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ABSTRACT

FIVE-FOLD d-ELECTRON DEGENERACY IN THE

HUBBARD MODEL OF TRANSITION METAL MAGNETISM

By

Edward J. Siegel

The purpose of this inquiry is to elucidate the basic mechanisms
and criteria for the formation of long range order magnetic
phases in the Hubbard Model of transition metals. We include
intrasite d-d electron interactions exactly, rather than in a
simplified picture used by Penn (Phys. Rev., Vol. 142, Number 2,
February, 1966). In this work Penn utilized s-band electrons
in the tight binding approximation and solved the Heisenberg
equation of motion for the energy of the system as a function
of the direct coulomb coupling constant divided by the band
energy. He plotted the total energy at T = 0 as a function of
this ratio, and of the ratio of number of electrons to the
total number of states in the system (the filling of the band).
The result was a phase diagram for the various magnetic states,

ferromagnetism, antiferromagnetism, and paramagnetism, in which



Edward J. Siegel

stability regions were chosen on the basis of minimization of

the total energy as a function of the two parameters mentioned.

We have repeated Penn's calculation, but with inclusion of the
full five-fold degeneracy of the d-band that exists in real
transition metals. This treatment leads to a similar phase
diagram, but with a third axis, that of exchange coupling
constant divided by band energy. The reason for this is that

in a s-band calculation, only an up spin and a down spin elec-
tron may interact in each Wigner-Seitz cell due to the Pauli
principle. With five-fold degenerate d-electrons, there is an
exchange energy contribution to the total energy. We also try
to extend this calculation to non-zero temperatures and compare
the evolution of our phase diagram as T varies with the 3d, 44,
and 54 transition metal Curie and Neel points. Lastly, a com-
parison with a t-matrix calculation by Kemeny and Caron will be
attempted, in which we hope to show whether doing a many-body
calculation on s-electrons or a one-body Hartree Fock calcula-
tion of five-fold degenerate d-electrons gives a more realistic
fit to the real transition metals, both of these calculations
being done in the Hubbard Model. This should allow a conclusion
as to how one should proceed to improve the Hubbard Model, with-

out including s-d electron interactions and s-d and d-d screening.
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INTRODUCTION

In this thesis, we shall investigate the relative stability of
ferromagnetic, antiferromagnetic, and paramagnetic phases of a
Hubbard Model of the transition metals by numerically calculating
the free energies of these three phases. We take into account
the full five fold degeneracy of the d electrons which con-
tribute to condensed magnetic phases in the transition metals,
thus including d-d exchange energy, and base our calculation
technique upon the general formulation ofl, and the explicit s
electron Hubbard Model calculation ofz. We do not take into
account static nor dynamic d-d interactions nor s-d interactions
explicitly, nor local correlations within any one Wigner-Seitz
cell, although the minimization of local polarity energy would
tend to produce a fairly uniform d electron or d hole density.
Thus, we suppress polarity fluctuations, which would reduce the
energy. Following Penn, we plot a phase diagram for a few values
of temperature of direct Coulomb coupling constant, exchange
Coulomb coupling constant and band filling. Emphasis throughout
is on the Bloch (k) space interpretation of condensed magnetic
phase correlations between electrons as opposed to the Wannier

(configuration) space interpretation of Hubbard.



The theory of the magnetic properties of transition metals has
been divided up into two parts, the ferromagnetic-paramagnetic
stability question and the paramagnetic-antiferromagnetic sta-
bility question. The ferromagnetic-antiferromagnetic transition
is thus considered indirectly, through the intermediary of the

paramagnetic state.

In the ferromagnetic-paramagnetic question, two schools of
thought have arisen; the localized spin Heisenberg model3 and
the model of itinerant band theory of ferromagnetism4. For
transition metals, experiments have shown that the d electron
bands contribute to the possibility of large magnetic moments,
and these d electrons are indeed in itinerant energy bands, and
not localized5'6'7'8. On the theoretical sideg'lo, a detailed
itinerant band model has been developed in which a partially
filled narrow d band is used as a basis for calculating and
correlating electronic specific heats, Curie temperatures,
magnetic moments, etc. of ferromagnetic and nonferromagnetic

transition elements and alloysll

, by a more exact calculaticn
than the Hartree-Fock technique of the itinerant 4 electron

advocates, who argue that the "free" electron gas could not be
ferromagnetic at any density. He was not concerned with Bloch
electrons in a periodic potential so that there was some doubt

of the applicability of his "free electron gas correlation

energy" correction to real transition metals. An alternative



model for ferromagnetism utilizing polarity buildup on lattice

sites was latter proposed12'13. A compromise theory involving

competition between bands with itinerancy energy and quasi-

localized polarity energy was arrived atl4. In a coupled model
for nickel, the d electrons were envisioned as distributed among
atoms in states closely resembling d10 and d9 states of the free

nickel atom.

The holes (d9 configuration) migrate through the lattice, avoiding
one another owing to their electrostatic repulsion, producing
minimum polarity contributions at each lattice site, lowering the
energy of the systemls. A major question in all of these
theories was the effect of 4 band degeneracy certainly present

in transition metals. This exchange contribution to the energy
would be negative, enhancing the net magnetic susceptibility,

and would even be present in an s bandl6. Whether this degener-
acy, or Hund's rule of intra-atomic coupling, as for example
between more than one 3d hole per atom in iron cobalt and nickel,
dominated the enhancement of magnetic susceptibility at tempera-

tures less than the Curie temperature was open to questionl7.

One necessity in answering these questions is a knowledge of the

band structure of transition metals which has been reviewedls'19

20'21'22. In addition to Hund's rule, coupling versus exchange

(d electron degeneracy) as a criterion, the possibilities of s-d



and d-d screening to minimize polarity energy have to be con-

sidered23'24. In addition to these realistic considerations, a

purely statistical mechanical model school, considering magnetic

phase transitions as a symmetry breaking operation, just as

other types of phase transitions, has been activezs. Clearly,

all of these approaches may be partially valid and one must

pursue one or the other.

26

A fairly modern, semi-experimental review is available as is an

older one27. Herring28 has reviewed the many and varied theories.

The extent of polar fluctuations in d band metals has been

29 30,31,32

summarized®”, with the s-d question being considered

The correlation idea has been taken up by a large number of

authors33'34'35'36.

The antiferromagnetic-paramagnetic question seems to be quite a
bit harder to handle because there arises in the electron dis-
persion relation a self consistent energy gap which must be

calculated iteratively. The approach by way of spiral spin

37 38,39

density”  has been thoroughly summarized . The basic idea

that an exchange induced splitting of the energy band resulting

in a self-consistent gap resembling the superconductivity B.C.S.

40 1

gap equation ™, has been derived4 based on the earlier ideas

of Slater42. For the half-filled d band, this would produce an

antiferromagnetic insulator since the Fermi energy would coincide



with the middle of the gap in the split d energy band43. This

split 4 band model of antiferromagnetism is reviewed by Herring

in great detail44. Herring points out that the usefulness of

45 and

the Slater Hartree-Fock picture as developed by Slater
des cloizeaux46 is tempered with the need for inclusion of a

good deal of configuration interaction and polarity energy,

which must be considered separately for different metals as their
filling of the d band at a given temperature is different since
their valences and ionic structures vary. Clearly, a general
theory of antiferromagnetism must cut across the different atomic
parameters of the various transition metals, lest we wind up with
a completely separate theory for each metal. Des Cloizeaux
showed that one could write Bloch functions as linear combina-
tions of a ko, and a k+Q, o state, and that such linear combina-
tion wave functions determined a gap A, the exchange field
parameter, independent of k. It is unclear what "exchange"

means in this context since explicit five-fold d electron subband
degeneracy was never included. His work is in agreement with

47 48

that of Matsubara and Yokota and of Kemeny and Caron in

regard to the description of the antiferromagnetic state.

The inclusion of exchange among electrons in narrow d bands is

described49

for Bloch electrons in a periodic potential in which
semi-quantitative comparisons between the various transition

metals are made for the negative exchange energy contribution.



The Hubbard Modelso'51

was proposed to satisfy the need for a
simple, itinerant band theory of magnetism and magnetic phase
transitions at zero temperature. Hubbard worked in configuration
space and developed the configuration space Green's function for
the one electron density matrix, and hence, the expectation values
of all one-electron operators, the relevant quantities in his
mddel. He did this only because he used the Gorkov factoriza-

tion technique52

to renormalize the constants in the potential
energy part of the system Hamiltonian and express its two-body
interaction, four operator product as an equivalent kinetic
energy two operator product, making it identical in operator form
to the kinetic band term in his Hamiltonian. He found that the
poles of the Green's function play the role of quasi-particle
energies, and that the Fermi surface volume was altered. Since
the electron-electron interaction strength had been proven to be
unchanged by electron interactions to all orders of perturbation
theory53, this lead Hubbard to conclude that as it was increased,
the electrons could undergo a phase change leading to a super-
lattice antiferromagnetic order or ferromagnetic order54.
Herring pointed out that Hubbard's conclusion destroys the
implicit assumptions of his model, that of equal electron and
spin densities on each lattice site, since an antiferromagnetic
or ferromagnetic does not possess this property. Nevertheless,

the Hubbard model is one of the best general methods of attacking

the magnetic phase transition problem, and yields to an analysis



that could never be applied to the real transition metals with
any hope of success. A shift of thinking of major importance
occurred between Hubbard's work and that of des Cloizeaux,
Matsubara, Yokota, Caron, Kemeny. Hubbard worked out his
correlations completely in configuration space with Wannier
functions for the electrons at each lattice site so that his
Green's functions were configuration space expectation values.
The latter authors all paired k states and completely worked

in a Bloch space with Bloch functions for each electron state k.
They thus made the description of the antiferromagnetic state

quite transparent and easy to deal with.

The treatment of the antiferromagnetic-paramagnetic question and
the ferromagnetic-paramagnetic question, and thus indirectly,

the ferromagnetic-antiferromagnetic question, was carried out
simultaneously by Pennss. His work will be described extensively
in the next chapter, but it is briefly summarized here to fit it
into its historical perspective. Like des Cloizeaux, Matsubara,
Yokoto, Caron, and Kemeny, he used a Bloch space description
pairing states ko with k + Q, ¢ in a simple cubic lattice

(Q = 1/2G = 1/27) for the antiferromagnetic state. His basic
Hamiltonian was that of Hubbard which he then Gorkov factorized
to get an equivalent one-body form. This is thus a "Hartree-
Fock" theory. Penn used correlation functions instead of Green's

functions and calculated, for zero temperature, which magnetic

phases would exist for various values of the interaction energy-band



energy ratio and filling of the d band. This was done for the
simple magnetic phases by direct energy comparison in the para-
meter space of the phase diagram and by a susceptibility argu-

ment56

for the more complicated ferrimagnetic and spiral spin
density wave states. He arrived at a phase diagram for the

three simple phases that illustrates a dominance of paramagnetism
for an almost empty and an almost full 4 band. A dominance of
antiferromagnetism for the half-filled band which disappears as
the electron-electron interaction strength goes to zero, and
disappears as the electron-electron interaction strength goes to
infinity. The ferromagnetic state, which is sandwiched inbetween

the paramagnetic and antiferromagnetic states, grows toward the

half-filled band region57.

A particularly illuminating general treatment of the theory of
fermion phase transitions from a very general and unified point

of view is the work of Mattuck and Johanssonse. They use the

spin correlation function S'(r-r') = <S(x).S(x')> to describe

the correlation functions in configuration space of spins at

sites r and r' in a lattice. For the short range ordered para-
magnetic state, they require S'(|£ﬁ£'|>0) Z 0 and l%m S'(|£—£'|)=O
and for the long range ordered ferromagnetic sté§;£t ;; require

Tim T'([gfg'l) # 0. Their spin correlation functions in con-
r-r' |-o

figuration space are equivalent to our Bloch space correlation



functions, to be introduced in the next chapter, by a simple
Fourier transformation. An alternative way of viewing magnetic
phases is by broken symmetrysaﬁo. For the paramagnetic-ferro-
magnetic phase transition, the broken symmetry is "rotation"
and the long range order parameter is "magnetization", as we
shall see in the next chapter describing Penn's definitions

of magnetizations for the various magnetic states. For the
paramagnetic-antiferromagnetic phase transition, the broken
symmetries are "rotation" and "translation" and the long range

order parameter is "S . the amplitude of the Qth Fourier com-

Q
ponent of spin density." This concept is also used by Penn
and will be delved into in greater length in the next chapter,
since §Q corresponds to the exact Fourier transformation to
Bloch space we had mentioned before, being equivalent to our
(§£+Q+§K+Q) type of terms we shall use throughout this work.
When a source field is allowed to exist (a very weak magnetic
field which breaks the 2 fold rotational degeneracy (symmetry)
of a randomly initiated ferromagnetic state in the atomic
limit), we may describe the long range order of the magnetic
state in a simpler way than by the spin correlation function
description. Mattuck and Johanssen define the average value

of spin density itself <S> and write the relative magnetiza-

tion (ratio of actual magnetization and magnetization) as (1.1)
2
N
long range order parameter and is finite in the ferromag-

M = T <8>, N being the electron number. M is called the

netic state. A broken symmetry is needed to use M instead

of S' since if all directions of total spin were equally likely,
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the above <S> = 0, so that M would be zero even in the ferro-
magnetic phase. The spin correlation function S' is always
nonzero in a ferromagnet since S(x)-S(x') is a scalar, and hence
independent of total spin. Thus the spin correlation function
is more generally utilized, but harder to apply. Actually one
may calculate M from (1.2) M = 3ig=§ <Yov$§lYov> where Yov is
the ground state for a given v where the external source field
is yH. This is the quasi-average method of Bogoliubov. For

the general spiral spin density wave antiferromagnetic state
(1.3) s = <‘i’o(§)'i\§op| Y (8)> = )f‘ggat,j'g'£ wherelgI is one of the
reciprocal lattice vectors of the spiral: 2n/R, 47/R . . .,

and can include all harmonics of Q (whereas Overhauser's work61
included only perfect spirals, with |Q| = 2n/R), and s is the
direction of the spiral axis. The particular Q dealt with in
this thesis is Q = g = %, one half of each component of the

reciprocal lattice vector, which is explicitly defined only

when we consider a specific lattice structure (simple cubic).

Mattuck and Johannson further discuss the general difference
between a first order and a second order phase transition. 1In
the second order phase transition the long range order parameter
‘changes continuously from a nonmagnetic to a magnetic state (as
in the paramagnetic-ferromagnetic phase transition) while in

the first order phase transition, the long range order parameter

changes discontinuously at the transition point. They emphasize
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a very important result of Uhlenbeck, namely that in a finite
system all dynamic variables (such as the long range order para-
meter) change continuously as a function of temperature,
density, and interaction strength so that discontinuous changes
of dynamic variables imply that only an infinitely large system

can undergo a first order phase transition.

A contact is made with Heisenberg's effective internal field
concept in the following way: A long range effective internal
field is defined

(L.4) F = FSTATIC + FDYNAMIC

where the static field is due to all the other particles of the
system considered as stationary, and the dynamic field is due

to the motion of the other particles of the system which correl-
lates with the motion of the particular particle being considered.
The long range order parameter is related to the internal field

by a self-consistent equation:
(1.5) 6 = 68(F(8))

where 6 is the long range order parameter and F is the internal
self-consistent field. They further show that the condensed
phases in a Fermi system may be described field theoretically
by a matrix propagator whose off diagonal elements are directly
related to the long range order parameter (our spin correlation

function in Bloch space). Equation (1.5) indicates that the
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rest of the system produces an internal field which extends
throughout the system and "produces" [or is "produced by",
depending upon how one reads equation (1.5)] the condensed

phase. It is of only limited range and "produces" (or is
"produced by") the local, short range order. The field in

a magnetic phase problem is called the spin aligning field or

the spiral spin aligning field. It was introduced by Weiss

in a theory of ferromagnetism, molecular field being a synonym
for it. This molecular field acts somewhat like a magnetic field,
but it is not a real magnetic field since the charged particle

orbits are unbent by a Lorentz force.

They further assume that

(1.6) 8 = 6(Co, T, p)

where Co is the interparticle interaction strength, p is the
particle density (equivalent to our band filling in chapter 3),

and T is the absolute temperature. Thus

(1.7) 9(Co,T,p)=6(F (e(cO,T,p))) = o(F(Co,T,p))

The self-consistency is seen clearly in (1.7). 6 must be
found self-consistently, i.e. we assume a nonzero value for 6,
find F from it, substitute into (1.5) to get a new value for 6,
compare it with the initial 6 value, etc., until our iterative
cycles start reproducing the same values of § and F on every

cycle. This proceedure dominates our calculational flow charts
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at the end of chapter 3. If the self-consistent values of 6

is nonzero, the system is indeed in a condensed (magnetic)
phase. There are inherent dangers in such a technique which
will concern us very deeply in this work. There is no way to
determine which magnetic phases exist for a particular set of
p, Co, and T values and the number of magnetic phases one can
study must be limited to a finite number. At a given p, Co,
and T, the self-consistent equations for F and 06 possess more
than one solution. 6 can be zero or nonzero for the same p,
Co, and T values, so that a relative comparison of the free
energies of the two phases must be used as a criterion for
ascertaining which are the thermodynamically stable by virtue of
a minimum free energy. We must make a guess, based on the
experimental relevance of our analysis to the particular metals
we desire to study, The transition metals. They then write

a Hartree-Fock equation for Py ¢

2 -
1.8) [~ o? 4 vE@Alpy.-ey) T @ = a0k

where the mk's determine the trial wave function YO by a Slater

determinant:

Py (1) .« . . 0y (N)

1
(1.9) ¥, W
oy (1) .« - - o)
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Since a single S later determinant best characterizes the anti-
symmetry of one electron wave function, the single ¢'s give
symmetry to Yo' so that Yo has the symmetry and long range
order 8 chosen. This is done by putting in the correct self-
consistent A value appropriate to the particular phase studied,
as A is an integral operator giving the potential felt by a
particle in state Py due to its interaction with all the other
particles; A is the self-consistent potential of the Weiss internal
field. The long range order parameter can then be obtained
from Yo as seen in (1.1) and (1.2), and hence from the o's.
(1.8) and (1.9) have the same form as the ordinary Hartree-
Fock theory, but here the trial wave function Yo has the (less
than perfect) symmetry of the condensed (magnetic) phase built
into it; the normal phase has perfect symmetry included in ¥g-
Thus in the condensed (magnetic) phase, operator A describes a
long range internal field; in the normal phase it describes a
short range field. The Hartree-Fock theory thus presented

STATIC DYNAMIC

yields only the F ; the F is due to correlations

DYNAMIC

between the particle motions. This F may possibly

destroy the condensed (magnetic) phase.

Since particles, propagators in the normal system, directly pro-

portional to the correlation functions, are defined as

(1.10) Gy oy k0 &7 -8) =iy [TOP [y o (£')ay (11| ¥g>
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or

A
(1.11)  Gpppq (&'-r,0,t'~t)= —i<yy| TP {¥oP(z', ") ¥ Pz, t) ]| ¥o>

A
. op . . .
in configuration space, where T P is a time ordering operator.

These propagators describe the following experiment. At a time

—1/2L;K:£ is added to

t a particle spin-orbital state QK,G = Q
the system in its exact ground state Yo>. The particle pro-
pagates in the system until time t' when a particle in O o

is removed. Thus the propagator gives the probability amplitude
of observing the system to have an added particle in QK,G at
time t'; this amplitude is the sum of amplitudes for all pro-
cesses in which a particle enters in QK,U' interacts with the
other particles of the system, and leaves in ?K:O' (We stress
"a particle" since the occupied state is of interest; not which
particle is in it. These propagators describe a quasi-particle

in state k,o0 with energy.

(1.12) Bx = € + 2 (Vi,0:4,0'ka:40' Yk, 054, 04,0:k,0°

L<kF X sc')

This is a static Hartree-Fock energy caused by a static Hartree-

Fock internal field, FSTATIC

. whose potential is seen in the
second term of (1.12) to have an average direct coulomb part
and a subtractive average exchange coulomb part. These pro-

pagators can be found from a diagrammatic perturbation series.

Mattuck and Johannson then define the anomalous propagators,
directly proportional to the anomalous correlation function,

in the condensed (magnetic) phase as the diagrammatic
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perturbation series method breaks down then since they are not
included in it. In the ferromagnetic phase the internal spin
aligning field, F, may flip a spin. This results in an

anomalous spin flipping propagator (with a similar meaning):

1.13) G k t'-t)= -i<y.|T%P{a, (t")al (£)}]v.>
( ) FER(1_20 T . °| Ly e+ )}l 0

or

(1.14) GFé§§6K_’t'-t)= -i<w0|T°P°{§E+(t')§£_(t)}|wo>

where "+" denotes an up spin electron and "-" a down spin
electron,'in addition to the normal propagator (1.10) and
(1.11) . These anomalous propagators are zero in the normal
(paramagnetic) phase. They arise from multiple scatterings
from the internal spin aligning potential, which depopulates
state |k,o> and repopulates |k,o'>. The difference in pro-
pagating spin up or spin down particles (with respect to the

small, external source field) is given by:
(1.15) aG = Gk, k t'-t) - 6(k_k, t -t)

This is zero in the normal (paramagnetic) phase since F = 0,
but nonzero in the condensed (ferromagnetic) phase since F # 0.
In the condensed (antiferromagnetic) phase the characteristic

anomalous propagator is:

(1.16) 6 = -i <¥, |T{a

ANTIFERRO kiQ',0 ak+9 °}|

This seemingly describes a particle picking up momentum Q-Q'

from scattering against the periodic structure of the spiral
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internal field, and having its spin flipped from o to o' by
the spin-aligning character of the internal field. What actually
happens is neither a momentum pick up nor spin slip by the

particle; Y, is a linear combination of Slater determinants,

0
so that the aa’ connect different Slater determinants, both
of which occur in the linear combination with nonzero amplitude.
In this paper, we will choose Q = 0, Q' redefined as Q and

¢ = ¢'; thus no spin flip takes place and only Bloch electrons

with wave vector k are scattered off the spiral internal field.

Mattuck and Johannson further generalize their work by defining

a general anomalous propagator:

TP fal, . (t")

(1.17) G (k',0',a':k,c,a;t'-t) = -i<YJ

ANOMALOUS
+a
a_ o (t)} ¥g>

or
(1.18) G (£',G',G.';£,U,a;t"'t)= _i<‘yol Top.{Y:?. r"t')
ANOMALOUS
+0
in configuration space, where a, a' = + or 1, so that the

creation operator may or may not precede the annihilation opera-
tor. Generally G is a function of r-r' since exact translational
invariance does not hold in many condensed phases, as in the
antiferromagnetic state. The major power of this technique is
that it applied to all sorts of "condensed" phases: ferromagnets,

antiferromagnets, superconductors, and solids. These authors
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then derive the long range order parameters from the propagators:
For the ferromagnetic phase:

1

(1.19) M = N i <YO‘§E'+§K'++§E'_§E'*|WO

—

and for the antiferromagnetic phase:

_ + +
(1.20) §Q = % <WOI§E+Qr+§h.++§£,-ak+9.-|Y0>

The general relation is:

(1.21) 6§ = CONSTANT x Z A <Y
k',0',
k,0,a
a' +a
>
ak'lo.a]_<'0|‘yo
In the ferromagnetic phase:

(1.22) A =8

]_(‘Io.la'7]_{_'(’la 8

.}.S. '_]_{_éo'l-c—aa' '+ (1,+
as .an example. The general relation can be written directly in

terms of the propagator as:

(1.23) o= 25 a
k',
k.o

G C&,o',a';ﬁ',n,a:t'-tia)

[} ' [
k',0',0"iK, 0,07 s NoMALOUS

]
QA

where 0 is a negative infinetesimal. Thus, in the normal phase

when QANQMALOUS = 0, the long range order parameter, § = 0; a

normal phase can only have short range order at best.

A detailed investigation of the mathematical structure of the
condensed versus normal phase is given. As pointed out by them,
the normal perturbation series for the normal propagator breaks

down in the condensed phase since anomalous propagators cannot
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be taken into account. The reason that this is so is that for the
normal perturbation expansion of a propagator to be valid, the
interacting groung state Y0> must have the same "structure" as
the non-interacting ground state |§0>; i.e. it must overlap

§O> so that:

(1.24) <Y0|§0> £ 0 (nonbrthogonality)

Since at infinite volume the structure of the condensed phase

differs markedly from that of the normal phase, we always have
(1.25) <Y0|§0> =0 (orthogonality)

violating the criterion (l1.24) for a normal perturbation expan-
sion of the propagator to be valid. For example, in the condensed

(ferromagnetic state in the Hartree-Fock approximation:

(1.26) |¥v.>=]1, ., 1, .... ;1. _,1_ _...l_ _,000..
| ¥o Ky + Tk, + ]1_<M’+ k) ="'k X

where M>P, i.e. there are more up spins than down spins. This

is clearly orthogonal to the normal non-interacting state 85>

(for free electrons) which has M = P.

Mattuck and Johannson construct a perturbation expansion of the
anomalous propagator, valid for the condensed phase, by replacing
each normal propagator by a matrix propagator. Its diagonal
elements are normal propagators and its off diagonal elements are

anomalous propagators. For the ferromagnetic phase:
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<t |T%Pta(tr)at (£) |y ><v [ TOPTa (e )at (6) } v >
ko"‘ _]$r+ k:"' Eo-

(1.27) G(k,t'-t) = -i
FERRO

<‘Y0|T°p’{a(t' yat(t) ] |\y0><w0 | °Pa (£1)a™ (t) }|wo>

LY X, + k, k,

If the interaction between electrons was switched off, this would

become: . -1
[w-(eh—u)+16£] 0

(1.28) &% (k,uw)= -i
FERRO 01

0 [w-(ep—u)+idy ]

the free electron propagators are on the diagonal and the

anomalous propagators vanish; the system reverts to a normal

(paramagnetic) state.

The antiferromagnetic general spiral spin density wave state has
an infinite matrix propagator since the Q that an electron can
absorb or emit to the spiral spin structure is unspecified and

can be nQ, n being any integer; and Q being unspecified itself:

+ + +
> >.
e ke %+ %k, - "%k, + kg, 4+
+
k

+ +
<a _a; _ ><a _ _><a _a >.
(1.29) G(k,t'=t)= -i EiQ.- k. k4Q, k40, -7 k0, "k 4
ANTIFERRO <§Kf9'+é£'+ > . .
+
<@x+29,-%,+  *

In this work, we shall put Q = n/a = G/2, as before, and n = 1,

so that we reduce (1.29) to a 2 x 2 matrix propagator (for spins
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up or spins down):

<+
a >
k.t kiQ,*

1.30) & (x,t'-t) = -i

+ +
>,
ANTIFERRO < k, £ <2k4Q, > k4Q,t

No spin flipping occurs and only one wavevector exchange of

crystal momentum, Q, is allowed.

Finally, Mattuck and Johannson note that the long range order
parameter is directly related to the source term in the
Hamiltonian (i.e. to the source field since F = -aHSOURCE/

aspace) :
variable

- 1
(1.31) 6 = CONSTANT x v <Y0 HSOURCE Y0>
For the ferromagnetic phase:

ERRO _ _ . .
OURCE ~ vgﬁHxSx external magnetic potential

VgﬁHxE(a;,—ak,++a;,+ak,-)

(1.32)

where B is the Bohr magneton number of an electron and g is the
electron g-factor, and the v's in (1.31) and (1.32) cancel.
For the spin density wave antiferromagnetic phase:

S.D.w.
(ANTIFERRO _ + +
(1.33) Hgoupe = Vgﬁﬂg(a‘_l;,+ax+g.++al_c4g,-a_lg,-)

where the constants are defined as before and the v's cancel.

For our chose of Q = m/a = G/2 and n = 1, we drop the ¥ and get:
Q

IFERRO_ + +
(1.3) Hgoupee = VOPHE(3y a10,4+%k4Q,-%k, )
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We have thoroughly emphasized the Mattuck and Johannson
approach since it seems to be a general, unified description
of phase transitions, being based on Brout's work quoted
earlier. In subsequent chapters we will not utilize the
propagator approach, but rather the correlation function
approach, and all relations will differ from those of this
chapter by constants, i.e. factors of i. We will not delve
into perturbation theoretic series calculation of propagators
as we will be able to find them exactly by expressing them in
terms of known coefficients in the condensed state wave func-
tions. However, Mattuck and Johannson's development is a
general basis for all of the calculations that we shall under-

take and should be kept in mind throughout.



NON-DEGENERATE MODEL AND RESULTS

Penn62

treated the Hubbard Model at zero temperature in solving
for the phase stability of model transition metals by neglecting
intersite interaction and treating the tight binding narrow d

band.

(2.1) € = -E" (cos kxa + cos kya + cos kza)

as a tight binding s band in a simple cubic lattice. His
treatment was not explicitly worked out, so that this chapter

had to be derived by us.

The effect of the non-inclusion of intersite interaction between
electrons, the basic simplicity of the Hubbard Model, is that
one can treat the lattice of isolated Wigner-Seitz cells in
configuration space as a geometric point lattice so that the
electrons hop only from site to site. The region within the
Wigner-Seitz cell surrounding the lattice point has no meaning
in this problem, being suppressed by integrals extending over
its volume which are associated with the lattice point, so that
electrons can be found at the lattice point. The electron wave

functions are thus modified by:

(2.2) é(gﬁgj),_gj = lattice sites
Tight binding energy bands nearly accomplish this, and still
allow a hopping term in the Hubbard Hamiltonian, the band being

23
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extremely narrow in energy. A simple cubic Brillouin zone is

definable:

(2.3) = ’g <kl < g 1= X, ¥.2

with a being the nearest neighbor distance in the crystal.

Figures 1 and 2 indicate the [11l1l] direction energy band dis-
persion relation in k space and the associated density of states.
Penn correctly pointed out that these curves are not exactly
equal to the band form and density of states of real transition

metal 4 bands.

There are basically three reasons for this nonequivalence.
Firstly, there may be actually a different 4 band form owing
to the non-tight binding of d electrons to the degree implied
here; the 4 band tight binding form differs from that of the s
band. This fault will not be corrected in this paper as it
involves some use of empirical results for the dispersion

relation and density of states, an approach we want to avoid.

Secondly, Penn has not actually treated a 4 band, but only an
s band. The crucial question of band degeneracy has been
ignored as it is very difficult to include. We will correct
this fault as much as possible, the extent of our being able

to take into account all five degenerate states of each k
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state in the 4 band being governed by computational difficulties.
We decide on this correction because it is of inherent physical

interest in real transition metals.

Thirdly, the crystal symmetry makes Figures 1 and 2 idealizations

because it is not simple cubic.

In Penn's non-degenerate treatment, the Pauli principle forces
each site to have no more than two electrons on it, and those to
be of antiparallel spin. As site-site interaction is neglected
(except for the trivial hopping kinetic energy in the Hubbard
Hamiltonian), no parallel spin interactions can exist. Thus the
all important exchange energy is not included in the model and
the resultant energies of the various magnetic phases considered
are thus lacking in a large, negative interaction contribution.
If this exchange energy were the same for all states, it would
only shift the energy origin on Penn's final magnetic phase
diagram uniformly for all states, making his results correct for
real d bands as well as the d bands modeled as s bands that he
actually used. All evidence would indicate that in states of
different magnetic ordering there is no a priori reason why

this exchange energy should be the same, and if so, it would only
be fortuitous, since the number of parallel spins varies from

state to state.
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Starting with the Hubbard Hamiltonian in Wannier (configuration)

space:

Wannier n. n
(2.4) HHubbard ?Ule C C.o + J cg i

he transforms the operators into their equivalent in Bloch space

(k space) which operate on states of a definite k:

(2.5) ¢, = 1 y  ikRi
1 N k X,
+ _ 1 ik-Ri _+
(2.6) ¢c; = = T4 ay .

where N is the number of sites. Thus, the Hubbard Hamiltonian

becomes:
ik -Ri ik-.Rj
(2.7) Z le T A== DI A a
HHubbard 1 Jlo ]—(- aEIU'}—( _]S_Ic
J + + 1 2 1L +k.~-k.=k,) R
+= . a a a = 1'=2 3 =4
N 01#0.333,0 kyoo' kypokyio'N k,.k,
kq.k,
Now

1 i(k,+k,"ks-k,) ‘Ri _
(2.8) F T4 12 3 = = 6 (ky+ky-ka-k,)

(2.9) =
:
(2.10) & 5 P &EDRI _ 5oy
;
so that
loch = J - +
(2.11) Hygpparg = IZ € M o+ Z 8 (eytkeykykyday 4
kl'k2
a, 3y =3'=4

Ky, 7kt 52,'
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where + means g and - means ¢'.

Penn first transformed the Wannier space form of this Hamiltonian,
which contains products of four creation and annihilation opera-
tors (and is thus an explicit two-body Hamiltonian) into an
effective quasi-particle Hamiltoﬁian containing products of two

of these operators multiplied by the expectation value of the

other two.
Interaction
Bloch _ + + - >
(2.12) HHubbard COLU’5<CL,OCL,U>CL,UCL.; <c*”cc!“a
+
Ct,5 %0l

Interaction

This Govkov factorization 58 is of a Hartree form and H
is now formally equivalent to a one-body kinetic energy for the
quasi-particles. Co is a constant representing the particle-

particle interaction strength.

This model forces the Hamiltonian to be specified by two para-
meters, the total particle number n and the quasi-particle-
quasi-particle interaction strength Co (Measured relative to
E"). Thus the phase diagram can be represented in the versus
plane. Penn notes that actually Co and E” should depend on the
magnetic state of the system, but neglects it since including
this dependence would be a hard computational problem. To do
so, one would choose a Y magnetic, compute Co and E” from it,

use Co and E" to determine a Y magnetic at a certain line in
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the Co/E"-n/2N plane, and then iteratively correct Co and E"
to approach self-consistency. This would be an arduous task
since the dependence of Co and E” upon Y magnetic could only

be guessed at roughly.

Thus, all Penn could do was to compute relative state energies
and compare them, absolute cohesive energies of the system in

various magnetic states being out of the question.

In general, one can imagine an infinite number of magnetic

states, and handling them all is a difficult task. Penn could
only calculate the energy of a few of the magnetic states that

he chose to consider, the rest being compared by a magnetic
susceptibility calculation which we will avoid because the com-
parison of energy (or free energy) slopes as a function of band
filling uniquely defines state stability. Penn chooses six
magnetic states defined by an operator Y+ @ wave function Yoo

and equivalently by their correlations,lgefined as the sum ACer—
occupied k states of the expectation values of 2-operator products

taken in the magnetic states of each electron with wave vector k:

_ +
(2.13) Amn = *Co §<YMAG|am anIYMAG>
= k k

these wave functions combining to form ¥ magnetic by summing

over all filled k states.
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The other two types of definitions are generally, in operator

form:

(2.14) vy = Byay ,+By3y _+B33y 4, +"Ba%k.q, -

being composed of Bloch function operators, and in wave function

form:

1

(2.15) YE = lYL ++B2‘!'k +BBYk+g,+ 4 kﬁg,

being composed of Bloch functions proper.

Penn chooses g = Q = G/2 = 1, where G is a reciprocal lattice
vector equal to 2m/a (i, j or k) with a equal to unity being

a unit lattice constant in configuration space, so that the
magnetic state function component contributed by the electron
in Bloch state k,+ is paired with a component from Bloch state

k,-, and k+Q,+ and k+Q,- components also interfere generally.

Clearly a simple group of states must be singled out for com-

parison, and Penn chooses:

ferromagnetic = 1FM >

(the two that he chooses
paramagnetic = 1PM >

are equivalent under a
antiferromagnetic = 1lAFM >

coordinate axis rotation)
ferrimagnetic = 1FIM >

spiral spin density wave 1sspw >

which are defined as:
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or B

(2.16) ¥y = 1PM > = Bi¥y 2¥y, -

(2.17) 1FM > = B.Y or By¥y _

1k, +

(2.18) Yk = 1AFM > = Bl?&:++B3YL+Q,+

or Bz‘i’K'_l +B4Yl<_+9.,-
FIM _
(2.19) ¥y 7= 1FIM > = By ¥y +132‘1'L_+B3YL4Q,++B4?]_<&'_
SSDW
(2.20) Y = 1SSDW>= By ¥y +ByY¥y 49, -OF By¥y - +B3¥y .0, 4

The correlation function language for describing these states
involves the sums over matrix elements:

+

(2.21) A - = -Co i < §3'+ ah.- >
(2.22) A, = Co i < §£'+ 35'+ >
(2.23) A___ = Co i < ag'_ ay - >
(2.24) By = ~Co 1_% < a£+g'_ s >
(2.25) Ao, = Co£ < a}_':&'_ a, - >
(2.26) By__ = Co i < aLQHr .,y >

where ¥ 1is over the whole Brillouin zone.
k

When the various Y magnetic states are put into the matrix
elements to measure the correlations in those states, certain

A's become equal or vanish:
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>3 = : =0; =0; =0; =
(2.27) 1PM Ao++-Ao,-- Ao,+— o %Q.+- o AQ,++ o AQ,-- o
Five Relations
>e . . =) e =0 =: =
(2.28) 1rM>: A°’++,A°'__,Ao'+_ O'AQ:+0 0,59'++ o AQ.+- o

Four Relations

2.29) 1AFM>: A =A sA = A =0;A =
(2.29) o,+ 0,-=""Q,++ AQ,-— O, +- Q.+

Four Relations

(o]

>Se . . '3 =0 ° =0 *
(2.30) 1SSDW>: A, iA. __iBAg Ao . =0iA, . =OiA) __

Three Relations

(2.31) IFIM>: A, A, __iAg . 7B

Two Relations

iA =0;
= _Q,:"""

These are derived as follows: We assume all coefficients B are

real and independent of k.

(2.32) 1PM> For 4=1,2 or 3,4 by translation of all indices

2

L3 + —
by Qo <B»{,YB,U a-E'G“ag'U" BLYElU»BL '62156215600'600"

with B1=B2

Thus there is only one correlation, that of a sum of exptectation

values of a number operator,

(2.33) because: >=o0ifg#k, o # o'

aq,UIBLYk,o'
(2.34) 1FM>: For £ = 1,2 or 3,4 by translation of all

s as . + =
indices by Q: <BLYk.c ap,o“aq,o' BLYk,o>

2
By 5p.x%q, k%00 ' 500
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Here B1 # Bz, and we have two non-zero correlations, sums of
expectation values of the spin up and spin down number opera-

tors.

AFM>: Here we cannot see by inspection which A's are non-
zero, so we must work them all out, the vanishing of certain
A's being a result of the properties of Fermion annihilation

operator:

2 a number

B1' operator

+
(2.35) <Bl‘i'_}g'_'_+B3‘{'k+g’+ §5'+§5'+ Bl?k+2.+>=

Using abbreviated notation for the magnetic states and dropping

commas in the subscripts.

(2.36) <1,3lat a |1,3>=0
k- 2k-

(2.37) <1'3|§£+Q+§E&Q&|1'3>=B32' number operator
(2.38) <1,3|a£+9_ak+g_|1,3>=o

(2.39) <1,3|a£é 2, |1,3>=0

(2.40) <l,3|a£+ 3. |1,3>=0

(2.41) <1’3|§£+Q+§5+ |1'3>=BlB3' anomalous operator
(2.42) <1,3|a£+9_a5_ |1,3>=0

+
(2.43) <1,3|ak+ a_ls&-ll'3>=°
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(2.44) <1,3 h£+ éhf9+|l'3>=B3Bl' anomalous operator

(2.45) <1,3 py_ ak&_|1,3>=o

(2.46) <1,3 h£+Q-§K+ |1,3>=0
(2.47) <1,3 |a£+g_aK+ |1,3>=0
(2.48) <1,3 |a£_ a5&+|1,3$=o
(2.49) <2,4 Ial’;+ 3y, |2,4>=0

(2.50) <2,4 h;_ ay _ |2,4>=B22, number operator

(2.51) <2,4 |af |2,4>=0

K+ k+Q+

2

(2.52) <2, 4|ak+Q 140~ |2 4>—B4 ., number operator

(2.53) <2,4 | |2,4>=0

k+g+ k+

+

(2.54) <2,4|a£__ ay, |2,4>=0
+

(2.55) <2,4|a_]s+ 3y |2,4>=0

(2.56) <2, 4|a |2,4>=BzB4, anomalous operator

k+Q- k-

(2.57) <2, 4|ak+ a_}gg_lz,4>=o

(2.58) <2,4at |2,4>=0

k+g&-k+

|2 4>=B,B,, anomalous operator

+
(2.59) <2,4 la_]s_ 4B,

2x+Q-

(2.60) <2,4laf_ |2,4>=0

Sk+Q+
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+
(2.61) <2,4|ak+ §E+Q_|2,4>=o

+
(2.62) <2,4|ak+Q_aL£Jr |2,4>=0

There are four nonzero number operator matrix elements and four
nonzero anomalous operator matrix elements. We note that the
physically relevant quantities are still sums of these nonzero
matrix elements multiplied by occupation number Fk between

zero and one, so that the unfilled k states cannot contribute

to these sums:

|SsDW>:

>=B12, number

(2.63) <B.,¥, +B,Y
1°k
= operator

+
Ba¥x0- 12424l B1¥ii PBaYkig-

+
(2.64) <Ldfay, a,,  |1,4>=0
(2.65) <1,4|a£_ - | 1,450
+ 2
(2.66) <1'4|ékf9‘§h+97| 1,4>=B4 , number operator
+
(2.67) <l,4|a£_ ay, | 1.4>=0
4
(2.68) <1,4lay, 2 |1,4>=0

(2.69) <1,4|:-.1]’:+Q+ak+ | 1,4>=0
(2.70) <1,4|a]‘:+9_ak_ | 1,4>=0

+
(2.71) <1,4|ak+9_ak+

|l,4>=BlB4, anomalous operator



(2.72)

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)
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<1,4 [a) 104tk [14>=0

<1,4|a£+ a£+9+|1,4>=0

<1,4|a,_ 3y 4o |1/47=0
+
<1,4|a..]_{+ §E+Qfll'4>=B4Bl' anomalous operator

<l,4|a£_ 3 4o | 10470

+
<B, w£_+33 ¥y 9 +| a£+a£_| B2Y£_+B3 YL 9 R

0

+ 2
<2,3|§h_ 3y, |2,3>=B2 , number operator

+ 2
<2,3|ak+g+§}_(+g+|2,3>=B3 , number operator

<2,3 |a]+<+g_ak+g_ k,3>=0

<2,3|a)_ g, [2.3>=0
<2,3|a;+ a,_  [2,3>=0
<2,3|a£+Q+a£Jr |2,3>=0
<2,3|a;+g_ak_ |2,3>=0

<2,3|a_]’;r ah+$2+|2'3>=0

<2,3|a}_ 3y 1o [243>=0

<2,3|a;+9_§3+ |2,3>=0

<2,3|a;*9+§£_ |2'3>=BZB3' anomalous operator
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(2.89) <2,3|a J 2,3>=B3B2, anomalous operator

+
k-"k+Q

+
(2.90) <2'3|§h-§£&QJ 2,3>=0

There are again four nonzero anomalous operator matrix elements

and four nonzero number operator matrix elements.

FIM>:

In general, all four B's in each wave function are nonzero so

that every correlation exists and is nonzero.

We now seek the relations between the A's and the coefficients

B in a general way. Penn finds:

(2.91) a_,_ = -2 SFy (B1B,+B;B,)
(2.92) aA_ . = %9 iFk (B22+B42)
(2.93) a___= £° Iy (8,%+8,%)
(2.94) Ag,_ = - so TPy (ByB,+B,B;)
(2.95) Ay, = <o IF, B,B,

(2.96) B, _ = Lo IFy By,

Now we choose a wave function for a state, i.e., we find which B's

in the general four term linear combination of states that is V¥

magnetic, are zero.
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For a given state we wrote down the relations among the A's

and which A's were zero.

Utilizing the definitions of the

A's in terms of the B's directly above, we see that we will

obtain relations among the B's with the ZFk multiplier being

k_

needed only when we discuss which states are filled and which

are empty, but not their structure. Explicitly:

Table 1. Magnetic Wave Function Coefficient Relations.
Correlation
state| Function | g 288 | 0.8 Riliing | | Conclusions
PM Bg,=0 B,B,=-B,B, ]EFkBlB 4=]Z(‘.'F]_< (-B,B,)
Bg,,~0 B,B;=0 EF_Ble; B,=B,
Bg__=0 B,B,=0 -];('FEBZB 4=0
A, =0 B,B,=-B;B, éFlSBle= ])EFE (-B3B,)
A =Ag__ B§+Bi=Bi+B§ ; X (B§+Bz) = B3=B,=0
- f— (Bi+B§)
FM By, ,=0 B, B,=0 TFy B By=
= Bz;lBl
Bg__=0 B,B,=0 ])é'.FszB 4=0
Ag4-=0 B1B4="ByB3 | TFB)By=IFy (=ByB;)
Boy-=0 B1By="B3B, o k518 '—ZFk (=B3B,) ST




39

Table 1 (cont'd.)

Correlation
. State State Structures .
State | Function Structure “and Filling Conclusions
Relation
_ 2, .2 2 2 2 2, _
AFM A, A __ | B+By=B]+Bj EF_}E(B2+B4) =
2 B,=B
2, .2 1l 72
F., (BJ+B3)
X k7173
AQ_H_:A o-- B,B;=B,B, ]EFEBle]EFEBZB 4 B;=B,,B,=B,
Ag+_=0 B,B,=-B,B, EF£B1B4=]):FJ£(B2B3) B)=B, and B,,B,
= = orBz,B4 pairs
Ao+_=0 B,B,=-B3B, 5?53132=£§5(‘B3B4) are zero when the
- - other pair is not
SSDW AQ++=0 B1B3=O i?_BlB3=O B1¥OérB2#O
AQ__=O B234=0 ;FEB2B4=O BZJO, B3¢0
A, =0 B;B,=-B,B, EFEB1B2=]§F}S(-B3B4)
FIM B4="B,B3/B; }
Ag+_=0 131134=-13.2133 ]'{FKBIB4=]2{ZFK (-BZB3) 4=—B1B2/B3
B1=B3orB2=B4
Boy-=0 B1By="B3By | ZFyB)Bp=IFy ("B3B,) thus
- - B2=p2
173
Thus, from the correlations, he concludes:
(2.97) YPM = B,V or B,V equall opulated
1+ 2 ¥y q Yy pop
FM
(2.98) v = B1¥E+ or BZYK_, unequally populated
AFM
2.99 =
( ) ¥ By¥iy *+ B3¥y,0,0F ByYy +ByY¥y o
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SSDW _
(2.100) Y = Bl‘y_]g++B4Y§+Q-°r 32Y5-+B3Y_15+Q+

FIM

By ¥y #By Y +By Yy 10 By o

as written earlier.

We now seek to graphically illustrate the spatial spin structure
of these states using a plane wave basis set for the V¥'s:

PM__ ,ik-xr ik-r 2 _ 1. 2,
IPM>:Y""=Bje7 and Byto and E?kBl = Egk B,":

o —— -+t L

F,.=1 or 0, ?E,= 1 or 0, but when ghfl,ﬁk,=l (is occupied) also.

IFM>: YFM=le,il‘-’£ and B3Lf5'5 and ZZE‘kBlzaé‘ZFk.Bzzz
k= x=&

| FM) ! t ! ! t—"i

Here FkiFk., so we have unequal occupation of spin up state and

spin down state on each site.
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AFM ik.r ik'r ,iQ-r
>Se — — — — —— —
IAFM>: VY = BlLI + B3L| 'l

and Bz{,i'k.£ + B4Li'£.£ Ll‘Q'E
the +R°EL term oscillating in sign from site to site.

N 4

IAFM) 8-5 | t t L‘-’?

8-8, I l

We note that if our wave function is:

M _ ik -x ik-r ,iQ-r
YAF = B1L+ + B3L 2

+

and 324_1_5'—”— - B4Lf-]5'£ e

we get:

808 | g ' |

Qe
x>

We get a one site phase shift of the lower AFM wave with respect

to the upper, leading to a new spin density cancellation of each

lattice site, but a net charge density fluctuation from site to

site, a charge density wave.

ISSow>: YSSEW _ Blcl-}s'ﬁ
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which is the site by site sum of the following waveforms:

ISSOW)
. ei‘k-r 4 [ [ A 4
84 elk r eit.'rr t t
1 1 1
B, ei;(-r

Their site by site sum is a Spiral Spin Density Wave:
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SUM: —— ' — 1 .
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