation, let r, be the type of k[V;].

Assume coordinates have been changed as in the proof of prop. 5.7.
Choose a system of parameters {fl, f2} for A, with deg fi =1, i =1,
2. Let F, be the preimage of fi in k[Xo,....,Xn]. Then
VF, F;)) + 0P, =M and J(L)) 2nP; so {F, Fy) + J(L;) = M.
As (Fl’ F2) and J (Ll) are generated by degree 1 forms, (Fl’ F2) +

J(L;) is the ideal of a linear variety, and thus prime. So (F, Fp) +
J(L) = M; ie, (F, Fy) + (Xp X)) = M. So X =aF, +bF,-
Gy, X, = a,F; + byFy - G,, for some a, b, €k, G, € (Xgp- X))
Replace Fi by F; = a.iF‘1 + biF2, 8o as to assume wlog that

F1 = XO + Gl’ F2 = Xl + G2, with
G; € (Xg....X ) . [Note that {Fj, F5} is still a system of parameters
because

X, + G £ (X; + Gy)

3 b1
3 by
G Fy, Fy € (F}, F))
) V(Ila 12) + N ll = M]

g 0




42

Let gl,...,grl € k[V,] such that g, + E,...,grl + q is a basis for the

socle of k[V,]/q, and h,...h € k[Vy] such that h, + q...h +q isa
2

f2
basis for the socle of k[V2]/6. Suppose g = Fi(x,, x;) + Gj(x),-x),
where each monomial term of Gi contains one of Xgye-e X, @8 factor. then
replace g by g - F,(f}, f,) = g mod (f}, f2), so that we may assume
wlog that each monomial term of g contains one of Xy X, 83 @ factor.
Similarly, we may assume that each monomial term of each hi contains one
of xp,...,x,  as a factor. Then =,(g) = 12(hj) = 0 € k{L,] for all i, j,
so (g;, 0), (0, hj) € k[V] for all i, j.

Claim 1. (g;, 0) is in the socle of k[V]/q for each i.

Proof. It suffices to show that (xi, x;)(g;, 0) = (0, 0) = 0 € k[V]/q,
for k =0,.,n. Thus it suffices to show x, g = 0 in k[V,]/a. But this
true because g, is in the scole of k[V,]/q.

Claim 2. (0, hj) is in the socle of k[V]/q for each j.

Proof. Similar.

Clearly the elements {(g;, 0)} U {0, hj)} are linearly independent over
k. In order to show r =  + I it now suffices to show that this set
generates the socle of k[V]/q.

Let ky,...k € k[V] such that (kl, kl)”"’(kr’ kr) generate the socle
of k[V]/q. As in the previous argument, let k = Fi(x, %)) +
Gl(xo""’xn)’ where each monomial term of Gl contains one of XopeeeXy
as a factor. Then replace k; by k - Fl(fl, fy) = ky mod (f;, fy) so that
we may assume wlog that each monomial term of kl contains on of
XgyXp 88 & factor. As before, it follows that (kl’ 0), (0, kl) € k[V] for

each i.
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For each j = 1,...,n, (klxj, klxj) = (0, 0) = 0 € k[V]/q. Consequently,
kx; = 0 in k[V,]/a and in k[Vy]g. Thus k; is in the socles of both
K[V,]/q and K[V,)/q. Let

r
1
ky =i£1 a.g € k[V,]/q

r
2
k = j 21 bih; € K[V,)/q.
1 )
Then (k, k)= =% a(g, 00+ £ b0, h). So {(g 0)} U {(0, h)}
Pl = i j=1 j j i j
generates the socle of k[V]/q as claimed. =

Note that by proposition 5.1, the Cohen-Macaulay type for a union of
lines through a single vertex can be reduced to the computation of the type
for a union of points obtained by intersecting with a hyperplane.

Thus prop. 5.9 reduces the problem of computing the type of a simply
connected union of lines to computations of the types of unions of points.

As any union of points in P"! can be coned to a union of lines
through a single vertex in P%, prop. 5.9 is in some sense the strongest
result we can expect for an arbitrary simply connected Cohen—-Macaulay union
of lines.

Finally, note that prop. 5.9 is false if V is not simply connected.

Example 5.10. Let V consist of 3 lines in P2 with 3 vertices.
Then k[Vi] has type 1 for each i =1, 2, 3, as Vs a hypersurface.
But V is also a hypersurface, so k[V] has type 1 # 3.



CHAPTER 6
HILBERT FUNCTIONS
One necessary condition for A = k[V] to be Cohen-Macaulay is that
its Hilbert function be twice differentiable. In this chapter, this condition will
be discussed, and an example constructed which shows that the condition is
not sufficient.
dimkAi’ i
Let P,(i) be the Hilbert function of A, P,(i) = .
A A .
0, i<©0
Let a, = P,(i). Then the first sequence of differences is {bi}iel’ where
b, = a; - a,_,, and the second sequence of differences is {ci}iel’ where

¢ =Db -b_,. If ¢ 20 foralli, wesay that P, (i) is twice

differentiable.
As in Chapter 2, let Q A(z) denote the Poincaré series of A,

[ ) o
Q A(z) =L P A(i)z'. As noted in the proof of proposition 2.2, if A is
i=0

Cohen—Macaulay, then we can choose fl, f2 € Al such that the set of

images {fl, f2 } is a system of parameters for A, in which case
[+ ) -
_ i .
QA/flA(Z) = QA(Z) - QA(_I)(Z)- So iEO biz = QA/flA(Z). Similarly,

with q = (fl, f2), we have QA/q(z) = QA/flA(z) - Q(A/flA)(—l)(z)’ S0

ZOCZ —QA/()= E PA/ (1). Thus, for i > 0, ci=PA/q(i)20,

as Hilbert functions are nonnegative. As ¢, =0 for i<0, it follows that
¢, 20 foral i and P A(i) is twice differentiable. We conclude the

following:

Proposition 6.1. ([GMR]) Let A = k[V] be the coordinate ring of a
union V of projective lines in Pﬁ. If A is Cohen—Macaulay, then the

Hilbert function P, (i) is twice differentiable.

44
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Proposition 6.1 gives a useful criterion for showing that certain unions of

lines are not Cohen—Macaulay. Here is a simple application.

Example 6.2. Let L; = ¥ (Xp, X)), Ly =¥ (Xp X5), V=1L U

3 _ _
Ly C Py then V) = (Xp X)) N (Xp, X5) = (XgXg XoXg XXy,

X1X3). PA(i) is then easily computed,
1, i=0

Pal) = 23i+1), i< 0

Then bl = 3, b2 = 2, and Cy = -1, so V is not Cohen—Macaulay.

Unfortunately, the condition of proposition 6.1 is not sufficient.

6
Example 6.3. Let A = k[V], where V =U L, is the union of the
i=1
following six lines:

L, = MX, X3)

Ly = MX;, X3)

Ly = MX3 X - Xy)

L, = NXy X, + X,)

Ly = "Xp Xy)

Lg = (X}, Xg = X3)

Then A is not Cohen-Macaulay, but P A(i) is twice differentiable.

Proof. We show first that A is not Cohen—Macaulay. Figure 6.1

illustrates the intersection relations among the Li:
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Figure 6.1

Here P, = X, Xy X3), Py = Xy, Xy, X5), and Py = 71X, X,

X,).
4

Let Vi= U L,
i=1

V' is contained in a hyperplane H', where H' = ¥(Xj), H® = #X,)

Ve = L, UL and v = Ly U Ls. Then each

and H® = #(X). Soedim K[V =3 for i=1,2 3, and thus igl edim
K[V] - 23 - 1) = 5, while edim k[V] =4 <5 As V is simply
connected, V is not Cohen—Macaulay, by Theorem 5.8.

We now show that the Hilbert function is twice differentiable. We begin
by computing the Hilbert function for C, the Cohen—Macaulfication of A,
as this provides an upper bound for the Hilbert function of A.

By prop. 5.5., C is the pullback ring of the diagram in Figure 6.2

K[V k[V}] K[V3)
02’1\( ‘/0'1 ,1/ ;% %,2
k[L,] k[L,)

Figure 6.2
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Fix the degree = i for all the graded rings in the diagram of Figure

6.2. Let % be the map
2 k[VY), @ k1], @ K[V3), - K[L,), @ K[L,J,,

defined by

B 8 B) = (ay (D - 0y 1(@) agoh) = oy 5(8))- Let (L) e
k[L,]; ® k[L,];, and choose preimages f € k[V2]i and h € k[V3]i (using
the fact that % and ag o are surjective). Then #(f, 0, h) = (f, h),
0 7, is also surjective.

For each i, Ci = ker 7, S0

3 2
©) Fell) = jEl thﬂfn "2y P
TV = (X; Xp(X; - Xp) (X] + Xp), X). and K[V!] = k[X;, X, Xy,
X;)/ T (VD) 2 KXy X0 Xol/(X; Xo(X; = Xo) (X, + X)), which is the
coordinate ring of a hypersurface in P}2( of degree 4. So we have the
following exact sequence, where S = k[XO, Xl, X2],
0 - S(-4) = S » k[V}] = 0.

Pk[vll(i) = P() - Py_py(i). As Py(i) = [‘“2“2] and Py (i) =
[i-2-2], we conclude that
[‘;2], if 0<i<3
P ()=
k[V]] 4i -2, if i>4

Similarly, k[V2] is isomorphic to the coordinate ring of a hypersurface of

degree 2 in P2, s0 (i) = Py(i) = Py_g(0)

P1<[v2]
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[igz], if 0<ic<l

2 +1, if i>2

3

v (i) = (i)-

also consists of two lines in a plane, so P

k[V3] k[V2]

Finally Pk[Lk](i) =i+ 1, as L, is isomorphic to Pk'
It now follows from equation (*) that
P(0) = 3[3] — 2(1)
Pcl(l) = 3[3] 2(2) = 5,
C(z) (3] + 2 - 29) =
[] + 2(7) - 2(4) = 16

Po() = (4i - 2) + 202 + 1) - 2(i + 1)

1,

NUY BN

and, for i > 4,

= 6i - 2.
We have established:
Claim 1. PC(O) =1, Ps(1) =5, and PC(i) =6i —2, for i2> 2.
We next show:
Claim 2. C is generated by elements of degree 1.
Proof of Claim 2. Choose lines Li,....,Lé in Pﬁ as follows: For i =
1, 2,....5,
L{ = V(J(Li)k[xo,....,x4], X,)
Lg = "Xy Xy - X3, Xp = X,)
The same intersection relations hold among L; as hold among the L.. Let
4 9’

=U L’ \"
i=1

K[VI'] » k[V]] via the map induced by n(X) =X, for i=0,1,23,
and 7,(X,) = 0. k[V3I] v k[V3] under a different map. Note first that

1’ ’ ’ 3’ ’ ’
\% =L1UL5, and V =L2UL

6 Then, for i =1, 2,

)
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7(v¥) = (X, Xg Xp) 0 (X}, X = Xg, Xg = X)
= (X X4 = X3, Xg) 1 (X, X, = Xg, X = X3)
= (X, X, - Xg, Xg(X, - X3)).

J(V3) = (X}, Xg) 0 (X, X

= X (X, - X

-X

0 3)

3( 0 3)'

Let 790 k[X),.....X 4] + K[Xp,.....X3] e defined by  7y(X,) = X;, for

. 3’ 3

i=1,2,3, and 72()(4) = X3. Then 7r2(J(V )) = J(VY), and o
induces the desired isomorphism. Note finally that s induces isomorphisms
k[L;] v k[Li], fori =1, 2.

We have now constructed the following commutative diagram.

k[VZ'] kv k[V3']

Figure 6.3

Commutativity is easily checked, as most of the maps are projections.
As the maps induced by n and x, are isomorphisms, it follows easily
that k[V] and k[V’] have isomorphic Cohen—Maculifications. As edim
KVI'] = edim k[VY), for i=1,2 3 and edmk[V] =5 with V’
simply connected, it follows from Theorem 6.8 that k[V,] is
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Cohen-Macaulay. Thus k[V,]g C, and C is generated by elements of
degree 1, as claimed.

Claim 3. Py1y1(0) = 1, Pypy(1) = 4, Pypyy(2) = 10.

Proof of Claim 3. Only the last equality is non—trivial, and
Pk[V](2) < 10 is obvious. Suppose Pk[V](2) < 10. then V lies in a
hypersurface W of degree 2. Suppose W ) H. Then W n H! p) vl
which is a reducible curve of degree 4, contrary to Bézout's theorem. Thus
W Hl. As deg W = 2, we must have W = H! u H* for some
hyperplane  H®. But then H* 3 L, U Lg, which is impossible, as
Ly U Le = ¢. So there is no such W and Pk[v](2) = 10.

Claim 4. Pk[V](3) = Ps(3) - PJ(V)(3) =20 - PJ(V)(3)’ 80 it
suffices to show that PJ(V)(3) =4. Let fe J(V)3, and W = ).
As in the previous claim, it follows by Bézout's theorem that "W 2 H. So
W H! v W, for some hypersurface W, of degree 2. As before W,
L5 U L6" But L5 U L6' is a union of two skew lines in P3, and as such,
is isomorphic by a change of coordinates to the union of two skew lines given
in example 6.2. In that example, we found P,(2) = 6. Thus there are
10 — 6 = 4 linearly independent elements of degree 2 vanishing on two skew
lines. So there are only four linearly independent elements of degree 3
vanishing on V.

Therefore Pk[V](3) = 16.

Claim 5. k[V]i = Ci’ for i2> 2.

Proof of Claim 5. By claims 1, 3, and 4, Pk[V](i) = Pc(i) for i =
2,3 As k[V]cC, K[V =C; fori=2,3 If feC, for i24,
then, by claim 2, f =X 8 where each 8; is a product of degree 1
elements of C. Thus, each 8; is a product of elements of C, and C,.

As each of these factors is in k[V], so is 8 and therefore, f € k[V]..



1 if i=0

Claim 6. P, (i) = .
k[V] 6i-2, if i> 1

Proof of Claim 6. For i = 0 and 1, this follows by claim 3. For
i > 2, this follows by claims 1 and 5.

Now, letting a, = Pk[V](i), we have a first sequence of differences
{bi}";=1 with by =1, by =3, b, =6, for i>2 The second sequence
of differences is ¢ =1 Cy = 2, c3 = 3, ¢ = 0, for i >4. So
Pk[V](i) is twice differentiable. -

Example 6.3 allows us to answer a related question posed by Geramita,
Maroscia and Roberts, relating to differentiable &#-sequences. @#sequences can

be defined as follows [St, p. 60]. If h and i are positive integers, then h

can be written uniquely in the form

h = LY li-q (et i) where n, > n_ g >..>n > j > 1. Define

<i> n, 1 n_, +1 n. +1
h =i+ 1 + |; + j]+ 1| An @sequence is a sequence
<i>

{a,}5—, such that a =1 and a _, < aj for i> 1. It can be

o i+1 -
shown that the #sequences are precisely the sequences of values of Hilbert
functions of Standard G-algebras R with k = k[St, Theorem 2.2] Thus
Pk[v](i) defines an Adsequences. An ¢sequence is a 2—differentiable
/-sequence if its first and second sequences of differences are also #-sequence.

Geramita, Maroscia and Roberts have asked [GMR, remark 7.13]
whether a union of lines in Pﬁ whose Hilbert function is a 2-differentiable
O-sequence must be Cohen—Macaulay. It is easy to check that the first and
second sequences of differences in example 6.3 are A#-sequences, so the answer

is negative.



CHAPTER 7
EXISTENCE THEOREMS

In order to be Cohen—Macaulay, a union of lines must be connected, and
the Hilbert function of its coordinate ring must be a twice differentiable
#sequence. These global necessary conditions suggest that "most" unions of
lines are not Cohen—-Macaulay.

In this chapter we will show that any union of lines V is contained in
a union of lines W which is Cohen-Macaulay. That is, it is always possible
to add lines to V so as to make some larger union W Cohen-Macaulay.
This suggests: (1) that the class of Cohen—-Macaulay unions of lines may
contain much more than just the classes of examples discussed in previous
chapters, and (2), that there may be no simple local necessary condition (i.e.,
condition on the vertices) for a union of lines to be Cohen-Macaulay. The
second observation, if true, would contrast the Cohen—Macaulay property
sharply with seminormality, as a union of lines cannot be seminormal if the
lines through each vertex are not linearly independent (by [DR, 2, 3.5)).

The results in this chapter hold not only for unions of lines, but also for
all unions of linear varieties of unmixed projdim > 1, so we will prove the
results in this form.

We will need the following proposition about minimal generating sets of

ideals of definition of certain unions of points in PII:.

ition 7.1. Let fl"“’fs € k[Xo,...,Xn] be polynomials of degree 1,
with 8 > n, with the following property. For every choice of 1 ip < .-

Cf e f

<s
1" T4

< in 41§ are linearly independent over k. For each such

52
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choice of il""’in+1 define
_ I .
P T J N Y
Then
@ V=¥ n  fi,..f)< Pﬁ is a set of [181] points.
1511<....<ln$s 1 n

(b) V is not contained in any hypersurface of degree < s — n + 1.
(c) The g ... are linearly independent over k. (d) If
1 n-1
I = ({gil""’i }), then I = J(v).
n

Proof. (a) it follows immediately from the linear independence

condition that each of the [g] ideals (fi enef ) is the ideal of a point in
1 n

Pﬁ and that any two of these ideals are distinct.
(b) Let H = ¥ (h) with deg h < s - n, and suppose H D V.

Then, for any choice of 1 < i1 < .<i s, H contains each of the

n-1 <

8 —n + 1 points V(fil,....fin_l, fj), where j ¢ {il,...,in_l}, so by

Bézout's theorem, H contains the line ¥ (fi ,....,fi ). So
1 n-1

h € n (fi ,...,t'i ). Repeat the argument. For any choice of
I <<ip 481 n-1

1< i1<... < in_2 <s, H contains each of the s — n + 2 lines
1’(1'i yeesfs  f) for j g {il,..,i 9 }. So by Bézout's theorem, H
1 'n-2 D=
contains the plane 7’(1’i ,....,fi ), and h € n (t'i ,...,fi ).
1 n-2 1$i1<....<i s 1
n-1
8
In a finite number of steps we find that n (f) = fl....fs). So f..fh,
i=1

contrary to deg h < s — n. Therefore V ¢ H.
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(c) Suppose o R
1$11<....<1n_1<s 1

n-1 1 i

€ k. Suppose one of these coefficients is nonzero, w log
n-1
al’.o-,n_l llllll

which is distinct from the points V(fl,....,fn_l, fj), j = n,..., 8. Then

does not vanish at (b _:...:b_), but all the other g.,..., do,
0 n R S

in the equation above, we find Bipepy = 0, a

- SR
1 1

so if we put Xi = bi

contradiction. So there is no nontrivial linear relation among the & oy -
1 n-1

(d) Let S =k[Xp...X] and a=S/J(V). By (b), J(V)US,

Il

(0) fori =0,..,s —n, so for these i, the Hilbert function has value

P A(i) = [i;n]. P A(i) is the Hilbert function of a reduced variety, so it is

differentiable, and thus nondecreasing. And V consists of [3] points in

PE, so the Hilbert polynomial is Pj(i) = [f;] This forces P,(i) = [3],

. . . _ _[s
for all i > s — n. In particular, if d,=s8-n+1, then PA(dO) = [n]
do+n ] [S

so dimy (J(v) n Sdo) = [ n n]. As d, is the least degree of

d0+n

n

a polynomial vanishing on V, and also the least integer such that [ >
[g], it follows that the points of V are in generic [3] - position [GO1,
prop. 3]. Moreover, J(V) n Sqg= InSy, as Ic J(V) and
0 0

d +n
. . S _ [s+1 s| _ | o _[s] -
amytns,) v 0, (1) = 7)< [ = [97] - () -
dimk(J(V) n Sdo).

It now follows by [GO2, prop. 4]. that J (V) = L -
We now construct Cohen—-Macaulay unions of linear varieties which are

higher dimensional analogues of the unions of points in prop. 7.1.
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Prop. 7.2. Let fl,....,fs € k[Xo,...,Xn] be homogeneous of degree 1.

Let t <s,2<t<n and suppose that for every choice of 1 < ijp < -0 <

i <s, f,.f are linearly independent over k. For each choice of
t+1 I 41
1 <i;< «o0 < <s,, define g. ,.., = I f. . Then:
=1 t+1 = °» PR s . j
11 (i, i)
(a) V=¥ n (f; ,-f; ) C PR s a union of [f]
15i1<...<itgs 1 t

distinct linear varieties of dimension n — t.

(b) The B »eesi are linearly independent over k.
1 t-1

() if T=({g g }) then I= J(V). (d) If A =KkV],
1 t-1

then A is Cohen—-Macaulay.

Proof. (a). The proof is the same as the proof of prop. 7.1. (a).
(b): The proof is similar to the proof of prop. 7.1
(c): If (bo:...:bn) is a point of P(fl,...,ft_l) which is not contained

in any of the proper subvarieties Kfl”"’ft—l’fj)’ j = t,...,8, then

B1yeees does not vanish at this point, but all the other g. ,...,. do.
1t-1 R Y

The rest of the argument is the same. (c) and (d). We proceed by induction
on dim V=n-t. For n=t, (c)is just 7.1 (d), and (d) is also true
as unions of points are always cohen-Macaulay. So suppose (c) and (d) are
true if dim V < d and suppose dim V = d.

As t <n, each (f,.f. )cM, where M is the homogeneous
D BT S B

maximal ideal of S. So, by a vector space argument applied to Sl’ we can

choose an x € M - U (f f. ) of degree 1. By
1

. . i ,a-., l
1S11<...<lt+1SS 1 t+
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changing coordinates we can assume wlog that x = X = and define f; =
fi (XO,...,X 0) € S{ = k[XO,...,Xn] . Also, define

ey = i f:.
Bipiy (i iy}

n-1°

Note that for any choice of 1 < i1<...<i <s, if we we had a

t+1
t+1 t+1
nontrivial relation X cf! = 0, c. € k, then either ¥ cf. =0 or
=1 ) =1 1
X, € (f ,...f; ), both being contradictions. So ff ,...ff are linearly
1 t+1 1 t+1

independent over k. Finally, let V' ¢ PP}, where V' =

Y ( n (fi’ ,...,f; )), and A’ = k[V’].
15i1<...<itgs 1 t

If we identify S/(X ) ¥ S’, then (X)) + /(X)) = (X)) +

A X)=(X)+ ({gf yrns X )~ ({gf ,ep =
(g s, DIKG) = (%) + (8] ooy DIKG) 2 (] ooy D)
J(V’), by the inductive assumption, a3 n -1 -t =d - 1 = dim (V’).
As the preimage in S is (X ) + I, this must also be a radical ideal, so
(X,) + I =(X) + +I. But

16;<. . .<iyss 1 t - F

so yI = J(V), and (Xy) + I =(X,) + J(V). By choice of coordinates,

X, # u (£ sy )
lSi1<...<itSS 1 t
so X = is regular in A. Suppose h € J(V) and degh <s-t+ 1 If 3

h = Xr:h’, then the image in A is h = X':E’ =0, so h/ =0, ie,,
h’ € J(V). So we can replace h by h’ and assume wlog that X, th
but then 0 # h(X ,....X ., 0) € J(V) = ({g/ ,..., }), whichis a

o n-1 1770

contradiction, as deg g ,..,;, =38 -t + 1. Thus J(V) contains no
1 t-1

elements of degree < s —t + 1.
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As X = is regular in S/J(V), it follows by [G, lemma 1.1] that
nI (V) = U(Xp, J(V/(XY)- As (X, J(V)/(X) = (X, D/(X}) ©
J(V’), we have A{J(V)) = LI (V') = [g_l], by (b) and the inductive
assumption on J(V’). Then by (b), we have J(V) = ({g; ,...; }). So

1 t—1

the induction step holds for (c).

Also, A/(X,) ¥ (S/D/((1, X )/I) = S/(I, X ) % /7 (V') = K[V'],
and X is regular in A. So by the inductive assumption and (d), k[V’] =
A/(xn) is Cohen-Macaulay, and it follows that A is Cohen—-Macaulay. So

the inductive step holds for (d).

Proposition 7.3. Let V be as in prop. 7.2. Then the Cohen-Macaulay

: s-1
type of V s [t—l]‘

Proof. As in the previous proof, we induct on dim V = n — t. For

n =t V consists of [:] points in generic position in Pﬁ. by [GO2,

)

Suppose the proposition is true for dim V < d and that dim -

prop. 16], the Cohen-Macaulay type is [g:{] =

V = d. By the proof of the inductive step in prop. 7.2 (c) and (d), there is

TR

a regular element x in A (corresponding to x, under change of

coordinates), such that A/(x) ¥ k[V’]. Then k[V] and k[V’] have the

same Cohen-Macaulay type, which is, by inductive assumption, [::ﬂ -

We come now to the main result of the chapter.

S
Proposition 7.4. Let V =U V; C Py be a union of linear varieties
i=1

Vi, each of dimension n -t >0, with t>1. Then VC W Pn,
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where W is a union of linear varieties of dimension n -t and k[W] is

Cohen—Macaulay.

Proof. if t =1, then V is a hypersurface, thus Gorenstein, so we
can le¢ W=V. If n-t =0, then V is a union of points. Again, we
let¢ W = V. So assume that 2 <t < n -1.

We use the fact that any vector space over an infinite field is not the
union of a finite number of proper subspaces. Let £ = J(V,) and

Wi = ‘9i n Sl’ for i = 1,...,s. Choose fl"“’fst as follows. Each

8
W1 n Wj ¢ Wl, if j#1, so choose f1 € W1 - u Wj. Suppose we have
=2
chosen fl,...,fm so that: (1) If t(i-1) < j < ti, then fj €W, - kgi W,

and (2) I 1<ip <. <j, then fi ¢ (f ,...f,). Let t(i-1) <
R

1

m+ 1<ti. If ISiIS...<i

<ip <m and Wi C (fil,...,fit), then

Wi C (fi yeeoofs ) N Sl’ by dimensions. But then i1 <ti -t = t(i-1), so
-hh

for some j<i, f; € Wj - W,, by inductive assumption (1), contrary to
1

fil € W,. Thus W, n (fil,...,fit) is a proper subspace of W.. So we can “
choose some element :

fm+1 ¢V [(J'liiwj) ’ (ISiIS.L.J.Sit<m (fil’m’fit))], E
and then properties (1) and (2) hold for L SE 41+ So we can choose :

fl’"‘"fst also that properties (1) and (2) hold. It follows immediately from

property (2) that any t + 1 of the f, are linearly independent. If
8 =1, then W =V is already Cohen—-Macaulay, so there is nothing to

prove. So assume 8 > 1. Let W = ¥ ( n (£ ,..f; ). By
1$i1<...<it$s 1 t
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st
t

and k[W] is Cohen-Macaulay. As

prop. 7.2., Wis a union of [ ] linear varieties of dimension n-t in Pr}:,

ft(i+1)+1 ,...,fti € Wi are linearly

f

(ft(l+1)+l gooey tl’) and so V C W. =

independent, ‘9i =

We close with a simple example to illustrate the construction involved in

obtaining W from V.

Example 7.5. Recall example 6.2, L, = }’(XO, Xl), Ly = 7(X2, X3).
Letting f. = X, ; for i =1,..,4, we satisfy conditions (1) and (2) in the

proof of prop. 7.4 (here s =t =2). Then W = ¥ (n (Xi » X )
2

0<i;<in<3 1
consists of [3] = 6 lines in Pﬁ. By prop. 7.3, k[W] has type
23] - »

In general, the number of linear varieties in W is much larger than
the number of linear varieties in V, and may be larger than the smallest
number required to obtain a Cohen—Macaulay variety containing V. In the
example above, we can add the line L3 = Y(Xl, X2), to L1 UL, to

obtain a simply connected Cohen—Macaulay union of lines of type 2. There

T _I

does not appear to be any general procedure for finding the minimum number

of new lines required.

FIaon e sem i




[B]

[BB]
[CL]

[DR]

[G]

[GMR]

[GO1]

(GO2]

[GW]

[H]
[H1]

[HK]

[HO]

BIBLIOGRAPHY

William C. Brown, "A Note on the Cohen—-Macaulay Type of Lines in

Uniform Position in An+1," Proceedings of the American
Mathematical Society, v. 87, no. 4, 591-595 (April 1983).

Marjory Baruch and William C. Brown, "A Matrix Computation for
the Cohen—-Macaulay Type of s-Lines in Algebra 85, 1-13 (1985).

Gary Chartrand and Linda Lesniak, Graphs and Digraphs, second
edition, Wadsworth, 1986.

Barry H. Dayton and Leslie G. Roberts, "Seminormality of Unions of
Planes," Lecture Notes in Mathematics, Vol. 854, 93-126,
Springer-Verlag.

Anthony V. Geramita, "Remarks on the Number of Generators of

some Homogeneous Ideals," Bull. Sc. Math., i Série, 107, 1983, p.
193-207.

A. V. Geramita, P. Maroscia, L. Roberts, "The Hilbert Function of a

Reduced K-Algebra, "The Curves Seminar at Queen's, Volume II,
Queen's Papers in Pure and Applied Mathematics, no. 61, Queen's

University, 1982.

A. V. Geramita and F. Orecchia, "On the Cohen—-Macaulay Type of
s-Lines in A"*1" Journal of Algebra 70, 116-140 (1981).

A. V. Geramita and F. Orecchia, "Minimally Generating Ideals

?efmi)ng Certain Tangent Cones," Journal ot Algebra 78, 36-57
1982).

A. V. Geramita and C. A. Weibel, "On the Cohen—Maca.ulay and
Buchsbaum Property for Unions of Planes in Affine Space, "Journal of 3
Algebra 92, 413-445. ;

Robin Hartshorne, Algebraic Geometry, corrected third printing, k
Springer-Verlag, 1983.

Robin Harshorne, "Complete Intersections and Connectedness," Amer. -
J. Math. 84 (1962), pp. 497-508.

Jurgen Herzog and Ernest Kunz, Der kanonische Modul eines
Cohen—Macaulay-Rings, Lecture Notes in Mathematics no. 238,
Springer—Verlag, 1971.

Melvin Hochester, "Cohen—Macaulay Rings, Combinatorics, and

simplicial complexes," re Notes in Pure and A
Mathematics," No. 26, pp. 171-221, Dekker, 1977.

60



(K]
[M]
[Re]
[S]
[St]

(28]

61

Ernest Kunz, Introduction to Commutative Algebra and Algebraic

Geometry, translated by Michael Ackerman, Birkauser, 1985.

David Mumford, Algebraic Geometry I Complex Projective Varieties,
corrected second printing, Springer—Verlag, 1976.

Gerald Allen Reisner, "Cohen-Macaulay Quotients of Polynomial
Rings," Advances in Mathematics 21, 3049 (1976).

Richard G. Swan, "On Seminorality," Journal of Algebra 67, 210-229
(1980).

Richard P. Stanley, "Hilbert Functions of Graded Algebras," Advances
in Mathematics 28, 57-83 (1978).

Oscar Zariski and Pierre Samuel, Commutative Algebra, volumes I
and II, second printing, Springer-Verlag, 1979.




