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ABSTRACT

IDENTIFICATION OF MATERIAL CHARAC-
TERISTICS OF LAYERED STRUCTURES BY
ULTRASONIC INTERROGATION

By

Chih-Yeh King

In this research, the theory and approximations of scattered fields are studied, and
mode retraction techniques that can be applied to improve the accuracy of ultrasonic iden-
tification with the reflection waveform are developed. Since conventional interrogating
algorithms are not valid when dealing with a thin layer, more sophisticated algorithms are
needed.

First, a wave transmission matrix uses a linearized version of the wave propagation
equation and gives an especially simple reconstruction algorithm. This research reviews
inverse problem methodology as applied to the backward scattering field, and investigates
the quality of the reconstructions when the assumptions behind these approaches are vio-
lated. The experimental results show that the evaluation procedures, using a spectral
Prony method, are valid only when the wave number is linearly dependent on the fre-
quency, and that the specified band-pass spectrum is valid when the incident wave is
excited by a Gaussian-pulse shaped acoustic plane wave.
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Better identification is based on a higher mode assumption about the reflection
waveform. The advantage of this research is that the information obtained is based solely
on the echo retum from the successive acoustic interfaces without using the signature of
the incident wave which is difficult to capture experimentally. An additional feature of this

research is that the results can be used to determine more than one material characteristic

from a single trace of reflection waveform.
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CHAPTER 1

INTRODUCTION

The word interrogation generally refers to a type of verbal questioning. In phy-
sics, ultrasonic interrogation refers to a procedure used to collect data about the inter-
nal structure of an object and to then mathematically generate an image of some other-
wise hidden properties of the object.

Identification, on the other hand, extracts material properties from the echo return
which consists of incident pulse convolved with the transfer function of the object
being investigated. Conventionally, only a single feature such as the interface reflection
coefficient, acoustic impedance, attenuation constant, or velocity of propagation is used
for material discrimination. For a more complex structure, however, it is desirable to
utilize as many features as possible so that a higher precision of identification can be
achieved. Thus we require more sophisticated techniques than the one used for tradi-
tional identification. These new techniques for advanced identification are the subject
of this work. '

Techniques for the estimation of reflection coefficients at different interfaces have
typically involved the manipulation of the echo amplitude in the time domain [1 - 2].
Spectral analyses are commonly used for the estimation of attenuation properties of
materials [3 - 6).
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However, these techniques suffer from the following shortcomings:

(a) Amplitude detection processes have inherent limitations such as the loss of phase
information, inability to cope with dispersive media, and low resolution.

(b) Spectral resolution is restricted to the reciprocal of the sample spacing in the

discrete Fourier transformation [7].

The reconstruction of the geometry and composition of material characteristics
based on the measurement of the ultrasound field reflected from a layered structure is
known as the inverse reflecting problem [8]. The concept of an inverse problem has
also been used in other areas, such as aerodynamics, fluid mechanics, speech and
image processing, and electromagnetics [9 - 11]. Since a true inverse problem in
acoustics is extremely difficult to solve due to the scattering effect and the mode
conversion at the interfaces, one needs to use a simplified model with reasonable
assumptions to obtain meaningful results for identifying material characteristics.

This work is presented in four parts: the derivation of the wave equation and the
first order reconstruction algorithm, the development of the modified Spectral Prony
Algorithm (SPA) technique which utilizes unique features in the frequency domain of
the reflected response of a layered structure, the evaluation of the ultrasonic field
within an inhomogeneous and arbitrarily shaped object to complete the theoretical
background, and finally an experiment verification of the proposed techniques.

It is first hypothesized that the frequency domain scattered field response of a
acoustic medium can be defined entirely as a function of medium geometry and pro-
perties. Then, for a layered structure, the medium function approximately comprises a
set of natural modes which uniquely determine the structure. The SPA is a specified
phase detection technique constructed in such a way that, upon interaction with a cer-
tain structure, results in a reflected waveform contain only a pre-specified component
of the natural mode spectrum.



The advantages of the SPA technique are twofold. First, it can be used to esti-
mate several material characteristics in a single measurement. The information
obtained from this technique is solely based on the echo return from the successive
interfaces, rather than the signature of the incident pulse which is difficult to capture
experimentally. Second, the diffraction effect can be reduced greatly when the
reflections from the interfaces are used as references for successive estimation.

In Chapter 2, the acoustic wave equation is developed. This vector equation forms
the basis of all work to be described. In addition, the Bom and Rytov approximations
are introduced and a linearized model for the scattered field as a function of the object
is derived.

Chapter 3 presents a brief overview of some of the more relevant identification
schemes developed by other researchers, and underscores the need for the SPA tech-
nique. A wave transmission matrix is used to find an exbression for the reflected field
of a layered structure. This forms the basis of the SPA technique which is useful to
extract more than one property.

The SPA concept is introduced in Chapter 4, and expanded upon in detail
Material in this chapter also includes other extraction schemes and provides numerical
results to prove that the proposed method is preferred. Chapter 5 presents a theoretical
analysis of SPA reconstruction and includes methods of SPA synthesis and interpreta-
tion. Since the mathematical approximations and the experimental limitations contri-
bute in different ways to the error in the final outcomes, an overview is also given in
this chapter. The mathematical approximations are only valid for some regions of
objects, as described in Chapter 2, and the experimental limitations are entirely caused
by the limited availability of data. In addition, some signal processing issues will be
discussed and experimental results presented.
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In certain applications, it is desirable to gain knowledge of the field distribution
inside a medium. For example, in hyperthermia treatment of tumors, the induced tem-
perature profile is directly related to the ultrasonic field distribution. Therefore, Chapter
6 follows the wave equations addressed in Chapter 2 and develops a specific algorithm
to avoid the singularity of the integration of the Green’s function so that the unique-
ness of the ultrasonic field is preserved within the medium. In order to complete this
important topic, some inhomogeneous models for solving the given problem are also
investigated.

Finally, Chapter 7 introduces experimental validation of both the identification of
material characteristics of the waveform reflected from thin plexiglass layers, and of
the SPA concept itself. Verification of the SPA concept is provided by using the

reflection waveform of some multi-layered structures.



CHAPTER 2

PROPAGATION OF ULTRASONIC FIELDS

2.1 Introduction

Characteristic identification from scattered energy cannot be modeled by a set of
equations considering forward propagation wave only. Ultrasonic and electromagnetic
waves do not travel along straight rays in an inhomogeneous medium with finite boun-
daries. The backward flow of energy can be described with the wave equation under
the assumption that the operating wavelengths are small compared with the physical
dimensions of the system. It will be shown that the scattering identifications can be
approximated by a non-scattering identification.

First, let us consider the propagation of waves in homogeneous media. The wave
equation is a second order linear differential equation. The field intensity at any given
" location can be obtained by solving the wave equation.

The problem is not to identify a homogeneous media but rather to identify one
that is inhomogeneous in nature. To solve the inhomogeneous wave equation, one of
two approximations, the Born [19] or the Rytov [20], needed to be used. With these
two approximations, expressions for the inhomogeneous scattered field can be
obtained.
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The theory to be developed will be applicable to both two- and three-dimensional
structures. Even in a three-dimensional case, a two-dimensional model can often be
used if the structure varies slowly in the third direction. This assumption, for example,
is often made in the evaluation of electromagnetic fields distribution [12]. The theory
of ultrasonic identification of materials will be presented almost entirely for the two-
dimensional case. The reason is that the ideas behind the theory are often easier to
reconstruct the material characteristics in two-dimensional case by using spatial
transformation technique. In addition, technology has yet to make it practical to imple-
ment and to evaluate the results of three-dimension methods. This limitation will cer-
tainly be eliminated in the near future, and where the differences are significant, both
the two- and three-dimensional solutions will be expected.

2.2 Homogeneous Wave Equation
In a homogeneous medium the propagation of compressional ultrasonic waves can
be modeled with the scalar Helmholtz equation [13). For a temporal frequency of ®
radians per second, a scalar potential () satisfies the equation

V2O@P) +k2 0P =0 . .1

For homogeneous media, the wave number k, is a constant related to the wavelength

A of the wave by

(2.2)

The wavelength A is related to the temporal frequency of the wave by the propagation
speed in the media v, or

=2y . 23)

Furthermore, the compressional ultrasonic field 2(P) at position P is denoted as

et S



?@) = -Vo@) . 24)

The technique developed in this research are based on harmonic ultrasonic fields,

the time dependence of the fields will be suppressed in this work. Thus, all fields
should be multiplied by e/® to find the measured field as a function of time. For
ultrasonic fields, @(P) is the displacement field at position P. Since the time depen-
dence of the fields has been suppressed, @(P) represents the complex amplitude of the

field. As a function of time and space, the field is given by

®P(P,t)=Re { - Vd>(?’)e"f“"} ) 2.5

The vector gradient operator, "V", can be expanded into its two dimensional represen-
tation and Eq. (2.1) becomes

2 2
d ;‘f’ +9 ;y’(fl +E2O() =0 . @.6)
As a trial solution let
OP) =k 7 Q@7

where the vector k = k. . k) is the two-dimensional propagation vector and ®(P)
represents a two-dimensional plane wave of propagation factor IEl. This form of ®(7)
represents the basic function for the two-dimensional Fourier transform [14]. Using
this equation, any two-dimensional function can be represented as a weighted sum of
plane waves. Calculating the derivatives as indicated in Eq. (2.6), it can be seen that

any plane wave that satisfies the condition
Kl = k2 + k2 = k2 (2.8)

is a valid solution to the wave equation. The homogeneous wave equation is a linear

differential equation, so the general solution can be written as a weighted sum of each

=y
h



possible plane wave solution. In two dimensions, at a temporal frequency of @, the
potential, ®(P) is given by

¢(ﬂ=%jA(k,)em‘m")d"y+%f B(k)e/ N g (29)

and by Eq. (2.8)
ke =Nk2 - k? . (2.10)

The form of this equation might be surprising to the reader for two reasons.

(1)  The integral has been split into two parts. The coefficients of waves traveling to
the right are represented by A (k,) and those traveling to the left by B (k, ).

(2)  In addition, the limits of the integrals are —eo and o, For k2 greater than k.2 the
radical in Eq. (2.10) becomes imaginary and the plane wave becomes an
evanescent wave.

These are valid solutions to the wave equation, but, because k, is imaginary, the

exponéntial has a real or attenuating component. This real component that causes the

evanescent waves which decay rapidly within several wavelengths [13], and they can
often be ignored.

The limited range of valid solutions to the wave equation allows (under certain
conditions) an expression to be written for the field in all of 2-D plane given the
amplitude of the field along a line. The three-dimensional version of this idea gives the
field in 3-D space, if the field is known at all points on a plane.

Let us consider a plane acoustic wave travelling in the direction shown in Figure
2.1. By calculating the one-dimensional Fourier transform of the field along the direc-
tion of propagation, the field can be decomposed into a number of one-dimensional
components. Each of these one-dimensional components can then be attributed to one

of the valid wave solutions to the homogeneous wave equation. Referring to Eq. (2.9),




there will exist two solutions that satisfy the wave equation with a value of k,. If the
incident field has been defined to propagate toward the right, then a one-dimensional
Fourier component at a value of k, can be attributed to a two-dimensional wave with a
propagation vector of ( \/Ic?-_k} » ky ). This can be formulated on a more precise
mathematical basis, if the one-dimensional Fourier transform of the field is compared
with the general form of the wave equation. When only the forward travelling wave is

considered, the general solut ion to the wave equation becomes
&) = 5 [ Al E* TV, @.11)

Now, if the origin of the wave propagation is chosen to coincide with x = 0, then the

expression for the field becomes
l L]
®0,y) =5 [At)e™ dk, . 2.12)

This equation establishes the link between the one-dimensional Fourier transform of
the field along the line to the two-dimensional field. The coefficients A (k,) are given
by the one-dimensional Fourier transform of the field

Ak)=FT {¢(0.)')} . (2.13)

where FT denotes the Fourier transform.

Foo




<>
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X =X X =X

Figure 2.1: A plane wave with direction cosines (‘/ kf, -k; ,k),) is
propagating along the k direction.
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If the propagation vector is known, then all the sources for the field potential
O(x=x,,y)=®, e/&%¥hY) can be decomposed into plane wave components. For a

compressional plane wave, the ultrasonic field @ can be expressed as
Rx=x,y)= - VO(x=x,y) =§ U,e/ &> (2.14)

where U, = jk,®, .
The field undergoes a phase shift as it arrives at x = x,, and the acoustic field can

be written as
RPx=x;y)= = VO(x=x,,y) (2.15)

=y erj(kxxo"'kyy) cjkx(xl"xo) = ?(x=x°,y) eﬁx(xl-lo) .

Thus, the complex amplitude of the plane wave at x = x; is related to its complex
amplitude at x = x, by a factor e*1™%),
The process of evaluating the field at x = x, is as follows:
(1)  Obtain the Fourier decomposition of ® as a function of k, by taking the
Fourier transform of ®(x,, y).
" (2)  Obtain the plane wave expression at x = x; by multiplying by the phase factor
e#:Gr%) yhere as before k, = \/l?,’——kf
(3)  Obtain the field potential ®(x, y) by taking the inverse Fourier transform of the

plane wave decomposition.

2.3 Inhomogeneous Wave Equation

Considering an inclusion occupying a volume V, in space, embedded in a homo-
geneous background medium (see Figure 2.2), the incident wave induces a scattered
force [15]). This force, f; is calculated for an observation point that arises from the
spatial variations in density (p) and lame parameters (A and p)
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7. = o*Sp(PR(P) + [81(7’) + 28u(?)] V[V : 1?(?)] (2.16)
— SU(P)VXVx2(P)

where © is the temporal frequency and 8p(P), SA(P) , Su(P) are the position-
dependent incremental changes in elastic parameters with respect to the background.
They are

@) =pP) - p, . (2.17a)
@) =AP) -2, , (2.17b)
and @) =p@) -y, . (2.17¢)

with p,, A,, and g, being the density, bulk modulus, and shear modulus of the back-
ground respectively. These incremental changes are proportional to the elastic parame-
ter contrasts between the background and inhomogeneous media.

A more general form of the compressional wave equation can be written as

V@) + k2OP) = ——V - F,(P) (2.18)
w?p,

A, +2
where k, = 02, and v, = 'J—"—%- is the propagation speed in the background.

c o

The term on the right-hand side of Eq. (2.18), is the forcing function of the
differential equation [Vz + k,z] &(P). Note that Eq. (2.18) is a scalar wave equation. As
a result, all depolarization effects can be ignored. It has been shown [16] that the
depolarization effects can be ignored when the compressional waves propagate through
a viscous compressible fluid. If this condition is not met, the forcing function would be
of a much more complicated form [17].

The potential field ®(P) contains two components -- the incident field &, (P) and

the scattered field ®, (P). The incident field satisfies the homogeneous wave equation
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[V2 + k,z] o, =0, (2.19)
and the scattered field @, (P) is primarily based on medium inhomogeneities,

Q,(P)=0@) - D,(P) . (2.20)

The wave equation then becomes

[V2+k,2]<b,(?) A A @.21)
w?p,

The scalar Helmholtz Eq. (2.21) cannot be used to solve &, (P) directly. However,

a solution can be obtained through the use of the Green’s function technique [18]. The

Green’s function, which is a solution of the differential equation

(7 + ke = -89 @.22)
is written in free-space as
Py = £ P -7
GPIP)="—0r R=lP-7P'I. (2.23)

In two-dimensional problems, the solution of Eq. (2.22) can be written in terms of a
zero-order Hankel function of the first kind and can be expressed as

GPIPY) = fﬂ}"(k,k) . 2.24)

Notice that the Green’s function G (PIP ) is a function of the difference between the
field point and source point 7 — P’, so the function is often represented as G (P-P’).
Since the forcing function in Eq. (2.22) represents a point source, the Green’s function

can be considered as a single point scatterer.
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homogeneous
Background

Figure 2.2: General scattering configuration .
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It is possible to represent the forcing function of the wave equation as an array of

impulses such that
V-R@ =[ V- FPSE-P N (225)

In this expression, the forcing function of the inhomogeneous wave equation becomes
a summation of impulses weighted by V - f:(F’) and shifted by P ‘. Green’s function
represents the solution of the wave equation for a single impulse response. The even-
tual field solution can be obtained by summing the scattered fields due to each indivi-
dual point scatterer.

Following the approach, the total field due to the impulse V* - £, (P )8(P=P ") can
be written as the summation of scalar and shifted versions of the impulse response
G (P). This is a convolution process and the total field resulting from all sources on the
right hand side of Eq. (2.21) is obtained from the following superposition:

O,() = mzl [V -F.e6@r I . (2.26)
Po V
Recall that of Eq. (2.4), the compressional ultrasonic scattered field #*(7) at a
position 7 can be expressed as
@)= -V, (2.27)

1
= - V[V 7P "GPP v
m,p“ @GP 7}

" SRl
here G (PIP ) = ————
where GIP) = yntrr i

dinate, the unprimed gradient operation can be put inside the integral,

. Since the integration is with respect to the source coor-

== []V’-?,(?')VG(?’IT")dv’]. (2.28)
Po |V
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If the observation point P is outside the inhomogeneous volume, V,, then the
point P’ will not pass through P when carrying out the integration. To carry out the
integration, we need to use the dyadic identity [12]

V. [7;0") VG (PP ')] = [V’ ‘@ ')] VG (PiP ) (2.29)
+F.P)- VVG@EIP)
and the symmetry property of the Green’s function
VGEIP) = - VGPIPY) . (2.30)

If one substitutes equation Eq. (2.29) and Eq. (2.30) into Eq. (2.28), the scattered ultra-

sonic field becomes

o |V

*@)= - mzl [j V. [?,(?') VG(?I?')]d\/ (231)

- {'f’.(?’)-vva(?l?w] :

Defining & (PIP ) = mzl

Po

VVG (PIP "), Eq. (2.31) is rewritten as

#P) = - [ﬁ -?.(?')]VG(‘PV’)ds' (2.32)

Ky

+£7:(7")-8(7’|7")dv’ .

In general, it will be assumed that the volume V; has a finite size; therefore ?,(7’)
is zero outside the volume. Thus, the first surface integration of Eq. (2.32) vanishes at
a specified point P outside V,, and Eq. (2.32) reduces to

u"m=£7’,(r0-8<rlr')dv' : (2.33)

From the conservation of momentum, f(?) At = - p(P) A[QJ@]’ and when
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At — 0, the scattered force £, (P) is

7P =~ 8p(P) [%] 2.34)

= W’ Bp(P)R(P)
=m@PRP)

where m (P) = w?*3p(P) represents all inhomogeneities of the medium. With this scat-

tered force expression, the scattered field becomes

>*P) = &m(? EH - EPP Y . (2.35)

At first glance it appears that this is the solution for the scattered field. However,
notice that the scattered field @*(P) is expressed in terms of the total field,
?(®) = @' (P) + @ (P). In order to solve the scattered field, some approximations must
be made.

2.4 Approximations for Solving the Scattered Field

In the last section, an inhomogeneous integral equation was derived for finding
the scattered field @*(P) as a function of the inhomogeneities of the medium. This
equation cannot be solved in a straightforward manner. However, a solution can be
obtained by using some approximations. These approximations, the Born [19] and the
Rytov [20], are valid under different condition, but the forms of the resulting solutions
are quite similar. These approximations are the foundation of solving the ultrasonic
scattering problem.

Mathematically speaking, Eq. (2.35) is a Fredholm equation of the second kind
[21]. A number of mathematicians have presented work describing the solution of

scattering integrals [22, 23]. We will adopt these approximations to the ultrasonic
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scattering problem with some modifications for reducing computation time.

2.4.1 The Born Approximation
The Born approximation is the simpler of the two approaches. Recall that the
total field @(P) is expressed as the sum of the incident field # (P) and a small scattered
field #@* (P),

@A =R@P+7@ . (2.36)
The integral of Eq. (2.35) is then

w'm=£m(r')w"@')-8(?lr'w ) (237
+£mc?w'm-8c?|?'w :

If the scattered field 2* (P) is small compared to @ (P) , then the effects of the second
integral can be ignored and the following approximation can be made:

E’(?’)=R’B(?)=£m(?’)?‘(?')-8(?|?')dxf ) (2.38)

As a result, under the Born approximation, the magnitude of the scattered field
*@ =20 -7 @ (2.39)

is smaller than the magnitude of the incident field 7 @.

If the medium is homogeneous, it is possible to express this condition as a func-
tion of the size of the medium and its refractive index. Let the incident wave i?‘(i') be
a plane wave propagating in the direction of the vector, E:, =k k,. For a large
medium, the field inside the medium will not be adequately approximated by the
incident field

2@+ PP =kA &7 . (2.40)
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In addition, the refractive index ng is a variable as well. The field inside the medium

has the following variation
RP) = k4, /7 2.41)

The phase difference between the incident field and the field inside the medium
can be obtained by integrating the refractive index over the length of the medium. For
a homogeneous layer of thickness d, the total phase shift through the layer is

Phase Change = Znn;% (2.42)

where A is the wavelength of the incident wave. For the Born approximation to be
valid, a necessary condition is that the change in phase between the incident field and
the wave propagating through the layer be less than & [24]. This condition can be
expressed mathematically as

dng <32‘- . (2.43)

2.4.2 The Rytov Approximation

The Rytov approximation is another approximation for obtaining the scattered
field and is valid under slightly different restrictions. The assumption is that the total
field has a complex phase [20]

PP =k A,e?? . (2.44)
Recall that the wave equation for the ultrasonic field is
VIRP) + kEPRP) = - mPRP) . (2.45)

In order to evaluate the complex phase, we substitute Eq. (2.44) into Eq. (2.45)and get

the wave equation as
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V. [V¢(i’)e’m] + koz(?’)em = — m@P)e*™
or simply

[vqm]z +V%@P) + k2= -m@P) .

(2.46)

(2.47)

The total phase function ¢ is the sum of the phase of the incident field ¢, and the

scattered phase ¢,,
¢(?) =¢o® +¢:® .

Substituting Eq. (2.48) into Eq. (2.47), one has

(70.®)" + 290,00 Vo, + [ve, @) + V20,7

+V. P +k2+m@P)=0 .

The incident field satisfies the homogeneous wave equation,
2
[V o(?)] +V2%,@+k2=0 .

With this consideration, the over-all wave equation becomes

26,0 V6,00 + V4,0 = - (70,0 - m .

It can be linearized by considering the following relationship,

v2[ufm¢,m] =V. [vu"(m,(ﬂ + uimw,m] .

Expanding the right-hand side of this equation, we have
Vz[“‘(ﬂ%(?)] = [Vzu'm]%'(?) + 2Vu‘(?) * V¢:(7’)

+u' PV, .

Using a plane wave for the incident field,

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)
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PP =£Aae™ T . (2.54)
The Laplacian of the incident field is
VuiP) = -k2ui@® . (2.55)
Finally, the inhomogeneous wave equation becomes
(72 + iz ‘o, = -2 1) [vo.0)" + me)] - (2.56)
The solution of this differential equation can be expressed in the form of an integral
equation,
2P0, (P) = J'i?‘(?')[[V¢,(?')]2+m(?')] -Gy . (2.57)
When the field of interest is in the far-zone region, the ultrasonic field can be

treated as a constant quantity. The terms in the brackets of the above equation can then

be approximated by
2
[v 0 +m@)=me) . 2.58)
With this approximation, Eq. (2.57) becomes

v‘mmi[’m(?')u‘cm-ﬁcﬂ?w : (2.59)

Thus, the complex phase of the scattered field becomes

1

¢, () = mim(?')ﬁ‘(?')-&?l?')dv’ ) (2.60)

7
Substituting the expression for ?2(P) in Eq. (2.38), the Rytov approximation can be
written as

o B 2.61
¢, () Py (2.61)
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In the far-zone region, Eq. (2.58) is valid. Furthermore, m () can be put in terms
of the change of the refractive index

m(P) = k,2[2n §P) +nf (?)] . (2.62)
For small variation of ng,

m(P) = 2k2ngP) , (2.63)

and the Rytov approximation is valid, however, the following condition must be
satisfied,
2
(ve.®)
ng®) > —_—. (2.64)
ks

This can be considered by observing that to the assumption of Eq. (2.58), the scattered
phase ¢, (P) is linearly dependent on the refractive change; therefore, the second term
in Eq. (2.62) above can be safely ignored for a small refractive change. The term
V¢, (@) is the change of the complex scattered phase per unit distance, while &, is the
wave number, the alternate form of the Rytov approximation is

v, cm]’
2n )

n 5(?) > [ (2.65)

In this result, the change in scattered phase ¢, () over one wavelength has a dominant
effect on the solution of the scattered field.
Evaluation of @ 2 (P) for the Rytov case is not as straightforward as in the case of

Born approximation. Recall that the total field is
PP =@+ P = l?[A,e’-"”* W’] . (2.66)
after rearranging the exponential terms, one has

@) =k [A,e"m[e"m - 1]] = o-’)[e""" - 1] : (2.67)
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The scattered phase ¢, (P) now is
Z (P
= In|— 1] . 2.68
;) [ e + } (2.68)
From Egq. (2.61), the field 42 (?) for the Rytov approximation becomes
PO =) | ZD 41| 2.69
@ =% [ —pey + ] (2.69)

Since the natural logarithm is a multiple-valued function, one must be careful in
choosing its value over a given region. For continuous functions, there is no ambiguity
about the solution since only one value will satisfy the continuity requirement. On the
other hand, for sampled signals, the choice becomes more difficult and one must resort
to a phase-wrapping algorithm for choosing the proper phase.

Under the Rytov approximation, the total compressional field is expressed as

u@)=A, b+ (2.70)
Substituting the scattered phase Eq. (2.61), and the incident field Eq. (2.54), into this
expression,
uP) = A,/ T O PR ) @71)
=ul @) M O e

The first exponential can be expanded into a power series. When u®(P) is small, the
total field can be linearized,

ul® =u' (1')[1 +uB@- A;‘e‘ﬁ: ' ”] 2.72)
=ul@P+ul@ .

When the magnitude of the scattered field is small, the Rytov solution approaches the
Born solution in Eq. (2.38).
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The similarity between the expressions for the Born and the Rytov solutions will
form the basis of the reconstruction algorithm to be considered in this work. In the
Born approximation, the complex amplitude of the scattered field is measured, and this
measurement is used as an estimate of the function VB(?), while in the Rytov case,
2 (P) is estimated from the complex phase of the scattered field. Since the Rytov
approximation is considered more complex [19] than the Born approximation, it might

provide a better estimation of @ (P).



CHAPTER 3

ULTRASONIC IDENTIFICATION OF

THE LAYERED STRUCTURE

3.1 Introduction

The identification of material characteristics in its basic form is an inverse prob-
lem -- the reconstruction of the geometry and composition of a medium from measure-
ments of scattered ultrasonic radiation [26]. The medium can then be identified or
discriminated from other media or classes of media by comparison to known properties
and compositions [27].

In a less rigid sense, identification of material characteristics involves the extrac-
tion of features from the measured scattered ultrasonic field which correspond uniquely
to an individual medium [28]. Identification is then accomplished by comparing these
features.

Ultrasonic material features for a layered structure medium are closely related to
attenuation coefficients, wave velocities in the medium, and reflectivity at each inter-
face. These features can take advantage of all the information contained in the scat-
tered field such as the amplitude, phase and frequency content.

25
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Whereas the solution of a true inverse problem requires an infinite amount of informa-

tion (i.e. a measurement of the scattered field at all frequencies) [29], in practice, only
a single feature can ordinarily be acquired for the identification of different materials
[30].

In Section 3.2, a short overview of some of the more recent methods conceived
for ultrasonic material identification is presented. This review is not exhaustive. The
goal is to place the identification technique of this thesis in a proper perspective. The
two schemes suggested in Sections 3.3 and 3.4 will be compared. It will also be
shown that they are evaluations of the ultrasound field at a specified position. Finally,
the wave transmission matrix and an ultrasound field integral equation of the
ultrasound scattering field, resulting from a surface force induced by the incident field,
will be described in Section 3.5. However, the main focus will be on overcoming two
drawbacks in ultrasonic identification of materials:

(1)  The derivation is simply based on the surface reflection force at the planar sur-
face of the medium rather than calculated by the complex integration of the 3-
D dyadic Green function which is difficult to compute mathematically.

(2)  The parameter reconstruction can be reduced greatly when the scattered model

of the medium is evaluated by using this approach.

3.2 Ultrasonic Identification Schemes
The identification schemes reviewed in this section can be generally divided into
two fundamental groups. The first involves the use of the amplitude of echo signals,
the second utilizes the frequency response of the medium.
[A] Reflection Techniques
e Cormrelation Algorithm -- In the case of time-harmonic excitation, it is con-

venient to consider a layered structure as a "transmission line” [31]. The
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ultrasonic wave backscattered from the perfectly homogeneous medium can be
related to the incident pulse wave through

W (@t)=h@t) * u'(@) 3.1

where " * " denotes the convolution operation and h(t) is the 1-D impulse
response. This equation describes the delays in propagation between the
incident and reflected waves, and is a function of the layer thicknesses and
wave numbers. The impulse response h (t) of an echo return is in the form of

B = 3 a,8¢ - 1,) (3.2)

n=1

where t,,, properly scaled, corresponds to the locations of the reflecting inter-
faces. Thus, the mapping is one-to-one and the reflection coefficients can be
exactly evaluated by using the correlation theorem [32]

Cpy(®) = ﬁa,, Cy(t,) 3.3)

n=1

where " C " denotes the correlation function.
e Deconvolution Algorithm -- The discrete component of the reflected signals

in the opposite direction of the incident ultrasound wave can be written as [33]

u*(n) = ia(k)u'(n -k) +r(n) (34)
k=1

where P is the order of the model and r(n) is an aperiodic pulse train,
corresponding to the reflectivity

1
r(n) = Y b(i)dG - P;) 3.5)

i=1
where b(i) is the i®® coefficient and P; is related to the i® interface. Then the
common autoregressive model used in many digital signal processing
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applications [34] can be adopted to reconstruct the system r(n). However,
ultrasound idcﬁtiﬁcation by reconstructing the reflection coefficients is impracti-
cal since measurements could be deteriorated due to the refraction effect.
Rather, the reflection property of any interface can be characterized by its
dispersion.

Frequency Response Techniques

Quite a large number of ultrasound identification schemes have been developed
based on the frequency response of the medium. Two of these will be con-
sidered in this section.

e Spectral Difference Algorithm - A very interesting ultrasound identification
scheme which simply describes the attenuation factor, a(f) = of , has linear
frequency dependence [35]. Then the frequency domain response of the biologi-

cal tissue, illuminated by an incident wave, can be denoted as [36]
IH(f)I?= e V) 2D = p-20/D (3.6)

where 2D is the double thickness of the tissue. Using this relationship, the

attenuation factor & can be evaluated by

o= _ logQ;iD(f)P] . 3.7)

e Phase Spectrum Algorithm - An ultrasonic wave propagating in an

unbounded medium in a positive direction can be expressed as [4]
u(x,t) = AeJ (@ -tx—9)p—ox (38)

where A is amplitude, ® is temporal frequency, k denotes the wave number, ¢
is the related phase, and & denotes the attenuation.
It can be shown [5] that any permissible propagating waveform combines with

all reverberations can be expressed as
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doo | 4o
uGa) =5 [ | [ Al@netde| ed@Reda (39)

-0

For a referred point x = 0, Eq. (3.9) becomes

4o | 4oo

u(O,t)=2—ln i l A@)e*do| e/®dw . (3.10)

Applying the inverse Fourier transform technique, one obtains

4o 4o
UQ©s) = [ A(r)e*do= [ u(Qr)eI™ar . (.11)
Similarly, we will get
U(xt)=U(p)e e | (3.12)

With the non-dispersive assumption, the difference in the phase spectrum of

these near and far region waves is then

@D

A¢=¢f—'¢n =kD = v

(3.13)

where D is the spatial distance, ¢, and ¢, are the corresponding phase to the
near and far regions respectively, and v, is the wave velocity in the medium.
As it is not possible to identify all materials with these assumptions, it is neces-
sary to approximate the linear frequency dependence within a specified frequency
band, and to consider the dispersive properties of the medium with some approxima-
tions. These issues will be addressed in the following sections.

3.3 Backward Scattering Measurements
In this section, we first review the salient features of the deviation of the 3-D

dyadic Green function for a planar layered medium formerly proposed in Chapter 2.
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When an elastic material is excited by a source, both compressional (C) and shear (S)
waves could be launched. Shear wave can be further partitioned into shear vertical
(SV) and shear horizontal (SH) polarizations [37]. As the medium is planar layered, C
and SV waves are coupled by boundary conditions on horizontal planes (ie., an
incident C wave on the interface between two solids gives rise to both reflected and
transmitted of C and SV waves). On the other hand, SH waves do not couple to C and
SV waves [38]. Using this decomposition of waves and taking into account the cou-
pling at boundaries and the multiple reflections within the layers, it is possible to
derive explicit equations for a dyadic Green function for a perfectly layered structure.

In particular, it can be shown that when the observation point 7 and the source
point P’ are in the same layer, G is comprised of a free field ( singular at P =7 ")
and a regular part resulting from the contributions of the layered structure. If the
source and the observation points are not in the same layer, & is comprised of only a
regular part. Once & is determined, the ultrasound field for an arbitrary source is
obtained by applying this operator over the volume of the source weighted by an
equivalent force equation (see Eq. (2.35)).

For an identification problem, we can denote #* (P) to represent the field at point
P which was induced by the surface reflection force to compute the ultrasound field.
Assume the medium is insonified by a time-harmonic transducer placed in the upper
half-space labeled 1, as shown in Figure 3.1, and assume it is filled with fluid. The
axis of the transducer is perpendicular to the plane of the figure, and the wave is trav-
eling along the £ direction as depicted on the figure. As a result, the displacement field
anywhere in the space will depend only on the lateral coordinate y and the depth coor-
dinate x. The origin is taken at the interface between layer 1 and layer 2. The incident
wave is modeled by

PP =u, 8¢ - x,)8(/ - y,)% (3.14)
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where P, = (x,,y,) locates the incident wave source in the rectangular coordinate sys-
tem and u, is the wave magnitude at r,. A scattering force, as defined in Eq. (2.34),

represented by a global reflection coefficient of the layered structure can be denoted as

7= me2e .y, (3.15)

where m (P,) is the global reflection coefficient at 7,. With the Born approximation,

the scattered field, as defined in Eq. (2.35), becomes

() = £8wo-ﬁmdv (3.16)

P’=(%yel)
4o
=fo | EPlx,,.2) - 2d7

where f, = m(P,)u, represents the force strength. Due to the spectral decomposition
of the dyadic Green’s function as a superposition of plane waves, a 2-D ultrasonic
field can be computed by setting the z component of the field to zero [39]. Thus, the
analysis of the backscattered ultrasonic field can be straightforwardly reduced to a 2-D

problem.
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layer (1): kg

lower half - space
layer (N):  kn

Xy o<

Figure 3.1: The 2-D backscattering problem to a planar-layered medium.
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Since layer 1 is a fluid which supports only compressional C waves, the x and y

components of @° become scalar quantities, and they can be written in a more compact

form as
(ﬂ J 4 mzp I k ejkr(y-y.’ —jky (x=x,) l dky (3.17)
uy(?) - T mzlp I ky ﬁ!@‘)’- _Ik (x=x,) l dky (3.18)

where R is the Euclidean distance from (x, y) to (x,,y,), and the x and y com-

ponents of the compressional C wave vector obey
kZ+k2=k2 . (3.19)

It is also noted that the scattered field #@* is only a function of the longitudinal dis-
placement x — x, and the lateral displacement y — y,. A computer simulation gives a
2-D mapping of the modulus of the x component of the scattered field versus the coor-
dinates x and y, is shown in Figure 3.2. The field mapping was sampled in the x
direction at dx = 1mm. The sampling in the y direction was dictated by an approxi-
mated range of scattering effect, =25° < 0 < +25°, resulting in dy = .5mm; therefore
the area shown has the dimensions 8x8 mm?2 and was centered at (xg,yr) = (-64, 0.0).
The same computations were performed for the x component of the scattered field.
These results provide more detailed information about the distribution of the
backscattered filed and the optimal position for locating the transducer to gain a higher
reflected energy. Using this approach, the backscattered field can be evaluated with a
known global reflection coefficient. It is therefore a useful scheme for ultrasonic

identification.
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3.4 Angular - Spectrum Techniques
If the ultrasound scattered field were in a weakly scattering medium, it could be

represented by the following convolution

u'c?)=£mc?9u‘c?')cc?—?'>dv' . (3.20)

where G(P -7 ’) is the Green’s function and u;(P) is the incident field. Thus Eq.
(2.35) can be considered entirely in the angular-spectrum [40]. The plots of Fig. 3.3
will be used to illustrate the various transformations that take place.

Again, considering the effect of a single plane wave illuminating a perfectly lay-
ered medium, the backward scattered field can be obtained by using Eq. (3.20).The
scattered field can simply be considered as a convolution of the Green function
8(P —7P’) with the product of the surface reflection coefficient m(7) and the incident
field u! (P ). First, define the following spatial Fourier transform pairs

mP) — ME) , (3:21a)
GP-PNe—G®) , (3.21b)

and
U@ > UR®) . (3.21¢)

The integral solution to the wave equation can now be written in terms of these spatial

Fourier transforms or
U@ = SR ME * U@ (3.22)

where "*" represents convolution, and the propagation vector is F= k., k,). An

incident plane wave u‘(P) can be expressed as

UiE) =273k -%,) . (3.23)
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and thus the convolution of Eq. (3.22) becomes a shift in the spatial frequency domain

or
MEB)*U®E) =2n ME-E) . (3.24)
This convolution is illustrated in Figures 3.3(a) - (c) for a plane wave propagating with
the propagation vector, i:, = (k,,0). Figure 3.3a shows the spatial Fourier transform of
a single cylinder of radius 1 A, and Figure 3.3b is the spatial Fourier transform of the
incident field. The resulting multiplication in the space domain or convolution in the
spatial frequency domain is shown in Figure 3.3c.
To find the spatial Fourier transform of the Green’s function, the Fourier

transform of the equation for a point scatterer

[V2 + k}]G PP)=-8(P-7" (3.25)
is taken to find

[-k2 + k}]a(z’t?') =—eH P (3.26)

Rearranging terms the following expression for the Fourier transform of the Green’s

function is found

-E-r
GEIP) == 3.27
€)= (3:27)
This expression has a singularity for all K such that
KPR =k2+k2=k2 . (3.28)

An approximation of G(l_c') is shown in Fig. 3.3d.
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Figure 3.3: 2-D angular-spectrum representation of the Helmholtz eqn.
(a) The incident field U'(k), (b) The medium function M(k)
(c) The spectral convolution M(k) * U'(k), (d) The Green
function G(k), and (e) The scattered field US(k).
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The spatial Fourier transform representation is somewhat misleading since it
represents a point scatterer as both a sink and a source of waves. A single plane wave
propagating downward can be considered in two different ways depending on the point
of view. From the upper side of the scatterer, the point scatterer represents a sink of
the wave while to the bottom of the scatterer the wave is spreading from a source
point. Later, when our expression for the scattered field is reflected, it will be neces-
sary to choose a solution that leads to backward-propagating waves only.

The effect of the convolution in Eq. (3.20) is a multiplication in the spatial fre-
quency domain of the shifted medium function, Eq. (3.24), and the Green’s function,
Eq. (3.27), evaluated at P’ = (0,0). The scattered field can be written as

. ME-%)
U* (%) = 2= k—T i (3.29)

Figure 3.3¢ shows the results for a plane wave propagating along the x-axis. Since the
largest spatial frequency domain components of the Green’s function satisfies Eq.
(3.28), the spatial Fourier transform of the scattered field is dominated by a shifted and
sampled version of the medium’s Fourier transform.

An expression for the field at the receiver will now be derived. For simplicity, we
will continue to assume that the incident field is propagating along the positive x axis
or E,’, = (k,.0). The scattered field along the receiver line (x =x,,y) is simply the
inverse Fourier transfdrm of the field in Eq. (3.29). That is

wa=xy) =T [ [ UK Tad (3:30)

Using Eq. ( 3.27), this can be expressed as

M(y-k, vky)

swex e [ [ £or
u'(x =x,.y) 4n2_‘[._‘[.72+k,2—k02e dydk, . (3.31)



First we carry out the integral form with respect to . For a given k,, the integral has a
singularity at

N2=t\VkZ-k? . (332)
Using contour integration, the integral can be evaluated with respect to y. By adding

L of the residue at each pole, the scattered field becomes

2x

u () = 5[ Tiledy)e™Y dby + = Tyt by Je o di, (3.33)
where
k) = MO - K -k k) G,
1(x.ky) e (3.34a)
1k Z-k?
and
-MkE = k2 -k Py

Ty k) = — Vo b “bb) -We=Es (3.34b)

2VkZ -k}

It can be seen that I'; represents the solution in terms of plane waves traveling along
the positive x axis, while I') represents plane waves traveling along the negative x
axis.

As discussed earlier, the spatial Fourier transform of the Green’s function Eq.
(3.27) represents the field due to both a point source and a point sink, but the two
solutions are distinct for receiver lines that are outside the extent of the medium. First
consider the case in which the scattered field along the line x = x, is less than that at
the x-coordinate of all points in the medium . Since all scattered fields originate in the
medium, reflected waves propagating along the negative x axis represent a backward
propagating waves while waves propagating along the positive x axis represent waves

from a point source. Thus for x O ( ie., the receiver is above the medium ) the
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reflected waves are represented by I'; or
1
u ()= 5 Tolx ke dk, . x <0 . (3.35)

Conversely, for a receiver along a line x = x, where x, is larger than the x-coordinate

of any point in the object, the scattered field is represented by I'; or
l .
u(ry) =5 [Tia k)™ dk, x> Xpetim (3.36)

where x,,.4.m represents the physical thickness of the layered structure. In general, the

scattered field can be written as
s 1
u (x,y)=§j Tx ke dk, | (3.37)

where it is understood that sign of the square root in the expression for I' should be
chosen so that only reflecting waves result.
Taking the spatial Fourier transform of both sides of Eq. (3.37), the spatial

Fourier transform of the scattered field at the receiver line is
[u' & =x,0)e?dy =Tz, k) . (3.38)

Judging from Egs. (3.34a) and (3.34b), I(x,.k,) is a phase shifted version of the
medium function. The Fourier transform of the scattered field along the line x = x, is
related to the Fourier transform of the medium along a circular arc. The use of the
contour integration is further justified by noting that only those waves that satisfy the
relationship

k2+k?=k}? (3.39)

will be propagated, thus it is safe to ignore all waves not on the k, -circle.
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reflection | transmission -

Q
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)

Figure 3.4 : Estimates of the two-dimensional transform of the scatterer
are available along the solid arc for reflection propagation

and the dashed arc for transmission propagation.
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This result is depicted in Figure 3.4. The circular arc represents the locus of all
points (k;.k,) such that k, =% \/ETT} The solid line shows the incoming waves
for a receiver line at x = x, above the medium. This can be considered reflection
identification. Conversely, the dashed line indicates the locus of solutions for the

transmission case.

3.5 IPM Representation of the Layered Structure

The inverse problem method (IPM) is an identification technique first formalized
by T. K. Sarkar in 1981 for distinguishing the radar target from the complicated scat-
tered field which corresponds uniquely to the individual target [41]. However, its basis
is founded in the results of theoretical analysis (see [42 - 44] for examples) which
revealed that the scattering field of such an approach is dependent on its geometry and
material properties.

Later developments in the area of IPM have generally taken one of two direc-
tions. Many researchers have investigated the theoretical implications of the method
[45 - 47], including the proper expansion of the system responses, while others have
employed the method for the analysis of particular ultrasonic problems [48 - 49]. This
section will present the theoretical approaches to the IPM technique. These will form
the basis for an ultrasonic material identification method which will be investigated

extensively in later chapters.

3.5.1 Determination of the Wave Transmission Matrix

In general, the ultrasound wave scattered by a planar layered structure results
from the surface force induced by the incident wave, is shown in Figure 3.5. Sys-
tematic evidence suggests that the surface force can be represented as a wave reflection

and transmission problem by a wave transmission matrix (WTM).



Let us consider a plane ultrasound wave which is arriving at a planar interface, as
shown in Figure 3.5, at some arbitrary angle. We denote the downward wave D’ as
the incident wave from above and the upward wave U’ as the back-scattered wave.

In order to find the reflection and transmission coefficients at the interface, it

suffices to assume the total resultant field is represented by

U,=RD,+Ty,U, (3.40a)
and

D,=T,D, +R,U, (3.400b)

where the corresponding reflection and transmission coefficients are defined as

R, = 21 T, = 22 (3.41a)
= 1 , =2 , 4la
' Dy|u,=0 27 Dy |u,=0
R, = 22 Ty = 1 (3.41b)
2" Uy|p,=0 2 Uy lpy=o :
After rearranging, Eq. (3.40b) becomes
p=2p,-R2y _ —l-[D2 -szz] . (3.42a)
Ty, Ty Ty
With this relationship, Eq. (3.14a) can be rewritten as
Ul = TL[Rlpz - Rlevz] + T2102 (3.42b)
12

Tu
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layer (1)

Figure 3.5: The prot of the reflection and refraction of a plane
wave off a layered structure.
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Resulting from the reflection and transmission at the interface, two waves exist
inside the upper layer with different directions of propagation. As a result, the expres-

sion for the ultrasound wave, in the layer can be put in the following form

D
U,

_|Wu Wi
Wy Wp

D,

U, (3.43)

D, __1 |1 -R,
Ul le Rl [leTZI-RlRZJ

W,y W
where [W] = [W" wlz] is the wave transmission matrix (WTM). Two cases of
21 W22

WTM are of interest:

Case A : Two half-space layers

Figure 3.6 shows there are only two unbound half-spaces, namely the upper space
1 and the lower space 2, with their acoustic impedances Z, and Z, respectively.
Assuming the downward wave D; and upward wave U, have unity strength, the

reflection and transmission coefficients are related by
1+ Rl = le (3°44a)
1+Ry=Ty . (3.44b)

The reflection coefficients are defined as

Z,
R, = and R, = : (3.45)

PiVei
cosO;

where Z; = is the impedance of the i medium, 0, is the incident angle at the

i** interface, p; and v,; are the density and wave velocity in the i** medium respec-
tively. Since R, = - R, the elements of the matrix [W] can then be expressed as

1 1 _Z2+2,

W, = = = .
1 le 1+Rl 222

(3.46a)
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"Rz Zz-zl Zz+Z, Zz—zl
= = , .46b
Wi Ty2 [z, + zl][ z, Z, (3.46b)
R,
Wau=7—-=Wn, (3.46¢)
12
and
w. < TTa —RiRz _ [l +R‘] [l +R2] “RiRa (3.46d)
2 T, Ty, Ty ’
Two half-space layers, the WTM can simply be represented as
1 (1 Ry
SEEIRA)
[ le [Rl 1 ] (3 )

Case B : Finite length of an unbound medium
For waves propagating through a finite length of medium, as depicted in Figure

3.7, the downward-going wave and upward-going wave are

D,=D e (3.482)
U, = U,e™ (3.48b)
x
where kxj; = 21t-i£l-, A is the wavelength of acoustic wave in the i* medium and
(4

X, is the physical distance between point x; and x,. Thus one can define WTM, for a
finite length of an unbound medium, as

[w] = [‘j:" e_,‘},”] : (3.49)
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\J layer (1)

Figure 3.6 : Configuration for two half-space layers.

U D
? l X=y,

Figure 3.7 : Configuration for an unbound layer with finite length.
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Finally, by using the WTM technique, one can obtain the expression of the
reflected wave which is excited by an incident wave as it hits a layered structure of a
differing medium. For an N -layered structure with a planar interface as shown in Fig-
ure 3.8, the downward wave D; and upward wave U; of the i*# medium are related to

the D, and U, waves of the i+1% layer as

D; 1 '1 Ri| [e®* o | |Pin1
= — : ; 1<i €N 3.50
Ui] T; |Ri 1 0 x| Uiy : (3.30)
1| e RieF| Dy
- T’_ R‘_ejk.’xn‘ e—fkix. Ui+l

where k; and x; are the wave number and thickness of the i** medium, respectively.

Using algebraic operations, the overall system becomes

Dy| N 1| k% Rie %
U, _,.13 T; |R;e/v% e~k

_ (W Wi
Wa Wop

Wil . ;L )
where [A] = W11 le is the overall wave transmission matrix.
21 W2

Di+1

3.51
Uin (3-51)

DN+1
UN+1

For example, for a two-layered medium sandwiched between two half-space back-
grounds, as shown in Figure 3.9, the 4 medium is infinitely extended. As a result,
there is no reflected wave from the 4* medium (i.e., U, =0).

The incident and reflected waves in the upper half-space are

D,
U, (3.52)

Dy _ W Wi,
Uy| ™ |Wny Wp

U4=0
1k: x;: _jklxi
I§I 1| 5% Rje
! T‘, Ri elkili e"Jkix.‘

L



50

Therefore, the surface reflection ratio m (7P) at interface 1 (i.e., x = 0) is then

U,

mix=0= — = — (3.53)

Rl[l + R2R3e'f”""’] + e‘f”""'[R, + R,e‘f”‘*"]

[1 + R,R;,e"j”‘”"] + Rle‘f'z’“"z[k2 + R;,e'jz""’]

=R, + Rz[l -R,’]e'f”"=+ R,[l -R,z] [1 - Rg]

~2{kava + ksxy)
‘e +
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layer (1)

Ui Rj D layer (i)
L :
* T layer (i+1)
f Un l Dy layer (N)

Figure 3.8 : Cascaded system of a planar N-layered medium.

X1

ky@) =k, T l
| >3

k(@) = (B -j o) ©

Xgoe|  ky@)=k, Us=0 Dy ‘

'/\
X

Figure 3.9: The ul h for a two-layered
medium embedded in a ﬂmd background.
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3.5.2 Integral Equation for Surface Reflection Force
The wave number has been assumed to have a linear frequency dependency, the

complex wave number of the n?* layer can then be expressed as
k(@) = [B,, -J a,,](o (3.54)

where B, and o, are the propagation and attenuation constants of the n™ layer respec-

tively. Therefore, the first three terms of Eq. (3.53) become

m(@) =R, + Rz[l - R,z]e‘fm'f“ﬂ““ (3.55)

+ R3[1 ‘an] [l - R%]e'le(ﬁz-jﬂz)mz'*(ﬁs']ﬁs)ms]

= Mle—(°'+jv')° +Mze’(02 +ivae M3¢-(°’ +Jjvs)o

where M, =R,, M2=R2[l -Rf], M, =R3[1 -Rf] [1 -Rg], 6 +jv; =0+ j0,
Oy +jV3 =20,%; + j2Byx; and O3+ jvy = Z[Bzxz"'ﬁaxs] "'1'2[“27‘2"'%13} This
result suggests that the surface reflection coefficient of an N-layered structure can be
represented in the frequency domain by the sum of the natural mode functions as

m(P,,0) = f‘,M,,e'“-“’ AL (3.56)

n=1

N
= XM, e™®

n=1

where N is the number of the interface, M, is the coupling coefficient of the n®
mode, and T, = —G,, — jV, is the n”* complex natural mode factor.

Practically, a pulsed ultrasound field can be expressed as

2@’ ; Ul A;—
wPt) = 0 At (3.57)

M ltl)_i-
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where As is the time duration of the pulse and @, is the harmonic frequency of the
ultrasound wave. Figure 3.10 shows the spectral distribution of a pulsed ultrasound
wave. The spectrum of this pulsed field can be written as

PP = [ #Pned¥d = [ 2P’V dr (3.58)
— -ArR2

. jo-a)  jw-o)d
_m[g J(© - 0)3 _ez(m wc)z]

T o-o,

2Sin[(0) - mc)%t—]
= 2(P)

0 - o,

For a narrow pulse, the following approximation is valid,

sin[(o) - mc)i”—]
2 =1 l 2n
=1 |e-e SE , (3.59)
(o - mc)—
2
Finally, the surface reflection force becomes
72 0) = m(P.o)RP.0)5P - 7,) (3.60)
: . 23in[(m - coc)At-]
= & M. e"™® 2P) 2
B ngl n‘ o’ o - mC
» ;
= zMnet'm ()
.'.:l -
N
= YM, B , |m-m‘. S % ,

n=l

where 7, (P,) = R(P,)A¢ is the spatial force distribution.
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Figure 3.10: The spectral ditribution of a pulsed ultrasound wave .



55

Evaluation of the steady-state scattered field excited by the induced surface
reflection force can be simplified greatly by the use of a transform domain analysis.
The z-transform of a discrete function A (n) is defined as [50]

H(z)=Z {h (n )} = Shn)™ (3.61)
n=0
and the corresponding inverse transform is

h(n)=2"! {H(z)} = Z—:UQ H(z)z" ' de (3.62)

where the inversion integral is performed over the closed contour in the region of con-

vergence of H(z), and h(n) is taken to be a causal function. If the I™* frequency sam-

pleinthespeciﬁcdband,m,=mc-%Sm,Smc-l-%:m,.isdenotedas

o =0,+ld0, O0SISL-1, (3.63)

-
where A® = mz 1 < LU ,tm“:mu{ltll, |12|, "','1~|}, and L is the total

L Tmax
number of samples, then the discrete form of the surface reflection force can be

denoted as

N
L@ =F.0.0) = TM,TF, @)+ 140 (3.69)
n=1

N
=M, )P ., 0sIsL-1

n=l

where z, = 2" and M’ +(2,) = M, e™™. Transforming these frequency samples into

the z-domain, the surface reflection force becomes

N
7@ = IM, @) ) —= (3.65)

n=1 z - Z,,



56

Thus, the steady-state reflection force is the sum of simple singular poles in the com-
plex z-plane. For layered structures, the natural modes occur in N complex parameters,
and it can easily be seen that the application of the inverse transform Eq. (3.62) and
Cauchy’s residue theorem returns Eq. (3.65) to the spectral form of Eq. (3.60).

The fundamental assumption of inverse problem method analysis is that Eq.
(3.65) is a valid transform domain representation of the surface reflection force in the
steady-state. That is, there exist no contributions due to higher-order poles, and it is
important to stress that this representation is valid in the steady-state only.

Employing the bandpass concept, Eq. (2.33) results in the transform domain
expression for the reflected ultrasound field maintained by the induced surface

reflection force

1?'(?.z)=£8(?17”)'f:(7”.z)df’ (3.66)

= $M,)—2i—[8PP)- T df .

n=1 -4y

After the inverse transform, the IPM representation of the reflected ultrasonic field is

given by

z?'(?,z)=f;u,(z,,)z,{jﬁcf‘lr")-?,.?')df ; 0SI<L-1, (367)
K}

n=]
or denoting
o=0,+/A® ; 0SISL-1, (3.68)

the reflected field can be expressed in the frequency domain as

RPw) = T Me™ [EPP)- KPS oSosw, . (369)
Ky
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Before Eq. (3.69) can be used to evaluate the reflected field, the surface reflection
force estimated by the incident field must be determined. This requires the calculation
of the natural modes and coupling coefficients, all of which are included in the Eq.
(3.65). As mentioned earlier, the natural modes are closely related to the properties and
physical dimension of the medium, while the coupling coefficients are strong functions
of interface reflectivity.

The surface reflection force can be determined through the use of the solution to
an ultrasound field integral equation (UFIE). The reason is that the function of the
ultrasound field equation is based on the boundary condition on the surface of the per-
fectly layered structure. The boundary condition is

t-?iP2)=1-2"(P2) (3.70)

where ¢ is the tangential unit vector. Writing the reflected field as in Eq. (3.70) yields
the UFIE

M —i—[i- 8P Ferds =i R G

n=l 2= 3

which must hold for all points on the surface of the target. Since the incident field is
finite, the possible solutions to the resulting equation represent the natural modes of
the medium (i.e., there are solutions to the UFIE only at each discrete pole z = z,,).

Jim My @) = [F- @Y FuP 0 =P IPz) . (12
->, - n S

Replacing the normal unit vector ¢ with [ 7, °(?) d¥, where f,,°(P) is the conjugate
s
force distribution of the m*® mode, and utilizing the symmetry property of the dyadic

Green’s function, then taking the limit z, — z, and ! Hospital’s rule to Eq. (3.72), the

coupling coefficients become
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M'...(z...)=dij P 2n) - Fou(P) d° (3.73)
m S

where d,, is a normalization coefficient and is given by

dp = [dsT0 ' @) - [B@PY - FuPH a5 . (3.74)
s 5
Replacing z,, by z, the coupling coefficients can be put in terms of the z-domain
parameter.
M@= [7'@ e dl . (3.75)
n S

3.5.3 Spectral Representation of the Reflected Field
In most of the ultrasonic imaging applications, it can be assumed that the target is
in the far-zone field region. Thus, the incident ultrasonic pulse is a component of a

Gaussian wave front, or

iPo) =k yy@e* , o,S0s 0, , (3.76)
where k determines the polarization of the ultrasonic field, and u;(®) describes the
temporal variation of the field. Transforming this to the z domain via Eq. (3.62) yields
RiP2) =k u2)e I . (3.77)

Substituting Eq. (3.77) into Eq. (3.75) and making use of Eq. (3.66), it gives the spec-
tral representation of the reflected field as

Rl = z L) 2b|[ ek - F, PNy (3.78)

n=1 d'l S

x|[E@P)-Fa®dy| ., 0sISL .
S
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This reflected field in the frequency domain can be written as

N
2P0 = SUP/*De® ;. o soso,, (3.79)

n=1

where U, (P)e/%® = 'i‘:z—"l [e 7k - £, P ds' | % g&’(?l?') - Fu®0as|.

n |

This result reveals that the reflected ultrasonic field also varies, in the frequency
domain, as a sum of damped sinusoidal functions. This frequency response of the
reflected field will be utilized for ultrasonic identification of layered structures in the
following chapters. With the surface reflection force developed, we can further build
the framework for evaluating the reflected field of a layered structure using the Born or
the Rytov approximation. Moreover, the result is also applicable to the study of inverse
problems which provides methods of reconstructing images and detecting material
characteristics from the measurements of reflected field of a layered structures buried

in a homogeneous surrounding. These issues will be further pursued in Chapter S.



CHAPTER 4

EXTRACTION OF THE NATURAL MODE

FACTORS FROM A MEASURED RESPONSE

4.1 Introduction

The most obvious requirement for the implementation of a layered structure
identification scheme based on material feature resonances is the accurate knowledge
of the natural mode factors of a wide variety of structures, as addressed in Chapter 3.
For most realistic structures, theoretical determination of the natural mode factors is
impractical. Thus, it becomes necessary, in some manner, to determine the natural
mode factors from a measurement of the reflected response of a layered structure.

This chapter presents a variety of methods for extracting the natural mode factors
of a structure from its reflected waveform. Basically, the methods can be divided into
four categories. The first involves Prony’s method, which is well known and discussed
in many fields [S1 -53]. This approach has some disadvantages, including a sensitivity
to noise [54, 55).
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In the second group, the Maximum Likelihood (ML) method [56] and the MUlt-
ple SIgnal Classification (MUSIC) method [S7] are discussed. They work best for
processes consisting of narrow band and uncorrelated signals in white noise, but
involve the high computational load of multivariate nonlinear maximization problems.
Because of these factors, these two classes of techniques are not suitable for our
research purpose, and other suboptimal techniques are needed.

The last two utilize eigenvalue analysis, solving first for a generalized eigenvalue
problem and then extracting the natural mode factors from the exponential polynomial.
The matrix pencil method [58, 59] involves reconstructing an autoregressive (AR)
model to optimize the performance by subspace decomposition. Our proposed spectral
Prony algorithm (SPAj involves evaluating a noncyclic convolution of the measured
response and an exponential model.

Each of these techniques will be discussed in detail. Their performance under
various circumstances, including the presence of random noise, will be examined for

their merits in the applications of material characterization.

4.2 Least Squares Prony Method

The modern least squares (LS) version of exponential fitting problem is consider-
ably different from the original Prony method [60]. This method makes use of a LS
analysis to fit an exponential model for cases where there are more data points than
needed to fit the assumed number of exponential terms [61].

For practical situations, the number of data points L usually exceeds the
minimum number needed to fit a model of N exponentials, i.e., L > 2N. In this over-
determined case, the data sequence can only be approximated as an exponential
sequence,

u'(1)=a(z)=£‘h,,z,‘, : 0SISL-1, @.1)

n=1

e ———
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where the coupling parameters h, and natural modes z,, from Eq. (3.67), are defined

as
hy =M, [E@PP) - [P df (4.22)
Ky
= A,,ejo'
and
z, = e G tive _ A0 (4.2b)

In denoting the approximation error as €(/) = u(!) — 4(l), one can find the order N
and the parameters {h,, z,} forn =1 to n = N such that the total squared error

L-1
p=Y e(l)|2 4.3)
1=0

is a minimum. This is a difficult nonlinear problem. A suboptimum solution that pro-
vides satisfactory results may be obtained with a variant of the original Prony method
presented in Appendix A. The least squares approach [62] effectively reduces the non-
linearity of the exponential fitting problem into polynomial problem.
In the overdetermined data case, the linear difference equation (A.7) could be
modified to
ia,,u(l-n) =e(l) 4.4)

n=1

for N+ 1sS1] <L -1. The term e(!) represents the linear prediction approximation

error, in contrast to error €(/), which represents the exponential approximation error.
Equation (4.4) is identical to the forward linear prediction error equation. Each a,,

term is a linear prediction parameter. Referring to Eq. (A.7), the a, may be selected

L-1
such that the linear prediction squared eror Y Ie(l)l2 will be minimized. This is
I1=N+1
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simply the covariance method of linear prediction [61]. The number of exponentials N
(also called the number of poles in reference to AR processing) may be estimated
using the same order selection rules. However, the maximum order is limited to
N SL/2. The roots of the polynomial constructed from the linear prediction
coefficients will yield, and the damping and phase factor can be solved from the roots
by using Eq. (A.9) and Eq. (A.10).

If zy, - - -, zy have been determined by a LS linear prediction analysis and by
polynomial parametering, then the exponential approximation 4(I) of Eq. (4.1)
becomes linear in the remaining unknown coupling parameters hy, - - -, hy. Minimiz-
ing the squared error with respect to each of the h, parameters yields the complex-
valued NxN matrix normal equation

[z” Z]h = [z" u] (4.5)

where the superscript # denotes the Hermitian of a matrix. The LxN matrix Z, the

Nx1 vector h, and Lx1 data vector u are defined as

(1 1 ... 1] hy [ u(0)
) 23 .- Iy h, u(l)
Z= : : : yh=|"], u= : . 4.6)
; z{:—l zé—l ... 21'\7.-1 | hN u(L-1)

The NxN Hermitian matrix Z¥ Z has the form

Yir --- YN
ZHz = | . 1, @7

1 " YN



L, ) .
Y = X [ijt] =Y - (4.8)
1=0

A useful relationship that avoids the summation of Eq. (4.8) is

. L
[Zjlg] -1 R
Yik = if zjgy # 1 4.9)
Z;lk -1
= L if z;zk =1.

Then the unknown h, parameters can be solved using Eq. (4.5).

The LS Prony method will also fit exponentials to any additive noise present in
the data because the exponential model does not make a separate estimate of the noise
process. An exponential model incorporating additive noise would have the form

u(l)= f;h,,z,fn(z) , 1=01,+--,L-1. (4.10)

n=1
The function €(!) has also been used to represent the approximation error of the
exponential model. If u () — (/) is used in place of u (!) in the analysis of Appendix
A, then the linear difference equation becomes

u(l)=- f‘,a,u(z—n)+ ﬁa,,e(z-n) . @.11)
n=0

n=1

This is an autoregressive-moving average (ARMA) model with identical AR(N) and

MA(N) coefficients and a driving noise process (/). The first step of the LS Prony
method uses the linear predication

u(l)=- g:a,,u(l—n)+e(l) 4.12)

n=1

and to whiten e (/). Comparing Eq. (4.12) with (4.11), the whitened process e (/) does
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N
not correspond well to the nonwhite MA process represented by Y a,&(l-n). It is for
n=0

this reason that the LS Prony method does not often perform well in the presence of
significant additive noise; it fails to account for nonwhite noise in the process. When
the LS Prony estimation method is performed in the presence of significant additive
noise, the attenuation terms are significantly misestimated. They often are estimated
higher than they actually are [63].

4.3 Maximum Likelihood Method
In this section, we derive the Maximum Likelihood (ML) estimation of the cou-
pling parameters and natural modes {h,,z, ; n =1, ---, N}. The derivation fol-
lows the one in [64] (see also [65]). Referring to Eq. (4.10), the vector of the received

signals u (/) can be expressed more compactly as

u=zZh+e (4.13)

where u, Z, and h are defined in Eq. (4.6), and € is the noise vector. The evaluation
problem is to estimate the natural modes {z, = e @ *V4® . p =1, --- N} of the
sources from the L samples of the array u(0), - - -, u(L-1).
To carry out the evaluation problem, we make the following assumptions [66]:
Al: The noise € is a stationary and ergodic complex valued Gaussian process with
zero mean and variance matrix 8%I, where 82 is an unknown scalar and I is the
identity matrix.
A2 : The noise samples {€(/)} are statistically independent.
Unlike the common approach in the sensor array literature [67], we do not regard
the signals as sample functions of random process. Instead, we regard them as unk-
nown deterministic sequences. Although this is done mainly because it allows, certain

computational simplifications, it also has some interesting advantages when the
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reflection waveforms are to be analyzed [68].
Under these assumptions, it follows from Eq. (4.13) that the joint density function
of the sampled data can be written as

1
x - det [8%1]

f@)= exp[- élu - Z(z, )hlz] (4.14)

where “det ()" denotes the determinant. Thus, the log likelihood, ignoring constant
terms, is given by

LH = -Llog(®) - élu ~ Z@)hl? . 4.15)

To compute the ML estimator, we have to maximize the log likelihood with
respect to the unknown parameters {z,, h} and noise variance §%. Fixing {z,, h}, and

then maximizing it with respect to 82, we get
8= %lu - Z(z)hl? . (4.16)

Substituting this result back into the log-likelihood function, ignoring constant terms,
one deduces that the ML estimator is obtained by solving the following maximization

problem:

e {-Llog[% u - Z(z, )hlz]} . @.17)

Since the logarithm is a monotonic function, the above maximization problem is

equivalent to the following minimization problem:

(2}, h {Iu - 2, )hlz} : (4.18)

To carry out this minimization, we fix h and minimize Eq. (4.18) with respect to
{z, | n=1,2, --- , N ). This yields the following solution
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h= [z” (22)Z(z, )]"z" (z,)u . (4.19)

Substituting Eq. (4.19) into Eq. (4.18), we arrived at the following minimization

problem:

&hs {'“ - Z(z, )[Z” (z,)Z(z, )] -lZ" (z,)u |2} ) (4.20)

This can be rewritten as

{“;”“; {Iu - P2z, )ulz} (4.21a)

where Pz(z,) is the projection operator onto the space spanned by the columns of the

matrix Z(z, ),
-1
Pz(z,) = Z(z, )[Z” (22)Z(z, )] 2H(z,) . (4.21b)

Thus the ML estimator of the parameter z, is obtained by maximizing the log-
likelihood function
LH({z,)) = IPz(z, )ul* . 4.22)

This estimator has an appealing geometric interpretation. Notice, from Eq. (4.13),
that in the absence of noise the vector u stays in the N-dimensional space spanned by
the columns of Z(z,), referred to as the signal space, while the presence of noise may
cause u to wander away from this subspace. From Eq. (4.22), it follows that the ML
estimator is obtained by searching over the array manifold for those N steering vectors
that form the N-dimensional signal subspace which is closest to the vector u, where
closeness is measured by the modulus of the projection of the vectors onto this sub-
space. A different form of Eq. (4.22), which is found to be more suitable for our pur-

poses, is obtained by rewriting it as
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LH({z,)) == [Pz(z,. )R] (4.233)

where “tr[ ]" is the trace of the bracketed matrix, and R is the sample covariance

matrix [69]
R=uu” . (4.23b)

However, The maximization of the log-likelihood Eq. (4.23) is a nonlinear,

multi-dimensional maximization problem, and as such is computationally expensive.

4.4 MUSIC Method

It is seen from Eq. (4.13) that the measured data with the ultrasound transducer
are given in the same form as those received by an L-element array antenna [70].
Thus, we may estimate the natural mode factors {z, ,» =1, ---, N} using the
MUSIC algorithm.

The MUSIC algorithm uses the eigenstructure of the measured data correlation

matrix [71]). From Eq. (4.13), the data correlation matrix can now be expressed as
R = E[uu”] (4.24)
= Z E[hh)Z" + 84
where "E[ ]" denotes the ensemble average, and E[hh¥] denotes the signal correlation
matrix. Here we assume that E[ee”] = §I holds in Eq. (4.24). Since these com-
ponents cannot be measured in advanced with the present ultrasonic system, we cannot
show the validity of the assumption.
Now we can express the eigenvalues and the corresponding eigenvectors of R as
me ---2n,and vy 2 -+ 2 v, respectively. Then, the following properties hold

when the individual signals are incoherent.
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(1) The minimum eigenvalue of R is equivalent to 8% with multiplicity L — N. Then

we have
M2M2 - 2Ny >Ny =Tyga= -+ =1 =8 . (4.25)

From the expression Ty > Ny4; =My42= *°° =MN; = 8, we may obtain the
number of reflections (N).
(2) The eigenvectors corresponding to the minimum eigenvalue are orthogonal to the

columns of the matrix Z. That is, they are orthogonal to the "mode vector" of the

signals:
{Vnw T VL}_[ {0(21). cee, C(zN)} (4.26)

where (z,) = [1 z, z2 - - zL ™7 is the n®® column of the matrix Z.
We define a V; to be the LX(L-N) matrix whose columns are the L — N noise
eigenvectors. Then, we can estimate the natural mode of each reflection by searching

the peak position of the following function.

c(z)?c(z) @427)

P_.. = .
musie (2) c2)?V, Vie(z)

Properties (1) and (2), hold when the matrix hh is nonsingular. However, the param-
eters (hy, - - -, hy) are coherent in the case of measurements with a layered structure
mechanism. This is because the parameters that are identical to the reflection
coefficients do not change, but have constant values. Thus, the matrix E(hh?) is
singular, and the MUSIC method does not work properly [72-73]. The construction of
E(hh*) has to employ some de-correlation preprocessing to destroy the parameter
coherence which makes the problem more difficult.
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4.5 Matrix Pencil Method
Following the idea of the matrix pencil method, we consider the following set of

"information" vectors: ug, uy, * * * , Uy, where
w = [u@), u(@+l), -, u@+L-M-1)T . (4.28)

The superscript " T* denotes the transpose of a matrix. Based on these vectors, we
define the matrices U, and U, as

U, = [uo, u,-c, uM_l] (4.29)
and U, = [ul, Uy, uu] . (4.30)

To look into the underlying structure of the two matrices, one can write

U, = Z; HZand 431)
Uz = ZL HZO ZR (4.32)
where
1 ... 1]
Zl PPN ZN
z,=| - -, (4.33)
.Z{.—M-l .o zﬁ—M—l.
r -
1 2y ZfH
l Zz PR Zgl-l
Zg=|" ° : , (4.34)
lzy --- ZAA,;—I

Z, = diag [z TN zN] , 4.35)

and H = diag [h,, cee, hN] . (4.36)
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Based on the above decomposition of U; and U, one can show that if
N SM SL -N, then the poles {z,| n =1,---, N} are the generalized eigenvalues
of the matrix pencil U; — zU;. Namely, if NSM <L - N, then z =z, is a rank-
reducing eigenvalue of U, — zU;.
To develop and illustrate the use of an algorithm for computing the generalized
eigenvalues of the matrix pencil problem we can write
UU,=Z}H'2}7Z, HZ  Z, 4.37)
=2Z3Z,Z,
where the superscript ¥ denotes the (Moore-Penrose) pseudo-inverse [74], whereas we
use "-1" for the regular inverse. It can be seen from Eq. (4.37) that there exist vectors
W,;n =1,---, N such that
Ujuw, =w, (4.38)
and
UjUw, =z,w, . 4.39)

The w, are the generalized eigenvectors of U, — zU,. To compute the pseudo-inverse
U}, one can use the singular value decomposition (SVD) [75] of U, as follows:

N
Up = Y nat, v (4.40)
n=1
= TDVH
U} = vDITH (4.41)

where T=[tl,"" ,tN], V=[v,,--~ ,VN], and D=diag[1‘|l,--° ’“N]' The
superscript # denotes the conjugate transpose of a matrix. T and V are matrices of left
and right singular vectors, respectively. Note that for noisy data u(l) one should
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choose 7, - * -, Ny to be the N largest singular values of U, and the resulting U} is
called the truncated pseudo-inverse of U;. Since U#U, = VVH# and V¥V = I, substitut-
ing Eq. (4.41) into Eq. (4.39) and left multiplying Eq. (4.39) by V¥ yields

[z -2, 1] z,=0 (4.42)
wheren =1, ---, N,
z=D'TYy,v , (4.43)
and
z, = VH w, . (4.44)

Notice that Z is an NxXN matrix and that z, and z, are, respectively, eigenvalues and
eigenvectors of Z.

It is important to realize that the number of poles, N, can be estimated from the
singular values,

Mm2Ny2 - - 2Ny 2 *°° 2 NpinL-M, M) »
since nN'O'l = e = nm(L_u' M) = 0 for noiseless data.

If M =N, the SVD of U, is not required, and z, ;n = 1,---, N are the eigen-
-1
values of the NXN matrix [U{'U,] UJfU, which is obtained by substituting
-1
Ut = [U{’Ul] U{! into Eq. (4.39). Furthermore, one can verify that with or without

noise,

-1
[U,”U,] viu,=|" - : (4.45)

which is the companion matrix of the polynomial
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N
1+ Ya,z7'=0 . (4.46)
=1
Where
ay ]
an-1 1
= - [U,"U,] U, (4.47)
e a.l -

is the solution of the least square Prony method. So for M = N, the matrix pencil
method is equivalent to the LS Prony method. However, in the matrix pencil method,
it gives us different values of M for N SM SL - N.

4.6 SPA Method

A very interesting method for natural mode extraction which can be constructed
using the frequency-sampling concept introduced in Chapter 3. This section will
develop the SPA method such that the frequency response of the backscattered field
will pass through a given response. It is a fact that the backscattered field is not a
linear phase function, the sampled response must then contain both magnitude and
phase.

This method uses a criterion based on the SVD algorithm, which is helpful in
increasing the accuracy of the mode extraction [76, 77], rather than rely upon the more
commonly used LS error approximation between the actual and desired frequency
response. Furthermore, it is a useful noncyclic design to avoid the coherence of the
measured signals.

First we define the z-transform of the "causal" part of the spectral sequence u (/)

U)=STu)z? , zet. (4.48)
=0
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With Eq. (4.1), this series converges for Iz| > 1 to a rational function in the z-plane:

[N
UR)= Z[E h,.z,'.]z" (4.49)

I=0|n=1

N oo
= Y hy | T2z
n=1 1=0
N z

= zhn

azl <=4

with ag = 1 and by = 0. Equation (4.49) can be rewritten as
B(z)=U(2)A(z) , (4.50)

which is the z-transform version of convolution. The convolution can be written as a

matrix multiplication. Using the first L terms of the impulse response, we can write

-

bo (u(O) o --- 0 ]

b u(l) u(0) =

. . 1
a)

0l=|um) cer u(0) | (4.51)
.";VJ

0| l@-1 ce o w(L-N-1)

o -

To compute the coefficients of a, and b,, we partition the matrices into the form of

b U, 1
Sl ) o 4.52)
0 IIIZUZ a;
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where b is the vector of the N+1 numerator coefficients, with by = 0, of Eq. (4.49), a,
is the vector of the N denominator coefficients, u; is the vector of the last L — N
terms of the impulse response, U, is the (N+1)x(N +1) partition of Eq. (4.51), and U,

is the (L-N)xN remaining part. The lower L — N equations are written as
0 =u; + Usa, (4.53a)
or
u, =-U,a, , (4.53b)
First, the vector a;, the denominator coefficient in Eq. (4.49), has to be determined.
The upper N + 1 equations of Eq. (4.52), with a = [ 1 a; ], are written as
b=Upa . 4.59)

Then the numerator coefficients vector b of the transfer function (4.49) can be
evaluated.

Now the natural mode factors and coupling coefficients are

log(z,)
"= T (4.55a)
and
—3 1 - M . | * o o
h, _zll’nz).(z zn)ZA(Z) ;7 on=1, N . (4.55b)

It is a fact that u (/) can contain only an unknown but finite number N of exponentials.
A finite number L 2 2N of spectral samples u (/) must be sufficient for the calculation
of U(z), thereby requiring the use of Eq. (4.55) to determine 1, and h,. According to
Eq. (3.70), RP’'(Pw) is known in a finite interval, the samples
u()=»'(Pay); 1=0,1, ---, L, with LA® S 0, — , are also available.
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These properties lead to an effective strategy for determining the natural mode
factors of an ultrasound backscattering field out of band-limited measurement data.
Starting with L spectral samples u(!/), a rational function U(z) of order M can be
determined using SPA. In particular, the SVD algorithm, which was introduced in both
the MUSIC and the matrix pencil methods, can be used for the accuracy estimation of
the natural modes in the presence of additive noise. This yields the parameters of

M _
z bmzu—m
m=0

M
2 amzu-m
m=0

U@)= : dp=1and by =0. (4.56)

During the procedure, the order M must be chosen large enough, ie., M 2 N, to
correspond to a first estimate of the expected number of reflections. One must calculate
the N largest singular values of U, to evaluate poles 2, of U(z), and perform a noncy-
clic convolution to get the information required for determining the estimates of
natural mode factors and coupling coefficients by using Eq. (4.55). Because the
preceding methods are an interpolation scheme to design a model that only produces
the first L+1 terms of‘ the specified u(l), these processes say nothing about other
points in the passband. To control & (z) over the whole range of the passband, we pose
an approximation problem where we define an equation-error vector for Eq. (4.52) as

follows
[_"_] . [e] N IR @57

If U, has full rank, Eq.(4.57) can be solved for a,. This solution minimizes the
lower part of e, and b = U;a gives zero error for the upper part. Then the natural

mode factors and coupling coefficients are determined without any bound on
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resolution.

Therefore, it is not worthwhile to attempt to design a maximization scheme as in Sec-
tions 4.3 and 4.4, since it is difficult to calculate the peaks of the norm of Egs. (4.22)
and (4.27) with respect to the natural modes. Rather, it is necessary to calculate these
using an SVD algorithm, for which many computer routines are available.

As with the maximization employed in Sections 4.3 and 4.4, initial guesses are
required as a starting point for the iteration process. The main benefit of the SPA
method over the ML method and MUSIC method is that no guesses for the complex
mode factors are required since they are not used in the construction of the SPA
method.

The major problem in employing this scheme is, in reality, the quality of the
measurement as the spectral samples & (/) are perturbed by additive noise which causes
variations in the estimation process. The resulting resolution is highly influenced by
the choice of the modeling technique for the calculation of the parameters of J(z), by
the S/N-ratio in the measured data, and by the number L of spectral samples. For high
S/N -ratios, however, some improvements can be achieved through additional echo

estimation via parameter modeling.

4.7 Comparison of Methods
Five methods for extracting the natural mode factors of the layered structure from
a measured response have been presented in this chapter. The sensitivity to random
noise and the computational load to numerical implementation have been noted as the
motivations behind introducing the SPA method. In this section, a comparison will be
made among the various methods, and justification for using the proposed technique
will be presented
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It has been shown that the new extraction routine SPA is successful in the simple
case of a single-mode response, while other methods are also known to work well
under certain circumstances. Without too much extra effort, we have shown that the
spectral Prony method can be extended to cover multi-mode responses. There are con-
ditions that the natural-mode extraction schemes must be satisfied. First, it must be
able to perform in the presence of random noise, which will undoubtedly be introduced
at points in the measuring process. Second, it must be able to discriminate nearly
degenerate modes which are quite closely spaced compared with the separation
between other modes. Third, it should work well when the number of modes in a
measured response is underestimated.

The last requirement leads to a particularly useful procedure. Since the number of
modes in a measured response will not be known a priori, one would like to start
from a small number of modes. For methods which need initial guesses, this small
number of initial guesses will be very advantageous. This is only possible, of course, if
the routine works well when the number of modes in measured response is underes-
timated.

To test the various requirements, consider a practical example with a three-mode
response given by

G(f) = .6045 + ¢ CO057-J1257 _ 6759 £121-/10304F . ( < £ < 5 MHz (4.58)

Here, the complex mode factors used to construct & (f ) are the first three natural mode
factors from a 4-layer (water-Plexiglas-Aluminum-water) structure. The amplitudes
have been chosen to accentuate the reflection coefficients. This response is then sam-
pled at 38 equally spaced points between 1.5 MHz and 3.0 MHz.
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The sensitivity of each of the methods to the presence of random noise can be
tested by perturbing each point in the response by a random number, the value of
which is defined by

L |y)l?
SNR = 3 (D 4.59
l§1 L8 (4.59)
and
SNR (db) = 10 log,o(SNR) (4.60)

where L is the total number of signal samples and 5 is the noise variance. Tables 4.1
- 4.3 show the results of using each method with various levels of noise. In the ML
and MUSIC methods, only two phase factors have been evaluated. Using a more com-
plex technique would have produced other factors, but would have required more com-
putation time. A total of 200 Monte-Carlo runs were conducted in each of the pro-
posed methods. For the case of Prony’s method, the DC component in Eq. (4.58) has
been removed, since Prony’s method is unable to accommodate a DC component.
Tables 4.1 - 4.3 reveal that, with the exception of the LS Prony method, the tech-
niques work reasonably well in the presence of random noise, both the matrix pencil
method and SPA method are among the best. It is reassuring to see that these two

quite different approaches yield similar results.
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Table 4.1 : Evaluation of different mode extraction methods in the presence of
30 db white noise .

Mode o1+ jvi Gy +jv2 O3 +jvs
Method 0 -057 - j1.257 -.121-;10.304
o, — o, = .079%.016 | 03 =-.271+.062
FRONY I . v, =7275+.015| v; = 10441+ 079
o, — o, — o, —
MLM v, =-031£22 |v, =7226+.22 | v3 =10344+ 22
o, — o, — o, —
MUsIC v, =-031£22 |v, =7226+.22 | v5 =10344% 22
o, =0 0 =-.0591.005]| 03=-.1211£.015
PENCLL 1y, -0 v, =7.258%.006| v; =10.304 £ 016
o, =0 O, = 057%.006 | O3 = .121 014
SPA " v, =0 v, =7257+.005| v5 =10305 .012

Table 4.2 : Evaluation of different mode extraction methods in the presence of
20 db white noise .

~ Mode o1 +jv Oy +jv2 O3 +jv3
Method 0 -057 - j1257 -.121 - j10.304
o, — 0, =.197%.054 | 03 =-1.355% 435
PRONY 1, _ v =7384+.053| vy = 11.249 ¢ 415
o — G, — o3 —
MLM " vp; =-031222 |v, =72261.22 | v3 =10344% 22
M — L) — O3 —
MUSIC " v, =-031222 |v, =7226+.22 | v5 =10344+ 22
" oy =-0041011 [0, = .069+.022 | 03 =-.188+.054
PENCIL 1ty =0 v, =73884.053 v, =10340 .060
6, =-0011.014 |6, =-.0561.017 | O3 =-.1331.043
SPA Il v =0 v, =7.260%.017| v, = 10295+ 045
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Table 4.3 : Evaluation of different mode extraction methods in the presence of
10 db white noise .

Mode “ o1+ vy Oy +jv; O3 +jv3
Method 0 -057 - j1.257 -.121 - j10.304
() — O, =-.449+.182 | 03 =-4.560+ 1.732
FRONY Vi _ v, =7.549+%.131| v3 =15.326+2.933
(o] —_ (o} —_ O3 —_
MLM vy =-053+22 |v, =7248%2.22 | v3 =10.3221+ .22
o) — o, - o3 —
I .
MUSIC vi =-053+22 |v, =72041.22 | v; =10366+ .22
o; =-205%.511 |0y =-.1891%.156 | 03 =-.535+.307
PENCIL V] =.124+.324 | v, =7426%.761| v; =10.546 ¢ .799
6, =-006+.030 |0, =-.089+.106 | 03 =-.223%.151
SPA vi =0 v, =7414% 811 v; =10.346+ .797
Note: Op+jV, Theoretical modes used to construct impulse response
PRONY Least square Prony’s Method
MLM Maximum Likelihood Method
MUSIC MUtiple Slgnal Classification
PENCIL PENCIL-matrix Method

SPA Spectral Prony’s Algorithm
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Figure 4.1 shows a simulation of the quasi-impulse response of this 4-layered
structure, with 20 db random noise added. The first three natural modes were used.
This represents a typical measured response. We intend to extract the three modes
from the noisy response using the SPA method and Prony’s method.

Figure 4.2 shows the results of a straightforward Prony method. The simulated
results are deviated from the theoretical ones. Improvements can be made by assuming
larger number of modes in the response. These results are also shown in Figure 4.2.
The accuracy has improved for overestimated cases, but it is very difficult to determine
which of the modes are actually present in the response. Without the a priori
knowledge of the three mode values it would be difficult to identify the results. On the
other hand, Figure 4.3 shows the modes extracted using the SPA method assuming
only three modes are present. The results are quite reasonable. The results show that

one does not gain much advantage by assuming more than three initial modes.
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Figure 4.1 : The quasi-impulse response of a 4-layered structure, constructed
using the first three natural modes with 20 db noise added .
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Figure 4.3 : Mode factors evaluated from noisy responses using the SPA method
with three modes (0). (A star denotes the theoretical values.)



CHAPTER §

RECONSTRUCTION PROCEDURES

USING THE SPA APPROACH

S.1 Introduction

Ultrasonic identification techniques based on natural resonance involve illuminat-
ing an unknown layered structure with an arbitrary spectral waveform and analyzing
the scattered ultrasonic field. No special restriction is given on the shape of the
incident field other than demanding it to carry adequate energy contents to excite
natural modes of the target for identification purpose. On the other hand, the angular-
spectrum and backward scattering techniques investigate the probability of constructing
a specified wavenumber-limited model which would result a wavenumber-limited scat-
tered field. This chapter will introduce a method to enhance ultrasonic identification of
layered structures by combining the SPA concept with the aspect independence of
natural modes.

An SPA reconstruction can be described as a phase-detection filter (PDF) which
upon excitation of a particular layered structure extinguishes a pre-specified portion of
the natural mode phase spectrum. Since the scattered-field response of a layered struc-

ture is merely the convolution of the incident field waveform and the structure

85
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scattered-field impulse response, it is easy to show that SPA reconstruction need not
actually be implemented to affect identification. Indeed, two views of SPA reconstruc-
tion will be considered. The first describes the effects of directly passing a specified
PDF; it uses a z-transform approach. The second describes the more tractable scheme
of convolving this PDF with the measured scattered field waveform; this strategy uses
a discrete frequency domain approach. Moreover, the effects of signal processing and
implementation considerations will be addressed in Sections 5.3 and 5.4.

Preliminary treatment of the SPA reconstruction technique has been carried out in
[78]).

5.2 SPA Reconstruction
The motivation for adopting a specified PDF is revealed in the examination of the
spectral representation, Eq. (3.79), of the scattered field. Notice that each of the com-
plex terms in the natural mode series of the scattered field is multiplied by u;(z,),
where u;(z,) is the z-transform of the discrete incident field waveform u; (), and z, is
the pole of n natural resonance mode of the layered structure. If a specified PDF is
defined as

A@z,)=0, forall 1SnsN , (5.1)

it will result in a null scattered-field waveform in the high-frequency samples. Conse-
quently, it is easy to reconstruct ultrasonic identification using the SPA technique.
Since the PDF is based entirely on the natural modes of a particular object, and since
the natural modes of a layered structure are unique, each PDF will then correspond
uniquely to one object. Thus, ultrasonic reconstruction using the SPA approach will be

easier than analyzing the spectral response of any given scattered field.
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As in the natural-resonance-based techniques described in Chapter 3, any con-
venient incident field with adequate spectral content could be used to illuminate the
unknown layered structure. Rather than analyzing the scattered field in terms of its
natural mode composition, it would be easier to convolve the scattered field with a
PDF defined by Eq. (5.1). Applying the z-transform of the discrete frequency samples
of the scattered field to Eq. (3.79) yields

SN 261%™
W (P2) = TULPEE— . (5.2)

n=1 — s

Convolution in the discrete frequency-domain is equivalent to multiplication in the z-

transform domain, thus we have

z {a(l) . u'(r;,,z)} = A(z)[f‘, Lr,,(ﬂ,)e”-"’-’ﬁ . (5.3)
n=l1 -
Implementing the inversion integral Eq. (3.62) and invoking Cauchy’s residue theorem
results in the response
bl)=al)su*@ 1) (5.4

= iU,,'(ﬂ,)ejo'(r’)z,{A (z,) -

n=1

Ideally, A(z,) =0 by the definition of Eq. (5.1), so b(/) =0 in the high-frequency
samples. In other words, the PDF has extinguished the measured scattered field in the
high-frequency samples. It should be noted that it is impossible to reconstruct a PDF
as defined in Eq. (5.1), because the real ultrasound field is not available to be meas-
ured exactly. The response generated by convolving the PDF with an unexpected
object is only related to Eq. (5.4). The poles of A (z) do not correspond to the natural
modes of the measured object, however, the discrete frequency samples of b (/) are
still a sum of the natural modes.
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The problems are that the amplitudes and phases will not be the same as those
which would be measured if the specified PDF were used directly. This may seem
trivial, but it indicates that the accuracy of identifying certain modes may be poorer.
Another aspect is that the use of SPA reconstruction also gives interpolation bias of
the results. That is, the condition that b (/) be zero in Eq. (5.4) did not depend on the
aspect dependent modal amplitude and phases. Thus, convolution of a PDF with the
measured scattered field from the expected layered structure results in zero response

regardless of the reflection coefficients.

5.2.1 Reflected Signal Perspective
It is now necessary to find some convenient way to implement the defining PDF

equation. For ultrasonic identification, it is more appropriate to define a PDF via
b(l)=0 ; 2L, , (5.5)
where b(l) is given by
bl)=al)=su*@®,0) (5.6)

as in Eq. (5.4). Here L, is the duration of the PDF’s impulse response. It is obvious
that L, must always be taken to be finite, or else there would be no high-frequency
samples. This analysis may actually be termed a z-transform analysis since it is the z-
transform representation of the PDF which is utilized. The z-transform of the PDF is
AG)=Z {a(l)}=l:§:a(l)z" : (5.7)

Referring to Eq. (5.1), the z-transform representation of this PDF requires

L-1
A@Z,)= Yal)z'=0 , 1sn<N . (5.8)
1=0
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Denoting z, = e © * ) 4n4 substituting into Eq.(5.8), the exponential becomes
L1 0. Aw)
A(z,) = Za(l)e'( . [cos(v,,A(ol) —jsin(v,,Aml)] =0 ;1sn<N (59
i=0

This shows that both real and imaginary parts of Eq. (5.9) hold simultaneously only if

L-1
a(l)e 2 cosv,A0l)=0 ; 1Sn <N , (5.10a)
=0
and
L-1 A
Y a()e A sin(v,Awl) =0 ; 1Sn <N . (5.10b)
=0

These equations will be used to calculate a(l) upon an appropriate mathematical
representation.

We have considered Eq. (5.8) as the z-transform of PDF. Alternatively, it can
also be termed a frequency-domain analysis since all calculations avoid the z-
transform of b (/). Invoking the definition of Eq. (5.5) along with Eq. (5.6), the
scattered-field representation Eq. (3.79) yields

N
b(l)=a(l)t{ZU’,,(?,,)ejo'mz,’,}=0 s l2L, . (5.11)
n=1
Writing the convolution in summation form gives
S| & J8
b()= Ta@)| TU.@) Tt -Fl=0 ;12L, (5.12)
r=0 n=l

which can be written more simply as

N [
b(l)= zb,,-[za(l')z,,"} =0 ;I2L, (5.13)
n=1 r=0



where b, = U, (,)e’*™2!. Now Eq. (5.13) can hold only if

L-1
Y a(?)e A cos(v, A0l ) =0 ; 1Sn <N , (5.14a)
r=0
and
L-1 A
a(l)e 2 sinw, A0l)=0 ; 1SnsSN . (5.14b)
r'=0

which are identical to Eq. (5.10) from the z-transform analysis.

5.2.2 PDF Representation

To implement the 2N equations in Egs. (5.10a) and (5.10b), the PDF must be
represented mathematically. It is necessary to have at least 2N variable parameters in
the representation in order to satisfy the equations.

The PDF is considered to be represented as

a(l) = %a,,,fm(l) ; 0sI1sL,-1 (5.15)
m=0

where f, (!) is the m™ basis function from an appropriately chosen set and a,, is the
coefficient of the m® basis function. The basis functions do not have specified forms,

and they may overlap or be sub-sectional. Substituting Eq. (5.15) into Eq. (5.10) yields

L,-1
%::,,-[ f,,,(z)e"°-‘°"cos(v,,Aco1)]=o ,1snsSN, (5163

m=0 =0
and
w (L1 A
za,,,~[zf,,,(z)e"°- ”)’sin(v,,Amz)] =0 ,1<nsSN . (5.16b)
m=0 =0

When the amplitude parameters represent all the unknown variables, these equations

become simultaneous linear equations and can be written in matrix form as



91

[ Q:fx.n - Pao 0
...... ) = ) (5.17)
| Qi o] Lo
where

L,-1

05n= 3 fm()e @4 cosv, Aal) (5.18)
1=0

and

L-1

Q% n= 3 fm(1e 4 sinv, Acl) . (5.18b)
=0

The entries of the Q matrix are generally difficult to compute by the use of Egs.
(5.18a) and (5.18b). The amount of effort needed to calculate these entries in closed
form can be reduced by using the z-transform domain analysis of Section 5.2.1. Com-
paring Eq. (5.18) with Eq. (5.8) reveals that the matrix entries can also be written in

terms of the z-transform of f,, (/) as

Onn=Re {F... (2 )} (5.19a)
and
Ompn =Im {F,.. (z, )} (5.19b)

where F,,(z) is the transform of f, (!). With few exceptions, the transform of f, (!)
will be a much simpler function than those resulting from the computation of Eq.
(5.18). The real and imaginary parts of F, (z) are easily separated after the transform
has been numerically evaluated. The only drawback to this approach is the need for

tedious arithmetic manipulations.
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5.2.3 SPA Approach
Letting u (/) represent the discrete frequency-domain response of a layered struc-

ture, the convolution of a specified PDF a (/) and its response can be written as

L1
b)=a(l)sul)= Y al’u@-r) ; 0sISL . (5.20)
r=0

The natural mode factors embedded in u (/) can be extracted by constructing a (/) as a
PDF [via Eq. (5.18)] and minimizing the norm of the high-frequency sample con-

volved response
L
bz = 3 [ba)? (5.21)
=L,
with respect to the parameters Gy, - - -, Oy, V,, * **, Vy, Where L — L, discrete

points are chosen at which to evaluate the norm. If u (/) is a pure sum of natural
modes, and if a sufficient number of natural mode factors are used to construct a(l),
then the minimum of Eq. (5.21) will be zero, and the routine will work well.

For the sake of extracting complex factors from the PDF as easily as possible, it
is preferable to express the PDF in terms of discrete impulses,

a(l)= %a,,,S(l -m) with ag=1 ' (5.22)
m=0

where N modes are assumed to be in u(!). In theory it would be permissible to use
more than 2N basis functions, but this leads to matrix conditioning problems, since
only N modes are actually present in u (/). However, the summation equation is forced
to be satisfied at discrete samples which are spaced in the same manner as the impulse
functions in u (!). This allows Eq. (5.6) to be written as
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1):1<2N
[ ug 1] [ bo]
U up a, b,
uz U az by
=] . (5.23a)
_uz,,,_l Uagny-—2 - - . Uo _aZN_ .sz'L
u-[l] =» (5.23b)
T T
wherea=[alaz am] and b= |bgb; . bm_,] .
2):122N
G UaN-1 4 B2MaN-2 L G3UN-3 4 ... 4 GoNWo - — U
Q1UN + QRUN-1 + Q3UN-2 + - -+ + GaNU)] = —UIN4
(5.24)
Gy + T tawuan =

where L 2 4N is the total samples of u(!) and u; = u(l). Eq. (5.24) can then be

written in matrix form as

UoN-1 Uan-2 ... U0 a, )

Uy UoN-1 - - - U, as —UIN+1
= (5.252)

| ¥p-1 ¥p-2 " UL-oN| |GoN] | WL
U,-a=b, (5.25b)

where b; = [—um —UaNel uL] .
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Once the coefficient of a, is determined by solving Eq. (5.25), the natural mode

factors can be found by calculating the roots of

2N
Sa,z¥Nm=0. (5.26)
m=0

The n* coupling coefficient can also be determined as

¢ e/ = tim [z -2 | -BE)L
', (Pe zh_x’g' [z z,,] AQ) (5.27)

5.3 Signal Processing Considerations

The reconstruction algorithm described above involves a number of signal pro-

cessing steps. The following procedure describes the final reconstruction when small

changes are made to the signal processing procedure.

The algorithm for reconstructing acoustic properties of a layered structure from

SPA is briefly described below:

1)
2)
3)
4)

Collect the reflected waveform.

Fourier transform each reflection waveform.

Evaluate the N natural modes of the layered structure using the SPA method.
Implement SPA by using an N order PDF to get the estimates of the acoustic
properties of the layered structure.

At each step of this procedure, the signal processing theory suggests a number of

methods to improve the reconstruction. These include:

a)

b)

Applying a Hamming window to the reflection waveform to smooth the data at
the end of the receiver.

Zero padding the samples to reduce the effects of inter-period interference. This
also increases the resolution in the frequency domain and should make mode

extraction more accurate.
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¢) Multiplying the Fourier transform of the reflection waveform by a band-pass filter
(BPF) to reduce the effects of high and low frequency deformations.
These steps are illustrated in Figure 5.1 where optional steps have been indicated with

dashed boxes.
Collect \ Zero i i Apply i
—  Padding — FFT
Data ! Data i Window |
‘ <7

{  Band | SPA

Interpolation  |——»{  Pass -
i Filter Reconstruction

Figure 5.1: The signal processing steps in a typical SP A reconstruction are
shown above. The steps that are needed are shown with a solid
box while the optional steps are shown with dashed boxes.
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To evaluate the effects of each of these changes, Figures 5.2 and 5.3 show the
estimated natural mode factors using all eight possible combinations of options. The
data were measured from a 11.675 mm Plexiglass layer under the ultrasonic wave with
an operation frequency of 2.25 MHz. An important part of the reconstruction process
is filtering the reflection data. The filter is implemented with an FFT algorithm. These
algorithms do not perform an aperiodic convolution like that used in linear system
theory, but rather a circular convolution. If the data are padded with zeros so that the
new data sequence is twice as long as the original, then the results produced by circu-
lar and aperiodic convolution are the same. In addition, zero padding the original
reflection increases the resolution of the data in the frequency domain and thus makes
an interpolation scheme more accurate. Unfortunately, the extra data require more than
double the computational time. For example: an FFT takes Nlog,N operations so that
when N is doubled, the computational expense goes up by a factor of

(2N)logy(2N) 2
Nlog,N -2[1 * logzN] )

(5.28)

Based on the reconstruction results shown in Figure 5.2, it can be concluded that dou-
bling the size of the reflection data only makes a small improvement in the quality of
the reconstruction. Since the extra zeros cause more than doubling the computational
expense involved in filtering the data, it is advisable not to zero pad.

A second signal processing concern relates to data truncation. In a real-life exper-
iment, it is only possible to collect and process a finite amount of data. Generally, this
does not present a problem since the data eventually vanishes outside a specific range
and the data can be truncated without loss of signal information. The data truncation
error can then be mathematically modeled as a multiplication in the time domain by a
rectangular window [79]. In the frequency domain this is equivalent to convolving the
data with a sinc function and thus leveling the frequency domain signal. Other
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windows like the Hamming window have also been used to reduce the effects of data
truncation.

Figure 5.2 shows that a Hamming window does not have the same positive effect
as the SPA reconstruction. In this case, most of the high frequency information is at
either end of the reflected waveform; thus, the window only serves to attenuate the
high frequency components. Figure 5.4 shows that the Fourier transform of the
reflection is smoothed before (top graph) and after (bottom graph) a Hamming window
is applied. The loss of high frequency data caused by the Hamming window leads to
lower attenuation factors in reconstruction, as depicted in Figures 5.2 and 5.3.

Finally, a very big improvement is observed by adding a BPF before SPA recon-
struction of the data. Before the filtering, SPA implementation includes partial terms
which also serve to enhance the low and high frequency noises. However, by adding a
BPF, this effect is counteracted.

Based on the information shown in Figures 5.2 and 5.3, we conclude that the best
results are obtained if a BPF is used, but that zero padding the reflection data and
applying a Hamming window to the reflection data do not significantly improve the
results.



No zero padding

With zero padding

Attenuation 0.2909 Attenuation
s | (db/mm-MHz) 290 (db | mm-MHz) 0.3106
[=]
-
8 Acoustic Speed Acoustic Speed
£3 2850.03 P 2848.45
o0 (misec) (misec)
g Reflection Coeff. - 0.3713 Reflection Coeff. 0.3711
2
Acoustic Imped. Acoustic Imped.
ped 3.272 *106 ped 3.270 *10°
(Kg/ mz-sec) (Kg/ mz-sec)
Attenuation 0.155 Attenuation 0.1484
(db | mm-MHz) 1535 (db | mm-MHz) )
2
< | Acoustic Speed Acoustic Speed
g 2845.89 2841.15
3 (m/sec) (misec)
(-71]
é Reflection Coeff. 0.3707 Reflection Coeff. 0.3700
o s
Acoustic Imped. Acoustic .
ped 3.267 *10° tmped 3.262 *106
(Kg /mz-sec) (Kg/ mz-sec)

Figure 5.2: The material properties of reconstruction are shown with a 11.675 mm
thin Plexiglass layer and the Hamming window added.
(All reconstruction shown here are without band-pass filtering)
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With zero padding

Attenuation 2 Attenuation 0.1328
3 | (db/cm-MHz) 0.13 (db | mm-MHz) )
[}
f'é Acoustic Speed Acoustic Speed
E 2754.41 2754.06
o0 (mi/sec) (m/sec)
g Reflection Coeff. 0.3565 Reflection Coeff. 0.3565
2
Acoustic Imped. Acoustic Imped.
ped 3.162 *10° P 3.162 *10°
(Kg /mz-sec) (Kg/ mz-sec)
Attenuation Attenuation
0.1123 0.1116
(db /| mm-MHz) (db | mm-MHz)
2
o Acoustic Speed Acoustic Speed
= 2756.01 2755.91
2 (m/sec) (m/sec)
-T]
.¢=
E Reflection Coeff. 0.3567 Reflection Coeff. 0.3567
I
Acoustic Imped. Acoustic Imped.
ped 3.164 *10° P 3.164 *10°
(Kg /mz-sec) (Kg/ mz-sec)

Figure 5.3: The material properties of reconstruction are shown with a 11.675 mm
thin Plexiglass layer and the Hamming window added.
(All reconstruction shown here are with band-pass filtering)
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2 T T T T
L
:—.—.1 15t Reflected spectrum without Hamming window
S ¢
g it
4
E 05
[}
(="
° i 1 1 1
0 1 2 3 4
Frequency axis (MH?z)
2 | || T 1

150 Reflected spectrum with Hamming window 1

Relative magnitude

0 1 2 8 4 )

Frequency axis (MHz)

Figure 5.4 : The spectrum of the field before (top graph) and after
(bottom graph) multiplying by a Hamming window in
the frequency domain are shown here.

-
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5.4 Implementation Considerations

The quality of an SPA reconstruction is limited by both mathematical approxima-
tions and experimental limitations. In the derivation of a model for the scattered field
either the Born or the Rytov approximation is used to solve UFIE for the scattered
field. These approximations are a source of error and limit the applications, as
addressed in Chapter 2.

The experimental considerations, on the other hand, are caused by a shortage of
data. It is only possible to collect a finite amount of data about the backscattering field,
and the experimental errors can be attributed to interpolation error and the finite aper-
ture. Regardless of the limit in resolution caused by evanescent waves, the limit in

quality due to the Born and the Rytov approximations still exist.

5.4.1 Limitation of the Wave Propagation
The most fundamental limitation is that evanescent waves are ignored. Since these
waves have a complex wave number, they are severely attenuated and phase delayed
over a distance as short as a wavelength. This sets the upper limit of the wave number

to

ko = ZT" . ‘ (5.29)

This also leads to a fundamental limit of the propagation process, and the range resolu-
tion of the SPA reconstruction. These can be improved by conducting the ultrasonic
identification at a higher operation frequency (or shorter wavelength).

After the wave has been scattered by the target and received by the receiver, the
signal must be detected and processed. Unfortunately, it is not possible to sample at
every point, so a non-zero interval must be chosen. This introduces an interpolation

error into the process. By the Nyquist theorem this can be modeled as a low-pass
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filtering operation, where the highest evaluated propagation delay, as defined in Eq.
(3.63), is given by

Ty = % (5.30)

and Ao is the sampling interval. Of course this analysis has ignored the non-linear pro-

perties of wave number and the resulting frequency shifts that occur.

5.4.2 Effect of a Finite Receiving Region
Not only are there physical limitations on the finest sampling interval, there is
usually a limitation on the region that can be covered. This generally means that sig-
nals of the received waveform will be collected at only a portion of signal energy in
the receiver region. Consider a single scatterer which is located at the far-zone field
region. The wave propagating from this single scatterer is a cylindrical wave in two
dimensions or a spherical wave in three dimensions. This effect is depicted in Figure
5.5. It is easier to analyze the effect by considering the expanding wave to be locally
planar at any given point from the scatterer. This can be justified on a more analytical
basis by evaluating the phase of the propagating wave. The received wave at a point
(x = x,,y,) due to a scatterer at the origin is given by
T +y?

ux,y)= x_z‘/T;z—

This instantaneous spatial frequency along the receiver region

(5.31)

(x, - ASx<x; +A,y, —Ay Sy Sy, +A) can be found by taking the spatial
derivative of the phase with respect to y [80]

phase =k, Vx? + y? (5.32)
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and
k,y
ko = — (5.33)
" Vx2y?
where k,,. is the spatial frequency received at the point (x,y). From Figure 5.5, it is
easy to see that
tan 0 = ,} : (5.34)
and we obtain
Kz k, tan®

= (535
'\/(‘Z)’ R )

Thus, k,.. is a monotonically increasing function of the angle of view ©. It is easy to

see that the maximum received energy can be increased by either moving the receiver

closer to the focus line of the object or by increasing the region of the receiver.



Figure 5.5: The field scattered by a layered structure is measured
along a transducer region with finite dimension.



CHAPTER 6

ULTRASOUND FIELD WITHIN AN ARBITRARILY

SHAPED AND INHOMOGENEOUS SCATTERER

6.1 Introduction

In certain applications, it is desirable to gain the knowledge of the ultrasound
field distribution inside a medium. For example, in hyperthermia treatment of tumors
[81 - 83], the induced temperature profile is directly related to the ultrasound field dis-
tribution. Therefore, knowledge of the field distribution plays an extremely important
role in the success of treatments.

Much work has been reported on the evaluation of scattered acoustic fields [84 -
87]. Specifically, the displacement field has been obtained by computing the scattering
integral in which the dyadic Green’s function has been used [88 - 90]. However, the
field distribution inside the scatterer has not been investigated extensively due to the
fact that the boundary conditions of an arbitrarily shaped scatterer are rather compli-
cated. Without knowing the internal field distribution, it is virtually impossible to
determine the heat generation and, consequently, the iemperature profile inside the

medium structure.

105
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Most of the work published in evaluating the internal field of a medium has been
confined to the case of planar layered media with homogeneous and uniform attenua-
tion properties [91 - 93], because of their simple in boundary conditions. In other
areas, such as the case of underwater acoustics or seismology, one can ignore the
boundary conditions because a large-scale problem is being considered [94 - 96].
Recent studies show that the scattering effect of a scatterer, embedded in an inhomo-
geneous layered structure, can be solved by using the dyadic Green’s function with the
Born approximation [97 - 99]). However, field distribution within the scatterer that
remains unsolved could due to the existence of singularity in the integral equation.

In this chapter, we seck to relax the restrictive assumptions commonly made on
the medium and to design a novel approach to avoid the singularity of the integration.
The outline of the chapter is as follows: (1) In the next section, we develop a general
3-D forward scattering formulation [100] for the purpose of evaluating the scattered
field of an arbitrarily shaped scatterer. Then, we decompose the displacement field into
an incident field and a scattered field of interest. The incident field results from the ori-
ginal excitation in the background medium on the absence of the scatterer whereas the
scattered field results from the scatterer. (2) In Section 6.3, we consider an arbitrarily
shaped medium embedded in a homogeneous background (such as water), and develop
an expression for the 3-D displacement field induced by a plane ultrasonic wave. We
then use the proposed technique to preset the coefficients of the transform matrix in
Section 6.4. Finally, four simulations are performed. The results show that the fields
obtained from the proposed technique are reasonable over a wide range of pixel

dimensions.
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6.2 Integral Representation of the Scattered Field

Consider a finite scatterer of arbitrary dimension, with the density p,, (P) and the
compressibility c,, (P), illuminated in a background medium (such as water) by a
compressional plane ultrasonic wave as shown in Figure 6.1. The induced ultrasonic
force in the scatterer gives rise to a scattered ultrasound displacement field @ (P) ,

which might be accounted for by replacing an equivalent background force density
function f,;q(?’) [101]

Fog® = - :m’p..(?) - o’ o] R(P) 6.1)

:clll mkn% (?) =G koz] T‘T”)

]
i"i‘;"—’-:ﬂi-@ - 1|[c. ] 7

.

= -n e,k 2

= -m(P) 2@ .
The wave number k, (P) = B, (P) - ja, (P) is a complex quantity governed by the
S . . Cmm L0
nature of the scatterer. The velocity in the medium is v, (P) = 7l = ,
Pm Bn (™)

o, (P) is the attenuation coefficient, and p, and c, are the density and compressibility
of the background medium respectively. Moreover, n (P) is the complex deviation ratio
of the scatterer and the background, as defined in Eq. (6.1), and @(P) is the total dis-

placement field inside the scatterer.
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Figure 6.1 : An inhomogeneous scatterer insonified by a plane
ultrasonic wave.
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In general, the scattered displacement field @' (P) inside the scatterer can be
expressed in terms of ?,q(‘?) by the use of the dyadic Green’s function L] PP as
follows [102]):

') = {?,,m- efogi o™ % 62)

21 v exp(—jk, - P-P") ,
wp, 4P -7’

where the dyadic Green’s function, &@PIP") =

%
represents the transfer function of the background medium, and I, | =@ &-]

Co
denotes the wave number of the background medium.

In this case in which the field point is inside the scatterer, @' (P) should be
evaluated with special care because of the existence of singularity and the requirement
of uniqueness properties. The scattered field @' (P) at an arbitrary point inside the
scatterer can be written as ( see Appendix B )

2 (P) = PV V;qcr')- GetP v _Ta® (6.3)

3a?p,

where the symbol "PV" denotes the principal value of the integral. We may now write
the total ultrasonic displacement field #@(P) inside the scatterer as the sum of the
incident field @ and the scattered field #*° as

RO =@+ . (6.4)
Substituting Eq. (6.3) into Eq. (6.4) and rearranging terms gives the integral equation

for @(P) :

1-L”@-] RP)+ PV [m@P @) EPP WY =2'®) . (65)
| 4

3%,

In Eq. (6.5), ii“(‘?') is the incident ultrasonic field and is considered to be a known
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quantity. #(P) is the unknown total ultrasonic field inside the scatterer, which can be

discretized to yield a linear system of equations with complex coefficients.

6.3 Evaluation Procedure
Assuming that @(P) and m (P) are smoothly-varying functions of space within the
volume of the scatterer, we can partition the medium into N pixels, and treat @(7) and
m (P) as constants in each pixel. Under these assumptions, the integral Eq. (6.5) can be
transformed into a linear system problem.
Denoting the m™ sub-volume by V,, and the position of V, by P,, we can
rewrite Eq. (6.5) using x;, =x, x,=y, and x3=2 , as

m(7,) 3 N
1T 2 2 ) ©6)

-

PV [Gy, PulP) v ] Uy, (P) = ul ()
Va
where p,q =1, 2, 3 and

P |ewEik, - @-P)

|
G,, ,'(i;’,, ?)= o, 3,5, a7 6.7)
For simplicity, one can define
A% =m@) PV [G , PulPHdV . (6.8)
Ve
Then Eq. (6.6) becomes
3 N m(P,)
A™ +§.8,,[1 -—— )= ul @B, 6.9
qESI llz=l XpXe Pq 30)2P0 ux'(?) ux'(?) 6.9)

m=12.,N and p,g=123.
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Denoting [K,’ J,'] gy S & matrix, its elements are assigned by

XpXe

Apy, =ADY +8,,8,,(1-

m(®,)
30,

(6.10)

where m,n =1,2,..,Nandp,q =1,2,3. [u,’] and [u}'] are N-dimensional vec-

tors which are given by

'u,, ]

o] =| © | wne [u]=

Yx, (?N ).

i
ux' (?l)

u;’ b‘;v)

(6.11)

where p = 1, 2, 3. For all possible values of m and p in Eq. (6.10), the matrix

representation of Eq. (6.9) is obtained as

] A5] ALY [[w,)]

[A:] [A,] [Ay]] ([u)]
[Au] [Agy] [Aa] [“z]

« [ -1

where [A] is a 3N>3N matrix, while [u] and [u‘

(1]
= |
(]

(6.12a)

(6.12b)

have dimension 3N expressing the

total displacement field and the incident displacement field at the centers of the N pix-

els.

Notice that in this way, a 3-D image matrix is represented by a 1-D vector

stacked by rows. The inverse problem becomes that of determining the total ultrasound
displacement field @(P) from the measurements @ ! (). Therefore, one may evaluate
the field distribution inside the medium by solving the Eq. (6.12) with available

methods [103 - 105].
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6.4 Determination of Transformation Matrix Elements

In order to evaluate the coefficients of the matrix [A',' ,.], one must be careful in

calculating the principal value of Eq. (6.8). Examining the off-diagonal elements of
[A,',.], we clearly see that r,, does not belong to V,, and G, ,'(ﬁ,, IP %) is continuous

throughout V,, . Therefore, we may omit the principal value operation from our evalua-

tions. However, when we deal with the diagonal elements of [ﬁ,' x'], r,, now belongs

to V, , and we need to make some approximations.

6.4.1 Off-Diagonal Elements
First let us consider the off-diagonal elements of [A',, ,'], where p, q = 1, 2, 3.

From Eq. (6.9), it is clear that

A% =AM =m()- J G, PulP)V s m#n . (6.13)

With the same approximation described in Section 6.3, we have
ALy =AM =m@)G, PulP)AV, ;s m=#n , (6.14)

where AV, = [dV’. Using the definition of Eq. (6.7), we can rewrite Eq. (6.14) as
Ve

mn _ 1
Am = oy m(P,) AV, yeee)

exp (-ikoRm){(x}»' — %) (g = x9) (6.15)

RM Rmn

. [3 - (k,Rm)2+j3k,Rm] -( +jk,R,,,,,)8m} s m#n

where R,,, = P, =P, |, while P, and P, are denoted

Po=RxT+§xF +£xF ,and P =2xF+9x3+£x5 . (6.16)
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When N is chosen properly, reasonable results can be obtained by using Egs.
(6.14) and (6.15). For better accuracy, however, Eq. (6.13) should be integrated numer-
ically by any conventional method.

6.4.2 Diagonal Elements
For the diagonal elements of [K,’ %,| in Eq. (6.9), we have

m ()

6.17
3w%p, 1D

A, =m@) PV JG,',.(?';I?’)W +8,,[1-

m(Pa)
= lim G I?%dv +8,,]|1 -
m () i v. J Ve 5 T T 3,
For better accuracy, the volume V, has been approximated as a sphere having the
same volume as the cubic pixel which is centered at r,. Now, let a, be the radius of

the sphere, after steps of manipulation (see Appendix C), Eq. (6.17) becomes

i -m@r : m@,)
A,':"x. = 8, szp: [(l + jk,a,) exp (-jk,a,) - 1] +|1- 30)2;0 (6.18)
3av, |
where a, = [ 4’:] . If the actual shape of V|, differs appreciably from that of a

sphere, the approximation may lead to errors. In such a case, the integration
throughout a small sphere surrounding r, should be performed by procedures outlined
in Appendix C; the integration throughout the remainder of V, must be carried out

numerically.
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6.5 Computer Simulation

Numerical simulations of some simple composite models are performed to test the
validity of the theory developed. Other models will also be used to explore the scatter-
ing effects within an arbitrarily shaped inhomogeneous medium.

6.5.1 Dimension of Pixels

When using a discretized pulse expansion in a linear system of equations, it is
crucial to establish a suitable limitation on the dimensions of the sub-volumes. In order
to arrive at an optimal choice, we consider a homogeneous bar with a deviation ratio
of n(P) = 10, as shown in Figure 6.2a, illuminated by a 1 MHz plane wave with unit
strength. Expressed in wavelengths, the dimensions of the this homogeneous bar is
6 x % x ¥ A3,

When the homogeneous medium is partitioned into cubical pixels, the induced
field can be evaluated in each pixel. Models having different pixel numbers (N = 12,
N =96, and N = 324), with dimensions of %x, %L and %x respectively, are used in

this study. Computational results confirm with our assumption that the induced
ultrasound field is dominantly the x component.
Figure 6.2b shows the axial ultrasound fields along the £-axis for each model. For

the %7& case, the field intensity distribution deviates noticeably from the other two

cases. This is because too large a pixel dimension was chosen. For the -i—l and %k

cases, the fields are symmetrical to the axial axis. A standing wave pattern is esta-
blished along the plate due to the finite boundary condition. Since none of the pixels,

as shown in the -i-}. case, lies along the £-axis, we plotted the average field intensity

in its surroundings to facilitate a comparison with the cases of %k and -é-l.. The
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results indicate that pixels with dimension of % A produce quite an accurate field dis-

tribution; it is therefore not necessary to choose yet smaller pixel sizes.

We have also investigated the effects of frequency and deviation ratio upon the
field distributions. A small cube (1.5 % 1.5 x 1.5 mm3) with the combinations of
different harmonic frequencies and deviation ratios was used. Since the cube presents a
symmetrical cross-section to the incident field, we only need to evaluate the induced
field in one quadrant. The results are summarized in Table 6.1. We observe that the
field strength at the center of the cube is nearly independent of the harmonic frequency

but is highly dependent on the deviation ratio.

Table 6.1 : The central displacement field of a (1.5x 1.5x 1.5 mm3) homoge-
neous cube with various n( r ), insonified by a plane ultrasonic
wave of different harmonic frequencies.

7\m Displacement field
u(r)
_WMHz) | (mm) (mm) | at cubical

1 15 | 05 | 225 | u.=0.1078-j0.0708
uy =0.0179 -] 0.0021

Uz = Uy

0.1 15 0.5 225 uy =0.1065 - j 0.0853

uy = 0.0207 - j 0.0053

Uz = Uy

0.1 15 50 90.0 uy =-0.0468 + j
uy =-0.0021 +)

.0102

++
S
[y
w

0
0

0.1 15 50.0 765 | uy =-0.0036 +j 0.0003

70.0003

Note : Vg =(Co/Po)? and V(1) = (Cp(®) / P(@) )12
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Figure 6.2 : (a) Three different configurations of a homogeneous bar
U r) versus the z axis.
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6.5.2 Evaluation of Inhomogeneous Field Distributions
Two models composed of biological materials with their properties given in Table
6.2 [106] are used in our simulation.

Table 6.2 : Specified values of tissue properties, under a harmonic frequency

of 1 MHz used in the computational simulations.

Biological Velocity Attenuation density
material (m/sec) (Np/m) (kg/m3)
fat 1445 7 921
(1440 -1490) 5-9)
muscle 1570 9 1138
(1500 - 1630) 4.5-15)

(1)  Model A : fat-muscle plate.
(2) Model B : fat-muscle-fat bar.

For the planar model, as shown in Figure 6.3a, we set the incident ultrasonic field
to be perpendicular to the surface of the model (i.e., £-axis). From the results of the
previous section, no transverse components need to be considered since we are using a

purely longitudinal ultrasonic wave.
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The fat-muscle square plate has a dimensions 4.5 X 4.5 x .75 mm3. The distribu-
tions of the ultrasound field inside both layers, versus the §- and Z- axes, are shown in
Figure 6.3b. As expected, the field distributions at the fat-muscle interface are discon-
tinuous due to the difference of their acoustic impedances. The field intensity is higher
in the fat region than in the muscle region. Figure 6.4a shows the 13.5 mm long bar of
fat with a 1.125 mm layer of muscle in its center. The axial field distribution is shown
in Figure 6.4b. It can easily be scen that the field contains a forward propagation and
a reflected component. These waves attenuate exponentially as they travel. As a result,
a standing wave pattern is established between the boundaries. For a homogeneous
medium, the field intensity is the lowest at the middle of the structure. This is
expected, since no boundary exists inside the structure which could cause reflections to
trap acoustic energy. On the other hand, structures composed of different materials
could produce a local maximum in the field intensity distribution.

In addition, if one wants to evaluate the acoustic power variation within a
medium, one can relate power to pressure variation. The acoustic pressure can be

expressed as a linear function of the phase constant B as
P =pn L) = jap, uP) = Ba P20 (619)

where Z,, (P) = p,, (P)V,, (P) is the acoustic impedance and v,, (P) is the acoustic velo-
city in the medium. The power absorbed by the medium is

Power (P) = 1, [—%] (6.20)

where l,; is the absorption coefficient [107].
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Figure 6.4: (a) Configuration of a fat-muscle-fat bar, and (b) The x
component of the ultrasonic field as a function of the axial
distance.
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In this chapter, we have developed a method to determine the acoustic field distri-
bution around and inside a scatterer. A dyadic Green’s function has been used in the
evaluation process. A special arrangement to handle the singularity in the Green’s
function integration has also been demonstrated. Two models of simple structures
made of biological materials are used in the field distribution analysis. In choosing the
pixel size for computer simulation, it is obvious that a smaller pixel size will give a

more accurate result. However, computing time increases with decreasing pixel size.

We found that a pixel size of %k cube gives acceptable results with a reasonable com-

puting effort.

In most of the published work, the factor e™®* is attached to the field solution to
account for attenuation. The present analysis indicates that the attenuation and phase
characteristics should be properly handled as a complex propagation factor throughout
the analysis.

It is interesting to note that the power absorbed in the muscle region of an inho-
mogeneous bar is several times larger than that absorbed by the surrounding fat layers.
Specifically, a material with high ficld attenuation and high mass density will absorb
more power and consequently reaches a high temperature. A good example is the case
of hyperthermia treatment of tumors. A tumor has a high mass density and higher
attenuation than the surrounding soft tissues. Together with the fact that a tumor site
has poor blood circulation, its temperature could easily exceed the cell survival level

under ultrasonic irradiation.



CHAPTER 7

EXPERIMENTS

7.1 Introduction

This chapter has two main purposes. The first is to present experimental
justification for using the IPM concept to reconstruct an object’s scattered field. This is
accomplished by comparing the acoustic properties of a thin plexiglass layer obtained
from time-domain measurements of the reflected waveform. A verification of the
dimensional independence of material properties will also be given, via time-domain
measurements taken from different layer thicknesses. Note that each of these tasks
requires the utilization of natural mode extraction scheme, and thus also provides a
practical test for the techniques of Chapter S.

Second, with the legitimacy of the IPM concept strengthened by empirical obser-
vation, an experimental verification of the SPA algorithm is sought. This is accom-
plished by using the reflected waveform measurements of two multi-layered models -
a plexiglass-aluminum and a plexiglass-copper model.

123
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7.2 Experiment Facility and Measurement System

A system for measuring the time-domain reflected waveform of layered structures
has been built at the MSU ultrasonic laboratory. A schematic representation of the
measurement equipment utilized in ultrasonic interrogation is shown in Figure 7.1.

Target excitation is provided by an incident ultrasonic wave radiated by a
transmitter (S/N: MD306) suspended over a water tank. The transducer has an axial
focal length of 2 cm, a radius of 1.27 cm, and a characteristic impedance of 50 Q. It
transmits a pulsed longitudinal wave which approximates a pulsed plane wave pro-
pagated perpendicular to the surface of the target. Reception of the ultrasonic field
reflected by a layered target is also received by the same transducer.

The transducer (S/N: MD306) is driven by a Panametrics 50SOPR pulser, which
provides a quasi-Gaussian pulse of approximately 5 pus duration at a rate of 800 Hz.
Electronic gains and power levels can be adjusted on the pulser panel. Since the trans-
ducer is designed for a specified frequency, the spectrum of the ultrasonic wave pulse
is transmitted with a Gaussian shape centered at 2.25 MHz (bandwidth: 1.5 MHz).

Channel 2 of a Tektronix 466 storage oscilloscope measures the signal from the
ultrasonic transducer, while channel 1 of the scope is optionally connected to a trigger
output located at the pulser for timing purposes. A waveform acquisition board (Waag
II) interfaces the sampling reflected signal with an IBM-PC computer, which acquires
the measured data under software control. Each of the reflected waveforms is accessed
through input channel A in the waveform acquisition board.

Once measurements have been obtained and stored in microcomputer memory,
they can be processed and placed on local hard disk or transmitted via modem to the

MSU mainframe computer system.
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Figure 7.1: Schematic representation of the Ultrasonic Interrogation System.



126

7.3 Data Acquisition and Processing Procedure

As mentioned in the previous section, reception of the layered object reflected
waveform is provided by means of a single transducer. The reason for using such a
transducer is that its simplified configuration can easily be modeled. Moreover, there is
no need to be concerned about the timing and amplitude differences between the
transmitter and receiver.

Generally, the measured signals are unavoidably corrupted by the presence of ran-
dom noise. To overcome this problem, the data acquisition process involves making
repeated measurement runs and averaging the results. This has been found to increase
the signal to noise ratio considerably. However, inconsistencies in the measurements
between runs due to triggering jitter, inaccurate reproduction of sampling density, and
drift of the preamplifier characteristics and the external power supply voltage necessi-
tate the implementation of fairly sophisticated data acquisition and progessing software.

Figure 7.2 shows a typical trace on the sampling reflected waveform, displaying
the reflected waveform from the testing object. Because the A/D converter will only
accept voltage values between -5 and +5 volts, the first large positive going and nega-
tive going peaks of the reflection response must be adjusted so that any portion of the
trace to be measured falls within this range. The amplifier gain on the pulser is turned
up to near maximum on the signal trace channel, to accentuate the steady-state portion
of the reflection waveform.

Figure 7.3 shows a flowchart of the data acquisition and processing routines. The
data acquisition phase consists of making multiple (usually 128) separate traces. The
sampling density is adjusted such that each data run takes roughly 10 ms to complete.
It is important that the sampling density be high enough for the layered structure’s
response to be accurately reproduced. Data acquisition software (a C-program) allows
the selection of an A/D converter sampling rate of up to 40 MHz. However, the
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amount of available PC memory puts a limit on the number of points allowed in each
data run.

The data acquisition phase begins by running the C-program SCANS. This pro-
gram controls the A/D converter and interfaces with the experimenter via keyboard
control. It then loops through the entire data acquisition process N times. After the
data run is finished, the computer gives the operator the option of repeating the run (in
case of problems incurred during the sweep), viewing the acquired data, resetting the
time-domain window size, and/or writing the data to a floppy disk. It is important to
keep the disk writing time to a minimum in order to make the entire data acquisition
process as short as possible, because this minimizes the amount of transducer drifting
between data runs.

Data processing begins by averaging the subsequent data sets and then subtracting
the DC offset. If satisfactory processing of all the data sets results in a high signal-to-
noise ratio and differentiated response of the layered structure, this response is finally
written to hard disk as the processed data.

At any point in the data analysis, the C-program DATAPLOT allows the plotting
of a disk file data set on the CRT screen, and also allows a hard copy to be printed.
Moreover, it contains a program employing the fast Fourier transform algorithm [108]
to obtain the Fourier spectrum of a disk file data set. This allows a preliminary
discrimination of the imaginary parts of the object’s natural modes, which can then be
used as initial guesses in the more sophisticated natural mode extraction schemes of
Chapter 4.

One main goal of all the data processing routines discussed is to accomplish as
much as possible in the laboratory using the IBM-PC computer. At this time, every-
thing but the natural mode extraction schemes can be completed quite rapidly in the
laboratory.
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Figure 7.2 : Typical layered structure trace of a reflection waveform insonified
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Figure 7.3 : Flowchart for IBM-PC conwolled data acquisition and processing.
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7.4 Experimental Investigation of IPM Validity

The SPA concept discussed in this thesis is based entirely upon the hypothesis
that the steady-state scattered field response of a layered structure can be written as in
Eq. (3.79) — that is, it can be represented completely by a series of natural-resonance-
based damped sinusoid functions. If this expansion is not correct, or if it is not com-
plete, then the SPA scheme will fail. It thus becomes crucial to verify experimentally
the natural mode behavior of a layered structure.

Affirmation of the natural mode description of the frequency-domain response of
a layered structure can be accomplished by comparing the extracted natural modes
with those obtained from the theoretical IPM analysis in Chapter 3. To the extent that
IPM involves implicitly the assumption of a pure natural mode description, close
agreement between the two sets of modes would tend to substantiate the IPM recon-
struction. This necessitates, however, the use of a layered structure which has been
analyzed theoretically. The layered structure should also have clear boundaries and
well-known properties, to make the mode extraction easier. Judging from these res-
tricted criteria, we decided that the model should be made of thin Plexiglass layers.

A visually striking confirmation of the natural mode resonance is shown in Figure
7.4. This is the measured reflection waveform of a thin plexiglass layer of a thickness
of 11.675 mm, placed perpendicular to the ultrasonic transducer. Note that the indi-
cated early-time and late-time regions are reflections from the front and rear surfaces.
It is obvious that this structure response is dominated by a single natural mode which
is determined by the product of the double layer thickness (D) and the wave number
(k(w) = B(w) + ja(w)) of the specified plexiglass layer. Figure 7.5 shows a single
mode best fit of the ratio of the rear and front responses from the SPA method.
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Figure 7.4: The measured reflection waveform of a 11.675 mm thin plexiglass layer
placed perpendicular to the transducer axis.
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Figure 7.5: One-mode best fit to the spectral ratio of the rear and the front echoes,
obtained from a 11.675 mm thin plexiglass layer.
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Based on analysis in Chapter S, the first natural mode of this layer should occur at
0, + jv; = -0376 + j8.522 MHz™!. The single mode best fit from the SPA method
ascribes a mode of o, + jv, = —.0358 + j8.478 MHz™!. The agreement is extremely
close.

By thinning the layer it is possible to lower the mode factors and thus to stimu-
late the existence of higher order modes caused by reverberation. Figure 7.6 shows the
measured surface reflection waveform of a thin plate having a thickness of 1.475 mm
placed perpendicular to the ultrasonic transducer. This reflection is apparently not dom-
inated by any single mode. The question then becomes whether the reflection can be
represented by a pure natural mode series. Figure 7.7 shows evidence for a positive
answer. This figure displays the phase spectrum of the reflection waveform obtained
via SPA. Three peaks very clearly dominate the spectrum and they can be used for ini-
tial guesses in the SPA method. Due to scattering and absorption effects, only the first
three modes of this thin layer are absorbable.
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The theoretical and evaluated values of these natural modes are summarized in
Table 7.1.

Table 7.1: The reconstructed natural modes of a 1.475 mm thin
plexiglass layer, evaluated via the SPA method.

Theoretical Evaluated Evaluated
Natural modes value value amplitude
0 .0041 +30.0092 0.3872

1st mode

2nd mode -0.04 - j1.05 -.0213 - j1.0399 0.3451

3rd mode -0.08 - j2.10 -.0743 - j2.1004 0.0631

The imaginary parts of the natural modes compare well with the theoretical values.
However, the damping coefficients are not quite as close. We suspect that the
discrepancies are due to the scattering and attenuation effects.

Confirmation of the IPM reconstruction can also be provided through reflected
waveform measurements. For example, Figures 7.8a and 7.8b show the measured echo
reflected by 5.365 mm and 4.645 mm thin plexiglass layers placed perpendicular to the
transducer axis. It is obvious that the echo measurements are much noisier than that of
11.675 mm case. In fact, there is a noticeable amount of overlapping between the front

and rear echo waveforms. Because of only two successive echoes, a single mode is

S ey
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excited.

Figures 7.8c and 7.8d show the single-mode best fit to the pass-band portion of
the frequency response provided by the SPA method. These results for the thin plexi-
glass layers provide a great amount of confidence in the natural mode extraction from
the reflection waveform of layered structures. If the reconstruction is indeed complete,
then the material properties evaluated from the layer reflection waveforms should be
independent of layer thickness. This has been shown to be true in the case of the thin
plexiglass layers above.

A verification of the thickness independence of the material characteristics of this
layered structure can be obtained by making measurements at different thicknesses,
and evaluating the material characteristics from each reflection. Table 7.2 shows the
experimental results. Material properties obtained from the experiment; such as velo-
city, attenuation coefficients, reflection coefficients, and acoustic impedance, are almost
the same for four plexiglass layers with different thicknesses.

This completes the validation of natural modes reconstruction by using the IPM

approach.
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(b) & (d) are 4.645 mm. (to be cont’d)




Relative magnitude
()

137

Figure 7.8 (cont’d)

©

" --": Reflection spectrum
"- -": Single-mode best fit T

2 s
Frequency axis (MHz)

d

]
(]

Relative magnitude
]

°
b

-
T

"--": Reflection spectrum
"- -": Single-mode best fit 1

2 3
Frequency axis (MHz)




138

I, 08 JOo ameradway e i pounropad ame syuownIadxd oyl ‘(g
“ZHW ST'T Jo Aduonbog 15udd © Sutaey 1oonpsuen v 10j
pPauIoAuod s1 uonenuaye o ‘vosuedwos jo osodmd oy 104 (] :AON

O14Z€9°E 01+ZISE O1+£9S°E 01+Z91°E (0as-pf3x )
9o 9ok 9o 9u* douspadur] ‘rey)
162" e i 95€" 3309
uonRPY
i ) . i (0as)
V6 EFTELT 1€ EFTHLT 98'7FITLL LS'TFISLT Ko0io,
810FTHT YEOFSST' 9S0TFTY1" YOOFEET" (wo-zHW/qp)
uonenuINyY
unu Gl | unu Gy9'p wu G9¢'S unu G19°11 e
SSOUYOIY L

‘poyow V4S oy Aq paronnsuodar s1ofey sse[dixajd jo somyodoird omsnody :z'L 9IqeL




139

7.5 Experimental verification of the SPA Reconstruction

With the natural mode representation validated by the results of the previous sec-
tion, the next step is to verify the reconstruction of the layered structure experimen-
tally. Two different layered structures will be tested.

Figure 7.9a shows the reflected waveform of a solid plexiglass-aluminum struc-
ture. The geometry is shown in the same figure. Similarly, Figure 7.9b shows the
reflected waveform of the plexiglass-copper structure. The Fourier spectrum of the
plexiglas-aluminum response is shown in Figure 7.10a. Three distinct modes are
observed in the phase spectrum, as shown in Figure 7.11a. A similar analysis reveals a
total of three dominant modes for the plexiglass-copper structure, as shown in Figures
7.10b and 7.11b. The extracted natural modes (c,+jv,) corresponding to each struc-
ture have been evaluated by the SPA method, and are indicated in Figures 7.9a and
7.9%.

The experimental results suggest that as long as the echoes from the front and
rear of the layer are not overlapping, the first order model is applicable. The transfer
function of a given layer can be put strictly in terms of the properties of that layer,
rather than the signature of the incident pulse and the characteristics of the measuring
device. The transfer function of the n** layer is

U‘ (m) [A +lej°‘“u¢l+jcuol)] A
Hﬂ J0+l(m) = , = —ﬂej““lﬁ*”'jolaﬂ) (7‘ 1)

U; (@) [A” ef (v, +f 0-)] A,

where U; (o) is the incident spectrum and v, »41%) Op 41 = (Vp41+i Onse1) = (V5 +jG,)
is the natural mode of that layer.

For all cases, the SPA method is employed to evaluate material characteristics.
The experimental results are summarized in Table 7.4. For the sake of comparison,
published values [109, 110] of the material properties are listed in Table 7.3. It can
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readily be seen that the velocity, reflection coefficient, and characteristic impedance
compare favorable with the published data [109, 110]. However, it is noticed that the
attenuation constant deviates from the published value by a significant margin. This is
possibly due to the scattering of the incident wave at the interfaces and the absorption
of the transmitted wave propagating through the layer. Reviewing the results, we
observe that

(1) The attenuation factors are approximately linear within the frequency band, 1.5

MHz < f <3.0 MHz.

(2) The measured velocity of various samples are very close to the published values,

with a standard deviation of less than 1.2 % .

(3) The reflection coefficient varies over a wider range, since it is highly influenced
by scattering, absorption, and attenuation.

In this chapter, we have tested the SPA algorithm based on natural modes with
appropriate arrangement, and have shown that features can be simultaneously evaluated
by utilizing a spectral sequence. Comparing the results with published data, this
approach seems very promising. For example, the overall standard deviation of the
estimated velocity is found to be within a 1.2% error band. The application of this
method will be valuable for nondestructive evaluation of materials in industrial appli-

cations.

2TV AP T S
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Figure 7.9a: Measured reflection waveform of a plexiglass-aluminum layered
model placed perpendicular to the transducer axis.
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Table 7.3 : The acoustical properties of different materials published by

Kino [110].
Material
E Aluminum Plexiglass Copper
canure (7075 -T6) 70 -30)
Attenuation
(db | MHz-cm) 0.38 0.17 —
Velocity
(m/ sec) 6420 2740 4400
Density 571
(g/cm’) - 1.15 8.64
Char. Impedence;
17.33x10% 6 . 6
(kg | m-sec) 3.26x10 40.61x10

Table 7.4 : Acoustic properties of different materials evaluated by

the SPA method.
Material
Feature Aluminum Plexiglass Copper
(7075-T6) (70 - 30)
Attenuation
(db | MHz-cm) 0.443 0.136 0.255
Veloci
(m/ se?; 6425 2761 4338
Char. Impedence
ped 17.412x100 3.221x10° 37.480x100
(kg / mz-sec)




CHAPTER 8

CONCLUSION

The purpose of this research has been to investigate techniques of evaluating
material properties by ultrasonic interrogation. This chapter reviews the state-of-the-art
of ultrasonic identification as well as the techniques we have developed here in recent

years. Finally, suggestions for future studies are given.

8.1 Summary
There are two major contributions from this thesis work: a proposed theoretical

model for ultrasonic field reconstruction, and development of a scheme for layered
structure identification.

In Chapter 2, an acoustic wave equation with the presence of scatterer was formu-
lated. Wave solution using the Green’s function technique was presented. To general-
ize the analysis, all distances were expressed in wavelengths and the medium functions
were put in terms of the complex refractive index of the inhomogeneous medium. In

such a way, the results could easily be adopted for solving other similar problems.
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Two approximations, the Born and the Rytov, were used to linearize the wave
equation. These two perturbational approximations are very useful since they allow
simple inversion algorithms to be derived. Since these approximations play an impor-
tant role in ultrasonic interrogation, the mathematical limitations of each approximation
were reviewed and discussed.

The reconstruction theorem presented in Chapter 3 relates the scattered field
measured on a location to the angular spectrum of the medium. This theorem is only
true when either the Born or the Rytov approximation is valid. However, the imaging
reconstruction research community has shown tremendous interest in this theorem.

The reconstruction theorem was derived by the use of IPM and WTM concepts in
this work. Applying both to the reconstruction theorem leads to a simplified relation-
ship between the reflected waveform and the natural modes of a layered structure. The
conventional technique of extraction is to decompose the Green’s function of the field
reflected by a layered structure into plane waves, and then to substitute this result into
the integral solution of the wave equation. The new technique of extraction is to con-
sider the reconstruction theorem entirely in the frequency domain. This method results
in improved computer implementation and was utilized in Chapter 4 for better estima-
tions of material characteristics.

Other topics pertinent to the SPA technique were discussed as well. Five methods
for extracting the natural modes of structures from their measured reflected waveform
were presented. These methods were needed to provide the basis for SPA reconstruc-
tion routine, where conventional identification is usually unworkable. Only the SPA
method was shown to be successful in the presence of random noise.

In addition, several signal processing concerns were examined in Chapter S. By
examining the standard deviation between the structure and the reconstruction, it was

concluded that zero padding a waveform would be a way to reduce the interpolation
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error. On the other hand, using a Hamming window to shape the waveform could
severely attenuate the high frequency information and introduces errors.

Chapter 6 present a theoretical analysis of field distribution around and inside an
inhomogeneous and arbitrarily shaped target. The dyadic Green’s function was used in
the evaluation process, and a special arrangement to handle the singularity in the
integral equation was also introduced. The results showed that a structure consisting of
different materials could produce a local maximum in its field intensity distribution.

In Chapter 7, identification was also carried out using the measured reflected
waveform of thin plexiglass plates with different thicknesses. The success of this
experimental results provided an empirical verification of the SPA concept. Evaluation
of material characteristics of several multi-layer structures were also successfully per-

formed.

8.2 Suggestion for Future Studies

Some topics suggested in this work have not been fully explored, while other
ideas have been generated during the course of this work. This section high-lights
several of them.

In deriving the Born and the Rytov approximations, it was assumed that the scat-
tered fields were small compared to the incident fields. This says that the structure
must be weakly scattered for the ultrasonic identification to hold. If this condition is
not met, then the reconstruction will have artifacts. This topic should be pursued
further by looking into the limitations of physical dimensions and material properties.
It is also possible to extend the analysis by using other approximations.

For better reconstruction, several steps of the SPA schemes could be modified. It
is possible to include variable sampling size of the measured reflected response, as

well as selection of the dimension of the signal space in SVD application. In the
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algorithm involving the construction of the PDF, the inclusion of some specified func-
tions might be useful.

Lastly, the most interesting topic might perhaps be the most difficult one. There
remains the question as to whether the refraction effect of the reflected field response
can be utilized for ultrasonic identification purposes, despite its heavy dependence
upon structural aspects. To pursue this topic, one should start out with a simple struc-
ture and measure the reflected field response in a 2-D region and see how well it com-
pares with the theoretical prediction. To minimize the system error, it is preferable to
exclude the receiving transducer response from the analysis. This requires the accurate
positioning of the spatial response from the measured data. To this end, an efficient

and accurate deconvolution scheme must be developed.
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APPENDIX A

ORIGINAL PRONY METHOD

If as many data samples are used as there are exponential parameters, then an
exact exponential fit to the data may be made. Consider the N -exponential discrete-
time function

u(z)=§;h,,z,’, , 1=0,1, ---,L-1. (A.1)

n=1
Note that u(l), rather than #(!), has been used because exactly 2N complex samples
u(), ---,u(2N) are used to fit an exact exponential model to the 2N complex
parameter by, - - -, hy, 2y, *°*, Zy. The N equations of Eq. (A.1) for 0 S ! S N-1
may be expressed in matrix form as

[ 1,

0 0 0

ZI Zz ZN hl [ u(o) h
1 1 1

4 22 N

h, u(2)

(A2)

zll\?-l zlzﬁ-l ... ch}-l hN u(N-1)]

The matrix of indexed z elements has a Vandermonde structure. If a method can be
found to determine separately the z elements, then Eq. (A.2) represents a set of linear
simultaneous equations that can be solved for the unknown vector of complex ampli-
tudes.
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First, one could assume the polynomial ¢(z), which has the z; exponents as its
roots, defined as

N
@) =1z -z,) . (A3)

n=1

Then the products of Eq. (A.3) are expanded into a power series and the polyno-
mial may be represented as the summation

N
z)= Ya,zN ", (A.4)
n=0

with complex coefficients {a, ,n =0, 1, -- -, N} such that ag = 1. After that, one
shifts the index on Eq. (A.1) from / to ! — m and multiplies it by the parameter a,, to
yield

a,u(l-m)=a, g_‘,h,,z,f"" . (A.5)

n=1

Forming similar products agu(l), - - -, a, % (!-m) and summing, it produces

Za,,.u(l-m)— Eh Eam , (A.6)

n=l m=0

which is valid for N + 1 S/ < 2N. Substituting z""' = z"” """, Eq. (A.6) becomes

Za,,,u(l-m)- Zh z,f'”za,,.z""" 0. (A.7)
n=1 m=0

The right-hand summation in Eq. (A.7) may be recognized as the polynomial defined
by Eq. (A.4), evaluated at each of its roots z,, yielding the zero result indicated. Eq.
(A.7) is the linear difference equation whose homogeneous solution is given by Eq.
(A.1). The polynomial (A.4) is the characteristic equation associated with this linear

difference equation.

b4

R S

~——




151

The N equations representing the valid values of a, that satisfy Eq. (A.7) may
be expressed as the NN matrix equation

(uN-1) uN) --- u(© | |*% [ u(N) ]

u(N) wN-1) --- u(l) | |82 u(N+1)
. : . =-| . A8

U @N-2) u@N-3) - -+ uN-1) |ay|  Lu@N-1)

Eq. (A.8) demonstrates that, with 2N complex data samples, it is possible to decouple
the h, and z, parameters. The complex polynomial coefficients a,, * - -, ay, which
are functions of only the time-dependent components z, of the exponential model,
form a linear predictive relationship among the time samples.

The Prony procedure to fit N exponentials to 2N data samples may now be sum-
marized in three steps. First, the solution of Eq. (A.8) for the polynomial coefficients is
obtained. Second, the roots of the polynomial defined by Eq. (A.4) are calculated.
Finally, the damping G, and phase factor v, may be determined from the roots z,
using the relationships

_ loglz, |

-1
Op = — MH (A9)
_ [ ImG)
V= tan [Re(z,,)] . (A.10)

To complete the Prony procedure, the roots computed in the second step are used to
construct the matrix elements of Eq. (A.2), which are solved for the N complex
parameters h;, - - -, hy. The amplitude A, and initial phase 0, may be determined
from each h, parameter with the relationships

A, = Ik, (A.11)

1m(h,)
- -1
O = tan [Re(h,.)

] radians . (A.12)

<




APPENDIX B

DERIVATION OF THE DYADIC GREEN’S

FUNCTION IN A SOURCE REGION

If the field point P is inside the source region, illuminated in Figure B.1, the
integral Eq. (6.2) does not converge. In order to carry out the integration, a small
volume surrounding the field point should be excluded. The evaluation of the integral
will greatly depend on the shape of this excluded volume. Generally, we can express
the displacement field at 7 as

?(P) = PV {f,,(r')-ﬁ(ﬂr')dv +7°(P) (B.1)

where @ €(P) is a correction term which should be added to the integral to yield a
correct value for the velocity field at 7. The correction term @ € (P) is produced by the
stress density function ?,q(?‘) and the displacement density function n(7) on the spher-
ical surface of AV, which is a differential spherical volume with a radius € as shown
in Figure B.2.

To calculate the @ € (P), a coordinate system is chosen so that its origin coincides
with that of the spatial coordinates and so that f,,(P) is paralleled to the polar axis.
Considering that f:q(?) inside AV is uniform, we can then write

Foa =g - (B.2)
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By using the continuity equation ( V- f,,(P)=-w?,®() ), and defining

N(P)AS = lim I &P ")dV’', one can express 1(P) as
t—)oAv

feq cOs O

3
. (B.3)

ne®) =

The displacement field at the center of AV can be expressed in terms of a scalar poten-
tial field ®(P) as @ € (P) = =VO(P). If AV is small enough, the quasi-static approxima-
tion can be used to evaluated @ as

1 , . exp(jk, - AP")
ao, 47 T e ®4)

o) =

exp (<jk, - AP ")

dgl
4nlAP ‘|

+ [ n(®)
AS

where AP =P - P’ is the distance between the source point and the field point, and
AS is the surface of AV. It is evident that the first term of Eq. (B.4) goes to zero as
AV approaches zero. However, V® can be shown to converge to a finite value as AV
approaches zero. This implies that @ € () remains a finite value at the center of AV.

For simplicity, we will evaluate the term —V® for a spherical volume AV as follows

c -£ .. (1 + jik, €) .
ReP) = 2 Iim | "(O)T exp (- jk,€) cos 0 ds’ . B.5)

—————— .
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v
Source Region

(Pm(®), Cm())

)

Figure B.1: A general configuration of a source region problem.

AV = —43—1c a?

a, :Radius of sphere AV

Figure B.2 : Evaluating the displacement density M(#) by using a
differential spherical volume AV.



APPENDIX C

EVALUATION OF THE PRINCIPAL INTEGRATION

OF THE GREEN’S FUNCTION

Using a strategy similar to the one described in Appendix B, we modify V, as a
sphere with the same volume centered at 7,, shown in Figure B.2. The radius of the
sphere is denoted by

3av, |1°
aw=|7 (e3)

Considering the property of equality : V'®PIP ") = - VO@PIP ") , Eq. (6.7) can be

rewritten as

1 2 [exp(-ﬂ?: : cr’-?»]

C.2
w?p, 9x,°dx,’ axiP-P’| €2)

Grpe, TP ) =

pP,g9g=1273.

Therefore, we are allowed to treat the point P = P, as the new origin with the transfor-
mation of coordinates. Eq. (C.2) then becomes

1 |ewGikP)
Gz, T — P =Gy, (P) = [

, C.3
w’p, 9%y | 4nlP’l ] )

pP,q=1273.
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In the spherical coordinates,

sl -2 S e -2 2fie ] o

pP,q=1273.

The principal value of the integration becomes

L] 2x x
P v =
ijc,'(r; )dv’ m20w°£dr£d¢£{r (C.5)
2 [ep iR, - ]+_[8 3,4]
dr? 4nr

.
: %[’xp( L ﬂ]}r’sinede .

4nr

Carrying out the integration by parts, it becomes

PV [G. . P = m{[ﬂi e”(—jE;'ﬂ]]a' (C.6)
J i (o2 o &0 dr 4nr ¢ )
2x x
- [do [ L sin 6d0
0 o T

2x = X
+ [do [ [5,,,, -3—’—27-]sin 8.de
0o 0 r

1tl=57))
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Although the equation lim

e—0 4nr
2x x XX
jd¢j[8m-3-L2’-]sin0d6=0 s p.g=1273,
0 0 r
and
2x

*x,x 4
P79 = A% . =
{dq»‘j) 2 sin 640 = 38” i pg=1,23.

Therefore, the Eq. (C.6) becomes
N ,1[exp(—ji.’, n]]}
ijG dv_mzp 9_13{3[rdr y .

s

Pq . s _
3 0)2p,, [(1 + jk,a,)exp (=jk,a,) l]

-
where k, - P rea Skan .

]dr—)oo,itisreadilyveriﬁedthat

(C.7)

(C.8)

(C.9)
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