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ABSTRACT

THE TRANSITION FROM NON-ADIABATIC TO SOLVENT
CONTROLLED ADIABATIC ELECTRON TRANSFER:
SOLVENT DYNAMICAL EFFECTS IN THE INVERTED REGIME

By

DAH-YEN YANG

Thie study concerns the effect of solvent dynamics on
non-adiabatic electron transfer reactions. A hamiltonian is designed to
include: a reaction coordinate for two quadratic potential surfaces of
donor and acceptor species and a heat bath which is characterized by a
single Debye relaxation time T, Solvent dynamical effects are
described by an indirect coupling between the reaction coordinate and
the heat bath. The time evolution of this system is obtained by use of
the quantum Liouville equation. After averaging over the solvent
fluctuations, the dynamices along the reaction coordinate are reduced to
a classical Fokker-Planck operator, but the motion of the electron is
still treated quantum mechanically. When the rate of nuclear motion in
the potential well is comparable to the non-adiabatic transition rate,

a consecutive reaction scheme leads to a rate constant expression k 12

TST
na

Arr

k k:" /7 ( k:fr + k, ), the steps being the diffusion along the

Arr

reaction coordinate with rate k d followed by crossing at the

intersection of the donor and acceptor potential surfaces with a rate

‘l'f‘l'. kAr r

kn a is dependent on the solvent dynamical effects through T, and
k:ft is independent of T, When the motion of the system in the



transition region must be treated quantum mechanically, the transition
region can be spread out over a length larger than the mean free path.
Then k:fr should be modified by solvent dynamic effects. When the
separation into diffusive and crossing motion is no longer appropriate,
we use an eigen-function method to expand the four coupled equations
 for the density matrix of the system, and solve for the reaction rate.

A comparison of the numerical and analytical results is given.
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I. INTRODUCTION

In oxidative phosphorylation, photosynthesis, and
oxidation-reduction reactions, electron transfer (ET) is an important
chemical process. Non-adiabatic transitions may occur in long-ranged ET
or the spin change of reactants. Recently, Kosower and ¢;>o--\»rorkersl have
found that ET rates in polar aliphatic alcohols are inversely
proportional to the slowest dielectric relaxation time T This shows

that the solvent dynamic effects can influence non-adiabatic ET, which

has attracted considerable attention.

The pioneering work of Marcus® showed that, in the
high-temperature regime, the ET rate has the thermally activated
Arrhenius form k:fT = AA exp (—Ba/ka'l‘). The activation energy is the
height of the nuclear barrier Ea = (AE-Er)2/4 Er. This expression for
the activation energy is valid in the classical limit when quantum
effects of nuclear tunneling are omitted. In Marcus’ work, the ET
process is adiabatic. Levich3 has treated ET as a non-adiabatic process
using the Fermi-Golden rule rate expression. The medium is modeled by a
set of harmonic oscillators. The frequency factor in the classical
limit is AA = (2%/B) V.2 (4% Er k1) ''% Zusman analysed® the
gituation when the dynamics of the reaction coordinate is diffusive
rather than uniform; his approach rests upon the stochastic Liouville

equation. In the extreme adiabatic limit, when the dynamics of the

1



2
reaction coordinate reduces to diffusion over the low adiabatic
surface, Zusman's expression reduces to Kramers’ results.
Zusman’s result also connects the non-adiabatic limit for the frequency
factor, which is determined by the electronic coupling, and the
solvent-controlled adiabatic limit, which is determined by the reaction
coordinate dynamics. In the non-adiabatic limit, the frequency factor
is AA, while in the solvent-controlled adiabatic limit the frequency

factor is proportional to 'l::’.

The most popular harmonic oscillator model is composed of two
quadratic potential surfaces which cross, embedded in a polar mediated
heat bath. When the system is at equilibrium, before the electron is
transferred, the system is located at the minimum of potential well RA
(see figure 1). When the sélvent fluctuates (the system deviates from
the equilibrium state), the system will move away from the minimum
point. This deviation from the equilibrium state, which is activated by
thermal energy, is described by a coordinate called the reaction
coordinate. Since the dipole moment of the solvent always fluctuates
due to thermal energy, and this may be described by diffusive motion,
the system will diffuse along the potential surface. The splitting at
the crossing f:oint of the two surfaces is ZV‘l 2 (from the point of view
of the adiabatic representation). When 2V 12 > kBT, the system with
thermal energy can not jump to the upper surface. The system will
transfer from the left minimum to the right minimum within the same

surface. This is called an adiabatic transition. When 2V X < kBT, the

2

system get enough thermal energy to jump to the upper surface several

times before crossing. This is called a non-adiabatic transition. The
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analysia of the relation between npn-adiabatic and adiabatic ET is
important for the understanding of solvent dynamic effects. We first
summarize the outstanding problema6 as follows: 1) the relation between
the ET dynamics along the reaction coordinate and the dissipation of
the medium. Frauenfelder and Wolynea7 have considered the relationship
between the mean free path and the Landau-Zener length. They get two
limiting physical situations: uniform dynamice and diffusive dynamics.
2) The relation between the ET dynamics and the strength of the
electronic coupling. This depends on the distinction between the strong
and weak electronic coupling in the Landau-Zener transition, which is
determined by the LZ parameter 1 Lz These two LZ limits are the
non-adiabatic and adiabatic coupling limits. 3) The nature of the
dissipative properties of the medium and of the strength of the
electronic coupling. The interesting physical situtations are:
non-adiabatic ET, solvent controlled adiabatic ET, and
uniform-adiabatic ET. 4) The transition between non-adiabatic and the
solvent controlled adiabatic ET. 5) The competition between ET and
medium relaxation. The basic implicit assumption of general
non-adiabatic ET theory includes the separation of the time scales for
the fast medium dielectric relaxation and for the slow electronic
processes. When the microscopic ET rates of a given state are
comparable to the medium relaxation rates, the ET process is expected
to be determined by the longitudinal dielectric relaxation time T

L
corresponding to the solvent controlled adiabatic limit.

These two quadratic potential surfaces have three different

combinations: normal, activationless, and inverted regimes. In the
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Figure la. Potential energy surfaces for the reaction coordinate.

Normal region
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Figure 1lb. Potential energy surfaces for the reaction coordinate.

Activationless region
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Figure lc. Potential energy surfaces for the reaction coordinate.

Inverted region



7

normal regime, with barrier energy larger than knT’ the non-adiabﬁtié

. . TST _ pV1§ n (1/2 _ ..
transition rate is kn. = K (B £ exp(- P Ea). This is

the Arrhenius law which describes localized transitions and k:fr is

independent of T The diffusion motion inside the potential surface

gives kKA™" = % ( £E2 1Y% oxp( - B Ea ), which depends on t,. Both

L

k:fr and k:" include an exponential part and a prefactor. For k:fr,

the prefactor is proportional to the square of V 12" Usually this makes

TST
k
na

much smaller than k:". In the activationless or low barrier
energy regime, it is still not clear how to describe the transition
rate. The inverted regime which has been discussed by l\*larc\mB has
strong quantum behavior. The region that nuclei can tunnel through is
called the delocalization width ug (see figure 1lc). When p is spread
out this means that the system exhibts strong quantum behavior. The

diffusive motion inside the tunneling region is our main topic in this

work.

Rips and Jort.ner6 studied the reaction rate by using a path
integral formalism that ultimately reduces to a consecutive mechanism.

This method separates the reaction rate into diffusive and reactive

T

Atr 4+ 1 7 k*5T, When k2" »
na d

part. The total rate is 1 / kw =1/ kd

k:f'r, k 12 - k:fr; the rate constant for the rate determining step is
k:f‘r which is independent of Ty If we increase the friction of the
solvent, ‘l:l_ is increased and k:" i8 decreased, to make k:” ¢' k:ft;
then k 12 = k:". The rate constant for the rate determining step is
k:" The solvent effect (through the longitudinal dielectric

relaxation time T l‘) makes the transition rate slow down and the rate
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constant k ., is changed from the non-adiabatic transition rate k:fT to

the adiabatic transition rate k:". This shows how the solvent can

controll the transition rate from non-adiabatic to adiabatic behavior
(for an adiabatic transition, the reaction rate is independent of the
electronic coupling V X 2). In the work of Rips and Jortner, k:fT is

independent of T and the delocalization width p « 1 o Morillo and

Cukier '° showed, with 1 » the delocalization width u » 1‘.. that k:f =

V15(1t/Er kBT)“z
1+ X

_(Er-1]1 E| )2 1 12
exp ( T Er knT T+ x ). Here k“ depends

on T . The situation that we are going to study is when 1 =~ u » 1 ¢
what is the reaction rate expression? And will the consecutive

mechanism still be sensible?

In this workzo, a Debye solvent has been used. The dielectric
fluctuation has frequency lower than kBT / h. A classical diffusive
motion of the system along the potential surfaces can simplify the
calculation. The tunneling effect still needs to be kept in a quantum
manner. The problem is formulated by using a density matrix in
Liouville space. By use of the Wigner transformation, a set of
semi-classical Zusman equations has been obtained, which were written
down by Zusman without derivation. By averaging over all the solvent
degrees of freedom excluding the reaction coordinate, a classical
Fokker-Planck operator is obtained to describe the diffusive motion of
the system. The quantum transition is kept in the off-diagonal terms.
So, we have a set of semi-classical equations of motion. A
phenomenological rate constant is defined'!, To calculate the Laplace

transformed rate kernel, an appropriate truncation of the Zusman
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equations with reasonable assumptions gives us two reduced coupled
equations. The well-known projection operator method'? is used to
separate equilibrium and non-equilibrium parts of the motion. A
consecutive mechanism can be sucessfully introduced to separate
diffusive and reactive dynamics. The final rate expreseion interpolates
between the adiabatic and the solvent-controlled non-adiabatic limits.
The effects of the solvent on the adiabatic character are clarified. A
careful study of the non-adiabatic transition rate shows the solvent
dynamic effects in it. We show that, in the inverted regime, friction
makes the quantum behavior more classical. Beyond the regime that the
consecutive mechanism can be used, an exact numerical calculation has
been done. An eigen-function expansion methodw transforms our
equations of motion into four coupled first order differential
equations. The total reaction rate can be identified with the smallest
non-zero eigenvalue". With large fluctuations included, a vector
continued fraction method has been used to extract a relatively small

eigen-value.

The model hamiltonian for the rate process in condensed phases
will be introduced in chapter II. In chapter III, we define the rate
expression and truncate the Zusman equations. The projection operator
method is used to get the final rate constant expression. We also
analyze the non-adiabatic rate constant in detail. The numerical
calculations will be described in chapter IV. The results of numerical
calculations and discussion of the validity of our consecutive

mechanism are given in chapter V.



II. DERIVATION OF EQUATION OF MOTION

The electron transfer problem consists of a transfer of an
electron from one localized state RA (D A) to another localized state
PB (DA") within the same molecule or between different molecules. We
shall consider Levich’s model3 in our following study to derive a
quantum mechanical hamiltonian. The model consists of electron + donor +
acceptor + solvent. Donor and acceptor carry charge n+ and m+, and
there is no first coordination layer of the ions in Levich’s model. The
solvent is a continuum polar medium which is characterized by the
polarization P(r,t) of the optical vibrational branch of the solvent. A
polaron model of this polarization has been used, so the solvent

consists of a set of phonons. The total hamiltonian of the system is

H=H 4H +V +V (2.1)
[ ] e is eos
where
2
® 2 € -1
g -d1y (o2 9 )+—2———I(D2¢D2)dv (2.2)
s 2 =1 k 3 2 81:52 1 2
q, ®
2 2 2
-__h g2 ne m_e
He'-Zm.ve+r+F-Rl (2.3)
\" :-mej%iv—w%dv-ne]d—i‘f—f’-uildv (2.4)
is R-r r

v -ej?—iﬂfi,-}dv (2.5)
es r -r

€y is the optical dielectric constant.

10
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H. describes the energy of the solvent: the first term is the
energy of phonons which is described by the normal coordinates q W and
the second term is the energy of the solvent which is produced by the
electric displacement D T and D2 due to the ions. H' is the energy of
the electron where the donor and acceptor are located at position O and
R. V ‘e is the coupling between ions and solvent. V“ is the coupling
between electron and solvent. If we decompose P into P = Pt + PT, from
div PT = 0, we can see that only the longitudinal part of P will

contribute to V“ and V". This is important in our choosing the

relaxation time of the solvent. The Schrodinger equation is

HY (rRq,) = EY (rRgq,) (2.6)

In order to solve the Schrodinger equation, we can use the
Born-Oppenheimer approximation to separate out the fast and slow motion
of the system, which comes from the fact that both the fast motion of
electron and the slow motion of heavy solvent particles are included in
the total hamiltonian. Let

Y (rR,q) = a2.31 z¢°'(m v (rq,) (2.7)

and let vu(r,q.) satisfy

2
2 € -1
[-_ﬁ-v2+u V. + Vo — J(Dz+Dz)dV]w
2m e 1 es is 1 2 1
8n €
®
=€",‘ (2.8)
2
2 € -1
A 2 ® 2 2
[-En-n-vo +uz+ve+vis+ I(D1+D2)dv]wz

8’(50
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e, W, (2.9)
where
2 2
u =z he ., m e
1 r lr -R|
me2 nez

.o
Substituting ¥ into the Schrodinger equation and multiplying with ¢,

then integrating over the volume, we get

[H8+£1-E1]¢1:Vi2¢2
[H,+e,-BE,]0,=V, o (2.11)
where
Viz:Qiz—Alz(HSJrez-E) (2.14)
Vz1=ta'A12(Ha+e1-E) (2.13)
A, = 0 a=p (2.14)
(KB { ¥ ’

hwi ® x 0 fe) taZ'Q
W=7 I [‘I"as'q—k"pd"ﬂa—?,k“f"a P

k
b
*I"a“p"’pdv]' (2.15)

This describes the Born-Oppenheimer states 01 and ¢2 of the system in
initial and final state. The displacement of the heavy molecules of
solvent caused by the electric field of the electron is small and a

linear approximation of ea( q, ) relative to the equilibrium state can
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be used. So

® de€ (0)

(0) o«
) + Z( 3o ) o) (q - q
ket ? 9" 9, k k

€ (9, ) =€, (a ) (2.16)

where q:m is the equilibrium position of q,. Now the total hamiltonian

is

ho1 ® (0) 2 3?2
Ho+ e, == L y(q -q ") - o 2z ("t Ta’
kel 9(q,-q, )
(2.17)
where
(0) T (0) .2
Ta=€a( N )+—2- E(q. )5 (2.18)
kel '
i.e.
® 2
_ ho1 (0) 2 9
Hi'TE{(qk-qkl I ) 2}‘r'l‘1 (2.19 )
kel 9(gq,-4q, )
® 2
- ho1 (0) 2 9 '
H,==% Z {(qu'quz > - ) z}*Tz' (2.19)
ke1 a(qk-qhz )
If we set
£ = _ (o
k- W T Yy (2.20)
and

E(o) - (0) _ (0)
Kk - A ., (2.21)
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Figure 2. Coordinate representation of the potential energy surface.
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then

® 2
hw1 2 3]

H == X (& - ) + T

1 2 ket K 85.2 1 (2 .22a)
® 2

H, =09 gl (g -g®,)2__2 ]+To (2.22b)

2 2 k k 2 2
k=1 aﬁk

Since q, is the normal mode of the vibration, Ek can be thought of
as another N orthogonal coordinates in E-space. With a rotation of the
coordinate Ek, a new coordinate set n, = z « E. is obtained. After

the rotation of the coordinate Eu’ the potential energy hypersurface of

H2 i8 on axis n, (see figure 2). The final hamiltonians are

@® 2 2
uizf-‘-‘é’-‘-z(nkz- az)+"‘g‘(n12-az)+1~,(2.23a)
k=2 anh ani
® 2 2
szf%z ("kz' az)"ﬁg1 (n, "o)z‘ az +T,
k=2 an. an1
(2.23)
where
nz-; (€92 (2.24)
o -k-‘ k [ ] [ ]

The n, axis can be thought of as the reaction coordinate; the other N-1
dimensions are the same for H 1 and H 2 and can be thought of as solvent
coordinates. Unfortunately, there is no coupling between reaction and

solvent coordinates from this perspective. It is not clear how to
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derive the coupling rigorously from a hamiltonian model. We will put
the coupling term (between reaction and solvent coordinate) into the

hamiltonian artificially (see eq. (2.25)).

In the following, we will assume that the system moves on one
dimensional potential surfaces (or reaction coordinate) which are Born-
Oppenheimer surfaces. There are two well-separated minima which
correspond to D A and DA™. The heat bath will couple dynamically to the
motion of the system. So the motion of the system on the reaction
coordinate is described by the quantum Liouville equations. Using the
Wigner transformation, four classical-like equations are obtained. We
use classical Fokker-Planck operators to describe nuclear (solvent
polarization) motion, and the electronic coupling is still kept in a

quantum manner.

The hamiltonian is

H=H o +2(V, -V, )o +V o, (2.25)

where

HO:[_(E!%i va2+V((qk})]+[-g—Z vx2+%(v“+v22)]
V(g ).x), (2.26)

and

Q>
o

n
—
O =
- O
eeed
Q>
x

i
—
- O
O =
e
Q>
N

"
r—
O
|

-0
—
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are Pauli spin matrices.

In Ho’ the first term is the heat bath hamiltonian, the second
term is the motion of the system on reaction coordinate, V({q (),x) is
the coupling between the reaction coordinate and the heat bath. We

assume there are no off-diagonal terms in V ({qa},x) i.e.

Viz((qa},x) V.“((qa},x)zo (2.27)

and

Voo (tg hx)=v, ({ql x)

Vitag hx), (2.28)

The two-level pure state wave function is ® = ¢ ({q hx) + ¢,({q}:x) ,
so the density matrix p = ¢ 0*. The Schrodinger equation of our system

is

i‘haa—te:[ﬂ,e]. (2.29)

) X _ % 1 %
ihzg o 9% = [ Ho,¢1¢1]+[-2-(V"-V22),¢1_¢1]

L ] X
t[v,0,0 -0 o,V ] (2.308)

-
=)l
©
<
n

* 1 %
3t 12 [Ho,cb‘oz]+{§(V“-V22),¢1¢2}
*

s [V e o -9 o

12 "2 "2 11vaz] (2.30b)
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. e) S X 1 %
ifigge, ¢ = [ H°.¢2¢‘]-{2(V“-sz).¢z¢1}

1
% %
tlv, 06 -9,9,V,1] (2.30c)
.. 8 * * 1 s
ifgpe,9 =[ H .06, ]-[3(V,-V,,),9,9,]
% %
t[v,00,-0,0 v, 1 (2.30d)

Two kinds of terms appear: commutator and anti-commutator. A
non-adiabatic transition is a quantum transition, so we must start from
a quantum description. But we want to treat the solvent classically.
For a quantum system, especially a quantum statistical mechanical
system, the Wigner transformation.’s gives an appropriate procedure to
transform from quantum to classical motion, because a Poisson
bracket-like term which describes a Liouville equation is obtained and

this describes classical motion.

The Wigner transformation is defined by

P :(uﬁ)-(uol)

Y Idyd(ya)exp{gﬁ—l(py'rpaya))

ey el (xeyig ey (2o31)

¢ (x-y, q « «

i a

We simplify the expression to one degree of freedom only.

The commutator part is

2
A 2 x ]
[-i-v +V,¢‘Oj

PY 2
[-gl-nvz*vml(x-ywj(ny)]

N
-

1

al

= (nh ) ! Idye

(2.32)
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=ind{ - R 2 . . rh
-m{ max’pu}r.s.+21°m[2v,v,,]VP“- (2.33)

The Poisson bracket term is similiar to a Liouville equation
classically. The sine term can be expanded by using a Taylor expansion
and the lowest order term can be included in the Poisson bracket term.
The higher order terms which include A" (n 2 2) describe the quantum

correction, and are not of interest here.

The anti-commutator is

af =y
{V.¢i¢1}=(nﬁ) je {V,Oi(x-y)'tj(xw)}
- h '
-Zcos[EVxVP]VP”. (2.3)

We want to treat the solvent classically, so higher order terms
of the Taylor expansion of the cosine term are omitted too. The
Liouville equation that we obtained yields the Fokker-Planck operator,

following the well-known procedure (see ref. 16). Let

"uzjdppu' (2.35)

then we have

3 _ 12

3t P S Ly Py Y TR (Pay m Pyp) (2.36a)
v

3 2

a—Epazszzpzz+Tf1 ( Py =Py ) (2.36b)



(v,,-V,0) \'
_a_.p =L [} + 11 ZZP +_1_z(p -p ) (2.360)
at "2 12 T12 ih 12 ih 22 11
v -V_.) \'B
3 - ( 11 22 12
3¢t P21 =Ly Py - ih Pas * TR (Pyy ~ Py b (2.36d)

The potential surfaces in Li | are, from equation (1 - 4): ( V1 X
+V22)/2+(V“-sz)/2=vn,(V11+V22)/2,(V11+V22)
/2 (V # V) /1 2-(V, =V, )/ 2=V, inL,,L Ll

where L i) are the Fokker-Planck operators.

The motion of the system in the initial and final potentials

(Vv and vzz) is determined explicitly, and the off-diagonal terms

11

are described by the motion on the averaged potential surfaces.

These semi-classical equations describe the solvent dielectric
fluctuation as a low frequency fluctuation with energy tmalier than
kBT. So the solvent is treated classically. The relaxation time in the
Fokker-Planck operator is tL (longitudinal relaxation time) instead
of T (transverse relaxation time), because only the longitudinal part
of the solvent polarization contributes to the interaction with
electrons (see eq. (2.1c,d)). Recently, many investigators" have
claimed the relaxation time should have an order of magnitude between
T, and T (usually LA > tl). In our model, a continuum medium has

L

been used, so the relaxation time is fixed at tl. The diagonal elements

p,.. and p,, are the probabilities of finding the system in the initial

11
and final potential well. The diffusion motion (now it is the
fluctuation of solvent polarization) is slow since it is activated by

thermal energy. The off-diagonal terms include not only the diffusion
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motion but the high frequency quantum transition behavior (y ( x - 0 )

/ h term). These properties are important in our future assumptions.



III. ANALYTICAL EXPRESSION OF RATE CONSTANT

We derived four coupled equations for electron transfer in a
polar medium in the last chapter. In this chaptér. we are going to
derive an approximate expression for the rate constant by using a
projection operator method. A consecutive mechanism will be used to
separate the diffusive and reactive dynamics (see figure 3). Electron
transfer can be expressed as motion from RA (D A) to PB (DA™) through
an intermediate state I. The boundaries of RA-I and PB-I are located in
the region where the tunneling probability is negligible. Such a
division has been used in chemical kinetica. An interesting example is
given by Northrup and Hynes in ref. 11. A double-well potential surface
has been used in a chemical reaction system. The potential surface has
been separated into three different regions RA, PB and I. RA and PB
correspond to wells and 1 corresponds to the intermediate region.
During the course of the reaction, spatial equilibrium in each well has
been obtained. But the intermediate state has been perturbed by passage
across the barrier. Thus the intermediate state will deviate from the
equilibrium distribution, and this produces a net change of the
populations which makes the meaning of the rate constant sensible.
Northrup and Hynes use the internal rate constants (which are equal to
our k a1 and k az) to describe the rate of approach to equilibrium inside
wells RA and PB. The motion within the region of the intermediate state

22
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I is characterized by the barrier rate constants (which are equal to
our k:f and. k::) which describe the rate from RA-I to PB-I and vice
versa. The final overall rate constants then are geometric sums of the
internal rate constant and barrier rate constants. We shall use a

similiar point of view in the following discussion.

The kinetic scheme for the occupation probabilities Na, Nb, Ni of

the states RA, PB and I is

|

atN-:-k“Nai»kuNt (3.1a)
—a—Nt-k Ne - k.. Ni - k. Nt + k__ Nb (3.1b)
dt = Kar N IA 1B BI y

2 Nbzk _ Ni -k  Nb (3.1c)
at I ] : Bl * - 1c

To maintain these expressions, the macroscopic quantities Na, Nb,
and Ni should exist; the barrier height should be high enough to obtain
an equilibrium state at each potential well and the rate constant
should be small enough to be measurable. The macroscopic quantities can
exist only when they can be explicitly identified. Distinguishability
between Na and Nb exists when RA and PB are well seperated by a high
barrier. Passage across the high barrier can perturb the equilibrium
distribution in the intermediate state, and make it non-equilibrium. A
net change of the populations per unit time in region I produces the
reaction rate. In other words, an oscillation of the change of the

population from RA to PB which is fast forward and backward can not
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RA I PB
k‘“ kdlpf kdiptPB
| -
kd‘lpf
) (1-P.)
k P
dl1
l_pa)p kd1pf(l-pB)PfPB

>

Figure 3. Branching ratio diagram for the forward rate constant.
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have a reaction rate.
The initial conditions are: Na ( t = 0 ) = 1, Nt (t =0 ) = 0,

and Nb (t =0) = 0.

Using the well-known steady state approximation for the

intermediate state a_ai' Ni = 0, we obtain

%N.:-Idtir(t)N-(t—t)+Idt§r(t)Nb(t-_t)
(3.2a)
%Nb:jdtir(t)Nl(t-t)—Idt)—(r(‘t)Nb(t-‘t)
(3.2b)
where the rate kernels x ¢ and f(r are defined as
xr:kué(t)-k“k“exp{—(kud-k“)t} (3. 3a)
xrzkalkuexp{-(k“+kw)t}. (3.3b)

Here 6(t) is the delta function. The memory effect in (eq. (3.2))
means that the rate of change of the stable state population at time t
is dependent on the intermediate state population at time t - % The
intermediate state population depends on the previous gain from and

loss to the stable state.

Since we are interested in a long time rate t > t" (transient

time which is the time period required for the maintaining of a
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non-equilibrium steady state condition in the intermediate state), the

rate oxpress.ion can be simplified to

éa—tN-=-k12N-(t)+k21Nb(t) (3.4a)
2 Nb =k Na (t)-k_. Nb(t) 3.4b
3t = Ry N® ERPY (3. )
where

k12=Idt§r(t) (3.5a)
km:Jdtir(t). (3.5b)

Then the population equations can be written as

Nb -k12 k21 Nb

N
Nb (3.6)

and we define

@®

lejdxp“(X,t)

-®

©®
Nb:jdxpzz(x,t)
-0

in our case.

s
After Laplace transformation, f(s) = I e st F(t) dt, we have
0
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[slu_;],@(s):g(t:o;. (3.7)

The reason to do this Laplace transformation is: There are an
infinite number of relaxation modes which are distributed from low to
high frequency. The slow ET rate is assumed to have a comparable rate
to the slowest relaxation frequency (of course not in the low barrier
and activationless regimes). If a long time rate exists, we want to
extract this slowest process from the fast relaxation modes. Letting s
> 0 (iie. t 2 ®, we can get a long-time rate expression.
Fortunately, our four coupled equations of eq. (2.36) can be reduced to
two coupled equations similar to the reduction to eq. (3.16) and the
rate expression can be identified by using a projection operator

method. We now carry out this reduction. The formal solution of eq.

(2.36¢) is
v12
P, = - -E-I dx, I dt, G, (x, t| X, t )
[pZZ(xi’ti)-p1‘l(xi'ti)] ) (3.8)
where

-1

[ a .
612’[3_€—L1z+1(v11—v22)/ﬁ]

.1 1 exp{%
2/211/D'cl(1—exp(-2t))

2
1 2Dt (1-e
Dtl (1 - exp(-2t)) h

t

)




YT 2
—1[x-xie t-é-xa(l e't)]] - D ( ﬁl) tl_t
71:1. 1
+iT(x-x‘—§xot+ot)}
(3.9)

v + Vv
- 3 3 3 11 22
Lp,=Paz [axtBaz(—5—)]

for the potential of eq. (4.1).

This propagator includes both the motion induced by the

stochastic process, L__, and the surface splitting, (V 22 V‘l l), for

12
the tunneling effect. As we discussed in the last chapter, the
diffusion along the reaction coordinate is treated classically because
its characteristic frequency w = 1 cm'1 (i.e. smaller than kaT / h) is
lower than the quantum transition frequency ® = 1000 cm"l (ie. ¥ ( x -

0 ) / h). Assuming the time variation of G 12 is faster than that of the

local population difference, [pzz (x, t) - Py, (x, t) ], then

pizz-ildx‘f{n(xl xi)[pzz(xi,t)—p“(xi.t)]

(3. 10)
here
= Via
Kiz(xlx‘) = -5 j dt G, ( xt|x,0)
(3.11)
iy tl. 1
(in G:z’ the 5 (o - 3 X, ) t term shows that the oscillation

frequency will increase as t increases).
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The formal solution of eq. (2.36a) with eq. (3.10) yields

v .
p“(x,t)::—;Tz-Idx'[dx,]d‘rG"(x,tlxi.O)

K, (x| xi)[Pzz(xl.t)—p"(x’.t)].

(3.12)

where (Iv1 1 is the propagator corresponding to [ a_a{ - L ]". G

11 11

describes the motion in well A. If we assume its spatial variation
(with frequency smaller than k aT / h) is slow relative to that of

_ LA -
K , (with frequency v ( x - 0 ) / h) (see i T L x term in K ), then

®
%
- _12 7
Py = F IdxlldtG"(x,ﬂ x1)[IdxiK12(x1| x, )
(¢]

-[pzz(xi.t)-P"(x‘.t)]]- (3.13)

This is the key assumption and leads ultimately to the consecutive
rate scheme. Note that we separated the diffusion (G T 1) motion and
the transition (K R 2) behavior in this equation. That is the basis of

a consecutive mechanism.

We define

\"
. x ~_’2 ®
K12(x.x)-ﬁ—ldx Kaz(x1|x)
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v ®
12 .2
AL IdindtGlz(x‘,tlx.O)- (3.14)
0
Applying G, ' to eq. (3.13), we obtain
d - .
[57'1‘11]911’2&!(12("")
[P?z(x,t)-P"(x,t)]. (3.15)

A gimiliar treatment of P,, gives us the final two coupled equations

-a_a_t-,p:[k+§]g (3.16)

with

"
1]
L
o
-l
-
c (=]
N
N
[ —

L
1]

1 -11.
ZReKn[_l l]’

the I.( term can also be thought of as a sink term as discussed in

ref. 18.

The projection operator method will now be used to separate the
diffusive and reactive dynamics. The reactive dynamice arise from the

equilibrium part of the rate kernels, see eq. (3.16).



31

We define the projection operator P = g I dx and its complement Q

= l-g, where
g, 0 T
g = ’ g =exp(-BV )/ Idxexp(-ﬂvi‘)-
£ 0 g
2 -

By applying E and Q to the Laplace transformation of eq. (3.16), we

get

=Pp(t=0). (3.17)

In obtaining this expression, we have used P L= 0 (this projects
out the diffusive motion), the boundary condition p 20 as x » £ § and
Lg = 0 for the equilibrium distribution conditions in each well.

Comparing with the reaction kernel in eq. (3.7), we can identify the

rate kernel as

&=

b=tm ' {PE-PE[eT+a(L+B) 9(0+§)]}g,

s 0

(3.18)

The first term describes the instantaneous rate constant which is
obtained by assuming equilibrium in the donor and acceptor wells. The
second term accounts for the non-equilibrium effects caused by

diffusion and reaction dynamics.

After simplification of the formal expression (see Appendix A),
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we get
12
k‘lZ: 12 k"‘ 21 (3.198)
l+kna/kdi+knn/kd2
and
21
kyy = 12 o = ' (3.19b)
1+kn-/kd‘l+knn/kd2
where
®
k 'zldat e (x5 tryet(xf)-1 (3.19¢c)
di 1p B X g, x ‘
o
and
k- [axk (xmx*)rg (x) (3.19d )
na - x i X; X g, x ). .

The k a1 are the internal rate constants which describe the
approach to equilibrium in each well. The non-adiabatic transition rate
k:: is a surface crossing rate which depends on the initial equilibrium
distribution g . and the transition term in the intermediate region. Our
KU is derived from G12 (see eq. (3.14)). For large friction it is
convenient to use G 11 (see ref. 10), because the difference between

61 1and G 12 is small. For moderate friction, their difference must be

treated explicitly.

The formula that we get for the rate constant can be explained by
using a branching diagram (see figure 3). In this diagram, k a1
represents the diffusion rate in surface RA, starting from an

e s et e _ 12 12 . s
equilibrium distribution. Pr = km / (k a kn. ) is the probability
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of reaching the PB-I boundary rather than staying at RA. Pb =k az /
k a2 + k:: ) is the probability of staying at PB rather than crosging

back to RA-I. The total foward rate constant should include the one way

flux and all of the recrossing trajectories, so

L
|

® J
,z-kd,Pf{Jfo[“'Pb’P:] }Pb

k, P, P,/ [1-P (1-P )]

d1
12
knn kdz
12 : 12
_ (k“+kn_)(kd2+k“)
k1z k21
na na
12 21
( kdl + knn ) ( de + knn )
= k:'f (3.20)
- 12 21 ' '
1+ knn / kd‘l + kna / kdz

and similiarly for k 21°

If the passage to PB is irreversible (i.e. ki: = 0), then

) (3.21)

.

kK _=k2/(1+k¥/k
na na

12 d1

21

.. . . _ .12 _
This is the one way reaction rate. The ratio kiz / k“ = kn. / kml s

K:: , and satisfies detailed balance.

1t k:: « k a1’ the rate determining step will be the

non-adiabatic transition rate k:: It k:f » k a1’ the rate determining -
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step will be the diffusion rate k, . Thus, the solvent controlled
transition from a non-adiabatic to adiabatic rate constant is involved
in our rate expression. Sometimes conditions can satisfy k:f / kdl «1,

k:: / k az ? 1, i.e. the system reaches an equilibrium state in RA very

12
na

fast and is slowly stabilized in PB. The forward rate then is k 12 =k
k a2 / k:: and the rate is controlled by the rate of stabilization in
PB. The equilibrium constant K:: = k:f / k::, so the forward rate is

independent of ET rate. This can happen for an endothermic reaction.

The k di rate constants describe the rate of approaching
equilibrium in each well in the absence of the reaction. The propagator
G“ ( x‘,t | x‘, 0 ) describes the probability density for being at the
crossing point xt at time t, given that the particle is at x* at time
t = 0. The average time for the particle’s evolution until it reaches
equilibrium, starting from x‘, is k;:. For barrier heights B Ea > 5, we

1 (LB,

T' &
L
instead of using k;: = 3:1 I (G, - g, ) dt (see figure 4). As we

1/2

can use the Arrhenius reaction rate (k:" = exp (- B Ea))

can see, for B Ea > 5, they match very well.

The rate constant k:f describes, through G 12’ the stochastic
process and surface crossing transition in the neighbourhood of the
crossing point starting from the equilibrium initial well RA (see eq.
(3.19d)). This off-diagonal propagator G 12 describes the transition
process (see Appendix B) as

¥ T

X 21 . L -t
K12(x;x ):(%) iReJdtexp{—xx r (1-e

)
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7T

. L 1 -t
+1——h-[§-xo(1-t-e )+t0]
-sz[-3+zt+4e“-e‘2‘]} (3.22)

where ¥ = kw X, = AF and AF is the difference of slope (or force) at

the crossing point.

In the normal region, x o large (i.e. the separation of the

wells is large, see figure 1lc), this implies Its’ 4 -+ 0, and we get

LZ

more localized behavior. In the inverted region, x_ = 0, then l'r s’

1] Lz

- large, and the quantum behavior becomes more obvious. The interesting
region that we discussed in the Introduction is A » 1, (overdamped
region), and inverted region (A is small). If we assume A 22 » 1, then
only the short time behavior in eq. (3. 22) is important. Then

7T
Kiz(x;x*):(%)%Rej'dtexp{-i h"[(x-—o)t

-iyT

1,1 2 2 2 1 L
+§(§xo—x)t]-[§A1 +§x—-——-h
-iyT
‘T%"o_n_"]}' (3.23)

To accurately describe the delocalization width, u, is very
difficult. We define it qualitatively as the ratio of the 1/3 power of

the coefficient of t3 and t, and we have

H=|x-0|
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Figure 4. Plot of l/(kdtn) versus PEs. (—) corresponds to k(“, ( <)

corresponds to k:".
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Y 1/3

T
=g/ [543°]

-1/3

x(x, T, )3 (3.24)

As the friction increases (i.e. tL < large), the delocalization

width p will shrink to 0 (i.e. localized transition). The small x,

(inverted region) will increase . After the integration over x in k:f

(see eq. (3.19d)), we have

®
12 _ ,a,21 -ty
k_o=(7) 1Idtcos[k(s(1 e ")-Pt]
0
2 -t
exp{—Al [e -1+t]}. (3.25)
When A 2% >> 1, the short time expansion is appropriate, and we
obtain
12 _ ,a,21 A2
kn.:(z) i[dtcos[lBt]exp{- 3 t}

(S

}. (3.26)

>l n

/ 2n exp{--§
sz 2

As we can see, in the last equation there are no friction effects in
the exponential term. This means that in the extreme overdamped regime,
the transition rate depends on the barrier height only. The width of
splitting is zero (relative to the diffusion length), and it is a

localized transition. This localized transition gives us the Arrhenius



38

12

m
|
o 8L
«~
x x
N o
- T
"
4 x
—
° x
X
x x
o x
x
° X
o o o

Figure 5. Plot of k:: x 1072 versus A. ( x ) for G,, in eq. (3.19d),

() for G, in eq. (3.19d). A = 0.06, S = 0.05, P = -4.,

11
ho = 300 cm” ), v, =03 cm™ ), T = 300 K.
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result.

When A \° is not too large, A should influence the activation

part (i.e. exponential part). As we can see from figure 4, (x means

k:: is calculated with the use of G1 2 and o is calculated with the use
of G “), which is in the inverted region, our k:f will decrease' as the

friction increases. If we increase the friction to have large A 12,

then k:f will approach k::' which is independent of friction. Also we

can see that the difference between kw (from G__) and k12 (from G_ )
na 12 na 11

is large when A (friction) is moderate.

To conclude this chapter, the key step in getting the consecutive
rate expression is the assumption that the spatial variation of G 11 is
slower than that of K 12° This separates the diffusion and transition
parts of eq. (3.10). So we have two different rates in the wells and
the intermediate region. The behavior of the transition depends on the
relative size of the splitting width p and diffusion length 1 e If the
diffusion length is smaller than u, then within the length [ the system
is still undergoing diffusion motion and the friction effect is
obvious. If the diffusion length is larger than y then within the
transition region the system will not feel the friction effects.
Therefore, the quantum behavior of the transition can be reduced to a
classical (i.e. localized) transition by increasing the friction.
Friction effects (i.e. solvent dynamic effects) will contribute to our
k:‘: . The solvent controlled transition fron non-adiabatic to adiabatic

behavior is obtained in our result.



IV. NUMERICAL SOLUTION OF COUPLED EQUATIONS

We have solved the reduced Zusman equations eq. (3.10) by using a
projection operator method" and obtained approximate analytic
expressions for the rate constants. The consecutive mechanism relies on
the separation of diffusive and reactive dynamics. To go beyond the
region of 1 > u, when the transition is no longer confined to the
crossing point, a unified method should be used. In this chapter we
solve the Zusman equations exactly for the long-time reaction rate. The
Fokker-Planck operator describing the Brownian motion in the harmonic
potential surfaces can be cast into a tri-diagonal vector recurrence
relation by basis expansion of the probability density. The Zusman
equations with four coupled (second order in space, first order in
time) differential equations can be transformed into four coupled first
order (in time) differential equations. A vector form of first order
differential equations is obtained. The Laplace transformation of its
solution can change this first order vector differential equation into
an eigen-value problem. We can identify the reversible forward and
backward reaction rates with the smallest non-zero eigen-value. The
efficient way to solve for this small eigen-value is to wuse
tri-diagonal vector recurrence relations, from which a matrix continued
fraction equation is obtained. This method has the advantage that
without the detailed balance condition we still can get accurate and
fast results. For computer programming, it is a good method especially

40
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to save space.

We use the harmonic potential surfaces

_1, 2
Vn'zkv"

v =1k (x-x)+vV (4.1)
22 7 2 v o o *

The stochastic processes corresponding to overdamped Brownian

motion are

a . 3
C

L =Dax ax+38x

0 v, l.,1=12 (4.2)

also

(4.3)

-

]
l
n
(M
-
+
('

12 -~ 21

To simplify the calculation, we need to rearrange the definition
of the density matrix and have the same differential operator for its
elements. Also we can eliminate the complex components. This can

simplify the computer calculation.

We define our new density matrix elements as

P

P=(P“tpzz) (4.4a)
2Rep  =p,+p,, (4.4b)
21|np‘z=p4lz Py (4. 4c)

With these definitions, the Zusman equations can be written as



o + 32 3 + 3
3t P [axz*(x'ixo)é_x+l]p+§xoa—§p (4.5
2, e x-ta 1] els 2ot ar
3xP *© 8 x 2 X-2%’'3x P 2% 3x? almp,.,
(4.5b)
3 a2 1 3
ﬂ",""az:[axz*“"z"‘o’a—i*l]R“’az
+b(x-o)Imp12 (4.5c)
2
) ) 1 9
'a—flmpw'[axz*(x_zxo)ax"l]Impm
-b(x-o)Repiz+-:-p'. (4.5d)
Now we introduce a basis set expansion of our new density matrix:
+_ o %
PPz a (t)r (y//2) (4.6a)
n=0
P
Rep,= L b (t)r(vy//2) (4.6b)
n=0
m -
Imp12=8bn(t)rn(y//_2). (4.6c)
n=0
The argument y = x - % X The set { r } are the right

eigen-functions of the Fokker-Planck operator L 12°

2
d 1 3 -
[axz-r(x—-z-xo)a—xi-l]rn-unrn (4.7)
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with
-1,2
_ n -1/2 1 .1/4 2 1
rn-(z ') (5—') e Hn( 2Y)
and

M:-n,n=0,1,2,...

(see Appendix C for details),

The left-hand eigen-function { In )} also has been introduced and

the integration over x leads to

 + — -

a_?anz"na;'%‘o nan-l (4.8&)
9 - _ 1 - -
a—ta“-una-ixoy’nan_i-abn (4.8b)
d + _ + - - -
a—t-bn-unbn+b/nbn_1+b/n+1bn”-boyb“ (4. 8c)
a .- _ - + + + .1 -
é—gbn-unbn-b/nbn_l-b/n+1bn”+boybn+zaa".

(4.8d)

We assemble all of the coefficients into a matrix form

-

Vit)=MV (L) (4.9)

al

where

T
+ + -+ -+ -
V(t)=[ao,a by bgi a8, b, b; we ]

0’
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is a column vector of the time-dependent coefficients.

Rate expression:

The formal solution of eq. (4.9) is

Mt

\_l(t):e Y(O).

This formal expression can be rewritten in

eigen-functions and eigen-values of M.

Let

N
<
n
>
£

non-degeneracy implies L and R 5 are orthogonal, i.e.

J

L gBkz Aj !-‘j Bu: Alx-— -x’
Thus,
® Aj ¢
Vit)z £ [L'V(0)]R, &
=y - =
j=0
@O
Aj t
=c. R + T ¢ e
0 =0 " 4 '

(4.10)

terms of the

(4. 1lla )

(4.11b)

(4. 12a)

(4.12b)

(4.13)
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This shows a multi-exponential relaxation process or modes of
fluctuation in the solvent. The eigen-values are the relaxation
frequencies. We can show, from the conservation of probability, that A o

= 0 and o Ro,o = 1.

Recalling the rate expression from Chapter III, our scheme is

Nb kaz - k21 Nb
Na + Nb = 1

12 21

The exact solution of this equation is
: t
Na(t)=e " °F Ik e *dx+N(0)|,N(0)=1
o

:—2_1—+—!39’tt (4014)
Now from the definition

®
Na(t):]p“(x,t)dx
®
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®
%I[p*+p‘]dx
-0

® ® 1
P N RITIP I AP S
vy
1 @ T
=-2-n§o[a:(t)+a:(t)]lrn(x)dx
-0
=z (2x)" (al(t)+ag(t)), (4.15)

Also from probability conservation

®

I(P“(X.t)+pzz(x.t))dx

—®

[«
=Jp+(X.t)dx
'y

®
:I[ngoa:(t)rn(x—%xo)] dx

-0

Q”'
= Z a (t)

ns0 n

DN =
o

rn(y)dy.y':x—

b‘——‘e

+

1/4
(2x) a,

(t)

= 1. (4.16)

So we have
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-1 1/4 - . .

=g [1+c2n)y " a) ()] (4.17)
i.e.

2 k 2 k
(2x)al by (=B m1) e e TN (4.18)
Comparing eq. (4.13) and eq. (4.18)
Kk --(h»fl)/\/z (4. 19 )
21 R 1 ¢
0,0

k,=-A -k,. (4.19b)

The quantities that we are going to calculate now are A : and

R 1.0 / Ro o of the matrices M. The method of solution relies on the

useful feature that M is a block tri-diagonal matrix, where the blocks
are 4 x 4 matrices, corresponding to the four coefficients af, bf for a
given i. This tri-diagonal matrix actually satisfies a vector

recurrence relationship. The details of the method are presented in

Appendix D.

From the structure of the zeroth 4 x 4 block, there is at least
one zero eigen-value corresponding to the equilibrium state. Of the
three other eigen-values, one is real and corresponds to 1 / ( k 12 +

ka 1 ), and the other two are complex conjugates. For the existence of

the reaction rate, A‘ « I\2 - A1 (where 0 = Ao < I\1 < Az <...) and

R 10 ¢ R 11 must be satisfied. Otherwise, .an initial condition

dependent rate constant expression should include all of the relaxation

modes. It will be observed in the ativationless region.



V. RESULTS AND DISCUSSION

The numerical results of our algorithm can be checked with the

crossing rate of Arrhenius’ result (i.e. k::r = | Vé / 2 A )
1/2 e-BEa

(55: ) ) at high barrier. Table 1 shows Ea = BZ / 2A = 2.69

and the friction changes from A = 10 to 500. As we can see when we

rev

. « as . TST irr
increase the friction, the ratio k12 / kml < k12 / kxz < kiz / k12 ’

but all of the ratio are close to one. This means, for the normal
region, with small splitting of the delocalization width, we can get

the Arrhenius result from our numerical method.

To check the validity of the consecutive mechanism, the
parameters were chosen to have approximately equal diffusive (k a1 !’
k dZ) and crossing (k:f , k::) contributions in the approximate rate
expression eq. (3.19a,b). In this situation, the effect of
non-separability of the dynamics will be explicit (i.e. the assumption

of eq. (3.10) will not be valid).

The friction values ranging from tL = 10/3 to 200/3 represent

liquids with moderate to large tL values. The range tl = 1000/3 to

2000/3 may represent a protein solvent. The electronic matrix element

. . - 2 172
V., is chosen to satisfy t = (V_  / h) [ (V,, - V,) / dx| D

]’“3 for non-adiabatic transitions (see ref. 9). This is the condition

for the validity of perturbation theory. If this condition is violated,

48
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for example, for large friction, the transition which is non-adiabatic

in the ballistic region will change into an adiabatic transition.

The factors in eq. (3.19 a,b) must be evaluated. The diffusion
rates k a1 and k a2 8re obtained by direct integration of eq. (3.19c).
The non-adiabatic rate constants k:: and k:: are defined in eq. (3.19d)
They would follow directly from a Golden-rule calculation, with the

propagator corresponding to evolution on the averaged surface.

The results presented in Table 2 show that for sufficiently
inverted behavior the overall rate cannot be broken up into the
consecutive steps of diffusion in the donor well and surface crossing.
The width of the surface crossing region becomes so large, due to

nuclear tunneling, that this separation can no longer be made.

For not too inverted behavior, Table 2 shows that the
approximate expression is good, when k:‘: is evaluated by incorporating
the nuclear tunneling effect. That is, if we were to use k:fT instead

of k:‘: » the result would be completely incorrect.

For future work, we can expand our present work to include
activationless ET with a localized initial condition (a delta function)
which is different from. our gaussian equilibrium distribution. In the
activationless case, there is no barrier, and the reaction rate is very
fast. Before the equilibrium is reached, the reaction may be finished.
Therefore, we should consider all of the following factors: 1) a delta

function initial distribution. 2) For the activationless case, the
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reaction rate is governed by the shorter time dynamics rather than by
the longer time dynamics. Thus the high frequency relaxation modes
(i.e. high frequency friction) are most important. Rips and Jortner use
Zusman’s method to find the activationless solvent-controlled ET rate
with thermal equilibrium and a localized initial state. Qualitatively,
they found when the initial state is in thermal equilibrium, within a

relevant time t / Tt < 4, an asymptotic rate expression is in good

L
agreement with activationless ET kinetics. In the .local.ized initial
state, the system will move from its initial position to the bottom of
the initial well. The time it takes is called the delay time t‘ which
is smaller than the thermalization time. For t > t*, a single
exponential decay description is appropriate. Our numerical algorithm
gives a quantitative understanding of the contribution of the fast
relaxation modes to the transition rate (i.e. the modes in eq. (4.13)
with j 2 2 should be considered, because the splitting of the

eigen-values between I\1 and A 2 is small).

In the two crossing point case, Kakitani and Mataga et. al? 9 have
argued that the force constant of the potential well should increase
gignificantly when the solute charge is increased (for example, the
reaction A+B- - AB) and the ET rate will be dependent on the large
change of the activation energy. Using our method, it is possible to
solve numerically for the ET rate when the potential wells have

different curvatures.
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. . TST irr rev
Table 1. Comparison of k12 with kM ’ k12 and k1z

1 1

S =40, P =-10, T = 300 K, V,, = 10 cm » ho, = 100 cm

-1 TST frr rev
A k:z(aec ) klZ / knl k12 / klZ k12 / k12
10 2.34x10° 0.95 0.97 0.98
50 9.76x10° 0.99 0.994 0.997
100 2.45x10° 0.9957 0.9978 0.999
200 6.13x10° 0.9958 0.9969 0.9975
500 1.00x10° 1.018 1.018 1.018
irr _ [ TST , Arr TST Arr
* k:z - kna kdi / ( kn. + kd‘l )
rev _ . TST TST Arr TST Arr
k12 - kna,iz /(14 kna,lz / k«n + na, 21 / kdz )
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Table 2. Comparison of k 12 with k::

T:300K,ﬁwl_=10cm-1.P:-4,1=10

S V‘Z(cm—i) T, (psec) k,‘z(sec-t) k:z/k:;
0.00948 0.1 100/3 136 2.99
200/3 68 2.99
0.0248 1.5 100/3 2.72x10" 2.82
200/3 1.41x107 2.74
0.174 2.5 100/3 3.55x10° 1.19
200/3 1.82x10° 1.17

1

T:300K,th=100cm-.P=-4,1:10

S Vtz(cm-i) T, (psec) kiz(sec-l) k’z/k:;
0.0938 0.1 10/3 2.49x10° 2.362
20/3 1.247x10°  2.362
0.304 20 10/3 1.74x10° 1.97
20/3 8.89x10° 1.92
0.68 23.75 10/3 1.98x10'°  1.09

20/3 1.01x10'°  1.06




53

Table 2 (cont’d)

T = 300 K, ho, = 10 em™), P = -4, A = 100

s v, fcm™") t, (psec) k, (sec”’) k /k}>
0.00948 0.01 1000/3 13.64 2.99
2000/3 6.83 2.99
0.0166 0.375 1000/3 7.41x10* 2.97
2000/3 3.88x10" 2.88
0.039 0.788 1000/3 1.50x10" 1.06
2000/3 7.67x10° 1.04

T = 300 K, ho = 100 cm

s V,,lcm ™) T, (psec) k, (sec”’) Kk, /kjb
0.0753 0.01 100/3 1.85 2.31
200/3 0.93 2.31
0.126 1.0 100/3 a.27x10* 2.58
200/3 2.27x10* 2.69
0.313 7.5 100/3 1.22x10° 1.16
200/3 6.25x10" 1.14

ap
X kiz see eq. (3.19)
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APPENDIX A

Formal derivation of reaction rate expression

We use a projection operator method to derive the formal reaction

kernel and the reversible forward and backward reaction expression.

First, Laplace transformation (LT) of eq. (3.16) gives us

(A.1)

v
+
=
>
—

sp-p(0)=[L

where p is the LT of [ p,, p,, ] and p (0) is the initial
distribution. In our model, at t = 0, the particle is distributed in
potential well A, with an equilibrium distribution. For a harmonic
potential this is a gaussian distribution. So p (0) = [81’ 0 ]T, where
g, =exp(-BV. . )/ J exp ( - B V,, ) dx. Applying B, Q to eq. (Al),
we obtain

sPp-Pp(0)=-[PLPP+PL@P+PEPP+PKQpP]
(A.2)

and

59p-9p(0):-[QLPP+QKPP+0LRP+KQP]
(A.3)

54
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Rearranging them, and using the following conditions,

P, (0) 1 g,
gjdx Prr (0) =f8lol*{o (A.4a)

1o
o
o
"

_ | & £, 0
@p(0)=(X-P)p(0)=({y (-fo [=10 (A.4b)
where
P,(0)=g,p,,(0) =g,
[s+9(L+E)]@p=-(9+L+QK)ER (A.5)
then
sPe-PRp(0)
=-(PL+BE)BR-B(L+K)Qp

~ -1
=-(BL+RPE)RPe+(PL+PE)[s+@(L+K)]
(QL+9E)EeP (A.6)

Finally we have
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-1
{s+lE(Ler-BiregI[ara(reg)]
Q(L+E)]}pe=pR(0) (A.7T)

Comparing this with eq. (3.7), we have

9‘&*&"}5- (A.8)

Note that P L. = 0, as a boundary condition, and |, g = O,since g is the

equilibrium distribution.

Our final formal result is

-1
s=timg ' {PE-PE[sva(L+E)] 9B}g, (A.9)

50

To get the rate expression, we need to do the following

expansion,
§=[dx[§-§[dyg(x.y)g§(y)]g (A.10)
where
-1
G(x,y)=[s+Q@(L+E)]

satisfies
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0

n
12
o

|
1
o
w
%=
1
o.

Then

k=IdX§g-jdngdygo(x,y)glj(y)g

+[axg[ay g, (x,v)1QB(y) [arg (v, 21 Q8 (2)g

=§'i‘§og*{.‘§ogéog"
,. -1
(14851 & (a.a)

where we have used

ig:[dxg(x)=2jde°K,z(""*)[—i-i]zk[-i-}]
G, =G, -dego(x,y)g(y)

0 o

Gn'IGng1 0

= o o

0 G, = J Gy, 8,

E=|dxKE(x)g(x)

[ g, -8, ]| _ *
“ | - g 32]'g‘=21dxaexn(x,x Y& st =12
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and
1+kG), kG, g - £,
§=(1+k621 "k(-‘z":;z)-1 K &° =0 - - |
Gy 1+ kG, -g &
Finally,
kmz(1+k('3‘:1+k(322)"§1
=k. /(1+kZ/k, +KD /K ) (A.12a)
k,, =(1+kG, +kG, )" g,
=k o/ (1+KZ2/ K, +K) /K, (A.12b)



APPENDIX B

Derivation of G 12

The potentials that we need are given in eq. (4.1). The

crossing point can be calculated at V 4 = sz, 8o

-1
o-zxo-Vo/kuxo (B.1)
and
V“-szzkwxo(x-o) (B.2)
=¥ (x-0)
where
7=kwxo‘
\Y

Assume the coupling term TfiT?; ( P,, =P ) 1is a source term

11

then G12 should satisfy the Fokker-Planck like equation

3 3?2 1 3 .
[at-Daxz-ﬂD(kwx-ikwxo)g—x--ﬁDkw+l%(x-0’)]
G12=6(x—x0)8('t-t0). (B.3)
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Use the space Fourier transformation,

-lex - ~
J G12 e dx = G12

yields

o

c) 2 3 1 . . - o
[5—t+Ds -ﬂka(-sa——s-—ix 1s)+1ﬁ(las-<’)]G12

e""‘oa(t-to). (B.4)
Now we want to calculate G 12 from

2
=0 (B.5)
by solving the partial differential equationg.
We use
dt _ d s - d G1z
T - 1 1 -3 (B.6)
Bkas-ﬁ -Das —1§Bkax05+1,ﬁo
and
1.
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2'
d 0 2 _ . .1 _ 2
gtlnG,=-Ds" -i(3Bk,Dx 8-70)
- 7 2
- Bx Dt
R S Dﬁ]
L (1)
[ 1 Bx Dt L4
-1L(§kwﬁon)(cie w +§——kmDﬁ)-%a
Giz-Glz(t)exp{-D[cj ———zpka(e 0 1)

7 1

Bx D
+ 2 c (e o
Bkaﬁ 1Bk0D

Y
t 2

'i[(%ﬁkonxo)ctpkln(epkmn" - 1)

7
1
+(§Bkaxo)BkuDﬁt-%at]}.
Att =t =0,

A

_ =i 8 x 0
(0)=e 0 12

Q>
"
Q

12 (0).

From
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v 7

R s B 2 v s L
(4] 0 (A

Y 7
Bx Dt
8 = (8-g7T——x)e (") +
0 Bkmex BkuDﬁ
)
- - -B x_ Dt
c:'(s-ﬂk Dﬁ)e © !
(A}
finally we have
- Y Y
- - e -B k. _Dt
Giz-exp{ 1x0[(s Bka‘fl)e () +———MuD ]
-p [ 1 (8- v )2(1_-zﬁkunt)
2P k, D Bk Dh °
©
Y Y

(8- )(1l-e
(BkmD)zﬁ BkuDﬁ

7 2
1‘(ﬁkmnﬁ) t]

¥
'i[%xo(s-ﬁw—nfh)(l-e-ﬁkwo")
+%xo%t-%ot]}. (B.7)

Inverting the Fourier transformation, we get

-

-1 | &~ i s x
Gaz'ZnIGtze ds

2
7T _ =z
= 1 1 exp{-;-[ZD——hL(l-e")

-onZ/DrL(l-exp(-Zt))




-i[x-xi
7T
- D fll.)zt
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- 2
(1-e"")1] 7 [Dz (1-e2Y]

- . L 1 =
Lt+1—T(x-xi-§xot+0t)} (B.8)
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- - 2 -

-i[x-xie-t—%xo(l-e—")]]/[D‘L’L(l-e-u)]
7T vt _ -

- D ( ,h")Z‘I:L-t:+i7}-(x—xi-%xot+ot)} (B.8)

where t = t / .



APPENDIX C

Eigen-functions of le

The L 12 operator with simplified notation is

3 2
axz

1 9 -
+(x-§xo)3—x+1 ¢n-An¢ (C.1)

with

The boundary condition at x & £ ® is ¢“ = 0. Then the eigenvalue

problem is
I QLI S =0 (c.2)
35 2 a ¥ tz- M) V¢ .
where
2
-y /4
¢n 'pn'

The solution is

2
vz (2" n ) VR F ) e Y Yl (v /2 (c.3)
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So
n -1/2 1 1/4-2/2
¢ = (2" n )" ()T TH (y//2)
=r (C.4)
A:-n,n=0’1,2’oooo

2
The ground state, n = 0, is ( -2-1; )1“ sUx - xy2)

Adjoint operator

For an operator L which satisfies

2

_ a3
Lu-Po(x)axzu-c-P‘(x)rxu-eru, (C.5)

then
2
~ [¢) d
Lu-a Z(Pou)--&—;(Piu)i-qu
x
az e a ” .
:Poax2u+(2Po-P1)rxu+(Po-P1+P2)u.

(C.6)

For our diffusion equation
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2
9 “- 3 s)
12 axz Jd x Jt

c
]

< 9% _ 8 , .0
12 72 *X3x'3¢t

(007)

(Cc.8)

the left-hand eigen-function of L 12 should be the right eigen-function

~

of Liz.

Eigen-functions and eigen-values of f:lz

2
Let¢n=ey“tp ,

~
then L__ ¢ = A" ¢ is
12 'n n

2

d -1 . 1 _
ay2+(—zy */\n+§) 0n-0.
where
2
- n -1/2 1 1/4 -y /4
wn-(Z n! ) (-—-—2,) e Hn(y//2)

©
"

n

AI

nln:ogl»'z,ocoo

The identities that we use to derive the basis expansion are:

=2 ) V(A (v /2=

(C.9)

(C.10)

(C.11)

(C.12)
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1.

b 4 b

1 L1zrn-(L121") Fa

A = - A

n n
2.

®

Idxl‘r =6

» N mn

-®
3.

o4 _

a_y¢n-- n+lon+1(y)
4.

®

Iti dy = - ¢ +1
ayr y= n m,ne1

-®
5.

®

Il yr, dy =¥V n + 1 o, ne / n sm,n-l
-

6.

(C.13a )

(C.13b)

(C.13c)

(C.13d)

(C. 13e)

(C.13f)

(C. 13g)



APPENDIX D

Vector recurrence relation

Eq. (4.8) can be written in the form

a3 - +
ﬁsn‘- gn sn-‘l +9n 9n+9n -9n+‘l

where

[l oy v 8 1"

F 0 -;xoﬁ 0 0
-%x/_n 0 0 0
- 0
g, =
0 0 0 by n
L 0 0 -by/n o
-n 0 0
0o - 0 - a
Q@ =
=" 0 0 -n -bo
1 y
i 0 za bay - n 4
00 0 0
00 0 0
@ =
-n 00 0 byn+1
0 0 -byn+1 0 |
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(D.1)

(D.2a)

(D.2b)

(D.2c)
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Letc (t)= c_ne- A t. we have

A

~ *6 _
+(Q@ +A1) <, + Qn Cheq 0.

Q;Sn-‘l =n +1
We define
- oz
9n11-§n9n’
then
9, ¢, t[(g +AT)+gis ]c =0
or
[ s, +(g, +Al)]c +o e, =0
From eq. (D.4b)
- " ~ _ + °
[9n§n+(gn+Al)]Sn--9ngnol
- o a0 _ +
[9n§n+(9n+AI)]§n+19no‘l---n
we have
~4 + o -
§n:-[(gn01+Al)+9n01§noi] 9
a _ A -1
§n:-[9n-1§n-1 +(Qn-‘l+Al)] 9

We can calculate S: and S; by expanding them into

(D.

(D.

3)

4a )

(D.4b)

(D.5a)

(D.

(D.

(D.

5b )

6a )

6b )
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A+ + -1
S =-{(g +AT) 4@ (1) [(@ ,+AT)+ ]

=n+1

Qnoz } Qnol
(D.7)
and
§,=0
a_ -1
g,2-[g+AT] g
o - 1 414!
S,=-[9 +AT+@ x(-1)(g +AL1)'g'] g
(D.8)
Our equation can be expressed in terms of é:, g: as
[(g 8, +a8)+(g+r)]g =0 (D.9)
i.e.
(g +AT+E (A)]c =0 (D.10)
where
- e A + ot
§n (A)= Qn §n +9, =n’
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The eigen-value A can be determined from

Det [@ +AT+K (A)]=o. (D.11)
For the zeroth block, n = 0,
Det [, +AT+E (A)] =0 (D.12)

The structure of Ko is

[0 0 0 0
0 0 0 0
k3‘! k32 k33 k34
| koo Kyz kg3 Ky, 1L

So

Det[go+Al+f§°(A)]

:A[A(A+k33)(A+k“)—ak32(boy+k43)
+a(%+k‘2)(A+k33)-l\(k34-boy)(boy+k‘3)]

- 0. (D.13)

This shows there is at least one A = 0 root.

How are "12 and k21 determined?
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First note that

"
—
0

Vi(t)

n
Q

(t)=MV (0)

.
®»

, _ .
R0 +j§1°j Ro
R, R,
Q‘o b.dj

From probability conservation

-1/4

a;(t)=(2ﬂ) ’

i.e.

c._ R + X ¢c. R ej":(Zn)

- -1/4
c, Ro‘o-(zﬂ) ,
80

_ -1/4
co-(2n) /Ro,o‘

-1/4

(D.14)

(D.15)

(D.16)
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-1/4 -
We need COR = (2 n) Ri.o/Ro‘otocalculateao(t).

1,0
From [ 90 +.A I+ §o (0) ] Co = 0, for the first eigen-value A = 0,

0 0 (0} 0 Ro,o
0 0 0 0 Ri,o =°'(D )
ki, kyz kis k,,- b % Rz.o
3 k, +3 k,_+bo k., | R0
- 41 42 4 43 y 44 - s
Solving these algebraic equations yields
a k2 -1
Rt,O/Ro,o:[Z+k42_k—”(boy+k43)]
k31
[-I-(—(boyi-kn)-k“]. (D.18)
33
So
k12+k21:A1 (D.19)
2k2‘-1-a / R (D.20)
A1 - 1'0 0’0. .
Our final results are
Rt 0
k21:(R__+1)A1/2 (D. 2la)
0,0
k. = A - k_.. (D.21b)
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