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ABSTRACT
TOPICS IN INTERACTING CONTINUA
BY

MOHAMMAD USMAN

This dissertation is focused on the mathematical modeling of the
mechanical response of solid-fluid mixtures within the context of the
Theory of Interacting Continua. In this work, the fundamental
mathematical framework for the Theory of Interacting Continua is
presented, and the theory is employed to model the solid-fluid
interaction in a mixture undergoing large deformations. Furthermore, the
advantages of employing this theoretical approach have been demonstrated
by presenting two boundary-value problems for this class of mixtures.
The first boundary value problem presented herein is intrinsically
interesting since it is one of the few problems involving large non-
homogeneous deformations for which experimental results are available.
The second problem presented in this work is more of theoretical
interest which demonstrates that an infinite mixture slab of finite
thickness, undergoing uniaxial extension, admits infinite solutions.

This work has addressed the issue of investigating the complete
mechanical response of the solid-fluid mixtures and has served as a
test-bed for evaluating the validity and predictive capability of the

Theory of Interacting Continua in modeling the interaction of the

elastic solids and ideal fluids.
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CHAPTER I

INTRODUCTION

This dissertation is focused on the mathematical modeling of the
mechanical response of solid-fluid mixtures within the context of the
Theory of Interacting Continua [1-4]. The study of the mechanical
response of the solid-fluid mixtures has relevance to several technical
problems: The problem of atherogenesis in biomechanics [5] which
involves the diffusion of plasma lipoproteins through the arterial wall,
processes employing cylindrical tubes for the separation of fluids, the
problems of filtration and ultra-filtration [6], non-linear diffusion in
soft tissues and its deformation [7] where the non-linearity in the
problem arises from the permeability of elastic phase which for a number
of tissues (such as articular cartilage) is strongly dependent on
strain, the problem of hygro-thermo-elastic response of polymeric
composite materials undergoing large deformations are but a few
examples.

In the Theory of Interacting Continua the constituents of the mixture
are assumed to be mixed on a molecular level and are chemically neutral.

The theory postulates local balance laws for each individual constituent



of the mixture, namely, balance of momentum, balance moment of momentum,
balance of energy and balance of mass, and an entropy production
inequality for each individual constituent of the mixture.

Moreover, in this approach, thermo-dynamical variables such as the
internal energy, entropy and temperature are admitted for each
constituent and these ,in turn, are assumed to be related to the
corresponding quantities for the whole mixture simply by algebraic
relations.

The study of the mechanical response of the mixture of a non-
linearly elastic solid and an ideal fluid has been of particular
interest to several researchers [8-9]). The application of the theory to
study problems involving large deformation, swelling and diffusion of
fluid through non-linearly elastic solid has been very limited due to
the lack of physically obvious ways for specifying the partial
tractions, which are integral part of the theory. The purpose of this
work is to investigate the mechanical response of the mixture of a non-
linearly elastic solid and an ideal fluid undergoing large deformations
and resolve some problems associated with the applicability of the
theory. This investigation, in turn, will serve as a test-bed for
evaluating the validity and predictive capability of the Theory of
Interacting Continua in modeling the interaction of elastic solids and

ideal fluids.

The application of the Theory of Interacting Continua to model the
phenomenological behavior of the solid-fluid mixtures has been
historically motivated due to limitations in the classical theories.
Classical approaches which have been used to study the diffusion of
fluid through solids, such as Fick’s Law [10] discussed in books on

diffusion in solids [11-13] and Darcy’s Law discussed by Scheidegger



[14] ,for example, assume that the solid is rigid. However, this
assumption is violated in solid-fluid interactions where the mixture
undergoes large deformations [15-16]. Furthermore, the dependence of
swelling on strain and kinematics constraints has been demonstrated by
Treloar [17], and Paul and Ebra-Lima [18]. Classical theories do not
adequately account for the interaction between a highly deformable solid
and a fluid in a diffusion process. The limitations of the classical
theories point out the need to use an appropriate theory which is
capable of realistically taking into account the interaction of solid

and fluid.

The Theory of Interacting Continua models the mixture as a
superimposition of individual continua. Each spatial point in the
mixture is assumed to be simultaneously occupied by material particles
from each constituent. This essentially amounts to taking into account
contributions from each constituent in a neighborhood of the point and
averaging them. The theory accounts for large deformations, dependence
of material properties on both constituents and interactive forces.
Atkin and Craine [19] reviewed the applications of this theory through
1976. The discussion includes the work of Crochet and Naghdi [20], Mills
and Steel [21], and Craine, at el. [22]. A critical review of the field
makes it clearly evident that the applications of the‘Theory of
Interacting Continua to solve  boundary-value problems of physical
interest have been very limited. The main difficulty in these problems
arises due to the lack of physically obvious ways for specifying the
partial tractions associated with the solid and fluid. At the boundary,
only the total stresses can be specified. Shi, et al. [23] and

Rajagopal, et al. [24] were the first to study equilibrium and steady

state boundary-value problems by employing auxiliary conditions at the



boundary of the solid-fluid mixtures in an effort to bypass the
difficulties associated with specifying partial tractions at the
boundary. The use of these auxiliary conditions rendered a whole class
of boundary-value problems tractable where the boundary of the mixture
could be assumed to be saturated. However, these boundary conditions
were scalar in nature and derived on an ad hoc basis, which was not

necessarily thermodynamically consistent.

By employing a rigorous thermodynamic criterion for closed system,
Rajagopal, et al. [25] provided a systematic rationale for
characterizing saturated states of homogeneously deformed and swollen
cuboids. In particular, they obtained tensorial equations relating the
total stresses with the stretch ratios and the volume fraction of the
solid in the saturated mixture. These equations could then be used to
describe additional boundary conditions assuming material elements at
the boundary of the mixture continuum to be in a saturated state, and
thereby bypass the difficulty associated with prescribing the partial

traction conditions at the boundary.

Since 1976 considerable work by Shi et al. [23] and Rajagopal et
al. [24,25] and Gandhi et al. [26] has been done in solving boundary-
value problems involving large non-homogeneous deformations of solid-
fluid mixtures. In this work the same approach [24-28] has been used in
solving boundary-value problems involving solid-fluid interaction. Two
representative boundary-value problems are presented in the context of
the Theory of Interacting Continua. The first boundary-value problem
presented herein is intrinsically interesting since it is one of the few
problems involving large nonhomogeneous deformations for which

experimental results are available. The second problem presented in this



work is more of theoretical interest which demonstrates that an infinite
mixture slab of finite thickness, undergoing uniaxial extension, admits

infinite solutions.

The first boundary-value problem presented herein is motivated by
the experimental work of Loke and Treloar [8] and theoretical work of
Treloar [29] for the combined finite extension and torsion of a
cylindrical mixture of a non-linearly elastic solid and an ideal fluid
which is swollen to several times the volume of the original rubber
cylinder. In their work, the cylinder was assumed to be saturated with
the fluid. In addition, the problem was not treated within the context
of Theory of Interacting Continua. The present work differs from
Treloar’s in two respects. First, the problem is studied within the
context of Theory of Interacting Continua. Second, there is no
restriction on the fluid content of the mixture, the strained state of
the cylinder could range from being cbmpletely dry to fully saturated.
In the problem considered here, both the solid and fluid constituents
are at rest. However, the fluid can be non-homogeneously dispersed
throughout the mixture domain, which gives rise to concentration
gradients. The physical mechanism for the existence of such gradients is
provided by the presence of an interaction body force which each
constituent exerts on each other. This work is the first one of its kind
to exploit Theory of Interacting Continua in order to adequately
reproduce experimental results of a highly swollen mixture subjected to

a complex non-homogeneous deformations.

The second problem has been motivated by the work of Rajagopal and
Wineman [30]. In their work, they presented exact solutions for the

problem of uniaxial extension and demonstrated that an axial variation



of the stretch ratio is possible for non-linearly elastic materials. In
addition, they obtained an infinite class of exact solutions for the
uniaxial extension of an infinite Neo-Hookean slab of finite thickness.
In this work, the boundary-value problem is studied for an infinite
mixture slab of finite thickness in the context of the Theory of
Interacting Continua. The applicability of the theory is demonstrated by
presenting the response of a mixture slab undergoing large non-
homogeneous deformations. It has been shown that infinite exact
solutions are possible for the uniaxial extension of "Neo-Hookean type"
mixture slab, and the possibility of axial variation of the stretch
ratio is also demonstrated. This is the first such example of non-
uniqueness of equilibrium deformation states presented within the

context of Theory of Interacting Continua.

A brief review of the notation and basic equations relevant to a
mixture of interacting continua is presented in chapter II. The
constitutive equations for the mixture of a non-linearly elastic solid
and an ideal fluid are discussed in chapter I1I. The application of the
Theory of Interacting Continua is demonstrated by presenting two

boundary-value problems in chapter IV.



CHAPTER II

REVIEW OF THE GENERAL THEORY OF

INTERACTING CONTINUA

PRELIMINARIES: NOTATIONS AND BASIC EQUATIONS

A brief review of the notations and basic equations of the Theory
of Interacting Continua is presented in this section for completeness
and continuity. The historical development and a detailed exposition of
the theory are succinctly presented in the comprehensive review articles
by Atkin and Craine [l1] and Bowen [2].

Let Q and Qt denote the reference configuration and the
configuration of the body at time t, respectively. For a function
defined on 1 x R and th R, V and grad are used to represent the partial
derivative with respect to f1 and Qt, respectively. Also %E denotes the
partial derivative with respect to t. The divergence operator related
to grad is denoted by div.

The solid-fluid aggregate will be considered a mixture with 51
representing the solid and 82 representing the fluid. At any instant of
time t, it is assumed that each place in the space is occupied by
particles belonging to both S1 and 82. Let X and Y denote the reference

positions of typical particles of S1 and 82. The motion of the solid

and the fluid is represented by



X =% (X, t), andy=x, (Y, t). (2.1)
Where the subscript ~ denotes a quantity in an orthogonal coordinate

system.

These motions are assumed to be one-to-one, continuous and

invertible. The various kinematical quantities associated with the

solid S1 and the fluid 82 are
Py D@y,
Velocity: U= 5 , v =Dt ) (2.2)
p(Dy b2y
Acceleration: g = Dt , g~ Do , (2.3)
u v
Velocity gradient: L = 52 , M= sz , and (2.4)
1 T 1 T
Rate of deformation tensor: D = 9 (L+L), N= z(u + M), (2.5)
where D(l)/Dt denotes differentiation with respect to t, holding x

fixed, and D(z)/Dt denotes a similar operation holding y fixed and the
subscript underscore (_) denotes a tensorial quantity in an orthogonal
coordinate system. The deformation gradient F associated with the solid

is given by

F = X - (2.6)



The total density of the mixture p and the mean velocity of the mixture
w are defined by
P'P1+P2. (2.7)

and

P = p1u + p,V, (2.8)

where P1 and py are the densities of the solid and the fluid in the
mixed state, respectively, defined per unit volume of the mixture at
time t.

The basic equations of the Theory of Interacting Continua are

presented next.

(1) Conservation of mass

Assuming no interconversion of mass between the two interacting
continua, the appropriate forms for the conservation of mass for the

solid and the fluid are

py ldet E| = pyq, (2.9)
and

3py

3t + div (p2 Y) =0, (2.10)

where P10 is the mass density of the solid in the reference state.

(2) Conservation of linear momentum

Let ¢ and x denote the partial stress tensors associated with the

solid S1 and the fluid 32’ respectively. Then, assuming that there are
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no external body forces, the balance of linear momentum for the solid
and fluid are given by

divg - b = rf, (2.11)
and

div = (2.12)

3
+
o
1
©
N
09

In equations (2.11) and (2.12), b denotes the interaction body force
vector, which accounts for the mechanical interaction between the solid

and the fluid.

(3) Conservation of angular momentum

This condition states that

Q
+
12
]
1Q
+
)

(2.13)

However, the partial stresses g and x need not be symmetric.

(4) Surface tractions

Let o and 7 denote the surface traction vectors taken by S1 and 52,
respectively, and let n denote the unit outer normal vector at a point
on the surface of the mixture region. Then the partial surface

tractions are related to the partial stress tensors by

1Q
I
19
.
(k=]

and . (2.14)
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(5) ermodynamical considerations

The laws of conservation of energy and the entropy production
inequality are not explicitly mentioned here for brevity. However, the
relevant results are quoted. A complete discussion of these issues is
presented in [31].

Let the Helmholtz free energy per unit mass of S1 and 82 be denoted
by Asland ASZ’ respectively. The Helmholtz free energy per unit mass of

the mixture is defined by

pA = 2 ASl + py ASZ' (2.15)

Note that by setting

b - grad ¢, +b = grad ¢, + b, (2.16)
ga=¢,L+g, (2.17)
z=¢,1+m, (2.18)
where,
¢1 - pl(Asl'A)' ¢2 = pz(Asz'A), and
¢1 + ¢2 - 0:
equations (2.11) - (2.13) become
div g - b = o, (2.19)
divs +b = PoBs (2.20)
G+ x=gl +xL, (2.21)

The terms in g, n and 9 which depend on ¢1 and ¢2 do not contribute

to the equations of motion or the total stress.
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(6) Volume additivity assumption and incompressibility constraint

Attention is restricted to a mixture of incompressible materials.
It is assumed that the volume of the mixture in any deformation state
and at any given time is the sum of the volumes occupied by the solid
and fluid constituents at that state and time. This implies that the
motion of the interacting continua at that time is such that it

satisfies the following relationship [32]:

p p
L, b2

-1, (2.22)
P10 P20

where P20 is the mass density of the fluid in the reference state. It
may be emphasized that this assumption has a significant bearing on the
form of the constitutive equations, and renders the constitutive
equations to be tractable due to the elimination of the density of one
of the constituents as an independent variable by virtue of equation

(2.22).



CHAPTER III

CONSTITUTIVE EQUATIONS

1. CONSTITUTIVE ASSUMPTIONS

A mixture of an elastic solid and a fluid is considered. The solid
is assumed to be non-linearly elastic, and the fluid is assumed to be
ideal. Thus all the constitutive functions A, n, b, g, =, ¢,, ¢, and g

are required to depend on the following variables:
E, VE, p,, grad p,, T, grad T, u and v,

where A is the Helmholtz free energy for the mixture defined per unit
mass of the mixture, n denotes the entropy of the system, q represents
the heat flux vector, T denotes the common absolute temperature of the
solid and the fluid and rest of the variables are defined in previous
part of the text.
Following Crochet and Naghdi [8] and Shi, et al. [23] , The partial

stress tensors and diffusive body force vector for the solid and fluid
constituents may be written as the sum of static and dynamic part as

follows

g=a + g , (3.1)

13
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_ _s _d

f=m + =x , and (3.2)
_s d

9 - E + E , (3.3)

where superscript s denote the static part and superscript d denote the

S S S

dynamical part of the constitutive equations and g =, b depend upon
d d4d d

statical variables and g , = , b together with A, n, ¢ and the heat
flux vector depend on all variables. The energy balance law and the
application of the Clausius-Duhem inequality yield following

constitutive relations

"-'a_'r, (34)

- aa )
%% = P aF,, Tk TP 5y, Ski (3.3)

_S P2
- . dA oL =
L P P2 3p, 6ki P P20 Ski’ and (3.6)
aF. .
_S lJ QA JA ap2 P apl

b, = - + o - , 3.7
kTP aw aF TP ap, aw T byg O 3.7

where the Helmholtz free energy function A is assumed to depend on F ,
p, and T. In equations (3.5)-(3.7), p is an indeterminate scalar arising
from the use of volume additivity assumption/incompressibility
constraint equation (2.22). The dynamical part of the partial stress

tensors and diffusive body force vector satisfy the reduced entropy

inequality
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d d d d

ki) Ykt Ty Fik t ki) Tik 7 A *Pr (% 0 V)

-3 la + TCom Cu - W)+ pgmg( vy - W )] ﬁkz 0, (3.8)
where () or [] around the subscripts denote the symmetric and skew
symmetric parts of the tensors, respectively.

Following the arguments based on the restrictions due to the
principle of material objectivity, as presented by Crochet and Naghdi in
[9] it may be concluded that the constitutive functions may depend upon
the velocities of the constituents only through the relative velocity
u,-v,, upon the velocity gradient only through rate of deformation
tensors fij and dij and the relative vorticity tensor Pij - Aij' and
upon the deformation gradient only through B1J - Fki ij . Furthermofe,

it is assumed that both the solid and fluid are initially isotropic with

a center of symmetry, hence as a consequence of this assumption, the

constitutive functions depend on Fij through Cij . ij, where C = ET. F
It is assumed that dynamical parts of the partial stress tensors
and diffusive body force vector depend linearly on the dynamical
variables given by
_d
a(ij) - 71dkksij + 2u1dij + 72fkk81j + 2p2fij , (3.9)
_d
a[ij] - '"[ij] - -c, (I‘ij - Aij)’ and. (3.11)
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_d
bk - c, (uk- vk). (3.12)

The coefficients appearing in the equations (3.9)-(3.12) are function of

Py, P, and T. From equation (3.8) it may be concluded that

: 2
By Z 0,‘71"‘5#120.
2
By Z 0:'74"'3[‘420:
2
(Bs + py) =<4 py py, (3.13)

2
[(v2t+vs) + % (B2 + B3)] =< 4(y, + % py)(ys + % p3), and-

0
-
v
o
0
N
v
o

The constitutive equations are written in terms of the Helmholtz
free energy function A per unit mass of the mixture, and the form of
this function, under the assumption of isotropy, is given by

A=A (Il’ 121 131 p21 T)’ (3014)

where 11, 12, I3 are the principal invariants of B = F . ET defined

through
I, ~trB, (3.15)

1, = 3 ((er B2 - cr B2, (3.16)

and
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I3 = det B = (det 2)2. (3.17)
Using (2.9), (2.22) and (3.17), 13 can be expressed in terms of Py by
the relation

1/2 -1
13 = det F = (1 - pZ/pZO) . (3.18)

Hence, The Helmholtz free energy function A is assumed to depend on

I,, I,, p, and T, so equation (3.14) reduces to
A=A (Il' 12, pz,T). (3.19)

Substitution of equations (3.4)-(3.7), (3.9)-(3.12) and (3.15)-(3.18)
along with the functional form of the free energy function, given by.
equation (3.19) , into equations (3.1)-(3.3) yields the constitutive

equations as follows

— -d
[/ +as.+

ki = 0ki ®r ot 9 o

A1 A | 2A 4A
O g = kg %1 C P, Uy Y 2P { a1, * a1, 11] Bt ~ a1, Brm Bmi}

+ 1l * ndy + vaf b+ 2t gmen (T - Ay, (3.20)

—S
i T Ok Pt Mgt Mg

P2

- . ) . dA
Mt T Okt 1 0 P U Ski T PPo g0kt edyy0ug t 2Medyy
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P1 P2
+ —y‘fjjb'ki + 2p4fki+ ,3(1‘ki - Aki)’ and (3.21)
Pi1oP2o
3¢,
! s =d
by = X + b+ by,
k
¢, p dp ap
b - — - LA RY: . i ,pz{a_ %_1]8
X Pio axk aI, " dI, "1} iz

%y
31, “ief Pif,k T % 5.4 pae Uk T VK- :

It is to be noted that 1 and ¢y have been redefined, and instead in
equations (3.21 and 3.22) two new constitutive parameters a and B appear
which account for a contribution to the interaction body force due to
relative motion between the solid and the fluid.The interaction between
the solid and the fluid is evident in these equations, where the partial

stress of each constituent is affected by the deformed state of both the

constituents.
2. CONSTITUTIVE EQUATIONS

Steady state and equilibrium formulation of the problems where
dynamical parts of ﬁhe constitutive equation for aij ?nd "ij do not
contribute to the complete analysis of the solid-fluid mixtures may
further simplify the constitutive equations (3.20)-(3.22). Furthermore,
for isothermal condition the components of the partial stress tensors

for the solid and fluid, and the interaction body force vector may be

written as

e dA _ dA
9i P ooki t 2 {[31 *a1,'1)Pk 7 o1, Pen Bmi}' (3.23)



19

x _L ) dA
ki T p20 ki = PP2 ap25k1 , and (3.24)
L SR T "’Pz_p{[L a ),
k P10 9%  F1 dp, ox 2 o1, ™ a1, "1)%1s
) %%_ Biz} Bisx*te L (u - V). (3.25)
2 ' 10 P20

It is also useful to record the representation for the total stress

- = - . ) dA A | 9A
T T B L T P S {( * a1, I P
_L.
BkmBml} (3.26)

In the remainder of this paper, only g, and 7 and E, will be used.

Hence, for notational convenience, the superposed bars are dropped.

3. SPECIFIC FORM OF THE HELMHOLTZ FREE ENERGY FUNCTION

The application of the Theory of Interacting Continua to study
diffusion and swelling phenomena of non-linearly elastic solids requires
a particular form of the Helmholtz free energy function A for the solid-
fluid mixture. Ideally, a broad experimental program should be setup to
determine the Helmholtz free energy function for a given solid-fluid
mixture. Due to the lack of experimental data for determining the

specific form of A, Treloar’s work [17] has been modified to suit the
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constitutive equations defined per unit mass of the mixture in the

previous section.

The specific form of the Helmholtz free energy function is derived
by assuming that the mixture is of "Neo-Hookean type," that is, A is a
linear function of I; . The free energy function for a mixture of this

type may be written as:
A=A +A (3.27)

Where, Ae is free energy of deformation and Al is the free energy of
mixing for the solid in the uncross-linked state both defined per unit
mass of the mixture. The first term on the left hand side of the
equation (3.27) represents the strain energy function for a Neo-Hookean

material per unit mass of the mixture and may be given as

v RTp
1 10
Ae -3 [2Mc (Il - 3) ], (3.28)

The second term Al in equation (3.27) is derived from Flory-Huggins

relation [17] and is given by:

>

2 RT [l-vl

v ln(l-ul) + x(l-ul)], (3.29)

8
©
<
-

where,

V1 is the molar volume of the fluid,

x 1s a constant which depends on the particular combination of

the solid and the fluid,
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R is the universal gas constant,
T 1is the absolute temperature,
M, is the molecular weight of the polymeric solid between the

cross-links.

The specific form of the free energy function given by equations
(3.27)-(3.29) may be used to get an explicit form of the components of
the partial stress tensors for solid constituent, for fluid constituent,

and interaction body force vector, and are given as:

p
1 A
%ri - P ;Ig 5ki + 2p 611 Bki , (3.30)
I P 4 and (3.31)
ki P Poo ki T PP2 3p, ki y
by = - — — +p = - p B + a ( -v,)
k P10 6xk lap2 axk 2611 22,k P10 P20 k k

(3.32)



CHAPTER IV

APPLICATIONS OF THE THEORY OF INTERACTING

CONTINUA
1. INTRODUCTION

The general Theory of Interacting Continua is useful in studying
the phenomenological behavior of a mixture of multiconstituents.
Mixtures for which continuum models may be pfoposed are fluid-fluid
mixtures (e.g. bubbly liquids and suspensions), fluid-filled porous
elastic solids (e.g. swollen soils), solid-solid mixtures (e.g.
polymeric composites) and solid-fluid mixtures (e.g. swollen polymeric
materials). The Theory of Interacting Continua may be employed to find
complete system of equations governing the thermo-mechanical response of
these mixtures. The fundamental work in formulating the theory was done
in 60’'s but the process of application of the theory to solve real-life
boundary-value problems has been very slow. The slow pace in solving
boundary-value problems involving mixtures, in general, is due to the
complexity which is the consequence of the presence of more than one
constituents, and due to many unresolved issues regarding specification
of the boundary conditions, and lack of specific forms of mixture
characterization. The application of the theory has been successful
[27,28] in solving equilibrium and steady state boundary-value problems

involving solid-fluid mixtures.

22
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In this chapter the equilibrium boundary-value problems involving a
mixture of an incompressible non-linearly elastic solid and an ideal
fluid are treated within the context of the Theory of Interacting
Continua. In particular, attention is focused on presenting complete
solutions of two boundary-value problems involving mixture of

this class, and undergoing large non-homogeneous deformations.
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1. COMBINED EXTENSION AND TORSION OF A SWOLLEN CYLINDER

The combined finite extension and torsion of a cylindrical mixture
of an incompressible non-linearly elastic solid and an ideal fluid is
considered. A ‘'Universal Relation’ was presented by Gandhi et al. [33]
for the case of small twist. 1In this work, the general problem for the
finite deformation of a heterogeneous cylindrical mixture is formulated
in the context of the Theory of Interacting Continua in order to account
for the interaction between the solid and fluid constituents. This
formulation permits the analysis of the individual motion of the solid
and fluid constituents by incorporating the interaction between the two.
However, the fluid can be non-homogeneously dispersed throughout the
mixture region, which gives rise to gradients in the fluid density. The
physical mechanism for the existence of such gradients is provided by
the presence of an interaction body force which each constituent exerts
on the other. The objective of this study is to investigate the
qualitative behavior of the solid-fluid mixtures, hence only equilibrium

of cylindrical mixture is considered in this work.

Consider a solid circular cylinder described by a radius Ro and a
length L0 in the reference configuration Figure 1. The co-ordinates of
a material particle in the reference configuration will be denoted by
cylindrical co-ordinates (R, 8, Z). The cylinder is assumed to be

subjected to the following deformation:
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r = r(R),
§ = 6 + YPAZ, (4.1)
and

z = AZ,

where (r, 6, z) denote the co-ordinates of the particle at (R, 6, Z) in
the deformed swollen configuration, A and ¥ being constants. The above
deformation corresponds to a finite elongation (with an associated
stretch ratio \) along the z-co-ordinate direction, followed by a
rotation of ¥ per unit current length.

The Cauchy-Green tensor B which is defined as

B=-EFE.F (4.2)
takes the following form for the above deformation:
ar)? o |
dR
. 2
B =1l LJ + an? | (4.3)
0 w2y 22
\ J
22 o 0
r
= o Ag + (¢RAA0)2 ¢A2A0R ' (4.4)
0 wxzxak a2

where Ar = dr/dR and Ao = r/R denote the stretch ratios in the r and §

directions, respectively. The principal invariants of B are then given

as



26

1, = 22 4220+ $BRDP) + a2, (4.5)
r U
2,02 12, 42,2 2.2.2
1, = 2202 432 42020 + p%RAY), and (4.6)
2,22
1, - AA42 4.7)

The balance of mass equation for the solid constituent (2.9) may

be expressed in terms of the stretch ratios as

L __1

=V,,
Plo | A AN 1

(4.8)

where v, represents the volume fraction of the solid.

The equations of equilibrium which are appropriate for the
deformation being considered are documented next. Since the assumed
form of deformation implies that the stresses depend only on the radial
co-ordinate r, the equations of equilibrium for the solid constituent,

namely (2.11), reduce to

rr rr 86 ) -
E;__ + — b 0, (4.9)

where o r and %4 denote the appropriate components of g, and br denotes
the component of the interaction body force b in the radial direction.
The equilibrium equations for the fluid constituent, namely (2.12),

reduce to

5% 4 +b_ =0, (4.10)
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where L and LPY) denote the appropriate components of z. Equations

(3.26), (4.9) and (4.10) yield

" -0, (4.11)

which is the equation of equilibrium for the mixture.
For the deformation under consideration, it follows from equation
(4.4) and equations (3.30) - (3.32) that the non-zero components of the

partial stress tensors for the solid and fluid constituents are given by

p
1 2 4
0. =- P Py + 2p(A) + A TN - 2p(A))A], (4.12)
o =l aaan + A T(L + w2R2ND)
'Y P P10 ] 27177
-2pA2(A;(1 + »2R%22%)2 4 ¢2R2x4x3), (4.13)
P1 2 4 2.2.2
0,, = - P P10 +2p(A) + A,10T - 208,07 (1 + ¥RAD)), (4.14)
2 2 2.2.2..2 2
0,, = 20¥R {(Al + AT AN, - A AL+ $TRIADAY + 2 )]},
) (4.15)
and
Pa
Ry = Mgy = Tpy = ~ P ;;a - PPy Ap2 , respectively. (4.16)

The only non-zero component of the interaction body force vector is

given by

P dpy dp,

b = - - + p, A
r P10 Ar dR 1 Py ArdR
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d 2 2 2222 2
- Py Al K;EE {Ar + Aa + % AR xo + A }

d [Az 2 2.2 2.2 2.2.2 ]
r 1]

- p2A2 ;;EE AT+ A0A + ero(l + »"R°AT) (4.17)

A, A g a =8A

where A1 - 311, 2 = 312 ’) apz.
It is sufficient to satisfy any two of the three equilibrium
equations (4.9) - (4.11). Equations (4.12) - (4.17) are substituted in
to the equilibrium equations for the solid and the mixture (4.9) and
(4.11), respectively, to get the following functional forms of the

equilibrium equations which are stated in terms of the co-ordinates in

the reference configuration for computational convenience:

dp »

—_—J__ ’ ’ 22_

T dR py + g, (A}, Ay, Apé. Apr Agy Ry AL, A, $TRT)=0,  (4.18)
and

dp

Ty ’ [] 22-

- @Rt By (A, Ay AL A, X, RO, AL, A, $TRT) = 0. (4.19)

)

In equations (4.18) and (4.19) the prime denotes differentiation with
respect to the reference radial coordinate R, and the radial and
tangential stretch ratio Ar and Ao, respectively, are related through

the compatibility condition given by

% " 5 - (4.20)

Subsequently, the mixture is assumed to be of a "Neo-Hookean-type," that
is, A is a linear function of Il' For this case the explicit forms of
the equilibrium equations for the mixture and the solid (see appendix B

and C for details) are given by
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1 2 .2 2.2.2.2
- *oR (Aa-xr + P AR Ao)] =0, (4.21)
and

dp

da
VIRt 2 AD, [ @R AR [*r Ao]

da (A_-2,)
L ,2.,2 aa_ [, 1 Ut
T3 QoA Wix%R% )] " P1P20 ap ”1[x @R *) ]

dx (A

—X _____i_ -
+ 2p2 A1 [A iR + Ao + ¢ A x A R] 0. (4.22)

Equations (4.20) - (4.22) may be solved for p, Xr and Ao once the
specific form of the Helmholtz free energy function for the mixture is
known, and the appropriate boundary ¢onditions are specified. For the
"Neo-Hookean type" mixture considered here the Helmholtz free energy

function per unit mass of the mixture may be written from equations

(3.27-3.29) as:

v1 |RTPyo
A==

T
[4

R Rt |11 n(l-v)) + x(l-ul)}], (4.23)

1.0

Two of the appropriate boundary conditions for solving the set of

ordinary differential equations (4.20) - (4.22) are given by

A_(0) = x,(0), and (4.24)

Trr(Ro) =0 (4.25)

The boundary condition given by equation (4.24) arises due to the

compatibility requirement between the radial and tangential stretch
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ratios at the axis of the cylinder. The boundary condition on the total
traction vector represented by equation (4.25) is a consequence of the
requirement that the outer surface of the cylinder be traction-free.
Since a boundary condition for the partial traction vector is not
physically obvious, following the arguments presented in [25] it is
assumed that the outer surface of the cylinder is in a saturated state.

This assumption results in the boundary condition represented by
Srr(Ro) =0, (4.26)

where Srr represents the radial stress component for a saturated state,
and is given by [25] -

dA_ 2
Srr =) (p20 - p2) apz + p20A + 2 p Al Ar . (4.27)

The governing equations (4.20) - (4.22) for the combined extension
and torsion of a swollen cylinder are highly non-linear and coupled,
and may be solved numerically for the variables Ar, Ao and p. For
computational convenience, equations (4.21) and (4.22) may be combined
to eliminate p, and for the Helmholtz free energy function given by

(4.23) the resulting equation (see appendix D for details) is given by

1 2,2,2.2

(A _-) )[K(Zx - Toovy - A ] + YATRTALA

RAo d*r r 4 1 vy 1 ré 0°r
- - (4.28)
A dR 1 2
r K (2x - l-ul)yl - Ar
where,
Mc
K-



31

The set of ordinary differential equations given by (4.20) and
(4.28) subjected to boundary conditions given by (4.24) and (4.26) were
solved numerically. The following material properties [1l] were used for

the numerical calculations:

Density of rubber in the reference state Pio = .9016 gm/cc
Density of solvent in the reference state Poo = .862 gm/cc
Molar volume of the solvent vy = 106.0 cc/mole
The molecular weight of rubber between

cross links M, - 8891.0 gm/mole
Rubber-solvent interaction constant x = .400

A

The numerical value of the universal gas constant R is given by
8.317 x 107 dyne-cm/mole - °K, and the absolute temperature T was
assumed to be 303.16°K. The computational rgsults are presented in
Figures 1-6 for a value of the axial stretch ratio A = 1.938 which was
maintained in the experimental work presented in [28].

Figure 2 shows the variation of the radial and circumferential
stretch ratios for two different values of the angle of twist . For
the case of no twist (¥ = 0) the cylinder is homogeneously swollen
whereby the radial and tangential stretch ratios are equal and constant
throughout the domain. However, when the swollen cylinder undergoes
finite torsion (¢ = 1.0) significant gradients in the stretch ratios are
evident. Furthermore, even in the case of finite torsion, the
deformation in the axial domain is relatively homogeneous, and the
gradients in the stretch ratios increase with the radial co-ordinate.
Figure 3 shows the variation of the radial stress for two different
values of the angle of twist. It is seen from Figure 3 that the non-
dimensional radial stress is compressive and approaches zero at R = R0
due to the boundary condition (4.26) which requires the outer surface of

the deformed cylinder to be traction-free. The corresponding variation
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of the non-dimensional circumferential stress is shown in Figure 4. The
non-dimensional radial and circumferential stresses in Figures 3 and 4
denoted by Trr and Tao have been non-dimensionalized with respect to

R Trp

M
c

It is clear from Figures 2, 3, and 4 that the gradients of

the radial and circumferential stretch ratios and stresses increase with
increasing twist. The variation of the volume fraction of the solid
along the reference radial co-ordinate is shown in Figure 5 for three
different values of the angle of twist. It is evident from Figure 5
that the fluid leaves the swollen deformed cylinder as the angle of
twist is increased. The non-dimensional ratio of the current volume V
(in the swollen twisted state) to the volume of the original unswollen
rubber cylinder V, 1s presented in Figure 6. It is clear from these.
results that as the angle of twist increases the fluid leaves the
cylindrical mixture resulting in the reduction of the current volume of
the swollen cylinder. Finally, the ratio of the change in the volume AV
- (V - Vo) to the saturated swollen untwisted volume V0 is compared with
experimental results [28)] in Figure 7. The computational results based
on Mixture Theory predict the same qualitative and quantitative trends
as observed in experimental results, thereby illustrating the value of
employing Mixture Theory in modeling the interaction of elastic solids

and ideal fluids undergoing large deformations.
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2. NON-UNIFORM UNTAXTAL EXTENSION OF A MIXTURE SLAB

In this section, a boundary-value problem is studied for a slab
which is a mixture of a non-linearly elastic solid and an ideal fluid.
Consider a mixture slab of an incompressible non-linearly elastic solid
and an ideal fluid. The slab is assumed to have finite thickness h, and
the other two dimensions of the slab are assumed to be infinite Figure
8. Let (X,Y,Z) denote the coordinates of a particle in the reference
configuration and (x,y,z), the coordinates of the same particle in the

deformed configuration. Consider the deformation
x = f(Z) X,
y=£(2) Y and, (4.29)

z = A(2).

The deformation gradient F is given by

£ 0 Xf'
F= |0 £ yef. (4.30)
0 0 i

The prime denotes differentiation with respect to Z. The Cauchy-Green

tensor B = F . ET can now be represented as
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£2 ¢ %262 xyee? XE'A!
B - xye' 2 £2 4 y26: 2 year |, (4.31)
XE' 2! YE' 2! A

The equilibrium equations are expressed in terms of the reference
configuration for computational convenience. Assuming no external body

forces, the equations of equilibrium for the mixture take the form
aT, .
ij -1

—— F_ . =0. 4.32
aXp PJ ( )

The tensor E'l that appears in these equations has the form

1 Xf'
£ 0 - %
-1 _ 1 _XYf'
F 0 1 10 4.33)
1
o o. Lk

The equilibrium equations for a mixture of "Neo-Hookean type" reduce to

QE '2 LL "y -
S8R unp ket v 2a x 8 ey <o, (4.34)
. g% + 4 oYE' 2 4 24, Y f7 %E (pE'A') = 0, (4.35)
and
-f—ig Py ! LL '2
' 3z + AAl pf'A + 2A1 ' oz (pA' ")
£ aP P | _ £ 3 A | _
Y [x ax * Y oy ] x 8z [pz ? 3, ] 0. (4.36)

In equations (4.34) - (4.36),

_ %A
A 31, -
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2,0, £ e

8(2) = 4Ay pf’ 1\ oz

Then, equations (4.34) - (4.36) may be written as

& L xe@ -0,

X
aP
S+ Y g2 -0,
and
LA, pf' 212
ap 1 a 02
“az £ * 281 5z (PATT)

£ ..,2 2 a_ -1
+ f [x +Y ] g(Z) = EY [PZP ap2 - 0.

(4.37)

(4.38)

(4.39)

(4.40)

The scalar P in equations (4.38-4.40) is eliminated by the standard

procedure of cross-differentiation to obtain
' £
g (Z) -2 f g(Z).

The equilibrium equations for the solid take the form

The equilibrium equations for the solid reduce to

aP P10 ,.,2
T + 2A1 oy Xf (2p + p2) + 2A

Pio0, f£a_

. X% 8z

f'ax’) =0,
ol (p )

1

(4.41)

(4.42)

(4.43)
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-Q _1—0 12 iL '\’ -
o+ 24 — " v£r2 (20 + py) + 2A1 o 0y oL (fan) - o, (4.44)
and
[ pl g% + 2A1 52 (pr") ] ot 4pA1 £'a + fl— fT [ X %i
P10 P10
£ 3 o £
ap ] . aa P2t £° 002, 2 P2 .
+ Y 3y ] P1 3p2 G 2A1p2 N [ X* + ¥Y°] + A1 N [ 4ff
+ 2(X%4Y%) £rErr o+ 2A'A"] - 0. ‘ (4.45)
Let
p
h(Z) = 24, f10 p2 () p)) + 2, ;2 f7 9 (pE Ay, (4.46)
2

Then, equations (4.43) - (4.45) may be written as

apP

- ax Y Xh2) =0, (4.47)
F:) 4
- gy t Y h(Z) =0, (4.48)

and

p
[ L 28, aa & () ] L v upap £1ar

P10 az 1 42 !
Pl £ 2 an_ Pof
= %% + Y2 h(2) - » < (4.49)
\ 1 3p, A
Plo P2 :
)3
- 285, 5;7 (x2 + v
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Again, the scalar P in equations (4.47-4.49) is eliminated

procedure of cross-differentiation to obtain

using the
h(2) -2 5 h@ + o, (4.50)
where,
A p 2
210 & fer £
h(zZ) = AAlp2 o f [f £ ]. (4.51)
A simple integration of equation (4.41) yields
2
g(Z) = le , (4.52)
where C1 is a constant.

By virtue of (4.37), equation (4.52) may be written as

err 4 £

Lol 28t Gt
A’ p f 2A1p :

(4.53)

Similarly, equations (4.46), (4.50), and (4.51) may be combined to yield
! C
, 2 A 2
P2 B - 3 [pzf

(4.54)

Exact solutions to equations (4.53) and (4.54) are presented next.

First, consider the case when the density of the solid remains
constant. That is

Py

= constant.

P10

(4.55)

Using equations (4.55) and (2.22), equation (4.54) is identically
satisfied. By virtue of (2.9)
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P
1. —-li (4.56)
P10 a'f

which reduces equation (4.53) to
)AL 2 + 5;;— = 0. (4.57)

In equation (4.57), A1 is a constant when the Helmholtz free energy
function A for the mixture is linear in I1 (a "Neo-Hookean-type"

mixture). Then,

At o 3A oy (4.58)

N W

where, C = 5;;;.

Next, solutions to the ordinary differential equation (4.58) will be
presented for three possible cases depending on the wvalue of the

constant C being negative, zero or positive.

(i) When C > 0, it can be shown that

A'(2) = T 1 2
[Al sin / C Z + Bl cos JC Z ]
2 2
- ”l(zl’il’ C’ 2) ’ (4.59)
and the solution to the first-order ordinary differential equation

(4.59) may given in the functional form as

z
z(Z) = A(2) -J ql(Kl,El,c, Z)dZ (4.60)
0
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where Kl and El are constants of integration, and have to be evaluated
by the given boundary conditions. For a mixture layer of thickness H,

fixed at the bottom, and whose deformed thickness is h, the appropriate

boundary conditions may be given as
z(0) = 0, (4.61)
z(H) = h. (4.62)

(ii) When C < 0,

’ (4.63)

and the solution to the first-order ordinary differential equation

(4.63) may given in the functional form as

YA

r,z(K B,,C', Z)dZ , (4.64)

0

where KZ and EZ are constants of integration, and have to be evaluated
by the given boundary conditions (4.61-4.62), and C' = - C such that

c' >0.

(iii) When C = O,

A’ (Z) = constant, (4.65)

is a solution to equation (4.58), which corresponds to the classical

solution.



40

Now, consider the general case where the density of the solid is a
function of the space coordinates. For this case the equilibrium

equations for the mixture (4.53) and the solid (4.54) reduce to

PP
£2eram 4 (£26m + 2 ££020 ke 4 {_lg;_gg ]f" -0, (4.66)
: P20
and
£2 4 kg2 -0, (4.67)
C
respectively, where K = Ez—lz—. Equation (4.67) can be solved
2071

independently of equation (4.66) to obtain f(Z).

When K < 0, let K = -a2, a > 0. Equation (4.67) has solutions

given by
az
£, = By %, (4.68)
£, = B, e 2%, (4.69)

where ﬂl and ﬂz are constants of integration. When K > 0, equation
(4.67) has imaginary solutions, which are not physically meaningful.

When K = 0, equation (4.67) admits the classical solution,

f(Z) = constant. (4.70)

Equation (4.66) can be used to obtain the transverse stretch ratio A(Z)
corresponding to fl(Z) and fz(Z) given by equations (4.68) and (4.69).
Substituting equation (4.68) in equation (4.66) gives

A"+ bad'- 7y e 28Z _ o, %.71)
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P10 - P20 a _

where, 7 - P20 s 2
1

which admits a one parameter family of solutions

v - -
A(Z) = - 12 e 2azZ + Lle 4aZ ,
4a

(4.72)
where L1 is a constant of integration. Substituting equation (4.69) in

equation (4.66) yields

which admits a one parameter family of solutions

aZ) = - 115 e?2% & L,e*% (4.73)
4a

where L2 is a constant of integration. Corresponding to the classical
solution for £(Z) given by (4.70), equation (4.66) admits the classical
solution given by (4.65). Figure 9 shows the variation in the
deformation along the thickness of the layer with respect to the
reference coordinate Z for various values of the parameter a. The
appropriate boundary conditions used in obtaining the results presented

in Figure 9 by using equation (4.72) are;

z(l) = 2, and
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z(0) = 0.

Figure 10 shows the corresponding variation in lateral stretch ratio

f(Z) with respect to the reference coordinate Z for various values of

the parameter a.



CONCLUDING REMARKS

The thermo-mechanical response of solid-fluid mixtures in problems
involving non-homogeneous equilibrium swelling of solids, diffusion of
fluids in solids, steady-state flow of fluids through swollen solids and
wave propagation in solid-fluid mixtures may be treated within the
context of the Theory of Interacting Continua. In this work, attention
is focused on the mechanical response of a mixture of an incompressible,
non-linearly elastic solid and an ideal fluid undergoing large
deformations. The fundamental mathematical framework for the Theory of
Interacting Continua is presented, and the theory is employed to model
the mechanical response of solid-fluid mixtures undergoing large
deformations, and in particular, two boundary-value problems have been
presented for this class of mixtures. The first boundary value problem
presented herein is intrinsically interesting since it is one of the few
problems involving large non-homogeneous deformations for which
experimental results are available. The second problem presented in this
work is more of theoretical interest which demonstrates that an infinite
mixture slab of finite thickness, undergoing uniaxial extension, admits
infinite solutions.

The first boundary-value problem of finite extension and torsion
of a swollen cylinder of an incompressible, non-linearly elastic
material presented herein is formulated within the context of The Theory

of Interacting Continua.
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Computational results for the variation of the radial and tangential
stretch ratios and the distribution of the fluid in the swollen deformed
state are presented. The results demonstrate that the swollen volume of
a cylinder reduces with twisting when the axial stretch ratio is held
constant. Computational results for the reduction in the swollen volume
predict the same qualitative and quantitative trends as observed in

experimental results.

The second boundary-value problem of non-uniform uniaxial
extension of a mixture slab presented herein demonstrates the
possibility of an axial variation of the stretch ratio for uniaxial
extension of a mixture of a non-linearly elastic solid and an ideal
fluid. In addition to the classical solution, a one parameter family of

solutions has also been presented.

This work investigates the complete mechanical response of the
solid-fluid mixtures and has served as a test-bed for evaluating the
validity and predictive capability of the Theory of Interacting Continua
in modeling the interaction of elastic solids and ideal fluids, and also
demonstrates the applicability of the theory to the problems involving
solid-fluid mixtures. This approach may be extended to study steady-
state and time-dependent problems of interest involving solid-fluid
mixtures, the static and elasto-dynamic response of composite materials
under hygro-thermal environment may be adequately modeled by employing
the Theory of Interacting Continua, for example. Furthermore, an
experimental program for the material characterization of solid-fluid
mixtures will be very for pushing the frontier of understanding the

complex non-linear behavior of these mixtures.



APPENDICES
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Appendix A

SPATIAL DERIVATIVES

A.1l Derivatives Of p, p,, p, and I, with respect to r

In this appendix some derivations are performed which will be used in
appendix A3 to AS5. The source of each equation is indicated

respectively.

The equation for the conservation of mass may be written from the
equation (2.9) as

- L Al.1)
Pro VT AN, (Al

The equation of the volume additivity constraint from equation (2.22)

may be rewritten as
(31 P2
— + = -1, (Al.2)
Pio P2o
Substitution of the equation (Al.1l) in equation (Al.2) yields
P2
vy =1 - — . (A1.3)
P20

The equation (2.7) may be rewritten as
p = p; + psy. (Al.4)
The equation (Al.4) may be rewritten with the help of equations (Al.1)

and (Al.3) as

p = (Pro - P20) V1 + P20 - (Al.5)
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Differentiating equations (Al.1),(Al.3) and (Al.5) with respect to the

radial coordinate r yields following equations respectively

dp, dv,

dr =~ Pro G ) (Al.6)
dp, dv,

E;— = - Pao E;_ , and (Al.7)
dp dv,

ar ~ (P10 - P20) g - (A1.8)

Differentiating equation (4.5) with respect to the radial coordinate r

yields
dI, d 2 2 2 2 2 2
d 1 2 2 2 2 2
- 5; 7 o + Aa +Y% A r + 2 '
A Ao v,

. 2 2 3

L. A, dvy ] AL dxg o D, . ¢2 32 r
| v, dr xa dr 6 dr ’
( )\2 dv A2 di | W

2 2
=21 - ;f —;l +4 - ;I + 2, E;l +% X r | . (Al.9)
6

L s

di
—af is eliminated from equation (Al.9) by using equation (4.20) to yield

2 2 2
dI, A dy, Mg =2 (AL - X)) 2 2
- . x ] r r g
ar " v e YT o #war | . (al.10)

A.2 Differentiation of xt with respect to r

The mass balance of solid constituent may be given by the equation

1
viT T, (A2.1)

Differentiating the above equation with respect to the radial coordinate

r yields
dv, dx dx
L _ . 4 b 4 z 2
= [ oI YN I 1/ X2 A, (A2.2)



or

(4.20) to

Or

The above
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dv, di dx vV,
— - A e, £ . (A2.3)
dr r dr 6 dr Ar Ao

dAz

dr is eliminated from the above equation by using equation
yield
dv, ( A, (A_ - X)) dx vy
— 4 r 8 L | —
ar - M r A *Aa ) xa (A2.4)

r r 4
dv, . (Ar - Ao) . dAr Vi (42.5)
dr L r dr A ) ’
r

equation may be rearranged as
dx r dv, 1
E;L - -l A (1+ ;: o ) Aa ) po (A2.6)
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APPENDIX B

Derivation of the equilibrium equation for the solid-fluid mixture
The equilibrium equation of the mixture may be written from equation
(4.11) as

dTrr T - Tﬁo -0

dr r

(B.1)

The constitutive equations may be written for the mixture by using

equations (3.30) and (3.31) in equation (3.26) as

dA 2 .
Trr = -Pp - p Py E;z + 2 9p Al Ar , and (B.2)
da 2 2 2 2

For the case of "Neo-Hookean type" mixture considered, the constitutive

equations may be written as

dA 2
da 2 2 2 2
T00 = - p - p P, dr, + G Vl Xo (L+R vy 2A), (B.5)

where G is a material constant. Differentiation of equation (B.4) with

respect to the radial coordinate r yields

—JdTr g-d—p-?—-(pp ﬁ )-G,\2 &2_0("_r - 1) (B.6)
dr dr dr 2 dp, r dr At A, )

The second term in equation (B.1l) may be represented in terms of the

stretch ratios and the constitutive constants as

T T

- 2 2 2 2 2
%—”-%[cu,(xr_xou«»'pxa))]. (B.7)
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Summing equations (B.6) and (B.7) ylelds the final equilibrium equation
for the mixture of an incompressible elastic solid and an ideal fluid

as follows

dp d da 2 dvy 26 A - X
“ar ar (PP dp, 7 €A I ™ ¢ )
Gy,

o1 2 2 2 2 2
—— (A _2, (l+y 12 R )) =0. (B.8)

+
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Appendix C

Derivation of equilibrium equation for solid constituent.

The equilibrium equation of the solid from equation (4.9) is rewritten

as

dr + - b =0 ’ (C'l)

Where o and 949 are appropriate components of partial stress o of the
solid and br is the radial component of diffusive body force b and in
the context of the current problem these quantities are given by the

following equations, respectively

P 2
Oy = - P 1o + G v, Ar s (C.2)
P1 2 1 2 2 2
Tpg = - P " + G v, Ao (lL+% X R ), and (C.3)
p dp, dA dp, P2 vV, G dI1
br - P1o dr A dp, dr ) 2 p dr ) (C.4)

Differentiation of equation (C.2) with respect to the radial coordinate

r yields

py dp P dp, 2 dv, 26

pro dr ~ p;e dr €A & .

do pY
—Ir ( £ _ )
dr Ao

(C.5)
The second term of equation (4.1) may be expressed in terms of the
stretch ratios and the constitutive constants from equations (C.2) and
(C.3) as follows

g g Gv .
M_ _I(Xz_A;(1+¢2X2R2)). (C.6)

r r
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Substitution of equations (C.4-C.6) in equation (C.1l) yields the

equilibrium equation of the solid constituent

dp 2 dv, A A
v, o= - G X__Z_G.(_L_L).
dr r dr ra Xo
Gv, 2 2 2 2 2 dA dp, Py vy G dI,
+r (Ar_xo(1+¢AR))_p1dp2 dr+ 25 dr-o.

(C.7)



52

Appendix D

Derivation of governing equation.

The governing equation of the problem of combined extension and torsion

of an incompressible, non-linearly elastic swollen cylinder may be

dp
obtained from equations (B.8) and (C.7) by eliminating the quantity s
from these equations and the resulting equation may be given as

d dA
v, ‘3; (p Pq E;Q) + a(l-v,) + B(l-vy) + vy =0, (D.1)

Where variables a, B8, ¥ are defined as below:
. dvy 26 A A

a= -G @ —— (x-"4 , (D.2)
r dr r Aa
Gv, 2 2 2 2 2
B= T— (A _2 (L+¥ A R ), and (D.3)

TT A dp, dr * 2p dr

(D.4)

The explicit form of the Helmholtz free energy function A, defined per
unit mass of the mixture, is used to find an explicit form of the
governing equation. The Helmholtz free energy function is rewritten here

from equation (4.23) as

A

1-v
-3y + R —;—l n(l-v

RTp
Y1 10
A=3 M (1) v )t x(l-ul)}}. (D.5)

1 1
da
A lengthy derivation ofa;— from equation (D.5) is omitted which when
2
dI,
used in equation (D.1-D.4) along with expression for E;_ from

appendix Al yields the governing equation as
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1 2,2,2.2
A_-2,) K - .
R, @ (A, 0)[ (2x 1_yl)u1 *r*o] + P AR
A_ dr "~ ° 1 2 (D.6)
r K (2x - 1-0 )vl - AL
1
where,
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Figure 1: Extension and Torsion of a Cylinder
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