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ABSTRACT

THE STRESS FIELD
OF A SPHEROIDAL SLIDING INCLUSION
UNDER SHEAR

By

Sheng Peiying

The elastic fields due to a spheroidal inhomogeneity under a uniform shear stress ap-
plied at infinity and a spheroidal inclusion which undergoes a uniform shear eigenstrain
are investigated. The interface between the matrix and the inclusion cannot sustain shear
tractions and is free to slip. Initially, Boussinesq displacement potentials in forms of infi-
nite series are used to solve these two problems. Howévgr, we discover that only finite
number terms of potentials will give the solution. As a result, it is found that for the inho-
mogeneity problem the stresses in the spheroidal subdomain vanish and the spheroid ro-
tates without deformation, and that for the eigenstrain problem the stresses in both the
inclusion and the matrix vanish, and there is no deformation in the matrix, while the inclu-

sion does deform but keeps its original shape and orientation.
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1. INTRODUCTION

1.1 PROBLEM STATEMENT

If a region Q in a matrix D has an eigenstrain, which is a nonelastic strain such as
thermal expansion, initial strain, plastic strain, etc., it is called an inclusion. If a subdomain
Q in a matrix D has moduli different from those of the matrix, then it is called an inhomo-
geneity. Both the inclusion problem and inhomogeneity problem can be solved basically
in the same way in view of mathematics, so that sometimes they are called the inclusion

problems for convenience (Fig. 1)[1].

as

a

Fig. 1. Inclusion in a matrix Fig. 2. Prolate spheroid

Fibers in composite materials, aggregates in concrete, voids in porous material, and
others can be represented by inclusions, in particular, by the inclusions with the ellipsoidal

shape in geometry. Therefore, the solution of an ellipsoidal inclusion problem is important



for the engineering applications. The stress field near the inclusion depends on its interface
condition, elastic constants, types of loading, shape of materials, and others. At the inter-
face, the inclusion could be perfectly bonded to the matrix, free to slip along the interface,
debonded from the matrix, or a combination of these.

In this thesis we consider an infinite, elastic, homogeneous and isotropic material
having a prolate spheroid which is also elastic, homogeneous and isotropic , but has elastic
properties different from those of the matrix. The prolate spheroid is the special ellipsoid
in which the three semi-axes have the relation @, = a, < a,;. We want to determine stress
and displacement fields when the infinite body containing a spheroidal inclusion is under
shear loading at infinity

6, =5, (1.1)

where Sy is a constant shear stress, and the coordinates are chosen in such a way that the
z-axis coincides with the major semi-axis of the spheroid, and the x-axis with the minor
axis (Fig. 2). The equation (1.1) is the boundary condition at infinity. We assume that the
sliding is allowed at the interface between the inhomogeneity and the matrix, and shear
tractions are specified to vanish, but no debonding takes place. In the other words, the
stresses and normal displacements are continuous, and shear stresses are zero on the inter-

face. These boundary conditions at the interface S (see Fig.1) can be expressed as follows

[c‘.j] n; = 0 onS (1.2)
[uln; =0 onS (1.3)

where o, TR stress
Wjuurnnns displacement
| TR normal vector on S
[ Joeeeen. the difference of quantities out of and in inclusion,(out)-(in)

i,j, k..x,y2



1.2 BACKGROUND

The inclusion problems have been investigated by many researchers. Mura[1]
gave a comprehensive review of this subject. Jasiuk[2] investigated the sliding inclusions
in details. The papers that are valuable to us are due to Goodier[3], Sadowsky and Stern-
berg[4], Edwards[5], Eshelby[6,7], Ghahremani[8], Tsuchida, Mura, Jé.siuk, Furuhashi
and Dundurs[9]-[15], and others.

The earlier papers deal with the case in which the bonding between the inclusion
and the matrix is assumed to be perfect, i.e., all stresses and displacements are continuous

at the interface. These boundary conditions are described with the equations

[oij] n; = 0 on S (1.5)
(] =0 on § (1.6)

Goodier[3] considered the axisymmetric elasticity solutions to investigate the dis-
turbance effect of inclusions with simple spherical and cylindrical geometry and discussed
the concentration of stress around these two types of inclusions.

Sadowsky and Sternberg[4] obtained an exact closed form solution for the stress
around a spheroidal cavity in an infinite elastic body, which is subjected to arbitrary uni-
form stresses at infinity in the plane perpendicular to the axis of revolution of the cavity.
They used the displacement potential approach.

Edwards[5] also used Boussinesq’s approach in the theory of elasticity and chose
Legendre functions as the potentials. He obtained exact closed form solutions for the dis-
tribution of stress around a spheroidal inclusion in an infinite elastic body under all four
types of uniform loading conditions at infinity, i.e.,

case 1: xy plane state of hydrostatic stress

6. =0 =1 1.7)



case 2: Xxy plane state of pure shearing stress

o, =-0 =1 (1.8)

case 3: state of uniaxial tension

G =1 (1.9)

cased4: zx plane state of pure shearing stress

c, =1 (1.10)

2x

where the coordinates are designated as in Fig.2. The interface was assumed to be perfect-
ly bonded. These solutions for the basic loadings are useful because, for the problem of
the prolate spheroidal inclusion in an infinite body subjected to an arbitrary uniform load-
ing, the stress distribution throughout the body could be obtained as a linear combination
of the solution for the basic loading conditions.

Eshelby[6,7] solved the inclusion problems by using Green’s function method and
expressed a solution in a form of elliptic integral. He pointed out a remarkable feature of
the stress and strain field of a particular type of inclusion, that is, if the region is an ellip-
soid, the strain and stress are uniform everywhere inside the inclusion. It should be noted
that the interface needs to be perfectly bonded for this conclusion to be held.

The condition of perfect bond at the interface between the matrix and the inclusion
is not true for some real materials. There could be a discontinuity of displacements, such
as dcbonding, sliding and the combination of them at the interface. For example, grains
in polycrystal, particles in soils, and fibers in composite materials may be subjected to
sliding along their interfaces. Thus it is valuable to consider more complex boundary con-
ditions, among which is a sliding situation which is designated in equations (1.2)-(1.4).

A number of recent papers considered sliding inclusions. Ghahremani[8] investigat-
ed the case of a sliding spherical inhomogeneity under tension at infinity.

Mura and Furuhashi[9] pointed out that when sliding is allowed along the inclu-
sion surface, the well-known solution of Eshelby[6] must be substantially modified. They
solved the problem of inclusion with a sliding interface by superposing the Eshelby’s solu-



tion (perfect bonding) and Volterra’s solution (sliding). This way they relaxed the stresses
at the interface of perfectly bonded inclusion by distributing dislocations along the surface
of inclusion. They reported a striking result that when an ellipsoidal inclusion undergoes a
shear eigenstrain and the inclusion is free to slip along the interface, the stress field vanish-
es everywhere in the inclusion and in the matrix, and there exists a shear deformation that
transforms an ellipsoid into the identical one without changing its orientation. It should
be noted that their solution is restricted to such a case that a, #a,#a;, where
a,, a,, and a; are the semi-axes of the ellipsoid.

Tsuchida, et al.[10] used Papkovich-Neuber displacement potential and solved
the elastic field of an elliptical inclusion in an infinite body. The boundary conditions at
the interface are the same as those in [9], i.e., the interface between the inclusion and the
matrix can not sustain shear tractions and the inclusion is free to slip along the interface.
But the eigenstrain is of the different type. The inclusion undergoes a uniform expansion
instead of the shear strain in [9]. It is concluded that in contrast to the perfectly bonded
case, the solution for the sliding case involves infinite series. Also the stress field is non-
zero. The infinite series of potentials were used before by Tsuchida and Mura[11] to eval-
uate the stress field in an elastic half space having a spheroidal inhomogeneity under an
all-around tension parallel to the plane boundary.

Kouris, et al.[12] employed Papkovich-Neuber displacement potentials, the
same method as that in [10] but different from that in [9], and reexamed the stress field
when an elliptic subdomain in a free body undergoes a uniform shear type of eigenstrain
or the body is subjected to a uniform shear loading at infinity. No resistance was allowed
along the interface of the ellipse. In this solution, although the displacement potentials
were taken in a form of infinite series, the results from the calculations show that only a fi-
nite number of terms of the infinite series contributes to the stress field. For the case of the
shear eigenstrain the only nonzero term of the displacement potential corresponds to the
rigid body motion, so that the whole stress field vanishes. For the case of the uniform
shear loading at infinity the finite terms of the potentials give zero stress field in the inho-

mogeneity, so the inhomogeneity acts like an elliptic cavity of the same shape in an infi-



nite plate. The result is consistent to that reported in [9], because a, # a,, while a; = 0.
As the limit situation of the ellipse, a circular inclusion was also studied. The stress field,
however, is not zero, when an inhomogeneity has the shape of the circle. That means the
solution for the circular inhomogeneity can not be obtained from the limit of the ellipse.
There exists the discontinuity of the stress when the ellipse approaches the circle, which is
called an anomaly of solution. This is not true for the case of perfect bonding at the inter-
face in which the stress of the circular inclusion is the limit of that of the elliptic inclusion.

Jasiuk, et al.[13-15] considered the inclusion in the shape of prolate spheroid
having the sliding boundary condition, i.e., the inclusion was free to slip along its interface
with the matrix and no shear traction existed on the interface. Both types of inclusion
problems, in which the inclusion was undergoing a uniform eigenstrain and the inhomoge-
neity was subjected to a uniform stress at infinity, were investigated. All the possible uni-
form loadings, all-around tension, uniaxial tension parallel to or shear stress in the plane
perpendicular to the rotational axis of the spheroid(corresponding to the previous casel-
case3, or equation(1.7)-(1.9)) at infinity were considered except the second kind of shear
loading ,0, = S, (corresponding to the above-mentioned case 4 or equation(1.10)). The
method used to solve the above problems was similar to the one of Edwards’[5] and
Tsuchida and Mura’s[11]. The prolate harmonic functions in the form of infinite series
were taken as the displacement potentials. It was discovered that stresses in the sliding
spheroidal inclusion are not uniform, unlike in the perfectly bonded inclusion, where the
stress field is uniform{6]. Similar to the paper{10], the conclusion was made that infinite
series representation of displacement potentials is required for the sliding inclusion, con-
trary to perfectly bonded inclusion, where finite series give the exact solusion[5]. When
the sliding inclusion is of spherical shape, only finite series are required[8].

In summary, a lot of research has been done on the stress and strain fields of an in-
finite body containing an ellipsoidal, in particular spheroidal inclusion which undergoes
uniform eigenstrains or is subjected to uniform stresses at infinity. The Boussinesq’s or the
Papkovich’s displacement potentials methods of elasticity are suitable in solving the in-

clusion problems, as well as the Green’s function approach. The displacement potentials



and the stress fields are obviously different when the interface between the inclusion and
the matrix behaves differently. For the case of perfect bonding interface the finite number
of terms of potential functions gives the exact solution and the stress field in the spheroidal
inclusion is uniform. For the case of sliding boundary conditions at the interface, however,
the infinite series of potential functions are required and the stress field is not uniform any
more. The stress field vanishes if an inclusion of ellipsoidal shape undergoes a shear ei-
genstrain or an elliptical inhomogeneity in two dimensions is subjected to a uniform shear
stresses at infinity. This is not true when the ellipsoidal inclusion goes to spherical one, or
when a spheroidal inclusion has an shear eigenstrain or a spheroidal inhomogeneity is sub-
jected to a uniform shear stress in the plane perpendicular to its rotational axis at infinity,
or an elliptic inclusion becomes a circular one. |

As a continuity and supplement of Jasiuk’s work on the prolate spheroidal inclusion
with a sliding interface condition(corresponding to the cases 1, 2 and 3), this thesis mainly
investigates the case of an infinite body with a sliding inhomogeneity inside, which is sub-

jected to a uniform shear stress 6, = S at infinity(corresponding to the case 4).



2. METHOD OF SOLUTION

We assume that inclusion is of prolate spheroidal shape which ranges from needle-
like shape to spherical shape. Therefore, the prolate spheroidal coordinates are ad(;ptcd.
Based on the Boussinesq’s approach of elasticity in three dimensions, the stress and strain
fields are expressed by prolate spheroidal harmonic potential functions in a form of infinite
series. Satisfying the boundary condition at the interface and at infinity, the algebraic equa-
tion system containing the potential functions and their coefficients is obtained. Finally the
linear equation system is solved for the coefficients so that the displacement and stress
fields are found according to the basic equations of elasticity. The calculations are carried

out numerically.

2.1 COORDINATE SYSTEM

It is convenient to choose a prolate spheroidal coordinate system for the problem
with the inclusion of spheroidal geometry. As a result, the boundary conditions at the inter-
face can be easily expressed. .

Let the origin of a Cartesian coordinate system, O, be at the center of the prolate
spheroidal inhomogeneity and the z axis coincide with inclusion’s rotational axis, i.e., its
major axis, so that all the three axes in Cartesian coordinates are the symmetric axes of the
spheroid (Fig.3). Then an orthogonal curvilinear coordinate system-a prolate spheroidal
coordinate system is used. The prolate spheroidal coordinate system(a, B, ) is related to

the Cartesian coordinate system(x,y,z) by the transformation equations[2],

x = csinhasinPcosy = cgpcosy (2.1)



y = csinhasinBsiny = cgpsiny 2.2)
z = ccoshacosP = cqp (2.3)

where c is the focal length of the prolate spheroid, and the range of variables are

0<a<e, 0<B<m, 0<y<2m (2.4)

A
2b > — x
Y
2a
[ ————————

Y = const

Fig. 3. Coordinate system

The surfaces a=const, B=const and y=const consist of an orthogonal family of prolate
spheroids, hyperboloids of two sheets and half planes passing the meridian curves.

For simplicity the following new variables are introduced

q = cosha 2.5)
g = sinha (2.6)
p = cosP 2.7

p = sinf, (2.8)
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with the relationship

-7 =1 2.9)
pP+pt =1 (2.10)
and their ranges are
1<g<oo @.11)
0<g<oo (2.12)
-1<p<1 (2.13)
0<p<l (2.14)
The differential of arc length is
(ds)? = (do/h)+ (dB/h)+ (dy/hy)? (2.15)
where
h= — L hy = (2.16)

The surface of the spheroid is defined by a = &, or the corresponding variable

qo = cosha,. The minor and major semi-axes of the spheroid are

a = cq,, b = cq, (2.17)

with the relationship

b2-a? = ¢? (2.18)

2.2 METHOD OF SOLUTION
The problem considered in this thesis is solved by using the displacement ap-
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proach. If no body forces are accounted for, the displacement equations of equilibrium for

elasticity in three-dimensions are

V2y+T:1—2—\7xVe=0 2.19)

where yu........ displacement vector
Voo Poisson’s ratio

... dilatation, Ve u

2 a2 a2
V2.9 4 9_, 9 japlacian operator

ox? 9y 9z?
V. aa—xi + -aa—y; + 3%’2’ where i ,] , k are unit vectors in x, y, z direction respec-

tively.

The general solution of the displacement equation of equilibrium is given as[14]

2Gy = V (¢y+R-B) +4(1-v) B+2Vx A+ Vx (R),) (2.20)

where R........ position vector
G...... shear modulus
P (0,02 03), AA), A0 45), 00, Ag oo harmonic functions.

The displacement components in the Cartesian coordinate system are

2Gux=3a;(¢0+x¢l+y¢2+z¢3) —4(1-v) ¢,

N, oA, M, N, (2.21)
+ 2(w“72-) + ()’x‘zg)

2Gu, =%(¢°+x¢1 +y0,+2¢;) —4(1-v)0,

o, A A, oA, (2.22)
+ 2(—37"‘$) + (Zm—-xg)

2Gu, = & (05 +x0, + 70, +20) —4(1-V) 0,

M, o, Ny N, : (223)
+ 2('5;-3) + (XW -)’ﬁ)
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But not all the harmonic functions in equations(2.21)-(2.23) are required to be present in

order to satisfy the displacement equations of equilibrium (2.19). The different combina-

tions of these harmonic functions were proposed by different scholars. For example, the

formulation in terms of ¢, ¢,,¢, and ¢;is due to Papkovich and Neuber, and

s 93, and A, due to Boussinesq. In this thesis Boussinesq’s appoach is used as follows
00, dp, A,

2Gu, = %, % 28}‘3 2.25

uy = a—y +ZW- g ( . )
00, 00,

ZGuz = —a;- +Z°§z—" (3"4\’) ¢3 (2.26)

The displacements in Cartesian coordinate system can be transformed into the

prolate spheroidal coordinate system by using the transformation tensor or matrix as fol-

lows
u; = A (2.27)
or
Uy u,
ug| = [A] u, (2.28)
u u,
where i.......cccoceeunee o B,y
] U X, )2

U, Up, Usye..... displacements in the spheroidal coordinate system
displacements in the Cartesian coordinate system
12 ) transformation matrix from Cartesian coordinate system to spheroidal

coordinate system, which is derived from the direction cosines between the two systems as
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follows

 chgpcosy chgpsiny chgp 7

[A] = | chgpcosy chgpsiny —chqp (2.29)

— siny cosy 0

Using the equations (2.28) and (2.29), the transformed displacements in the prolate sphe-
roidal coordinate system are(appendix A)

99, 06, g%
2Gua = hq a +Chqp[ —q- - (3 4V) ¢3] +2h —W (230)
2G hp Al h 9 (3-4v) 6 thax 2.31)
ub=—pa -c qp[ g— v 3]+ p oY :
6¢ a¢ A, A
l

The corresponding stressés in the prolate spheroidal coordinate system can be derived
from the displacements (2.30)-(2.32) by using the strain-displacement relations and the

Hooke’s law. These stresses are

0% ., 3, 90
o, = hz[q2¥o+czthz(q%_o_pé_po)

0 a
+ chz[qq P— 34 {c h2 p? -2(1- v)q Yp=— % (czh +2v)q %3 :I (2.33)
0¢* dq op

+2hzq[§3 q a)‘s]

dYdq 729y
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% 30, 9
— p2|72_ "0 2;2-2, 70 _ 0
Gg = h [p 37 +eh e (a5, Py, )]
4070, 39, 39,
+ ch’[qpp’a— (CHTP +2(1-VP" a5+ (W -2 Ppy ] (2.34)
|4
oA oL
2 3 p o3

1 9%, [ 39, a¢0]
O, = ——— +h q=— _
Y 626252872 aq ap
2%, 3 30
_4qp + hz[ -2 3 (p?+2vp2 3] (2.35)
preeobw ch?| (¢*-2vg )pg-q (p*+2vp )"—ap

[3%3 a%} ) O,
cqua'Y

- cHan az¢’3 2,2 2 5 ; 5., 00,
ch°qp qp;q—ypﬂc p - (1- v)}q& - {c°h"q +(1—2v)}p7p ] (2.36)

' qp[ a% o a}‘a]

—2ap—
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By ~ ¢g ap&y -287
- e az¢3+{_1__2(1_v)}a¢3 2.37
7|y 7 e (23D
3, a, oA M 7y
3222 3, 2,2 3_ (2, 203
+ pPecEw +ch qp [qaqap —p—5 +c’h {2412% (¢°+p )ap }}

™ " cp|dydg Z2dY

+ h”[ o, - +2(1—v)}a¢3} (2.38)
p|Tovq™ 17 3 :
hq 3%, 32 3%, az)‘a 2K 2,0 Ohy
;éTﬁW +chqp[pm; 9— K { (¢ +p)3— 241)5—}

2.3 BOUNDARY CONDITIONS

The boundary conditions for the spheroidal inclusion having freely sliding surface
and subjected to the uniform shear stress at infinity have been given in Cartesian coordi-
nate system by the equations (1.1)-(1.4). In the spheroidal coordinate system which we use
in this thesis they are in the following forms.

The boundary conditions at the interface a = o, (or g=qp) become
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oly—a, = Yaly_q, (2.39)
Sl _, =%l _, (2.40)
oaB|a= o, =0 (241)
aaﬂla ca, =0 (2.42)
UWL,: o, =0 (2.43)
6w|a= o, =0 (2.44)
The stress boundary conditions at infinity,when pure shear loading is applied, are
oler S So (2.45)
6, 0,,0,0,, OYZIr—n-o =0 ' (2.46)

where r=yx* + y2, and S is a constant. The bar above a letter refers to the inclusion.

2.4 HARMONIC POTENTIALS

Having the formulas for stresses and displacements and the boundary conditions
set up, we now need to find appropriate potential functions so that the stresses and dis-
placements obtained from the potential functions by the equations(2.30)-(2.38) can satis-
fy the boundary conditions(2.39)-(2.46).

In view of the superposition principle of elasticity, we consider the stress and dis-

placement field in the matrix as a sum of two parts,
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u. = l-t,--i-u? (247)
6.=0.+0° (2.48)

where the term with the superscript 0 is the undisturbed field in absence of the inhomoge-
neity caused by only the applied loading at infinity, and the other term is due to the distur-
bance caused by the spheroidal inhomogeneity. '

The main concemn in this investigation is to choose the proper harmonic potential
function in the equations (2.30)-(2.38) for the stress and displacement field due to the dis-
turbance of the prolate spheroidal inhomogeneity. Generally, the harmonic functions
which satisfy the displacement equations of equilibrium in the form of prolate spheroidal

coordinates are [2]

P, (9]||P,(p) H (2.49)
0,2, ()Y
or
P (q)||P, () [c?smﬂ (2.50)
Q’:(Q) Q:'(p) sinmy

- where P,(p), P,(q) and Q,(p), Q,(q) are Legendre’s functions of the first and the second
kind, and P7 (p), P7 (q) and Q7' (p),Q, (q) are the associated Legendre’s functions
of the first and the second kind of order m. They are defined as follows

1 4", 2 n
P = S -1 2.51
2 (P) 2"n!dp"(p ) (2.51)
P,(q) = ! d"(qz-l) (2.52)

2"nl dp”
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_ 1 l+p_
Q,(p) = EP,.(p)logITp n—1(P) (2.53)
_ 1 q+1 _
0,.(q) = EP,.(Q)IOEZI_—I W,._,1(@) (2.54)
PRy = (10" 4P, (p) @55)
dp™
m2 m
P™(q) = (¢*-1)" —d_p 2.56
n(@) = (¢g°-1) i 2 (@) (2.56)
m2 ;m
or(p) = (1-p) ;I‘f—mQ,.(p) 2.57)
m 2 m?2 am
= -1 2.58
0,(q) = (¢°-1) ﬁQn(q) (2.58)
=1
W,_,(2) = 'gl;P,_l(z)Pn_,(z) =p.q (2.59)
The definition (2.55) has the other form
—m2PP p
P™(p) = (1-p?) j j ...... jP,,(p) (dp)™ (2.60)
11 1

These two definitions have a certain relation each other. One of them equals to a constant
times the other.
Considering the feature of symmetry and antisymmetry of the geometry and load-

ing of the problem and examining the stress and displacement resulting from the formu-
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las (2.30)-(2.38), it is suitable to choose m=1 and to choose cos for the potentials ¢,and
5, and siny for A,, respectively. Furthermore, those Legendre functions which will lead
to the singularity of stresses at the origin of the coordinate system (corresponding to the
center of the inhomogeneity, g=1) should be excluded from the candidates of potentials
for the inclusion, as well as the Legendre functions which will give the infinite stress at in-
finity (the corresponding g — <) must be omitted from the possible potentials for the ma-
trix. As a result, harmonic functions Q,ll (gq) are sustained for the matrix, P,ll (q) for the
inclusion, and P,l' (p) for both of them. Finally, the following linear combination of se-
lected harmonic functions is chosen as the potential function for the matrix and inclusion
respectively,

a) for the matrix region (¢ 2 o), orin D-Q

0 = So Y, A,Q(q) P, (p) cosy (2.61)
n=0 :

0, = Sy Y, B,Q,(q) P, (p) cosy (2.62)
n=1

Ay =80 Y C,0Q,(q)P)(p)siny (2.63)
n=0

b) for the inclusion region (& < ), orin

0o = So 3, AxP(q) P, (p) cosy (2.64)
n=1

03 = So Y, B,P,(q) P, (p) cosy (2.65)
n=1

Ay = 8o Y, CaP,(q) Py (p) siny (2.66)

n=1
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where P,ll (p) is defined by expression (2.55) for any value of n except 0 when the

expression(2.60) is used, because P(l) (p) with the former definition vanishes, and

A,B,C,A,B, and C, are unknown constants which will be found by substituting the

potential function into the boundary conditions.

2.5 UNDISTURBED FIELD

The undisturbed stress and displacement field is the field in the body without the

inclusion inside. The undisturbed field of the infinite body under the pure shear loading

o, = S, atinfinity in prolate spheroidal coordinate system is

2Gud = S,c?h(2¢* - 1) ppcosy

2Gug = Soc’hqq (2p° - 1) cosy
2Gud = -Sycqpsiny

. 2 — —
og = 502c2h qqppcosy

cg = —So2c2h2q6pﬁcosy
0 _
c, = 0

oog = So (2c2h2q*q* - 2¢* + 1) cosy
Ogy = Sochgpsiny
oga = —=Sychpgsiny

where the superscript O refers to the undisturbed field.

(2.67)

(2.68)

(2.69)

(2.70)

2.71)

(2.72)

(2.73)

(2.74)

(2.75)
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In order to use these expressions in the boundary conditions, we express equations(2.67),

(2.70), (2.73) and (2.75) in terms of Legendre’s functions as follows

ZGug 1
_ 12,2 . p
Sohcosy — 3¢ (24~ DP2(p) 2.76)
0
2 alggdi-hPle) - Alaari ) @77)
Soc h cosy 377 35
cabﬁ 3 2 4 2 1 4 2.4 2 1
—_—— = =" (-7q -2¢°+1)P(p) + —=c"(3q —2q"+ 1) P, (p)
Soczh4cos‘y 35 1) * 75 q q 3P
- (2¢2- 1) PL(p) 2.78)
315 5 .
ol p
Yo __4-.14 22 5. 5 _ 4= 4 2 4. .

8 4-p1
- g93€ 9Ps (P) (2.79)

2.6 SOLUTION

Substituting the harmonic potentials(2.61)-(2.66) in section 2.4 into the expres-
sions for stresses and displacements(2.30)-(2.38) in section 2.3, we obtain the stress and
displacement field due to the disturbance of the inhomogeneity for the matrix and the inh-
omogeneity. Then these fields are combined with the undisturbed ones, given by equations
(2.76)-(2.79), to form the total stress and displacement fields which satisfy the equations
of equilibrium and the boundary conditions.
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The undisturbed stresses (2.70)-(2.75) in the section 2.5, caused by the applied
loading at infinity, of course, satisfy the boundary conditions at infinity. The stresses due
to the inhomogeneity disturbance derived from potentials (2.61)-(2.63) vanish at infinity.
So the sum of the two parts of stresses satisfies the boundary conditions at infinity.

In order to satisfy the sliding boundary conditions at the interface, we substitute
the above-mentioned total stress and displacement field for the matrix and the field for the
inhomogeneity into the the boundary condition equations (2.39)-(2.44). Before the equa-
tion system is solved, the following has to be done:

1. For solving the boundary condition equation system at the interface, all terms
containing the variable p should be transformed in the forms of Legendre’s function

P ,‘1 (p) by using the following recursion formulas[16],

n+1

PP(P) = 7 Phi1(P) ¥ 5P, 1 (P) (2:80)
(l—pz)%P;(p) = (n+1)pPL(p) —nP., (p). (2.81)

2. Of the potentials for the matrix, the two terms with Ay, Cy cause much more
complicated operation when they are transformed in the forms of Legedre’s function. To
simplify the calculation, the stress and displacement field due to the two terms is worked
out directly. Furthermore, it is noticed that the fields brought out by the two terms respec-
tively have singularity as p = 0, however, the singularity in the combination of the two
fields vanishes if the ratio of Ag to Cy is chosen as 2 . The combination of the two field-
s(appendix B) is substituted into the boundary condition equations to find the coefficient
Cp , and then A is taken as 2C),.

3. The resulting displacement includes the rigid body motion when the displace-
ment equation of equilibrium is used for a problem of elasticity. If two terms of the poten-
tials represent the same rigid body motion, the system of equations will be singular.

Examining the displacements resulting from the chosen potentials(2.61)-(2.66), it is found
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that A, and C,correspond to the same rigid body translation of the inclusion in the x di-

rection. So one of them,C, is chosen to be zero.

Finally, the boundary condition equations at the interface are obtained in the fol-
lowing way.
The condition of continuity of normal displacement(2.39),

ualaza = Uy , becomes

B B
2 [{K:nAn."Kn,n—an—l+Kn.,n+an+1+Kgncn}
N=1
1 =4 = = — — — — —
T {Kﬁ;nAn"'Kg,n-an—l+Kg,n+an+l+Ks,ncn} ]P,I; (») (2.82)

1
= —§c2(2q3- 1) P;(p).

The condition of continuity of normal tractions (2.40) which can be expressed as

=0
a=a,

c becomes

q alg -
a=a,

A A A
2 [{Ln,n—ZAn—2+Ln.,nAn+Ln,n+2An+2
=1
B B B B
+ Ln.n-3Bn—3+Ln,n—an-—l+Ln.n+an+l+Ln,n+3Bn+3
(o o C
+ Ln.n-ZCn-2+Ln,ncn+Ln,n+2Cn+2}

A = TA T A e
—{Ln,u-ZAn—Z+Ln,nAn+Ln.n+2Au+2

B @ B = B g B &
+ Ln,n-3Bn—3+Ln.n—an—l+Ln,n+an+1+Ln,n+3Bn+3 (2.83)

:7C = +C = = =
+Ln,n-2cn—2+Ln,ncn+Ln,n+2Cn+2 } ]Ppll(p)
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2

+ 003—501’; ()

2 -, 12 1 4 —
= ~2q98 (390~ 7) P2 (P) + 35¢°40d0P 4 (P)

The conditions of vanishing shear traction(2.41)-(2.44) which can be expressed as
=0, =0

0

=0, om|a=a°=0and o

oaﬂla=ao 6“5|a=ao Wla:a

become

oo

A A A A
2 [Sn,n-BAn—3+Sn,n-—1An—1+Su,n+lAn+1+Sn,n+3An+3

n=1

B B B B B
+ SM_4B,'_4+SM_ZB,,_2+S B+Sn'n+2B,,+2+S B

nn-n nn+4-n+4

C C C C
+ Sn,n—BCn-3+Sn,n—1Cn—l+Sn,n+lcn+l+sn.n+3cn+3]Prll(p) (2.84)

1,9 2 9
+C [{-3qé+23}6—51’}<p)+1—5;7_—31°;(p>]

3 4
= - 3¢ (- 745 -2} + D P} (p) - zz¢* (3q¢* - 243 + 1) P} (p)

8 2., 2 . pl
+EC (2q0 I)Ps(p)

—-— — — — —A — - —
2 [s:,n—BAn—3+S':.n—1An—l+Sn,n+ lAn+1+S:n+3An+3

n=1
B B B B B » B 5 B D
+ Sn, n—4Bn-4+Sn, n—ZBn—2+sn,nBu+Sn. n+2Bn+2+Sn.n+4Bn+4 (2-85)

(o = C = C = &C =
+ Sn,n-3cn-3+Sn,n-lcn—l+sn,n+lcn+l+Sn,n+3cn+3 ]P,l, (P) =0
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z [T‘r:n—‘tAn-4+TAn 2An 2+TA A +TAn+2An+2+TAn+4A

nn’n n+4

n=1

+ T8, B, s+T2, 3B, ;+T2, _|B,_

n, nn— nn-—

B
+ Ta'l.n+lBu+l +Tg,n+3Bn+3+Tu,u+SBn+5

+ Tcn—4cn—4+7f,n—2cn—2+7c C +Tcn+2cn+2+TCn+4cn+4]P:x(p)

n, n,n-n

3
- q
co[{l—“ 38000~ 7301 P (P) 5 2L (o )]

1 2 4
= (340 740 63)0 GoPi(p) + (- 5qo+77)c 0P4(p)+693c doPi (P) (2.86)

and

Z [ﬂ.n—4zn—4+7‘:,n—22n—2+7:,nzn+ -u,u+2xn+2+7‘:.n+4zn+4

n=1

+ 7_1rn;,n-5§n—5"'Tg.n—3§n—3"'1_‘5;.’;—15'1—1

+ Tf,n+1§n+1+7—‘g,n+3§n+3+i‘zn+55n+5
+ sz:,n—AEn—4+ _u,n-ZEn-2+ﬁ,nén+ﬁ,n+2an+2+iﬁn+4én+4]P,l,(p)
-0 (2.87)

where I' = G/G , gy = cosha,, g, = sinhay, . All the coefficients,

A A A B C
Ku ’ u ’KtCJ ’Lu ’ u L u ’Su ’su ’Su ’sz ’Tfi ’7€j
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are the functions of Q}, (go) and v as shown in the appendix C. All the coefficients with a
bar can be obtained from the corresponding coefficients without the bar by replacing
Q,’, (q¢) and v by P,ll (go) and V, respectively.

Equating the coefficients of P ,1, (p) , for the positive integer n, in both sides of each
of the boundary condition equations (2.82)-(2.87), we get an infinite system of linear alge-
braic equations for the unknowns, A, B,, C,, A,, B, and C, .

For solving the system of equations, it is convenient to use the following recursion

formulas which are derived from [16],

0L.1(@) = 1 1(2n+1)q0L(@) - (n+ 10}, ()] (288)
0V (@) = 7 (10,1 (@) - (1+ D aQ} (@) 289)
0@ = 75200/ @~ (ntn+ D - =510l @ ] @9

n 1-q2 n 1_q2 n

The recursion formulas for P. . | (), P}’ (¢),P}” (¢) and P}, (p), P} (p),P}" (p)
have the same forms as those for Q,ll +1(2), Q,l,' (), Q,l," (q), equations (2.88)-(2.90).

In the numerical calculations, the infinite system of equations is truncated with n=N
in such a way that the number of equations equals to the number of unknowns. By using
the exclusive program , the coefficients A, B,, C,, A,, B, and C, are evaluated, so that
the complete potentials are obtained. Then it is easy to find the stress and displacement
fields anywhere in the inclusion and in the matrix by substituting the potentials into the ex-

pressions for the stress and displacement (2.30)-(2.38).



3. RESULTS AND DISCUSSION

1. The unknowns in the boundary conditions

Solving the system of equations (2.82)-(2.87) for the boundary conditions at the in-
terface, we obtained all the unknown coefficients A, , B, , C, , A, , B, and C,. We con-
firm that A, , A, , C, and C, are zero when n is an odd number, and B, and B, are zero
when 7 is an even number, which can be inferred from the symmetry of the problem.

The second very important observation is that the non-zero terms of the coefficients
are Ay Ay, B),Co_ Cy A, and B only. In view of this, we conclude that it is possible to
get a closed form analytical solution by setting up a finite series of potentials, although it is
known that the infinite series of potentials should be used in order to obtain the stress field
of a prolate spheroidal sliding inclusion under other kinds of loading [13-14].

2. The stress field

A very interesting conclusion of our work is that the stress field in the prolate sphe-
roidal inhomogeneity, with the interface free to slip under shear loading o, at infinity,
vanishes so that the inhomogeneity behaves just like a cavity. As to the distribution of
stress field, it does not matter whether the inclusion is perfectly bonded at its interface or is
allowed to slip freely along the interface, if we have the special case of a cavity. In order to
confirm our solution, we used an analytical method for the prolate spheroidal inclusion
perfectly bonded at the interface and took the shear modulus, G = 0. We obtained the
same stress and displacement field in the matrix as that for the sliding inclusion and G # 0.
Furthermore, decreasing the shear modulus G continuously towards the limit, G = 0, for

the prolate spheroidal sliding inhomogeneity, the same stress and displacement fields were

27
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obtained once again.

Since the condition of the prolate spheroidal sliding inclusion under shear loading
o, is equivalent to that of the perfectly bonded inclusion with shear modulus G = 0 and
the field of elasticity of the latter is obtained by finite series of potentials, it is reasonable
to attempt to derive the field of the former also by finite series of potentials.

Mura and Furuhashi[9] reported the zero stress field in the inclusion for the similar
case. They found that when an ellipsoidal inclusion, which is free to slip along the inter-
face, undergoes a shear eigenstrain and the interface can not sustain any shear traction , the
stress field vanishes everywhere in the inclusion. Kouris, et al.[12] considered a problem
of elliptic inhomogeneity under a uniform shear stress applied at infinity and obtained the
solution which is the same as that of elliptic hole in the matrix under shear. As the exten-
sion of this 2-dimensional problem to the 3-dimensions, our solution of zero stress field in
the inhomogeneity is expected.

It should be noted that the stress field in the prolate spheroidal sliding inclusion does
not vanish if the shear stress Sy instead of o, is applied at infinity. The field is given by
Jasiuk[14].

3. The anomaly of solution

The solution for the stress field can not be obtained from our formulas in this thesis
when the spheroidal inclusion goes to a spherical one, because the two semi-axes have the
same lengths, a=b, which leads to the focal length c=0 and the related singularity. Howev-
er, Ghahremani[8] solved for the stress field of the sliding spherical inhomogeneity under
the uniform tension applied at infinity by using the Papkovich’s approach. By means of the
superposition principle for elasticity, the stress field in the sliding inhomogeneity subject-
ed the shear stress at infinity could be obtained easily. This way, we find that the stress
field does not vanish when the inhomogeneity is in the shape of sphere. In conclusion, the
solution for a spherical inhomogeneity can not be obtained from the limit of spheroidal in-
homogeneity for sliding case. This is called the anomaly of solution.

The anomaly was reexamined by Kouris et al.[12] for the two dimensional case. As
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a result, they showed that the plate with a freely sliding circular inclusion under shear has
nonzero stress in the inclusion which can be obtained from the solution given by Muskhe-
lishvili[17]. When investigating the ellipsoidal sliding inclusion which undergoes a uni-
form shear eigenstrain , Mura and Furuhashi[9] pointed that in the case of degeneracy of
ellipsoids to the spheroid and sphere, non-vanishing stress field is left in the material after
slight relaxation by the interface sliding.

It should be noted that the anomaly does not occur for the case of the inclusion per-
fectly bonded in which the solution for sphere can be obtained from the limit of the ellip-
soid(same for the sliding inclusion in two dimension)[9]. Once more, the anomaly does
not come for the case of the spheroidal sliding inclusion under shear in the plane parallel

to the xy plane as shown in the paper by Jasiuk[14].

4. The deformation
The prolate spheroidal inhomogeneity which is frgc to slip along its interface has
only the displacements corresponding to the rigid body motion, the rotation of the inho-
mogeneity around the axis y, when the uniform shear stress o, is applied at infinity. This
means the spheroid keeps its shape under the shear loading considered in our paper. It can
be observed from the harmonic potentials used in the paper. In particular, it is more conve-
nient to transform the potential functions into Cartesian coordinate system. In that case,
the displacements are
u, = Wz 3.1

U. = —Ox. (3.2)

2
where  is a constant. The displacements represent the rigid body rotation around the y-
axis.

The similar situation was found by Mura and Furuhashi[9] for the ellipsoidal sliding
inclusion undergoing a uniform shear eigenstrain. They pointed that there exists a shear
deformation which transforms an ellipsoid into the identical ellipsoid without changing its
orientation. It is not, however, the case of sphere that is always deformed to an ellipsoid by

shear. Jasiuk{15] showed a figure for the configuration before and after deformationt of the
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elliptical sliding inclusion undergoing a uniform eigenstrain. Although above mentioned
inclusions sustain their shapes under the loading, the difference is that there is no deforma-

tion in our inhomogeneity.

5. The potential ]

The Boussinesq potentials approach was used and the spheroidal harmonic func-
tions in terms of Legendre function were taken as the potentials. It is a suitable way to in-
vestigate the spheroidal inclusion problems. Although we got the undisturbed stress field
by the harmonic function ¢, = Spxy expressed in Cartesian system for convenience, it

can be transformed to the Legendre function in the spheroidal system,
0 = Soc’P3 (D) P3 (D) . (3.3)

The same method was successfully used by Edwards[5] for the spheroidal inclu-
sion bonded perfectly and by Jasiuk[14] for the spheroidal sliding inclusion(Papkovich
approach of potentials was also used).

6. The eigenstrain problem

As the mentioned at the beginning of the thesis, there are two types of the inclusion
problems, the inhomogeneity problem and the eigenstrain problem which can be solved
mathematically in the same way.

Here we discuss the eigenstrain problem.

We consider an isotropic and infinitely extended elastic body, containing a prolate
spheroidal subdomain that may have elastic constants different from those of the matrix.
The configuration is the same as that shown in Fig.2. The problem is to solve the stress
fields caused by the uniform shear eigenstrain, efx in the inclusion.

The 'potentials are chosen as the same as those for the inhomogeneity in formulas
(2.61)-(2.66) except that the constant S, is taken as 2Ge?,

The boundary conditions at infinity are that all stresses vanish
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c..= 0. 3.4)

The boundary condition at the interface are the same as those represented in equa-
tions(2.39)-(2.44). But, for the matrix there is no more undisturbed stress field caused by
the applied shear stress at infinity, equations(2.67)-(2.75), and the displacements in the in-
clusion will be the sum of two parts. If the inclusion is allowed to deform freely without
the matrix constrain, then the displacement is #° which can be derived from the given ei-
genstrain and the strain-displacement relation as follows

2Gi® .
¢ = l2ag-nplp). (3.5)

Sohcosy 3
The corresponding displacements of elasticity, #° in the inclusion can be found by substi-
tuting the potentials into equation(2.30)-(2.32). The total displacement is the sum of

#® and °,

U, = )+t (3.6)

By using strain-displacement equations and Hooke’s law, the stresses can be ob-
tained in the forms of the equations(2.33)-(2.38).

Following the same route as for the inhomogeneity problem, we can solve the ei-
genstrain problem. The boundary conditions at infinity are satisfied automatically. By sub-
stituting the displacements and stresses into the boundary conditions at the interface, the
system of equations similar to (2.82)-(2.87) is obtained.

The condition of continuity of normal displacement,

=u , becomes

l |
(+ 3 PO Ay =
a=a, a =,

B B
z [{K/r:nAn*'Kn,n—an—1+Ku,n+an+l+Kincn }
N=1
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1 -4 — = _ — — —C =
- f{K:nAn+Kg,n-an-l+Kin+an+l+Kincn} ]P,l.(p) (37)
1
= 3¢ Qq-D P ().

The condition of continuity of normal tractions which can be expressed as

becomes

%, o = Saly_

_ o
a=a,

A A A
2 [{Ln,u—ZAn—Z+Ln.nAn+Lu,n+2Au+2

n=1

B B B B
+ Ln.n-3Bn—3+Ln,n—an—l+Ln,n+an+l+Ln,n+3Bn+3

nn-n

+ LY, oCp g+ Ly Cot Ly, 7Cpir}
-{Zﬁ,n-2‘zn-2+i‘-:,nzn+l—"r:n+2xu+2

+ Lhpo3Bnoa+L} o By 1 +L} i 1Br1+ L8 i 3Bpys (3.8)
+ Ly nooCna+ Ly wCh+ Ly ns2Cri2 } 1PL(D)

2
+ C03_‘70P; (p)

The conditions of vanishing shear traction which can be expressed as

Oaﬁla-.-ao:()’ 6“5|a=u°=0' o"“la:a‘,:() and 6‘1“0.:(1 =0

0
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A A A A
z [Sn,n—BAn—3+Sn,n-1An-l +sn,u+1An+1 +Sn,n+3An+3

n=1

B B B B B
+ Sn,n-4Bn-4+Sn,n-2Bn—2+su,an+Sn.n+ZBn+2+Sn,n+4Bn+4

C C C
+ Ss,n—3cn-3+sn,n—lcn—l+Sn,n+lcn+l+Sn,n+3cn+3]Prlx(p) (3.9)

2 49

1, 90
Pl (p) +1—5?P;(p>}
0

+Co [{-3q%+2-}_—
5T g
=0

z [gin—3zn—3+§:n—lzn-l+§'rtn+lxn+l +§‘:.n+3;n+3

n=1

B o cB o) B p ,cB D oB 7
+ Sn,n-4Bn-4+Su,n-28n—2+sn,n8n+Su,n+28u+2+sn.n+4Bn+4 (3.10)

<€ = € = € = € =
+ Sn,n—BCn-—B+sn,u—lcn-l+sn,n+lcn+l +Sn,n+3cn+3 ] Prl| ()

=0

Y (Th o sAns+Thp2An_2+Th A, +Th

nn’n n,n+2An+2+T:,n+4An+4

n=1

B
+ Tn,n—SBn—5+Tﬂn—3Bn-3+Tﬁn—an-l

B
-+ TB’I,’H-an+1+Tr€.n+3Bn+3+Tn.n+SBn+5

+ Tcn—4cn-4+ n,n-ZCu—2+TC c +Tcn+2cu+2+yf,u+4cn+4]Prln(p)

n, mn=n" ‘n,
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3
190 2_ 19 q
+Cop [{3 0'*'340 do— —O}C P, (p) - 2qul (p)jl (3.11)
=0
and

Z [Tﬁ,n-4xn—4+7‘:n—2‘zn-2+f:n’-{n+ —u,u+2zn+2+7‘:.n+4zu+4

n=1

+ T

u,n—SBn-S"'TrB;.n—SBn—3+Tg,n-an-l

+ Tﬁn+1§n+1+7‘in+3§n+3+TiBl,n+5§n+5
Trcl, + nn-— 2Cn 2+1Cn5n+7—f,n+26n+2+7f,u+46n+4]Ppl.(p)

=0 | (3.12)

where I' = G/G , qy = cosha , g = sinhay, . All the coefficients,

A A C A
K‘J’ ‘IJ QK‘CJ ,L‘J, "" ,L‘,J ’S‘J’

s¢..m. 18 1€

B
S; (Y AR B N B ¥ |

hj

are the functions of Q,I (q¢) and v as shown in the appendix C. All the coefficients with a
bar can be obtained from the comresponding coefficients without the bar by replacing
0! (q,) and v by P} (g,) and V, respectively.

Equating the coefficients of P,ll (p) , for the positive integer n, in both sides of
each of the boundary condition equations (3.7)-(3.12), we get an infinite system of linear
algebraic equations for the unknowns, A,, B,,C,, A,, B, and C, .

In the numerical calculation, the infinite system of equations is truncated with

n=N in such a way that the number of equations equals to the number of unknowns. By us
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ing the exclusive program , the coefficients A, B,, C,,A,, B, and C, are evaluated, so
that the complete potentials are obtained. Then it is easy to find the stress and displace-
ment fields anywhere in the inclusion and in the matrix by substituting the potentials into
the expressions for the stress and displacement (2.30)-(2.38). Again we find that our solu-
tion can be expressed in terms of finite series, or more specifically, only the coefficients
A, and Bare non-zero, and the stress field in both the matrix and the inclusion vanishes.
This stress field in the inclusion is consistent with the case of the inhomogeneity under re-
mote shear loading as discussed in the section 2. After deformation, both the matrix and
inclusion keep their original configuration. Furthermore, there is no strain in the matrix.
Although there is a strain, the eigenstrain, in the inclusion, the inclusion keeps its shape

and orientation after the deformation.

7. The closed form solution

In view of the above-mentioned reason we can find a closed form solution for both
the inhomogeneity problem and the eigenstrain problem. The potential functions used for
the closed form solution have the same form as those for the solution by the infinite series,
but only a finite number of terms of the series is kept. Referring to the coefficients
A,B,C,A,B, and C, found for the infinite series approach, we chose the potentials
for the closed form solution for the inhomogeneity problem as follows

a) for the matrix

0o = SoAoQ (@) Pg (p) cosy+ SyA,0; (q) P; (p) cosy (3.13)
0, = SoB,01 (9) P] (p) cosy (3.14)
A, = S4CoQ¢ (9) P (p) siny+5,C,0; (q) P (p) siny (3.15)

b) for the inclusion
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0y = SoA2P3 () P} (p) cosy (3.16)

¢, = SoB,P] (q) P} (p) cosy (3.17)
where Ay = 2C, in order to avoid the singularity of the stress.

In the same way for the solution from the infinite series of potentials(2.61)-(2.66),
we get the stresses and the displacements at the interface due to these finite number of
terms of potentials(3.13)-(3.17). Substituting these stresses and displacements and those of
the undisturbed field into the boundary conditions(2.39)-(2.44) and solving the system of

algebraic equations, we get the closed form solution for the inhomogeneity problem as fol-

lows,
Ag = 3¢(1-V)B, (3.18)
Ay = 5c(=3¢*+2-2v)B, (3.19)
c
B, = L T (3.20)
(3g5-2+V) 0, (qp) + =5 (- g5 +2-V)
90
2
Co = 5¢(1-V)B, (3.21)
1
Cy = 5¢(1-V)B (3.22)
- 1 =
A, = 5c(1-29) By (3.23)

S|

r 2
1= 30—V qg [cqo(295-1)

(3.24)
+ {(—6g5+7q2-2vgi+1-2v) 0, (gp)

+(2g53+3-2v) }B,]
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This solution is consistent to that from the infinite series of potentials.
The same method is also suitable for the eigenstrain case. In that case only the po-

tentials for the inclusion are needed in the simpler forms as follows
0o = SeA2P} (q) P} () cosy (3.25)
¢; = S¢B1P} (q) P} (p) cosy. (3.26)

In the same way, we get the closed form solution for the eigenstrain problem as

follows,

Ay = 5e(1-29)B) (3.27)
5 _ TU-2q)
1 = Z_(IT (3.28)

This solution is also consistent to that from the infinite series of potentials.

Although the papers[10][13] and [14] showed that the closed form solution can
not be obtained and the infinite series potentials should be used for the elliptic and prolate
spheroidal inclusion problem in which the inclusion may slip along the interface and is
subjected to the other kinds of loading, it is found that when the prolate spheroidal sliding
inclusion undergoes the uniform shear eigenstrain egx or is subjected to the uniform shear
stress O, at infinity, a finite number of terms of potentials will give the solution. As a re-
sult, it is found that for the inhomogeneity problem the stresses in the spheroidal subdo-
main vanish and the spheroid rotates without deformation, and that for the eigenstrain
problem the stresses in both the inclusion and the matrix vanish, and there is no deforma-
tion in the matrix, while the inclusion does deform but keeps its original shape and orien-

tation.



APPENDIX A
The displacement and stress field

For ¢,

_99,
2Gua = hq—a?

2Gug = ~hp a%
)
1 9%,
= o
2
G, =h [q — +c2h?p? (q %—pgo)]
o. = i 4&0 +c2h23% (g0 - a_¢o)
5 - 1 az(Po +h I:qa¢0 pa¢0:|
T 225y dqg " dp
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For ¢,

_[ 9
2Gu, = chqp[qa—q3 - (3-4v) ¢3}
_[ 00,
2GuB = —chqp[pa—p - (3_4V) ¢3:l

90

qp %93

2Gu, = 3
“= oy

2

a¢ o0 00 ]
2 2,2 2-2 2 3 2,2 2 =2°13
6,= ch [qq paq + {c“h°qg°p°-2(1-v)q }pa—q —(c*h“p“+2v)qp 3%

32¢ 2722 L, 903 55, —y 903
oy = ¢ h[qppg {RFp*+2(1-v)p }q;}; + (c*h’q —ZV)QP%

3%, 00 99

o, - _4p 2 2 =2 3 2 =2 3

Yy = —>4+ch [( -2vq@°)ps— - (p“+2v, )—:I
cq*poy 9 TIP3q ~ P P95

_[ 3% 3 ad
Caf- chqu[qp%%+ {®Hp?~ (1-2) Yz - (K + (1—2v)}p$3]

hd 2% 2(1-v)} 23
Opy=- 7 P‘ap_ay*' {;2— ( —V)}a—,Y

9%, 39
o )/ 1 _ 3
Y= h= [ aya {55+2(1 v)}a?]



For l3
2G 2h al
u = -W
oA
D73
up = 2h5 3y
M, N,

_ 2= 3 _ 3
ZGuY—Zchqp(pap "aq)

Oo o2 [a"A, qax3]

\9vaq ~ 773
d
6 =- 2h%p 2)‘3
B aay 287
2%, 9%, o, o,

_ 2 -
Oy= 2k [”‘apay "avaq} Y pzﬁ

2, 9% 9%,

O, = —
o q,,[q Pavoq P apay ‘"’3—7]

p O
cqﬁzavz
3%, 32_{ %, a‘x3 220 (o2 py 3 axSJ

c hq — —
Yo = ————=+ch - + -2
= A paqa S @+ 57 - 2p5, '}

s 3%y a’x3 2y O ,
>+ ch’gp? qaqap-pap h{qua - (¢ ”)ap}

<2
]



APPENDIX B

The stress and displacement field of
0 = 25,00 (@) Py(p) and A, = S,00(q) Py (p)

at the interface

u, =0
2Gu
_ B 2 51
—_— = _—P
pSOhcosy do 1(P)
2Gu
- Y 2 1
D = P, (p)
Socth*siny 3¢ 2
Cq 2
= 2=—P,(p)
Soc2h4cosy 3g, 2
p—eb 0 3201 p1 0, 2300 )
Soc’htcosy 571 153
3
_© 9 2_ q ) 24
Yo 0 0 | 2p1 0 251
Soch’siny (3‘10 370%0 g, ) 2 35q, ¢
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APPENDIX C

A B C
Cl Ky Kij. Ky

K:n = F, (n)

K: . =Fy(n-1)Wy(n—1)

K: o1 = Fp(n+ D)W, (n+1)
Kf,n = F3 (n)
where
F,(n) = E,(n)
F,(n) = E;(n) +E;(n)
Fy(n) = E, (n)
where

E, (n) = 3,2} (qp)

E,(n) = ¢q9q,Q} (qy)

E,(n) = 22201 (40)
()

E;(n) = —c3y(3-4v) Q! (qy)

W(n) is shown in the appendix D
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L?

c2 LA )
l,] ’

C
ij ? Li,j

L}, =F,(n) +F,(n)Wg(n) + F5(n) W3 (n)
Ly, _3=Fy(n=2)Ws(n=2) +F3(n—2) Wy, (n-2)

Ly, 2=F,(n+2)W,(n+2) +F3(n+2) Wy, (n+2)

LB

nn-1

=F (n=1)W;3(n—1) +F5(n—=1)Wy(n—1)

Fg(n=1)Wyg(n=1) +F;(n=1)Wa(n—1)

LB

nn+1

=F,(n+1)W,(n+1) +Fg(n+1)W,(n+1)
++F6(n+1)W3-,(n-+-l) +Fo(n+1)W3,(n+1)
nn

LB =Fs(n-3)Wy(n-3) +Fg(n-3)W;5(n-3)

B
LB 3=Fs(n+3)W (n+3) +Fg(n+3) Wy (n+3)

P o e VTN



where

where

LS, = Fg(n) +Fy(n) W (n)
L, _,=Fy(n-2)Ws(n-2)

LS i 2=Fo(n+2)W,;(n+2)

F\(n) = qZE, (n) + E,(n)

Fy(n) =—E,(n) —E,(n)

Fy(n) = E;(n)

Fy(n) = q3E,(n) +E5(n) +q3Eg (n)
F5(n) = —E,(n) —Eg(n) — E¢(n)
Fg(n) = E;(n) - Eg4(n)

F;(n) = qgEg (n)

Fg(n) = q3Eq (n) +q2Eq (n)

Eg(n) =—Eq(n) —E(n)
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E, (n) = 350" ()

E,(n) = éoQ,‘.' (40)

E;(n) =-0Q} (o)

E,(n) = cqed50)" (40)

Es(n) = cq}Q)’ (o)

E¢(n) =-2¢(1-V) 350, (o)
E; (n) = —cqoQ; (4o)

Eg (n) = -2¢cvqyQ, (4o)

Ey(n) =24,Q) (q,)

2

2q
Elo (n) = ‘__—ZOQ,I. ((Io)
q0

W(n) is shown in the appendix D.
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C3 S35 .80 S5

SA

mn-1=F1(n=1)W3(n—1) +Fy(n—-1) W3, (n—1)

+Fy(n=1)W5(n=1) +F,(n=1) Wy (n—-1)

s4

in+ =F,(n+1)W3,(n+1) +Fy(n+1) W5, (n+1)

+F3(n+ )Wy (n+1) +F (n+ )Wy (n+1)
SA n_3=Fy(n=3)W35(n-3) +F,(n-3)Wg (n-3)
SA

nn+3

=F,(n+3)Wag(n+3) +F,(n+3) W, (n+3)

P o= Fs () W33 (n) +Fg(n) W, (n)
+F,(n) +Fg(n)Wq(n) +Fg(n) W, ,(n)
SP p-2=Fs(n=2)W3y(n-2) +Fg(n—2) wyy(n-2)

+Fg(n-2)Wg(n—2) +Fy(n—2) W3 (n—2)



where
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S2 i2=Fs(n+2)Wyy (n+2) +F(n+2) Wy (n+2)
+Fg(n+2)Wy(n+2) +Fg(n+2)W5(n+2)
SE n_a=Fg(n=8)Wyy(n—4) +Fy(n—4) Wy, (n—4)

2 ia=Fg(n+ )Wy (n+4) +Fy(n+4) Wi (n+4)

So o1=Fio(n=1)Wy(n=1) +F}; (n—1) Wy (n-1)
+F 1, (n=1)Wy(n=1) +F 3 (n—1) Wy (n—1)

S i1 =Fro(n+ )W, (n+1) +Fy (n+ 1) Wy (n+1)
+F,,(n+1)W;3,(n+1) +F;(n+ 1) W3y (n+1)

SC n_3=F1; (n=3)Wg(n=3) +F 3 (n—3) Wy5(n-3)

SC a3 =F (n+3)W) (n+3) +F 3 (n+3)Wig(n+3)



where
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F\(n) = qgE, (n) +E; (n)
Fy(n) =-E, (n)

F5(n) = E5(n)

Fy(n) =-E5(n)

F5(n) = g3E, (n) +E; (n) +q3Eq (n)
Fg(n) =—E,(n) - Eg(n)
Fy(n) = g3Eg (n)

Fg(n) = Es(n) — (g5 +1)E (n)
Fy(n) =—E5(n) +E(n)
Fio(n) = qoEq (n) +qoEy; (n)
Fyy (n) = —Eg(n) —Ey, ()
Fyy(n) = qGE  (n)

Fi3(n) ==E5(n)
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E, (n) =-0Q;’ (qo)

E, (n) = 4q0C (o)

E; (n) = -3,2;’ (4o)

E4(n) = —cGoq0Q,’ (do)

Es (n) = —cqoq0Q, (o)

E¢(n) = c(1-2v) 39902}’ (40)
Eq(m) = cq0d5Qx (40)

Eg (n) = ¢ (1-2v) 3,05 (4p)

Eg(n) = 3o0L (4o)

Eyo(n) = —g—:’)ahqo)

2
Ey (n) = —%’Q}.(qo)

W(n) is shown in the appendix D.
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T4, =F,(n) +Fy(n)Wg(n) +F3(n) W, (n)

Th2=Fy(n=2)Ws(n—2) +F;(n=2) W3 (n-2)

1

nea=Fy(n+2)Wy(n+2) +Fy (n+2)Wys(n+2)

n,

Th o4 =F3(n=4)W, (n-4)

=F;(n+4)W (n+4)

n+4

T,

Tﬁn_l =F,(n-1)W;3(n-1) +Fs(n-1)Wy(n-1) +F(n—-1)W;y(n-1)

T8 =F,(n+1)W,(n+1) +F5(n+1)W;,(n+1) +Fg(n+1)Wy(n+1)

nn+1
Ty ,_3=Fs(n=3)Wg(n-3) +Fs(n-3)Wg(n-3)
T o 3=Fs(n+3)W, (n+3) +F¢(n+3) Wy (n+3)



where
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T ,_s=F¢(n=5)Wy;(n->5)

T} o5 =Fg(n+5) Wy (n+5)

TS ,=F,(n) + Fg(n)Wg(n) + Fy(n) W, (n)
+F o (1) Wy (1) +F ) (n) Wy ()

TS = Fg(n=2)Ws(n=2) +Fg(n—=2) W5 (n—-2)

n,

+F g (n=2)Way (n=2) +Fy; (n=2) Wy (n—2)

¢

n'n+2=F8(n+2)W7(n+2) +F9(n+2)W15(n+2)

+F g (n+2)Way (n+2) +Fy (n+2) Wy, (n+2)

TC  _4=Fg(n—4)W,(n—4) +F | (n—4)W;g (n—4)

nn

T¢

mn+4=F9(n+4)W16(n+4) +F(n+4)Wy3(n+4)
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F\ (n) = q3E, (n)

F,(n) = -2¢E, (n)

Fy(n) = E(n)

F4(n) = q4E, (n)

Fg(n) = =2q2E, (n)

F¢(n) = E,(n)

F;(n) = qoE5 (n) +q3E, (n) +qaEs (n)
Fg(n) = —2qE; (n) — (g5 + 1) E,(n) - (g3~ 1) E5(n)
Fy (n) =E;(n) +E,(n) —E5(n)

Fio(n) = Eg(n) +qiE; (n)

Fyy(n) =—E;(n)

where
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E, (n) = -c*QY (qp) + c’-;iz’Q,‘. (@)
0

E, (n) = - c*q,QY (4,) +c3{%+2(1—V)}Q,’,(qo)
0

Ey (n) =-*R0l (g)

)
Eq(n) = -c*324,01" (40)
Es(n) = c*330) (40)
Eq(n) = -2c*q3q,Q5 (40)

E;(n) = CzﬁgQ,l.' (40)

W(n) is shown in the appendix D.
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Wi J
Wim = 3
Wa(n) = 2"”':11

W3 (n) =W, (n)
W,(n) =W, (n)

Ws(n) =W (n)W,(n+1)

We(n) =W (n)Wy(n+1) +W,(n)W,(n-1)

W, (n) = W, (n) Wy (n—1)

We(n) =Ws(n)W,(n+2)

Wy (n) = Ws(n) W, (n+2) + W, (n) W, (n)

W,o(n) = We(n) W, (n) + W, (n)W, (n—2)

W,y (n) = W, ()W, (n—2)

W, (n) = Wg (n) W, (n+3)
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W3 (n) = Wg () W, (n+3) + Wy (n) W, (n+1)
Wia(n) = Wo(n)Wy(n+1) + Wy (n)W, (n—1)
Wys(n) = Wi (n) W,y (n—1) + W, (n) W, (n—3)

Wi =W, (n)W,(n—3)

Wy =Wy, (n) W, (n+4)

Wig(n) = Wi, (n) W, (n+4) + Wi (n) Wy (n+2)
Wio(n) = Wi (n) Wy (n+2) + W 4 (n) W, (n)
W,o(n) = Wiy (n) Wy (n) +Wis ()W, (n—2)
W, (n) = Wys (n) Wy (n—2) + W g (n) W, (n—4)

Wy (n) = Wi (n) W, (n—4)

n2
W0 (" =3+
(n+1)2
Wa(m = st

Wi (n) =Way(n) W, (n+1)

Wiy (n) = Wag () W, (n+1) + Wy, (n) W, (n—1)
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Wi (n) =Wy (n)W,(n—1)

Wis(n) =Wy (n+2)W,(n+2)

Wsg (n) = Wy, (n) W, (n+2) + Wy (n) W, (n)

Wy (n) = Wss (n) Wy (n) +Way (n) W, (n—2)
Wig(n) =Wy, ()W, (n-2)

Wig(n) = Wis(n) W, (n+3)

Weo (n) = Wy (n) Wy (n+3) +Wag () W, (n+1)
Wy (n) = Wag ()W, (n+1) + Wy (n) W, (n—1)
Wyp (1) = Wap (n) Wy (n—1) + Wag (n) W, (n—3)

Wy (n) =Wy (n)W,(n-3)
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