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ABSTRACT

AN INVESTIGATION OF PROSPECTIVE SECONDARY

MATHEMATICS TEACHERS' UNDERSTANDING OF THE

MATHEMATICAL LIMIT CONCEPT

By

Brenda Shiawmei Lee

The purpose of this is study is to describe prospective secondary mathematics

teachers' understanding about the mathematical concept of limits in terms of the following

types of knowledge: subject matter knowledge, curriculum knowledge, and pedagogical

content knowledge.

The following research questions were addressed:

1. How well do prospective teachers understand the concept of limits?

2. What kinds of misconceptions, difficulties, and errors do prospective

teachers have conceming the concept of limits?

3. What are prospective teachers' opinions about the involvement of the

concept of limits in k-12 mathematics curriculum?

4. What are the possible misconceptions, difficulties, and errors the prospective

teachers anticipate in teaching the concept of limits?

To provide structure in addressing these first two questions, a five-category model

describing prospective secondary mathematics teachers' understanding of the concept of

limits of sequences was employed and a questionnaire was developed. The keywords

characterizing these categories are basic, computational, transitional, rigorous, and abstract.

The test items in the questionnaire were designed to measure prospective teachers'

understanding of the limit concept in terms of these five categories of the model. For the

last two research questions, open-ended questions were embedded in the questionnaire.

The open-ended questions were followed up by four in-depth interviews. Because of a



low response rate to the last two research questions, no conclusions were made but the data

was presented and discussed.

Forty-two prospective secondary mathematics teachers participated in this study.

The results indicate that this group of prospective teachers' understanding of the limit

concept is more procedural oriented; there exist discrepancies between the participants'

concept definitions and their concept images of limits; and the misconceptions, difficulties

and errors produced by this group are similar to those found in research studies on

students. Since misconceptions, difficulties, and errors prospective teachers possess might

be passed to their students, implications for classroom teachers, mathematicians,

mathematics educators, and teacher training institutions are presented.
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CHAPTER ONE

INTRODUCTION

This Changing Society Needs Mathematical Power

In today's world, the security and wealth of nations depend on their human

resources. Mathematics has come to play a remarkably important role in this. Travers &

Westbury (1989) pointed out the role of mathematics in the society:

The importance of mathematics in the school curriculum reflects the vital

role it plays in contemporary society. At the most basic level, a knowledge

of mathematical concepts and techniques is indispensable in commerce,

engineering, and the sciences. From the individual pupil's point of view,

the mastery of school mathematics provides both a basic preparation for

adult life and a broad entree into a vast array of career choices. From a

societal perspective, mathematical competence is an essential component in

the preparation of a numerate citizenry and it is needed to ensure the

continued production of the highly-skilled personnel required by industry,

technology and science (p. 1).

Mathematics also opens the doors to careers for students and helps citizens make

informed decisions. Mathematics provides knowledge to compete in a world of technology

in which jobs demand workers to work smarter rather than harder. Working smarter

means being able to absorb new ideas, to adapt to change, to cope with ambiguity, to

perceive patterns, and to solve unconventional problems. All these abilities are enhanced

by having mathematical power. Everybody Counts: A report to the nation on thefuture of

mathematics education (1989) stated the reasons for requiring students to study

mathematics in order to achieve that mathematical power so the students will be able "to

learn practical skills for daily lives, to understand quantitative aspects of public policy, to

l
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develop problem-solving skills, and to prepare for careers (p.6)." The National Council of

Teachers of Mathematics' Professional Standards for Teaching Mathematics (NCTM,

1991) emphasized what should be included in mathematical power:

Mathematical power includes the ability to explore, conjecture, and reason

logically; to solve non routine problems; to communicate about and through

mathematics; and to connect ideas within mathematics and between

mathematics and other intellectual activity. Mathematical power also

involves the development of personal self-information in solving problems

and in making decisions. Students' flexibility, perseverance, interest,

curiosity, and inventiveness also affect the realization of mathematical

power (p.1).

Shortage of People Well-trained in Mathematics

The United States currently experiences a shortage of well-trained young people in

this world of technology. Everybody Counts (1989) warned us,

Not only do we face a shortage of personnel with mathematical preparation

suitable to scientific and technological jobs, but also the level of

mathematical literacy of the general public is completely inadequate to reach

either our personal or national aspirations (p.6).

Lacking mathematical power, many of today's students are neither prepared for

tomorrow's jobs nor even for today's occupations. Three quarters of Americans stop

studying mathematics before completing career or job prerequisites. Most students leave

school with mathematical knowledge neither sufficient to cope with on-the-job demands

for problem-solving nor sufficient to meet the college requirements for mathematical

literacy (Curriculum and Evaluation Standard for School Mathematics, 1989; Everybody

Counts, 1989). More than any other subject, mathematics keeps students out of programs

leading to scientific and professional careers (Douglas, 1986; Steen, 1987; Everybody

Counts, 1989).
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Calculus as a Gate-Keeper in the Mathematics Pipeline

The introduction of calculus is a critical stage in the mathematical education of

students. Not only is calculus an important component of mathematical subject matter, but

also students who take calculus are forced eventually to begin to think in new and different

ways about mathematics (Orton, 1986). Fey (1984) argued that calculus plays an

important role in the K-12 mathematics curriculum for the following reasons:

1. Calculus has a broad applicability to modeling change in the physical world.

2. Its study has a striking potential for revealing much about the history of

mathematical ideas.

3. The subject matter naturally synthesizes and strengthens algebra and

geometry skills and understandings acquired earlier.

4. It stimulates the development of geometric intuition (p.54).

Hence, calculus serves as a gate-keeper and bars many students from study in

science, mathematics, physics (Redish, 1987), or engineering (Lathrop, 1987). Many

other departments, such as biological science (Levin, 1987), and business (Prichett, 1987),

require at least one term or even more than a year of study in calculus. As Lax (1986)

claimed, "A calculus-deficient education would shunt students into a small corner of

mathematics, instead of opening up its whole panorama (p.2)." In his introduction to the

MAA report Toward a Lean and Lively Calculus, Douglas (1986) pointed this out clearly

by saying:

The United States is currently experiencing a shortage of young people

studying mathematics, science, and engineering, and this shortage is

expected to worsen. Calculus is the gateway and is fundamental to all such

study. Hence every student who does not complete calculus is lost to

further study in science, mathematics or engineering (p.iv).

Douglas (1987) continued:

Calculus is taught to over three quarters of a million students a term; about a

half billion dollars a year is spent on tuition for teaching calculus; and
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calculus is a prerequisite for more than half of the majors at colleges and

universities. Almost everyone has a stake in calculus (p.5).

The role of calculus as a driving force for secondary school mathematics is a recent

phenomenon (Fey, 1984). Calculus was at one time a subject to be learned only by an elite

in the final stage of their college careers (Steen, 1987; Young, 1987). Today nearly one

million students study calculus each year in the United States, usually completing their

study of calculus by the end of their second year of college. Large numbers of students

take calculus, because of an increased tendency on the part of other disciplines to require

calculus. More recently, students in the biological and social sciences have been required

to take a semester or even a year of calculus (Douglas, 1986). There are 100,000 calculus

enrollments in two-year colleges, and another 600,000 in the four-year colleges and

universities (Steen, 1987). Due to the fact that a considerable knowledge of calculus is

regarded as a pre—requisite to further study in many disciplines, there is a great deal of

pressure to learn concepts of calculus as early as possible. There are approximately

300,000 students taking some calculus in high schools and the number of students taking

the Advanced Placement Calculus exams has been increasing 10% each year since 1960

(Tucker, 1987). We see that there is a trend for calculus to move down in the curriculum,

from the last year of college to the first year of college, and now into the secondary

schools.

Calculus Instruction in Crisis

A large segment of the mathematical community has recently come to believe that

calculus instruction is in a state of crisis (Douglas, 1986; Orton, 1985, 1986; Steen, 1987,

Tall, 1985). Douglas (1986) pointed this out in the MAA report by saying:

Many students who start calculus do not complete it successfully. The

country cannot afford this now, if it ever could. Further, many of those

who do finish the course have taken a watered down, cookbook course in
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which all they learn are recipes, without even being taught what it is that

they are cooking (p.iv).

Steen (1987) stated in the introduction of Calculusfor a New Century: A pump, not afilter,

that "in many universities, fewer than half of the students who begin calculus finish the

term with a passing grade (p.xi)." Too many of these students fail their calculus courses or

just barely pass, indicating they certainly have little understanding of calculus. Even

among those who manage to survive with fair or good grades, knowledge of calculus is

often superficial (Compton, 1987) and restricted to more skill in solving routine

computational exercises (Douglas, 1986; Steen, 1987). Students frequently have no idea

what understanding of the concepts of calculus is nor do they realize the limit as the central

idea for the calculus.

The Important Role of Limit Concept in Calculus

Many mathematicians and mathematics educators (Allendoerfer, 1963, Buchanan,

1965; Chaney, 1968; Confrey, 1980; Fless, 1988; Hight, 1963; Williams, 1989) have

commented on the importance of the limit concept in learning the calculus. EAllendoerfer

(1963) stated that "many people assume that calculus is chiefly concerned with

differentiation and integration, but this is a superficial point of view. The essential idea of

calculus is that of a limit and without a clear exposition of limits any calculus course is a

failure (p.484)." The mathematical concept of limit is one of the basic and most important

concepts in calculus. Without an understanding of the notion of limit, the student's

understanding of calculus will be at best superficial) There is a new trend of qualitative

research on the learning of calculus (Confrey, 1980; Dreyfus, 1990; Dreyfus and

Eisenberg, 1983; Davis and Vinner, 1986; Even, Lappan, and Fitzgerald, 1988; Orton,

1983a, 1983b; Tall and Schwarzenberger, 1978; Tall and Vinner, 1981; Vinner, 1983,
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1987) suggesting that college Students' understanding of fundamental calculus concepts,

such as function, limit, derivative, and definite integral are undeveloped.

The theory of limits is important for learning mathematics both in the secondary

schools, and in colleges. Hight (1963) argued that "the greatest gap between secondary

school mathematics programs and colleges seems to be due to the present treatment of

limits (p.205)." Hence a good understanding of the limit concept might narrow the gap.

Chaney (1968) found a unit on limits to be very valuable to students preparing for college

calculus. However, does the limit concept only enhance the learning of calculus

specifically?

The Limit Concept Is Important

Many of the topics taught in the secondary schools and high schools cannot be

adequately understood without an understanding of limit. Some of these topics include the

circumference and area of a circle, finding the value of it, finding the area and volume of a

sphere, finding the sums of geometric series, graphs of some given functions and

asymptotes (Smith, 1959). An understanding of limits is central to a mature understanding

of the real numbers (Confrey, 1980; Tall & Schwarzenberger, 1978), to the development

of formulas for areas as well as volumes of geometrical figures (Buchanan, 1965), and an

understanding of infinity (Fischbein et al., 1979) . The limit concept is not only critical for

the learning of calculus, but also for the following reasons:

1. The limit concept shows up in one of the earliest problems of geometry--the

area of a circle. The area of a circle of unit radius cannot not be calculated

explicitly in terms of rational numbers. The ancient Greeks approximated it

by calculating the area of inscribed polygons with increasingly many sides.

So, if An is the area of the inscribed regular n-gons, then u: n
13?... An by

the formal definition of the limit of a sequence.

2. Various methods for approximate solution of equations, such as Newton's

method, lead to sequences which converge to the (unknown) true solution

of the equation.
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3. The fundamental concepts of calculus are defined using limits. Thus

without limits, calculus and much of higher mathematics would not exist.

4. Some mastery of the limit concept is also necessary for an understanding of

the real number system. For example, what do we actually mean by an

infinite decimal expansion? Why is it wrong to say 43 = 1.7320508

(although this is what my calculator says). What do we mean by numbers

likenande?

How the Limit Was Taught in School

Even though the mathematical concept of limit is important, Students' notions about

limits are frequently vague and incorrect. Many of the students have never encountered

limits before they take calculus (Orton, 1987). Nearly every calculus course begins its new

material with some consideration of limits either in terms of limit of functions or in terms of

limit of sequences. Many of the textbooks start with the limit of functions’ treatment and

the limit of sequences has been treated as a special case of the limit of functions. In varying

degrees of completeness and formality, the limit concept is treated only as the groundwork

which is laid for later development of the concepts of derivative and integral. How is the

concept of limit usually developed? First, class discussions of limits generally begin with

some dynamic informal discussion of "f(x) getting close to L" as "x gets close to a." This

informal introduction is quickly followed by a formal 8-8 definition of limit. Assignments

and test questions rely on either algebraic manipulation and evaluation of limits or on some

application of the formal definition (Fey, 1984). Typical assignments in the textbooks are

of two varieties. First, students are asked to compute the limits of continuous functions;

the task is merely one of substitution into a formula. In the second type of exercise,

students are asked to find limits at the points of discontinuity; the expected solution requires

an algebraic substitution and reduces the question to a case of numerical substitution or

some memorized techniques for finding limits. Students' intuitive understanding of limits

makes no connection with the formal treatrrrent on which they have spent most of their time
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(Fey, 1984). At the same time the formal treatment of the limit concept is far beyond their

comprehension with the symbols, notations, and apparently unrelated subconcepts. In

addition to these complications mentioned above, students have to deal with a combination

of limits for the sequence of dependent variables and the sequence of independent

variables.

The prevalence of misconceptions about limits (Confrey, 1980; Davis & Vinner, 1986;

Davis, 1984, 1985; Dreyfus, 1990; Fischbein et al., 1979; Fless, 1988; Orton, 1983a,

1983b, 1987; Orton & Reynold, 1986; Sierpinska, 1987; Tall, 1981, 1985; Tall &

Schwarzenberger, 1978; Tall & Vinner, 1981; Williams, 1989, 1991) is not surprising.

The limit concept is not easy to understand because it involves an infinite process in some

sense. Indeed, limits confused the best minds for centuries until finally, toward the end of

the 19th-century, they were placed on what most mathematicians regard as a satisfactory

foundation. (A more detailed description of the development of the limit concept will appear

in Chapter Two.)

Limits of Sequences

Sequences and their limits occupy a position in analysis that is more basic and

foundational than functions and their limits, derivatives, or integrals. Consider, for

instance, the sequence of inscribed polygons used by the ancients to calculate the area of a

circle. As another example, sequences formed by various iteration procedures, such as

Newton's method or the method of successive substitution, are often used to solve

equations. Sequences can be used to give an axiomatic development of the real number

system; in fact, a development of the real number system by sequences leads into the

concepts of fields, isomorphisms, and equivalence relations and equivalence classes, all of

which are important concepts of an algebraic nature.
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Sequences are simpler than functions because of their discrete nature, and yet they

represent an infinite process of some sort; the domain of a sequence is an infinite set. Thus

it is in studying sequences that the student encounters the limit concept in the simplest

possible context, free of external complications such as needing to understand the nature of

real intervals. Thus not only are sequences themselves of immense importance in

mathematics in general, but they are the avenue mathematics educators most often

recommend to introduce the limit concept in particular (Churchman, 1972; Curriculum and

Evaluation Standards for School Mathematics, 1989; Goals for School Mathematics, 1963;

Isaac, 1967; Macey, 1970; Shelton, 1965; Taylor, 1969,). Fort (1951) stated, "The easiest

way to master limits is by the use of sequences and progressions (p.v)." In a guideline for

teachers, Randolph (1957) put forth the idea that a treatment of limits should begin with a

study of sequences (p.200).

More recently, The National Council ofTeachers ofMathematics' Curriculum and

Evaluation Standardsfor School Mathematics (NCTM, 1989) provides a clear picture of

what the K-12 mathematics curriculum ought to emphasize. Whether the goals are for K-4

or 5—8 mathematics, the NCI‘M strongly recommends development of pattern recognition.

Patterns could be represented through a list of numbers, figures, graphs or objects. Pattern

recognition exercises naturally suggest the question "what will happen if this pattern

continues?" For example, one pattern exercise in Curriculum and Evaluation for School

Mathematics for K-4 mathematics asks "given a list of numbers such as, 1, 1, 2, 3, 5, 8,

13 ,. . . tell what number comes next? What is your reason?" In addition to that, teachers

could ask "what will happen if this pattern goes on forever? What is your reason?" The

sequence inu'oduced here not only enhances Students' ability of pattern recognition, but

also enhances the ability to grasp the notion of infinitely large, the infinitely small, the

infinite process, and what is the product of this unending process. In Curriculum and

Evaluation Standards for School Mathematics (NCTM, 1989), for 9-12 grades, the

mathematics curriculum should include:



10

1. Investigating limiting processes by examining infinite sequences and series

and area under curves; and

2 . Understanding the conceptual foundations of limit, the area under a curve,

the rate of change, and the slope of a tangent line, and their applications in

other disciplines.

The National Council of Teachers of Mathematics' Professional Standards for

Teaching Mathematics (NCTM, 1991) recommended that teaching mathematics should

focus on helping students learn to conjecture, invent, and solve problems which all relate to

sequence recognition which in turn helps the learning of limit concept. Teachers should

ask and stimulate their students by asking questions like the following:

1. "What would happen if . . .? What if not?"

2. "Do you see a pattern?"

3 . "What are some possibilities here?"

4. "Can you predict the next one? What about the last one? Would there be a

last one?"

The concept of limit is an important one in mathematics. Yet this aspect of

mathematical understanding is often neglected in the classroom (Orton, 1986; Orton &

Reynolds, 1986). It may not be appropriate to teach limits formally in school before

calculus, but the idea of a limit can easily be injected in a practical and intuitive way on

many occasions. If the concept of limits were developed whenever appropriate throughout

a mathematical education there would be more chance that sufficient time and experience

had been made available for real meaning to have become integrated within the knowledge

of su'ucture. Mathematics learning consists very largely of building understanding of new

concepts onto previous understood concepts (Orton, 1987). If students were taught to

connect mathematical ideas and application from early on by exposing, inventing,

conjecturing, and seeing patterns through the notion of sequences to the limit concept, then

its introduction in calculus would be less painful for the students (Orton, 1987).
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Research on Prospective Secondary Mathematics Teachers' Knowledge about Mathematical

LimitIs Needed

Results from a report of the Secondary International Mathematics Study indicated

that students of calculus in the United State were inferior to their counterparts in other

countries. Students' poor performance in calculus showed a lack of understanding about

some basic calculus concepts such as the notion of limits. Several studies have pointed to

common misconceptions about limits experienced by students (Confrey, 1980; Davis,

1984, 1985; Davis & Vinner, 1986; Dreyfus, 1990; Fischbein et al., 1979; Fless, 1988;

Orton, 1983a, 1983b, 1986, 1987; Orton & Reynold, 1986; Sierpinska, 1987; Tall, 1981,

1985; Tall & Schwarzenberger, 1978; Tall & Vinner, 1981; Williams, 1989, 1991). But

there seems to be no study done on the teachers who teach calculus. What are their

understandings about the limit concept? What are their misconceptions about the limit

concept? Because a large and increasing number of students will probably start learning

their calculus during formative stage in their development in secondary schools, the

knowledge and understanding of calculus on the part of their teachers will be very

important (MAA Note #6, 1986). What are their interpretations of the limit concept while

in a teaching situation ? What kinds of misconceptions, difficulties and errors do they

make? Are their misconceptions, difficulties, and errors similar to the Students‘ as shown

by the research? Understanding prospective teachers' misconceptions, difficulties, and

errors help them become better prepared in their subject matter for teaching students. After

all, today's prospective teachers are tomorrow's teachers.

Research on Teachers' Knowledge in General

Most of the early studies of teachers' knowledge emphasized relatively quantitative

measures of teachers' knowledge, such as number of courses completed or performance on
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a standardized test (Ball, 1990; Carpenter, 1989; Even, 1989; Shulman, 1986). Carpenter

(1989) stated that research on teacher thinking in the past has focused on generic processes.

These generic processes are usually described as: whether teachers use a rational planning

model; whether they plan in terms of lessons, units, or some other segment of time; to what

factors they attribute Students' successes and failures in a quantitative version. For the

most part, past research has not seriously examined the subject matter taught as a variable

to be investigated. Carpenter (1989) stated that teachers need a paradigm that blends the

concern for the realities of classroom insu'uction with the rich analysis of the su'ucture of

knowledge and problem solving.

Peterson et al. (1987) argued that few researchers have attempted to take subject

matter into account in analyzing teachers' beliefs within a specific topic area. Romberg &

Carpenter (1986) argued that research on teaching mathematics should incorporate an

analysis of the mathematics content into their studies of teaching. Recently research has

emerged that studies how mathematics teachers' views about subject matter, teaching, and

learning influence their classroom behavior (Madison-Nason & Lanier, 1986; Carpenter et

al.,1986). Teachers' thoughts, beliefs, and cognition, as well as Students' thought and

actions have been emerging as important areas of inquiry in the recent research on teaching

and learning (Clark & Peterson, 1986; Wittock, 1986). But most of this research

emphasizes primarily content-free generic cognitive processes and instruction. Brophy

(1986) stated that research is needed on teacher effectiveness within specific subject matter

areas. Shulman (1986) labeled the absence of the focus on the subject matter to be taught

in this new cognitive research on teaching as a "missing paradigm."

Research on learning and learners, and research on teaching and teachers, have

been conducted separately from each other for a long time. There is not much research in

mathematics education that integrates knowledge from both bodies of work. But teaching

cannot be successful unless learning takes place and the process of learning is influenced

directly by the different approaches to teaching and the teacher who is doing the teaching.
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Learning and teaching, learners and teachers are two sides of a coin. The desirability of

research that integrates research on teaching and teachers and research on learning and

learners has been realized.

Recently, Shulman (1986) has proposed more qualitative analyses of teachers'

knowledge. He suggested that a teacher should have three categories of knowledge:

subject matter knowledge, curricular knowledge, and pedagogical content knowledge. The

study of teachers' subject matter knowledge has thus come to represent a new focus in

research on teaching (Shulman, 1986) and teacher education (National Center for Research

on Teacher Education, 1988). From a variety of perspectives and with a variety of

approaches researchers increasingly focus on the subject matter knowledge of teachers and

its role in teaching. In research on the teaching of mathematics, some researchers

investigate teachers' and prospective teachers' beliefs about the subject or their notions

about teaching it. Other researchers focus on teachers' and prospective teachers'

understandings of specific topics (Ball, 1988, Ball & McDiarmid, 1988; Davis, 1986;

Dreyfus & Vinner, 1982; Even, 1989; Linhardt & Smith, 1985; Hershkowitz & Vinner,

1984). They explore how teachers think about their mathematical knowledge and how they

understand (or misunderstand) specific ideas.

Due to advanced technology, we live in an information-driven society. In order to

provide a workforce to meet the needs for this society, mathematics teaching can no longer

be confined as the providing of skill acquisition, but rather should be perceived in terms of

drinking processes (Balacheff, 1990). Teachers need a knowledge that, as stated by

Carpenter (1989) "May provide teachers with a basis to more effectively assess their

Students' knowledge and make decisions about appropriate insu'uction." Teachers' beliefs

and knowledge about a specific topic in mathematics may have a profound effect on how
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they teach and as a consequence on the learning of students in their classrooms. The

National Council of Teachers of Mathematics' Professional Standards for Teaching

Mathematics recommended that the image of mathematics teaching should include the

following:

1. Selecting mathematical tasks to engage Students' interests and intellect;

2. Providing opportunities to deepen their understanding of the mathematics

being studied and its' applications;

3. Orchesuating classroom discourse in ways that promote the investigation

and growth of mathematical ideas;

4. Using, and helping students use, technology and other tools to pursue

mathematical investigations;

5 . Seeking, and helping students seek, connections to previous and developing

knowledge;

6. Guiding individual, small-group, and whole-class work (p.1).

The concept of limit has had profound influence on the development of mathematics

in general and on the rigorous foundation of calculus in particular. It is a concept that

provides connections to previous and further developing mathematical knowledge.

Ptupose of this Study

The purpose of this study, therefore, is to investigate prospective secondary

mathematics teachers' understanding about the mathematical limit in terms of subject matter

knowledge, curriculum knowledge and pedagogical content knowledge (Shulman, 1986).

In the understanding of subject matter knowledge, this researcher intends to find out how

well prospective teachers understand the limit concept and what their misconceptions,

difficulties, and errors about the limit concept are. In curriculum knowledge, this

researcher intends to find out what prospective teachers thought the role of limit concept in

the K-12 mathematics curriculum should be and what activities for helping younger

students to learn this limit concept could be developed In pedagogical content knowledge,
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this researcher intends to find out how they think about teaching this limit concept when

provided a teaching situation, and how much they know about Students' misconceptions,

difficulties, and errors; and what are their strategies for helping their students to overcome

these misconceptions, difficulties, and errors. The purposes of the present study are:

1.

2.

To examine prospective secondary mathematics teachers' understanding

about the limit concept.

To investigate prospective secondary mathematics teachers' misconceptions,

difficulties, and errors and their model of the limit concept.

. To describe prospective secondary mathematics teachers' opinions about the

connection of the limit concept to K-12 mathematics cuniculum.

To explore prospective secondary mathematics teachers' understanding

about Students' misconceptions, difficulties, and errors concerning the limit

concept.

Based on the above purposes this researcher intends to investigate the following

research questions:

1.

2.

How well do prospective teachers understand the concept of limits?

What kinds of misconceptions, difficulties, and errors do prospective

teachers have concerning the concept of limits?

. What are prospective teachers' opinions about the involvement of the

 concept of limits in k- 12 mathematics curriculum?

. What are the possible misconceptions, difficulties, and errors the

prospective teachers anticipate in teaching the concept of limits?

The Su'ucture of this Dissertation

The second chapter focuses on the limit concept and the development of the limit

from a historical point of view based on books and articles written by Boyer (1949), Cajori

(1915, 1923), Confrey (1980), Edwards (1979), and Kline (1970, 1972, 1980). The

discussion focuses on how the limit concept has evolved over time, and on how the

concept has been perceived by mathematicians in different times. What turned the ancient
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mathematicians' minds towards the origins of the limit concept? What phenomena in the

real world motivated the mathematicians, philosophers, and physicists to develop an

intuitive understanding of this limit notion? How did this intuitive understanding create

difficulties in the development of the limit concept? What prevented the development of a

rigorous formulation of the limit concept for such a long period of time? This chapter, on

the development of limit concept, shows that many ancient mathematicians who lacked a

rigorous understanding could often solve the computational work, which is similar to many

students in present-day classrooms. In this chapter we also see that the difficulties

encountered by many students today confused many ancient mathematicians and that the

misconceptions prevalent among today's students were common to some of the ancient

mathematicians. Errors made by students were made by some of the ancient

mathematicians too. Perhaps, as an educator, one should start to think about mathematics

history and how history of mathematics can help in teaching mathematics.

The third chapter is the literature review, which consists of four different categories

of studies. The first category of literature review will focus on the studies related to

students' notion of limit in the following areas: 1) studies pertaining to the psychological

question: can students at the high school level learn the limit concept, 2) studies pertaining

to the philosophical question: assuming that the high school students can learn the limit

concept, should it be taught, 3) studies pertaining to the pragmatic question: what is the

best method for teaching the limit concept, and 4) studies pertaining to the students'

misconceptions: what are the students' rrrisconceptions, what causes these misconceptions,

could these misconceptions be changed by providing an adequate teaching situation

(Confrey, 1980; Davis, 1984, 1985; Davis & Vinner, 1986; Dreyfus, 1990; Fischbein et

al., 1979; Fless, 1988; Orton, 1983a, 1983b, 1986,1987; Orton & Reynold, 1986;

Sierpinska, 1987; Tall, 1981,1985; Tall & Schwarzenberger, 1978; Tall & Vinner, 1981;

Williams, 1989, 1991). The second category of the literature review will focus on studies

pertaining to the teachers' misconceptions: What are the teachers' misconceptions, what
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causes these misconceptions, and how might these misconceptions affect their teaching?

The third category of literature review will focus on studies pertaining to levels of

understanding of specific mathematics topics. The last category of literature review focuses

on the teachers' knowledge: How knowledge is categorized? What are different

representations of knowledge? How is teacher's knowledge stored ?

Chapter Four includes the design of this study, the theoretical model of five-

category of understanding for analyzing the data, the consu'uction of the questionnaire test

items, the design of the interview questions, the background of the subjects, the models of

limit held by the subjects, the procedures of data collection, and data analysis.

The fifth chapter consists a report the analyses of the data. The analysis will focus

on discussing the results of these four research questions: 1) How well do prospective

teachers understand the concept of limits? 2) What kinds of misconceptions, difficulties,

and errors do prospective teachers have concerning the concept of limits? 3) What are

prospective teachers' opinions about the role of the concept of limits in k-12 mathematics

curriculum? and 4) What are the possible misconceptions, difficulties, and errors

prospective teachers anticipate in teaching the concept of limits? These four research

questions are intended to find out about prospective teachers' subject matter knowledge,

curriculum knowledge, and pedagogical content knowledge. The discussion of the first

two research questions will describe what prospective teachers' subject matter knowledge

about limit concept is. Results related to the third research question will describe what

prospective teachers' curriculum knowledge looks like. And the discussion of the fourth

research question will describe what prospective teachers' pedagogical content knowledge

is. Because of the small number of responses on the survey questions and the fact that

only four prospective secondary teachers were interviewed, there was inadequate data to

come to any significant conclusions related to research questions three and four concerning

the curriculum knowledge and pedagogical content knowledge; however, the data collected

from the survey and excerpts from transcripts of the interviews are presented in order to
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perhaps motivate or provide baseline information for future studies that may examine these

types of teachers' knowledge. The discussion to the first two research questions will be

based on the responses of the participants provided on the questionnaire question items Part

II number 1 through number 10. A scale like the Guttman scalogram scale was used to

scale prospective teachers' performances at 70%, 80%, 90% criterion, and a consu'ucted

theoretical model of categories of understanding has been developed, and will be used as

the frame to discuss the understanding about the limit concept. The responses of the

participants will be gathered, grouped and analyzed based on the consu'ucted theoretical

model of five categories of understanding.

The third research question: What are prospective teachers' opinions about the role

of the concept of limits in K-12 mathematics curriculum? was embedded in the first part of

the questionnaire. In there, the subjects were asked to respond to the same open-ended

question. The responses showing whether or not the prospective secondary mathematics

teachers are aware of the role of the limit concept in K-12 mathematics curriculum were

gathered. First this researcher will list the activities that the participants provided in the

survey as examples of what they thought would be good activities for K-2 and 4-5 grade

ranges of children. Next, the transcripts of four subjects' interview data were presented

and followed by a short summary.

The last research question: How much do the prospective secondary mathematics

teachers anticipate the students' misconceptions, errors, and difficulties? was embedded in

the first part of the questionnaire. The responses will be listed and grouped. First, the

researcher will write down the participants' statistical results on the survey, and then

qualitatively explain what misconceptions, difficulties, and errors the participants thought

most often occur. Next, the researcher will describe what the participants thought would

be a good method to alleviate these difficulties, misconceptions, and errors. Finally there

follows an in-depth discussion based on the transcripts fiom the four interviewees.
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The final chapter contains a short summary, defines the limitations of this study,

gives some recommendations for teaching the notion of limit, and mentions some possible

further research directions.



CHAPTERTWO

THE CONCEPT OF THE LIMIT: AN HISTORICAL PERSPECTIVE

The notion of limit is a central idea in many different branches in mathematics.

Basically, some version of the limit concept must appear whenever some mathematical

object (e.g. a geometric figure or a number) is represented as somehow being the end result

of some infinite process. Limits are necessary in mathematics because finite processes are

not sufficient to enable one to advance very far in certain vital mathematical analyses. The

limit concept is the logical cornerstone of the calculus, which means that students who do

not understand this concept never advance beyond a superficial understanding of calculus.

This is why researchers have been interested in trying to investigate what it is about the

limit concept that makes it so particularly difficult to grasp.

Researchers on students' understanding of limits have found that errors and

mistakes seem to broadly follow certain patterns; there seem to be certain misconceptions

and concept image difficulties that are common to many students (Confrey, 1980; Davis,

1984, 1985; Davis & Vinner, 1986; Dreyfus, 1990; Fischbein et al., 1979; Fless, 1988;

Orton, 1983a, 1983b, 1986, 1987; Orton & Reynold, 1986; Sierpinska, 1987; Tall, 1981,

1985; Tall & Schwarzenberger, 1978; Tall & Vinner, 1981; Williams, 1989, 1991). A

study of the historical development of the limit can afford valuable insight into why people

think the way they do. As Confi'ey (1980) remarked, "One way to discover and investigate

a conceptual change problem is through examining the historical development of a concept

or system of concepts." This researcher believes that to a large extent each student must

create mathematical knowledge from the very beginning for him/herself, experiencing

20
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mankind's mathematical development in microcosm. Morris Kline (1970) argued the

following:

There is not much doubt that the difficulties the great mathematicians

encountered are precisely the stumbling blocks that students experience and

that no attempt to smother these difficulties with logical verbiage will

succeed. . . . Moreover, students will have to master these difficulties in

about the same way that the mathematicians did, by gradually accustoming

themselves to the new concepts, by working with them and by taking

advantage of all the intuitive support that the teacher can muster (p.270).

This study of the history behind the limit concept has, in fact, been fruitful. We

find many of the concept-image problems of present-day students uoubling mathematicians

of the past, many of them among the greatest thinkers of their time. This is suggestive, at

least, that there are certain conceptual difficulties and hindrances to absorbing the limit

concept that are somewhat "natural" and "inevitable" features of the human mind. There

may be certain successive stages of understanding that almost everyone must go through.

If this is indeed the case, it would certainly be desirable if teachers were sensitive to these

stages and could devise strategies for helping students get through them.

The history of the continuum concept parallels the history of the limit concept. The

mathematical concept of the continuum, though difficult in some ways to understand, and

impossible to understand without talking about limits, actually makes many problems

easier. The mechanics of solid bodies (a branch of physics), would be made much more

difficult by thinking of each body as made up as a very large but finite number of atoms,

each of which had to be mathematically described separately, rather than as a continuous

spread of mass. In studying the history of the development of the notion of limits, we will

be able to see how mathematicians of the past were unable to answer satisfactorily

questions of great importance in the development of science because the concept of the limit

and techniques in infinite processes were missing. We can see that on many occasions

mathematicians came close to understanding limits but were unable to formulate their

concepts with the necessary precision. We will have a better understanding of why the
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final formulation of the limit concept, as given by Weiersu'ass in the 1870's, needed to take

the form it did. It seems that these insights concerning the limit concept: its necessity in

mathematics and science; why it proved so elusive; why it took the final form it did, are

actually insights about why the calculus is so difficult for students to grasp.

In this historical survey, we shall find that many of the questions that puzzle

present-day students concerning the nature of infinite processes, limits, and the number

system (Confrey, 1980; Taback, 1975; Williams, 1989) also bothered many of the greatest

drinkers since antiquity. In fact, many of the concept images of the participants in this

study, as evidenced by questionnaire responses and interviews, were shared by a large

number of mathematicians in the past. We have used the term "concept image" above, and

it is wise at this point to clarify what we mean by this term. Tall and Vinner (1981) gave

the following definitions for concept image and concept definition:

We shall use the term concept image to describe the total cognitive su'ucture

that is associated with the concept, which includes all the mental pictures

and associated properties and processes. It is built up over the years

through experience of all kinds, changing as the individual meets new

stimuli and matmes.

We shall regard the concept definition to be a form of words used to specify

that concept. It may be learnt by an individual in a rote fashion or more

meaningfully learnt and related to a greater or lesser degree to the concept as

a whole. It is then the form of words that the student uses for his own

explanation of his (evoked) concept image. Whether the concept definition

is given to him or consu'ucted by himself, he may vary it from time to time.

In this way a personal concept definition can differ from a formal concept

definition, the latter being a concept definition which is accepted by the

mathematical community at large (p. 152).

It seems as though mankind as a whole, in coming to understand the foundations of

calculus, has had to go through essentially the same sequence of understanding as every

present day student must go through if he/she is to truly master calculus. The root cause of

all the difficulties with the limit concept is that the naive human mind cannot conceive of

infinity; everything one experiences is finite. Yet in mathematics, as one shall see, the

infinite inu’udes at a very early stage of development. What was needed was a way to
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bridge the gap between the inability to visualize the whole of an infinite process and the

need to be able to work with entities which could only be realized as the end results of

some infinite process. This needed bridge is the concept of the limit.

Pre-Hellenic Mathematics: Greek Notion of Mathematics as a Deductive System

The pre-Hellenic Egyptians produced a large body of numerical and spatial relations

as a result of empirical investigations, and even found the formula for volume of square

pyramids, probably as an extrapolation from empirical work (Boyer, 1949). The

Babylonian astronomers studied problems involving continuous variation, by tabulating

values of certain functions (such as brightness of the moon) and then inferring the

(approximate) maximum of the function (Boyer, 1949). These accomplishments seem

primitive to anyone with some knowledge of modern mathematics, but one has to

remember that these people were organizing knowledge out of the raw material presented

by sensory perception. Boyer (1949) remarked,

More fundamental than this lack of deductive proofs of inferred results is

the fact that in all this Egyptian work the rules were applied to concrete

cases with definite numbers only. There was no conception in their

geometry of a triangle as representative of all triangles, an abstract

generalization necessary for the elaboration of a deductive system (p.15).

Thus the pre-Hellenic Egyptians had not reached a stage of sophistication where it

would occur to them to make a general statement about, for example, all triangles, and then

try to prove the statement for all triangles at once.

The ancient Greek mathematicians adopted the attitude that mathematics was to be a

closed deductive system, and this largely determined for all later generations the principle

characteristic of the area of activity known as mathematics. This seems to have happened

very early in Greek mathematics with Thales (Boyer, 1949). It is possible that Thales was

influenced by Egyptian and Babylonian thinkers, but information about this period is
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fragmentary. A further reason for continuing to maintain mathematics as a closed deductive

system was the Greek belief in the unity and reasonableness of nature, a belief that led them

to think that the laws of nature could be deduced as part of mathematics (Boyer, 1949).

Going right along with this, in fact probably inseparable from it, is the philosophical

attitude that the geometric figures to be considered must be abstractions rather than actual

material objects. As Morris Kline (1972) remarked:

One of the great Greek contributions to the very concept of mathematics was the

conscious recognition and emphasis of the fact that mathematical entities,

numbers, and geometrical figures are abstractions, ideas entertained by the mind

and sharply distinguished from physical objects or pictures.... Moreover,

geometrical thinking in all pre-Greek civilizations was definitely tied to matter.

To the Egyptians, for example, a line was no more than either a stretched rope

or the edge of a field and the rectangle was the boundary of a field (p.29).

Greek Concepts

One of the necessities for the development of modern mathematical analysis (by

which one means calculus and its various extensions and applications) is an adequate

concept of the number system. The real number system one uses today is not directly

observable. What is more or less observable is the counting numbers; that is, the set of

positive integers. Any more elaborate number system must be in large part an invention of

the human mind. "The integers come from God, all else is the work of man" as Leopold

Kronecker once remarked (Kline, 1972, p.979). The ancient Greek's did not regard the

fraction 2/3, say, as a single number, but thought of it as a proportion 2:3 (Boyer, 1949;

Kline, 1972). They developed a theory of proportions, a proportion being really an

ordered pair of integers. Thus the Greek's number systemW

the same time, the Greek mathematicians were working on the problems of area and length.

Since area and1W

terms of other notions which are already understood.) they based their theory on the notion
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of application, by which they basically meant placing one figure on the top of another and

seeing if one fit inside or coincided with the other. The Greek geometers did not think of a

single figure, such as rectangle or a circle, as having an area, say, or a length, but rather

thought in terms of ratios of two figures. Two figures A and A' (e.g. segments or]

rectangles) were called commensurable if a third figure B could be found such that A and

A' could each be chopped up into an integral number of copies of B. Any pair of line

segments having rational lengths (or any pair of rectangles having rational sides) would be

commensurable. If all line segments were of rational length then any pair of line segments

would be commensurable. It was discovered, to the considerable dismay of Greek

geometers, that certain pairs of line segments were incommensurable (Boyer, 1949;

Browne, 1934; Cajori, 1915, 1923; Edwards, 1979; Kline, 1972). Indeed, it was found

that the diagonal of a square is not commensurable with its sides. Thus, as a corollary, not

all lengths were rational multiples of each other.

This incommensureability phenomenon meant that for the Greek mathematicians

there was no exact correspondence between numbers and geometric quantities like length

and area, and this hampered the development of Greek mathematics. They talked of

geomeuic magnitudes, but could not regard magnitudes and numbers as the same thing,

because they only recognized what now would be called the rational numbers and therefore

any pair of numbers would have to be commensurable.

Some attempts were made to remedy the incommensureablility dilemma by ‘

introducing a kind of infinitely small segment which could be used as a common unit of E

measure for the side and diagonal of a square, but Greek mathematicians generally did not

take kindly to infinitesimals. Indeed, admitting inf'mitesimals was correctly seen to be

equivalent to admitting infinity, and Greek thinkers had, as Boyer and Edwards remarked

several times, a "horror of infinity." Kline (1972) informed us that good and evil were

associated with limited and unlimited respectively (p.175). Since the Greek thinkers had a

great deal of faith in the reasonableness of nature and believed that mathematics rrrirrors
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nature closely, they rejected such things as infinite sets and infinite processes. Aristotle

distinguished between a "potential infinity" and an "actual infinity." (Boyer, 1949;

Fischbein et al. 1979; Kline, 1972; Tall, 1981) "Potential inf'rnity" occurs in a situation in

which no matter where one is one can go another step; for example, given any positive

integer one can always think of a larger one. Thus the set of whole numbers can be

regarded as potential infinity in that, if one stops at one million, he/she can always consider

one more, two more, and so forth. However, the set of whole numbers viewed as an

existing totality is actual infinity (Kline, 1980). Aristotle denied the existence of the actual

infinity. Aristotle said, "In point of fact they (mathematicians) do not need the infinite and

do not use it (Boyer, p.41)."

Greek mathematicians also grappled with trying to understand the nature of time

and space. Many ascribed to an atorni ' ' ' tainin that time and/or 5 e is made

up of individual units, something like "atoms" of time or space. Others saw time and space i

M

as connected, and Plato seems to have tried to fuse the two viewpoints by thinking of them

as "generated by the flowing of the apeiron" (Boyer, p.28). The”HEW f

the continuous was in all a puzzle to the Greek, as noted by Kline (1972), who goes on to
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paraphrase Aristotle on the relation betweeWints and lines, "Though he admits points are

on lines, he says that a line is not made up of points and that the continuous cannot be made

up of the discrete . . . (p.175-176)."

The weakness in Greek concepts of number, time and space were pointed up by

Zeno, who propounded his famous four paradoxes. The first two paradoxes, known as

Rexmchgmmy and the Achilles, seem to show it is logically inconsistent to hold that time

and space are infinitely divisible, and the third and fourth paradoxes, known as theAm

and the 5m, go in the other direction by seeming to show that the atomistic view of time

and space is self-contradictory. (For a brief description and discussion of the paradoxes,

see Boyer, 1949, p.24 and Kline, 1972, p.35-37. As an example, let us briefly sketch one

of these paradoxes, the paradox commonly known as the Dichotomy. The Dichotomy goes
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as follows: in order to traverse a line segment AB, one must first arrive at the midpoint C of

AB; to arrive at C one must first arrive at the midpoint D of AC; and so forth. "In other

words, on the assumption that space is infinitely divisible and therefore that a finite length

contains an infinitely number of points, it is impossible to cover even a finite length in a

finite time (Kline, 1972, p.35)."). The Greek philosophers were not able to really resolve

/4 7'-HM"_N lit-“NW

th arad ,andrn' f tth h eol Meocent‘un latese p oxes ac ey puzzled “suc p e as 1 es“ er

.. 1

(Boyer, 1949). As Boyer (1949) pointed out the uneasiness caused by the paradox known

as the Dichotomy is caused by the process by which an infinite series converges to a finite

sum and he continued,

(I; is clear that the answers to Zeno's paradoxes involve the notions of

continuity, limits, and infinite aggregates-absu'actions (all related to that of

Z number) to which the Greeks had not risen . . . (p.25).

Perhaps the root of the problem was the difficulty understanding how a finite

interval of numbers could be divided into infinitely many subsets. The paradoxes of Zeno

(Boyer, 1949; Cajori, 1915; Kilmister, 1980; Kline, 1972) seemed to have discouraged

Greek mathematicians from trying to quantitatively describe and analyze variable

phenomena, in particular motion. In fact, throughout the history of mathematics the

understanding of motion seems to have remained harder to achieve than the understanding

of shape and of number. In this regard, Boyer (1949) remarked that "as long as Aristotle

and the Greeks considered motion continuous and number discontinuous, a rigorous

mathematical analysis and a satisfactory science of dynamics were difficult of achievement

(p.43)."

The possibility of finding inscribed and circumscribed regular polygons which fit

the circle closely was the basis for estimating its area and proving statements about its area.

It seems to have even been hoped by early geometers (Boyer, 1949, p.32) that by

successively doubling the number of sides of the inscribed regular polygon one could

eventually reach a polygon which would coincide with the circle. Although later geometers
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know that there is no way to reach a "last polygon," the sequence of inscribed and

circumscribed regular polygons one gets by successively doubling the number of sides is a

very useful sequence, for it is possible to compute the bases and altitudes of the constituent

triangles, and so compute their areas. One has then a sequence {Pu}, where Pn is a regular

polygon having 2n sides, and an analogous sequence 1%} of circumscribed regular

polygons, and one has

Areaoan<AreaofC<Areaonn.

If one calculates the first and the third quantities for a large value of n, one has a good

approximation to the area of the circle. The reader who wishes to draw a circle with

inscribed and circumscribed regular polygons of 4 sides (n=2), then 8 sides (n=3), then 16

sides (n=4), will see why it seems reasonable that these regular polygons will fit the circle

more and more closely and will in fact fit the circle very closely for very moderate values of

n.

There is of course no value of n so large that Pu and Qn actually coincide with the

circle, but one can understand how this possibility would occur to a geometer who thought

of the points on the circumference as having a certain size, like an "atom of arc length."

This sequence of regular polygons may well be the first example of a really natural

and useful sequence. [A modern mathematician would think of the area of C as being the

limit, as n tends to infinity, of the numbers {Area of Pn}, perhaps taking this to define

what is meant by the term "area of the circle." One has to remember that the Greek

mathematicians would not have regarded an infinite process as being completed, but one is,

one way or another, thinking of the circle as being the end result of some infinite process

when one considers computing its length or area. The mathematicians and philosophers of

Wepart did not believe1W

Wmugpmcgmgesenses. For example, Boyer

(1949) stated that "... Aristotle did not go beyond what is clearly representable in the

 

mind. In consequence he denied altogether the existence of the actual infinite and restricted
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the use of the term to indicate a potentiality only (p.40)." To a mathematician of that era, it1

would have been invalid to think of a circle as being a limit of polygons unless one could "a

 
visualize the whole process by which the polygons "eventually become" the circle, and

such a visualization is impossible. Explaining how a sequence of polygons can eventually J

become a circle is very much like answering the Zeno paradox called the Achilles.

Although the geometry problems dealt with by the ancients frequently involved

infinite processes, implicitly or otherwise, they were frequently able to sidestep a direct

confrontation with the infinite (and'tlrus with limits) and still make progress by using a

technique known as the "Method of Exhaustionlh This method was used also by later

geometers. Basically the method can be described as applying (often in ingenious ways),

the Axiom of Eudoxis, which can be stated as follows:

\_. ,.- "'

«Q: of Eudoxi’si‘ Let Mo and e be given magnitudes and suppose that M1 is

formedEy'tIrr'o’wing away at least half of Mo (so that M15 %1) and similarly,

M

M2 is formed by throwing away at least half of M1 (MZS —2-1-), and that this

- - - . Mi-r
process rs continued , rn such a way that we always have M15 —2—- , Then

there is a natural number n for which Mn < e.

In more colloquial language, if we successively bisect some magnitude we eventually reach

a stage where what is left is less than any pro-assigned magnitude. By using this method,

the Greek mathematicians were able to avoid having to regard infinite processes as being

completed, but there was a rather heavy price; it seems the logic of the situation is such that

this method ends up involving a double, reductio ad absurdum. This meant that their proofs

could often be quite cumbersome and difficult. To appreciate this point one can read

(Edwards, 1979, p.16-27), in which several examples of the method of exhaustion are

given. As Edwards (1979) remarked:

A logically complete indirect proof is thereby obtained without explicit

reference to limits. The mystery which the Greeks attached to the infinite
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and, in particular, to what we call the limit concept is absorbed (if not

obviated) in Eudoxus' principle (p.27).

Although the purpose of Eudoxis' Axiom was to obviate thediffiW

processes, one can see the seeds of the modern limit concept in it. First, there is clearly an

intuitive recognition of the fact that the sequence (1/2)n tends to zero.‘ More striking is the

conception that the magnitudes Mn eventually become less than any pre-assigned fixed

magnitude.

As stated earlier, the Greek mathematicians had a "horror of infinity." However,

Achimedes used infinitely small quantities (infinitesirnals), but only as an intuitive working

tool. Boyer (1949) explained that "using this heuristic method, Archimedes was able to

anticipate the integral calculus in achieving a number of remarkable results" (p.50).

However, Boyer thought that "Archimedes employed his heuristic method... as an

investigation preliminary to the rigorous demonstration by the method of exhaustion

(p.51)." A particularly remarkable achievement of Archimedes was his discovery of the

formula for area of a parabolic segment (Boyer, 1949). Achimedes was led to consider the

sequence of sums

A, A(1+1/4), A(1+1/4+1/42), ..., A(1+1/4+... + (1/4)“),

and by using the double reductio ad absurdum of the method of exhaustion inferred that the

area could be neither greater than nor less than (3/4) A. (A being the area of a certain

triangle inscribed in the parabolic segment.)

Medieval Times

With the collapse of the Roman Empire, about 500 AD, began a period of several

hundred years when scholarly activity and the development of science in Western Europe

basically stopped. The Greek heritage was not entirely lost because of the Byzantine and

Muslim civilizations which preserved it (Edwards, 1972). As Edwards (1972) remarked,
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For approximately four centuries the Muslim world preserved the Greek

mathematical u'adition and enriched it with the addition of Eastern elements

of arithmetic and algebra. By the end of the twelfth century Arabic science

had begun to decline but fortunately, Western Europe had emerged from its

dark ages with an appetite for new knowledge ( p.85).

Thus there is a long gap in time when not much happened that is directly relevant to our

history, but it is fortunate that the ancients' contributions were not lost.

During the thirteenth and fourteenth centuries the scientific works of Aristotle were

freely circulated, and stimulated much discussion on the nature of time and space, and the

notion of indivisible (Boyer, 1949). Some scholars claimed that time was made up of

indivisible, an hour containing 22,560 such instants, or "atoms of time." Others believed

time was composed of infinitely many continua.

During the second quarter of the fourteenth century the problem of quantifying

change was attacked by scholars at Merton College in Oxford (Edwards, 1979), including

Thomas Brandywine and Richard Swineshead (the latter of whom was also known as

Richard Suiseth, and as the Calculator). In particular they addressed themselves to dying

to quantify motion. This was an important new direction in mathematics. We recall that

the Greek mathematicians, perhaps dismayed by Zeno's paradoxes, were unable to apply

any kind of quantitative reasoning to motion, and regarded it as a quality rather than a

quantity (Boyer, 1949). WPMMPEPE9°HCSC scholars were probabl 1e

to attempt a mathematical analysis of changing quantities. These scholars came up with

sWWfiiformmaadon,and formulated the "mean

speed theorem," which says that under uniform acceleration the average speed during any

time interval is the arithmetic average of the initial and terminal speeds. Thus it was not

until the fourteenth century that mathematicians began to rise toward a descriptive deductive -

m ’1'”.fl»“uh—CHER W
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understanding of time and motion, so necessary to the development of any science of

“\ufiw,........"MN

dynamics. Other thinkers during medieval times also concerned themselves with

understanding of the nature of change and motion, of whom perhaps the most notable was
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Nicole Oresme, whose dates are approximately 1320-1380. Oresme wasfipe’rhapsW-

to make use of graphicalflrepresentations (Boyer, 1949; Edwards, 1979), very much as a

m \ __ _M

modern mathematician would. Oresme made "...most effective use of geomeuical diagrams

r r-"'

qufi—o

and intuition, and of a coordinate system, to give his demonstrations a convincing

simplicity (Boyer, p.80)," in contrast to the "tediously verbose" (Boyer, p.78) proofs

given by Calculator. Work on geomeu'y continued also during the medieval period. This

work apparently did not go significantly beyond what was known to the Greeks, but at

least all this activity kept the ancient knowledge alive.

Boyer (1949) essentially summed up the medieval period as follows:

I: has been remarked that the medieval period added little to the classicafl ,9

Greek works in geometry or to the theory of algebra. Its contributions were J i (3

chiefly in the form of speculations, largely from the philosophical point of l r” 4,

view, on the infinite, the infinitesimal, and continuity, as well as new points 1 g.

of view with reference to the study of motion and variability. Such {

disquisitions were to play a not insignificant part in the development of the

methods and concepts of the calculus, for they were to lead the early

founders of the subject to associate with the static geomeu'y of the Greeks

the graphical representation of variables and the idea of functionality (p.94). 4

'a\

l

The medieval mathematicians encountered and sometimes solved problems

involving infinite summations (usually called infinite series in present day mathematics).

Edwards (1979) informed us that "me)ubjecggfjnfimigiefies fascinated medieval
L- “M

pW—mthemaficigs, appealing to both their interest in the infinite and their

disputatious delight with apparent paradoxes (p.91)."

Calculator considered, and intuitively solved by means of a "long and tedious

verbal proof," the question of average velocity for a point which moves throughout the first

half of a certain time interval with a certain initial velocity, throughout the following eighth

at triple the initial velocity, and so on ad infinitum; in other words, be summed the series

1/2+2/4+3/8+...+n/2“+....

Oresme also solved some problems involving infinite summations. Edwards (1979) said,
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The study of infinite series continued during the fifteenth and sixteenth i.

centuries in the mode of Swineshead and Oresme, without significant f'

advance over their exclusively verbal and geometric techniques. The ‘~

principle contribution of these early infinite series investigations lay not in

the particular results obtained, butin the encouragement of a new point of

view--the free acceptance of infinite processes in mathematics (p.93).

From our point of view, then, there were two extremely important things that

happened during the thirteenth and fourteenth centuries. One was the free acceptance of;

infinite processes in mathematics. Mathematicians had begun to overcome the Greek

"horror of the infinity," a necessary step toward the eventual development of the limit

concept. The other was the initiation of a quantitative analysis of variable quantities. Thus i

mathematicians no longer needed to be confined to a static unchanging world as in the time

of the ancient Greeks.

The Sixteenth and Seventeenth Centuries

Some of the events of the sixteenth and seventeenth centuries contributed indirectly

to the development of the limit concept and to calculus, by simplifying and at the same time

emiching the mathematical environment in which the necessary discoveries were later to be

made. Mathematicians began to accept irrational and negative quantities--though

 

grudgingly, as bonafidenum13ers(Beyer,1949). FrancoisViete(1540-1603) invented an
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efficient system of notation, including a literal designation that clearly distinguished

between knowns and unknowns in an equation (Edwards, 1979). This evolved in such a

way that Rene Descartes (1596-1650) used essentially today's standard algebraic notation

(Edwards, 1979). This made it possible for mathematicians to communicate both the

statements and the solutions of problems with a brevity and clarity not possible for earlier

mathematicians, who necessarily had to use cumbersome verbal statements and

expositions, and doubtless made it easier to perceive common elements between problems.

Descaflesandliiermdgfiermat (1601Wanal tic geometry, and they also
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emphasized the notion of a variable, which was "indispensable to the development of the

possible to do all mathematics, including the mathematics relevant to this history, more

efficiently.

The works of Archimedes became widely available and popular during the latter

sixteenth century (Boyer, 1949) and soon mathematicians had reached the point where they

could make original extensions of the Greek work, solving newproblemsinvolvingareas,
 

 

_,__.—'

volumes, centroids and their geometric properties, The later sixteenth and earlier
lit-MW

. _ ...g-e-m.-__ u... ‘ “.mew- “a“.

seventeenth centuries saw a gr at deal of activity of this type. During this period

dissatisfaction with the ancient method of exhaustion, with its ubiquitous and often

cumbersome double reductio ad absurdum began to manifest itself. Many mathematicians,

notably Simon Stevin about 1585 and Luca Valerio about 1600, attempted to find

W

modific 'onWSS:procedure whichwguldobviate the need for always going

T "— mlv-h1_-

through the 30311319979999§9139 absurdum. Another school of investigators, notably

ergodic... and Galileo's student Cavalieri, essentially ignored the method of

exhaustion and achieved heuristic non-rigorous solutions of many problems by developing

a "method of indivisible" which is somewhat reminiscent of the intuitive explanation of

various formulas for area and volume offered to students of integral calculus today, and

also is similar to the infinitesimals method used as a preliminary exploratory tool by

Achimedes. Although Cavalieri was able to find the correct answers to many geometric

problems by his methods while avoiding the method of exhaustion, he was unable to

answer such questions as how a solid could be built up from entities that had no thickness

and how one could compare the indivisible of different solids (Boyer, 1949). Cavalieri

was interested in results, not rigor (Boyer, 1949). Torricelli (1608-1647), a disciple of

Galileo and Cavalieri (Edwards, 1979) also made adept and creative use of indivisible, but

was very much aware of the logical difficulties involved in the method (Boyer, 1949). As

Boyer (1949) pointed out there was no "safe guide" in the use of indivisible.
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The necessary "safe guide" in using any infinite process in mathematics, such as 3

building up a solid from indivisible as done by Cavalieri and others, is of course a properly I

evolved theory of limits. Lacking such concept and theory, the geometers of these times

could choose one of two unsatisfactory alternatives. They could go back to the method of

exhaustion, which was logically unassailable but so cumbersome to apply that it seemed to

actually slow down the process of discovery; or they could use the method of indivisible .

f.T
7".
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which was built on shaky logical premises and thus not trusted by everyone.

Besides problems concerning area and volumes and centroids, progress was being

Moi.-

”M“
..-—r

..44’

W.The problem of finding tangentlines to curves wouldlater become

of fundamental importance in calculus. Workers on this problem include Torricelli ,

Fermat, Descartes, and Isaac Barrow, who was one of Newton's teachers, and others

(Boyer, 1949; Edwards, 1979). The methods used were intuitive, the logicbehindthem
...,...fl-r’ H‘MM
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unclear and open to objections. Nonetheless heuristic solutions, later found to be correct,
...,»!
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were found to a variety of problems. As Gauss put it. "I have got my result but I do not

 

know yet how to get it (Kline, 1970, p.271)." The art had advanced by the 1650's to the

point where Hudde and Sluse and Huygens (independently) (Boyer, 1949; Edwards,

1979) were able to write down algorithms for fmding_m3genw§nfldpnfl curve.

In addition to the above accomplishments of the sixteenth and seventeenth

centuries, GaliLeWubt others) hadmmadesomeprogresson

11Wofvelocity andmotion(Boyer, 1949). Galileo found a rulefor _
..."v-“a—
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WfingbodyGalileo also had interestingthoughtsflhenature
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Wyn, 1949). Galileo observed that infinitesets could beput into one-to-one
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correspondencewith proper subsets of themselves; forinstancethe natural numbers can be
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Galileo made an uncritical use of indivisible in his work. Galileo felt that "infinity and \ gr"

indivisibility are in their very nature incomprehensible to us (Boyer, 1949, p.115)." In

dying to understand the continuum he suggested that there might be a third possible kind of i

set between the finite and infinite. This notion of a set "between" finite and infinite seems '{

naive today, because by definition infinite means "not finite," but may be a reflection of the 5;

ancients' notion of "potential" and/or "actual" infinity, and perhaps some such notion is (

what lies behind the idea of many present-day students that there is a kind of last term in a 3

sequence just before it reaches its limit (Davis & Vinner, 1986; Tall & Vinner, 1981).

Galileo pictured the continuum as made up of indivisible parts, which yet merged together

as a kind of fluid, an analogy which Boyer (1949) called "a beautiful illustration of the

effort which men made to picture in some way the transition from the finite to the infinite

(p.1 16). "

This period which has been under discussion, the century or so preceding Newton

and Leibniz, must then have been an exciting period of discovery. Intermsof the limit

concept,howeverAmathematicianshad not.“advancedt derstandrng, thoughthe

often exhibited amazing ingenuityjn calculating“quantitieswhicLanonlybeproproperly
‘uerN
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characterized as the end results of some limiting process. Many of them were aware of the
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possibility of paradoxesin the methods they used, and understood the need for a firmer
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showed that the unknownMicsbetween inscribed and circumscribedfigures which
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differ 'b less evegyknpwn"quantity’wmoyer, 1949, p. 146)," the phrase

quoted being reminiscent of the language used today to define the limit concept. One

 

 

should also mention Gregory of St. Vincent, who "gave perhaps the first explicit statement

that an infinite series defines in itself a magnitude which may be called the limit of the

series" (Boyer, p.137). (Our italics: in other words, a series might be used as the

definition of a quantity not a priori known.)
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Newton and Leibniz

Newton and Leibniz synthesized much of the work of their predecessors into what .
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become in effect a new field of mathematics; the calculus, and discovered many of the

theorems and applications of the calculus. However, in spite of their great achievements,

Newton andLeibnizdonot seemto have advancedpast theirpredecessorsin graspingthe
a...”"Ma—.... ...- --—.-... x.“
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WNewton worked with the difference quotients which are used to (in modern

 

terminology) define the derivative (which gives a precise meaning to the notion of

instantaneous rate of change). To define the derivative of a function f, one forms an

 

expression f(X+hl)1-f(X) (which of course only makes sense if h is non-zero) then,

usually, simplifies algebraically as much as possible (still under the assumption that h is

non-zero) and then finally takes the limit as h tends to zero. Thus one has to deal with

quotients of variable quantities both of which are tending to zero. This was extremely

puzzling to Newton's contemporaries. If we let h actually become zero, our quotient

becomes g, an algebraically meaningless quotient. (To see that it is meaningless, observe

that equation-%-= x is equivalent to 0 = x x 0; but this latter is true forOany number x, and so

thereis no possibility of assigning a clear-cut meaning to the symbolg ). Newton himself, '

though no doubt having a powerful intuitive understanding of his methods, was unable to

explain them clearly because a clear formulation of what it means to "take a limit" had not

yet come into mathematics. As Boyer remarked, we see that Newton first had in mind

infinitely small quantities which are not finite nor yet precisely zero. "'Ghosts of departed

quantities' (The phrase "ghosts of departed quantities" seems to be originally due to

Berkeley (Edwards, 1979).) they were fittingly called by the critics of the method in the

following century (Boyer, 1949)." Again, Boyer (1949) remarked,

The meaning of the terms "evanescent quantities" and "prime and ultimate

ratio" had not been clearly explained by Newton, his answers being

equivalent to tautologies: "But the answer is easy, for by the ultimate

velocity is meant that, with which the body is moved, neither before it
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arrives at its last place, when the motion ceases, nor after; but at the very

instant when it arrives.... And, in like manner, by the ultimate ratio of

evanescent quantities is to be understood the ratio of the quantities, not

before they vanish, nor after, but that with which they vanish" (p.216).

A similar vagueness occurs in the attempted explanations of Leibniz; for instance, Boyer

(Wline from one of Leibniz's letters, "we conceive the infinitely

small not as a simple and absolute zero, but as a relative zero.... that is as an evanescent

quantity which yet retains the character of that which is disappearing (p.218-219)."

Newton and Leibniz derived the basic algorithmic rules of differential calculus,

many of the techniques used in integration, derived some important series expansions, and

carried out many ingenious calculations concerning rather special curves and functions

(Edwards, 1979). This tradition of computational mastery was carried on later, most

notably by Leonhard Euler (1707-1783) (Edwards, 1979). However, the mainstream of

the development of calculus took a different, less computationally oriented, direction after

the time of Newton and Leibniz. Boyer (1949) stated that "throughout the whole of the

eighteenth century there was general doubt as to the nature of the foundations of the

methods of fluxions and the differential calculus (p.224)." The new differential calculus

clearly had much that was right about it, since it had successfully answered many scientific

and mathematical questions, but the logical foundations were not clear. If the new

mathematics could not be placed on a firm logical foundation, it was possible that internal

inconsistencies could arise, as well as erroneous results when the new mathematics was

applied to the sciences.‘W.The

most effective and influential critic was probably George Berkeley. Berkeley wrote a book

criticizing Newton's work in terms that both Boyer (Boyer, 1949) and Edwards (Edwards,

1979) seemed to consider as perfectly fair and reasonable. Berkeley criticized Newton on

grounds both of lack of clarity and of occasional inconsistencies. In particular, Berkeley

pointed out that when Newton wishes to calculate a derivative he begins by writing down

an expression involving the two quantities x and h in which h is specifically required to be
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different fiom zero, simplifying appropriately then dividing by h (which is only permissible

if h is non-zero), then finally setting h=0. Berkeley objects, quite correctly, that if one puts

h equal to zero at the end of the derivation, then one is contradicting oneself in that one

specifically required h to be non-zero at the beginning of the derivation.

With the publication of Berkeley's book it became clear that the logic behind
”FM

NWTUWWQmathematicians became interested in remedying

Hm“...

  

the situation. There were at first a number of "spiritedrem

which proved only that their authors hardly understood Berkeley, much less the calculus...

(Edwards, p.295)." Benjamin Robins, responding to a pamphlet by James Jurin, made a

respectable but ultimately unsatisfactory attempt to clarify Newton's thought (Boyer,

1949). Robins recognized that the term "ultimate ratio" was a figurative expression, and

referred to some

Fixed quantity which some varying quantity, by a continual argumentation

or diminution, shall perpetually approach, ..., provided the varying quantity

can be made in its approach to the other to differ from it by less than any

quantity how minute soever, that can be assigned, though it can never be

made absolutely equal to it (Boyer, 1949, p.230).

The problem with this, besides its wordiness, is the insistence that the limit can never be

reached, which for instance would prevent constant sequences from having a limit.

Boyer's account of the conuoversy between Jurin and Robins (both attempting to defend

Newton but disagreeing with each other on how to do it) sheds interesting light on the

conceptual difficulties at that time. Boyer (1949) said that in this conuoversy

The question as to whether a variable was to be considered as necessarily

reaching its limit played a large part. Robins upheld the negative side; Jurin

insisted that there are variables which reach their limits and vigorously

accused his opponent of misinterpreting Newton's true meaning. It is

difficult to judge what he meant. The phrase 'ultimate ratio' certainly favors

Jurin's interpretation, but to avoid the logical difficulties inherent in

questions of infinitesimals and the meaning of 0/0, it was necessary at the

time to accept the more logical view of Robins that the variable need not

attain its limit (p.231).
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Elsewhere Boyer seemed to ascribe to Robins the view that the variable not only need not,

but actually must not, reach its limit. As Boyer (1949) pointed out near the end of this

discussion, "the question as to whether a variable reaches its limit or not has no

significance, in the light of modern definitions (Boyer, p.232)."

Other scholars developed their own approaches to differential calculus, dying to

deduce the laws of differential calculus from other beginning premises than those of

Newton or of Leibniz, but it seemed that all such attempts suffered their own unclarities

and logical difficulties. Lagrange attempted to found differential calculus on the use of

infinite series expansions (Boyer, 1949), using the coefficients of these series to define the

fluxions and differentials of Newton and Leibniz; however, assuming a priori the existence

of such series expansions is at least as large a leap of faith as anything in the work of

Newton or Leibniz (besides which, the usual manipulations valid for finite sums can not be

applied uncritically to infinite series). According to Edwards (1979), Lagrange wished to

"expunge from the calculus all trace of infinitesimals and limit concept. .." John Landen

published a book in 1758 called the Residual Analysis which seemed to have been based on

applying algebraic rules uncritically to indeterminate quotients in which both numerator and

denominator vanish (Boyer, 1949). Landen wished to found the calculus only on known

principles of algebra and geometry, without introducing "foreign ones (principles) relating

to an imaginary motion or incomprehensible infinitesimals." (The term "imaginary motion"

is probably a reference to Newton's "fluxions.")

All this is not to say that the work done during the eighteenth century was without

value. For instance, d'Alembert essentially gave the correct definition of the derivative as

the limit of a ratio of increments (Boyer, 1949; Edwards, 1979) and made an effort to

"present a satisfactory idea of the notion of limit" (Boyer, 1949, p.253), although

d'Alembett's definition lacked the clarity necessary to make it a substitute for the somewhat

mystical infinitesimal interpretation. d'Alembert stated that one calls a magnitude a limit of

another magnitude:
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When the second may approximate to the first closer than by a given

magnitude, however small one may suppose it, without however that the

approaching magnitude may surpass the magnitude that it approaches, in

such a manner that the difference of such a quantity and its limit is

absolutely unassigrrable (Cajori, 1923, p.224).

Boyer (1949) commented,

Because of his geometric ideology, d'Alembert's elaboration of the limit

concept lacked the clear-cut phraseology necessary to make it acceptable as a

substitute fro the infinitesimal interpretation. Thus to say with d'Alembert that

the secant becomes the tangent when the two points are one and that it is

therefore the limit of the secant imposes the necessity of visualizing the process

by which two points become one, thus leaving the interpretation Open to Zeno's

criticisms (p.249).

Lagrange, although evidently somewhat dubious about limits, attempted a definition as

follows "veritable limits are quantities which one can not pass, although one can approach

them as near as one wishes (Cajori, 1923, p.223)." The language suggests that the

approach to limits must be one-sided.

Simon L'Huilier, in 1787, published an exposition of calculus in which the limit

concept was basic (Boyer, p.255). His definition of a limit made, "The variables always

greater or always less than the limit; the variable could not oscillate to values above and

below the limit (Cajori, 1923, p.228)." Very interestingly, he warned against trying to

interpret the numerator and denominator separately in the symbol 3x . He considered

limfixz as the limit of one variable, not the ratio of the zero-limits of two variables (Cajori,

1923).

The way was in part prepared for these developments earlier in the eighteenth

century by Euler. Euler published his volume Introductio in Analysis Infinitorum in 1748

...—f

and in this work, although he occasionally is overly creative in his use of infinitely small

numbers, nonetheless makes many extremely valuable contributions. The most valuable of.
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Euler's contributions in the Introduction is probably that he uses explicitly the concept of a”,
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than geometric figures the primary object of study (Boyer, 1949; Edwards, 1979). This

was eventually to be important in arriving at a precise concept of limit because, as Edwards '

said, "It was the identification of functions, rather than curves, as the principal objects of

study, that permitted the arithmetization of geometry,... (p.270)."

Why is this "arithmetization" important? One shall see that when, toward the end of

the century following the one now under review, mathematicians were finally able to

achieve a rigorous formulation of the limit concept, the formal definition was given entirely

in terms of numbers. In the formal logic of the limit definition, geometric considerations

play no role whatsoever. Thus it is possible to explain precisely what is meant by saying

"this sequence of numbers has that number as its limit," but not possible to explain directly

what precisely is meant by saying "this sequence of curves approaches that curve" or "this

region is the limit of that sequence of regions." What one really means in the back of one‘s

mind by such statements, if anything, is that there is some numerical characteristic of the

geometric figures in the sequence (area, say, or arc-length) which as a sequence of

numbers has the corresponding numerical characteristic of the "limiting figme" as its limit.

(Indeed, there is even a danger of tautological thinking in such statements; in many cases

the numerical characteristic (area, say) of the so-called "limiting figure" may not be a priori

a well-defined quantity, and one might actually need to define the numerical characteristic

of the limit figure as the limit of the corresponding numerical characteristic of

"approaching" figures.) Boyer (1949) commented several times on the need for

arithmetization (p.104, 124, 153, 235, 271). At least until modern times, mathematicians

tended to think geometrically rather than arithmetically. This ofcome provided them with

interesting problems to work on, problems which would eventually lead to calculus

because calculus was necessary for their solution, but at the same time this tendency to

think geometrically often obscured the limit concept from them at times when it was almost

in reach.
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Cauchy and Weierstrass

The nineteenth century was to see, finally, the ri o ormulation of the limit
w w

concept, which had as an immediate consequence the placing of differential calculus on a

 

solid logical foundation, as well as the resolution of paradoxes which had puzzled

mathematicians since the time of the ancient Greeks. With calculus on a firm foundation,

one can also consider the problem of quantitatively explaining motion as solved; the

derivative gives a clear, unambiguous definitionofvelocity which agrees with all intuitions

W“Wm Mun” MW

of what velocityshould-meanJhe two most important figuresin this final step to provide a(

 

rigorous understanding of the limit concept were Augustine-Louis Cauchy (1789-1857) \

and Karl Weierstrass (1815- 1897).

Cauchy published three treatises on the calculus in the years 1821 to 1829, in which

he gave a definition of the limit that is close to the modern one. As Boyer pointed out,
M- M N

 

previous writers had prepared the ground for Cauchy by popularizing the limit idea and

demonstrating its potential usefulness, but their conception remained largely geometrical,

henceintuitive rather than precise. Cauchy'sfidefinition of a limit was arithmetic rather than

ngfimm

"When the successive values attributed to a variable approach indefinitely a fixed value so

as to end by differing from it by as little as one wishes, this last is called the limit of all the

others (Boyer, 1949, p.272)."

Using this definition of the limit, Cauchy was able to say precisely what is meant

by "summing" an infinite series, which gives a satisfactory resolution to the troublesome

Zeno paradox known as "the Achilles."

Boyer (1949) remarked that "in spite of the care with which Cauchy worked, there

were a number of phrases in his exposition which required further explanation (p.284)."

Examples are the phrases "approach indefinitely" and "as little as one wishes which"

suggested difficulties which had been raised in the preceding century. The very idea of a
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variable approaching a limit called forth vague intuitions of motion and the generation of

quantities (Boyer, p.284). There is still an element of dynamism in Cauchy's definition, a \
4

l

hint of the ancient difficqu of feeling we are forced to try to visualize the "final stages" of '

an infinite process. Cauchy's definitions of function, limit, continuity, and derivative were }

essentially correct but the language he used was by modern standards imprecise.

It was Weierstrass, in the 1870's who finally gave the modern, completely

arithmetical, definition of limit (Boyer, 1949). Weierstrass had proved in 1872 a result that

ran completely counter to most mathematicians' geometric intuition (i.e., the existence of

continuous curves which failed at every point to have a well-defmed tangent line) and

therefore decided that geometric intuition could not be relied upon, and hence that the bases

of calculus had to be made as rigorous and purely formal as possible. Weierstrass'

definition of limit for a sequence, if adapted from the definition in the context of functions

as given by Boyer (1949), would read as follows:

L is the limit of the sequence 8,. if and only if it holds that for every positive ‘:

number a there is a positive integer no such that if n>no then the difference 3

L-Sn is less in absolute value than 8 (p.287).

Save perhaps for trivial changes in wording this is the definition that would appear in a

present-day calculus textbook. The definition of limit for a function of a continuous variable

is analogous.

The Weierstrass definition is the long needed "safe guide" for working with limits,

and is the definition still used in mathematics today. It obviates completely the need to try to

visualize how an infinite process "approaches" its "final state." It is purely static, free from

all intuition of motion. In deciding whether a given sequence has a given number L as its

limit, one need only consider the algebraic problem of whether certain inequalities have

solutions, and is not required to try to visualize anything at all. The definition also has a

kind of built-in "versatility" in that it lends itself easily to generalizations; thus with trivial

and obvious modifications in the definition one can say precisely what is meant by a limit
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for functions of several variables, and can even quite easily extend the concept to mappings

between abstract metric spaces.

A feature of Weierstrass' definition that must immediately strike the reader is that it

is hard to understand. That single jaw-breaking sentence is hard to absorb. This is of

course the price that has to be paid for making the formal definition independent of intuition.

A mathematical robot could use the definition in a mechanical way, without feeling any need

to have any visual representation or see any "meaning" to what it is doing, but human

mathematicians, especially students, feel a need to "understan " such mathematical activity

in the sense of being able to connect it with experience or sensory impressions. In order to

be able to "make sense" out of the definition, the student would probably have to have a

strong intuition based on having seen examples and discussed the limit concept in informal

exploratory ways. The Weierstrass definition can be made a little less forbidding by

introducing some logical symbols. Thus the necessary and sufficient condition for L to be

the limit of the sequence Sn is often rendered as follows:

Given £>O, there exists no

such that IS“ - Ll < e, for all n>no.

Another occasionally helpful phrasing is:

For every e>0, we have

lSn-Ll < e for all but finitely many natural numbers n.

At the same time that he gave the rigorous definition of the limit concept, Weierstrass

recognized the need to obviate another difficulty; the concept of number had to be clarified.

In attempting to bridge the gap between the rational numbers, which are easily understood,

to the more difficult-to—visualize irrational numbers, Cauchy had stated that irrational

numbers could be defined as the limits of sequences of rational numbers. However there is a

circularity in this kind of definition that Cauchy seems to have overlooked. As Boyer

(1949) explained the difficulty very clearly:
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Since a limit is defined as a number to which the terms of the sequence

approach in such a way that ultimately the difference between this number

and the terms of the sequence can be made less than any given number, the

existence of the irrational number depends, in the definition of limit, upon

the known existence, and hence the prior definition, of the very quantity

whose definition is being attempted (p.281).

Thus to put calculus on a solid footing, it was necessary to find a way to explain,

without recourse to the limit concept, what is meant by the notion of real number.

Weierstrass did this, basing his development on the idea of drinking of a real number as a

collection of decimal places. Another axiomatic development of the real number system

was given by Dedekind (Boyer, 1949), based on his "Cut Axiom," which states that if the

reals are divided into two sets L and R such that every member of L is less than every

member of R then either L has a last member or R has a first member. Dedekind's

approach perhaps establishes most firmly that one can think of the real numbers as

corresponding in a natural way to points on a line. The other mathematician who should be

mentioned here is G. Cantor, whose theory of infinite sets, based on the apparently simple

but highly original idea of comparing the "size" of infinite sets according to whether or not

they could be put into one-to-one correspondence with each other, has given us a better

understanding of the nature of the real line.

The "method of indivisible," which in various forms was used by Cavalieri and

goes back to Archimedes, was the forerunner of integral calculus. The principle conceptual

difficulty of the method of indivisible; that is questions as to how one could find the area of

a two-dimensional region by considering it as a union of pieces which are one-dimensional

and therefore have zero area, is resolved in the foundations of integral calculus. In 1854,

G. B. F. Riemann, improving on work of Cauchy, gave a definition of the definite integral

that is still used today. To define 1: f(x) dx, we mark off partition points

a< x1< x2 < <xn-1< b,

choose arbitrarily a point xi" in the interval (xi-1, xi), then form the sum

$1 f(xi*)(Xi-Xi-1).
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The definite integral is then to be understood as the limiting value of such sums as we ran

through a sequence of progressively finer partitions of the interval [a, b].

Summary

The pre-Hellenic development of mathematics was due mostly to the Egyptians and

Babylonians. Their mathematics consisted of arithmetical operations applied to whole

numbers and ratios of whole numbers, and some empirical geometrical observations.

The ancient Greeks established the tradition that mathematics was to be a deductive

system; that is, all mathematical propositions were to be deduced logically from certain

small set of axioms. The numbers as known to the Greeks consisted of whole numbers,

ratios of whole numbers, and the operations with them; irrational numbers did not exist for

them. Thus they did not consider the length of the diagonal of a square of side one as

being a number, but a "magnitude." The inability to invent a number system that could

adequately represent geometrical magnitudes was a weakness of Greeks mathematics.

The ancient Greek mathematicians did not stray far from what can be clearly

visualized, and thus could never regard an infinite process as completed This would have

restricted Greek geometers to the study of straight-line figures, had they not discovered the

"method of exhaustion." The method of exhaustion, based on the Axiom of Eudoxis,

obviated any necessity of considering an infinite process as being completed, but at a price;

it led to cumbersome proofs. The relation between the discrete and the continuous was a

perplexing puzzle to the ancients. The paradoxes of Zeno on the nature of motion could not

be answered in terms of the concepts available to the ancient Greeks. The paradoxes of

Zeno seem to have discouraged Greek mathematicians from trying to quantitatively study

motion and in general variable phenomena. The mathematician Archimedes anticipated

integral calculus by using the notion of infinitely small piece of regions (infinitesimals), but

purely as a working tool.
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During medieval times, the problem of quantifying motion was first attacked, with

some success. The sixteenth and seventeenth centuries saw more progress toward

understanding the nature of motion, and also more work in geometry. Many geometers

tried to find substitute for cumbersome "method of exhaustion." Answers were found to

many geometrical questions, but the methods were intuitive, the logical foundations of the

methods shaky and thus not entirely trusted by many scholars. There was a great deal of

speculation on the nature of the infinite, and on the nature of the continuum.

Mathematicians lost some of their reluctance to work with infinite processes.

Newton and Leibniz synthesized much of the work of their predecessors into what

became in affect a new field of mathematics; the calculus, and demonstrated its problem

solving effectiveness. They were unable however to clearly explain the logical bases Of the

calculus (for instance, what does it means to take the ratio of two quantities which are

becoming arbitrarily close to zero?) Mathematicians became interested in strengthening the

logical foundations of the calculus. During the eighteenth century much effort was

expended in trying to understand and explain Newton's work, or in trying to find alternate

approaches to the calculus. In time, a number of mathematicians came to realize that

calculus had to be founded on the notion of limits. Various attempts were made to

formulate exactly what is meant by a limit.

The satisfactory definition of limit, the one that is still used, was finally given by

Weierstrass in the 1870's. A concomitant of Weierstrass' definition is a need to clarify the

concept of number, in such a way that limit are not used to define irrational numbers (so as

to avoid logical circularity). Weierstrass accomplished this. Later, a different axiomatic

development of the real number system was given by Dedekind.



CHAPTER THREE

REVIEW OF LITERATURE

After the launch of the "Sputnik", the United States started to evaluate its

educational objectives and curriculum. In the 60s high school mathematics curricula

underwent significant revision. Providing solid and rigorous mathematics and science

seemed like a good way to prepare students. "New math" and science projects were

introduced by many universities and research institutes. The so-called modern approach to

mathematics had been well established. But exactly which courses should be offered to the

advanced mathematics students had not been firmly established. There were many studies

focused on what should be taught in high school (Buchanan, 1964, 1965; Cambridge

Conference on School mathematics, 1963; Shelton, 1965). The controversy was basically

a debate on whether or not calculus should be incorporated into the high school curriculum.

Among those who opposed the teaching of calculus in the high schools, some

recommended that concentration should be given to subject matter which will prepare the

students for a rigorous college calculus course (Taylor, 1969, Commissions Report, 1959,

Buchanan, 1965). Among those who advocated the study of calculus in high school, the

controversy was basically a debate on whether or not the students will be mature enough to

learn the calculus; and if they are able to learn the limit concept, then what are the best

instruction methods. No matter which side of the coin, the center focus is the study of the

limit concept. Thus the studies about the limit concept started from this period of time.

49
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Many studies have been undertaken on students' understanding of the limit concept. Some

researchers were interested in whether or not students are mature enough or capable enough

to learn the limit concept (Smith, 1959, 1961; Taback, 1975). Some of the researchers

examined whether or not the schools should teach the limit concept (Buchanan, 1964;

Chaney, 1967). Due to the results of the above research, some researchers investigated

alternate ways to introduce the limit concept in either high schools or colleges (Isaac, 1967;

Lackner, 1968; Lytle, 1073; Macey, 1970; Pavlick, 1968; Shelton, 1965;). The research

on limit concept tends to shift fiom the "New Math" movement to "Back to Basic" (Fey,

1978) to the more recent "concept definition and concept image" studies which focus on

students' misconceptions (Confrey, 1980; Davis, 1984, 1985; Davis & Vinner, 1986;

Dreyfus, 1990; Fischbein et al., 1979; Fless, 1988; Orton, 1983a, 1983b, 1986, 1987;

Orton & Reynold, 1986; Sierpinska, 1987; Tall, 1981, 1985; Tall & Schwarzenberger,

1978; Tall & Vinner, 1981; Williams, 1989, 1991).

In this literature review the studies are divided into four categories. The first

category will focus on the studies related to students' notion of limit as follows: 1) studies

pertinent to the psychological question: can students at the high school level learn the limit

concept, 2) studies pertinent to the philosophical question: assuming that the high school

students can learn the limit concept, should it be taught, 3) studies pertinent to the

pragmatic question: what is the best method for teaching the limit concept, and 4) studies

pertinent to the students' misconceptions: what are the students' misconceptions, what

causes these misconceptions, could these misconceptions be changed by providing an

adequate teaching situation. The second category will focus on studies pertinent to the

teachers' misconceptions: What are the teachers' misconceptions, what causes these

misconceptions, and how might these misconceptions affect their teaching? The third

category will focus on studies pertinent to the level of understanding of a specific

mathematics topic. The last category focuses on the teachers' knowledge and how this

knowledge is represented.
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Literature Review on Students' Notions about Limits
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Smith (1959) studied 578 pupils from grades seven through twelve in an effort to

determine whether or not secondary school students can profit from a study of the limit

concept. He conducted an experiment that provided students with three hours of special

experience, consisting of discussion of the solutions to a variety of problems involving a

limiting process. In order to teach students the limit concept, many questions dealing with

limiting situations were presented, such as logical physical situation, geometrical situation,

and numerical situation:

1. Logical physical situations: For example, a frog in a well starts jumping up

to the wall of the well to get out. On the first jump he gets half way out.

On the second he gets half of the rest of the way out. Each time hejumps,

he lands half between where hers and the top. If he keeps on jumping,

what will happen?

2. Geometrical situations: For example, examine the figures (see Fig.3.l), and

ask if we were to increase the number of sides, what would happen to the

size of the shaded area? If we continue increasing the number of sides, the

shaded area will get nearer and nearer to what size?

3. Numerical situations: For example, 1]], 1/2, 1/3, 1/4, 1/5, 1/6, 1/7, 1/8,

1/9, 1/10 whatrs the next fraction? If we were to continue writing new

fractionsrn this fashion indefinitely, the value of the new fractions would ‘ ‘

get nearer and nearer to what value?

(9 Q...

Figure 3.1 -- Geometrical Situation
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One of his assumptions was that intuitive understandings of limit concepts must

precede and are fundamental to understanding the more abstract symbolic notions of

mathematical limit such as delta-epsilon relations. Strong evidence was found that first,

students at secondary school level can conceptualize the limit concept if the students are

provided with the appropriate instruction, and secondly that students' background and

experience were important for predicting success in conceptualizing the limit concept. In

particular, he concluded, "Three hours of experience did produce a difference whereas a

year of added maturity did not (p.55)."

Taback (1975) investigated the child's intuitive understanding of limiting processes.

Eight tasks embodying a limiting process were developed for presentation across three age

levels, namely eight, ten and twelve years. One task, Halfway Rabbit Task, is similar to

the grasshopper problem in the questionnaire. In it, the subjects were asked what will

happen if a segment was infinitely often divided into halves? The concepts under

investigation were: 1) rule of a function, 2) neighborhood of a point, 3) convergence and

divergence, and 4) limit point. The students' understanding of the nature of the

convergence or divergence involved in a particular task was questioned on both the

concrete and abstract levels. On the concrete level, the student was presented with some

concrete objects such as a circle, a loop of string, or a rectangular strip of paper around

which he could organize his thoughts. On the abstract level the student was to organize his

thoughts without the help of concrete materials. These tasks were administered individually

to each subject through a tape-recorded interview. Clear understanding, uncertain

understanding, and no understanding were the categories used to rate the responses.

In terms of Halfway Rabbit Task, clear understanding response would look like:

The rabbit won't reach B, because the hops get shorter and shorter but he'll

still be able to make it (The "it" here means anotherjump rather than reach

point B).

The uncertain understanding response would look like:
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He won‘t reach B, because the hops are getting too small.

The no understanding response would look like:

Yes, he'll reach B, because no matter how small, he's moving over and

he's still going forward.

He found significant differences in performance between 8 and 10 year-olds, and

comparatively small differences between 10 and 12 year-olds on most of the tasks. In

summary, Taback writes:

In general, the eight-year-olds could do little more than follow a simple rule

of correspondence. The ten- and twelve- year-olds were much more

successful on all four concepts examined. However, with few exceptions,

only twelve-year-old subjects could conceptualize an infinite process.

Thus, judging from the intuitive understanding of the sample, instruction

relating to the mathematical concept of limit seems feasible only for the

twelve-year-old age group (p.143).

S 111' .

In Smith's study, secondary school students were asked to deal with limiting

situations involving the following types: logical physical situations, geometrical situations,

and numerical situations. It seemed that students could conceptualize the limit concept if

the students were provided with the appropriate instruction and experience. Taback tried to

identify young children's intuitive understanding of the limiting processes. Although

Smith and Taback appear to come to different conclusions as to the relative importance of

maturity versus special instructional experience in being able to understand the notion of

limits, it is however interesting to notice that both investigators seem to find that children

younger than about 12 are generally not yet ready to conceptualize infinite processes.

Studies concerning the developmental readiness of children to understand concepts

associated with limits would be of marginal interest if there were no reasons to believe they
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actually should learn these ideas. Thus many mathematics educators have considered the

question: Should the limit concept be taught in high school (or perhaps even earlier)?
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Buchanan (1964) sent a questionnaire to the chairman of each departments of

mathematics, applied mathematics, and statistics of 233 colleges and universities to survey

the following question: Should a unit on limits be taught in the twelfth grade? A unit on

limits for the twelfth-year course in mathematics was favored by a majority of the college

teachers of mathematics, whereas a course on calculus was not favored. Thus Buchanan

(1964) conducted an experimental study on a twelfth-grade mathematics class and used a

four week unit on limits of sequences approach as the introduction.

Buchanan concluded that the students were favorably disposed toward the inclusion

of such a unit in the twelfth-year, being cognizant of the variety of benefits to be derived

from an understanding of the limit concept. However, somewhat longer than four weeks

was required to adequately present the material of the limit concept. It was found that the

greatest understanding occurred during the fourth and fifth weeks (pp.223-225).

Chaney (1967) designed a study in which he tested for the effects of a formal

experience with the limit in high school on grades of first year calculus students at the

University of Kansas. Three groups of students were chosen from among those who were

seniors in high school during the spring of 1965 and were enrolled in Calculus and

Analytic Geometry I at University of Kansas during the fall of 1965. The first group had

studied the limit concept for sequences and functions, continuity, and also had studied
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conic sections. The second group had the same analytic geometry, but nothing on limits.

The third group had none of the above experiences. Chaney concluded:

When the final grade in calculus was employed as criterion variable, a

significant F-value was obtained at the .05 level. Appropriate t-tests were

computed for groups by pairs and it was found that group A, The Limit and

Analytic Group, performed significantly better than Group B, the Non-

Limits and Analytic Group, Group B, however, did not perform

significantly better than Group C. These results imply that of those students

who have had the basic analytical geometry described in this study, the

previous study of the limit concept in high school is of significant advantage

in college calculus. Those students who had studied analytical geometry in

high school did not appear to have a significant advantage in college

calculus over those students who had not studied analytical geometry (p.56-

67 ).

S 11' .

Buchanan's conclusion indicated that students were able to conceptualize the limit

concept if provided enough instruction time. Especially he mentioned that the greatest

understanding occurred during the fourth and fifth weeks of exposure to the limit concept.

Chaney's study showed that students who had experience with limits in high school did

better in college than those who were not exposed to the limit concept. Apparently students

benefited from the learning of the limit concept whether in high school or further in college.

The lack of enough learning time ascribed by Buchanan seemed to affect the understanding

of limit concept. Now that we know the answer to the philosophical question is

affirmative, it seems that the limit concept ought to be taught in high school (or maybe even

introduced earlier than that). The researchers agreed that limits should be taught in high

school, but what is confronted next is the question of how mathematical limits ought to be

taught. This question, referred to as the "pragmatic question," is not easy because the limit

concept is evidently difficult for students to grasp.
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given to limits? 2) Are epsilon-delta absolute value methods appropriate? and 3) What

degree of rigor should be used? He wrote a unit on limits for an experimental group of 51

twelfth-grade students, in which be employed an open interval approach, basing the

concept of limit of a function upon the idea of limit of a sequence. The control group of 91

twelfth-grade students studied a delta-epsilon unit on limits from their textbook. Seventeen

school days were used for the experiment including the administration of the examination.

The examination constructed by the investigator consisted of 18 multiple-choice items.

This instrument was divided into two parts. The first part consisted of items not generally

emphasized in a calculus preparatory presentation. The second part consisted of more

traditional types of limit questions generally found in calculus textbooks. An item analysis
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was performed; the following are his conclusions:

1.

3.

The classroom experience and results of the examination indicated that the

om intergal approach to the limit conc_e_pt is magnum melfth year

mathematics course.

i

. Even in an informal discussion of the meaning of the limit of a sequence,

care must be taken not to use the concept that a sequence approaches its

limit. Rather than the sequence approaching its limit, the concept should be

that the sequence has the property of being contained by any a open interval

about its limit.... The students had difficulty in accepting the concept that 1

+9 +.09 +.OO9 +.0009 +... is another name for 2. The students’ reaction

was that the series approached 2 and never equaled 2. The approaching

concept of a limit hinders their understanding of the meaning of the sum of

an infinite series. Furthermore, the approach concept is confusing if the

sequence contains its limit or is a constant sequence.

When discussing the infinite series, it should be emphasized that it can be

used as a numeral. The number 1/3 may be named by 2/6, 1/3, .333..., or

.3 +03 +.003 +.0003 +... . As a consequence, the number 2, which may

be used to measure the length of a line segment, can be named by many

numerals among them being 1+ 1/2 +1/4 +1/8 +... . The fact that a number

such as 2, measuring the length of a line segment, can be named by the

infinite series 1 +1/2 +1/4 +1/8 +... is a consequence of the assumption of

Isaac (1967) investigated the following questions: 1) What treatment should be
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the infinite divisibility of a line segment. It should not cause any more

wonder than the assumption that a line segment is composed of an infinite

number of smaller and smaller segments.

4. Time should be made available while discussing the limit of sequences to

emphasize that the limit of a sequence often measures something different

from that which the members of the sequence measure.

a. The measure of the area of a circle is the limit of a sequence of

measures of the areas of the inscribed and circumscribed polygons.

b. The slope of the tangent line to a curve at a point as the limit of a

sequence of slopes of secant lines passing through the point.

c. The instantaneous velocity at a point as the limit of a sequence of

average velocities between that point and other points.

5. The epsilon-delta and the open interval definitions of limit f(x) as x

approaches a are in static, motionless terms. For this reason the language

used by the instructor and class should be changed to coincide with the

definition. The limit of f(x) as x approaches a should be the limit of f(x) for

every sequence whose limit is a.

6. The time devoted to teaching this unit should be increased by three to four

days to allow more time for developing the relationships involved in

multiplying and dividing sequences and developing the concept of the limit

of f(x) for every sequence x whose limit is a (p.92-95).

Lackner (1968) duplicated Shelton's experiment and instruments to conduct a

research which consisted of three studies. One was a study comparing inductive

(discovery) and deductive (expository) approaches in teaching the limit concept. A second

study made the same comparisons in teaching the derivative. The third study was a total

treatment comparing the four paired, ordered combinations of the two concepts together:

inductive limit-inductive derivative, inductive limit— deductive derivative, deductive limit-

inductive derivative, and aductive limit-deductive derivative. Lackner states that:

For the limit study no difference in teaching methods was found. For the

derivative and total treatment studies a difference in teaching method was

found, favoring the deductive approach for the derivative concepts and the

deductive limitwductive derivative combination in the total treatment study.

Further correlation and multiple regression analysis showed that a student's

prior mathematical knowledge was a determining factor in learning. For the

limit concept the pre-test score was the important determinant in learning.
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The pretest and limit test scores were the primary predictors in learning the

derivative concept, even though the deductive derivative teaching method

was found superior to the inductive.

The results of this study are somewhat startling. From pilot and related

research studies, if a difference in inductive and deductive teaching methods

existed, the inductive (discovery) method was favored. However, in

teaching the derivative concept and the limit and derivative concepts together

to high school students by the units used in this study, the deductive

(expository) approach was superior (p.83-90).

Lytle (1973) was trying to find the effectiveness of two learning sequences of the

limit concept. Lytle investigated whether a student can profit later by studies of limits in

high school. Two learning models consisting of hierarchies of subprinciples and concepts

within the limit principle were defined. This was done by means of a logical analysis of

mathematical dependencies between topics in presentations of real-value limits. One

hierarchy was defined for an approach based upon the limit of a sequence, and another for

an approach based upon the limit of a function with at least semi-continuous domain.

Clearly the students in the algebra groups attributed much less importance to the study of

limits than did those in the analysis groups. In over sixty percent of the cases where the

analysis student felt the units were important he was planning on going into a field of study

requiring more mathematics (p.153).

Macey (1970) investigated whether instructing students in selected topics of logic

would better prepare them to understand the definition of the limit of a sequence and its

application in proving statements regarding limits of sequences. Macey stated that studies

are needed which determine the prerequisites for the learning of certain ideas in the calculus,

particularly those ideas relating to limits. Macey conducted an experimental study designed

to investigate the above question and expressed hope it could make a significant contribution

to mathematics education.

Macey pointed out that in order to understand the statement of definition of a limit of

a sequence, first a student must understand what is meant by each of the four component
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phrases: l) for each 8 >0, 2) there exists a positive integer N, 3) for each integer n 2 N, and

4) we have I an-Ll < 6. Observe that these four phrases involve quantifiers and open

sentences. The next step is that of assimilating the four component phrases into the

compound statement "for each 8 >0 there exists a positive integer N such that for each

integer n 2 N, it follows that Ian-Ll < 8.

Thus Macey developed the criterion test and tried to measure the student's

understanding of the definition of the limit of a sequence and its application in proving

convergence of sequences. Macey found that the beginning calculus student generally does

not understand how to go about choosing the positive integer N.

Pavlick (1968) attempted to measure, on the basis of an achievement test, the

difference in learning between students presented limit theory through the 5-8 approach

(Treatment T) and those presented an advanced set approach (Treatment A). Also, he

investigated the variation between a whole-part versus part-whole learning, with the

advanced set approach serving as the whole-part method, and the traditional approach

representing the "by parts" method of teaching limits. The traditional instruction on the

limit concept treats the definition of limit of sequences, limit of functions and limit of

functions with deleted neighborhood domain as separate entities. Students have to learn

basically the same definition three different times. The advanced set approach seems to put

these three in one definition and expands to different domains of functions. Pavlick

indicated that no matter how complicatedly one concept disguises itself in difi’erent problem

situations, if one has really mastered the integrated concept, one can always find a way to

solve the problems. Thus he stated that his study leads him to believe that:

The efficiency of the advanced set approach to limits depends on the ability

and achievement level of the calculus student. Students at a high level of

achievement and ability when taught by the advanced set (whole-part)

approach should do at least as well as when taught by the traditional

approach to limits. However, students of average or below average

achievement and ability would profit more from the traditional (by-parts)

method of instruction (p.54).
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Shelton (1965) investigated the difference between a concrete inductive approach

(defined as a sequence of items leading from specific numerical examples to the general

case) and an abstract deductive approach (defined as a sequence of items leading from the

abstract to the particular). The content of each approach consisted of the definition of limit

of a sequence and limit of a function, the development of the usual theorems, and

applications such as the sequences formed by the inscribed and circumscribed polygons of

a unit circle, the geometric sequences and the sequences formed by the partial sums of a

given sequence and others. The two groups were presented with six hours of programmed

materials. The subjects were divided into high and low level groups based on a pre-test

over items judged to be helpful in learning the limit concept. The results showed as

follows:

There were no significant differences in achievement between the two

treatment groups.

There were no significant differences in achievement between the two

levels.

There was no statistically significant interaction between treatments and

levels (p.58-59).

Snmmamaniflmrzlnsim

In summary, the above studies have one common thread; that is they are all trying to

find out a best way to introduce the limit concept. They all show that the formal epsilon-

delta definition for limit is too abstract for students to understand, and to accept. The

alternative instruction methods mentioned for teaching limits were: inductive (discovery) and

deductive (expository); the open interval approach; the preparation for prerequisites to the

study of limits; and the advanced set approach (the whole-part method). In all these

different approaches whether from inductive approach or deductive approach, the open

interval approach or the neighborhood approach, deriving limit of a function from limit of a
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sequence or vice versa, from the "whole-to-part", the advanced set approach, or the "part-

to—whole" approach, the same result was produced; that is, in terms of the effectiveness of

learning the limit concept, there is not much difference. These studies showed that there

were many alternative approaches to introducing the limit concept, but did not explain why

our students do not have a real understanding of the limit concept. In the following section,

I will present some of the studies of why students have difficulty understanding the limit

concept.

Studies Pertinent to the Students' Misconceptions

In teaching any subject matter, an expert instructor is sensitive to the errors and

conceptual difficulties commonly experienced by students, and is able to come up with cures

for these difficulties in advance. Conceptual difficulties are particularly likely to occur

among students studying limits because no one has ever directly experienced an infinite

process and our intuition is likely to be faulty. Indeed the difficulty of conceptualizing

infinite processes is what lies behind the confusing paradoxes of Zeno. Sometimes the

misconceptions are very hard to change. Therefore, many educators interested in the

teaching of limits have studied the concept images and misconceptions common to students

studying the subject of limits.

Confrey's (1980) empirical study was intended to be primarily descriptive and

exploratory. In order to illustrate eleven college students' conceptual change related to the

concept areas of number concept and calculus, she conducted a clinical interview to explore

student's number concepts and to see how these changed over a period of three weeks

when the students were required to solve certain problems, such as "Harey rabbit" (the

infinite divisibility of a segment into halves) problem and the 0.999...=l problem. By

using the number concepts and calculus as an example of conceptual change she revealed
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that the view of conceptual change in mathematics and mathematics education is not only

plausible but exceptionally fruitful in providing new perspectives. In her study, Confrey

suspected,

Students are unable to grasp calculus because they hold a discrete concept of

number; the analogy used was an infinite deck of cards. When in calculus,

they are introduced to limits, even though they had not yet perceived a need

for the concept. The difficulties inherent in attaching numbers to continuous

quantities such as time, motion and area had not been adequately

considered. The switch to a continuous concept of number in which infinite

sequences are mentally completed and points are not always precisely

determined had not been achieved (p.228).

In conclusion, she stated:

There were, however, pieces of various concepts revealed, such as

attaching discrete objects more readily to numbers, feeling dissatisfied

equating finite and infinite number symbols, wanting to locate numbers as

specific points on a number line and considering how numbers behave in

equations (p.232).

Davis and Vinner (1986) conducted a study on college students' notion of limits.

They argued that traditional skill acquisition was taught and learned by rote as a ritual to be

performed in a certain way, entirely divorced from meaning. Hence students who have

studied calculus are often unable to define limit correctly, or to explain why the concept of

limit is fundamental to calculus. They also argued that if "understanding" can be taught

earlier, then it will make a difference to how and what the students learn. In order to test

their hypothesis, they implemented a special 2-year calculus course in a university high

school. At the beginning of the second year, an unannounced written test was given to the

students. The students responses were analyzed, looking for correct and incorrect ideas.

They summarize the most prevailing misconceptions as follows:

1. A sequence "must not reach its limit."

2. Implicit monotonicity for anuregarding the phrase "going toward a limit" as

having its everyday literal meaning.

3. Confusing limit with bound, requiring that a limit be an upper or lower

bound for all an in the sequence.
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. Assuming that the sequence has a "last" term, a sort of ace.

. Assuming that you somehow can "go through infinitely many terms" of the

sequence.

Confusrng f(xo) wrtlr xllgw f(x).

. Assuming that sequences must have some obvious, consistent pattern (or

even a simple algebraic formula for an), so that sequences such as:

1,0,1,1,0,0,1,l,l,0,0,0,...

and

1,2,3,1,1/2,l/3,1/4,l/5,...

are immediately excluded.

. Neglect of the important role of temporal order. For the definitions to

work, one must first be given an 8 >0, after which one determines an

appropriate cut-point N. One cannot (in general) select an N and promise

that , for n>N,

L-e S an SL+e willbetrueforanypositivee.

Confusing the fact that rr does not reach infinity and the question of whether

an may possibly "reach" the number L (p.294-296).

Sierpinska, A. (1987) worked four 45 minutes sessions with a group of 17 year old

humanities students. The aim was to explore the possibilities of elaborating didactical

situations that would help the students overcome epistemological obstacles related to limits.

These obstacles were enumerated as follows:

1. The Eudoxis obstacle: moving to the limit is not a mathematical operation but

a rigorous method ofproving certain relations between quantities.

. The Fermat obstacle: moving to the limit is a mathematical operation which

consists in affecting numbers to variables and omitting values negligible with

respect to others.

. The heuristic obstacle: moving to the limit is not a mathematical operation but

a heuristic method that leads to discoveries thanks to a reasoning based upon

incomplete induction.

The heuristic static obstacle: intuition free from the idea of movement:

finding the limit is finding something of which only approximations are

known.

. The heuristic kinetic obstacle: intuition linked with the idea of movement:

finding the lirrrit is finding something as we are approaching infinity (p.372).
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She claimed that obstacles related to four notions seem to be the main sources of

epistemological obstacles concerning limits: scientific knowledge, infinity, function, and

real number.

She continued specifically that when students are confronted with 0.999..., they

may feel uneasy about the result 0.999...=l and/or the proof. The student's concept of

infinity seems to be that of "potential infinity", something that can never be completed.

Therefore, 0.999... is not really a number, and thus cannot be said to equal 1. In

conclusion, Sierpinska presented eight models of students' conceptions of limits:

1. The "intuitive definitist" model of a limit: all sequences are finite and the

number of their terms are well determined; "0.999..." denotes the number

0.999...9 which is an approximation of the number 1; 0.999...=1- e, where

8 >0.

2. The "discursive definitist" model of limit: all bounded sequences are finite

and the numbers of their terms are well determined; "0.999..." denotes the

number 0.999...9 which is an approximation of the number 1; 0.999...=l-

e, where 8 >0.

3. The "intuitive indefinitist" model of limit: all sequences are finite but

sometimes it is possible to deternrine the number of the terms; the true limit

of a sequence is its last term; if it is impossible to determine the last term,

one agrees on an approximation of the true limit.

4. The "discursive indefinitist" model of limit: all bounded sequences are finite

but sometimes it is possible to determine the number of the terms; the true

limit of a sequence is its last term; if it is impossible to determine the last

term, one agrees on an approximation of the true limit .

5. The "potentialist" model of limit: the limit of a sequence is what that

sequence is infinitely approaching without ever reaching it; the impossibility

of reaching the limit is implied by the impossibility of running through

infinity in a finite time; in particular, the number 0.999... is an infinite

sequence which is being constructed in time; it is a number than tends to 1

without ever reaching it.

6. The "potential actualist" model of limit: one can admit that after an infinite

time the infinite sequence will be fulfilled, and all its terms will be available;

the limit of a sequence is its ultimate term; the number 0.999. . . is

considered as arising in time; when all its terms are there then it is l (or the

last number before one).

7 . The "boundist" model of limit: a sequence is a set which may be bounded or

boundless; one can speak of the bounds of a sequence; sometimes one of
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the bounds can be distinguished, e.g. there are two bounds to the sequence

1,0,1,0,1,0,... but 2 can be a distinguished bound to the sequence 1, 1.9,

1.99,

8. The "infmitesimalist" model of limit: g is the limit of a sequence A if the

difference between A and g is infinitely small (or if one can get from any

term of A by adding an infinite number of infinitely small quantities); the

equality 0.999... = 1 is a convention which results by way of a

mathematical proof from conventions established before (p.384-389).

Tall and Schwarzenberger (1978) asked first year university students in

mathematics the following question: "Is .999... equal to 1, or just less than 1?" The

majority of students thought that 0.999... is less than 1, because the process of getting

closer to one goes onforever without one ever being completed. Schwarzenberger and Tall

suspected that the majority of teachers would think so too, but they did not conduct a study

to find that answer. What the authors did was to find out what causes students' confusion.

First they presented four methods to show that 0.999. .. =1.

® Since%= 0.333.... then 3 x é) = 0.999... =1

Q) By long division,% = 0.111.... g = 0.222.... g: 0.888.... so % =

0.999. .. . The latter is sometimes proved by a slightly different argument

represented by "90 divided by 9 is 9 with remainder 9," so that the long

division quotient is

9.222..

9 I 9.0

8.1

9 0

8.1

9..

etc.

g The product 10 x 0.999... = 9.999.... Show that the difference 10 x

0.999... - 0.999... is equal to 9, and so 9 x 0.999... = 9. Dividing by 9

we obtain 0.999...= 1.

4. An alternative "legal" way of seeing that the statement 0.999... = 1 is

consistent with the processes of arithmetic, is to say: “41:11) = a, then on

simplification, a = 1. Now take a + 0.999... and divide 1.999... by 2 using

the usual process of long division:

 



 

 

9.222.“

2l1.999...

LB

19

18.

1...

Hence a = 0.999... = 1 (p.462?)

Then the authors conclude the following reasons for students' confusion of

thinking that 0.999... is not equal to 1:

1. The lack of understanding of the limit concept.

2. The misinterpretation of the symbol 0.999... as a large but finite number

of 9s.

3 . The intrusion of infinitesmals (infinitely close but not equal).

4. The belief that there should be a one-to-one correspondence between

infinite decimals and real numbers (p.44).

Finally, the authors concluded that there are three types of conflicts existing in the

students' thinking about the limit concept and suggested the cures for these conflicts.

In some cases, the cause of the conflict can be seen to arise from a purely

linguistic infelicity and the conflict can be cured by a more careful choice of

motivation or definition. In other cases, the conflict arises from a genuine

mathematical distinction, for example, between sequences and series, where

we advocate removing the initial conflict by concentrating on sequences

first, introducing the term series later. In other cases again, the conflict

arises from particular events in the past experience of an individual pupil,

and can be cured only by a sensitive teacher aware of the total situation

(p.49).

Tall and Vinner (1981) used a questionnaire to survey university students'

mathematical knowledge of the notion of limit. Students were asked to write down the

definition of the limit of a sequence; either with a formal definition or an informal

definition. They claim that students often form a concept image of "an -->L" to imply an

approaches L, but never actually reaches there. The verbal definition of a limit "an--> L"

which says "we can make an as close to L as we please, provided that we take 11

sufficiently large" induces in many individual, the notion that an cannot be equal to L.



67

Thus the students believed that 0.999.. .<1 and can never be equal to 1. However, the

smdentsacceptedthgt 9 9 9

lim _ __ _ _
m)” (1416+100+1000+...+10n)-2.

Thus if a student has a concept image that does not allow an to equal L (because it gets

"closer" to L as 11 increases) then he or she may not absorb an example such as the one

below;

a _{n/n+l forn odd

n- .

1 for 11 even

The students insisted that the above sequence was not one sequence, but two. The odd

terms tended to one and the even terms were equal to one. The authors also claimed that

students have great initial difficulties with the use of quantifiers "all" and "some" and the

standard definitions of limits and continuity all can present problems to the students

(p. 160).

Williams (1989) conducted a combination of a survey and a clinical interview study

to investigate the understanding of the limit concept in college calculus students. Ten

themes for investigating students' model of thinking about the limit concepts were used:

1 Estimate: A limit is a sort of estimate of a given value the function attains

within a given amount of tolerance. You can get better and better estimates

by restricting x, so the tolerance gets smaller and smaller, but a function

never reaches its limit. A limit is really an approximation, not an exact

number. If you plug in numbers close to s, you can get close to the limit,

but not beyond it.

2. Unreachable: A limit is a number or point that the function has values close

to but never exactly equal to. If you take the limit of f(x) as x->s, you can

make the function as close as you want to the limit, but it will never actually

equal the limit, just like x never actually equals 5. When you take a limit,

you don't care if x is ever really equal to 8, just that it's close. Same with

f(x). It doesn't really matter if f(x) is bigger or smaller than the limit, but

first that it's close. If f(x) ever equals the linrit, you don't really have a

mit.

3. Bounded: The linrit is the maximum (or minimum) of a function as x

approaches some number. As you get close to that number, the values of

the function are trapped by the limit number. For example, when a function

grows really fast but then levels off to an asymptote, the limit is the value of
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the line. So a limit is a point or a number past which values of the function

will not go; in fact, the values never even reach the limit, but they do get

close.

4. Delta-epsilon: A function f has a limit L as x->s if the values of numbers

near s are near L. Specifically, for any tiny interval you draw around L,

you can find an interval around s so that all x values in the interval around s

have function values somewhere in the interval around L.

5. Asymptote: A limit means that when x moves closer to some s, f(x) is

moving closer to the limit. The function gets infinitely close to the limit but

never touches it. It‘s like an asymptote that the function nright cross over a

few times (or even infinitely many times) but will never get closer and

closer to.

6. Monotonicity: When a function moves toward a certain number and gets

closer and closer to it, that number is the limit. So a limit is a number or

point that a function grows toward, but doesn't go past. It is like walking

halfway to a wall, then halfway again, and so forth. You keep moving

closer, and the wall is like the limit. Eventually, you reach the limit, just

like you reach the wall.

7 . Closeness: What's important about limits is the idea of "closeness." When

you say limit as x approaches 3, it means that if x is "close to" s, then f(x) is

'close to' the limit. That is what the definition is trying to say. The idea of

the definition is proving you can get "as close as you want". I say I can

make f(x) as close as you want to the limit by making x close enough to s,

and I prove it by telling you how close x has to be to s whenever you tell me

how close you want f(x) to be to the limit. That is what all the delta-epsilon

stuff is about.

8 . Close enough: You can't evaluate a limit by just plugging in points close to

the number, because you can only plug in a finite number of points, and that

isn't enough to tell you what the function is really doing. It might be

different when you get closer to the point. You really have to prove that

you can get as close as you want to the number and the function is still close

to the limit. That's why you need the limit theorems.

9. Plugging in: Finding a limit is a lot easier than understanding the definition.

When you need to find a limit, you just plug the number in. Like, to find

the limit of f(x) as x approaches 0, you plug 0 into f(x). If it doesn't work,

you do some algebra, try to cancel some stuff out, and try again. The

definition talks about "getting close" and all that, but when you work the

problems, the limit turns out to be what you get when you plug the value in.

10. Movement: If you want to picture a linrit, picture x moving closer and closer

to some number, and the point on the graph above it moving along the

graph, getting closer and closer to the limit. You're just approaching a

point on the graph that the function goes through. The function goes

through the limit point, and the points are just moving along the graph

toward the point. There's no restriction on how close they can get and

eventually, when x reaches the number, the function will reach the

limit.(p.108-110).
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A questionnaire based on these themes was administered to students in 18

discussion sections of second semester calculus classes and 341 questionnaires were

collected. Answers fiom this questionnaire were examined. Twelve students were chosen

to participate in the clinical interview and ten students completed all sessions. There were

five sessions in total. During the first interview session, baseline data was gathered in the

form of a repertory grid. During the middle three sessions, an opportunity to work

anomalous problems, read alternative viewpoints of limit, and discuss how the differing

viewpoints accounted for the anomalous problems were discussed. During the last session,

repertory grid data was again gathered. As results of the summary, he concluded:

Students viewed mathematical knowledge as consisting of separate

components. Procedural knowledge was applied in a situationally

dependent way. In large part, students' conceptual knowledge was applied

in much the same way. Statements about limits were described as being

true or false for specific functions but not for others. Little sense of

generality, of mathematical truth as meaning truth in every instance,

emerged from the data (p.243).

Both students and teachers must come to be concerned with conceptual as

well as procedural knowledge if such knowledge is to be valued and

communicated. Students should be introduced to an analogy for limit,

compatible with the formal definition, which has explanatory power for the

tasks which they must perform (p.250).

Williams (1991) published an article on identifying models of limit held by college

calculus students as a result of his dissertation. Six statements were listed on the initial

questionnaire, #3 was picked by a majority of the 341 students as true. The three most

popular views of limit seem to be a view that is basically dynarrric, a view that sees limit as

unreachable, and a view that echoes the formal definition. These three (#1, #4, and #3)

choices also were selected most frequently as the best description of a limit. The following

Table 3.1. consists of the questionnaire items and the percentage responses.
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Table 3.1. Questionnaire Questions and Percentage of Subject Indicating each Statement as

True, False, or Best on the Initial Questionnaire

 

A. Please mark the following six statements about limits as being true or false:

1 T F A limit describes how a function moves as x moves toward a certain point.

2 T F A limit is a number or point past which a function cannot go.

3 T F A limit is a number that y-values of a function can be made arbitrarily close

to by restricting x-values.

4 T F A limit is a number or point the function gets close to but never reaches.

5 T F Alimitisanapproximationthatcanbemadeasaccurateasyou wish.

6 T F A limit is determined by plugging in numbers closer and closer to a given

number until the limit is reached.

B Which of the above statements best describes a limit as you understand it?

(Circle one)

1 2 3 4 5 6 None ‘

C Please describe in a few sentences what you understand a limit to be. That is, describe

what it means to say that the limit of a function f as x->s is some number L.

 

  

Question Q . . l S l S l . 1° . S 3

number Statement Type = 4 M—

True False Best True false Best

1 Dynamic-Theoretical 80 19 30 82 18 29

2 Boundary 33 67 3 28 72 2

3 Formal 66 31 19 100 0 29

4 Unreachable 70 30 36 65 35 31

5 Approximation 49 50 4 53 46 3

6 Dynamic-Practical 43 57 5 45 55 5
 

Note. In some rows, responses for true and false do not sum to 100% because of

nonresponses. Responses for best statement do not sum to 100% because of

nonresponses.
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In summary, the studies above show that students possess many misconceptions

and difficulties about the notion of limit. There are also many concept images held by

many students which seem very hard to change and which in turn hinders the learning of

mathematics in general and the notion of limit in particular. One of the most popular

questions asked by these researchers is " Is 0.999...equal to one or just less than one?"

Most of the students answer "less than one". With this common denominator among

students, we would like to know where does this common denominator come from? Since

the students' subject matter knowledge come from their teachers, some of the researchers

are interested in teachers' misconceptions and difficulties. The following section will

review these types of studies.

Literature Review on Teachers' Misconceptions

Arcavi et al. (1987) designed a course to help prospective teachers to learn about the

irrational numbers through the study of history of mathematics. They tried to assess

teachers' previous knowledge, conceptions and/or misconceptions about irrationals. They

claimed that students in colleges and universities are often presented with mathematical

definitions divorced from the context which gave rise to them, and that this context can

contribute to the feeling of logical necessity for such definitions. They suggested that, for

this population, one of the sources of confusion between rational and irrational numbers is

the common use of a rational approximation to an irrational as their irrational itself.

Although this is the way many practical problems are solved the distinction should be very

clear-certainly to the teacher (p. 19).

Civil, M. (1990) investigated four prospective teachers' views about mathematics

and about "do math" in mathematics. The investigator was interested in finding out the

answers to the following questions: What do these subjects view as doing mathematics?

Applying procedures? Getting the answer? Thinking the problem through? The

investigator claimed that,
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The subjects did not believe in their own ways of doing mathematics. They

felt more confident when they could solve the problem using some pre-

established mathematical procedures (even if they might not quite

understand it) (p.8).

This statement is parallel to Davis' (1986) "a wrong view of mathematics," which is the

view that doing mathematics would only refer to the actual writing down of equations, and

other symbolic operations, rather than to the thinking process involved.

Galbraith (1982) conducted a comparison study on the mathematical vitality of

secondary mathematics graduates and prospective teachers. In this article, the author links

two areas of contemporary interest in mathematics education. These are, respectively,

mathematical characteristics of prospective teachers and the notion of levels of

understanding. The author claimed that the type of understanding sought was not enhanced

merely by taking more mathematics courses; it was the problem of recycling of attitudes

and mathematical misconceptions within the secondary teaching structure, and the question

of the approach to the study of mathematics at both secondary and tertiary level. The

problem was that teachers had in many cases never learned to learn; their university and

college preparation had turned them into absorbers of pre-digested information. They had

not been encouraged or trained to learn and create mathematics by themselves. They had

been trained to accept what was offered to them. They had not been encouraged or trained

to question the criteria underlying the selection and methods of presentation of the material,

and they had not learned to view mathematics as an on-going activity.

Although these students had been "exposed to" the calculus and "passed" lirrrits in

various guises, and most of them were able to formulate a simple argument in analysis,

they seriously possessed almost no intuition on the subject at all. Early unfortunate

experiences in mathematics learning have a permanent disabling effect. Many ideas,

fundamental to the whole of mathematics, are difficult to teach explicitly and are rarely

examined. Misconceptions, misguided and underdeveloped methods, undefined intuition
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tend to remain. Misconceptions and habits of working seem to be very resistant to change.

An understanding of fundamental notions of analysis such as the distinction between the

limit and value of a function, and between continuous and differentiable, seem to be

missing. The results will be discussed in terms of the implications for mathematics

teaching as follows:

1. That misconceptions and misunderstandings received at secondary level

tend to remain and are resistant to correction through the agency of

advanced level courses.

2. That the level of mathematical vitality achieved by secondary graduates is

independent of local contexts with regard to precise syllabus content and

curricular emphases.

3 . That the level of mathematical vitality achieved by graduates is independent

of particular institutions or mathematics units studied. (p.107)

Graeber et a1. (1989) were interested in finding out what are preservice teachers'

misconceptions in solving verbal problems in multiplication and division. They believed

that in recent years much has been written about children's and adolescents'

misconceptions concerning the operations needed to solve multiplication and division word

problems. The purpose of their study was to explore whether prospective elementary

teachers have the same misconceptions. Graeber et al. claimed that if the preservice

teachers hold these misconceptions, they are not likely to recognize the related errors

students make. And their instruction might inadvertently contribute to perpetuating the

misconceptions. Thus their study was concerned with noting whether the prospective

teachers would exhibit other misconceptions and the extent to which such misconceptions

were similar to those previously noted among children.

A test which was used by Fischbein et al. (1985), modified slightly, was

administrated. An interview was scheduled to obtain more information about the

conceptions the preservice teachers held and the reasoning they used. Thirty-three

preservice teachers were selected for interviews. All these prospective teachers had given
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incorrect answers to one or more of the eight most commonly missed problems (p.96).

They concluded,

The results clearly suggest that preservice teachers are influenced by the

same primitive behavioral models for multiplication and division that

influenced the 10- to lS-year-old students in Fischbein et al. (1985) study.

Further, the most common errors made by both groups are quite similar.

Because today's preservice teachers are tomorrow's teachers, the

learning/teaching cycle may perpetuate misconceptions and

misunderstandings about multiplication and division. Efficient strategies are

needed for training teachers to monitor and control the impact that

misconceptions and primitive models have on their thinking and their

students' thinking (p.100).

Loef and Lehrer (1990) conducted a study to understand teachers' knowledge of

fractions. In their study teachers were presented three fraction problems, two of which

were more similar to each other and different fiom the third in terms of the content, to find,

to investigate how students think about the problems, and the pedagogical actions that they

associate with the particular problems. They claimed,

Many teachers have little knowledge of fractions and those who do often

possess misunderstandings about fraction concepts and procedures.

Teachers could not solve many of the fraction problems given and of those

who could solve them, only a minority could adequately explain their

solutions (p.6-7).

Steinbrenner (1955) investigated the concept of continuity in teachers of secondary

school mathematics. The purpose of the study was to bring to light lmowledge of teachers

and trainers of teachers regarding the place of continuity in mathematics. The method used

is an analysis of the historical development, and of mathematical definitions of continuity,

and of the material in elementary textbooks pertaining to continuity. Steinbrenner claimed,

The concept of continuity and related concepts of irrational number and

limits constitute valuable material for the teachers of secondary mathematics

teachers to know. The teacher should understand these concepts in their

rigorous form and be able to give a correct informal discussion consistent

with the formal approach. A disadvantage of the informal approach is

that inaccuracies in statements and definitions may pass unnoticed more

readily than in a formal approach. Such inaccuracies may give rise to

misconceptions in the mind of a student. To guard against this difficulty, a
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teacher must understand correct, rigorous definition and know what is

lacking in the simplified versions (p.152-153).

Thipkong (1988) investigated preservice elementary teachers' misconceptions in

interpreting units and solving multiplication and division decimal word problems. The

author indicated that it is important to know preservice teachers' weakness in order to help

them become better in their subject matter in preparation for teaching students since today's

preservice teachers are tomorrow's teachers. The purposes of this study were to:

I. investigate preservice elementary teachers' interpretations and

misconceptions of decimal notation involving subunits based on ten and not

based on ten, and with familiar and unfamiliar decimals;

2. describe the processes preservice elementary teachers use in solving decimal

word problems involving multiplication and division with familiar and

unfamiliar decimals on subunits based on ten and not based on ten; and

3. analyze how preservice elementary teachers' interpretations and

performances were affected by misconceptions of decimals numbers.

The instrument was a 45-item written test. Nineteen preservice teachers were

interviewed based on their written test scores. The results fiom this study showed that

preservice teachers who had more experience in solving problems by taking

more mathematics courses in high schools and colleges tended to get high

scores on the test and preservice teachers who had good attitudes towards

mathematics also had high scores. In terms of misconceptions in concepts,

the results showed that some preservice teachers were not able to interpret

decimals as points on number lines. In terms of the nrisconceptions in word

problems, the results showed that some preservice teachers could not give

correct interpretations for problems involving concepts of decimals and the

units of conversion (pp. 112-114).

From the above studies of teachers' misconceptions, we see that there exists a

common thread; that is, teachers do possess misconceptions in different topics. In Arcavi

et al.'s study, some of prospective teachers were unable to distinguish between rational

numbers and irrational numbers. Civil claimed that prospective teachers' view of doing

mathematics is doing some pre-established mathematical procedures. In other words doing

mathematics would only refer to the actual writing down of the equations and symbolic
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operations rather than the thinking process involved. Galbraith concluded that prospective

teachers never "learned to learn" and become a vehicle for recycling their attitudes and

mathematical misconceptions within the secondary teaching structure. Gralber et al. found

in their study that prospective teachers have the same primitive behavioral models for

multiplication and division as 10- to 15-year-old students. Hershkowitz and Vinner's

study examined elementary teachers understanding of geometry and concluded that teachers

have similar geometrical concept image structures to those of children. Loef and Lehrer

concluded that teachers know how to do fraction problems but could not explain their

solutions. Thipkong investigated preservice teachers' notion of decimals and found out

that preservice teachers would not be able to interpret decimals as points on number lines.

These researchers all mentioned that teachers have knowledge about how to do problems

but are unable to explain why and how they get the answers. This learning and teaching

cycle if unavoided may perpetuate misconceptions and misunderstandings about different

topics in mathematics. In the next section, this researcher reviews the literature on the

levels of understanding in different topics, hoping to come up with patterns that will help to

examine knowledge of different topics in mathematics.

Literature Review on the Levels of Understanding

11115 E!’ .13.:

Thomas (1975) proposed a five stages model of the attainment of a concept of

function. The description of the stages and of behaviors relative to each stage formed a

hierarchy in understanding the notion of functions. The operational definition of this model

is given below:

Stage 1: Finding images in a mapping of the whole numbers to the whole

numbers, using simple arithmetic and linear algebraic forms of a

rule for the mapping.
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Identification of the object assigned to an element by a mapping as

the Image of that element or by some other appropriate terminology.

Simple interpretations of arrow notations.

Stage 11: Identification of instances of mappings with finite domains,

involving:

1. Objects familiar to the student's experience, with the

assignments given by a description of a physical or arithmetic

process.

2. Assignments given by an explicit display of the ordered pairs.

3 . Assignments to pairs of whole numbers by the usual operations

of arithmetic or processes involving them (infinite domains may

be considered here).

Stage III: Operational ability in finding images, pre-irnages, range (or set of

images), and domain (or the set of elements assigned images),

where the mappings are given by some display of the set of

ordered pairs. Finite domains only.

Stage IV: Identification of non-instances of mappings with finite domains.

Assignments as in Stage 11.

Stage V: Composition of mappings and the translation from one

representation of a mapping to another.

1. Assignment of images under composition where individual

assignments are given and where an algebraic (linear) rule is

given for each mapping to be composed.

2. Determining the algebraic rule for the composition where

algebraic rules(linear) are given for the mappings to be

composed.

3. TranslationMa rule for a mapping to a line-to-line graph or to

a Cartesian graph of a mapping.

4. Translation from a Cartesian graph to a line-to—line graph of a

mapping, or vice versa (p.155).

The Guttman scalogram scale method (Dunn-Rankin, 1983) was used to analyze

the data. Each stage-subtest was treated as an item in a scale, with dichotomous categories

of response. Guttman's coefficient of reproducibility was obtained as a measure of the

adequacy of this set of items as a scale. Although a value of 0.921 of the coefficient of
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reproducibility was obtained, this analysis did not resolve the difficulties with the concept

identification Stages II and IV and with Stage III. The non-perfect response patterns

associated with subtests 3 and 4 were those which make the distribution of response pattern

appear non—random.

IIEIIIEIII 1"Cll

Fless (1988) conducted a survey to investigate introductory calculus students'

understanding of limits and derivatives. Two questionnaires consisting of four levels of

question items on each concept area of limits and derivatives were developed. The

theoretical framework of the five-level model with the operational definitions similar to the

van Hiele levels in geometry was designed. The key words for these five levels in the

model are: computational, intuitive, transitional, rigorous, and abstract. The behavioral

definition of the five levels comprising the model are given below:

Level I

Students are able to perform the basic operations of calculus such as finding

limits, derivatives, and integrals of functions. This level is essentially

algorithmic, rule-oriented, orWin nature. Students functioning

only at this level, however, do not understand the concepts which underlie

these operations and often cannot recognize which concepts are needed to

solve applied problems. In short, students lack what might be described as

an intuitive understanding of calculus concepts.

Level II

At this level, students possess an inmjm understanding of calculus

concepts which enables them to explain their meaning and use them to solve

applied problems. For example, students understand that a derivative can

be interpreted as the slope of a tangent line to a curve or that an integral can

be interpreted as the area under a curve. They can also solve maximum-

minimum problems, sketch curves, find equations of tangent lines, and

calculate arc lengths, area, and volumes.

Performance at this level is also characterized by the ability to do calculus-

related tasks which do not require an understanding, or even a knowledge,

of formal definitions. For instance, a student at this level would be able to

determine the slope of a tangent line to a curve, at least to any specified

degree of accuracy, by calculating the slopes of approaching secant lines.

Likewise, a student could find the area under a curve by summing the areas
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of approximating rectangles. Students who have reached only level H in

their development, however, fail to understand formal definitions of

calculus concepts, and notation and terminology, such as epsilons and

deltas.

Level III

This is a transitional level linking levels 11 and IV. At this stage of

development, students understand formal definitions and can use precise

notation and terminology in a meaningful way. Thus, students can not only

state the definitions of limit, derivative, and integral, as well as their

negations, but also explain their meanings in terms of a graph. Students

now see how these definitions capture or formalize the corresponding

intuitive notions of limit, derivative, and integral.

Given a stated condition involving the terminology and notation associated

with a formal definition, a student can also detemrine, for example, whether

that condition is stronger or weaker than the actual definition. Although

students can state what is required by definition to prove a certain

proposition, and perhaps even suggest a strategy for doing so, they do not

generally understand formal proofs in calculus and cannot construct them.

Level IV

Students at this level of development understand and can construct formal

proofs which involve the various concepts of calculus. Results of calculus

which were before understood only intuitively, can now be proven

rigorously. Students are now ready to begin studying the extensions of

many of these results to more abstract settings, such as a metric topological

space.

Level V

This level can be described as the ability to do calculus in an abstract

environment, such as a generalized metric or topological space. For

instance, the facts that "real-valued continuous functions on a compact

metric space achieve both a maximum and minimum value" and "limits in a

Hausdorff topological space are unique" are extensions of similar results in

first-year calculus. Understanding at this level would be desirable for

students of intermediate or advanced calculus, but content characteristic of

this level is seldom encountered in introductory calculus.

Two research questions were under investigation: 1) how well do students

understand the concept of calculus? and 2) what kinds of nrisconceptions, difficulties, and

errors do students have concerning the content of calculus? The Guttman scalogram scale

method was used to analyze the data. Each level-subtest was treated as an item in a scale,

with dichotomous categories of response. Guttman's coefficient of reproducibility was
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obtained as a measure of the adequacy of this set of items as a scale. Although all values at

least of 0.961 of the coefficient of reproducibility were obtained, Fless concludes:

As with the van Hiele Levels in geometry, however, few students

performed to even low criterion at Level III and IV of the model in either

concept area. Performance at level II in both concept areas, although better,

also indicated substantial room for improvement. With relatively minor

exceptions, performance at Level I for each concept was satisfactory, at

least in comparison to performance at the other levels (p.186).

11 “.11 lEDl .0

In 1976, Wirszup introduced the van Hiele levels of development in geometry to the

United States (Wirszup, 1976). This was work of Pierre M. van Hiele, who introduced a

"levels-of-understanding" model for analyzing school children's knowledge of basic

geometry. Van Hiele became aware of levels of thinking because his students' learning

processes got stuck at the same places every year. Apparently the levels of thinking

correspond with plateaus of a very special character in the learning curve. The levels have

the properties that there is a certain discontinuity between one level and the next, and that

they have a hierarchic nature in that one cannot possess understanding at a particular level

without having achieved the preceding levels of understanding. In all accounts, the first

level is described as a level of visualization or of getting familiar with the domain of study;

thus a child studying geometry first learns to recognize squares and parallelograrns at sight

without being able to explain how he/she knows what they are. At a second, descriptive

level, the pupil is able to clearly describe the properties of the figures. At a third level the

pupil is able to appreciate the role of definitions and use them to, for instance, distinguish a

square from a general rhombus. Deduction takes place at higher level. Clearly it would not

be possible to function at this third level (using formal definitions to distinguish between

figures) without having achieved the second level (being able to recognize and formulate

properties of geometric figures). In the same way, one clearly could not function at a

deductive level (level four or higher) without having achieved the third level in which the
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role of definitions is understood. Van Hiele makes the point that passing from one of his

levels to the next is not the result of a biological maturation process, like Piaget's stages of

development, but the result of a learning process. The levels of understanding introduced

by van Hiele have a characteristic of inevitability; it seems that every pupil must pass

through all of them.

As stated earlier, van Hiele concluded from teaching the geometry classes that

children reached different well-defined levels of understanding in geometry and that there

are ways to ascend fiom one level to the next and the teacher can help the pupil to find these

ways. An operational definition of these five levels is given below.

Level I

The initial level is characterized by the perception of geometric figures in

their totality as entities. Figures are judged according to their appearance.

The pupils do not see the parts of the figure, nor do they perceive the

relationships among components of the figure and among the figures

themselves. They cannot even compare figures with common properties

with one another. The children who reason at this level distinguish figures

by their shape as a whole. They recognize, for example, a rectangle, a

square, and other figures. They conceive of the rectangle, however, as

completely different from the square. When a six-year old is shown what a

rhombus, a rectangle, a square, and a parallelogram are, he is capable of

reproducing these figures without error on a "geoboard of Gattegno," even

in difficult arrangements. The child can memorize the names of these

figures relatively quickly, recognizing the figures by their shapes alone, but

he does not recognize the square as a rhombus, or the rhombus as a

parallelogram. To him, these figures are still completely distinct.

Level II

The pupil who has reached the second level begins to discern the

components of the figures; he also establishes relationships among these

components and relationships between individual figures. At this level, he

is therefore able to make an analysis of the figures perceived. This takes

place in the process (and with the help) of observations, measurements,

drawings, and model-making. The properties of the figures are established

experimentally; they are described, but not yet formally defined. These

properties which the pupil has established serve as a means of recognizing

figures. At this stage, the figures act as the bearers of their properties, and

the student recognizes them by their properties. That a figure is a rectangle

means that it has four right angles, that the diagonals are equal, and that the

opposite sides are equal. However, these properties are still not connected

with one another. For example, the pupil notices that in both the rectangle

and the parallelogram of general type the opposite sides are equal to one

another, but he does not yet conclude that a rectangle is a parallelogram.



82

Level 111

Students who have reached this level of geometric development establish

relations among the properties of a figure and among figures themselves.

At this level there occurs a logical ordering of the properties of a figure and

of classes of figures. The pupil is now able to discern the possibility of one

property following from another, and the role of definition is clarified. The

logical connections among figures and properties of figures are established

by definitions. However, at this level the student still does not grasp the

meaning of deduction as a whole. The order of logical conclusion is

established with the help of the textbook or the teacher. The child himself

does not yet understand how it could be possible to modify this order, nor

does he see the possibility of constructing the theory proceeding from

different premises. He does not yet understand the role of axioms, and

cannot yet see the methods appear in conjunction with experimentation, thus

permitting other properties to be obtained by reasoning from some

experimentally obtained properties. At the third level a square is already

viewed as a rectangle and as a parallelogram.

Level IV

At the fourth level, the students grasp the significance of deduction as a

means of constructing and developing all geometric theory. The transition

to this level is assisted by the pupils' understanding of the role and the

essence of axioms, definitions, and theorems; of the logical structure of a

proof; and of the analysis of the logical relationships between concepts and

statements. The students can now see the various possibilities for

developing a theory proceeding from various premises. For example, the

pupil can now examine the whole system of properties and features of the

parallelogram by using the textbook definition of a parallelogram: A

parallelogram is a quadrilateral in which the opposite sides are parallel. But

he can also construct another system based, say, on the following

definition: A parallelogram is a quadrilateral, two opposite sides of which

are equal and parallel.

LevelV

This level of intellectual development in geometry corresponds to the

modern (Hilbertian) standard of rigor. At this level, one attains an

abstraction from the concrete nature of objects and from the concrete

meaning of the relations connecting these objects. A person at this level

develops a theory without making any concrete interpretation. Here

geometry acquires a general character and broader applications. For

example, several objects, phenomena or conditions serve as "points," and

any set of "points" serve as a "figure," and so on.

The three bodies of literature just reviewed show that some topics in mathematics

are characterized by levels of understanding. Thomas proposed a five stages model for the

attainment of the concept of function. Fless hypothesized five levels of understanding in

calculus. Van Hiele constructed a five levels model of development in geometry. Maybe a
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better understanding of the steps one must go through to acquire mastery of some important

topics (or ideas) in mathematics will provide insight into how to go about teaching and

learning those specific topics. How do we understand teachers' knowledge about any

specific important topic in mathematics? In the next section, the literature review will focus

on teachers' knowledge.

Literature Review On Teachers' Knowledge

Making teachers' knowledge a focus of study has been a recent trend in the research

on the teaching and learning community. Researchers in the area of teacher thinking are

interested in teachers' subject matter knowledge and the role that it plays in teaching

(Wilson & Shulman, 1987). They are interested in how the teachers' knowledge is

organized, justified, validated in their own heads, and how to represent, transform, and

foster it in their students' heads. In the next sections, this researcher will review the

literature about how the researchers define knowledge, how knowledge is organized, and

how could knowledge be represented. The first part concerns the studies of procedural and

conceptual knowledge. The second part concerns the study of subject matter knowledge

and pedagogical content knowledge. The third part concerns the studies of concept

definition and concept image.

Wedge

Teachers' thoughts are based on their knowledge and reflected by their actions.

How is teachers' knowledge represented? Gagné (1985) described two types of

knowledge representation: one is declarative knowledge» knowing that something is the
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case, and the other is procedural knowledge» knowing how to do something. A common

method for representing declarative knowledge is in the form of propositional networks in

which propositions (ideas) are nodes that are linked closely together according to some

relationships between them. A common method for representing procedural knowledge is

through the use of production rules that specify the conditions under which some actions

can take place.

Hiebert and Lefevre (1986) claimed that mathematics knowledge is represented by

conceptual knowledge (similar to Gagné's declarative knowledge) and procedural

knowledge. Both representations play an important role in knowledge acquisition. In

mathematics, for instance, procedural knowledge consists of knowledge of formal

mathematical symbols (e.g., numerals and signs for operators) and the procedures (e.g.,

algorithms) that operate on these symbols to complete mathematical tasks, while conceptual

knowledge in mathematics (as in all fields) is rich in relationships, a "connected web of

knowledge" achieved by constructing relationships between pieces of information. In

terms of the limit concept, the procedural knowledge consists of symbols such as, lim, n--

>oo, lim an, an, an-L and 8 >0, n>N, I an-L I < 8, etc. The conceptual knowledge of limit

concept would be making connections among these symbols. What is the meaning of each

symbol? How are these symbols related or interrelated? How could one interpret these

symbols to someone who has no ideas about these symbols? How these two knowledge

representations, conceptual and procedural, are interrelated with each other is an important

debate in cognitive psychological research. In recent research on mathematics education,

the specific debate topics are how the two are interrelated; how to achieve an appropriate

balance between the two; or whether one has to come before the other (Nesher,1986;

Romberg & Carpenter, 1986; Putnam, 1987). In most mathematics instruction, the main

focus has been on computational skills, which often did not produce understanding.

Researchers on mathematics teaching and learning have started to investigate whether
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teaching understanding will enhance procedrn'al competence (Leinhardt and Snrith, 1985;

Lampert, 1986; Nesher, 1986; Putnam, 1987).

Nesher (1986) described two studies that focus on whether the conceptual and

procedural knowledge enhance each other. One was a study done by her student which

involved dealing with the question of the relationship between algorithmic performance and

understanding in decimals. The other, which was carried out by Resnick, Omanson and

Peled, dealt with understanding place value concepts and performance on the subtraction

algorithm. But neither of these two studies supports the idea that in learning a certain

algorithm one needs a prior understanding. Nesher argued:

Understanding is never finite and complete, rather it is Open ended. We do

not know precisely enough what the states that lead to understanding are,

and we cannot acquire understanding in a mechanistic manner that will

assure the predetermined outcomes (p.3).

Putnam (1987) pointed out that conceptual knowledge does not automatically

produce procedural competence. But this rich conceptual knowledge which constitutes

mathematical understanding should link with the procedural knowledge, which has

meaning and is understood based on this rich conceptual base. It is these links that allow

procedures to be applied appropriately to problem solving and the acquisition of other

mathematical concepts.

 

What the teacher knows about the subject matter to be taught, the ways to

communicate knowledge to students, and knowledge of how to help his or her students

come to understanding the subject matter influence one another. Shulman (1986)
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addressed the fact that investigators ignored one central aspect of classroom life: the subject

matter, and that

No one asked how subject matter was transformed from the knowledge of

the teacher into the content of instruction. Nor did they ask how particular

formulations of that content related to what students came to know or

misconstrue (p.6).

How do prospective secondary mathematics teachers represent their knowledge and

what do they need in teaching? Shulman (1986) claimed that teaching should emphasize

comprehension and reasoning, transformation and reflection. In answering what are the

sources of the knowledge for teaching, Wilson and Shulman (1987) proposed a knowledge

base for teaching, Even (1989) restated as follows:

«fl/fi-T‘JFRTW “A 7 H l _ .

1.mtmatter contentknowledge, which is the understanding of the subject

matter structure. It consists of the knowledge, understanding, skill, and

disposition which are taught and to be learned by school children. The

knowledge about why, how and what should be taught, how those topics

are related to each other, not only knowing how something is the case, but

also knowing how to do something.

2. Pedagogical content knowledge represents the blending of content and

pedagogy into an understanding of how particular topics, problems, or

issues are organized, represented, and adapted to the diverse interests and

abilities of the learner, and presented for instruction. This knowledge

includes an understanding of what it means to teach a particular topic and

knowledge of the principles and techniques for doing so.

3. Curriculum knowledge represents an understanding of the curricular

alternatives available for instruction; familiarity with the topics and issues

that have been and will be taught in the same subject area during the

preceding and later years in school (p.49-50).

Even (1989, 1990) tried to identify important aspects of subject matter knowledge

for teaching the concept of function and to describe kinds of knowledge prospective

teachers have with respect to these aspects. Her data was gathered in two phases: an open-

ended questionnaire followed by an interview. There were 152 prospective secondary

mathematics teachers participating in her survey and 10 among them been interviewed. The

results showed that there were discrepancies between the participants' concept image and



87

concept definition of function, difficulties with translations between different

representations of function, lack of rich relationships between the informal meaning of

inverse as "undoing" and the formal definition of function, and incomplete understanding

of the role of the notion of function in the curriculum.

Even proposed six aspects of teachers' subject matter knowledge about functions,

they are:

1. What is a function? (includes image and definition of the concept of

function, univalent property of functions, and arbitrariness of function).

Different representations of function.

inverse function and composition of functions.

Functions of the high school curriculum.

9
9
5
”
!
"

Different ways of approaching functions: Point-wise, interval-wise, global

and as entities.

6. Different kinds of knowledge and understanding of function and

mathematics (p.5-6).

In addition she added two aspects of pedagogical content knowledge:

1. Teaching toward different kinds of knowledge and understanding of

functions and mathematics. This aspect includes teaching with emphasis on

conceptual or procedural knowledge, meaning or rote learning, teaching for

understanding or emphasis on following rules.

2. Students' mistakes--what they do and why? This includes knowledge about

students' common mistakes about functions and their sources.(p.5-6)

Leinhardt and Smith ( 1985) argued that we can come close to a definition of

mathematical understanding if we think of it as a collection of different ways of knowing

mathematics and an appreciation of the connections among them. In order to test their

theory, they have contrasted expert and novice teachers to examine the knowledge that

teaching requires. They argue that teaching is based on two bodies of knowledge:

knowledge of lesson structure and knowledge of subject matter. One consists of general

teaching skills and strategies, the other consists of subject matter information necessary for

the content presentation. They described teachers' knowledge of arithmetic as follows:
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Subject matter knowledge includes conceptual understanding, the particular

algorithmic operations, the connection between different algorithmic

procedures, the subset of the number system being drawn upon,

understanding of classes of student errors, and curriculum presentation

(p.247).

In order to help students come to understand mathematical notions, the prospective

secondary mathematics teachers need not only to master the subject matter, but to know

what prior existing misconceptions their students have. Most important of all, they

themselves must not have these misconceptions. In the next section, the literature review

will concern the discussion of discrepancies between teachers' concept definition and

concept image.

:1 I 112 DE"

The other type of description of the knowledge that students have in mathematics

and science involves the terminologies of "concept image" and "concept definition."

Concept images and concept definitions were discussed in several papers recently (Davis &

Vinner, 1986; Dreyfus & Vinner,l982; Even, 1989; Hershkowitz and Vinner,l984; Tall,

1989; Tall and Vinner, 1981; Vinner, 1983; Vinner & Dreyfus, 1989). Almost all except

the most primitive mathematical concepts have formal definitions. Many of these

definitions are taught at one time or other to high school or college students. On the other

hand, all concepts, even nonmathematical ones (like concepts in science), have

accompanying concept images. Each individual's concept image is his or her own mental

picture, representations, and understanding of relawd properties of that concept. Revealing

the concept images of teachers as well as of students becomes very important in teaching

and learning; not only might it give us a better understanding of teachers' knowledge and

how well students learn, but also it might suggest some improvements in the teaching and

learning to prevent recycle the wrong concept images. In the previous literature review,
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this researcher already mentioned studies on students' concept images. In the present

section, we consider only studies concerned with teachers' concept images.

Dreyfus and Vinner (1982, 1989) examined the notion of function in 271 college

students and 36 junior high school teachers. They found that concept images played a

crucial role in learning and teaching. Even though a student may have a correct concept

definition his or her concept images (sometimes wrong) may interfere with correct

performance. Sometimes, the concept image produces an answer contradictory to the

concept definition. This causes difficulty in learning mathematics. For example, one of

questionnaire questions (see Figure 3.2) in this study asked students whether there exists a

function the graph of which is:

/

  

Figure 3.2 -- Discontinuous Function

Some negative answers were explained by saying that the graph is discontinuous

and therefore it cannot be the graph of a function. On the other hand, the explanations for

the positive answers stated that discontinuous functions are legitimate members of the

function family. The definition of function does not preclude a function having a graph
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which has jumps or breaks, and in fact the answer to the above question is affirmative.

Most people have the idea that functions should behave smoothly.

Hershkowitz and Vinner (1984) investigated basic geometrical concepts in school

children in a series of studies. The purpose of their studies was to obtain a better view of

the processes of concept formation in children and of the factors affecting their knowledge

acquisition by studying these same concepts in elementary school teachers. The subjects of

these studies were asked in one of the questionnaire question to identify the interior points

in an angle (sec Fig.3.3.a). Both the students and the teachers had the misconception that

the sides of the angle are segments instead of rays. This concept image comes from the

usual drawing of an angle. Thus, they would say that P is an interior point, but Q is not.

Actually, if the sides of the angle extended longer (see Fig. 3.3.b), we could see that Q is

an interior point.

 
 

 

(a) (b)

Figure 3.3 - Interior Point of an Angle: Two Drawings

Due to the similarity of teachers' and students' concept images and performance, this study

suggests that a teacher's incomplete or incorrect concept image will probably be repeated in

the students' geomeuical thinking.
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In summary, knowledge can be represented as procedural and conceptual

knowledge. Procedural knowledge means knowing how to do something, while

conceptual knowledge means knowing that something is the case. Teachers' knowledge

can be represented as subject matter knowledge which includes both conceptual and

procedural knowledge, in addition to which teachers' knowledge also includes pedagogical

knowledge and curriculum knowledge. Mostly teachers' knowledge is seen as a collection

of procedures divorced from the underlying conceptual understanding. Besides the

separation of the conceptual knowledge and the procedural knowledge, the literature shows

that there exists a discrepancy between teachers' concept definition and concept image.

How to avoid the teaching and learning recycling of misconceptions is something the

teacher training institutions should think about.

Conclusion

In this chapter, the literature review reveals that researchers are in general agreed

that the limit concept should be taught at least in high school. Although there were many

studies which investigated which is the best method to teach the linrit concept, there seemed

no difference in students' performances. No matter what instruction methods were used:

whether the linrit concept was taught by inductive or deductive reasoning, whether the limit

concept was taught by limits of functions followed by limits of sequences or vice versa,

whether the limit concept was taught by advanced set method or by logical preparation

method, the difficulties, misconceptions, and errors made by students are consistently

identified by many studies. On the other hand, the research on teachers' knowledge of

specific topics also exhibits that there exist pervasive misconceptions, difficulties and errors

common to teachers The discrepancy between the mathematical concept definition and

concept image interferes with knowledge acquisition in the teaching and learning of

mathematics. What needs to be done, first, is to identify more teachers' misconceptions,
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difficulties, and errors in different important mathematical topics, and then the teacher

training institutions can help prospective teachers undo the damage caused by the wrong

concept image.

From the above literature review, one can see that there seem to be no studies

investigating the inservice teachers who teach the limit concept or research specific to

preservice teachers who are going to teach the limit concept. Prospective secondary

mathematics teachers are a very interesting group to study, because they are still student-

teachers, but will shortly become the new professional teachers themselves. What they

know and understand now will probably reflect how they are going to teach the limit

concept. By studying their understanding about the limit concept and how they teach the

limit concept when provided a teaching situation, we will certainly learn not only how well

prospective teachers learn their knowledge from the teacher training institutions, but also

how are they going to teach in mathematics classrooms.

In the next chapter, this researcher will describe in detail the procedure, the

methodology, and the data collection of the present study.



CHAPTER FOUR

THE STUDY: PURPOSE AND DESIGN

Purpose

Limit is a central concept in analysis. Most students are formally introduced to this

concept in a calculus or precalculus class. Studies of students' understanding of limits

indicate there are not only difficulties in the learning this concept but also report many

students lack understanding and hold a variety of misconceptions. One of the variables

relating to student outcomes in understanding the limit concept is teacher knowledge.

Shulman (1986) proposed a knowledge base for teachers. He stated the knowledge base a

teacher needs to perform the teaching profession includes: subject matter knowledge,

pedagogical content knowledge, and curriculum knowledge. The subject matter knowledge

is a common personal knowledge of the subject matter (for instance, in the present study it

is the mathematical notion of limit), pedagogical content knowledge is knowledge of how

to help someone else develop an understanding of the subject matter (in this study it is how

to teach the notion of limit when provided with a teaching situation; knowing what are

students misconceptions, difficulties and errors; and what are the method6for overcoming

these misconceptions), and curriculum knowledge is knowledge about the range of

instructional materials available to teach a particular subject (in this study knowing where

the limit corrcept comes fiom and where it leads to; krrowing what is the role of the limit

concept inth2)mathematics curriculum; knowing what kinds of activities will contribute to

54.2 K“ 7”" ‘
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helpingstudents learn the limit concept at each different grade level). In order to investigate

the prospective teachers' knowledge about the notion of limit, the following research

questions were formulated:

1. How well do prospective teachers understand the concept of limits?

.2. What kinds of misconceptions, difficulties, and errors do prospective

teachers have with regard to the concept of limits?

3 . What are prospective teachers' opinions about the role of the concept of , . ,m'

limitsinK-12 mathematics curriculum? 11'; 5' 4r ,8?

. i}. :31. l: ' 1'

4. What are the possible misconceptions, difficulties, and errors prospective ’1’ l ’ 71¢“

teachers andcipatein teaching the concept of limits? 1,, I7 , u I": 1:"

‘- '1 I1 iii.) 1 1 11".1i I

. . , . '_ .’, l

The first two questrons are related to prospectrve teachers subject matter I; if; ‘

IN":

knowledge. The third research question is designed to examine prospective teachers‘

curriculum knowledge about the limit concept. The last research question leads to 571/71: 7:

exploring prospective teachers' pedagogical content knowledge. In order to be able to ,1. I'M

address these research questions, this researcher constructed a five-category theoretical

model of understanding as a data analysis framework.

Design

III] 'lllllfi 1.51

In order to investigate the research questions, this researcher constructed a

theoretical model for describing prospective secondary mathematics teachers' understanding

about the limit concept. The form of this model was mainly suggested from the following:

1) readings on the history of the limit concept and the literature, 2) the van Hiele levels of

development in geometry, 3) Fless's levels of understanding in calculus, and 4) Thomas'

stages of attainment regarding functions. In addition, the‘results of a pilot study conducted
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by this researcher was used. The operational definitions of the constructed five categories

comprising the model of this study are given below.

[I I' E . ll 1 1'

Category I, Basic Understanding, includes the ability to conjecture correctly at the

existence or non-existence of the limit for an infinite sequence evolving according to a

sufficiently simple numerical, graphical, or geometrical pattern without necessarily

understanding what a limit is in a formal sense. A person functioning in this category, for

example, would look at the pattern

1, 1/2, 1/3, 1/4, 1/5, ..., 1/n,

and infer that the rule is n --> 1/n, would observe that the values of the terms get smaller and

smaller, and would thus recognize that the limit is 0. When presented with the following

diagram

 

-l/2 -1/4... 0 1/5 1/3 1

a person at Category I would observe that the terms are clustering toward the number 0, and

would thus recognize that what is being presented is a sequence converging to 0. In

Category I, one would know that sequences such as

l, 2, 3, 4, 5, ..., n,

or

1. 4, 9. 16. 25. 112,...

do not have limits because the values of the successive terms get larger and larger without

bound. A person in this category would recognize that the sequence

1. 1/2, 1/22. 1/23, 1/24, 1/25, 1,211....

has limit zero and, perhaps, that the sequence Mn 4» 1) has limit 1.
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Category II, Computational Understanding, includes the ability to use algebraic

operations and basic theorems on how limits and algebraic operations interact (the theorems

for limits of sums, differences, products, and quotients) to find limits of many sequences

through computation. This category is essentially algorithmic, rule-oriented, or

computational in nature. A person with what we call computational understanding could

certainly find, for example,

. n2 + l

hm

n->°° (2n + 1)2

and even perhaps compute limits for much more complicated sequences. However, it is

possible to apply the rules of the algebra of limits in a very mechanical way and still be

quite successful in computing limits without having a clear understanding of why the

computed result is actually the limit of the given sequence or even having a clear conception

of what the term "linrit" means. Thus computational understanding is still a fairly primitive

category of understanding. In this category what one needs to know includes also the basic

understanding, however, for the following reasons: 1) a person functioning at this category

. . l 1

would have to know or beheve that “13;!” n equals zero and “1}?” 2n equals zero, 2) the

theorems on algebra of limits do not enable us to compute limits for all sequences, but

instead are used to reduce a given limit problem to finding limits of simpler sequences,

such as mentioned in 1), thus to do any problems a person would need to have some basic

skills to complete the problem after the algebraic reduction has been made, and 3) a person

would hardly be said to have computational understanding if one writes statements such as

1i!“ n

n->oon+l

 -_-:—:-=1

or

l/n2 0

££ra=0=°

as answers to a problem, although both answers happen to be correct.
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Category III, Transitional Understanding, is when one has achieved the skills of the

proceeding categories and is beginning to have some theoretical gasp. In this category one

can state the formal definition of limit, and explain the notations and terminologies verbally

and gaphically. One is aware of the important role of e and N and the necessity of taking

them in the proper order and can do problems involving explicitly finding N in terms of e

for given sequences. One would know some theorems, beyond the simple algebra of

limits, concerning when limits exist; for example, one would recognize when to use the

Squeeze Theorem to find the limit of a given sequence. One would be able to identify

under what situation "the sum of the limits is the limit of sums," rather to follow the routine

computational manipulations. One would know that the limit (if it exists) is a real number,

so one can divide the limit by a non-zero real number. However, a person functioning in

this category might not be able to provide rigorous proofs of statements about limits; and

might not be able to state and to prove the negation of the definition of the limit.

[I DI'B' ll 1 1.

Category IV, Rigorous Understanding, comprises not only basic and computational

understanding of limits, but also the ability to rigorously prove statements about limits. In

this category one can: 1) apply the skills of categories I and II to find limits, 2) state and

explain the formal and informal definition of the term "1th", 3) provide proofs that the

initial conjecture at the limit of a sequence, derived basically or computationally, actually is

that sequence's limit according to the formal definition, 4) formulate and explain the

negation of the definition of limit, and use it in proofs, and 5) prove and use the standard

theorems about limits.



98

Wain:

Category V, Abstract Understanding, is a developmental stage of "feeling

comfortable wi " the limit concept. A person functioning at this category of development

would have all the skills associated with the proceeding categories. In addition, in this

category one is aware of the important role of the limit concept in mathematics; of where it

shows up in the standard K-12 mathematics curriculum; and what mathematical knowledge

can be generalized from here. As a teacher in this category, one is able to tie in the limit

concept by using different examples or non-examples to different age students, either

intuitively or rigorously. In this category one is comfortable enough with the limit concept

to be able to handle its generalizations to more abstract settings, such as encountered in

topology or the study of function spaces. Finally, in this category one is free of the usual

misconcepts about limits, which often cause people to perceive the subject of limits as

being beset by "Zeno-like" paradoxes. Ideally, prospective secondary mathematics

teachers should be aware of these misconceptions (which seem to have a somewhat

inevitable character) and thus be able to help their students work through these

misconceptions.

This researcher believes it is reasonable, and illuminating, to draw a rough parallel

between the history of the limit concept and hierarchical stages of understanding models

such as used in this study. The knowledge possessed by the ancient Greek geometers, an

intuitive recognition that successive bisections produce a sequence tending to zero and that

the circle was in some sense the limit of a sequence of inscribed polygons, for instance,

might be thought of as corresponding to Category I. Of course the ancients could not have

stated that the circle was the limit of a sequence of inscribed polygons because the concept

of the limit had not been invented. An interesting period exhibiting highly ingenious

computational skills extends through the time of Cavalieri and even Newton and Leibniz.

During this time many problems were solved, correctly, but the solvers were not able to

explain their reasonings clearly or to answer perfectly reasonable objections to their logic.
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When it became clear that the calculus was important, that there were certain logical

problems with its foundations, and that limits were somehow the key idea, there was a kind

of transitional era during which mathematicians worked on coming up with a satisfactory

logically sound explanation of limits. The full rigorous understanding came with

Weierstrass' definition; a definition which is still found to be satisfactory and which is clear

and flexible enough to allow of easy generalization to contexts other than the real number

system.

These five categories are used as the fiamework of the theoretical model for data

analysis and the design of the questionnaire test items.

Category I and II of understanding would correspond pretty exactly to what is

called procedural knowledge; the remaining categories certainly involve conceptual

knowledge (Hiebert & Lefevre, 1986).

W!

As the literature review in Chapter Three revealed, very little research has focused

on the prospective teachers' understanding of the limit concept. There were studies on

other mathematical topics which tend to show that prospective teachers do possess the same

kind of misconceptions as their students. But what about the prospective teachers' notion

of limits? Are prospective teachers' conceptions of the limit concept similar to the

students'? In an attempt to determine how information about prospective teachers'

understanding of the limit concept could be obtained, a pilot study was conducted. While

teaching in Taiwan during fall of 1990, this researcher devised an instrument, in the form

of a questionnaire based on the theoretical five categories model of understanding. Copies

of the questionnaire and the description of the theoretical model of understanding were sent

to several mathematics professors at the National Normal University in Taiwan, and they

ageed generally on the description of the model and the instrument. The instrument was
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then given to the faculty at Wu Feng Junior College of Technology to check for length and

difficulty. After a minor revision, the revised questionnaire was then administered to 25

prospective secondary mathematics teachers, in the National Normal University. The

instruments from the pilot study were scored, and examined to see if the questions reflected

the desired understanding as they were intended to.

In winter 1991, the researcher presented a copy of the instrument, together with the

theoretical five categories model of understanding of the limit, a statement of purpose, the

answer sheet of the test items, and the gading policy of the test items to a panel of 11

Michigan State University mathematics and mathematics education professors, from the

mathematics department and the teacher education department. Comments were sought and

received from this panel. There was wide ageement that the categories of understanding

were appropriately chosen and adequately described, and the test items also indicated the

categories of understanding. There were several detailed comments on the questionnaire

indicating that some test items needed rewording.

Several changes were made in the questionnaire as a result of the panel's

comments. A few questions were re-phrased for geater clarity, some have been deleted,

and new questions were included. And the questionnaire was shortened so as not to appear

intimidating or overly time-consuming to the subjects, and so that it could be completed in

an hour.

The new questionnaire was then given to two prospective secondary mathematics

teacher volunteers to check that it could reasonably be completed in an hour. The results

seemed to satisfy the researcher's intention.
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This Study

[1 . .

As the goals of this study stated earlier, this study was intended to reveal the kind

of subject matter knowledge of limits prospective teachers have as well as to point out

misconceptions, difficulties, and errors in their subject matter knowledge, to explore their

curriculum knowledge, and to describe their pedagogical content knowledge. The

questionnaire was then designed to examine how well prospective teachers understand the

topic of limits and how to teach it. Therefore, an instrument was developed that would

measure their understanding based on the constructed five-category model. In accordance

with this model, the subject matter problems presented to the participants were chosen to be

both standard and non-standard problems.

This questionnaire (appearing in Appendix A), which included 24 test items and

was expected to be finished within 45-60 nrinutes, was administrated to the participants in

their class. They were asked to sign a consent form, but were asked not to sign their

names on the questionnaire. The questionnaire consisted of two parts. Part I included the

demogaphic backgound data of the subjects obtained from item #1 to item #4. Based on

William's (1989) questionnaire items on function limits, the researcher constructed a

parallel True-False question on limits of sequences (Part I #5). This question was formed

by eight statements of which only one among them is the mathematically correct answer for

the definition of limit of a sequence. The responses to this multiple-choice question will

first provide answers for what the subjects think about limit. Then, Part 1, item #6 was

designed for the subjects to identify what statement in test item #5 matches their best

description of limit. Items #7 and #8 were intended to find out about prospective teachers'

( formal or informal, correct or incorrect) way of defining what they think is the meaning of
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the limit concept. Item number 9 asked the prospective teachers to provide activities which

implicitly or explicitly involve the limit concept in K-2 and 4-5 gade ranges. Finally, item

number 10 was intended to explore their ability to recognize the difficulties,

misconceptions, and errors they encountered and how to teach their students to overcome

these problems.

Part II includes 14 test items which divide into 5 categories based on the framework

of the theoretical model. The classification of test items by category is given in Table 4.1:

Table 4.1. Classification of Test ltenrs by Category

 

 

 

Category Description Test Item Number

I Basic 1(8). 1(b). 1(6). 1(d). 1(6). 1(f). 2(a). 2(b).

and 3(a)

H Computational 4(a), 4(b), 4(c), and 4(d)

III Transitional 3(b), 5(a), 5(b), 6, and 7

IV Rigorous 5(c), 8, 9(a), 9(b), and 10

V Abstract 11, 12, 13, and 14
 

Only the first 10 test items were gaded and scored based on the scoring system.

There were very few responses to the fifth category test items, so this researcher decided

there was no reason to discuss them.

11mm

Information gathered from a written question is sufficient for a general description

of some facets of the prospective teachers' knowledge about the notion of limit and

teaching, but is limited and sometimes hard to interpret. In order to overcome these



103

difficulties, an in-depth interview was included in this study. The interview was conducted

by providing questions and asking the subjects to explain what they think and why; asking

their reactions as teachers as to how to either identify students' misconceptions or try to

help students to overcome these misconceptions; asking what they think should be the role

of limit concept in K-12 mathematics curriculum and how the limit concept is related to

different topics in mathematics; asking them to provide an activity that could explain the

limit concept to a very young child and then why they thought that activity could help the

young child learn the limit concept; and asking them whether the mathematics curriculum

should include intuitive presentations of the limit concept in early grades. All these types of

questions will provide further information about prospective teachers' knowledge about the

limit and teaching about limits, which could not be provided by the written questionnaire.

Thus, the individual interviews were conducted in order to provide the following data about

the subjects:

1. Information which could not be supplied by the written questionnaire.

2. Subjects' conceptual understanding and transfer of that understanding into

verbal communication.

3. Subjects' ideas on how to teach the concept of limit when provided with a

teaching situation.

Therefore, the interview was used to get information that the questionnaire could not

possibly give. The interview questions are presented in Appendix B.

Ecnulatimandfimle

fienemlfiackmnd

The participant subjects in this study were 38 prospective secondary mathematics

teachers in the last stage of their professional education. They were finishing or had

already finished their mathematics methods class. This goup was selected so that the
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description of their knowledge would reflect the knowledge teachers have gained during

their college education, but before they start teaching. The subjects came from six

universities: Western Michigan University, University of Iowa, University of Wisconsin--

Madison, Michigan State University, University of Texas-- Austin, and Oral Roberts

University. The subjects were prospective teachers enrolled in a mathematics methods

class. A mathematics educator and professor at Michigan State University contacted some

of his colleagues in some Mid-westem universities. First he sent them a letter to ask

whether they were willing to let prospective secondary mathematics teachers in their

methods course participate in this study. If they ageed to participate in this study, then the

required number of questionnaires were sent to them. The selection of the university was

made according to the mathematics method instructors' cooperation and willingness to

devote one hour of their class time to administering the questionnaire to their students. The

distribution of subjects by university, by sex, and by age is given by Table 4.2.

Wad

Over 80% of the subjects (who provided the information) in the first phase of the

study had an over all college gade point average above 3.0 (on a scale of 0 to 4). The

mathematics gade average point was 5% lower -- about 75% of the subjects had a

mathematics gade point average between 3.0 and 4.0. Table 4.3 shows the distribution of

subjects by universities, by gade point average in general and gade point average in

mathematics.
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Table 4.2 --WW

 

Sex Age

Univ. Male Female N/R Total 19-23 24-29 30-35 over 35 N/R Total

  

 

 

1 2 6 -- 8 5 2 -- -- l 8

2 3 9 -- 12 8 2 l l -- 12

3 3 -- -- 3 1 1 -- 1 -- 3

4 1 2 -- 3 2 -- 1 -- -- 3

5 4 3 -- 7 3 2 -- 2 -- 7

6 3 2 -- 5 4 1 -- -- -- 5

Total 16 22 O 38 23 8 2 4 1 38

 

Note: N/R indicates no response.

Table 4.3 --WW

 

GPA MGPA

Univ. 2.0 2.5 3.0 3.5 4.0 N/R Total 2.0 2.5 3.0 3.5 4.0 N/R Total

  

 

1 -- 1 2 4 -— 1 8 1 -- 2 3 -- 2 8

2 -- 3 3 5 -- 1 12 1 3 5 1 -- 2 12

3 -- 1 1 1 -- -— 3 -- 1 -- 1 1 -- 3

4 -- -- 1 2 -- -- 3 -- -- 2 1 -- -- 3

5 -- 1 1 3 -- 2 7 -- 1 1 3 -- 2 7

6 -- -- 2 2 -- 1 5 -- 1 1 1 1 1 5

 

Total -- 6» 10 17 - 5 38 2 5 l 10 2 7 38

Wndicates no response.
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In Questionnaire Part I question number 5, the subjects were asked to identify eight

statements as true or false. Among the eight statements only #5-c parallels the formal

definition of a limit of a sequence. Then in question #6, the subjects were asked to identify

which statement is the best description of a limit of a sequence. Eighty-two percent of the

subjects chose #5.c as a true statement. The form most popular views of limit seem to be a

view that echoes the formal definition (82%), a view that is dynamic-theoretical (63%), a

view that sees limit as boundary (58%), and a view that sees limits as unreachable (55%).

However, this unreachability statement (#5-d) was selected most frequently as the best

description of a limit. Table 4.4 shows the percentages of subjects indicating each

statement as true, false, or best on the questionnaire.

Table 4.4--Model of Limit Held by Subjects

 

Question W Wm

number Model of limit (N518) - =

True False Best True false Best

 

5-a Dynamic-Theoretical 63 37 13 65 35 16

5-b Boundary 58 42 3 58 42 3

5-c Formal 82 18 18 100 0 23

5-d Unreachable 55 45 26 58 42 26

5-e Approximation 50 50 5 52 48 3

5-f Dynamic-Practical 32 68 0 39 61 0

5-g The Last Term 39 61 1 1 48 52 13

5-h Limit as a Variable 47 50 1 1 52 45 6

Total 87 90
 

Note: Responses for best statement do not sum to 100% because of nonresponses.
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Data collection for this study was conducted from April 1991 to February 1992.

The administration of the questionnaire to the 38 subjects took place between April 1991 to

August 1991 in a regular mathematics method course by regular instructors of that class.

Data collection for the interviews was conducted from November 1991 to February 1992

by this researcher herself.

The following data were collected from the whole sample of 42 (38 subjects took

the questionnaire and four were interviewed) in six universities.

fienerallnfcnnaticn

This information was collected in order to describe some demogaphical

characteristics and academic backgound information about participants. It included

gender, age, university gade point average in general and in mathematics, and mathematics

courses taken at university level, and models of the limit concept held by this goup of

prospective teachers.

[1 . .

This contained standard mathematics problems from the ordinary textbooks as well

as non-standard mathematics problems gleaned from the history of mathematics and

problems designed based on students' misconceptions found in other studies. The

participants were not allowed to use any outside resources and had 45—60 rrrinutes to

complete answering. This information could provide insight into the general knowledge

and understanding of the notion of limit and teaching the limit concept that prospective

teachers have.

In addition, due to the fact that there were fewer participants than this researcher

expected, an interview session was added to collect more information. This included four

subjects from one university.
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The interview questions (appearing in Appendix B) resulted fiom the analysis of

questionnaires of these thirty eight subjects. Since this researcher could not find subjects

willing to devote three hours to participate in this study, the interviewees only answered the

interview questions rather than answering both the questionnaire and being interviewed.

The interview lasted about one hour on the average. In the processes of interviewing, the

thinking aloud technique was conducted in order to find out why people said or did what

they said or did. The interview questions can probe the depth of prospective teachers'

conceptual understanding, and explore how they extemalize their understanding through

the thinking aloud method. Their interpretations about the notion of limits were collected as

information to indicate how they teach the mathematical limit concept and what were their

misconceptions and their concept images. Probing was an important component of the

interview processes. But, since this researcher has been a classroom teacher for so long, it

had become an habit to provide hints for the students, thus the interview questions were

designed as a structured interview. That means, every interviewee answers the same sets

of questions. Unless this researcher was uncertain about the responses of the subjects, she

was quiet most of the time. The interviewee read the interview questions and provided the

answers they thought best explained the questions that been asked. The interview session

was audiotaped to assure an accurate record of what was said.

11 El"S°

I) l‘lls 1".s||"|.01"'. .‘ ItIIrI‘rIl'.I. '.= Hm I.I‘-1I~.11II‘ In in I

1 . 7

An answer sheet for question items number 1 to number 10 on Part II of the

questionnaire was reviewed by the panel of eleven mathematicians and mathematics
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educators and a sample is provided in an appendix C. Based on this answer sheet the

researcher designed a scoring system which was also reviewed and approved by the panel.

Raw scores of distribution in each category were then obtained by three gaders

first adding up the scores of each item in each category and then dividing the total scores of

that particular category's question items, giving a percentage score (appears in Appendix D)

at each level of understanding. Since the researcher provided an answer sheet, the results

of the raw scores the gaders provided were within 95% of the ageement. Based on this

percentage score a scale like the Guttrrran Scale was formed. This scale will be used as an

indicator of how well prospective teachers did at 90%, 80%, and 70% performance criteria.

I l‘.'11010(.'otlI ‘III A‘lv .II III .Itr‘vrIIIt I I I‘ -.1I'IJIUI~

 

The responses of each test item in questionnaire Part II number 1 to number 10,

were first collected separately. Then the responses were gathered into goups, each goup

representing the same core response. Next all the subgoups of each goup were gathered

together to form the main responses for each category test item. For each category, a chart

is provided which shows the number of subjects who gave a response from each of a

particular set of common responses for that category. This chart could be used as an

indication of the subject's difficulties, misconceptions, and errors made for the particular

categories. From the above information, the second research question was addressed.

‘ I . . . O . _ ‘ C . > - ' O. - ~

U i .l U ( r-(Il IO! Al: cl 'U 01".. :I'Jt 3.0.1:... ,I U 9

In order to answer the third research question: what are prospective teachers'

opinions regarding the role of the limit concept in K-12 mathematics curriculum, the

researcher designed an open—ended question (Part I, #9). In this question, the researcher

asked the prospective teachers to describe an activity that would introduce the notion of
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limit to children in (a) K-2 gade range and (b) 4-5 gade range. How many activities could

they mention? What were the connections they made between the notion of limit and the

activity they presented? Did they realize when the activity they presented was too easy or

too hard for that goup of children? Furthermore, there are the in-depth interview

transcripts which will be discussed in more detail.

 

Here, this researcher intended to investigate what difficulties prospective teachers

encountered while learning about limits and how would they as teachers help their own

students to overcome these difficulties. Based on the responses collected from this

question, the information could be analyzed quantitatively and qualitatively in terms of

particular types of misconceptions, difficulties and errors identified by this particular goup

of subjects. An in-depth interview transcript will add to the qualitative analysis in order to

answer this last research question. The discussion to these four research questions will be

addressed in next chapter.

 



CHAPTER FIVE

ANALYSIS OF DATA

The responses to the questionnaire test items were analyzed in order to provide a

framework for discussion of the four research questions. The first research question

related to prospective teachers' subject matter knowledge--the concept of limit and the

second research question was designed to identify their misconceptions, difficulties, and

errors concerning their subject matter knowledge. These two research questions will be

addressed based on the framework of the theoretical model of five categories of

understanding discussed in the previous chapter. The key words for describing the

understanding of limit concept in this model are: basic, computational, transitional,

rigorous, and abstract. The third research question was intended to investigate prospective

teachers' curriculum knowledge regarding the role of the limit concept in K-12 mathematics

curriculum. In order to address this research question, an open-ended item was embedded

in questionnaire Part I, and the similar responses were collected and grouped and

discussed. Similarly, the last research question was also embedded also in the

questionnaire Part I. The subjects' responses were also collected and gouped. In addition

to the two embedded questions in the questionnaire Part I, four interviewees' transcripts

were added hoping to provide a better picture of prospective secondary teachers'

curriculum knowledge and pedagogical content knowledge.

Teachers' subject matter knowledge about the limit concept is intended to be

addressed by the responses to the first two research questions: How well do prospective

teachers understand the concept of limits? and What kinds of misconceptions, difficulties,

1 11
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and errors do prospective teachers have concerning the concept of limits? The two research

questions are addressed within the theoretical framework of the five-category model of

understanding discussed in the previous chapter.

Question 1: How well do prospective teachers understand the concept of limits?

Category I: Basic Understanding

Basic Understanding includes the ability to conjecture correctly at the limit or non-

existence of the limit for an infinite sequence evolving according to a sufficiently simple

numerical, graphical, rule-oriented, or geometrical pattern without necessarily

understanding the underlying concepts of what a limit is. Thus, basic understanding of the

limit concept includes the ability to find the limit of different representations of infinite

sequences intuitively. The test items were divided into four different representations of

sequences. First of all, these included a numerical representation of a sequence which just

simply lists the first few terms of the sequence successively according to a specific rule

which is not provided, such as in test item numbers #l-a and #1-b. The second

representation of a sequence is generated by a formula, such as in test item numbers #l-c

and #1-d. The third representation of a sequence is through a graph either one

dimensional, such as in the test item #l-e, or two dimensional, such as in test item number

#l-f. In problem number one, the subjects had four choices: (A) The indicated limit is 0,

(B) the indicated limit is 1, (C) the indicated limit is -1, and (D) the sequence does not have

a limit (which includes co and we); of which only one among them was the correct answer.

The first question in the Questionnaire Part II is provided in Table 5.1 and is followed by a

scoring system with some examples. The results of these test items in question #1 based

on this scoring system are given by frequency, relative frequency, and mean score in Table

5.2. A short discussion will summarize these results.
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Table 5.1 -- Question #1 Test Items and Scoring System.

 

1. In the following infinite sequences (a) - (f), select exactly one of the following

answers:

(A) The indicated limit is 0.

(B) The indicated limit is l.

(C) The indicated limit is -1.

(D) The sequence does not have a limit (which includes co and -oo).

a) l, -1, l, -1, l, -l,...

b) 3/4, 9/16, 27/64, 81/256, 243/1024,

(-12n

c) an=1+ rr

n/n+l for n odd

for n even

(I) an={

 

 

 
 

e) f)

as. a; l _ .......

a6 35

a4 a3

a2 a1

< J

..” -.01 O .01 .0

>

1234567 “' n

W

0 pt.-- Incorrect choice of A, B, C, and D.

1 pt.-- Correct choice of A, B, C, and D.

Examples:

If on #l-a a subject chooses D, or

If on #l-b a subject chooses A, or

If on #l-c a subject chooses B, or

If on #l-d a subject chooses B, or

If on #l-e a subject chooses D, or

If on #l-f a subject chooses B.
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Table 5.2.-- Distribution of Raw Scores on Question #1

 

 

Item 9.2911118 1.11.9111! Mean Score

f. r.f. f. r.f.

#l-a 6 0.16 32 0.84 0.84

#l-b 7 0.18 31 0.82 0.82

#l-c 13 0.34 25 0.66 0.66

#l-d 19 0.50 19 0.50 0.50

#l-e 6 0.16 32 0.84 0.84

#l-f 8 0.21 30 0.79 0.79  
 

From Table 5.2 we can see that prospective teachers did well on #l-a, #l-b, #l-e,

and #l-f; the relative frequencies of these four items are 84%, 82%, 84% and 79%

respectively. This is an indication that prospective teachers are familiar with numerical and

gaphical representations of sequences, and thus it is easy for them to identify the limits

intuitively. However, only 66% of the subjects could identify the limit for #l-c and 50%

could identify the limit for #l-d, indicating that the subjects had not done well on the rule-

oriented sequences. This indicates that prospective teachers are troubled by the rule-

oriented representation of sequences, although this formula type of representation is the

most common kind of textbook exercise for limit problems. Examination of responses to

the sequence #l-c: {an=1+ 9711):} revealed that 34% of the subjects did not recognize that

the limit exists. One of the possible reasons could be that subjects confused this sequence

With the divergent 8690611013 #443: {fin=(-1)n 411;}. In both cases the components are the

(-1)n
n 9

 

combination of l, (-l)“9 and 111; but the results are different. The terms of the first

sequence clustered inward towards 1 from above and from below and two subsequences
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formed by the even termandoddterrns both had the same limit 1. The terrrrsofthe second

sequence clustered towards 1 and -l and the two subsequences formed by the odd terms

and even terms had different limits, namely 1 and -1. When examining #l-d, in which the

sequence is given by the rule

{ n/n+1 for 11 odd

3n = ,

1 for n even

the other popular choice given by 42% of the subjects was also (D) which says the limit

does not exist. Although in test #1 there is no indication of the underlying reason for this

choice, this researcher suspects that it might be that rule-oriented sequences are not

intuitively understood easily, unless the subjects were willing to list the numerical terms as

in #l-a and #l-b or to draw the gaphs as in #1-e and #l-f which makes it easy to reach the

right conclusion; otherwise the subjects need to have a very good comprehension in order

to be able to identify the required limits.

Question number two has two test items. Both of them are gaphically represented;

#2-a is one dimensional and #2-b is a two dimensional gaph. In these items, not only did

the subjects have to choose between having a limit or not, they also needed to provide a

reasoning for that choice. The responses to the request for supporting reasons will provide

evidence on whether the answer was pure guessing, which was all that was necessary to

answer the previous #1 items, or there was some in-depth understanding there. Table 5.3

provides the test items of question #2 and the scoring system for this question. The raw

scores on how well did the subjects perform on this question, based on the scoring system

explained above, are given by the frequency, relative frequency, and means score in Table

5.4.
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Table 5.3 -- Question #2 Test Items and Scoring System.

 

2. The ibllowing ifi'rnite sequences (a)- (b) are described by giving their gaphs. Find

what the limitrs (if therers one) or indicate therers no limit. In both cases, please

 

 

 
 

explain why.

a) b)

. .4.

a2 34 a6 a5 33 a1 > m

... -1I2 ~1/4-l/6 ...0...1/5 1/3 1 .. m

15

( ... >

1 2 3 4 5 6 r1

W:

0 pt.-- No response or incorrect choice of limit exists or does not exist.

Examples:

If on #2-a a subject chooses a limit does not exist, or

If on #2-b a subject chooses a limit does exist.

1 pt.-- Correct choice, but providing no explanation why L is the limit or why the given

sequence does not have a limit.

Exarrrples:

If on #2-a a subject chooses the answer that the limit exists and gives no

response what the limit is, or

If on #2-b a subject chooses the answer that the limit does not exist and

provides the incorrect explanation that "not defined on all points"

2 pt.-- Correct choice with reasonable explanation for that choice.

Examples:

If on #2-a a subject chooses the answer that the sequence has limit 0, and

provides the reason that because "We can see that we can get an as close to 0

as we want by taking rr large enough", or

If on #2-a a subject gives the general rule an: (-1)n % , and provides the

reason that as n-->oo, 1/n—>0, or

If on #2-b a subject says the limit does not exist because the given sequence

does not converges to any one number, or

If on #2-b a subject says the limit does not exist because when n is even, an

decreases and when n is odd, an =1
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Table 5.4--The distribution of raw score on question #2

 

 

Item Simian 1.1291111 2.9911115 Mean Score

f. r.f. f. r.f. f. r.f.

#2-a 6 0.16 3 0.08 29 0.76 1.61

#2-b 24 0.63 l 0.03 13 0.34 0.71  
 

The relative frequency of the correct response being 76% in #2-a indicates that

prospective teachers did well on finding the limit from the given one dimensional gaph.

However, 63% of the subjects could not recognize that the two dimensional gaph given in

#2-b did not have a limit. This shows that recogrizing when a sequence does not have a

limit is a relatively harder problem than guessing correctly at the limit of a convergent

sequence, because a higher understanding of the underlying concepts is involved. In the

present case in #2-b, the graph consists of two parts, one part formed by the even terms

and the other part formed by the odd terms. One of the basic theorems about limits states

that if a limit exists it has to be unique. Thus in order for this given sequence to have a

limit, the two parts of this gaph need to converge to the same value. But from the gaph

we can see that when n is even the dots decrease to zero in height and when n is odd all the

dots are the same positive height. Only 37% of the subjects could provide the correct

response for #2—b indicating that prospective teachers were not familiar with multiple

descriptions of sequences. This finding matches Davis & Vinner's (1986) and Tall &

Schwarzenberger's (1978) conclusions about students finding it difficult to deal with split

domain sequences.

Test item #3 was the last kind of representation of sequences in this category,

namely, geometrical representation. The subjects were asked to write down a sequence

based on the fraction bars given in #3-a and were asked to find its limit. Two subjects
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provided a harmonic series instead of a sequence, and since it also fit the description of the

question asked, both of the sequence and series were considered correct responses.

Geometrical representations should be one of the components of mathematical knowledge

that prospective teachers are most familiar with because finding the area of an irregular

shape is one major task for the definite integral in calculus. Since #3-b asked the subjects

to find the sum of an infinite series, which is something that can not be intuitively

understood, test item #3-b was excluded from basic understanding and was included in the

transitional understanding category. Table 5.5 provides the question of test #3-b with the

scoring system. The raw scores on how well the subjects performed on this question

based on the scoring system are given by the frequency, relative frequency, and means

score in Table 5.6.

Table 5.5 -- Question #3-a Test Item and Scoring System.

 

3. Figure (A) below illustrates a fraction wall formed by fraction bars. Consider the

infinite sequence formed by the individual shaded fraction bars in figure (B) below:

a) Write down the infinite sequence formed by the individual shaded fraction bars in

figure (B), and what is its limit?

    
Figure A Figure B
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Table 5.5 -- Continued.

 

Smdnsmsm:

0 pt.-- No response or incorrect response.

Exanrples:

If a subject responds that the sequence is [B-l/n} and the limit is B, or

If a subject responds that the sequence is {1/2, 2/3, 3/4, 4/5, 5/6, . . .} and the

limit is l.

1 pt.-- Providing the correct sequence with incorrect limit or with no limit number given.

Examples:

If a subject states that the sequence is [ an=l/n} , but the limit is 2, or some

other finite number rather than the true limit which is 0; or

If a subject states that the sequence is {an=2::'11/k}, but the limit is 2, or

some other finite number rather than that this sequence is divergent; or

If the subject states that the sequence is {an-.-l/n] with no limit value given, or

If a subject states that the sequence is [an= k:‘l'l/k} with no limit value

given.

1 p .-- Providing the correct limit with incorrect sequence.

1:.

It a subject states that the sequence is [an=1/2“}, but the linrit is 0 which is

true for both sequences. (Although the given sequence was not the one asked

still the subject shows the ability to find limit, thus we score one point.)

2 pt.-- Providing the correct sequence with correct matching limit.

Examples:

If a subject states the harmonic sequence {an=l/n} and says its limit is 0, or

If a subject states the harmonic series {an=2kk:l'1/k] and says this sequence

diverges or its limit is infinity.

 

Table 5.6 - Distribution of Raw Scores on question #3-a in

 

Item Quaint: Learnt anoint: McanScom

f. r.f. f. r.f. f. r.f.
 

  3-a 10 0.26 11 0.29 17 0.45 1.18
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Less than half of the responses on #3-a were correct, indicating that subjects lack

knowledge about geometrical representations. One reason could be the unfamiliarity of the

type of representation, and the other could be the subjects are not familiar with the activity

of fraction bars. There were 26% of the subjects who got the right sequence but provided

the wrong limit and one subject got the right limit with the wrong sequence and thus scored

one point. In the second research question, this researcher will discuss what might be the

reasons that the subjects did not do well on some of the test items.

Category II: Computational Understanding

Computational Understanding includes the ability to use algebraic operations and

basic theorems on how limits and algebraic operations interact (the theorems for limits of

sums, differences, products, and quotients) to find limits of many sequences through

computation. This ability is essentially algorithmic, rule-oriented, and computational in

nature. The computational understanding of the limit concept should include being able to

find limits of different types of sequences generated by a specific formula. The formulas

which defined sequences included in present study can be categorized as: simple formula,

rational formula, exponential formula, and radical formula. Of course, these do not

exhaust all types of formula, but certainly include the formulas most commonly

encountered in high schools. Table 5.7 provides the question of test number four with the

scoring system. The raw scores on how well the subjects performed on this question

based on the scoring system are given by the fiequency, relative frequency, and means

score in Table 5.8.
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Table 5.7 -- Question #4 Test Items and Scoring System.

 

4. In (a)- (e), select exactly one of the following answers: (Show your work or give

explanation!)

(A) The indicated limit is a finite number L. In this case, state specifically what the

number is.

(B) The indicated limit is co.

(C) The indicated limit is - co.

(D) The sequence does not have a limit (Which excludes co and -oo).

. 3n2 + 5n

a) Ill-1g!” 6n2 + l

b)hm[(-1)"'I--}

. 3l-n

C) “132‘... 2113

d) n1_ir>nw(\1n:+n - \1n2+10n)

 

59911118518129];

0 pt.-- Incorrect choice with either wrong computation (#4—a, and #4-d) or with incorrect

explanation (for #4wb and 4#—c), or no response.

Examples:

If on #4-a a subject chooses B and gives the incomplete computation

3__+5 8 12+10 22

6+1 7’ 24+1" 25’°

If on #4-b a subject chooses C and gives the following explanation

"As you plug co in you get -oo + i = ~00 + 0 = -oo.", or

If on #446a subject chooses A and gives 1 for L with the computation:

£310 = l, or

If on #4:}; subject cliooses C and gives the following computation:

no” [(n2-t-n)/2 (n2-10n)/2

“Ii:hm(n2+n)1/2 “13‘“>”(n210n)1/2

1/2 19 1/2
D... (1+—) hes-(1,.)

= 1-1 = O
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Table 5.7--Continued.

 

W

1 pt.-- Correct choice (choose "A" for #4-a, "D" for #4—b, "B" for #4-c, and "A" for #4-

d) with either wrong computation or incorrect explanation or no computation and

no explanation.

Examples:

If on #4-b a subject chooses D and says the sequence does not converge

as an explanation which did not provide any explanation at all, or

If on Me a subject chooses B and gives no explanation, or

If on #4.d a subject chooses A and gives 0 for L with no computation.

1 p .-- Incorrect choice with correct computation or correct explanation.

Examples:

If on #4-b a subject chooses C, but provides the right sequence: {0, 3/2. -

2/3, 5/4, -4/5,...)

If on #4—c a subject chooses D and provides the following computation:

- 4 -

€91“ =(§>“1

r=% |r|>0

so the geometric sequence diverges.

2 pt.-- Correct choice, and correct number L (for #4-a) or correct explanation (for #4-b

and #4-c) or for #4-d one last crucial computational error.

Examples:

If on Ma a subject chooses A and gives % for L, or

If on #4-b a subject chooses D, since “133.3%“ “flan” or

If on #4-c a subject chooses B and gives the explanation that "the

geometric sequence with ratio bigger than 1 is divergent", or

If on #4-d a subject chooses C and gives the following computation:

n2+n-n2-10n

\1n2+n +m

-9n
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Table 5.7 -- Continued.

 

W

3 pt.» Correct choice, correct number L, and correct computation (for #4-a and :Ned).

Examples:

If on #4-a a subject chooses A and gives % for L, and the following

computation:

.1.
2

 

2 3+nlim°° 5/n
3n +5n_ lim 3+5/n_ _3

n->°° 6n2 +1 n->°° 6+ l/n2 6 + nlim>°°=lln2 6-

' ' = ' 2 =Since both “11% 5/n 0 and n1.1r>!'I¢°1/n 0, or

If on #4-d a subject chooses A, and gives -9/2 for L, and the following

computation:

%(Vn§+n -‘1n§+10n )

=llm(~1n7+n -~/n7+10n)g~ln7+n +~ln§+10n)

'1')” (‘In2 +n +‘\/n2+10n)

—lim (n2+n) -(n2+10n)

:—'n>°°(‘1n§+n +9‘\1n§+10n)

 

 

 

 

>°"(\/n§+n +Vn2+10n)

 

=nl-im>""(\/1+1/n +1+10/n)

-9
 

 
 

=(‘11 +1.15%... 1/n +»\ll +n1_iI;1°°10/n )

”2

Srnce both "133° l/n = 0 and nbgloom/n = 0
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Table 5.8 -- Distribution of Raw Scores on #4 Test Items

 

 

Mean Score

Item 1118211118 1.1291111 2.1221115 mm:

f. r.f. f. r.f. f. r.f. f. r.f.

#4~a 14 .37 2 .05 3 .08 19 .50 1.71

#4-b 11 .29 4 .011 23 .61 1.32

#4-c 19 .50 4 .11 15 .39 0.89

#4-d 23 .60 12 .32 l .03 2 .05 0.47  
 

The decreasing of the mean scores of responses on items of test number four shows

the relative difficulties of these four items. The relative frequency of prospective teachers

lim —-2——-3“2+ 5“ } is 50% and 61% were able to solve #445:
n->°° 6n + 1

- rr , (- 2n

lim {1 + (_IL }. As mentioned earlier #4»b is similar to #l-c: 11m {1 + 1 } and
n->oo n n->oo 11

who were able to solve #4-a: {

the relative frequencies for both were quite close, namely, 61% and 66%, respectively.

This researcher suspects that the 5% difference is due to the familiarity of the computational

. . , . 3 4‘
work. Only 39% of the prospectrve teachers could solve rtem #4-c. (“Igloo 41;}. The

difficulty of this item was to recognize the negative exponent. Lack of transfer knowledge

(Putnam, 1987) probably was the main reason for the lower relative frequency. That only

5% of the prospective teachers solved #4-d: {nljgo ( \1n2 + n - \1 n1 + 10n )} indicated

that most subjects were unfamrlr''ar with radical forms of representation and/or did not know

how to rationalize a radical form (Davis, 1982).
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Category III: Transitional Understanding

Being able to compute and find the limit of a given function does not guarantee one

will be able to understand the underlying concept of limit. Nowadays, calculators and

computers can compute and find some limits faster than human beings. The basic

understanding is sometimes not reliable because it is really only a conjecture based on

looking at the first few terms of a given sequence. The computational understanding (or

procedural knowledge) only enables one to compute the results mechanically. Transitional

understanding enables one to provide conceptual knowledge for certain methods of finding

the limit, for instance, the usual way for computing the limit of a rational formula by

dividing the numerator and the denominator of the formula by the highest exponent terms.

The transitional understanding should provide an adequate knowledge for explaining why

they do problems the way they do. Thus in this category, the knowledge will make one

familiar with some underlying concepts and prepare one to achieve more rigorous

understanding. In this category, the subjects do not need to formally state what the

definition of a limit is or to prove the theorems that have been used. But definitely, an

informal definition should be possible for them to give. The subjects should be able to

identify the symbolic meaning of the underlying subconcepts of each representation in the

formal definition of limit. For example, given the e>0, the subjects should be able to find

the natural number N and be able to recognize that N is a function of e. That is, they

should understand that one needs to know 8 in order to be able to find N. The subject

should know when to use the Squeeze Theorem. The questionnaire test items for this

category and the scoring system are given in Table 5.9. and the distribution of raw scores

is given in Table 5.10.
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Table 5.9 -- Test Items in Category III and Scoring System.

 

3. Figure (A) below illustrates the fraction wall formed by fraction bars. Consider the

infinite sequence formed by the individual shaded fraction bars in figme (B) below:

b) Write down the infinite sequence formed by the partial sums of the sequence in

(a), and what is its limit?

  5 3-2

Figure B

 

 
0 pt.» Incorrect sequence and incorrect limit.

Examples:

1 1

Ifasubjectgives thegeneraltermofthesequenceasan=%+n+l + n+2

and gives 0 for L, or

 

If a subject gives an = 2 1:? Elk and gives 2 for the limit, or

If a subject gives an = HE—l and gives the expression £520 113—1- for the limit, or

Ifasubjectgives the sequence as:%+% , %+%, %+%, and gives2for

the limit.

1 pt.-- Correct sequence and incorrect limit.

Examples:

If a subject gives the sequence {an=2 123% } and gives 2 for the limit or

other finite numbers, or

If a subject gives the sequence {an=21(‘:'1‘% } and gives no lirrrit.

2 pt.—- Correct sequence and correct limit.

Examples:

k=n 1
If a subject gives the sequence is [an .-.. 2 k=l IE ] and the sequence is

divergent and has no limit, or

If a subject gives the sequence in the numerical representation as

1, 1+1/2, 1+1/2+1/3, 1+1/2+1/3+1/4,..., 1+1/2+1/3+...+1/n,...

and gives the limit is positive infinity.
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Table 5.10 -- Question #5 Test Items and Scoring System

 

5. The formal definition of the phrase "nljgrwan = L, L is a finite real number" is as

follows:

"For each a > 0, there is a natural number N such that I an - L|< 8

whenever it > N".

a) Illustrate the meaning of this definition, by using the sequence {an = n—2:n_l— }

with nl_ir>n°°an = 2 on a graph.

b) According to the formal definition of limit, what would one have to show in

 

 

 

. 2n
ordertoprove n13?” n + 1 =2?

mm

0 pt.-- Incorrect gaph (for #5-a) and incorrect response (for #5-b) or no response

Examples:

If on #5-a a subject gives an incorrect gaph of the sequence and

incorrect labeling of the limit on that gaph, e.g. gaph (a) in Fig 5.1, or

If on #5-b a subject gives an incorrect statement like "the limit of n approaches

co

1 pt.-- Continuous gaph (for #S-a) and explanation with sorrre ideas in it.

Examples:

If on #5-a a subject draws a continuos gaph, e.g. gaph (b) in Fig 5.1, rather

a discrete gaph, or

If on #5-b a subject gives the following formal definition explanation:

"Foreache >0, there isanatural numberN such that lan- L|<e

whenever n > N".

2 pt.-- Correct gaph (for #S-a) and correct explanation.

Examples:

If on #58 a subject draws the correct gaph, or

If on #5-b a subject responds that " for any positive real number a were

is a natural number N such that I “2: 1'2 I < e if n>N", or

If a subject gives the following explanation "for n>N, the terms of the

sequence all lie within 8 units of 2".
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chitin”:
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Figure 5.1 -- Subjects' Graphs for Test Item #S-b
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Table 5.11-- Question #6 Test Item and Scoring System

 

- - n

6. The infinite sequence an is defined by an = -612£n1—). Which of the following is the

smallest N such that for n>N, an will be contained in an open interval of radius 1/500

about 3.W1

 

__a)N=1000 ___b) N=500 __c) N=250 d) N=125 e) N=100

Warm

0 pt.-- No response or incorrect response.

Examples:

If a subject chooses N (=500), or

If a subject chooses N (=125), or

If a subject chooses N (=100).

1 pt.—- Correct choice for N (=250) with no work shown.

2 pt.-- Correct choice for N (=250 ) and correct work.

Examples:

If a subject chooses N (=250), and shows the following correct

computation,

1

Ian-3|=§E

5 la -3|<—1- iff—1—<—1—
0 n 500 Zn 500

Ifon>500

Iffn>250

SoN=250,or

If a subject chooses N (=250) by plugging all the possible N's and concludes

by looking at the patterns.
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Table 5.12 -- Question #7 Test Item and Scoring System

 

7. Find “Ignooam given the information that the sequence {an} satisfies

3n-1<nan<3n+2.

 

mm

0 pt.-- No response or incorrect response.

Examples:

If a subject says the limit is infinity, or

If a subject gives the following answer:

3n-1<nan<3n+2<==>3(oo)-l <(°°)a(oo)<3(°°)+2

3 < no as. < 3<=> This is a contradiction.

1 pt.-- Gives answer lim an = 3 with no work shown.
n->°o

2 pt.-- Correct limit found by using half the inequality.

Example:

If a subject gives the following computation:

an<M' lim 33L lim 3+3=3+ hm %=3+0=3.
n ’ n->°° n n->oo n n->cc

3 pt.» Correct limit with correct conrputation.

Examples:

If a subject gives the following expression:

 34:3— < an < 32:2 and looks for patterns by plugging in different values for n,

or

If a subject finds the limit and gives work by using the Squeeze Theorem.
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Table 5.13 Distribution of Raw Score of Test Items on Category III

 

 

Item Quaint: Lanint 2.1mm: 3.1mm: Mean

f. r.f. f. r.f. f. r.f. f. r.f. Score

#3-b 22 .58 10 .26 6 .16 0.58

#S-a 23 .61 10 .26 5 .13 0.53

#5-b 22 .58 9 .24 7 .18 0.61

#6 29 .76 l .03 8 .21 0.45

#7 25 .66 2 .05 2 .05 9 .24 0.87   

The test items asked in this category were preparatory knowledge for rigorous

understanding of linrit concept. The relative frequency on item #3-b, the fraction wall

problem, indicated that only 16% of the prospective teachers could identify the harmonic

series fiom the geometrical representation of a sequence. Actually 42% of the subjects did

come up with the harmonic series, but they hold a finite view about the sum of harmonic

series. That is, 26% of the subjects thought the sum of the harmonic series ( 21:? 1k

=1+1/2+1/3+1/4+. . .) is finite. The most ageed—on finite sum is 2. Thirteen percent of the

prospective teachers were able to draw a correct graph to illustrate the meaning of existence

of the limit, as in test item number #S—a. As a matter of fact, 39% of the subjects did draw

a gaph to illustrate the meaning of the sequence, but 26% of the subjects provided a

continuous gaph and thus scored only one point. That is, over one quarter of the subjects

provided the continuous gaph of a function rather than the discrete gaph of a sequence.

Eighteen percent of the subjects were able to state informally what one needs to know in

order to prove a limit exists, as in test item number #5-b. And 24% of the subjects did

provide an informal statement of what one needs to know in order to prove the statement of

#5-b, but they were unable to distinguish between a general case versus a specific case.
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Thus, what they did was to write down the formal definition stated in the question asked

and they were scored one point for that. Twenty one percent of the subjects were aware of

the importance of the choice of temporal order, and were able to produce an N when

provided an a, such as in test item #6. Twenty four percent of prospective teachers were

able to apply the Squeeze Theorem and knew when and where to use it, as in test item #7.

It seems that prospective teachers could do better dealing with the Squeeze Theorem than

dealing with the temporal order.

Category IV: Rigorous Understanding

The rigorous understanding of the limit concept enables one to state the formal

definition of a limit and the negation of the definition of limit as well as to use the

definitions to prove certain sequences have or do not have limits. It also enables one to

actually believe that the intuitively conjectured and computationally found limit of an infinite

sequence can indeed be proved to be the limit. Sometimes students can provide a

memorized proof of a statement, but do not really "buy it" in the sense of having been

convinced of the result. Thus people who have rigorous understanding of the limit concept

possess knowledge that not only enables them to understand the artificially designed

problems provided by the mathematicians or the curriculum development, but also

understand how these problems could be mathematically proved. Table 5.14, Table 5.15,

Table 5.16, and Table 5.17 shows questionnaire test items in Category IV with the scoring

system. The distribution of raw scores of the rigorous understanding is given in Table

5.18.
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Table 5.14 -- Question #5 Test Item (c) and Scoring System.

 

5. The formal definition of the phrase "nljglooan = L, L is a finite real number" is as

follows:

"For each a > 0, there is a natural number N such that I an - L I < it

whenever n > N".

. . . . . 2n

c) Usrng the [mldefinltron of hmlt, prove that uh?” n + 1 = 2.
 

 

W

0 pt.-- No proof or incorrect proof or merely finding the limit of a given sequence

rather than a proof.

 

 

  

 
 

Examples:

If a subject gives the following proof

lim 2n lim

lirn 2n n-->oo n->oo _ 2 _ 2

n->..n +1= “rim” n+1"“1339.. +l/n "1""r

°° 1
If a subject givesi: 2n(11+1 )= 21"(n71 ) =, or

Ifa subject gives 3—:1=%:—°= 2

1 pt.-- Incomplete proof

les:

If a subject shows part of the proof as

2n 2 (n+1) -1

n->oo 11 +1- n+1 =O’ n->ocn+l—=0’ or

. 2n 2n-2n-2 -2

Ifasubjectshowsthatl n +1-2|=l n+1 I =I m |

2 pt.-- Slightly incorrect proof.

Examples:

If a subject shows how to find N for a specific choice of e (e=0.01) but not

how to find N for general 8

3 pt.-- Correct proof.

Examples:

. 2n 2n+2-2n 2

Ifasubjectprovesthatl n +1-2I= n+1 =n+l <8

n+1<2le n<2/e-l

N=[2/ e-l]
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Table 5.15-Question #8 Test Item and Scoring System

 

8 . Write down the formal definition of the negation of the limit of a sequence,

that is, "nljgoan at L. where L is a finite real number".

 

W

0 pt.-- Incorrect statement of definition.

Examples:

If a subject states that the definition is "The negation of a limit exists when a

sequence approaches one value from below but a different one from above",

or

If a subject states that "If the limit goes to L then the limit an is not equal to

L".

1 pt.-- Statement with two quantifiers wrong.

Example:

If a subject states that "if there exists an e such that there exists a natural

numberN such that I an-L I Seforeach n > N"

2 pt.-- Statement with one quantifier wrong.

Example:

If a subject states that "there is an 6 >0 s.t. for all N, I an-L I 2 2

when n >N."

3 pt.» Correct statement.
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Table 5.16 -- Question #9 Test Items and Scoring System

 

1 for 11 odd
9. Suppose an = {-1 for 11 even

a) According to the formal definition of limit, what would one have to show in order

to prove that nbgnooan does not exist?

b) Using the fgmml definition of limit, prove that nljgoan does not exist.

 

W

0 pt.-- Incorrect statement (for #9-a) and incorrect proof (for #9-b).

Examples:

If on #9-a a subject states that "showing that there is no one value for an for

n->oo", or

If on #9-b a subject proves that:

|an+l Istan—aII as n->oo 

1 pt.-- Statement and proof not by definition

Examples:

If on #9-a a subject states that "The limit of an would have to be

“111;.an =1 and ngnwan = -1. Since lat-l, the limit would not be a unique one

as it must be", or

If on #9-b a subject states that

IL- 1 for n odd

-1 for 11 even '<‘

L-l<c L<e+l

L+1<c L<c~1

There is no N for which this will work.

2 pt.-- Statement and proof with one quantifier missing.

le:

If on #9-a a subject states that "there exists 8 > 0 s.t. no natural number N

exists that satisfies 1 an-Ll < a."

3 pt.--Correct statement and correct proof.
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Table 5.17-Question #10 Test Item and Scoring System

 

10. Using the {mural definition of limit prove the following statement:

If nljgrwan and niggobn both exist, then “1quan +bn) exists and

la... «n .... > = lean + .esbn-
 

mm

0 pt.-- Incorrect proof.

Examples:

If a subject argues as follows:

Assume lim an=0 and lim bn=0

Ifweaddliman+limbn=0because0+0=0

Therefore lim (an-I-bn) = 0

So lim (am-bu) = lim an + lim bn

If a subject argues as follows:

lim (am-bu) exists: Since both limits exist you can combine them to make

a true statement. However, if one were false, you could not do this.

Lim (an+bn) = lim an+ lim bn; This is just using the distributive property.

It is like saying: A (x+y) = Ax + Ay.

1 pt.-- Incomplete proof.

ple.

If a subject argues as follows:

Ian-Ll<clbn-Ll<e

Ian+bnl =Ian-L+L.bnl Slan-Ll +lL-an<e/2+e/2<e

2 pt.--Proof with one quantifier wrong.

If a subject argues as follows:

Letliman=Athenlan-Al<e/2 whenn>N1

Letlimbn=Band|bn-B l<e/2 whenn>N2

Let N= max (N1,N2)

Let 8 >0 need to show I (an+bn)-(A+B) I < e

I (an+bn)-(A+B) I = I an-A + bn-B I S I an-A I + I bn+B I < 8 [2+5 [2 = 8

whenever n>N

3 pt.--Correct proof.

 



137

Table 5.18 -- Distribution of Raw Score of Test Items in Category IV

 

 

Item 0.1291111: 1.119101 2.921111: 3.1mm: Mean

f. r.f. f. r.f. f. r.f. f. r.f. Score

#5-c 30 0.79 2 0.05 4 0.1 1 2 0.05 0.42

#8 34 0.89 2 0.05 2 0.05 0 0.00 0.16

#9-a 27 0.71 10 0.26 1 0.03 0 0.00 0.32

#9-b 36 0.95 2 0.05 0 0.00 0 0.00 0.05

#10 31 0.82 3 0.08 1 0.03 0 0.00 0.13  
 

The relative frequencies on test items in category IV indicated a very low success.

This result seems to match the conclusion from Fless and van Hiele that the fourth level is

rarely reached by the majority of subjects. None of the subjects in this study were able to

produce a correct response for items #8, #9, and #10. Five percent of the subjects did

provide a perfect proof for item #5-c. There existed two common wrong methods for

solving problems in the subjects' responses: the first one is that subjects used the

algorithmic method for finding limit as a tool to prove a value is the required limit and the

second common mistake is that most of the subjects were confused about the temporal

order. That is, they did not really understand the relationship between 8 and N.

Particularly, they were confused by the quantifiers such as "all" and "some". It seems to

them that in order to prove the theorem all one has to do is perform certain procedures

which did not require any understanding of the underlying concept. This indicated that

most subjects need to reinforce their knowledge in terms of understanding the rigorous

definition of the limit concept.

The raw scores were then used to calculate percentage scores for each subject in

each category. For example, subject number I scored 1 point on item #l-a, 1 on #l-b, 1
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on #l-c, 0 on #l-d, l on #l-e, 1 on #l-f, 2 on #2-a, 0 on #2-b, and 2 on #3-a. Thus,

his/her percentage score on category I of the test was

(1+1+l+0+1+1+2+0+2)/(1+1+1+1+1+1+2+2+2) x 100

=(9/12) x 100 = 75%.

The percentage raw scores are given in Appendix D The frequencies, relative

frequencies, and averages of the percentage scores for each category are given in Table

5.19. The Guttman scalogam scale method was used to form a scale of the data. Each

category-subtest was treated as an item in a scale, with dichotomous categories of

response. Based on these percentage raw scores, a scale like the Guttman scales with

dichotomous categories of response was generated and is given in Table 5.20.

Table 5.19 -- Distribution of Percentage Scores By Categories

 

 

 

 

Percentage Score Cami W WW

90- 100 9 2 2 0

80-89 7 5 2 0

70—79 5 7 2 0

60-69 2 l 0 0

50-59 7 5 2 1

40-49 2 2 l 1

30-39 1 6 5 0

20-29 3 0 4 5

10-19 0 2 3 4

0- 9 2 8 17 28

Total 38 38 38 38

Mean(%) 66 44.5 27.5 7.72    
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Table 5.20 -- A Scale Like Guttman Scale Based on 90%, 80%, and 70% Performance

Criterion

 

 

Response W

Pattern 2072 .8922 M

f r.f. f. r.f. f r.f.

1 l 1 1 0 0.00 0 0.00 0 0.00

1 1 10 0 0.00 1 0.03 3 0.08

l 1 0 0 l 0.03 2 0.05 8 0.21

1000 7 0.18 11 0.29 7 0.18

0 0 0 0 27 0.71 18 0.47 14 0.37

l 0 l 0 1 0.03 1 0.03 3 0.08

0 1 1 0 0 0.00 1 0.03 0 0.00

0 1 0 0 1 0.03 3 0.08 3 0.08

0 0 1 0 l 0.03 l 0.03 0 0.00

Total 38 1.01 38 1.01 38 1.00
 

In the present study the subjects at 70%, 80% and 90% performance criteria

showed that:

1. None of the subjects' performances reached 70% criterion for all categories.

2. Only three subjects could reach 70% criteria for the first three categories test

items.

3 . Eight subjects could reach above 70% criterion for the first two categories.

4. Seven subjects could reach above 70% criterion for the first category test items.
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Question 2: What kind of misconceptions, difficulties and errors do prospective secondary

mathematics teachers have?

Errors do not occur randomly, but originate in a consistent conceptual framework

based on earlier acquired knowledge (Nesher, 1987; Schwarzenberger, 1984). From the

historical development of the concept of the limit and literature reviews, we know some

misconceptions, difficulties, and errors were widespread among ancient mathematicians

and present day students. The sm'prising discovery about misconceptions, difficulties, and

errors is that they do not occur at random but in general occur for good reasons. Thus, this

researcher was interested in finding out whether one of the reasons is due to the fact that

prospective teachers possess the same kind of misconceptions, difficulties, and errors as

students which were reported in several research studies. Hence the second research

question is intended to investigate prospective teachers' misconceptions, difficulties, and

errors on the subject matter knowledge of limit concept and is also addressed within the

framework of the five-category theoretical model of understanding.

Category I: Basic Understanding

The nine basic test items on the questionnaire Part II from test number #1-a to #3-a

were intended to investigate prospective teachers misconceptions, difficulties, and errors

regarding the limit concept. The nine test items were designed to find how well prospective

teachers understand the four different types of presentation of sequences, namely, 1)

numerical representation by listing the first few terms of the sequence, 2) rule-oriented

representation by giving a formula of the sequence, 3) gaphical representation by giving

the gaph of a sequence either in one dimensional format or two dimensional format, and 4)

geometrical representation by giving geometrical shapes of a sequence. Next the subjects
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representation, whether the sequences had limits or not and why. In calculus textbooks,

the types encountered by students the most are the first two. Among these nine items there

were some convergent sequences and there were some divergent sequences. For those

sequences that were divergent, there were two types of sequences. One type was where

the limit of a sequence is infinite and the other type was where the limit does not exist in the

extended real number system. The items in the test could provide information about

whether the subjects were able to distinguish between the limit not existing and the limit

being infinity or negative infinity. There were items with a split domain, which usually

caused trouble for recognizing the limit of the given sequence for many students (Davis,

1986; Tall, 1980). ("Split domain" means that the domain of a sequence was split into two

sub—domains; for example, when the sequence is { (-1)n } then the terms of this sequence

are divided into two goups, namely the terms having value positive number one and the

terms having value negative number one. When using the representation of listing the

terms, then the sequence is displayed as follow:

-1, 1, -l,1, -1,1,

On the other hand, the sequence could also be defined by a multiple description (or split

domain) formula instead:

{ -1 for 11 odd

an = .

1 for 11 even

From the analysis of the first research question, we know that 80% of the

responses for question #1 test items were correct except for #l-c, and #l-d; the relative

frequencies of correct answers for these two items were 66%, and 50%, respectively. Test

items #l-c and #l-d were two sequences generated by formulas, which is the most

common type of exercise in the usual chapter on infinite sequences. In Table 5.21 the

responses to question #1 items were gouped and the correct responses were marked with

asterisks *.
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Table 5.21--The Distribution of Responses to Question #1

 

1. In the following infinite sequences (a) - (f), select exactly one of the following

answers:

(A) The indicated limit is 0.

(B) The indicated limit is l.

(C) The indicated limit is -1.

(D) The sequence does not have a limit (which includes no and -oo).

a) l, -l, l, -l, 1, -1,...

b) 3/4, 9/16, 27/64, 81/‘256, 243/1024,

c)1+1/2,1-1/3,1+1/4,1-1/5,l+1/6,l-l/7,...

n/n+1 for 11 odd

 

 

d) an= I

for 11 even

6) f)

as. a'; 1_ .......

86 a5

34 a3

82 ar

¢ >

.00 -.01 0 .01 0.,

p

1234567 ”' n 
 

Response m flkh £152 £111 £11: 81::

f. r.f. f. r.f. f. r.f. f. r.f. f. r.f. f. r.f.

 

 

A 5 .13 31* .82 2 .05 1 .03 2 .05 2 .05

B 1 .03 3 .08 25* .66 19* .50 0 .00 30* .79

C 0 .00 0 .00 l .03 l .03 1 .03 0 .00

D 32* .84 3 .08 9 .24 16 .42 32* .84 5 .13

No response 0 .00 1 .03 1 .03 l .03 3 .08 1 .0

Total 38 1 38 1 38 1 38 1 38 1 38 l

 

Note: * indicates the correct response.
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The relatively fewer correct responses for #l-c and #l-d were probably due to the

fact that formulas were not intuitively understood easily. The other reason for #l-d is

probably that the sequence was defined with split domain (in other word with multiple

descriptions by more than one formula) which caused trouble in recognizing the limits. But

since in question #1 the subjects were not asked to give reasons for their choices, this

researcher could only conjecture based on the responses.

In order to overcome the above uncertainty, this researcher designed question #2, in

which the subjects not only needed to find out whether the limits of the given sequences

exist or not, but also needed to provide explanations. Table 5.22 presents the question #2

and the distribution of the responses.

Table 5.22 -- The Distribution of Responses for Question #2

 

T. The following infinite sequences (a) - (b) are described by giving their gatflrs. Find

what the limit is (if there is one) or indicate there is no limit. In both cases, please

explain why.

 

 

a) b)

. A.
1

a2 a4 a6 85 I113 a1

D» 1”

=- -l/2 -l/4-1/6...0...1/5 1/3 1 c. m

m

...)

12 3 4 S 6 1|

 
V
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Table 5.22 -- Continued

 

 

 

Response 11311321 Wit

f r.f. f r f

L=0 with computation 28* 0.74 13 0.34

L=0 without computation 4 0.1 l 2 0.05

L=l - l 0.03

Limit is infinity 2 0.05 2 0.05

I . . 1 .

With explanation 13* 0.34

Without explanation I 0.03

W 4 0.1 1 6 0.16

Total 38 1.01 38 1
 

Note: ifindicates the correct response.

Four subjects did not respond for question #2-a. Two subjects stated that the limit

for the given sequence in #2—a is infinity. Among these two, one did not provide any

reason, and the other stated that the limit was infinity because "they go on forever." The

error made here perhaps was the subject might be thinking in the reverse direction, thinking

of the terms as clustering inwards to zero instead of outwards to infinity.

In #2-b, 47% of the subjects provided an incorrect response. Among them 39% of

the subjects responded that the given sequence has a limit 0 which is the limit of the sub-

sequence formed by the even terms, and some of their reasonings were as follows:

1. The limit is 0, because "the dots get closer and closer to the x-axis (x=0)."

(Here, the x-axis is represented by the function y=0, but instead the subject

wrote x=0, which is an error. The other error is neglecting the other parts of the

gaph in which every tennis 1.)
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2. The limit is 0, because "as n goes to infinity, an goes to 0. Although will never

be zero. Will get arbitrarily close to it, 1003000. (Again the subject was

 

neglecting the other part of the gaph, same as the previous one.)

3. The limit is 0, because "the sequence is derived from 1/n. As n-->oo, 1/n gets

smaller and smaller and eventually goes to zero. " (Again the same error as

above.)

For this goup of subjects, the neglecting of part of the gaph was the major reason

for having the wrong response. This matches the research findings about the split domain

functions causing learning troubles for students.

Two subjects thought the limit of the given sequence in #2-b is infinity which is

incorrect, and they provided the following reasons:

1. The limit does not exist, because "you get closer and closer but never reach the

x axrs.

2. The limit does not exist, because "gets closer to 11 but doesn't ever touch."

For these two subjects, they had difficulties to distinguish between the limit is

infinity and the limit does not exist in the extended real number system.

The above reasons definitely exhibited the dynamic viewpoint of limit concept

which prevents prospective teachers fiom approaching the right understanding. This result

is similarly to Tall & Schwarzenberger (1978) and Davis & Vinner's (1986) research

findings on students.

From the analysis of the first research question, the researcher concludes that the

geometrical representation of a sequence is unfamiliar to the students. Probably one of the

reasons for #3-a having fewer correct responses is that the subjects had not seen this type

of representation of sequences in textbooks. Table 5.23 presents the distribution of

responses of test items #3-a in category I.
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Table 5.23 "The Distribution of Response for Question #3-a

 

3. Figure (A) below illustrates the fraction wall formed by fiaction bars. Consider the

infinite sequence formed by the individual shaded fraction bars1n figure (B) below:

a) Write down the infinite sequence formed by the individualshaded fraction

bars in figure (B), and what is its limit?

  

 

1/2

1/3

1/4

1/5

1/6

in

1/8

Figure A Figure B

Reswnses 112mm

f r.f.
 

The given sequence is {an=l/n} (value of L)

[=0 16* 0.42

L=2 1 0.03

The given sequence is {an = $311? (value of L)

L=oo 2* 0.05 -

L=2 4 0.1 1

No limit is provided 3 0.08

:3 1 0.03

Either incorrect sequence and/or incorrect limit 5 0.13

No response 6 0.16

Total 38 1.01  
Note: * indicates the numbers of the correct response.
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The above table shows that 16% of the subjects provided no response. There were

only two who thought the given sequence was a harmonic series and provided the answer

that the limit is either infinity or does not exist in the extended real number system. Thirty

five percent of the subjects thought that the harmonic series has a finite linrit, which is

incorrect. Thirteen percent of the subjects came up with an incorrect sequence by

examining the geometrical representation. These incorrect responses were as follows:

1. The given sequence is {1/2, 2/3, 3/4, 4/5, 5/6, 6/7, ...} and its limit is 1.

2. The given sequence is B-(lln) and its limit is B.

3. The given sequence is {1, 1/2, 1/4, 1/8, ..., Inn} and its limit is 0.

4. The given sequence is {TI-H} (and did not provide a limit).

5 . Providing no sequence but giving the answer that the limit is 1.

One of the subjects knew the given sequence is [1, 1/2, 1/3, 1/4, .. . }, but provided

an answer that the limit is 2 based on the following figure:

 

 

Figure 5.2 -- Subject's Drawing to Illustrate 215:? i =2
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What could be concluded fiom this figure? The researcher suspects that the reason was the

subject confused the sequence {an = 1/2“} with the harmonic sequence like one other

subject did. This confusion between two given sequences {an = 1/n] and {an = 1/2“)

made 11% of the subjects come to the incorrect conclusion. Probably the following usual

diagram for illustrating of this geometrical series contribute the central confusion like one of

subject did when providing the above figure.

 

m
I
I
-
I

  

h
a
l
v
—
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Figure 5.3 -- Geometrical Expression of 2‘, “:0 7;; = 1

Category II: Computational Understanding

Items in this category were intended to measure the computational understanding of

the limit concept. That is, ability to find the limit based on the theorems concerning the

algebraic operations on limits. Question number 4 consisted of four sub-items, designed

according to different laws for sequences. Usually, in mathematics a situation can be

interpreted by a function or a sequence and we can represent this function (or sequence) by

its general rule. The general rule of functions can be written as combinations of different

algebraic formulas. Based on the different combinations, we name them as constant

function, linear function, rational function, exponential function, radical function, quadratic
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function and etc. In this computational category, the test items only included four types.

Item 4-a was a rational form, and was the kind most frequently encountered in textbook

exercises. This is a typical limit problem. In order to find the limit, students usually have

to divide the numerator and the denominator by the highest exponent term and then set l/n

and/or 1/n2 or the like equal to zero. This is one of the techniques for dealing with limit

problems that students learn in a standard calculus course. The relative frequency of

correct responses for this item was 53%, 10% of the subjects provided partial answers,

21% of the subjects made errors, and 16% of them were unable to make any response.

The errors they made are listed as follows:

1. Plugging in a specific value for n:

3+5 8 4

a) 6“"6 3 . °‘

b) Plugging co into the equation and gettingE = co.

2. Factoring 11 out: as 11 (fi) which gives the answer that sequence diverges.

3 . Basing answer on a wrong conclusion to the pattern recognition step:

One subject based his answer on these two terms, %—:?= 3

1224t—-—11-0=%-§ and concluded that the sequence diverged.

Item #4wb was a sequence formed by the sum of two simple sequences, namely

an=(-1)n and bn=1/n. There were several ways for finding the limit of this sequence. One

was listing the first few individual terms of this sequence and then intuitively deciding fiom

there; another was using the theorem: the limit of the sum of the sequences is the sum of the

limits of the sequences, provided the limits of the component sequences exist. Of course,

there exist other methods such as using L'Hopital's rule. The relative frequency of the

correct responses was 61%, 5% provided partial answers, 16% made errors and 18% were

unable to provide responses. Eight percent of the subjects chose the answer that the limit

of { (-1)n +% } exists and one provided the answer that the limit is one. The reason given
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was that % ->0. The other 8% chose the answer that the limit is -oo. The following were

their reasons:

1 As you plug co in you get -.. +1/oo =-oo + 0 =4».

2 (-1) + 1/l=0, 1+1/2=3/2, -1+1/3=-2/3, +1+1/4=5/4, -

1+1/5= -4/5. (Based on this pattern, this subject concluded that the limit is -oo.)

Item #4-c was a geometric sequence. Students also learned the formula for finding

the limit by investigating the ratio. If the absolute value of the ratio is less than one, then

this geometric sequence is convergent and the limit is zero, otherwise this geometric

sequence is divergent and the limit is infinity. However, this test item was designed

differently from the usual format; because the exponent was a negative number, the

subjects had to convert the ratio into one with a positive exponent in order to find the result.

Thus the relative frequency of correct responses compared with #4-a and #4wb was sharply

decreased. It was 39% for the correct responses, 11% for the partially correct answers,

29% made errors, and 21% were unable to respond. In this item, over one quarter of

l-n

subjects chose the answer that the limit of this sequence I h l is finite. The errors

made here are stated below:

31-11 30

1. m=za=l

31-n 31- 3
2. m=(‘4—) n=0 Izl<l

31-11 300



15 1

Item #4-d was one of the common textbook exercises, but since the problem was in

a radical form, it was necessary to find the conjugate first, and then to rationalize the

expression next. Most students in algebra classes have difficulty simplifying this type of

radical form. This was indeed the case with our subjects too; the relative frequency of the

correct responses was only 5%. Thirty-two percent of the subjects were able to identify the

limit as a finite number, but were unable to provide an adequate computation or

explanation. Thirty-seven percent of the subjects tried to solve with no success, and 26%

gave up trying. The common error made here is most of the subjects did not realize one

needs to rationalize the radical form before finding the limit (Davis, 1982). Table 5.24

provides the distribution of the responses to test items in category 11.

Table 5.24. Distribution of Responses to Question #4

 

4. In (a)- (e), select exactly one of the following answers: (Show your work or give

explanation!)

(A) The iratclircated limit is a finite number L. In this case, state specifically what the

num 13.

(B) The indicated limit is 0°.

(C) The indicated limit is - co.

(D) The sequence does not have a limit (which excludes co and -oo).

3n2 + 5n

n->°° 6n2 + 1
a)

b) n1_iI>II;,,,{(-1)“+%l

. 31-11

C) $38. :13

(‘1n7+ - \1n§+10n)
d) as"...
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Table 5.24 - Continued

 

 

 

Responses #4-a #4-b #4-c #4-d

f. r.f. f. r.f. f. r.f. f. r.f.

A,1/2,R 20* .53

A, 1/2, b 2 .05

A, b, b 2 .05 12 .32

D, WE 23* .62

D, b 2 .05

B, WE 15* .39

B, b 4 .11

A, -4.5, R 2* .05

None of

tlreabove 8 .21 6 .16 11 .29 14 .37

No response 6 .16 7 .18 8 .21 10 .26

Total 38 1 38 l 38 1 38 1

 

Note: 1 WE means with explanation; b means eiilier wrong explanation or

blank; R means right computation.

2 * indicates the correct response.

Besides the errors mentioned above, some errors produced by the subjects will be

analyzed in detail. One of the most common errors was that subjects would ignore the

indeterminate forms of some of the given sequences. "Indeterminate forms" are

expressions involving the symbol co in which the result can not be immediately determined

by applying ordinary algebraic rules to the extended real number system; for example, one

can not immediately decide what is the result of oo-I-oo, or oo—oo. The results of these
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operations could be any extended real numbers, sometimes a positive finite number,

sometimes a negative finite number, sometimes positive infinity, sometimes zero, and

sometimes negative infinity. That is why they are called indeterminate. Not all expressions

involving the symbol co are truly indeterminate; for instance it is perfectlyilegitimate to say

3n + 5n
ll... = 0 or 1/0 = ..., But in the paste“t study, ‘0’ “mph: in #44“ 6n2 + 1

, a subject

got the answer co by plugging co into the equation to get no + co = no which was wrong.

The following are more examples from some responses in item #4-d:(m -

M):

1 Subject simply substituted the infinity notation into the formula to get the

answerObyoo-oo=0,or

2 Subjectwrote thatxlz- II:= 0, or

3 Subject first factored out the ‘16, then the equation was written as:

«Iii [ Iln+l - {n+10 ]= on x (- co) = -oo, or

 

4 Subject wrote oo-lOoo = -..,

All the above examples exemplify some of the prospective teachers' notion of infinity as

being such that the finite number operations of finite number algebra can be used on it.

The other error was the misuse of the technique for finding the limit. One subject

used the technique mentioned earlier to divide both the numerator and the denominator by

the highest exponent term, forgetting that this method only works for rational forms like

. 3n2 + 5n
#4-a.W. Thrs method does not work for #4-d, as 1n what one of the subjects

wrote:

lim [(n2+n)1/2 - (n2+10n)1/2] =1im (n2-I-n) 1/2 - lim (n2+10n)1/2

=1im {(1+1/n)1/2 -lim (1+10/n)1/2 =1 - 1 = 0.

The third type error found in this study is carelessness of the subjects. For

example, in doing Me, a subject wrote:

31'"/41-n=3/4(1-n-1+“>=(3/4)0=1.
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The researcher was sure that the subject was familiar with the exponential law; the error

here was purely careless to think that the numerator and the denominator have the same

base. In a second example, in working with #4c the subject stated that "any fraction less

than one to the power infinity will approach zero as 11 goes to infinity," but instead the

subject wrote:

31'0/41'n = (3/4 ) (1'0) = 0.

The exponent in this problem was negative rather than positive, so the negative sign in

front of 11 means the exponent goes to negative infinity instead. This (-n) going to negative

infinity causes the fraction to go to infinity rather than zero.

Category III: Transitional Understanding

Transitional Understanding, we recall, is a bridge or link lying between basic

understanding and computational understanding on one hand and rigorous understanding

on the other. A person possessing transitional understanding would know some of the

basic theorems and would be able to apply them to specific examples. Thus these test items

were designed to measure the prospective teachers' understanding of the component

concepts of the e-N definition for the limit of a sequence and the underlying concepts

related to the limit operations. These are the concepts that formalize the basic notion of

limit and serve as the basis for rigorous proofs involving limits.

Consider, for instance, the possible responses to test item #4-b where, as

mentioned earlier, the sequence is generated as the sum of two sequences. There were

many methods to study the convergence behavior of this sequence. Some of them might

depend on the basic understanding; that is, the subject could list the first few terms and then

intuitively examine the behavior of the sequence. What is lacking here was that the subject

had no way to be sure that his/her answer was right, it was pure conjecture based on

examining the first few terms. If the subject possesses a rigorous understanding, then
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he/she has the ability to conclude that the limit does not exist because one of the component

sequences does not converge, i.e., limit of (-1)n does not exist. The second response

involves making use of some theory, and reaching a conclusion with certainty, thus would

be indicative of at least transitional understanding.

Students in calculus class often confuse infinite sequences with infinite series

(Davis, 1982). Some of the subjects in this study found it difficult to differentiate between

these two. Two of them claimed that they did not know what the term "partial sums"

means. Thus #3-b, although it was given in a geometrical representation form, was

considered as a transitional understanding problem, because it neither can be intuitively

understood, nor can be computationally calculated. The relative frequency of the correct

response indicated that only 16% of the subjects could find the limit when given a

geometrical representation. Twenty-six percent of the subjects recogrized that the sequence

formed by the partial sums is the partial sum sequence for the harmonic series, but were

unable to find the limit for this sequence or stated that the limit is a finite number. Eleven

percent of the subjects were unable to identify the sequence and 47% gave up on providing

information. The most common error in this item was for the subjects to hold a view that

the harmonic series has a finite sum (See figure 5.1). One of the reasons for this view is

probably because the subjects confused the harmonic series with the geometric series

2(1/2)“~ Thus they provided the geometric series answer, which is 2, for the harmonic

series. Actually when one compares the terms of these following sequences:

1, 1/2. 1/3, 1/4, 1/5, 1/6, 1/7, 1/8, 1/9.

1, 1/2, 1/4, 1/8, 1/16, 1/32, 1/64, 1/128, 1/256, ,

and

it is obvious that the values of the terms of the geometric sequence are getting smaller faster

than those of the harmonic sequence. This suggests that the other probable reason for

answering this item wrongly was that because the rate of increase of partial sums in the

harmonic series is so slow, the subject did not think that in the long run the sum will

diverge. Based on the comparison of these two series, some of the subjects concluded that
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the sum of the harmonic series is finite. Table 5.25 presents the responses on test #3-b in

Category III.

Table 5.25» Distribution of Responses to Items #3—b

 

3 . Figure (A) below illustrates the fraction wall formed by fraction bars. Consider Elle

infinite sequence formed by the individual shaded fraction bars in figure (B) below:

b) Write down the infinite sequence formed by the partial sums of the sequence in

(a), and what is its limit?

  

 

 

 

112

1/3

1/4

1/5

1/6

1/7

1/8

‘ i ea : B-n

Figure A Figure B

Responses £3.32

f r.f.

The required sequence is an = 2 E31111;

L = infinity 6* .16

L = 2 3 .08

L = 4 1 .03

No value for L 6 .16

W

_ k=n k - __
An J; k=1 1/2 With 1.- 2 1 .03

The sequence is 1/2+2/3, 3/4+4/5, 5/6+6/7,. . . 1 .03

with L=2

' 1

An = nl">‘20 fi' 1 .03

1323251291159 19 -50

Total 38 1.02 
 

Note: * indicates {he number of the correct response.
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The e -N definition of limit of a sequence involves many notations (e, N, lim, n-->

oo, an, lim an,,,1:‘;“..an, >, <,lan-L1<t-:), logical interpretations (for every 6, there exists, the

relation between 8 and N, the relation of the difference between an and L and e), the set of

positive numbers (n-->co, what does n-->oo means, the relation between 8 and the positive

numbers, the relation of the positive number N and e , the relation between n and N), the

quantifiers (when to choose "all" and "some"), and infinity (the relation between n and co,

does n ever reach «I, does whether 1r reaches infinity affect whether the limit exists or

not?). In a typical calculus course usually the definition is given, the examples are written

on the blackboard, the operation theorems are presented, the homework is assigned, and

the learning of the limit concept is assumed to be completed (Carpenter & Romberg; 1986).

In order to learn the definition of the limit of sequences, one needs prerequisites which

include some of the sub-concepts mentioned above. Test items #S-a, #5-b, #6, and #7

were designed to measure this transitional understanding which provides the links between

these prerequisites and the rigorous understanding.

The definition of limit of sequences was stated in item #5, because this definition is

not easy to understand and/or to remember, as I stated in the previous paragaph. Besides

it is not my intention to measure whether the subjects could state the formal definition, the

intention was to find whether the subjects could provide another representation to explain a

specific problem by the formal definition. Thus this item #5-a was intended to investigate

whether the prospective teachers could gaphically explain the limit concept. That is, based

on the given formal definition will the prospective teacher be able to illustrate the limit

concept for a specific sequence gaphically. The relative frequency of the correct response

was 21%. Twenty-four percent of the subjects were able to draw a gaph to illustrate the

meaning of the limit concept, but their gaphs were continuous. Some of the examples are

presented in Figure 5.4. That means one-third of the subjects were unable to differentiate

between the domain of the positive integers and the domain of the real numbers. As

Confrey (1980) states in her study, one of the earlier ancient mathematicians' deficiencies
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was inability to distinguish between the discrete and the continuous. She concludes in her

study that, similarly, the students were unable to make this distinction. That so many

prospective teachers drew continuous gaphs is probably due to the practice of drawing

functions in algebra and/or calculus courses. Five percent of the subjects drew wrong

gaphs and 50% provided no gaphs. Table 5.26 presents the distribution of responses to

test items #5-a and #5-b in category III.

Table 5.26 -- Distribution of Responses to Items #5-a and #5-b

 

5. The formal defiliition of the phrase F39...“ = L, L is a finite rehi number" rs as

follows:

"For each a > 0, there is a natural number N such that 1 an - Ll< 8

whenever n > N".

a) Illustrate the meaning of this definition, by using the sequence

2 . .

{an=n:1]wrthnbgl°°an=2onagaph.
 

b) According to the formal definition of limit, what would one have to show in order

. 2n

toprove 111.1?” n +1=2?
 

 

 

Responses are 22:12

f r f f. r f

The correct gaph 8* .21

Continuous but otherwise correct gaph 9 .24

Incorrect gaph 2 .05

Correct statement 7* .18

Incomplete statement 9 .24

Incorrect statement 3 .08

No response 19 .50 19 .50

Total 38 1.00 38 1.00 
 

Note: * indicates the number of the correct response.
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(a)

 

 

 

(b)

Figure 5.4 - Continuous Graphs of a Discrete Function
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(a)

 

 

 

(b)

Figure 5.4 - Continuous Graphs of a Discrete Function
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Item #S-b was intended to examine whether when provided a formal definition

prospective teachers would be able to state it informally. It turned out that only 18% of the

subjects could explain the given problem informally based on the formal definition.

Twenty four percent repeated the formal definition given without being able to transfer the

general case to a specific sequence, 8% presented wrong explanations and half of the

subjects provided no responses. Being unable to explain the limit concept informally in a

specific sequence indicated lack of understanding of the formal definition of the limit.

Probably the knowledge the prospective teachers possessed was more of the kind for

which Hilbert and Lefevre (1986) use the term "procedural". Thus when the subjects

encountered the limit problem in a different guise, they were not able to use the usual

procedures well.

Test #6 was intended to explore whether the prospective teachers understand the

importance of the temporal order in the formal definition. One of the important components

in the formal definition of limit is the choice of e and N. Although most calculus students

know the definition that "for every e geater than zero, there exists a natural number N. . . ",

few really understood what that statement means. That is, students do not understand the

relationship between a and N. Especially when dealing with the proofs of propositions

about limits, students are usually confused over which one should be specified first. From

the research findings this was a critical deficiency for understanding the limit concept

among students. The question arises; is there a discrepancy between these two teaching

and learning groups? Thus this researcher designed test #6; in it, the formula of the

sequence was given, the limit was given and the e was given, the subject was asked to find

the natural number N. The responses of the subjects should provide information about

how well the relationship of e and N is understood. The relative frequency of the correct

responses was 21%, while 3% were able to provide a partial answer. Nineteen percent of

the subjects failed to provide the right relationships and 59% of the subjects did not

respond. The present study's findings on deficiency in realizing the importance of the
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temporal order were similar to the research findings on students (Davis & Vinner, 1986).

Table 5.27 shows the distribution of responses to test #6.

Table 5.27 - Distribution of Responses to Test Item #6

 

- - n

6. The infinite sequence an is defined by an = Fig.9.. Which of the following is the

smallest N such that for n>N, an will be contained in an Open interval of radius 1/500

about 3. W11

 

 

 

_a)N=1000 _b) N=500 _c) N=250 _d) N=125 __e) N=100

Responses £6

f r.f.

=250

With the correct computation 8* .21

With no computation or explanation I .03

N=500 4 .1 1

N=125 1 .03

N=100 2 .05

No response 22 .59

Total 38 1.02 
 

Note: * indicates the iiequency to the correct response.

Test #7 was designed to examine one of the basic theorems -- the Squeeze Theorem

(also called Sandwich Theorem) which is a simple but useful idea. What this theorem says

is that if sequences {An}, {Bu}, and (Cu) satisfy An < Bn < Cn (which means the value

of An is less than Bn which in turn is less than Cu), and if the limits of sequences An and

Cu exist and both equal L, then the limit of the middle sequence Bn is also L. The ancient

Greeks used this idea in their inscribed and circumscribed polygons approach to the
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problem of approximating the area of a unit circle. The definite integal used in calculus

was evolved from this idea along with the notion of the limit concept. Davis (1985)

conducted a study to investigate students' notion of integation and found that one subject,

named Lucy, could find the upper sum but was unable to find the lower sum. This

indicated a deficiency in understanding the content of the Squeeze Theorem. In the same

way, in the present study one of the subjects could find the limit in the sequence given in

item #7, but fiom one side only rather than from both sides by using the Squeeze Theorem.

The relative frequency of the correct responses was 26%, 3% using the one-side method to

find the required limit is 3, and 5% only provided answer 3 without explaining how the

answer was derived. Fourteen percent of the subjects could not perform to get the right

response and 55% left the item blank. Table 5.28 shows the frequency of the responses to

item #7.

Table 5.28 - Distribution of Responses to Test Item #7.

 

7 . Find nljglqoam given the information that the sequence {an} satisfies

3n-1<nan<3n+2.

 

 

 

Responses _fl

f r.f.

II . 1 1° . . 3

With correct computation 10* .26

With half the inequality 1 .03

With no computation 2 .05

Ibeh'au’tjsinfinitx 3 .08

Mama: 2 .05

W 20 .53

Total 38 1.00
 

Note: * indicates the percentage of the correct response.
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Category IV: Rigorous Understanding

Rigorous understanding enables one to use the precise definitions with an emphasis

on exact deductive mathematical proofs. Test Items in this category required the subjects to

prove a specific sequence is convergent (item #5-c), to give the formal definition of the

negation of the limit concept (item #8), to state what one would have to say informally in

order to prove a specific sequence is divergent (item #9-a) and formally prove a given

sequence is divergent (item #9-b), and finally, to prove the limit of a sum of sequences was

the sum of the limits (item #10). Since the definition of limit is so complicated and

involves so many prior concepts, the prospective teachers as well as students in other

studies (Davis & Vinner, 1986; Fless, 1988; Orton, 1983a, 1983b; Williams, 1989),

demonstrated little understanding of the formal definition of limit. The relative frequency

of the correct responses on these five items #5-c, #8, #9-a, #9-b and #10 were 5%, 0%,

0%, 0% and 0%, respectively. No completely valid proofs were produced by the subjects

on item #8, item #9, and item #10. Eleven percent of the subjects produced proofs on item

#5-c with one wrong quantifier, and 5% demonstrated proofs with two wrong quantifiers.

i Twenty-one percent produced completely incorrect proofs, and 58% produced no

response. Table 5.29 presents the distribution of responses to test #5-c in Category IV.

Table 5.29 -- Distribution of Responses to Items #5-c

 

T‘l'h.e romtal definitfitn of the phrasejgljglwan =1., L is finite rear numberfi—lsas

follows:

"For each 8 > 0, there is a natural number N such that I an - L I < 6 whenever n > N".

 

c) Using the formal definition of limit, prove that lim 2n
n—>oon +1=2'
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Table 5.29 -- Continued

 

 

 

Responses f. iii-.52 r. f.

Correct proof 2* .05

Incomplete proof with one wrong quantifier 4 .11

Incomplete proof with two wrong quantifiers 2 .05

Completely incorrect proof 8 .21

No response 22 .58

Total 38 1.00
 

Note? indicates the numbers of the correct response.

As for question #8, 5% of the subjects stated the negation of the limit definition

with one wrong quantifier, 5% stated the negation of the limit definition with two wrong

quantifiers, 13% tried to state the negation of limit definition with no success and 76%

provided no response. The statement of the negation of the limit definition was assumed to

be easy when provided with the formal definition of limit, but this turned out not to be the

case. Probably due to the lack of conceptual understanding (Hilbert & Lefevre, 1986),

none of the subjects could transfer the knowledge (Putnam, 1987) on the limit definition to

the negation of linrit definition. Table 5.30. shows the distribution of responses to test item

#8.

Table 5.30. Distribution of Responses to Test Item #8

 

8 . Write down the formal definition of the negation of the limit of a sequence,

that is, "nl_iI>n°°an ¢ L. where L is a finite real number".
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Table 5.30 -- Continued

 

 
 

 

Responses r.f.

is;

f. .00

Correct definition 0* .05

Incomplete definition with one wrong quantifier 2 .05

Incomplete definition with two wrong quantifiers 2 . 13

Completely incorrect definition 5 .76

No regonse 29 1.00

Total 38 
 

Note: * indicates the numbers ofthe correct response.

Test item #9-a, was intended to investigate prospective teachers' understanding of

the informal description of the negation of the limit definition as applied to a specific

sequence. The ability to explain informally, based on the formal negation of the definition

of the limit, why a specific sequence does not have a limit is crucial for the prospective

teachers. This could link the intuitive notion of divergence with the rigorous definition of

the negation. None of the subjects could state in an informal way why this specific

sequence did not have a limit. Eight percent of the subjects provided statement of what

should one have to show in order to prove the given sequence does no have a limit with

one wrong quantifier, and 21% of the subjects provided response with two wrong

quantifiers. One subject's response was like this, "there exists 6 >0 such that no natural

number N exists that satisfies Ian-Ll< e", which we scored one point because this subject

did not mention any relationship between 11 and N which this researcher considered as two

wrong quantifiers. Eleven percent of the subjects provided an incorrect statement and/or a
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statement with at least three wrong quantifiers, and 61% gave no response. Table 5.31

presents the distribution of responses for test item #9.

Table 5.31 -- Distribution of Responses to Test Item #9

 

9. s6... {-I mat:

a) According to the formal definition of limit, what would one have to show in order

to prove that “13ngan does not exist?

b) Using the formal definition of limit, prove that nljgoan does not exist.

 

 

 

 

 

Response £28 m

f. r.f. f. r.f.

Correct statement 0* 0.00

Incomplete statement with one wrong 3 0.08

quantifier

Incomplete statement with two wrong 8 0.21

quantifiers

Completely incorrect statement 4 0.1 1

Correct proof 0* 0.00

Incomplete proof with one wrong quantifier 0 0.00

Incomplete proof with two wrong 2 0.05

quantifiers

Completely incorrect proof 5 0. 13

No response 23 0.61 31 0.82

Total 38 1.01 38 1.00  
Note: * indicated the correct frequency of the responses.
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None of the subjects could produce a correct proof for #9-b, and none of them even

come close to the right proof. Five percent of the subjects constructed proofs with two

wrong quantifiers, 13% of the subjects failed to produce the correct proofs and 82% of the

subjects provided no response.

The last test item #10 asked the subjects to prove the very basic theorem that the

limit of a sum is the sum of the limits. One subject constructed a proof with one wrong

quantifier, 8% of the subjects produced a proof with two wrong quantifiers, 18% produced

completely wrong proof, and 71% of the subjects provided no response. Table 5.32

presents the distribution of responses to test items #10 in category IV.

Table 5.32. Distribution of Responses to Test Item #10

 

10. Using the fmmal definition of limit prove the following statement:

If nljgoan and nljr>qobn both exist, then “111;an +bn) exists and

at. «n +... > = 132% + rebu-

 

 

 

 

 

Responses fill!

f. r.f.

Correct proof 0* .00

Incomplete proof with two wrong quantifiers 1 .03

Incomplete proof with three wrong quantifiers 3 .08

Completely incorrect proof 7 .18

No response 27 .71

Total 38 1.00
 

Note: * indicates the frequency of the correct response.
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The relative frequencies of no response in this category of #5-c, #8, #9-a, #9-b and

#10 were 58%, 76%, 61%, 82% and 71%, respectively. The very high frequencies of no

response in category IV indicates probably that in mathematics courses students were more

familiar with verifying the limits than proving the theorems. The other possibility is that

prospective teachers, similarly to the students, find rigorous understanding of the limit

concept difficulty to attain (Fless, 1988; Williams, 1989).

3.11m

In this section, the results of the responses to the questionnaire have been analyzed.

The following research question was discussed within the framework of the theoretical

model constructed in Chapter Four: What kinds of misconceptions, difficulties, and errors

do prospective teachers have concerning the limit concept?

In regard to this question, numerous misconceptions, difficulties, and errors were

observed in all categories. In category I: Basic Understanding, some misconceptions,

difficulties, and errors involved in the notion of limit were as follows:

1. The difficulty in realizing the rule of a given sequence can have a multiple

description. Thus when provided with a split domain problem, the subjects

tended to pick out half of the problem and overlook the other half of the

problem.

2. The difficulty in interpreting information from a gaphical representation. This

was probably due to the intrusion of the split domain difficulty, but certainly the

lack of knowledge to interpret the gaphical representation was demonstrated in

the subjects' responses.

3 . The difficulty in interpreting information from a geometrical representation. For

example, in #3-a, subjects could not interpret the geometrical representation,

either in terms of the individual fraction bars, or in terms of the shaded areas.

4. The difficulty in differentiating between when the limit is infinite and when the

limit does not exist in the extended real number system. Although in the

textbooks, the definition of divergent is "not convergent," which means the

limit is not a finite number, in later chapters in the calculus textbooks the

textbook authors do introduce the concept of a sequence having limit infinity,

which means the terms of the sequence eventually exceed any pre-assigned

number. Based on the definition of convergence, it means the terms of a
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sequence converge to a fixed number. When the limit of a sequence is infinity,

the terms of the sequence do converge to infinity. But, for example, the linrit of

sequence (-l)n does not exist because it does not converge to any fixed number

or to infinity. Thus "the limit is infinity" is a different statement from "the limit

does not exist."

In Category II: Computational Understanding, the nature of the misconceptions,

difficulties, and errors were analyzed based on the common types of errors they produced.

1. A major difficulty involved in finding the limit for all items in this category

was lack of the ability to solve the indeterminate forms appearing in the

problems. It seems that some subjects were not bothered at all by the

indeterminate forms. Infinity, to them, is a fixed number that can be added,

subtracted, multiplied and divided by. These four operations on infinity

seemed so natural they became part of the daily algebraic operations.

2. Another difficulty seems to be misuse of the technique of dividing both

numerator and denominator by the highest exponent term.

3. The third difficulty seems to be not realizing the need for rationalizing the

radical form.

4. Some intrusion of the dynamic expression (as n-->oo, an gets closer and

closer to L but never reaches it) of the limit concept can be seen in some

subjects' reasoning. This intrusion prevents some of the subjects from

gasping the static form of the formal definition. Thus, they only see part of

the gaph instead of a global view.

In general, given a stated condition involving the terminology and notation

associated with a formal definition, prospective teachers should be able to use the precise

notation and terminology in a meaningful way. But in Category III: Transitional

Understanding, it turned out that is not the case. The errors made by prospective teachers

are described as follows:

1. Inability to distinguish between infinite sequences and infinite series.

2. The continuous but otherwise correct gaph illustrated the error they made

by misinterpreting the gaph of the function whose domain is the set of

positive numbers.

3. Not being sure when the Squeeze Theorem could be used

4. Inability to gasp how formal definitions capture the intuitive notion of the

limit concept. Therefore their informal notion of limit concept demonstrated

misconceptions about the temporal order, which means they tended to
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choose N first instead of 6. Their responses showed it was difficult for

them to produce N when provided with 8.

Similarly, the inability to gasp the meaning of the formal definition of limit

produced a relatively low frequency of correct responses in category IV: Rigorous

Understanding. As mentioned earlier, and as this researcher intends to say again, the

important kind of understanding of a concept is not learning by memory the formal

definition of that concept, but understanding the underlying components of that concept.

What one needs is not just to be able to state the formal definition of the limit, but rather to

be able to explain the meaning of the definition. So, in this category, the major error was

being unable to distinguish the important role of the temporal order, thus most of the

subjects could not provide exact correct quantifiers which constitutes the definition of the

limit. Thus how to choose a, N the quantifiers "all" and "some", and solving the inequality

become obstacles for constructing the correct proofs.



171

Question 3: What are prospective teachers' opinions about the role of the limit concept in

K-12 mathematics curriculum

In this section, the focuses are: what is the role of limit concept in K-12

mathematics curriculum, where and how the limit concept is, implicitly and explicitly,

revealing itself in K-12 mathematics curriculum, and what is prospective teachers'

understanding about the curriculum knowledge regarding the limit concept. In order to

address the third research question, an open-ended question was embedded in the survey.

Subjects were asked to provide an activity that could be used to introduce the intuitive

notion of limit to 1) K-2 gade range and 4-5 gade range children. Among the thirty-eight

prospective secondary teachers who took the questionnaire, there were only thirteen

subjects who responded to the K-2 gade range question and fourteen of them who

responded to the 4-5 gade range question. The data received will be presented but there

were not enough responses to make accurate generalizations related to this research

question. Prospective teachers' responses after gouping is given in Table 5.33.
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Table 5.33 The Distribution of Responses of Test Item #9, Part I

 

 

 

E . . E E . . G 1 K-Z Q 1 l 5

f. r.f. f. r.f.

Half Division 4 0.11 3 0.08

Binary Tree 2 0.05 0 0.00

Science Activity 1 0.03 3 0.08

Counting to Infinity 3 0.08 1 0.03

Game of Hopscotch l 0.03 0 0.00

Graph 1 0.03 2 0.05

Series 0 0.00 1 0.03

Fraction 0 0.00 2 0.05

Irrational number it 0 0.00 1 0.03

I don't know 1 0.03 1 0.03

No response 25 0.66 24 0.63

19131 38 1.02 38 1.01 
 

Next, I will describe the categories in Table 5.33. The "Half Division" activity

means that the subjects introduced an activity involving something like the gasshopper

activity in questionnaire Part H item number 13. This half division activity could involve

cutting a piece of paper in half repeatedly, or cutting a piece of pie diagam in half, one

fourth and one eighth and etc., or taking away half of a fixed amount over and over, or
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walking half the distance to a wall, then half again and so on. Actually this is a very rich

activity. It not only provides an opportunity for the young children to visualize the

individual pieces getting smaller and smaller, but also at the same time introduces the notion

of infinity because the numbers of the pieces are getting more and more. The main thing

missing in the responses for this category is that none of the subjects mentioned anything

about follow-up questions regarding this activity. For instance, can this process go on

forever? What will happen if this process goes on and on? If this process goes on and on,

what the piece will look like? How many of these individual pieces exist?

The "Binary Tree" activity mentioned by two subjects, both of them using the

family tree to illustrate the activity to K-2 gade range, involved the binary gowth of the

family which in turn produces a divergent sequence, because if parents have children, who

have children, who have children, etc., as this process continues it produces an exponential

gowth, which is a gowth without bound. Both of the subjects mentioned using this

family tree activity to introduce the notion of infinity to K-2 gade range children. This

binary tree activity is indeed an excellent activity for young children, first because the

exponential growth is very fast, so that the child can see the numbers getting big quickly,

and, secondly, children are familiar with the family tree which directly relates to their daily

experiences.

The "Science Activities" mentioned here were activities related to science

experiments. For instance, blowing up a balloon until it bm'sts, adding a drop of water at a

time to an empty swimming pool, determining how much water can be put into an 8 ounce

paper cup, and putting two mirrors facing each other and letting the children observe the

continuous reflections, were four responses. These four activities provide different time

schedules in turn providing different intuitive understandings of the notion of limit. The

blowing balloon and filling cup activities can be immediately accomplished. This will

introduce the idea that in a way the limit is a bound; when that boundary is exceeded either

the balloon will burst or the water will overflow. The adding a drop of water at a time to an
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empty swimming pool activity could be a "thought experiment." Most of the children

know that is possible because they can perform this activity at home by observing that the

sink or bath tub were filled by drops of water, it is only a matter of time. The last activity,

the reflecting mirrors, really captures the essence of the notion of limit, introducing that

there is an infinite process going on and on, and the children can experience it. It will even

better exhibit the limit concept, if one object is placed in front of the mirrors. This will

provide the opportunity to observe the object getting smaller and smaller and/or getting

further and further away in the reflections.

The "Counting to Infinity. Activities" were activities of counting numbers that never

stop. For example, counting the natural numbers, or adding the counting numbers, or

showing a sequence on the number line and showing where one would end up on the

number line if one keeps going and going. These activities definitely are good examples to

introduce the notion of infinity.

Of those thirteen one subject mentioned using the "Game Activity" which says

"compare the limit to a game of hopscotch where the final square is very far away and they

keep getting closer and closer, but it is always just beyond their reach."

One subject mentioned gaphing as an activity in both K-2 gade ranges and 4—5

gade range and presented the gaph activities by using statistics data. For example, in

responding to the question about the K-2 gade range the statistical data mentioned were:

1. gaph the number of hot lunches in their class or the number of absences,

discuss what is the most one could have,

discuss what is the least, and

P
P
!
"

discuss the range of students in class.

In regard to 4-5 gade range the statistics data mentioned were:

1. gaph the daily temperature,

2. discuss the hottest it ever gets in this geogaphical area, and
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3 . gaph record highs and lows.

The statistical data about maximum, minimum, range, and gaphs can help children

understand about functions with finite domain, but it cannot help them to understand the

notion of limit because there is no continuous process going on. The other subject

mentioned the gaphing exercise by using Logo computer, but how to use the Logo

computer and what activity can help children learn the notion of limit wee not mentioned.

Two subjects mentioned the "Fraction Activity." One of them suggested "when

studying fractions present the following:

l+1/2+1/4+1/8+1I16+1/32.

Does this sequence ever reach 2? Explore this using manipulatives." This subject used the

sum of finite number of terms to introduce the notion of limit, and forgot to state "and so

on" after the term 1/32. The other suggested "asking them (4-5 gade range children) to

name numbers between 0 and 1 and responding to theirs with one closer to one every

time." This indeed was an excellent activity, because the children can really capture the

feeling of "closeness."

Among the responses, only one subject made the connection between the notion of

limit and the irrational number it. This subject suggested to show "the sequence 11:, 3.14. . ."

to 4-5 gade range children.

One subject mentioned that series can be used as an activity but did not provide any

detailed description of how the series can be used to introduce the notion of limit to 4-5

gade range. The other mentioned introducing infinity to 4-5 gade range students as an

activity, but similarly did not provide any description of such activity.

In summary, only when there is an infinite process can the limit concept be

relevant. When there are finite numbers, finite graphs, finite tables, and finite number

experiments, there is no limit concept involved. Most of the subjects who provided

activities, did not make connection with how the activities they produced could be used to

introduce the notion of limit. The missing tie to the notion of limit is the infinite process,
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probably because the participants were trying to come up with an activity and forgot to

mention the importance of infinite processes involving the limit concept.

In order to get more information than was provided by one or two sentences in the

survey of thirteen participants, I conducted an interview based on a structured list of

subquestions related to the third research question. The interviews were audio-taped and

then transcribed. The four participants in this study are pre-service secondary mathematics

teachers who were not among the 13 who responded. Curriculum knowledge involves an

understanding of the curricular alternatives available for instruction and familiarity with the

topics and issues that have been and will be taught in the same subject during all the

preceding and later years in school, so I wished to find out at how young an age this group

of preservice teachers think the children will be knowledgeable enough to informally learn

the notion of limit. Thus the two lowest gade ranges were the focus. In order to make the

discussion easy to follow, the four subjects were assigned the names Anna, Bill, Mary,

and John. The first subquestion the subjects were asked to respond to was: Do they think

K-2 gade children will be knowledgeable enough to informally learn the notion of limit?

The four responses, summarized from the transcript, were as follows:

Anna responded, "I think so. You could probably do things dealing with

numbers. Numbers are pretty easy, if you say count one higher, count

one higher and they might be able to kinda gasp what infinity might

mean "

Bill said, "K-2 range, I've never thought about math much below the junior high

level."

Mary said, "Well, they could not have the idea of definition until they get in college or

anything like that, but they could get, I think they would be knowledgeable

enough to learn like that things don't always end, there's the infinity, I think they

can do some basic things, look at patterns, numbers, try to think where the

pattern ends or what it would get nearer to, I think they could do that."

John responded, "I would say yeah, in fact I think that as far as I know at this point in

time, therersn't a lot being done with getting, helping the younger gades get a

handle on this stuff and I can't see why it would be a bad idea to put this stuffin

their hands."
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Except for Bill who has never thought much about mathematics below the junior

high school level, all agreed that the K-2 grade children are knowledgeable enough to learn

the informal notion of limit. Anna and Mary suggested some activities that could be used to

introduce the informal notion of limit, such as; observing or discovering that the number

can get larger and larger as well as that things don't always end (leading to the notion of

infinity), and looking for patterns and where the pattern ends or what the pattern would get

nearer to.

The second question originally was designed for those who thought that K-2 grade

children were not knowledgeable enough to learn the notion of limit, so the question asked

the participants to respond on whether they think that more mature students such as 4—5

graders might be able to learn the informal notion of limit. However, all of the four

interviewees responded to this question as well.

Anna said, " so I do think definitely the 4th and 5th grade."

Bill hesitated at first, and said, " No I don't " and then continued and said,

"they would be knowledgeable."

Mary said, "They could too, they always could."

John said, "No doubt."

Since this was a structured interview, I did not probe each individual much about

their short responses. The next question was; assuming they think K-2 and 4-5 grade

children are knowledgeable enough to learn the notion of limit, then what kind of activities

they could produce that might be appropriate to introduce the notion of limit. Their

responses were as follows:

Anna said, "We were just talking about the one there with numbers if you just

always add one, it is always going to be one bigger. Maybe if you did

something with grains of sand, peas or something or M&M's, infinitely

many M&M's and you always add one more that way they can see it

more."

Bill said, "I'm always straining to drink of that activities to introduce students to

any kind of subject in math." Then he continued to provide activity

anyway, "You could ask like this is graphed, or how this equation, well,
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how will this tend to act over time, ..., like the temperature, you take a

steamy hot cup of coffee out of oven, . . . you put it down, you wonder

what is the temperature over time. .. . And over time, what is its

temperature and will it ever actually approach room temperature, will it

ever actually be at room temperature and theoretically, it won't be. And

so you can say it's limit then."

Mary said, "I think have them do exploratory work, maybe have them make up

their own patterns and try to see what they are, what they are going to get

near."

John said, "I would go once again to geometric, or the idea ofjust taking halves

of a pie. . . . The idea that this is a pie and gets smaller and smaller as we

halve all the pieces"

All subjects except Bill repeated the old activities. Although Bill did not provide

much information before, here he provided a science activity which he had seen done in a

science class. The activity he mentioned is examining how the temperature of a steamy cup

ofcoffee reacted over time and he claimed that the room temperature is its limit. Up to now

every participant had provided activities. I was interested in finding out whether they

considered how the activities they presented could be tied to the specific school grade, thus

the question asked next was: What grade range children will be able to accept your activity?

The responses were as follows:

Anna said, "Probably any, if you are just talking about that activity with adding

one each time. Really any grade level because you start to count in

kindergarten. . ."

Bill said, "And the grade range,... I don't know,... I'm not sure how

advanced, it's been so long since I have seen or worked with any, you

know, any elementary school kids. I don‘t if they would be. It would

sound like a good science project."

Mary said, "I'm not sure with elementary school children, how would they act.

The middle school students that I have, they could do something like

these. I'm pretty sure they could do it, if you make them do it." And she

continued, ". . .I don't see why younger students with the right instruction

and if they just you know understand it, simple thing, I think they can do

it too. So I think pretty much even kindergartners they could do basic."

John said, "And I think for that particular activity, perhaps K-2 may be too

early, but I really don't believe that it's not impossible. I wouldn’t say

that it's impossible to get that understanding across. They can see the pie

slices getting smaller and smaller."
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Based on the activities they provided, except Bill, they all agreed that their activities

could be accepted by even the kindergartners. Since it was designed to be a structured

interview, the questions of how the activities they presented could be used to teach

kindergartners as well as fifth graders, or what topics in the fifth mathematics curriculum

could be related to the activities they presented were not investigated. For example, I could

have asked Anna, "How do you think your 'adding one activity' could be used to teach the

kindergartners as well as the fifth graders? Is the teaching strategy the same with these two

groups of children? What is the notion of limit you expected these two group children

learned from this activity?" Unfortunately, I did not probe. What I did ask next was: Do

they think we should informally introduce the notion of limit as early as possible? Their

responses were as follows:

Anna said, "I don't see any problem in it. To me it might make it more

acceptable once they do, students do get into calculus to see something

before, you know, that you can even start talking about easy sequences,

just things about easy sequences or things about infinity."

Bill said, "I think you could bring that up in a science class. 5th or 6th grade

and take temperature of things or even younger than that. They could

work on that, but the mathematical set for, it might get a little confusing

maybe for less than an advanced group at that age. And it would be hard

to represent that even a sequence or an equation or anything like that at

such a young age before high school."

Mary said, "I think it's good for people to see, you know patterns and how

patterns have something they get nearer, if they don't, they might go near

to infinity. It's important to understand what infinity is. It might be hard

for them to think there is no biggest number, but I think it's good place to

try it. I mean its' not going to hurt them."

John said, "Yes. I don't see any reason whatsoever with hiding the bigger

concepts of mathematics from children. Let them have them. Get their

hands on them."

With regard to the above question, the participants all agreed that the notion of limit

should be introduced early. Based on her own learning experience, Anna claimed that "it

took me the longest time to figure out what that stuff (the limit ) was." Although she knew

how to find the limits and the derivatives, and she took higher level mathematics,

nonetheless she claimed, "Even now, obviously, I still don't have a great understanding of
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the limit." Although John did not directly refer to the learning of the limit concept, he

pointed out how the fact that his teacher prevented him from learning about logarithms in

high school hindered his learning of logarithms in college. Mary said, "It is not going to

hurt the children." "Don't hide the bigger concepts of mathematics from children," was

said by John, "let them have them." The participants talked about whether there exist some

activities that could be used to introduce the notion of limit; they all agreed that K—2 and 4-5

graders are knowledgeable enough to learn the limit concepts, and that the notion of limit

should be taught early; now the last question asked was: When do they think is the best

time to introduce the notion of limit? They responded as follows:

Anna said, "You mean this, just intuitively? Ahm, probably as soon as they as

soon as the students are able to I don't know, as soon as they can

understand, how can you say, oh as soon as I can understand it, how do

you know if they understand it. I don't know. Probably when they start

doing more things with math, I mean, do they, they've got math in

elementary, I mean in second and first grade, right. Maybe second or

third grade when they start doing things with numbers more than just

counting. Second or third, mostly in kindergarten you just count I think

and maybe you start to add a little bit but then. . ."

Bill said, "Yeah, when they are working on graphing, maybe when you first

introduce the idea of asymptote maybe then you could bring up the idea of

limit. It's the first time it seems logically to flow from what you are doing

in class already. "

Mary said, "...but I think it is important that they start to get an idea about

different things early on not wait until they get to college and not even if

you don't go to college."

John said, ". . .I really don't know when the best time to introduce the notion of

limit is."

Except Bill, the other interviewees seemed stumbling on this question. Although

Anna said second or third grade, but she was not sure. The words she used were

"probably" or "maybe" which indicated uncertainty. Mary said "not wait until they go to

college" which indicated 12 years' difference. The reason she provided was "I'd never

seen much of it (the notion of limit) before, and that's probably the hardest thing I've seen

first in calculus, I did really bad on that, because I'd never seen it before in high school."

John said that he really does not know, because he is not a curriculum master. Bill is the
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only one who pointed out that when students are working on graphing or when they were

introduced to the notion of asymptote, maybe then the notion of limit could be brought up.

Summary

Four prospective teachers who were interviewed all agreed that the limit concept

should be exposed to children as early as possible. They could provide activities, but could

not provide much information on when would be the right time, what would be the right

t0pics in which to introduce the limit concept, and where the limit concept is revealed in the

K-12 mathematics curriculum. These four prospective teachers had their first exposure to

the limit concept when taking their first calculus course, in which they were taught the

usual formal 8—8 definition. It seems they all found their experience in learning the limit

concept painful and frustrating, which is probably why they favor introducing the limit

concept on an intuitive level much earlier in the curriculum. They did not make much

connection of the limit concept with other branches of mathematics, and as a result the

activities they introduced exhibited little variety or creativity.

Question 4: What are the possible misconceptions, difficulties, and errors the prospective

teachers anticipate in teaching the concept of limits?

In order to address this research question, an open-ended question was embedded

in the questionnaire. In this question the subjects were asked to respond: What are the

possible misconceptions, difficulties, and errors you encountered while learning about

limits, and how would you help your own students to overcome them? Fourteen subjects

responded to this question. Although there were not enough subjects that responded to

make significant conclusions related to this research question, I believe that the information
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Table 5.34. Results of Item #10 in Questionnaire Part I

 

 

D . . ED . E5 1 I l . 5

To understand the concept Provide concrete examples

To “3‘1de the formal definition Using examples instead of 8, n, N etc.

Very abstract idea Come up with some more concrete

examples

Definition was too intellectual Graphs seem to help

That sometimes when the denomina- N]R

tor is 0, the limit is zero, when to

use what rule to prove the limit

Vocabulary: the meaning of "formal"

vocabulary

Finding limits seemed inconsistent

Involved infinity

Too abstract

To understand the importance and

reason behind limits

Teach for concept

N/R

N/R

 

l: .. fli' .

Wm

 

Sequence, such as, n+1, or n2/(n2+1),

as an interval

Evaluating limits by just plugging in

the value x tends to

In all cases a limit cannot be reached

332 n2+5=? the students will tend

to look to this problem as just

substituting 2 for n and the result

is 9

In

Can't recall much about learning

about limits

NIR  

Showing sequence may jump around

Evaluating one-sided limits first

showing counter examples

01’

Give students many examples

Pick numbers closer to 2 on either

side and graph the results

N/R

Try to use everyday events and maybe

things that the kids do often to try

and help them

 

Note: N/R means no response.
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has the potential of providing some baseline data for further investigation. With this in

mind the responses were then analyzed and grouped according to the description of

difficulty and misconception as well as the teaching strategy to overcome these difficulties

and misconceptions. The results are given in above Table 5.34.

Table 5.34 consists of three parts. In the first part, the responses which describe

difficulties are grouped together. In the second part, I group together the responses which

describe misconceptions. The third part is responses not belonging to the first two types.

Fourteen of the 38 subjects responded to the survey question: What are the possible

misconceptions, difficulties, and errors you encountered while learning about limits, and

how would you help your own students to overcome them? Eight provided descriptions of

the difficulty in the limit concept which mostly focused on the idea that the limit concept

itself is too abstract to understand. Four subjects provided descriptions of misconceptions

of which two were actually related to difficulties in computational techniques rather than

misconceptions. The first one was that in all cases the limit cannot be reached. This indeed

is a prevailing misconception not only among students as stated in the research findings

(Davis & Vinner, 1986; Schwarzenberger & Tall, 1978); but also among ancient

mathematicians as we discovered in studying the historical development of the limit

concept. Students who possess this unreachability model of limit will reject the true

statement that a constant function has a limit. This unreachability model of limit is related

to one of the debates on the attainment of limits by earlier mathematicians as reported in

Chapter Two. The reason for this misconception being so prevalent is probably because

most of the examples of sequences in the real-world situation seem to exemplify the

unreachability model of limits. Another possible explanation is that this misconception is

due to the "intrusion of potential infinity", a notion which entails the impossibility of an

infinite process reaching its limit. Another misconception mentioned by one subject was

that the limit of a function is found simply by plugging the given 11 value into the given
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equation. When asked how to help students to overcome these difficulties, six of them

thought that providing more concrete examples would help to overcome the abstractness of

the limit concept. Two subjects thought that graphs might help. Two subjects, talking

about the limit of functions rather than the limit of sequences, stated that showing students

the one-sided limits first then showing counter examples might help students to understand

the limit concept. Four of them provided no response for a teaching strategy to overcome

the difficulty. One responded that ,"can't recall much about learning about limits." The

other subject provided teaching strategy for learning but provided no misconception or

difficulty.

In order to learn more about prospective mathematics teachers' understanding of the

limit concept in terms of students' learning difficulties, I conducted an interview, the

interview has given to four prospective secondary mathematics teachers and these results

follow. One of the interview questions was designed to extend the survey question: What

are the possible misconceptions, difficulties, and errors you encountered while learning

about limits, and how did you overcome them? along with nine subquestions related to the

main question which was under consideration. The following were the four interviewees'

responses in terms of this research question.

When asked to respond: wmgig_arethe possiblewmisggggeptixons,

difficulties, and errorswyouencountered while learning about limits, and how did you

f

.4-‘

”er-é

overcome gem? Their responses were as follows:

Anna said, "I have a lot, like I said, I don't really feel like I have a very good

understanding of what limits are so to me as a, I'm going to be a teacher, I am

going to teach this maybe someday, that's pretty I don't know, scary, or

whatever, but ahm, let me think, I don't really know if I know enough about

limits to know what my misconceptions were. I don't know if I had a certain

misconception orjust didn't understand the whole concept.

Bill said, ". . . when they, I think it was my advanced math, pre-calc, whatever was trig

in high school that they brought up limits. I just remember the epsilons and the

deltas, or whatever they used and just those symbols right there threw me off. It

was it scared me because it was really confusing and a little intimidating I guess

because I'd never seen anything like that before. And I couldn't understand it

right away. It didn't seem to follow from what we had been doing earlier. 80
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that's that was one of the difficulties for me and still the difficulty if you are trying

to realize what depended on what in your statement, what was it we were trying

to find out within this neighborhood and what limit shows and what we chose

depended on that. "

Mary said, "Ahm, I guess when I think about limits when I first found them I'm talking

about the limit of functions and things like that, and you know, we were told all

we got to learn to simplify in certain ways and maybe I don't understand, you

know, why you could do that, or sometimes you can take out a factor of x, but

you couldn't always and just to me it seemed like a bunch of rules that I didn't

understand. I was told the rules and I forget them and I wouldn't know when

you could do it and there were certain things and all of a sudden at one point you

could just, ahm, you were supposed to just be able to see it, you know, or if it

was as n approaches some number, you could just stick the number in it at a

certain point and at other points, you couldn't do that because you would get

division by zero, and things like that and it kinda bothers me you know, I didn't

know. And I think the first thing they did was try to explain it to me with the

epsilon, delta definition and the graph and that totally threw me. I understood it

as they went through it, when I saw it, and I went home and I didn't know what

it was. So maybe, maybe if they started you off slower and showed the patterns

things like that instead of just saying, you know, the epsilon delta, draw the

boxes from certain point, its going to get so close maybe a little bit slower or just

because I'd never had it before, it would have been more helpful if I had had it.

John said, " . . . I don't remember that I encountered it but that what we were discussing

earlier infinity plus a that I may struggle with that until I go to the grave, unless I

run into somebody who can really explain that, well, because the idea of infinity

being out there further and further and then adding to it, you know, that's like

telling me that, no infinity isn't infinite, it's finite. It's like wait a rrrinute. But I

don't really recall any frustrations."

Anna confessed either there were misconceptions that she did not know or she did

not fully understand the notion of limit, as well as it being a scary thing to think about how

someday she is going to teach the limit concept. Bill and Mary mentioned the symbolic

notation of delta and epsilon in the formal definition of limit scaring them off. In the formal

definition of limit we have to have 8 first then find N, and this temporal order is difficult to

grasp. Bill thought the e and N are very confusing because he could not remember which

one depends on the other. Besides the notations in the formal definition of a limit, Mary

was more concerned about not remembering the computational techniques for finding the

limit. She mentioned that the techniques taught for finding the limits sometimes were

applicable and sometimes were not, which indicated understanding of how to do the limit

problem but not why the methods worked. She was the only one who mentioned how the
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limit concept should be taught. She said "maybe start off slower and show the patterns

rather than the epsilon and delta definition." John is quite confident about his

understanding of the limit concept and replied that he had not encountered any difficulty,

but he stated that the notion of infinity is contradictory in nature. This contradiction, then,

he said, might follow him to his grave. He also said that his calculus teacher taught him

well and made sure that he understood that "the limit can never be reached." He said, "It

gets closer and closer and may never ever get there." Apparently John himself did not

realize that he possesses the most prevailing misconception; this unreachability model of

limit (Actually, because of the ambiguity of the use of the word "may" in this sort of

sentence, John's second statement given one possible interpretation would be correct, but

we know from other evidences that John actually holds the misconception that it is

impossible for a sequence to ever reach its limit. For instance, he also says later that "it . . .

never ever touches it (the 1imit).") After the subjects thought what probably were their own

misconceptions, difficulties, and errors, they were asked to respond as to what could be

students' misconceptions, difficulties, and errors by the following question: What do you

anticipate are the misconceptions, difficulties, and errors that students will encounter most

while learning about limits? Their responses were as follows:

Anna said, "I think a lot of it has to do with notation. . . . But I have a hard time

getting general form of it. That really, that took me a long time and I still

have a hard time, you know, playing with the sequence and trying to find

the general form. Ahm, I think that was tough. Ahm, then when we

talked about whether the sequence is diverged or converged and we

had to look at the sequences and remembering anything. Like,

trying to think, if the limit came out to be infinity over infinity, it wouldn't

be one even though you know if you had it over it it would be one. If you

limit with infinity, it would diverge because you could never figure

which, how big those infinities were you know. Ahm, so I think, I don't

know, I think the whole of that whole kinds of converging and diverging

that just blew right by me and I knew you know I could figure out some

of the problems because I could work like you know they give you the

method to find it out or you know, there's ahm yeah, right, you know the

rules to do by never I never looked to understand what the rules meant. I

always looked to just to figure out what the rules were you know and

apply the rules and I never had any conceptual understanding of what you

know what the meant so that was difficult. "

Bill said, "Yeah, that was one problem for me. And ah."
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Mary said, "Well, I guess I don't know, I don't know if I still have

misconceptions, I'm sure I have misconceptions on it. . . . I guess maybe

they might think the number can never get bigger than the limit. I don't

know, I think it can, I think it can be on either side of limit, but

sometimes I'm thinking I have infinity too. . . . So, ahm, things like this,

sequences can bounce back and forth, but they are always going to

approach something but it doesn't mean it can't be bigger than that. That

might be hard. They might think the limit, you know speed limit. They

can go over 55, or something and they can't be over that, that's the limit.

They might think that over. That the graph never got over that point so

I'm going to call that the limit."

John said, " I think that one thing they really need to understand and perhaps

now that I think about it the ideas that I had most difficulty accepting was

that it may never reach the limit. You know, but that's why I made the

point that things get as infinitely small as well as infinitely large and it is

interesting because I didn't understand this idea until I was in real

analysis, you know until I started thinking about the sequence 1 over N, I

never thought about the idea that there was an infinitely small as well as

infinitely large."

Anna who thought the notation was not easy to understand for her, mentioned that

1) the notation made the limit concept difficult for students to learn; 2) finding the general

rule of a given sequence is also very difficult; 3) it is hard to distinguish whether a given

sequence is divergent or convergent; 5) the inconsistency between it divided by 11 giving

you the answer one but when infinity is divided by infinity you do not get one, as being

something else that confused the students; 6) one could not figure out what infinity is,

because of not being able to decide "how big those infinities were"; and 7) the problem of

knowing when and how the rules for finding limits work. Bill did not respond much to

this subquestion, he said "that was one problem for me." Mary thought that thinking a

limit can not be passed was probably one of the difficulties, a misconception caused in part

by the fact that the ordinary usage of the word "limit" is different from the mathematical

meaning of limit. She also mentioned that 1) bouncing sequences or functions could be

used as an example to show that sequences can bounce back and forth and 2) the graph of a

function can also used to show that "it approaches that line (limit) it can go on either sides."

John thought that "a limit can never be reached" is one difficulty for him, although

previously he claimed that he had never encountered any difficulty. John continued that the
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mathematical meaning of infinitely large and infinitely small were ideas that he did not

understand until he was taking Real Analysis and he learned about the sequence ( ili ]

where no terms of the sequence are equal to the limit 0. And he used this example to

convince himself that a limit can not be reached. John said he had a hard time accepting the

statement that "a limit can not be reached", but he finally accepted it because of the one

sequence [ i'lr- }. It seems this unreachability model of limit was really imprinted in his mind

and this unreachability theme is going to be passed on to his students. When I probed with

the following question: Are there more difficulties, misconceptions, and errors? their

__ r, _

responses were as follows:

Anna said, "Well, obviously the ones I have . . . would be hard for students. .. .

Ittookrne a long timeto see when you have like the limit is going tobe

L, . . . but this epsilon can be as big or small as you want it to be. It took

me a long time to figure that out, and so I don't even know, students

are just taking calculus in high school aren't even really going to see this

unless the teacher explains it more. So, I don't know, that took me a long

time to understand too."

Bill skipped this question, because he responded earlier that presenting

difficulties was one problem for him.

Mary said, "Sometimes they just define, like , this one, sin x over x, they

define it to be one, their definition like that, but , . . . they don't explain it

why it is like that. You just memorizing them and they can go into more

why is like that or just mathematicians come up that's what we are going

to define it to be to make it easier or you know. They can go and explain

it more, some one of them like that, you know I saw one."

John said, "That would have to be the idea that students have a hard time

understanding that you can get infinitely small as well as infinitely large.

Now when I'm explaining certain concepts to students, I always make

sure that they understand that it (the limit) can get closer and closer but it

never touches it (the limit). And I make sure that they understand the idea

that you can get infinitely small as well as infinitely large and never make

it. You may never equal that."

In order to respond to this probe question, Anna provided another difficulty of her

own which was the difficulty to determine "the size of epsilon." In the informal definition

of limit, the statement usually is like "you can pick a positive number as small as you wish,
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then ". To students, "how small is small enough" is one difficulty to figure out. Bill

did not respond to this follow up question, because in the previous response he already

mentioned that pointing out students' difficulties is one difficulty for him. Mary did not

provide another difficulty, but she raised an important question about teaching. She said

srn x
 

that when learning about the function , "they (the teachers) don't explain why it is

like that, students have to memorize it." She suggested that the teachers can go and explain

it more, like one teacher she saw. John suggested that "infinitely large" as well as

"infinitely small' would have to be an idea that students have a hard time understanding.

Again, John mentioned that he wanted to make sure that his students understand that "the

limit can get closer and closer but can never be reached" As I mentioned before, since this

was designed to be a structured interview, I neither probe more why "infinitely large and

infinitely small" were ideas hard for students to understand nor presented an example of

sequence which does reach its limit to ask him to explain. However, I did ask the general

follow up question:W(misconceptions, difficulties, and errors)

’ cage/trouble? Their responses were as follows:

Anna said, "I think because they are abstract, . . . when I was in high school and

my first couple of years of college, I just wanted .. . to know how to do

the problems. I didn't care what they meant. I just wanted to know

how to do them so that I got my answers right and I know that students in

high school think that too because, . . . right now I'm student teaching and

I've got these kids who come up and say, I don't care about what it

means, I want to know the formula and I want to know how to pop those

numbers into that formula so I can get correct answers. And so I don't

know I think the more abstract you have to think more about you know

their meanings, their meanings aren't so easily, it's not like you can say,

Oh this is, put it into this formula and that is what you will get. "

Bill said, "Because trouble for me just because that statement (the formal definition

of a limit), it is all a bunch of symbols and that can look like a foreign

language to some students completely and ah, I mean I didn't have a good

enough representation in my mind to think what followed from what or what

it was depending on."

Mary said, "Ahm, like the one thing I said was the word limit causes trouble,

because people used to think limit, you can't exceed, like don't exceed

your limit. Don't go past that, that is what limit means, like the city limit.

the way I've learned it would be something we can't go past it, the
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bound. Ahm. for speed you could have a 40 mile limit, speed limit, is

there any limit on the size which may pass my limit for sure you know too

far. You know, like in "don't push me past my limit." You don't, you

know push too far. There's always something above, it's not something

below, or even equal to, its always something unreachable."

John said, "... That's the one that I really worry about that I consider that

students will have the most difficulty understanding is that it may not

actually ever equal it.

When these four interviewees were asked why they think the difficulties they

mentioned earlier caused trouble for learning the limit concept, the major response was

generally pointed to the abstractness of the limit concept. The symbolic notation was

seemingly attached to no meaning and was a foreign language to the students. The

presentation of the limit concept was based on the abstract appearing epsilon-delta

definition which had no connection with the prior mathematics.

The word limit has twofold meanings to the students; one is daily usage and the

other is the mathematical meaning. It seems that ordinary language strongly dominates the

thinking of mathematical language. Especially the mathematical limit was considered a

"bound", which is one of the misconceptions mentioned by Davis & Vinner (1986).

The intrusion of infinity is another factor causing learning problems. As mentioned

in the historical literature review, there are two kinds of infinity, namely, potential infinity

and actual infinity. Most people possess the potential viewpoint of infinity (Fischbein et

al., 1979). That is, potential infinity occurs in a situation in which no matter where one is,

one can go another step; for example, given any positive integer one can always think of a

larger one.

The last factor causing learning difficulties is the attitude of students who want the

problems done quickly and the answers to check correctly, and who do not care much

about the underlying concepts that they were learning. Again, I did not probe Anna, I

should perhaps have asked her how she is going to deal with students who have this

attitude about learning; or can she come up a better strategy for teaching to change

students' attitude; or how to teach the limit concept in such a way that plugging into the
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formula to get the right answers was not the focus. The designed follow up question

instead was: Is there a way to eliminate these misconceptions, difficulties, and errors?
”wwww—m“ __ 1 _ '__‘ _ #fl . _ _ “‘7‘ ‘ u _

_______— t-...-u‘
___,._..--

Their responses were as follows:

Anna said, "And I don't know is there a way to eliminate these? Maybe .. . if

you taught the calculus so the limit or whatever that was not just to get an

answer, it was to know what limit meant, actually, you know, that the

concept of limit, not so much the answers you get if you try to find out the

limit or try to find the limit of a number."

Bill said, "... I'm not sure of a new way. That would be a way to start.

Pictures always helped me I think. Like a lot of visuals."

Mary said, "O.K. the word limit, I guess. I don't know, try to explain this

is not the same limit that we are used to, it can be bigger."

John said, "I think that using the fractions example, 1 over n is really a nice

sequence. You know, it's the best explanation that I've seen yet for

getting infinitely small. Because when you label, it's more or less the

definition of a limit. You get a student to label okay, this, let them say,

this is as small as it can get and say that .00000. . .1 with a hundred zeros

preceding the one is as small as it can get. Then you introduce the number

with 101 zeros preceding the one and they realize, I can still get smaller,

so that's the best the 1 over it is a beauty for explaining that. "

The subjects could easily point out their own weaknesses as an indication of

students' weaknesses, but it seemed difficult for them to come up with a cure for these

weaknesses. Anna thought that changing students' attitudes towards understanding the

underlying concept rather than the correct answers might be helpful. Bill suggested that

graphical representation or visualization might be helpful, at least they are helpful for him.

Mary suggested explaining that the ordinary usage of limit is different from the

mathematical limit. John mentioned the sequence [ili] might help and he thought that the

sequence {fi} is a beauty for explaining how something can get smaller and smaller. When

the interviewees were pushed by asked by the following question: /
*>

   

(to eliminate the cause of troubles)? their responses were as follows:

Anna said, "Yeah. I don't know, I'm sure there are. Because people can

probably think you know different ways to teach different things you

know different examples to use might make things easier."
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Bill said, "When we taught it, I think it was thrown out the formulas there were

given, they would give us the formula. I mean we never did any work or

anything like that before hand. They just gave us the formulas to work

from. If we worked on something like that, we were given the question

and how this sequence, or whatever would act over time and then on our

kinda of if we might ask why, well why does this happen or kinda of on

our own come up with some reasonings ourselves. Yeah, that formal

stuff should come later on. 80, but just the ideas of things that we are

approaching over time."

Mary said, "Maybe just show them many examples, like to show them the sin x

over x, or to show them one over x, it always above zero, one over x,

you know, they can draw the sequence 1, 1/2, 1/3, 1/4, one over one

million, whatever, its not going to be zero, it always above the limit, it

doesn't mean you know just keep showing them different examples, have

a lot of different ways to show them, so after a while, they'll understand

this limit as a mathematical limit not the speed limit or the limitations put

on something you're used to."

John skipped this question and went directly to the response to the next

question.

Only three subjectjresponded to this subquestion. Anna was quite sure there were other

methods that could be used to help students but she could not think of any. Bill suggested

that maybe we should let the students 1) become familiar with the notion of "change over

time", 2) come up with reasoning for why, and 3) explore what will happen over time

rather than giving them the formula to work with. Mary used the concrete examples i— to

show students the difference between the daily language of limit and the mathematical limit.

Mary suggested that we can let x get large in i , but ,1; will never be zero. However, this

actually is not a good example to explain her notion of limit not serving as a "bound",

because the limit of this sequence is 0 while the terms of (%1 are all bigger than 0. What

she thought was that no term of the sequence {£1 will be equal to zero, but that does not

imply that the limit does not exist. The main issue here, as mentioned in Chapter Two, is

not whether the terms of the sequence are equal to the limit, it should be whether the given

sequence has a limit or not. The issue here should be the realization that if a given

sequence converges, then the limit of this sequence might or might not be one of the terms.

If the limit is one of the terms (perhaps even appearing more than once), then the sequence

reaches its limit. If the limit is not one of the terms, then the given sequence does not attain
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its limit. In finding the limit, the main concern is whether the given sequence is

convergent, not whether the terms of the given sequence are equal to the limit or not. The

focus on the process rather than the end product of an infinite process sometimes caused

difficulties for students. The next question was focused on the participants' opinions about

the nature of the limit concept and/or the teaching of this limit concept: Do you think these

 

misconceptions, difficulties, and errors are caused by the abstractness of the limit concept,

or due to the teaching? Explain.

Anna said, "I think it is probablyéoth.> Because it's hard when you are first

getting to enter things that areabsuact To even train your mind to think

that way sol think that's what makes the limit pretty difficult is that when

you get into more I guess abstract and the teaching, if you teach it so that

you can understand what is going on, then I think you are going to

understand the whole idea better obviously and you are going to be able to

do better. But if you just teach it so that its this is how you crank out the

answers then I mean, especially over the limit, you can't really do that."

Bill said, "Well, the absggtnngwas part of it for me. The teacher went

over it so many times, wanted to make sure we knew it. But, it could

have been a little different representation or something. Might have

worked, and the abstractness I think hurt me."

Mary said, "Pmbablykboth2ahm, the limit, . . . I'm totally clear on it, you know,

so maybe one thing must apply to a lot of the teachers that are doing it, I

didn't, I shouldn't say it, it applies to some of them, who might not

know, might not be that clear in their own heads, so they just kinda of

ahm, this is what it is, they might do that too, it maybe a little bit of threat

to the teachers so, you know. I think it is both the limit is abstract, they

are some teachers they are really understand it and can teach it well, but

others they rrright have troubles explaining it. I‘ll say it's both. It is an

abstract concept at a time, but it's not something that, I think if a teacher

had good grasp of it, I think they can make it clear to their students."

John said, "Ahm, I would say more the teaching than them of the

limit concept. Because if it's taught prOperly, the abstractness becomes

less important. It's not the, it's not as overwhelming. I think that as I

was saying before, we need to get students to understand that you can get

infinitely close to a particular place without reaching it. "

The responses on this subquestion were divided into three categories. Anna and Mary

claimed the difficulty in learning the notion of limit is both due to the abstractness of the

limit concept and the way it is usually taught. John thought it was the teaching because "if

the limit concept was taught properly, the abstractness becomes less important." Bill
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thought his teacher did a very good job trying to explain the mathematical content, but "the

abstractness" he thought "hurt". Mary stated that there are some teachers out there, "who

might not know, nright not be that clear in their own heads, so they just kinda of ahm, this

is what it is, they might do that too, it maybe a little bit of threat to the teachers so, you

know." John responded again that "you can get infinitely close to a particular place without

reaching it (the limit)." Next question is pointed toward finding out what participants think

about the limit concept by asking them to respond:W

Explain. Their responses were as follows:

Anna said, "I don't think it is. It might be if it were taught very well, you

know, if it were taught very well it might be easy to learn."

Bill said, "Concept could be, I think, the formal law or rule, the formal

definition is a little bit harder."

Brenda asked, "You said the notation is abstract and it is hard, but the concept

is easy. What do you mean, why you think it is an easy concept?"

Bill continued, "You could hum, just with drawings, it makes sense how things

can get closer over time. Just something as simple as 1 over x.

Something like that, it makes sense that smaller and smaller numbers get

bigger and bigger and bigger. As it gets closer to zero, on the positive

side, it, it'll just go on forever from infinity, while this x approaches

infinity, this thing is going to get closer and closer to zero, but it will

never be zero, you could have 1 over, you know, as big a number as you

could possibly think, and that makes sense, you can kinda picture that, or

understand that, but the formal definition for that, it would scare off some

kids. You can teach some easy algebra concepts in class, you can the

teach but maybe give them a formal why afterwards. That's what scares

them afterwards."

Mary said, "I think the concept .. . is what it approaches as it gets really large,

what the sequence gets near. I think that concept is really easy, but I think

when they start putting, when epsilon greater than zero, there exists

this..., when you start doing that, not to me, but to students, it kinda

seem like, so that part doesn't seem easy."

John said, "I don't know. I could say yes it is easy to learn and there's going

to be a student I deal with, where I was sure that they had a concept

and two days later they come back you know, I felt that they left with an

.. understanding of it and two days later they come back and they don't

understand again. So I would say, no, it's not an easy concept to learn

because you are going to find someone that has difficulty with it."
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All subjects generally agreed that the notion of limit is easy to learn, but the formal

definition and the notation involved might not be easy to learn. Especially when the formal

definition was introduced and the epsilons and deltas scared them off. When Bill

mentioned the function f(x)=% , he said, "As it gets closer to zero, on the positive side, it'll

just go on forever from infinity, while this x approaches infinity, this thing is going to get

closer and closer to zero, but it will never be zero " So, the focus on the infinite process,

and the intrusion of the potential infinity were exhibited in Bill's statement. John talked

about his teaching belief, that, "If we are to teach to each student, then, we need to be

aware that it's not going to be an easy concept and we should never sell . . . the idea that it's

easy." He continued, "we should never sell the idea that it's easy because there's going to

be that one person and that's going to fi'ustrate them that much more if we tell them, well

this is easy, why don't you get it. That's an approach to teaching that I consider a real

sin." After discussion from the learning point of view about the limit concept, the question

was asked: lithe limitcongepteasy to teach? Explain.

Anna said, .. I don't think it is the same thing, I mean, it's hard for me even

to really understand, like I can't even imagine trying to get up and teach

it." .

Bill said, "Not if you don't have any good representations or you can't think of

a better representation for it. I don't feel it would be easy to teach."

Mary said, "Ahm, no, I wouldn't think it would be easy to teach either, unless,

if you had a good understand of it..."

John said, "I would say that it could, it has the possibilities of being easy to teach, but

then ah the teaching is only as easy as the learner, you know, if we run into that

learner who's got some kind of wall between them and the concept, then it's not

going to be easy to teach, but you will have to continue to come up with new

ideas, something fresh, you know, I mean, just like today as we've talked, as

we've discussed this, I almost exclusively used 1 over n. Then what happens

when I run into a student who doesn't understand the concept of 1 over n.

Getting smaller and smaller. Then I have to come up with some way to teach that

student other than that. You know, I use the geometric figures which is really,

you know, hinging on the 1 over 11, but you know, you always have to have

some idea laying back in your mind or need to find, need to be able to resource so

I would say, no that its not easy to teach either."
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Three subjects thought that this is not an easy concept to teach, although they all

agreed that this is an easy concept to learn. Anna claimed that the limit is hard for her to

learn and she can't image trying to get up and teach it. Bill thought that teachers need good

representations for teaching the limit concept. Mary thought the limit concept is not easy to

teach because students might get it or might not. However, she said, "if the children

started at young age, and hold better understanding of it, when they get into high level

classes it would be easier to teach." John also responded that students could be a factor in

case of teaching, thus he concluded that it is hard to tell whether the concept itself is easy to

learn or to teach. However, I did not probe what he meant by that statement. The last

question: 53.599.139.933! are you going toteach the fingngfl?was intended to find

out if they were a calculus teacher how were they going to teach the limit concept. Their

responses were as follows:

Anna said, "Oh boy. I'd really like to teach it, teach the concept to be

understood so it so you understand the idea and not teach the concept so

that you can get the right answers. I haven't really thought about how I‘m

going to teach it."

Bill said, "I haven't thought about that. That's not something I have really

thought about."

Mary said, "Ahm, right now I'm just doing junior high but I like to do a lot of

different exploratory work and have them like have them see patterns and

different things and have them make conjectures things like that don't just

start off the first day and say this is the definition of limit because that will

you know, scare some off and they won't pay attention because they'll

think they are lost. You got to start them off real basic and then maybe

maybe even have them kinda come up with idea of their own draw out of

them, so it's kinda of part of them, things like that, I guess."

John said, "Very carefully. ...that won't approaches it (the limit) and I will

make that same effort (to make sure students understand you can never

reach the limit)"

All the participants underwent the student teaching, one taught algebra, one

geometry, and the other taught junior high school mathematics. The last subject is teaching

college level preparatory algebra courses. Since all of them have teaching experience, this

researcher expected to have rich responses on this subquestion, but it turned out
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differently. All they were concerned with was the present mathematics courses they are

teaching now. They could provide general pedagogical knowledge, that is, they could

provide a list of things to do as a teacher, for example, letting the students find patterns,

conjectures, giving reasoning, teaching for understanding, and teaching "very carefully."

Since I did not probe I was unable to find out what "very carefully" meant, nor could I find

out how their generic teaching methods work for the specific situation of teaching the

notion of limit

Summary

In summary, as a group, 42 subjects in this study could mention, based on their

own learning experiences, many misconceptions, difficulties, and errors which are similar

to those in the research findings reported in several studies (Davis &Vinner, 1986; Fless,

1988; Williams, 1989). The following were misconceptions, difficulties, and errors

mentioned by the participants in this study:

1. The mathematical limit, as in daily usage of the word, serves as an upper

bound for a given sequence.

2. The notations of the definition of limit are highly abstract and look like a

foreign language.

3. The limit is something that can never be reached and the limit can only get

closer and closer.

4. The intrusion of the notion of infinity. These can be categorized as the

"actual" infinity and "potential" infinity as well as the infinitely small and

infinitely large.

5 . The inconsistency of n/n=1 on one hand, oo/ooratl on the other hand could be

confusing to most students.

6. Sometimes you could plug the number in a rule, but at other times you

could not.



CHAPTER SIX

SUMMARY AND CONCLUSION

In Chapter Five, data on prospective teachers' subject matter knowledge were

analyzed within the framework of a five-category theoretical model. Data on prospective

teachers' curriculum and pedagogical content knowledge were analyzed quantitatively and

qualitatively based on the collection of the responses to the embedded test items and the

excerpts from the transcripts of the four interviews. In this chapter the research questions

will be discussed in the following way: first, reasonable expectations of the teachers'

subject matter knowledge of the limit concept are presented; then prospective teachers in

this study; their subject matter knowledge is summarized and conclusions reached based on

these four categories of understanding: basic, computational, transitional and rigorous.

Second, reasonable expectations of teachers' curriculum knowledge and pedagogical

content knowledge are discussed. Due to“ the sparseness of questionnaire responses

relevant to these considerations anfldthegmflnumber ofinterviewees I was able to work

with, I do not feel firm conclusions arefirbrossible regarding prospective teachers' curriculum

 

knowledge andpedagogical content knowledge in general. However, the tentative results

 

reported here suggested some questions and provided baseline for future research. In

addition, some suggestions for getting a "headstart" on teaching the limit concept in the K-

12 mathematics curriculum are discussed. Finally, limitations of this study and some

recommendations for further research are outlined

198
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Reasonable Expectation of Prospective Teachers' Subject Matter Knowledge, Curriculum

Knowledge, and Pedagogical Content Knowledge

Shulman (1986) proposed that teachers' knowledge in general should at least

include subject matter knowledge, curriculum knowledge, and pedagogical content

knowledge. There is other knowledge teachers need to have, for example, knowledge

about the learners, knowledge about psychology of teaching and learning, etc., but those

are beyond the scope of the present study. Prospective teachers' subject matter knowledge

of the limit concept is addressed in the first two research questions: 1) How well do

prospective teachers understand the concept of limits? and 2) What kinds of

misconceptions, difficulties, and errors do prospective teachers have concerning the

concept of limits? The intent of the first research question was to investigate prospective

teachers' subject matter knowledge; in other words, to investigate how well they

understand the limit concept. The discussion to the second research question will provide a

more detailed picture of what prospective teachers do not understand about the limit

concept. In the following section, prospective teachers' knowledge about the limit concept

will be addressed based on this researcher's theoretical model of understanding.

W

This researcher would expect prospective teachers' subject matter knowledge of the

limit concept to at least include the first four categories of understanding: basic

understanding, computational understanding, transitional understanding, and rigorous

understanding. The discussion will be based on this ordering of the four categories.
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In the category of basic understanding, teachers should be familiar with different

representations of sequences in order to be able to find the limits of sequences in different

modes of representations. That is, secondary mathematics teachers are expected to be

knowledgeable enough to recognize different representations of sequences. For example,

the first kind of representation of sequences is numerical representation, that is, a given

sequence can be represented as an infinite list of numbers. In this case, teachers should be

critical about whether the general term of the sequence is presented or not. If the general

term of a sequence is not presented, then nobody could be able to find the limit by looking

at the first few terms or from the first million terms. The reason is that there exist many

sequences whose first few terms are exactly the same, and the limits of the given two

sequences need not be the same. For example, when provided the first few terms as, %, :45,

2

g, 176, and 29;, , the most likely sixth term is 21% with the general rule being 2—2171‘

however, there is a general rule which yields the same five given terms and a sixth term

which is different from 36/11: {an} = {n7v+(n-1)(n-22)t(1ni3)(n—4)(n-5)}’ using this general

rule, a6 = 112:2 . The formal way of saying this is that by definition there could be finitely

 

many terms outside any epsilon neighborhood (or interval). Basic understanding of the

limit concept should be correctly matched with the formal notion of limit.

The second kind of representation of sequences is through a general rule (or

formula), and this is the most common form of representation. Because of the existence of

the general rule one will be able to distinguish between two sequences with first few terms

having the same values. This rule is usually called the general term of the given sequence.

Teachers should be expected to be able to generate the most likely rule by looking at the list

of numbers given, if the sequence is a reasonably simple one given by first kind of

representation.

The third kind of representation of sequences is the graphical representation.

Usually students are more familiar with the reverse order; that is, they are asked to draw the
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graph of a sequence (or function) rather than to look at the graph to determine the sequence,

and then consider the limit of this sequence. Teachers should expect to have more than one

way to draw graphs. That is, they should be able to exhibit one dimensional and two

dimensional drawings, be able to read information from the graphs, be able to come up

with the general rules, and be able to identify the limits in given graphs.

The fourth kind of representation is geometrical representation. Teachers should be

expected to know the analytical way of representing numbers. We know there is a one-to-

one correspondence between numbers and points on the number line. Prospective

secondary teachers should expect to be able to invert these two settings. For example, we

all know square numbers, but the square numbers also can be represented by square

figures (which is why these numbers are called square numbers). Thus geometrical

representations of sequences could provide a different perspective on the limit concept, and

making the connections between the numerical and geometrical representations of

sequences could enhance the basic understanding of the limit concept.

The participants in this study did well on this basic understanding in general. Their

overall average percentage score is 66.4. The rule-oriented and geometrical representations

cause problems for recognizing the existence or non-existence of a limit. One of the

difficulties most participants shared is having trouble grasping the multiple domain test

items. Over-simplifying the split domain problems caused the low percentage scores.

[I II‘ C . 1 II 1 1

The second category is computational understanding. Usually when one is asked to

find lirrrits of sequences, the sequence is represented by a rule (or general term). The first

common kind of general term of sequences could be presented as a simple rule, such as 3n-

6, 3%, or (-1)11 + i . The second frequently appearing kind of general term of a sequence

could be presented as a rational expression, such as

n-2 3n2 + 5n or 2n3+5n2-6

3n+5’ 6n2 + 1 ’ n3-4n-2 '
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The third common kind of sequences usually are called geometric sequences and are

n l -n

expressed as, e.g., (£911, 3:5, or 321;. A fourth frequent kind of rule representing

sequences is radical expressions, such as, 4:21;; «I n-l + n+2, or V n2+n A} n2+10n.

Of course there are other types of rules for sequences. These are the four types shown in

the questionnaire of this study. The order of appearance in the questionnaire was rational,

combination of two simple rules, geometric rule and radical rule. The reason for this order

was because 1) the rational rule shows up most in textbooks and students have been taught

techniques for dealing with it, so it appeared first; 2) although the second rule appearing in

the questionnaire is the combination of two simple rules, it is a divergent sequence which is

relatively harder compared with simple convergent sequences; 3) in order to find the limits

of geometrical sequences, subjects have to realize that the ratio determines the existence or

nonexistence of the limit; when the ratio is less than 1 the given sequence has a limit, when

the ratio is bigger than 1 the given sequence goes to infinity, when the ratio is equal to 1 the

limit is one; or when the ratio is -l the limit does not exists, so different ratios will produce

different results, and so no unique technique works for all; and 4) radical rule is

comparatively difficult because subjects usually need to find its conjugate first, then

rationalize it next, and perform some computations afterward. Teachers are expected not

only to understand what techniques work for finding the limits when presented with these

different expressions for sequences, but also why those techniques work. Teachers should

be expected to understand why the indeterminate forms are indeterminate. They should not

only expect to know that L'Hopital's Rule is a method for evaluating the indeterminate

forms, but also to understand the underlying reasons.

In the computational category, the participants' mean percentage score is 45. This

group of prospective teachers who worked on the rational function and simple functions

problems did reasonably well, but not well on the exponential and radical functions

problems. It seems only 5% of the participants could solve the radical function problems.
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Not realizing that co (the symbol for "infinity") cannot be operated on algebraically is

common to many prospective teachers.

[I III' I . . I II 1 1°

The third category is the Transitional Understanding. Being able to compute and

find the limit of a given function does not guarantee one understands the underlying

concept of limit. Thus, prospective teachers should be expected to be aware that basic

understanding is sometimes not reliable because it is really only a conjecture based on

finitely many terms of a given sequence, and that the computational understanding only

enables one to compute the results mechanically. Transitional understanding enables

teachers to provide reasons for why certain methods of finding the limit work; for instance,

the usual way for computing the limit of a rational formula by dividing the numerator and

the denominator of the formula by the highest power is valid because we know that the

limit of l/n equals zero. The transitional understanding should provide teachers an

adequate knowledge for explaining why they do problems the way they do. Teachers with

transitional understanding will make their students familiar with some underlying concepts

and prepare their students to achieve more rigorous understanding, such as knowing, for

example, why the Squeeze Theorem is important in finding limits and why the temporal

order is important in the definition of the limit.

The subjects did not perform well on this category. The percentage mean score is

27.5. The most frequent error in this category is inability to distinguish the temporal order;

they do not know how to find N when 6 is given. Half of the subjects could not draw the

graph of a given sequence at all, those who did answer provided a continuous graph and

treated the graph of sequence as same as the function. Only 18% of the participants could

informally explain what it meant to say a given sequence has a limit.
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The fourth category is Rigorous Understanding. Teachers with rigorous

understanding of the limit concept should be expected to be able to not only understand the

underlying meaning of the formal definition of the limit of a sequence as well as the

negation of the definition of the limit, but also to be able to use the definition to verify

whether a conjectured limit is indeed a limit or not by providing rigorous proof. They

should be able to prove certain assertions not by merely memorizing the technique format,

but to really understand why this is the way it is.

Teachers with rigorous understanding can use their mastery of the formal definition

to prove to their students that certain sequences have or do not have limits, or to convince

them that the intuitively conjectured or computationally found limit of a sequence indeed is

the limit. Teachers with rigorous understanding can help students who fall into the

common position of being able to provide a memorized proof of a statement but not being

able to really "buy it" in the sense of being truly convinced of the result.

Apparently fewer subjects possess this rigorous understanding. The mean

percentage score is 7.72. The overall low mean percentage score was due to the inability to

state the negation of the definition of a limit and to do proofs. The difficulty is being

unable to recognize the importance of the temporal order, the choice of quantifiers, and the

relation between t: and N.

Wu:

The last category is the Abstract Understanding. In this category of understanding,

mastery of a global view of the limit concept is necessary. Being able to apply the limit

concept in real world situations, and understanding the application of limits in various

branches of mathematics in general and calculus in particular are required.

The results of the previous chapter, in particular the percentage scores of

prospective teachers' performance on these four categories test items are 66, 44.5,
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27.5, and 7.7 respectively, shows that it apparently is really difficult for the subjects to

reach the third and fourth categories, similarly to results reported by Fless (1988) and

results of studies based on the van Hiele's model (Wirszup, 1976).

WWW

Curriculum knowledge is investigated under the question: What are prospective

teachers' opinions about the involvement of the concept of limits in K-12 mathematics

curriculum? The curriculum knowledge involves an understanding of the curricular

alternatives available for instruction and familiarity with the topics and issues that have

been and will be taught in the same subject area during the preceding and later years in

school (Shulman, 1986; Wilson el al; 1987; Even 1989). In terms of the limit concept,

curriculum knowledge possessed by a teacher ought to include an appreciation of the fact

that the limit is a central notion in almost all branches in mathematics. Thus, the open-

ended question embedded in the questionnaire and the interview questions were focused on

the K-2 and 45 grade children and activities that might be introduced to teach these two

groups of children. The question might seem unfair to participants in this study, because

their professional training was not for teaching these groups of children. However, it is

desirable that teachers have a sense of the important ideas in mathematics, and with

understanding comes creativity in presenting complicated ideas on a simple level. So, what

are the important concepts that are central in K-12 mathematics curriculum? Where and

how do these central ideas reveal themselves? How are we to connect the central concepts

in mathematics with the rest of the concepts? Where do these important concepts come

from and where do they lead? In considering the curriculum knowledge about the concept

of limits, teachers at least should know what lower grade range students can do to start to

learn the basic understanding of the limit concept, what kind of activities could be

introduced to young students, and what could be expected from them. Then when the
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students get into higher grades, what are the next tapics that are related to limit concept or

can be taught to introduce the limit concept? What are the activities in, say, the 4-5 grade

range, that could be used not only to enhance the learning of mathematics, but also used to

introduce the notion of limit? Should we teach the limit concept from time to time, or all as

one shot in calculus? Last, but not least, why should the limit concept be taught early? A

thoughtful answer to all these issues should be part of the teachers' repertoire in relation to

curriculum knowledge. Thus the curriculum knowledge teachers should have ought to

contain an appreciation of the interrelation and connection between the limit concept with

the other branches of mathematics, such as real numbers and limits, decimals and limits,

areas and limits, geometry and limits, sequences and limits, series and limits, graphs and

limits, statistics and probability as well as limits, rates of change and limits, and interest

rates and limits. They should know how these topics in mathematics intertwine and

enhance the teaching about limits and vice versa. How the limit concept is interrelated and

connected with other branches in mathematics will be discussed in the section on

implications for teaching.

Thirteen and fourteen prospective teachers did suggest some activities that might

connect with the K-2 and 45 grade ranges mathematics curriculum, respectively in the

survey. For example, they mentioned the "Half Division" activity, the counting to infinity,

the "Binary Tree" activity, the fractions, the graphs, which all involve the notion of limit.

However, these activities are isolated "bits and pieces" which have no relation or make no

connection with any specific topic taught in K-5 mathematics. For example, the "Half

Division" activity, how does it differ when presented to K-2 or 4-5 group children? What

unit or topic could be tied in with this activity? What kinds of representations are suitable

for these two groups of children? All these kinds of connections are not shown in this

group of prospective teachers' responses to the survey or to the structured interview

questions.
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We:

Pedagogical content knowledge is investigated with the question: What are the

possible misconceptions, difficulties, and errors the prospective teachers anticipate in

teaching the concept of limits? Pedagogical content knowledge represents the blending of

content and pedagogy into an understanding of how particular topics, problems, or issues

are organized, represented, and adapted to the diverse interests and abilities of the learner

and presented for instruction (Shulman, 1986; Wilson et al.,1987; Even, 1989). Teachers'

pedagogical content knowledge in terms of limit should at least include the following:

knowledge about ways to explain why limit is a central idea in mathematics in general and

calculus in particular to students, knowledge of what a limit really is rather than just being

able to state the formal definition to the students, knowledge of how to explain the

distinction between an unending process and the product of an unending process to

students, and knowledge about what are students' misconceptions, difficulties, and errors

as well as why students make these kind of mistakes and how to help students to overcome

these mistakes. Mistakes in mathematics are as important and as significant as correct

answers and in some cases they are more significant. Mistakes can aid the process of

mathematical discovery and assist our mathematical understanding. The mistakes students

make can tell teachers more about what might be happening in students' minds than any

number of correct answers. As a matter of fact, the correct answers may happen for many

reasons, such as coincidence, blind mimicry, memorization, or blatant cheating which

provide no insight for teaching and learning (Schwarzenberger, 1984).

EM . l' . ,,

Pedagogical content knowledge of limits should enable teachers to present in some

way to their students both formally and informally what a limit is. When asked what is a

limit, mathematics teachers and students often tend to give the formal definition of limit as
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an answer. But the pedagogical content knowledge a teacher ought to have not only

includes the formal definition but also different examples, counterexamples, explanations,

and representations, which provide a feeling for what is the nature of limits. As Tall &

Schwarzenberger (1978) stated in their article, the limit of a sequence is a number (in a

numerical setting) or a point (in an analytical setting). It is a very simple object. Since in

the numerical setting it is a number, we can add two limits, subtract one limit from another

limit, multiply one limit by another limit, and of course, we can divide one limit by another

limit provided the limit we divide by is not zero. A limit is just a number, but it is often

confused with the process leading to it.

W

One thing that seems to confuse people about the notion of limit is the emphasis on

the unending process rather than the product of that unending process. The notion of limit

is exactly the method to get across to the result of the unending process. But ordinarily,

peOple are more interested in the unending process itself, focusing on the unending

process, trying to follow this unending process step by step, or trying to visualize each

term of the unending process consecutively, and totally forgetting that what we are after is

the "what will happen" rather than if the process "goes on and on". This dynamic view of

limit was inherent from Greeks' time until Weierstrass. The static point of view given by

Weierstrass established the sound, rigorous foundation of the limit concept. This static

viewpoint of limit should be included in teachers' pedagogical content knowledge of limit

concept.

The other pedagogical content knowledge a teacher should have in terms of the limit

concept includes being able to anticipate the students' misconceptions, difficulties, and

errors. In order to identify what are the misconceptions, teachers should have thorough
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understanding about the notion of limit. That is, not only understand the limit concept from

an informal point of view as the end product of an unending process, but also be able to

understand the formal definition of limit. Thus in the formal definition of limit, what are

the subconcepts that constitute the notion of limit which cause difficulties for students? Do

the meanings of those symbols representing the subconcepts go beyond human

comprehension? What are the logical relationships between those symbols? What are

examples, counter-examples, and other representations that will help to explain the formal

definition to a student? For example, if a student believes the statement in Questionnaire

Part I, test item #5-(a): "a limit describes how a sequence moves as it moves toward

infinity," he/she might be presented with the following examples,

an= 14% and an: 1+ £312.

These both converge to l, but the given sequences move toward their limits in different

ways.

If a student believes "a number L is the limit of a sequence if the terms of the

sequence are always getting closer to L", the following example might help him/ha to think

through his/her error.

1 1 1 1 ,
2, 1'2: 1:, 1‘8", 1T6’ ,

Thus students can consider this statement: "A number L=0 is the limit of the above

sequence if the terms of the sequence are always getting closer to that number L=0."

Maybe students could find out that "the terms get closer to 0, but 0 is not the limit." This

observation will help them to conclude that the above statement is false. Similarly, each of

the following sequences serves as counter-examples for the statements in Questionnaire,

Part I, test item #5.

5-(b)--"A limit is a number or point past which a sequence cannot go."

1 1 1 1
1+1,1-§,1+§,1-Z,1+§, ...;WithIFl.

This sequence fluctuates between numbers bigger and smaller than one.

5-(d)--"A limit is a number or point the sequence gets close to but never

reaches."
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1 1 1 l . .

1, 0, 2" 0, z, 0, g, (LT-6", , With L=0.

The limitofthis sequence is zeroand halfofthe terrnsreach the limit zero.

5-(e)--"A limit is an approximation that can be made as accurate as you wish."

3, 3.1, 3.14, 3.141, 3.1416, 3.14159, ...; with L=1t.

it is a fixed real number, not an approximation.

5-(f)--"A limit is determined by plugging in numbers closer and closer to a given

number until the limit is reached."

1 1 1 1 , .
1, E, 1, g, 1, '4', 1, 3, 1,1/n,..., W1thL=O.

So when we plug in bigger and bigger numbers in the denominator, what

we get is "1/oo = O" and zero is not the limit of this given sequence.

5-(g)--"A limit is the value of the nth term of a sequence, when n equals to

infinity."

111 1 .

1,5,z,-8',1—6,...,WIthL=O.

How can it be said that ‘21? (or 2+”) actually "goes to" 0, if 11 never "equals to

.I I1 fi I1 ityn?

5-(h)--"The limit approaches to a fixed number, when 11 tends to infinity."

Limit is a fixed number or point itself, which therefore can not vary and

approach any number. It is the terms of the given sequence which vary,

that approach a fixed number provided the given sequence converges.

There are more examples that might help to clear up some other misconceptions

which were not stated as questionnaire test items:

1. A number L is the limit of a sequence if the sequence gets infinitely close to

the number and as it gets closer it never gets farther away again:

151515 1 5 , .
195’§’§’Z’Z’§9§9E’RD""mmw.

2. A number L is the limit of a sequence if as you go through the sequence you

find numbers closer and closer to that number:

1 1 1 1 .

1, E, 1, z, 1, g, 1, fi,...,W11hL=0

Throughout the list there exist numbers that get closer and closer to 0, but 0

is not the limit because there is no limit for this sequence.
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3. As it approaches infinity, the terms of a sequence are moving closer and

closer to the limit L

(or as n--> co, an--> L):

1,1,1,1, 1,1, ; with I;1

As 11 is approaching to the infinity, none of the terms of the above sequence

moves toward one, actually every one of the terms is equal to one.

In order to teach about limits and be creative inventors of teaching activities the

teachers need to understand exactly what a limit means. In the formal definition of the limit

of a sequence, we usually state that: "For every epsilon greater than zero, there exists a

natural number N such that whenever n>N the absolute value of the difference between an

and L is less than epsilon." What does this statement mean? Does the word "every" mean

we have to try all the numbers? What is this "epsilon"? Is it a real number? Is it a positive

number? or what? a Greek letter symbol for what? Why do we need epsilon to be greater

than zero, can it be a negative number? Then follows the next phrase: there exists a natural

number N; in this phrase what does the word "exist" mean? Does it mean one N will

suffice? or must it be the smallest N? What is the relationship between epsilon and capital

N? Next comes the phrase: such that whenever n>N: what does it mean? Are the words

"such that" conditional words? What is the logical order in "such that"? What is the lower

case n and what is its relation with the capital N? Why do we need lower case n to be

bigger than the capital N? The last phrase in this definition is: "the absolute value of the

difference between an and L is less than epsilon." What is absolute value? What is the

difference? Why do we want to find out the difference between an and L? What is an?

and what is L? What does Ian-Ll less than epsilon mean? What does an inequality stand

for? What is the relationship between the difference of an and L as well as epsilon. What

does it mean to be "less than", what will happen if it is greater than? Just think; in this

definition so many questions come out. So many mathematical concepts are involved. We

have different notations to understand; what meaning does each symbol represent? We

need to understand the basic topological properties of the real number system and the set of

positive numbers, we need to understand the choice oftemporal orders, we need to
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understand inequalities and be able to solve inequalities, we need to understand the choice

between epsilon and N as well as that N is a function of epsilon, we need to find 11, we

need to understand the nofions of intervals and the neighborhoods. All of these are

included in the formal definition of the limit of a sequence. Teachers' pedagogical content

knowledge regarding limit should include clear answers for these questions and ability to

pass that knowledge to their students. A thorough understanding of the formal definition

of limit of a sequence, as we stated above, is not just being able to state the definition, but

is also pedagogical clarity. Instead of concentrating on "11 very large," we should

concentrate on "an and L are practically indistinguishable." There are three conditions

which are involved in the formal definition of a limit:

1. an must vary according to some law.

2, The difference an-L must become numerically less than any pre-assigned

number.

3, As an continues to vary the difference an-L must remain less in absolute

value than this pre-assigned number.

As mentioned above we know that the definition of limit is intellectually difficult (Emch,

1902; Huntington, 1916; Roe, 1910) to comprehend due to the fact that so many

subconcepts are involved. So one can ask what are the hardest parts that might be the parts

causing problems for students. This type of analysis enhances the power of pedagogical

content knowledge of teachers. One must first identify students' weaknesses and then one

will be able to come up with solutions. The ability to recognize students' misconceptions,

difficulties, and errors as well as their weaknesses should be strongly recommended to be

included in teachers' pedagogical content knowledge.

This group of prospective teachers' conceptual knowledge about the notion of limits

is inferior compared with their procedural knowledge. For example, they could find the

limit for a specific sequence, but could not prove that a given number is indeed the limit.

They know the formal definition, but could not understand the underlying concept of the
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formal definition of a limit. Thus, when provided a formal definition, they could not

transfer the formal definition to a specific case. They know the definition of limit by words

not by underlying meaning. Thus, they could not use their knowledge of definition in

proving the existence of a limit or proving theorems. Most of them thought limit can never

be attained. In their minds, there always exists some very small number which provides a

gap to reaching the limit. Due to the intrusion of potential infinity, the infinite process can

go on and on. Apparently, they confuse the product with the process. They provided

some examples of misconceptions, difficulties, and errors students might have based on

their own experiences, but they could not provide teaching strategies for overcoming these,

neither could they provide what are the reasons behind these misconceptions, difficulties,

and errors. While either solving limit problems, or explaining the limit situations, often

they exhibited misconceptions. For example, one subject said that he wants to make sure

that his students know that one can never ever reach the limit, only get closer and closer.

This exhibited the teaching and learning recycling of misconceptions.

From the description of teachers' knowledge regarding the notion of limit,

apparently the formal definition is a difficult one for students to learn, especially difficult

for those students who have never been exposed to this concept before. But from our

considerations of the curriculum knowledge of limit concept, we believe that teachers could

provide an early headstart for learning the limit concept. In the following section, the focus

will be on suggestions for teaching the notion of limit in K-12 mathematics cmriculum.

Implications For Teaching

The limit concept is a fundamental concept in mathematics in general and calculus in

particular. I will demonstrate the important role of the limit concept in different branches of

mathematics. In the following sections, first, I will exhibit how the limit concept reveals

itself implicitly or explicitly in different mathematics topics: number theory, fractions,
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decimals, areas, algebra, statistics and probability, graphs, geometry, conic sections, etc.

These topics and activities are gathered from the writings of the following authors:

Buchanan (1966), Fletcher (1980), Gardiner (1980, 1985), Hall (1971), Jochusch &

McLoughlin (1990), Orton (1984, 1985, 1987), Orton & Reynold (1986). Next, I will

discuss the implications for calculus teachers at university or college level.

Numbers

When students, in K-2 grade range, first start to learn the counting numbers, what

will happen? Let the students find out that this counting process seems to never end.

Playing a game with the students, asking one student to count to a certain number, we can

always add 1 to that number and continue to count. This is the first chance to give the

students a feeling about what will happen, if this counting process goes on and on? We do

not expect them to come up with the notion of infinity, but at least we might expect them to

start to think about whether there is a biggest number if this counting process goes on and

on. Or we could provide experiences for the pupil themselves to explore.

Emma:

When the students start to learn about the fractions introduce them to the fraction

bars. Maybe ask students to make their own fraction bars. Ask them to color different

portions of their fraction bars. One activity we could ask students to demonstrate to

themselves, is to observe the decreasing of the fraction 1/n. They could notice that the

portions from each fraction bar are getting smaller. Probably this activity could help the

students to eliminate one of the common mistakes of thinking "1/2 is smaller than 1/3"

based on the false analogy that 2 is smaller than 3. After the students are familiar with this

activity, we could ask them to think what will happen if it gets bigger? Will the portions
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get smaller and smaller? Will the pieces get more and more in number? This will get them

to think of the infinitely many, infinitely small, and infinitely large. Not only does this

fraction bar activity provide some good mathematical practice, as we said before, but it also

has real world aesthetic value. The students could be asked to design a brick wall for their

fences or their houses based on different size of fraction bars with different colors and

different units.

Another concept which could be taught with the use of fraction bars activity is

equivalent fractions. The students can observe that

l/2=2/4=3/6=4/8=5/10=6/12=7/l4=8/16=9/l8=10/20=. . .

When they list the denominators and numerators of these equivalent fractions, they have

1, 2, 3, 4, 5, 6, 7, 8, 9, 10,...

2, 4, 6, 8,10,12,14,16,18, 20,...

and these two lists of numbers form two sequences. The teacher could start to ask the

students the same old question again, what will happen if these lists of numbers go on and

on? What is the relation between the first sequence (if the teacher does not wish to

introduce the terminology "sequence", he/she can always use the word "list") and the

second sequence? Can we assign a rule for them to show their relation? Maybe then

students can have an early start on finding the general rule for sequences.

Folded paper strips can also lead to discussion of sums such as

1/2+1/4+1/8+1/16+... and

1/3+1/9+1/27+...

Consideration of sequences of partial sums of fractions such as

3/10, 3/10+3/100, 3/10+3/100+3/1000,

is appropriate in discussion of fractions and decimals in relation to the adding up an endless

terms.
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We can also ask questions about %, such as, what happens as a gets big, b gets big,

or both a and b get big. Encourage the students to explore and experience the changes.

That might give them a feeling for closeness and for infinite processes.

Decimals

After students learn about fractions, the teacher usually tries to make a connection

between fractions and decimals. The most common connection is converting a decimal into

a fraction. The usual method was the following:

Let x = 0.3333... (1)

Then 10 x = 3.3333... (2)

Subtracting (1) from (2), we get

9x=3

Thus x = 1/3

That is 1/3 = 0.333...

Usually, students will accept this proof and believe that 1/3=0.333. .. But when they are

asked to transfer that technique in converting 0.999. . ., a cognitive conflict shows up. That

is, they do not believe in the validity of this technique. Although the result shows that

0.999. . . =1, there remains a doubt or distrust. They could visualize the result of 1+ 3 =

0.333. . . by the following long division:

3|10

.2

10

.2

10

2

1 . . .

etc.
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But how could there exist a number which when divided by 1 will produce 0.999. . . . It is

a mystery to students, and they believe that mathematicians made that up. Probably from

this point some students start to think mathematics is not made to be believed, mathematics

is not practical, mathematics is something to trouble their mind, mathematics is a subject to

let them down, so why bother. Probably this is a time to let them think, what does that

three dots, i.e.,". . ." mean? also what does 0.999. .. mean? Is 0.999. .. a fixed number? Is

0.999. . . a symbol? What is the relationship between 1 and 0.999. . .? Are they the same or

why are they different? Can one draw 0.999. . . graphically on the number line? Maybe we

do not want to confuse students with the formal definition of limit concept, but we certainly

can let them think about the above questions. Maybe we could start them with different

 

representations of 0.999. . .:

l. 0.999...=0.9+0.09+0.009+0.0009+...

9 9 9
2. 0.999...=-13+ 100+1000+°”

3. 0.999... 3;, an, where a1=0.9, a2=0.99, a3=0.999,

an=n 9's after the decimal point

4. 0.999. .. “lg, (a1+a2+a3+. . .+an), where a1=0.9, a2=0.99,

a3=0.999, .. ., an=n 9's after the decimal point

 _ lim 2. 9 9 _9
50 00999000- n->”(10+ 100+1W+oee+lorl)

_ lim =k 9
6. 0.999...- in» L1 (10“)

7. 0.999... =1
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I do not suggest to provide all the representations at once, what is exhibited here is different

ways of representing 0.999. . .. Probably along the line the students will be able to pick the

underlying idea of 0.999.... Maybe spiral ways of gradually showing these different

representations at appropriate times might help students to realize that mathematics is not an

isolated, compartmentalized, disjointed, uninterrelated, unconnected man-made subject, but

rich, interrelated, connected, and intertwined.

The other instructional activity here is using the decimals to introduce the norion of

sequence. Use the above 0.333. . . example, which most students accept as being equal to

1/3. We could let the students explore ways of representing this 0.333. One

representation could make the connection between the significant decimal digits with the

notion of sequence, for example, if we want one digit significant, we have 0.3, if we want

two digits significant, we have 0.33, if we want three digits significant, we have 0.333.

Then the question could be asked if we want it digits significant, how many 3's do we get?

If the number of significant digits is getting bigger and bigger, what will happen? Write

down the list of significant digits values, and we get,

0.3, 0.33, 0.333, ..., 0.333...333,

n of them

This activity not only gets the students familiar with the notion of sequences, either finite or

infinite, but also makes them to start to think about this unending process of adding new

3's. Then the same old question again, what will happen if this process goes on and on?

One important idea for relating repeating decimals and fractions is to use the fact that one

has to convert repeating decimals into fractions in order to do multiplication and division,

sometimes this is true with addition and subtraction also. For example, we can add 0.2 to

0.3 and 0.22 +0.33, 0.222+0.333, how about adding 0.222... and .0333... , we all know

that sum is possible to get by looking the pattern of the sequence we get. But when we are

confronted with the following addition:
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0.555555...

141.813.8338....

what can we conclude about the sum of these two repeating decimals? Students sometimes

are confused and wonder which of these is the so-called right answer; 0.121212121212. . .

, 1.444443..., or 1.444444...3. Then, when they can not find the results of division and

multiplication of repeating decimals, probably it is time for students to explore and to find

out why this conversion of decimals into fractions is necessary. In addition this is a really

good headstart opportunity for students to start thinking about the intuitive notion of the

limit.

Areas

Either in elementary arithmetic, or in geometry, finding area of a circle, and the

circumference of a circle, both involve the notion of rt. Thus students could be introduced

to the following grid activity as an exploratory work for 11:. At the same time, the notion of

limit, the Squeeze Theorem, as well as the sequences formed by the upper sums and lower

sums of the approximations of the area of a circle (see Fig.6. 1) or an irregular shape (see

Fig.6.2), and the idea of definite integral could also be shown in this activity.

 

Figure 6.1 -- Grid Activity For t:
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Figure 6.2 -- Grid Activity For Irregular Shape

The other activity also involves the introduction of the area of a unit circle and the

circumference of a unit circle. How should we help the child to learn that the area of a

circle is m2, where r is the radius? The following elegant method which is frequently

suggested, even sometimes in primary school books, involves the idea of limit. For

example, if a circle is divided into sectors and the sectors are then rearranged in a line, and

the process is taken to a limit so that we have more and more sectors with smaller and

smaller angles at the center (see figure 6.3), we may eventually appreciate that the required

area is the same as for a rectangle of length 1tr and breadth r.
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Figure 6.3 - Slicing and Rearranging a Circle

W

In fact, there are many ways in which children might be asked to think about

limiting processes in connection with more elementary work. For example, what happens

if we have a sequence of regular polygons, starting with a triangle, so that each new

polygon has one more side than the previous polygon in the sequence? What happens if

we have a sequence of prisms so that each new prism has a cross-section with one more

edge than the previous one? What happens with the equivalent sequence ofpyramids? In

each case the idea of a never-ending process and of limit may be discussed. Supposing we

are/using a spiral curriculum, then by the time we start to introduce sequences and series,

students already have many examples in hand. All the topics mentioned above could

provide a handful of examples related to sequences. When we add the terms of the

sequence successively, we create a series. Again, we could talk about the old same

question: What will happen if we add two terms, three terms, four terms, and add forever
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and ever? Let the students use calculators or even write their own computer programs to

add the terms of a given sequence and explore what will happen, conjecture the results. By

drawing the following figures (See Fig.6.4), looking for patterns, maybe they will get a

real feeling about the limit concept by now.

The proof of the convergence of a geometric series is as follows:

Let S=1+r+12+r3+. . . .

Then multiplying this series by r and subtracting afterwards,

we get,

S-rS=1 or S = 11:?

The multiplication of (1+r+r2+r3+. . .) by r together with the subtraction of one series hour

the other, gives the results; but it does not give understanding of how the continuing series

approaches this value in its growth. Real understanding proceeds by considering what

happens in the growth of the series and derives the law of this growth which lead to the

limit. We can discuss why it is necessary to have -1 < r < 1 for the above conclusion to be

valid.

 
 

7/

m N      §
§

   

 

   

Figure 6.4 -- An Informal Approach to Infinite Series
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In NCTM's Standard for Curriculum and Evaluation, statistics and probability is

recommended to be taught early in the mathematics curriculum. No matter when teaching

of this subject is started, students should have the chance to explore and make connections

to the notion of limit. Carrying out probability experiments and collecting the results from

around the class may be used to introduce the idea of limit. The following is an activity that

could connect the notion of limit in finding the probability of a given outcome when tossing

a coin. What is the probability the head shows if we toss the coin once, twice, n times, and

finally discuss what will happen if it is infinitely many times? This is then used to prompt

discussion about the theoretical probability. The coin tossing results below (See Table 6.1)

could be collected by going round in a class and adding on the new individual results each

time. Discussion of this results leads quite naturally to the limit concept.

Table 6.1 -- Sets of Results of Tossing a Coin

 

 

Number of sets of results 1 2 3 . . .

Proportion of Heads 0.47 0.46 0.49 .. .

El . . . 1

The notion of function is recommended in NCTM's Standard for Curriculum and

Evaluation as an important concept which should be taught early in elementary schools.

One of the exercises on functions students deal with is to draw the graph of a given

function. Plotting points for drawing curves and curves sketching are part of the

mathematics curriculum which ought to be taught so as to be related to the limit concept.
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Plotting graphs of lines and curves involves a limiting process, for the more. points which

are plotted the closer we are to the best representation of the complete relauonshrp. Thrs

plotting points activity could provide students with a feeling for the limit concept. For

example, when looking at the graphs of function: f(x)=x2, x in [0,6]; what will happen,

and what the final graph will look like? The more points plotted in, the more accuracy of
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x J 3.1 3.2 J.) 121 3.5 3.11 3.7 3.8 1.9 -I

 

 
y 9 ".01 10.24 10.80 11.50 12.25 12.90 11.69 14.44 15.2110
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Figure 6.5 -- Plotting Points in Graph

acumen):

In geometry the relationship of the circle to polygons, of the cylinder to prisms, of

the cone to pyramids and of the sphere to polyhedrons in general ought to be taught in an

manner related to the idea of a limit. Some definitions, such as the definition of an

asymptote, can be fully understood only when it is presented as a limit situation, and

related to other limit situations to show that the definition really makes sense.

Cnmmrmdlmeresr

People are concerned about how their money earns interest for them. Students

usually are given the formula for calculating the interest, but they do not know why that

formula works. We could introduce the following activity by asking what will happen if

our interest is calculated yearly, semi-yearly, quarterly, monthly, weekly, daily, hourly,

minutely, and continuously? Let the students explore the interests when calculated
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differently; is there a pattern? will the interest increase when calculated more frequently?

what will happen if it is calculated continuously? This would involve a discussion of the

notion of limit, and if the students are old enough, they could be explicitly introduced to the

limit concept and the irrational number e as a limit of the sequence of rational

approximations of e. Maybe now, the students could realize the real world application of

the irrational numbers.

If we put $100,000 dollars at the beginning in the bank with 8% interest rate

annually, then the following Table 6.2 shows what exactly happens as we shorten the time

interval when the interest is compounded.

Table 6.2. Amount Of Capital Gain With Compounded Interest

 

 

Compounded Amount After One Year

mutiny 100,000(r+o.08)=1os,ooo.(xr

se'm'muauy $100,000(1+'%§)2=sios,160.oo

Qum'c'ly $100,000(1+°—f-§)4=$108,243.22

“mm" s100,ooo<r+°—ig—8)12=sios,299.95

Daily 0.08
$100,000(1+fi)355=s103,327.75

Hm" $100,000(1+%%%)8760=$108,328.69

COMWWS‘Y sroo,ooo<1+9-‘§§)k=sioo,ooo e0’08 as $108,328.7069

where k1?” (1+ i-f‘ = er 
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Imtisznalnumm

Students learn to add, subtract, divide and multiply irrational numbers, but they

have no idea what these numbers are related to in the real world. They know they could

find the point corresponding to «12 on the number line, but they could hardly distinguish

between «12 with 1.414 on the number line. Maybe the student can construct irrational

numbers by exploring the following figure (see Fig.6.6) based on the Pythagorean

Theorem.

What they do is this; first, using the length one as the equal sides of a right isosceles

triangle construct the hypotenuse of length {2; then, using the hypotenuse and side of

length one to form a new right triangle construct the second hypotenuse, and the process

goes on. Students then have created a finite list of irrational numbers. As long as students

believe the truth of the Pythagorean Theorem they have no doubt about the construction of

irrational numbers. But because they are lacking real world applications, they believe that

irrational numbers are only useful in number manipulation in mathematics. What we

should teach by letting students explore is that J2 is the limit of a sequence of rational

approximations of «12. Either at the time when decimals are introduced or when the notion

of sequences is introduced, we should let the students become familiar with the ideas that

the irrational numbers are hardly distinguishable from rational numbers on the number line,

and they could not be definitely written in either a repeating decimal form or decimal forms

of finitely many digits. One representation of irrational numbers is that irrational numbers

can be treated as the limits of some sequences of rational approximations.



 

 

Figure 6.6 -- Construction of Irrational Numbers

W

From the above discussion we know that the notion of limit reveals itself

implicitly or explicitly in many topics throughout the k-12 mathematics curriculum.

Typically, however, the student is first exposed to the notion of limits not through any

of these tOpics or activities related to them, but in calculus with the 8—8 definition

quickly introduced. As one of the prospective secondary teachers testified it not only

frustrates them, but "scares them off". Students can easily fall into the error of drinking

the limit concept is an isolated concept appearing only in calculus. This researcher

believes the usually one or two days "quickie course" in limits presented in a calculus

course should not be the first exposure to the notion of limits, but that students ought to

be exposed to the intuitive notion of limits earlier in their K-12 through appropriate

activities and topics.

This leads to one of my suggestions for mathematics methods courses. It

would be desirable for prospective secondary teachers to be more familiar with the

connections between important mathematical ideas in different branches of

mathematics. Some material presented from a historical perspective might be helpful in
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developing pedagogical insight. Finally, it is possible that college and university

mathematics departments could find ways to design courses or instructional packages

that would be more responsive to the special needs of prospective secondary teachers.

Blending of subject matter knowledge, curriculum knowledge, and pedagogical content

knowledge I believe is a desirable goal in preparing prospective secondary teachers.

Limitations

This researcher remarks on two types of limitation of this study that will be

discussed in the following section. The first limitation is the design of the instruments.

The second limitation is that with fewer than 40participants and lots of missing data, this

study can only provide a small piece of what teachers' knowledge about limit is.

It seems that there is no other study done on teachers' knowledge on limit concept.

This researcher has designed a questionnaire to investigate teachers' knowledge about the

mathematical notion of limit. Although there were several pilots conducted separately, still

some very important issues were neglected. For example, the questionnaire maybe was too

lengthy, and the test items maybe too much resembled school examinations. One reason

for this is that the pilots were conducted in Taiwan. Most of the pilot subjects either were

college teachers or they were prospective secondary teachers who were accustomed to all

kinds of tests because they had to undergo several entrance examinations at various stages

of their schooling. Cultural difference might thus affect the content of the design and the

timing of the written instrument.

The second part of the instrument is the interview. Because of the structured nature

of the interview questions and subquestions, the probing technique was not used during the

interview, which might affect the collection of data.
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The other limitation is the sample size. Only 42 subjects participated in this study

with very high percentage of missing data. Thus, I could not make a generalization about

teachers' understanding about the limit concept, especially with regard to the curriculum

knowledge and pedagogical content knowledge.

Implications for further research

As stated in Chapter One, the limit concept serves an important and unique role in

understanding different branches of mathematics in general and calculus in particular.

Improving the teaching and thus enhancing the learning of the limit concept is of

considerable importance. Based on what I learned from this study and readings from the

literature, some suggestions were made for teaching the limit concept by various related

topics in mathematics as reported in the previous section. Certainly other related issues

need to be investigated as well. Some of these are discussed below:

1. A study similar to this study needs to be made, probably with longer test

times provided. A research question: Does the five categories model of

understanding proposed by this researcher could provide an appropriate

instrument for investigating prospective teachers' knowledge of the notion

of limit? With further thought and experience it is probable that improved

questionnaires could be designed, so there is no reason why this study

should be the last of its kind.

2. A similar study might be conducted based on each category separately, and

their correlation among separate categories could be examined. That might

provide a closer understanding of knowledge of the limit concept described

in each different category. In particular, does the present model provide an

appropriate hierarchical level like that described by Fless (1988)?

3 . A repeat similar study based on the theoretical model of this study could be

tried on a larger group of prospective teachers using the clinical interview

method rather than this structured interview. The probing techniques might

provide a better picture about what are prospective teachers' strengths and

weaknesses in terms of subject matter knowledge, curriculum knowledge

and pedagogical content knowledge.

4. A study of teacher knowledge of other types of limits , based on this five

category model of understanding could be made. In particular, the
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knowledge of the concept of limit for functions and the related concept of

continuity could be investigated.

. A study could be made for investigating how the misconceptions possessed

by both the students and prospective teachers concerning the limit concept

could be changed over time as reported in Confrey's (1980) and Williams'

(1989) conceptual change studies.

. Classroom researchers might study whether teaching activities about the

limit concept can be tried out for classroom teachers to help them find ways

to teach the limit concept to younger students.

. For a longitudinal research study, the researcher can design the curriculum,

follow the students through the years of learning, and observe how this way

of teaching influences the calculus-learning performance either in high

schools or after entering colleges.

. Those who are interested in curriculum development could research ways to

implement making connections of the limit concept with other mathematics

topics.

. Ways to include basic limit ideas in elementary school mathematics could be

investigated.



LIST OF REFERENCES



LIST OF REFERENCES

Allendoerfer, C. (1963). The case against calculus, The Mathematics Teacher, 56.

Arcavi, A. ; Bruckheimer, M. ; & Ben-zvi, R. (1987). History of mathematics for

teachers: The case of irrational numbers. For the learning ofmathematics 7, 2.

Austin, H. (1982) Calculus and its teaching: An accumulation effect. International Journal

ofmathematics education and science technology, 13.

Balacheff, N. (1990). Future perspectives for research in the psychology of mathematics

education. Mathematics and Cognition: A research synthesis by the international

group for the psychology of mathematics education.

Ball, D. L. (1988). Knowledge and reasoning in mathematics pedagogy: Explaining what

prospective teachers bring to teacher education. Unpublished doctoral dissertation,

Michigan State University.

Ball, D. L (1988). Unlearrring to teach math. For the learning ofMathematics, 8,1.

Ball, D. L. (1990). Breaking with experience in learning to teach mathematics: The role of

a preservice methods course. For the learning ofmathematics, 10, 2.

Baylock, A. (1964). Graphical interpretation of the limit of an indeterminate function. The

mathematics Teacher, 57.

Boyer, C. (1949). The history ofthe calculus and its conceptual development, New York:

Dover Publications, INC.

Browne, E. (1934). The incomrnensurables of geometry. The Mathematics Teacher, 27.

Brophy, J. (1986). Teaching and learning mathematics: Where research should be going.

Journalfor Research in Mathematics Education, 17.

Buchanan, O. (1964). A unit on limits for the twelfth-year course in mathematics.

Dissertation Abstracts, xxvi, No.1.

Buchanan, O. (1965). Opinions of college teachers of mathematics regarding content of

the 12th-year cornse in mathematics, The mathematics Teacher, 53, 223-225.

Buchanan, O. (1966). Limits: A transition to calculus. Houghton Mifflin Company:

Boston.

Buxton, L. (1978). Four levels of understanding. Mathematics in School, vol. 7, no. 4.

p.36.

232



233

Cajori, F. (1915). The history of Zeno's argument on motion: Phases in the development

of the theory of limits. American Mathematical Monthly, Vol. 22: 1-6, 39-47, 77-

82, 109-115, 145-149, 178-186, 215-220, 253-258, 292-297.

Cajori, F. (1923). Grafting of the theory of limits on the calculus of Leibniz. American

Mathematical Monthly, vol. 30. pp.223-234.

Cambridge Conference on School Mathematics. (1963) Goals for school mathematics.

Boston: Houghton Mifflin Company.

Carpenter, T. (1989). Teaching as problem solving. In R.I. Charles & E.A. Silver (Eds)

Research agenda for mathematics education: The teaching and assessing of

mathematical problem solving. Reston, Va: The National Council of Teacher of

Mathematics, INC.

Civil, M. (1990). "You only do math in math": A look at four prospective teachers' view

about mathematics. For the learning ofmathematics, 10, 1. pp.7-9.

Chaney, G. (1967). The efl'ect of aformal study of the mathematical concept of limit in

high school on achievement in a first course in university calculus. Unpublished

Doctoral dissertation, University of Kansas, 1967. pp.56-67.

Churchman, F. (1972). A comparative study of three difi’erent approaches to the limit

concept. DAI

Clark, M. C. & Peterson, P. L. (1986). Teachers' thog‘ght processes. In M.C. Wittrock

(Ed.), Handbook ofResearch on Teaching (3rd .) New York: Macmillan.

Commission on mathematics college entrance examination board. Programfor college

preparatory mathematics. (1959). New York: College Entrance Examination Board.

Confrey, J. (1980). Conceptual chnange, number concepts and the introduction to

calculus. DAI, 44, 872A. (University Microfilms No.80-20, 924)

Curriculum and Evaluation Standard for School Mathematics (1989). The National

Council of Teacher of Mathematics. Reston, Va: The National Council of Teacher

of Mathematics, INC.

Davis, R. B. (1982). Frame-based knowledge of mathematics: Infinite series. Journal of

Mathematical Behavior, 3, 99-120.

Davis, R. B. (1983). Complex mathematical cognition. In H. Ginsberg(Ed.), The

development ofmathematical thinking. New York: Academic Press. 253-290.

Davis, R. B .(1984). Learning mathematics: The cognitive science approach to

mathematics education. New Jersy: Ablex Publishing Corporation.

Davis, R. B. (1985a). The role of representations in problem solving: Case studies. The

Journal ofMathematical Behavior, 4, 85—97.

Davis, R. B. (1985b). Learning mathematical concepts: The case of Lucy. Journal of

Mathematical Behavior, 4, 135-153.



234

Davis, R. B. (1986a). Conceptual and procedural knowledge in mathematics: A summary

analysis. In J. Hiebert (Ed.), Conceptual and procedural knowledge: The case of

mathematics. Hillsdale, NJ: Lawrence Erlbaum Associates, Inc.

Davis, R. B. (1986b). Calculus at university high school. In R. Douglas (Ed.) Toward a

lean and lively calculus. (MAA Notes No.6). The Mathematical Association of

America.

Davis, R. B. & Vinner, S. (1986). The notion of limit: Some seemingly unavoidable

misconception stages. Journal ofMathematical Behavior, 5, 281-303.

Douglas, R. (Ed) (1986). Toward a lean and lively calculus. (MAA Notes No.6). The

mathematical Association of America.

Douglis, A. (1970). Ideas in mathematics. W.B. Saunders Company. pp.610-631.

Dreyfus, T. (1990). Advanced mathematical thinking. Mathematics and Cognition: A

research synthesis by the international group for the psychology of mathematics

education. p.113-134.

Dreyfus, T. & Eisenberg, T. (1982). Intuitive functional concepts: A baseline study on

intuitions. Journalfor Research in Mathematics Education, vol. 13, No.5. 360-

380.

Dreyfus, T. & Vinner, S. (1989). Images and definitions for the concept of function.

Dunn-Rankin, P. (1983). Scaling Methods. Hillsdale, NJ: Lawrence Erlbaum Associates,

Publishers.

Edwards, C. H. (1979). The historical development of the calculus. New York: Springer-

Verlag.

Emch, A. (1902). On limits. The American Mathematical Monthly. Vol. 9. pp.5-9.

Even, R. (1989). Prospective secondary mathematics teachers' knowledge and

understanding about mathematicalfunctions. Unpublished doctoral dissertation,

Michigan State University.

Even, R. (1990). Subject matter knowledge for teaching and the case of functions.

Educational Studies in Mathematics, 21 :521-544.

Even, R.; Lappan, G. & Fiyzgerald, W. (1988). Pro-service teachers conception of the

relationship functions and equations. In M. J. Behr (Eds) Proceedings of the tenth

annual meeting of North American Chapter of the Internal Group for the

Psychology of Mathematics Education, DeKalb, Illinois.

Fey, J. (Ed.) (1984). Computing and mathematics: The impact on secondary school

curricula. Reston, Va: The National Council of Teacher of Mathematic, INC.

Fey, J. (1978). Change in mathematics education since the late 1950's- ideas and

realisation, U. S. A.. Educational Studies in Mathematics, 9: 339-353.

Fischbein, D. ; Tirosh, D. ; & Hess, P. (1979). The intuition of infinity. Educational

studies in mathematics,10. pp.3-40.



235

Fischbein, D.;Deri, M.; Nello, M. S.;& Marino, M. S. (1985). The role of implicit models

in solving problems in multiplication and division. Journal for Research in

Mathematics Education, Vol.16: 3-17.

Fless, M. (1988). An investigation of introductory calculus students' understanding of

limits and derivatives, DAI.

Fletcher, C. R. (1980). Limits of interest. The Mathematical Gazette, vol.64, No. 430,

pp.227-231.

Galbraith, P. L. (1982). The mathematical vitality of secondary mathematics graduates and

prospective teachers: A comparative study. Educational Studies in Mathematics,

13, 89—112.

Gagne, E. (1985). The cognitive psychology ofschool learning. Boston: Little, Broun

and company.

Gardiner, A.(1980). One hundred and one ways to infinity, Mathematics in school, 9, 1,

2-4; 9, 2, 26-27; 9, 3, l6.

Gardiner, A. (1985). Infinite processes in elementary mathematics: How much should we

tell the children? The Mathematical Gazette, vol. 69. pp.77-87.

Gentner, D. (1983). Structure Mapping: A theoretical framework. Cognitive Science, 7,

155-170.

Good, T. & Biddle, B. (1987). Teacher thought and teacher behavior in mathematics

instructions: The need for observational resources. University of Missouri-

Columbia.

Graeber, A. ; Tirosh, D. & Glover, R. (1989). Prech teachers' misconceptions in

solving verbal problem in multiplication and division. Juornal for Research in

Mathematics Education, vol. 20. pp. 95-102.

Hall, L. (1971). Persuasive arguments: .9999...=1. Mathematics Teacher, 64: 749-750.

Harkin,1J. B. (1972). The limit concept on the geoboard. Mathematics Teacher, 65: 13-

7.

Haylock, D. W. (1982). Understanding in math-making connections. Mathematics

Teaching, 98: 54-85.

Hershkowitz, R. & Vinner, S. (1984). Children‘s concept in elementary geometry - A

reflection of teacher's concept? Proceedings of the eighth PME-NA annual

meeting, 8, 63-69.

Hiebert, J. (Ed.), Conceptual and procedural knowledge: The case of mathematics.

Hillsdale, New Jersy: Lawrence Erlbaum Associates, Inc.

Hiebert, J. & Lefevre, P. (1986). Conceptual and procedural knowledge in

mathematics:An introductory analysis. In J. Hiebert (Ed.), Conceptual and

procedural knowledge: The case ofmathematics. Hillsdale, NJ: Lawrence Erlbaum

Associates, Inc. 1-29



236

Hight, D. W. (1963). The limit concept in the education of teachers, The American

Mathematical Monthly, 1Q. 203-205.

Hight, D. W. (1964). The limit concept in the SMSG revised sample textbooks.

Mathematics Tacher. 57:194-199.

Huntington, E. (1916). Right and wrong definitions of a limit. The Mathematics Teacher.

8 .

Isaac, H. (1967). The effectiveness ofan open interval approach to the limit conceptfor a

12th year mathematics course. DAI

Jackson, D. (1916). Variables and limits. The Mathematics Teacher. 9: 11-16.

Jackson, D. (1924). The notion of limit. The Mathematics Teacher.l7: 72-77.

Jockusch, E. A. & McLaughlin, P. J. (1990). Building key concepts for calculus in

grades 7-12. The Mathematics Teacher, 83: 532-540.

Johnsonbaugh, R. (1976). Applications of calculators and computers to limits.

Mathematics Teacher. 69:.60-65.

Karst, O. J. (1958). The limit. The Mathematics Teacher. 51: 443-449.

Kilmister, C. W. (1980). Zeno, Aristotle, Weyl and Shuard: Two-and-a-half millenia of

worries over number. The Mathematics Gazette, vol. 64, No. 429: 149-158.

Kline, M. (1970). Logic versus pedagogy. The American Mathematical Monthly, 11,

264-282.

Kline, M. (1972) Mathematical thought from ancient to modern times. New York: Oxford

University Press.

Kline, M. (1977). Calculus: An intuitive and physical approach-second edition. New

York.: John Wiley & Sons, Inc.

Kline, M. (1980). Mathematics: The loss of certainty. New York: Oxford University

Press.

Lackner, L.(1969). The teaching ofthe limit and derivative concepts in beginning calculus

by combination ofinductive and deductive approaches. DAI, 29, 2150A.

Lampert, M. (1986). Knowing, doing, and teaching multiplication. Cognition and

Instruction, 3(4), 305-342.

Lathrop, K. (1987). Calculus for engineering. In L.Steen (Ed.), Calculus for a new

century.

Lax, P. (1986). In praise of calculus. In E. Douglas. (Ed.), Toward a lean and lively

calculus (MAA Notes N0.6). The mathematical Association of America.

Leinhardt, G. & Smith, D. (1985). Expertise in mathematics instuction: Subject matter

knowledge. Journal ofEducational Psychology. 77. pp.247-271.



237

Leof, M. & Lehrer, R. (1990). Understanding teachers' knowledge of fractions. A paper

prepared for the AERA Boston meeting.

Levin, S. (1987). Calculus for the biological science. In L.Steen (Ed.), Calculusfor a new

century. (MAA Notes No.8). The Mathematical Association of America.

Lytle, A. (1973). The effects of two learning sequences on achievement, transfer, and

retention ofthe limit principle by eleventh and tweyth year students. DAI.

Madsen-Nason, A, & Lanier, P. (1986). Pamela Kaye's general math class: From a

computational to a conceptual orientation (Research Series No.172). East Lansing:

Michigan State University, Institute for Research on Teaching.

Macdonald, I. D. (1978). Insight and intuition in mathematics. Educational Studies in

Mathematics, Vol. 9, No. 4: 411-420.

Macey, T. (1970). An investigation of the efl’ect ofprior instruction ofselected topics of

logic on the understanding ofthe limit ofa sequence. DAI.

McKelvey, J. (1921). The teaching of limits in the high school. The American

Mathematical Monthly, Vol. 28: 68-71.

McKnight, C., Travers, K., & Dossey, J. (1985). Twelfth-grade mathematics in US.

high schools: A report from the second international mathematics study.

Mathematics Teacher, 78, 292.

Minnick, J. (1939). Teaching mathematics in the secondary schools, New York: Prentice-

Hall, Inc.

Movshovitz-Hadar, N. & Hadass, R. (1990). Preservice education of mathematics

teachers using paradoxes. Educational Studies in Mathematics, 21: 265-287.

Nesher, P. (1986). Are mathematical understanding and algorithmic performance related.

For the learning ofmathematics, 6, 3. pp.2- .

Nesher, P. (1987). Towards an instructional theory: The rote of students' misconceptions.

For the learning ofmathematics, 7, 3: 33-40.

Orton, A. (1977). Chords, secants, tangents and elementary calculus. Mathematics

Teaching, 78: 48.

Orton, A. (1983a). Students' understanding of integration, Educational studies in

mathematics, 14, 1:1-18.

Orton, A. (1983b). Students' understanding of differentiation, Educational studies in

mathematics, 14, 3: 235-250.

Orton, A. (1984). Understanding rate of change. Mathematics in school, 13, 5: 23-26.

Orton, A. (1985). When should we teach calculus? Mathematics in school, L4, 2: 11-15.



238

Orton, A. (1986). Introducing calculus: An accumulation of teaching ideas? International

Journal of mathematics education and science technology, Vol. 17. No. 6: 659-

668.

Orton, A. (1987). Learning Mathematics: Issues, theory and classroom practice.

Westminster, London: Cassell Educational Limited.

Orton, T. & Reynold, C. (1986). Taking maths to the limit. Mathematics in school, 15, 4:

28-32.

Otte, M. (1990). Intuition and logic. For the learning ofmathematics, 10, 2: 37-43.

Pavlick, F. (1968). The use of advanced sets in the teaching of limits: A comparative

study. DAI

Peterson, P., Fennema, E., Carpenter, Y., & Loef, M. (1987). Teachers' pedagogical

content beliefs in mathematics. Paper presented at the annual meeting of the

American Education Research Association, Washington, DC.

Pirie, S. (1988). Understanding: Instrumental, relational, intuitive, constructed,

formulised...? How can we know? For the learning ofmathematics, 8, 3: 2-6.

Pixie, S. & Kieren, T. (1990). A recursive theory for mathematical understanding-some

elements and inplications. A paper prepared for the AERA Boston meeting.

Prichett, G. (1987). Calculus in the undergraduate business curriculum. In L.Steen

(Ed.), Calculus for a new century. (MAA Notes No.8). The mathematical

Association of America.

Professional Standards for Teaching mathematics (1991). The National Council of Teacher

of Mathematics. Reston, Va: The National Council of Teachers of Mathematics,

IN .

Putman, R. (1987). Mathematics knowledge for understanding and problem solving. In

E.D. Corrle (Ed) Acquisition and transfer of knowledge and cognitive skills.

Randolph, J. (1957). Limits, insights into modern mathematics, The twenty-third

yearbook of the NCT'M, Washington, DC.

Redish, E. (1987). The coming revolution in physics instruction. In L.Steen (Ed.),

Calculusfor a new century. (MAA Notes No.8). The Mathematical Association of

America.

Ribenboim, P. (1964). Functions, limits and continuity, New York: John Wiley & Sons,

Inc.

Rising, G. (1961). Some comments on teaching of the calculus in secondary schools, The

American Mathematical Monthly, 68: 287-290.

Roe, E. (1910). A generalized definition of limit. The Mathematics Teacher. 3: 43-48.

Rotando, L. (1965). Continued square roots. Mathematics Teacher. 58: 507-508.



239

Romberg, T. & Carpenter, T. (1986). Research on teaching and learning mathematics:

Two disciplines of science inquiry. In M.C. Wittrock (Ed.), Handbook of

Research on Teaching (3rd ed.) New York: Macmillan.

Sanford, V. (1921). Teaching Incommensurables. The Mathematics Teacher, 14: 147-

150.

Schoenfeld, A. (1987). In Silver (Eds) Teaching and evaluating mathematical problem

solving. Reston, Va: The National Council of Teacher of Mathematics, INC.

Schwarzenberger, R. L. E. (1984). The importance of mistakes. The Mathematics

Gazette, 68: 159-172.

Shelton, R. (1965). A comparison ofachievement resultingfi'om teaching the limit concept

in calculus by two dfi‘erent methods. DAI, 26, 2613A, 1965.

Shulman, L. (1986). Those who understanding: Knowledge growth in teaching.

Educational Research, 15 (2), 4-14.

Sierpinska, A. (1987). Humanities students and epistemological obstacles related to limits.

Educational studies in mathematics, Vol. 18.

Skemp, R. R. (1976). Relational and instrumental understanding. Mathematics Teaching,

77. pp.20-26.

Skemp, R. R. (1978). Relational understanding and instrumental understanding. The

arithmetic teacher, 3: 9-15.

Skempt, R. R. (1979). Goals of learning and qualities of understanding. Mathematics

Teaching, 88: 4449.

Smith, L. (1959). The role of maturity in acquiring a concept of limit in mathematics.

Unpublished doctoral dissertation, Standford University.

Smith, L. (1961). Could we teach limits? The Mathematics Teacher. 54: 344—345.

Smith, L. (1961). What is the place of the limit concept in secondary school mathematics

instruction? Mathematrcs Teachers, LIV, 344-345.

Steinbrenner, A. (1955). A study of the concept of continuityfor teachers of secondary

school mathematics. DAI, XV, 4, 2137.

Stenger, W. (1980). The computation of limits in elementary calculus. Mathematics

teacher, 73: 615-617.

Stromquist, CE. (1918). A geometric illustration of limits. The mathematics teacher, 11:

34-35.

Taback, S. (1975). The child's concept of limit. In M. Rosskopf (ed.), Children's

mathematical concepts: Six Piagetian Studies in mathematics education. Teacher

college, Columbia University.

Tall, D. & Schwarzenberger, R. L. E. (1978). Conflicts in the learning of real numbers

and limits. Mathematics Teaching, 82, 44-49.



240

Tall, D. (1981). Intuitions of infinity. Mathematics in school, 10, 3, 30-33.

Tall, D. (1985). Understanding the calculus. Mathematics Teaching , No.110: 49-53.

Tall, D. (1989). Concept image, Generic organizers, computers, and curriculum change.

For the learning ofMathematics, 9, 3: 37-42.

Tall, D. & Schwarzenberger, R. (1980). Mathematical intuition, with special reference to

limiting processes. PME(4th), 170-176.

Tall, D. & Vinner, S. (1981). Concept image and concept definition in mathematics with

particular reference to limits and continuity. Educational Studies in Mathematics,

12: 151-169.

Taylor, J. (1969). An experiental approach to the development ofthe real number system

through Cauchy sequences, DAI.

Taylor, S. (1980). An alternative definition for the convergence of sequences.

Mathematical Teaching, No. 93: 48-51.

Thipkong, S. (1988). Preservice elementary teachers’ misconceptions in interpreting units

and solving multiplication and division decimal wordproblems. DAI.

Thomas, G. (1963). Limits. Reading, Mass.: Addison-Wesley Publishing Co.

Thomas, H. L. (1975). The concept of function. In M. Rosskopf (ed.), Children's

mathematical concepts: Six Piagetian Studies in mathematics education. Teacher

College, Colunbia University.

Truax, R. L. (1980). Infinity and the limit concept. Mathematics Teacher, 73: 359-360.

Truax, R. (1988). Preservice elementary teachers' misconceptions in interpreting units and

solving multiplication and division decimal word problems. Journal for Research

in Mathematics Education, Vol. 19.

Vergnaud, G. (1990). Epistemology and Psychology of Mathematics Education.

Mathematics and Cognition: A research synthesis by the international group for the

psychology of mathematics education

Vinner, S. (1983). Concept definition, concept image and the notion of function.

International Journal of mathematics education and science techology, vol. 14,

no.3: 293-305.

Vinner, S. & Dreyfus, T. (1982). Some aspects of the function concept in college students

and junior high school teachers. Proceeding of the sixth international conference

forpsychology ofmathematics education.

Williams}? (1989). Understanding of the limit concept in college calculus students.

D .

Williams, S. (1991). Models of limits held by college calculus students. Journal for

research in mathematics education, Vol.22, 3:219—236.



241

Wilson, S. & Shulman, L. (1987). "150 different ways“ of knowing: Representation of

knowledge in teaching. In J. Caldeerhead (Ed) Exploring teacher thinking.

Sussex: Holt Rinehard, and Winston.

Wirszup, I. (1976). Breakthroughs in the psychology of learning and teaching geometry.

In L. Martin (Ed) Space and geometry. Ohio: Eric Clearinghouse.

Wittrock, M. (1986). Students' thought. In M.C. Wittrock (Ed.), Handbook ofResearch

on Teaching (3rd ed.) New York: Macmillan.

Wolfe, M. S. (9180). A model lesson: An intuitive introduction to limit. Mathematics

Teacher, 73:436-438.



APPENDICES



APPENDIX A

Questionnaire

Please try to answer ALL questions andW. Pleasemm

mm,but instead simply draw one line through anything that you later decide not to

use. Do all work in the spaces provided and feel free to use the back sides of sheets, if

necessary. Thank you very much.

 

Part I

1. Sex: Male:__ Female:—

2. Age: (19-23):_ (24-29):_ (30-35):_(over 35):

3. College GPA: College GPA in mathematics:
  

4. Mathematics courses which have been taken at college or university level:

 

 

 

  

Differential calculus: Integral calculus:_Advanced calculus:

Differential equations: Euclidean geometry:__ Projective geometry:—

Theory of numbers: Theory of matrices: Concepts of algebra:

Numerical analysis: Statistics & probability:__ Topology:

History of mathematics: Vector & tensor analysis:___ Logic:

Applied discrete math:___Others:
 

5. Please mark the following eight statements about limits as being true or false:

T___F_ a) A limit describes how a sequence moves as It moves toward infinity.

T___ F _b) A limit is a number or point past which a sequence cannot go.

T_F_c) A limit is a number that the value of 11th term of a sequence can be made

arbitrarily close to by letting it go to infinity.

T___ F _d) A limit is a number or point the sequence gets close to but never reaches.
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_F_e) A limit is an approximation that can be made as accurate as you wish.

T_F_f) A limit is determined by plugging in numbers closer and closer to a given

number until the limit is reached

T_ F g) A limit is the value of the nth term of a sequence, when n equals to

infinity.

T_ F__h) The limit approaches to a fixed number, when n tends to infinity.

6. Which of the above statements best describes a limit as you understand it ( circle one).

a b c d e f g h none

7 . Please describe in a few sentences what you understand a limit to be. That is, describe

what it means to say that “111;; an = L

8. Please write down a rigorous definition of limit for sequences.

9. Describe an activity that would introduce the idea of limit (of an infinite sequence or

series) to a group of children in:

(a) K-2 grade range:

(b) 4-5 grade range:

10. What are the possible misconceptions, difficulties, and errors you encountered while

learning about limits, and how would you help your own students to overcome them?
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Part II

1. Find the limit of the following infinite sequences (a) - (0, select exactly one of the

following answers:

(A) The indicated limit is 0.

(B) The indicated limit is l.

(C) The indicated limit is -l.

(D) The sequence does not have a limit (which includes co and -oo).

a) 1, -1, l, -1, l, -1,...

Choice (A, B, C, & D): .

b) 3/4, 9/16, 27/64, 81/256, 243/1024,

Choice (A, B, C, & D):

c) an = 1 +§ifl
n

Choice (A, B, C, & D):

n/n-I-l for n odd

for it even

Choice (A, B, C, & D):

e) f)

d) an=l

8
3
8
3
8
.

.
.

8

 

H

Y

 

1234567 "' n 
Choice (A, B, C, & D): . Choice (A, B, C, & D):

2. The following infinite sequences (a)- (b) are described by giving their graphs, find

what the limitrs (if there1s one) or indicate thereis no limit. 1

a) The limit is , because:
 

a2 a4a6......a5 a3 a1
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The limit does not exist, because:

b) The limit is , because:

, 4 .

In

1‘

In

I 2 3 4 5 6 I

Y The limit does not exist, because:

3. Figure (A) below illustrates the fraction wall formed by fraction bars. Consider the

infinite sequence formed by the individual shaded fraction barsrn figure (B) below:

 

\

\

 

3,1 ‘ 3-2

Figure A Figure B

a) Write down the infinite sequence formed by the individual shaded fraction bars in

figure (B), and what is its limit?

b) Write down the infinite sequence formed by the partial sums of the sequence in (a),

and what is its limit?



246

4. In (a)- (e), select exactly one of the following answers:W

exnlanatinnn

(A) The indicated limit is a finite number L. In this case, state specifically what the

number is.

(B) The indicated limit is 0°.

(C) The indicated limit is - co.

(D) The sequence does not have a limit (Which excludes co and -oo).

a) 3n2 + 5n

n->°° 6n2 + 1

Choice (A. B, C, & D):___. For choice of A, L:

For choice of D, because

b)n1_ir;;°r(-1>n+%}

Choice (A, B, C, & D): . For choice of A, L:

For choice of D, because

. 31-!)

‘9 $9.. In

Choice (A, B, C, & D): . For choice of A, L=

For choice of D, because

(1) nljr>go(\ln§+n -\ln:+10n )

Choice (A, B, C, & D): . For choice of A, L=

For choice of D, because
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5 . The formal definition of the phrase ”nljgoan = L, L is a finite real number" is as

follows:

"For each 8 > 0, there is a natural number N such that lan - Ll< 8 whenever it > N".

7f 1 1 with 

a) Illustrate the meaning of this definition, by using the sequence {an =

n1_it>n°°an = 2 on a graph.

n

b) According to the fmml definition of limit, what would one have to show in order to

. 2n

We "11?... —11_+—l=2?

. . . . . . 2n

c) Usrng the formal definition of lrrrut, prove that “gloom = 2.

- - n

6. The infinite sequence an is defined by an =221:1. Which of the renewing is the

smallest N such that for n > N, an will be contained in an open interval of radius 1/500

about 3.W

a)N=1000 b) N=500 c) N=250 d) N=125 e) N=100

7. Find “ligan, given the information that the sequence {an} satisfies

3n -1 <nan<3n+2.

8 . Write down the formal definition of the negafignpf the limit of a sequence, that is,

"nlgglooan gr: L. where L is a finite real number".

9. SUPPOSC an = l -1 {333291

a) According tothe formal definition of limit, what would one have to show in order to

prove that “131;,“ does not exist?

b) Using themdefinition of limit, prove that nljggoan does not exist.

10. Using the formal definition of limit prove the following statement:

If“an and n1_lt>n°°bn both exrst, then 119$an +bn)ex1sts and

Ill-“>110 (an +b" ) = ultr>n°°an + nl-“>noobn'
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11. Consider the following sequence formed by geometric figures below:

@Q”:

a) As the number of sides tends to infinity what does the regular polygon look more

like and how many polygons are formed during this process? Why?

b) Describe in words what is the sequence formed by the geomeuic figures above and

what is its limit?

c) Does the limit of this sequence possess the same prOperties as the terms of the

sequence? Why?

12. Given the decimal expansion 09999....

a) Please explain whatmumis represented by 0.999... and why?

b) Please explain the meaning of 0.999... in terms of an infinite sequence and what is

its limit?

c) Please explain the meaning of 0.999... in terms of an infinite series and what is its

limit?

d) If one of your students said that 0.999... is less than 1, would you support him in

his conclusion if so, why so; if not, why not?

13. A grasshopper (think of the grasshOpper as a point having no length), starting at point

A, jumps toward point B. On his first hop he lands at M, the midpoint of the segment AB.

On his second hop he lands at N, the midpoint of the segment MB. He keeps hopping,

each time landing at the midpoint of the remaining segment.

 ‘ 1A :N .1“ :B >

-oo 0 1/4 1/2 1 w . -

a) Write down a sequence describing the length of the hops and what is its limit?

b) Write down a sequence to describe the total distance travelled at the nth stage of this

process and what is its limit?

c) Draw a geometric figure to describe both the length of the separate hops and the total

distance travelled by the grasshopper.

d) Does the grasshopper ever reach the point B? Why?
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14. For a given point P on the circle, the tangent to the circle at P was probably defined to

be the line which passes through point P and only point P on the circle. However, for

curves which are not circles, this definition would not suffice, as the curve in figure

below illustrates.

 

L i”

In this figure, line L, which is tangent to the curve at point P, passes through points of

the curve other than P, namely A and B. Moreover, there are infinitely many lines

which are not tangent to the curve at P and yet which pass through P and only point P

of the curve. Now, try to define "the tangent to a curve at a given point P" on the curve

to your algebra II students as an example to introduce the idea of the limit of an infinite

sequence.



APPENDIX B

Interview Questions

1. Please explain why the following eight statements about limits are true or false:

a) A limit describes how a sequence moves as n moves toward infinity.

b) A limit is a number or point past which a sequence cannot go.

c) A limit is a number that the value of the nth term ofa sequence can be made

arbitrarily close to by letting it go to infinity.

d) A limit is a number or point the sequence gets close to but never reaches.

e) A limit is an approximation that can be made as accurate as you wish.

f) A limit is determined by plugging in numbers closer and closer to a

given number until the limit is reached 

g) A limit is the value of the nth term of a sequence, when n equals to

infinity.

h) The limit approaches to a fixed number, when It tends to infinity.

2. Which of the above statements best describes a limit as you understand it. Explain.

3. Please describe in a few sentences what you understand a limit to be. That is, describe

what it means to say that “13;?” an = L.

a. What does "lim" stand for?

b. What does " n--> co" stand for? Does it ever equal infinity?

If not, how can we write "oo+m"?

"co +m = co -m" is this true or not? Explain.

c. What does " nljgl“ an " stand for?

What does "L" stand for? Is L a fixed number or a symbol?
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What is the relationship between "L" and " nljgo an"?

d. What is the relationship between "an" and alil)?” an"?

e. What is the difference between "an=L" and " “131;;m an = L"?

Do the "equals signs" have the same meaning in both statements?

f. When we make the statement " alga" an: L", does it equal infinity?

g. In the statement "as n-->oo, an-->L", what does the symbol "->" mean? Does

"an --> L" mean an will never equal L as long as it only approaches infinity?

4. We usually write the definition of limit for sequences as follows:

" V e>0 3 Ne N 3 Ian-Ll<e, foralln>N"

a. Please explain what each of the following logical symbols stands for?

b. What is the relationship between 8 and N?

c. Does the order of 8 and N matter in the process of testing for them?

d. Could you provide another way to define the notion of limit for sequences?

5. a. Do you think the notion of limit is an important concept in mathematics? Explain.

b. Why do we need the notion of limit in mathematics?

c. We need the notion of limit in order to solve what kind of problems?

6. What prior knowledge (or mathematical concepts) are needed for studying the notion of

limit? Explain.

7. Describe an activity that would introduce the idea of limit (of an infinite sequence or

series) to a group of children in:

k-2 grade range:

4-5 grade range:

a. Do you think the k-2 grade range children will be knowledgeable enough to

informally learn the notion of limit?

b. How about 4-5 grade range?

c. m?of activity do you think is appropriate to use to introduce the notion

o t

d. What grade range will be able to accept this activity? Explain.

e. Do you think we should informally introduce the notion of limit as early as

possible? Explain.

f. When do you think is the best time to introduce the notion of limit?
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8. What are the possible misconceptions, difficulties, and errors you encountered while

learning about limits, and how did you overcome them?

a. What do you anticipate are the misconceptions, difficulties, and errors that

students will encounter most while learning about limits? Explain.

b. Are there more?

c. Why do you think these cause trouble?

d Is there a way to eliminate these ?

e. Are there other methods?

f. Do you think these are caused by the abstractness of the limit concept, or due to

the teaching? Explain.

g. Is the limit concept easy to learn? Explain.

h. Is the limit concept easy to teach? Explain.

i. As a teacher, how are you going to teach the limit concept?

9. a. Given only the first few terms (as in the examples below), will the sequence be

10.

uniquely determined?

i) 1, 1/2, 1/3, 1/4, 1/5,

ii) 1]], 4/3, 9/5, 16/7, 25/9,...

b. Will we be able to find the limit of a sequence with only the first few terms

(finitely many terms) known?

a. One student found the limit of the sequence, {an=(3/4)n } , by writing down the

following statements:

(3/4)n = 3n/4n --> w/oo=l.

What do you think?

b. The other student stated that an=(3/4)“=3“/4n and as it goes to infinity, the

infinity of the denominator is bigger than the infinity of the numerator. Thus

the limit is zero. What is your comment?



APPENDIX C

ANSWER SHEETS AND SCORING SYSTEM

Basic Understanding

1. In the following infinite sequences (a) - (f), select exactly one of the following answers:

(A) The indicated limit is 0.

(B) The indicated limit is 1.

(C) The indicated limit is -1.

(D) The sequence does not have a limit (which includes no and -oo).

AAAA----AHAL-A‘A-AAAA--A‘AA-A-ALAA-AAL‘M‘Ltk‘AAA-A-‘A-AAA-AAAAAAAA-A-AAAAA-Afi-AyL-g-M-LI-A

rrrrrrrrrrrrfirrrrvrrrrv—rrrrv—rrr7vrwrrrv—rrw—rrvrrrvrrrrrrrrrvv-rr—r-rrv—vrrrrrrvvrv—rv—vvrtvrrvvvrrrrrrrrfvrrrfffvrr

Correst Answer:

a) 1, -l, 1, -1, l, -1,...

Choice (A, B, C, & D):_D_.

b) 3/4, 9/16, 27/64, 81/256, 243/1024,

Choice (A, B, C, & D): A

H n
11

Choice (A, B, C, & D):_B .

C) 311: 1+

n/n+l for it odd

for it even

Choice (A, B, C, & D): B .
...In...I......-AAAAAAA-lAJAIAIJIA.L-AA-l‘u-AAQAAL‘L‘AA-‘A-AAA-IA.....LAAAAJ-l-A-AL-AL‘w ..........

d) an={

r- - rrry—r' rrrrrrrrrrvv—rrrrr- rvrr- ffr- rr- rrrrv—rrrrrrv rrvrrrrrrrrrrrrrrrrrrrrrrru v-rr-vrrrv-r- rrTrv rrrrrr- rv-trrrrr



....a.AAA-gnu:up-..tLJA...-lmnnggnnA-nnA.n.mm;;-----.-_-AAJJn.--.;n-Ann-A-A-IAA-‘LAAA-.-.-nn-‘nn-nnnnn; .....

 

 

1234567 "' n 
Choice (A, B, C, & D): D . Choice (A, B, C, & D): B

AllI.A‘-w..--IAA.A-‘AAAA.A..-ALAAIAAAAA‘LQAA‘AA-lA-L-‘L-‘--Al-AlA‘A-ALL-.-.-‘A-A-J-M-ll‘l

rrrrrrrrrrrrrrrtrrrrrrrrvrrrrrrrv-r-rv’v—rrrv-v-rrrrrrrrrrr—rrvrv—rrrrrrrrrwrrv—v—vrr—rrrrv—rrrvrrrrrrrvrrrvfirrrrrrrrrr

Scoring System For Question #1:

0 pt.-- Incorrect choice of A, B, C, and D.

1 pt.-- Correct choice of A, B, C, and D.

rrv - vr- rrrrrrrrvrrv rrrrrrrrwrrrrrrrrrrrrrrrrvrrv v—ffrrvrfrrfrrrfrffv‘rfrfffrfrv rr- r- r. rrv—v—rrrrrr—vrrrrrrrv rrrrv—

2. The following infinite sequences (a) - (b) is described by giving its graph, find what the

limit is (if there is one) or indicate there is no limit. In both cases, please explain why.

rrrrr- rrr- rrrrv’Vrrrvrv rr- rrrrrvr- rr- v—rv trrrvrrvvv—rrvvrrrrrrrrrrrvrrv rrrv- frffff'fftfffrrffr—rrf'rrf' rrrrrrrrv

 

Correct answer:

a)

a2 114:6... a5 a3 a1

- >00

1 1 1 1 1

“2 '4 '6 ° 5 3 1

The limit is 0, because I an -0 I =% , and % gets arbitrarily small as 11 goes

arbitrarily large or

We can see that we can get an as close to 0 as we want by taking 11 large

enough.

n...-...IL.AA.n-n-n-g-n-m-g-n-n-g-AAL-n...-.....g-n-n-ngA-.A-n-A-A-AJ-tAA-AA...-A-mgAAA-nA-ALAA nnnnnnnnnnnnn

V‘v rrrrrrrv—rrrv—rrrrrrrvrwvrrrrrrrrr'rrrrw fofff'frrfrv’vrrrvrfrv’v‘vrr'frrvrrvfrrrrrrfrfrv'r'frfffjrrv’rrr'rrvfiff



Ann:ALALAAAA-nn-nnggmALJm-nnon.Annggmn‘Aug-‘A-A-nAnn-A-n-nmnnnnnnnmnm‘4A-anngm nnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

‘V'U’rv'rfffrv'rv'v—vv— v - trrrrrwrvrrrrvvrrrrrrt rrrrrrvrrrrrrrrvwvw-vvrrrrrrrvvvv v r- rv'rrrrrrrrrrvv r- f'rvrrfrrfrrr' '7‘

 

[13456 n...

 

The limit does not exist, because for odd 11 an is equal to 1, for even it an is getting

close to 0, but there isn‘t any single,number the an are all getting close to.

A.....AA‘AAA.IAAA-A.A...ALLALJJAAAIAAAJj-‘AA‘AAAA‘AA-‘AAAJJMALLA-AA..‘A‘A-A‘AAAA-JA-IAJ-Alfl-lh‘A-A nnnnnnnnnn

rrrv—r—vvrv rrrv—rrrvrv rrrrvrrv rrrrrv vrrrrvrrrvvrrrvrvvrrvrr'v rrvrrvr' ' ervav v 7" vrrrrrrr'rrrv—rrrrv- — ffffffivrff"

4J4...)...-AnnnmggnmtmnmmmnmnggngA‘AJ-mnnz-AA‘A-AA-A-AAJLAAnA-A-n-AA-nnnggn...-‘A-Amm-.....-.-n-g-nm-n-n-n-n-AA-

r- rrv rr—rvrrvrrrrvrrrrrrrrv - v-v-rrv—rv—rv rrrvvv—rvrvvrrrrrrrrvrrrrrrrv—rrrrr. v v ' rrrrrrrrrrrv—vrrfr- vrrrrrrrrrrrv rrv-r

Scoring System For Question #2:

0 pt.-- No response.

0 pt.-- Incorrect choice of limit exists or does not exist. For example, choose that 2-a does

not have a limit, or choose that 2-b has a limit. In both cases the choice was

wrong.

1 pt.-- Incorrect choice , but provide adequate explanation why the given sequence is

convergent or does convergent.

1 pt.-- Correct choice, but providing no explanation why L is the limit or why the given

sequence does not have a limit.

2 pt.-- Correct choice with reasonable explanation for that choice. For

example, choose 2-a has limit 0, because We can see that we can get

an as close to 0 as we want by taking n large enough.

JA‘AAAIAAAAAAA-l‘A-AIAA‘IQLJ!AA-AAAAA-‘AAAAAAAl-IAAAAAAALAJA-AAA-AAA-A‘AjnA..-ALIAJ ---------------------- n ..

rv'rrv rrrrrrrrrrrv—vrrrrrrv—rrv—v rrrrtrrrrrrrrrrrrrrrrrv rrr- rv—v—r- rrvru rrvrrrrrrrrrrv - r. vrrvrrrrrrrrv—rv—rrrrrrrrrr

3 . Figure (A) below illustrates the fraction wall formed by fraction bars. Consider the

infinite sequence formed by the individual shaded fraction bars in figure (B) below:

1 , .

1/2

1 l3

1 /4

1/5

1/6

1/7

1/8    
0

0

O B-2 5 B-n

Figure B

 

Ll.le...InIA.A.A..‘AIAAAAA-A-l-A-l-L-LAA-AAAJ-A--.Jj-AJ-A-lI‘ll-LIIAIAAAIl-ALAJ‘LA nnnnnnnnnnnnnnnnnnnnnnnn

wrrrv' frrrvrrrrvvrrvrrrrrrrrrrw v rrrrrrrrvrrrrvvv v. v v rrw- vrrrrrrrrr. fffffrrrrrrrvv'ffrffr' frrvrrrrrr'r'rrfrfi

 



AAA.I‘LL...AllA-A-AAAA--.AAA-Jj-AAA‘A-LAAA-Ay‘l-LA‘fi-AAAAAAA‘A.-A-A‘AAA‘A-A-Al-A‘JAAAAAAJAA-AAMAA .....

a)Write down the infinite sequence forrmd by the individual shaded fraction bars in

figure (B), and what is its limit?

an.nn.j--.Aan.g....;AA-n.AAA-AAnnnnngm-ngggg.-..A-AJA-ngng...-.mgg.AA-JAAALAA-gnnngllm ......................

Correct Answer:

The sequence is {l/n}: 1, 1/2, 1/3, 1/4, ..., l/n, or

An=l/n. The limit of this sequence is 0, or

=2k—k=n11,/k the limitrs infinity.

A‘.‘...-lI.AAAAl-‘A-A-lllAAA-A.A-AALA‘AA‘AA-AAAl-AL-‘JALA-L-AIIAAA-fi.A-‘A-A‘A-IAA-AAjA-IIA-Ih-Lj nnnnnnnnnnnn

v-v w—v—v-v—vvrv—v—v—ru—rv—rv—rrrrrrrv—rvrrrrrrrrrrrtrrv—rrrvrvrrrrrrwvrrr' rrvrrvrv—rrrrv-rrvrrrrw—rrr' r7- vrrrrrrrrr'rrv—rvrrrv—

Scoring System For Test Item #3-a:

0 pt.-- No response.

0 pt.-- Incorrect response. For example,the sequence is {B-l/n} and the limit is B.

1 pt.-- Providing the correct sequence with incorrect limit or with no limit number given.

For example, stated that {an=l/n] but the limit is 2,or other finite number rather

than the true limit which is 0; or stated that {39:21:21 UK} ,but the limit is 2, or

other finite number rather than this sequence is divergent; or the sequence is l/n

with no limit value given.

1 pt.-- Providing the correct limit with incorrect sequence. For example, stated that

an:1/2“, but the limit is 0 which is true for both sequences.

2 pt.-- Providing the correct sequence with correct matching limit. Folr example, both the

harmonic sequence {an=1/n] and harmonic series {an=2]1::‘f-k j is considered as

correct responses, and their limits are 0 and co, repectively.

...IA.A.A..--AAA:AlAAA-A.A--All..--lAA-----.‘A--A-A-l-AAA-‘r-A-AA-A.‘AA-----‘A----A--AA---‘.-.:L .............

rrrrrrrrvr—rrv—vr—rrrrrrrrrrrrrrrrrrrvy—rrrrv rrv rrrrrrrrrrrrrvrvrrvrvrrrvrrrvrrrvrvrrrvvrrv vrrrvrrrrrrrrrrrrv—rrr

Category II: Computational Understanding

4. In (a)- (e), select exactly one of the following answers:(Wye

mammal.)

(A) The indicated limit is a finite number L. In this case, state specifically what the

number is.

(B) The indicated limit is co.

(C) The indicated limit is - co.

(D) The sequence does not have a limit (Which excludes co and -oo).

In.A....‘A-AA...LuALJAAA-AJ-AAAAA‘AAAAILA-JAAALA-LAAAI-AAAAA-lI‘A-lAnnn-LAAA-A.......‘AAIAAAAAlA ------------

rrrrrrv—w fff‘fffrrrrv‘rrffrfvr‘ v—rrv'rrrrvvr- rru—rv rrrv—r- rrrrvrvr.rrrr-rrrrrvrrrrrvrrrrrv—rrvrrv vrrrrv—rrrvrrrrrrrrrv



MA‘-A‘-AA
-A‘AAAA‘A

AALA-L-AJ
-A..-‘-AL

-AAA-AAAA
‘AAA-AlL-

AflnngllIL
A--.ALJ-A

A-‘A-IAA-
A-lllI‘ll

-M

rj'rvf- rvrrrvrrrr
rvrvvrvrrr

rvrrrrrrvv
w—rrrrrrvv

rrrvrvv rvvrr' fvffvrrfrfr
fv’frrvrv v'vrvrvvrr

'vvrrvvvv rrrrrv—rvv

 
 

Correct Answer

a) 3n + 5n

n >°° 6n + 1

Choice (A, B, C, & D):_A_. For choice of A, L: 1/2.

3n2 +5n_ lim 3 + 5/n __ 3 +1113?» 5’“ Z_3___l

6 ' 2
n->eo 6n2 + 1 - n->oo 6 + 1/n2 - 6 + n1_ir>nw1/n2=

Sinceboth lim 5/n=0and 1im1/n2=o

n->°° n->oo

. l
- n .—

b) alga” { ( 1) + n 1

Choice (A, B, C, & D):_D_. For choice of A, L:

(1) For Odd n, an tends to -1, and for even n, an tends to l

(2) But there is no 511131: number the an are getting close to.

§. 31-

°) “13;“... m

Choice (A, B, C, & D):_B__. For choice of A, L=

 

l-n

Either 421:5 = (% )n-l, or since % is larger than 1, the successive power of; go to

positive infinity.

a)nljg1”(m-m )

Choice (A, B, C,&D): A. For choice ofA,L= -g

aligu‘lnzm -~52+10n )

___ Hm (Vn2+n -‘ln2+10n)(\/n2+n +\ln2+10n)

no” (‘Jni+n +‘ln§+10n)

= lim (n2+n) -(n2+10n)

n'>°°(‘ln§+n +9N/n2-1-10n)

- n
=1im _—

n'>°"(\/n2-I-n +\In2+10n)

-9
=1im

n->°"(~Jl+l/n + 91+10/n)

 

 

 

 

 

 
 

(‘11 +n1l'9a1/n +V1+nugw10/n )

- .9.

_c-2 lim
0

Srncebothn_>°° l/n=0andn1_1;n°°10/n=0



wAIAAAAA-LLAAAAA-ALLA-ALJ-AAALALAIAOI‘A‘lhnAAA-AnnjA-AAA-‘AAA‘AJJ#MA.L-J‘A-A gggggggggggg

vrrrrrrrrrrrwrrrvrrrrrrrrrrrrvrrrv-r'r'rr'rrrrrtv—rrrrrrrrrrrrrvrrrrrrrrrrrrrvrfirrrrvvrrrrrrrrrrrrrrrvrrrrrrr

0 pt.-- Incorrect choice with either wrong computation ( #4-a, and #4-d) or with incorrect

explanation (for #4-b and 4#-c), or no response.

Examples:

If on #4-a a subject chooses B and gives the incomplete computation

3+5 8 121-10 22

6+_l 7’ 24+] 25’0

If on #4—b a subject chooses C and gives the following explanation

"As you plug co in you get .e. +1.1: = ... + 0 = -oo.", or

If on #4-c a subject chooses A and gives 1 for L with the computation:

3
:0 = 1,01'

If on #4-d a subject chooses C and gives the following computation.

“I?” [(n2-1-n) lfl -(n2-10n)/2

=nlir>nn (n2+n)1/2-“1i?”-(n2110ml”

lim 1 lit-n)” 10 l

=n->..<1+~+%>’2- as... (11,-) ’2

= 1-1 = 0

2 pt.-- Correct choice, and correct number L (for #4-a) or correct explanation (for

#4-b and #4-c) or for #4-d one last crutial computational error.

Examples:

If on #4—a a subject chooses A and gives -;- for L, or

lim
If on #4—b a subject chooses D, since it>0oaznittangoaznfi or

If on #4—c a subject chooses B and gives the explanation that "the

geometric sequence with ratio bigger than 1 is divergent", or

If on #4-d a subject chooses C and gives the following computation:

n2+n-n2-10n

Vn2+n + \I l+lOn

 

I.A.-..A‘.IIAAAA-...-AA.A-ALA-uL-AAAAAALALAAAAAA-IAAA..-.A-A‘AAA-A-..‘A-A-A‘AALAA-I‘ll-ALLIAAAA-AM

- u - rrr' rrrrrrrrvw-rrrry-rv’rrrrrrrfirrrrrrrrrrrv—v—rr—rrrrr7rrrrrrvrrrrrr—rrr—ftrrrrrrr. rrr' vvv' v rrrrrrvrrrrv rv—rrrv—v—

 



Continued

..-...---...--.A--.-.---A.-...-.‘AA-‘ggnnggnA..-A-ALLAL‘J-A-A-A-AA-nn:-anal-AA.-Am.-AL-LLmAAA-AAHA‘JAJJAAIA

3 pt.-- Correct choice, correct number L, and correct computation (for #4-a and #4-d).

Examples:

If on #4-a a subject chooses A and gives 11,- for L, and the following

computation:

3n2-1-5n_lim 3-1-5/n_3+nl-1m 5’“

n->- 6n2 + 1 n->- 6 + rm2 6 + n1_im>m1/n2

. - 2_

Smce both “131;" 5/n= 0 and n1_1gm1/n-=0,or

  -31-}.
6‘2

If on #4-d a subject chooses A, and gives -9/2 for L, and the following

computation:

Ingloo(‘ln:+n -‘\ln§+10n)

= (Vn:+n-\ln:+10n)(‘ln:+n +\/n§+10n)

n'>°° (‘ln§+n +\/n2+10n)

(n2+n) -(n2+10n)

'>°°(‘ln2+n +\/n2+10n)

-9n
-lim

=n">°"(‘ln:+n +Vn§+10n)

 

 

 

 

 

=n->°°(\ll+l/n +1+10/n)

-9
 

  

=-(jl+nlit;1°°lln +\/1 +nljg1”10/n)

Sinceboth lim l/n=0and 1im10/n=0

n->°° n->oo

t.....-n..‘A-IAAAAA‘A-lll-‘A-A-I‘ll-A.AllAll-...AJAAA-n-AAAA‘l-‘AAA...‘AA-A-AAAAA-AAA-AnAAA-‘tAM .....

v rrr- rv rrrv rrrrrrrrrrrrrrrrrrfvrrrrrrrvrrrrrvrrrrrrrrrrrrrwrv—v—rrrrrrrrvr-v-rrrrr-rrrrrrrrrrrrrrrrrrrvrrrrrv rv rv—
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Category III: Transitional Understanding

3. Figure (A) below illustrates the fraction wall formed by fraction bars. Consider the

infinite sequence formed by the individual shaded fraction bars in figure (B) below:

 

 

1

1/2

1/3

1/4

1/5

1/6

1/7

1/8

: f '1 34 : 8-2 “I M

Figure A ‘ Figure B

b) Write down the infinite sequence formed by the partial sums of the sequence in

(a) and what is its limit?

Correct Answer:

This sequence is {an ... 2 {if 11; 1: 1, 1+1/2, 1+1/2+1/3, 1+1/2+1/3+1/4,...,

l+1/2+l/3+...+l/n,...

The sequence is divergent and has no limit. Or the alternative answer is the limit

is positive infinity.

rvrrrrrrrrrv—rrv—v rrrrrrrv—vrrvv—rvrvrrrvrrr—rvrvrrvvvvrrrrrrrrrrrrrrrrrrvrrrvr. vrrrrrrrvrrvvrrv v rfrffrfrv'rv'r‘f‘f' r.

rrrrvvrrvrrvvrrrrrrrrrrv—rvrvvvrrrrrrvv—vrv—rrr- — rrrrvrv rrr- rr- rrrvvrv—rv'rrvrr' v—rvrrv—v—rv—v—vrrvrtrrrrv—rv—r—rfrvrr

0 pt.- Incorrect sequence and incorrect limit.

Examples:

If a subject gives the general term of the sequence as an =i11'+ :41: + ——n1+2 ~

and gives 0 for L, or

If a subject gives an = )3 112:? 51k and gives 2 for the limit,or

. . l . . . 1 . .
If a subject gives an — — and gives the expressron "11910E for the hunt, or

n-l

Ifasubjectgives the sequence as:-;-+% , %+%, g-tg, and gives2for

the limit.

A;‘A.AA---AAAAA-nAnt-AgggangnagA-A-AAA-nnAnm-An-A-nAAA-Al‘sLA-nn..A..A.....AJA‘.AAA..--AJA-nn-AAAA-nmgnn .....

v v rrrrrr- rrrvrrrrr—rrrrrrrrrrv ffffv’f' rrrrrv—rrrrrrrrv—rrrrrrrr- rrrrrr- rrrrrrv v rv rvrv rrv rfrrrvrrrrrrrrr- rrrrrrrv



A.-...mn-mng.nnm...JJ.--....:1nA..n----...-......-...-n.---AAA-...A-n1“....-Agnggnn-ngnnmnn-A---.--.-; .....

Vfr—rr' frrffyrrrrrrv rrrrrr. rrv rrrrvrrrrr. fivv’frfv’fr'rfr'ftr" rrr- rrrrfrrrr- v rrrrrrrrv—rrr' ry—rrV—r. rrr. rrrr. ' r.

1 pt.-- Correct sequence and incorrect limit.

Examples:

If a subject gives the sequence {an=2 15:? i i and gives 2 for the limit or other

finite numbers, or

If a subject gives the sequence {an=2kk:'1‘% } and gives no limit.

2 pt.-- Correct sequence and correct limit.

Examples:

If a subject gives the sequence is {an = 2112311112 } and the sequence is divergent

and has no limit, or

If a subject gives the sequence in the numerical representation as

l, 1+1/2, 1+1/2+1/3, l+1l2+l/3+1/4,..., l+1/2+1/3+...+1/n,...

and gives the limit is positive infinity.

Ill..-In...AAA......--AAA-ll-‘A-IA-A-AAAI...-CAAAAAA-A-AlllhlA.‘AA.AAAAI._AIAAAIAAAAA-AAIQAAA.Ill-AA‘ALA‘A-QA

5. The formal definition of the phrase "nljgoan = L, L is a finite real number" is as

follows:

"For each 8 > 0, there is a natural number N such that Ian - Ll< 8 whenever it > N".

a) Illustrate the meaning of this definition, by using the sequence {an = 32.11fo } with

nljgoan = 2 on a graph.
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rrrrrrrrvrrvvrrrrr-rrrrrrrrvrvrvrrrvrrrrrrrrrrvr'vrrvrrrrvvvvrrrrrrrvrrrrrrrrrvrvrrrrrvrrrrvrrrrrrvrrrrrrrrr

II.IA-hlllfihllflln-lll‘A-ll‘...A-l.‘All-AA-‘A-LA-A‘LL-lIL.A-..A-......‘AA-AAAAA-IAA-AAAAIJ nnnnnnnnnnnnnnnnnnn

rrrrrrvrrrvrrwrrrrrrrrvrrrrrfrvrrrrvrrrvr-rrrrrVVVrvr'rrrrvrvrrrrrrrrrrrurrrrvvvrvrrrtrrvrrvrrvrrrvrrrrrrrrr

Correct Answer For #5-b:

One would have to prove that for any positive real number a there is a natural

numberNsuchmau—n—zL-2|<e ifn>N.

In.nI...n-AAAAAAA-AAJA-ln‘AAA.AAA-L‘AA-AAAAA-IAAIAA-AAlJ-l-‘A-l‘nhl-AA-L-AIAA-IAA-A-AIL nnnnnnnnnnnnnnnnnnnnn

LI.ll.A.In-A-filjjfi-‘LJ-lflALIA-AAA..-.A-AA-Al-n-AA.‘fi-A-A-hllnllflljll.‘l‘A-AA nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

rrrvrrrrrrrrrrrvrrrrrvrrrrrrvrvrrrvrrrrrrrrrrrrrrrrrrrvvrrrrrrrrrrrrrrrrvrrvvrrrrrrrvrwrrrrrrrrvrvrrrrrrrvrr

0 pt.-- Incorrect graph (for #5-a) and incorrect response (for #5-b) or no response

Examples:

If on #5-a a subject gives an incorrect graph of the sequence and

incorrect labelling of the limit on that graph, e.g. graph (a) in Fig 5.1, or

If on #5—b a subject gives an incorrect statement like "the limit of n

approaches co"

1 pt.-- Continuous graph (for #5-a) and explanation with some ideas in it.

Examples:

If on #5-a a subject draws a continous graph, e.g. graph (b) in Fig 5.1, rather a

discrete graph, or

If on #5-b a subject gives the following formal definition explanation:

"Foreache >0,thereisanatural numberN such that Ian - L l < 8

whenever it > N".

2 pt.-- Correct graph (for #5-a) and correct explanation.

Examples:

If on #5-a a subject draws the correct graph, or

If on #5-b a subject responds that " for any POSitiVC real number 5 there

is a natural number N such that l-n—2_1:_-—1- -2 I <2 if n>N", or

If a subject gives the following explanation "for n>N, the terms of the

sequence all lie within e units of 2".

*tt*ttttitlfiittifittttttfifittttititttt*t.‘iti*ttfifitttit.tti.*¢**t¢**t*ti*¢$t¥ttttttttttt
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- _ n

6. The infinite sequence an is defined by an = 6—‘39L Which of the following is the

smallest N such that for n>N, an will be contained in an open interval of radius 1/500

about 3. (Slammed!)

a)N=1000 b) N=500 * c) N=250 d) N=125 e) N=100

In:n-nnnmgn...-AnA..-n-..-an...AAA..AAA-AA-nnmngnnAAAA-‘AAAl...A-AAA-AAALJAAA-JA-nnnngJLA nnnnnnnnnnnnnnnnnn

rrrrrrrrrr' rrrrrrrrrrrrrrfvrrrrrrrrrrvrrvv—rrrrvrrv—v—rrrvrrrrrvrrrrrv—rrfrrrrvvrr—rrrrrrrrrrrrrrrr'rrr' rv rv rvrvr

 

 

lat! 3' :2

— — —

:3‘) Ian] :3|‘<‘5K)c, IffEZ ‘<:S(x3

..........-...-...--.-...-............-..--...rrr..-..-LJ.-IILA.-.LJ..-....--.-....-xa--.-r .................

carefree.referrrrrrvrreececereeferrreerrcrreferrerr'vecerrrrcrefereesreeverrvrereereerrrrrtrrrefer'rrrrrrrrv

..........J........-..---.---......-......-.,.-..-.....-..--.-..IJA-.-..-..J..--..---..--L.-.-.-.......-....-...,

errrrcrrrrvr.eerrcr-errererreeerrrrerrerrrfvrreveefrrvererrerree,creervrrrrvrsrrcefcffifreceiverrrvrerc-,,-rr

S I S E Q U Elfi

()1)t'"' quJIIBSIIUflISCB(IrIURCKJITEXIIINBSFKDUHNB

If a subject chooses N (=500), or

If a subject chooses N (=125), or

If a subject chooses N (=100).

1 pt.-- Correct choice for N (=250) with no work shown.

2 pt.-— Correct choice for N (=250 ) and correct work.

Examples:

If a subject chooses N (=250), and shows the following correct

computation,

I an - 3 I =fi

1 . 1 1

SO Ian-3|<m lfiifi<3m

Iff 2n > 500

Iff n > 250

80 N = 250, or

If a subject chooses N (=250) by plugging all the possible N‘s and

concludes by looking at the patterns.

t..-n..-‘nng-nnng.mm-AAALL-An-AA-AAAAA.AA-AAA-Lu-AA-AAAAAAAAAJA-.-AAAA;-mALAA-g-n-.4A-AAAJA-AngAL-A.--.J.A.A

rrrrrrrrrv—r-rr—rrrrv—vv-rrru rrrrv—rrrv—vrrrrrrrrrv—rrrrrr7v rv—rrrrrrrv—r' v rrrrrrv—v—v—v—v—frrrrvr7ry—rrvvrrw—rvvrrrvrrrrv—rrrr



..AA.A.-I-AAAIAL‘A-A-At-J‘....AA‘LA-A-L-AAAJ‘ALA-AAAA-Al-A‘AjuA-A-A‘AAu-L-..AAAJ‘AA---AAAAA-A-A-A-A‘ALA-L-

rrrvrrrrrrrrrrrrrrvvrrrrrrrrrv rrrrrrrrrv—vv—v—rrrrrrrrrv—rrrvrrrvrrv—rrrrrrvrrrr—v—rrrrrrv—rvrrrrrrvrr—rvrrrrrrrrrrrr

7 . Find nljglooan, given the information that the sequence {an} satisfies

3n-l <nan<3n+2.

AAA...g-Q-‘A‘AAll..-AAA-ll-AAA-‘AAQA-AAlA-A-A‘AA-LuA-lAA‘AAAA-AA-IA-A-fl-‘AAAAJ -----------------------------

frrf‘r- rrrrvvrrrvrrrrrrrrrrvrrvrrrrfrrrrrrrrr' v- frrfrffrrfv'vv-w—rv—f' rrrrrvrvavrvrv-rrvrrrrrrrrrv-rr'ftv - rrvrrrr

Correct Answer:

 

3 -1 3 +2

Jir—<a“< nn

1

3--;;<fin<3-1%1

l 2 n N ° ..
Both 3- n and 3 +6 tend to 3, so by the squeeze Law nljtgtman - 3.

A.....-nn;A.AA.nAA--AA..--nnILA.-.--.-.g.A...4.AAA-AAAAAAAAAAAAALAALmA4-nmm-n-.AA-A-A AAAAAAAAAAAAAAAAAAAAAAA

rrrv‘v'fv - rrrrv—rrrrrrrrv rrrrvrrrrrrrrrrrrrvrrrrvvrrrrrrrrvrr- vrrv—rvrvrrrrrrrv ffffffrfffr—fv rv r- rrrvrrrrrrrvrrrv

AA..-AA..A....AAAALA-LLA-AIAAAAAA‘LLAA‘..AAL-A-AAAA..ALJMAAIALLJA-AAA-A‘A-A-n-A-A-A-AAAA AAAAAAAAAAAAAAAAAAAA

rr-rv—rrrrrrrrr—rrvrrrrrvrrrrrrrvrrrrrrrrvrv—rvrrvrv—rvrrv—rrrrvrrvrrrrrrrrvr' rrrrvrvrr.-r—rrv—rrrrvrrrrrrrrrrrrvrvrv

0 pt.-- No response or incorrect response.

Examples:

If a subject says the limit is infinity, or

If a subject gives the following answer:

3n-1<nan<3n+2<==>3(oo)-l<(oo)a(e.)<3(oo)+2

3 < oo ace < 3<==> This is a contradiction.

-_ iv anwrlim = i .IPL G es s e n_>man 3wthnoworkshown

2 pt.-- Correct limit found by using half the inequality.

Example:

If a subject gives the following computation:

3n+2. . 3n+2_ . _2__ . _2__ _
n will?» 11 -nl_n>n°°3+n—3+nl_tgtwn-3+0—3.
  

an<

3 pt.-- Correct limit with correct computation.

Examples:

3n-1 3n+2
If a subject gives the following expression: -n— < an < n

for patterns by plugging in different values for n, or

 

and looks

If a subject finds the limit and gives work by using the Squeeze Theorem.

A....-ILLIAAIAA‘le-L‘l-AAAAAA‘AAAlA-A-AA‘-..‘A....-AA-l-”AAAL‘JALA-AJJAAJAJLtjfiA-L nnnnnnnnnnnnnnnnnnnnnnn
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Category IV: Rigorous Understanding

AA...-Ill--A‘A-AALLAAA-A‘AALLAA-LA-AA-AIAAA-AALIA-A-Ll-At-AAA-AAAAAA-A-AAAAAAAJAAAMA‘l-AAAAAAA-A-M“.-

rrrrrrrrrrvrrrr'rrvwrv ffrrfffrvvff'vfvfffvvvr—varfrrrffrrfffrrrfff7"-frrrrfV'fv'fvrrrrrfrftfvfrr'fffrrfvffffrrf

5. The formal definition of the phrase "nljtglman = L, L is a finite real number" is as

follows:

"For each e > 0, there is a natural number N such that Ian - L l< e whenever n > N".

2n

c) Using the formal definition of limit, prove thatn _n_+—l= 2.

 

CorrectAnswer:

2n 2n-2n-2 2

In +12'=' n+1 '= n+1

Lete>0begiven. Then Fig—l -2I<e ifn——il<e

whichis true if—;1 l-

8

whichistmeifn>2~l

8

So the first integer past 2 -1 would do for N(e).

E

.jA-J-AAAL-Ljn-A-n--n-nAA-nmA-Amnnnmnnmnng‘-..;.A.LA‘.AAA-AAA‘AAA-A-‘mngn...A-nn-.....nL-AA-AA-A.--Annnmmmnn

ffffrrv’rfvrv rrrrrrrrrrrrv- vtrrrvfrrrrrrrrvrv'rvrrrv—rrt— rrrv rvrrwrrrrrvrrrrrvvrrrrrr- rrrrr' rv rrrrrr- rvrrrv rrr

OO.itttt.....ltilil......t.I.O.t....ttttttfillittfiltfittfififiOOOOOOOOOOOOOOOOOOOOIOOOtttit

WW

0 pt.-- No proof or incorrect proof or merely finding the limit of a given sequence rather

than a proof.

Examples:

If a subject gives the following proof

lirn 2n lim

N- 2n n->°° n->oo
Inn = = . = - = 2. or
a-» n + 1 nljrgr” n+1 1113?... 1+1/n 1

If a subject gives]: 2n(n+-—1—1- )= 21“” "(n—11') =, or

 

If a subject gives 3% = 1;: = 2

1 pt.-- Incomplete proof

Examples:

If a subject shows part of the proof as

. 2n 2 (n+1) . _-_

n->oo n + 1' n+1 =0’ n->ooll+1=o ,or

If a subject shows that IL+1~2 l-— I Liri‘l2 | =| n—fl I

‘A.WAAAA-.‘LAL-A‘QLLLL-lLl-‘AAA‘AIJll-Lfil-AAAA-‘Ll-AAA-AAAAA.AAA-‘ALLA-AAL-AAAAAAALA-Al.-.A-‘A-M.A

v rr- rrrrrrrv fff'rrfvfrrrrv—frrvvrffffffff' 'rrrrvrrrrrv—rrrv—vrrrvr- u—rv—v—rr- r. rtrrvrrrrrrv—rrv—v—rrrrrrrrrrrrrrrvrrv—

 



jA-l..AA-.A--‘A-‘AAA-AAJAL-A-Lt‘lAJA-AA-AAAA;JAAA-A-AA-Alli-IAIAA-A‘AA-A-A‘A.IQ...AAAA-ALJll-‘ALJAALAL ......

2 pt.-- Slightly incorrect proof.

 

Examples:

If a subject shows how to find N for a specific choice of 8 (8=0.01) but not

how to find N for general 8, or

3 pt.-- Correct proof.

Examples:

If a subject proves that I 712+f -2 I = 20:312.!) = nil < 8

n+1<2l 8 ---=> n<2/ 8 -l

N=[2/ 8- 1]

rrrrrrrrvrr-rrrrrrrrrrrurrrrrrrrrrurrrrrrrrrrrwrrrrrvrrrrrrrrrrrrvrrrvrrrrrrrrrt-rtrrrr-rrrrrvrrrruryr.rrrrr

8 . Write down the formal definition of the nsggg'gnpf the limit of a sequence, that is,

"111.1%“ at L. where L is a finite real num ".

...-......n..m-n-n-nmA-IA-n...-AJJ‘A-ngnggngnnnan-.....AL-AAAA; .............................................

rrrrrrrrfrrvr-vt-vrrrrrrrrrrvrrrrrrrrrrrrrrrrrrrrrrrrrrrvrrrrvrrvrvrrvrrrrrrrrvrrrtrrrrrrrrrrrrrvrrrvrrrrur7

There exists a positive number 8 such that given a natural number N there exists

 

 

n>N such that Ian-Ll > 8

Alternative: There exists a positive number 8 such that Ian-LI > 8 for infinitely

many n.

0 pt.-- Incorrect statement of definition.

Examples:

If a subject states that the definition is "The negation of a limit exists

when a sequence approaches one value from below but a different one

from above", or

If a subject states that "If the limit goes to L then the limit an is not equal

to L".

1 pt.-- Statement with two quantifiers wrong.

Example:

If a subject states that "if there exists an 8 such that there exists a natural

number N such that I an-L l S 8 for each n > N"

AllAAAAA-AA-AA-.A-At-AA-‘A-A-LALAL-L-nllfl-A-‘A-AA-AAA-Al‘A-l‘ ...............................................

r-rrrrrrrrvvvrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrvrrrrrrrrvrrr-rr.'rrrvrrrrrrrrvrrrr"rvrrrrrrrtrtrvrrrrrrrrrr-rrr

 



4-..-.-....nngm .............................................................................................

vrvrv' rrrrrv vvrv rrvvrrrrvrvrrv rtvyfrvv rrrvrrr'wrvrrrvrrrrrrrrfrr—rvrvvrrvr- rrrrtrrvrrrrr' rtrrffrrfrfrrfrff' v-

2 pt.-- Statement with one quantifier wrong.

Example:

If a subject states that "there is an 1: >0 s.t. for all N l an-L I 2 a when n >N."

3 pt.-- Correct statement.

m-Angnngngmmnj-nn..A...-gg-n.--.A-.AAA-LAAL-AAA-nn-...--.g-‘AAAgAnag-A-Admgmgnllnn-AAAA...-gnnngngnnngl .....

rrrrrrrrrrrrrrrrrv—vrv—rrrrrrvrrrvvrrv-vvrv-rvvrrrrrrv rrv r-rtvvvvrrrrvrrrrrvrrvr—v—rv—rvrrrrrv'rr- rvrrrrvrrrrrrrrrrr

9. Suppose an = {-i :3? $833

a) According to. the fmnal definition of limit, what would one have to show in order to

prove that “131;.an does not exist?

A..I.l-‘JA-AA-‘AAA-AAAL-AAA.AA.AAAA‘L‘AALL‘ALA‘A..-L‘AAIALL‘AA‘LALLAA-‘h-flA-AAAAJ ----------------------------

rfrrrv—frvv‘rrf‘ rrv frVfivrfflr‘v’rrffrf'rffrfffv'7' vv vv v rfrvrrffr'rrfrv’v’frfrfffffrrvv—fff'Vv'frrfrrrrvrrfffrffv rr

Correct Answer For #9-a:

One would have to prove that for any number L there is a positive number 8 such

that Ian-LI < 8 fails to be true for infinitely many 11.

.n.jA-j-an...AAA-m-ngmj-l-nl4---‘--...A-A-.4A.-;n-AAA-A-AAAAAA-A-nmm-A-...-.m-gn-n-n-ngL-nl-I‘m-AJj-A nnnnnn

rrrrrrrrrrrrrv—rrv 'ffff'fv'rvv'. rrrrrr' rrrvvrv—rrvvrrvr'rrrrrvrrrvrvrvrv rrrrwvvrrru—vr. rrrrrrrrrrrrrvrv—vrrrrru—v—rv

Illl:-...-l-ll.-l-A-l-lAA-A-JAl-L-AA-ll...-......-AAA.-Illa-I-A-A.A.IALIA...-All--l-...-AA-IIJL‘L-A-l-I:IIAJ

rrrrrrrrvrrrrvv—rrrrrv—rrrrrtrrvrv 77v rrrrrrrwrrrrr- rrrrrrrv—u rrrrrrrrrrrrrrrr.rrrrrfr. rfrffrffffffrrrrv’v'r—V’I rv—rv—

Correct answer For #9-b:

Let L be the proposed limit, and take e =l/2,

Then there is an N such that Ian-LI<1/2 if n>N.

That is, L -l/2 < an < L +l/2 if n>N.

Taking It odd we have L -l/2 < -l < L +l/2 implies that -3/2 < L < -1/2

Taking it even we have L -1/2 < 1 < L +1/2 implies that 1/2 < L < 3/2

Obviously L can't not lie in both these intervals.

AlIA.-ILL-AAIIA.AAAAlA-AAAIIA.AA.Illa-l-IAAAnlAAA-AA-QAAAA-AA-AA-AAA-AAA-A-AAn-nA-J nnnnnnnnnnnnnnnnnnnnnnnnn

rrv v v v r- ru—rrrr'r'rrrwrrrv—vrrrrrw—u rv—rv-vv-rvrrr-rv - rrrrrvv rrrrrrvr- rvrvrrrrrru v- rrrrru—rv—rrru—rv—rv r- v v rrrv rwvrrrr

rrru—rrr- rv-v—rrrrrrv-v rv—rvvv r7- rrrrurr- v rrwrrv—r—rv—rv—rw- 1 rr- w v—uvv—rv rv w—ru rrrr—rr- v rtr-rrv—rrv—rrrv rrv—rrrv—v rrrv—v—rrrv - rr

0 pt.-- Incorrect statement (for #9-a) and incorrect proof (for #9-b).

Examples:

If on #9-a a subject states that "showing that there is no one value for an for

n->oo", or

If on #9-b a subject proves that:

311+] a +1

I lat—n— «>00an an as I] 

g...-..-..;n.4u4-;;.AA--IALAJA-;--AA-ALL-mmgnm-AA-A-AAAA-.....-g.-.-......g‘gnAnnA-AALA-A-A-‘L AAAAAAAAAAAAA



I‘llA‘MAA-‘A‘LA-AAAAA-ALLA‘A-‘A-AAAL‘AAAAAAAAAAAAAA‘ALJAAAOLA--AAA‘AAA-AALLgllAA-‘AAA‘A‘AAM‘A-Qnt

rrrrrv—w—rru—rrrrrrrrrrrrrw—rrrrrrrrrv—rrvrrvrvrvrrrrrrvrrrv v- rrvrrrr—rrwrv—v—rrrrrrvrrrerrrv—rvv—rrrrrrrrvrv—rv—rrrrrr

1 pt.-- Statement and proof not by definition

Examples:

If on #9-a a subject states that "The limit of an would have to be

lim an =1 and lim an = -1. Since lat-1, the limit would not be a unique one
n->oo n->oo

as it must be", or

If on #9-b a subject states that

IL- lforn odd

-1 for 11 even l<‘

L-l <2 L< 2+1

L+1< c L< 8-1

There is no N for which this will work.

2 pt.-- Statement and proof with one quantifier missing.

le:

If on #9-a a subject states that "there exists 8 > 0 s.t. no natural number N

exists that satisfies lan-Ll < e."

3 pt.--Correct statement and correct proof

...All.AA.-...‘l-AA-AA-A-A-AA“.AJAAAl-AA-LAJAL-A‘l---.-..‘LUL‘LAAALA-A-AAA-AAAA-AI--l.‘ nnnnnnnnnnnnnnnnnn

- rrrrrrrrv rrrrrrrrvrrrrrv rrrrrrrrrrvrrv—vv-rv—rrrvrrrrrrrrrrrrrrvrv-rvrrrrrrvrrrrrrrvrvrvrvrrrr—vrrrrv—rrrrrrrrrrv

10. Using the formal definition of limit prove the following statement:

If nllgooan and nab“ both exist,

then n1_1I>liw(an +bn) exists and “131;, (an +bn ) = n133311 + n[Iglmbm

...Ag44-A..-n-nnn--n;m-m----A-;‘---A-----‘LAALAunnnAm-A‘L-m‘jmmnjmnAA‘A-n-#AA-.‘;gnm..A-n...-nmgntmm nnnnnnn

"fffifffrffrffrrrffffrfv'vv’r'ffrv rrvrrrrrvrvvrrrrvvfy—rrvrvrvvvrv rvvrrvvrrrrrrrrrrv—rrrvrrvrw—r. r7 v rrrrfrrrrvrrr

Let 8 > 0 be given. Since both nlé>mooan and “light: exist, for convicnce,

put A = nljgnman and B = “930%

We want to prove there is an N such that I(an - bn)- (A-B)I< 8 if n >N.

Since n--> A, there is an N1 such that Ian-AK (:72 if n>N1,

Since n--> B, there is an N2 such that Ibn-BI< 812 if n >N2

Let N = Max {N1,N2}. Then for n>N we have

Kan - bn)- (A-B)l = Kan-A) + (bn-B)l < Ian-Al + Ibn-Bl < 8/2 + 8/2 = e.

A..ll..-IA..-JJALMALL-AA-A‘ALA-A-ALL-ALE-AAAl-LAtLAAL-llL-AL-A-AAAIAL-A-AA-‘A-A-A.-.-AA-AA-A-AJ-A-AAMALA



AAA-‘A-‘ALAl‘IA-LAAA-AAALJJIAA-A‘Al-‘AAA-A-lAl‘A-J‘A-‘jlfl-A-AAAA-AAA-AJAAj-Alg‘L-AAA AAAAAAAAAAAAAAAAAAAAAAA

vrrvrrrfvrrrrvffrrrverrrrfV-rrv-vrrrrrrrrrvrrrrvrrvvrvrvf7frvrrvrvrrrtrrrvrrrrrrvrrrvvtrrvrw—rvrrrrrrrrvrrrrrr

S . S E Q . II] 0'

0 pt.-- Incorrect proof.

Examples:

If a subject argues as follows:

Assume lim an=0 and lim bn=0

Ifweaddliman+limbn=0because0+0=0

Therefore lim (an-t-bn) = 0

Solim(an+bn)=liman+limbn

If a subject argues as follows:

lim (ambit) exists: Since both limits exist you can combine them to make

a true statement. However, if one were false, you could not do this.

Lim (an+bn) = lim an-t- lim bn; This is just using the distributive property.

It is like saying: A (x+y) = Ax + Ay,

1 pt.-- Incomplete proof.

Example:

If a subject argues as follows:

Ian-L|<8|bn-L|<£

Ian...an =Ian-L+L.bnl Slan-LI +|L-an<E/2+8/2<8

2 pt.--Proof with one quantifier wrong.

Example'

If a subject argues as follows:

Letliman=A then I an-A I <8/2 when n>N1

Letlimbn=B andlbn-BI<8/2 whenn>N2

Let N= max (N1,N2)

Let 8 >0 need to show I (an+bn)-(A+B) I < 8

I (an+bn)-(A+B) I = I an-A .1. bn-B l s I an-A I + I bn+B I

< 8 /2+8 /2 = 8 whenever n>N

3 pt.--Correct proof.

*It******tfitittiltfififififififiifittfi.#*#**¢¥#*#¢**¢¢##tittfititt*ttfitititfitttfitittfittttttttttt



APPENDIX D

Subjects Raw Scores, Percentage Scores and Mean Scores

Category I: Basic Understanding  
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Category II: Computational Understanding

mm

m

Subjects
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Category III: Transitional Understanding
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Category IV: Rigorous Understanding 
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