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ABSTRACT

Analysis and Implementation of
Continuous-Time Feedback Neural Networks
with Multiple-State Neurons

by

Bo Ling

This work has focused on the design and analysis of two types of continuous-time
feedback neural networks, namely, the Hopfield-type feedback neural network and the
dendro-dendritic artificial neural network (DANN). The Hopfield-type feedback neural
networks with two-state neurons are widely used in various applications, such as pattern
recognition, optimization, etc. The more recent DANN architecture has been used in pat-
tern association and as an edge detector. All of the networks considered in this dissertation

have multiple-state neurons.

For the Hopfield-type continuous-time feedback neural network with multiple-state
neurons, we have proposed an analytical recursive algorithm to find a set of weights which
will exactly store the desired gray-level patterns as asymptotically stable equilibria. We
introduce a criterion which will ensure that the designed Hopfield-type neural network to
be implementable as an electronic circuit. The criterion, moreover, allows the resistances
in the network to be made as large as desired. This flexibility has the practically appealing
consequence of using very large resistances and hence considerably reducing the power
consumption in the circuit implementation. We also give explicit bounds on the variation

of equilibria due to the variation in weights.



A cellular structure of the Hopfield-type feedback neural networks is also consid-
ered. We propose a large network structure which connects two or more smaller identical
networks (or cells) together. A parallel recursive algorithm for this type of locally con-
nected neural network is introduced. This parallel algorithm finds the weights for all cells

simultaneously.

For the DANN architecture, we show that multiple patterns can be stored as asymp-
totically stable equilibria with only positive weights. We further formulate the problem of
finding all positive weights as a standard linear programming problem. Thus, based on the
given patterns, all positive weights can be easily determined. We also point out that the all

positive weights can be solved via a nonlinear (e.g. quadratic) programming approach.

We have designed a CMOS circuit for a multiple-state neuron which operates in sub-
threshold. With this neuron, the network power dissipation is considerably reduced. As a
prototype, a DANN architecture using 6 neurons has been designed. Each neuron has four
states. Numerous PSpice simulations have shown that this prototype DANN network
works quite well. A Tiny-Chip using 6-neuron DANN architecture has been designed and
will be fabricated via MOSIS. All internal signals can be accessed through the pins of this
chip for thorough laboratory testing.
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CHAPTER 1

Introduction

Many models for the neural networks have been proposed since the work of McCul-
loch and Pitts [37] in 1943. Those models are often referred to as artificial neural net-
works. The Hopfield-type continuous-time feedback neural network [21] is one of several
popular neural networks. In this network, the input of each neuron is the sum of the output
signals of other neurons processed through proper weights. As proposed in [21], there is
no self-feedback of the output of each individual neuron. One key issue in the design of
the Hopfield-type feedback neural network is to find the symmetric weight matrix based
on desired multiple patterns. The symmetry of the weight matrix is important in the design
of the usual Hopfield-type feedback continuous-time neural network. Because of its struc-
ture simplicity, the Hopfield-type continuous-time feedback neural network has been the

object of numerous proposed implemented using VLSI technology.

Another interesting type of continuous-time feedback neural network is the Dendro-
dendritic Artificial Neural Network (DANN) [48, 49]. In this network, all neurons are con-
nected by either resistors or nMOS transistors which are controlled by their gate voltages
[49]. The input and output of each individual neuron is also connected by a feedback
nMOS transistor. The gate voltages of all those transistors can be set globally. It has been
shown [30, 48, 49] that multiple patterns can be stored as asymptotically stable equilibria
of a DANN with only positive weights, which is a very promising feature of DANNS. In
the Hopfield-type feedback neural network, weights could be negative in order to store
certain given patterns. Thus extra inverters are usually needed to implement those nega-
tive weights [21], which in turn would greatly increase the number of transistors in the

network. In DANN, because of the positive weights, all weights can be realized simply by

1
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resistors or MOS transistors. Consequently, the network implementation is more compact
[47]). Moreover, compared with the Hopfield-type feedback neural network, the DANN
network has two other major advantages: (1) It requires potentially fewer weights; (2) It
has symmetric weights; (3) All weights can be nonlinear resistive elements. The realiza-
tion of symmetric weights is a bottleneck in the implementation of Hopfield-type feedback

neural network.

Many theoretical results on the Hopfield-type feedback neural network have been
reported in the literature (e.g. [46], [26], [14]). Although those results have established the
foundation of the Hopfield-type feedback neural network, there are still important
unsolved problems in the design of this type of neural network. In parts of this thesis, we

will propose solutions to some of those fundamental problems.

One important problem is the anaiytica.l algorithm for finding symmetric weights.
Michel and his co-workers have reported several results on this problem. In [26], a design
method is proposed for finding a symmetric weight matrix given analog (i.e. real number)
patterns, but this method does not ensure the existence of the weight matrix. In [14],
another method is proposed for finding a weight matrix which is not symmetric. The sym-
metry of the weight matrix, however, is important in the design of Hopfield-type feedback
continuous-time neural network. It ensures the global stability of the designed network

and the convergence to equilibria only.

For a given structure of a Hopfield-type feedback neural network, there is a capacity
associated with it which limits the number of desired patterns that can possibly be stored.
Yet, even though the network capacity may not be reached, some patterns may not be suc-
cessfully stored. These "unstorable” patterns may cause all other patterns not to be stored

since there may not exist a symmetric weight matrix which makes the given set of patterns
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stored together. Thus, it appears to be practically useful to separate those "unstorable" pat-
terns from the given set of patterns. In this case, one can still find a symmetric weight

matrix which will make part of a set of desired patterns to be stored as equilibria.

A stored pattern will be retrieved by other key patterns only if it is an asymptotically
stable equilibrium of the network. It is known [46] that a pattern, once stored, is asymptot-
ically stable if it corresponds to values within very "flat" regions of the sigmoidal function.
In such a "flat" region, the slope of the sigmoidal function is very small, but we don’t
know quantitatively how small the slope should be. It would be helpful if we knew the
upper bound on those small slopes. With this upper bound, we would be able to design
multiple-state neurons which will make the network capable of processing multiple-level
patterns. This upper bound would be a useful guide in designing a (simple) CMOS multi-

ple-state neuron circuit [32].

The analog VLSI design of the multiple-state neuron circuit is an interesting prob-
lem. With multiple-state neurons, the neural network may process gray-level images
instead of binary-value images. In [60], a multiple-state neuron circuit is designed. This
circuit operates above threshold which would cause a relatively large power dissipation in
the network. To reduce the power dissipation to the micro watt level, it became a goal of
this research to design a simple neuron circuit operating in sub-threshold. Moreover,

because of the limited chip area, a simple multiple-state neuron circuit is desired.

Not all the (theoretically) designed Hopfield-type feedback neural networks can be
implemented as electronic circuits. One has to ensure that the theoretical design maps the
resistance to nonnegative values. Therefore, one needs to ensure a designed network to be
implementable in the form of a circuit. In [14], a successful synthesis is proposed to

resolve this problem, but, based on this approach, the resistance in the corresponding neu-
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ral circuits may be small. This in turn would cause large network power dissipation. We
must find a new method which ensures that the designed Hopfield-type feedback neural

network is implementable and the resistors in the network are sufficiently very large.

In the Hopfield-type feedback neural network, the designed weights are realized by
hardware devices. Due to the limited hardware precision, the implemented weights will
not match the designed weights exactly. Thus, the stored pattern in the neural circuit will
not be the desired pattern. Since the weights are realized by certain circuit devices, we can
estimate their variation. Thus, it would be helpful to estimate the corresponding variation
of equilibria due to the variation of weights. That is, we desire to quantify the sensitivity
of the equilibria to the variations in weights. With the information on the variation of equi-
libria, we are able to predict the variation of the stored patterns of the implemented neural
networks. This would enable us to quantify the robustness of the equilibria to variations in

weights.

In real applications such as pattern recognition, a large number of neurons may be
required. However, due to the limited chip area, the number of neurons implemented on a
single chip can be quite limited. Therefore, we need to find a way to connect small net-
works (or chips) together to form a larger network. We may label such networks cellular
neural chips (CNC). In this larger network, each small network (chip) performs a certain
task. To build this larger network, we must find the connection structure of small cells, and
a parallel algorithm which makes all cells find their own weights simultaneously. This par-
allel algorithm is important because it ensures the "programming” time of the large net-

work will not increase significantly as its size becomes larger.

In this dissertation, based on multiple desired patterns, we introduce a new recursive

algorithm to find weights for the Hopfield-type continuous-time feedback neural networks
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with two-state or multiple-state neurons [27]. We propose a criterion which will ensure the
designed Hopfield-type continuous-time feedback neural network with two-state neurons
to be implementable [29]. With our approach, the resistance in the network can be made as
large as necessary. We also estimate the variation of the equilibria based on the variation
of weights [28]. The cellular Hopfield-type feedback neural network chips is introduced in
[27]. A parallel algorithm for all cells to find their respective weights simultaneously is
also provided, too. We design a CMOS VLSI multiple-state neuron circuit operating in

sub-threshold [32].

For the DANN network, we formulate the problem of finding positive weights as a
standard linear programming problem [30]. As a prototype, a DANN with six neurons has
been designed and implemented . Each neuron has four states. PSpice simulation of this
prototype DANN network has shown it works well. We also design the circuit layout of
this six-neuron DANN network. A Tiny-Chip of this six-neuron DANN network has been
designed and will be fabricated via MOSIS.

This dissertation contains six chapters. In Chapter 1, we have briefly described the
research problems addressed. In Chapter 2, we focus on the Hopfield-type continuous-
time feedback neural network. The analytical recursive algorithm for finding weights that
store a given set of patterns is proposed. A cellular Hopfield-type feedback neural network
is discussed in Chapter 3. In Chapter 4, we formulate the problem of finding positive
weights for a DANN as a standard linear programming problem. In Chapter 5, A Tiny-
Chip of a 6-neuron DANN network has been designed. Finally, in Chapter 6, summary

and some final remarks are presented.



CHAPTER 2

Continuous-Time Feedback Neural Networks
with Multiple-State Neurons

2.1 Background

The mathematical model for the Hopfield-type feedback neural network [21] is

du; n 1
C'-El = 2 W‘-jVj+I‘-— ;ui (2'1‘11)
j=1 !
v, = 5;(u) (2.1.1ii)

fori=1,2,..,n wherec;, r;>0,u;€ Randv; € (-A,A) withO<Ae R.5;: R = (-A, A)
is a monotone increasing Cl-function with 5{0) =0, s{x) = A (or -A) if and only if x =
+oo (or -e0). n denotes the number of neurons in the network (2.1.1). J; is the external input.

For simplicity, assume I; = 0 for all i. w;; are the weights, fori,j=1, ..., n.

In compact matrix form, (2.1.1) can be written as

du -1
C-a; = Wv-R u (2.1.21)
v = s(u) (2.1.2i1)

where u = [y, ..., u,,]T € R"v=[vy, .., v,,]'r € R", C = diag(cy, ..., ¢;) € R R =
diag(ry, ..., r,) € R™ and s(u) = [s1(41); - s,,(u,,)]'r € R", and T denotes the transpose of

a matrix.
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The Hopfield energy function [21] is given as follows:

EW) = %22 ,,,,+z js (x) dx 2.13)

n-l‘

Many theoretical results on the Hopfield-type neural network have been reported in
the literature (e.g. [46], [26], [14]). Those results have established the foundation of the

Hopfield-type neural network. Some of the most important properties are:

(1) For the energy function defined in (2.1.3), for all v € (-A, A)", dE(v)/dt <0, and
dE(v)/dt = 0 if and only if v is an equilibrium point of (2.1.2).

(2) For any v € (-A, A)", there exists a unique solution of (2.1.2) for ¢ 2 0.

(3) All solutions are bounded.

(4) An isolated local minimum of E(v) is an asymptotically stable equilibrium of (2.1.2).
(5) There are only finite number of equilibria of (2.1.2).

(6) Let v0 be an equilibrium point of (2.1.2). V0 is a local minimum of E(v) if and only if
the Hessian matrix JVE(VO) is positive definite.

(7) Let v0 be an equilibrium point of (2.1.2). V¥ is isolated if det(Jyg(v?)) # 0.

(8) No limit cycles exit.

Those properties are related to the existence of the solutions and the stability of equi-
libria of (2.1.2). Since any desired patterns will be stored as stable equilibria, it is essential
for them to be asymptotically stable.



2.2 Stability Analysis

Suppose vi 2, .. Vharem given patterns. Here, we may assume the weight matrix
W is known. In the next two sections, we will introduce an analytical method to find this

weight matrix. In order to retrieve ¥, i=1,2, ..., m, we must make asymptotically stable.

For the Hopfield-type neural network described in (2.1.2), it is known that the isolated
local minimum points of the energy function (2.1.3) are asymptotically stable. It can be
observed that a stored pattern can be either local maximum or local minimum. In other

words, an equilibrium might not be stable.

It is also known that a pattern, v, is a local minimum of energy function (2.1.3) if and
only if the Hessian matrix Jyg(v) is positive definite. And, v is an isolated equilibrium if
det(Jyg(v)) # 0. Thus, if we can find a condition which guarantees Jyg(v) > 0, we know

that v is asymptotically stable. It can be easily shown that
JygW) =- W+ RJ,0) 2.2.1)
where h= s’l, Jx(v) =diag(hy’(vy), ..., by'(vy)), and W is the weight matrix for all of those

m patterns, vl, v2, .y V. Define B=W - R'll,,(v). Then Jyg(v) is positive definite if and

only if B is negative definite. The elements of B satisfy:

bij = wij fOl' i,j= 1’ 2’ eeoy n’ i¢j; (2.2.2i)

by =-r 1) fori=1,2,..,n. (2.2.2ii)

Stability Criterion ([14], [46]):

Suppose v = [vy, ..., v,,]T is an equilibrium point of network (2.1.2). Then v is



asymptotically stable if

n

R (v)>r, Z |wid fori=1,..,n 2.2.3)
j=1,j#i !

Proof : Suppose (2.2.3) is true. Then

n

|biil> 2 Ibiﬂ , fori=1,..., n.
j=1,j=i

By Gershgorin’s eigenvalue estimation theorem, the matrix B has all negative eigenvalues.

B is negative definite because of its symmetry. This completes the proof. B

Let u; = h(v,). Since h; = 5;'1, the inequality (2.2.3) is equivalent to

SU)<—2——  fori=1,.,n. 2.2.4)
2 i
j=1j#i

For given m patterns, vl 12, ..., V™ we have a recursive algorithm (introduced in
Section 2.4) to find the corresponding weight matrix W which only depends on the values
of the sigmoidal functions evaluated at those m patterns, and the values of those m patterns
themselves. The values of the derivatives of sigmoidal functions at those patterns do not
contribute to the calculation of weight matrix W. In other words, the weight matrix W will
not be changed if we vary the derivatives of the sigmoidal functions at those m patterns, vl
V2, ..., V™. The stability criterion stated above actually put the requirement gnly on the deriv-

atives of sigmoidal functions at the m patterns. This makes it possible to design a Hopfield-
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type neural network in two steps:

Step 1: Find the weight matrix W for m patterns, v, V2, ..., V'™
Step 2: Adjust the derivatives of sigmoidal functions based on (2.2.4) to ensure the stability

of those m patterns.

In reality, v is continuously evaluated in (-A, A)". The stability criterion requires that
5;'(u;) be less than some number. This is usually impossible. For example, s;'(;) would be
very large if u; is close to the origin. But, in most neural applications, the given patterns are
binary, i.e., their elements take two different values, such as +1 and -1. And the sigmoidal
functions of all neurons are chosen to be identical, i.e., 51 = ... = 5, = 5o. Thus, for m pat-
terns, V¥ = [k, ..., V& 1T fork = 1, 2, ..., m, v%; = +v or -v for some v >0, i = 1, .., n. Define
H= so'l(u). Thus, we have uj‘,- =+ or -J. For the binary input patterns, we have the fol-

lowing simple sufficient stability criterion:

Stability Criterion for Binary Pattern:
Suppose v = [vy, ..., v,,]T with v; = +v or -v is an equilibrium of network (2.1.2). Define

n= so'l(n). Then v is asymptotically stable if

5o (W) < 1 2.2.5)

n

Max {r; 2 |wi]{}

1Sisn j=1,j#i

In general, the upper bound of (2.2.5) is quite small. The above criterion actually
requires the derivative of sy at +) or -i be bounded above by some positive number,
denoted by ®, which depends on the given pattern, v. Since  is pattern-dependent and the

pattern length is n, there are only 2" possible binary patterns. It is very easy to find a ay
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such that any possible binary pattern, once stored, is asymptotically stable if sp’(1) < wy.

For m patterns, v, V2, ..., v™ wecan find a weight matrix W such that these m patterns
can be stored. Let SV, i = 1, 2, ..., C(2",m), be a set of m possible binary patterns. For each
pattern set, SV;, we can exactly evaluate the upper bound ;. Define 0y = Min{w;,i=1, 2,
... C(2",m)}. If we design the sigmoidal function sq such that sy’(1) < @y, then any pattern
in any possible pattern set, SV;, i = 1, 2, ..., C(2",m), will be stored as a locally asymptoti-
cally stable equilibrium of the Hopfield-type neural network (2.1.2).

If we further assume all elements of R are identical, i.e.,r;=rfori=1, 2, ..., n. Then

(2.2.1) can be simplified as
IveW) =-W+rlhwr (2.2.6)

Since W is symmetric, there exists orthogonal matrix P such that W = PAPT, where A =

diag(Aq, Ay, ..., Ay), and A; for i = 1, 2, ..., n are the eigenvalues of W.

Theorem 2.2.1: ([46])

Suppose v = [vy, ..., v,,]T with v; = +v or -V is an equilibrium of network (2.1.2), and all
elements of R are identical. Define pu = so‘l(u). Then Jyg(v) is positive definite if so'(1) <
1/(rA\max)> Where A, is the maximal modulus eigenvalue of W.
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2.3 An Analytical Method for Finding Weights

First, let us consider the single pattern case. Let v = [vy, ..., v,,]T be a given pattern,
where n denotes the length of the pattern, superscript T indicating the transpose of a matrix.
In the associative memory network design, we wish to find the weight matrix W in network
(2.2) such that the given pattern v will be stored as an equilibrium. Moreover, we desire v

to be asymptotically stable such that it can be retrieved by some patterns other than v.

Mathematically, in order to be an equilibrium of network (2.1.2), v must satisfy

Wy=Rlu 23.1)

where W is the weight matrix which is symmetric and whose diagonal elements are all
zeros; R = diag(ry, ..., r,;) with the resistor r; connected to the ith neuron; v = s(u), s is the
sigmoidal function which is a strictly increasing C! function. Let h = s71. Obviously, A is
also a strictly increasing function. Since u = h(v), equation (2.3.1) can be rewritten as fol-
lows:

Wv =R1hw). (2.3.2)

In equation (2.3.2), only the elements of W are unknown. Recall that the elements of W sat-
isfy [21]:

(1) Wij = Wj; for i,j=1, ..., n,i#j(symmetry),

(2)w;=0 fori=1,..., n(zero diagonal elements).

Therefore, among n? elements of W, there are only (n2 - n)/2 elements needed to be deter-
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mined. Let us denote this number by n,,:

(n* - n) 2.33)

N —

n, =

This number, n,, , represents the total number of unknowns in (2.3.2).

The diagonal elements of the weight matrix can be non-zero. If we use non-zero diag-
onal elements, then the number of unknowns would be (n2 + n)/2, instead of (n2 -n)2. If
the number of neurons, 7, is small, the non-zero diagonal elements will help to increase the
capacity of network which limits the number of desired patterns to be potentially stored. If
n is large, the non-zero diagonal elements will not significantly affect the neural network
performance since n,, >> n. In this case, we would rather set them to be zero, which, in turn,

reduces the number of transistors in the neural circuit implementation.

By proper algebraic operations, we can transfer the matrix equation (2.3.2) to the

following equivalent matrix equation:

Ax=R1hv) (2.3.4)
where
V2 Vn § 01><(n—2) E
Vs Vn 0,, (n-3) |
nl,_, VT P Ve e Vp L0 (n ) 1
‘ v21n—2 v31n-3 Vn
L b Vi

-nxnw
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x =[x, oo x,,w]T

with
Wiisl 1<i<nl

“%2,[4{2 n 5; i 5; :! ’1':!

-~
cosvovms
crsosss

| Wn.2.i+n-2 nw-2 i< Ilw-l
Wn-1,n i=ny,

Notice that n,, > n if n > 3. So, in general, matrix A has more columns than rows. It
can also be seen that A is entirely determined by the given pattern v, i.e., A can be com-
pletely constructed once a pattern is provided. If we add non-zero diagonal elements of the
weight matrix, the expression of the matrix A and vector x would be different, but their

expression can be easily derived.

Let us denote b = R"1A(v) which is a constant vector for the given pattern, v. Thus,

equation (2.3.4) can be rewritten as
Ax=b 2.3.5)

In this matrix equation, there are n,, unknowns in n equations. Thus, we expect the difficul-
ties in finding its solutions. Before continuing, let us investigate some properties of the

matrix A which will be useful for helping us find solutions of (2.3.5).

Lemma 2.3.1:

Suppose v = [vy, ..., v,,]T is a given pattern. A is defined in (2.3.4). If v;#0 fori=1,
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..., N, rank(A) = n.

Proof : Suppose v; # 0 for all i. From the structure of A, we see that each column of A has
only two non-zero elements because v; # 0 for all i. Let g; be the ith column of A, i =1, ...,
n,, Then ay, a,, ..., a, are n linearly independent vectors, which implies rank(A) = n. This

completes our proof. [}

Notice that AAT is non-singular; in other words, A is of full row rank. In general, (2.3.5)
may have more then one solution. If there exist solutions, they can be expressed in terms of
the Moore-Penrose pseudo-inverse of a matrix [6]. The following theorem deals with the

existence of solutions of (2.3.5):

Theorem 2.3.2 (Existence Theorem):
Suppose v = [vy, ..., v,,]T is a given pattern. A is defined in (2.3.4). Then equation

(2.3.5) has solutions if v; #0 fori =1, ..., n.

Pmbf : Suppose v; # 0 for all i. By Lemma 2.3.1, rank(A) = n, which implies b € R(A)
where R(A) denotes the range of A. Therefore, Ax = b is consistent. It follows that (2.3.5)

has solution(s). This completes the proof. [}

Theorem 3.2 actually guarantees that any continuous-valued single pattern with non-
zero elements will be certainly stored, but, as we will show later, multiple patterns might

not be stored all together in sequence.

We must note that Theorem 2.3.2 only states the existence of solutions of (2.3.5). But,
in general, the solution is not unique. As a matter of fact, the general solution set of (2.3.5)

can be expressed as {A*b + N(A)} (N(A) represents the null space of A) which is a linear
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manifold in R, Therefore,

x=A'b+y (2.3.6)

is a solution of (2.3.5), where A* = AT(AAT)'I, y € N(A). In this work, we choose

x=A% (2.3.7)

as the solution of (2.3.5), which is the minimum-norm solution. Once x is solved in (2.3.7),

the weight matrix W can be easily reconstructed as follows:

L ST J—" Xp2 Xp

xl 0 xn ........ x2n-3 xzn.z (2 3 8)
w = . .

Xn1 Xon2 X303 ceeeeee. Xpw O

This W is the weight matrix of network (2.1.2) for the given pattern v which will make v
exactly stored as an equilibrium of (2.1.2).

Now, let us consider the multiple-pattern case. Suppose we are given m patterns, vl
V2, ..., V™. Our goal here is to find weight matrix W such that those m desired patterns will
be stored (if possible) as equilibria of the Hopfield-type neural network (2.1.2).

For each v/, i = 1, 2, ..., m, there exists A;, b; and x, as we shown early, such that Ax
= b;. To find weight matrix W for storing v, 2, ..., VM as equilibria of (2.1.2), we need to
find the common solutions of A;x = b; fori = 1, 2, ..., m. In other words, we need to find if

the following matrix equation
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(A, ] [ 5]
A | = | b2 2.3.9)
(Al | b

has solutions. Before proceeding, it is necessary to check whether (2.3.9) has solutions.

Recall that the solution set of A;x = b; is given by {A;*b; + N(A;)} which is an affine
linear space in R™. Thus, (2.3.9) has solutions if and only if

{A1*b; + NADIN{AS by + NADIN...0 A by + N(A ) 2 D

in other words, the intersection of the m affine manifolds, {4,;*b; + N(4))} fori=1,2, ...,

m, is non-empty.

There are some other criteria used to check the existence of the common solutions of
Ax=b;fori=1,2,..., m. For example, the common solutions exist if and only if [blT, sz,

o b1 € R([A1T,A5T, ..., A,,T1D), or the linear mapping of [4,T, A5, ..., A,,11T is onto.

The major drawback of solving for the common solution of x from (2.3.9) is the
large computation time. In fact, the dimension of [A lT, AZT, . | ,,,T]'r is mnxn,,, which can
be very large for large values of m and n. In the next section, we will introduce the so-

called Morris-Odell’s Theorem to overcome this computational problem.
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2.4 A Recursive Algorithm for Finding Weights Based on
Multiple Patterns

Our goal in this section is to check for the existence of solutions and solve for the

common solutions for the following linear equations with reasonable computation time:

4, b,
A |, = | 22 2.4.1)
(A, | | bm

Morris and Odell [41] propose a criterion to check the existence of common solutions
of Ax =b;fori=1,2,..., m. An excellent algorithm for finding the common solutions (if

they exist) is also given. In the following, we sketch their result.

Let m be a positive integer. Suppose A; is a nxn,, matrix and b; is a nx1 vector for i

=1, 2, ..., m. Define

Cr=AFq

% = be - Ager1 (24.2)
ey =er.1 +F1Cpldy

Fy=Fp - C*Cy

fork= 2, 3, ey M with Cl =A1, dl = bl’ ey =A1+b1 and Fl =I-A1+Al. The Morris-Odell’s

Theorem is stated as follows:

Theorem 2.4.1 (Morris and Odell [41])
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Ax=b;fori=1,2,...,mhave a common solution if and only if CC;*d; = d; for i =

1, 2, ..., m. The general common solution is x = e,, + F,,z where z is arbitrary.

The original theorem given by Morris and Odell in [41] was shown for general matrix

equations. There are some useful corollaries of this theorem in their paper.

Let m be a positive real number, and vl v2, ..., V" be m desired patterns. For those m
patterns, we have corresponding m matrix equations: Ax =b; fori=1, 2, ..., m. Suppose all
of those m patterns can be stored as equilibria of the Hopfield-type neural network (2.1.2);
in other words, A;x = b; for i = 1, 2, ..., m, have common solutions. Consequently, we have
the symmetric weight matrix associated with those m patterns. Denote this weight matrix
as W1 where the superscript, 1-m, simply indicates the weight matrix for those m pat-
terns, v1,V2, ..., V™. We will use this notation even for the case that not all of those m patterns

can be stored.

Now, r new patterns, V™1, ™2, ™ are provided. We wish for them, together
with those old m patterns, v1,12, ..., V™ to be stored as equilibria of the Hopfield-type neural
network (2.1.2). By applying Morris-Odell’s Theorem, we first check to see if vV"** 1 can be
stored, i.e., check Cpy 1€ s 19m41 = Gt 1o WheTe Cppi 1 = A i tF ps Gpps1 = Dima1 = A pee 1€
and all A, .1, F,;, bpe 1> €y, are all known. This evaluation involves only simple matrix
operations. If equality holds, v"™* 1 can be stored and the common solution is given by e, 1
= €,y + FC* pyy 181 if N0, V™1 can not be stored. Remove v™**! from pattern list and

proceed to V"™*2,

This algorithm is summarized as follows:
Step 1: For the pattern v!, calculate Cy,dy, e1,and Fy.
Step 2: For a new pattern (say v2), find C,, dy, €3, and F», based on (2.4.2). Check if



20

C,Cy*d, = d, is satisfied. If yes, go to Step 3. If not, remove v2 form the given set of pat-
terns. Then go to Step 3.

Step 3: Check if all given patterns have been proposed. If not, choose a new pattern from
the given pattern list. Go to Step 2. If all patterns have been processed, the solution vector

is given by e,,.
2.5 Network Capacity, "Storable" and "Unstorable" Patterns

The network capacity deals with the maximum number of arbitrary patterns which
can be stored. In other words, the network capacity, denoted as NC, is the maximum num-
ber of m (the number of given arbitrary patterns) such that the set of equations (2.4.1) will

have at least one solution.

LetA =[AT A5, ... A, 11T, b=[b,T, 5,7, ..., b, 1% Since A;and b, i = 1,2, ..., m,
are of dimension nXn,, and nX1, respectively, the matrix A and vector b are of dimension
mnXn,,, and mnX1. By Linear Algebra, equation (2.4.1) always has solution(s) if mn < n,,,
This is because, in equation (2.4.1), the number of unknowns is greater than or equal to the
number of equations if mn < n,, Thus, the capacity NC of the Hopfield-type feedback neu-
ral network based on our design approach is at least LO.S(n-l)—I where L.Jis defined by

Lxd=Max{ne Z: n<x) 2.5.1)

For large n, the network capacity NC can reach 0.5n, which is greater than 0.15n. As
shown in [14], the capacity can reach n+1. But, the designed network in [14] is not sym-
metric. Since our synthesis results in a symmetric network, the capacity is expected to be

less thann + 1.
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As we stated in the Section 2.4, Morris-Odell’s Theorem can be viewed in a recursive
way. Suppose we are given m patterns, vl V2, ..., V™ We want to find a symmetric matrix

W such that these m patterns are stored as equilibria. For each v, we can form A;and b;.

For the matrix equations, A;x = b; for i = 1, 2, ..., m, we first check C,C5*d, = d,
(since C|C;*d; = d is always true). This process is repeated. Suppose CyCy*d} = dy for k
=2,3,..,p, where 2<p <mand Cp,|C*,1dpy 1 # dyy 1. By Morris-Odell’s Theorem, A;x
=b;fori=1,2, ..., p have common solutions given by e (assume z =0), and A,H,lx = bp+1
will not have solutions shared by Ax = b; fori=1,2, ..., p (although A, 1x = b, always
has solutions). In terms of neural network, the desired patterns, vl, v2, ..., vP, will be exactly
stored as equilibria of the Hopfield-type feedback neural network, but v+ 1 cannot. Thus,
we remove A, from the list, Ay, Aj,..., Ay, and rearrange Apy2, Apy3, ...y Ay a8 Bpyy,
By.), ... By, Where By,  =Ay 0, By 9 =Ap,3, ....B . = Ay Now, check CCi*d; = d; for
i=p+l,p+2,..,m-10onBy,,, B,,), ..., Bj, 1. This whole process is repeated until all A;’s
have been checked.

When this checking process is completed, we will get a subset of matrix equations,
Apx =bjforr<j<s, where 1 <r, s <m. Those matrix equations have common solution
which is given by e, (assume z = 0). We must note that this subset of matrix equations
depends on the order of checking these equations. The algorithm stated above is also sum-
marized in Section 2.4.

In terms of neural network, we deduce a subset of the desired patterns, W, rs JSs,
1 <r, s <m}, which will all be exactly stored as equilibria of the Hopfield-type neural net-
work (21..2). We call these patterns "storable” patterns, and the rest of patterns "unstorable"
patterns. Once the common solution x is found, the weight matrix W can be easily recon-

structed in the same way as we show in Section 2.3.
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2.6 Parameter Determination for Implementable Networks

In this section, we consider the implementable problem (defined later) of the
Hopfield-type feedback neural network with two-state neurons as defined in [21]. For this
type of network, one problem in the implementation is to determine whether a designed
network is implementable as an electronic circuit or not. Mathematically, we can find all
weights for any values of the network parameters if those given patterns can be stored.
The designed network based on this approach can be simulated by a digital computer, but
may not be readily implementable via a circuit since the resistance in the corresponding

neural circuit may be negative.

The mathematical model for the feedback continuous-time neural network [21] can

be expressed as

du; n 1
g = L Wiritli- o u; (2.6.1a)
i=1 '

v; = 5;(4)) (2.6.1b)
fori=1,..,n,wherec; r;>0,u;€ Randv;€ (-A,A)withO<Ae R,s; R—(-A,A) is

the sigmoidal function, n is the number of neurons in (2.7). The schematic diagram of a

circuit realization of (2.7) is shown in Figure 2.6.1.

Figure 2.6.1: The schematic circuit diagram of
a continuous-time neural network.
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Note that R;; and p;, for i, j = 1, ..., n, are passive linear resistive elements, and C;, i
= 1, ..., n, are capacitors. Applying KCL, the equation of the circuit in Figure 2.6.1 can be

easily derived as follows:

du; u; = 1
= — (v.—u. . 2.6.2
T +pi ,-=§1Rij (v;—u) +1, (2.6.2)
which is equivalent to
du; " 1 &1
c—' = 2: —v.+l.-| =+ 2: — |u. (2.6.3)
e &Ry (Pi ,-=,Rij) '

1

W.. = — 2.6.4a
i Rij ( )
1 _ 1. w1

=t 2r (2.6.4b)

fori=1,...,n

The network (2.6.1) can also be expressed in a matrix form:

Cdu/dt=Wv +1-R (2.6.52)

v =S(u) (2.6.5b)
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where u = [y, ..., u,,]T, v=[vy, .. v,,]T, W= [w,-j], C =diag(cy, ..., ¢y), R = diag(ry, ..., 7).

I=(ly, oo IIT, S) = [51(0), -.or Spu1 ™.

For given desired patterns, vl . V™ we expected to find weights, wy;, i,j=1, ..., n,
such that those m patterns are stored as asymptotically stable equilibria of (2.6.1). From a
mathematical point of view, we can find all weights for any value of r;, i = 1, ..., n, pro-
vided that all these m patterns, vl ..., V™, can be stored. This approach will not cause any
problems in computer simulation as pointed out in [14], but, the designed system may not
be implementable as in the circuit of Figure 1 if p; < 0 for some i € {1, ..., n}. In this case,
p; must be realized with a negative resistance. Therefore, for a designed system to be

implementable as the circuit in Figure 1, p; >0fori=1, ..., n.

For simplicity, we assume s{.) = so(.), and r; = rg for all i. This assumption is reason-
able for the circuit implementation. Consider a desired binary pattern, v = [vy, ..., v,,]T with
v;=vor -V for 0 <v < A. Define p = so'l(o). so'l(.) is an odd function, -p = so'l(-u). The

relation between p and v is depicted in Figure 2.6.2.

AV = So(u)

—— -V

Figure 2.6.2: Relation between p and v.
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Assume I; = 0 for all i. To be an equilibrium of (2.6.1), v must satisfy
wy =R1s1(v) (2.6.6)
where W = [w,-j] is the weight matrix, R = rol which is a constant matrix, and § 1(v) =

[so'l(vl), e so‘l(v,,)]T. In Section 2.3, we have shown that the weight matrix W can be

constructed as

0 X X2 eeeeeee Xp2 Xp-1

X0 X X2p-3 X2p-2 (2.6.7)
We .6.

Xn1 X2n3 X3p3 ceennnns Xpw O

where n,, = (n?- n)2,and x = [x1, .o Jc,,w]'r is given as

x=A*RIS(v)

(2.6.8)
where A*= AT(AAT)"!. From (2.6.8), we see that
Il < MA*IIR s 1),
< AT NAAT) R s T ), (2.6.9)

For the desired binary pattern v, IS 1(v)Il,, = p, 14Tll,, = 2v. And IR, = ry") since R =
rol. It is easy to verify that '
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n-l ® - (O]
AAT =20 n1 ... o)
o O.... n-1

n-l ® - o!
=] O pl... (0]
0 O..... n-1

Thus, I(AAT) I, =v210I1_. It follows that

2
||x||..S ;bT)"e"“

(2.6.10)

(2.6.11)

(2.6.12)

As we stated earlier, a designed system is implementable if p; >0 fori=1, ..., n.

From (2.6.4), it is observed that p; > 0 if
1 n
% > Z |wij|
=1
fori=1,..., n. Since
n
ji=1

fori=1, ..., n, we see that (2.6.13) is satisfied if

(2.6.13)

(2.6.14)
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1w
.

0

fori=1, ..., n. From (2.6.7), we know that
Wil < nlixll,
Combining (2.6.16) with (2.6.12), we obtain

1 2n
Wl s - (T”n@u“)

Therefore, (2.6.15) will be satisfied if

2np

ZFel.<1

which is equivalent to

>>2n0).,
T

(2.6.15)

(2.6.16)

(2.6.17)

(2.6.18)

(2.6.19)

The inequality (2.6.19) is an explicit constraint on the network parameters for the imple-

mentable circuit realization.

For a given binary pattern, v, the value of I8l is constant. The inequality (2.6.19)

gives a sufficient condition for a designed system to be implementable, namely that V/p is

greater than some known constant. Some values of 18Il and 2nllGIl_, for different n are

listed in Table 2.6.1. From the data in Table 2.6.1, we observe that the value of 2xllOIl_
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decreases as n increases. In the circuit implementation, the ratio of v/{ can be changed by

varying 5o’ (0).
Table 1:

n | el |2nliel,

3 0.7116 | 5.6928
5 04585 | 4.5850
6 0.3500 | 4.2000
7 0.2835 3.9690
8 0.2381 | 3.8096
9 0.2051 | 3.6918

10 0.1802 3.6040

From (2.6.4), p; can be expressed as

Pi= T x (2.6.20)

By applying (2.6.12), (2.6.14), and (2.6.16), it is easy to verify that

p;2 ! > 1

1, < Liwi
Tl 7ot ¥

0

1 To

1 2 2np
—+n|x —
o xl. 1+ > 19l

v

(2.6.21)

Thus, by choosing a sufficiently large value of rg, p; will be very large. Consequently, the

power dissipation of the entire network can be greatly reduced, which is one of the major
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advantages of our approach.

Example: Let us look at an example. Suppose we want to store a pattern, v = [2.5,

25,25, 2.5]T. Thus v = 2.5. The matrix A can be constructed. It is easy to verify that

0.41677 -0.0833
-0.0833 0.41677
—0.0833 -0.0833
-0.0833 -0.0833

"
b ek s )
— e )
— ) bt
U et et

-0.0833
-0.0833
0.41677
-0.0833

-0.0833
-0.0833
-0.0833
0.41677

and 11O, = 0.6667. Thus, 2nliOIl,, = 5.3336. Let ry = 10K First, suppose the sigmoidal

function sg(.) is given such that i = 3. Since v/u = 0.8333, the inequality of (2.6.19) is not
satisfied. Since b= 1043, 3, 3, 31T, by (3.3), x = 4x10°[1, 1, 1, 1, 1, 1]T. The weight

matrix W can be constructed from (2.6.7) as

o 1 1 1
w=axios! 0 1 1
11 0 1
1110

By (2.6.20), p; = p2 = p3 = ps = -S0KQ Therefore, those resistors must be realized with

negative resistance. Now, increase the slope of the sigmoidal function sy(.) such that p =

0.4. In this case, (2.6.19) is satisfied. By applying the same procedure, we find that p; = p,

= p3 = p4 = 12.7KQ which is positive as we expect. Therefore, they can be easily imple-

mented.

Now, consider the multiple-pattern case. Suppose we are given m binary patterns, v',

1
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..., V™. As shown in the Section 2.3, in order to find the weight matrix W, the following m
matrix equations, Ax = ro'lS' l(v") fori =1, ..., n, must have (at least) one common solu-
tion. The existence of such common solution can be checked by the Morris-Odell’s Theo-

rem. Without loss of generality, assume this common solution exists. Thus,

+
Al b
x=| (2.6.22)
Al b,
where b; = ro’l.S" 1. It is easy to see that
n _u
“ ] .= % (2.6.23)
and
S (| 4T
|47~ a7)|_% X 143l = 2mo 2.6.24)
= k=1
Moreover,
A T 4T 2,1
E41 A,,;| =vy (2.6.25)
Am

where y has the same format as © in (2.6.11). Following the same argument stated earlier

in this section, we see that
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2mp
lxll., < —;OTII V.. (2.6.26)

It follows that p; > 0 if

v
m >2mn| || (2.6.27)

where m is the number of given patterns, n is the number of neurons. The inequality
(2.6.27) shows that a designed network is implementable if the ratio of v/W is larger than

some known constant.

Now, let us consider the circuit implementation of this kind of neuron which will
make the inequality (2.6.27) true. As we have shown, the designed system will be imple-
mentable if the ratio of the network parameters, U/, is larger than a specific quantity. This
ratio can be changed by varying the slope of the sigmoidal function around the origin.
Since it may not be practical to adjust the slope of the sigmoidal function on-line, it may
be desired to design a neuron circuit which has a very sharp slope around the origin. This
will guarantee the ratio of V/U to be very large. In this case, we expect our designed sys-

tem to be implementable.

As we stated early, the network power dissipation will be reduced if we choose large
values of r;, i = 1, ..., n, in the network model. Another way to minimize the network

power dissipation is to design the neuron circuit such that it operates in sub-threshold [38].

A two-state neuron circuit is shown in Figure 2.6.3 which is built using inverters in

series. The input - output characteristic with sharp slope at the origin is shown in Figure
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2.6.4. But, this circuit is not operating in sub-threshold. The k power di

may not be sufficiently small.

Figure 2.6.3: A simple 2-state neuron circuit.

Figure 2.6.4: The input-output characteristic of the
circuit shown in Figure 2.6.3.

For sub-threshold operation, we choose the neuron circuit as the transconductance
amplifier [38] shown in Figure 2.6.5. In this circuit, there is one current mirror and one
bias transistor with its gate voltage controlled by the bias voltage Vj;,s. The voltage Vy is
the input voltage, V; is an internal voltage which is 0.7V in our simulation. Since the bias

voltage is set at 0.7V. We can reduce one power source if we let V5 and V¢ are equal.
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Figure 2.6.5: A 2-state neuron operating in
sub-threshold.

Figure 2.6.6 shows the characteristic of the input - output. It is observed that the

transition voltage occurs at 0.7V which is the internal voltage V.

Figure 2.6.6: The input-output characteristic of the

circuit shown in Figure 2.6.5.
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The bias voltage, Vj;,,, controls the amount of current flowing through the neuron
circuit. In our simulation, we set Vp;,; = 0.7V. Thus, the circuit operates in sub-threshold,
which minimizes the network power dissipation. The characteristic of bias current and

input voltage is shown in Figure 2.6.7.

Figure 2.6.7: The characteristic of bias current and input

voltage V of the circuit shown in Figure 2.6.5.

Comparing the circuits in Figure 2.6.3 and Figure 2.6.5, the circuit in Figure 2.6.5

requires more voltage sources and one more i but it below threshold

P
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2.7 Persistence of Equilibria under Weight Variations

In the Hopfield-type feedback continuous-time neural network [21], patterns are
stored as asymptotically stable equilibria of the network by choosing proper weights. As
we show in the Section 2.3 and Section 2.4, the weight matrix can be found by an analyti-
cal algorithm so that all patterns are exactly stored as equilibria. The Hopfield-type feed-
back neural network can be implemented via VLSI technology due to its structure
simplicity, but, in hardware implementation, there is inevitably a quantitative difference
between the calculated and the implemented weights. This variation in weights has conse-
quent variation in equilibria. Indeed, possible bifurcations may arise, e.g. saddle-node
bifurcations ([9], [17]). Thus, equilibria may lose stability or it may disappear.

The feedback continuous-time neural network [21] is expressed as

Cdu/dt =Tx - RIS (%) (2.7.1)

1 "sigmoidal” function, x

where C and R are both constant matrices and S(.) is a bounded C
= S(u) = [sg(u1); ---» so(u,,)]T. T is the weight matrix which represents the calculated weight
matrix. Let T’ be the implemented weight matrix. Thus, 8T = T'’ - T is the matrix of per-
turbation on T. The perturbed feedback continuous-time neural network can be described

as

Cdz/dt=T'y - RIS 1(y) (2.7.2)

where y = S(2).

Letf.) = T - R'1S71(). Then (2.7.1) can be rewritten as
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Cdu/dt = f(x) (2.7.3)
And its perturbed system can be described as
Cdz/dt = g(y) 2.7.4)

where g(.) =f{.) + 8(.), and 8f(.) = ST which is a linear operator. Let x be an equilibrium
of (2.7.3). And let y0 be the corresponding equilibrium of the perturbed system (2.7.4). Let
L(xo, yo) be the line segment connecting «0 and yo.

In general, the system is designed such that ID;(xO)I # 0 which makes x? an isolated
equilibrium by the Inverse Function Theorem [52]. For the perturbed system (2.7.4), g(y)
=f{y) + 8TY. For the system (2.7.3) to have the property of persistence of equilibria, 8T has
to be small enough in the sense of a norm. This means that lDyg(x)| # 0 for all x within a
neighborhood of *0, which implies that all the eigenvalues of D,ﬂxo) must have non-zero
real parts.

Let us define the set
D= {x € (-A, A)" | D,f(x) is non-singular}

Obviously, 1 e Dsince ID,f(xO)I # 0. By the continuity of D f(x), there exists a neighbor-
hood B(x?) of x0 such that B(x®) c D.

Lemma 2.7.1:
Let 0 be an equilibrium of (2.7.3). There exists 0 < K < oo such that
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IDfz)) i, < K for all z € B(x% c D, where ILIl, is some norm in R".

Proof : Since the mapping @: z — D f(z) is continuous and W = (-A, A)" is bounded, there

exists 0 < K < o such that

ID,fz) - D, < Ky

for all z € B(x®). And since the mapping y: D,f(z) = (D,‘j(z))'l is continuous, the range is
also bounded. Thus, there exists 0 < K, < eo such that

DA - OO, < K,
forallze B(xo). It follows that
DA, < WD), + K,

forallze B(xo). LetK = II(D,ﬂxo))'lllp + K. Thus, forall z € B(xo), II(D,f(z))'lIIp <K.
This completes the proof. [Jjj

Theorem 2.7.2:

Let x? and y? be the equilibria of (2.7.3) and (2.7.4), respectively. Let € > 0. Then
ly? - x%, S eX if I3l < € and L(xP, y%) < B(:D), where K is defined in the proof of Lemma
27.1.

Proof : Since x and y° are equilibria of (2.7.3) and (2.7.4), g0°) =% + %) =0 =
ﬂxo). It follows that f(yo) - f(xo) = -Sj(yo). By the Mean-Value Theorem [35], there exist 2!,
. 2 € L(x®, y°) such that
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D,f, (z')
P o%-x0)

6% % :
D f, "

Df, (z})
l o=

D.f, ()

=D,fi)y° - 0

where z = (2!, ..., 7%,]T e L, y9). Since Lix?, y%) c B(x®) ¢ D, D,fz) is invertible.
Thus,

¥ -2 = @AY - o)
=-(D,f2)) 15"
which implies
lly? - 201, < 1D A2y SO, (2.1.5)

Since I(D,ﬂz))'lllp < K by Lemma 3.1 and Ill8f(y0)|lp < € for some € > 0 by assumption, Ity0
- xollp < eK. This completes the proof. [}

To apply Theorem 2.7.2, we need to estimate the value of K and the size of B(xo),
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which is generally not easy for the general gray-level input patterns. In the following, we

will develop further results under the case of binary desired patterns.

Letx = [xlo, s x,,o]T be a desired binary pattern with x,-o =vor-vforO0<ve R.In
Section 2.3 and Section 2.4, we have introduced an analytical learning algorithm to find a
symmetric weight matrix T of (2.7.3) such that L is exactly stored as an equilibrium.
Thus, in the following, we may assume that T' is known and fixed. It is also shown in the
Section 2.2 that x0 is asymptotically stable if 5o’ (5o~ 1(v)) < wg, where sg(.) is the sigmoi-
dal function of each neuron, W is a small positive real number which can be evaluated

exactly.

Let wy be the positive number defined above. Now, let us define

Do = (X =[X], o X1 € (-A, A I5p" (g7 }(x)) <@g, i=1, ..., n} (2.7.6)

where A is the upper bound of the sigmoidal function sq. In general, D, is non-empty due
to the "shape" of this sigmoidal function sg(.), especially, when the neuron is realized by
CMOS inverters or op-amps. Let ﬂa(xo) be a neighborhood of x¥, where ais selected such
that B,(x0) = {x € (-A, A)" | lx - x0ll, < &} < Dy Obviously, o exists since sp° (sg”}(x,2))
<wgfori=1,..,n

Letx € B, (D). Since {.) =T - R'1571(),

Dfx)=T-R'D;S(x) .7.7)

is invertible. We have the following lemma:



Lemma 2.7.3:
Letze B,(x0). KI8Tl <1/ T - R'D,S @), T- R'D,S(2) + 8T is non-sin-

gular.

The proof of this lemma directly follows the fact that IST(T - R‘ID,S‘ l(z))'lllp <
IBT,N(T - R'D, S (2)) M1, < 1.

Theorem 2.7.4:
There exists an open set A € R™* such that for T € A4, there exists x € D, which

satisfies (T, x) = Tx - RIS 1(x) = 0.

Proof : Let0# z € Dy, Thereis T, € R™" such that AT, ,z)=T, z- RIs1(z)=0as we
have shown in the Section 2.3. Since M =T, - R‘lDrS" l2)is non-singular by assumption,
by the Implicit Function Theorem, there is an open set 4, € R containing T, such that

for T € 4, there is a unique x € Dy, such that AT, x) =Tx - Rls l(Jr) = (. Define
A=V 3, (2.7.8)

which is an open set. Therefore, for T € A, there is some x € Dy, such that AT, x) = 0.

This completes the proof. [Jj

By the Implicit Function Theorem, there is a domain U, containing x, and a corre-
sponding domain Uy containing T such that f{x, T) = 0. Moreover, there is a unique func-
tion, say g, such that x = g(T) within Ux Uy In addition, there also exists a domain ¥/,
and a corresponding domain U such that x € ¥, is an asymptotically stable equilibrium
satisfying fix, T) = 0 for some T € ‘VT. Our efforts will be focused on the intersection of

‘Uxx‘ZIT and ‘VxX‘VT
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In the following, we assume R = rgf for simplicity. Let A4, ..., A,, be the eigenvalues
of T, Apgy = max{Ay, ..., o). Let K = D,S1(x) for some x € Dyyo. We assume that oy is

small enough such that
1) gk 1, < 1,
) (')0.1"0-l > Mmax

These two assumptions can be satisfied by choosing a small value of wy. Let us look at an
example. Suppose the desired pattern is givenasv =1, -1, 1, 1T s v = diag(0.5, -0.5,
0.5, -0.5), ry = 10KQ It can be found that A, = 0.5x10 and lirgTl; = 0.5. Therefore,
the assumption (1) and (2) will be satisfied if wg < 2. In general, as far as stability is con-
cerned, the value of wg is very small, e.g., Wy = 0.01. Thus, assumption (1) and (2) will
always be satisfied by choosing a sufficiently small value of .

Lemma 2.7.5: 4
Let T € R™® be a symmetric matrix. Suppose assumption (1) and (2) are satisfied.

Then, for x € Dy,
(T -rg D, S 1(0)) iy < (T - g™ lrg DIy

Proof : Letx € Dy Define s’ '(x) =k;, i = 1, ..., n. Thus, D,‘S'l(x) = K =diag(ky, ..., kp).
Since x € Dy, k; > (oo'l fori=1, ..., n. Since T is symmetric, there exists an orthogonal
matrix P such that T = PAPT, where A = diag(Ay, ..., A,,) and where A; is the ith eigenvalue
of T.

It is observed that
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I(T - o trg D1l = IPAPT - wylry iyl

= (A - g lrg iUy = 1/ (g lrg ™! - Apgy)
Since llrgk™ 1711, < 1,

(T - ro k)1,

o'l
=[x i,

-1
rOkmin

1 - rokninll Al

= 1/ (¢ ki - Mmax)
Since Ky > gL, 1/ (g Yopmin - Amax) < 1/ (@grg7! - Apyg,) Which implies that
(T -rg D, S x) My < (T - g rg i,
This completes the proof. [Jjj

Let us define

- a
i ” (T‘walrall)—l"z(aw./i) 2.7.9)

Bo
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As we know, (T, x%) = Tx0 - r151(x%) = 0, and AT+ST, y) = (T + 8Ty - ry” 1S (y). In the
following, assume that T+8T € A which is defined in (2.7.8). This assumption is generally

satisfied due to the particular nonlinearity of the sigmoidal function, sq(.).

Theorem 2.7.6:
There exists y € By(x") such that AT+3T, y) = 0 if 15T, < By

Proof : Suppose lI8Tl, < By,. Since T+0T € A, by Theorem 3.4, there is y € D, such that
AT+8T, y) = 0. Since ﬂa(xo) C Dy, there are two cases: y € ﬁa(xo) orye D\ ﬂa(fo).
The first case is desired. We want to show thaty ¢ D0\ ﬂa(xo).
Suppose AT+3T,y) =0 withy € Do\ B, (x%). Then
(T + 810 + 8y) - rg 1510 + 8y) =0
where y = x0 + 8y. It follows that
(T-ry'D,S(2) + 8T8y + 810 =0

where z € L(xo, y). By Lemma 2.7.5,

8Ty < By < 1/ (T - wy Lrg D iy

<1/IT -rg DS 1(2)) 1y

By Lemma 2.7.3, the matrix T - ry"LD,S™1(z) + 8T is non-singular. Thus,



8y =- (T - ry’\D,SY(z) + 8T 161"
It follows that
Iyl = (T - ry" D, S 1(z) + 8T 1670,

<SIT - rg'D,S1(z) + 8T LIS TIL IOl

| x-rg'D,s ()7 8T v/
> 1
1-[ (@ -rg'D,s () [ 1871,

which implies that y = L+ Oy e $a(x0), contradicting the assumption y € D\ $a(x0).
Thus, there exists y € ﬂa(xo) such that {T+8T, y) = 0. This completes the proof. B

Let € > 0. Define

. 3
Yo~ Mm{ﬁo, (v/n+a) ” (T-ag'rg'D _1"2} @710

We have the following theorem:

Theorem 2.7.7:
Let x0 be a binary equilibrium of (3.3), y° € B,(x®) be an equilibrium of (3.4). If
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137, < Yo, then,
y0- 0 <e  if By e/ [W(m)2+)I(T - wg lrg D y); (2.7.11a)
ly? - x0l, < Bo(m)2+a)I(T - @y lrg il otherwise (2.7.11b)

Proof : Since xo, y0 € $a(x0), D,f(z) is non-singular for z € L(xo, yo). As we know, D,f(z)
=T - ry’'D,571(2). By equation (3.5), Lemma 2.7.5, and the fact that lly%ll, < IbOll, + ISyll,
Sv(n) 1ﬂ+(1.,
ly? - X0, < () +a)ISTINID A 2)) Il

< (o) P4+oyyoll(T -7 D, S (2)) il

< () 24+ayyl(T - g lrg Dy
If By 2 € / [(0(m) 2+o)I(T - wg™trg D) iy, 19 = € / [0(m) P+o)I(T - g™ty 1D 1ik).
Thus, lly? - 201l < e. Otherwise, Yo = By. In this case, lly? - xPll, < Bo(u(m)2+a)II(T -
wo'lro'll)'lllz. This completes the proof. [

Collecting all the previous results together, we obtain our final major result:

Theorem 2.7.8 (Persistence of Equilibria):
Letx’bea binary equilibrium of (2.7.3). Suppose D, # & and 13T, < . Then

(1) There exists an equilibrium yo of the perturbed feedback continuous-time neural net-
work (2.7.4) such that y° e B,(0).
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(2) Y0 - X0, satisfies (2.7.11).
3) yo is asymptotically stable.

It is observed that one has to check that D, # & in order to apply Theorem 2.7.7.
As we stated earlier, D, is always non-empty for the sigmoidal function sg(.). Thus, the
equilibria of the feedback continuous-time neural network (2.7.3) and its perturbed net-
work (2.7.4) are very close as long as lI8T'l, is relatively small. Moreover, we are able to

estimate the upper bound on lIy0 - x0|I2 once we know the upper bound on I37ll,.

Let us consider an example. Suppose we are given three patterns:

Let the sigmoidal function sp be chosen such that so'l(l) =3, and so'l(-l) =-3. By using
the analytical recursive algorithm in [2], we find weight matrix T as follows:

0.0 -3 -3 -3
-3 0.0 -3 -3
-3 -3 0.0 -3

It can be casily estimated [2] that @y = 0.1. Thus, I(T - @y lrg™l0) Il = 0.1429r. Based
on the sigmoidal function selected, we choose o = 1.5. It follows that B = 3ro'l. And, it
can be calculated that ¥y = Min{3ry’, 2erg’}. It follows that vy = 0.2r¢™! if € = 0.1. By
Theorem 3.7, Ily? - 201, < 0.1 if 8T, < 0.2rL. Obviously, Iy - 201, < 0.01 if ST, <
0.02ryL.
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2.8 A CMOS Circuit of 2n-State Neuron Operating in
Subthreshold

The multiple-state neural network can be used to process gray-level images. In the
associative memory network, patterns are stored as asymptotically stable equilibria, and
then retrieved by some other patterns. As we show in the Section 2.2, neurons with flat
regions are capable of storing gray-level images which are asymptotically stable equilibria
of continuous-time feedback neural networks. The key to their stability is the slope of the
flat region. In other words, for the given pattern v = [vy, ..., v,,]T, it is asymptotically stable
if

s0(s5' (V) < + (2.8.1)

T; Z |Wiﬂ

J=Lj#i

fori=1, 2, ..., n. Therefore, the pattern, v = [vy, ..., v,,]T, is asymptotically stable if the sig-
moidal function sq(.) has flat regions at so'l(v,-), i =1, ..., n. To make this pattern v asymp-
totically stable, we can adjust s’ (so'l(v,-)) fori=1, ..., n,based on (2.8.1). In practice, it is
wise to pre-design the neuron circuit such that the slope s’ (so°1(v,-)), fori=1,..,n,is

very small. In this case, (2.8.1) will be easily satisfied

Figure 2.8.1 is a schematic diagram of the 2n-state neuron circuit. Figure 2.8.2
shows the subcircuit serving as a building block. There is a current mirror shared by all
building blocks [59]. In general, n building blocks contribute 2n voltage regions where the
corresponding currents are flat. Each block has its own bias transistor which provides suf-
ficient bias current. All bias transistors are controlled by a common bias gate voltage V),
By setting small value of V;, (e.g., 0.7V), the neuron circuit operates in sub-threshold. In

each block, the two transistors forming the middle leg are assumed to have identical sizes,
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and so do the other remaining transistors.

Figure 2.8.1: 2n-state neuron circuit operating in sub-threshold.
There are n building blocks which share a common current
mirror. The gate voltage V, controls all bias transistors.

Figure 2.8.2: The sub-circuit
serving as a building block.

Figure 2.8.3 is a schematic diagram of the eight-state neuron circuit. This neuron cir-

cuit consists of four building blocks. Figure 2.8.4 is the corresponding ,-V;, characteris-

tic. This curve shows consecutive flat regions. First the controllable flat regions at the

chosen voltages V; = 1V, V5 = 2V, V3 = 3V, V4 = 4V. These regions separate very flat

regions which are due to current saturation of each block. Since the slope of the curve in

the saturation region is very small, all patterns selected in this region are bound to be

asymptotically stable.
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Figure 2.8.3. Schematic diagram of the 8-state neuron circuit.

Figure 2.8.4: The /,-V;, characteristic of 8-state neuron
with W= 80, w=1.

To understand the behavior of this 2n-state neuron circuit, let us analyze the circuit
shown in Figure 2.8.5 which is similar to the modified transconductance circuit in [12]. In
the sub-threshold region of operation [38], I = wlgexp((xV;, - V)/Vp) and I = wlowqp(ij
- V)/Vp), where I is a fabrication parameter, the value of x is about 0.7, and V = kT/q =

25mV. For simplicity, we will omit V{ in the expression of current since V{ basically
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Ve _li

Figure 2.8.5. The modified
transconductance circuit.

scales all voltages. The bias current can be expressed as I, = wlpexp(xV)(1 - exp(-V)).

The current flowing through the middle two transistors is 14 = Wipexp(xV;)(exp(-Vy) -
exp(-Vj)) = Wilyexp(xV;,)(exp(-V) - exp(-Vy)). By eliminating V, Iq can be solved as

xV._ xV. _y
e e e

0
q e‘vi"f'e‘v’

xV xV

v _ xV, e "+e !/

(2.8.2)

w
e:V‘ (e-:v,__'_exvl) +62:V‘.+82:Vl+ (2+_)e:v“
w

And since 1,,;= I - I = wlo(exp(xV;,) - exp(xV))exp(-V), we know

(2.8.3)

KV}



51

2xV,

in

e -e

V |4 Vv Vv 1 w
" '(e‘c g ) +e2'c "‘+e2'c '+ (2+—)e
w

<V ZKVI

»

I .= Wloe

o (2.8.4)

xV,_ele

In the 2n-state neuron circuit shown in Figure 2.8.1, all building blocks share the same
current mirror. Consequently, the output current, /,, is the summation of all /), j =1, ..., n,

ie.,

n 2xV,

n
xV e -
1 = ZI .= wlpe ° Z
0 oj 0 Vv, , xV 7 7 v W
ji=1 j=1 e‘:'(e'c LR ’)-i-ez'c “'+¢2x’+(2+—)¢
w

2xV
e J

., (285)
(4

The slope of the I-V;, characteristic at V; is given by

|4
di n leoex ’
x(V,-V)

(2.8.6)

&m
[}

QU

<lo
[}

, w
iy, j=12+05 (7) +e

In this paper, for simplicity, we choose w = 1. Thus,

v,
n Klge" * n x/
0 0
B, = _0 = — = (2.8.7)
TdValy ,-gf 2405w+ 2 v

—xV —
j=1 e P (2405W) +e

It is observed that Bj is inversely related to W which is the ratio of width and length
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of those middle transistors. In order to have small value of Bj, we can make those middle

transistors having larger ratio of width and length. Figure 2.8.6 shows some curves with W

=20, 40, 60, and 80. It is seen that the slope Bj b smaller as Wi In general,
we desire the slope of each flat region to be small. This can be satisfied if we design the

2n-state neuron circuit with larger value of w (e.g., W = 80 or W/w = 80.).

Figure 2.8.6: Four /,-V;, curves of 4-state neuron circuit with
different values of W. The curves from left to right have

W= 20, 40, 60, and 80. It can be seen that the curve with

W = 80 has the smallest slope in the flat region.

Compared with the multiple-state neuron circuit in [60], this circuit is much simple/,
Moreover, this circuit operates in the subthreshold region. Thus, the power dissipation is

expected to be very small.



53

2.9 Computer Simulation of 4-State Neural Network
with 16 Neurons

We have built a Hopfield-type neural network with 16 neurons. Each neuron has

four-state. The four-state neuron is realized by the following sigmoidal function:

5(x) = 51(x) - $7(x) - $3(x) + 54(x) (29.1)

where

482 (x-1)

s;(x) =
1 - - -
82 (x-1) e 2(X-1)

4,20+ D)
S,(x) = 2(X+1) . —2(X+1)
e +e

2e 4=
s3(x) = 4(x-1) , -4(x-1)
e +e
2e-4(x+1)
54 (%) =

e4(x+ 1) +e-4(x+1)

The characteristic of s(x) is shown in Figure 2.9.1. It can be determined that s(1) =1,
s(-1)=-1,5(1.9) = 1.9, and s(-1.9) = -1.9. Thus, the four states of this neuron are defined
as:19,1,-1,-19.



Figure 2.9.1 The characteristic of a 4-state neuron.

Suppose we are given 4 gray-level patterns:
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The numerical values associated with the gray-levels are defined as:
1.9 1.5 1 0

Based on this set of gray levels, we obtain the pattern vectors associated with these

-1 -1.5 -1.9

four desired patterns:

Pattern A: [19,1,1,-19,-1,1.9,-19,1,-1,-1.9, 1.9, 1,-1.9, -1, -1, 1.9)T
Pattern B: [1.9,1,-1,-1.9,19,1,-1,-1.9,19,1,-1,-1.9, 1.9, 1, -1, -1.9]T
Pattern C: [1.9,19,19,19,1,1,1,1,-1,-1,-1,-1,-1.9, -1.9, -1.9, -1.9]T
Pattern D: [19,19,1,1,19,19,1,1,-1,-1,-1.9,-1.9, -1, -1, -1.9, -1.9]T

For simplicity, we choose R = C = I,,. By applying the recursive algorithm shown in

the Section 2.4, we find the weight matrix W which is given as follows:

W=

0.00 0.28 0.18 -.24 0.08 0.22 -.21 -.13 0.13 -.06 0.12 -.08 -.14 -.18 -.28 -.25
0.28 0.00 0.10 -.01 0.07 0.13 -.04 0.00 0.00 -.05 -.01 -.07 -.09 -.10 -.13 -.16
0.18 0.10 0.00 0.25 -.08 -.05 -.02 0.03 -.03 -.06 0.13 0.08 -.22 -.19 -.10 -.09
-.24 -01 0.25 0.00 -.03 -.39 0.42 0.13 -.13 0.06 -.18 0.03 -.22 -.25 0.01 -.36
0.08 0.07 -.08 -.03 0.00 0.19 0.08 0.01 -.01 0.01 -.29 -22 0.12 0.08 -.07 -.21
0.22 0.13 -.05 -.39 0.19 0.00 -.03 0.22 -.22 -.22 -.19 -.19 -.05 0.05 -.13 0.14
-21 -.04 -.02 0.42 0.08 -.03 0.00 0.13 -.13 -.01 -.24 -.08 0.01 0.02 0.04 -.10
-.13 0.00 0.03 0.13 0.01 0.22 0.13 0.00 -.33 -.20 -.12 -.01 -.17 -.03 0.00 0.24
0.13 0.00 -.03 -.13 -.01 -.22 -.13 -.33 0.00 0.20 0.12 0.01 0.17 0.03 0.00 -.24
-06 -.05 -.06 0.06 0.01 -.22 -.01 -.20 0.20 0.00 0.00 -.01 0.16 0.06 0.05 -.18
0.12 -.01 0.13 -.18 -.29 -.19 -.24 -.12 0.12 0.00 0.00 0.29 -.15 -.13 0.01 0.20
-08 -.07 0.08 0.03 -.22 -.19 -.08 -.01 0.01 -.01 0.29 0.00 -.12 -.08 0.07 0.21
-.14 -09 -22 -22 0.12 -.05 0.01 -.17 0.17 0.16 -.15 -.12 0.00 0.22 0.09 -.08
-.18 -.10 -.19 -.25 0.08 0.05 0.02 -.03 0.03 0.06 -.13 -.08 0.22 0.00 0.10 0.09
-28 -.13 -.10 0.01 -.07 -.13 0.04 0.00 0.00 0.05 0.01 0.07 0.09 0.10 0.00 0.16
-25 -.16 -.09 -36 -.21 0.14 -.10 0.24 -.24 -.18 0.20 0.21 -.08 0.09 0.16 0.00
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All of those four patterns have been stored as asymptotically stable equilibria. To

show this, we choose the Pattern A as an example:

In the circuit impl ion, the impl d neuron function is usually not an odd

function, like the multiple-state neuron circuit proposed in the Section 2.8. In the follow-

ing, we will simulate the Hopfield-type feedback neural network with 16 neurons. Each
neuron has four states. The output of each individual neuron is positive. This neural func-

tion is chosen as follows:

$(x) = 5*(tanh(5*(x-1)) + tanh(5*(x-2)) + tanh(5*(x-3)) + tanh(5*(x-4)))/8
(29.2)



57

s(x) is shown in Figure 2.9.2. The four states are chosen as 5, 3.75, 1.25, 0. It can be

determined that s(4.5) =5, 5(3.5) = 3.75, s(1.5) = 1.25, and 5(0.5) = 0.

Figure 2.9.2 The characteristic of a 4-state neuron.
The numerical values associated with the gray-levels are defined as:

5

4.25 3.75 25 1.25 0.75 0

Based on this set of gray levels, we obtain the pattern vectors associated with those

four desired patterns given early:

Pattern A: [5,3.75,3.75,0, 1.25, 5,0, 3.75, 1.25, 0, 5, 3.75, 0, 1.25, 1.25, 5]
Pattern B: [5,3.75,1.25,0, 5,3.75, 1.25, 0, 5, 3.75, 1.25, 0, 5, 3.75, 1.25, 0] T
Pattern C: [5,5,5,5,3.75,3.75,3.75, 3.75, 1.25, 1.25, 1.25, 1.25, 0, 0, 0, 0] T
Pattern D: (5,5,3.75,3.75, 5,5, 3.75,3.75, 1.25, 1.25, 0, 0, 1.25, 1.25, 0, 0] T
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For simplicity, we choose R = C = I,,. By applying the recursive algorithm shown in

the Section 2.4, we find the weight matrix W which is given as follows:

0.00 0.15 0.14 0.12 0.14 0.21 0.07 0.08 0.17 0.10 0.17 0.09 0.10 0.07 0.05 0.08
0.15 0.00 0.13 0.18 0.13 0.19 0.09 0.10 0.08 0.06 0.07 0.04 0.05 0.04 0.02 0.03
0.14 0.13 0.00 0.34 0.01 0.03 0.09 0.11 0.06 0.04 0.21 0.14 -.08 -.06 0.02 0.03
0.12 0.18 0.34 0.00 0.08 -.16 0.28 0.11 0.01 0.08 -.04 0.05 -.17 -.20 -.06 -.29
0.14 0.13 0.01 0.08 0.00 0.28 0.13 0.07 0.10 0.09 -.18 -.11 0.19 0.13 0.01 -.08
0.21 0.19 0.03 -.16 0.28 0.00 0.08 0.32 -.11 -.10 -.05 -.05 0.09 0.19 0.02 0.28
0.07 0.09 0.09 0.28 0.13 0.08 0.00 0.08 -.01 0.02 -.13 -.04 0.00 -.01 -.02 -.10
0.08 0.10 0.11 0.11 0.07 0.32 0.08 0.00 -.19 -.12 -.01 0.03 -.12 -.02 -.01 0.15
0.17 0.08 0.06 0.01 0.10 -.11 -.01 -.19 0.00 0.27 0.23 0.08 0.27 0.12 0.08 -.08
0.10 0.06 0.04 0.08 0.09 -.10 0.02 -.12 0.27 0.00 0.09 0.02 0.17 0.07 0.04 -.11
0.17 0.07 0.21 -.04 -.18 -.05 -.13 -.01 0.23 0.09 0.00 0.35 -.03 -.01 0.10 0.28
0.09 0.04 0.14 0.05 -.11 -.05 -.04 0.03 0.08 0.02 0.35 0.00 -.07 -.04 0.04 0.15
0.10 0.05 -.08 -.17 0.19 0.09 0.00 -.12 0.27 0.17 -.03 -.07 0.00 0.17 0.05 -.06
0.07 0.04 -.06 -.20 0.13 0.19 -.01 -.02 0.12 0.07 -.01 -.04 0.17 0.00 0.03 0.04
0.05 0.02 0.02 -.06 0.01 0.02 -.02 -.01 0.08 0.04 0.10 0.04 0.05 0.03 0.00 0.05
0.08 0.03 0.03 -.29 -.08 0.28 -.10 0.15 -.08 -.11 0.28 0.15 -.06 0.04 0.05 0.00

All of those four patterns have been stored as asymptotically stable equilibria. In

fact, the following two noisy patterns will retrieve the Pattern A:
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- 2.10 A Schematic Layout for an N-Neuron Feedback
Neural Network

As we know from section 2.6, the mathematical model for the feedback continuous-

time neural network [21] can be expressed as

du; & 1

(2.10.1)

v; = s;(u;)

fori=1, ..., n. A schematic layout for a four-neuron neural network is shown in Figure

2.10.1 where the capacitor and resistor connected to each individual neuron are not shown.
Output

—

%

Input N [

y

D -- neuron B -- weight

Figure 2.10.1. A schematic layout for a four-neuron network.

The neuron in Figure 2.10.1 can be either two-state or multiple-state. Additional inverters

are needed in order to realize the negative weights [21]. The general schematic layout for
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an n-neuron feedback neural network with four-state neurons are shown in Figure 2.10.2.
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Figure 2.10.2. A schematic layout of an n-neuron network with four-state neurons.

In this general circuit, the voltage states are controlled by V; and V. The voltage

Vyias Provides the bias voltage for all bias transistors.



CHAPTER 3
Cellular Continuous-Time Feedback Neural Networks

with Multiple-State Neurons

3.1 Background

The mathematical model for a Hopfield-type continuous-time neural network is

du; & 1
j=1 g
(3.1.1)

v; = 5;(u)

fori=1,2,..,n wherec;, r;>0,u;€ Randv; € (-A,A) withO<A e R.5;: R = (-A, A)
is a monotone increasing C 1_function with 5{0) =0, s{(x) = A (or -A) if and only if x —

+o0 (Or -o0). n denotes the number of neurons in the network (3.1.1).

In compact matrix form, (3.1.1) can be written as

du _ _p-l
E—Wv R 'u

(3.1.2)
v =5 (u)

where u = [y, ..., u,,]T e R"v=[vy,.., v,,]T € R", C =diag(cy, ..., ¢p) € R, R =
diag(ry, ..., 7,) € R™, and s(u) = [51(4y), ..., S,(4,)]T € R", and T denotes the transpose of

matrix.

For the network with n neurons, the dimension of the pattern vector is n. In the cir-

cuit implementation of the Hopfield-type neural network, the size of each network is quite

61
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limited due to the high interconnectivity; in other words, the value of n cannot be too
large. In this sense, it is impossible to build a neural network circuit in a single chip with

as many neurons as is often required in real applications, such as pattern recognition.

The cellular neural network (CNN) (for example, [10], [33]) provides a useful
approach to connect small networks (cells) together. In this large network, each cell is
treated as an individual group performing certain tasks. Due to the large number of neu-

rons in the large network, the network capacity is expected to be large.

In the design of CNN, one needs to consider the structure of the large network, its

stability and the way to find weights. In this chapter, we will address those basic questions.

3.2 Structure of the Cellular Hopfield-Type Neural Networks

First, we consider the case of two small networks. Suppose we are given two small

Hopfield-type neural networks, S1 and S2, which are described as follows:

Sl:
du} 2 1
1% _ 1.1, 41 1
Cig JZ wivj +1; Tk B.2.1)
= i
1 _ 1
v; = si(ul)
and S2:
du? N 1
2% 22, ,2_1 2
c"t—i—t jglwuvj +1; r%u‘-

(3.2.2)
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fori=1, 2, ..., n, where n denotes the number of neurons in each network. These two small
networks, S1 and S2, can be viewed as two independent electronic chips with a fixed inter-

nal structure. Assume I,~1 = l,-2 =0.

Let us combine these two small networks to form a large network. The correspond-
ing large network model is expressed as:

crdu

i whl + ALyl £ 4202 - (RY) 14!

(3.2.3)

2% = Wi AW 44N - (RH) T2
(3.2.4)
V2 = s(u?)

where AJ = diag(ay, ..., a\j) forj=1, 2, 3.

Define v = [(W1)T, V)T, u = [T, @*)T)T. Then, u and v satisfy the following

equations:

Cgl;‘ = Wyv+Kv-R
(3.2.5)

= S(u)

where W = diag(W!, W), C = diage(C!, C?), R = diag(R!, R?), and

K = Al A2 S(u) = S(ul)
A2 A3 s (u?)
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The model in (3.2.5) represents the cellular Hopfield-type neural network with two cells.

The diagram associated with the model of (3.2.5) is shown in Figure 3.2.1.

V2

......................................................................

Fig. 3.2.1 Hopfield cellular neural network built on two small network

Now, let us extend the structure of the network with two small networks to M small
networks. Suppose we are given M small Hopfield-type neural networks. The cellular

Hopfield neural network is described as follows:

rdu* by 71k
Cdt = v+§1A - RY 'u

(3.2.6)
vk =s(u")

where

ct= diag(clk, e c,,"),

A{ = diag(ayy, ..., af); A= Al for i, j=1,2, ., M,
Rt = diag(rl s eees r,,"),

WE is the weight matrix of the kth small network,
k=1,..M
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The overall system is defined as:

™ - wy+Kv-Ru
dt

(3.2.7)
v =8S(u)

where

C =diag(C}, ..., CM),

W =diagW}, ..., wM),

R =diag(R!, ..., RM),
u=[hHT, ..., M7,
v=[ohHT .., oM,

S@) = [(s@")T, ..., (sM)TT,

r a4l 2 M 7

Al a2 . A

1 2 M

ko |42 A . A
1 2 M
Al A2 . AM

It is easy to see that the dimension of K, C, R, W is MnxMn, and the dimension of ¥ and v
is Mn. This means the cellular Hopfield-type neural network represented in (3.2.7) has Mn

neurons. It is observed that the matrix K is symmetric.

- The network (3.2.7) can be transformed to

C‘_i_.u=

_p-1
Xt (W+K)v-R 'u

(3.2.8)
v = S(u)
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which has the same structure as the Hopfield-type neural network (3.1.2) if we treat the
matrix W + K as the weight matrix. Therefore, the stability results in the Section 2.2 about
the Hopfield-type neural network (3.1.2) can be all applied to the network (3.2.8). More-
over, by the same argument in Section 2.5, the capacity of this large network (3.2.7) is at

least 0.5Mn. Thus, the network capacity is increased by at least M times.

In a real large network design, K is a symmetric constant matrix. Theoretically, the
elements of K can be arbitrary. But, in the circuit implementation, those values should be
small to reduce the network power dissipation since they are equivalent to the conduc-

tance. One may choose the elements of K in the same order of network local resistance.

In particular, for the larger network with adjacent connections, the matrix K can be

expressed as:

o A2 o 0 ]
A} 0. A o)
Ke | oo T ... -
0 0 O™ o A,
o o o . aM-1 o

Thus, the larger network (3.2.7) represents the locally connected network, which is also

referred to as cellular neural network [10].

In this locally connected larger network, each individual cell can also be locally con-

nected. The mathematical model of this locally connected smaller network is:

du _ v p-l
CE =Wv-R 'u (3.2.9)
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where
[ "n wip 0 0 7
Wiz . War. W e 0
w=| ... T ... .
0 0 0 e w.;l.'—l,n—l . wn—l n
..0 0 0 .. T »-'n, n-1 Wan

By the same argument in section 2.3, for a desired pattern, v, the weight matrix W can be

by the following equation:
Px=>b
where
v, ' v,
v, 0 A Vs o
P = V2
0 ; 0 Vo o v,
RV v
L " \ n-1yy (2n-1)
Wi,i 1 < i < n
x =

Wion, i+1-n n+l1 <i<2n-1

Therefore, the recursive algorithm presented in the section 2.4 can be applied.

3.3 A Parallel Algorithm for Finding Weights

Let v be an equilibrium point of the cellular Hopfield-type neural network (3.2.7).
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Then v satisfies

Wv+Av-RIST(v) = 0 (3.3.1)

which is equivalent to

M
whise T ali-®Y sl = 0
l=

-------------------------------------------
(3-3.2)

M
WMM L S Al — (RM) s M) = 0
=1
where v = [(vl)T, - (vM )T]T, T represents the matrix transpose,. It is observed from the
above equations that WEk=1,..,M,are independent during the "learning" process,
where each W* represents the weight matrix of the kth small network. In other words, wk

can be solved from the following linear equation:

M
WhE = -3 Alvt+ (RY Tk (333)
=1
The algorithm discussed in the Section 2.3 can be used to find the weight matrix WX for
the given pattern v. Since those M matrix equations in (3.3.2) are all identical in terms of
weight matrices, all weight matrices can be found in the same way. Moreover, those
weight matrices can be found in parallel since all equations are independent in terms of

weight matrices. In this sense, the weights for all cells will be found simultaneously.

For multiple patterns case, we can apply the Morris-Odell’s theorem to find all
weight matrices. The recursive algorithm discussed in the Section 2.4 can be applied in the

cellular Hopfield-type continuous-time feedback neural networks.



CHAPTER 4

Dendro-Dendritic Artificial Neural Network
with Multiple-State Neurons

4.1 Background

The mathematical model of the dendro-dendritic neural network is given as:

du n 1
Cigy T Z T; (“j_ w) +T;(vi—u) +I;- 7Y (4.1.1a)
j=1:j$i 3

v = 5;(u) (4.1.1b)

fori =1, ..., n, where n denotes the number of neurons in the network; u; is the input of the
ith neuron, v; is the output of the ith neuron; c; is the capacitor and r; is the resistor con-
nected to the ith neuron; s{.) the activation function which is a bounded monotone cL
function. One type of circuit configurations of the dendro-dendritic neural network for

three-neuron is shown in Figure 4.1.1 where connections are made by resistors.

Figure 4.1.1: One type of circuit configurations of DANN with three neurons.
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It is reasonable to assume c; = ¢y, r; =rg and s; = 5o for i = 1, ..., n. Thus, (4.1.1) can

be rewritten as follows:

n
1
2 Tylw—u) + T (- w) +1;- —u, (4.1.2a)

Ch— =
0
dt j=1,j#i 0

v; = 5o (1) (4.1.2b)

In compact matrix form, (4.1.2) reads

codu/dt =-Wu+Tv+1 ' (4.1.3a)

v=Su) - (4.1.3b)

where W =[w;], w;j=-Tjifori#jand w;y= 3 T,;+r,'T = diag(Tyy, ... Tpp),

j=1

I=[04y e L)Y u = [y, ooy ] T, v = [V4, ..., v,] T, and S) = [sg(1), --n» So(un)] ™.

The energy function is defined as [49]:

i=1 l—l i=1 }-l
4.1.4)
or in vector form:

E(u) = %uTWu - ITu - Z Tii.[sO (x) dx (4.1.5)
i=1 o
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which is continuously decreasing with respect to time ¢ and vanishes only at an equilib-
rium of the network (4.1.3). This also implies that no limit cycle (or chaos) of (4.1.3)

exists. Now define the Hessian matrix at a point u as Jyg(u) = W - TD,,S(u).

Since the activation function s, of each neuron, is a bounded Cl-function, 4.1.3)
has a unique solution for ¢ 2 0 starting from each initial condition u(0). As shown in [49],
system (4.1.3) is a gradient-like system where the isolated local minima of (4.1.4) are
asymptotically stable. And, by the Inverse Function Theorem, u is isolated if u is an equi-
librium of (4.1.3) such that det(Jyg(x)) = det(W - TD,S(u)) # 0. Moreover, u is a local
minimum of (2.4) if Jyg(u) > 0. It is also shown in [49] that all trajectories of (4.1.3) con-
verge to a bounded and closed (compact) region. Hence, there is only finite number of iso-
lated equilibria of (4.1.3). In summery, the dendro-dendritic neural network has the

following important properties:

(1) For the energy function defined in (4.1.4), dE(u)/dt < 0, and dE(u)/dt = 0 if and only if

u is an equilibrium point of (4.1.3).

(2) There exists a unique solution of (4.1.3) for ¢ 2 0 for each initial condition u(0).

(3) Isolated local minimum of E(u) is an asymptotically stable equilibrium of (4.1.3).

(4) There are only finite number of equilibria of (4.1.3).

(5) Let u0 be an equilibrium point of (4.1.3). u¥ is isolated if det(Jyg(u®)) # 0.

(6) Let u0 be an equilibrium point of (4.1.3). 0 is a local minimum of function E(v) if and
only if the Jacobian matrix Jyg(u®) > 0.
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(7) All solutions are bounded.

(8) No limit cycles nor other forms of recurrent solutions exit.

Thus, the dendro-dendritic neural network has all the desired properties of the
Hopfield-type neural network. But, compared with the Hopfield-type neural network, the

dendro-dendritic neural network has the following advantages:

(1) Less number of weights. For an n-neuron network, the Hopfield-type neural network
uses a maximum of n2-n weights, the DANN network uses a maximum of n(n+1)/2

weights.

(2) Natural symmetric weights. In the DANN network circuit, w;; = wj; naturally. In the
Hopfield-type neural network, this property can never be true due to circuit hardware mis-

match.

The circuit shown in Figure 4.1.1 has connections made by resistors. In the neural
chip design, resistors take large area. Thus, we expect to replace the resistors by some
other circuit devices, like for example MOS transistors. Another type of three-neuron
DANN network is shown in Figure 4.1.2 where all neurons are connected by nMOS tran-

sistors which are controlled by their gate voltages.

Figure 4.1.2: Another type of circuit configurations of DANN with three neurons.
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4.2 Stability Analysis

In the following analysis, we assume sq: (-o°, +00) = (A1, Ap) for Ay 2 A > 0, 5¢(0)
= (, and the desired patterns are binary, e.g., v = [vy, ..., v,,]'r with v; = v_ or v,.. Corre-
sponding to v = [vy, ..., v,,]T, we have u = [uy, ..., u,,]T with u; = u. or u,, where so(u.) = v.

and sg(u,) = v,.
For the energy function defined in (4.1.5), it is easy to verify that

VE@W) =Wu -1 -TS(u)
Jye(w) =W -TD,S(u)

where VE(u) is the gradient and Jyg(u) is the Hessian of E(u). A stability theorem is

stated as follows:

Stability Theorem: Let u0 be an equilibrium of (4.1.3) where Tj; 20i#jand Tj; > 0.
Then 10 is asymptotically stable if sq* (u,-o) <1/ (roT}y) for all i.

Proof : Suppose Tj; 2 0 for i #j, T;; > 0. Defne B=W - TD,,S'(uo). Then, b;; = w;; +

Tiiso’ (u,-o) = .21 T+ rgt =Ty (), bjj=w;j=-T;jfori#j. Suppose 5o’ (u,-o) <1/(roTy)
J =

for all i. Then, b;; > 0. It is easy to see that |b;| > Y. |b,). By Gershgorin Circle
j=1l,inj
Theorem [13], B has only positive eigenvalues. Therefore, JVE(uO) > 0, which implies u0

is a local minimum of E(u). Thus, u0 s asymptotically stable. This completes the
proof. |}
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4.3 An Analytical Method for Finding Positive Weights
via Linear Programming

First, consider the single pattern case. Let u = [uy, ..., u,,]T be an image pattern,
where u; = u_or u,. In order to be an equilibrium of the dendro-dendritic neural network
(4.1.3), u must satisfy:

4.3.1)

-Wu+TS(w)+1=0

which is equivalent to
4.3.2)

Wu+TSw) =R -1

where wy’ =-wy=Tjfori#j,wy’ =-wy+ryl, T =diag(Tyy, ... Ty R =1 'E,,
where E,, is the identity matrix, I = [Iy, ..., I,,]T. For simplicity, one may set/;=0fori=1,
..., n. Thus, (4.3.2) results in:
4.33)
W u+TSw) =R lu=ryEu

By proper algebraic operations, (4.3.3) can be transformed into
(4.3.4)

where x =[xy, ..., xN]T, N = n(n+1)/2 (the number of unknowns in (4.3.4)), and b = ro'lu,
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—so(ul) —uy O

1S
—
|
&
N
\
\
esssscnclccncccnas

A=
O . O Up~Up_1
L sO(un)_un up—u, tUn—1" Up |
¢ Ty 1<isn
T} i+1-n n+1<i<2n-1
x =4 . 4.3.5)
Thin i=N

Without loss of generality, assume so(4;) # u; for i = 1, ..., n. From the structure of A

in (4.3.4), it is easy to show the following proposition:

Proposition 4.3.1: Let u = [y, ..., u,,]T be an image pattern with u; = u_or u,# 0, A as

defined in (4.3.5). Then, rank(A) = n.

The minimum-norm solution of (4.3.4) is given by x = A*b where A* = AT(AAT)".
Once x is solved, all weights, T; fori,j=1, ..., n, can easily be reconstructed via (4.3.5).

Those weights will make u exactly stored as an equilibrium of (4.1.3).

Now, consider the case of multiple patterns. Suppose we are given m binary pattemns,

ul, ..., u™ For each vector «, we have
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- Wil + TS =0

which can be transferred to the equivalent matrix equation: A ‘x = b. Thus, in order to find
weights, Tj; for i, j=1, ..., n, for storing those m patterns, Ax=F,i=1, .., m, must have

common solutions. In other words,

Al b!
2 2
A%l = |b 43.6)
am |

must have solutions. In the Section 2.4, we have shown how to apply the Morris-Odell’s
Theorem to check the existence of solutions and find common solutions of (4.3.6). Thus,

we may assume that common solutions of (4.3.6) exist.

Define A =[@ADT, .., @™TIT, b =[BT, ..., @)TIT. Then, the common solutions
of (4.3.6) is given by x = A*b + N(A), where N(A) is the null space of A. Based on the Sta-
bility Theorem in Section 4.2, we wish to find non-negative solutions of (4.3.6). In other

words, we need to find solutions of:

4.3.7)

It is observed that the solution of (4.3.7) is not unique. The elements of the solution
x are the weights in our neural network. It is desired to have small values of those weights
so that they can be implementable as large resistive elements to achieve minimized power

dissipation in the network. In other words, the problem can be stated as:



77

n
Minimize 2 x; (4.3.8a)
i=1
ot Ar=b (4.3.8b)
x20 (4.3.8¢)

which is a standard linear programming problem.

The solutions of (4.3.8b) and (4.3.8c) are called feasible solutions. An optimal feasi-
ble solution is one which satisfies (4.3.8). An optimal basic feasible solution is an optimal
feasible solution which has exactly p non-zero elements, other elements are all zero,

where p = rank(A). It can be shown [34] that

(1) The feasible solution set K is convex.
(2) If X is non-empty, there exists at least one extreme point of K.
(3) The convex set K possesses at most a finite number of extreme points.

(4) Optimal values of the objective function occurs only at extreme points of K.

Without loss of generality, assume so(1,) > u,. and sy(i.) < u.. This assumption can
be always satisfied since we are free to set the values of u, and u_. With this assumption,

we have the following theorem:

Theorem 4.3.2: Let u = [uy, ..., u,‘]'r be a binary pattern with u; = u_ or u,. Then, there

exists an optimal basic feasible solution of (4.3.8).

Proof : Let A be defined as in (4.3.4). Partition A = [A}, Aj], where A = diag(sg(uy)-uy,

vevs 50(lhn)-Uy). Define xq = Ay Lrg u = diag(1/(sg(ug)-4y)s -..r 1/(So(Up)-4n))ro 4. Then, x =
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[x1, O]'r is a basic feasible solution of the linear programming problem (4.3.8) with A and
b defined as in (4.3.4). Thus, the feasible solution set X is non-empty, which implies that

an optimal basic feasible solution of (4.3.8) exists. This proves the result. B

Theorem 4.2 guarantees the existence of optimal basic feasible solution of (4.3.8) for
single input pattern. In the multiple-pattern case, the situation is quite different. How to
find conditions which guarantee the existence of the feasible solution of (4.3.8) for multi-
ple-patterns case remains as a future work. Real-time experiments [47] have shown multi-

ple binary patterns can be stored and retrieved.

Among all numerical algorithms about linear programming, the simplex method is
the most significant algorithm. It proceeds from one basic feasible solution to another in
such a way as to continuously decrease the value of the objective function until a mini-
mum is reached [34]. Standard packages of the simplex method are available. Therefore, it
is easy to find weights for the dendro-dendritic neural network once multiple patterns are

provided.
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4.4 Computer Simulation of a Three-Neuron DANN Network

Consider a three-neuron dendro-dendritic neural network. The binary input pattern
takes two values: 5 volts and -5 volts. And define u, = 2 volts, u_ = -2 volts, which implies
so(u;) =5 > u, and sgp(u.) = -5 < u.. Suppose a binary pattern v =[5, 5, 51T s given. Cor-
responding to this pattern, u = [2, 2, -2)T. Since the number of neurons is three, the maxi-

mum number of weights N = 6. The matrix A in (4.3.4) is constructed as:

Let rg = 1 KQ Then b = ry"lu = [0.002, 0.002, -0.002]. The linear programming

problem is formulated as follows:

Minimize X1 +Xg+X3+Xx4+ X5 + Xg,
s.t.Ax=Db,

x120,x20,x320,x420,x520, x520.

The solution [x;, Xy, X3, X4, X5, Xg]* = [0.00067, 0.00067, 0.00067, 0, 0, 0] is an
optimal basic feasible solution. Thus, the weights are: T; = 0.00067, Ty = 0.00067, T33 =
0.00067, T13 =0, T13 =0, T3 = 0. The resistors of 1.5 K are needed to implement those
weights. From the dendro-dendritic neural network (4.1.1), we know there are no connec-

tions among the three neurons. In other word, for this example, the network is decoupled.

From a mathematical point of view, [x}, X3, X3, X4, X5, x(,]T = [0.00067, 0.00067,

0.00067, 0, 0, 017 is an optimal basic feasible solution which minimizes the quantity x; +
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X9 + X3 + x4 + X5 + xg. But from an implementation point of view, this optimal basic feasi-
ble solution may not yield good robust performance, e.g. fault tolerance, since the network
with those weights are basically decoupled. There is a trade-off between small values of
weights and good system performance. If we focus on a better system performance, we
may only want to find feasible solutions, instead of optimal basic feasible solutions. In this
example, we can find a solution [xy, xp, X3, X4, X5, Jc6]T = [0.002, 0.002, 0.002, 0.001,
0.001, 0.001]T which is only a feasible solution. The corresponding weights are: T11=Typ
=T33 =0.002, Ty5 = T13 = T3 = 0.001. In this case, the network is not decoupled. We can
also define the objective function (4.8a) as to minimize {x12 + ..+ xNz} and apply nonlin-
ear programming algorithms. This will result in optimal solutions which will not make the

network decoupled.
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4.5 Network Implementation and Layout of Three-Neuron
DANN Network

We will design the DANN network with multiple-state neurons. For simplicity, we
will only design a network with three neurons. Each neuron has four states. In the Section
2.8, we have shown the design of the CMOS circuit of 2n-state neuron. The schematic dia-

gram of four-state neuron with voltage input and voltage output is shown in Figure 4.5.1.
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Figure 4.5.1 The schematic diagram of 4-state neuron with
voltage input and voltage output.

In this circuit, the resistor 320K and the voltage source 2.0V in the output stage con-
verts the current to voltage. A large resistance is required in order to vary the output volt-
age over the range of 0 - 5V. The bias voltage is set at 1.2V. One may reduce this bias
voltage. The smaller the bias voltage, the larger the resistance in the output stage. In the
chip design, one may implement this large resistor outside the chip since this large resistor

will require a large layout area.
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The PSpice simulation of this four-state neuron circuit is shown in Figure 4.5.2.

() 10V 20V 3.0V 4.0v sov

Figure 4.5.2 The PSpice simulation of the circuit in Figure 4.5.1.

In the DANN network, the "sigmoidal” function does not necessarily need to be an
odd function. Thus, the four states can be defined at u = 0.5V, 2V, 3V and 4V. With this
four-state neuron, we build the DANN network shown in Figure 4.5.3.
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Figure 4.5.3. The DANN network with three neurons.
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In this network, each neuron has self-feedback. All neurons are fully connected.
These connections are made possible by MOS transistors which are controlled by the gate

voltages. These gate voltages can be set globally.

We have made some PSpice simulations for this DANN network. In those simula-
tions, we set all gate voltages at certain level. Some initial voltages are applied to the input
nodes. After the transient process is finished, the output voltages of all three neurons con-
verge to desired values. Figure 4.5.4 shows the transient curves of the output voltages of

those 3 neurons.
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Figure 4.5.4. The transient curves of the output voltages of three neurons.

In this simulation shown in the Figure 4.5.4, we set the initial input voltages of unit
1, unit 2 and uint 3 at 3.5V, 1.8V and 0V, respectively. The steady state of the output of
unit 1 converges to 4.306V, unit 2 to 1.912V, and unit 3 to 0.516V. These three voltages,
0.516V, 1.912V and 4.306V are the three states of our multiple-state neuron shown in the
Figure 4.5.1 with some small shift in voltage. The gétc voltages of self-feedback transis-



tors are all equal to 5.0V. For other three i i their gate voltages are set
at 1.5V.

The network layout of the circuit in Figure 4.5.4 is shown in Figure 4.5.5. In this lay-
out, the resistor and power source in the output stage of each neuron is not included. A
large area of the chip is required in order to implement this large resistor. To test this chip,

one can externally connect the resistors and power sources to the chip through pins.

Figure 4.5.5. The layout of the circuit in Figure 4.5.4.
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4.6 A Schematic Layout for an N-Neuron DANN Network

~ As we know from Section 4.1, the mathematical model for the DANN network [49]

can be expressed as

n
i 1
j=1,j=#i i
(4.6.1)
Vi = s‘- (u‘)

fori=1,..., n. A schematic layout for a four-neuron neural network is shown in Figure

4.6.1 where the capacitor and resistor connected to each individual neuron are not shown.

Input
e
+
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>
+
N
-

D -- neuron B -- weight

Figure 4.6.1. A schematic layout for afour4-neuron DANN network.

The symbol of neuron in Figure 4.6.1 can be either two-state or multiple-state. The

weights can be realized by either resistors or nMOS transistors. The general schematic
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layout for an n-neuron feedback neural network with four-state neurons are shown in Fig-

ure 4.6.2.
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Figure 4.6.2. A schematic layout of an n-neuron DANN with four-state neurons.

In this general circuit, the voltage states are controlled by V; and V;. The voltage

Vias Provides the bias voltage for all bias transistors.



CHAPTERS

A Tiny-Chip Layout of a Six-Neuron DANN Network

5.1 Computer Simulation of a Six-Neuron DANN Network

We have built a DANN neural network with six neurons. Each neuron has four-state.

The four-state neuron is realized by the following sigmoidal function:

s(x) = 0.847(tanh(5(x - 0.5)) + 1) + 0.415(tanh(5(x - 1.5)) + 1)
+ 0.405(tanh(5(x - 2.5)) + 1) + 0.389(tanh(5(x - 3.5)) + 1) (5.1.1)

for x € [0, 5]. In the expression of (5.1.1), all parameters are chosen such that the charac-
teristic of s(x) is approximately matched with the characteristic of the four-state neuron
circuit shown in next section. The characteristic of s(x) is shown in Figure 5.1.1. The four
states are chosen as: 1V, 2V, 3V and 4V. It can be measures that s(1) = 1.694V, s(2) =
2.514V, s(3) = 3.325V, and s(4) = 4.103V.

48

0 1 2 3 4 8
input

Figure 5.1.1. The characteristic of sigmoidal function s(x).
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Suppose we are given the following four-level pattern:

The numerical values associated with those four gray levels are:

4.103 3.325 2.514 1.964

Based on this set of gray levels, the pattern vector is given as
[4.103, 3.325, 2.514, 3.325, 1.694, 4.103]T
The corresponding input pattern vector is
[4,3,2,3,1,4]T
For simplicity, we choose R = rpl. It can be found that

x =r0'1[44.95, 9.51, 3.02, 9.51, 0.014, 44.95, 0.09, 0.09, 0.09, 0.09,
0.09, 0.09, 0.09, 0.09, 0.09, 0.09, 0.09, 0.09, 0.09, 0.09, 0.09,]T

is a feasible solution of (4.3.8). Thus, the weights are:

Tyy = 44.95rg}, Tyg = 9.51r¢°), T35 =3.02ry’), Ty = 9.51r¢7],
Tss = 0.014ry’), Tgg = 44.95r™, T15 = 0.097¢°), Ty3=0.09r47!,
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T14 =0.097¢°L, Ty5 = 0.097¢™L, Ty = 0.097¢°, Tp3 = 0.09r¢™},
Tos = 0.0979°L, Tps = 0.097¢™L, Tog = 0.097¢™1, T34 = 0.097¢7],
Tss = 0.09ry", T3 = 0.097y", T4s = 00975, T46 = 0.097y™!
Tsg = 0.097¢™L.

To test whether this pattern has been stored as asymptotically stable equilibrium, we
use the pattern itself and its noisy patterns to retrieve the stored pattern. The numerical

values for the noisy patterns are defined as:

3.92 313 2.14 1.56

We found that the given pattern

can be retrieved by itself and the following noisy patterns:

which shows that the given pattern has been indeed stored as asymptotically stable equi-

librium.
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5.2 PSpice Simulation of a Six-Neuron DANN Network

with Resistor-Connections

We have designed a six-neuron DANN network circuit in which all connections of
each individual neuron and other neurons are mode by resistors. Each neuron has four

states. We use this DANN circuit to store the four-level pattern given in Section 5.1.

The schematic diagram of this six-neuron DANN network is shown in Figure 5.2.1.
In this circuit, the resistors of each individual neuron are identical with resistance r(. Since

we store the pattern given in Section 5.1, the values of all resistors are found as:

Ry =0.0222rg, Ryp = 0.105rp, Rg3 = 0.332rg, Rey = 01057,
Rss = 69.4rg, Rgg = 0.0222rg, Ry5 = 11.11rg, Ry3 = 11.11rg,
Ry4 = 11.117, Rys = 11.117g, Ryg = 11.117p, Ryz = 11.117,
Ry = 11,1175, Rys = 11.117g, Ryg = 11.117, Ryg = 11.117;,
Rss = 11.117g, Ryg = 11.11rg, Rys = 11.11rg, Reg = 11.11rg,
Rsg = 11.117,,

where r( is the local resistance. In Figure 5.2.1, the neuron circuit shown by the box serves
as a building block. Its schematic diagram is depicted in Figure 5.2.2 in which, in addition
to Vpp and GND, the signals V, V5, V,, and Vi, are shared by all other neurons. The
input-output characteristic of the neuron circuit is shown in Figure 5.2.3 where the volt-
ages 1V, 2V, 3V and 4V are chosen as 4 states in the multiple-state neural network. It can

be measured that

s(1) = 1.694V, s(2) = 2.514V, s(3) = 3.325V, s(4) = 4.103V

Its input-output is very similar to the one in Figure 5.1.1 as far as the four states
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Figure 5.2.2. The schematic diagram of a four-state neuron circuit.
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are concerned. This similarity allows us to use the theoretical calculation results to build

our circuit.

To test this circuit, we set the initial voltages at the input nodes of each neuron as:
neuron #1 - 4.3V, neuron #2 - 3.2V, neuron #3 - 2.2V, neuron #4 - 2.8V, neuron #5 - 0.9V,
neuron #6 - 3.6V. After the transient process is finished, the final voltages at the corre-
sponding nodes converge to: neuron #1 - 4V, neuron #2 - 3V, neuron #3 - 2V, neuron #4 -
3V, neuron #5 - 1V, neuron #6 - 4V, which represents the stored pattern vector: [4, 3, 2, 3,
1, 4]T. This experiment shows that the designed 6-neuron DANN circuit works well as

expected. The simulation result is shown in 5.2.4.
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Figure 5.2.4. The simulation of a 6-neuron DANN network circuit.

It is noted that the resistor r of each neuron has to be very large. In this simulation,

we choose r( to be 1MegQ.
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The network in Figure 5.2.1 also stores other patterns. To show this, we set the initial
input voltages at arbitrary values. Figure 5.2.5 shows that the network converges to the
pattern [4,2, 2,3, 1, 41T. And Figure 5.2.6 shows that the network converges to the pattern
[4,2,2,2,1,4T.

40V <

R

v
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Figure 5.2.6. The network converges to pattern [4, 2, 2,2, 1,4]T.
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5.3 PSpice Simulation of a Six-Neuron Network with
nMOS Transistor-Connections

A neural network can be used to store given patterns by having proper weights. This
requires that those weights are programmable. The disadvantage of the circuit with resis-

tor-connections shown in Figure 5.2.1 is that the weights are not programmable.

As shown in [49], there is another type of configuration of DANN where all connec-
tions of each individual neuron and other neurons are made by nMOS transistors. In this
configuration of DANN, the nMOS transistors are used as the programmable weights. The

values of weights can be set on-line by varying the gate voltages of those transistors.

An nMOS transistor used as a programmable weight is shown in Figure 5.3.1.

Figure 5.3.1. An nMOS transistor used as a programmable weight.

For the fixed gate voltage, the characteristic of I 5, - V 4 is plotted in Figure 5.3.2
where V= 5V. The level of I ;; mainly depends on Vg, Vi, and W/L. There are basically
two regions in the /4 - V4, region: ohmic region and saturation. The nMOS transistor can
be used as a nonlinear resistive device if it operates in the ohmic region. The resistance of

a nMOS for fixed Vgs is determined by:

dVds 1

R, = %
@ dly,  dly (5.3.1)
v,
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Vs =5V

Ohmic Region Saturation Region

ot

Figure 5.3.2. The I, - V4 characteristic with Vg, = 5V.

Therefore, the level of R ;; depends on Vgs,

R 4. And, R decreases as W/L increases.

Vas» and W/L, too. The larger Vg, the smaller

The schematic diagram of a six-neuron DANN network with nMOS transistor-con-
nections is depicted in Figure 5.3.3. In this circuit, the neuron circuit shown by the box
serves as a building block. Its schematic diagram is depicted in Figure 5.2.2 in which, in
addition to Vpp and GND, the signals V1, V5, V,, and Vi, are shared by all other neu-
rons. The input-output characteristic of the neuron circuit is shown in Figure 5.2.3 where
the voltages 1V, 2V, 3V and 4V are chosen as 4 states in the mulﬁplc-state neural network.

It can be measured that
s(1) = 1.694V, s(2) = 2.514V, s(3) = 3.325V, s(4) = 4.103V

Its input-output characteristic is very similar to the one in Figure 5.1.1 as far as the four

states are concerned.
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Figure 5.3.3. The schematic diagram of a six-neuron DANN with nMOS transistor-connections.



o8
A PSpice simulation of this DANN network in Figure 5.3.3 is shown in Figure 5.3.4.

Figure 5.3.4. A simulation result of the six-neuron DANN network in Figure 5.3.3.

In this simulation, the resistor r of each individual neuron is chosen as 1000K
which is the same as it is in the simulation of Figure 5.2.4. All the gate voltages are: VGy,
=4V, VGy =3V, VG33 =2V, VGyy =3V, VG5 =2V, VG¢ = 5V, VG5 =3V, VG 3 =
2V, VG4 =4V, VG5=1V, VGy6 =4V, VGy3 =2V, VGyy =3V, VGy5 = 1V, VGp4 = 3V,
VG34 =2V, VG35 =1V, VG346 = 2V, VGy5 = 1V, VGyg = 3V, VG54 = 1V. The initial input
voltages in the order of neuron #1 - neuron # 6 are: 4.2V, 3.2V, 2.2V, 3.2V, 1.2V, 4.2V.
From Figure 5.3.4, we know that the final input voltage of neuron #6 does converge to
about 4.1V which is expected. The final voltages of neuron #2 and neuron #4 converge to
about 3.6V. The other three final input voltages converge to 3.7V as well. As we see, the

voltage states of each neuron in the circuit of Figure 5.3.3 has shifted from desired states.

This simulation shows that the six-neuron DANN with nMOS transistor-connections
has the potential to store gray-level pattern. Due to the nonlinearity of nMOS transistor
used as resistors, some on-chip learning circuits have to be designed if we expect the
DANN network with nMOS transistor-connections store desired gray-level patterns. This

work is left for the future research.
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For the same set of gate voltages, we test the network in Figure 5.3.3 with different
initial conditions. Figure 5.3.5 shows the simulation result with the initial input voltages in
the order of neuron #1 to neuron #6: 4V, 1V, 1V, 2V, 2V, 3V.

L e e

Figure 5.3.5. Simulation of the network in Figure 5.3.3 with initial input
voltages: 4V, 1V, 1V, 2V, 2V, 3V.

Figure 5.3.6 is another simulation of the same network with the set of initial input voltages
given as: 3V, 2V, 1V, 4V, 4V, and 3V.
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Figure 5.3.6. Simulation of the network in Figure 5.3.3 with initial input
voltages: 3V, 2V, 1V, 4V, 4V, 3V.
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We also test the network in Figure 5.3.3 with different gate voltages with the initial
input voltages given as the desired patterns: 4V, 3V, 2V, 3V, 1V, 4V. Figure 5.3.7 shows the
simulation with the gate voltages of all self-feedback transistors given as 5V, all others are

held the same as before.

'
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Figure 5.3.7. Simulation of the network in Figure 5.3.3 with the gate voltages
of all self-feedback transistors set at 5V.

Figure 5.3.8 shows another simulation of the same network with the gate voltages of

all self-feedback transistors set as 1V, all others are the same as before.

40V ] """"""'f"""'"""" """""""""""""""""""""" 1

18V 1

Figure 5.3.7. Simulation of the network in Figure 5.3.3 with the gate voltages
of all self-feedback transistors set at 1V.
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5.4 A Tiny-Chip Layout of a Six-Neuron DANN Network

A VLSI layout was designed for a six-neuron DANN network circuit on MOSIS
Tiny-Chip as a prototype chip. This layout is fabricated by MOSIS using an n-well 2um
CMOS process with 2.2 X 2.2 mm2 chip area in a 40-pin package.

Among those 40 pins, 4 pins are used as Vpp and GND. The rest of 36 pins can be
used to access the internal signals. For this 6-neuron DANN network, there are total 2x6 +
6X(6+1)/2 = 33 gate voltages. Thus, 33 pins will be used to access those gate voltages and
input, output voltages. The other three pins are used to connect V4, and two-state volt-
ages, V1 = 1V and V; = 3V. Those three voltage signals are shared by all six neurons. The
resistor and voltage source in the output stage of each neuron are connected to the chip

externally.

The schematic diagram of this six-neuron DANN circuit is depicted in Figure 5.4.1,
which has been designed to maximally use the limited chip area. Each neuron is repre-
sented by the black box which circuit is shown in Figure 5.2.2. Based on this configura-
tion, the VLSI layout of this six-neuron DANN network is designed, which is shown in
Figure 5.4.2. In this layout, the resistors and capacitors of each individual neuron are not

included. The pin configuration of this DANN chip is shown in Figure 5.4.3.

This six-neuron DANN chip will be sent to MOSIS for fabrication. All internal sig-
nals can be accessed through pins. To test this chip, one needs to connect a 200K resistor
and 2.5V power source to the output of each individual neuron to convert four-state output
current signal to four-state voltage sigtial. The bias voltage has to be set at 1.2V in order to
have the four-state input-output characteristic of each neuron. This characteristic can be

measured by setting all gate voltages to 0V and measuring input-output relation.
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Figure 5.4.1. The schematic diagram of a six-neuron DANN network.
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CHAPTER 6

Summary, Conclusion, and Future Work

This work has focused on the design and analysis of two types of continuous-time
feedback neural networks, namely, the Hopfield-type feedback neural network and the
Dendro-dendritic artificial neural network (DANN). The networks considered in this dis-

sertation mainly have multiple-state neurons.

For the Hopfield-type continuous-time feedback neural network with multiple-state
neurons, we have proposed an analytical recursive algorithm to find weights which will
exactly store the desired gray-level patterns as asymptotically stable equilibria. We intro-
duce a criterion which will ensure the designed Hopfield-type neural network to be imple-
mentable. Moreover, the resistance in the network can be made as large as necessary. We

estimate the variation of equilibria based on the variation of weights.

The cellular Hopfield-type feedback neural network is also considered. We propose
a large network structure which connects some small identical networks (cells) together. A
parallel recursive algorithm for this type of locally connected neural networks is intro-
duced. This parallel algorithm makes all cells capable of finding their own weights simul-

taneously.

For the DANN network, we show the stability of the network with positive weights.
We show that multiple patterns can be stored as asymptotically equilibria of DANN with
only positive weights. We further formulate the problem of finding all positive weights as
the standard linear programming problem. Thus, based on given patterns, all positive

weights can be easily found.
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We have designed the CMOS VLSI multiple-state neuron circuit which operates in
subthreshold. With this neuron, the network power dissipation is reduced. As a prototype,
a DANN network with three neurons has been designed. Each neuron has four states. The
PSpice simulation has shown that this prototype DANN network works well. A six-neuron

DANN Tiny-Chip has been designed and fabricated by MOSIS.

The following problems are left for future research:
(1) The persistence of equilibria for DANN with transistor-connections.
(2) The persistence of equilibria for Hopfield-type network with transistor-connections.
(3) Existence of optimal feature solutions of DANN for multiple patterns.
(4) Design a new output stage of the multiple-state neuron circuit to convert the current to
voltage.
(5) Design an on-chip learning circuit to find gate voltages for DANN with multiple-state

neurons and transistor-connections.

Identifying applications is the key to the future of the continuous-time feedback neu-
ral networks. Feedback continuous-time feedback neural networks have shown their
potential in various applications such as optimization, vision, control, edge detection, and

computer numerical computations, to name a few.
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