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ABSTRACT

A MASSIVELY PARALLEL ARCHITECTURE DESIGN
FOR PATH PLANNING APPLICATIONS

By

Lyle Amos Reibling

This research has investigated computer system design issues for mas-
sively parallel architectures applied to path planning in two-dimensional risk fields.
Physical phenomena were found to be useful in modeling shortest path plan-
ning problems. These phenomena provide analogies in nature which form the
basis for the models in path planning. The electrostatic model in field theory de-
scribes the distribution of current flow through a nonuniform conducting media,
such as a plate of nonhomogeneous resistive material. The paths of current flow
are used as the analogy in nature to path planning by associating the resistivity
of the media with the cost function of the path planning problem.

The distribution of current flow for electrostatic fields is described by the Lapla-
cian partial differential equation. An artificial neural network was designed to solve
the Laplacian equation for nonhomogeneous media and was used in a massively
parallel architecture to compute minimal cost and alternative paths. The scalar
field for the nonhomogeneous media is found by computing a finite difference
approximation to the partial differential equation. The artificial neural network

computes this field. Path solutions are computed from a vector field which is



orthogonal to equipotential contours of the scalar field.

Connectivity of the massively parallel architecture was examined for its influ-
ence on the convergence rate of the neural network approximation. Experimental
investigation of this technique has shown promising resuilts. The solutions gener-
ated by the architectures have been checked against known admissible algorithm
results. A simulation of an analog implementation of the artificial neural network
with 3,600 neurons resulted in projected real-time convergence of 18 milliseconds.

A significant result of this research was the discovery of an architecture design
paradigm for massively parallel architectures. This paradigm is called natural

parallelism.
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Chapter 1

Introduction

1.1 Nature of the Problem

Many applications can be described as problems in combinatorial search.
These problems require searching[3, 50, 72] through the states of a problem by
tracing paths from an initial state to a final state along the allowable transitions
between states. The purpose of the search is to find the best path according to
some objective function which is defined over the states of the problem[57]. The
objective function defines the criterion for the search. The best path is the one
which minimizes the objective function when evaluated over the problem states
on the path. The problem states are typically defined through the use of a cost
function. The cost function is a hypersurface in the multidimensional state space
of the problem. Figure 1.1 is an example of a problem space showing the risk
field of a cost function. The risk is shown by the use of contour lines which
describe the elevation of the function’s values. The best path is the path P which

minimizes the integrated risk along the path between the start and goal states of



the problem space. This is defined by

min/? C(s)ds (1.1)

where C(s) is the cost function which defines the risk along some path P which
begins at the start state and ends at the goal state of the problem. The best path
is also shown in the Figure 1.1 as a dashed line which is the optimal path between

its end points for the cost function.

1.1.1 Search Requirements Make Demands on Architectures

The states of the problem and their transitions can be represented as a di-
rected graph (digraph). As problems grow in size and computational complexity,
their associated digraph becomes more complex. This complexity is due to the
number of nodes and interconnections between the nodes of the digraph. Very
complex problems make severe computing demands for search algorithms on
serial processing architectures[53, 54].

A general purpose sequential processor, or even a group of multiprocessors,
may not be effective in solving traditional algorithms for these demanding prob-
lems. This is because of the enormous number of possible solutions to these
problems. The search problem is a very complex issue for algorithm design. In
general, the complexity of the search problem is exponential. As will be shown
in Chapter 2, the search problem can be represented by a tree. A solution path
in the search problem is then found by tracing the paths in the search tree from

its root to a terminal leaf node. If there are B successors to a state in the search






4

problem, then the tree has a branching factor of B. Therefore, each new level
in the search tree will grow by B new nodes for each node in the previous level
of the tree. This growth in the search tree is often referred to as combinatorial
explosion. The general search problem with unrestricted state operators will have
a worst case path which includes all states of the search space. Thus, the total
number of solutions is O(B™), where = is the number of states in the search prob-
lem. This exponential number of solutions to the fundamental search process
is why it is an NP-complete problem, even though there are only n state in the
search space.

The Von Neumann architecture, a serial processing architecture, requires al-
gorithms which are defined as serial instruction streams. Even multiprocessors,
while simultaneously processing in parallel as a group, are processing serially
as individual processors[19]. To meet the requirements of larger, more complex
problems, the processing architecture and algorithms need to be more closely

matched to the nature of the application problem([62].

1.1.2 Massively Parallel Architecture Needs

Advances in integrated circuit and optical computing technology have made
implementation of massively parallel computer architectures feasible. These ar-
chitectures are more complex than multiprocessor networks, often inspired by the
structure of the brain as in artificial neural networks[31, 41]. Discovering properties
of computation in these new architectures is a contemporary issue in computer

science. Computation is not specified, or programmed, in the usual manner of
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a stored program computer; rather, the collection of interconnection strengths
between nonlinear parallel processing elements of these networks determine the
computation of the processing system[29].

As artificial neural network technology is developed to implement solutions to
search problems, obstacles need to be overcome in designing realizable hard-
ware. One such obstacle is the need for a method to design the architecture of
the artificial neural network. Several questions regarding a neural network need
to be answered before an architecture can be defined to solve the problem: How
many interconnections are required between the neurons? What pattern of in-
terconnection is needed? How does the pattern of interconnections realize the
numerical solution of the problem? What should be the definition of the intercon-
nection strengths? Does the number of interconnections influence the feasibility
of the hardware realization, the convergence and quality of the solution, or the
speed of the network? What function does the neuron need to compute? How
does the function realize the numerical solution to the problem?

While the previous questions describe the architecture needs, they do not ad-
dress any process to use in designing architectures. Other questions illustrate
needs in the design process. How does the development of a particular archi-
tecture relate to the algorithm solution? Is the algorithm needed first, and then
the architecture definition follows, or does it make more sense the other way
around? Is there an interaction between these needs? Is there some underlying
mathematical model of the problem which will solve this algorithm/architecture in-

terrelationship? If so, is the mathematical model a special one for each problem,



6
or is there some general principle or model which will solve the problem? How
can the mathematical model be mapped into the artificial neural network? What
class of problems can the resulting design compute?

Questions such as these have motivated this research. The research was
directed to answer these questions, although not necessarily in the order given
above. Taken as a whole, these questions aid in revealing the issues that need
to be understood in developing a design methodology for search architectures
using massive parallelism. These design issues are taken up in the subsequent

chapters of this dissertation.

1.1.3 The Architecture Design Challenge

The traditional approach to algorithm conceptualization is influenced by the
designer’'s own sequential thinking processes and understanding of the imple-
mentation of algorithms on serial processors. Parallel architectures developed
from multiprocessor networks have incorporated serial processors[19, 33]. The
design challenge of these networks address the control and data partitioning
needed to map serial algorithms onto multiple communicating serial processors.
This is not an effective method to develop massively parallel computing architec-
tures. The enormous number of processor nodes and interconnections is beyond
the designer’s ability to partition algorithms due to the explosive number of parti-
tion combinations. Massive parallelism is characterized by collective computation
and as such a new approach is needed for thinking about how the roles of appli-

cation, algorithm, and architecture are interrelated in a design. This relationship
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creates a design challenge for determining interdependence models between the
application problem to be solved, the algorithm to solve the problem, and the
massively parallel architecture which computes the solution. A simpler paradigm

for architecture design must address these three related issues.

1.2 Objective of the Research

1.2.1 Research Motivation

The motivation of this research is the investigation of computer architectures
and algorithms characterized by massive parallelism which have computational
properties that yield the solution to combinatorial search problems[30] with ap-
plication to path planning[6, 13, 20, 55]. The central thesis of this research is that
a massively parallel computing architecture can be defined in which the com-
putational units correspond identically to the explicit problem states and exhibits
convergence to values which represent a solution to the particular problem. Ques-

tions fundamental to investigation of this central thesis are:

1. What is the theoretical basis for a model of path planning in the central

thesis?

2. What is the computational definition of the massively parallel architecture in

the central thesis?

3. How does the amount of interconnection among computational units in the

massively parallel architecture influence its accuracy and convergence?

4. What is the performance of the massively parallel architecture?
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5. What, if any, is the fundamental principle which unifies the distinct, yet in-
terrelated roles of architecture, algorithm, and application in the definition

of the massively parallel architecture of the central thesis?

1.2.2 Research Method

In this research, analogies in nature are used to design massively parallel
architectures for path planning. These architectures are analyzed for their effec-
tiveness in computing solutions to the search problem. The tool for this research
is the simulation of the architecture models. This provided a method to study
the topological properties of the architectures for their influence on solution con-
vergence and performance characteristics through experimental verification. The
solutions generated by the architecture simulations were checked against known

admissible algorithm resuilts.

1.2.3 Massively Parallel Architecture Approach

There needs to be an understanding of how to effectively determine the archi-
tectural definitions of interconnection strengths and processing element functions
for performing desired computations. This dissertation describes the problem,
and a solution methodology to design massively parallel architectures which use
new parallel models for path planning applications.

This new approach is called the natural parallelism paradigm. This paradigm
uses analogies in nature to develop massively parallel architecture designs. This

research has shown that the paradigm is an effective methodology for designing
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massively parallel architectures to solve combinatorial search problems such as

path planning.

1.3 Remaining Organization of the Dissertation

Chapter 2 is a review of the literature which is background to this research. Tra-
ditional serial search algorithms for this problem are discussed. Multiprocessor
architectures are discussed and developments in massively parallel architectures,
particularly artificial neural networks, are discussed. Finally, the combinatorial
search problem used in path planning is described.

Chapter 3 and Chapter 4 investigate the development of the parallel architec-
ture for path planning. In Chapter 3, the mathematical model of a new parallel
approach is developed. The parallel architecture design for the model is also de-
scribed. In Chapter 4, the results of the architecture design for the path planning
application are presented.

In Chapter 5, the key discovery of the new design paradigm of natural par-
allelism for massively parallel architectures is described. The natural parallelism
concept, motivated from nature, is at the heart of the paradigm to enable map-
ping algorithms onto these architectures. The significance of the paradigm is
discussed. The path planning results are discussed and its performance is ana-
lyzed. Chapter 6 is a summary of the research. The dissertation concludes with

recommendations for further research.



Chapter 2

Searching, Parallelism, and the Path
Planning Problem

This research concerns a new search technique and its application to path
planning using massively parallel architectures. In this research, architectures are
investigated for solving the parallel implementation of path planning. To develop
an understanding of the background to this research, the interrelated roles of
algorithm, architecture, and application in designing solutions are reviewed as
distinct topics. The topics reviewed begin with a general discussion of search
algorithms. The search algorithm discussion is be followed by some background
discussion on traditional parallelism of multiprocessor computer architectures.

Finally, the problem of path planning for aircraft trajectory generation is described.

2.1 Search Algorithms

Conventional serial-processing search algorithms have addressed adversarial
game tree search, path search, and shortest path search problems. Much re-
search regarding combinatorial search algorithms have focused on traditional

algorithm development and analysis for sequential processors, or distributed

10
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multiprocessor architectures. Many problems are solved using search[3, 50].
Winston[72] describes search as exploring alternatives. Such an exploration deals
with situations in which choices are made, leading to new situations and more
choices. This is a very common scenario in artificial intelligence endeavors.

An optimal solution to a problem is obtained when the search results in the
best possible answer. But in many cases, the best solution may be too costly
or prohibitive to find, so reasonable solutions are suitable alternatives. Good ap-
proximations to optimal solutions often serve well as satisfactory results. People
are an example of problem solvers which are satisficers, not optimizers. A satis-
ficing solution is often more appropriate because worst case situations requiring
optimal solutions rarely arise in the real world.

Among the many uses of search algorithms, two major classes are adversarial
board game problems and path search problems. The adversarial scenario looks
for solutions leading to a winning outcome for the game. The path search problem
finds routes through a problem space between initial conditions and problem
solutions. This latter search problem can also require finding the best path which
meets some defined criterion.

To generalize search algorithms, a method is needed to provide a mapping
of the particular problem into a uniform description. This description is used
by the search algorithm to solve the problem, and is called the problem space

representation.
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2.1.1 Problem Space Representation

The problem space representation is often a directed graph. A graph is a
set of nodes with a set of edges which connect pairs of nodes. If an edge in
the graph is not bidirectional, then it is called an arc. A graph which contains
arcs is called a directed graph (digraph). When a graph contains an arc from a
node n; to node =;, the node n; is called a successor of node =;, and conversely
the parent of n; is n;. Arcs can be weighted with a value which represents the
incremental cost from a node to its successor.

In many situations a particular directed graph called a search tree[72] is used.
The search process is a traversal of this directed graph where each node of the
directed graph is used to represent a state of the problem([63]. The arcs of the
digraph define the state transition relationship between the states connected by
the arc.

The digraph can be represented either explicitly or implicitly. In the former
representation, the digraph is defined by enumerating the entire set of states.
The arcs of the digraph are shown pointing from one state to another state. In
the latter representation, the digraph is defined by establishing an initial set of
states and operations which transforms one state into another state.

A search tree can be constructed from a digraph by expanding the possible
successors to each node of the graph, beginning with some particular node as
the root of the tree. Trees are expressed in geneological terms such as parent

and child. A node with no parent is the root node. A node with no children is a
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terminal node. Expanding a node means defining its children.

A search algorithm is a procedure for finding a path from the root node of a
tree or graph (the start state) to a goal node (leaf). The first consideration of any
search algorithm begins with the representation of the search space. This choice
is either an explicit representation, or an implicit one. For example, the explicit

representation in Figure 2.1 can be represented implicitly as
2
5 6 7 8

|

14 15 17

1

\

3 4
9 10 11 12 13

Figure 2.1: Explicit Search Tree Representation Example for a Search Space

ROOT = 1
SUCC(n) = {m|m = 3n —1,3n,3n + 1},1<n <5

Each node has only a finite number of successors (which excludes an infinite-
breadth tree). The depth of the search tree, however, may be infinite. Arcs of the

search tree often have costs associated with them.
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State Spaces

Problems may be defined as state spaces. Searching then occurs in an envi-
ronment called the problem space, which has a set of states and operators[57].
These states describe the problem. An instance of the problem is defined by
including a particular initial and final state with the problem states. Then problem
solving becomes a state space search problem[63]. State space search is a prob-
lem solving method where the problem is encoded into a state representation,
and the problem is to move through various configuration of the state space. This
is done by combining the allowable move operations of the problem with search
techniques. The searching task solves the problem by finding the sequence of
operators which converts the initial state into the final state. This sequence is the
problem solution, and is described as a path through the problem space from
the initial state to the final state. In problem spaces which correspond to physical

space, the resulting path represents a physical route.

2.1.2 Game Tree Search

An example of searching as exploration is common in board games. Adver-
sarial choices are made to lead to winning (and losing) situations by the players.
Some of the search algorithms used for this kind of problem are minimax and
alpha-beta pruning.

The search tree has been used in computer programs as the data structure

for modeling chess and other games. In adversarial board games the search tree
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nodes correspond to the board configurations[72]. These board configurations
define the game state. This tree is used to represent the possible continuation
of the game from the current situation of the game via the moves of the game.
The branches of the search tree transform the situation which corresponds to
moves of the games. Since the tree represents the possible game continuation
from the current situation, it is called a lookahead tree. The root of the tree is
the current game configuration of the game pieces on the board. The successor
nodes represent the new game configurations resulting from the choice of a single
legal move of the game. The leaves of the tree represent the possible game
configurations after a number of moves which correspond to the height of the
tree.

Alpha nodes of the tree correspond to board configurations from which the
program (the maximizer) selects the next move, and beta nodes correspond to
the board configurations from which the opponent (the minimizer) selects a move.
Each tree level thus alternatively consists of alpha and beta moves, with the root
being an alpha node.

The leaves of the search tree are examined to determine a value of the re-
sulting board configuration, since the leaves of the tree may not represent game
termination. This value of the leaf is used as a numerical estimate of the relative
strengths for the players in the leaf's board configuration. An analyzer converts
the board configuration judgments into a single number for the quality of the situ-
ation. This is 6alled the static evaluation score. A positive score favors one player

called the maximizer, and a negative score favors the minimizing player. Evenly
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matched board configurations have a value of zero. This numerical value of the
static evaluation score is calculated using a static evaluation function (SEF).

The minimax backup procedure is used to propagate these values up to the
root of the tree. For an alpha node, the greatest value in its successor nodes is
selected, which represents the program making that move because it will be the
best new board position. The least value is selected for the beta nodes, because
this represents the move of the opponent, who is assumed to be hostile and
perfect and, therefore, will make moves which are the worst new board position
for the program. Thus, alpha node values are the maximum of its successors’
values and beta node values are the minimum of its successors’ values. The
value at the root node indicates the maximum value available for the search tree.

Alpha-beta search is a minimax procedure for pruning the growth of the game
tree[72]. It generates the successor nodes for the limited depth search tree in a
depth-first order, and combines the development of the lookahead tree and the
leaf node evaluations with the minimax backup procedure. This allows the omis-
sion of the development of subtrees by comparing the backed-up values of nodes
and cutting off their generation when they will not contribute to improvement in

the minimax values.

2.1.3 Path Search

Another use of search for exploring alternatives is finding the path from a start
node to a goal node in a problem space. A path from node =;, to node =;, is a

sequence of nodes =;,,n,,,...,n;,, where every node n;; is the successor of the
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node =;;_,, for j € [2,k]. A node =; is a descendant of the node =; if there exists
a path from =n; to n;.

When the length (or cost) of the path is not important, simple procedures such
as depth-first search, breadth-first search, hill climbing, beam search, and best-
first search will suffice to find a solution path[72]. These procedures are easy to
implement, but usually find only sub-optimal paths.

In depth-first search, one alternative is selected at every node. The search then
works forward from the selected node. The remaining alternatives are ignored at
first. As needed, the alternatives are selected in the order they were generated
from this parent node expansion. The algorithm begins by selecting the root
node. A successor of the root node is then selected. If the successor meets the
goal condition, the algorithm stops. Otherwise a successor of the successor is
selected, and the evaluation is continued. !f there are no further successors, the
previous available successor is selected and the search continues. The algorithm
is a very intuitive approach to searching. It is good for small trees with many goal
nodes. However, it is not guaranteed to find an optimal solution path, even if one
exists.

Hill climbing uses a heuristic measure of the distance to a goal. The most
promising alternatives are used first in a depth-first search fashion. The child
nodes must be sorted to determine the best alternative. Three problems occur
with the hill climbing approach. The foothill problem occurs when there is a sec-
ondary peak in the problem giving locally optimum results. The plateau problem

occurs in large flat regions because no local improvement occurs. The ridge
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problem occurs where none of the directions show improvement and requires
more alternatives to detect the local improvement.

Breadth-first search uniformly pushes into the search tree by levels. In breadth-
first search, each successor of the selected node is examined against the goal
condition. If a successor meets the condition, then the algorithm stops. Oth-
erwise, all successors of the previous successor are examined against the goal
condition, and the algorithm continues. This algorithm is very easy to implement.
If a solution exists, it is guaranteed to find it. Also, the solution will have a minimum
path length (tree height, but not necessarily minimum cost).

Beam search is like breadth-first search by level. It is restricted to move down
by only the w best nodes, where w is the width of the beam.

Best-first search extends the best partial path[72] by expanding the best open
node. However, this requires sorting all of the open nodes.

Breadth-first search, depth-first search, and best-first search can be general-
ized to state space search. The states which are contained in the frontier of the
search tree (the leaf nodes) are elements of the set called OPEN, and the interior
nodes of the search tree are elements of the set called CLOSED. Consider an
OPEN set which contains the search frontier as a specific data structure in the

context of the following state-space search algorithm:
1. Put ROOT in OPEN
2. If OPEN = ¢, then STOP-FAILURE

3. Remove the “best” state, n, from OPEN, and place into CLOSED. if n €
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GOAL, STOP-SUCCESS
4. Generate successors of n and place them on OPEN
5. Go to STEP 2

If the OPEN set is implemented as a stack data structure, the above state-
space search algorithm is depth-first search. Implementing OPEN as a queue
results in the breadth-first search algorithm. In step 3 the removal of the “best”
state n is accomplished by the remove function for the stack or queue. In order to
actually remove the “best” state as in best-first search, the contents of the queue
need to be ordered by some evaluation function. Thus, if the data structure
is implemented as a prioritized queue ordered by the evaluation function, the
resulting algorithm is best-first search.

Each algorithm has its advantages in certain situations[72]. Depth-first search
is good when blind alleys are not too deep. Breadth-first search is good with few
alternatives (small branching factor). Hill climbing is good when there is a natural
measure for the goal distance, and the likely choice is a good one. Beam search
is good when a natural measure exists and the likely partial paths are shallow.
Best-first is good when there is a natural measure and good paths look bad at

shallow levels.

2.1.4 Shortest Path Search

A third class of search algorithms are used when the best path is needed.

These algorithms are more complicated, because the cost of traversing the path
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is important for determining the best path[72]. Examples of algorithms used
for shortest path search are British Museum search, branch and bound search,
discrete dynamic programming, A* search, and simulated annealing.

The British Museum procedure is to find all possible paths, and then select
the best one. This is like breadth or depth-first search, but without stopping on
a goal. Conceptually, it is a very simple approach. But it obviously suffers from
combinatorial explosion, and is not very useful for other than simple problems.

Branch and bound search maintains a set of partially developed paths. It
proceeds by extending the shortest incomplete path. It terminates when the
shortest incomplete path is longer than the shortest complete path. Branch and
bound is good for big search trees, and when bad paths turn very bad fast (at
shallow levels)[72].

An improvement in these algorithms is to discard redundant paths. This is
done by deleting paths to common nodes which have a larger cost than the mini-
mum path to the same node. This technique underlies the dynamic programming
principle[72]. In looking for the best path from start to goal, all paths from the
start to any intermediate node except the minimum can be ignored. Bellman[4]
introduced the dynamic programming concept for decision making processes.
Dreyfus and Law[14] have extended this dynamic programming principle of op-

timality to unconstrained shortest path search:

The minimum cost path from A to B has the property that, whatever
the initial cost at A, the remaining path to B, starting from the next
node after A, must be the minimum cost path from that node to B.
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Dynamic programming is good when there are many paths to common nodes([72],
such as with problem graphs defined on grids, where each grid point is a state
node in the problem space.

Underestimates can be used to improve the efficiency of these search proce-
dures by guessing the distance remaining to the goal. Several search ideas come
together in the A* search algorithm. It is branch and bound search together with
a distance estimate and the dynamic programming principle[72].

Additional notation is required for the following discussion of the A* search
algorithm. Functions are defined that describe costs associated with the paths.
When it is desirable to assign a cost to an arc to represent the cost of applying
the transition represented by the arc, the notation ¢(n;,n;) is used to represent
the cost of the arc from n; to n;'. The least path cost from the start node, s, to
any arbitrary node, =, is denoted as g*(n). A path from s to n which had this cost
is an optimal path from s to n. The least cost from any arbitrary node n to some

goal node g is denoted as kh*(n). The function

f*(n) = g*(n) + h*(n) (2.1)

then represents the ieast cost from the start node s to the goal node g, with the
path constrained to include the node n. This path through n however, may not
necessarily be the minimum cost path from s to g. In the following algorithms
leading to A*, choices are made about which nodes to expand based upon some

estimate of the “worth” of the node. g(n) is used to estimate g*(n) and h(n) is

1Costs may be associated with the nodes. In such a case, the cost ¢(a;) at node n; can be
assigned to the arc of each successor node n;; of n;, where the resulting cost for the arc is
c(ny,ny;) = c(my) V ny; € SUCCESSOR(n;)
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used as an estimate of h*(n). Thus, the evaluation function used in the choice of

the next node to expand is

f(n) = g(n) + h(n) (2.2)

Every node n which has been reached during the search belongs to one of two
sets. n € CLOSED if n has been examined and is no longer in the search frontier.
n € OPEN if n is a candidate for immediate exploration due to being in the search
frontier.

A* is a graph search with knowledge (heuristic estimate). In A*, h(n) is an

underestimate of the cost from n to a goal node. Rather than optimizing g(n), A*

will optimize? the function f(r) = g(n) + h(n). A good estimate, &, is a prerequisite
for a good A*. Goodness is dependent upon the admissibility of the estimate and
efficiency in evaluating the estimate.

The A* search algorithm is as follows:

1. Initialize by placing ROOT in OPEN, ¢(ROOT) = 0, calculate A(ROOT), and
f(ROOT) = h(ROOT).
2. Select N such that f(N) = min{f(n)|n € OPEN}

Test if N is a goal. If yes, then STOP-SUCCESS with PATH(ROOT,N) the

minimum cost solution, cost = g(N).
If OPEN = ¢, STOP-FAILURE.

Test if there are any more nodes, N, such that f(N) = min{f(r)|n € OPEN}

2For any node n which is on the optimal path, A* will optimize g(n).
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If there are, check to determine if any of the nodes satisfy the goal conditions

and STOP-SUCCESS, otherwise choose one randomly to be the next N.

3. Put N in CLOSED.
For all n; such that n; = successor(N), calculate g'(n;) = g(N) + ¢(N,n;)

Test if n; was previously opened and has had previous g(n;) < g'(n;). If
so, then ignore n;. Otherwise, put n; in OPEN and set g(n;) = ¢'(n;) and

calculate f(n;) = g(n;) + h(n;). Set path pointer from N to n;.

Go to STEP 2

These are some of the algorithms used for computing shortest path solutions
on sequential processors. They provide a background of the search problem
and historical approaches to finding shortest paths. These algorithms were all
deterministic. In the next section, a non-deterministic procedure is described

which has been used for shortest path search.

2.1.5 Simulated Annealing

Shortest path searching can be considered a combinatorial optimization pro-
cedure. In combinatorial optimization, the function to minimize is called the ob-
jective function[56]. The constraints on the optimization are the set of feasible
options in the solution to the problem. A problem is combinatorial when the
configuration elements are finite, or a countably infinite set.

The annealing concept has been posed as an applicable general routine to

use on combinatorial optimization problems[56]. Annealing is a physical process
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in condensed matter physics[70]. A solid is placed in a heat bath and heated
to increase its temperature to a maximum value where its particles are then ran-
domly arranged into a liquid. The liquid is then cooled by slowly lowering the
temperature of the heat bath. As it cools, the liquid’s particles are arranged into
low energy ground states of a corresponding lattice. This process requires a
sufficiently high temperature and slow cooling. Thermal equilibrium is reached
at each temperature with the energy states arranged according to a Boltzmann
distribution. As the temperature decreases, this distribution concentrates on the
low energy states.

In simulated annealing[35], minimizing the cost function of an optimization
problem is analogous to the slow cooling of a solid reaching a low energy state[70].
The cost function is substituted for energy and executing the Metropolis algorithm
is analogous to the slowly decreasing temperature. Simulated annealing is also
known as probabilistic hill climbing[70].

The Metropolis algorithm is a simulated evolution to thermal equilibrium of a
solid for a given fixed temperature, T'. It is a Monte Carlo method which generates
a state sequence of a solid. A small random perturbation of a particle is applied.
This new state results in a difference in the system’s energy, AE. If AE < 0,
the process is continued for lower energy states. If AE > 0, the new state
is accepted with the probability e-2E/ksT  This acceptance rule is called the
Metropolis criterion[70].

To use this on a combinatorial optimization problem, a sequence of config-

urations of the problem space are generated. These configurations are like the
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states of the solid. The cost function is like energy, and the control parameter is
like temperature. The simulated annealing algorithm is a sequence of runs of the
Metropolis algorithm which is evaluated at sequences of decreasing values of the
control parameter.

To use this approach, a unique representation of the state configurations
needs to be defined. This representation must proscribe a procedure for mea-
suring the quality of a configuration, and there must be a neighbor relation for the
configurations. A difficulty with simulated annealing is that there is no definitive
answer for how to formulate and control the annealing process.

This review has provided a look at several sequential path searching algo-
rithms and procedures which have been developed for execution on sequential
processors. Because of their intended use, they have an attribute which is not
only sequential but of singular activity. This attribute can be seen in cognitive
psychology terms as the focus of attention and the serialization of the human
thought process in problem solving. The tie between the serial thought process
and resulting serial processing designs must be acknowledged. New massively
parallel architecture design approaches will be more viable if they recognize this

traditional relationship in existing architectures.
2.2 Computer Architectures and Parallelism
Parallel processing is a system consisting of at least two processing elements

which are capable of simultaneous operation[19]. Multiprocessing has focused

on integrating multiple functional units into a parallel processing system. Central
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processing unit concurrency is obtained by either replicating functional units for
concurrent operations on different problems as in a multiprocessor, or by pipelin-
ing, which performs operations incrementally on a stream of data at stations within
the pipeline.

Using a definition of processing as the application of functions to data, or oper-
ations performed upon data (memory), the distribution of processing means that
this processing is applied to multiple data simultaneously (either synchronously
or asynchronously) in a non-serial fashion. This is to be distinguished from cen-
tralized processing where all data operations occur in a single processor, which
results in serialized computation.

In their definitions for parallel computer structures, Hwang and Briggs[33]
consider different configurations of parallel computers. They relate these config-
urations to a type of parallelism which results from the architecture. Temporal
parallelism results from pipelined computers by the use of overlapped computa-
tions. Spatial parallelism is achieved from multiple synchronized arithmetic logic
units in array processors. And asynchronous parallelism is achieved in multipro-
cessor systems by a set of interactive processors with shared resources such as

memories, databases, etc.

2.2.1 Von Neumann Multiprocessing

The Von Neumann machine is a uniprocessor which had the same basic struc-
ture for all early stored program machines[19]. The prevalent structure through

1958 consisted of four main functional units. These units were input/output,
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memory, control, and the arithmetic/logic unit (ALU). The weakness of this ar-
chitecture is routing all of the I/O through the ALU. This made for high hardware
costs because of sharing costly buffer registers. In addition, performance was
degraded because no processing occurs during 1/O. In the mid 1950’s direct
memory access (DMA) became available. The data flow paths were altered to
allow direct memory access for I/O. The control unit still was responsible for I/O
operations, however, and some degraded performance continued during 1/O. /O
channels then became available. These independent channels separated the ac-
cess paths to and from memory, and separated control for the I/O operations.
Essentially, the 1/0 channel became a small computer which operated simultane-
ously (in parallel) with the main processor. The ALU operates free from 1/O until
interrupted.

A multiprocessor system requires at least two CPU’s. The main processor
memory is shared and accessible by all of the processors. /O is sharable, and
there is a single integrated operating system which controls the hardware and
software of the multiprocessor. It has benefits of reliability because of the multi-
ple units which may be reconfigurable. System performance is improved through
the parallel execution of independent tasks. Distribution of memory does not con-
strain distributed processing which occurs locally. However, as local processing
yields results which are shared with other remote processing units, the transmit-
tal time effect of this sharing of data may become evident as a constraint on the
global processing behavior.

The system hardware can be organized in several ways. Single access port
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units can be time-shared or placed on a common bus. There is no direct
connection between function units, but rather a parallel connection to the bus.
With a crossbar switch matrix any memory module can be connected to a pro-
cessor or 1/O unit. This is space-division multiplexing. When memory has more
than a single access port, a multibus or multiport connection architecture is pos-
sible. However, this requires additional conflict resolution logic to arbitrate si-
multaneous requests for memory access. Pipeline systems perform the same
operation repeatedly on several items in a single data stream. Array or vector
processors perform the same operation on large collections of data which are
related concurrently.

Coupled systems are connected electrically and share common hardware re-
sources. Indirectly coupled systems have no interaction between their programs
except at the data set level such as is implemented by a mailbox. A directly cou-

pled system shares addressable storage with high speed channel connections.

2.2.2 VLSI Technology and Massive Parallelism

Very large scale integration (VLSI) architectures are a dominant new technol-
ogy for computer hardware construction[52]. VLSI offers more promising perfor-
mance than that of conventional computing hardware[47]. Computer structures
can be built by exploiting the properties of VLSI. In 1978, Kung and Leiserson[36]
introduced the computational architecture known as the systolic array[24]. The
systolic “array” is derived from its similarity to a grid, with each point of the

grid as a processor, and the links of the grid consisting of the links between the
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processors. This array characteristic of the architecture capitalizes on regular and
modular structures which match the computational requirements of the problems
they are intended to solve.

Many classical sequential devices fail to yield results in reasonable time. The
technology for faster sequential devices now appears to be approaching limits on
speed by the laws of physics[18]. The great concurrency of processing elements
and memory can be easily implemented in VLSI at many processing sites on a
chip. An example is custom VLSI machines for massively parallel Al architectures.
Parallel computers with 100,000 to 1,000,000 gates per chip make it feasible to
fabricate massively parallel computers.

Fahiman & Hinton[21] explain that exploring the use of massively parallel ar-
chitectures is an attempt to get around the limitations of conventional symbolic
processing. In the massively parallel architecture, the system’s collection of per-
manent knowledge is stored as patterns of interconnection strengths among pro-
cessing elements. The knowledge directly determines how the processing ele-
ments interact rather than residing passively in memory, awaiting examination by
a central processing unit.

Comparatively slow (on the order of milliseconds) neuronal computing ele-
ments with complex parallel connections give rise to complex, parallel processing
with fast processing effects. Time is often the critical resource in many compu-
tational problems. Neurons with a computational speed of a few milliseconds
can account for complex behavior in a few hundred milliseconds. Entire complex

behaviors are accomplished in a few hundred time steps of this computational
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system.

The fundamental premise of massive parallelism is that individual neurons
do not transmit large amounts of symbolic information, but rather compute by
appropriate connections to large numbers of similar computational units. For
a given massively parallel network defined by its interconnection topology and
individual procedures, there is a need to characterize the class of functions which
are computable by the device, and how the functions are computed[18]. This
analysis is needed so that these devices can be designed and constructed to
provide these functions. A theoretical basis is needed for models of computation
in massive parallelism.

Neural networks[16, 17, 41] are a new computer architecture based on the
massive parallelism of simple computational units (such as the neurons of the
brain). These networks are based upon an abstraction of the understanding of
the information processing properties of neurons. The development of neural
network technology began in 1943 with the work of McCulloch and Pitts[46]. In
their work, they showed how to use the biological neuron as a computational
model to compute boolean operations. This type of computing is an alternative
to the conventional Von Neumann architecture. A distinctive feature of neural net-
works is their massive parallelism. These networks have high speed and inherent
fault tolerance. Artificial neural networks are a computational paradigm which is

motivated by a model of the biological neuron. Hopfield [29] states that

Parallel analog computation in a network of neurons is thus a natural
way to organize a nervous system to solve optimization problems.
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In developing a massively parallel architecture, the individual computational
unit must be defined. This standard model of a processing unit loosely corre-
sponds to the information processing model of a neuron. For an artificial neural
network to be useful, the network of units requires a means to make decisions or
to perform some coherent action. This requirement implies that these networks
need to converge to stable states to effect decision making and coherent actions.

The architecture of neural networks is simple processors with a dense ar-
rangement of interconnections. The processing power of a neural network is
measured in terms of the number of updates per second of the interconnections,
rather than instructions per second for Von Neumann machines. This measure
is defined as the connections per second (CPS) of the neural network. Neu-
ral networks are characterized by having more interconnections than processing
elements[12]. This is in contrast to more traditional parallel processing architec-
tures which have a lower ratio and incorporate Von Neumann machines as the
processing elements.

One problem is how to orchestrate the mapping of the designed architecture[2].
This includes the problem of the global control of local elements. How are the
local computational rules changed to implement a general algorithm? This pro-
cessing is coherent and parallel, and must be robust by not exhibiting sensitivity
to the failure of a few individual nodes. Interaction of the devices is also an im-
portant consideration. The topology of concurrent systems require locality prop-
erties to reduce the interference from too much communication[47]. The foun-

dations of the topology are found in the interconnections for processing. Wholly
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interconnected arrays are not a viable general VLSI circuit design[2]. Techniques
are needed which seek primarily local interconnections.

The Hopfield neural network can be used as an associative memory and also
to compute solutions to optimization problems[30]. It fostered the rebirth of in-
terest in neural networks[12]. Each neuron in the Hopfield neural network is
connected to every other neuron except for itself. The connection strengths are
symmetric and provide for convergence to stable states of the network. The ob-
jective function for the optimization problem is the energy function of the network.
As the network is updated, its energy is reduced. This neural network has limita-
tions, however. It gives limited good answers. For example, the network doesn'’t
work well above 10 cities in the traveling salesman problem (TSP)[12]. It has
the advantage, however, that it is an inherently parallel architecture. A solution to
an optimization problem can be mapped onto a Hopfield network by generating
an appropriate quadratic energy function which describes the constraints of the
problem.

The network connections are derived from an energy function that produces
the optimal solution at the lowest energy state of the network. The Hopfield
network often fails to find valid solutions and is sensitive to parameterization and
initial conditions.

A procedure to map the problem onto the Hopfield network requires the fol-

lowing steps[42]:

1. Select an encoding of the problem so the outputs of the neurons correspond
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to the solution to the problem.

2. Define an energy function whose minimum corresponds to the optimal so-

lution of the problem.

3. Derive connection weights and bias currents which represent the objective

function and constraints of the problem.

4. Choose initial values for the neuron outputs so the network converges to a

stable state which is a feasible solution to the problem.

An advantage of the Hopfield network is that it is relatively simple to implement
as an analog circuit. One difficulty though, is the physical implementation of the
high gain limit. Also, a globally optimal solution can only be obtained from the
network when the conductances are infinite[43]. It is difficult to define an appro-
priate energy function which corresponds to the desired optimization problem.
Some convergence states are local minima which represent infeasible solutions
to the problem. The network is also very sensitive to parameterization and initial
conditions.

Constrained optimization problems can be mapped onto neural networks by
using parameterized penalty terms for the violation of constraints[59]. The quality
of the solution depends on the selection of the network parameters in the energy
function of Hopfield. Assigning values to the cost function parameters is crucial
to the kinds of solutions the network will be able to find. Network parameters are
needed to get sensible solutions, and determining their value depends on how to

select them, and how to tune them. A linear relationship has been found between
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some of the parameters of the Hopfield TSP cost function[27]. Inhibition between
the neurons increased for feasible solutions. The global bias to insure complete
tours must also increase to stay in the feasible solution region. As the size of the
problem (number of cities) increases, this feasible region narrows. This suggests
that the network does not scale up, but rather can find fewer feasible solutions
as the network grows[27].

The three most important aspects of artificial neural network research are algo-
rithms, application, and architecture[32]. Algorithm mapping technology needs
to be used along with CAD technology to derive VLSI arrays from neural network

algorithms.

2.3 The Path Planning Application

One application which can benefit from the development of search techniques
using massively parallel architectures is path planning for aircraft or mobile robots.
A very hard problem in this path planning application is trajectory generation,
which requires the computation of the desired trajectory in an embedded real-time
system. The tremendous computational demands for trajectory generation[54]
make it a good candidate application for this research. The optimization tech-
nique which has been extensively used in aircraft trajectory generation systems

is dynamic programming.
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23.1 Overview of Path Planning

Three functions of a flight management system are trajectory generation from
the mission plan[55], trajectory optimization for control objectives[20], and tra-
jectory control[53]. Mission plans are defined by waypoint position definitions.
Trajectory generation[6] attempts to maximize survivability by optimizing threat
penetration paths for terrain masking[37].

A terrain and obstacle avoidance path planner called AUTOPATH was de-
scribed in [13]. This algorithm is an optimization based technique to generate
global flight trajectories. The global flight path incorporates terrain and obstacle
avoidance instead of using local avoidance procedures to a preplanned global
path. AUTOPATH is an example of a path planner which has several uses. One
use is in mission planning. Mission planning uses apriori threat information and
computes a baseline mission profile for the aircraft to use during flight. This pro-
file is computed on the ground before the flight using general purpose machines
with very good performance. A second use of path planning is to analyze the
effectiveness of this baseline mission profile prior to flight. Effectiveness means
the objectives of the mission can be met and the aircraft can be returned to base
intact and undamaged. Mission effectiveness is a qualitative judgement which is
often based upon a value which rates a flight profile. This value is usually a nu-
merical measure defined as a probability of survival along the mission profile and
considers the total threat exposure of the aircraft during the mission. The third

use of path planning is the real-time onboard updating to the mission plan. This
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occurs in-flight while the mission is underway and uses new threat information
which is discovered by the sensor suite of the aircraft.

Manual flight trajectory generation is accomplished by inserting waypoints be-
tween which a smoothed flight path is created. To generate avoidance paths,
additional waypoints are inserted in such a manner that the resulting smoothed
flight path will deviate around the area to avoid. This technique works for threat
areas which are well defined and have good separation. In addition, robots,
drones, remotely-piloted vehicles, and particularly autonomous vehicles cannot
use manual waypoints. Most threat scenarios involve regions where the threats
are arranged in a very dense coverage with much overlap. Since there is no
isolation between the threats within these regions, this manual type of avoidance
trajectory generation is eliminated. What is required is a mathematical optimiza-
tion process which generates trajectories with minimal threat exposure for the
non-uniform continuum of threats which are associated with the dense threat
coverage.

The path planning problem consists of a large problem space, typically with
several state variables. Path planning requires finding a path out of all the pos-
sible paths in a multidimensional search space which is a path with the optimal
performance measure. Due to its large search space, the path planning problem
places severe demands on computational resources[54]. These problems often
require real-time solutions unavailable from current technology.

System response time depends on the throughput, memory, and interfacing

capacities of the computer or computer network used for airborne mechanization
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of trajectory generation. This problem is difficult to solve in a time expedient fash-
ion using the currently available airborne processing technology, due to the mas-
sive computational throughput requirement associated with an extensive search

space.

2.3.2 Path Generation by Searching

Aircraft trajectory optimization is an application of path planning by searching
through a muitidimensional search space for some path which has the optimal
performance measure through the search space. Optimization techniques to
compute minimum danger paths for mission segments involving enemy threats
have been developed[54]. Survivability is an example of a performance measure
of mission effectiveness. It is quantitatively defined in a measure called danger by
accounting for the threat exposure of the aircraft during an entire mission. This
includes threat lethality and terrain masking advantages of the mission profile.
Lethality is taken to be thg time derivative of the probability of kill Px. Aircraft
speed effects are implicitly included in this measure since it is a danger rate.
The quantitative measure of performance is usually expressed as a probability of
survival P, at all points along the aircraft trajectory. This performance measure
attempts to capture a numerical representation of the probability of successfully
completing the mission without incurring damage or destruction from the threats.
Survival is improved by finding a trajectory through the threat region for which the
performance measure is maximized. Rather than maximizing the probability of

survival performance measure, the problem is converted to the minimization of a
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performance measure which is a monotone decreasing function of the negative

logarithm of the probability of survival:

D = F(-logPp,) (2.3)

This function computes a danger measure based upon the survivability in a dense
threat environment taking into account the threat locations and lethality, aircraft
exposure due to altitude, and masking effects from the terrain. This metric is used
as the cost function for the search space by assigning a danger value to every

state in the search space. Danger for any path is by definition:

Dpar = dD (2.9)
path
dD dD dt
= -/path Eds = path d_tzds (25)
D .
= Zds = 2.
/pm yds = [, D (2.6)

The threat penetration problem was formulated as an optimization problem
where a performance measure which is a function of the aircraft trajectory was
defined. The threat penetration trajectory generation algorithm computes the tra-

jectory which minimizes danger as the following performance measure (J):

J(path) = /pm Dt 2.7)

D is the danger index function representing the risk per unit time imposed on the
aircraft by the threat environment as a function of horizontal position, altitude, and
heading. Dynamic programming[5] is the mathematical technique used for deter-

mining the trajectory which minimizes the performance measure by performing
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a search of potential trajectories using a recursive formulation. By accumulat-
ing transition costs over the sequence of node transitions making up a particular

trajectory, the performance measure (J) for the trajectory is determined, i.e.,
J = ZD;At; (28)

AUTOPATH is a dynamic programming approach in which the performance
measure for the mathematical optimization is defined as a military gain[13]. This
gain is a usually a weighted sum of the probability of successfully completing
a mission, and the probability of surviving the mission. It is implemented by
partitioning the threat coverage region of space through which the aircraft flies
into an array of small cells. These cells usually cover an area of one to four

nautical miles (see Figure 2.2). The center of these cells are the coordinates of a

AIRCRAFT
CELL

Figure 2.2: Trajectory Generation Through a Region Partitioned into Grid Cells
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multidimensional grid. Each cell has an associated vector of values which reflect
the probability of survival based upon the threat location and models of lethality.

The overall survivability of a path through the cells is the product along the
path of the probability of survival through each celi[13]. A path is defined with a
start cell, an end cell, and a contiguous set of intermediate cells from the start to
end cell. The performance measure is implemented by setting the cell value to
the negative logarithm of the probability of survival. There is a benefit in trans-
forming the measure with this implementation. It is more desirable to work with
summation than multiplication since it is a simpler computation. The logarithm
accomplishes this, although it must be recognized that this transforms the prob-
lem from maximizing products to minimizing sums. The negative logarithm of the
probability of survival is proportional to the probability of kill. This is, therefore, a
simpler computation which is equivalent to minimizing the probability of kill (not
surviving).

The generated mission flight trajectories are to minimize pilot risk (the inte-
grated danger) due to the threats over the set of possible trajectories defined on
a geographical grid of the mission[54]. Discrete dynamic programming is the
optimization technique which has been used to compute trajectories on this grid.
The state space of the trajectory generation problem is a discretized lattice of
nodes. The trajectory is the successive transitions between adjacent nodes of the
grid. The transition cost is the value of the danger at the node. The computing
grid for this research is defined as an orthogonally connected mesh-connected

processor array[47].
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2.4 Summary

The algorithms described in this chapter are several of the traditional ap-
proaches to solving problems using search. All of these approaches have cen-
tered on algorithms for implementation on serial processors. Some research has
addressed converting these algorithms into parallelized versions for execution
on multiprocessors[1, 26, 34, 40]. Those approaches also begin with the serial
perspective on algorithm design. This research will show a unique approach to
searching that does not use a serial viewpoint, but rather a truly parallel model
which encompasses the problem space representation as well as the algorithmic
model.

VLSI offers opportunities to implement feasible, large scale neural networks
to achieve massive parallelism. Optimization problems, such as shortest path
search, can be mapped onto neural networks. However, the Hopfield network
approach suffers from several difficulties. It is difficult to encode problems using
the energy function minimization approach. Several parameters are required and
little is known on how to specify their value. Evidence indicates that the network
does not scale well for larger problems. Later chapters will describe a neural
network which avoids these problems, since it is based on existing numerical
analysis and has a good mathematical basis.

Trajectory generation for aircraft is a well studied application of path planning
search. It has been mapped into a multidimensional grid representation with

each cell of the grid containing the cost of flying through that cell. The trajectory



42
optimization problem then is to find the minimum cost path through the grid by
searching. This application has been studied using discrete dynamic program-
ming. In later chapters, this application will be used to illustrate results obtained
from the massively parallel neural network architecture design for trajectory gen-

eration.



Chapter 3

Parallel Architecture Model For Path
Planning

This chapter introduces a new parallel model for the shortest path problem[62].
The natural phenomenon of electrostatic fields are shown to have a similarity to
path planning with multiple, alternative solution paths. Analysis of the electrostatic
model results in a partial differential equation and its boundary conditions which
correspond to the path planning problem requirements. A finite difference approx-
imation for computing the numerical solution to the partial differential equation is
also derived. This finite difference approximation is the basis for a new neural
network designed to compute the numerical solution. Finally, a technique is de-
veloped for increasing the amount of connectivity in the neural network in order

to decrease the solution time.

3.1 Overview Of An Analogy In Nature

The basis for this new model of path planning lies in the understanding that
problems can be described by physical analogies in nature. This new path plan-

ning model uses an analogy of electromagnetic field theory for the mathematical

43
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model. The solution to the application problem is provided by a partial differential
equation in field theory.

The model taken from electromagnetic phenomena is based on electrostatics.
The electrostatic model is used to compute multiple, parallel paths which avoid
regions of high cost. The mathematical model describes paths through a region
containing a variable cost function as a problem in mathematical physics. One
such problem is finding the distribution of current flow through a nonuniform
conducting media such as a plate of nonhomogeneous resistive material.

This physics problem is described using partial differential equations. The cost
function for the path planning problem is analogous to the nonuniform resistivity of
the media. The solution to the Laplacian partial differential equation is a potential
field in the media. Paths are computed orthogonal to the equipotential contours

of this field.

3.2 The Electrostatic Model for Parallel Path Planning

The electrostatic model is a physical model in nature which is used for the
natural analogy of parallel path planning. The natural analogy contains corre-
sponding entities between the physical model and the abstract path planning
model. The paths of the path planning model correspond to the current flux lines
of the electrostatic model. These flux lines describe the distribution of current
flow. The variable cost region of the path planning model corresponds to the
nonuniform conducting medium of the electrostatic model. A plate of nonhomo-

geneous resistive material is an example of such a medium. With this analogy,
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finding good paths is like describing the manner in which current flows through
the medium. The solution of the distribution of current flow can be used as a
corresponding solution for path planning.

When a potential difference is applied at two different points in a resistive
media, current flows along paths between the points where the different potentials
are applied. The point with the higher potential is the source point, and the
point with the lower potential is the sink point. The paths of current flow are
determined by the resistivity of the media and the locations of the source and
sink points. The distribution of current flow along these paths is optimized by
nature in some fashion. Current path distribution is less dense through regions
where the media has a higher concentration of resistivity. Conversely, regions with
more conductivity (lower resistivity) have a greater density of current distribution.

Current flow is along flux lines which correspond to the current density field.
The current density field is continuous, so there are an infinite number of flux lines
from the source point to the sink point. From the source to the sink, the current
flux lines can be traced along the direction specified by the current density vector
field. (Just as magnetic flux lines can be seen between the poles of a bar magnet
by sprinkling metal filings upon a sheet of paper placed on top of the magnet.)

In the electrostatic model for path planning, several analogies to nature are
defined. The variable cost function for the search problem is represented by the
nonuniform resistivity of the media. This media has the same dimensionality as
the problem space. The range of each dimension of the problem space defines

the extent of a grid upon which a spatial sampling is performed for the architecture.
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Time may be explicitly represented as one of the dimensions, if the cost function
is a function of time. The source and sink locations represent the start and goal

nodes, respectively of the search space.

3.2.1 The Mathematical Model

The mathematical model is based upon electric field theory[51]. From the
definition for current density and its divergence in steady state conditions the
N- dimensional electric field potential ¢ = ¢(z1,z2,...,zx) With z; as orthogonal
coordinates of a nonuniform conductive media can be derived[60] as the solution

to the second order partial differential equation
V24 + pVa-Vé =0 (3.1)

where p = p(z1,z2,...,zx) is the nonuniform resistivity of the media, and o = p~'.
The cost function is modeled by the resistivity of the conducting media. Expanding
the gradient and divergence operators in the two dimensions z,y results in the

following second order partial differential equation

Gz + ¢yy + po.¢, + Pa'y‘ﬁy =0 (3'2)

Since the electric field and current density results from the gradient of a scalar
field, they are conservative fields, and the field lines emanate from source charges
and terminate on sink charges(71]. These field lines represent possible solutions
to the search problem as multiple paths. Figure 3.1 is an example of this concept.
This example is the field which results from dipole charges on a uniformly con-

ductive surface. This corresponds to the path planning problem in a region which
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Figure 3.1: Example of Field Lines Used as Multiple Paths
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has a constant cost. The least cost path between the end points is a straight line.
This is shown by a straight field line in the figure. Additional curved field lines are
shown which “bulge” out from the straight field lines between the dipole charges.
These curved lines then correspond to multiple paths of the corresponding path
planning problem. These multiple path solutions do not include all of the possible
solution paths in the exponential search space. In using the field lines as paths,
the solution space is restricted to include only those paths which do not share
any path segments. The multiple paths will not split from any common path or
join together into a single path. The multiple paths all originate at the start state

as unique alternatives.

Background Theory

This section reviews those aspects of electric field theory which are pertinent
to the model. For a more extensive explanation of electromagnetic phenomenon,
see [45, 51, 71]. The following analysis will be used to derive Equation 3.1.

The divergence of the current density j is defined as the charge (p) rate of
change

Op

Vii=-3 3.3)

In the steady state condition, no charge distribution changes occur

2 -0 (3.4)

Thus, in the steady state condition,

V-j=0 (3.5)
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The current density is defined in terms of the electric field E and the conductivity
o as
j=0E (3.6)
Substitution of Equation 3.6 into Equation 3.5 gives
V-(cE)=0 (3.7)
or, equivalently through a vector identity tﬁat
Vo-E+oV-E=0 (3.8)
The electric field is also defined as the negative gradient of the potential field ¢
E=-V§ (3.9)
Substituting Equation 3.9 into Equation 3.8 yields
Vo.(-V¢) +aV-(-V¢) =0 (3.10)

After dividing the equation by (—), the equation for the electric field potential of

a nonuniform conductive media is

V2 + %Va'- Vé =0 (3.11)

Expanding the gradient and divergence operators in two dimensions results in
the following second order partial differential equation

3¢ 8% 10089 1808¢p _

This is expressed more conveniently using subscript notation for partial derivatives

as

Gzz + Dy + %a,qu + %a,,% =0 (3.13)
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By solving Equation 3.13 for ¢ and substituting into Equation 3.9, the current flow

vector field can be found by substituting Equation 3.9 into Equation 3.6.

Field Lines Form Paths

The field lines for the electrostatic model are used as the path definitions. The
field lines are computed once the electrostatic potential field ¢ is derived for the
problem from the solution to Equation 3.13. The current density vector field j
of Equation 3.6 is used to trace the field lines. This vector field is the tangential
field for the solution. There are an infinite number of field lines which leave the
source point and enter the sink point. At every point in the potential field with
the exception of the source and sink, the vector field (the electric field vector)
is defined. From the source point, an angle (initial heading at the start node) is
selected from which to trace out the field line. Using a small incremental path
step, the path progresses along this direction. From this point on, the gradient
vector can be computed which will define the direction of the path descent over
the potential field surface, obtaining the path as the field line. Gradient descent
over the potential field will not be troubled with local minima since the potential
field cannot have maximum or minimum values except at the source and sink
locations[68].

In addition to the source and sink values included as boundary conditions
described previously, it is necessary to establish boundary conditions along the
edge of the grid for the problem. These boundary conditions will determine what

happens to the paths where they approach the edge of the grid. The grid itself is
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assumed to be large enough to include a sufficient portion of the path planning
area in which multiple solutions are needed. Since all of the paths should be
continuous from start to goal within this planning area, it is desired that none of
the solution paths run off the grid. Thus, asymptotically near the edge of the grid,
each path should approach a parallel course to the edge.

For the field lines to be asymptotically parallel at the edge of the problem grid,
it is necessary to establish the equipotential contours as normal to the grid edges
as they approach the edge. This is accomplished by setting up the following

boundary conditions:

0¢

By l (v = Ymin>¥ = ymax) (3:14)
and

0¢

= = A

oz | (z = Zmin't = zmax) 0 (3.15)

The first boundary condition (Equation 3.14), causes the field lines, E, to be
parallel to the unit vector, , since along the top and bottom edges of the grid
the y-component of the potential gradient is zero. Similarly, the second boundary
condition (Equation 3.15) causes parallel solutions of E along the left and right

edges of the grid because the x-component of the potential gradient is zero also.

3.2.2 Analysis

In this section, the analysis of the minimization performed by the electrostatic
model is reviewed. The analysis uses the calculus of variations [7, 8, 9, 11,

38, 44, 48]. The partial differential equation for the electrostatic solution to the
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nonuniformly conductive media (Equation 3.13) is derivable from the calculus of
variations. The derivation shows the corresponding minimization function for the
electrostatic model.
The objective of the calculus of variations is to find the extremal surface u(z, y)

which minimizes the variational integral

/ I(u,z,y,u.,uy) dz dy (3.16)

This is satisfied when the Euler Equation is found:

I @ aI 8 oI

Bu Owbu, Dydu, @.17)

This gives a second order partial differential equation in the cases of interest.
The following will derive the Euler Equation for two independent variables, z

and y. Itis desired to find a function u(z, y) which will make stationary the integral

/:2 ‘/”2 I(u,z,y,uz,uy)dzdy (3.18)
&1 »n

The stationarity condition is satisfied when
z2 fY2
/ §ldzdy = 0 (3.19)
1 wn

The variation, §u, is the increment in passing from the extremal, «, to the neigh-
boring function, U, while holding the independent variables z,y fixed. From this
éz = by = 0, which leaves

oI oI oI
§I = 5-1‘—511. + E&uz + b—u—;ﬁu,, (3.20)

In order to evaluate Equation 3.19 and Equation 3.20, it should be noticed that

//_5"adzdy = //:js(%) = [ 5 o 2 (b dedy  (3.21)
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Now integrate Equation 3.21 by parts by letting

ol
Bu.

v=

and dw = % (bu)dz = butdz (8.22)

while holding y fixed. From this,

a (oI
dv = . (—a—u—c) dz and w = fu (3.23)
So upon substitution into
/vdw = yw — /wdv (3.24)
there is
= 91 8 ar _ | *2 8 (aI
/. " Bu s B0 dz = 5 b L / bu - ( au.) dz (3.25)
This yields
al 2 a1
5;;5% = u. [U(z2,y) — u(z2,y) — Ulz1,y) + u(z1,9)] (3.26)

e

with y held fixed. But, U(z2,y) = u(z2,y) and U(z1,y) = u(z1,y) SO what is left is

22 9] 4 22 g (81
[ s ) da = - / P ( %z) Sudz (3.27)
Similar evaluations for y gives
v 8 8 v § ([ 81
——(fu)dy = - | —|=—]bud 3.28
/w 3“118!1(“) y /m 3y(3'u,,) uay ( )

Combining Equation 3.19 and Equation 3.20 with substitution by Equation 3.27

and Equation 3.28 gives

= e (0] 80 8 0l
/m /v (E'%EJ;‘E;EI,)&“"””'O (3.29)



Thus, the Euler Equation now is

%-%i—i-%;—i =0 (3.30)

To apply the calculus of variations to the electrostatic model, set the function to
minimize, I, to

1(¢,2,y,¢2,8y) = 3-E (3.31)

This right side is by definition

i-E = o(z,y)(¢3 + 47) (3.32)
so the function is
1($, 2,9, ber ) = o(2,9) (82 + &) (3.33)
From this definition
g—i = (3.34)
:jz = 204, (3.35)
:T{, = 204, (3.36)
J ( :;,) = 20.6s + 204 (3.37)
% (?a?(pi,,) = 20,4, + 20¢,, (3-38)
The Euler Equation (Equation 3.30) for two dimensions is
BaE)s@- e

Substitution of Equation 3.34, Equation 3.37, and Equation 3.38 into Equation 3.39
yields

—20.¢: — 20z — 20y¢y, — 200, =0
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Dividing through by —2¢ gives the final result:

1 1
¢E= + ¢uy + ;az¢z + ;o'y¢y =0 (3.40)

This shows that the partial differential equation (Equation 3.40) minimizes the

energy loss due to heat loss (5 - E) in a nonuniform conducting medium([22, 58].

3.3 Parallel Architecture Design For Path Planning

In the previous section, path planning using the Electrostatic Model was de-
veloped. A nonhomogeneous media was used to model the cost function by
representing regions of high cost through high resistivity values in the media.
The Laplacian partial differential equation was derived using the nonhomoge-
neous media. The solution to the Laplacian is the potential surface over which
the electrostatic field lines represent multiple paths which avoid regions of high
cost.

This section develops the architectural design of a neural network[61] that
computes the numerical solution to the Laplacian partial differential equation. The
architecture implements a finite difference approximation[10] to compute a nu-
merical solution to the partial differential equation. This section begins with a
review of the numerical approximation which maps into the mathematical physics
model of the problem. The approximation defines an artificial neural network pro-
cessing unit and its weighted interconnections to a selected set of neighboring
processing units.

The computational definition of the massively parallel architecture is based on

numerical solutions to the partial differential equation. A neural network architecture
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is defined which computes the scalar potential field solution to the partial differ-
ential equation by using the method of finite difference approximation. The ap-
proximation templates of the difference formula define the connection strengths.

The experimental results of this method are presented in Section 4.2.

3.3.1 Constructing the Difference Formula

It is desired that the general second-order partial differential equation

8%u 8%y 8%u Ou Ou
= — + — 4+ _ = .
L(u) Aa Bazay Coi> D + E—+Fu=0 (3.41)

be approximated[23, 25, 39, 49, 64, 65] on a unit grid by

L1(u) X aoup — E o;UQ; (342)

i=1

with the n neighbors of P being Q1,...,Q., where Q; = (z + &,y + 7). The

Taylor series about P = (z,y) in two variables is

flo +ihy +3K) = flog) + ihosfa,y) + jk%f(”,y)
(ih)? 82
t azf(z,y)+11hk f(z,y)
2 92
+ Gt + (349

Let the neighborhood of P be defined as the »n points (an » + 1 point approximation

template) Q; = {(= + &,y + m:)}, where §;,#; are integers (b = k = 1 for the unit

grid). The expansion of u(z + £,y + »;) about P is

ou Su
u(z + &,y +m) =Ug, = ulz,y)|p + & —| tm %
P P
£ 82
+ —_—
2 822|, +4m 55, By
2 02
i 0°u
+ BIM L (3.44)
2 52|,
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So Equation 3.42 upon substitution by Equation 3.44 and collection of common

terms becomes

= u|l 13
Litw) =0 L2 ZaaC 8y P‘; abiti + 5ozl 2;%17.
+ Z ai; + = Z o1 + up (Z a; — ao) (3.45)
1=1

Pi=

Substituting the coefficients of Equation 3.45 for those of Equation 3.41 gives the

system of equations

ga;—ao - F (3.46)
Z':a,-n.- - E (3.47)
“;a.-& =D (3.48)
20:.-17‘-2 - 2 (3.49)
'Z:a,{gm - B (3.50)
z"ja,gz = 24 (3.51)

The solution of the coefficients o; of the above system of equations allows
approximating the value of a grid point by solving Equation 3.52 for up

up = 1y Y aqug, (3.52)

@o =1

For the nonhomogeneous equation, set the quantities C, = o./0 and C, =
oy /o, resulting in

L1(¢)—ﬂ+@+c ¢+C%— (3.53)

9y? Y oy
and the coefficients of Equation 341 are A = 1,B = 0,C = 1,D = C,,E =

Cy,and,F = 0. It is desired to derive a five-point finite difference formula. The
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coefficients are as shown in Table 3.1. Substituting the values of Table 3.1 into

Table 3.1: Coordinates of the 5-pt. Finite Difference Formula

& |
il 0
0o 1
4
of-1

P WN -

the system defined by Equation 3.46 through Equation 3.51, yields the following

system of equations

a1 +azt+aztas = ao (3.54)
az-as = C, (3.55)
ar—az3 = C; (3.56)
az tag = 2 (3.57)
artaz = 2 (3.58)

The solution to this set of equations is

o = 1+ (3.59)
a = 1+ % (3.60)
as = 1—% (3.61)
as = 1—92! (3.62)
@ = 4 (3.63)

Substituting Equation 3.59 through Equation 3.63 into Equation 3.42 and solving
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for Up gives the finite difference formula

UP:%[(1+%)UQ1+(1+%')U02+(1‘%)[]03""(1—921)(]04]

(3.64)

When the template overlaps a boundary of the grid, a method is needed to
define the appropriate connections for the off-grid node. The solution is to use the
method of images([58, 68, 71]. The method of images is an analysis technique for
dealing with boundary conditions in electrostatic fields. The technique requires a
mirror image of the conductivity function to be reflected about the boundary of
the medium. In addition to reflecting the conductivity function, the point charges
are likewise reflected. This creates a dipole charge relationship for which a field
solution is easily generated using this expanded region of the medium. The

problem is reflected about the boundary whose condition is

of 0

Oz; -
As the problem has an identical image, this results in maintaining the boundary
condition. For example, if solving the half-plane A shown in Figure 3.2 by reflecting
the half-plane A into B, and reflecting the point charge P, solving the entire plane

as a dipole charges results in maintaining the boundary condition

ﬂ:
%y

along the reflection line z. Now the boundary region approximations will result in
reflecting back into the original region. So if the approximation for the point P as

shown in Figure 3.3 uses Q’ in the image problem, Q' can be reflected back into
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Figure 3.2: Image Dipoles Resulting from Reflecting Half-Plane A into B

0Q

oP A

LAY S

oQ’
Figure 3.3: Mapping the Approximation point Q’ for P into Q

Q which can be used instead of Q in the approximation formula.

For the path planning problem space the reflections shown in Figure 3.4 need
to be established. The required problem space with the needed reflection im-
ages are shown in Figure 3.5. Although there are eight reflections for the problem
space to be completely surrounded, only three unique reflection images are re-
quired. These unique reflection images are shown in Figure 3.5. For each of the
reflection images (|, Il, and lll), the coordinates need to be reflected back into
the original problem space. In Figure 3.5, notice the correspondence between

the problem and image maps and the quadrant assignments. This quadrant
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assignment is shown in Figure 3.6. If the row or column index for a template co-

1 ; ; ;
mivim |
FEREEE
I v I

Figure 3.6: Reflection Images Assigned to Quadrants of the Problem Space

ordinate occurs in one of these image maps, then the index needs to be mapped
back into the problem space. If the index k > n, then to reflect the index back
into the problem it is necessary to compute n — k mod =. If the index k < 1, then
to reflect the index back into the problem it is necessary to compute 2 —- k. So the

coordinates to map a quadrant Q point (i, j)q into a point in the first quadrant, |,

(i’j)l iS
. n _ ) ((n—imodn),j)r ifi>n
“”“‘{(@—mﬁn "<
G.4) ={(i,(n—jmodn))1y ifj>n
I G2 - v ifj <1

For quadrant lll, (i,;); = (k,1), where

k= n— (in[ mod n) if tir>n
2—1'1" ifi[u <1



and

| = n—(j;n modn) !f]:[u>n
2—jm if jrr < 1

The algorithm for mapping the image index is shown in Figure 3.7. An example of

1. begin IMAGEINDEX(p,q,n,p',q')
2. P —p;
3. q +— q;
4, if p >n then
5. p — n—p modn;
6. elseif p' <1 then
7. Pe—2-p;
8. endif
9. if ¢ >n then
10. ¢ «—n—q modn;
11. elseif ¢' < 1 then
12. g —2-4¢;
13. endif
14. end IMAGEINDEX;

Figure 3.7: Algorithm to Map Image Indicies into Problem Space Indicies

this mapping using the five point approximation for a nonuniform medium follows.

The approximation at the y = n border is defined as follows

i+ Oy Coyy Cuyy, Gy
d’i,n - Z [(1 + 2 )¢;+1,n + (1 - 2 )¢s—1,n + (1 + 2 )¢l,ﬂ+1 + '(1 2 )¢t,n—1
(3.65)
But, by definition

0= ¢t',n+1 - ¢i,n—1 (3.66)

,n 2

9¢
9y

Therefore,
¢i,n +1 = ¢i,n—1

which, of course is the expected image mapping. By substituting this back into



Equation 3.65, the final result is

1 A C.
Gin = 2 1+ 92—)¢l'+1,n +(1- ?)4’&—1.7. + 24’.‘,.-1] (3.67)

Notice, however, an intermediate step in the simplification of the above equation

which resulted in Equation 3.67, included the step

bin = 7[00+ Phiorn + (1= it + (1 + i + (1= Py
(3.68)
But Equation 3.68 is just the computation template architecture including the ap-
propriate image mapping. So the desired approximation at the boundary (Equa-
tion 3.67) is accomplished using the IMAGEINDEX mapping for the approximation

(Equation 3.68).

3.3.2 Defining the Neural Network Architecture

This artificial neural network architecture is similar to the computational archi-
tecture known as the systolic array. From its similarity to a grid, each point of
the grid is a processor, and the links of the grid consist of the links between the
processors. This array characteristic of the architecture capitalizes on the regu-
lar and modular structures which match the computational requirements of the
model.

The mapping of the finite difference approximation into this grid is illustrated
in Figure 3.8. The block diagram which shows the neuron model definition
which implements the five point approximation of Equation 3.68 is also shown in

Figure 3.8.



Vij+1

Visl,j

+V

Vij+1 ref

Vi1,

Vij1

Figure 3.8: Neuron Model for the 5-pt. Finite Difference Approximation
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An artificial neural network, as defined by the model, uses an electronic cir-
cuit (see Figure 3.9) as its basic neuron model, with the interconnecting resistors
representing the synapses between the neurons. The numerical approximation
computes the solution to a continuous system of equations (the implicit differ-
ence equations) and solves Equation 3.64. The circuit equation for the inverting

operational amplifier implementation of the neuron is
Vo= —Ry Y Vi/R: (3.69)
i=1

where V; is the output voltage of neuron i, limited to the range [ Vref, + Vref], R;
is the feedback resistor for the neuron operational amplifier and R; is the inter-
connecting resistor from neuron i. Thus the synaptic weight W; is implemented
as the ratio of resistances: —R;/R;.

The neuron model is defined as consisting of an input function and output
function. The input function computes the weighted sum of the interconnections
from the other neurons,

u, = Y WiV (3.70)
i=1

and the output function computes the linear ramp between the saturation voltages
[-Vref, + Vref] of the operational amplifier.

The neural network is used to perform a parallel computation of the scalar
potential field ¢ at every spatial point. Thus, the network computes a numerical
solution to Equation 3.13. The architecture of the neural network must solve an
elliptic partial differential equation. There are many numerical methods for solving

partial differential equations. In this research, finite differences were employed to
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solve the potential field Equation 3.13. Such an approximation is the five-point
formula defined in Equation 3.64. For the neural network implementation, the

neuron input function v, ; is defined as

1 O o O, o
Ui =g [(1 T o v T (1 5 viior + (1= 5o )vier; + (1 - 2—;)1:.-,,-_1]

(8.71)
The synaptic weights implement the non-uniformity of the cost functions (the co-
efficients of Equation 3.71 which contain o, and #,). The weights to neuron(i,j)

are shown in Table 3.2. The non-linear neuron output function v; ; is defined as

Vet 1 Ui < =V
vij = { Uij ¢ Ve Suj S + Vg (3.72)

tVeer 1 uij > Vg
The entire search space is constructed by replicating this portion of the neural
network over the entire grid. The output of the source and sink neurons which
correspond to the start and goal nodes are clamped to +V,.; and —V,.4, respec-
tively. Since the clamping of the source and sink to the maximum and minimum
(respectively) potential value occurs on the boundary of the problem, it is appro-
priate to use these clamped values as the limits of the neuron output function

(Equation 3.72), since all potential values inside the boundary of the problem are

guaranteed to lie between these limits.

Table 3.2: Neural Network Weight Definitions for the 5-pt. Approximatidn

Weight [ From Neuron Value
2 G+1.5) 10 +o./20/4
W (3,7 + 1) 1+ 0,/20)/4
Ws (i-1,3) | (1-o0z/20)/4
Wa (3,5 —-1) | (1—-0,/20)/4
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— Vij+l
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Figure 3.9: Artificial Neural Network Op-Amp Circuit for 5-pt. Template
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3.3.3 Extracting Paths from the Neural Network Architecture

The paths are extracted from the neural network once it settles. The network
computes the scalar potential field, as described previously. The final values of
the nodes represent a surface with a global maximum at the start node and a
global minimum at the goal node. A direction is selected for a path at the start
node. Gradient descent over the potential surface is used to extract the path for
that direction. Bivariate interpolation of the potential values is used between the
grid points. Figure 3.10 illustrates the gradient descent algorithm. The algorithm
computes the new location, new accumulated cost, and new gradient angle. The
incremental path length is given as S. Each pass through the algorithm generates
another point along the path. This algorithm is repetatively invoked until the entire
path from the start node to the goal node is extracted from the gradient descent
of the potential surface. This will have a complexity of O(L), where L is the length

of the path.
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1. begin GRADIENT-DESCENT
2. real constant S : incremental path length;
3. real C,,C, : current location;
4, real C4 : accumulated cost;
5. real G : gradient angle;
6. I. — |C.];
7. J. — |Cy];
8. it I. = N then
9. I.— 1. -1;
10. endif
11. if J. = N then
12. J.— J. —1;
13. endif
14. Xy —C, + SCOsS@G;
15. Yy +— C, + SsinG;
16. Iy — [_XNJ;
17. JN — I_YNJ H
18. C. «— COST(I.,J.);
19. CNP—COST(IN,JN);
20 Ac — S%3Cn;
21 Cp+—Cy + Ac;
22 Tp — C,, - Ic,
23. Yp &— Cy -Jc;
24. f: — BIVARIATE(zp,yp, fy,I,_.,Jc);
25. f: — BIvaATE(zp’yp) fzr1e, Jo)
26. G «— arctan (f2/f2);
27. C, — X,;
28. C, — Yau;
29. end GRADIENT-DESCENT;

Figure 3.10: Algorithm to Extract Path Points from the Potential Surface
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3.3.4 Variable Connectivity for the Architecture

In this section, the development of a method to implement a variable connec-
tivity of the architecture is developed. The concept of variable connectivity means
that rather than solving the partial differential equation with each node of the grid
using inputs from only four immediate neighboring nodes, additional nodes are
connected. The assumption is that increased connectivity will lower the conver-
gence time of the architecture. This increase in architecture complexity should not
outweigh the benefits obtained in convergence time, or accuracy of the results.

The Taylor-series based approach of Section 3.3.1 was used to develop tem-
plate definitions for increasing sizes of templates. This was an intuitive approach
for increased connectivity. The approach had a sound mathematical basis for
defining approximation templates. Given a template pattern, it seemed straight-
forward to enlarge the pattern from five points to templates with nine, 13, or 25
points. However, this approach failed to provide the accuracy and convergence
results which were anticipated. Increasing connectivity by using larger templates
actually decreased the convergence rate. Section 4.3 gives the detailed results
of this approach and discusses why it failed to produce the anticipated improve-
ments in convergence rate.

A second method to accomplish the desired variable connectivity in the artifi-
cial neural network is now developed. A parallel summation technique using the
5-point finite difference approximation is developed which is based on the Euler

method of integration.
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Unidirectional Parallel Summation

Considering one dimension, a first-order differential equation can be solved
numerically using the Euler method. The Euler method can be viewed as a recur-
rence relation. In expanding the recurrence relation for each successive solution
point, all of the summations arrived at by the recurrence relation can be seen.
Considering the terms of the summation for each solution point, and comparing
to the total summation of previous solution points, previous solution points for
these terms can be substituted in a systolic fashion. There are many ways to
partition these summation terms, which in effect varies the parallelism of the ar-
chitecture and thus the connectivity of the neural network. This section defines the
equations and illustrates architectures of this approach. A good approximation
is retained over the entire problem space, because the fundamental approxima-
tion to the derivative is unchanged. The variable connectivity is accomplished by
collecting computations of the numerical approximation into different groupings
which may be implemented in parallel without altering the basic approximation
to the derivative. The connectivity is variable in a straightforward manner, with
computational speed results apparent from the inherent serial or parallel com-
binations of the architecture. These connection equations (summation formula)
are developed from first-order one-dimensional to two-dimensional for their use
in the simulation.

Consider the differential equation

% f(z) = g(z), with initial condition f(zo) = fo (3.73)
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Substitute the numerical approximation for the derivative and obtain

f(@iv1) = f(=:)
A:D,'

= g(z;) (3.74)
Solving for f(z;.1) results in the Euler forward integraiion equation[64]
flzic1) = flz:) + Azig(=:) (3.75)

Let h = Az; be used as the grid size in a parallel architecture.
Recursive application of Equation 3.75 can be used to solve for any value

flzn):

f(zo) fo
flz1) = f(zo) + hg(zo)

flz2) = f(z1) + hg(z1)

f(za) = f(za1) + hg(zn_1)

This concept is illustrated in Figure 3.11. If the definition of the f(z;) terms on the

right hand side of the above set of equations are expanded, this gives

flzo) = £(0)

fl@) = £(0) + hg(zo)

flz2) = £(0) + h[g(zo) + g(e1)]

flzs) = f(0) + hlg(zo) + g(=z1) + g(z2)]

For the nth term this is

n-1
flzn) = f(0) + ghy(ze) (3.76)
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The summation in Equation 3.76 can be split into two summations:
n—k—1 n—1
flza) = f(O) + D hglz:) + Y. hglz;) (3.77)
1=0

i=n—-k

The first two terms of Equation 3.77 is f(z._x), SO this becomes

n-1
f(zn) = f(zn—k) + E hg(zj) (3'78)

i=n—k

The connectivity will be shown later to be the fan-in K = k + 1 to the neuron.
Equation 3.78 gives a definition for the variable connectivity in the parallel sum-
mation for the Euler integration. This variable connectivity encompasses varying
degrees of parallelism via the fan-in, and has the effect of varying the amount of
serial delay in computing its results. The first term of Equation 3.78 is the serially
cascaded computation. The second term is the parallel (in addition to the serial
input) computation. Of course, it will have a valid output only after the cascaded
serial summation delay. The connectivity is derived as follows. Equation 3.78
is spatially constructed for parallel summations. So how many summations are
there? The last term has (n — 1) — (n — k) + 1 addends, for a total of k inputs to
the parallel summer. Including the input for the first term, this is ¥ + 1 = K total
inputs to the summer.

Use of Equation 3.78 for specifying the connectivity of the network architecture
will be illustrated. Figure 3.12 contains the recursive equations and Figure 3.13
shows the corresponding interconnections used with various configurations to
show how adjusting the fan-in results in a unique architecture. This set of illustra-

tions uses ten points of the function (n = 10).
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Figure 3.14 illustrates the summation equation with a fan-in of 2, which is

f(zn) = f(2n-1) + hg(zn_1) (3.79)

Each output on the left side of the equations in the figure picks up two terms,
the previous output term, and the last input term on the right hand side of the
equations. This architecture, as shown in Figure 3.15 is parallel in space, but
serial in time. It has the minimum number of connections, and the maximum
time to settle because of the cascaded ripple wave computations.

The next illustration is Figure 3.16 for the fan-in of 3. Its equation is

n-1
f@n) = f(@a-2) + Y hg(=:) (3.80)

i=n-2

Each output on the left side of the equations of the figure picks up three terms, the
second output term preceeding this output, and the last two input terms on the
right hand side. This architecture shown in Figure 3.17 is the next step in adding
more connectivity, which has a corresponding decrease in the time required for
the cascaded serial computational wave.

Figure 3.18 illustrates the next step with a fan-in of 4. The corresponding
equation is

n—1
f(za) = f(za-3) + D hg(=) (3.81)

i=n-3

The output term on the left side now picks up four terms. The serial term which
was picked up preceeds the current term by three delay steps in the cascade ad-
dition. The last three terms of the right hand side are picked up in the summation.

Figure 3.19 illustrates this architecture.



79
In Figure 3.20 the fan-in for the complete connectivity of n + 1 is shown. The

equation describing this is

n—1
flza) = £(0) + Z%hy(-'c.') (3.82)

Here no serial terms are picked up from the cascade ripple wave. All of the input
terms are from the right hand side of the equation. This architecture is parallel in
space, and also parallel in time. This has the maximum number of connections
and minimum time because there is no ripple wave for the computation due to

no cascading structure. The architecture is shown in Figure 3.21.
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Bidirectional Parallel Summation

This section develops the next step in the construction of the parallel sum-

mation architecture. Since the objective of the parallel summation architecture is

€0 have a variable amount of connections for a multidimensional problem space,

4 e summation technique must not have a unidirectional flow to the computation.

—T his requirement is necessary because the local connection architecture must

> € robust enough to support the processing of data arriving from any direction

ww ithin the architecture. Therefore a bidirectional parallel summation is needed to
<= 1 i minate the unidirectional computation flow of the previous architecture.

To develop a bi-directional formula, the backward difference formula first

M e eds to be derived. Begin again with the differential equation
—:; f(z) = g(z), with initial condition f(zyx+1) = fn+1 (3.83)

T e backward difference approximation to Equation 3.83 is

ﬂz_ﬁk);ff(z_,) = g(z;i+1) (3.84)

Letting h = Az be the grid size, and solving Equation 3.84 for f(z;) gives

flz:) = f(ziv1) — hg(zi+1) (3.85)

“The general expression then is
Jtk
flz;) = flzjer) — Y, hgl=:) (3.86)

i=j+1

The architecture for this equation is shown in Figure 3.22.



]|

8IMOeNYdIYy UOHBWWNS |8]feled 82UueJeylq pJemyorg Jo uonessnyyl 22 € einbi4

Moy

(s

Ac

bs

Aanvw

( wxvm

Ahwi

onvm

( Nwif




90
As should be expected, this result compared with Figure 3.11 is seen to be
inverted along the single dimension.
Now a central difference formula is derived by combining the forward and
backward difference formulas.

Recall the forward difference expression as
i-1
f(z;) = flzj-e) + .-§_,. hg(z:) (3.87)
and the backward difference is Equation 3.86. Adding these together and solving
for f(z;) yields
itk

. -, -1
flay = 120 L TER) 5 ) S ) @s9)

2 2 i=j—k i=j+1

Figure 3.23 shows the architecture for Equation 3.88 with k = 1.

There is a pattern to the increasing parallelism (k) in the summation equations
and the architectural configuration. This is illustrated as shown in Figure 3.24
where the right side of the figure shows the pattern after increasing the parallel
connections to the example on the left. When increasing the parallelism of the
summation, the input to neuron C is increased. This is done by disconnecting
the output Op of neuron B, and adding connections from the input Ip of neu-
ron B directly as additional inputs to neuron C. This will include connecting the
output O, of neuron A to the input of neuron C. Thus the pattern of increas-
ing parallelism in the summation equations incrementally bypasses neurons by
adding connections from their inputs directly to those neurons which they were

connected to by their original output.
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04 = A(I4,X4) (3.89)

Os = B(Ip,0,) (3.90)

Op = B(Ip,14,X4) (3.91)

Oc = C(I¢,08) (3.92)

Oc = C(I¢,1,04) = C(Ic,B(Ip,04)) = C(Ic,08) (3.93)

Thus, the recursive expansion by substitution. Figure 3.25 illustrates the architec-

ture of this observation for the central difference formula.
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Two-dimensional Parallel Summation

With the development of the central difference formula for bidirectional parallel
summation, and the observation of the recursive expansion, the final step in the
construction of multidimensional parallel summation can be accomplished. Using
the five point approximation template as a kernel, the template can be “unfolded”
as many times as desired in a recurrent fashion, obtaining a larger connection
neighborhood, which takes into account the local C.(z,y) and C,(z,y) in the
solution. Different kernels generate different connection patterns.

Recalling the weight expressions for the model from Table 3.2, let them be

written as the following equations

wi ) = 3 [1+ 226.9) 3.94)
wIG,) = 3 [1 - 526.9)] (3.95)
wy o) = 3 [1 + 526.9) (3.96)
wy, (@) = -14[1 - g—;(i,j)] (3.97)

The general equation for the neuron input function is

u(i,j) = w; (@,5)v(E+1,5) +w; G,5)v6E-1,5) +w; (G565 +1) +w; (6,5)v6E5-1)
(3.98)

which upon recursive expansion (for k = 2) is



96

u(i,j) = w65 6+ 1,506 +2,5) +w (G + 1,5)006,5)
+ wy G+ 500 + 1,5+ 1) +w, @+ 1,506 + 1,5 - 1)]
+ wy (i, 5)[wy (= 1,5)v(,5) + w6~ 1,5)v( - 2,5)
+ w;(i-— 1,7)vG@E-1,7 +1) + w;(i— 1,700 - 1,7 - 1)]
+ w;(i,j)[w:(i,j + @+ 1,7 +1) +w(@,7 + )o@E-1,7 +1)
+ w, (6,7 + )v(,5 +2) + w, (3,5 + 1)v(,5)]
+ w60 w65 - VoG + 1,5 -1) +w (6,5 — vl -1,7-1)

+ owy (65— N, 5) + w65 — N, - 2)] (3.99)

Figure 3.26 shows the first two expansions for a 5-point mesh architecture. An
algorithm which implements the connection weights for any value of k is shown
in Figure 3.27. In this manner, new connection weight values are defined. This
expansion continues until the desired amount of connectivity is achieved. The
maximum connectivity is obtained when the expansion for each node has recur-
sively used all other nodes. This will scale directly with the length of the largest

dimension of the multidimensional space.
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Figure 3.26: Two Expansions of the 5-pt. Kernel Approximation Template
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begin F(k,v,1,j )
if k=0 then
F —(3,3);
else
z+ — w:(l’J)F(k_ 1a”,i + 17j);
Fz_ — w;(",])F(k - 1’vai - 17j);
y+ — w; ("")])F(k - 17”71:’.7. + 1);
Fy- — w;(’a])F(k - 11”)i,j - 1);
Fe—F} +F; + F' + F;;
endif
end

Figure 3.27: Algorithm to Generate the Parallel Summation Neuron Weights
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3.4 Complexity Analysis of the Neural Network

The neural network computes a finite difference approximation, which can be

expressed in matrix form. The matrix equation for the neural network is
wkt) = Ay®

where u is the ;1 update to the (n2 x 1) neuron vector
g

U2

u = Uin
U2,1

| Un,n |

A is the tri-diagonal square (n? x n2) matrix defined as

T 1B 0 ]

Y T Yp

A= . . .
Yp
|0 iB T

along with the square (n x n) matricies

B=1I
0 1/2 0
(1-S)/4 0 (1 + S)/4
T = ..
(1-S)/4 0 (1 + S=)/4
0 1/2 0
(1+%)/4 0
(1 + %)/

0 1+ %)/4

(3.100)

(3.101)

(3.102)

(8.103)

(3.104)

(3.105)
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(1-%)/4 0

(1-3)/4

Yy = (3.106)

0 (1-%)/4
Each iteration of Equation 3.100 requires O(n*) operations on a Von Neu-

mann processor, but only a single cycle on the neural network. The neural net-
work implements the five point finite difference approximation as a point iterative
Jacobi[39] algorithm (all points are computed simultaneously in parallel, how-
ever). Lapidus and Pinder show([39] that the rate of convergence of the iterations
of Equation 3.100 is inversely proportional to the square of the discretization of
the grid (1/n). Therefore, the convergence of the neural network approximation

is O(n?). The complexity of the PPPM algorithm is then
O(n?) + O(all paths) = O(r?) + no. of paths - O(path length) (3.107)

The O(path length) is O(n?) since the worst case length includes all nodes of the
neural network. The number of paths computed is linear in heading at the start

node, so the overall complexity of the algorithm PPPM is O(n?).

3.5 Summary

This chapter has developed the details of a massively parallel architecture
for path planning. Electrostatic field theory was used to model the path plan-
ning problem. Multiple path solutions are provided by this model through the
field lines which describe the distribution of current. Numerical approximation
provided the means to directly map the solution of the Laplacian partial differ-

ential equation of the model to a massively parallel architecture through a finite
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difference approximation. An artificial neural network was designed to compute
the finite difference approximation by using the approximation template to de-
fine the synaptic weights of the network. A parallel summation technique was
developed which provided for a variable connectivity in the neural network. This
technique recursively applies the approximation template to define the synaptic
weights of additional connections in the neural network. Finally, the complexity
of the neural network architecture was shown to be O(r?) for a network with n?

neurons.



Chapter 4

Path Planning Application Results

In Chapter 3, an architecture design was developed for the electrostatic model
of path planning. The architecture used a neural network computing model to
solve the partial differential equation for the electrostatic model. The neural net-
work was simulated to examine the usefulness of this approach to path planning.
In this chapter, the results of the simulation runs are discussed.

Experimental verification of the solution and performance characteristics of
the massive parallel architectures was accomplished using simulations on a VAX
and a Connection Machine. The results and performance of the neural network
which implements the electrostatic model is reviewed, including the simulations
on the Connection Machine. The solutions generated by the massively parallel
architecture have been checked against known admissible algorithm results.

The effects of variable connectivity on the results of the massively parallel archi-
tecture is also discussed. The amount of interconnection between computational
units in the massively parallel architecture affects the accuracy and convergence
of the network solution. It is shown that as the amount of connectivity in the

network increases, the convergence rate improves.

102
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The results using the electrostatic model show an average difference of eight
percent in computing the best cost paths relative to sequential best first search.
Connectivity curves are included which show the convergence of the Taylor series
based templates and the parallel summation technique templates at various de-
grees of connectivity in the neural network. These curves show that the parallel
summation technique templates converge faster with higher connectivity. The
analog circuit simulation on the 16k CM-2 Connection Machine resulted in a real-
time performance projection of 18 milliseconds for Test Case B whose neural

network had 3,600 neurons.

4.1 Test Case Descriptions

Several test cases were used to experiment with the architecture simulations

in this research. Table 4.1 lists the features of each of the test cases. The column

Table 4.1: Path Endpoints and Optimal Costs of the Test Cases

CASE [ N: Size [ S: Start | G: Goal [ P*: Optimal Cost
A 30 [ G.23 | (7.2 033
B 60 | (20, 10) | (45, 55) 5.34
c s0 | (8 42 | @7 11) 0.71
D 65 (14, 35) | (50, 50) 0.45
E 21 | (13,5 | (11, 17) 18.14
F 21 | (17.5) | 5, 17) 17.56
G 26 | (34 |@4 24 38.99

labelled “N” is the size of the square grid used for the test case. The total number
of grid points in each test case is N2. The next column, labelled “S”, contains
the coordinates of the start node on the grid. The column labelled “G” lists the

coordinates of the goal node. To establish the minimum cost path and its cost
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value as a benchmark against which the simulated architecture results could be
compared, a branch-and-bound search for the test case with the specified start
and goal node was conducted. The last column, labelled “P*” shows the value
of the accumulated cost for the best path between S and G of each case.

An example of the cost functions for the test cases is displayed in Figure 4.1
which is the cost function for Test Case B. The cost function value is illustrated
as the contour lines of a surface whose height corresponds to the function value.
Contour plots of the cost function for all of the test cases are illustrated in Ap-
pendix A. A detailed description of each test case is included in the appendix.
These test cases collectively contain contrasting features in the cost function.
These contrasting features in the test cases included single versus multiple cost
regions, discrete versus continuous cost regions, dense versus sparse cost re-
gions, and synthetic versus real-world cost model regions. In addition to their
contrasting features, the various sizes serve to investigate the scalability of the
neural network architecture. Many neural network investigations have used at
most 100 neurons in there test cases. This test set included networks with sev-

eral thousand neurons.
4.2 Electrostatic Model Results
Table 4.2 shows the results of the electrostatic model neural network archi-

tecture on the test cases. The average difference for all of the test cases was 8.3

percent.
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Table 4.2: Test Case Results Using the 5-pt. Approximation Neural Network

CASE [ Network Cycles | P: Least Cost Path Value [ % Difference from P* |

A 4,000 0.33 0.0
B 3,483 7.67 +43.6
C 5,460 0.84 +18.3
D 6,767 0.43 4.4
E 566 19.00 +4.7
F 370 18.00 +25
G 2,610 36.50 -6.4

Average +8.3

4.2.1 Results Contrasted with Sequential Search

In examining the data, an obvious question is: How can there be a negative
difference? This is due to differences in the method for generating the reference
path and for extracting the path from the electrostatic model. The former used a
branch-and-bound search using the nodes of the test case and their cost values.
Recall that the gradient descent algorithm (Figure 3.10) for extracting paths used
a fractional step in the direction of the gradient which resulted from a bivariate
interpolation of the potential values at the neural network nodes.

This distinction is further illustrated by an example shown in Figure 4.2. In
the figure, the discritization of the cost function is depicted by the nodes of the
grid. The solid nodes are those which are included in the reference path found
by the sequential search algorithm. This algorithm expands the nodes of the
search space (grid) sequentially and the path is defined by connecting the nodes
of the path with a straight line segment. This is shown as the solid line segments.
In contrast, an example of the type of path generated by the gradient descent

algorithm s illustrated as the dashed line in the figure. It is usually a much
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smoother path since it uses a gradient step size which is often defined as a
fraction of the grid discritization value.

The fractional step size used in the neural network simulations was 0.5 (one-
half of the grid step defined by the test case nodes), so this resulted in a higher
resolution of the path points extracted than those of the reference path. With a
higher resolution, some of the extracted paths in the test cases had a lower cost

than the reference path which resulted in a negative difference.

Figure 4.2: Constrasting Sequential Search Path with Gradient Descent Path

4.2.2 Results of the Parallel Search Architecture

Figure 4.3 shows an example of the multiple paths computed by the archi-

tecture along with the benchmark optimal path. The contour plot depicts the
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cost function of the test case. In the figure, seven paths are illustrated which are
separated at the start node by a 45 degree direction angle.

Figure 4.4 illustrates the solution cost from the simulated architecture. The path
cost shown is that of the least cost path over 360 headings around the start node
with a one degree increment. The algorithm for the parallel path planning method
is shown in Figure 4.5. This algorithm implements the neural network simulation.
At the end of each cycle of the simulated architecture, the path defined by the flux
line at each of the 360 angles was computed and the cost of the path accumulated.
The plotted cost is the minimum of all of these 360 possible paths at each pass
of the simulation. This figure illustrates the convergence of the minimum cost
path to asymptotic values for the electrostatic model. Figure 4.6 is a plot of the
convergence over time of the simulated architecture. Each of the eight test cases
exhibited a similar convergence profile. Figure 4.7 is a plot of the heading from
the start node of the minimum cost path after each pass of the algorithm. This
illustrates how the heading of the minimum cost path settles. All of the cases also
exhibited a similar global profile in heading. For each of these plots, however,

the local variations of the curves will change from one cost function to another.
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1. begin PPPM

2. real totdiff : total sum-squared difference;
3. real stest : convergence test criterion;

4. integer ncycle : number of iterations;

5. integer mazcycles : iteration limit;

6. integer nsize : neural network square size;
7. real u(nsize,nsize) : neural network outputs;
8. real z(nsize,nsize) : previous u;

9. real ssd : sum squared difference;

10. integer j,k : general indicies;

11. while ( totdiff > stest and ncycle < mazcycles )
12. Compute neural network update;

13. for j «— 1 to nsize

14. for k — 1 to nsize

15. ssd «— u(j, k) — z(j,k);

16. 88d «—— ssd * ssd;

17. totdif f «—— totdif f + ssd;

18. endfor

19. endfor

20. totdif f «— totdif f /nsize/nsize;

21. totdif f «—— SQRT(totdif f);

22. ncycle «— ncycle + 1;

23. T — u;

24. for j — 1 to 360;

25. Perform gradient descent over u at angle j;
26. endfor

27. endwhile

28. end PPPM;

Figure 4.5: Algorithm of the Neural Network Parallel Path Planning Simulation
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The electrostatic model neural network becomes an element in a system which
can be applied to the generation of aircraft trajectories. Such a trajectory generator
is shown as a block diagram in Figure 4.8. Inputs to the neural network are the
start and goal coordinates for the trajectory, and the explicit cost function values
for each cell of the problem grid. In the PPPM algorithm, the network settling is
checked against an input parameter for convergence. This check tests if the sum-
squared difference of all the neuron outputs between successive iterations is less
than the input parameter. When the neural network settles to its stable state, the
neuron outputs define the potential surface solution for the electrostatic model.
This surface is provided to the gradient descent procedure, along with the start
and goal coordinates, and a discrete signal indicating that the network outputs
are settled. The descent procedure also receives a direction angle as an external
input. This angle is the heading at the start coordinate to use in initializing the
descent procedure. The procedure then outputs the list of trajectory coordinates
which are obtained from the descent starting with this heading. The accumulated
cost along this trajectory is also provided with the list of coordinates.

Once the neural network has settled, new direction angles may be input to
direct the trajectory generator to supply a new list of trajectory coordinates. This
is used in the trajectory generation system which is illustrated in Figure 4.9. The
trajectory generator of Figure 4.8 in contained in this system as shown in the block
diagram. The current aircraft heading is supplied to a trajectory analysis function
as an initial heading. The current aircraft location is supplied to the trajectory

generator as the start coordinate. The trajectory analysis function passes the initial



115
heading as the current direction angle to the neural network. When the network is
settled, the trajectory coordinates and the final accumulated cost of the trajectory
is input to the analysis function. This function can then adjust the direction angle
and receive a new set of trajectory coordinates and accumulated cost from the
neural network, without a re-settling of the network, since the cost, start, and
goal conditions have not been changed. This allows the analysis function to
employ comparison techniques to converge on the minimum cost trajectory as a
function of heading. An example of techniques to use could be a binary search
over heading, or a branch and bound search over heading. When the analysis
function finds the best trajectory according to its search criteria, it signals that

the trajectory has been found and the corresponding trajectory coordinates are

output.
Cost Start Goal Direction
Function Coordinate Coordinate Angle
.
l v ¥
ESM
GRADIENT
—3» NEURAL DESCENT <
LNETWORK l
Network Path

Settled Coordinates

Figure 4.8: System Block Diagram of the Electrostatic Model Neural Network
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Path Planner I > Function
Path Best Path
Coordinates Found

Figure 4.9: Block Diagram of a Trajectory Generation System

4.2.3 Mulitiple Path Results

One of the features of the Electrostatic Model for path planning is the gen-
eration of multiple paths in the solution space. Once the potential surface is
computed by the neural network, gradient descent from the start node over the
surface extracts the path. The initial direction angle, which is given as a heading,
determines a unique path to the goal node. For all of the test cases, a one degree
increment was used at the start node heading to create the unique paths. This
section reviews the results of all the test cases for their multiple paths.

Table 4.3 shows the best ten paths for Test Case A. The costs of the first 10
paths had a range of 0.005 which is approximately 1.5 percent of the best path
cost of 0.3287. The PPPX algorithm computed a total of 170 paths for Test Case
A. The costs of these paths are plotted in sorted order from the best value to the

worst value in Figure 4.10. The figure clearly indicates a linear cost increase of



Table 4.3: Costs and Headings for 10 Best Path Values of Test Case A
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RANK [ Path Cost Value | Heading
1 0.3287 131
2 0.3306 132
3 0.3312 133
4 0.3319 125
5 0.3319 126
6 0.3325 127
7 0.3325 128
8 0.3325 134
9 0.3331 129
10 0.3337 130
09 -
08 |
07 4
06 +
3
> 05 +
3]
£ o
03 +
02 + PPPM Alternatives
01 ¢ 8 Optimal
0 —ttt t+—+—+—+—+——+————+——+——+
1 11 22 31 4 5 6 71 8 91 101 11 121 131 141 151 161
Rank Order Multiple Path No.
Figure 4.10: Plot of Test Case A Muitiple Path Values Ordered by Cost
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only 0.0006 units per path up through the first 157 paths which were generated.
This is a mere 0.18 percent increase in the cost per path. Overall, the 157th path
cost of 0.4206 represents only a 28 percent increase in the path cost from the
best path value of 0.3287. Of the 170 paths generated for Test Case A, these
157 nearly linearly increasing path values account for 92 percent of the solutions
which were generated by the PPPM algorithm for Test Case A.

The best 10 path values for the remaining test cases are contained in Ta-
ble 4.4 through Table 4.9. The plots of the ordered path values are displayed in
Figure 4.11 through Figure 4.16. These data show that similar results hold for all
of the test cases. All test cases show that the increase in path cost values for
the multiple paths starts out linearly, followed by a more dramatic rise in the path
cost values. Over the linear region of these path cost values, the slope of the
linear increase averaged only 0.22 percent of the best path value per new path.
This linear portion of the multiple paths averaged to be 63 percent of the multiple

paths generated by the algorithm PPPM over all of the test cases.
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Table 4.4: Costs and Headings for 10 Best Path Values of Test Case B

"RANK [ Path Cost Value | Heading
1 7.672 92
2 7.678 96
3 7.694 95
4 7.701 93
5 7.703 94
6 7.725 89
7 7.729 97
8 7.742 90
9 7.790 o1
10 7.793 99
s -
30 +
% 1
3
ST
$ sl
&
10 4+
I
PPPM Alternatives
s
O  Optimal
0 +—4+—+—+—++—+—t++—+—+—+—+—+—+—++—+—+—+—+++——

1 21 41 61 81 101 121 141 161 181 201 221 241 261 281 301

Rank Order Multiple Path No.

Figure 4.11: Plot of Test Case B Multiple Path Values Ordered by Cost



Path Cost Value

120

Table 4.5: Costs and Headings for 10 Best Path Values of Test Case C

"RANK | Path Cost Value | Heading

1 0.8397 52

2 0.8404 51

3 0.8417 50

4 0.8418 77

5 0.8422 76

6 0.8428 75

7 0.8456 74

8 0.8459 72

9 0.8463 81

10 0.8464 37
25 —
2 1
15 +
14
=]

05 1 PPPM Alternatives
O Optimal
0 +———+— ——t——
1 21 41 61 81 101 121
Rank Order Multiple Path No.

Figure 4.12: Plot of Test Case C Multiple Path Values Ordered by Cost
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Table 4.6: Costs and Headings for 10 Best Path Values of Test Case D
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RANK [ Path Cost Value | Heading
1 0.4298 65
2 0.4304 64
3 0.4315 63
4 0.4320 62
5 0.4323 74
6 0.4324 73
7 0.4330 72
8 0.4331 61
9 0.4336 71
10 0.4338 60
25
2 4
15 +
14
05 PPPM Alternatives
0  Optimal
0 +——————+—+—+—+—+—+———————————
1 51 101 151 201 251 301 351
Rank Order Multiple Path No.

Figure 4.13: Plot of Test Case D Muiltiple Path Values Ordered by Cost
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Table 4.7: Costs and Headings for 10 Best Path Values of Test Case E

"RANK [ Path Cost Value | Heading
1 19.00 71
2 19.50 72
3 19.50 74
4 19.50 75
5 20.00 68
6 20.00 76
7 20.00 77
8 20.00 78
9 20.00 79
10 20.50 69

o L. Il J — i 4 i i ] I J J i 1 | i - i } i I < s ' I\ J i i
T T R LE T Ll ¥ L] T T

Rank Order Multiple Path No.
Figure 4.14: Plot of Test Case E Multiple Path Values Ordered by Cost
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Table 4.8: Costs and Headings for 10 Best Path Values of Test Case F

RANK | Path Cost Value | Heading
1 18.00 336
2 18.50 337
3 18.50 338
4 18.50 339
5 18.50 340
6 18.50 341
7 18.50 342
8 18.50 343
9 18.50 344
10 18.50 345

151

Rank Order Multiple Path No.

351

Figure 4.15: Plot of Test Case F Multiple Path Values Ordered by Cost
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Table 4.9: Costs and Headings for 10 Best Path Values of Test Case G

RANK | Path Cost Value | Heading
1 36.50 13
2 38.00 12
3 38.00 14
4 38.00 15
5 38.00 16
6 38.00 20
7 38.00 21
8 38.50 9
9 38.50 10
10 38.50 11
80
n 1
60 +
S0 4
0.
0 4
— PPPM Alternatives
20 4+
—O0— Optimal
10 +
B B L B E e B e SN S S— —
1 11 21 31 41 51 61 71 81 91 101 111 121 131 141 151 161 171
Rank Order Multiple Path No.

Figure 4.16: Plot of Test Case G Multiple Path Values Ordered by Cost
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4.3 Variable Connectivity Results

4.3.1 Taylor Series Template Method

Table 4.10 shows the number of cycles for each simulation run of the neural

network using the templates generated in Section 3.3.1. These runs were exe-

Table 4.10: Neural Network Simulation Ilterations Using Taylor Series Templates

Template ]  Cycles per Case
Size A B C
5 point |4,000] 3,484 5,460
13 point | 3,647 | 2,251 | 4,015
25 point | 3,621 | 2,612 4,518
41 point | 6,947 | 15,000 | 10,140

cuted on a VAX 8600 until the convergence input parameter was satisfied at the
end of each iteration of the simulation (or until 15,000 iterations of the simulation
were executed). The sum-squared difference of all neuron outputs (TOTDIFF in the
PPPM algorithm) is checked against the input parameter to test for convergence.
For the simulation runs, the convergence input parameter was arbitrarily set to
0.001.

In each case, it can be seen that fewer cycles of the parallel algorithm are
required for convergence using the 13 point template over the 5 point template.
While this improvement continues marginally for the 25 point template of Case
A, in the other cases the number of cycles to achieve convergence increased.
Continued expansion to the 41 point template resulted in a further, and rather
significant degradation in convergence for all cases. Table 4.11 contains data for

the final minimum cost path value at the end of the algorithm execution. Each
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larger template failed to provide more accurate (smaller) cost values in each
case. In fact, the cost values increase with the larger templates using the Taylor

series method. The results reported here illustrate the failure of the Taylor series

Table 4.11: Least Cost Path Values Using Taylor Series Templates

Template | Path Cost per Case
Size A B C

5 point | 0.329 ] 7.672 | 0.840
13 point | 0.331 | 7.599 | 0.937
25 point | 0.331 ] 7.631 | 1.006
41 point | 0.333 ] 7.826 | 1.068

template method which was reported in Section 3.3.4 and led to the development
of the parallel summation template method.

Figure 4.17 through Figure 4.19 are composite plots of the minimum cost
of successive algorithm iteration for the four increasingly complex Taylor series
template connectivity patterns. Over 135 simulations were run and their results
were plotted. These plots show the value of the minimum cost path found by
the neural network during each cycle of the run. This was repeated for the more
connected pattern, and each run was plotted for a particular test case. A family
of curves results which shows the computed cost over computation time for the
varying connectivity. These plots show the impact of increased connectivity on
the quality of the computation results. Each figure illustrates that the convergence
patterns are similar for all templates. The plots of different test cases have a
different character or general shape. There are three considerations to explain
this phenomenon. First, each test case had a different cost function. Not only

was the size of the problems different, but the variability of the cost function was
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also different. The cost functions included rather smooth surfaces, sharp edges,
or frequent hills and valleys. The unique surfaces of these cost functions result
in the different characteristics of these connectivity curves. The second reason is
that the value plotted is for the minimum cost path found thus far in the algorithm
iteration. This can be any flux line and the heading plot of Figure 4.7 shows how
much this changes at the beginning of the algorithm. The final consideration
is that the plot illustrates tentative results towards convergence. The path value
depends on the latest potential surface computed by the neural network at that
point in the algorithm convergence. Again, Figure 4.6 illustrates that during the
early iterations of the algorithm, the potential surface has not converged to a stable
configuration. These reasons considered together account for the differences in
the curves between the test cases.

Upon close inspection of the plots, the desired result of improvement from
using a more complex template connectivity pattern does not occur. Indeed, as
the template connectivity is increased, there is actually a decrease in the conver-
gence, exhibited by a higher final cost of the minimum cost path.

However, these connection patterns are very small on the scale of connec-
tivity. In order to get more significant results at larger connectivity, much larger
templates are required. Additional constraints are added to convert the template
coefficient equations (Equation 3.46 through Equation 3.51) from an underdeter-
mined system. These constraints are intuitive, but yet somewhat ad hoc, trying
to account for behavior farther from the approximation point at the center of the

template.
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As the connectivity increases with the larger templates, it was hoped that the
cost plot could be predicted to drop sooner for each increase in connectivity,
reaching the minimum cost in faster time. The larger templates use more of the
network node outputs. As changes to node outputs occur in a remote region
of the network more distant from a local node of interest, these larger templates
facilitate propagation of the remote changes to each local node’s output com-
putation. However, plots of the simulation results show that the larger templates
are not providing a better approximation. An examination of Figure 4.17 through
Figure 4.19 reveals that the higher connective templates are not, in general, con-
verging faster.

The template defines the differential operator for the approximation. Expansion
of the template would seem to be counter to the definition of a derivative in
the limit, which would lead to contracting the template instead of expanding the
template. As the cost function varies more, less accurate approximations appear
with the larger templates, and argues for smaller templates in order to have more
accurate approximations of the derivatives with higher frequency cost function

variation.
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4.3.2 Parallel Summation Method

The parallel summation method provided a solution to the convergence and
accuracy problems of the Taylor series templates of larger connectivity. The
solution did not change the underlying accuracy of the five-point approximation to
the derivative, but rather achieved increased connectivity through the computation
architecture of the template.

Figure 4.20 through Figure 4.22 are composite plots of the minimum cost
of successive algorithm iteration for the increasingly complex template connec-
tivity patterns derived using the parallel summation architecture of Section 3.3.4.
Each figure illustrates that the convergence patterns are similar for each template.
However, unlike the previous template patterns derived from the Taylor series,
these template patterns exhibit the improvement expected from using increased
connectivity as hypothesized in Section 3.3.4. As the template connectivity is in-
creased through more parallelism in the approximation summation, the network
architecture accomplished a more rapid decrease in minimum cost paths. In each
plot, the increased connectivity is indicated by a larger index, k. Each test case
has a similar behavior. The higher the connectivity index, the faster the minimum

cost drops during the algorithm iteration.
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4.4 Connection Machine Analog Simulation Resuits

Hardware implementation of neural networks have been offered[12, 15, 30, 31]
using many technologies. Analog neural networks have received a lot of interest
due to their speed and potential for VLSI implementation. This section reports on
an investigation of an analog implementation of the neural network architecture
for the electrostatic model. Because of the number of neurons involved in the
test case (3,600), this required 7,200 operational amplifiers for an analog circuit.
Rather than building such a massive circuit using breadboard techniques, a simu-
lation of the analog circuit was developed for execution on a Connection Machine.
The Connection Machine was selected because of the ease with which the simu-
lation could be programmed for parallel execution and the resulting simplicity of
the neuron model. Each processor of the Connection Machine was devoted to
simulating a single neuron.

The analog circuit simulation is based upon the neuron model illustrated in
Figure 3.9. For simulating the neural network architecture on the Connection
Machine[28], a simple operational amplifier model[66] was employed as shown
in Figure 4.23. A block diagram of the function of the inverting operational amplifier

is shown in Figure 4.24. This block diagram computes the function

e, = —wH/edt

where wy is the open-loop gain of the amplifier. The digital simulation is imple-

mented as shown in Figure 4.25.
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Figure 4.23: Operational Amplifier Schematic

C 1 -0
> > >
s H o

Figure 4.24: Operational Amplifier Block Diagram

The configuration employed in the implementation of the model using inverting
operational amplifiers is shown in Figure 4.26. The operational amplifier attempts
to match the inputs. Since the positive input is grounded, the output of the
amplifier will be such that the negative input will be driven to match to ground
state through the feedback path. The equations for the configuration begin with
applying Kirkoff's current law to the junction at the negative input to the op amp,

labelled as e. Since there is a very high impedance at the input to the op amp,
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-A

=)

Figure 4.25: Op Amp Digital Simulation Block Diagram

R
W\,_

Figure 4.26: Configuration of an Op Amp Adder with Gain
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any current flow to or from the circuit node e and the op amp at the negative input

can be ignored. So the first equation needed is

€, — € €, — €
- + =2 = 4.1
R Pl (4.1)

Solving for e, gives

R, ., R

‘"R +R“ R +R"

4.2)
But since the operational amplifier is driving its output so that its inputs match
and the positive input is ground, e = 0, and Equation 4.2 reduces to

e, = -%f-e, (4.3)

Thus, the closed loop gain provided by the operational ampilifier is

R
AN = S = _ ¢ .

GAIN - R (4.4)

For n inputs, ey, ...,e,, rather than the single input e,, this configuration general-
izes to

€1 €2 €n
. =-R (—+—+.-.+_) 4.5
¢ "\R, " R R, (45)

Figure 4.27 is an illustration of the op amp schematic for implementing the 5-
point finite difference approximation template which computes the weighted sum

of its four neighbors.
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To set up for the simulation of the operation amplifier neural network, a con-
ductance, G, for each input connection is computed. This conductance, G, is
the inverse of R. In the following procedure, the subscripts R, L,U,D denote
(respectively), the right, left, up, and down neighbor nodes in the finite difference

approximation template. The procedure is as follows:

1. Establish the reference conductance, G;

2. For each input connection weight, w;, compute its corresponding conduc-
tance value G; = Gyw;, where w; = «o;/a,, as computed in Equation 3.59

through Equation 3.63 and shown in Table 3.2.

3. Compute the voltage divider coefficients

VDC”=GR+G,,+gz+GD+G,
VDCL:GR+G,,+(G;Z+GD+G,

G
VDC”=GR+GL+GZ+GD+G,
VDCD:G,;+G,,+§5+GD+G,
VDC; = Gy

GR+GL+Gu+GD+G_f

4. Implement the operational amplifier by computing

e1 = VRVDCgr + VLVDCL + VyVDCy + VpVDCp + e,,VDC'f

e,,=—A/e1dt
e V
62—E+'§

V=—A/e2dt
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Figure 4.28 and Figure 4.29 both illustrate the response of the simulated opera-
tional amplifier used in the Connection Machine simulation of the neural network
architecture.

Figure 4.30 illustrates the convergence of the neural network simulation con-
ducted on the Connection Machine. The simulation time step is 200 nanoseconds.
This simulation converged to within 0.000001 of the results of the digital simulation

of the network in approximately 18 milliseconds of real time.
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4.5 Timing Results

Table 4.12 shows the timing results for the electrostatic model running on a
VAX 4000 Workstation with a 6 MFLOPS performance for each of the test cases.
The second column shows the size of the problem defined by the total number
of neurons which correspond to the number of states in the problem. The third
column is the time in milliseconds for the network to compute the potential for
all nodes of the network. This time is divided by the network size and the result
in contained in the fourth column as the average computation time per neuron
for the parallel architecture. The average for all cases was 99.7 microseconds
with a standard deviation of 8.2 microseconds. This data provides a baseline
for comparison with the Connection Machine implementation and the projected
analog circuit performance. It also indicates that the network scales linearly on
the VAX (not surprising since the algorithm loops on the neuron indicies). More
important is that this shows results for scaling with neural networks of significant
sizes (441 neurons up to 3,600 neurons). This is eight times larger at the larger
network. Many of the neural networks studied in the past have only dealt with
neurons in the quantity of at most a few hundred neurons.

Table 4.13 shows the results of the average Connection Machine (CM-2) time
per cycle update for the parallel network simulation. The results are in millisec-
onds. The average cycle time for all cases was 5.4 milliseconds with a standard
deviation of 0.3 milliseconds. This parallel computation occurred using 16,384

processors for an actual network of 16,384 neurons. Using the results of 99.7
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microseconds per neuron for the VAX, it would require 0.0997 x 16384 = 1633.5
milliseconds per cycle to simulate the 16,384 node network on the VAX. The ratio

between these implementations is

VAX time for 16,384 neurons _ 1633.5 msec 303
CMtime for 16,384 neurons 5.4 msec

Speedup =

Thus the Connection Machine implementation results in a performance improve-
ment for the neural network of 300 times over the VAX due to its explicit parallelism.
The Connection Machine employed was a 16K CM-2 at the Argonne National Lab.
It is a data parallel computing system which associates one processor with each
data element of an array. There are two parallel processing units, each of which
has 16,384 data processors. Each data processor has 64K bits of bit-addressable
memory and an ALU. The ALU is a bit processor, and arithmetic is a bit-serial
process. One floating point accelerator exists for every 32 data processors. The
performance specification for single precision floating point is 2600 MFLOPS[69].
Comparing this with the 6 MFLOPS performance of the VAX yields an expected
speedup of 416. This is consistent with the results obtained above considering
that timing for the neural network included other processing. This additional pro-
cessing of the neuron outputs included saving previous values, range limiting,
and clamping boundary conditions.

Since neural networks are fundamentally different from Von Neumann proces-
sors, they have their own performance criteria. Rather than using a measure of
instructions per second (IPS), neural networks have been rated using the measure

of connections per second (CPS). Table 4.14 gives the data for the neural network

|
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Table 4.12: VAX Timing Results for the Neural Network Simulation

CASE | Network Size | Average Network Time | Normalized Neuron Time
(n? Neurons) (milliseconds) (microseconds/neuron)
A 900 91.6 101.8
B 3,600 369.3 102.6
C 2,500 256.5 102.6
D 4,225 436.3 103.6
E 441 45.1 102.3
F 441 45.7 103.6
G 676 54.9 81.2

Table 4.13: CM-2 Timing Results for the Neural Network Simulation

CASE | Average Cycle Time
(milliseconds)

5.5
5.9
5.5
5.2
5.1
5.5
5.1

OTMMOOm®>
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performance in terms of connections per second. The Time/Neuron column is

Table 4.14: Analysis of Connections per Second on the VAX

CASE [ Neurons | Connections | Time/Neuron | KCPS [ Time/16k | B&B Time
(microsecs) (millisecs) | (seconds)
A 900 3,600 101.8 39 1,668 71
B 3,600 14,400 102.6 39 1,681 696
C 2,500 10,000 102.6 39 1,681 319
D 4,225 16,900 103.6 39 1,697 846
E 441 1,764 102.3 39 1,681 26
F 441 1,764 103.6 39 1,697 26
G 676 2,704 81.2 49 1,330 54

given in microseconds and has an average for all cases of 99.7 microseconds
with a standard deviation of 8.2 microseconds. The KCPS column is the kilo-
connections per second rate with an average of 40 KCPS and a standard devia-
tion of 4 KCPS. The sixth column is the time required in milliseconds for a 16,384
node VAX cycle update. Its average is 1,636 milliseconds with a standard devi-
ation of 134 milliseconds. Finally, the last column shows the time for the branch
and bound algorithm to find the optimal path for each test case.

Recall that the time for the Connection Machine to update 16,384 neurons with
65,536 connections was 5.4 milliseconds. This gives an effective performance rate
which would be defined in terms of the VAX performance as 12 million connections
per second. This is approximately 300 times better than the VAX performance of

40 KCPS, and again, consistent with the 16k CM-2 performance.




Chapter 5

Discussion of Results

This chapter discusses the results obtained in the research. The first sec-
tion presents a general result of the research concerning the approach for the
design of massively parallel architectures. Following the discussion of this de-
sign paradigm, the path planning results in the areas of multiple path generation,

variable connectivity, and network performance is discussed.

5.1 Design for Massively Parallel Architectures

Three distinct computer architectures are the Von Neumann processor, the
multiprocessor network, and the massively parallel network. The Von Neumann
architecture is characterized as a single processor (CPU) with a stored program
memory. An example of the Von Neumann processor is a microprocessor such
as the Motorola 68020 or the Intel 80386. The multiprocessor network is a group
of Von Neumann processors communicating through an interconnection mech-
anism, such as a common bus. The interconnection topology is a federated
arrangement, or sometimes a communications switching network. The neural

network is an example of massive parallelism where an enormous number of

150
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simple non-Von Neumann processing units are locally connected to many other

processing units.

5.1.1 The Characteristics of Parallelism

A distinguishing feature of an architecture is its degree of parallelism. Paral-
lelism exists at many levels within the complex structure of even a Von Neumann
processor. At the electrical circuit level, parallelism is exhibited within semi-
conductors as analog signals such as the simultaneous propagation of current
throughout the device. At the next level, these semiconductors are brought to-
gether into a digital device. Parallelism also is illustrated here as discrete voltage
levels are changing simultaneously at various places within a digital circuit. Even
at the hardware function level, such as I/O processing, instruction fetching, or
cache memory operation, parallel activity occurs.

However, considering software as the means to specify computation activity,
there is no parallelism in the algorithms programmed for a single CPU since the
processing unit can decode and execute only one instruction at a time. More com-
plex computations are involved with a single CPU than with the parallelism which
is described next. For multiprocessor networks, the granularity of parallelism is
coarse. Coarse granularity implies a low level of communication activity between
the processors. These processors are performing simpler computations on the
algorithm than in the single CPU. However, there is increased processing to han-
dle the communications. The massively parallel architecture has a fine granularity

and a high communication to computation ratio due to simple computations, and
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a high degree of communication between adjacent computing units. This archi-
tecture has the algorithm “impressed” onto its medium in such a way that the
algorithm solution emerges from local processing.

Consider the design approach in using these three architectures to solve prob-
lems. For the single CPU, classic design methodologies are used. These include
flowcharts, stepwise decomposition, structured analysis and design, for example.
Many of these methods are also used for multiprocessor designs, but additional
complexity requires careful attention to algorithm requirements. Control and data
partitioning of algorithms for process allocation over several multiprocessors is
required. These requirements have to be carefully distinguished and managed to
avoid inaccurate results and other harmful side effects.

Advancements in computer architectures and hardware technology have led to
practical implementations of massively parallel computing[12, 15, 16, 28, 33]. The
first fundamental question for this research from Section 1.2 asked if, in design-
ing massively parallel architectures, any unifying principle exists for the distinct
roles of application, algorithm, and architecture. Because of its characteristic of
collective computation, a new way of thinking about the role of application, al-
gorithm, and architecture in the design of massive parallelism was needed. The
design challenge was to determine an appropriate model of the interdependence
between the application problem to be solved, the algorithm which solves the
problem, and the massively parallel architecture which solves the problem us-
ing collective computations. A key discovery of this research was a new design

paradigm for massively parallel architectures which combine these interrelated
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issues.

5.2 A Massively Parallel Architecture Design Paradigm

A new design paradigm of natural parallelism has been discovered in the
course of this research. This paradigm is an architecture design concept for
massively parallel architectures. The motivation for this paradigm was to meet
a design need in the evolution of computer architectures towards massive par-
allelism. The paradigm of natural parallelism is hypothesized to meet this need.
The results of experimental research presented in this dissertation have verified
the usefulness of the paradigm.

A design paradigm needs to unify the issues of application, architecture, and
algorithm in massive parallelism. This new method determines a mapping onto
the processing elements and interconnections of the massively parallel architec-
ture from the application model. This new paradigm for massively parallel ar-
chitecture design is called Natural Parallelism. The natural parallelism paradigm
uses phenomena in nature to suggest analogies for the computational model of

the application problem.

5.2.1 The Paradigm of Natural Parallelism

Recent developments in massively parallel architecture technology has in-
creased their capacity while shrinking their size. To capitalize on the advantages
offered by these new architectures a new approach to their design is needed. This

new approach is based on the increased density of hardware implementations
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for massively parallel architecture technology. Processing units of the architecture
are dedicated to explicit, unique state assignments of the problem, given a suit-
able state variable resolution.

Consider how discovery of nature is done. Nature is observed and a hypothet-
ical model is conjectured to express natural law. This model is an approximation
of the physical phenomenon which is observed, and expressed as mathematical
equations in physics. When computing solutions to these equations, a numerical
simulation of nature’s behavior is often performed. Now consider this viewpoint
reversed. Nature is the perfect analog computer for these same equations. Na-
ture is the analogy for solving problems described by the mathematical equations
of physics. Thus, the new approach for massively parallel design consists of 1)
determining a natural phenomenon which is an analog of the abstract problem, 2)
creating an analytical model of the natural phenomenon, 3) constructing a map-
ping of the analytical model to the abstract problem, and 4) implementing the
massively parallel architecture for the mapping.

Recall that in Chapter 1, problems were described as state transition digraphs.
Nature can also be described by states and operations which transform these
states. This provides another analogy to massively paraliel computation. Rather
than the traditional sequential computer system in which a single processor fetches
data from memory, modifies the data, and puts the data back into memory, con-
sider memory which has a computation capability. This computation is accom-
plished by exchanging and modifying values among the data elements of the

memory. When the data elements of the memory represent state assignments of
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a problem, the memory values are possible state variable solutions. This structure
provides an explicit mapping between processing nodes of a massively parallel
architecture and state assignments of a physics problem. The mapping between
state assignments of the natural analogy and the processing nodes occurs by
a sampling of the state space into a computing grid with appropriate sampling
resolution.

Inthe suggested analogy, the states of nature correspond to computing nodes,
as described in the reversed viewpoint above. The explicit representation of the
application problem states define the processing elements in the computing struc-
ture. Application solutions are computed numerically in a massively parallel ar-
chitecture which is implemented in a grid structure corresponding to a sampling

of states in the problem space.

5.2.2 Understanding the Natural Parallelism Paradigm

The natural parallelism paradigm is a synergistic concept. Synergism de-
scribes phenomena where elements of a system work cooperatively in such a
way that the total effect of the system exceeds the sum of the effects of the inde-
pendent elements. Similar concepts are available from other disciplines. Holism
was defined in 1926 by evolutionists as the orderly grouping of unit structures into
whole bodies or organisms in nature[67]. Holism was argued to be a synthesis
which makes parts act as one. According to John Hopfield, the physiological
computation of biological neural networks can be viewed holistically as sponta-

neous behaviour of the whole network:
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The bridge between simple circuits and the complex computational
properties of higher nervous systems may be the spontaneous emer-

gence of new computational capabilities from the collective behaviour
of large numbers of simple processing elements[29].

The synergy described above is represented as collective behavior of simple
processing elements. Similarly, the natural parallelism paradigm has a synergy
arising from its own defined elements of application, algorithm, and architecture.
Each of these elements contributes to a holistic effect of the design paradigm.

The relationship between the three elements of the natural parallelism paradigm
is shown in Figure 5.1. Each element of the paradigm influences the other two el-
ements. While individual descriptions of its elements do not characterize the syn-
ergy of the paradigm, it does help for understanding the concept of the paradigm.
In this figure the aim is to get a sense of the unifying character of the paradigm.
The paradigm tries to address massively parallel design in a holistic manner.

The three elements of the paradigm are algorithm, architecture, and applica-
tion. The application is the problem requiring a solution, which is the purpose of
the system. The algorithm is the model for using natural parallelism in the system.
The architecture is the implementation of the system.

Consider the interaction between the elements of the paradigm as depicted by
the arrows in Figure 5.1. The application concept suggests an analogy in nature
which is the basis of the algorithmic model. The inverse relationship characterizes
the type of problems which can be solved by the model. The algorithm defines
the mapping needs for the architecture. The architecture, in turn, specifies the

neuron and weight functions to the algorithm. The influence of the application on
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Math model maps
to structure

Neuron transfer function Analogy suggested for
and weight definition mathematical analysis

APPLICATION

State space mapping
and sampling requirement

Explicit state definition
and problem size

.

Figure 5.1: Relationship Among Elements of the Natural Parallelism Paradigm

the architecture develops state space mapping requirements such as the spatial
sampling resolution. Conversely, explicit definition for the application problem

states is provided by the architecture and its problem size is scoped.

5.2.3 Using the Natural Parallelism Paradigm

In Figure 5.2 the process of applying the paradigm of natural parallelism is
illustrated. The process begins with the selection of some problem of interest.
The first step in the process is to look for analogies in nature for the selected
problem. When an appropriate analogy is found, the natural parallelism concept
is formed. This concept from the paradigm is the key to the massively parallel

design. The relationship of the concept to the application is understood and is
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Application Natural Parallelism Mathematical
Requirement Concept Model
Discover Physical Analyze Construct
Analogies in Nature Concept Mapping

Computation
Architecture

Figure 5.2: Applying the Natural Parallelism Paradigm

explainable. The algorithm is identified with the natural law which applies to the
concept. The architecture is mapped through analysis of the concept to define
the computational structure of the network. The natural law for specifying the
algorithmic solution to the problem is a result of the analysis of the physics model
used in the natural parallelism concept. The mathematical model of the natural
law is used in constructing the computation structure of the architecture.

In the introduction to this dissertation, a central thesis was posed. It stated that
a massively parallel computer architecture could be defined where the computa-
tional units correspond to explicit problem states converging to problem solutions.

The natural parallelism design paradigm has achieved this objective.



159

5.3 Discussion of Path Planning Architecture Results

Chapter 4 presented the results of the artificial neural network architecture
designed for path planning. Assessment of the data from all of the test cases
showed that the value of the paths generated by the neural network had an aver-
age difference of 8.3 percent over the value of the optimal path for the test case.
Even if 8.3 percent is a higher penalty for using the neural network than desired
in the path planning application, the benefits of the multiple paths generated are
the compensation of the method. The data revealed a significant effect from the
multiple path generation. This effect was that the costs of the top-ranked paths
generated by the neural network increased linearly for at least the first half of
the alternative paths. Furthermore, the rate of increase averaged to be only 0.22
percent of value of the least cost path found by the neural network. So although
the value of the least cost path may be higher than the optimal path, the archi-
tecture will generate many additional paths which do not significantly degrade in

cost.



Chapter 6

Research Conclusions

The research of this dissertation dealt with issues of architecture design in
massive parallelism. In Chapter 1, the requirements associated with large com-
plex problems created the need to have a closer match between the application
problem, and the massively parallel architectures and algorithms. The discovery
of a paradigm to guide the design of massively parallel architectures is one of
the significant results of the research. This paradigm represents the development
of a working synergy between the traditionally distinctive elements of application,
algorithm, and architecture in computer system design. A second significant re-
sult of this research was the use of the paradigm to design massively parallel
architectures. An artificial neural network was designed which can solve a class
of partial differential equations. These designs were used as examples to test
the paradigm. A third significant result of this research was showing how the

architectures can be applied to path minimization problems.

160
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6.1 Path Planning Using the Electrostatic Model

One of the most difficult tasks of this research was to develop a model of path
planning search which had a true parallelism inherent in the model. This interest
came about since strictly sequential algorithms were not directly applicable to
artificial neural network architectures. Parallelized versions were not of interest
either since they are targeted for loosely coupled multiprocessor systems. The
path planning model required the feasibility of a more direct use on tightly coupled
architectures such as artificial neural networks.

The second interest, and perhaps a more compelling requirement for path
planning, was a desire for the resulting system to produce alternative sub-optimal
solutions. These alternative paths provide choices at the starting node to the
user of the path planning system. For various operational considerations, users
often desire alternative choices when employing automated planning systems.
But this is a very difficult proposition for classical sequential search algorithms.
The principle of optimality does not support the consideration of simultaneous,
sub-optimal decisions.

It was at this point that the electrostatic model was conjectured to satisfy these
requirements for a directly parallelized model and alternative sub-optimal paths.
The idea was simple enough — nature “automatically” distributes electrical current
through conducting material in an optimal manner, although this optimization
criterion is different from that for a least cost path. Could the current flux lines

then be used as the alternate paths? The result is that they can as was shown in
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Section 3.2. These alternative paths make intuitive sense. They avoid regions of
high cost and prefer regions of low cost.

The paths are also parallel alternatives which have an incremental variation
between the adjacent paths. Neighboring (adjacent) paths are defined using the
theory of the calculus of variations. The paths are defined by a function. This func-
tion, when adjusted by a “variational” increment, defines a new path neighboring
the original path[7]. This variational increment is very similar to a differential, only
applied to functionals rather than to variables. Consider a uniformly conducting
material with dipole charges. The electrical current flux lines for this material look
very similar to the magnetic field lines which form between the north and south
poles of a bar magnet. As the conducting material is modified so that its conduc-
tivity is no longer homogeneous, the flux lines will warp and bend simultaneously
to accommodate the changes in the conductivity of the material. Yet they remain
adjacent to each other in a variational sense, preserving the alternative choices
for the user. Thus, the electrostatic model was perceived as a viable approach
to modeling this path planning problem.

What was needed next was an approach to implement this model on an arti-

ficial neural network.
6.2 Designing the Neural Network Architecture
The electrostatic model provided another important benefit in the research —

a sound mathematical basis. This was due to the nonhomogeneous partial differ-

ential equation (Laplacian) of the electrostatic potential field. With the boundary
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conditions applied, the flux lines could be extracted by a gradient descent over
the potential surface from the source node (maximum potential boundary con-
dition) to the sink node (minimum potential boundary condition). Therefore, the
challenge was to compute a solution to the partial differential equation using an
artificial neural network.

The means to accomplish this was a finite difference approximation to the par-
tial differential equation developed in Section 3.3.1. A study of the finite difference
approximation formulas revealed a striking similarity to the familiar equations for
the artificial neural network. Thus, by an appropriate mapping of the coefficients
of the finite difference approximation formulas into the weights of the artificial
neural network, the neurons could compute the numerical solution to the partial
differential equation. This design was successfully accomplished in this research
and described in Section 3.3.2.

A significant result of this approach is that the resulting design benefits from the
classical numerical analysis of finite difference approximations for partial differential
equations. Since the artificial neural network directly implements the finite differ-
ence approximation (in a truly parallel architecture), it retains the convergence and
accuracy properties of the finite difference approximation. Additionally, the artifi-
cial neural network scales directly with the size of the problem just as is the case
with the finite difference approximation. With this architecture design in place, the

influence of the amount of interconnections could be investigated.
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6.3 Influence of Variable Connectivity

The finite difference approximation formulas map into simple interconnections
between adjacent neurons in the artificial neural network. Improvements to the
convergence of the network were conjectured to result from increasing the in-
terconnections between neurons beyond the locally adjacent neurons to larger
regions of the network. This required a way to increase the number of input con-
nections to each neuron from other neurons, and yet preserve the integrity of the
finite difference approximation.

The solution was found in the parallel summation technique that was devel-
oped in Section 3.3.4. This approach preserved the fundamental finite difference
approximation formula as a template kernel so that the approximation of the
derivative would be consistent in larger interconnection patterns. The technique
consisted of recursively unfolding the kernel to rewire the input connections of
each neuron directly to those neurons whose outputs were directly connected
to the neuron whose outputs were the source of the input connections. Each
recursive unfolding of the approximation template resulted in a higher amount
of interconnections. This was shown in Section 4.3.2 to successfully reduce the
convergence time and yet preserve the accuracy of the approximation. The ben-
efit of the variable connectivity is to give the neural network designer tradeoffs
between the convergence time, accuracy, and network costs (measured in terms
of the implementation complexity through connectivity). For a given accuracy and

time requirement, this tradeoff then specifies the amount of interconnectivity that
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is necessary in the artificial neural network. Conversely, for an embedded imple-
mentation of an artificial neural network with a given amount of connectivity, the
design tradeoff can be used to project the accuracy obtainable from the network

in a specified time interval.

6.4 The New Paradigm of Natural Parallelism

A new principle to guide the design of massively parallel architectures was
conceived in this research. The paradigm which was conceived is as unique
to massively parallel architectures as the sequential thinking process is unique
to Von Neumann architectures. This paradigm was called natural parallelism
and can be understood as nature acting as a massively parallel analog archi-
tecture. Nature serves as the ultimate massively parallel architecture. As such,
natural phenomena can be used as analogs for abstract computation problems.
Once discovered, these natural analogs can be analyzed to develop the math-
ematical model foundations upon which massively parallel architectures can be
constructed.

This concept provided a synergy that unified the distinctive Von Neumann

treatment of application, algorithm, and architecture in computer design.

6.4.1 Natural Parallelism Related to Algorithms

The natural law which was employed to investigate the paradigm was a class
of partial differential equations in mathematical physics. These partial differential

equations describe physical phenomena in field theory. Using natural parallelism,
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these physical phenomena were shown to describe certain optimization problems.
Nature was viewed as an optimization process, exhibiting equivalent behavior
for which mathematical expressions are available (that is, the partial differential
equations of field theory).
A neural network architecture was designed in the research to solve a class of
partial differential equations. The significance of this design was a neuron transfer

function and weight formulas for computing the finite difference approximation.

6.4.2 Natural Parallelism Related to Architectures

The partial differential equations were mapped onto the massively parallel ar-
chitecture using finite difference approximations. The numerical solutions of the
approximation formulas effectively simulated the analog computation of nature.
An architecture was designed to compute a five-point finite difference approxi-
mation solution to these equations. The five-point finite difference approximation
formula provided for the definition of interconnection weights in the architecture.

The massively parallel computing architecture was defined using explicit states
of the problem as the computing nodes. This architecture computed solutions
by exchanging information along interconnections defined in a mesh topology.
As this exchange continued, each node’s output converged to a value which rep-
resented the corresponding state’s value in the problem solution. These state
outputs are the scalar potential field solution to the partial differential equation.
The approximation templates for the finite difference formula defined the intercon-

nection weights for the particular architecture configuration.
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This research resulted in a parallel summation technique using variable con-
nectivity to perform the integration necessary for the finite difference approxima-
tion in the neural network. This technique was significant in its ability to define
varying degrees of interconnection between the neurons. This was necessary to
accomplish and assess the convergence of the network with different amounts of
interconnection. The results of the connectivity study verified the hypothesis that

increased convergence occurs as the interconnections increase.

6.4.3 Natural Parallelism Related to Applications

The application of primary interest was path planning. This required searching
for a path in a space where a cost function was defined. The path end points were
defined, and the path with the least total cost along its length was the minimum
cost solution path to the problem.

The paradigm was employed to define a massively parallel architecture to
solve this problem. Natural parallelism provided a model in field theory as an
analog to this problem. This was the electrostatic model. The architecture design
for the electrostatic model used an interconnection definition which supported
variable connectivity. This architecture was shown to provide multiple, alternative
solution paths. The architecture also was used to study the effect of connectivity
on the solution convergence.

This research has shown the use of the natural parallelism paradigm to solve
path planning applications. Artificial neural networks designed using the natural

parallelism concept were shown to provide paths which correspond to a natural
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analogy of field theory in electrostatics. The electrostatic model architecture was
shown to compute multiple, alternative paths. The cost of these multiple path so-
lutions showed only a linear increase among a significant number of the available

alternative solutions.

6.5 Summary

In Chapter 1, several questions were raised to motivate and direct this re-
search. As a result of this research, several observations and answers can be
made on the issues they address.

The finite difference approximation method was used to define a numerical
solution to the problem. The approximation template coefficients provided the
definitions for the weights of the neural network. The template also determined
the number of interconnections between the neurons, and their interconnection
pattern. The results on variable connectivity illustrated the influence of the number
of interconnections on the convergence of the neural network to stable states. The
approximation also defined the neuron transfer function.

Regarding the design process questions, the natural parallelism paradigm
solves the dilemma on the interaction of algorithm, architecture, and application
issues. It also provided for an underlying mathematical model for the architecture
from the natural analogy in physics. The model further provided for the mapping

of the problem onto the neural network through the finite difference approximation.
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6.5.1 Suggestions for Further Research

An interesting followup to this research would be to further test the concept
by implementing the architectures in a path planning system environment. A first
step would be to include the architectures in a real-time environment such as an
aircraft simulation.

Further development could be pursued by the incorporation of the designs
into hardware prototypes. Various hardware implementations are suggested. The
simulation of the designs can be written in the VHSIC Hardware Design Language
(VHDL). This would provide a behavioral circuit description of a network engine
implementation. Or, a fully parallel VLSI design could be developed to fabricate
a chip set to realize the networks. Other technologies such as optical computing
can be examined for implementation.

The robustness of the design paradigm could be further examined by us-
ing the application of constrained optimization. Constraints should be modeled
into the analogy as is the basic model. One example is constraining paths to a
certain sector about the current vehicle state vector. The analogy for the elec-
trostatic model can use zero conductivity regions behind the vehicle whose radii
correspond to the constraint in order to restrict the field lines to the desired sector
ahead of the vehicle.

Another improvement to the architecture design concerns the approximation
technique. This research used finite difference formulas for the numerical approx-

imation templates. Finite element modeling is another technique that could be



170
investigated to implement the architecture design.

Another issue is the refinement of the architecture design to develop adaptive
mesh topologies for the interconnection topology and node definitions for the
grid. Node definitions and interconnection weight adjustments would need to be
defined with adaptive mesh generation algorithms. The self-organizing map is
another neural network architecture which adjusts its connection weights in order
to learn patterns in data. This technology may be a useful approach to map the
variable structure of the cost functions into an adaptive mesh configuration.

Explicit representation of the state space in the architecture assumes the avail-
ability of the cost function values. However, this requires tremendous 1/O capa-
bility. This presents a problem for implementation in supporting such a large
bandwidth for data. In addition, not all cost functions can be explicitly defined in
a spatial organization.

There are certainly other applications besides path planning that can benefit
from the natural parallelism paradigm. Other applications should be examined to
develop their natural analogies for mapping onto massively parallel architectures.
Certainly the mathematical models of the analogies themselves can be solved
using the architectures developed in this research. One possible application is
the solution to computational fluid dynamics problems. Another example is the
use of the architecture to solve some linear algebra problems.

Finally, other design paradigms may also be appropriate for the development
of massively parallel architectures. The design paradigm of natural parallelism

is just one of the possible techniques for envisioning solutions to the synergy
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problem associated with these architectures. Hopefully, this research has enlight-
ened the subject of massively parallel architecture design to suggest alternative

methodologies in their analysis and development.



Appendix A

Description of the Test Cases

In this appendix, the test cases used to conduct the experiments in this re-
search are described. There were eight different test cases used, as shown in

Table A.1. The column labelled “N” is the size of the square grid used for the test.

Table A.1: Problem Space Size and Path Endpoints

CASE [ N:Size | S: Start | G: Goal
A 30 (3,23) | (17, 2)
B 60 | (20, 10) | (45, 55)
C 50 | (842 | (37, 11)
D 65 | (14, 35) | (50, 50)
E 21 (13,5) | (11, 17)
F 21 (17,5) | (5, 17)
G 26 (3, 4) | (24, 29)

Thus, the total number of grid points in each test case is N2. The next column,

labelled “S”, contains the coordinates of the start node on the grid. The column

labelled “G" lists the coordinates of the goal node.

A.1 Test Case A

A diagram of the cost layout for Test Case A is located in Figure A.1.

Case A is a 30 by 30 grid with five regions containing different uniform cost
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Figure A1: Diagram of the Cost Layout for Test Case A

values. Each region in the diagram contains a number which is the cost for each
cell in that region. The background region has a cost of 0.010, and contains
the start node at (3,23) and the goal node at (17,2). Between the start and goal
node is a circular region of infinite cost. At the top and right of the grid are two
rectangular regions with lower costs of 0.005 and 0.003, respectively. Another
smaller circular region of infinite cost is located in the upper right corner of the
grid between the smaller cost strips. These regions were designed to bring a
nonuniform distribution of cost regions to bear on the warping of the multiple
path solutions. The cost function contour plot with the optimal path is shown in

Figure A.2.
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Figure A.2: Test Case A Cost Function Contours and Optimal Path
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A.2 Test Case B

Test Case B is a threat penetration scenario using synthetic terrain elevation
and threat coverage. The terrain which was generated is shown in Figure A.3. In
the perspective view of the figure, the nearest corner is the southwest corner of
the grid and the farthest corner is the northeast corner of the grid. This terrain
covers an area of 3600 square nautical miles. The grid is measures 60 by 60
where each cell is one square mile of the region. The terrain was generated to
establish a scenario where a mountainous region had a valley which provided
a route along which defensive threats could be deployed. Threats with different
effective ranges and risks were then added into the region, taking the terrain into
account. The combined risk of these threats was then analyzed by line-of-sight
calculations, taking the effects of terrain masking into accout, to generate the cost
function for the search. The costs were obtained for a low altitude flight which
was constrained to stay 1000 feet above the terrain. The resulting cost function
is used in Test Case B, and shown in Figure A.4 along with the optimal path for

the start and goal nodes.

A.3 Test Case C

Test Case C is another threat penetration scenario, but this case uses actual
terrain elevation data. The region of the data is near the town of Fulda, Germany.
This data has been used in several studies[53, 54, 55] because many military

analysts believe this was the location where Soviet tanks would pour into the
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Figure A.3: Synthetic Terrain Data for Test Case B
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West at the beginning of a major offensive by the Warsaw Pact. Representative
models of surface-to-air missle radar sites are used in the generation of the risk
data for the cost function. The grid for this test case is a 50 nautical mile by
50 nautical mile area, with the grid cells at one nautical mile increments. One
features of the cost function is that it has moguls in a checkboard pattern, which
increase in value from west to east. The cost function contour plot is shown in

Figure A.5 along with the optimal path for the start and goal nodes.

A.4 Test Case D

Test Case D uses aA smoother cost function than the previous test cases. The
data for the cost function is a spherical surface of large curvature with some
smaller, local bumps placed on top of the surface. These were averaged to
generate a smooth surface with some local variation in cost. The cost function
contour plot is shown in Figure A.6 along with the optimal path for the start and

goal nodes.

A5 TestCasesE, F, and G

Test Cases E, F, and G, are cost functions which contain highly patterned
regions of high costs. A diagram of the cost layout for Test Case E is located in
Figure A.7. Test Case E is a 21 by 21 grid with two regions containing uniform
cost values. The background region has a cost of 1.0, and contains the start
node at (13,5) and the goal node at (11,17). Between the start and goal node

is a rectangular strip with a cost of 4.0. The cost function contour plot with the
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Figure A.7: Diagram of the Cost Layout for Test Case E

optimal path is shown in Figure A.8.

A diagram of the cost layout for Test Case F is located in Figure A.9. Test
Case F is a 21 by 21 grid with two regions containing uniform cost values. The
background region has a cost of 1.0, and contains the start node at (17,5) and
the goal node at (5,17). Between the start and goal node is a triangular strip with
a cost of 4.0. The cost function contour plot with the optimal path is shown in
Figure A.10.

A diagram of the cost layout for Test Case G is located in Figure A.11. Test
Case G is a 26 by 26 grid with nine regions containing two different uniform cost
values. The background region has a cost of 1.0, and contains the start node at
(3,4) and the goal node at (24,24). Between the start and goal node are several

rectangular regions with a cost of 4.0. The cost function contour plot with the
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Figure A.8: Test Case E Cost Function Contours and Optimal Path
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Figure A.9: Diagram of the Cost Layout for Test Case F

optimal path is shown in Figure A.12.
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Figure A.10: Test Case F Cost Function Contours and Optimal Path
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Test Case G Cost Function Contours and Optimal Path
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Figure A.12
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