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ABSTRACT

OUTPUT FEEDBACK STABILIZATION OF
FULLY-LINEARIZABLE SYSTEMS

By

Farzad Esfandiari

In this work, we study the problem of output feedback control of nonlinear
systems which are fully-linearizable via static state feedback, left-invertible, and
minimum-phase. The output feedback controller proposed is an observer-based
control, whose state feedback component consists of two parts: An inner loop to
cancel the nonlinearities (either exactly or approximately), and an outer loop which is

a robust stabilizing control law such as variable structure control, or min-max control.

To implement such state feedback controllers using an observer-based control,
the observer should be designed to reject disturbances caused by model uncertainties,
as well as by estimation error. Observer designs with such a disturbance rejection
property are high-gain observers, where certain observer gains are pushed
asymptotically towards infinity to locate some observer poles far to the left in the
complex plane. When observer poles are assigned in this way, the trajectory of the
closed-loop system exhibits an impulsive-like behavior, which is known as the
peaking phenomenon. The peaking phenomenon which is generally present. in

systems of relative degree higher than one, has a destabilizing effect on the behavior



of the closed-loop system.

In this work, we design such high-gain observers using a singular perturbation
approach. In this approach peaking exhibits itself through certain scalings which are
dependent on the singular perturbation parameter. We prove a new singular
perturbation result on the behavior of the closed-loop system in the presence of such
scalings. Then, as a corollary of this reult, we show that presence of saturating
nonlinearities at the plant input eliminates the destabilizing effect of peaking, since it
provides a buffer that prevents the impulsive-like behavior of the observer from

passing to the plant.
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1 Introduction

In the last two decades exact linearization of nonlinear systems via feedback have
received considerable attention in nonlinear control community [Isidori (1989)].
Roughly speaking, feedback-linearizable systems are those classes of nonlinear sys-
tems which can be made to behave linearly under the effect of an appropriate state
feedback and a possible change of coordinates. The problem of state feedback con-
trol of feedback-linearizable systems have been extensively studied in the literature
(refer to Isidori’s book (1989) for a survey. For more recent results, refer to the
work of Sussmann-Kokotovic (1989) ). However, few results are available on the
problem of output feedback control of linearizable systems. we briefly go over the

available results:

In the work of Marino (1985) a high-gain static output feedback control is proposed
for stabilization of single-input single-output linearizable systems which have a rela-
tive degree of one. Assuming that the relative degree of the system is one, excludes
most of the physical problems of interest. For instance, the equation of a robotic arm
has a relative degree of two (Refer to Example 2.1 in Chapter 2). The case of sys-
tems whose relative degree is higher than one has been studied by Khalil-Saberi
(1987), Isidori-Bymes (1990) and Isidori (1989), where lead-lag compensators are
proposed for local stabilization of linearizable systems. In this work, we address the



problem of nonlocal output feedback stabilization of a class of linearizable systems,
namely systems which are fully-linearizable via static state feedback, left-invertible,
and minimum-phase. In chapter 2, we study this class of nonlinear systems in detail.
Since most of the physical problems to which techniques of exact linearization have
been applied are fully-linearizable systems for a meaning choice of output variables
(Refer to Chapter 2), we focus on the class of fully-linearizable systems, rather than

the more general class of input-output linearizable systems.

The proposed output feedback controller is an observer-based control, whose
state feedback component consists of two parts: An inner loop to cancel the non-
linearities (either exactly or approximately), and an outer loop which is a robust sta-
bilizing control law such as variable structure control, or min-max control. In
Chapter 3, we study the problem of designing such a state feedback control. Then, in
chapter 4, we study the problem of observer design. To ensure that the observer-
based control preserves the stability properties of the state feedback control, the
observer should be designed to reject the effects of model uncertainties and estima-
tion errors. Observer designs with such a disturbance rejection property are high-gain
observers, where certain observer gains are pushed asymptotically towards infinity to
locate some observer poles far to the left in the complex plane. In section 4.3, we
will design such an observer by transforming the system into a canonical form that
exhibits the finite and infinite zero structure of the linearized system. Then, in sec-
tion 4.4, we perform the closed-loop stability analysis using singular perturbation
theory.

The closed-loop stability results of section 4.4 are local results in most cases.
In chapter 5, we will argue that the locality of the stability results is due to what is
known in linear system theory as peaking phenomenon. When some of the observer
poles are located far to the left in the complex plane, the trajectory of the closed-



loop system exhibits an impulsive-like behavior, which is known as the peaking
phenomenon. Singular perturbation theory provides an elegant framework for the
analysis of peaking phenomenon, since peaking exhibits itself through certain scal-
ings which are dependent on the infinite zero structure of the system and the singu-
lar perturbation parameter. In Chapter 6, we prove a singular perturbation result on
the behavior of the closed-loop system in the presence of such scalings. As a corol-
lary of this result, we show that the presence of saturating nonlinearities at the plant
input eliminates the peaking phenomenon, and hence the local nature of the stability
results which is caused by peaking.



2 Full Linearization

Consider the nonlinear system

E=f®+8@u+2® [AEN+AEGHU+AuEn |
y=h® @b

where £e€ R?, u € R?, and y € R" are state, input and output vectors, respec-
tively. A(..), and A,(.,) represent parametric uncertainties in f() and g(.),
respectively, while 13,, (.,..) represents exogenous disturbances. Note that all the
uncertainties and disturbances satisfy the matching condition, i.e., they enter the
right-hand side of the state equation at the same point as the input. In this chapter,
we define the class of nonlinear systems which is under study in this work. Con-
sider the following nominal model for (2.1), obtained by setting A, A,, and A,

to zero:

E=f®+g®u
{y = h() (2.2)

Definition 2.1: [Cheng, et. al., (1988)] System (2.2) is said to be fully-
linearizable, if there exist an open connected set ¥ — R? containing the origin, a
diffeomorphic transformation 7T :'¥ — RP, smooth mappings & :¥ — RY,

4



B:¥ o RIxR?Y, with B(E) invertible for all & e ¥, such that the state feedback
control u = 6(E) + P(E)v and the change of coordinates z = T'(§) transform sys-

tem (2.2) into a controllable linear system:

{i = Az + Bv

y=Cz 23)

Local necessary and sufficient conditions for full linearization are given in the work

of Cheng-et. al. (1988).

Definition 2.2: [Hirschorn (1979)] Let y(¢,Eq,u (7)) be the output of system
(2.2) for the initial condition &, and the input u(t). System (2.2) is said to be
left-invertible on ¥ c RP?, if for all &y e ¥

y(.80u1(t) ) =y (1.80,u()) for all 120 & wy(r) = uy(t) for all 120

Definition 2.3: [Isidori-Moog (1986)] Suppose there exists a set ¥ < R? con-
taining the origin and a smooth submanifold Ny of ¥ containing the origin with
the following properties:

i) NocKer h(E)
ii) There exists a state feedback control u =YE), defined on ¥, such that

1@ =f®+g@®n® istangentto Ny,

ili) Ny is maximal, i.c., any submanifold of ¥ which contains the origin and

satisfies conditions (i) and (ii) is contained in N,

Then the vector field of N, defined as the restriction of f* to N, is said to be a
local zero dynamics of system (2.2).

Definition 2.4: [Isidori-Moog (1986)] System (2.2) is said to be minimum-

Phase, if the vector field of N of Definition 2.3 is asymptotically stable.



Proposition 2.1: Suppose that system (2.2) is fully-linearizable. Then system
(2.2) is left-invertible and minimum-phase over the domain ¥ if and only if the
linear system (2.3) is left-invertible, minimum-phase, and detectable.

Proof of Proposition 2.1:

Sufficiency: The coordinate transformation z =T (§) transforms system (2.2) into

z=Az +B Blz) | u - a(z)
fioon o o]

where

a=6o T!, p:i=fo T!
So, without loss of generality, we prove that system (2.4) is left-invertible and
minimum-phase, if system (2.3) is left-invertible, minimum-phase, and detectable.
Let z(¢, zg, #(t) ) denote the solution of the state equation of (2.4) for the initial
condition vector 2z, and the input function u(t). Similarly, let x(z, zg, v(2) )
denote the solution of the state equation of (2.3) for the initial condition vector zg,
and the input vector v(t).
i) System (2.4) is left-invertible on R?.
Proof of (i): Suppose that (2.4) is not left-invertible on RP. Then there exist an ini-
tial condition vector zye€ RP, input functions u;(r) and wu,(t), such that

u; #u,, but
Cz(t,zq,uy)=C z(t, zg, Uy (2.5)
Define

z2i(@)=2z(t, 20, ;)



Zz(t) = Z(I, Zg, Uy )
ni®) =7 [ w10 - atey |
vo(t) == B‘l(zz) [uz(t) - a(zz)]

xy(t) =x(t, 29, vy)

xo(t) =x(t, zg, va)

It is easy to see that

Zy=x1, and z5=x, (2.6)
Therefore,
Cx;=Cz,
=C z, | by (2.5)
=C x,

Since (2.3) is left-invertible, the last equality implies that

V=V, 27
which in turn implies that

X=X, (2.8)
Therefore, by (2.6)

z, =2, 2.9)

Going back to the definition of v,, and v,, it is easy to see that (2.7), (2.9),
together with invertibility of P(.) imply that



Uy =u,

which is a contradiction. This concludes the proof of (i).

ii) System (2.4) is minimum-phase.

Proof of (ii): To prove (ii), we transform system (2.3) into the special coordinate
basis of Saberi-Sannuti (1987) (For more information on this transformation, refer to
section 4.2). It has been proved by Saberi-Sannuti (1987) that, due to left-
invertibility of (2.3), there exist nonsingular transformations I", I, , I;,, integers

K, q,, gy, q;, r;, i=1,...K such that the transformation

z=T E,,,y=l"w - ,v=l",-,,‘\"(.) (2.10)

transforms system (2.3) into the following form:

[
Z, = Aaa Z, +Aaf).'f +A“5’,

1 éb =Abbzb +A,,fyf (2.11)
Z;f = Af'if +Mf).’f +Bf [Daia"l"Dbib"'Dfif'i'f’]

¥r =CrZs
1 - ~
Ys = Cs Zp

~

K K
where the dimensions of Z,, Z,, Zr, J;, and §, are q,, 9, Xiq;, Y.q;,and

i=1 i=1

K
r — Y.q;, respectively. Moreover, invariant zeros of (C,A,B ) are the eigen-
i=1

values of A,;, (C,, Ay, ) is observable, and Ay, By, Cr, Ay, and C; have



the following canonical structure,

Ay = Block Diag (Ays, ... Ags)
By := Block Diag (By, . . . Bgs)
Cf = Block Diag (Cyps - - ,CKf)
Ay, = Block Diag (Apps - - - Ages )

C, = Block Diag (Cy,, ... ,Cks)

where Alf =0q‘qu, Blf =1¢Il’ le =I‘h’ Albb =0’lx"l’ Cls =Irp if i=l,
while

A ol:qu 11; B 0’:"4: c ! 0 ]

= 09:"41 O‘Itx'l ’ = I‘It ’ e [ « wh
omt”‘: I"'i

App = or:m onm‘ » Cig = [lr; Ormn:]

Ii = (l-l))(ql y M = (i-—l)xr,

for i>l1.

Now,

V= I“,-;l v
=T ) [u - o) |

=T B7(2) [u -~a(f‘i)]
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=p7@) [u - a(z)]

Therefore, transformation (2.10) transforms the nonlinear system (2.4) into the fol-
lowing form:

z.a = AgaZs +Aafyf +AssYs

< -Z:b = Abbzb +Abfyf (2.12)
.Z:f =Af2f +Mf5'[ +Bf [D¢Ea+Dbib+Df2f+B_l(§) [u - a(i)] ]

.

1W=Q§
¥s = Cszb

.

Ny :=span Z,
Due to the canonical structure of Ay, C;, Ay, and C,,

No=Ker Cz

u(@):=t@E)-BE)D, Z, (2.13)

On N, the closed-loop system (2.12) and (2.13) is

,

-
-~

Z;, =Aui,

1%, =0 (2.14)

Ef=

.

Therefore, the direction of the vector field on N, is tangent to it. Moreover, N, is

clearly maximal. Therefore, system (2.14) defines the zero dynamics of system (2.4).
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Since system (2.3) is minimum-phase and detectable, the invariant zeros of

(C, A, B) ( which are the eigenvalues of A,, ) are in the open left-half complex
plane. Therefore, system (2.14) is globally asymptotically stable, which implies that
system (2.4) is minimum-phase. This concludes the proof of (ii). The necessity
proof is very similar to the sufficiency proof, and hence is deleted.

Assumption 2.G1: System (2.2), i.c., the nominal system, is fully-linearizable
via state feedback, left-invertible, and minimum-phase on § c R?, where S is an

open connected set containing the origin.

It may be argued that Assumption 2.G1 is restrictive. However, techniques of
exact linearization have been applied to a number of interesting physical problems in
robotics, control of electric power system, and flight control (refer to references
given later in this section). Most of these problems satisfy Assumption 2.G1 for a

meaningful choice of output variables.

Example 2.1: Motion of a robotic arm may be described by the following
dynamic equation [Brady, et.al. (1982)], '

él=§2

&2 = D-l(gl) [u -EE, ,§7)] (2.15)

where &; € R", and &, € R" are the angular position and speed of the joints,
respectively. u € R® denotes the driving torques of the joints, E(.,.)
represents coriolis, centrifugal, and gravitational forces, and D (.) is the inertia
matrix. Assuming that all the states of the system are available for feedback, the
nonlinear terms in (2.15) can be canceled by
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u= E(&l ,g;) + D@l) v (2.16)

Cancelling the nonlinear terms as is done by (2.16) is known in the robotics litera-
ture as the method of computed torque. To control the system without using meas-

urements of angular speeds of the joints, define the output vector

y=§ (2.17)

Applying (2.16) to system (2.15) and (2.17) results in the linear system

&1=§2
E,=v (2.18)
y=§

Therefore, system (2.15) and (2.17) is fully-linearizable via state feedback. More-
over, system (2.18) is invertible and has no zero dynamics, which implies that the
nonlinear system (2.15) and (2.17) is invertible and has no zero dynamics (by Propo-

sition 2.1).

Example 2.2: As another example, consider the following model for nonlinear
excitation control of two interconnected synchronous generators, studied by Ilic-Mak
(1989).

,

sk=mk-m0
b = [ E G - 2k T 2.19
*mk—ZHk [- qquk-—m;'((ﬂk"(ﬂo)*' mk] (2.19)

: 1 .
E '=-,_[-E '—(L&-Ldk')ldk+Edk]
qk T’ ok ok f

for k=1,2, where 8, is the rotor angle, @, is the rotor speed, E,’ is a vol-

tage proportional to damper winding flux linkage, and the currents i, and iy are
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defined by nonlinear functions of &, and Ej’. The control variables in (2.19) are
Efdk ’s, which are the field voltages. Refer to [Ilic-Mak (1989)] for the details. It is
shown in [Ilic-Mak (1989)] that the change of variables z,,=5;, 22k=$k' and
z3; =, transforms (2.19) into the form

21k =2

i =23 (2.20)

23 = Pr(2) + Pe(2) uy
where B,(.)’s are invertible. Therefore, assuming that all the states of the system
are available for feedback, the nonlinear terms can be canceled by the control
U =PBi'(z) [ pr(z) + v . This requires measurement of the rotors’ angles,
speeds, and accelerations. To control the system without using acceleration measure-

ments, define the output vector

y =I[z11, 221, 212, 221

The dynamics of the system can be represented by

{x =Ax +B [ p(x) + y&x)u ] @.21)

y =Cx

where X '—'[Zu, Z91» 2315 212, 229» 233 ]’, A =diag [Al’ Az ],

B=diag [Blthly C=di08[C1,C2], p=[plop2]" \V=diag[ﬁpﬂz],

and u =[ uy, 4, ], where the matrices A, B, and C; are given by

Ak=8(l)(l)J,Bk=[g],Ck=[(l)?8] 2.22)
000 1

The 42 transfer function C(s/¢ - A) 1B is block diagonal, with the diagonal

blocks [-1-3-, -12-]’. This transfer function is left-invertible and has no transmission
s’ s

zeros; hence it is minimum-phase.
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Other physical examples which are left-invertible, minimum-phase and fully-
linearizable for a meaningful set of output variables include the helicopter model of
Meyer-Su-Hunt (1984) and the spacecraft with gas-jet actuator model of Dwyer
(1984). In the case of the helicopter model, the 12th order system is fully-
linearizable with measurement of four state variables, three of which define the posi-
tion and the forth is one of the three attitude angles ( ry, r,, r3, and ¢, in the
notation of Meyer-Su-Hunt (1984) ). In the case of the spacecraft model, the 6th
order model is fully-linearizable with measurement of three state variables which
determine the attitude of the body with respect to an inertial reference frame ( ¥,

Y,, and 7y; in the notation of Dwyer (1984) ).



3 State Feedback Control

3.1 Introduction

In this chapter we study the problem of state feedback stabilization of the class of
nonlinear systems defined in Chapter 2, i.e., system (2.1) under Assumption 2.G1.
To motivate the discussion, let us sec how the nominal system (2.3) can be stabil-
ized. System (2.2) is fully-linearizable, i.c., the transformation z =T(§) and the

control

u = 6) + P& - 3.1)
transform (2.2) into the linear system (2.3). Since (A, B) is controllable, one can
find a gain matrix K such that A + BK is Hurwitz. Therefore, the following con-
trol

u =6a@E) +PpE K TE) (3.2)

renders the origin of the nominal system (2.2) asymptotically stable.

To design a state feedback controller for system (2.1), let us transform (2.1)
into the z-coordinates via z = T (§). This transformation transforms (2.1) into

15



16

i=Az+Bpl) [u +Ar @)+ Az 0) U +Ay(z ) -a(z)]

y=Cz (3.3)
where

az) = 6(§)

B@z) =B

Ap(z.t) =Ap (&, 1)
Ag(z.t) =4 (& 1)

Az t) =A,(E 1)

Similar to the case of the nominal system, control law (3.1) can be applied in this
case to cancel the nonlinear terms «(.), and B(.). However, in practice, exact can-
cellation of the nonlinear terms are usually either undesirable due to their complex-
ity, or impossible due to parametric uncertainties. Therefore, instead of exact cancel-

lation, the following control may be used
u=08@z)+pGe)v (34)

where &() and P(.) are nominal or simplified versions of a(.) and PB(.). Apply-
ing (3.4) to system (3.3) results in

{z' =Az +Bv +Bd(z,v, 1)

y=Cs 3.5)

where

8z, v,t) =P 1z) [(An+A, T+Ag) + (A,,+A83) v+A4, ] (3.6)
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and

Ay =0(z) —o(z)

Ag = B(2) - B(2)
The effect of the uncertainties and the simplification of a and B have appeared in
(3.5) as a disturbance term. Therefore, the control v should be designed to stabil-
ize (3.5) in the presence of &(z, v,t). Since the disturbance term &(z, v, t)
satisfies the matching condition, such a stabilizing control can be designed under an
assumption on the growth of &(z, v, t),

Assumption 3.G2: The following inequalities are satisfied for all z € S,

t e R*

1B (A + AT+ Ap )l Sk 2]
1B (Ag+AB) I <ky, ky<8

1B A 0 Skslz | +k,

where S c R? is an open connected set containing the origin, &;’s are nonnega-
tive constants, and © is a constant that depends on the robust control technique
being used. Later in this chapter, we will say more about ©.

There are several methods in the literature for designing such a stabilizing state
feedback control. In particular, variable structure control [Utkin (1987)], min-max
control [Corless-Leitmann (1981)], or linear high-gain control [Barmish-Corless-
Leitmann (1983)] can be used to stabilize system (3.5). Using such techniques, one
finds a state feedback control

v=0@),  $0)=0 3.7

together with a quadratic Lyapunov function
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W(z) =z’Pz, P symmetric positive definite (3.8)
such that, under Assumption 3.G2, the derivative of W along the trajectory of the
closed-loop system (3.5) and (3.7) satisfies the following inequality for all z € §

L smlz P eplzl 4y, (39)

where >0, ¥;20, and Y,20.

Example 3.1 (Linear High-Gain Control): As an example of the kind of state
feedback control that we are interested in, we quickly go over the linear high-gain
control, introduced in the work of Barmish-Corless-Leitmann (1983). In this tech-
nique, one starts by choosing K such that A := A-BK is Hurwitz. Then the state

feedback control is chosen to be
1 .,
v=—Kz—-EB P :z (3.10)

where { > 0 is a constant to be chosen, and P is the symmetric positive definite
solution of the Lyapunov equation PA + AP =- I,. Consider the Lyapunov func-
tion candidate W(z) =z’Pz. The derivative of W along the trajectory of the
closed-loop system (3.5) and (3.10) is

W=—lz|2—%|B’Pz|2+22'P88(z,v,t) 3.11)
<-1z12- % (1-kp) 1B°Pz 12

+21B°Pz | [(k1+k3+kz|K izl +k4] (3.12)

by Assumption 3.G2. It can be seen that to preserve the second term on the right-
hand side of (3.12) as a negative quadratic term k, should be strictly less than 1 (
0 of Assumption 3.G2 is 1 in this technique). It can be shown from (3.12) that
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W <-[1- _g—(kl+k3+k2|K ')2] 112

2(1-k,)
+{ ko bt 1K )12 0 + ki 3.13
e R T .13
where we have used the fact that
b2
-ayl+by < fory 20,b 20,and a >0
Choose { such that
1
1-—5% @ k122 =
2(l—k2)( 1Hkatk, )“2 >
Then,
* 1 2 k4
WS—=1z1°+{ ——(k+kstk, 1K D)1z |
2 1k,
k}
+ 3.14
which is inequality (3.9).

In inequality (3.9), if v, and Y, are zero, then (3.9) implies that the origin of
the closed-loop system (3.5) and (3.7) is asymptotically stable. In general, when ¥,
and 7y, are not zero, inequality (3.9) implies that the trajectory of the closed-loop
system converges to a neighborhood of the origin. This property is known as uni-
form ultimate boundedness, which is defined in the following way:

Definition 3.1:Consider
x=F(x,t) (3.15)

where x € R, and let N,(Q) denote the p-neighborhood of set Q ..e.,
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N.(Q) :={z e R linf, cglz—y | <|,L}

System (3.15) is said to be uniformly ultimately bounded (U.UB.) with respect to
the set Q < R* with £ c R* inside the region of attraction, if for every xoe X
and p>O0 there exists T 20 such that the solution x(.): [to,oo)—)R" of (3.15)
with x(tg)=xo satisfies the following for all t5€ R :

x(t) e Ny(Q), forall?z21g+T

Remark 3.1: Definition 3.1 is a modified version of the conventional definition
of UUB found in the work of Corless-Leitmann (1981). The modification allows us

to present our stability results in a concise way.

The following proposition gives an estimate of the set with respect to which the
closed-loop system (3.5) and (3.7) is UUB, when inequality (3.9) is satisfied. The
estimate given in this proposition is a special case of the one given by Leitmann
(1981). Nevertheless, we have included the proof in Appendix A, since it contains

certain technicalities that arise due to Definition 3.1.

Proposition 3.1: Let
Q. :={z eRPIWE)<C } (3.16)
no[ %% 7
O = Apax(P) v + Eﬁ; (3.17)

and suppose there exists r>6 such that Q, c S. Then, inequality (3.9) implies
that the closed-loop system (3.5) and (3.7) is U.U.B. with respect to Q, with Q,

inside the region of attraction.
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Example 3.1 (Continued): In Example 3.1 we found that W satisfies inequal-
ity (3.14). If k, in Assumption 3.G2 is zero (which corresponds to the case when
A,; vanishes at the origin), then (3.14) implies that the origin of the closed-loop
system (3.5) and (3.10) is asymptotically stable. When k, is not zero, the closed-
loop system is UUB with respect to the set Q, as given by Proposition 3.1. Note
that o goes to zero, as { goes to zero. In other words, the set Qg can be made

arbitrarily small by increasing the gain of the second term in (3.10).

The state feedback control of this chapter will be used as the state feedback
component of our observer-based control. The analysis of the next chapter (refer to
section 4.4 ) shows that in order to use the state feedback controller in this context,
the control law (3.7) has to satisfy a Lipschitz condition (Assumption 4.G3 in
chapter 4). The linear high-gain control of Example 3.1 satisfies a global Lipschitz
condition. However, min-max control and variable structure control are discontinu-
ous control laws that do not satisfy any Lipschitz condition. Therefore, we have to
use continuous approximations of such control laws. Continuous approximations of
min-max control has been introduced by Corless-Leitmann (1981). Following the
development of Corless-Leitmann (1981), one can come up with a continuous con-
trol law (3.7) and a quadratic Lyapunov function (3.8) that satisfy (3.9). Continuous
approximations of variable structure control has been discussed by Slotine-Sastry
(1983), Slotine (1984), and Ryan-Corless (1984). However, There is no result in the
literature on how to obtain a Lyapunov function of the form (3.8) to satisfy inequal-
ity (3.9). Therefore, in the next two sections, we study the problem of finding such
a Lyapunov function. Variable Structure Control can be applied to a very large
class of nonlinear system, namely those systems that can be transformed into the
regular form. Feedback linearizable systems is only a small subset of this class.
Therefore, in section 3.2 we present the stability results in the general framework of
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variable structure control, since these results are of interest on their own. Then, in
section 3.3, we specialize the results of section 3.2 to the case of fully-linearizable

systems.

3.2 Continuous Implementation of Variable Structure Control

To design a variable structure control law for system (2.1), first (2.1) is transformed
via a smooth change of coordinates

X1 . -
X = [12] =T(§), X € Rp-q,12e Rq, T(0)=0 (3-18)

into the following so-called regular form [Utkin (1987)], [DeCarlo-Zak-Mathews
(1988)]:

xy = f1(x1X2:8)
Xg=fox1Xo8) + B(X1.X50) U (3.19)

+ B [ B rian) + By Grxan) + Ay

—

-

where B (x,;,x,,t) is nonsingular for all x; € RP¥, x,€ R? and ¢t € R. The
arguments x;,x, and ¢ are deleted for the sake of brevity, whenever no confu-
sion is likely to arise. A special case of (3.19) that was treated by Slotine-Sastry
(1983) and Ryan-Corless (1984) is the case when

F1Gey, X9, 1) = Aqpxy + Appxy
and B is a constant matrix. In this case the nominal state equation is linearizable
via state feedback control.
After transforming system (2.1) into the regular form (3.19), a function p(.) is

found to satisfy the following assumption,
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Assumption 3.1: There exists a continuously differentiable function
p : RP77 5R? such that p(0) =0 and the system
X1 =f1(x1.p( 1)) (3.20)
has a globally uniformly asymptotically stable equilibrium point at x; = 0.

We also need to assume that the uncertainty in the input distribution matrix
A, is small enough,

Assumption 3.2: 1B A, B7'1 <8, <1

where 8, is a nonnegative constant.

Then, under Assumptions 3.1 and 3.2, the variable structure control is chosen to

be
u=-0(x.) B sgn (s) (3.21)
where
s =x3-plxy) 322)
[sgn(s)]); =sgns; i=1,...4 (3.23)

and" ¢(.,.,.) is a scalar-valued function that satisfies the following inequality for

all x € R?,t € R and any arbitrary positive constant o :

1
1-9,

o(x.t) 2 o+ lf2+BA,+BAd-—aa}P—fll,, (3.24)
1

The surface s =0 is known as the sliding surface.

The stability analysis of the closed-loop system (3.19) and (3.21)-(3.24) is done in
the following way: It can be easily shown that, under Assumption 3.2, the derivative

of the function -;—s’s along the trajectory of the closed-loop system satisfies the



following inequality,

%(—;—s’s)=s'§ <-alsl, (3.25)

Due to (3.25), the trajectory reaches the sliding surface in finite time and on the slid-
ing surface Assumption 3.1 implies uniform asymptotic stability of the origin. Note

that in this argument, no Lyapunov function is obtained for the closed-loop system.

Now let us replace the signum function in (3.21) by a saturation function of the

form [Slotine-Sastry (1983)]:

sgn s; if Is; 12€
[satg(s)]‘- =4 i=1...49 (3.26)
f' otherwise

i.e., we are considering the following continuous approximation of (3.21),
u =—-0(,t) B~ sate(s) (3.27)

The control law (3.27) causes the trajectory of the closed-loop system to converge to
a boundary-layer set

%:{xekp ;s 1 <G, i=l,...,q}

in finite time. Since within the boundary layer €, the trajectory is not necessarily
confined to the sliding surface s = 0, we are forced to work with a perturbed ver-
sion of equation (3.20) rather than equation (3.20) itself, namely,

i1=f1(x1,p(xx),t)+[f1(x1.xz,t)—fl(xl.p(xl),t)] (3.28)

To preserve the stability propertics of the unperturbed system (3.20), we need to
impose a growth assumption on the perturbation term. To state this assumption we
use standard converse Lyapunov theorems, e.g., [Hahn (1967)], which, under
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Assumption 3.1, guarantee the existence of a Lyapunov function V(x;,t) and

functions @;, o, and o5 of class K_ such that forall x, € R°P? and ¢t € R,

o, (hx; ) SV(xy. 1) S a(lxg 1) (3.29)
aV = oV
W-ﬁ--a-;fl(xl,p(xl),t)S—a3(|x1||) (3.30)

A function y:R* — R* is said to be of class K., if it is continuous, strictly
increasing, Y(0) =0, and Y(r) > e as r — o. Note that if y is of class K.,
then y! isof class K., and if v, and ¥, are of class K., then Y0 Y, is also
of class K. The fact that a5 in (3.30) is of class K. is not shown in [Hahn
(1967)], but has been shown recently by Sontag (1989).

Assumption 3.3: The Lyapunov function V(x;,¢) of Inequalities (3.29)
and (3.30) satisfies the following inequality forall x € R? and all ¢ € R,

_gxll [fl(xl, X9, 1) = f1( Xy, plxy), t)] <

og(Ixy 1) as(lx; - pixy) 1) (3.31)

where o,(r)og(r) < as(r) and oy(.), as() and og(.) are of class XK.

When the origin of (3.20) is globally exponentially stable, Assumption 3.3 reduces
to the requirement that f,(.,.,.) be globally Lipschitzian in x,. This follows
from the well-known result [Hahn (1967)] that in the case of exponential stability
V(x,,t) can be chosen such that o;(r)=K;r% i=1,2,3 and

1 v
3x1

i=4, 5, 6.

I <K Ix;l. Then o), o), and o) take the form o;(r)=K; r,

Theorem 3.1: Under Assumptions 3.1-3.3, there exists a class K, function
B(.) such that the closed-loop system (3.19), (3.24), and (3.26)-(3.27) is G.U.U.B.



with respect to the closed ball

Q§={xeR” I IxISB(C)}.
Proof of Theorem 3.1:
Equations (3.19), (3.22) and (3.27) imply that

s =f2—B [Iq'i'Ag]q)B_lsat;(S)'f-BAf +BAed -Ea,-x%fl

> 55 = —¢s; [satg(s)); +5; [f2-9B A, B_lsaf;(s)

3
+B A;+B A,,-g%fl]i

< —¢Si [sat;(s )]‘ + lSiI [ 'fz“f‘BAf'f’BAed—sa“x&fl l_
1
+ ¢ IBAxB“lsat;(s)l_]
S -os; [satg(s)); + Is; | [q»-—a] by Assumption 3.2 and (3.24)

<-als;l if Is; 120 by (3.26)

which implies that €, is an invariant set and any trajectory starting outside €,
reaches it in finite time.

Let us calculate the derivative of V(x,;,¢ ) along the trajectory of the closed-loop
system.

2
V=t ax, fi(x, x5, 8)
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_w, v
=5+ ax; F1(xy, pOxy), t)

14
* ?‘;’Z [fl("l' X2 1) = f1(xy, p(xy)s t)]

S—ag(lxll)+a4(|xl|)a5(|s l)

by (3.30) and (3.31). Inside Q,, Is1 <K, where K depends on the type of

norm. Hence

V s—oa(lx; 1)+ oy(Ix, 1) as® D
S-%%('Ill)-a4(|xll) l:%' %(lxll)—as(KC)]

which shows that V s-%ag(lxll) for  lx;1 2 05l2ag(K0)]. Let

Bi=0glo [2a5], B=00B; and By=ai;'o B, and define the sets Q;, M, and
M, by

Ql={x eR | V(x,, I)Sﬂz(KC)}
Ml ={x € R? l |x1| Sﬂl(KC)}

M2={x eR | Ix,l SB3(K§)}

The set Q, is dependent on ¢, but using (3.29), it can be verified that
M, c Q; c M, uniformly in ¢.

Now any trajectory starting outside €2, must enter €, in finite time and remain

thereafter. Moreover on the set Q,-M,, V < —%a?,( Ix;1). Thus, the trajectory
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must enter the set Q;\Q, in finite time, and it remains in the set for all ¢
thereafter, since V is negative on the boundary of Q,. Hence, there exists a finite

time T such that
x(t) € My\Q, for all 12T

Since pxy) is continuously differentiable for all x;e€ RP7Y,

Ipx) ! <y(lx,l), where () is of class K... Setting

B(r) = B3(Kr) + Kr + Y(B3(Kr))
completes the proof of the theorem, since M\Q, < Q. O

We illustrate, via an example, that a growth condition like Assumption 3.3 is
indeed needed.

Example 3.2: Consider the system

x'l =—x1+(x,2 +1 )xz
(3.32)

Xo=u+ A1)
where 1A,(¢)| £ 1.0 is a disturbance term. Choose p(x;) =0. It can be easily
verified that Assumptions 3.1 and 3.2 are satisfied. The discontinuous VSC law
u =-2sgn (x,) yields xx, < - Ix,l. Hence, the trajectory reaches the sliding
surface x, = 0 in finite time, and on the surface x, = 0, the motion is governed by
X1 =- X, and the origin is globally asymptotically stable. Now consider the con-
tinuous VSC law u =-2 satg (xp). Taking x,(0)=1, it can be verified that
2
4
that x;(t) — o as ¢t — ee. Thus, the system is not globally uniformly ultimately

bounded.

Xy(2) 2 -g- for all £20. Taking x,(0)=5- and using x,(t) 2 -g-, it can be verified
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Assumption 3.3 is dependent on the regular form in which the nonlinear system
has been expressed. If system (2.1) is state-equation-linearizable, we can always
transform (2.1) into a regular form for which Assumption 3.3 is satisfied § . For

instance for Example 3.2 the following change of coordinates

21=x)

Zp==x;+(x2 +1)x, (3.33)
transforms system (3.32) into

Z1 =12,

L @R 422yz,-1) 2y ) (3.34)

3= + i+ (1 + Ay(t)

z2+41

For (3.34), let the sliding surface be s =z, + z,. Following the procedure outlined

earlier, the ideal variable structure control is

u == —— (z) sgn )
Zl+1
212,24z 1+25)| (3.35)
o(z) = 122(' ) +2+2¢
Zl+1

However, system (3.34) clearly satisfies Assumption 3.3.
If system (2.1) is not state-equation linearizable, it may still be possible to

satisfy Assumption 3.3 by a change of coordinates. For instance, consider the system

1 This point was made by Professor JJ. Slotine of MIT in a personal discussion.



X =—-x1+xx, 36

Xq=u+Ay(1)
where A_;(t) is as in Example 3.2. If variable structure control is designed in the
present coordinates, similar to Example 3.2, one can prove that continuous approxi-
mation of variable structure control would not have the global uniform ultimate
boundedness property of the ideal vsc. Moreover, system (3.36) is not linearizable at
the origin (To see this point, check the necessary and sufficient conditions for state-
equation linearization in [Isidori (1989)]). However, we can use approximate lineari-
zation ideas of Hauser-Sastry-Kokotovic (1989) to design a variable structure control
for which Assumption 3.3 is satisfied. To this end, consider the change of coordi-

nates

21=xy

3.37
zz=-x1+(x12+a)x2 ( )

where a is an arbitrary positive constant. Transformation (3.37) transforms (3.36)

into

(3.38)

1
[,u] [,2_"(’1_+”)]+(z,2+a)(u+A,d(r))

z+a z+a
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Let the sliding surface be s=z;+z,. Following the procedure outlined earlier, the

variable structure control is designed to be

2z2 Isl lzyzo—all
i 122

1+z3 +a +

3.39
2742 @Pray sgn (s) (3.39)

It can be easily checked that Assumption 3.3 is satisfied for this system.

Asymptotic Stability in the
Absence of Persistent Disturbance

Theorem 3.1 only shows G.U.U.B. with respect to Q. Although Q¢ can be
made arbitrarily small by choosing { small enough, the origin does not have to be
asymptotically stable (refer to Example 3.3, below). In fact the origin might not be
an equilibrium point at all. However, if external disturbances vanish at the origin,
ie., Ag4(0,0,) =0, one might expect that the continuous implementation of VSC
would stabilize the origin. It turns out that this is indeed the case, due to the fact
that inside the boundary layer £,, control (3.27) would act as a high-gain feedback
control which stabilizes the origin, provided { is sufficiently small. To prove such

a result we make the following assumption.

Assumption 3.4: There exists a Lyapunov function W (x;,¢ ) such that the
following inequalities hold for all ¢ € R, and all x in a domain Q containing the

ciIx; 12s W) scylxy 12 ¢1>0 ,c>0 (3.40)

LA PPN €320 (3.41)
axl



32

%‘:’- + g}";-fl(xl,p(xl),:) <—cylx 12 c>0 (3.42)
f (&) = F1x 8 | S c5 €%, 1 520 (3.43)
If,+B A +B A,d—éa;%f‘l Scglx | 620 (3.44)
Ipxpl <cqlxg ! c220 (3.45)

Assumption 3.4 is a mild one, since it is required to hold only locally. In fact,
Assumption 3.4 is implied by the smoothness assumptions made earlier, together

with the assumption that A_;(0,0,1)=0 and that z = A(r) z is uniformly asymptot-

ically stable, where A (f) = % F1a00600) |5 o

Theorem 3.2: Under Assumptions 3.1-3.4, there exists {'>0 such that for all
{ <, the origin is globally uniformly asymptotically stable.

Proof: Choose {; small enough such that Qrc Q for all {<(;. In the
proof of Theorem 3.1 it was shown that the trajectory enters the set
QN2 €y in finite time and does not leave it thereafter. Inside this set,

u=—-¢ B! . Therefore

é

s’s =-¢s—£s—+s' f2—¢BA‘B'l%+BAf +BA,; -g—%fl

Is 12

< _¢(1"8&) c

+celsiixl

s-% Is 124 cgls E(Mxp l4+0s By lx 1)
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Let v(xy, ) :=W(xy,t) + %s's , then

oW, ow .
v= 3 + ax1 fl(xl,xz,t)+ss

a
S—cylxy 124+ cye5lx; N s —fls 12

+cls | [lxll+|s |+c,|x,|]

Ca -a |x1 |
s—[lxll lsl] . o
-a -C¢ s
4
1 . . C40
where a = —-[cics + cg(l4c7)]. Thus v<0 for {<fy=t———-. Take
2 2(cqceta’)

C*:min{Cf , Cz'} For all {<{*, every trajectory enters Q;\Q, where Vv

satisfies v <—cv for some c¢>0. Since the trajectory can not leave the set

Q,M\€,, it can be easily seen that it approaches the origin as ¢ — e, O

One important difference between Theorems 3.1 and 3.2 is that the conclusions
of Theorem 3.1 holds for any (>0, while the conclusion of Theorem 3.2 is
guaranteed to hold only for sufficiently small {. The following example shows that
if £ is not small enough the origin may not be asymptotically stable, while the sys-
tem is G.U.U.B. with respect to €.



Example 3.3: Consider the system

i1=—xl+x2

i2=ax1+u, O0<a <1

Take p(x;)=0 and ¢=a+ Ix;l. Inside the boundary layer Q,,

1
g

u=— —=(a + lx,1) x,, and the closed-loop system is given by

i1=—xl+x2
1
g

x'2=a X1 - (a+lx1|)x2

The Jacobian of the right-hand side at x = 0 is given by

-1 1

o
a - —

4

A=

It can be verified that when §>(—:-, one of the eigenvalues of A is in the open

right-half plane. Hence, the origin is unstable. On the other hand the set €,\,,

given by

leﬂz={xe R2 | |.x1|SC, hzlSC}

is an invariant set and every trajectory of the closed-loop system reaches it in finite

time, irrespective of the value of (.

3.3 VSC Design for Fully-linearizable Systems

In this section, we focus on designing a continuous approximation of variable struc-
ture control for stabilization of (3.5). We will closely follow the development of last
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section, with some modifications in the control design. The first step of the control
design is the choice of a sliding surface. Choose the sliding surface

s =Gz=0 (3.46)
where G isa gx(p—q) matrix such that
i) GB is nonsingular.
ii) G(sI — A)"'B is minimum-phase.
iii) (G, A) is detectable.
Choosing G to satisfy (i)-(iii) essentially guarantees that Assumption 3.1 of section

3.2 is satisfied. Consider the following continuous ﬁpproximation of variable struc-

ture control
v =-0(z) (GB)™ sat (s) (3.47)

where sat; () is given by (3.26), and ¢(z) will be chosen later. To obtain a qua-
dratic Lyapunov function for the closed-loop system (3.5) and (3.47), we use the
same idea that was used in the proof of Theorem 3.2, i.., first system (3.5) is
transformed into a regular form. In the new coordinates, two Lyapunov functions are
defined, one to characterize the motion of the closed-loop system on the sliding sur-
face, and the other to characterize the motion of the closed-loop system towards the
sliding surface. Then, a weighted sum of these two Lyapunov functions is con-
sidered as a Lyapunov function candidate for the overall closed-loop system. The
following lemma formalizes the ideas mentioned above, providing us with a
Lyapunov function candidate for the closed-loop system.

Lemma 3.1: Let
A =A-B(GB)'GA -uB(GB)™'G (3.47)

where W is an arbitrary positive constant. If the sliding surface s=Gx is chosen
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such that (i)-(iii) are satisfied, then
a) A as given by Equation (3.47) is Hurwitz.
b) There exist symmetric positive definite matrices P and Q € RP*? such
that
PA+A’P =-Q

PB = G'GB.

Remark 3.2 The second term in (3.47) is precisely what is known in the litera-
ture as the equivalent control [Utkin (1987)]. Intuitively one can see the reason for
the introduction of the third term in A. The second term of (3.47) places p —q of
the eigenvalues of the closed-loop system at the invariant zeros of (G,A,B) and
the rest at the origin. So the purpose of the third term is to shift the eigenvalues
which are at the origin into the open left-half plane.

Proof of Lemma 3.1: There exists a similarity transformation T [Young-

Kokotovic-Utkin (1977)] such that

A A
-1 _ 1 12 _l1o0
TAT —[Azl A ] TB-[I]

q
GT'=(0 GB)

where A,; is Hurwitz, due to (ii) and (iii). Then

R A A
[ 0 -,

which is clearly Hurwitz. Let @, € RP™9~7 be symmetric positive definite, then
there exists P, symmetric positive definite such that P,A,,+A4,,7; =0, . Let
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g = oQ, -aP Ay,
T —ad P,y 2u(GB)Y GB
Choose a>0 small enough such that Q is positive definite.

T a‘Fl 0 —_T’ A
Let P-T[O (GB)’GB]T and Q=T'QT

Then straight-forward computation shows that
PA+A'P =-Q
PB=G’GB 0O

Now suppose that &(z, v, t) in (3.5) satisfies Assumption 3.G2 with

1
g 1GB I 1GB 1!

and choose positive constants p; and p, such that the following inequality is

satisfied in the domain of interest,

(1GA+uG V Hk+k3) 1IGB 1) 1z 1 +k,1GB |
1-Ygk,1GB 1 1(GB) |

pll'I' +p02

and let ¢() in (3.47) be

oz) =py 1z 1 +pg

The derivative of W (z)=z’Pz along the trajectory of the closed-loop system (3.5)
and (3.47)
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> W =2z’(PA +A'P)z + 22'PB(GB)™ [-¢(z)sat;s +GB 8(z,v t)+GAz + p.Gz]

=-2'0z +22'G’ [—¢(z)sat Gz +GB &z ,v,t)+GAz +|.|.Gz]

=-2'0Qz - 2¢(z) is,-[sat;s],- +2s’ [GB &(z,v,t)+GAz +u.Gz]
i=1

1:={ieN|lSiSq, |s,-|>§}
I':={ieNllSiSq, Is,-ISC}

> W=-20z - 20(z) X sisgn s; — 20(z) Y sii
iel ier &

+29'[GBS(z,v,t)+GAz +sz]
S,‘z
=-2'0z - 20(z)Is 1 +20(z) ¥ |Is;1-—
iel C

+2s’ [GBS(z,v,t)+GAz +uGz]

<A@ 12 12 - 20 1 1, + Logt2)
+20s 1,1GB&(z,v,t)+GAz +uG:z |
S Aa@) 12 12+ Lg02)

q8p q8po
> 1zl + >

= -Amn(@) 1212+
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which, by Proposition 3.1, implies uniform ultimate boundedness of the closed-loop
system. Note that, similar to the linear high-gain control of Example 3.1, the esti-
mate of the set of uniform ultimate boundedness given by Proposition 3.1 shrinks as

L goes to zero.



4 Observer-Based Control

4.1 Introduction

In this chapter, we propose an observer-based controller for stabilization of system
(2.1), under the assumption that the nominal system (2.2) is fully-linearizable, left-
invertible, and minimum-phase. In chapter 3, we studied the first step of such a
design process, which is design of an appropriate state feedback controller for sys-
tem (2.1). To design the state feedback controller, we first transformed system (2.1)
into system (3.3). Then, we found the state feedback control (3.4) and (3.7), along
with the quadratic Lyapunov function (3.8) such that, under Assumption 3.G2, the
derivative of W along the trajectory of the closed-loop system (3.3), (3.4), and
(3.7) satisfies inequality (3.9), which in general implies uniform ultimate bounded-
ness of the closed-loop system. The next step of the control design is to design an
observer to estimate the state z of system (3.3). We design the observer based on
the linear part of (3.3) independent of the (possibly uncertain) nonlinear terms. Let

us consider the following observer-based control

{£=A1+B &) +L (y -Ct) 4.1)

u = F(£) = 8(2) + P() ¢(¢)

where (), B(), and ¢() are given by (3.4) and (3.7), and L is the observer

40
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gain to be designed later in section 4.3. Let e :=z — Z be the estimation error,
then the error equation is

ée=(A-LC)e+B Aiz,:,t) 4.2)

where
Az.2.1) = B7(2) [a(f) - afz) + [B(z‘) - B(z)] o)
+Ap(2) + Ay (z) + Ay (2) [E(i) + B(z‘)¢(£)] ]

= 8z .60).1) + @) Uy ) [ F) - F@) ]

+6(2) - 6(2) 4.3)
Note that the term A(.,.,.) has been created by three different sources:
1) Uncertainties and disturbances in system (2.1)
2) Simplification of the nonlinear terms of.) and PB(.).
3) Estimation error

Therefore, even if there is neither uncertainties in (2.1), nor any simplification in the
cancellation of the nonlinear terms, the disturbance term (4.3) will still be present in
the error equation (4.2). In other words, output feedback control of the nominal sys-
tem (2.2) is as difficult a problem as that of system (2.1).

It is well known that in the presence of the term A(z,Z,t) in (4.2), choosing
L to locate the eigenvalues of (A-LC) in the open left-half complex plane does
not ensurc stability of the closed-loop system. Instead, the observer should be
designed such that the disturbance term is decoupled ( either exactly or asymptoti-
cally) from the error equation. In robust control of linear systems, such robust
observers could be designed via loop transfer recovery techniques (for a survey,
refer to Stein-Athans (1987)),which consist of asymptotic methods that use Riccati
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equations and transfer function manipulations. Such transfer function manipulation
can not be extended to nonlinear systems. Therefore, we design the observer
through a singular perturbation approach which has been recently developed by
Saberi-Sannuti (1990) and Esfandiari-Khalil (1989). The conceptual idea of this
approach is that to determine the amount of required gain at each element of the
observer gain matrix L, we need to know the finite and infinite zero structure of the
linear system (2.3). Therefore, we first transform system (2.3) into a canonical form
that explicitly shows its finite and infinite zero structure. Then, in this canonical
form, the observer is designed via asymptotic pole placement to reject the effect of
the disturbance term (4.3) on the error equation (4.2). Esfandiari-Khalil (1989) use
this approach to design nonlinear output feedback controllers for uncertain linear
systems, while Saberi-Sannuti (1990) use it to design multiple-time-scale observers

for loop transfer recovery.

4.2, A Special Coordinate Basis

Consider the linear system (2.3) which was obtained by exact linearization of the
nominal system (2.2). In this section, we transform (2.3) into the special coordinate
basis of Saberi-Sannuti (1987), which explicitly shows the finite and infinite zero
structure of (2.3). The infinite zero structure of a linear system is closely related to
the number of inherent integrations that exist between its inputs and outputs. There-
fore, the idea behind the special coordinate basis of Saberi-Sannuti (1987) is to
linearly combine and partition the input vector v, as well as the output vector y,
such that the inherent number of integrations between certain parts of v and
corresponding parts of y are exhibited clearly in the coordinate basis. To this end,
it has been proved by Saberi-Sannuti (1987) that, since (2.3) is left-invertible (by
Assumption 2.G1 and Proposition 2.1), there exist nonsingular transformations
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I',Tou » Iin, integers K, q,, g3, g;,i=1,..,K such that the transformation

2, ¢
z=T ib,y=I‘,,¢ ~ ,V=rinv 4.4)
2, Ys

transforms system (2.3) into the following form:

i.a =Aul, +Aaf5’f +AsYs
1 ib = A,,bib +Abfyf 4.5)
i.f = Afif "'ij"f +Bf [Daia'befb'l'fof'Ff’]

1%=Q%
¥, =Gz,

-

K K
where the dimensions of Z,, %,, Z;, J;,and j, are ¢,, ¢p, Xiq;, X.q;, and
i=1 i=1

K
P — Y. q;, respectively. Moreover, invariant zeros of (C,A,B ) are the eigen-

i=1
values of A, (Cg,Ap, ) is observable, and Ay, By, and C; have the follow-

ing canonical structure:
A; = Block Diag (Ayg, . .. Ags)
By := Block Diag (B, . .. Bxs)
C; = Block Diag (Cyy, ... ,Cgs)

where T Alf =oq‘,q., Blf =Iql, le =Iq‘, if i=1, while

0’:’“11 I 4 ol: xq

’ By =
04!"’1 if IQ:

Ay =
if Oq‘ xq

t 0,,x, denotes the mXn zero matrix, and J,, denotes the mXm identity matrix.
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Cy= [l,h oq,x,‘] I = (i-1)xg;

for i>1.
Partitioning ¥ and y; into

T [ T

Vi Yif

<t
I

Yr =

Vg Yxf

where ¥;, and y;; are g¢;-dimensional vectors, one can see that the variables ¥;

controls the output y;; through a stack of i integrators.

The vectors Z,, Z,, and Z; span some well-known invariant subspaces of
geometric theory of linear systems [Wonham (1979)]:

1) Z, spans the largest (A ,B)-invariant subspace contained in the Kemel of
C.

2) %, spans the largest (A’,C’)-controllability subspace contained in the Ker-
nel of B’.

3) Z; spans the smallest (A,C)-invariant subspace containing the Range of
B.

Remark 4.1: The transformations I', T;,, and I',, are obtained by Saberi-
Sannuti (1987) via a modification of the structural algorithm of Silverman (1969). A
numerical algorithm which is based on the procedure of Saberi-Sannuti (1987) is
available in Linear Algebra and Systems (LAS) package. Note that many physical
problems of interest to us are already in the form (4.5). For instance, Examples 2.1
and 2.2 of Chapter 2 are already in the form (4.5). Also in Appendix B, we give an
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alternative way of arriving at (4.5) for a subclass of linear systems under study,
namely for linear systems which are square, invertible, minimum-phase, and have a
left diagonal interactor. The advantage of the algorithm given in Appendix B over
that of Saberi-Sannuti (1987) is its simplicity.

4.3 Observer Design

The problem of observer design to reject the effect of the disturbances modeled by
A(z,Z,t) becomes an asymptotic pole placement problem in the special coordinate
basis (4.5). Let us choose L, and L, i=l,...,K, such that A, - L,C; and
AL ;[C;c are Hurwitz. Let

Ly :=diag (Lys,Lys,...,Lgs )

M(g) = diag (M), . .., Mg(€))

I, 1 1
=di . I O . O
Mi(e)' d‘ag(evezo---9£‘-)
and choose the observer gain to be
Aaf Aas
L) =T Ay L, | Tk (4.6)
M, +M ()L, 0
Then it is easy to show that
Aga 0 0
I''(A-LC)T=| 0 A -L,C, 0 4.7

BfDa Bbe Af "M(S)Lfo +Bfo

Note that (4.7) has a block triangular structure. The eigenvalues of the first two
diagonal blocks are O(1), while the cigenvalues of the last diagonal block are



0(%). Define

oo

[ e‘ ] =TI"le @7

A, = Block Diag ( Ay » App—LyCs ), Dg :==(D,, D, )
where e is the estimation error, and dimensions of e,, and e, are q,+q, and

K
Y.ig;, respectively. Then the error equation (4.2) is transformed into

i=1

e, =Ae,
é =LA ~M@©L;C; 1 e +B; [Dye, + Dje; + T Az 5,0) ] “.8)
Scale e, in the following way
e; =N\ (e)es (4.9)
N () := Block Diag (N, ..., Ng(€)) (4.10)
N;(€) := Block Diag (€Y, ,& U, ,...,I,) @11y
Then it is easy to show that
N-'e)B; =B, (4.12)
Nle) [ Ay - M@L,C IN@® = 3 [47 L C; ] 4.13)

Using (4.12) and (4.13), it can be shown that the scaling (4.9) transforms (4.8) into

the following form:

& =A; e
>, == -1 s (4)'1]4)
Sef -[Af -Lfo ]Cf +EBf [D,CS +D,N(e)ef +I',-,, Az 2t
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The desired disturbance rejection property of the observer can be explicitly seen
in (4.14), since the slow part of (4.14) is completely decoupled from A(z,Z), and
the effect of the term A(z ,Z) on the fast part of (4.14) decreases, as € tends to
zero. It is also clear from (4.14) that in the course of achieving such a disturbance
rejection property, we have to locate some of the eigenvalues of (A —LC) far in

the left-half complex plane.

4.4 Closed-loop Stability Analysis

By the development in section 4.3, the closed-loop system (3.3) and (4.1), with L

given by (4.6) can be written as

r

i = Az +Bo(z) + B 8z,0(z),1) + BP\(2) (I, +4, )[F(f) —F(z)]
16 =4, ¢ (4.15)

Eef =(Af -Lfo )ef +€Bf [D_,e_, +DfN(€)ef + r‘_;IA(z’ f,t)]

where &(z,v,t) is given by (3.6), A(z,Z,t) by (4.3),
F(z) =8(z) + B(z) ¢(z) (4.16)
and by (4.7) and (4.9)-(4.11), £, which is the estimate of the state z, can be written

as

f=z2-e=z-T

eS
N(©) e ] =z - Te, — )N €)es (4.17)

Note that N(€) is a polynomial matrix in €&; hence it is bounded for small €. Sys-
tem (4.15) is a standard singularly perturbed system, with (z, e, ) as the slow
variable and e as the fast variable. The slow and fast subsystems of (4.15) are

respectively
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z=Az +B§(z) + B &(z,0(z),1)
4 +B Bl) (U +4,) [F (z-The,) - F(z)] (4.18)
e, =A; e
and
dey
where t=t/e.
Uniform Ultimate Boundedness

In this part, we argue that the uniform ultimate boundedness property of the state
feedback control is preserved by our output feedback controller, under certain condi-
tions. Suppose that we have designed the state feedback control (3.4) and (3.7) to
ensure uniform ultimate boundedness of the closed-loop system (3.3), (3.4), and
(3.7), i.e., there exists a quadratic Lyapunov function (3.8) such that inequality (3.9)
is satisfied along the trajectory of the closed-loop system (3.3), (3.4), and (3.7). To
state the theorem on the uniform ultimate boundedness of the output feedback con-

trol, we make the following assumption:

Assumption 4.G3: Forall z,7 € §
10z) - (@) <Skglz - 721
1871(z) U +4,) [F(z)—-F(i)]l Skglz -21

where ks, and kg are nonnegative constants, and S is the set of Assumption
3.G2.
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Theorem 4.1: Under Assumptions 2.G1, 3.G2, and 4.G3, suppose that the state
feedback control (3.4) and (3.7) is designed such that Lyapunov equation (3.8)
satisfies inequality (3.9), and let ¢ and r be the constants of Proposition 3.1.
Consider system (4.15), and let P, and Pf be the symmetric positive definite

solutions of the Lyapunov equations

P, A, +A P =1,

n—qs=qs °
Amin(P) : "
L. Then there exist positive constants o, 7., and E,

Anax(P) 9

and a continuous function g : (0,£)>R* such that for all € € (0,F) system (4.15)

Suppose that ¢ <

is uniformly ultimate bounded with respect to @, with X inside the region of

attraction, where

¢E ={ (z',e_,',ef')' € R2n | e_,=O, W(Z)'Hlf ef'Pfef < g(e) }. (4.20)

2={(z',e,',ef3'e R” | ¢,'P,e, <r,,
Amin(P )r
W@E)+oar e 'Pres < ——— 421
(2)+asesPrep <oy @) 4.21)

Moreover,

limg(e)=o0 4.22)
-0

Remark 4.2: (4.22) shows that the z-projection of the set of uniform ultimate
boundedness in the case of our observer-based control approaches Q4 of Proposi-
tion 3.1 as €—0.
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Proof of Theorem 4.1: The arguments € and ¢ are dropped whenever it

causes no confusion. Let

o Amin(P) 1T, 12
a Muin(Py)

o i Mmin®s)r
T O (P)IT 12

where I'; and I', are given by (4.17). Let
V, :=¢,'P,e,
V =W(2) +afef'Pfef
~ M(P)r
$={Ge'e)YeR*| V. <, V<—n——
{(z ser) € s < O S (P)

Let €€ (0,1). Then IN(@E)l <1, and it can be easily shown that for all
(z,e5,¢) € L, z,and £ belong tothe set Q, S, where S is the set defined
in Assumptions 3.G2 and 4.G3, and Q, is defined in Proposition 3.1.

Along the trajectory of the closed-loop sysfem, V,, and V satisfy the following
inequalities on X:

1

V,$= —m—V 423
S NP #.23)

‘} S"'Yz'l |2+'Yl|2 |+‘Yo

a
+2kg|PB 112 1(ITye, | + IT,N (e)e; l)-—:-le, 12

+ 20, |PB;D, | le, | les | + 20, |PB,D;N(E) leg |2
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Let
ao:="
v 1
2
a,:=v+2%¢IPB1IT) || ——
! n § ! l:kmm(Ps)]
a2 =%
a3 = 2kg|PB | IT, | + 200 (k+koks+ks) P, B, T3l |
1 -
a4 = (!f [E - 2|PfoDf | —2(k5+k6)|Pfol‘,,,1| |F2| ]
1
20 | 1P;BD, || ——— Ys 2+k|l"BI“‘I
as =20 By lmm(P) 4'0pBrlin
1
+ (kstkg) 1Ty 1 1P, B, T | 2
o lm..,(P )
h(z.Vs.ep) = —aolz 12+a;lz | +as+aslzlle |
—agles 12+asle, |
Then

V<h@V,e) on E andee (0,1) (4.24)

Note that a?—4aga, <0 for all €€ (0,;), where €,<1 is a positive constant.
For e e (0,€;), let c,(e,V;) and c.(g,V,) be the unique real positive roots of
the following polynomials

(@$-4aga))c? + Qasasrdarag)c, +ad+daza =0 (4.25)
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(a?—daga,)c?+ (2a,a5+4agas)c, + at+daga, =0 (4.26)
These roots satisfy

lim,_ ¢,(€,0) = km: Py lime s c.€0) =0. 427

We will show that h(z,V,.e;) is negative if Iz1>c,@EV,) or lef | > ¢, (V).
Considering h(z,V,.e;) as a quadratic term in ley | implies that

(03 Iz |+a5)2

h@Vser) S ——

+ay+a;lzl —aglz|?

1 [ 2 2
404 (03—400114)'2'

+ (Qaiastdaay) 1z | + a52+4a2a4] (4.28)

Comparing (4.25) with (4.28) shows that h(z,V; ,ef) <0 if lzI|>c,(EV).

Similarly one can prove that h(z,V,.e;) <0 if les | > c, (V).
Let G(&V,) = Apu(P)|c, &V, )] 2+ AaalPy )0 [c, €V, )] ? Then

h(zV,e)<0  if V>G(eV,) and e<e, (4.29)

Apin(P)r
Mnax(P)
€<e; such that g()<r for all ee (0F). Let K(V,):=GEV,). By

differentiating (4.25) and (4.26) with respect to V,, it can be shown that K() is

Let g(e) := G(g,0). By (4.27), limg_,4g(€) = o< Therefore there exists

monotonically increasing, hence K~1()) is well defined. Choose r,>0 to be strictly
less than min{a_,,K"l(r)}. Let £ be as given by (4.21) and € e (0,8). By

(4.23) and (4.29), considering the direction of the vector field on the boundary of X,

it can be shown that X is an invariant set of the trajectory.
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Next we will show uniform ultimate boundedness with respect to @, as given by
(4.20). Given p>0, suppose, without loss of generality, that N,(®;) c Z. By a sim-
ple topological argument it can be shown that there exists >0 such that

R :={ (z%.es".ef) € R” | v,<8,V<8+G(gd) }c N, (@)  (4.30)
and Ry is an invariant set. Let
F :={(z',e,',ef')'e R | V,<d, +G(ed) sV Sr}

By (4.29), there exists o>0 such that V<o on F. Using this fact, (4.23), and
the fact that R is an invariant set, it is easy to show that
(z(),es(z )',ef (1)) € Rgfor all 12T

where

T :=lm“(P,)log%+% [r-86-G(&d)]

This, together with (4.30), proves uniform ultimate boundedness with respect to @,
O

Corollary 4.1: If Assumptions 2.G1, 3.G2, and 4.G3 hold globally, and the
state feedback control (3.3) and (3.7) is designed such that inequality (3.9) holds
globally, then there exist positive constants o, and €, and a continuous function
g : (0,8) -5R* such that for all € € (0,F), system (4.15) is globally uniformly ulti-
mately bounded with respect to @, given by (4.20).



Asymptotic Stability N

Next, we prove that if the state feedback control (3.4) and (3.7) renders the origin of

system (3.3) asymptotically stable, then so does our observer-based control.

Theorem 4.2: Under Assumptions 2.G1, 3.G2, and 4.G3, suppose that k,=0,
and the state feedback control (3.4) and (3.7) is designed such that Lyapunov func-
tion (3.8) satisfies inequality (3.9) with y,=Yyo=0. Let r, P;, P;,and X be as in
Theorem 4.1. Then there exist positive constants o, 7y, and € such that the ori-
gin of system (4.15) is an asymptotically stable equilibrium point with set X inside
the region of attraction.

Proof of Theorem 4.2: The proof follows as a corollary of the proof of Theorem
4.1.



5 Peaking Phenomenon

Theorems 4.1 and 4.2 imply that some of the poles of the observer (namely, those
associated with e,) have to be placed far in the left-half complex plane, in order to
achieve stabilization of system (4.15). In general, placing poles far in the left-half
complex plane causes an impulsive-like behavior which is known as the peaking
phenomenon. The effect of the peaking phenomenon on stabilization of nonlinear
systems via state feedback has been recently studied by Sussmann-Kokotovic (1989).

The effect of the peaking phenomenon on the output feedback control proposed
in this paper can be explained in the following way: If the observer gain L(.) is

chosen such that the real part of some of the eigenvalues of (A-LC) have O (%)

magnitudes, then the state transition matrix e—LC¥ contains terms like

l‘.e"""e where o0 and i e N
£

in general. Therefore, if the initial conditions of the error are O(1), the transient

behavior of the error e(¢t) contains overshoots of order 0(—1‘.-). Since the error
€

equation is coupled to the state equation, these excessively large overshoots are

transmitted to the states of the nonlinear system, causing peaking to appear in these

55
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states as well. The following example illustrates this phenomenon:

Example 5.1: Consider the problem of stabilization of an inverted pendulum,
whose motion is described by the following equation (See Figure 5.1),

I D)
v + + b, sin® = u(r) x cos@ (5.1

where O is the angular position of the pendulum measured versus the stable equili-
brium point, u(¢) is the control moment applied to the pivot point, v(¢z) is the
horizontal acceleration of the pivot point, and A is the length of the pendulum.
Assume that only the angle 0 is available for measurement, and that the only infor-

mation available about b; and v(z) are the following bounds,

lbl<1, Iv@)l <A forall ¢ (5.2)

Figure 5.1- Pendulum of Example 5.1
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y=x,=0-mxn, x2:=?e (5.3)

where x; and x, are the state variables and y is the output. Then the state equa-

tion of the pendulum is

X] =X
Xg==Xo+u(t)+8xy,1) (5.9
where
8(xy, 1) := by sinx, + % cosx (5.5)

Following the development of section 3.3, we designed the following variable struc-
ture control for system (5.4),
u=-x;-x3-20sarg(x,+xz), £=0.01 (5.6)

which renders system (5.4) globally uniformly ultimately bounded with respect to a
small neighborhood of the origin (Refer to Figure 5.2a for phase plane trajectory of
the closed-loop system for the case when x;(0)=1.0, and x,(0)=0.0). Following the

algorithm of section 4.3, the observer-based control was designed as

’. 2
J'L’1=f2""£‘()’ -%2)

P

f2=u+-el?(y—£1) 5.7)

| u=—#; - £, - 2.0 sat(2y+2p) , { =001

It can be easily checked that Assumptions 2.G1, 3.G2, and 4.G3 hold globally in this
case, and hence by Corollary 4.1 the closed-loop system (5.4) and (5.7) is globally
uniformly ultimately bounded, for sufficiently small €. Figure 5.2 shows results of
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the simulations with
=001, x;(0) =1.0, x,0) =2,(0) =£,0) =0.0
Figures 5.2b and 5.2c show the peaking in the input u# and the estimation error,

respectively. Note that the input peaks to an O (%) quantity.
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Figure 5.2- Simulation Results of Example 5.1



60

Example 5.1 clearly shows that peaking in the transient behavior of the system
is undesirable. Peaking might even destabilize the closed-loop system as we
decrease €. The following example illustrates the destabilizing effect of the peaking

phenomenon.

Example 5.2: Consider the second order system,
x 1=X2
X,=3(1+0) x3 +u (5.8)

Yy =x

where 6 is an unknown parameter whose nominal value is zero. Let the state feed-

back control be

u=-3x3+v
(5.9)

v=-2x 1= X2
which ensures asymptotic stability of the origin. Figure 5.3 shows the phase portrait
of the closed-loop system (5.8) and (5.9), with ©6=0.1. The unstable limit cycle is
the boundary of the region of attraction of the closed-loop system. Following the
algorithm of section 4.3 the observer-based control is designed as

( 2
J‘é1=ﬁz"';()' -%£)

. 1 :
L2=v+—(y-%)
£

u=-3 ﬁ% +v (5.10)

\4 =—2£1—f2

Figure 5.4 show the results of simulations for the closed-loop system (5.8) and
(5.10), with 6=0.1, €=0.014, and the following initial conditions,

x1(0)=0.01, x,(0)=£;(0)=£(0)=0.0
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The closed-loop system is asymptotically stable in this case, but we can see the large
overshoot in the state of the system. Note that x, reaches a maximum of 2.1, while
the only nonzero initial state is 0.01. Figure 5.5 shows the results of simulation for
the closed-loop system (5.8) and (5.10), with €=0.013, and all the other constants
and initial conditions the same as in Figure 5.4. Figure 5.5 shows that the closed-
loop system is unstable in this case. As a matter of fact, results of our simulations
show that for all € less than 0.013 the closed-loop system is unstable. This is due
to the peaking phenomenon which is present in the observer. The impulsive-like
behavior of the observer state variables is passed to the states of the system. After
an O (g) time, the estimation error has decayed to a very small value. However, the
initial jump in x, takes the trajectory out of the region of attraction, resulting in
instability.

It should be emphasized that the instability we have seen in this example does not
contradict Theorems 4.1 and 4.2. The theorems estimate the region of attraction by
the set L. Notice that X is defined using the scaled estimation error e,. For the
initial state of the closed-loop system to belong to X, e (0) should be order O(1).
From the scaling equations (4.9)-(4.11) we can see that for er (0) to be order of
one, some components of gf(()) must be of order 0(85) for some B>0 that is
determined by (4.11). In the above example the initial condition of the unscaled esti-

mation error x,(0) — £,(0) is 0.01. When scaled by €, the initial condition of the

scaled estimation error becomes %, which ( for sufficiently small € ) places the

initial state of the closed-loop system outside the estimate X of Theorems 4.1 and

4.2.



62

o STATE FEEDBACK CONTROL
8 THETA=0.1, GAMMA=1.0
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X(2)
0.00
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r3.00

3.00 -2.00 -1.00 0.00 1.00 2.00 3.00
X(1)

Figure 5.3- Phase Portrait of state feedback control of
Example 5.2
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oagsuzvea-sasen CONTROL
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Figure 5.4- Time profiles of state variables for output feedback
control of Example 5.2, with € = 0.014.
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6 Globally Bounded Control

6.1 Introduction

In Chapters S, we studied the effects of peaking on the behavior of the closed-loop
system. In this chapter, we argue that the if the state feedback component of the
observer-based control is designed to be globally bounded, the states of the nonlinear
system will not exhibit peaking, and consequently the destabilization phenomenon
associated with peaking will not take place. In order to prove this point, we first
present a new singular perturbation result in section 6.2. Then, in section 6.3, as a
corollary of the result of section 6.2, we present a result on the stability of the
closed-loop system, for the case when the control is globally bounded. Finally, in
section 6.4 we apply bounded control to the examples of chapter S and present simu-

lations to show that the undesirable effects of peaking are indeed eliminated.
6.2 Singular Perturbation Result

The closed-loop system (4.15) is a standard two-time-scale singularly perturbed sys-

tem which can be written in the following form,

65



{ i=f@)+faNEy), X=X, xecR
6.1)

ey =Ay +eg(x,N@Ey), YO =yp yeR"

where

z
x = e, | Y =¢r

A is Hurwitz, f(0)=0,and f(x,00=0 for all x € R®. The slow subsystem is
obtained by setting €=0 in (6.1) and dropping the initial condition, y(0)=y, to

get
i=fa),  x0) =x, (6.2)

Assume that f,f and § are smooth enough to ensure existence and uniqueness
of the solution of (6.1) and (6.2). Denote the solution of (6.1) by (xg(t),y(t))
and the solution of (6.2) by x,(t). Moreover assume that the origin is the unique
equilibrium point of (6.1) and (6.2).

In this section, we study the asymptotic behavior of system (6.1). First, we
recall some known results from singular perturbation theory which are relevant to
our problem. Then we study a case that arises in our problem, namely when the ini-
tial condition of the fast variable, yo,is O (€ B) (P is a positive integer).

By Tikhonov’s Theorem [Kokotovic, et.al. (1986)], x¢(t) = x,(¢) as € —» 0*
uniformly on compact time intervals. Hoppensteadt (1966) generalized Tikhonov’s
result to infinite time intervals. We quote a result of Saberi-Khalil (1984) which is a
nonlocal version of Hoppensteat’s result. For the sake of clarity, we will closely
follow the notation of Saberi-Khalil (1984).

Assumption 6.1: There exists a Lyapunov function V : R® = R, such that
the following inequalities hold for all x € Q:
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L@ s-polx1? 6.3)
L%Jsmlxl 6.4)
B lx 12sv@x)<B; Ix 12 (6.5)

where B, B;, B, and P; are positive constants, and Q c R" is an open con-

nected set containing the origin.

Assumption 6.2: The following inequalities hold for all x € Q, y € £ and
ee [0,8]:

1faNEy) I <B 1y (6.6)

1ZaNEy) D <BsIx 1 +B6 1y 1 (6.7)

where B4, Bs and P are nonnegative constants, € is a positive constant, and

Z c R™ is an open connected set containing the origin.

Let P be the symmetric positive definite solution of the Lyapunov equation
PA +A’P =-I, and W(y) :==y’Py.Choose vy>0 and wy>0 such that

Lg :={x e R | V(x)Svo} c Q and (6.8)

Lg :={y e R | W(y)Swo} cZX (6.9)

and define the set L as

L :={(x y)eRuxRm | Y& L WO) } (6.10)

Vo Wo
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Theorem 6.1} [Saberi-Khalil (1984)]: Under Assumptions 6.1 and 6.2, there
exists: € >0 such that for all ee (0,e*) the equilibrium point
(x=0,y=0) of (6.1) is asymptotically stable with L inside the region of
attraction. Moreover for every initial condition (xg,y¢) € L, x () = x,(t) as
€ — 0" uniformly in ¢z on [0,e0).

In Theorem 6.1, the initial condition (xq,yqo) is bounded, uniformly in €,
ie, itis O(1). However, from (3.8)-(3.10), when the initial condition of the esti-

mation error e(0) is O (1).the initial conditions of some of the components of e

are in general O (—1-). The following example shows that in such cases Assump-

ek-1
tions 6.1 and 6.2 are not sufficient for the convergence of x () towards x;(t) as

€—-0.

Example 6.1: Consider the singularly-perturbed system

(6.11)

which is asymptotically stable for all € >0 and satisfies Assumptions 6.1 and 6.2
globally. The solution of (5.3) is

1 The statement of this theorem can be strengthened to X(f) — x,(¢) = O (€), using
results of Hoppensteadt (1966). However, the extension will take some space that might divert
attention from the main point of this thesis.
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r

1
e(1-€)

xe(®)=e"' + (e™f —e )

ye(t) = e—”e

L
e

while the solution of the slow subsystem x =-x,x(0)=1 is x,(r) =e™. It can
be easily seen that on any compact subset of (0, o), x.(t) —x,(¢) diverges as

N | A

Therefore, we need to develop a trajectory approximation result for system
(6.1), in the case when the initial condition of the fast variable, y, is O(eP).
From the previous example, it is clear that some additional conditions must be
imposed, if a trajectory approximation result is to hold in the case when y, is
o).

Assumption 6.3: The following inequalities hold for all x € Q, y € R™ and

ee [0,E]:
Lfe)l + VA NEy) ! s Ix 1 +Bg 6.12)
1gaN@Ey)l <Blx 1 +Bolyl +By (6.13)

where g, Bo, Bio and P,; are nonnegative constants and B, is a positive con-

stant.
Inequality (6.12) is a restrictive requirement, because the right-hand-side is
independent of y. This is a requirement that one would not expect to hold in a gen-

eral singularly perturbed system, but it holds in our application when the control is
bounded. Let
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Lp :={x el | Vx)sv, } (6.14)
Lg :={y eR* | Iyl < —YB- } (6.15)
€

where v, € (0,vg), Y€ (0,) and B e N are chosen arbitrarily.

Theorem 6.2: Under Assumptions 6.1-6.3, there exists £>0 such that for all
g€ (0,¢) the equilibrium point (x =0,y =0) of (6.1) is asymptotically
stable with Lp x Ly inside the region of attraction. Moreover for every initial
condition (xq,y¢) € Lg xLg, x¢(t) = x,(t) as € — O* uniformly in ¢ on

[0,00).

Proof of Theorem 6.2: Since A is a Hurwitz matrix, there exist positive con-

stants K and «; such that

leA® | <K e™ forall t € R,. (6.16)

Claim 1: For every m>0, there exist >0 such that for all € € (0,8) the ori-
gin of (6.1) is asymptotically stable with LpxLp inside the region of attraction.

Moreover,

2e 1
Iyg(t)l <N foralltzzl-ln[m-]

Proof of Claim 1: Given Mn>0, let
. 2 Wo Vi
§:=mm{n AminP) » T(l-_)} (6.17)
Vo

and
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S :={(x,y)e L | W@)=yPy SC} (6.18)

where P, v, wg, and L were introduced after Assumption 6.2, and v, € (0,v)

was introduced in (6.14). Then it is easy to see that

<
x,y)e S = lels\/B-z‘l and Iyl <nq (6.19)

Moreover, for all (x,y)e S and € € [0,F]

w =2)"P[%.‘>’ +§(x,N(€))’)]

s—-::—lyI2+2lPl Iy 1@s0x 1 +B 1y 1)

- 1/1‘1 2
-3 (P)+2B5lPl'q ﬂz+2[56IPIIn

=——S(T)+2ﬁs”’ I’q‘\’%+zbslf’ In? onH

where

H :={(x,y)e S | W(v)=§}

Therefore, W<0 on H for sufficiently small €. By Theorem 6.1, the set L is
an invariant set for sufficiently small € . Therefore, the set S is an invariant set
for sufficiently small €. Moreover, by Theorem 6.1, the origin of the closed-loop
system is asymptotically stable with S inside the region of attraction. To conclude
the proof of Claim 1, it suffices to show that
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ﬁ]) g ln [8—;;]) )] €S (620)

for sufficiently small €. The idea is to show that for all initial states in the set

[xe(%sl- In

LpxLg, yg(t) decays rapidly towards S, while during the same time x.(f) can
not grow out of S, due to inequality (6.12). To show this, we start by calculating a
worst-case bound on the growth of x.(t). By (6.1), (6.3), (6.4), (6.5) and (6.12),

we have

d — V _ 1 oV -
Eﬁ'zﬁ‘z‘fvax[f+f]

B1B, B1Bs
< E W+ Z\JS

Solving the above differential inequality for YV yields

on Lp xR™ 6.21)

W) < [wIV(O) +a ] e¥ -a (6.22)
where
_ BsVB2 b= Bify
By 2B,
which implies that
Ws[\jv_l+a]e"‘—a (6.23)

It can be easily seen that

W) < V0.5 ( Vo+Vy), forall tsy (6.24)
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where

a + v0.5(vg+v,)

a +v;

1

By (6.5) and (6.24), we conclude that

1 x.(t) Izs—l—(vo+v1) forall t <y

2B,

which by (6.13) implies

13 (xet) . N@® yet)) | <PBiolyct) 1 +PBy, forall t <y

where

12
B2 =By [v;;:l] +Bn

Now, the solution of (6.1) is given by

4 .
Yet) = ey  + ! eAC=e 3 ( x.(1), N(€)y (1) ) dt
Therefore, by (6.16), we obtain

Ly )1 <K lyyle ™

t

+ ‘[ K et [Bm Iy + 512] dt

for all ¢ e [0,y]. Multiply (6.30) by e®*/® and let

z(t) =™ 1y |

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)
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Then,

t

ek
2@0)SK lyol + —&B‘—z (e -1 )+£K5102(1?)d1 (6.32)
1

Application of the generalized Bellman-Gronwall inequality [Hahn (1967)] to (6.32)
and use of (6.31) imply that

Qa,
(KBro—-—)¢
lye)l <K lygle v

ay
KBi,e - e(KBIO" =

+ m (6.33)
for all ¢ e [0,y]. Let
o
2= 2KBro
Then
ly)1 < KyxbBe outi2e | % (6.34)

oy

for all e e (0,6;) and ¢ € [0,y]. Furthermore, since € In [—515-] — 0 as e—0,
€

there exists €3 € (0,e;) such that

2¢e 1 .
El— In [;'Ti-] Sy (6.35)
and
2B 14 2
12€ 2
6.36
Ky + & < [ () ] (6.36)

for all € € (0,e3). Therefore,
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1
2 (L 2K B1oe ¢ |2
Iye(m1 In [eb“] )l <Kye+ ” < [ @) ] (6.37)
for all € € (0,e3). By (6.24) and (6.35)
2¢ 1
V( « In [F] ) < 0.5(vg+vy) (6.38)

for all € € (0,e3). Finally, from (6.37) and (6.38), we can see that
2¢ 1 2¢ 1
m ] aedin 3]

for all € € (0,e3), which concludes the proof of Claim 1.

The first part of Theorem 6.2 clearly follows from Claim 1. To prove the uni-
form convergence result, let (g,) be a positive sequence such that €,—0 as

n—o. By Claim 1, there exists €0 such that for all € € (0,£), x.(r)—>0 as
t—eo, and -% [-vzo- + -:;V;] is negative definite along the trajectory uniformly in
€. Therefore, given E>0, there exists M € N and T>0 such that
Pxe (0)-x,(0) 1 <& (6.39)
forall t+2T and n 2 M. Next, we will show that x. (t) > 0 as n—eo uni-
formly on [0, T].
Claim 2:

4

1[ F(xe,(®), N(€a)ye,(®) ) dT = 0 as n—o, uniformly on [0,T].

Proof of Claim 2: Given E>0, by Claim 1, there exists N, € N such that for all
n2N,, the origin is asymptotically stable and
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Iy, $=°— foral :z?‘m[l] (6.40)

t Tn

It[f(xt_(t),N(e,,)ye'(t))dtl < ![B—, Ix | +138] dr

t
+1[ Bely. @ 1 dt

Vo T
STu [&V%"‘BS]""&%

where

2
T, = —" In |[—
(0] e’?"‘l

and we used (6.12) on [0, T,,] and (6.6) on [T,, t], to arrive at the above inequal-

ity.
There exists Ny € N such that

2¢, \/
= m[e,,;”] [57 EOHB'](% forall n2N,

Therefore,

t

lgf"(x‘_(t), N, )ye®)dtl <&

for all n2 max{Nl,Nz} and all ¢ € [0, T], which concludes the proof of Claim

2.
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By Claim 2 and continuous dependence of solutions of differential equations [Hahn
(1967)] we can show that

x¢ (t) = x,(¢) uniformly on [0,T]

This fact together with (6.39) show that x.(r) = x,(r) as € — 0* uniformly in
t on [0, ). 0

6.3 Stability Result

In this section we apply Theorem 6.2 to prove that global boundedness of the state
feedback component of the observer-based control prevents the destabilizing effect
of the peaking phenomenon.

Theorem 6.3: Suppose that Assumptions 2.G1, 3.G2, and 4.G3 are satisfied,
and that T(.), P(), and ¢(.) are globally bounded. Then there exist positive con-
stants d,, d,, and & such that for all €€ (0, %) the origin of the closed-loop
system (3.3) and (4.1), with L(.) given by (4.6), is asymptotically stable with the

set
R :={(z,e)e R”? | we)<d, lel saz} (6.41)

inside the region of attraction.
Proof of Theorem 6.3: The proof follows as a corollary of Theorem 6.2. Since
W(z) is a quadratic Lyapunov function,

mlzl12<swe)sn,1z12

oW
'E’I Sn3I2|
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for some positive constants 7;, TM,, and 73. The set S of Assumptions 3.G2, and

4.G3 is an open set containing the origin. Therefore, there exist r>0 such that

{zeRr'l lz 1 Sr}cs (6.42)
Let
r2
L ={zeR | w@)sn 5 (6.43)
— 1 | ’ r?
I,={e €R e;'Pye; S Apin(Ps) QTllz (6.44)
V(z, &) =W(z)+d e,P,e, d>0 (6.45)

There exist vo>0 and d>0 such that forall d 2d

Q :={(z,e,) e RPH | V(z,e) Svo}czlerz (6.46)

The derivative of V along the trajectory of the slow subsystem (4.18) is

% = %—‘:' [Az +B(z) + BF\(z) [A"‘*AM(’)]

+Bp(2) [F(z—r,e,)-p(z)]] -dle 12 (647
By (3.9), Assumption 4.G3, and (6.46)
%S—yzlz 124mgkg 1B L IT, 1 Mz 10 De, |

-dle 1?2 onQ

Qo d
S—le Iz—ile,lz

for sufficiently large d. Therefore, for sufficiently large d
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av % d 212
dts mm{z,z}l[es]l on Q (6.48)

which is inequality (6.3) of Assumption 6.1. It can be easily seen that inequalities
(6.4) and (6.5) of Assumption 6.1 are also satisfied. To prove that Assumption 6.2 is
also satisfied, let

z 2={ef € R”-l l ef'Pfef < (!)o} (6.49)
AminlPy) —
@0 = fmns) I, 12

The sets Z,, I, and Z; are chosen such that for all (z, e,, ) € ZpExZ,, 2

satisfies the bound:

121 |z-—I“1e,—l"2N(s)ef|
Stz + 101 el + I, 0 Ne |
r.r. . r_
< 3 + 3 + 3 =r
where we have assumed that €<1, so that I N(e) | <1. Then, by Assumption
4.G3, (6.46), and (6.49)
| B1z) (I, +4,) [F(z ~Tye, ~TN (€)e))
-F(z-I'le_,)] | Sk6 iBl ler(B)ef |

which implies inequality (6.6) of Assumption 6.2. To prove inequality (6.7), note

that g of (6.1) is given by

£((z.e,), N()e; ) = B; [D,e, +D,N(©)e; + TFAR 5) ] (6.50)
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By Assumptions 3.G2 and 4.G3, (6.46), and (6.49)
| A(z,2) I < (k1+k3+k2k5) 1z1

+ (kstkg) 1 Ty, + ToN (©)e; | (6.51)

for all (z,e,) e Q and e € Z. This, together with (6.50), proves inequality
(6.7). Therefore, Assumptions (6.1) and (6.2) are satisfied. It remains to show that
Assumption 6.3 is also satisfied for system (5.1), under the assumption of global
boundedness of @(.), B(.), and ¢(.). To show that Assumption 6.3 is satisfied, note
that by Assumptions 2.G1 and G3

1 Az + Bo(z) + Bd(z, ¢(z), 1) +

BB(z) U, +A,) [F(z—I‘le,) —F(z)] I <B, 1 [: ] |
and by boundedness of F(.)
1 B 1(z) U, +4;) [F(z—l‘le,-l‘zN(e)ef) - F(z-l"le,)] I <Bs

for all (z,e,) e Q, and e, € R*”, for some positive constants B; and Pg,
which implies inequality (6.12). Inequality (6.13) follows similarly from Assumption
3.G2, (6.50), (4.3), and boundedness of F(.) and ¢(.). Therefore, all the conditions
of Theorem 6.2 are satisfied. Choose v; € (0, vp), >0, and B=K-1, where K is
the integer introduced along with transformation (4.4) (K can be viewed as the
relative degree of system (2.2)). Then, by Theorem (6.2), there exists €0 such that
for all € € (0, %) the origin is an asymptotically stable equilibrium point with the

set
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z
LpxLg={|le,| € R | V(z,¢e) <V, e | <1

ek-1
ér
inside the region of attraction. By (4.7), (4.9)-(4.11), and (6.45), it can be easily seen
that there exist d,>0, d,>0 such that

R CERX[:B

which completes the proof. O

Example 5.1 (Continued): Let us apply the following globally bounded control
to the pendulum example of Chapter 5,

r

2 o 2
x1=xz+‘e‘()’ -%)

1
'e—z'(y—-fl)

| u == 20sar (2,42, , { =001

ﬁf2=u+

Figure 6.1 shows results of the simulations with €=0.01, and all the initial condi-
tions the same as that of Figure 5.2. Note that although the peaking is present in the
estimation error (Figure 6.1c), there is no peaking in input u or the states of the

plant.

Example 5.2 (Continued): Now let us apply a globally bounded control to
Example 5.2 of Chapter 5. We use a saturation nonlinearity to bound % and v.

The observer-based control in this case is
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5 2
11=f2+;()’ -£)

f2=v+-el—2-.(y -%x1)

u =sat°[—3£§ ]+v

A

(6.52)

v =satg[ 22, - 2, ]

Figure 6.2 and 6.3 shows the results of simulation for the closed-loop system with

6=0.1 , €=0.001, ©=1.0, and the same initial conditions as in Figure 5.5. The
closed-loop system is stabilized in this case, due to the fact that the saturation non-
linearity acts as a buffer protecting the plant from the impulsive-like behavior of the
observer. Figure 6.2 shows the behavior of the closed-loop system within the boun-
dary layer.
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(b)
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Figure 6.1- Example 5.1 with bounded control
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7 Future Work

There are a number of performance and robustness issues that could be the subject

of future work on this problem. We briefly go over them.

Robustness to Unmatched Uncertainties

Our output feedback control scheme is robust with respect to parametric uncertain-
tics that satisfy the matching condition. An important robustness issue is assessing
the performance of the closed-loop system, in the presence of other kinds of model-
ing uncertainties, such as unmatched parametric uncertainties, and unmodeled high-
frequency dynamics. Since the closed-loop stability results of this work were proved
using Lyapunov theory, it is clear that unmatched uncertainties and unmodeled
high-frequency dynamics would not destroy closed-loop stability as long as they are
sufficiently small. Therefore the purpose of such a performance assessment should

be to find quantitative bounds on how small such uncertainties should be.

Semiglobality
The notion of semiglobality was first introduced in Sussmann-Kokotovic (1989) in

connection with stabilization of nonlinear systems via state feedback control. In the

86



87

work of Sussmann-Kokotovic (1989), the definition of semiglobality is motivated by
the fact that the conditions that are needed for global stabilization are usually very
stringent. On the other hand, when a nonlinear system is locally stabilized, the
designer in general has no control on the region of attraction of the system. The
notion of semiglobality is a compromise between these two extremes: Given an arbi-
trary bounded set B in the state space, under what conditions is it possible to find
a controller that renders the origin of the closed-loop system asymptotically stable,

with the set B inside the region of attraction?

In the case of our problem, the question of semiglobality can be raised in the
following context: If Assumptions 2.G1, 3.G2, and 4.G3 are globally satisfied, then
Theorem 4.2 ensures global asymptotic stability of the origin. However, It is very
restrictive to assume that functions F(.) and ¢(.) are globally Lipschitzian. On the
other hand, by assuming that Assumption 4.G3 is only satisfied on a compact set
around the origin (which boils down to assuming sufficient smoothness of F(.) and

¢(.) ), Theorem 4.3 gives an estimate of the region of atﬁacﬁon which shrinks as
€ tends to zero, due to the peaking phenomenon. In Theorem 6.3, we isolated the
peaking form the plant, and hence, were able to obtain a region of attraction which
was O(1) large. Now, suppose that we have a static state feedback control that
renders the origin of the closed-loop system globally asymptotically stable. Given
any bounded set B — R%, is it possible to find an observer-based control that
renders the origin of the closed-loop system asymptotically stable, with B inside
the region of attraction? We believe that the singular perturbation result of section
6.2 can give conditions under which semiglobality can be obtained, at least in the

case when there is no zero dynamics.
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Input/output Linearizable Systems

Most of the ideas of this work can be generalized to the class of input-output linear-
izable systems. At the moment, the main obstacle to such results seems to be the

lack of appropriate normal forms for input-output linearizable systems.



APPENDICES



Appendix A

Proof of Propesition 3.1

Given €, without loss of generality, assume that
NE(QO) c Qr

Claim : There exists 6>0 such that Qg5 © N(Qg).

Proof of Claim: Suppose not. Then there exists €>0 such that for all n € N,

there exist z, € €5,,, such that

2, éN(Qg) > d(z,,.0)2¢ , for all n (A.1)

Moreover z, € Qg 11n € Q541- Qg1 is compact 2  there exists a subse-

quence of (z,), say (z,,), such that z, — z, for some z.
Now since z, € Qg,1/p — g it follows that o<W(z,,)So+% . Hence
W(z)= limW(z,)=0 & d(z£,)=0.

k—3o0
But by (A.1) esklim d(z,,25) = d(z,825) = 0; contradiction.

—)so

By Assumption 2
w S lz 12491z 1 +y:=g(2)
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Considering g(z) as a quadratic termin |z I, it is easy to see that
N 1
2
g(2)<0if Dz 1>y 7_12+£
2 |4 M

> g(z)<0forallz e {z lW(z)>o}=Q§ (A2)

Let E := Qc - Q(H»S
If E=D, then z(t) € Q4,5 for all 21, since Q4,5 is an invariant set of the tra-

jectory.
So suppose E#D. Let F :={g(z) lz e E-} Since £ cQf, sup F <0.

Claim : sup F <0.

Proof of Claim: Suppose not. Then sup F=0. E is compact and g(.)) is continu-
ous = F is compact & Oe F & there exists z € E c QS such that

g(z)=0 which contradicts (A.2).

So W <-a for some 0>0. Let T +t( be the first time the trajectory enters Q. 5.
Then

o+d T+,

{dws-j adt :TSS:?::E
to .

Moreover since £2,,5 is an invariant set of the trajectory

z(t) € Qg5 € Ne(Qg) © Ny(Qg)  forall 12T+t O



Appendix B

More on Special Coordinate Basis of Section 4.2

In this appendix, we give a simple explanation of how to arrive at (4.5) for a special
class of systems. Suppose that the transfer function matrix P(s) :=C (s/-A y1B
is square, invertible, minimum-phase, and has a left diagonal interactor
D(s) := diag (s, ..., s™), ie.,

lim,_,.D(s)P(s)=L B.1)
where «;’s are nonnegative integers and L is nonsingular. Write P7I(s) as
P l(s)=Q(s) +R(s), where Q(s) isa polynomial matrix and R(s) is a strictly
proper transfer function matrix. P(s) can be written as

P=Q7' (I +RQ)?!

which implies that P(s) can be represented by the negative feedback connection of
Q7 l(s) and R(s) with Q7!(s) in the feedforward path and R(s) in the feed-
back path.

By (B.1), lim,_,. Q(s)D7!(s)=L"1. Hence, Q(s) is column-reduced, o;’s
are the column degrees of Q(s) and Q(s) can be written in the following form
Q(s)=L7D(s) + Qi K (s)
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where
K (s) = Block Diag [ (1,s,...,s%7Y]

Therefore, a controllable-form realization of Q~!(s) can be obtained by the
coprime fraction method [Chen (1984)], in the following form

{i, = (Awp — B, LOy )x; + B, Lu
y =CooXxs

where

0 Iq,
A, = Block Diag [ 0 0 ]
B, :=Block Diag [ (0,...,0,1)]
C., =Block Diag [ (1,0,...,0)]

Let (C,, A;, B; ) be a minimal realization of R(s) (Since P(s) is minimum-
phase, A, is Hurwitz). Then P(s) has the following realization,

X, = Axg + By
xf = (Aw - BwLQk)xf + B,_.oLu - BwLC,x_,

y = Ccoxf
Now it is easy to see that if the components of x, are interchanged such that

integrator chains of the same length appear in the same block, this realization takes
the form of (4.5), as a special case where X, does not exist and Mf =0. O
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