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ABSTRACT

GRAPH EMBEDDING AND DATA
COMMUNICATION IN A LARGE FAMILY OF
NETWORK TOPOLOGIES

By

Jenshiuh Liu

In a parallel computer or a distributed system the interconnection pattern (net-
work topology, interconnection topology) of the communicating modules is one of the
key factors that determine the efficiency, reliability, and applicability of the system.
Mc;st previous results in the network design area are about a single kind of inter-
connection topology; relatively few have considered fault-tolerance. Here we present
new results about graph embedding and data communication for a large family of
network topologies, which consists of the generalized Fibonacci cube [63, 80] and the
Incomplete Hypercube [68]. This family includes the hypercube as a special case.
However, unlike the hypercube, both the generalized Fibonacci cube and the Incom-
plete Hypercube are irregular graphs in general. The Incomplete Hypercube offers
unrestrictive network size; however, it suffers from a low degree of fault-tolerance
under certain situations. On the other hand, the generalized Fibonacci cube offers

structural recurrences and also provides a guaranteed degree of fault tolerance. This



family of network topologies has two major areas of application: (1) Fault Tolerance -
each member network serves as an alternative structure for reconfiguring a hypercube
in the presence of faults, and (2) Incremental Expansion - allowing a system to add
nodes in small increments, which is an important advantage for systems that evolve
with time.

To investigate their applications in parallel or distributed systems, we present a
collection of provably efficient graph embedding and data communication algorithms
for this large family of network topologies. The study of graph embedding is to de-
termine whether these networks can flexibly simulate other common networks. The
results can be applied to the emulation of a given network on a family of networks;
analysis of these results offers insights about the structural relationships between dif-
ferent networks. On the other hand, the study of common communication primitives
provides efficient tools for developing application algorithms for this family of net-
works; it also offers insights about the relations between forms (structural properties)
and functions (algorithms). Specifically, we demonstrate how to embed linear array,
ring, mesh, and hypercube on the generalized Fibonacci cube; we also show how
to embed linear array and ring on the Incomplete Hypercube. In addition, efficient
algorithms for single node broadcasting/accumulation, single node scatter/gather,
and multinode broadcasting/accumulation are presented for both the generalized Fi-
bonacci cube and the Incomplete Hypercube. All of these algorithms are carefully

analyzed under both the all- and one-port models.
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CHAPTER 1

INTRODUCTION

High performance computers have become indispensable for many application areas
such as engineering design, system modeling and simulation, medical and basic science
research [4] [13] [27] [30] [35] [49] [65] [74] [104] [114]) . Two fundamental approaches
have been employed to improve the speed of computers. The first approach is to
increase the speed of the circuitry used in building the computers. The second ap-
proach, which is commonly called parallel processing, is to use multiple processors in
executing multiple operations concurrently. The speed of light imposes a fundamental
limit on the first approach, whereas the number of processors is virtually unlimited.
Hence parallel processing appears to be the more promising approach.

There are two basic models for studying the parallel computers. In the Parallel
Random Access Machine (PRAM) model [45] (also referred to as the Shared-Memory
model), multiple processors can randomly read or write any locations of a shared
memory, and processors communicate by writing/reading through the shared mem-
ory. On the other hand, in the Distributed-Memory (DM) model, a memory module
is associated with each processor, and two processors communicate by explicitly send-
ing/receiving messages. With the current technology, it is sometimes criticized that
the PRAM model is unrealistic because for a large system the cost of the intercon-

nection network will become prohibitively high [2]. Therefore, the DM model is much



more suitable for a large-scale parallel system. Since a DM model based on the com-
plete graph may not be cost-effective, networks with relatively sparse interconnections
are often used for the DM systems. There are many types of networks, and each one
offers different performance. Therefore, it is important to investigate the relations
between the structural characteristics and the performance under common functional

criteria.

1.1 Network Topology

Graphs are often used to model the network topology (i.e., the pattern of the intercon-
nections) of the DM parallel/distributed systems, where a node represents a processor
and an edge (link) between two nodes denotes the communication link between the
corresponding processors. The following criteria are commonly applied to evaluate

network topologies for the DM multiprocessor systems.

1. Degree. The degree of a graph is the maximum number of edges incident on
a node. A network of a large degree usually implies more alternative paths
between a pair of nodes and hence a larger bandwidth. However, a large degree

may also result in a higher hardware cost or difficulty in implementation.

2. Diameter. The distance between a pair of nodes is the smallest number of
edges that have to be traversed in order to reach one node from the other. The
diameter of a graph G is the maximum distance between any pair of nodes
in G. The diameter is often a lower bound on the time required to perform
certain calculations on a network. This is because one processor ¢ may need the
information residing on another processor j, which has to be transferred from
J to t. Therefore, the distance between two nodes determines a lower bound of

the communication time. In general, a small diameter is desirable.



3. Bisection width. The bisection width of a graph G with N nodes is the
minimum number of edges that have to be removed in order to dissect G into
two subgraphs with [N/2] and |N/2] nodes respectively. The bisection width
is often a critical factor in determining the speed with which a network can
perform computations that involve a major exchange of information between
two parts of the network. For example, to sort a list of data in a network into
certain order, the data items residing in one part of the network may need to
be swapped with those residing in the other part. Clearly, under this situation,
this operation has to be achieved through the set of links connecting the two
halves. Therefore, the bisection width of the network determines a lower bound

on the time required for sorting on this network.

4. Expansibility. The expansibility of a network measures the ease to add or
delete nodes to/from the network. This consideration is important especially
when the network is still evolving or when it is necessary to construct the system

incrementally.

5. Fault-tolerance. With a large number of processors/links in systems, the
probability of having a processor or link failure increases significantly. It is
desirable to have a network that provides independent paths between all pairs

of nodes and hence a higher degree of fault-tolerance.

Notice that some of the criteria mentioned above are actually related or even
in conflict, hence they cannot be improved without compromising the others. For
example, a low degree usually translates into a large diameter, low bisection width,
fewer alternative paths and hence low fault-tolerance. The designer, therefore, will
have to balance between the cost constraints and the performance requirements of

the network.



1.2 Motivation

A graph is regular if each node has the same degree [108]. Most network topologies for
the DM model are based on regular graphs [2] [46] [75] [97]. Very limited knowledge
has been accumulated for irregular network topologies for lack of appropriates tools.
The driving force behind this work is to further our knowledge on network topologies
that display less regularity. Also, instead of proposing a set of unrelated networks,
we aim to provide a family of networks, where the interconnection patterns and the
performance features can be characterized by a set of parameters.

The family of network topologies studied here consists of the generalized Fibonacct
cube [63, 80] and the Incomplete Hypercube [68]. Both the Generalized Fibonacci
Cube (GFC) and the Incomplete Hypercube (IHC) are irregular topologies in general.
However, both of them contain the hypercube (HC) as a subset; moreover, each
member of this family (i.e., a generalized Fibonacci cube or an Incomplete Hypercube)
is a subgraph of a hypercube. Figure 1.1 shows the constitution of this family (see
Chapter 2 for details). The generalized Fibonacci cube stems from the Fibonacci cube
(FC) proposed by Hsu [61, 62], which is also a subset of the generalized Fibonacci

cube. In this thesis, we will study efficient graph embedding and data communication

(re D

Figure 1.1. The composition of the family of network topologies.



for the members of this family.

1.2.1 Hypercube

Numerous network topologies have been proposed and studied. Among them, the
trees, meshes, meshes of trees, and the hypercube have drawn the most attentions (see,
for example, (2] [46] [75] [97]). Many useful computations, such as matrix operations
[2] [75] [97] and image processing [32] [33] [91], can be naturally mapped into trees,
meshes, and meshes of trees. However, trees, meshes, and meshes of trees suffer
from a low bisection width or a large diameter, which prevents the development of
logarithmic-time parallel algorithms for fundamental applications such as sorting.

The hypercube (or Boolean cube, binary n-cube, n-cube) of dimension n (denoted
by B,) consists of 2" nodes and n2"~! edges. The nodes are labeled from 0 to 2" — 1
and each node has an n-bit binary code (called address) such that two nodes are
connected if and only if the binary codes of their labels differ in exactly one bit. Re-
cently, the hypercube has become a popular network topology for parallel processing
[55] [103] [106], because it has many appealing properties such a.s the logarithmic
diameter and node degree, high bisection width, and ease to embed other common
structures [19] [20] [39] [44] [60] [75] [101] [112] [113]. Intel’s iPSC, NCUBE, Ametek
14 and FPS-T series are a few examples of commercially available parallel computers
based on the hypercube topology. Many applications have been successfully devel-
oped for the hypercube, e.g., image processing [31] [98] [99], matrix algebra [18] [36]
[47), Particle-in-Cell (PIC) [86], and others [46].

Although the hypercube is a powerful and popular topology for parallel computa-
tion, different variations have been proposed to improve certain characteristics, such
as the diameter and node degreé, of the hypercube. The approaches can bé generally
divided into the following three categories: (1) twisted hypercube [42] [56], (2) en-

hanced hypercube [40] [41] [111], and (3) bounded-degree hypercube-derivatives e.g.,



butterfly, cube-connected cycles (CCC) [96], and shuffle-ezchange [105]. These
networks provide either smaller diameter, or shorter average internode distance, or
low node degree. However, their permissible sizes are generally restricted to powers
of two. As such, they have lower expansibility than the networks which we are about

to study.

1.2.2 Incomplete Hypercube and Generalized Fibonacci

Cube

The Incomplete Hypercube proposed by Katseff [68] improves the expansibility of the
hypercube. The Incomplete Hypercube with N nodes (denoted by Iy), where N
may be any positive integer, is constructed in the same way as the hypercube. In
other words, nodes are labeled from 0 to N — 1, and two nodes are connected by
an edge if and only if their binary representations differ in exactly one bit. It can
be shown that Iy is a subgraph of B, where n = [log N].* Algorithms for routing
and single node broadcasting have been devised by Katseff [68]; Tzeng [109] has also
analyzed some structural properties, such as diameter, internode distance and traffic
density, of the Incomplete Hypercube, which are shown to be comparable with that
of the hypercube. Furthermore, Tzeng et al. [110] have shown that binary trees and
two-dimensional (2D) meshes can be embedded in the Incomplete Hypercube. These
existing results suggest that the Incomplete Hypercube is a useful network topology.
However, the Incomplete Hypercube suffers from two shortcomings. One is low degree
of fault tolerance under certain situations. For example, a node may have a degree
of one when an Incomplete Hypercube contains exactly 2" + 1 nodes. The other
shortcoming is the lack of recurrence in its structure, which makes the designing of

certain application algorithms in the Incomplete Hypercube much more difficult.

*In this thesis, all logs are to the base 2.



Hsu [61, 62] has proposed the Fibonacci cube based on the Fibonacci numbers
[53, 71). Recently, he also presented the generalized Fibonacci cube [63] based on
the generalized Fibonacci numbers (see, e.g., [72]). The generalized Fibonacci cube
can be defined by two integral parameters n and k where n > k > 2. The kt*
order Fibonacci number is defined by FI¥ = F,[ﬂl + F,[,k_], +--- F,[.k_]k for n > k, and
Fg‘] = Fllkl == F,E’i], =0, F [’i]‘ = 1. Informally, the k** order Fibonacci cube of
dimension n (denoted by I'* ) consists of FI* nodes; the nodes are numbered from 0
to FI¥ —1 and each node has a unique address, called generalized Fibonacci code, such
that two nodes are connected by an edge if and only if their generalized Fibonacci

codes differ in exactly one bit. The generalized Fibonacci cube bears two important

features: (1) I'* can be decomposed into k subcubes: T*_, , T*_, ... T*_, which are of
sizes F,[,k_ll, F,[,k_lz ceey F,[ﬂ,,, respectively, and (2) Every node has a logarithmic number

of degree (as a function of the total number of nodes). Therefore, the generalized
Fibonacci cube offers structural recurrences and an improved fault tolerance over the

Incomplete Hypercube.

1.2.3 Graph Embedding and Data Communication

When using DM parallel computer systems, we often partition an application into
many tasks and map (assign) the tasks to the processors. The interaction among tasks
located on different processors are achieved through sending and receiving messages.
This inter-processor communication is usually modeled by a graph which will be
referred to as the guest graph. On the other hand, the graph that represents the
network topology of a given parallel system will be referred to as the host graph.
Let G = (Vg, Eg) denote a guest graph and H = (Vy, Ey) a host graph, where V
and Vj denote the node sets of the guest and host graphs respectively, and Eg and Ey
edge sets. The embedding of G in H is a function f that maps each node in G into a

node in H. Dilation and ezpansion are two common metrics used in evaluating graph



embeddings: the dilation of the embedding is maz(dis(f(i), f()), Y(i,5) € Eg), and
the expansion of the embedding is %’,g-}, where |Vg| denotes the cardinality of the set
Va, |V | the cardinality of Vy, and dis(i, ) the distance between two nodes ¢ and j.

A parallel computer should allow the users to write programs based on the algo-
" rithmic structures (guest graphs) rather than the underlying structure of the system
(host graph). Each application usually dictates a certain guest graph when it is
mapped into a parallel computer system. Our study of graph embedding can provide
useful tools for emul#ting various guest graphs on a given host graph. Furthermore,
the study of graph embedding will provide insight about the relations among different
network topologies.

Advances in the VLSI technology have enabled us to construct parallel computer
systems consisting of hundreds or thousands processors. This trend has contributed
to an ever finer granularity in parallelism. Consequently, the computation per com-
munication is becoming smaller and smaller. With the current technology, it is easier
to build a high speed processor than to construct a high bandwidth interconnection
network. Therefore, efficient data communications are critical for high performance
parallel computers. In this thesis, we will demonstrate the effectiveness of the family
of network topologies by designing tools for graph embedding and data communica-

tion in it.

1.3 Overview

‘We now give a brief overview of this thesis.

In Chapter 2, we review the Incomplete Hypercube and some of its properties.
Then we formally define the generalized Fibonacci cube, characterize its recurrence
relation, and study some of its basic properties such as the number of edges and node

degrees.



In Chapter 3, we present some graph embeddings in the generalized Fibonacci
cube. The Hamiltonian problem is to determine whether a graph contains a spanning
(Hamiltonian) path or cycle. In [52], it is considered as one of the fundamental
problems in graph theory. The linear array and ring are two common structures
which have many applications in parallel processing [2] [10] [75] [97]. We will show
that T'* contains a Hamiltonian path, which implies the embedding of linear array.
Then, by decomposing the generalized Fibonacci cube into subcubes and properly
rearranging the Hamiltonian paths in the subcubes, we prove that each member of
the generalized Fibonacci cube contains a Hamiltonian cycle if and only if it has
an even number of nodes; on the other hand, for members which do not contain a
Hamiltonian cycle, the longest cycles contain all but one node. This result implies
that a ring of size FI*l can be embedded in T'* with a dilation no more than two. The
mesh structure is commonly used in many applications [2] [10] [75] [97]. Therefore,
we will also present the 2D and 3D mesh embeddings. In addition, we show that
the hypercube can be embedded in a generalized Fibonacci cube, even though each
generalized Fibonacci cube is a subgraph of a hypercube.

In Chapter 4, we study the data communication in the generalized Fibonacci cube,
where we devise and analyze efficient algorithms for the following data communication
primitives:

1. Routing: a node sends a message to another node,

2. Single node broadcasting (accumulation): a node sends a message to all the

other nodes (receives messages from all the other nodes),

3. Single node scatter (gather): a node sends different messages to all the other

nodes (receives one message from all the other nodes), and

4. Multinode broadcasting (accumulation): every node sends a message to all the

other nodes (receives a message from all the other nodes).
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These primitives are studied because broadcasting is used in many algebraic compu-
tations, see, for example [18] [48] [66]; accumulation can be applied to, for instance,
processor synchronization [94]; scatter and gather are commonly used in, for exam-
ple, prefix computation and tree contraction [1] [12] [14] [64] [73] [88] [89] [90]. As in
[9, 67], we will analyze all of our data communication algorithms under two different
models. In the one-port model, one assumes that only one port on every node can be
used for sending and receiving data (one-port model) at any moment. On the other
hand, in the all-port model, one assumes that all the communication ports on every
node can be used for sending and receiving data at any time.

In Chapter 5, we consider the Hamiltonian problem and data communication in
the Incomplete Hypercube. By employing the Binary Reflected Gray code (see, e.g.,
(25, 101]), we show that, for N > 4, In contains a Hamiltonian cycle if and only if
N is even, whereas the longest cycle contains all but one node if and only if N is
odd. Consequently, In contains a Hamiltonian path if N is even. On the other hand,
when N is odd, we are still able to construct a Hamiltonian path by substituting one
edge in the longest cycle with another one. Therefore, we have optimal embeddings
of linear array and ring in the Incomplete Hypercube. For data communication,
we demonstrate that all of the communication primitives mentioned earlier (single
node broadcasting and accumulation, single node scatter and gather, and multinode
broadcasting and accumulation) can be also efficiently implemented in the Incomplete
Hypercube under both the one- and all-port models.

In Chapter 6, we summarize our main results, highlight contributions, and discuss

some directions for future work.



CHAPTER 2

PRELIMINARIES

In this chapter, we present the basic properties of the family of network topologies.
As mentioned earlier, the family of network topologies of our interest consists of both
the Incomplete Hypercube [68] and the generalized Fibonacci cube [63, 80]. A graph
G is represented by (V, E), where V denotes the set of nodes and E the set of edges.
The Hamming distance between two binary strings is the number of bits where these

two strings differ.

2.1 Incomplete Hypercube

The Incomplete Hypercube was first proposed by Katseff [68]. An Incomplete Hyper-
cube with N nodes (where N may be any positive integer) is constructed in the same
way as the hypercube, i.e., two nodes are linked if and only if the Hamming distance
between their addresses (i.e., binary codes) is exactly one. Formally, let H(z, ;) de-
note the Hamming distance between the binary representations of two integers ¢ and

J- The Incomplete Hypercube can be defined as follows.

Drefinition 2.1 [68] Let N > 1 denote an integer. The Incomplete Hypercube with
N nodes, denoted by Iy, is a graph (V,E), where V = {0,1,---,N —1} and E =
{(5,4)| H(i,j)=1,for0<i,j <N -1}

11
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Figure 2.1 shows the structure of Ig, where nodes are labeled by their addresses. The

001 011
000
010
101

100

Figure 2.1. Structure of Ig.

following two lemmas are important in order to see the applications of the Incomplete

Hypercube.
Lemma 2.1 Iy is a subgraph of In4y for any N > 1.
Lemma 2.2 [68] Iy is a subgraph of B, where n = [logN].

With Lemma 2.1, we can build the Incomplete Hypercube incrementally. In other
words, for example, to have an I, we may construct I, first, then add one node
and one edge to form I3, and finally add one more node and edge. On the other
hand, Lemma 2.2 suggests that the Incomplete Hypercube may have fault-tolerant
applications in the hypercube. For example, when any single node fails in Bj, the

remaining network can still be used as an I7.

2.2 Generalized Fibonacci Cube

In this section, we will define the generalized Fibonacci cubes. For this purpose,
we first examine the generalized Fibonacci numbers (see e.g., [72]). The k** order
Fibonacci numbers, denoted by FI¥, are defined by the following equation

FH = F'[;’i]l +F,[.’i]2 t--- +F[Iﬂk’ for n 2>k

n



where

FM=0 for 0<i<k-2, and F,=1.

In other words, each number in the sequence is the sum of the preceding k numbers.
Table 2.1 lists the first 10 non-zero generalized Fibonacci numbers of orders 2 to 10.

Notice that we have F, ,E'ill =F, ,y‘] for k > 2; the usual Fibonacci numbers are obtained

Table 2.1. Example of generalized Fibonacci numbers.

21 44 56 61 63 64 64 64
34 81| 108 | 120 | 125 | 127 | 128 | 128
55 | 149 | 208 | 236 | 248 ‘ 253 | 255 | 256

i R | R | P | P | P [ P | P [ FS
-1 1 1 it 1 1 1 1 1
0 1 1 1 1 1 1 1} 1
1 2 2 2 2 2 2 2 2
2 3 4 4 4 4 4 4 4
3 5 7 8 8 8 8 8 8
4 8 13 15 16 16 16 16 16
5 13 24 29 31 32 32 32 32
6

i

8

when k = 2. Furthermore, it is not difficult to see that F‘[kl =ik (aes F,Ik] is a
power of 2) for 2 < k < i < 2k — 1. We next introduce the Fibonacci codes which

enable us to define the generalized Fibonacci cubes.

Definition 2.2 Assume that n > k > 2. Let i be an integer where 0 < i < FI. The
k** order Fibonacci code (k-FC) of i, denoted by FCH¥\(i), is a sequence of n — k

binary numbers (bn—k-1, ..., b1, bo) where
1i=x02k b F¥,, and

2. b b1 bjgk-1 =0, for 0<j < (n—2k).
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In the following, we write FC(i) for FCI¥(i) if k and n can be explicitly deduced
from context. We adopt the following convention to number a binary string. The
rightmost (least-significant) bit of a binary string is referred to as bit 0 and the second
to the rightmost as bit 1, and so on. The following two observations are immediate

from the preceding definition:
1. bit j in the k** order Fibonacci code (k-FC) carries the weight of F}i],,, and
2. No k or more consecutive 1’s appear in k-FCs.

These properties distinguish the Fibonacci codes from the (base-2) binary codes. In
the generalized Fibonacci number system [17, 72], every nonnegative integer has a
unique representation as a sum of distinct k" order Fibonacci numbers (F,m, for
i > k) such that no k consecutive Fibonacci numbers are used. The k-FC of an
integer I can be obtained by the following greedy approach: find the greatest Fj[k]
that is less than or equal to I, assign 1 to bit j — k, then proceed recursively on
I- Fj[k]; finally, all unassigned bits are set to 0’s. Table 2.2 lists 2-FCs and 3-FCs for

all integers from 0 up to 12.

Table 2.2. Examples of 2-FCs and 3-FCs.

FCPIG) [ FCPIG) | i | FCP() | FOPIG)
00000 | 0000 || 7| 01010 | 1000
00001 | 0001 || 8| 10000 | 1001
00010 | 0010 | 9| 10001 1010
00100 | 0011 | 10 | 10010 1011
00101 | 0100 [[11| 10100 | 1100
01000 | 0101 [ 12| 10101 1101
01001 | 0110

O U W N = O,
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The definition of the generalized Fibonacci cubes is based on the Fibonacci codes

and the Hamming distance.

Definition 2.3 The k** order Fibonacci cube of dimension n, denoted by % (where
n > k> 2), is a graph (V*, E¥), where V¥ = {0,1,..,F¥ — 1} and E¥ = {(3,7) |
H(FCW(3), FC™(5)) = 1,0 < 1,5 < FM}. Define T* = (¢,¢) for0 <i < k—2, and
I, = ({0}, 9).

Recall that F, = FM for k > 2. Definition 2.3 implies that both T'%_, and
T'¥ represent the same graph and they contain exactly one node. Figure 2.2 shows
the structure of the second-order Fibonacci cubes (or Fibonacci cubes as in [61, 62])
of dimensions 2 to 6, where nodes are labeled by 2-FCs. It can be seen that I'?
can be partitioned into two subcubes: one subgraph (induced by the black nodes
in Figure 2.2) is isomorphic to I'2_; and the other (induced by the white nodes)
is isomorphic to I'?_,. Figure 2.3 shows some of the third-order Fibonacci cubes.
Similarly, I'® can be partitioned into three subcubes: the first one (the black nodes
in Figure 2.3) is isomorphic to I'3_,, the second (grey nodes) to I'3_, and the third
(white nodes) to I'3_,. The following observation is important: I'* is a subgraph of
B,_x for n > k. In the following section, we will prove this observation and other

properties of the generalized Fibonacci cubes.

2.3 A Characterization of Generalized Fibonacci

Cube

It is clear that the definition of the generalized Fibonacci cubes is analogous to that of
the Boolean cubes. In this section, we study some basic properties of the generalized
Fibonacci cubes and their relations with the Boolean cubes. It is necessary to examine

the properties of k-FCs at this point. For convenience, we view each k-FC as a string.



101

S L =

r3 M s 101

r:
0000 oo10 1000 1010
ooo1 11 1001 1011
0100 o110
1100
o101 1101
3
r’

Figure 2.3. Third-order Fibonacci cube of dimensions 3 to 7.

Let a and B denote two strings, and let A represent the null string. The following
notations will be used: the concatenation of two strings a and 3 is denoted by a - 3,
or simply af. Define A - @ = a - A = a. We use o' to represent the concatenation of
a string o with itself for ¢ times, where ¢ > 1; define a® = ). For a set of strings S,
definea-S={a-8| B €S} |

Let V¥ denote the set of k-FCs for integers between 0 and F[¥ — 1, where n > k.

Define Vf_, = Vf = {A}* It should be clear that the nodes in I'¥ can be labeled

*Notice that I'¥_, and I'! each contains exactly one node. We use A to address the node in this
k-1 k
case.
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exactly by the codes in VX. From Table 2.2, we can observe that V3 = {0,1}, V?
= {00,01,10}, and V? = {000, 001,010, 100,101} = {000,001,010} U {100,101} = 0-
V3 U10- V3. Moreover, V3 = {1}, V3 = {0,1}, and V3 = {00,01,10,11}, and V}
— {000,001,010,011,100,101,110} = {000,001,010,011} U {100,101} U {110} = 0-
V3 U10- V2 U110- V3. This observation leads to the following lemma that describes

an important recurrence of the set VX.

Lemma 2.3 Assume that k > 2, and n > 2k. Let VX denote the set of k-FCs for
integers between 0 and F¥! — 1. Then

VE=0-V5 U10-VF ,U---1%20.VE_ U110 VE L.

Proof: By induction on n. 0

We next examine the recurrence of the generalized Fibonacci cubes. By definition,
T* contains F!¥l nodes. Recall that F¥ is defined as the sum of the k preceding gen-
eralized Fibonacci numbers. Lemma 2.4 shows that I'* contains k disjoint subgraphs
that are isomorphic to I'*_, , '%_,, ---, and T*¥_, respectively; moreover, each node
in a subcube of dimension j is connected to one node in every subcube of dimension

t, provided j < i.

Lemma 2.4 Assume that k > 2 and n > 2k. Define G¥(i) = 1°0- V5_, ., and G(:)
the subgraph induced by GX(i) in T%, where 0 < i < k. Then T* can be partitioned
into GE(0) , GE(1) , --- ,G5(k — 1) such that

(1) G%(i) is isomorphic to T'*_, _. for 0 < i < k, and

(2) For two nodes z and y in I'% such that z in GX(i), and y in G5(j) and 0 < i <
j < k, the edge (z,y) is in T if and only if y —z = F¥, __.

Proof:  Property (1) is an immediate result of Lemma 2.3. It remains to show

property (2). The if part follows from Definition 2.3. We need to prove the only if
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part. By definition, we have GX(:) = 1'0 V}_,_; and GX(j) = 170 VX_,_;. By recur-
sively applying Lemma 2.3 on VX_, ., we can deduce that G%(i) contains 1°017—*-10
Vi _,_;- Notice that G%(j) can be rewritten as 1'117=-10 V}_, .. Since \(z,y) is an
edge in I'%, they must differ in the (n — k — 1 — ¢)** bit. Therefore, the difference

between y and z is F,[,k_],_,-. O

Example 2.1 Let k = 3 and n = 6. We have G3(0) = {000, 001,010,011}, G3(1) =
{100,101, } and G3(2) = {110}. Figure 2.3 shows that I3 can be partitioned into G3(0)
(black nodes), G3(1) (gray nodes) and G3(2) (white node), which are, respectively,
isomorphic to I' , I'3 and I'3. Furthermore, G3(1) is connected to G3(0) by the edges
(100, 000) and (101, 001); G3(2) is connected to G3(0) by the edge (110, 010), and
G3(2) is connected to G3(1) by the edge (110, 101).

The relation among different generalized Fibonacci cubes is captured by the fol-

lowing lemma.

Lemma 2.5 Assume that k > 2 denotes an integer.

(1) T% is a subgraph of I'*,, for n > k, and

(2) T% is a subgraph of ['**! for n > k.

Proof: By Definition 2.3. Omitted. O

Lemma 2.5 has the following two implications.

1. We may build a generalized Fibonacci cube incrementally. In other words, for
example, to construct I'§, we can first build I'2 then adding nodes and edges to

form I'Z, I'3, and finally T3.

2. The generalized Fibonacci cube defines a class of network topologies with a large

alternatives for fault-tolerance. This is because when certain nodes and/or links
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fail in I'*, we may form a T'*, (where 2 < k' < k and k < n’ < n) from the

remaining nodes and links.

It is known that nodes in B,_; can be addressed by (n — k)-bit binary codes where
n > k, similarly it is seen in Section 2.2 that nodes in T'* can also be addressed by
(n — k)-bit Fibonacci codes. Since the set of m-bit Fibonacci codes is a subset of all
m-bit binary codes, we have the following relations between the generalized Fibonacci

cube and the Boolean cube.

Lemma 2.8 Assume that k > 2 denotes an integer.

(1) T* is isomorphic to B, for all n, where k < n < 2k.

(2) T* is a proper subgraph of B,_; for all n > 2k.

One way to obtain I'* from B,_; is to remove every node (along with their inci-
dent edges) whose binary address is not a k-FC. Lemma 2.6 also indicates that the
generalized Fibonacci cube may have fault-tolerant applications for the hypercube.
We now closely re-examine Fig. 1.1 that shows the constitution of the family of
network topologies under our study. Recall that F,[,"] =2"* for2<k<n<2k-1.
Therefore, by varying k and n, it can be shown that the hypercube is a special case
(subset) of the generalized Fibonacci cube. Furthermore, F2[:] =2¥—1for k> 2.
Hence, when 2 < k < n < 2k, T'* (which contains F!¥ nodes) and I 4 are isomorphic,

because both are either a hypercube or a hypercube with one node missing.

2.4 Basic Properties of Generalized Fibonacci

Cube

In this section we study some basic properties of the generalized Fibonacci cube. In

particular, we will count the number of edges and the node degrees. The number of
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edges is an important metric in studying a network topology because it is a factor
related to the cost of the network. On the other hand, the minimal degree of a
topology usually sets a bound on the connectivities of a graph, which is a prime

factor in studying fault-tolerance.

2.4.1 Number of Edges

In this section, we count the number of edges in the generalized Fibonacci cubes. Let
E™ denote the number of edges in I'*. By Lemma 2.4, T'* consists of k subgraphs

G%(i), where 0 < i < k. The recurrence equation of E is
EN=EM, +ER, 4+ ESL 4 R v 2Fl 4+ (k- 1)Fl, (21)

where

E,[k]=0 for 0<:<k and E,["il= .

To see Eq. (2.1), we note that the first k terms account for the number of edges in
subgraphs G%(i)'s and the remaining k — 1 terms account for the number of edges
among these subgraphs. For example, the subgraph G*(0) has EL"L edges, and there
are F¥l, edges connecting the subgraphs GX(1) to G*(0).

We now solve Eq. (2.1). For convenience, we introduce the generating functions
(see e.g., [53]) for the generalized Fibonacci numbers. Let G*(z) denote the generat-

ing function for the k** order Fibonacci numbers, where k > 2. It is known (see e.g.,

[72]) that

zk—l

GH(z) =

l—z—22—...— 2k (2:2)
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We will first solve the case when k = 2. In this case, we have
ER =ER + E¥, + FO, (2.3)

Let H3(z) denote the generating function for E!'s, and define E,m =0 for: < 0.

By multiplying both sides of Eq. (2.3) with 2™ and taking summations, we have

H¥(z) = Z E@n
n=0
(> <] (o <] (oo}
= Y E,[?l,z" + Z E',?l,z" +> F,I‘Z_]an
n=0 n=0 n=0
= 2HY(2) + 22HY(2) 4 22G1(2)
1

SN ETET A

where
z

G(z) =

l1—2—22

as we saw in Eq. (2.2). Further calculation leads to
HB(z) = 2[G¥(z)]? (2.4)

It can be shown that HI%(z) is a convolution of the function G¥(z) with itself and

followed by a shift. Therefore, we can solve Eq. (2.4) and get

n-1
EB =Y FPFP, ; for n>1 (2.5)

1=0

We next proceed to solve the case when k = 3. According to Eq. (2.1), we have

EP=EP, + EQ, + E¥, 4+ FP, 4 2FP,
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Let HP)(z) denote the generating function for E[%Vs, and define EP =0fori<0.

Follow a similar procedure, we have

1
z2—22—

H¥l(z) = — 5(2°GPl(2) + 22°GFl(2))

where

12

GBl(z2) = 3

—z—22-2
Hence,

H[a](z) — [G[3](Z)]2 + 22[G[3](z)]2

It is not surprising that the relation between H[®(z) and GPl(z) is similar to what

we observed in the second order case. Therefore, we have

n

n-1
ER =Y FPF®. 4 25 FPIFR,  for n>1

n—t
1=0 1=0

For the general case, let H[*(z) denote the generating function for E[*'s, and define

E',H = 0 for ¢ < 0. Follow a similar procedure, we have the expression for H¥l(z) :

H¥(z) = ! X

l—2z—22—...— 2k

where
X = (22GM(2) + 22°GM(2) + - - - + (k — 2)2* G (2) + (k - 1)2*G™M(2))
By substituting Eq. (2.2), we have
2

HM(z) = 5 [GHGP + S [GHE - + (k = 2[CH()] + (k — D2{GH(=)

where Gl¥(z) is the generating function for the k™ order Fibonacci numbers as ex-
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pressed in Eq. (2.2). Therefore, it can be shown that

k-1 n—2+j
EM =Y (k—j) ¥ FUFY,; for n>k (2.6)
i=1 1=0

Let X,’f denote the number of edges in B, for n > k > 2. For sufficiently large n, it

can be shown that

EH
079< <1 (2.7)

where the lower bound is obtained [62] when k = 2, and the upper bound is achieved

when I'* becomes a hypercube.

2.4.2 Node Degrees

We now study the node degrees in the generalized Fibonacci cube. In particular,
we will determine the maximum and minimum node degrees. Recall that nodes in
I'* are addressed by (n — k)-bit k-FCs. Clearly, node 0 has a degree of n — k, since
every node adjacent to node 0 has exactly one bit with value 1 in it k-FC. Therefore,
the maximum node degree of I'* is n — k. In the remainder of this section we will
determine the minimum node degree.

Two observations are immediate:

1. For k > 2 and k < n < 2k, by Lemma 2.6, I'* is isomorphic to B,_;. Hence all

nodes have the same degree of n — k.

2. For k > 2 and n = 2k, ¥ is obtained by removing the node with 1* as its

address. Therefore the minimum degree of nodes is k — 1.

The next lemma characterizes the general case.
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Lemma 2.7 For k > 2 and n > 2k + 1, let p denote the node in TX, whose k-FC is

formed by repeating the sequence 01*~10. Then p has the minimum degree in T'%.

Proof: We distinguish among the following three cases:

Case l: n=2k+1 (ie,n—k=k+1)

Clearly, node p has a degree of k — 1. By observation 2 in the preceding paragraph,
the minimum degree of nodes in I'*_, is also k — 1. Furthermore, it can be shown
inductively that the minimum node degree of I'* is a non-decreasing function of n for
a fixed k. Therefore node p has the minimum degree in T%.

"Case 2: 2k+1<n<3k+2 (ie,k+1l<n—k<2k+1))

Let r = n — 2k — 1. We divide the (n — k)-bit generalized Fibonacci code into two
parts: Part L which includes the leftmost k + 1 bits, and Part R which includes the
rightmost r bits. We claim that the minimum node degree of I'X is k+r — 2 if r = k,
or k + r — 1 if otherwise (i.e., r < k). Then, it is not difficult to verify that p is a
node which has the minimum node degree as we just specified. To see the previous

claim, we further consider the following two possibilities:

(a) Part L is of the form (01¥-'0). The minimum node degree determined by Part L
is k—1, which has been shown in Case 1. The minimum node degree determined
by Part R isr—1if r = k and Part R contains exactly k—1 1’s, or r if otherwise

(¢.e., » < k). Thus the minimum node degree is exactly as we claimed.

(b) Part L is not of the form (01¥-10). There is at most 1 bit in both Part L and R

which cannot be flipped from 0 to 1; hence the minimum node degree is k+r—1.

Comparing the above two, we conclude that the minimum degree is captured by (a),
which is what we claimed.
Case 3: n >3k +2 (ie,n—k2>2(k+1))

This can be proved similarly as we did in Case 2. o



25

Example 2.2 Consider k¥ = 4. Nodes (011001), (0110011) and (01100110) are re-
spectively a node with the minimum node degree in '} , I'}; and '}, , respectively.

The minimum node degree is 4 in the above three cases.

Lemma 2.7 leads to the following result:

Lemma 2.8 Let 6% denote the minimum node degree of TX. For n > k+ 1, we have

the following recurrence equation:
=65, +k-1 (2.8)

where 6 =n —k fork<n<2k—1 and 65 =k - 1.

One way to solve Eq. (2.8) is to apply the generating function as we did in Sec-
tion 2.4.1 to count the number of edges. For simplicity, we make use of some obser-
vations obtained in the proof of Lemma 2.7 to solve Eq. (2.8). Recall that the node
with its k-FC formed by repeating the sequence 01¥~10 has the minimum degree. Let
m = |(n — k)/(k + 1)]. By completing Case 3 in the proof of Lemma 2.7, it can be
shown that

n—k—-—2m—-1 ifn=m(k+1)+2k
ot = e+ (2.9)

n—k—-2m otherwise

where

m = |(n — £)/(k +1)).

2.5 Summary of Results

We have reviewed the Incomplete Hypercube and defined the generalized Fibonacci

cubes. Table 2.3 compares some parameters between the hypercube and the general-

ized Fibonacci cube.
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Table 2.3. A comparison of the hypercube and generalized Fibonacci cube.

[ [ Bux | I: ]

[ Number of nodes -k FH ]
Number of edges | (n — k)2"~*~" | Eq. (2.6) ||
Max. Degree n—k n—k
Min. Degree n—k Eq. (2.9) "
Diameter n—k n—kl [l
T See Chapter 4.

For each element of the family, we have shown that Iy is a subgraph of B, where
n = [log N, and T is also a subgraph of B,_; for n > k > 2. Additionally, both
the Incomplete Hypercube and the generalized Fibonacci cube include the hypercube

as a special case. The family of network topologies has the following two areas of

application:

1. to allow an incremental expansion of a hypercube-like parallel computer sys-

tems, and

2. to serve as a fault-tolerant structure for the hypercube systems.



CHAPTER 3

GRAPH EMBEDDING IN
GENERALIZED FIBONACCI
CUBE

As explained in Chapter 1, graph embedding is an important issue in parallel com-
puter systems. In this chapter, we will study embeddings of linear array, ring, mesh,
and hypercube in the generalized Fibonacci cube.

Embeddings in the hypercube have been studied extensively in the past [19] [20]
[21] [26] [39] [57] [59] [60] [101] [112] [113] . In many of these studies the Gray code
[50] has been an important tool. The Gray codes are binary codes representing a
sequence of numbers such that the codes representing two successive numbers are
different in exactly one bit. From the property of the Gray code, it can be seen that a
linear array can be embedded in the hypercube [101]. Furthermore, by employing the
binary reflected Gray codes Saad and Schultz [101] have shown that cycles of even
lengths can be embedded in the hypercube.

By choosing m;-bit Gray codes for the z-direction and m,-bit Gray codes for the
y-direction, it is also shown in [101] that an (m; + m3)-cube embeds a 2D mesh of size

2™ x 2™, In general, a (2™ X 2™2 x - - X 2™¢) d-dimensional mesh can be embedded

27
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in B,, provided that n = m; + ma + --- + mq [101]. Clearly, when the side lengths
of a mesh are not powers of two, the Gray code scheme may not result in a minimal-
expansion embedding. Chan and Chin [20] have employed the Gray code combined
with an ad hoc method to achieve minimal-expansion, dilation-2 embeddings of most
2D meshes. By using optimal embeddings of small meshes with certain sizes and
a scheme called “graph decomposition,” Ho and Johnsson [59, 60] have shown that
87% of all 2D meshes and a large portion of 3D meshes can be embedded in the
hypercube with minimum expansion and dilation two. Finally, Chan [19] has settled
the question regarding minimal-expansion, dilation-two embeddings of all 2D meshes
in the hypercube.

The Hamiltonian problem in the generalized Fibonacci cube has been studied in

[83] where we have constructively proved the following two optimal results:
1. T* contains a Hamiltonian path, and

2. for FI¥ > 4, T'* contains a Hamiltonian cycle if and only if F[¥! is even, whereas

the longest cycle in T'¥ contains all but one node if and only if FI¥ is odd.

These results imply that T'* embeds a linear array of size Fl* with expansion-1 and
dilation-1, and T'% embeds a ring of size F{*! with expansion-1 and dilation no greater
than two. In this chapter, we extend our work to the embeddings of meshes, which
stem from the embedding of linear arrays and rings. Furthermore, we will also report
the embedding of the hypercube in the generalized Fibonacci cube.

The remainder of this chapter is organized as follows. In Section 3.1, we prove
that each generalized Fibonacci cube contains a Hamiltonian path. By embedding
linear arrays in the subcubes and properly arranging them, we show in Section 3.2
that any cycle of length ! can be embedded in T'*, provided that 4 < I < F¥ and [ is
even. With the Hamiltonian path, in Section 3.3 we study the embeddings of 2D and

3D meshes. Section 3.4 describes the embedding of the hypercube in the generalized
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Fibonacci cubes. Finally, we summarize our graph embedding results in Section 3.5.

3.1 Hamiltonian Path

In this section, we will show that there is a Hamiltonian path in every I'*, which serves
as the basis for our study of cycles in the generalized Fibonacci cubes. To motivate,

we first study the Hamiltonian paths in the second-order generalized Fibonacci cube.

Example 3.1 The sequence P, = (01,00,10) and P, = (0,1) are, respectively,
Hamiltonian paths in I'? and I' (refer to Fig. 2.2). By Lemma 2.4, the graph I'?
contains a copy of I'} and a copy of I'2. To construct a Hamiltonian path in I'?,
we attach a prefix ‘0’ to each code in P, and “10” to each in P,, respectively, then
reverse both sequences. The two resulted sequences are (010,000,001) and (101,100).
Since H(001,101) = 1, these two sequences can be linked to form a Hamiltonian path
in I'2. Repeating the same procedure, we can obtain a Hamiltonian path in ' by

concatenating (0100,0101,0001,0000,0010) and (1010,1000,1001).

By using induction, it can be shown that the recursive procedure described in
Example 3.1 always produces a Hamiltonian path in the second order generalized
Fibonacci cube. The following theorem extends this observation to the generalized

Fibonacci cube.
Theorem 3.1 T'X contains a Hamiltonian path forn > k > 2.

Proof: Here we will prove the case of k = 3 by induction (on n). Cases when
k > 3 can be proved similarly. For convenience, nodes are referred to by their k-FCs.
A path will be represented by the sequence of the nodes in it.

It is easily seen that P, = (1), P, = (0,1) and P; = (01,00, 10, 11) are Hamiltonian
paths in I'3, I'], and I'3, respectively. We establish our induction basis for n = 6. To

obtain a Hamiltonian path in I'3, we take the following procedure:
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Step 1 Prefix a ‘0’ (respectively, “10” and “110”) to each code in P, (respectively,
P, and P;). Let the resulted sequences be denoted by 0F,10P,, and 110P;,

respectively.

Step 2 Reverse each code in 0F,,10P;, and 110P;, respectively. Let the resulted

sequences be denoted by 0P,, 10P, and 110P;, respectively.
Step 3 Concatenate the three sequences in the following order: 0P, 10P; and 1107;.

Therefore, we obtain the sequence (011, 010, 000, 001, 101, 100, 110) that is a Hamilto-
nian path in I'3. We assume that the above procedure always results in a Hamiltonian
path in I'3 for all n < I, where I > 6 denote an integer.

Now consider the case when n = I + 1, i.e.,, I'};;. By Lemma 2.4, I‘[,:ﬂ,l can be
decomposed into three subgraphs, G3(0), G3_,(1) and G3_,(2), which are isomorphic
to I‘[,s], I"(,?',]_l, and I‘[,al2 respectively. By induction hypothesis, there is a Hamiltonian

path in F?], I‘[,"’l1 and I‘[,3]2, respectively. Let P; (where 0 < j < 2) denote the

Bl - obtained by the previous procedure. Let P; denote the

Hamiltonian path in T';;

reversed sequence of P;. It remains to show that the three sequences (i.e., 0P, 10P,
and 110P,) obtained in Step 2 of the previous procedure can be concatenated.

Let the first (respectively, last) node of a path be referred to as the head (re-
spectively, tail), and let h; (respectively, t;) denote the head (respectively., tail)
of the Hamiltonian path obtained by the previous procedure in I'?. (For example,
hs =t3 = A, by =0, and t4 = 1.) It is can be shown that the following recurrence
relation is a consequence of the procedure described above: h, =0-t,_;.

Given this, observe that the tail of 0P, (which was the head of 05) is now labeled
by 0-hy = 0-0t;_;. On the other hand, the head of 10P, (which was the tail of 10P;)
is labeled by 10 - t;_,. Since H(00¢;_,,10t;_,) = 1, there is an edge between the two
nodes, i.e., the two (Hamiltonian) paths can be linked together. Similarly, the tail of
10P, now has the label 10 - h;_; = 100 - t;_,, while the head of 110P; now has the
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label 110 - t;_;. Hence there is also an edge between the two nodes. Therefore, we
conclude that the previous procedure results in a Hamiltonian path in I‘?ll.
It should be clear that the above argument can be extended to the general case

when k > 3. 0

3.2 Cycles

In this section we will study the embedding of cycles in the generalized Fibonacci
cubes. The embedding of cycles is based on the embedding of Hamiltonian paths pre-
sented in the previous section and the recursive properties of the generalized Fibonacci
cubes. Let L* be the Hamiltonian path constructed according to the algorithm de-
scribed in the previous section. To motivate, let us consider embeddings of cycles
in I'? in the following example. Recall that L2 in I'z is obtained by a concatenation
of two sequences in 0V? and 10V2. By Lemma 2.4, I consists of two copies of I'2
(i.e., 00V? and 10V?) and one copy of I'? (i.e., 010V?). By properly arranging three
Hamiltonian paths in these three subcubes, we can obtain embeddings of cycles in

2
r2.

Example 3.2 In Example 3.1 we have shown that L2 = (0100, 0101, 0001, 0000,
0010, 1010, 1000, 1001). Now, let Loo = (000100, 000101, 000001, 000000, 000010,
001010, 001000, 001001), Lo, = (010100, 010101, 010001, 010000, 010010), and L, =
(100100, 100101, 100001, 100000, 100010, 101010, 101000, 101001). It can be seen
that Log, Loy and L, are Hamiltonian paths in 00V2, 010V? and 10V?, respectively.
Figure 3.1 shows that I'? contains a cycle of length 20. Notice that the nodes are
addressed by 6-bit 2-FCs, where the least significant 4 bits are shown next to the
nodes and the most significant two bits are shown on the far left-hand side. Note

that the first I nodes in both Loo and L, can be used to construct a cycle of length
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21, where 2 < | < 8. Furthermore, nodes in Lo, are needed to construct a cycle of

length 18 or 20.

Pxifix
0100 0101 0001 0000 0010
Lo.x o1 ®
100
LO.. 00 0100 0101 0001 0000 0010 1010 1000
L, 10 0100 0101 0001 0000 0010 1010 1000 3001

Figure 3.1. T3 contains a cycle of length 20.

We now proceed to study the embedding of cycles in the generalized Fibonacci

cubes. Lemma 3.1 will facilitate our presentation.

Lemma 3.1 Assume that k > 2, and n > 2k + 1. We have

V,’f = va—l U l(vk—l\lk_lovk-k-l)

= 0V \1*0Vi i) U 1(Vi \1F10VEL, ) u ok tovyE,
Proof: By Lemma 2.3 we have

VE = 0VE Ul0VE ulloVE U uTROVE L Uk TovE,
= OV UL(0VE_,ul0VE_ju---U1*=30VE, U120k )

0V UL(Ve \ 15770V, )

= O(VE_, \1*T0Vf_, ) U 01k tovE_, ., U 1(VE \1FovE, )
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Theorem 3.2 Assume that k > 2. For alln > k + 2, any cycle of length | can be
embedded in T* provided that | is even and 4 <1 < F¥,

Proof: An example for k = 2 has been examined in Example 3.2. We will first

show the case when k = 3. By Lemma 3.1, we have
V3i=0V3, u 1(Vi, \110V3,)

Define Sy to be the subgraph induced by nodes in 0V3_,, and S; the subgraph induced
by nodes in 1(V3_, \ 110V3_,), i.e., nodes in 10V3_, U 110V3_,. Note that S, is
isomorphic to I'3_, and S, is isomorphic to a graph obtained by removing a subcube
I'3_, from I'3_, (refer to Figure 3.2 (a)). By Theorem 3.1, there exists a Hamiltonian
path in Sp; furthermore, from the construction of the Hamiltonian path in I'3_,, we
can observe that there exists a Hamiltonian path in S;. Let Lo be the sequence of
3-FCs formed by attaching a prefix ‘0’ to each 3-FC of L2_,, and L, be the sequence
of 3-FCs formed by attaching a prefix ‘1’ to each of the first (F\3, — FP,) 3-FCs of
L3_,. Note that attaching the prefix ‘1’ to each element of the set (V3_, \ 110V3_))
still results in a valid 3-FC. One should be able to see that Ly and L, are Hamiltonian
paths in So and S, respectively. Moreover, for all i (where 1 < i < F,[f’_ll - F,[fﬂ‘),
there is an edge connecting the i** nodes of Lo and L, (refer to Fig. 3.2 (b)). We next
show that, by properly selecting nodes in the Lo and L,, cycles of even length can be
embedded in I'2. We distinguish between the following two cases:

Case 1: 4 <1< 2(F,[ﬂ, - F,[,‘°’_]4).

The cycle is constructed by the first /2 nodes in both Lo and L, together with two
additional links (represented by heavy segments in Fig. 3.2(b)). The two links are:
one edge connecting the heads of Lo and L,; the other edge connecting the two (I/2)

nodes in both Hamiltonian paths involved.

Case 2: 2(FP), — FP ) <1 < FB.
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Define I' = 1 — 2(1"',[,3_]l - ,[ﬂ‘) We further break Lo into two parts: Lgg which is
a Hamiltonian path in 00V3_, U 010V3_,, and Lo; which is a Hamiltonian path in
0110V3_, (refer to Fig. 3.2(c)). Notice that 00V3_, contains 0010V3_, (see Fig. 3.2
(a)), and each node in 0010V3_, has an edge connecting to one node in 0110V3_,.
The cycle of length ! consists of all nodes in Log and L, together with the first I
nodes in Lg ;. Since the inclusion of two adjacent nodes in Lo, requires a pair of “up”
and “down” edges (represented by heavy segments in Fig. 3.2 (c)), only cycles of even
length can be embedded in I'3.

We next discuss the case for arbitrary k where k£ > 3. Following the same approach
as in k = 3, let us define Lop, L; and Lo, to be the Hamiltonian paths in 0(V%_, \
15-10VE_L ), 0(VE_ \1¥-10V%_, _)), and 01¥-10V}_, _,, respectively. It is not difficult
to see that any cycle of length 2s can be obtained by selecting the first s nodes from
each of Log and L,, where 2 < s < F,E’i]l - F,[ﬂk_l. To have a cycle of length 2s, where
F,[,"_]l - F,["‘_],,_l < 8 < FM/2, we just include the first 2s — 2(F,E’i]1 - F,E’i]k_l) nodes in

the LO,l . a

It can be easily seen from the previous proof that '* contains a Hamiltonian
cycle if the length of Lo, is even. Notice that Lo, is a Hamiltonian path in a graph
isomorphic to I'*_, _,, which contains exactly F,[lk_],‘_l nodes. We next examine some
properties of the generalized Fibonacci numbers and the generalized Fibonacci cubes,

and show that I'* contains a Hamiltonian cycle if and only if FI¥ > 4 and is even.

Lemma 3.2
(1) For k=2 and i > 2,

F:E?] is even, and F;zl 13 F}?]_, are odd.

(2) For k>3 andi > 2,

k k K k
F([k!f-l)i’ F ([k]+1)i-3’ F([k]+1).'-4a e F ([k]+1).‘-k are even, and
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oV, 10V, uoV,
ooV,_:, omV,,_‘, o1 oV"_",
ooo\{__‘, oomV,_" ooro,_’,
@
L,

3 PSR- SR N (RS - R &
o, @ @ —0—0—0—0—0—0—9
m\!lz u uov:_, & g —0—0

L,

®)
Lo,
[ ]
onovl__‘
Loo
q >

m\l’.z u movi,
mv’.,u novi, °- *—0—0—0—©

L

[C]

Figure 3.2. Embedding of cycles in I3 : (a) a decomposition of I'?, (b) Case 1, and
(c) Case 2.

k] k]
F([kl'l)-'-n F([l:]+1)i-2 are odd.
Proof: By induction on :. [u]
Note that F,E’i]k_l is even if and only if F¥ is even, where n > 2(k + 1). Hence

by Theorem 3.2, T% is Hamiltonian if FI¥ > 4 and it is even. Furthermore, by

Lemma 3.2, k — 1 out of the k + 1 consecutive k*» order Fibonacci numbers are even.
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We next study the Hamiltonian problem for the generalized Fibonacci cubes whose
total numbers of nodes are odd. It is known (see e.g., [44]) that the binary hypercubes
are bipartite. Moreover, a bipartite graph cannot have a cycle of odd length. Hence
we have the following property (see e.g., [101]):

Lemma 3.3 There is no cycle of odd length in the binary hypercubes.

Lemma 2.6 shows that T'* is a subgraph of B,_;. Therefore I'* is also bipartite.

Consequently, we have
Lemma 3.4 There is no cycle of odd length in the generalized Fibonacci cubes.
Theorem 3.2, Lemmas 3.2 and 3.4 lead to the following result:

Theorem 3.3
(1) For k = 2, T? is Hamiltonian if and only if n = 3i for some integer i > 2;

otherwise, the length of the longest cycle is FI4 — 1.

(2) For k > 3, T* is Hamiltonian if n can be ezpressed as one of the following
forms: (k+1)i, (k+1)i—-3, (k+1)i—4, --- ,(k+1)i—k for some integer

i > 2; otherwise, the length of the longest cycle is FI¥ — 1.

Corollary 3.1 For k > 2 and n — k > 3, a ring of size F\¥ can be embedded in rk

with dilation one if FI¥ is even, and dilation two if otherwise.

Proof: The case for FI* being even is proved in Theorem 3.3. If F¥l is odd, the
only node that is not included in the longest cycle has at least one adjacent node
which is in the cycle. Hence the embedding of ring can be achieved by paying a

higher price (i.e., dilation is 2). 0



37

3.3 Mesh

In this section, we will study the embedding of mesh in the generalized Fibonacci cube.
We will begin our discussion with the embedding of 2D mesh, then extend our result
to mesh of higher dimensions. For convenience, all the Hamiltonian paths referred in

this section are obtained by the procedure mentioned in the proof of Theorem 3.1.

3.3.1 2D Mesh

To motivate, we examine an example of embedding in I'2.

Example 3.3 In Example 3.1, we saw that (01,00,10) and (010,000,001,101,100) are
Hamiltonian paths in I? and I'2, respectively. Figure 3.3 shows that an Fi* x F{J
and an FP] X FP] mesh can be embedded in I'Z, where a 2-FC is divided into a left
(leftmost 4-bit) and a right (rightmost 3-bit) parts. Notice that the sequence of codes
over the y-direction in the Fsm X Fsm mesh corresponds exactly to the Hamiltonian
path in I'?, whereas the sequence of codes over the z-direction is obtained by suffixing
a ‘0’ to each code of the same Hamiltonian path. On the other hand, the sequences

of codes over the z- and y-direction in the FP] X F4[2] mesh are obtained by suffixing

“01” and prefixing ‘0’ to the Hamiltonian path in I'2.

0100 0000 0010 1010 1000 0101 0001 1001
010 010
000 000
001 001

101

100

Figure 3.3. Embedding of an F{¥! x F/* and an F{¥ x F{¥ meshes in 2.
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Figure 3.4 explains the idea behind the embedding shown in Example 3.3. It can
be seen that there are exactly two possible combinations when dividing an (m +n)-bit

2-FC into an m- and n-bit 2-FCs. Consider a node whose bit n is a 0 (combination A).

m bits n bits

Figure 3.4. Dividing an (m + n)-bit 2-FC into an m- and n-bit 2-FCs.

Observe that all the n bits in the right part can vary, which results in all n-bit 2-FCs;
on the other hand, all but the rightmost bit (which is fixed to 0) in the left part can
vary, which results in all (m — 1)-bit 2-FCs. Recall that any generalized Fibonacci
cube contains a Hamiltonian path. We can select the Hamiltonian path in I'2_, as
the sequence of codes for embedding over the z-direction, and the Hamiltonian path
in I'2 |, with a suffix ‘0’ as the sequence of codes for y-direction. Therefore, the nodes
captured in combination A will enable an embedding of a mesh with size F,[,ﬂ,l X Fﬂ,.
Similarly, the nodes captured in combination B will enable an embedding of a mesh

with size FI2 x F,[fll. We next show that this scheme can be generalized to embed

2D meshes in the generalized Fibonacci cubes.
Theorem 3.4

(1) Form > 2 andn > 1, T2 ., embeds an F,[,ﬂ,l X F,[f,l,z and an F? x F,[,2+]1

meshes.

(2) Form >3 andn > 2,T3 .. embeds an F,[,?l, X F[:_",l,a, an F'[:l_g X (F,[flz+Fﬂ,)

n

and an FP3 x F,E:ﬂg meshes.
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(8) Fork >4, m > kandn > k—1, Tk .. embeds an F[l‘,],,,,_l X F['_‘Ek, an

Fl Flk k k k k
1[nl-k-2 ( [-l]-k— [-il—k—Z +-+ F[-bl-l y GN F[ .]H; 3 ( [.4].),.. +k—2 +---+
F,[,'f,],,) -+ ,and an F¥ x F,[,'flk , meshes.

Proof: The case when k = 2 has been examined in the preceding paragraph. We
will prove the case when k = 3. Consider dividing an (m + n)-bit 3-FC into two parts,
where the left part consists of the leftmost m bits and the right part the remaining
n bits. Figure 3.5 shows the four possible combinations. It can be shown that the
nodes captured in combination A (respectively, D) enable an embedding of a mesh
with size F,E’l_, X F,[H],:, (respectively, F x F,[f,l,z). To see the embedding of the mesh
with size F,[,?Lg X (I"',[,::]_2 + F,[f,l_l), observe that the nodes captured in combinations B
and C have the same left part and their right parts can be obtained from V3 ; by
removing all codes in the 110V3. Hence by the procedure presented in the proof of

Theorem 3.1, we are able to embed a linear array of size Fﬂz + F,[,:f,l,l

in them.

The case when k > 4 can be handled similarly. For example, Figure 3.6 shows
the case when k = 4. It can be seen that there are seven p<;ssible combinations to
break a 4-FC. Again, nodes captured in combination A enable an embedding of an
F,[:L, X F,[,‘l4 mesh, nodes captured in combination G an Fl4l x Fm mesh, nodes
captured in combinations B, C and D enable an F,[:l_z x (F, [4]3 + F[ 12+ F[ +1) mesh.

Finally, nodes captured in combinations E and F enable an F,[,ﬂ,l x (F, ,[:{]_3 + F, 4 +2)

mesh. O

The embedding of meshes in I}, is displayed in Figure 3.7. It is seen that there
are three separate 2D meshes. This is similar to what we saw in Fig. 3.3 where two
separate meshes are obtained when k = 2. One interesting question is whether these
separate meshes are connected? Figure 3.8 shows that the two meshes embedded
in T3 (refer to Fig. 3.3) are indeed connected and form one piece. Notice that the

code sequence over the z-direction can be obtained by reversing each 2-FC of the
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m bits n bits
A x|o x
B x|of1 o|x
C x|lo]1 1|o|x
D x|o]1]1 o x

Figure 3.5. Dividing an (m + n)-bit 3-FC into an m- and n-bit 3-FCs.

Hamiltonian path in I (refer to Example 3.1). We next demonstrate that by properly
rearranging the code sequence over the z-direction, these meshes are connected and
form one piece. It is necessary to define the Reversed Fibonacci Code (RFC). Given
a k-FC P = (pipi—1 - - p1po), the RFC of P (denoted by RFC(P)) is (pop1 - - * pi—1Pi)-
Figure 3.9 shows that there are two different ways to label the nodes in I'Z: one is
2-FC and the other is in reversed 2-FC. The following lemma shows that the RFC

can be also used to label nodes in the generalized Fibonacci cube.

Lemma3.5 Let p 0 < p < FH¥) be a node in T%, and FC(p) =
Pn—k-1Pn-k-2 ** * P1Po- Let q= poF,l,’:ll + plF,l.k_lz + -+ Pn—k-2 Fy[|k_]k+1 + Pn—k-1 F[lﬂk-

n

Then q can be used to relabel the node p if all nodes in TX are relabeled by their RFCs.

Proof: The proof consists of two parts. We first show that RFC(-) is a one-to-
one and onto function from V¥ to V*. Then we demonstrate that two nodes with
unit Hamming distance under their k-FCs will preserve unit Hamming distance under

their RFCs. The first part of our proof consists of three steps:

1. RFC(-) is a one-to-one function. To see this, assume that RFC(-) is not a one-to-

one function. Then there exist 0 < p # p’ < F¥ such that RFC(p) = RFC(p').
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m bits n bits
A x|o x
B x|lof]1 o|x
C . xlof1 1|lo|x
D x|[of|1 1|1|o]x
E xloj1]1 o|x
F x|o|1]12 1|lo0|x
G x|o|1|1]2 ol x

Figure 3.6. Dividing an (m + n)-bit 4-FC into an m- and n-bit 4-FCs.

This implies that FC(p) = FC(p'). Since the k-FCs for both p and p’ are unique,

we conclude that p = p/, which is a contradiction.

2. Given V¥ as the domain of the function RFC(-), then the range will also be V*.
To see this, assume that the binary code Q = RFC(p) is not in V¥, then Q
must contain k consecutive 1’s. This implies that F'C(p) contains k consecutive

1’s, which is a contradiction.
3. RFC(-) is an onto function. This follows from 1 and 2.

Now, we prove the second part. Recall that two nodes p and p’ are adjacent in
Tk if and only if their k-FCs differ in exactly one bit. In other words, p and p’ are
adjacent if and only if |p — p/| = F,Ik] for some k < i < n. Given a pair of adjacent
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