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ABSTRACT

STABILITY OF SOLUTIONS OF STOCHASTIC DIFFERENTIAL
EQUATIONS OF DIFFUSION TYPE

By

Piotr Szlenk

The stability and asymptotic stability of solutions of one dimensional
stochastic differential equations of diffusion type are studied. Such problems
arise frequently in applications to oscillation theory, automatic control and
related fields, as it is explained in [9)].

In 1971 Khasminskii and Nevelson ([8]), considered the following stochas-
tic differential equation :

dX() = WX (8))dt + o(X () dW (1)

They assumed that o never vanishes and that every solution of the equation
above is recurrent. Under these assumptions they proved that the distance in
some suitable metric (the scale metric) between two solutions starting from
two different points converges to some random variable which is either zero
or is concentrated on two points. This dissertation consists mainly of two

parts :



1. In the first part (Section 4) the same stochastic differential equation
is studied when o is allowed to vanish. Different cases for which the

convergence of the difference of two solutions takes place are analyzed.

2. In the second part (Section 5) the case when the drift coefficient b
is constant is studied. In this case the limit of the difference of two
solutions starting from two different points always exists. First, the
case when all solutions are recurrent is discussed. Then the case when
solutions are transient is studied. An investigation on the conditions on
o for which the limit of the difference of the solutions is zero is carried
out. It is proved that if we assume that o(z) is concave or convex for

sufficiently large x, then the limit of the difference of two solutions is

zero if and only if [;F*°(¢’(z))?dz = +o0

The main steps of the proofs of these results hinge on a Comparison
Theorem of Skorokhod for the solutions of Stochastic Differential Equations,
the convergence theorem for nonnegative supermartingales, representation of
continuous local martingales as time-changed Brownian Motions, the exact
growth of transient solutions of Stochastic Differential Equations, and the
fact that a continuous local martingale is convergent on the set where its

quadratic variation converges.
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1 INTRODUCTION

In their paper of 1971 ([8]) Khasminskii and Nevelson (for more detailed
discussion see also [9], pages 302-309) studied the following problem :

Consider the following stochastic differential equation :
(1) dX(t) = H(X(t))dt + o(X(t))dW (t).
Assume the following :

I) Equation (1) has a unique solution almost surely.
II) o never vanishes.

ITI) Every solution of (1) is recurrent.

Define the scale function :

- z -2f:’ ("“)dud
Q(2) /o e -
Then condition III is equivalent to the following :
Q(+400) = +00, Q(—00) = —00

If we put Y(t)=Q(X(t)), then Ito’s formula ([4], Theorem II-5.1) implies
that :

(2)  dY(t) = oo(Y(2))dW () where 01 (y) = o(Q'(¥))Q(Q7' (v))-



If we take two solutions of (2) starting from two different points (say y;, ¥,
y2 > yl) then

V() = Yilt) = v - + [ [en(Y3(s)) — x((s)W (o).

Since the solution of (2) is unique, Y3(¢) — Yj(¢t) > 0 for all t a.s. Since
P(f [o1(Ya(s)) = o1(Ya(s))*ds < +o0) = 1 for all t,

Li[o1(Ya(s)) — o1(Yi(s))]dW (s) is a continuous local martingale

(see [4]:Chapter II, Section 1). Since every positive local martingale is a
supermartingale, Y;3(t) — Y;(t) is a positive supermartingale, and therefore
Y3(t) — Y1(t) converges to a positive random variable, say £, a.s. ast — +o0o.

(see [10], Section 39).

The work in [8] deals with the analysis of the random variable §. It can
be presented by a Lemma 1.1 and Theorems 1.1 and 1.3 below(the proof of
Lemma 1.1 which is a crucial step is contained in the proof of Theorem 1
in [8] and will not be reproduced here). Theorem 1.2 is a modification of
Theorem 1.1, where in part (c) the form of the distribution of the limiting

random variable { is new.

Lemma 1.1 0,(y + §) = o1(y) for every y a.s.

Theorem 1.1 Under assumptions I, II, III we have :
a) if o1 is not periodic, then £ = 0.



b) if o1 is periodic with period 0, and 78 = k is an integer, then Y;(t) —
Yi(t) = y2— w1 a.8. for all t. In particular this is the case if o, is constant.

c) if o1 is periodic with period 6 and B2 = k is not an integer, then the
distribution of £ is concentrated on two points 0[k] and 0([k] + 1), where [k]
denotes the integer part of k.

Let us compute the distribution of the random variable £ in case o, is
periodic with period 0. Let k = 831, {k} = k—[k]. Repeating the argument

of Khasminskii and Nevelson we conclude that
0[k] < Y3(t) — Ya(t) < 6([k] +1)

But
Yi(t) = Yit) = v3 — 11 + [ [02(%a(5)) — o2(Yi(s))laW(s)

and from Lebesgue’s dominated convergence theorem we conclude that
Et = E Jim (Y(t) - ¥i(t) =2~ s
Therefore we have :
O[kIP(€ = O[K]) + 6([k] + 1)(1 — P(¢ = 6[k])) = yo — vy = Ok
From this we have
PE=0)=1-{k} , P(=0(Kl+1) = (k)

Therefore we can restate Theorem 1.1 as follows :



Theorem 1.2 Under assumptions I,1I,III we have :
a) if oy is not periodic, then § = 0.

b) if o1 is constant, then Y3(t) — Yi(t) = y2 — y1 a.s. for all t.

c) if oy is periodic with period 0, then
P(¢ = 0[k]) =1 — {k} and P(¢ = 0([k] + 1)) = {k} where k = 234,

Therefore, if we define a new metric in R by

r(z,y) = Q=) - Qv) |

then we will have :

Theorem 1.3 Under assumptions I, I, III we have :
For every two solutions of (1) X;(t) and X,(t), starting respectively from z,

and z, (z3 > z,) we have :
r(Xa(t), Xa(t)) — £ a.s.

where § = 0 if 01(y) = o(Q~'(¥))Q'(Q'(y)) is not periodic,
£ =r(z3,z,1) if 01 is constant, and

_ oz, 7)o (22,71) _ prir(z2,71) _ (T(z2,21)
p(e = o EuTy) _ g (T2 pe_ pTlEniy ) - (HEB ),
if o1 s periodic with period 0.

Our principal contributions in this dissertation are presented in Sections

4 and 5. In Section 4 we will discuss the convergence of the difference of two

4



solutions of (1), where we allow o to vanish. In Section 5 we will discuss the
same property of solutions of (1), where we assume that the drift coefficient
is constant. The novelty of some results in these sections is in dealing directly
with the difference of solutions, rather than considering the distance between
solutions with respect to a scale metric. Sections 2 and 3 contain preparatory

materials for Section 4 and 5.



2 GENERAL THEORY

In this Section we present the known theory which is needed in sections 3,
4, and 5. We refer the reader to [4] for details. We start with the definition
of a martingale. Let (Q2,F,P) be a complete probability space. Let F; be a
filtration, that is F; is a family of o-algebras for which F, C F; if s <t. Let

‘FH' =n.>.’ s

We say that the filtration F; satisfies the usual conditions if Fy contains all
P-null sets and if
Fire =F: forallt.

Definition 2.1 We say that a stochastic process X (t) is a Fi-martingale
(submartingale, supermartingale, respectively) if and only if X (t) is
F:-measurable, E(| X(t) |) < +o0o for every t, and E(X(t) | F,) = X(s)
(2,<, respectively). The martingale is a square-integrable martingale if
EX?(t) < 400 for every t.

We denote the collection of square-integrable F,-martingales by M. Sim-
ilarly, we denote the collection of continuous, square-integrable martingales

by M3

For supermartingales we have the following theorem, which is used ex-

tensively in the thesis :

Theorem 2.1 ([10], Section 39) Let X (t) be a supermartingale. Let X~ (t)
denote the negative part of X(t), that is X~ (t) = —X(t)x(x(1)<0}. Assume

6



that sup EX~(t) < +o0.
t
Then tE«Il-noo X(t) ezists a.s., and E‘lu_& X(t) < +o0.

In the next two subsections we introduce the stochastic integrals with
respect to martingales and local martingales. These integrals are extensions
of the classical Ito integrals with respect to Brownian Motion. The need for
developing stochastic integrals with respect to Brownian Motion, or more
generally with respect to local martingales, arises from the fact, that the
sample paths of such processes are of unbounded variation with probability
one. Therefore, the usual Lebesgue-Stieltjes integral for the sample paths of

such processes cannot be defined.

2.1 STOCHASTIC INTEGRALS WITH RESPECT
TO MARTINGALES

In this subsection we define the stochastic integral with respect to a square-
integrable martingale M(t). The next Proposition will help us to determine

the class of integrands, that is the class of processes for which our integral
will be defined.

Proposition 2.1 ([{], Proposition II-2.1) Let M(t) € MS. Then there is a
unigue, increasing, integrable process denoted by (M)(t), such that M?*(t) —
(M)(t) is @ martingale.

Definition 2.2 The process (M)(t) from Proposition 2.1 is called the quadratic

variation process of M(t).



Example 2.1 Let B(t) be a Brownian motion. Then (B)(t) =t.

The next definition specifies the class of processes for which the stochastic
integral with respect to the square-integrable martingale M (t) will be defined.

Definition 2.3 Let M € M5. Let L3(M) be the collection of predictable
processes ®(t) such that

(1K II%')2 = E'{/OT ®%(s,w)d(M)(s)} < +00 for each T > 0.

For ® € £3(M), we put

400

19 1= 32 5201 @ 1% AL

where z A y = min(z,y).

Proposition 2.2 ([{], Section II-1) L3(M) forms a complete metric space
with the metric defined by || ® — ¥ ||3.

Let Lo be the collection of processes ®(t) for which there exists an in-
creasing sequence {4}1%5 (0 =t < t) < t3 < ... < t, < ...) and a se-
quence of random variables {f;(w)}%%, such that f; is F;-measurable with

sup || fi |lo< +00, and

8(t,) = fol@)xeay(8) + g )Xt (t)

The following Lemma shows that every process from £2(M) can be approx-

imated by jump processes from L,.



Lemma 2.1 ([{], Lemma 1I-2.1) The subspace L, is dense in Lo( M).

Definition 2.4 Let X € M;. Let
X |y = [EX}(T)}}.

Let
+0 1

X1 = 3 5201 X |n A1).

n=1

Lemma 2.2 ([{], Lemma 1.2) M3 form a complete metric space with the
metric defined by | X — Y|. Moreover M§ is a closed subspace of M,.

Now, we will define the stochastic integral with respect to a square in-
tegrable martingale M(t). We proceed as follows. For ® € Lo with the

expansion ®(t,w) = fo(w)x{t=0)(t) + TE% fi(w)X(ti ti41) (), we define
P4(8)(0) = 3 AM(ta A1) - M AD)

It can be shown ([4], Section II-2) that IM(®) € M3 and
(ISOMETRY) | IM(@) |=|| @ ||M .

Therefore we obtain an isometry from Lo to M3. Now using Lemma 2.1 we
can extend this definition to the whole space £;(M).
From now on, we will write I™(®)(t) = f§ ®(s)dM(s).



Therefore we have defined the stochastic integral of a stochastic process
belonging to the class £; with respect to the martingale M. In the next

subsection we extend this definition to the more general class of integrators,

which are called local martingales.

2.2 STOCHASTIC INTEGRALS WITH RESPECT
TO LOCAL MARTINGALES

As before, we follow [4] in the presentation of this section.

Definition 2.5 ([{], Definition II-1.7) Stochastic process M(t) is called a
local martingale if there ezists an increasing sequence of F;-stopping times
Tn, Such that 1, — 400 a.s. and M(t A 1,) is a Fy-martingale for every
n. The collection of continuous, square-integrable local martingales will be
denoted by M5, and M¥c will denote the collection of square-integrable,
local martingales.

We can define the quadratic variation process of a local martingale M in a
same way as in the case of a martingale. Such a process is denoted by (M)(t)
and M?(t) — (M)(t) is a local martingale.

Definition 2.8 Let M € M¥. Let Li°(M) be the collection of predictable
processes ®(t) for which there ezists a sequence of F;-stopping times o, — +00
that

TAon
E{[ " 0(t,w)d(M)(®)} < +oo
for every T and n=1,2,8,4,.....

10



Let M € MY® and & € L(M). Then there exists a sequence of Fy-
stopping times o, — 400 such that M(t A 4,) is a square-integrable mar-
tingale and ®(t) with o, satisfies the condition from Definition 2.6. Let
P, (1) = X{on>0)®(t). Let M,(t) = M (0o, At). Since M, is square-integrable
martingale we can define the stochastic integral IM~(®,)(t). It is known
that IMm(®,,)(t) = IM~(®,)(t A o) where n > m. Therefore there exists a
unique process IM(®)(t) such that I™(®)(t A 0,) = IM~(®,)(t). The pro-
cess IM(®)(t) is called the stochastic integral of ® with respect to M and is
denoted by f; ®(s)(w)dM(s). Such stochastic integral is a continuous local
martingale.

In the next subsection we discuss very interesting and important property

of local martingales which will be needed in Section 5.

2.3 LOCAL MARTINGALES AS TIME-CHANGED
BROWNIAN MOTIONS
Theorem 2.2 ([4], Theorem II-7.2) Let M € M5™. Assume that
Jim (M)(t) = +oo.

Let
e =inf{u: (M)(u) > t}.

Then the stochastic process B(t) = M(7) is a F,,-Brownian Motion.

11



The conclusion of the Theorem 2.2 is also true without the assumption
that 'ligloo(M )(t) = 400, but in this case one has to extend the underlying
probability space, so that the existence of the appropriate Brownian Motion

can be guaranteed.

Definition 2.7 Let (0,F,F:, P) be a probability space with filtration F;. Let
(V,F,Fi, P') be another probability space. Let @ = Qx Q, F = F x F,
P=PxP. Let x(®) = w for & = (w,w'). If ; is a filtration for (O, F,P)
such that F x F' DFD Fex{V,0}, then we call (U, F,F;, P) a naturdl
eztension of the probability space (U, F,F:, P).

Theorem 2.3 ([4], Theorem II-7.2’) Let M € M. Let

= inf{u:(M)(u) >t} ift<(M)(+oo)
+oo if t 2 (M)(+o0)

Let F; = Vi>0 Frns- Then there ezists a natural extension (fl, F,F., P ) of
the probability space (U, F,F;, P) and a F,-Brownian Motion B(t), such that
B(t) = M(w;) for t € [0,(M)(+400)). Moreover M(t) = B({M)(t)).

We also have the following useful lemma :

Lemma 2.3 ([12], Lemma 84.8) Let M € M. Then on the set
{{M)(400) < 400}
t-l-g-noo M(t)

ezists and is finite.

12



Now, we are ready to review some basic facts on stochastic differential

equations. These will be used in Sections 3 and 4.

2.4 ONE DIMENSIONAL, TIME-HOMOGENOUS
STOCHASTIC DIFFERENTIAL EQUATIONS

Definition 2.8 Let b and o be real measurable functions on the real line.
Let (Q,F,F:, P) be a probability space with filtration F;. Let W(t) be a F;-
Brownian Motion. We say that a stochastic process X(t) is a solution of

stochastic differential equation
3) aX () = MX(2))dt + o(X ()W (),
with the initial condition X(0) = zo if and only if

X(8) = 20+ /o' HX(s))ds + [ o(X(:))dW(s) a.5. for every &

The second integral in the equation above is the stochastic integral with respect

to the Brownian Motion W, which was defined in Section 2.1.

In the work that follows we assume that (3) has a unique solution starting
at x (for all x), and the functions b and o are defined on the real line. The
most general conditions which guarantee the existence and uniqueness of

solutions for such equations are as follows :

Theorem 2.4 ([{], Theorem 1V-3.2) Let us assume the following :

13



1. There ezists strictly increasing function p(u) on [0,400) such that p(0) =
0 and [, ;%—;;du = +o00 and | o(z)—o(y) |< p(| z—y |) for allz,y € R.

2. There ezists strictly increasing, concave function k(u) on [0,400) with
k(0)=0 and [5, R‘;;du = 400, such that | )(z) - ¥y) |[< k(|z—y|) for
allz,y € R.

Then there ezists a unique solution of (3) with the initial condition X (0) = z.

We see that the conditions of Theorem 2.4 are satisfied when functions b and
o are Lipschitz continuous. In this case p(z) = Lz, k(z) = Kz, where L and
K are Lipschitz constants for b and o, respectively.

In Section 4 we will also need the following comparison theorem due to
Skorokhod. It was first proved by Skorokhod (see [13], Section V-3), and
extended by other authors.

Theorem 2.5 ([{], Theorem VI-1.1) Let o be a function satisfying condition
1 of Theorem 2.4. Let b, and b; be two functions satisfying condition 2 of

Theorem 2.4. Consider two stochastic differential equations :
dX () = bi(X(8))dt + o (X(2))dW (2).

dY (t) = by(Y (2))dt + o (Y (£))dW (2).

Assume that by > b and Y (0) = yo > zo = X(0). Then forallt, Y(t) > X(t)

almost surely.

14



We will now discuss the asymptotic behavior of the solutions of equation
(3). Assume that the state space of the solutions of (3) is the interval (l,r),
where 1 and r are finite or infinite. Assume also, that o(z) # 0 for all
z € (I,r). Let X(t) be the solution of (3) and X(0) = z.

Let n = inf{t : X(t) = l or X(t) = r} be the explosion time. Define the scale
function :

Q(z) = /z: ek %“dy where z¢ € (I,r)
The following Theorem describes the behavior of solutions of (3) as t ap-

proaches the explosion time 5 :

Theorem 2.8 ([{], Theorem VI-8.1) We have the following :
1) If Q(I4+) = —oco and Q(r—) = +oo, then

P:(n = +00) = P,(littrli"an(t) =)= Pz(ﬁr:lj;lp Xt)=r)=1
2) If QI+) > —oo and Q(r=) = +oo, then
P(imX(®) =1)=1.
3) If QI+) = —oo and Q(r—) < +oo, then
P.(imX(t)=r) = 1.

4) If Q(I4+) > —o0 and Q(r—) < +o0, then

P.(imX(f) =) =1 - P.(im X(t) = r) = &Eﬂ"_‘f_‘ &(I’j}).

15



Definition 2.9 (/9], Section III-7 and I1I-8) We say that the solution of (3)
with initial condition X(0) = zo i8 recurrent in the interval (I,r) if for every

y € (I,r), P(X(t) =y for infinitely many t) = 1.

From Theorem 2.6, we see, that when P(n = +00) = 1, then every solution
of (3) is recurrent if and only if | Q(I+) |=| Q(r—) |= +oo.

Let us now define :

k(z) = /a: Q@ (y) ./’: mdzdy where zo € (I,r).

We have :

Lemma 2.4 ([{], Corollary VI-8.1)
If k(r—) < 400, then Q(r—) < +oo. If k(I+) < +o0, then Q(I+) > —oo.

The theorem below gives the conditions under which the explosion occurs

(Feller test of explosion).

Theorem 2.7 ([{], Theorem VI-3.2)
a) If k(r—) = k(I4+) = +oo, then

P:(n=+400) =1 for all z€(l,r)
b) If k(r—) < 400 or k(r+) < +oo, then

P;(n < 4+00) >0 for all z€ (I,r)

16



¢) P.(n < +00) =1 for all z € (I,r) if and only if one of the following holds :
(i) k(r=) < +oo and k(I4+) < +o0.

(i) k(r—) < o0 and Q(I+) = —oo.

(iii) k(I+) < +0o and Q(r—) = +oo.

17



3 DIFFUSIONS ON THE FINITE INTERVAL

As in the introduction let us consider the stochastic differential equation :
(4) dX(t) = b(X(t))dt + o(X(t))dW(t) , X(0) = z.

The following results are preliminary to later work and they are mostly
known. However, we include derivations of them for completeness of the
presentation, and some proofs may be of independent interest.

Throughout this Section we will assume that the coefficients b and o are
Lipschitz continuous.

Let us consider the case where for some numbers c and d (¢ < d) we
have :
(i) o(c)=o0(d)=0.
(i) for all p € (¢,d), o(p) # 0.
(i) (c) > 0 and b(d) < 0.

We consider the solutions of (4) starting from the interior of (c,d), that is
z € (c,d). Let Z(t) and Y/(¢) satisfy the equation (4) with initial conditions
Z(0) = c and Y(0) = d respectively. Let b and b be the Lipschitz continuous
functions, for which we have b < b < b and }(c) = bd) = 0. We see, that
Z(t) = c satisfies the stochastic differential equation :

dZ(t) = Y(Z(t))dt + o(Z(t))aW(t) , Z(0) =c
Similarly, we see, that Y'(t) = d satisfies the stochastic differential equation :
dY (t) = (T (t))dt + o(V())dW(2) , ¥(0) = d

18



From Comparison Theorem (Theorem 2.5) we conclude, that if X(t) is the
solution of (4) with the initial condition X(0) = z € (¢, d), then ¢ = Z(t) <
Z(t) < X(t) < Y(t) < Y(t) = d. Therefore, under assumptions (i)-(iii), the
solution starting from interior of (c,d) will never leave [c,d]. Let X,(t) and
X3(t) be two solutions of (4) starting from z, and z,, respectively, z, < z,.

Let Q(z) be the scale function, that is

Q(z) = /:: P %dudy for some z¢ € (c,d).
We will use the following lemmas :
Lemma 3.1 a) Ifb(c) > 0, then Q(c) = —oo.

b) Ifb(d) <0, then Q(d) = +oo.

Proof.

a) Since ¢ is Lipschitz continuous,

1 1
o(z)? 2 L3z — c)?

for all z € (c,d) and some constant L.

Since b(c) > 0, ¥z) > e for all z € (c,c+ 6) for some § and . Without loss

of generality we can assume that zo < c + §. We have :

Qc) = / "o e Aty < - / " mm ey

zo
= —/m e%%('l?"#:‘)dy = —oo.
c

The proof of b) is entirely similar to the proof of a).

19



Lemma 3.2 (see [9], Lemma V-2.1) Let X(t) be the solution of (4) with
initial condition X(0) = zo, where zo € (c,d). Then if functions b and o are

Lipschitz continuous, then
P(X(t) =c for somet) =0 and P(X(t) =d for somet) =0.

From Lemma 3.2 we conclude that the explosion time
n =inf{t : X(¢) = c or d} = 400 a.s. From Comparison Theorem (Theorem
2.5), X1(t) < X;(t) for all t a.s. We have the following three cases :
CASE 1. Q(c) > —o0, Q(d) < +00
~ In this case by Lemma 3.1 we have b(c)=b(d)=0. Since
Xi(t) £ X;(t), then

{: Xa(t) > d} € {w: Xa(t) - d} and {w : Xa(t) - ¢}
C{w: X(t) = ¢}
From Theorem 2.6 and Lemma 3.2 we conclude
P(tﬁiang(t)-—Xl(t) =0) = P(t_l’iino0 Xi(t) = d)+P(tEPoo Xa(t)=¢)

Q)= Q=)
Q) - Q)

and
P(‘ligxoo Xa(t)—-X1(t) =d—c) = P(t!l:gloo Xi(t) =c¢, t_l.l:gloo X,(t) =d)

- Q(z3) — Q(z1)
Q(d) - Q(c)

20



CASE 2.

CASE 3.

Q(c) = —00, Q(d) < +00 or Q(c) > —o0, Q(d) = +o0

If Q(c) = —oo and Q(d) < +o0, then by Theorem 2.6 and
Lemma 3.2 X;(t) = d and X;3(t) —+ d as t — +oo. If Q(c) >
—o0 and Q(d) = 400, then by the same argument X;(t) — ¢
and X;(t) — c as t = +00. Therefore in these cases X;(t) —

Xi(t) = 0 as.
Q(c) = —o09, Q(d) = 400

Let Y3(t) = Q(X3(t)) and Yi(t) = Q(Xi(t)). Then as it was
explained in Section 1, Y;(¢) satisfies the stochastic differen-
tial equation : dY;(t) = o,(Y;(t))dW(t) with initial condition
Y:(0) = Q(z;), i=1,2. Therefore we conclude from Section 1
that Y;(¢) — Yi(t) — €. € = 0 when 01(y) is not periodic and

£ is concentrated on two points if o4(y) is periodic.

We have the following :

Lemma 3.8 Ifb(c) > 0 or b(d) <0, then the function
o1(y) = o(Q~(¥))Q'(Q*(y)) cannot be periodic.

Proof.

Without loss of generality we can assume that c=0. Assume that 5(0) > 0.
Since b is continuous, there exists € > 0 such that b(z) > e for all z € [0, 6] for
some §. Let zg be such that % > L for all z < zp, where L is the Lipschitz

§ Nu
constant for 0. We will show that f(z) = a(z)ezf‘ Ay is decreasing in the
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interval [0, zo]. We have :

f(z+h)—=f(z) _o(z+ lz)e2 o W _ a(z)ezf" %
i =

h
Zf: mdu 2]': ;‘;—)—'-)du _ PR '
= oz + B 3 RSN CA h’z 9(2) 2 Hia
2 4 N =)_dy 2f‘ 2)_du "
s (v)  — 5 oi(w) %) _dy
<o(z+ h)e M € + Lezfz O

h

The right hand side of the inequality above tends to (L—2c;i(z';—))-)e2 I3 o <

0 as A — 0. This means that for all z < z, there exists k such that f(z) is

decreasing in (2,2 + h]. Therefore, we can conclude that f(z) is decreasing

on [0, zp). Since f(2) is positive and decreasing for z small enough, lim f(2)

exists (finite or infinite). It is easy to see that v Lm Q7 '(y) = 0, and therefore
lim o0,(y) exists. Therefore 0y(y) cannot be periodic.

y——00

The same proof holds for the case b(d) < 0. This completes the proof.

Therefore in CASE 3 if ¥c) > 0 or &d) < 0, then o, cannot be periodic, so
Y2(¢t)-Yi(¢t) — 0. Since Q! is uniformly continuous, X;3(¢) — X; () — 0 too.
Therefore, if (c) > 0 or b(d) < 0, then X;(t) — X;(t) — 0. Unfortunately, oy
can be periodic (or constant) when b(c) = o(c) = 0, and b(d) = (d) = 0 in
case d is finite. In such cases the convergence takes place in the scale metric

and not in the Euclidean metric as the following examples show.

Example 3.1 Consider the following stochastic differential equation on
(0,40) :
dX(t) = %X(t)dt + X(H)dW ()
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In this case Q(z) = In(z) and o1(y) = 1. The solution of this equation is

X(t) = ze"®), which is called the geometric Brownian Motion.

Example 3.2 Consider the following stochastic differential equation on
( - +%) ‘

dX(t) = —%sin(2(X(t)))cos’(X(t))dt + cos? (X ())dW (t).

In this case, Q(z) = tanz and o,(y) = 1. The solution of this equation is

X (t) = arctan (tanz + W (t)).

We can easily see that in these two examples X;(t) — X;(t) does not have
a limit as ¢ — 400, but the limit exists in the sense of convergence in the
"scale metric” (r(z,y) =| Q(y) — Q(z) |), since Inye"® — Inze"® =1nt
and tany + W(t) — tanz — W(t) = tany — tan z, respectively.
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4 SINGULAR DIFFUSIONS

In this Section we consider again the stochastic differential equation :
(5) dX () = ¥X(t))dt + o(X(2))dW(t) , X(0) ==

We investigate convergence of solutions starting from two different points, but
we allow o = 0. Let us start with an example that shows that in some cases
it seems to be impossible to find any sense of convergence for X,(t) — X;(t).

Therefore some classification of points on the real line seems to be necessary.

Example 4.1 Let coefficients b and o of equation (5) be such that :
(i) for some numbers c,p,d, c < p < d, we have

o(c) =o(p) = o(d) =0.
(i1) for all v in (c,p), o(v) # 0.
(iii) for all v in (p,d), o(v) # 0.
Let us also assume that b(c) = 0, b(p) > 0, b(d) < 0, and for some z, € (c,p)

we have

/zo ezf:° %d"dy < 400.

c

Consider two solutions of our equation X, (t) and X;(t) with initial conditions

z, and 23 (z, < z3), respectively, both in (c,p). Then

P(‘_ljs_noo Xi(t) =e¢, t-légloo Xa(t) =)= P(tginoo Xa(t)=¢)= —___Q(p) = Qa2)

Q(p) — Q)
P(for some t,t; : X1(t1) = p and X;(t3) = p) = P(X1(t1) = p for some t,)
- Q(z1) — Q(c)
Q(p) - Q)
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P(‘E?w Xi(t) = ¢, for some t; : X;,(t;) = p)
= P( lim X,(t) = ¢,liminf X;(¢) = p,limsup X;(¢) = d)
t—+400 t—+400 t— 400

=1-— Q(p) — Q(za) _ Q(z1) — Q(¢) = Q(z2) — Q(z1)
Qlp)-Q() Q) -Qk) Q) —Q)
These calculations follow from work in Section 3, Comparison Theorem (The-

orem 2.5) and Theorem 2.7. Therefore, there is a positive probability (namely

%’T%:Js%)-) that X,(t) — ¢, lém‘éang(t) = p and limsup X;(t) = d, so with
—T0o0 t—+400
positive probability the limit of X;3(t) — X, (t) does not ezist.

Let A={x: o(z) = 0}. From now on, X*(t) will denote the solution of (5)
with the initial condition X*(0) = z. We make the following assumptions :
I. For every real number x one of the following holds :

(i) There exists z > z, such that 0 = o(z) = b(2).

(ii) There exist y > z and z > z, such that o(y) = o(z) = 0 and

y)b(z) < 0.
(ili) sup{z:z € A} < 400, that is A is bounded from above.

II. For every real number x one of the following holds :
(i) There exists z < z, such that 0 = o(2) = ¥(2).

(ii) There exist y < z and z < z, such that o(y) = 6(z) = 0 and

b(y)b(z) < 0.
(i) énf{z:z € A} > —o0, that is A is bounded from below.
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We will use the following notation :
1. =inf{t : X(t) =z}, Py(7: < +00) = P(XY(t) = = for some t).

7. is the time when process X (t) hits a point z for the first time.

Note, that 7, is the whole collection of random variables, since it depends
on X (0).

P,(1; < +00) is the probability, that a process starting at y reaches z in
finite time.

Similarly, for the subset B of the real line, we introduce
g = inf{t: X(t) € B}, P,(78 < +00) = P(X"(t) € B for some t).

Definition 4.1 We say that z and y communicate (z ~ y) if and only if
P.(1, < 4+00) > 0 and Py(1; < +00) > 0.

Relation ”~” defines the equivalence classes in R.

Definition 4.2 We say that z is strictly inessential if and only if for some
y<zandz>z

P(limsup X*(t) < y) > 0 and P(lim‘énf XV(t) > z)>0.
t—+o00 —+t+oo

CASE 1 from Section 3 illustrates the set of the strictly inessential points.

Proposition 4.1 Let z be strictly inessential,and let I, be its equivalence

class under ”~”, Then
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a) I, consists of at least two points.

b) o(z) #0 for all z in I,.

c) I, is an open set.

d) I; is a connected set.

e) If y ~ z, then y is strictly inessential.

f) If I, is bounded, i.e., I, = (c,d), then o(c) = o(d) = 0 and b(c) < 0 < b(d).

Proof.
a) We have o(z) # 0 because otherwise x would not be strictly inessential. So
there exists a neighborhood U of x such that o(y) # 0 for all y € U. So

z~yforallyeU.

b) Suppose that there exists z in I; (z > z), such that o(z) = 0. Then if
z) 2 0, then P,(1: < +00) = 0 80 x and z do not communicate. If

&z) < 0, then P,(r, < +00) = 0 s0 x and z do not communicate.

c) follows from a) and b).
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d)f y € I, and z € I,, then for all u such that y < u < 2 we have
P,(1s < 400) = P,(7y < +00)Py(1; < +00) > 0 and
Py(1y < 4+00) = Py(1y < +00)Py(7y < +00) > 0, 80 u € I;. Therefore I is
connected and it must be an open interval.

e) We know that I, is an interval, say (c,d) and o(z) # 0 for all z in I.

Therefore we can define the scale function :

Q) = [[ &t Fateay,

Since x is strictly inessential, then Q(z) must be bounded and then for all

v in I, (see Theorem 2.6)

QD) - Q)

Pimeup X*(0) < ©) = 5@y —q(e) ~°
P(imjnf X*(t) 2 d) = 1 - %%‘2—'_-%%% >0

So v is strictly inessential for all v in I..

f) Suppose that o(c) # 0. Then from d) there exists y < ¢ such that y ~ z
8o y € I, which is the contradiction. So o(c) = 0. The same way we can
show that o(d) = 0. Now suppose that b(c) > 0. Then we conclude from
Section 3 that P(limsup X*(t) > d) = 1, so x cannot be strictly inessential.
Therefore we must‘._l‘l-;o\:e b(c) < 0. The same way we show that b(d) > 0.

a

Definition 4.3 We say that z is right inessential if

i) z is not strictly inessential.
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and

ii) There ezists z > z such that P,(1, < +00) > 0 and P,(1, < +00) = 0.

Definition 4.4 We say that z is left inessential if
i) z is not strictly inessential.
and

i) There ezists z < = such that P,(1, < +00) > 0 and P,(7; < +00) = 0.

Proposition 4.2 Let z be right inessential and let I, be its equivalence class

under "~”. Then

a) I, = {z} if and only if o(z) = 0 and b(z) > 0.

b) If I, consists of at least two points, then I, is an open and connected set,
and o(z) #0 for all z in I,.

c) If I, is bounded, i.c., I, = (c,d), then o(c) = o(d) = 0, b(c) > 0 and
b(d) > 0.
d) y is right inessential for all y in I .
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Proof.

a) Suppose that I, = {z}. Then o(z) = 0 because otherwise x will com-
municate with y for every y € U, where U is some neighborhood of x. If
b(z) < 0, then for every y > = P.(7, < +00) = 0 and then x is not right
inessential. So b(z) > 0. If o(z) = 0 and b(z) > 0, then for every y > =
Py(1: < +00) = 0 and for every z < z P.(7, < +00) = 0 so x cannot

communicate with any other point. So I, = {z}.

b) If there exists z € I, such that o(z) = 0, then x and z cannot communicate
by the same argument as in Proposition 4.1(b). Therefore o(2) # 0 for all z
in I,. From that we conclude, that for all z € I, there exists a neighborhood
U of z, such that o(u) # 0 for all u € U. Then, u ~ z for all u € U, so
since z € I, and U C I, then I, is open. The fact that I, is connected

follows by the same argument as in Proposition 4.1(d).

c) o(c) = o(d) = 0 for the same reason as in Proposition 4.1(e). If b(d) < 0,
then for every z > d P.(7, < +00) = 0 and for every z such that z < 2 < d
we have z ~ z. So x cannot be right inessential. Therefore b(d) > 0.
Suppose now that ¥c) < 0. Since o(2) # 0 for all z € (c,d), then we can
define

Q) = [ty
Since b(d) > 0 and b(c) < 0, then Q is bounded in (c,d), P(limsup X*(t) <
¢) > 0 and P(l§9+igf X*(t) > d) > 0, so x is strictly inessentizmich is the

contradiction.
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d) Follows from (c).

Similar facts are true when x is left inessential.

Corollary 4.1 a) If z is right inessential, then I, must be bounded from
above.

b) z is right inessential_tf and only if there ezists z > z such that

P,(1y < +00) =1 and P,(1; < +00) = 0.

Similar facts are true when x is left inessential.

Definition 4.5 We say that z is essential if the following two conditions
hold :

(i) For all y such that P,(1, < +00) > 0 we have Py(1; < +00) > 0

(it) For all y < z and for all z > z, P(limsup X*(t) < y) =0 or

P(liminf X*(t) 2 ) = 0. e

CASES 2 and 3 from Section 3 are examples of essential states.

Proposition 4.3 Let z be essential, and let I, be its equivalence class under

”N”.

a) I, = {z} if and only if o(z) = b(z) = 0.
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b) If I, consists of at least two points, then I, is an open and connected set,
and o(z) # 0 for all z in I,.

c) If I, is bounded, i.c., I, = (c,d), then o(c) = o(d), b(c) > 0, and b(d) < 0.

d)Ify ~ z, then y is essential.

Proof.

a) Assume that I, = {z}. If o(z) # 0, then x communicate with points of
some neighborhood of x, so I, # {z}. If b(z) > 0, then x is right inessential.
If &(z) < 0, then x is left inessential. Therefore b(z) = 0.
If o(z) = b(z) = 0, then obviously I, = {z}. Such point is called a trap
(see [5], Section 3.4).

b) The proof of this statement is entirely similar to the proof of Proposition

4.2(b).

c) As before let
Q)= [ Ay,
Because x is essential Q cannot be bounded in (c,d) (if it is bounded, then
x is strictly inessential). If b(c) < 0, then Q is bounded from below so
Q(z) = 400 as z — d and then x is left inessential. If b(d) > 0, then

Q is bounded from above so Q(2) — —oo as z — ¢ and then x is right

inessential. So b(c) > 0 and b(d) < 0.
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d)If I, = {z}, then there is nothing to prove. If I, # {z}, then I, is an
interval, say (c,d) and Q from (c) is not bounded. If Q(y) — +oo as
y — d, then for every z € (c,d) P(ljr_nﬁing‘(t) =c)=1soforally >c
P(]%gx_éan'(t) >y)=0. fQ(y) @ —oo as y — ¢, then for all z € (c,d)
P(limsup X*(t) = d) = 1 so for every y < d P(limsup X*(t) < y) =0
Tht:r—goose (ii) from Definition 4 is satisfied. (i) ﬁomtB:f;:lition 4 is satisfied
because for all z ¢ I, P(1, < +00) = 0 from (c).

o

Note that strictly inessential, right inessential, left inessential and essen-
tial points cover all points in R!. Distinguishing between them requires the

knowledge of the scale function @Q in each equivalence class with respect to

~,

Proposition 4.4 Suppose that z is not strictly inessential. Then one of the
following holds :
a) There ezists an essential point z such that P (11, < +o0) = 1, and if z

and 23 are two such points, then z; ~ z;.

b) There ezists z, such that P(‘_l‘igxwX’(t) =z)=1.

Proof. : We will use the assumptions I and II from the beginning of this
Section. If x is essential, then there is nothing to prove because (a) holds.
Suppose that x is right inessential. We cannot have z > sup{z : z € A},

because then x would be essential or strictly inessential.Let us assume that
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either the condition (i) or (ii) from Assumption I holds. Then there exists
z > z such that o(z) = 0 and ¥z) < 0.

Let d=inf{z€ A:b(z) <0and z > z}. Then o(d) =0 and ¥d) <0
from continuity of b and o.

Since x is right inessential it follows from the Corollary 4.1, that there
exists y > z such that Py(7y, < +00) =1 and Py(7; < +00) =0.

Let B = {z 2 z: P(1; < +o0) =1 and P,(1: < +o0) = 0}. We
will show that B consists of at least two points. Clearly one of them is y,
such that y is the upper bound for I,. Since b(y) > 0 and b is continuous,
then there exists b and 6, such that b(u) > b for all u € (y — 6,y + ). Let
bi(u) = H(u) A b. Let Y(t) be the solution of the equation :

dY (t) = by(Y(t))dt + o(Y(2))dW(t) Y(0) =u € (y — 6,y + 6)

From comparison theorem (Theorem 2.5) we have that for all ¢ Y (t) < X*¥(t)
as. Let r=inf{t:Y(¢t) ¢ (y — 6,y + 6)}. We will show that E,r < +oo.
Let f(u) = '—“’;;". Then f(u) > 0in (y — 6,y + 6) and

37 )" () + b () = -1

So E,7 < +oo for all u € (y — §,y + 6). It is obvious that 7 > 7,5 P,-a.s.
for all u € [y,y + 6]. Therefore Py(7, < +00) =1 for all u € [y,y + ) and
we have P (7, < +00) = P;(7, < +00)Py(74 < +00) =1 and P,(7; < +00)
= P,(1y < +00)P(7: < +00) =0. So u € B for all u € [y,y + §). There-
fore B consists of at least two points. It is obvious that B is connected
because if we have P;(1, < +00) =1, Py(7z < +00) =0, Pr(71; < +00) =1,
P,(1: < +00) =0 for some y and z (y < z), then
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P (1, < +00) 2 P,(1, < +00) =1 and P,(7, < +00) £ Py(7: < +00) =0
for every u such that y < u < z.

So B must be an interval. Let ¢ = sup{z : z € B}. We will show that
o(c) = 0 and b(c) < 0. If o(c) # 0, then o(u) # 0 for all u such that
u € (c—¥6,c+6). Let ¢; = sup{z < c: o(z) = 0}. We have ¢; < ¢, b(¢;) > 0,
so Lemma 3.1 and Theorem 2.6 imply that

lim sup X*(t) > c.

t—+400

Therefore, we conclude that for u € [c,c+ 6) we have that P,(, < +00) =1
and P,(7: < +00) = 0 which contradicts the definition of c. So o(c) = 0.
Assume now that bc) > 0. If o(u) # 0 for u € (¢ — §,¢) for some § > 0,
then ¢ € B and by the same argument as above we conclude that there is
a & > 0 such that u € B for all u € (¢,c+ §'), what is again contradiction
with definition of c. So assume that there exists z, such that o(z,) = 0 for
all n, z, < 2,41, and “EI_PM 2z, = ¢. Since b(c) > 0, then there exists ng, such
that for all n > ng b(z) is bounded away from zero for every z € [z,,,¢c]. Let
b > 0 be such that b(z) > b for every z € [z,,,¢]. Let Y(t) be a solution of
the equation :

dY(t) = bdt + o(Y ($))dW (1) , Y(0) = zngma

From comparison theorem we have that Y(t) < X*mo+1(t) a.s. for all t.
Let n=inf{t:Y(t) ¢ (2p,c)}. We will show that E,

o1l < Fo00. Let
f(z) = 5=. Then f(z) > 0 in (zn,,c) and

25°@)f"(2) + bf'(2) = -1
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So E,, ,,n < +oo.
Since for all t Y () < X*o+1(t), then E,_,,7. < +00 so

P, .,(7e < +00) = 1. Therefore, P;(7. < +o00) = 1 and since b(c) > 0,
then P(7, < +00) =1 for all u € (c,c + §) for some §. This again is the
contradiction with the definition of c. So we must have o(c) = 0, b(c) < 0 and
therefore ¢ = d. Now if there exists ¢ < d such that o(c) = 0 and o(z) # 0 for
all z € (c,d), then we must have that (c,d) is an interval of essential points
and P,(7(4) < +00) = 1. If there exists an increasing sequence z, such that
o(z,) = 0 for all n, and 2, — d, then since P;(7,, < +00) =1 for every n we
must have P(t-ljgloo X*(t) =d) =1 and b(d) = 0.

This completes the proof of the Proposition in case (i) or (ii) from Assumption
I holds. The proof of the Proposition in case (iii) from Assumption I holds
is entirely similar and will not be reproduced. The proof for the case when

x is left inessential can be carried out similarly.

a

Definition 4.6 Let z and y be two points which are not strictly inessential.

Let us define the following relation :

z X y if and only if one of the following holds :

i) There ezists an essential point z such that P;(t, < +o0) =1 and
Py(1;, < +00) =1.

or

it) There ezists z such that P(tEinmX’(t) =2z)= P(tginooX”(t) =z)=1.
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Let us show that "~” defines the equivalence classes among all points
which are not strictly inessential. It follows from Proposition 4.4 that z =~ z.
It is obvious that if z =~ y, then y = z. So assume that s~y and y =~ z. In

this case, either

a) There exists an essential point r such that P;(7;, < +00) =1 and
P11, < +00) =1

or

b) There exists a point u such that P(tliinw X*(t)=u)= P(t lig_noo X'(t)=u)=1.
And similarly for y and z : either

c) There exists an essential point v such that P,(71, < +o0) = P,(7, < +00) =1

or

d) There exists a point p such that P(tg?w XV(t)=p) = P(t_l_.ispnc<> X*(t)=p)=1.

If (a) and (c) occur, then I, = I, and z = 2.

If (a) and (d) occur, then we must show that

P(lim X*()=p) =1
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Since

Py(r;, < +00) =1, P(lim X¥(t)=p) =1,

then Theorem 2.6 applied to the interval I, implies that for allu € I, X*(t) — p
a.s. Since P;(7], < +00) = 1, then from Markov property we get
P(‘Es_an’(t) =p)=1and z = 2.

Similarly if we have (b) and (c), then z = z.

If we have (b) and (d), then u = p and z = 2.

Thus, "=” defines equivalence classes among all points which are not
strictly inessential.

Now, we are ready to state and prove the main result of this section. It
should be noted, that Theorem 4.1 below deals with the Euclidean distance
between two solutions of (5). Results of Remark 4.1 following Theorem 4.1
are concerned with the convergence of the distance between the two solutions
of (5) with respect to the scale metric which is weaker than the Euclidean

metric.
Theorem 4.1 Let z and y be two points which are not strictly inessential.

1. If z =y, then one of the following holds :
a) There ezists an essential point z, such that I, is a right ray and

Pr(71, < +00) = Py(71, < +00) = 1.

b) There ezists an essential point z, such that I, is a left ray and
P,(TI, < +00) = P,(T[, < +oo) =1.

¢) I = I, = (c,d) for some finite numbers c and d, and
bc) = Kd) = o(c) = o(d) = 0.
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d) P(X¥(t) — X*(t) = 0) =1.
2. If P(XV(t) — X*(t) = 0) =1, thenz = y.

Proof.

1. Assume that z =~ y. If there exists z such that
P(‘li_'rpooX’(t) =2)= P(‘_ll:glooX”(t) =z)=1,

then there is nothing to prove. Suppose that there exists an essential

point z such that
P(71, < 400) = Py(71, < +00) = 1.

We need to show, that d) occurs when a), b), c) do not occur. Let
r=inf{t: X*(t)e L}, n=inf{t: XV(t)e L,}. Let uy=7Vn (zVy
denote the maximum of x and y). Consider two dimensional Markov
process (X*(t), X¥(t)). Assume z < y. From CASE 3 from Section 3
and from Lemma 3.3 we conclude that for u € I; and v € I,

P(inf sup(X*(t) — X*(t)) < 6) =1
>0 s
From Markov property for (X#(t), X¥(t)), we have for every 6
P(inf sup(X*(t) — X*(t)) < §)
Db >,
= E. ,(P[inf sup(XX“(W(t) — XX* W (1)) < §]) = 1.
220 t2s
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Therefore
P(inf sup(X¥(t) — X*(t)) < 6) =1
>0 >
for every § > 0. So
P Jim (X*(1) - X¥(t) = 0) = 1.
. Let us assume that
P(lim (X°(1) - X*(1) =0) =1

x and y are not strictly inessential. For £ we have : either

a) There exists an essential point z such that P;(7, < +o0) =1

or
b) There exists a point u such that P(‘_l‘igloo X*t)=u)=1

Similarly for y : either

c) There exists an essential point v such that P,(r;, < +o0) =1
or

d) There exists p such that
i Y(¢) = p) =
P(‘_lggoX t)=p =1

If (b) and (d) occur, then u = p and z =~ y. Suppose that (a) and (c)
occur. If I, = I, then z ~ y. Suppose that I, # I,. Then I, N I, = ¢.
Let I, denote the closure of I,. Since

P(lim (X*(t) - X*() = 0) = 1,
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then , NI, = {r} and
P(Jgnc° X*(t)=r)= P(tE?wX”(t) =r)=1,
SO R Y.

If (a) and (d) occur, then p € I, and we must have
P(lim X*(t)=p) =1,

80 z &~ y. Similarly for the case when (b) and (c) occur. This completes

the proof.

Remark 4.1 The case when a), b) or c) from part 1 of Theorem 4.1 occur
must be treated separately.

Let us consider the case when a) occurs first. Assume I, = (c,+00).
Ifz ¢ I, ory ¢ I,, then we conclude from the proof of Proposition 4.4
that b(c) > 0. Assume that Q(+o00) = +o00. By Lemma 8.3, o1(y) =
o(@'(¥))Q'(Q*(y)) cannot be periodic and Theorem 1.8 (together with
Markov property for the two dimensional process (X=(t), X¥(t))) implies that
r(X¥(t),X*(t)) = 0 a.s. IfQ(+00) < +00, then X*(t) = +o00 and X¥(t) — +oo
a.s. Then r(X¥(t),X*(t)) = 0 a.s.

If both z € I, and y € I,, then b(c) can be zero. It follows from the
discussion of Section 3, that in this case r(X¥(t), X*(t)) — ¢ a.s. for some
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nonnegative random variable £. £ = 0 in case 01(y) = o(Q1(¥))Q'(Q(y))
is not periodic, and { is concentrated on two points in case o,(y) is periodic.
The case when b) occurs can be treated similarly.

The case when c) occurs was discussed in Section §.
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5 DIFFUSIONS WITH CONSTANT DRIFT

In this Section we again consider the equation :
(6) dX(t) = b(X(t))dt + o(X(t))dW(t) , X(0) =z

We investigate the situation when we drop the assumption III from Section

1 on the recurrence nature of the solutions of (6).

Let X;(t) and X;(t) be two solutions of this equation starting from z,
and z; respectively. Deterministic examples (¢ = 0) show that in general
X;(t) — X1(t) does not have to have a limit as ¢ — +oco. But if the drift b is
nonincreasing, then we have X;(t) — X;(t) = £ > 0.

We will consider the special case where &(u) = ¢, where c is a positive

constant; that is, we consider the stochastic differential equation :
(7 dX(t) = cdt + o(X(t))dW(2)

where ¢ > 0 is a constant and o satisfies the conditions which guarantee the
existence and uniqueness of the solutions of (7). We would like to investigate
the limit of the difference of two solutions starting at two different points.
Let X;(t) and X;(t) be two different solutions of (7) starting at z; and z,
(z2 > z1) respectively :

Xoft) =zt et + [ " 5(Xa(s))dW (s).

X(t)=n+et+ [ " #(X1(3))dW (s).
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Then Y(t) = X3(t) — Xi(t) = z3 — 23 + [3[o(Xa(s)) — o(Xi(s))]dW (s) is
a positive supermartingale, and therefore there is a random variable ¢ > 0
such that X;(¢t) — X;(t) — £ a.s. Our problem is to determine for which o
the limit ¢ = 0.

We consider first the case when the solutions of (7) are recurrent in some
interval (d,+o0), where d = sup{z : o(z) = 0}. Therefore we make the
assumption that o(z) does not vanish for x large enough.

Recall that
Q0= [[ 12Ty, 1)

zo
By Theorem 2.6, we have Q(+00) = 400, and therefore & must be un-
bounded. We may now reproduce the proof given in [8] to conclude that if
X3(t) — Xi(t) tends to the nonzero limit, then & must be periodic. But if
o is periodic, then it must be bounded. Therefore if all solutions of (7) are

recurrent in the interval (d,+o0), then ‘liin (Xa(t) — X,1(t)) = 0.

We now proceed to the case when all solution of (7) are transient.
We will make the following assumptions :
I. o is differentiable, and there exists a,, such that for all z > a,,

o’ is monotone (that is o is either convex or concave).
II. Al solutions of (7) tend to +oo as t — +o0.

Assumption II is equivalent to the assumption that all solutions of (7) are
transient. From assumption I it follows that there exists b such that

| o(z) |> 0 for z > b. Without loss of generality we may assume that b = —1
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and o(z) > 0 for £ > —1, so we can define a scale function :
Q)= [ ek gy,

From assumption II and Theorem 2.6 it follows that Q(x) has a finite limit as
z — 400. Let us denote this limit by d. That is Q(z) — d as £ — +o0.

We will need the following Lemma :

Lemma 3.1 If o is locally Lipschitz continuous, X,(t) # Xa(t) for allt a.s..

Proof.

Let 7, = inf{t : X3(t) — Xu(t) = 1} and 7 = inf{t : Xa(t) — Xy(t) = 0}.
Assume P(1 < +00) > 0.

Following ([3]) we see that :

Xa(tAT) - Xi(tAT,) =

At 0(X3(s)) — o(Xa(s)) tAm U(Xz 8)) — a(X1(s)) 2
= (e e [ SADES AD N i3 o) —Xi(s) ) 4

Letting n — 400 we have for t < 7 (see also [6]) :

Xa(t) — X, (t) =

t 0(Xa(s)) — o(Xa(s)) o(Xa(s)) — o(X1(s)) 2
=(”"")e"p{fo Xa(s) = Xu(s) T 8) - 2/ X —xe) )

On the set {r < +o0}

i [ (2als)) = o(Xi(s)

t—oo Jo Xa(s) — X;1(s) )'ds
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exists and is finite, because

(2(Xa(8)) = o(X1(s))
Xg(.’) - Xl(S)

Therefore (Lemma 2.1)

)? < L? where L is the Lipschitz constant for o.

) tAr g(X3(8)) — a(Xi(s))
Jim /., X (s) = X1(s)

dW(s)

exists and is finite. This is of course a contradiction because

*0(Xa(s)) — o(Xa(s)) jpire oy _ L [f0(Xa(s)) — o(Xa(3)) 2,
-[) Xg(s) bt X;(s) dW( ) 2 -/0 ( Xg(s) - X](S) ) d

should tend to —oo since X;(t) — X;(t) — 0 as t — 7 on the set {T < +00}.
o

The main result in this Section is the following theorem :

Theorem 5.1 Under assumptions I and II, X;(t) — X1(t) — 0 if and only
if Yo' (u)]*du = +o0.

Proof of Theorem 5.1
Because of Lemma 5.1 and since X3(t) — X;(t) is a positive local martingale
we have ([6], see also [3]) :

Xa(t) — X (t)

_ * o(Xa(s)) — o(X(s)) 1t o(Xs(s)) — o(Xi(3)) 2
=@ ([ T TR WO L TR —x )

From assumption I and Lemma 5.1 we conclude that X3(¢) — X;(t) > 0 a.s.
for all t. Therefore X;(t) — X;(t) — 0 a.s. if and only if

o Xa(e)) = o (a(8)) g 11 [t oa(e)) = o(Ka(s)) e,
I X(s) = Xu(s) V) 3 ¢ X(0) = Xu(s) ) & &
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tends to —oo, which will happen if and only if

*o(Xa(s)) —o(Xa(s))ya, L
/0 ( Xg(s) - Xl(s) ) ds = +oo.

Indeed, on the set {w : fF(dXale)=cXiled )24y « 400}

3(8)—A1(s

. [t 9(Xa(s)) — o(X(s))
‘B'x"nwjo X3(s) — Xu(s)

dW(s)

exists and is finite (Lemma 2.1), therefore on the set
{w: foro(2Zalh=ciulell)2ds < oo} X5(t) — Xa(t) will not tend to 0.
If

)}ds = +o0 a.s.,

/ +""(f’(Xz(s)) — o(Xi(s))
o X3(s) — Xa(s)
then let us define 7, = inf{u : f3'(Z );2'. :;‘x‘, 2D)2ds > t}.

Then from Theorem 2.2 we conclude that M(t) = [5* ﬂ%ﬁ}}%%mdw (s)

is a new Brownian motion and therefore

Since ‘_l'i?_loo(Xg(t) — Xi(t)) exists, then

. t o(X3(s)) — o(Xy(s)) 1 rt a(Xa(s)) — o(Xi(s)) 2
Jim { /o Xa(s) = X, (o) dW(s) - 5 /o ( Xa(s) = X1 (5) )2ds}

exists too. Since

* 0(Xa(s)) — o(Xa(s)) 1
[ Xa(5) = X1 (8) dW(s) — Et — —00

therefore almost surely

o(Xa(s)) — o(Xi(s)) 1t 0(Xa(s)) = o(Xi(9)) 2
[ X3(s) — X1(s) dW(s) - '2'/o ( Xa(s) — X1(s) )'ds = —o0
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Therefore X;(t) — X;(t) — 0 a.s. if and only if

/‘(U(Xn(s)) — a(Xa(s))
Xa(s) — Xa(s)

)*ds — +o0

Now we need to show that under assumptions I and II

[N ey, [ 4ol
Xa(s) — Xa(s) < oo if [*°[¢’(u)]?du < 400

Let us first assume that o is bounded. Then from the assumptions I and
I1 it follows that | o/(z) | is decreasing for x large enough because otherwise
o would grow faster than a linear function, and then Q(z) would tend to +o00
as t — +o0. It is known ([2]) that ﬂ‘ﬂ. — c a.8. So for t > T,(w) we have
(c—€)t £ Xi(t) < X3(t) < (c+e€)t.
From the assumption II it also follows that there is T,,(w) such that for all
t > T,,(w) we have X;(t) > a; and X;(t) > a;. Therefore we have from the
assumption I and from the mean value theorem :

f“”w’iziili - 3}()(()( Dysg + /;o;. [o'((c+ e)t)]dt

+oo O‘(Xz(s)) o(X1(s)) 2
<[ Xs) —Xu(s) ) &

TevIe U(Xz(s)) o(Xa(s)) 3 too o, 2
</ ) X@))a+mem-mna

Therefore if [*®[o’(z)]*dz = +00, then [ “(ﬂ%(%%;—{(f(‘—:)(m)zds = +00 a.s.

and if [**[0’(u)]*du < 400, then [ (Z ’5}2'. :;(lx: 22)2ds < 400 a.s. The

theorem is proved for bounded o. It is easy to see that if o(z) is bounded,
then under the assumptions I and II [**[0’(z)]*dz < +00, so in this case ¢

cannot be zero.
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Now assume that o is unbounded. It follows from the assumptions I and
IT that there exists zo such that for z > z,, 0'(z) > 0 and 0’(z) is decreasing.
Indeed. Since o(z) is convex or concave for large x’s, then o(z) is decreasing
or increasing for large x’s . Since it is unbounded it must be increasing. Next,
if it is convex, then it grows at least as fast as a linear function and then
Q(x)— +oo, which is contradiction with assumption II. Therefore o’'(z) > 0
and o’ is decreasing for x large enough, so o is concave.
Let T,, = inf{t: X;3(t) 2 zo, X1(t) 2 zo}. Since
[y, | o a)ds

too 0(X3(s)) — o(Xa(s))

] Xa(s) — Xi(s)

T U(XQ(S))—O'(XI(.;)) 2 +oo \
0 X3(s) — Xa(s) )ds + /Ts. [o'(X1(s))])ds

then we need to investigate the convergence of ff °[o'(X(s)))*ds where X(s)
is a solution of (7) starting at z > —1. Let Y(t) = Q(X(t)), so that Y(t)
is a process on the natural scale and (see Section 1) dY (t) = a1 (Y (t))dW(t)
where 01(y) = o(Q7(¥))@'(Q7"(y)) and Y(0) = yo = Q(2).

From Theorem 2.3 we conclude that there exists a Brownian Motion B(t)

starting at

< )*ds

<

Yo on some natural extension (see Definition 2.7) of our basic probability
space, such that Y(¢t) = B((Y)(t)). Let M(t) = Y(t) — yo. Let v, = (M)(2).
It is known, that

7%= (M)(t) = [ oH(V(s))ds
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Let A; be the inverse function of 4,. Then we have :

= (Y(s)) .
So
Ae 1 t
a= [ vyt = | away
but from Theorem 2.3 we see, that Y(A,) = B(u) and therefore
¢ ]
= |, ™

So we have shown, that Y(¢) can be represented as B(y;) where 7, is the

inverse function to
t
————du and B(s) is a Brownian motion starting at = Q(z).
‘/0 Ul(B( )) ( ) g Yo Q( )

Let 74 = inf{s: B(s) = d}

We have :

[ exenras = [T eepas = [ EEAEOIE,
O - 00)))
“h PQTEWRQHBW)P

Let

I 22
Fo) = @ @r

We will need the following lemma which follows from ([1]) :
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Lemma 5.2 Let d > 0 and let F : (—oo,d) — R be nonnegative and
continuous.

Let 74 = inf{t : B(t) = d}, where B(s) is a Brownian motion starting at
z<d.

Then

J74 F(B(u))du < +0 a.s. if and only if ¢ F(y)(d — y)dy < 400

and

if [3F(y)(d — y)dy = +o0, then [J* F(B(u))du = +o0 a.s.

Let us show the proof of this lemma :

Proof. Let B(u) be a Brownian motion starting at 0. It is known that :

[ P+ Bapdu= [ Fa )t dy

where [ is the local time for Brownian motion.

We have :

d-z -z d-z
/  Flz+yb, dy= /_ FlE+y)l, _dy+ /_ | Fle+yl,_dy=

d
- /_" Pz de+ [ Rz

Since I7,* is continuous and almost surely

inf B(u) > —oo0,

uST4-s

then [°_ F(z)I37% dz < +00 a.s., s0 we have to investigate the convergence

of [§ F(z)I2;%dz. It is known that ([11])
1% = (Wid—2—2+2) + Wi(d—2~2+2)) = o (W(d—2)+ Wi(d~7))
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where W; and W, are two independent Brownian motions starting at 0.

Therefore our problem is to determine for which functions F
d d
/0 F(z)W(d - 2)*dz = /o F(d - yW?(t)dt

is finite a.s., where W is a Brownian motion. First it follows from Bluhmen-

tahl’s 0-1 law that
) |
P( /o F(d — t)W*(t)dt < 4+00) = 0 or 1
Now, assume that [ F(d — t)tdt < +oco. Then
d d
E [ F(d-t)W(t)dt - /o F(d - t)tdt < +oo
so E [§ F(d — t)W?(t)dt < +0o which implies
d
P( /o F(d - t)W3(t)dt < +00) = 1
Assume now that
d
P( /o F(d - t)W?(t)dt < +00) = 1

Let H = {g:[0,1] = R: [ F(d — t)g*(t)dt < +o0}. Then H is a Hilbert
space with the scalar innerproduct given by : (g, k) = f§ F(d — t)g(t)h(t)dt
If [§ F(d—t)W3(t)dt < +00, then W (t) defines a gaussian random element
W with values in H, and therefore

d d
2_ — W2 — _
E||W|P=E /o F(d - t)W?(t)dt /o F(d - t)tdt < +o0

Which completes the proof of the lemma.
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From this lemma it follows that we need to check whether the integral

¢ Q@) o
L sameemre -2
is finite.
We have :
¢ Q@) ol [ lP@E
I e ey el M ) L

_ 400 [a’(y)]’ ch' ;,1.—du +oo —2cf‘ p= 1o du
_/o 2(y) e o (v /y e "0 e3v) dzdy
Assume first that [;7°(¢’(y))?dy < +oo. Then o(y)o’'(y) — 0, as y — +oo.

Indeed, first we show that

liminf o(y)o’(y) = 0.

Suppose that it is not the case. Then there is § > 0 and yo such that
for all y > yo, o(y)o’(y) = 6. Then o'(y)® >

2 Y-
72(3) for y > y. But

+00 +o0
/ —26— = +00 because of assumption II, so / (o'(y))*dy = +oo which
w 02(y) vo
is a contradiction to [;+*°(o’(y))?dy < +oo. Hence

. . ? _
liminf o(y)o’(y) = 0.

Next we have : for every € > 0 there is yo such that for all z > yo and y > yo,

J;(¢’(4))*du < €. Then since ¢’ is decreasing, we have :

e2 [(o(w)du = 0(2)0'(2)-0(y)o' ()~ | o(w)de’(w) 2 o(2)"(2)-0(¥)e'(4)
v v

Choose y such that o(y)o’(y) < €. Then for all z > y we have 2¢ > o(2)0’(2)

8o o(z)o’(z) — 0 as z — +oo. It follows now from d’Hospital’s rule that

im 1 chL’ :,J(T)du /+°° c-2c ]: ;’!(“—)d“dz —
=0 77(7) v
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t ]
_e-kj; o) du
= lim

" go(y)o'(y)e o Ao - o} (y) e b A
= kim 1 _1
y—+o0 2¢ — 20(y)a'(y)
Therefore if f;+*°(o’(y))*dy < +o0, then
) 2 y o
/: [le(:y); el e L el A dzdy < +oo.
Assume now that [;f°(o’(y))?dy = +o0. It is easy to see that :

ch' -,“-—du +oo 2cj; —du 3‘:,’; ™) +oo "2‘:]; ™

dy[
Therefore we have by integration by parts

(0"(!!))2 K N ;,!(-_—du / had e I b5 4y dy
v

0 ) ©
= [ty [k At ey
= [[uiggye R 7o [ A -y + [y

= (@ @ylk o [*7 ok Fatag) - (o(0)d
2" «/(y)e"fo' ot [ ek A o ) + [ ()
2 ((@)ek ot [*7 ek Fatas - (0)ya+ [((@)
> /o (o'(v))*dy — (¢'(0))’d — +00 as y — +oo

Therefore if [}*°(o’(y))*dy = +o0, then

+00 [o 2 v uw [T du
L [o’({y); 2 J, ;’l_d/, 2"'fo "dzdy = +00

which completes the proof of the Theorem.
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The following example shows that, two solutions of (7) can hit each other

with positive probability in case o is not Lipschitz continuous.

Example 5.1 Let W(s) denote the Brownian Motion starting at 0. Let

B(t) = [ sgn(W(s))dW(s)

Consider the following stochastic differential equation :

8) dX(t) = dt +2\/X(t)dB(t) X(0) =z

Let n = inf{t : X*(t) = 0}. Theorem 2.7 implies that P,(n < +o0) =1
for all z > 0. Consider two solutions X,(t) and X,(t) starting at z, and
z, respectively (z3 > z,). Comparison theorem (Theorem 2.5) implies that
Xa(t) 2 Xi(t) for allt a.s. Since Pr,(n < +00) =1 and X;(t) > 0 a.s., then
r =inf{t : X3(t) = X1(t)} < +00 a.s.

In fact we can solve the equation (8) (see [7], ezercise 5.85). The solution of
(8) with initial condition X(0) = z is given by :

X(0) < { (VE+B)? ift<rs
Wz(t - T\/;) ift > /5

where 7, = inf{t : B(t) = —z}.
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6 SUMMARY

In this dissertation we present some results concerning the stability and
asymptotic stability of the solutions of stochastic differential equations. These
are in most cases extensions of work of Khasminskii and Nevelson ([8]).

Unlike the case of equilibrium points, the stability properties of arbitrary
solutions of stochastic differential equations are not thoroughly studied. For
the case of equilibrium points there is a well developed theory created by
Khasminskii and others (see [9]).

In Section 3 we analyzed the behavior of solutions on a finite interval.
Most facts presented there are well known, and we treated them as an intro-
duction to sections 4 and 5.

In Section 4 we investigated the stability properties of the solutions of
stochastic differential equations where we allow o = 0, which was not allowed
by Khasminskii and Nevelson (see [8]). We showed that some classification of
the points of the real line is necessary, and we established stability results for
various cases. It should be noted, that most of these results are formulated
in terms of convergence in the Euclidean metric, which is stronger than the
scale metric considered by Khasminskii and Nevelson.

In Section 5 we treated the case when the drift coefficient b is constant.
In this case the recurrence property of solutions from [8] may be violated, but
the limit of the difference of two solutions still exists. Under some additional
assumptions, we showed that differences converge to zero almost surely. We
believe that these additional assumptions may be relaxed in the future, and

a similar analysis may be carried out without them.
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There is a variety of additional problems connected with the discussion
of Section 5. One interesting problem is to give conditions on the drift and
diffusion coefficients b and o, under which two solutions starting from two
different points never hit each other (with probability one). More specifically

consider the stochastic differential equation :
dX(t) = ¥ X(t))dt + o(X(t))dW ()

Let X;(t) and X;(t) denote two solutions starting from two different points.
The problem is to give conditions on b and & under which

r=inf{t: Xi(t) = X3(t)} is almost surely finite. Another problem is to
determine when Xj,(t) — X;(t) — 0 (a.s.) when the drift coefficient is de-
creasing and non-constant, without further restrictions on o.

The discussion of this dissertation does not cover the case when the coef-
ficients of the stochastic differential equation are time-dependent. We point
out, that in this case questions similar to those considered in this dissertation
may be posed. The main difficulty in analyzing those problems is to find an
analogue of the scale function Q. When the coefficients of stochastic differ-
ential equation do not depend on time, then the scale function "removes”
the drift, so the martingale theory can be applied. Therefore, there is a hope
that once an analogue of the scale function for the time dependent case is
introduced, then similar results to these obtained in this dissertation can be
established.

The methods developed and used in this dissertation do not apply directly
to higher dimensional systems since they rely on linear ordering of R!. Other
methods are needed to study higher dimensional problems.
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