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ABSTRACT

USE OF CONCURRENT TASKS
FOR EFFECTIVE STRUCTURAL CONTROL MODELING

By

Mark Edward Wolschon

Concurrent engineering is the simultaneous acquisition, dissemination, and application of
multi-disciplinary information during product design. Over the past decade it has been applied
successfully to almost every aspect of the product life cycle. However, its use in analysis,
testing, and mathematical modeling has been limited. In this study, a procedure based on
concurrent engineering principles is presented for developing and evaluating mathematical models
for actively controlled structures. One advantage of this procedure is that it exploits uncertain
linear systems analysis and the methods of robust control design. Specifically, it assumes and
treats the model not as a single, precise entity but rather as a set of models, inside of which the
actual system lies. As an example we apply the procedure to a cantilever beam with a
concentrated tip mass. Subsequently, the procedure is applied to a distributed-parameter plate

structure that incorporates a distributed-parameter actuator.
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INTRODUCTION

1.0 Motivation Behind Work

Competition on a global scale has driven every sector of American industry to search for greater
efficiency and productivity in the product life cycle. Striving to improve a product while
maintaining high quality, minimal cost, and shorter concept-to-market life is a challenging task.
Since performance is dependent on myriad conditions that enter all phases of product life, the
challenge to produce successful products can be met only with careful planning and systematic
execution. With an organized plan, a particular idea or concept can be designed so that major
tasks, operations, and requirements are considered in the initial stages of development.
Subsequent execution of the development plan must then include an ability to address problems
that occur during development in a quick and truly logical and rational manner. Systematic
execution possesses this capability and can produce solutions to these problems very quickly.
Clearly, product development strategies that are based on an organized and systematic plan and
that do not impose any restrictions on creativity and innovation are very useful to the design
engineer.” ® The ability to strive to improve and to guarantee the success of the product will
be directly related to these amenable characteristics of the product life cycle, and their use will

definitely determine future global leaders in industry.
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Strategies that have such salient features are known throughout the industrial community
as concurrent engineering, simultaneous engineering, or design-for-manufacture and assembly.
These development strategies are not new, but are very different from conventional industrial
practices. Success stories have been mainly esoteric in knowledge. Unfortunately, a majority of
industries have relegated these methods to a level of thinking believed to be too difficult to
employ in existing technology. This expectation may be attributed to the large investments of
time and money deemed necessary to replace traditional product lines with concurrent ones.”
We find that significant product development changes in conventional practices have been very
slow. Therefore, in order to capitalize on the advantages that these methods may have, it is
essential to break traditional barriers and introduce new, innovative concepts, and products using
a concurrent approach.

Innovative design concepts and ideas that have potential commercial marketability must be
synthesized in a manner that guarantees their success. We find that many of the potential
problems associated with traditional product development are a direct result of an unsystematic,
inefficient allocation of resources, and an inappropriate processing of information, experience,
and knowledge. For these reasons, conventional techniques needlessly make efficient and
effective product development an insurmountable challenge.

In this thesis the preliminary stages of a particular concept that involves structural control
is investigated in an attempt to provide computer-based tools necessary for concurrent engineering
tasks. These preliminary stages will include research, theoretical studies, testing, experimental
development, and analysis, not necessarily in any specific order. The problems associated with
the preliminary stages of structural control design are problems that arise because of the
multidisciplinary nature of the field. Structural control involves a large number of engineering
disciplines, in particular, analytical dynamics, structural dynamics and testing analysis, materials

science, and control system theory. In the sense of concurrent engineering, the various
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disciplinary functions might be planned for optimal execution in a parallel fashion. Such

functions will include obtaining a mathematical model of the structure and of all its components,
reducing the order of the model for practical considerations, verifying the reduced-order dynamic
model for acceptable accuracy, and optimizing and implementing a control strategy that
accommodates the reduced-order dynamic model and that meets stability constraint and all
required levels of performance. It is possible to execute several of these functions concurrently
and with significant improvement in design quality and accuracy through the use of computer-
based tools. Therefore, we see that through extensive preliminary planning, concurrent functions
can be linked to tasks that allow the design engineer to address specific problems.

Problems arising in these stages of structural control modeling are attributable to the fact
that they are essentially distributed-parameter systems represented by partial differential
equations. Hence their parameters vary explicitly with position. Models for distributed-parameter
systems have an infinite number of degrees-of-freedom and are characterized by nonrational
frequency transfer functions and infinite-order state space matrices. This characteristic causes
problems in structural control because much of control theory has been developed for lumped or
discrete-parameter systems, or systems of finite-order. These systems are typically represented
by linear ordinary differential equations. One finds that a practical control system for distributed-
parameter systems requires linear reduced-order models that are robust with respect to system
parameter changes and disturbances. Thus, the common practice in distributed-parameter control
is to obtain a full order model, either analytically or through identification, and to then synthesize
the controller using a reduced or finite-order model that captures the salient features of the system
dynamics. When this approach is used, it is necessary to discern resonant frequencies to within
5 percent accuracy, and mode shapes to within 20 percent accuracy, as required to enhance
stability and performance.'® It is very important that the design engineer extract reduced-order

models that retain critical modes, yet account for neglected ones.
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Other issues that are important to the design engineer in the modeling stage are the
dynamics and positions of the actuators and sensors. Such details are discussed very infrequently
in the technical literature, although their characteristics can have a significant effect on the
dynamics of the structure. This lack of discussion may be attributable to the various types of
sensors and actuators used and their particular application. Different results are observed for
collocated systems and for noncollocated systems. In the collocated system, the actuators and
sensors are coincidentally located on the structure, which is beneficial for reducing instability.
In the latter system, especially for a reduced-order model, instability and performance degradation
are possible unless precautions are taken before hand. In addition, certain actuators must be
accommodated for in the initial design of the structure, whereas other may be included later as
a possible add-on device. Hence, if the dynamics and location of the sensor and actuator have
a large impact on the structure’s dynamics, it becomes quite time consuming to develop general
governing equations for each different design generated.

The trend in structural control design has been the development of high fidelity reduced-
order models of the dynamics to improve design, analysis, and to aid in understanding system
behavior. With the increasing use of computer-based tools aimed at improving controlled
structural stability and performance through optimization, it is plausible to conclude that accurate
dynamic models are quite complex. Model uncertainty reduces our ability to make precise and
significant statements concerning the dynamics of the system. The closer we examine the
physical behavior of the structure’s dynamics, the more apparent is the need to represent and
investigate the effects of this uncertainty. Since uncertainty is apparent in all phases of the
preliminary stages of the structural control design, it is unavoidable and must be dealt with in a
rational and systematic manner. Consequently, the design engineer must have tools that are
compatible with physically meaningful descriptions of uncertainty, and that can be mathematically

modeled to an accurate level for improved structural control design.
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The problems discussed previously are investigated here for structures that incorporate
embedded electrorheological (ER) fluid actuators. These structures are represented by a specific
class of distributed-parameter systems, one that involves a spatially distributed actuator. Since
these structures or actuators are nonconventional, they enjoy several advantages over conventional
actuators. For example, they provide a uniformly distributed control input, all changes are
completely reversible and response times quick. They are fully contained within the structure
and are not exposed to the environment, they contain no moving parts, and their dynamic
response can be readily controlled using electric signals. These advantages make the ER fluid
structure a practical candidate for active structural control. Thus, when integrated with modern
sensors and control technologies, ER fluid structures can be essential components in a large,
flexible systems and industrial applications.

However, the dearth of adequate ER fluids and a lack of satisfactory understanding of their
behavior have been the primary barriers in the establishment of commercial applications.'”
Accurate mathematical ER fluid models are very complex and difficult to develop, and current
models are usually limited to special cases. Much of this is due to the complex behavior of the
fluid, the significant effects of various parameters on the macroscopic properties of the fluid, the
reproducible manufacture of the fluid, and the dynamic interaction of the fluid and device
boundary. Clearly, these deficiencies preclude an effective commercial design of ER fluid
devices and control systems.

It is the primary objective of this thesis to develop a framework for manipulating,
interpreting, and parallel processing analytical, numerical, and experimental data for ER fluid
structures in a logical and systematic manner. More specifically, this framework will be
established using concurrent engineering to formulate certain tasks, some of which will include
computer-aided engineering. These tasks will then be used to obtain good experimental and

theoretical correlations for full-order mathematical models of ER fluid structures, such as plates
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and beams. These structures serve as useful examples for active control methods because of their
ability to be readily included as components of larger systems. Moreover, the application of
computer-aided engineering tools to structure development should prove that their role in design

is critical to the evolution of this diverse technology.
1.1 Thesis-Related Background Topics

Structural control is a subject that has been attracting more attention over the past few decades.
Much of the interest in this subject stems from the idea that the stability and performance of
certain structures can be improved by somehow enhancing the characteristic behavior of the
structure, either through the use of materials, devices, or control systems. Good performance
of the controlled structure demands a good interaction and understanding of all the disciplines and
areas involved. Certainly, trade-offs are necessary due to the innate conflicts that develop
between the different disciplines. Moreover, we see in structural control that there is a definite
boundary between what must be integrated within the design process and what must be added to
the structure after its completion. Accordingly, it may be reasoned that a concurrent engineering

approach towards structural control would be applicable and useful.
1.1.1 Concurrent engineering

The continuous execution of all different phases during the product life cycle is commonly
referred to as product development, and the full process from conception-to-completion is
properly denoted the product cycle life. In conventional practices, product development is
subdivided into three major phases: conception, d”??’~W
Typically, these three tasks are treated as discrete and separate entities whereby each is executed ‘l

in a sequential manner, and where all changes are performed in an iterative manner. In any
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given phase, an engineer will be concerned mainly with a particular design or operation only
within his/her own discipline, so that discussion between engineers of different disciplines and
in different phases is quite limited. As a consequence, the likelihood of not meeting specified
requirements would lead to increased production cycle time due to the repetitive cycling of design
changes and modifications.

Clearly, product development involves a broad spectrum of engineering disciplines that can
influence and overlap each other to a considerable extent. Problems initiated during conception
are likely to be exacerbated in the design phase. For instance, constraints that must be met by
the electrical component group may conflict with a completed prototype fabricated by the
mechanical design group because of a severe lack of multidisciplinary integration. Likewise,
parts that were optimally designed for easy assembly, for some reason, require a force fit in the
factory due to conflicting objectives stated in the design and manufacturing phases. In these
hypothetical cases, prospective solutions, which may have been overlooked in the initial phases
of design, need to be explored and executed. Obviously, conventional methods hinder further
advancement and show that, given the vast requirements imposed during development, serial-
based processes do not allow the design to stay abreast with emerging technology and knowledge.
Hence, we see that satisfying design objectives and stringent requirements from every aspect of
engineering, at every phase, is a major concern that cannot be efficiently resolved in traditional
product design methodologies.

Concurrent engineering permits all practical knowledge from the relevant multidisciplinary
fields to be combined and processed in a parallel manner. In such a large program, this is
accomplished through exceptional comnzpnic.atiqn and collgborationz computer-aided engineeripg
tools, and databases. Thus, a designer must establish close links with other personnel so that a

good flow of information and expc_arience are gqually shared.® The traditional "top-down,” or

serial-based, approach to product design and development eventually could have organizational

J



repercussions that render inefficient activity. Therefore, close collaboration between different
engineers of different disciplines is necessary for a successful concurrently engineered product.
With the successful implementation of concurrent engineering, it follows that the difficulties [
prevalent in current industrial practice are usually overcome when as much information as )

-

possible is integrated and interpreted throughout the development process.

1.1.2 Structural control

Structural control can be subdivided into two specific categories: passive and active control.
Passive control is used to improve the performance of the structure by enhancing its stiffness and
damping properties with the use of materials or devices. Passive structural control methods share
many similarities, the most common being their versatility. Not only can they be used in many
different applications, but these methods also have the capability of being implemented during
any phase of development. Required design modifications can be verified and made using
experimental or analytical optimization techniques, so that the structure’s response may be
tailored for specific frequency ranges, inputs, deflections, etc., without large delays in
production.’® In contrast, active structural control requires more intensive planning in the initial |
design stages because a closed-loop feedback system is used to control the structure. This closed-
loop feedback system incorporates actuators to provide the necessary forces to the structure, as
described by the sensors, which measure that response. The many advantages that active control
has over passive control are basically attributed to the design of the structure and the controller.
Active control permits a structure to be designed lighter than those without or with passive
control.® However, active control also dictates early consideration of the controller design
during the initial stages of the structural design.® Once the structure is completed, a control
system may not be viable and/or may be too costly to implement. One advantage of an early

consideration of the control system in the active control design is its permission of the use of a
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variety of controller design and optimization techniques to stabilize the structure and achieve
required levels of performance. These advantages have caused a great increase in interest in
active structural control and its use in so many diverse applications.

A cursory review of the literature concludes that much of the motivation behind the work
in active structural control has evolved from the development of large, flexible structures intended
for space. Much of this directly relates to the Galileo spacecraft and the construction of the U.S.
Space Station scheduled to be launched in the near future.® ® Clearly, a structure intended for
space must be fabricated from materials with high stiffness- and strength-to-weight ratios. These
ratios must be large due to structural integrity and weight constraints, and also because of the
reliability and accurate positioning requirements for the structural appendages. Extra weight will
cause the rigid body dynamics to tightly couple with the flexible body motions.® Evidence has
shown that structures with these characteristics also tend to possess a low amount of damping.
As a result, they may sustain long lasting vibrations during maneuvers or due to disturbances that
can significantly degrade performance. For various other structures that depend on precise
tracking or positioning, i.e., robots, long boom antennas, telescopes, and solar arrays, this
problem is very important and critical to ensure an operation’s success.

Early work in structural control used models that were reduced to limit the full-order model
to include only its first few system modes. This is called Modal Control modeling.** ®*'# Modal
control was developed in these studies based on the assumption that the structure’s response is
dominated by its first few modes and that its residual modes can be neglected because they are
not directly affected by closing the loop. The modal control method has worked well when
applied to discrete-parameter structural systems, which amount to controlling the lumped structure
by controlling a finite number of modes.” As one of the original strategies for finite-dimensional
control, modal control has since been proven both theoretically and experimentally inadequate

for infinite-dimensional or distributed-parameter systems. The main difficulty is that the reduced-
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order model necessary for modal control is developed with only a finite number of modes, so
control over truncated modes is non-existent. Consequently, this implies that the control gains
must be of infinite-dimension to attain sufficient control using the modal control method. This
is truly impractical.

Other control theories that have been established for distributed-parameter systems have
been developed for both time and'frequency domain analysis. Each control theory has its own
advantages, to be discussed here, however, all suffer a similar disadvantage manifest by the in-
finite-dimensionality of the structure. This disadvantage is one that requires the finite-
dimensional controller to satisfy certain criteria for realization and existence. Specifically, these
theories are based on modal approximations that must satisfy necessary and sufficient conditional
criteria for the selection of an appropriate number of critical modes and dynamic boundary
conditions. This criteria must be satisfied to have a stable control design.*

In a paper by Vidyasagar,'’ necessary and sufficient conditions were defined for a large
class of distributed-parameter transfer functions in the frequency domain under the assumption
that the dynamic models for these systems were known precisely. Lions* developed a general
mathematical theory for the control of distributed-parameter systems that recognizes and details
three important steps in solving the optimal control problem. Convergence and stability criteria
for the modal control laws were considered by Gibson.” This study focussed attention on certain
essential criteria and on its direct correspondence with increasing system dimensionality. Lin®
surveyed the possible application of output feedback control using modal decoupling, pole
assignment, sub-optimal control, and optimal control to make some detailed conclusions about
assumptions and techniques associated with the theory of distributed-parameter control. Sakawa'’
presented good results for the coupled bending and torsional vibration control of a cantilevered
beam using a hybrid feedback control scheme. Bruch® introduced an approach for orthotropic

plates with rotatory shear that minimizes two performance indices subject to the amount of
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feedback force that can be spent in the control process. Numerical examples of this open-closed
loop theory are given, however, with no discussion on how it is realistically feasible. Additional
control theories that have been developed in the manner described above include optimal
control,™ adaptive control,'* ' !¢ pole allocation,” ' and direct velocity feedback control
methods.™

The idea of introducing invariant natural modal coordinates to obtain a reduced-order model
for feedback control was introduced by Creedon,” Takahashi,'® and was further developed by
Meirovitch.” ®  Although natural coordinates vary slightly from the general modal coordinate
descriptions aforementioned, they can be used to obtain a global and unique optimal closed-form
solution to the linear control problem for distributed-parameter systems in the time domain. This
theory has been termed the independent modal-space control theory® (IMSC), or natural control
theory,'? which is based on the notion that the stability of a linear system is determined purely
by the system eigenvalues and that no control effort can be unnecessarily used. In particular,
IMSC makes use of a distributed control force to control the system’s eigenvalues, thus leaving
the system’s eigenfunctions unaltered. Both theories have been used in numerous applications
with adequate results. However, one specific problem involves finding a suitable control theory
to complement IMSC in order to determine the appropriate control gains for the system, since
a distributed actuator is necessary to provide the control force.

More recently, distributed-parameter optimal control theories have been modified for
combined controller and structure design. These modifications are made to include many
objectives that employ various constraints on the structure and controller’s performance. For
example, such objectives and/or constraints imposed on the determination of feedback gains,
sensor and actuator locations, structural natural frequencies and damping ratios, and structure

dimensions have been used in the optimization procedure. Typically, these objectives are
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optimized for specific control/structure cost functions, such as weight, power consumption,
and/or vibrational response.

An integrating strategy for both structure and control system optimization was developed
by Khot, et al,” who obtained a finite-element model of the structure and optimized the closed-
loop system for minimal weight. The constraint used to modify the structure was based on the
amount of internal damping, with a linear regulator used for the controller. Onoda'® combined
direct feedback and linear quadratic optimal control laws with a disturbance structural model to
establish total cost. The approach taken in this paper is similar to the large spectrum of literature
available on this subject, mainly considering a span of various costs posed in a single
control/structure objective function. Milman, et al,” employs a different method, one that
consists of a multi-objective approach for combined structure and control design, and uses a
family of weighted structural and control cost functions. The optimization problem here is posed
such that the combined approach is a natural extension of most well-established current
optimization strategies currently being used. Although the combined control and structure
optimization philosophy is sensible, its problems are very similar to most problems encountered
in optimization routines. Solutions are computationally demanding and require iterative
minimization algorithms which suffer from many difficulties, such as the choice of the starting
guesses, convergence, and multiple local minima.

The theories above present many fundamental mathematical principles for distributed-
parameter structures and their control designs in both the time and frequency domains. Many
of these theories are based on reduced-order modal coordinate characterizations and approxima-
tion methods in optimal and feedback control. However, very few of these methods can be
classified as robust since they are dependent on the assumption that the dynamic models are
precisely known, i.e. have no uncertainty. Control designs that account for uncertainty in the

dynamic system model are defined as robust control theories. Several specific theories central
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to robust control include loop transfer recovery (LTR) techniques, linear quadratic gaussian
(LQG) methods, and H, and H, optimal control. For distributed-parameter systems, robust
control has been employed by many investigators over the past two decades.'” * ® These
methodologies suggest a controller design based on a nominal model with uncertainty described
by some perturbation from this model. After a model has been selected, robust control theory
guarantees the controller to perform satisfactorily under all possible deviations from the nominal
model as long as certain stability and performance criteria are satisfied. Hence, the modeling
of uncertainty is very crucial to how the final controller design rejects disturbances and follows
tracking inputs.

Most of these methods are linear time-invariant (LTI) frequency domain methods that
require very high bandwidth controllers. The need for high bandwidth controllers is manifest by
the large gain-phase margins necessary to make the structure robust to specified uncertainties.
However, with robust LTI systems, some inevitable trade-offs exist in the design process for
which accomodation must be made. Trade-offs such as unstable poles, nonminimum phase zeros,
and time- delays impose fundamental constraints on achievable performance, and imply
restrictions on the closed loop bandwidth of the system.* Generally, nonminimum phase zeros
place an upper bound on the system bandwidth. Since it is well known that distributed-parameter
transfer functions can have nonminimum phase zeros,*: ' ! arbitrary truncation of the model
order may not include these zeros and give a false sense of full-order system stability. The
implications of this trade-off on robust control has been discussed by O’Young and Francis.!”
Unstable poles impose a severe constraint on the system and can be clearly seen to worsen
structural control performance. Hence, it is very important that robust stability bounds are
satisfied. A model with a time-delay is actually a finite dimensional system of very high order,

0 approximations are usually necessary. The use of a Padé approximation introduces modeling
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error, which consequently limits achievable bandwidth, yet, the loss of performance is

insignificant compared to the robustness properties placed on stability and performance.'

1.1.3 Spatially-distributed actuators

Essentially, actuators provide the motion, mobility, and changes that govern the response of a
controlled structure. Most conventional actuators accomplish this by using discretely located
forces or motion. A severe problem can occur when these discrete devices are placed at modal
nodes or lines. To observe and control the full continuum, the use of spatially-distributed
actuators is highly desirable.* Certain materials can be used for these actuation purposes to
control damping, stiffness, and mass properties of or within the structure. Some of the more
common distributed-parameter actuator materials are shape-memory alloys, piezoelectric
materials, magnetostrictive materials, magnetorheological fluids and electrorheological fluids.
These materials all have unique innate characteristics that allow them to either change shape,
stiffness, position, energy dissipation, natural frequency, friction, and fluid flow rate in response
to changes in temperature, magnetic field, or electric field. Characteristics, applications, and the
history of these actuators are detailed by Gandhi and Thompson.®

The concept of using a distributed-parameter actuator for control is not new. Applications
using distributed-parameter actuators date back to the 1950’s, where Olson'® first used a
distributed-parameter actuator for electronic noise control. However, it was not until the 1970’s
that they were applied to mechanical structures.® Presently, the amount of research dedicated
to active structural control has dictated intensive interest in the use of distributed-parameter
actuators. Much of the work has been focussed on the application and control of structures using
piezoelectric and shape-memory materials.*® Piezoelectric materials exert mechanical forces in
response to an applied wvoltage. These materials change shape when their electric dipoles

spontaneously align in the electric field, causing deformation within the material. Work in active
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control using piezoelectric actuators has demonstrated their range of feasibility and applicability.
Examples are numerous, ranging from optical tracking devices to ink-jet printers, and in recent
years, acoustic attenuation, and active structural damping control.'> Shape-memory materials also
change shape. However, rather than having their dipolar properties change, they undergo a solid-
to-solid phase transformation in response to temperature changes. Under heating and cooling,
this phase transformation allows them to exhibit large, recoverable strains of up to eight
percent.!* Applications for shape-memory materials include engine mounts, suspension systems,
and robotic actuators, which mimic the smooth motions of human muscles.*

A rather detailed study of piezoelectric actuators applied to a one-dimensional beam analysis
is given by Crawley and de Luis.® They analyzed stresses, strains, and loads for a cantilever
beam with piezoelectric ceramic surface treatment. Bailey and Hubbard,” developed three
different control algorithms for cantilever beam configurations to control transient vibration.
These algorithms were implemented in an experimental analysis to verify theoretical equations
of motion and predicted response. Others contributing to this area have demonstrated the
potential of distributed-parameter actuators by simultaneously controlling a number of modes with
reduced spillover.'™ - % Active vibration control of plates using piezoelectric ceramics was
conducted by Dimitriadis, et al.* Conclusions drawn from this investigation include the ability
to excite the plate using distributed actuators, the observation that the input frequency of the
excitation markedly affects the modal response, and the location of the actuator strongly
influences excitation as well as spillover. Tzou' '* introduced a theory for distributed actuators
that was discretized for isoparametric piezoelectric finite-element formulations. A distributed
modal analysis was examined and several case studies using Lyapunov control and constant gain
proportional feedback control were implemented.

The type of actuator used in this investigation is an electrorheological (ER) fluid. An ER

fluid is composed of fine conductive particles suspended in insulatory fluid. When an electrical
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potential is applied to the ER fluid the conductive particles become polarized and structure

themselves to drastically alter the fluid’s stiffness and energy dissipation properties. Hence, the

ER fluid can be activated simply by placing it between el des of opposing polarity. Hi A

the magnitude and duration of the electrical potential determines the intensity and rate of these
changes. Thus, the capability of controlling the fluid is manifest by the electro-coagulation of
the particle. This phenomena is defined in the literature as the electrorheological effect (ERE).>*
“ 1t is the very nature of the ERE that permits it to be used as a spatially-distributed actuator
in a structural domain.

Throughout the past two decades, the focus on ER fluid technology and research has

become quite intensive,2 4 1®-124.1% ER activity and the ERE has merited extraordinary interest

£ q

due to the number of practical actuator applicati Detailed i igations have on

the deformation, motion, and the rheological and electrical properties of ER fluids. Much of this

attention has been motivated by observed changes in the fluid’s appearance and constitutive

(a) No Electric Field (b) Electric Field Applied

Figure 1.1 - The electrorheological effect.
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behavior. At zero electrical potential, the random dispersion of particles (see Fig. 1.1 (a)) in the
fluid medium has minimal influence on its rheological properties. In fact, its behavior can be
easily identified with that of typical Newtonian fluids. Although when it is subjected to an
electrical field, a detailed and unique formation of the particles (see Fig. 1.1 (b)) causes an
instantaneous transition in the fluid’s properties. These constitutive changes are comparable to
that of non-Newtonian fluid behavior. A marked distinction of this transition is the fluid’s ability
to support an increasing shear stress with increasing field intensity and without flow.® Clearly,
without doubt, this characteristic of a yield stress is one possessed only by non-Newtonian
fluids.'?

Nonetheless, as the overall behavior and capability of controlling an ER fluid has been
established, the actual controllability of the fluid depends on many inter-dependent parameters
that can have profound effects on the amount of ER activity. For example, the uniformity of
electrical field used, the rate of deformation of the disperse particles, the various additives and
the overall composition of the fluid,' the surrounding temperature,” the dielectric characteristics
of the dispersion,'® and particle concentration all need to be considered. Such parametric
interaction has made constructing constitutive descriptions for general electrorheological fluids

a very complex task.

1.2 Some Issues in Practical Structural Control Design

A substantial number of problems in structural control can be attributed to the summary of steps
used in arriving at a practical reduced-order controller. Such a controller guarantees stability and
is capable of meeting acceptable performance constraints. Generally, constraints include both
frequency and time domain statements in these control system designs. The former usually
represents explicit performance criteria, while the latter reflects physical bounds such as actuator

limits, parameter ranges, rise time, overshoot, or sensor limits. Much of the difficulty with
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ensuring that these constraints are not violated has to do with the representation of the modeled
structure. When the reduced-order model is linear, the problem is especially cumbersome, due
to the numerous assumptions and approximations that must be made about the actual plant.
Conventional modeling and controller design techniques frequently use the assumption that exact
knowledge of the system’s dynamics can be obtained. However, mathematical models and
control designs based on this assumption can be too restrictive and fail in reality. Conventional
control design leads to controllers that are too tight and may become unstable during operation.'
Moreover, in a real system, the internal and external disturbances that act on the uncertain system
cannot be excluded due to the complex interaction between the system and its environment.
Thus, all possible perturbations within the plant model must be bounded to guarantee stability and

requirements on performance in the face of uncertainty.

1.2.1 Obtaining reduced-order models

For practical distributed-parameter structural control design, simple linear controllers are
preferred over complex linear controllers for linear time-invariant plants. There are many
reasons for this, yet most result from the reduced amount of time and computational effort needed
to understand and operate them. Methods used to design low-order controllers for high-order
plants can be divided into two broad categories: (i) the direct method, where parameters defining
a low-order controller are computed by some optimization routine, and, (ii) the indirect method,
where a high-order controller or low-order plant model are first found, and a specific procedure
is used for further reduction.* These two approaches are shown graphically in Fig. 1.2 along
with a short listing of the different procedures used for system reduction. The fundamental
difference between model and controller reduction is that model reduction is based on open-loop
considerations. Controller reduction techniques must be based on mathematical existence

arguments that should, after all, preserve the closed-loop system stability and performance
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Figure 1.2 - Principles of practical low-order control design.

The key objective in the direct method is to minimize a quadratic performance index subject
to the constraint that the controller be fixed degree, stabilizing, and linear time-invariant.®- ©
Direct methods have much promise and have been a research topic of interest in recent years due
to the ease of their implementation in control design packages. Nevertheless, a disadvantage with
the direct method is that it is unclear as to what mathematical basis is applicable for a large
variety of systems. For this reason, the remainder of this thesis will focus on indirect methods
of model reduction.

As for indirect methods, there are many different approaches, ranging from the very crude
modal approximations to the very sophisticated H,, methods. There are at least two specific
methods for designing high-order controllers, and both are highly capable of using the large
amount of existing qualitative and conceptual knowledge that pertain to algorithms and
applications.* However, the procedures necessary for reducing high-order controllers to low-
order controllers are less developed. These procedures require precise, rational arguments in

order to retain the critical aspects of the system’s closed-loop dynamics. On the contrary, a very
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crude approximation technique that can be performed to approximate the plant model in the time
domain is called modal reduction.® This approach is quite similar to modal control, and when
used for distributed-parameter systems has similar drawbacks in the resulting low-order controller
design. A more sophisticated frequency domain model reduction method is the projection-and-
assembly method presented by Lee.® In this method, modes that contribute significantly to the
control input and output are selected at the system level, and are then projected in a mathematical
sense onto the components of the system. The resulting reduced-order mathematical model of
the components are then assembled to yield a rather accurate model of the system dynamics for
only the selected modes. Reddy,'" proposed a method for minimizing the integral of the square
of the error between corresponding real and imaginary parts of original and assumed transfer
functions to evaluate coefficients of the approximate model. An advantage of his approach is that
it is computationally simple. Nonetheless, a few disadvantages are entailed by these frequency
domain methods, as with other time domain reduced-order methods, which have to do with
accuracy and mismatched transfer function zeros due to truncated or undesired modes.

In particular, the primary issue with the former indirect model reduction methods is the
inability to account for realistic actuators and sensors within the low-order control scheme. In
reality, actuators and sensors will not necessarily operate in a select frequency range, hence,
residual modes may become excited by the actuators and/or measured by the sensors. This
results in what is known as control and observation spillover, and both have been attributed to
instabilities and degradation of system performance.* ' ® Over the past few decades, various
techniques have been established for minimizing the effects of spillover in discrete-parameter
systems. Curtain* developed estimates on spillover effects for all modes using a pole placement
method. Orthogonal and modal filters have also been used to better accommodate spillover by
several authors.™ '2 Filters were used to approximate and extract convergence properties from

distributed measurements over given time intervals rather than estimate the modal response of the
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structure. Yang'“ eliminated instability by introducing a specific time delay in the control system
for certain mechanical structures. These techniques were initially developed for collocated and
noncollocated actuators and sensors. Only in the recent decade have they been applied to
distributed-parameter actuators and sensors. Balas’ used modal equations to obtain output
feedback control over a finite number of modes for a distributed-parameter elastic system,
specifically treating the problem of control spillover into the uncontrolled modes by instituting
spillover bounds. To alleviate spillover, Meirovitch and Baruh® proposed a technique that is
compatible with a limited amount of inherent damping to eliminate observation spillover

instability.

1.2.2 Actuator modeling and dynamics

In the former discussions, consideration of the issues pertaining to the physical effects that
actuators have on the mathematical model of a distributed-parameter system has been mentioned
briefly. Essentially, the type, location, and dynamics of the actuators are very critical when
implementing successful operations because most conventional actuators are discrete actuators.
They are discrete in the sense that they can only be located in select, finite regions of the full
structural system. Spatially distributed actuators will also suffer many of the same dilemmas,
because it would be impossible to actuate every member within a structure due to weight
constraints. Therefore, the consideration of the actuators must be sufficiently detailed to describe
their behavior on the system.

Actuators used in distributed-parameter systems not only require a detailed analysis of their
functions, but also detailed analysis for their dynamics and positioning. Spatially distributed
actuators have certain slight advantages here but are also inflicted with the same problem that
exists with all actuators, this being that they possess mass and inertia. In most cases, their mass

may be considered to be negligible if the structure is very large and heavy. However, for
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vibration suppression of thin, lightweight structures, the distribution of the actuators will certainly
alter the modal response of the system significantly. Non-negligible actuator mass in structural
control design has been addressed only by a limited number of authors. Zimmerman'“ focused
on required actuator masses for discrete actuators using optimal design techniques to minimize
control and position error subject to total mass and frequency constraints. This paper provides
an important inner-loop for the design of controlled structures with discrete actuators that
recognizes their critical duty for successful structural control. Such techniques have yet to be
applied to distributed-parameter actuators because of the myriad procedures for applying them
to the structure. However, this inevitable problem may lead to greater instability in the controlled
structure than what was initially encountered. Therefore, all actuated structures must be designed
to be sufficiently robust in order to account for variations in their inertial and dynamic properties.

In structural control design, the dynamics of the actuators must be taken into consideration
early in the simulation work, because their presence will have significant effects on the structure’s
performance.'“ In a paper by Maghama and Joshi,® the effect that actuator dynamics have on
their optimal actuator and sensor placement scheme vastly reduced controllability of their system.
Reduction became more pronounced as actuator bandwidth decreased or when it was near the
operational closed-loop bandwidth of the control system. The problem with these actuators is that
their bandwidth is finite, while that of structural system is infinite. Hence, extreme care must
be exercised so that control spillover of the low-frequency modes does not destabilize the
intermediate or higher frequency modes, and that critical modes of operation in the actuator are
never attained.*

Other minor issues such as reliability, functionability, and possible malfunction are very
important in the selection of actuators and control system design. Three possible motivations
usually exist for using active structural control: (i) to stabilize the structure at all time, thus, the

actuators are constantly in operation, (ii) to stabilize the structure over limited motion, thus, the
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actuators must be dependable, especially during continuous on-off cycles, and (iii) to stabilize the
structure only during critical motion, hence, the actuators must be reliable when they have been
inactive for long durations. As illustrated, these motivations impose important design
requirements in the reliability and functionability of the actuators. However, a review of the

literature reveals minimal information on these important topics.

1.3 Organization of the Thesis

The organization of this thesis is based on the ideas introduced in Chapter 2. In Chapter 2, a
rather novel technique is presented for large-scale systems modeling. Specifically, this technique
addresses actively controlled large-scale structure modeling with controllers designed using robust
control theory. The framework of robust control theory is useful because it is very compatible
with concurrent engineering principles. In the past, concurrent engineering has been applied to
many aspects of the product life cycle, but its use in the preliminary or initial stages of the design
process has been limited. Naturally, this is because system modeling is unique to the problem
at hand and no cookbook formula could exist that would be useful for the myriad problems
encountered. Therefore, these principles are used to develop a technique that deviates from
conventional structural control modeling procedures by taking into consideration uncertain linear
systems analysis. Take note that this modeling strategy is more of an outline that can be applied
to modeling than a strict standardized procedure.

The modeling procedure described above is applied to a simple example in the final section
of Chapter 2. For illustrative purposes, the example is a simple cantilevered beam. In this
example, analytical and experimental techniques are used to obtain an efficient linearized model
and an associated uncertainty model. It will be shown that modeling uncertainty is a necessity
in any system because of its innate presence and its effect on the results of the mathematical

model. However, the goal here is not to model uncertainty where is mathematically convenient,
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but where is actually occurs. Unfortunately, this objective is the most arduous task in the
modeling procedure, yet, as shown in this simple example, it yields the most benefits.

The final chapters specifically focus on the development of a linearized mathematical model
for distributed-parameter plates containing ER fluid actuators. Chapter 3 begins by giving a
detailed review of the current knowledge of ER fluids and the ER fluid effect. Both the
rheological and electrical aspects of the ER fluids physical properties are considered.
Subsequently, models for the viscosity, shear stress, and electrical behavior are developed for a
specific ER fluid. These models are based on experimental identification techniques, as well as,
numerical and empirical methods.

Chapter 3 concludes with an experimental identification of ER fluid plates. Experimentally
determined information is obtained for two ER fluid plate configurations in an effort to
characterize their dynamics. This process is conducted using the structure’s frequency response
to set and identify bounds for constant and dynamic inputs. Unfortunately, this information is
presented in graphical form only due to the limitations of the data acquisition system. Finally,
the experimental results are compared to results generated from commercial finite element
analysis software. A unique characteristic of this software is that the nonlinear ER fluid model
can be incorporated via a subroutine written in Fortran.

In Chapter 4, an analytical model is developed for the ER fluid plate using assumptions
based on sandwich theory™ ®- '© and constrained layer theory.'® The governing equations of
motion and their associated boundary conditions are obtained using Hamilton’s principle.
Subsequently, comparative results are generated for the static response of the plate using the
Naiver approach.'® These results show good agreement with a previously obtained three-
dimensional elasticity solution,'® for the case of a simply supported three-layer sandwich plate.
Finally, conclusions are drawn from the above work and recommendations for future work are

discussed in Chapter 5.



Chapter 2

A METHOD FOR CONCURRENT
STRUCTURAL CONTROL MODELING

2.0 Introduction

Modeling is the basis for many types of system analysis and design. Mathematical models should
be expressive, easy to understand, should map all properties of interest, and should allow analysis
and decision-making concerning the real system.* In the case of large-scale dynamical systems,
however, there is a fundamental problem. These models sometimes tend to fail to describe the
behavior of the whole model appropriately because they are usually constructed by combining
various models of the system’s parts. During structural control modeling, this occurs as a result

of several important issues. Such issues pertain to uncertainty in all the approximations, ill-posed

component models, and/or inefficiently linked system component models. Generally, the -

combined effects of all three issues that lend to deleterious effects on the dynamic mathematical
description of the system.

Models of large, controlled, structural systems can be either stochastic or deterministic.
They may also reflect the system’s behavior, the desired qualities of that system, or the
exogenous input conditions that may act on the system. There is a multitude of ways to represent
large-scale systems; however, there are three views of a system that need to be captured in the

model:®
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Structural viewpoint. accurately represents the structure of the system, its components,
and interactions between these components.

Functional viewpoint. reflects the ability of the modeled system to satisfy required needs
of the true system and to function as a whole unit.

Behavioral viewpoint. represents all the various states that the system goes through, and

the flow of processes.

A good modeling scheme is one that captures all three viewpoints of the system and
translates them to an appropriate working mathematical model. We find that there is no simple
method for doing this, because the components of most systems in practice are constantly active,
thus, every input change causes a state change in the system. Most structural control problems
definitely fit this category. For convenience it is useful to approximate the system by
characterizing it as a black box, in which every input is transformed into an output.* Neverthe-
less, a complete modeling procedure must include not only what we know about the system, but
also what we do not know about the system. Only then can we capture the three viewpoints of
the approximate model and make significant statements about its dynamics.

It is the goal of this chapter to develop and outline a modeling method for representing
large scale systems. This representation will be based on a hierarchical procedure that integrates
the crucial aspects of communication among the system components. Structural control systems
are active systems that must operate in a concurrent nature, hence the models used in design of

these systems must also reflect this concurrent methodology.

2.1 Large-Scale System Modeling

Modeling of systems can be carried out in many ways: by theoretical methods, by experiment,

and by any variety of combined theoretical and experimental techniques. In the case of large-
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t Collect known models of system components. l

Supplement theoretical and/or experimental studies to create models for the unexplored pan.sl

|Simulale components and obtain good physical results. I

] Study how the parts unite, establish interconnection equation:

] Combine all components to form large-scale system. |

‘ Simulate system and establish good physical correlation of system. |

Figure 2.1 - A standard large-scale system modeling procedure.

scale dynamic systems there is a standard modeling procedure that makes use of the results from

previ h in order to plete the analysis within a reasonable time period.”” This

procedure, graphically outlined in Fig. 2.1, is indicative of typical serial-based, top-down

1

approaches because it is highly dep on good repr ions of the system’s components
and their interactions. Hence, the steps in this procedure must be repeated until good correlation
of experimental and analytical results are obtained for the system’s components. Of course, it
would be natural to expect this standard methodology to yield accurate results for the system as
long as accurate results were obtained for its components. However, this expectation is
sometimes unfounded even after many iterations. This is because mathematical models are only
approximations of the true physical process. When these models are combined model uncertainty

pp y can cause p in system

due to neglected, truncated, or
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behavior. Therefore, to make certain statements about a system and its components, it is

necessary to use precise, well-defined models that account for uncertainty.

2.1.1 Modeling uncertainty in systems

In all problems, small or large, linear or nonlinear, one has to evaluate uncertainty and the effects
of uncertainty on the dynamic model. An inherent trade-off in modeling occurs between fidelity
and simplicity. It is desirable to have models which closely match reality, yet which remain
easily analyzed. Obviously, solutions to this trade-off problem depend on the type of assumptions
made during the modeling process. Whether the model was arrived at by physical laws or perhaps
by measured data, these assumptions need to be evaluated and analyzed, as uncertainty is innate
to any modeling procedure.

This suggests a methodology which assumes and treats the system and its components not
as precise, single models, but rather as a set of models, inside of which the actual physical system
will lie. Hence, the dynamic system model can be viewed as a "fuzzy” description of the actual
process. This approach, referred to as set membership or unknown-but-bounded uncertainty,”
8 has been described as a realistic technique for characterizing uncertainty. It has several
advantages, for example, it is less demanding than associated statistical descriptions because it
shows that the unknown process behavior cannot be modeled, and it is easier to use with
nonlinear systems and/or convert to a linear representation.” Thus, if we know that our nominal
model is closed and bounded by the set, then significant statements regarding stability and
performance can be made about that set. The mathematical framework for these two problem
will be discussed below.

The unknown-but-bounded uncertainty method adopted here falls into the deterministic
category,* where uncertainty may be nonlinear (in terms of its influence on the system), and

time-varying (possibly fast), but its statistical information is never assumed.!* In turn, all that
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Figure 2.2 - Generalized uncertainty problem where the actual dynamic system M'e Z.

is required is the knowledge of the set in which the uncertainty values lie, which is characterized
via certain deterministic properties such as compactness (closed and bounded). A graphical
interpretation of this framework is given in Fig. 2.2. Here we have all the dynamical system
parameters represented by A and the known or nominal parameters represented by A,. We
suppose to know A not exactly, but have some information on it since it can be bounded and
nominal values can be identified. We are then interested in evaluating some model function M(\)
of this system to obtain an approximate solution to the dynamical system. If we let A represent
a normed n-dimensional space and Z be a normed /-dimensional space, then given the operator

M, A is mapped into Z as follows:

M:A—~Z. 2.1)

We also have in this mapped region M(\) = z € Z, and outside this regionz € Z. Hence, our
objective is to approximate an element M(\) of the space Z, knowing approximate information

about the elements A, or approximate information about an element z referenced from M(A,).
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Unless otherwise specified, these objectives are met by assuming that A and Z are equipped with

L, norms, and two infinity norms, L, and L_*, where the latter can be written as
Inz= m'ax wIN|, w,>0. 2.2)

Note that if an L_* is used, component-wise bounds can be weighted with different values on
every element.

Figure 2.2 illustrates two particular types of uncertainty descriptions that can be classified
under the unknown-but-bounded formulation. These two type are known as: (i) parametric or
structured uncertainty, and (ii) nonparametric or unstructured uncertainty. To establish
conditions for these models, let us consider the sets of the following form to describe some
perturbation from the nominal or known model:

i) A finite perturbation set:

ZV¥={z, 2,, 2,,., 3} € Z 2.3)

ii) A parameterized perturbation set:

ZP = (M) | {\, N, N, NJEA} €E Z 2.4

iil) A mixed perturbation set:

ZVPa ZNG ZP € Z @.5)

Eq. (2.3) is a nonparametric uncertainty description which is expressed in terms of specific single
perturbations. Nonparametric uncertainty descriptions are generally conservative, however, they
are useful for modeling small or large perturbations, unmodelled parasitic or neglected dynamics,
and system failure modes. In contrast, Eq. (2.4) represents the parametric uncertainty
description. This description corresponds to specified bounded uncertainty in the model

parameters, uncertainty with respect to the inputs, actuators, sensors, or outputs which are
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represented directly and not lumped together as in Eq. (2.3). By assuming normed bounds on

this uncertainty description, it is possible to derive necessary and sufficient conditions, and very
non-conservative representations. Eq. (2.5) provides a characterization of uncertainty similar to
that graphically shown in Fig. 2.2. This representation is very powerful because it gives a
realistic portrayal of uncertainty by combining the advantages of the parametric and non-
parametric descriptions. In each of the perturbation sets listed above, a useful and meaningful
description will depend on its accuracy. By using the mechanistic arguments posed in this
mathematical formulation, we can norm-bound each perturbation to get "tight" uncertainty

descriptions for the dynamic model.

2.1.2 Modeling the system in the presence of uncertainty

The importance of accurate uncertainty descriptions has been stressed in regard to uncertainty
model conservatism. We want our uncertainty descriptions to be as "tight” and as realistic as
possible, otherwise, mathematically-derived bounds may possibly give an invalid representation
of the real system."* For this reason, necessary and sufficient conditions on robustness of the
uncertainty descriptions will be introduced here for a particular family of systems. These
conditions must be established to determine how uncertainty restricts the dynamic system model.
The term "robustness” is used in a context so to explicitly state that our uncertainty description
must be well-posed and maintain the true degree of system stability. Robustness conditions
require that even with the worst perturbed model substituted into the nominal model, the true
stability of the system will hold.

To begin let us consider the nonlinear, finite dimensional system

2@ = f(x,u;1)
y@) = g(x,u;0) (2.6)
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where x(t) is an n-dimensional state vector, u(?) is an r-dimensional input vector, and y(?) in an
m-dimensional output vector. The functions f and g are assumed to satisfy conditions for the
existence, uniqueness, and continuity of the solution of Eq. (2.6). The employment of a first-
order Taylor series expansion about an equilibrium point or a known solution of Eq. (2.6) yields

the following

X() = Ax(t) + Bu(t
y8 = C:8 + D'.‘,‘(,’) @7

where 4, B, C and D are matrices of appropriate dimension. Eq. (2.7) is a linear time-invariant,

finite-dimensional system which can be represented by a rational transfer function matrix

y(s) = P(s)u(s) 2.8
P(s) = C(sI-A)*B+D€EI

where P(s)€ @™ and a member of the set IT and I denotes the identity matrix.
Now, assuming that Eq. (2.7) represents an uncertain linear system such that in state-space

form, we have

A=A +A4 €1, l[AA]UI 2ba,
B = B‘ + AB EQ,, |[AB]”| Sabv (2.9)
C-C +ACEQ, |AC|<sc,
D=D,+AD €Q,,  |[AD]]x5d,

where all quantities with (%), refer to the nominal system model, Q,, Q, Q. and @, denote
compact, bounded spaces, and da, &b, 5¢c, and dd; restrict the additive uncertain perturbations
AA, AB, AC and AD to parallelpipeds within their appropriate spaces. We see that Eq. (2.9)
represents a generalized form for determining parametric uncertainty descriptions. By
substituting Eq. (2.9) into Eq. (2.8), we can postulate uncertainty descriptions for this system in
terms of a specific structure or as a relative uncertainty written as a rational Laplace transfer

matrix. To accomplish this, let us assume that each element p; in P is confined to a disk with
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radius a,(w) centered at the nominal [p,]; in the Nyquist plane

AN A @.10)

or equivalently we can write

1P=@J; < ;| )yl @.1m
where a;(w) and r{(w) are the additive and multiplicative (relative) uncertainty respectively. In
these two forms we are able to directly see how uncertainty affects the nominal model. Then
with this information we can select an appropriate uncertainty description.
If we wish to consider a structure for either a parametric and/or nonparametric uncertainty
description the following four perturbation structures are commonly used: additive (L,),
multiplicative output (L,), multiplicative input (L,), and inverse multiplicative output (Lz). These

four descriptions, which involve a perturbation L, are shown in Fig. 2.3. Initially, without
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establishing the details between parametric and nonparametric let us consider L to be an actual
lumped perturbation. Now the magnitude of this perturbation may be measured in terms of a
bound on the maximum singular value of L, which is needed later to obtain the necessary

robustness conditions
o) s l(w) = maxo(L), \ %) 2.12)
PeE
where the bound /(w) can also be interpreted as a scalar weight on a normalized perturbation A(s)

L(s) = I(9A(), T(A3w)) 2 1 Vs = iw. @.13)
The four perturbation structures that correspond to Fig. 2.3 take on the following form
P=P,+L,
ok
P = (I-L,)"P,.
where the subscript (w), refers to the nominal plant model.

In particular, input and output uncertainty descriptions are useful for representing actuator
or sensor errors, neglected high frequency dynamics, or changing numbers of right half plane
zeros. The additive uncertainty description is applicable to plant errors, and the inverse output
uncertainty description is useful for representing low frequency errors and a changing number
of right half plane poles.® Generally, the nonparametric uncertainty description I(s) will not
constitute a very tight description of the "real® uncertainty, since it reflects the relative
uncertainty 7, , thus, P(s) will be larger than the actual set of all plants I1.' Roughly speaking,
Eq. (2.11) represents a better generalized form for identifying and using the nonparametric
uncertainty description because A is a full matrix. In order to achieve tighter bounds on the

uncertainty values in Eq. (2.10), we need to use a parametric uncertainty description with our

perturbation structure. [Eq. (2.9), given in state-space form, is a parametric uncertainty
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Figure 2.4 - A general block-diagonal bounded perturbation diagram.

description in the time domain. Numerically, these uncertainties can be identified directly, as
shown in Eq. (2.10), and written in terms of multiple individual perturbations L, of real or
rational transfer functions. If each individual perturbation L, satisfies Eq. (2.13) then they can
be collected and placed into one large block diagonal perturbation matrix, where A = diag {A,,
4,, ..., A)}. If a perturbation structure is implemented, weighting matrices can be used to

normalize the uncertainty such that the actual perturbation L, (4) is

L =WAW, @@4) =l vo. @2.15)
where W, and W, are rational weighting matrices that must have no poles or zeros in the open
right half of the complex plane.* ¥

To analyze the degree of stability for both of these uncertainty descriptions, we construct
a block diagram for the system as shown in Fig. 2.4. The matrix M, called the interconnection
matrix, is the nominal system model as seen from the various uncertainties. It represents a block-

diagonal, bounded perturbation problem.® The nonparametric uncertainty descriptions the
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solution to this problem involves a generalization of the ordinary singular value decomposition
(SVD).*® It is very important to determine the greatest singular value of a matrix, as it is
equivalent to the maximal "gain" of the matrix as the input vector varies over all possible
directions. The matrix value provides a reliable, nonconservative measure to determine whether
the robustness conditions of the model are satisfied. For the parametric uncertainty descriptions,
this measure is called the structured singular value (SSV), denoted by u, which also serves as an
essential analysis tool for verifying the robustness conditions.*: - #- 1% Since all simultaneous
uncertainties can be put into block-diagonal form by merely constructing the associated M matrix,
SVD and SSV allow us to nonconservatively analyze the occurrence of uncertainty anywhere in
the model.

Now recall that a necessary and sufficient condition for asymptotic stability of a rational
transfer function is that all its poles lie in the open left half of the complex plane.'”® This
condition is easily verified for a transfer function, which has a finite number of asymptotic stable
terms, and can be extended to a transfer matrix via the Nyquist criterion.®: 7 However, if our
plant is unstable, meaning it has poles in the right half plane (RHP), we want to retain this degree
of stability throughout the modeling process in order to improve performance in the control
design. For instance, if we are working with a reduced order model P(s), we make the
assumption that all the unstable terms of the full system are included in P(s). Hence, we want

to consider the degree of stability of a given transfer matrix to be defined by*
™8 (4) a max {R(x) |« is a pole of A}. (2.16)

Therefore, the degree of stability of the system must be equivalent for all models in the set. This
statement will be verified in the derivation of the robustness conditions on the M-A structure.
Consider L to be of the form given in Eq. (2.14), where the perturbation A satisfies Eq.

(2.13). Now if the nominal system model P,(s) is stable, M is stable and A is a perturbation
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which can destabilize the system. However, if the nominal system model P,(s) is unstable then
M is unstable and A is a perturbation which can further destabilize the system. The following
theorem establishes conditions on M so that the degree of stability is maintained by A.
Theorem 2.1

Under the assumption that either all of the perturbations A are stable or all the members
P(s) of the set IT of possible plants have the same number of RHP poles and if the absence
of encirclements of det( - MA) about the origin of the Nyquist D contour is necessary and
sufficient for robustness, the closed loop system given in Fig. (2.4) is stable and/or the
degree of stability is equivalent for all perturbations A if and only if the condition

S(M(iw) < 1, Vo @.17)
is satisfied.*- 4 '
This theorem states that if Eq. (2.17) is satisfied then no perturbation can destabilize the closed
loop M - A. Thus, the degree of stability is unaltered by uncertainty. From Theorem 2.1 we
can derive the necessary and sufficient conditions for robustness for the different uncertainty
perturbation structures given in Eq. (2.14). By comparing Fig. (2.3) with Fig. (2.4), we obtain:

1) Additive uncertainty perturbation

M = -1,d+P)" 2.18)

2) Multiplicative input uncertainty perturbation

M= -(I+P)*'P,, 2.19)

3) Multiplicative output uncertainty perturbation

M=-P(I+P)"l, (2.20)

4) Multiplicative inverse uncertainty perturbation

M = (I+P),, @.21)
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where for the nonparametric uncertainty descriptions, which follow from Eq. (2.13), all

perturbation quantities must satisfy

a(L) <1, k=4,1 0, E. 2.22)

When the perturbations A are restricted by a specific block diagonal structure, such as in
Eq. (2.15), Theorem 2.1 can be, in general, arbitrarily conservative. Therefore, to account for
the structure of the perturbations A, in order to achieve tight bounds on the uncertainty, let us
define the structured singular value (SSV) as an alternative to SVD. The function u(M), or SSV,
is defined such that u’(M) is equal to the smallest maximum SVD of A needed to make (7 - MA)
singular.* ' If no A exists such that det( - MA) = 0, then uM) = 0. Hence, u’'(M) is a
function of M and the structure of A. An interpretation of this definition in terms of the
generalized small gain theorem,* similar to that given in Theorem 2.1, gives the SSV the tightest
possible bound on our system M.

The following theorem establishes the necessary and sufficient robustness conditions for
the structured or parametric perturbations A.
Theorem 2.2% 4 *®

Under the assumption that either all of the perturbations A are stable or all the members
P(s) of the set IT of possible plants have the same number of RHP poles and if the absence
of encirclements of det(/ - MA) about the origin of the Nyquist D contour is necessary and
sufficient for robustness, the closed loop system given in Fig. (2.4) is stable and/or the
degree of stability is equivalent for all perturbations A if and only if

pM@iw)) < 1, Yo. (2.23)

Much like Theorem 2.1, this Theorem 2.2 states that if Eq. (2.23) is satisfied then no
perturbation can destabilize the closed loop M - A and the degree of stability is unaltered by the

parametric uncertainty description. Take note that when the perturbations are replaced by a
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A - diagonal multiplicative input uncertainty perturbation
Ao - diagonal multiplicative output uncertainty perturbation

Figure 2.5 - An example of a plant with weighted multiplicative input and output uncertainty.

nonparametric or unstructured description, so that, A is a full matrix, then

u(M) = a(M) 2.24)
which follows from Theorem 2.1.4 '

It has been shown that uncertainty can be characterized using parametric and non-
parametric uncertainty descriptions. These perturbations can then be applied directly where they
occur in the model. For example, if we consider a model that has both actuator and sensor error,
we can simultaneously apply weighted multiplicative input and output uncertainty perturbations
using a parametric uncertainty description. A schematic of such an uncertainty model is given
in Fig. 2.5.

In particular, we may combine these to form a more practical, mixed representation of

uncertainty. Where, for instance, unmodelled dynamics could be expressed as a nonparametric
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description and uncertainty in the pole locations could be expressed using a parametric uncertainty
description. An important point to remember, whether either a nonparametric or parametric
description is used, is that uncertainty must be modeled where it occurs, and not where it might

be mathematically convenient.

2.2 A Concurrent Modeling Method for Large-Scale Systems

An approach that includes the kind of uncertainty models described in the previous section
introduces two specific problems that need to be addressed during modeling: the analysis
problem, and the synthesis problem. The analysis problem is to determine if a given set
effectively portrays the system dynamics of the actual process. The evaluation of this problem
involves experimental testing, parameter identification, and model testing with all quantitative
examinations being limited to setting hard bounds. Specifically, such a procedure may involve
overshoot, undershoot, risetime and settling time evaluation, response envelope and input
bounding, and an examination of response effects due to disturbances, noise, or actuator
operation. The object is to learn as much as possible about the system, its components, and their
interactions. The synthesis problem, on the other hand, entails finding a nominal model and an
associated uncertainty description that optimally and accurately fits the model set. To evaluate
this problem, the fundamental properties discussed in the previous section must be imposed and
evaluated. Of course, this usually requires a procedure that can efficiently access all the available
information acquired in the preceding problem step in order to limit the decisions in the modeling
procedure and the number of iterations. Hence, a concurrent engineering method would be a
very practical format in which to make these decisions during the modeling process.

In Figure 2.1, a standardized modeling procedure was presented for large-scale systems
analysis.'® This procedure is characteristic of typical iterative top-down approaches that rely on

highly accurate representations for the system’s components. It was shown in the previous
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section that such highly accurate representations are not always necessary. In fact, a highly
uncertain system can be modeled very efficiently. Innate system uncertainty can be non-
conservatively and accurately modeled.!® Undoubtedly, it would be very effective if we could
take full advantage of this trade-off between what we know and what we do not know about the

system. Moreover, it would be very efficient if we could not only do this, but do it concurrently.

2.2.1 The analysis problem

For large-scale systems, a common difficulty arises with the need to efficiently represent the
components and their interconnections. A structure that can simplify these interactions should
be hierarchical so that systems can be built from the bottom up.* Such a structure will permit
models and data, which describe a system or a collection of systems, to be incorporated into, and
extracted from, a single variable. For instance, such a variable might contain design,
performance, and/or input specifications, in addition to the plant model, controller or both.
Furthermore, these variables are flexible in that they allow functions to be represented in state-
space form, as a transfer function, as polynomials, etc., thereby vastly simplifying user
interaction. A general schematic for a controlled structure is given in Fig. 2.6. This structure
can be formed using commands in MATLAB’s Robust Control Toolbox. In Fig. 2.6, the
system’s components are broken into the respective parts and all their ancillary components,
bounds, and specifications are branched accordingly. Consequently, this simplified user
interaction allows us to make major or minor modifications and improvements in the branches
such that results can be readily observed in the main system tree.

All the different techniques and ways used to obtain a model for the system and its
components can usually be classified in terms of either a forward or an inverse problem
evaluation. In particular, system identification methods can be categorized as an inverse problem

definition, whereas all others tend to fall into the forward problem solving class. Unlike the
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Figure 2.6 - A hierarchical structure for constructing and completing
the analysis problem for large-scale systems.
forward problem definition class, system identification techniques are very useful, because models
are derived directly from experimental data. These models are used for verifying predicted
dynamical models, setting bounds on inputs and parameters, and improving the fidelity of a
reduced order model. The details pertaining to the different types of system identification
techniques will not be discussed here. However, generally, system identification involves an
experimental appa.ratus of some kind in order to measure, acquire and process data. These data
possess measurement uncertainty, in addition to numerical uncertainty in the estimation algorithm,
and in conjunction with uncertainty apparent in the reduced or assumed model structure for the
system. Nonetheless, for all the uncertainty inherent in the procedure, system identification

provides the best methods known for verifying predicted models.® "' Thus, it is crucial to
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couple the inverse problem definition process with the forward definition process in order to

obtain all available information and verify a model set.

2.2.2 The synthesis problem

The evaluation of all available information occurs in this portion of the modeling procedure. It
is here where models are rejected, and successive iterations may take place before a useful
nominal model and it associated uncertainty description are found. Therefore, assuming that the
work accomplished in the analysis problem is complete, we can use this information to
simultaneously characterize our given model. Regarding model reduction, fitting, and error
analysis, it is assumed that these will all take place when using a frequency description of the
model. The frequency domain is most useful because it provides the person modeling with some
measure of the model’s response over all frequency.!!* *** This is very important in the steps
discussed here because most uncertainty models have limits that vary extensively with frequency
and models that must be based on frequency weighted bounds. These uncertainty models are very
common. The frequency domain also allows us to investigate frequency dependent parameters
and model them accordingly.

A general schematic showing how the synthesis problem may be conducted is given in
Fig. 2.7. This diagram takes into consideration the fact that information about a particular
component or system can be obtained analytically, numerically, and experimentally. In most
cases, analytical methods are highly limited and solutions are usually approximated using
numerical techniques. The key in the system identification portion of this procedure is to select
a model structure and its order to fit data using an appropriate estimator. Clearly, reduced-order
models are highly desirable, thus, the nominal model and identified models should reflect this.
Usually, from the identification procedure, enough data can be obtained to develop reasonable

nonparametric models. Since nonparametric models are necessarily lumped models, these
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Figure 2.7 - A concurrent scheme for evaluating dynamical system models and uncertainty.

uncertainty descriptions can be readily constructed.'®

Some time after the nonparametric models have been formed, the task of making the
uncertainty model less conservative must be executed through a parametric identification. This
process is usually conducted by changing parameters in the numerical model and comparing these
results with the actual event. In some cases, it may be necessary to add the nonparametric model
may need to be added to the numerical model in order to complete this task. However, results
will be conservative if proper care is not taken. The difficulty with constructing a parametric
uncertainty representation is that a substantial amount of knowledge, understanding, and
information about the actual process must be obtained.

Finally, the two representations can be joined to form a mixed representation. Mixed

uncertainty representations can take on many different shapes and/or forms. They either can be
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written out in a simultaneous manner or in a sequential manner. For example, in a sequential
type representation, we allow a parametric uncertainty description to degenerate into a
nonparametric description at a particular limiting frequency. This is based on the reasoning that
we will probably know more about the model and system behavior in the low frequency range
than we know in the high frequency range. After some experimental and/or numerical analysis,
a crossover region can be identified where all details about the system’s parameters become quite
fuzzy. It is this crossover region where the uncertainty model changes from parametric to
nonparametric to compensate for such things as unmodelled dynamics, neglected dynamics, etc.
The sequential mixed uncertainty representation provides us with the flexibility to tailor our
model to give the most nonconservative results.

Discussion about the nominal model has been brief partly because of the need for an
optimization procedure to be defined. A general diagram for a model fitting optimization
procedure is given in Fig. 2.8. This schematic closely resembles the procedure outlined in Fig.
2.7 with some additional decision making details. The kernel of the optimization procedure is
to fit uncertainty sets that have been obtained using numerical, analytical, and experimental
results to some predetermined nominal and uncertainty model. Such a method must be able to
search along all set boundaries and make very nonconservative fits. For most cases, it follows
that a search over all the given sets will involve first finding the center of the set, and second
verifying that it is a good representation of that set. Obviously, this center, which can be found
using a myriad of numerical techniques, represents the nominal model. Basically, the goal for
multiple uncertainty sets is to fit a continuous model through determined center points and
minimize conservatism in the uncertainty model given the robustness constraints discussed in the
previous sections. Clearly, the rigidity of the procedure outlined in Fig. 2.8 is kept to a
minimum because the general formulation of the nominal and uncertainty model is often isolated

from that of any common problem because several objectives will often need to be addressed and
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Figure 2.8 - A generalized nominal and uncertainty model optimization procedure.

traded off in some manner. Therefore, requirements for an optimization procedure must enable
the model’s intentions to be expressed, yet be able to solve the problem and enter preferences into
a numerically tractable and realistic procedure.

In a graphical depiction, consider the family I' of all possible plants represented by an
infinite number of uncertain regions in the Nyquist plane, as shown in Fig. 2.9(a). Since an
infinite number of uncertain regions are shown, we only see the uncertainty in terms of an upper
and lower bound. If we accept a nominal model to be the average of these two bounds,
optimization is unnecessary and this problem becomes rather trivial. However, if we have a
representation, as shown in Fig. 2.9(b), with a finite number of uncertain regions, the

optimization procedure becomes more difficult. This is because we must first determine a point
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Figure 2.9 - An example of uncertainty regions for a family I" graphically shown in
the Nyquist plane.

inside each region that is at or is near its center, and secondly determine a continuous model that
passes through each of these points. Next we optimize the fit for a nonconservative uncertainty
model that varies with frequency. If we wanted to approximate each given region of uncertainty
in Fig. 2.9(b) with a normed-bound, then we would search for the smallest circle that contains
each actual uncertain region of interest and fit it with an additive uncertainty model. Although
this gives a very convenient uncertainty representation for numerical purposes, it is at the expense

of some conservatism, because it includes regions outside the actual uncertainty.
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2.3 A Numerical Example
2.3.1 Analytical analysis formulation

For an example of the technique proposed in the previous section let us consider a simple cantile-
ver beam with a concentrated mass attached to its free-end. We will assume elastic deformation
to be small and model the beam using Euler-Bemoulli beam theory. The configuration of the
beam and the corresponding notation are given in Fig. 2.10. Using variational principles, an

expression for the beam'’s equation of motion can be written as:

EI (o) + v [w(x 1) ] +mow(x, 1) = —dow. (x 1) (2.25)
ox® o Yo Py

X

and the corresponding boundary conditions

= 9. =
w(0,¢) =0 PP 0, =0 (2.26)

T =

Figure 2.10 - The configuration for the cantilever beam example.
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9* 3’ 9?
EI-<(w(L 1)) =0 EI2S (w(L, 1)) = ML w(x,1)
ox? ox’

32 2.22)

where w(x,t) is the lateral displacement of an arbitrary point on the beam for any given time ¢, E/
is the beam bending stiffness, v is the damping operator, m is the mass per unit length of the
beam, M is the mass of the attached concentrated load, and w,(?) is a rigid-body external transla-
tion applied to the beam. The dimensions of the beam are given in terms of its length L, width W,

and height H. Also, M is regarded strictly as a point mass.

To begin the modeling procedure, we initially see that an analytical solution to Eq. (2.25)
can be obtained using the separation of variables method.>> Assume that the solution can be writ-

ten as

wix = Y 0,(0m, (1) (2.28)
k=1

where ¢, (x) are the normal mode shapes or eigenfunctions and n(#) are the time-dependent

generalized coordinates. By substituting Eq. (2.28) into Eq. (2.25), we obtain

EIY ¢ (N, (0 + Y Vo ()10, (1) +m Y, 0, ()i () = -mw,  (2.29)
k=1 k=1 k=1

Now let us assume that the normal modes of the undamped system, as determined by the
eigenvalue problem, can be used to uncouple Eq. (2.29). To complete the eigenvalue problem, the
damping and the forcing terms in Eq. (2.25) are temporarily excluded and a general solution is

easily verified for the free vibration problem to be

6, (x) = A'sin (Ax) +B'cos (A,x) + C'sinh (Ax) +D'cosh (Myx), k=123,.
(2.30)

where A', B', C', D' are constants of integration and A are positive variables. By substituting Eq.
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Figure 2.11 - The variation of A; with concentrated tip mass ratio.

(2.30) into Eq. (2.25) and applying the boundary conditions, the following equation is yielded:

— C'
0 (x) = (cos (ML) + cosh (A, L))
| ~(sin (\L) + sinh (W,L)) (cos (\x) = cosh (M) 1 _ 5

[ (sin (Ax) = sinh (Ayx)) (cos (ML) + cosh (A, L))

(2.31)

where the infinite values for A; must be determined numerically from

—m (cos (A,x) cosh (Ax) +1)

A = M (cos (A, L) sinh (\,L) — cosh (A, L) sin (A,L))

k=123,.. (2.32)

Once this equation has been solved for A;, we can complete the eigenvalue problem by

determining the undamped natural frequencies

El
0f = A JW’ k=123,.. (2.33)

The resulting values for k = 1, 2 and 3 are given in Fig. 2.11 for a large range of tip masses. It is

obvious from the diagram that structural variation can be considered quite negligible for masses
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Figure 2.12 - First four normal mode shapes for various concentrated tip mass ratio.

Under the assumption that the normal modes of the undamped system are unaffected by

Mode 2

0.5
Nomnalized Length (x/ L)

Mode 4

[0,L] we can use the orthogonal relationship to form

0.5
Normalized Length (x/L)

0

=39 —e—

which acting in a manner proportional to the square of its natural frequency.

N, () + Zv,,cf]k(t) +oln, (1) = N(1), k=123..
k=1

1

five times as great as the beam. It is important to determine whether the beam can actually sup-
port a mass of such magnitude and maintain the specified deflection constraints. The correspond-
ing mode shapes for various tip masses when k = 4 are given in Fig. 2.12. Clearly, from Fig. 2.12
we see that when no concentrated mass is added the mode shapes for the first four modes are at a

maximum. The effect of adding inertia at the end of the beam suppresses normal mode vibration,

damping, then by multiplying Eq. (2.29) by ¢, (x) and integrating over the domain of the beam
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where

L
vV, = J]p,c (x) V0, (x) 1dx, rk=123,.. (2.34a)
0

and the generalized modal forces are represented by
L
N (1) = Iq)k (X)W dx=nw,, k=123,. (2.34b)
0

Take notice that Eq. (2.34) represents an infinite set of coupled ordinary differential equa-
tions, so that, in general, damping produces coupling of the normal coordinates. In order to con-
tinue with this analytical solution and obtain values for the response of the beam the assumption
will be made that the damping operator is a linear combination of

3* L an
vV = aEl>; +PBm (2.35)
dax
where a and B are constant coefficients. In this case, the equations can be easily decoupled and

expressed as

e (1) 428,010, (1) + 0, (1) = mW, k=123,. (2.36)

where E, denotes the modal damping factors of the cantilever beam defined such that §, < 1. The
solution to Eq. (2.36) can be readily obtained by means of the Laplace transformation. With the
initial conditions set to zero, the nonrational transfer function from input to output is

oo -—

G(s) = 2( "k ) 2.37)

2 2
i1 \s +2§k(oks+o)k

After some algebraic manipulation of Eq. (2.37) the response of the beam becomes

—gkﬁ)‘ (‘ - 1)

4
n, (1) = wLJ‘Nk(t)e sin(o,,(t-1))dt, k=123,.
kd
0

(2.38)
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where
ﬂk(o) =0 nk(o) =0

and wy, is the natural frequency associated with the damped system, which is simply

aw?+ B2
0 = 0 (1-8) =mkj(1—( o ) @39)

The general response for the beam is obtained by inserting Eq. (2.38) into Eq. (2.28), with

the result

t

- 1
(x, 1) = y— N, (7
iy k§1¢k(x o‘)kdo k(e

-£,0, (-1

) sin (@, (1-1)) dt (2.40)

where ¢,(x) is given by Eq. (2.31) and N,(t) by Eq. (2.34b). Let us consider the case in which the

input has the form

. 210) (2.41)

where W, is a constant acceleration and ¢ (¢) the unit step function. Hence, we arrive at the step

response when Eq. (2.41) is substituted into Eq. (2.40) and integrated
- -w, A’

wina = ,Z'l B'wZ (cos (ML) + cosh (A,L))

(cos (A, L) + cosh (\,L))—(sin (L) + sinh (A,L)) (cos (Ax) — cosh (Ax)) ]

[1—._1— e—g"m"tcos (@, - Ok)]

[ (sin (\x) — sinh (A,x))

, (1- g%) (2.42)
where
0, = atan (i__) (2.42a)
Ja-g)

A = (%) (cosh (A,L) +1—cosh (ML) (cos (L) —1)) (2.42b)
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Table 2.1 - Material and geometric properties for the flexible beam configuration.

Property Specifications
— ——— |
Material Aluminum Sheet

31.2cm
2.60 cm
0.1143 cm
68.5 GPa
0.7133 g/cm
0.00124
0.001

m|x|s|c

™| | ¥

L
B = [le{ (x) dx + %4»3 (L) ] (2.42¢)
0

Let us consider a beam with the material and geometric properties given in Table 2.1. With
the constant acceleration W, set to 1 cm/ s2, we can use Eq. (2.42) to determine the transient
response of the beam’s tip (x = L) for various conditions. These conditions will include various
tip masses, variations in the elastic bending stiffness, various damping factors, and variations in
the bearn dimensions. It is anticipated that damping will be very small and vary slightly from
case to case and mode to mode. Therefore, the damping parameters will need to be bounded

experimentally as determined in the proceeding formulation.

In Fig. 2.13, the analytically determined response of the cantilever beam for a step input,
via Eq. (2.42) and summed over k = 1 through 10, is given for various tip mass ratios of 0, 1, and
2. Clearly, the amplitude of the tip decreases with increasing tip mass, a trend which was evi-
denced in the eigenvalue results given in Fig. 2.11. Effectively, with infinitely increasing tip

mass, the response of our cantilever beam with the free-end boundary condition degenerates into
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one with a pinned boundary condition, thus tip displacement will approach zero. In Fig. 2.14,
~ beam response is given for variations in the bending stiffness of up to £ 20% of the value given in
Table 2.1. These results show this parameter significantly contributes to the magnitude of the
beam’s amplitude. Realistically speaking, 20% is a rather large variation, however, it serves to
prove how uncertainty in assumed constant values can alter final results substantially. Figures
2.15 and 2.16 are presentations of a step input response for variations in the constant damping
parameters o and B. It is assumed that for convenience, these remain constant for all modes and
are innate characteristics of the beam’s material. It is evident from Fig. 2.15 and 2.16 that o influ-
ence on decay is much greater than  but only over a limited range of values. This is partly
because a. is proportional to the square of the modal natural frequency, yet it is limited because &;
becomes imaginary at various modes when « is greater than 0.00124. We see that having two

parameters to adjust, which gives us more freedom when putting bounds on damping.

2.3.2 Experimental analysis formulation

The primary objective for this experimental portion of the analysis problem is to determine
bounds on the actual response of the beam. These bounds, in conjunction with the analytical
results, will be used to obtain a useful uncertainty model for our final reduced order, linearized
system. Accordingly, an Aluminum beam with the same dimensions as given in Table 2.1, and
configuration as shown in Fig. 2.10, was utilized in this example. To provide excitation a vibra-
tional shaker was employed. The beam was clamped onto a rigid mount that was attached to this
shaker. The concentrated masses used in the experiment were securely attached to the end of the
beam via rubber contact cement. It was important that a good bond was established between

these masses and the beam.

The experimental apparatus was set-up and the beam’s length was once again measured due
to variation in the clamping procedure. It was found that the measurement uncertainty was

approximately AL = + 1 mm. This uncertainty was also consistent for the width measurement.



58

— M/mL=0
- -28 oo M 1L = 09267
z — = MimL= 13471
X | ~ M1 mL=2.1612
E
xQ
z
L
2
=
o0
)
=
0 10 80 120 160 200 240 280 320 360 400
F'requency (Hz)
180
e — M/mL=0
135 1 o M 1 L = 0.9267
o~ . - = M/mL=13471
9% : N o MIRL=2.1612
245 :
i) :
g 0 :
o . l I
£ 15 :
90
135 l l‘ l
the" ‘ l.l‘\{ w jL
180 =1 T T T T T T T T T
0 40 80 120 160 200 240 280 320 360 A

Frequency (Hz)

Figure 2.17 - Receptance response for various mass ratios.

Three small aluminum blocks of approximately 20.18 g, 29.98 g and 48.10 g were used for the
concentrated tip masses and the mass per unit length of the beam was 0.713 g/ cm. The measure-
ment error in these readings were determined to be approximately AM = + 10 mg. Additional
sources of uncertainty were also investigated. Uncertainty attributed to variations in the elastic
bending modulus .over the length, a non-rigid tip mass attachment, excitations at the natural fre-
quencies of the mounting apparatus, beam warping, and fluctuating conditions of the boundary
conditions. Obviously, such uncertainties are not only small, as compared to measurement noise
and calibration error, but are difficult to quantify directly. Thus, they can be lumped together in

the form of a nonparametric model which will be determined later.

To measure the natural frequencies and damping factors for each mode of interest wideband
and narrowband periodic excitations were applied. Over a wideband range of 400 Hz the magni-

tude and phase of the receptance was measured. Receptance is a measure of the displacement of
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Table 2.2 - Measured cantilever beam natural frequencies.

Concentrated Tip Mass Ratio

Frequency
(Hz) 0 0.9267 1.3471 2.1612
. 58.625 4591 38.875 44.25
o3 162.10 127.5 12038 | 118.125
o4 29075 | 22063 | 21325 174.25
s 473.25 347.13 32521 225.75
0 57863 | 426.88 428.0 359.15

the structure under a constant input load normalized by that load.!92 For various ratios of tip
mass to beam mass, the receptance of the beam at x = L is illustrated in Fig. 2.17. It is easy to see
from Fig. 2.17 that phase information contains extreme noise which greatly increases with addi-
tional mass. This noise is especially apparent in the very high and very low (rigid-body) fre-
quency regions. With increasing tip mass the resonant peaks decrease and shift to the left as they
are dominated by strong regions of anti-resonance. This is also evident in the diagram for the
phase also. The greater the mass-dominance the greater the negative slope of the frequency
response magnitude.

For purposes of identifying these resonant peaks narrowband excitation was used. The first
six natural frequencies for the various tip masses are given in Table 2.2. These values are
observed to be in close agreement qualitatively with Fig. 2.11, where a general decrease in magni-
tude occurs with increasing tip mass. Table 2.3 presents a comparison between the calculated and
measured natural frequencies of the beam for M/mL = 0 and M/mL = 2.1612. As seen from
these results the analytical data provides an upper bound and the measured values provide the
lower bound on ®,. The difference can be attributed to damping and energy losses through exci-

tation of the out-of-plane and torsional modes. Moreover, friction at the clamped boundary inter-
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Frequency MIFL=0 M/ L = 21612
(Hz) Calculated | Measured | Calculated | Measured
o] 10.132 9.25 3.023 2.8754
, 63.50 58.625 45.621 44.25
. 175.81 162.10 145.28 118.125
0 347.43 290.75 301.74 174.25
s 575.98 473.25 515.07 225.75
0 860.42 578.63 785.29 359.15

Table 2.3 - A comparison between measured and calculated
cantilever beam natural frequencies.

be very difficult to model.

face may add to these losses. Of course, this type of time-dependent boundary condition would

The damping ratios were obtained from Fig. 2.17 using the half-power point method.!02
This method is convenient and used here because it is valid for small damping. Results were
determined for various mass ratios and are given in Table 2.4. We see that damping tends to

remain fairly consistent with increasing beam mass but decrease with increasing mode number.

Table 2.4 - Measured cantilever beam damping ratios.

Damping Concentrated Tip Mass Ratio
Ratio 0 0.9267 13471 | 21612
I 1 - 1

€ 0.0204 0.0204 0.0209 0.0205
& 0.0173 0.0185 0.0193 0.0195
€3 0.0096 0.0099 0.0102 0.0101
&4 0.0088 0.0091 0.0095 N/A
Es 0.0071 0.0054 N/A N/A
€6 0.0008 N/A N/A N/A
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Figure 2.18 - Transient impulse response of the beam tip for two mass ratios.

At the higher modes for the larger masses damping ratios were indeterminable. The results for the
modes greater than k = 3 are uncertain because the measurement signal was very weak. Hence,

further calculations will be based on the assumption that damping ratios remain constant for k = 3.

Experimentally determined transient responses were obtained for both an impulse and step
input. These responses were completed for tip mass ratios of 0 and 2.16, respectively. The object
here was to set bounds on the overshoot, undershoot, and settling time for a pre-selected range of
tip masses. Figure 2.18 is a depiction of the transient response due to an impulse of approxi-
mately 30 N. The vast differences between the two cases are apparent, where tip displacement for
the O mass cases has an overshoot of about 6 mm and an undershoot of -2 mm. When a mass is
attached to the tip, displacement is greatly reduced. As seen in these results, since oscillations are
still occurring even after 8 seconds, damping must be very small. It took approximately 12 to 15

seconds for the tip to settle to its original position.
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Figure 2.19 - Transient step response of the beam tip for two mass ratios.

In Fig. 2.19 the transient response of the beam is given for a step input of magnitude equiv-
alent to W, in the previous section. Results from this experiment are very close to the analytical
results presented in Fig. 2.13. By comparing the two cases using a linear systems approach, we
find that the 0 mass ratio case has a peﬁod of T, = 0.1204 seconds and a damping ratio of approx-
imately 0.0087. The 2.16 mass ratio case has a period of T; = 0.3704 seconds and a damping ratio
of approximately 0.0097. If we assume the first mode to be the primary mode that dictates the
beam’s response, we see that the damping factors obtained from Fig. 2.19 are much less than
those given in Table 2.4. However, these values are within a particular range when modes 1
through 3 are considered. This difference may be attributed to the averaging of the measurements
that was used to obtain the receptance results illustrated in Fig. 2.17. The period gives us some
indication of what response should be expected from a reduced order model. Also, since the natu-
ral frequencies and damping factors associated with each tip mass are different, the goal of the
synthesis problem will be to construct a nominal model that can be used to reflect the general
response of the model. We want to develop a nominal model that is able to accommodate uncer-

tainty in the tip mass. The motivation for this is similar to that used when formulating a model for
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Natural Frequency (Hz) Damping Ratio
Mode
ot oY & &’
1 2.75 10.0 0.008 0.025
2 440 64.0 0.008 0.020
3 115.0 175.0 0.008 0.015
4 174.0 300.0 0.008 0.015
5 220.0 475.0 0.008 0.015
6 355.0 560.0 0.008 0.015

Table 2.5 -Physical bounds on model parameters.

a single-link robot arm where the mass of the object being grasped is known only within a speci-

fied range.

The conclusion of the analysis formulation involves evaluating the above information.
After an examination of the analytical and experimental results we can set bounds that reflect the
actual dynamics of the beam. Two specific sources of uncertainty need to be interpreted. These
relate to general uncertainty in the dynamic model and specific uncertainty in its parameters.
Essentially, because this example is rather simple, and it has been determined that the first mode is
the primary mode that dictates the beam’s response, we do not have to account for neglected
dynamics. However, modeling errors in the high frequency dynamics cannot easily be neglected..
These errors, which are apparent in the analytical model, are attributed to the assumptions made
regarding small deflections. To accurately model higher frequency modes, we would have to
abandon Euler-Bernoulli beam theory for the more complex Timoshenko theory.119 Hence, it will

be necessary to fit our model with a frequency weighted lumped perturbation.

The second source of uncertainty occurs due to variations in the model parameters. Since
we identified several parameters earlier, such as tip mass uncertainty, measurement uncertainty,

and material specification uncertainty, these parameters will be considered. However, because the



64
modal natural frequencies and damping factors are explicitly govemed by these parameters, we
can reduce the number of parameter variations to two where we allow the mass ratio to be
bounded between [0, 2.25]. Hence, the following bounds on parameter variations are given in
Table 2.5, where the superscripts L and U refer to the lower and upper bounds, respectively.
Obviously, from Table 2.5, the measured values serve as lower bounds whereas most of the calcu-
lated values serve as upper bounds. Also, since the measured values are included within the com-
pact set, we should be ensured that the actual system lies within this set. After evaluation in the

next section, these bounds could be reduced to attain a more conservative uncertainty model.

2.3.3 Synthesis problem formulation

Referring back to Eq. (2.28), Eq. (2.31), and Eq. (2.36) we find that our uncoupled set of govemn-

ing equations can be transformed into a set of general equations written in state space form:

¥=Ax+Buy .
y=Cx y
where
X = {no’ﬁo’nl’f‘l’ ...... ,nk,ﬂk} J(O) = {__xo} (2.433)
u={w,} (2.43b)
y={w(L, )} 2430
and
[ 7
0 1 0 0 0 0
00 O 1 0 0
0 0 -0} =250, 0 0
0 0 o 0 0 0
A= (2.43d)
00 00 1
00 0 —w; 28,0,
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(2.43e)

C={L 0 O (L) Q0 cooorenn. ¢, (L) 0 ] (2.43f)

and x, is a vector of initial conditions, and M, ), represent rigid body motion of the beam.
Equation (2.43) resembles the general form of the LTI system given in Eq. (2.7) with the excep-
tion that it is not finite-dimensional because it contains an infinite number of modes, all of which
cannot be modeled. In order to continue this formulation, a truncated model will be derived using
only four of the modes identified in the analysis. It is assumed that this primary mode model
includes all characteristics in the residual modes of the beam’s dynamics. We then have a four
mode model a state vector containing 8 modal elements and two rigid-body elements. Also, take
note that this problem is single-input single-output (SISO), since we are only interested in tip dis-

placement for prescribed base motion.

If we assume that Eq. (2.9) is a valid representation for our uncertain system, then Eq.
(2.43) can be rewritten as a nominal model with bounded perturbations on its matrices. Let us
consider parametric model uncertainty. From Eq. (2.43e), we see that the tip mass directly affects
the system matrices both as a parameter and through the system’s eigenvalues. In order to model
this system so that all variations in tip mass are accounted for, we need to select some nominal
operating conditions. It has been determined that tip mass ranges between a bounded mass ratio
of 0 and 2.25, therefore, calculated primary mode eigenvalues must range between [1.875,
1.0233]. For simplicity, we can determine a nominal operating condition by finding the mean of
this range and substituting it into Eq. (2.32) to obtain a nominal mass ratio. The mean for the
eigenvalue range was found to be 1.4491, which corresponded to a nominal mass ratio of 0.4421.
Therefore, after substituting this value into Eq. (2.43), we see that nominal matrices B, and C, are

easily established based solely on this nominal operating condition assumption.
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Figure 2.20 - Fuzzy Nyquist diagram associated with plant set.

Prior to constructing the nominal model, we transformed our state space model into a sum
of four transfer functions, as given in Eq. (2.37), for the nominal operating condition. The trans-
fer functions were used to get a physical understanding of the uncertainty region topology over a
desired wideband frequency range of 0 to 400 Hz. This was accomplished by mapping the uncer-
tain transfer functions to the Nyquist plane. The parametric in the modal natural frequencies and
damping ratios is represented by the fuzzy Nyquist diagram in Fig. 2.20. From Fig. 2.20 we see
that our plant set is open loop stable by the Nyquist criterion.?® It is also evident that the gain
margin for all possible plants and all modes is infinite, which is consistent with the experimental
data in Fig. 2.17. The resolution of Fig. 2.20 does not specifically show the parametric uncer-
tainty over the desired frequency range. To better observe the uncertainty regions, a local Nyquist
plot was constructed and is given in Fig. 2.21. This plot graphically shows the effect of paramet-

ric uncertainty by nine individual fuzzy regions located at m = [.01, 400].
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Figure 2.21 - Local fuzzy Nyquist diagram showing parametric uncertainty.

Now looking closely at matrix A reveals that it is composed of the two uncertain parame-
ters. By focussing on the system matrix A the nominal model can be easily constructed by simply
using the averages of the upper and lower bounds given in Table 2.5. In most cases, however, an
assumption of this kind could lead to unwanted model error in critical frequency ranges. To avoid
introducing more error than what already exists, two additional models were constructed for com-
parative evaluation. The first nominal model is based on an average of the individual poles and
zeros in the model set transfer function. The second nominal model is an average of the individ-
ual elements in the A matrix. These two nominal models are referred to as 1 and 3, respectively,

and the parameter averaged model as nominal model 2.

Fig 2.22 is an illustration of the fuzzy pole-zero map for this system, which has four stable
poles and three zeros. The uncertainty regions associated with the zeros and poles are represented
by the dotted and dashed lines, respectively. It is clear from this map that our uncertain system
includes several nonminimum phase plants. Uncertainty descriptions that include RHP zeros

must be carefully examined and constructed.!®! Figure 2.23 is a detailed representation of the
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Figure 2.24 - Bode plots for the three 4 mode nominal models.

pole uncertainty and of the location of the averaged poles. Note that rigid-body mode causes one
open loop pole to exist at the origin. Bode plots of the three four mode nominal models are illus-
trated in Fig. 2.24. Close agreement between the three models is apparent in the range between
the first two primary modes. However, the difference between model 2 and models 1 and 3
becomes significant with increasing frequency. Models 1 and 3 are fairly consistent over the
spectrum because they represent averages for the entire plant set. These results are also qualita-
tively consistent with the receptance plot given in Fig. 2.17. It follows from these results that
model 3 will be adopted for the 4th order nominal model.

Now that the plant set has been bounded and the nominal model defined, consider model-
ing parametric uncertainty in detail. To include parametric uncertainty in the model, we need to
formulate the plant using the bock diagram in Fig. 2.4. Rewriting the uncertain equation (2.43) to

fit this structure requires the perturbation AA be placed into the following form

A”éaf)A|A—Ao| = AA = W,AW, (2.44)



70
where matrices W; and W, play the roles of placing the parametric uncertainty block A into the
diagonal structure given in Eq. (2.15). By substituting Eq. (2.44) into the uncertain version of Eq.
(2.43) we are able to write the following state space equations that are associated with the M-A

structure:

X=Ax+Bu+W,

y=Cox
z=AWx
A =diag {Aw?, Awg, ...... , Az,;1 o) Alﬁz%’ ...... } (2.45)

where the subscript o refers to the nominal model. To obtain a diagonal matrix for A, the singular-
value decomposition (SVD) can be applied to AA. As a result, SVD provides two unitary matri-
ces which can be made equivalent to W; and W, such that the product of W,AW? is identically
AA. From Eq. (2.45), the overall augmented plant matrix and system matrix M written in state

space form becomes

Ao BaWZ
Gas=lc,0 0fl=M 2.46)
00

N

1

A=14) B=[,w] c=[c,w] D=[gg]

This form is a linear fractional transformation of Eq. (2.43). It is used to represent the transfer
function M “seen” by the uncertainty blocks as a transfer function from y to z.36

Two step responses for an input of 1 cm /sec? were conducted for the upper (maximum AA)
and lower (minimum AA) perturbations in the A matrix. The simulation results, illustrated in Fig.
2.25, are compared to the step response for the nominal model. The strong influence of the small
damping and high natural frequency in the lower bound response is similar to the experimental
results depicted in Fig. 2.19. In comparison to the nominal model and upper bound, we must also
note the large amplitude of oscillation about 1.4 mm in the upper bound. These large values inev-
itably show that the physical bounds on the uncertainty perturbations are large as compared to the

nominal model, possibly including more plant sets than are necessary. To determine the relative
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magnitude of these additive perturbations the multiplicative form of uncertainty, given in Eq.
(2.11), was generated. Results for the upper and lower bounds are presented in Fig. 2.26. These
results verify the observations made in Fig. 2.25. Notice that both relative magnitudes exceed-
ingly cross unity at or near every mode past the first two modes. This is because our model
describes well the steady-state and low frequency behavior, but becomes highly inaccurate for
high frequency inputs. Furthermore, since we have included zeros crossing and located in the
RHP in the uncertainty description, we see |r] 2 1 at these modes, which implies that the phase is
completely unknown. The very sharp peak in the lower bound near the origin is caused by the
presence of the rigid-body mode. Sincé the rigid-body mode is located at the origin in the
Nyquist plane, it causes [r{ = . This is unsuitable because rigid-body motion for this structure
is typically known, so that uncertainty at or near D.C. should be negligible. Consequently, these
results leave us two choices, to either go back and reformulate the physical parametric uncertainty
bounds, or to reduce the effect of the perturbation through the use of weighting matrices. The sec-

ond path is chosen for interest.

The results from Figures 2.25 and 2.26 suggest excessively large perturbations from the
nominal model. To evaluate stability robustness of the model due to these perturbations, we
employ the singular value method (SV or SVD) and the structured singular value method (SSV).
Figure 2.27 depicts upper SV and SSV bounds on M, normalized with beam length L and gener-
ated over a range of 0 to 400 Hz. It is evident from this diagram that the SV gives a slightly more
conservative upper bound than does the SSV. This is expected since SSV gives the tightest possi-
ble bound on M.47 101 Figure 2.27 also indicates an upper bound greater than O for both methods.
Thus, the magnitude of the perturbation causes the condition for stability robustness, as given in
Theorem 2.2, to not be satisfied for all A< 1. Earlier, it was determined that this model set is sta-
ble for all parametric variation, thus ¢**2%#¥y (G (s)) = 0. However, because the magnitude of
the perturbations include more plants in the set than were intended, we see that M is fully destabi-

lized by A, as determined by the conservative SV results and partially destabilized using SSV.
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Figure 2.27 - A comparison of the SV and SSV representations for M.

Since it is undesirable to make our system unstable by adding uncertainty, in order to satisfy

Theorem 2.2 and to reduce the relative itude of the

ighting matrices must be
applied to M. Three different weighting matrices were imposed on the uncertainty model, and

were compared. For convenience the same weight was applied to all A;. Included in these three

weighting matrices were a constant valued model, a

q y der model, and a freq y
dependent multiplier scaled model that was obtained using the SSV subroutine provided by MAT-

LAB3®

The constant valued model was able to reduce the upper bound only for values below 10%
of the initial AA, as shown in Fig.2.28. Obviously, the use of this model would demand that either
the physical parametric bounds given in Table 2.5 be reformulated, or that the nominal model be
reduced to a lesser number of modes and complemented with a large additive nonparametric rep-
resentation. The frequency dependent model is given by the equation:

0.144s + 2880

D) = =55se00

5 = io (2.47)
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Figure 2.28 - SSV stability evaluation for the parametric uncertainty model.

This model imposes a weight of about 40% of the initial AA in the low frequency range (first two
modes), which gradually increases w1th frequency and rolls-off at approximately 65 Hz to reach a
final value of 65% of AA. As seen from Fig. 2.28 this model provides a much better uncertainty
representation because its reduces conservatism in the peaks. The weighting strategy allows us to
take advantage of what we know, such as the dynamics in the low frequency range. We see a
gradual increase in uncertainty of up to 200 Hz, approximately of the same frequency at which

experimental error caused poor results.

The third model is based on a multiplier method that uses convex optimal diagonal scaling

to accurately predict system robustness. Ideally, if M is diagonalized by a real positive matrix D

such that

1 (M) <G (DMD™) VDe Q, (2.48)

then | DMD™!||.. can be made much smaller than || M|l to provide very tight bounds and accu-

rate predictions of the system robustness.3% 1% From Fig. 2.28 it is apparent that this model
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gives the tightest possible bound on parameter uncertainty, and not at the expense of physical
accuracy. However, one disadvantage with this method is that it is computationally demanding to

determine a new D at each frequency over the desired range.

Notice in Fig. 2.28 that the SSV for all three weighted cases decreases for frequencies past
225 Hz. This shows that uncertainty perturbations in this frequency range are highly attenuated
by the system dynamics. However, from our experimentally measured response we know that
two more natural frequencies exist between 220 and 400 Hz. Although these modes were not
included in the model, their presence cannot be overlooked. In addition, the uncertainty that was
identified as a result of the small deflection assumption, the assumed boundary conditions, and

other small errors, is investigated here using lumped uncertainty perturbations.

To accomplish this we employ a nonparametric uncertainty description. In Fig. 2.3, four
perturbation structures for representing nonparametric uncertainty are given. Here we will inves-
tigate and compare the additive and multiplicative output perturbation structures. The additive
structure is appropriate for modeling uncertainty due to unmodelled dynamics and uncertain RHP
zeros. On the other hand, the multiplicative structure is more appropriate for modeling neglected
high frequency dynamics and input or output errors. For additive uncertainty, the following

weighted perturbation was applied

_ 5.55%+ 14085 + 1.377¢°

L,(s) = A(s), Vs = io (2.49)
4 §% + 10015 + 2.114¢°

and for the multiplicative uncertainty the following weighted perturbation was applied

12.955+0.7
452 +345+8.34

Ly(s) = A(s), Vs = io (2.50)
such that A satisfied Eq. 2.13. Both uncertainty weights were determined by fitting continuous
stable minimum phase state-space realizations through selected data based on percentages of the

nominal model. For instance, in the low frequency region where only small variations are
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Figure 2.29 - SSV stability evaluation for the nonparametric uncertainty models.

expected, less weight is needed. In the high frequency region, error and uncertainty are typically
large, thus, system response can be rel‘axed using more conservative models, i.e., models that con-
tain more plants in the set. A suitable model was then fit so that uncertainty increased from 10%
to 65% in the crossover region between 100 and 200 Hz. Subsequently, the order of these

weighted models was reduced to the form given in Eq. (2.49) and Eq. (2.50).

The results from the nonparametric uncertainty evaluation are depicted in Fig. 2.29. It is
clear from these results that both models meet the stability bound given in Theorem 2.1. Accord-
ing to the multivariable stability margin.36 the primary resonance peak of the multiplicative
uncertainty model can tolerate a 29.2% perturbation before instability occurs, whereas the addi-
tive model can only be as large as 26.7%. This may occur because the weighted additive uncer-
tainty model greatly relaxes the response beyond the fundamental natural frequency. On the one
hand, it does this at the expense of increasing the order of the model from eight to ten. On the

other hand, the reason for the large conservatism in the multiplicative model is because uncer-
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tainty is lumped together with perturbations that are relative to the nominal model. Although fre-
quency weighting slightly improves this situation, it cannot account for all the unnecesssary plants
admitted to the model set. The additive model directly affects nominal system response as
opposed to being relative to the nominal system. This idea follws the parametric uncertainty rep-
resentation where additive perturbations were applied to the system A matrix.

The results from the structured and unstructured uncertaiinty descriptions give som indica-
tion of the need for a mixed uncertainty model. We see that tight bounds are achieved in the low
and mid-frequency ranges using the parametric uncertainty description, which was formulated
from actual bounds on physical parameters. On the other hand, we find the nonparametric uncer-
tainty description advantageous for relaxing the nominal model in the high frequency range. By
combiniing these two models in a sequential manner we can construct a very realistic description
of the model uncertainty.

For the sake of completeness, let us consider a sequential approach for the mixed uncer-
tainty model instead of the simultaneous approach. For the sequential mixed uncertainty we must

impose a bound on the parametric description such that,

(A, s) Vo<o,

G(o) = G(s) Vo2, s =io (25D

where ®, denotes the parametric bounding frequency. It is at this frequency where the parametric
uncertainty model fully transforms into the nonparametric uncertainty model. Prior to @, all RHP
zeros must be constrained to the LHP. This will ensure that all primary modes are properly
damped out. At ®, and beyond all RHP poles that exist in the parametric uncertainty description
must be constrained to the LHP. This ensures that our plant is stable at high frequency. For plants
with truncated or unmodeled dynamics this statement is important to the stability of the entire

model. It follows that at ®, the nonparametric uncertainty description must be limited by

9%, || Jim G 4,9 s% (2.52)
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Figure 2.30 - Variation of additive nonparametric uncertainty and frequency bound.

where kj, is the high-frequency gain of the plant and e is the excess of poles to zeros of G(A,s).
Equation (2.52) signifies the lower limit of the parametric uncertainty description as ® approaches
infinity. Therefore, for G (s) € I' to smoothly transition from G (A, s) € T, it must be bounded

by the following relation

max

. k
Aeq G S|

()

Vo2 o 2.53)

¢

where Qr is the set containing all nonparametric plants G(s).

In this example, k;,/® approaches a gain of -37.47 dB /decade as w goes to infinity for a
pole-zero excess of unity. In Fig. 2.30, the variations of the perturbed nominal model for the addi-
tive nonparametric model is shown with the bound given by Eq. (2.53). We see that the final
intersection of the gain limit and the bound occurs at 237.8 Hz. If we select this frequency as the
transition frequency our additive nonparametric uncertainty model satisfies Eq. (2.53). Hence, the

transition is smooth between the parametric and nonparametric uncertainty descriptions. It is also



79
evident from Fig. 2.31 that if the bound on the right side of Eq. (2.53) was imposed a large
amount of conservatism would be included in the nonparametric model. As our nonparametric
model shows this large amount of conservatism is unnecessary and can be limited. Of course, in a
realistic problem we probably would move the transition frequency to the intersection after the
second primary mode. This would be most useful, as a practical problem would most likely be

reduced to include two primary modes instead of four.

2.4 Chapter Summary

In this chapter a procedure for modeling large-scale structural systems was introduced and
applied. This procedure is practical because it captures all aspects of the system while translating
them into an appropriate working model. We find that there is no one standard or simple way of
doing this because models are unique to the problem at hand. Thus, the method proposed here
assumes and treats the system as a set of models instead of a single system. This calls for a nomi-
nal model to describe the typical behavior of the system and an uncertainty model to describe per-
turbations from the nominal model. Modeling systems in the presence of uncertainty have been
shown through introduction of a general mathematical framework. Is is also shown that this pro-
cedure is very compatible with concurrent engineering. For example, during initial design,
parameters are very uncertain and imprecise. We can develop uncertainty models that gradually
improve as the design matures and the amount of imprecision and uncertainty subsides. In this
regard, a model is simultaneously developed through each stage of the design process. Finally,
our procedure is applied to a cantilever beam example. Using results from experimental and ana-
lytical analysis, a nominal model and parametric and nonparametric uncertainty models were
developed. These uncertainty models were then combined to form a single, mixed uncertainty
model. This example gives conclusive evidence of the usefulness and efficiency of mixed uncer-

tainty models and the concurrent design procedure.



EXPERIMENTAL ANALYSIS FORMULATION
FOR A DISTRIBUTED-PARAMETER STRUCTURE

3.0 Introduction

In the field of structural control, the need for good models to support robust control system
design has been indicated.' * "' Experimental system identification is one way to achieve this
goal. It can be used either to observe certain aspects of predicted dynamics or to verify the
reduced-order mathematical models needed to establish controller designs. Thus, through
carefully controlled experiments, reduced-order models of relatively high fidelity can be attained.
Such experiments would be designed to determine ranges for specific material, structural, or input
parameters, to estimate nonlinear system component bounds, or to verify fully-assembled
mathematical models. Therefore, we see that experimental system identification is a useful way
to provide the valuable information needed in the analysis problem of the concurrent modeling
procedure. However, system identification of distributed-parameter structures poses a unique
challenge for experiment design.® '* The highly resonant dimensionality of the structure
imposes limits that are attributed to noise, deficiencies in model-order selection, and poor
correlation of higher frequency modes.'"* All experimental techniques have some random
variation or error which must be assessed to establish the significance of the results. If the

models obtained from identification are to serve as descriptive references for simulations, it is
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very important to minimize as well as investigate uncertainty. This is particularly important when
there is no general agreement on the physical mechanism of the observed behavior, nor on the
properties of the structure. In this case, poorly designed identification experiments will have little
effect on any derived mathematical model and uncertainty may be too large to accurately quantify
or bound. On the one hand, if the problem is the selection of a constitutive equation that
accurately describes the relationship between a structure and its properties under certain
conditions, this can be resolved by fitting data to several different constitutive equations and by
making some comparative measurements.’* On the other hand, if the problem concerns the
interaction of the system’s components with its surroundings, many models need to be evaluated
and/or fit before accurate conclusions can be drawn and bounds can be determined.

For the electrorheological (ER) fluid structure considered in this study, a combination of
many aspects make any identification process cumbersome. The dearth of reliable and repeatable
testing methods for ER fluids has hindered attempts to formulate a collective mechanical property
database.'” Since simple, quick, and convenient test methods are not currently available,
imperfections in the different models used for ER fluids make comparative conclusions difficult.
Thus, ER fluids must first be individually tested and fit to an appropriate rheological model in
most cases. Secondly, the integration of the ER fluid within the structure imposes certain
restrictions on the identification measurements. Assumptions must be made with care so that the
salient features of the system’s behavior are addressed in detail. It is plausible to assume that
only through an analytical and experimental identification, and a numerical correlation, will
critical sources of error be revealed.

The objective of this chapter is to begin the analysis problem in the mathematical modeling
procedure with an experimental formulation. This will entail an identification of the behavior of
free-edged plates composed of an ER fluid actuator core. In order to provide an accurate

description and bounds on parameters, a mathematical model for the ER fluid actuator is
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developed. These descriptions will facilitate the analytical and numerical portions of this
investigation. A review of the ER fluid mechanism begins this chapter. Then a mathematical
model of the actuator is constructed to accommodate analytical and finite-element methods. A
numerical example of the actuator model is presented in order to demonstrate its capabilities.
Finally, a nonparametric experimental identification procedure is conducted for two ER fluid
actuated plates with rectangular and square geometries. Identification will involve an evaluation
of the dynamic response of the structure for zero electrical potential and while undergoing various
time-dependent voltage excitations. In conclusion, responses for the electrical and dynamic

behavior of the ER fluid are also considered.

3.1 Electrorheological Fluids

3.1.1 Rheology of suspensions

When a large concentration of solid particles, called the solute, is dissolved in an insulatory liquid
solvent, and the size of the particles are much larger than the molecules of the liquid, the
admixture is defined as a sol suspension.® In a suspension, three kinds of forces coexist to
various degrees. These forces are of colloidal origin due to the electrical interaction between the
particles, the ever-present Brownian force, or (thermal) randomization of the particles, and the
local viscous forces acting on the particles.’ Thus, the presence of the solid phase alone
markedly affects the rheological properties of the original solvent to give the suspension unique
qualities of its own.

If we impose an identical deformation to the solvent and then the suspension, a significant
difference will be apparent between their measured stresses.? “> ' These differences are
attributed to the remarkable changes in viscosity, deformation, and rate of deformation as a result

of the solid-solid and solid-fluid phase interaction. A viscosity versus shear rate curve for a
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Figure 3.1 - A strain rate versus viscosity curve for a typical suspension.

typical suspension is given in Fig. 3.1. As compared to the common Newtonian fluid in the
schematic, the suspension shows a non-Newtonian decrease in effective viscosity which is known
as shear thinning. Shear thinning results from the aggregation and separation of solid particles
during steady shearing. At high and low shear rates, the suspension displays the Newtonian fluid
characteristics of the solvent as evidenced by the two plateaus. Of course, such factors as
concentration of the solute, temperature, pressure, particle size and particle surface quality all
have considerable effect on the suspension viscosity, as well as its response to deformation.

At rest, the suspension assumes a state of equilibrium where the particles tend to form a
structure that possesses minimal energy transfer. An innate characteristic of these fluid systems
is that the particles always arrange themselves so that the net forces are in mutual equilibrium.'*
This arrangement can vary according to the dominance of the three interacting forces. On the
one hand, if the particles are very small, forces acting on the particles are largely of Brownian
nature and the particles arrange themselves to form a thermodynamic equilibrium. On the other

hand, when the particles are large, forces are of colloidal form and the equilibrium arrangement
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is either electrically attractive, or repulsive. Thus, when colloidal forces are electrically attractive
the structural arrangement can vary from near-spherical flocs to individual pearl-like strings.
When the colloidal forces are repulsive, the particles distance themselves from one another to
form a dispersion or a more structured pseudo-lattice dispersion.'> 4

Upon deformation, particle energy transfer in a dispersion increases as an uninterrupted
sequence of structure disassembly and arrangement occurs. Clearly, the rheological properties
of the suspension are strongly dependent on these considerations, as shown by Fig. 3.1.
Therefore, any modification of the suspension, either by adsorbtion of surfactant materials onto
the surface of the particles, presence of an activator phase, or the introduction of an electrical
potential across the fluid, will have direct consequences on the response of the particle structure,
and, the suspension’s rheological properties.

Essentially, ER fluids represent a class of sol suspensions that exhibit large modifications
in particulate structure when subjected to an electric potential. In general, ER fluids consist of
a particle constituent, a dielectric fluid component, a surfactant, and, in some cases, an activator
phase.'”® Observations of ER fluids at rest give indication of a dispersion, since repulsive
colloidal forces dominate particle interaction.> ' When an electrical field is applied to the
dispersion, the particles readily become attracted to one another as a result of polarization.
Simultaneously, as particles polarize and become charged dipoles, the dispersed solid phase re-
orients, re-structures or flocs to form column-like strings or bridges between the electrodes.
These strings define a new structure and equilibrium state that has very different and unique

rheological properties as compared to the original suspension.'®

3.1.2 The electrical behavior of ER fluids

Conventional electrostatic theory indicates the existence of a uniform field between two electrodes

separated by a dielectric medium, Yet as shown by Felici, when a dielectric suspension is
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Figure 3.2 - Representative colloidal interaction potential over particle surface separation.

inserted between two electrodes, the electric field is complicated by numerous local non-uni-
formities. Such local non-uniformities in the suspension affect particle polarization and
conduction, and cause field warping and very large particle motion. Furthermore, local non-
uniform field effects can continue for several minutes after the imposition of a steady-state global
woltage.!® We find that the local non-uniformities in the electric field contribute to the
mechanism that governs the behavior of an ER fluid and the formation pearl-like particle strings
that are held together by strong inter-particle forces.

To predict the behavior of the dispersion and its structure, accurate information about
particle interaction is required. Two of the most important colloidal forces in a dispersion at rest
are the van der Waals potential, which is derived from the attractive molecular forces existing
at the atomic level, and the electrostatic potential. Comparatively, the former potential is strongly
attractive, whereas the later is effectively repulsive. In Fig. 3.2, the balance between these

interactive potentials is given for a dispersion at rest. This balance determines the apparent
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Figure 3.3 - Double-electric layer theory for ER fluids.

pseudo-structure behavior of the ER fluid. For instance, a large repulsive electrostatic potential
causes the particles to form a stable-ordered lattice structure due to the disassociation of ionic
groups on the particle surfaces or the adsorption of ions from the solvent.* ' 2 Conversely,
a large van der Walls potential stimulates agglomeration, and, in highly concentrated suspensions,
promotes aggregation to form a very disordered flocs.® In Fig. 3.2 the strong attractive
minimum of the total energy can lead to agglomeration, however, a repulsive maximum will
retard this attraction causing particles to separate. This gives qualitative indication of the
random, disordered and dispersed behavior of a dispersion and the properties of the ER effect.
It is generally accepted that the electrorheological phenomenon originates from particle
polarization induced by an electric field.'s ' 12. 113 Cyrrently, most models that describe particle
polarization can be categorized into three specific theories: i) a distorted double-layer theory, ii)

a water surfactant theory, and iii) an exclusive particle polarization theory. These three
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interpretations have been summarized in a paper by Weiss, er al.'® Only for completeness, will
each theory be discussed here in brief.

The double-layer theory is graphically shown in Fig. 3.3. This theory involves the
distortion of an ionic layer surrounding each particle, causing each particle to align itself in a
direction of opposing charge. The water surfactant theory proposed by Stangroom,'® suggests
that the minimum requirements needed by a material to exhibit the ER effect include a
hydrophobic liquid, hydrophilic and porous particle, and moisture. The moisture acts as a bridge
between particles, where ions in the water shift the amount of water surrounding the particle to
act as a "glue”.'® Although water may be important for some ER fluid systems, recently, several
anhydrous fluid systems have been developed suggesting that the mechanism for ER activity may
be inherently attributed to the chemistry of the fluid constituents and not the apparent moisture
content of the solid phase. Treasurer, et al,' suggests that this mechanism is dependent on the
intrinsic polyelectrolyte chemistry of the dispersed particle. The final theory is based on the
detailed theory of polarization® to explain the five different stages of columbic particle attraction.

The importance of permittivity on the ER fluid dispersion subjected to an electric field
must be stressed. The very large difference apparent between the permittivities of the particles
and of the fluid solvent is responsible for polarization and structure formation within the ER
fluid.’* Both structure and polarization are dependent on the electrostatic potential between
particles and on the non-uniformity of the electric field. Electrostatic potential is dependent on
the magnitude of the particles’ surface charge and dielectric constant of the solvent. The
adsorbtion of conducting surfactants on the non-conducting dispersion permit particle polarization.
Upon application of an electric field, the surface carries a charge introducing a formation of the
dipole moments of the disperse particles. For a structure and orientation of the dispersion to
exist, the particles must have a relative dielectric constant of sizable difference as compared to

the surrounding base fluid. This large difference between the two dielectric constants enables the
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Figure 3.4 - Changes in the structure as a result of di ic polarization of the

particles to move towards regions of higher field strength, severely straining the interfacial layer
formed around the dispersed particles. The observed structures in the ER fluid originate due to
the induced separation of the charges on the surface of the structure. Origination is determined
by the interface of the necessary double electric, hydrate, or adsorbtion layers, - '®- 1%

At the macroscopic level, observations of an ER fluid in the presence of an electrical field
show the ability of the solid phase to create a strong structural skeleton or bridge between the
electrodes. This structural skeleton is manifest by particle electrocoagulation which is caused by
several varying mechanisms of particle migration. The polarization of the particles plays a very
important role in the structure formation and orientation as illustrated in Fig. 3.4. First, the
neutral particles are polarized. As a result, they experience torques while remaining stationary,

not being impelled to in a direction toward either electrode. Next, the dipoles tend to




b

d

8

bet

Ie;



89

align themselves to achieve a state of minimum energy in the electric field. This is called
dielectrophoresis. Dielectrophoresis, as shown in Fig. 3.4 (a), occurs as a result of field effects
on the translational motion of the neutral or weakly polarizable particles.'® Simultaneously, as
more particles polarize, individual particle rotation is observed, as shown in Fig. 3.4 (b).
Finally, once the particle layer is polarized by ion adsorbtion, the strain on an individual particle
creates an electrostatic dipolar force between adjacent particles as they are forced to form the
aggregate bridge structure shown in Fig. 3.4 (c). It is this increase in the interacting dipolar
forces that results in an increase in the relative motion of the solid phase while new bridges are
being formed. Consequently, the continuous motion of the particles during aggregate bridge
destruction and reformation results in noticeable rheological property changes of the ER fluid
with changing electrical field. Rheological behavior of an ER fluid is discussed in the next

section.

3.1.3 The rheological behavior of ER fluids

An arbitrary material containing particle suspensions of colloidal dimensions, may, in some cases,
show viscoelastic behavior, and in other cases show viscoplastic behavior.® 7 ¥ The differences
between the two materials are quite large, especially in terms of their respective mathematical
relations for stress, strain, strain rate, and viscosity ER fluids, on the other hand, show
characteristic features of both types of behavior. They encompass linear and non-linear
viscoelasticity in certain areas of low electric field intensity and strain rate, and viscoplastic
behavior in regions of high stress and strain rate. It is because of this complex inter-dependency
of the rheological parameters on the external electric field that the mechanism by which an ER
fluid can be modeled is severely altered. Therefore, a complete rheological model will be
manifest by the range of the corresponding ER fluid’s application, and will depend on electric

field as well as deformation rate and magnitude, and thermodynamic effects.®
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Figure 3.5 - A schematic of observed shear stress/strain behavior of an ER fluid.

ER fluids behave in a slightly Newtonian manner only in the absence of an electric field.
When thus activated, the rheological properties of an ER fluid show non-Newtonian behavior
such as shear-dependent viscosity and a yield stress.* %7 Unlike Newtonian fluids, an ER
fluid can support a stress with no flow. Thus the minimum stress required to cause an ER fluid
to flow is termed the static yield stress. This maximum stress has been demonstrated in
numerous experiments clarifying that it must be a non-zero value.? % ' 177 In Fig. 3.5, a
hypothetical representation of the shear stress-strain curve is given for quasi-static deformation
of an ER fluid subjected to various uniform electric potentials. Illustrated here is the elastic-limit
yield stress, 7, , the static shear stress, 7, , and the dynamic yield stress, 7, which is equivalently
the stress in the limit of zero shear rate.” * The dynamic yield stress is observed as a dynamic

equilibrium between the processes of structure destruction and formation. With increasing
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Figure 3.6 - A figurative description of the shear stress versus shear-rate Bingham model

electrical field intensity these parameters also increase with the most noticeable change occurring
in the static and dynamic yield stresses. In solid mechanics we find that for a complete removal
of a stress exceeding 7, , the material never recovers and suffers a permanent strain, vy,, where
this strain signifies the elastic-plastic transition of the material. For ER fluids, this transition has
been defined as a 1% offset yield from an observed linear region.'” Evidence has been given
that this behavior is representative of most ER fluid materials,®: '®: 12 however, it is possible that
these pre- and post-static yield stresses may not occur in this exact order if they exist at all.

An ER fluid behavior can be described by the two regimes of pre and post-yield. Over
the past few decades, the post-yield regime has received the majority of attention. A schematic
of this rheological constitutive behavior during post-yield is given in Fig. 3.6. The Bingham

model,? 2 is the simplest model that provides a sufficient description of this viscoplastic behavior

T=1, W +Fa'.y 3.1

where pu, is the Bingham viscosity or plastic viscosity of the fluid and V signifies the applied
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electric field. The Bingham model recognizes that the yield stress defining the onset of flow is
observed to change with an increase in electric field. Although, we cannot generalize the
behavior of all ER fluids by Eq. (3.1) since it is only an idealized representation, it has proven
very useful in the development of specific post-yield applications.™- '

The response of ER fluids in the pre-yield regime has been a subject only of a limited
number of investigations.'” The pre-yield regime, depicted in Fig. 3.5, is defined by a yield
strain and static yield stress, 7, , and a complex shear modulus G. In Fig. 3.5, the pre-yield
regime is shown as a simple representation of a linear viscoelastic material. However, several
investigations have concluded that a viscoelastic representation of an ER fluid would not be
simple to model using linear viscoelasticity.” '®- > In accordance with linear viscoelastic theory,
a material is linear, provided its complex shear modulus is dependent on frequency alone and not
the shear amplitude.® An ER fluid’s complex shear modulus is not only dependent on frequency
but also on strain amplitude, thus it acts like a highly nonlinear viscoelastic material during pre-
yield. Moreover, an ER fluid displays such behavior over a limited range of deformation, and
for a moderate range of frequencies,’ %- 7. ¥7. 14

The kind of applications that research has focussed on have shown that temperature and
moisture content play a large role in the rheological properties during ER activity. For a
majority of dispersions, the ER effect only occurs if a conductive additive, such as water, (over
S%) is adsorbed onto the surface of non-conductive solid particles.® % * ER fluids of this
composition are hydrous mixtures and are usually termed wet fluids. For wet fluids, although
moisture plays an important role in the polarization and structure formation, it has been
recognized that a characteristic disadvantage of all hydrous fluid systems is their substantial
reduction in ER activity upon heating. Consequently, the principle motivation behind anhydrous
or dry fluid research has been requirements for higher temperature applications. The concepts

basic to wet fluids also apply to dry fluids, however, the present knowledge is quite premature.
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3.2 Constitutive Model for the Actuator

One inherent physical limitation of an ER fluid is that its operating conditions dictate the use of
two embed electrodes of opposing polarity. This characteristic imposes important and obvious
restrictions on a prospective active control design by requiring that the structure have either negli-
gible electrical conductivity or some type of insulatory material containing the fluid between the
two electrodes. It follows from this observation that a structure with negligible electrical conduc-
tivity would be an ideal candidate for ER fluid embedment. However, for structures with electri-
cal conductivity, or structures composed of various compartmentalized fluid actuators, the
inclusion of insulation within the structural domain is necessary. Insulation would be used to con-
strain the fluid within or restrain the fluid from interacting with portions of the structure. Hence,
the insulation is an important material to be considered in the actuator design because it interacts
so closely with the fluid. It is not the goal of this section to develop a new constitutive model for
an electrorheological fluid, but to develop a mathematical model for the ER fluid/insulatory actua-

tor.

3.2.1 Preliminary considerations

Unfortunately, the models developed in this thesis have some limitations that exclude them from
being totally general and applicable to all ER fluid structures. These limitations are a result of the
lack of knowledge associated with the complex behavior of the materials. Since we seek equa-
tions that accurately describe material behavior for specific conditions, and with a minimal num-
ber of parameters, empirical models will be developed to address these needs. Empirical models
are quite useful for this situation because materials can be significantly affected by such variables
as shear rate, temperature, pressure, concentration, and time of shearing. When specific variables
are fixed in a controlled experiment, the data collected should accurately reflect behavior for such
conditions. The disadvantage here is that the functionality and versatility of the mathematical

relation has been limited.
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The materials identified in this section will include an ER fluid and an insulatory material.
The insulatory material used throughout is a natural sheet rubber elastomer that was manufactured
by Dana Corporation. Elastomers possess a unique combination of physical, electrical, and per-
formance characteristics that make them good materials for a broad range of applications. In par-
ticular, they can be classified as nonconductors, since most have volume resitivities on the order
of 5x10'° ohms-cm.!?8 In this application, the electrical parameters were researched in order to
evaluate specific losses within the structure due to the high voltages applied across electrodes.
The dielectric constant for an operating frequency of 1kHz is 8, and it has a dielectric strength of
450 volts /mm.!13® The possibility of power loss through capacitance was considered, however,
for the size of insulator materials included here these losses are quite negligible. Nevertheless, in
an actual structure these parameters may have long term effects such as dielectric breakdown,

heat-aging resistance, current-arc resistance, and hygroscopic induced electrical effects.

The material properties of the elastomer are considered to be linear viscoelastic and readily
represented by a storage modulus, loss modulus, and loss factor. The most important effects on
the material properties of the elastomer are temperature, frequency, dynamic load, static preload,
and chemical contact.'® However, for this isothermal analysis, only the effects of frequency are
considered since the modulus of an elastomeric rubber always increases with increasing fre-
quency.’!: 133 Material data for the insulate in simple shear is given in Fig. 3.7. Normal stresses
in the rubber will be determined by a constant Young’s Modulus given by E =1.225 MPa. An
effective range of temperature will assumed to exist at 20°-25° Celsius. Given this information, a
model can be empirically fit for the shear and loss modulus to yield an expression for the complex

shear modulus:
G(0) = G () (1+jn"(w)) (32)

where, the shear modulus G’ and the loss modulus 1’ are,

G’ (w) = 461.9129 + 8.4685w — 0.0021 w* (3.2a)
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Figure 3.7 - Isothermal shear modulus for the insulate material.

n(0) = ﬁ (22.571767w — 0.3277812) (3.2b)

The least-square parameter fit in Eq. (3.2a) for the shear modulus data that was presented in Fig.

3.7 is given in Fig. 3.8. The density of the insulator, p, , is approximately 1376.62 kg/m>,
3.2.2 Identification of an electrorheological fluid

Of the diverse selection of ER fluids available, a model will be developed for a simple hydrous
fluid. This suspension comprises a weight-per-weight fraction of 45 percent Argo comstarch and
55 percent vacuum silicone oil manufactured by Dow Coming and has a density, P of 970.0
kg/m®. Experimental rheological data for the ER fluid were recorded in a previous investigation
that employed a Rheometric 800 mechanical spectrometer that was outfitted for high voltage

applications.’5 Steady shear measurements were conducted at temperatures ranging from 24 to 29

1

degrees Celsius for shear rates spanning 0.1 3 to 100;-. The non-Newtonian viscosity of the fluid

is given in Fig. 3.9. These data effectively represent anticipated behavior of suspensions. In the
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Figure 3.8 - Shear modulus curve fit for the insulate material data at 25 °C.

case of an ER fluid, this behavior is illustrated for a range of various measured electrical poten-
tials. The upper region at low shear rate is followed by a shear-thinning region, which is then fol-
lowed by a flattening-out region, where near constant values beyond 100% are expected. The
small range of shear rates demonstrates the limited scope of these previous experiments. Steady
shear measurements of the shear stress were also made for shear rates spanning 0.1% to 100%.
These experimentally determined shear stress versus strain rate data are given in Fig. 3.10.
Clearly, the particles in the fluid become more difficult to separate with increasing voltage, as is
evidenced by the larger shear stresses. Moreover, at low shear rates, observations lead us to

believe that the stress of the fluid is independent of shear rate.® This is indicative of the previous

discussions pertaining to the apparent yield stress possessed by the ER fluid.

A least-squares fit that minimized the L, norm of the difference between the experimental
data presented in Fig. 3.9 and Fig. 3.10 and the curve fits was completed. Over the given range

of shear rates the following functions for the viscosity and shear rate were determined
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Figure 3.9 - Experimentally determined non-Newtonian viscosity for a hydrous ER fluid.
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Figure 3.10 - Experimentally determined shear stress for a hydrous ER fluid.
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where the A’s and §’s denote constant parameters, € is the strain rate, and V represents the applied
voltage or electric field. The resulting fits for both ER fluid parameters are given in Fig. 3.11 and
Fig. 3.12. To note here, the fine mesh represents the curve fit and the coarse mesh denotes the

experimental data that is given in Fig. 3.9 and Fig. 3.10.

The transient electrical behavior of an ER fluid is very i for power

analysis and time response estimates. Since ER fluids consist of conductive particles surrounded

by a dielectric medium, they essentially function as leaky capacitors.!* Although, it is the leak-

viscosity 10*(Pa.s)

0.5

L :
voltage (kV) 2 strain rate 107(1/s)

Figure 3.11 - Curve fit cc ison for the non-Newtonian viscosity of the ER fluid.
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Figure 3.12 - Curve fit comparison for the shear stress of the ER fluid.

age of charge between particles that results in the measurement of an electrical current through the
ER material. To model this behavior, an assumed equivalent linearized lumped resistor-capacitor
circuit, such as the one illustrated in Fig. 3.13, can be used. This approach has been used by sev-
eral authors,'?! to define a current-voltage law for the fluid using identification techniques. Here,
voltage measurements were taken using a 0.018 inch probe placed between two flat plate elec-
trodes located 1.36 mm apart. The hydrous ER fluid detailed in the previous section was con-
tained between the two electrodes. With one of the electrodes designated as a ground, a high
voltage electric field ranging from 1 to 2 kV was applied to the other. Voltage measurements were

then made in real-time using an HP dynamic signal analyzer.

Initially, a short i was to ine if the circuit

tion provided a valid description for the ER fluid’s electrical behavior during dynamic excitation.

In Fig. 3.14, results for three different cases are p d: (i) voltage for the fluid
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Figure 3.13- Equivalent transient electrical behavior for an ER fluid.

highly agitated with a dynamic excitation, (ii) the fluid thirty minutes after excitation, and (iii) the
fluid one hour after agitation. As shown in the illustration, there is not much difference between
the three cases, however, measurements taken prior to the experiment with the fluid at rest were
approximately ten time less than these data. The results give us evidence to conclude that the
equivalent ER fluid electrical circuit depicted in Fig. 3.13 is a valid representation for the transient

eleg:m'cal response during and after dynamic excitation.
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Figure 3.14 - Actual voltage of the ER fluid medium for an applied electric field of 2 kV.



101
To identify reasonable parameters for the resistor and the capacitor in the circuit, an itera-
tive identification routine was implemented using MATLAB. This routine employs a fourth and
fifth order Runge-Kutta ordinary differential equation solver to integrate the two following equa-

tions used to characterize the circuit given in Fig. 3.13:

re v - ri 3.5)
dzt
dg q _

Rztec=’ (3.6)

where R and C denote the resistor and capacitor, respectively, T is the time variable, i is the cur-
rent, V is the voltage, and q is the Coulombic charge of the ER fluid. A comparison between the
simulated results and the experimental results are given in Fig. 3.15. Using values of R = 64.1 kQ
and C=10.3 nF, we see that the simulated results give a time constant of T, = 11.56 msec, whereas
the experimental results give a time constant of approximately T, = 10.38 msec.

The electrostatic distribution inside the ER fluid structure can be determined by considering
an electric field E as a potential problem in the three-dimensional dielectric medium €2 If we let
®(x,y,2,t) represent the time-dependent scalar electric potential, then the field is given as,

Ve = E 3.7

and the governing equation for the three-dimensional domain € is:

P
a(e_

2 3%, 2,9 oo
3x Pax)+ay(£ )+ (e, —)+0°=0 (3.8)

Pay dz Pa:z

together with the associated boundary conditions,

® =0, (xy1 on T, (3.92)
L. P r
®p3x ttray T traz T 2 (3.9b)

where €, (%, 2) is the effective permittivity for the ER fluid medium, ¢* is the surface charge
density, F* is the electrical flux or displacement, and T 1» T, are portions of the surface I" from the

domain €2 For this analysis, I'j represents the top and bottom surfaces of the fluid element and I,
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Figure 3.15 - Comparison between experimental and simulated voltages for the ER fluid medium.

represents the four sides of the ER fluid element. The series solution for the problem given in Eq.

(3.8) can be written as

M mrx ™ W™
D(x.y,20) = 3, ZA,,.,.COS(T)COS(g) (e =™ (3.10)
m=ln=1
where
b a
_ 4 nwy mnx
A, = a—b-ICOS(T)I¢o (x50 cos(—a—)dxdy (3.10a)
0 0
and
2 2
m® n
wmn oo Mo (3.10b)
a® b

For the small distances between electrodes, this electrostatic distribution will be almost negligi-

ble.

3.2.3 A model for the actuator

In this section we consider the result of incorporating the insulatory material and ER fluid into a
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single functional unit of a composite actuator. The insulate, besides restraining the ER fluid and
insulating the structure, also has the function of transferring some of the applied loads. Thus, it is
of great importance to be able to predict the properties of the composite actuator, given the com-
ponent properties and their geometric arrangement. For this analysis, the rule of mixtures will be
utilized to accomplish this for a given generic geometrical configuration of the actuator. The rule
of mixtures provides a rough solution of the properties, because it considers the composite proper-
ties as volume-weighted averages of the component pmperties.32' 68 Nevertheless, a very accu-
rate description is not necessary here because the ratios of insulate-to-ER fluid are anticipated to
be rather small.

Accordingly, the material model for the actuator will be based on the following assump-
tions:

Assumption (3.1)

i) There is no inter-conversion of mass and both constituents are chemically inert
to each other (no fluid to solid transmission),

if) The insulatory solid is assumed to be linearly viscoelastic and incompressible,

iif) The electrorheological fluid is assumed to be ideal and incompressible,

iv) The actuator is homogeneous with all normal stresses in the fluid negligible.

Consider the unit cell geometry, taken from the infinitely large composite actuator, of thick-
ness d, depicted in Fig. 3.16. Fig. 3.16 illustrates a compartmentalized geometry for the actuator.
Such a geometry might be useful for limiting actuator effort to discrete portions of the structure,
or employing different ER fluids. Essentially, the unit cell is the smallest geometric entity that,
when repeated, will reconstruct the entire geometry. Here, the unit cell is idealized to be a paral-
lelepiped consisting of insulate material edges with an ER fluid core. Its orientation is defined by
an x-y-z Cartesian coordinate system. Use of the property of volume additivity allows us to define
the density of the actuator. Volume additivity is an intrinsic property that states that the total vol-
ume of the aggregate components is equivalent to the sum of the respective volumes of the super-

imposed continua at any time or deformation state.’® If we then consider the insulate mass m;,
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Figure 3.16 - Geometric configuration of the actuator and its unit cell.
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c

and volume V;;, and the ER fluid’s mass mg and volume Vy, the total mass and volume for the

actuator are given by the expressions,

mh = m, +m, (3.11)
A
Ve = Vﬂ +V,, =bcd+2ad(2a+b+c) (3.12)
According to the rule of mixtures the actuator mass density p4 is given by
mo+m, Vo P,V P,
~ _ in _ 1°'n n Vin
Py = A = v =V, pﬂ+ui" P, 3.13)

where vq and v;, denote the volume fractions of the fluid and insulatory material, respectively.

Now, let us apply a small-amplitude oscillatory shear strain to the upper and lower surfaces

of the unit cell given in Fig. 3.16 in a direction parallel to the y axis. The rule of mixtures
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approach will be used to determine the mechanical properties of the actuator. It has been assumed

that the insulate behaves like a linear viscoelastic material, such that in oscillatory shear, it obeys

the following isotropic constitutive equation for the shear stress and normal stress!>- 3!
1=G (0) (e+§) (3.142)
o=E(0) (e+§) (3.14b)

where the dotted quantity denotes differentiation with respect to time. However,, the ER fluid has
a constitutive behavior that is dependent on the strain rate and electric field potential as given in
Eq. (3.4). Now, if the two components adhere perfectly and have an identical Poisson ratio, each
will undergo an identical shear strain, 4 32.68 This assumption holds since the ER fluid will take
on the shape of the enclosed cavity during deformation.5% ¥’ Therefore, according to the rule of

mixtures the constitutive law for the actuator assumes the form
ot = v, G’ (0) e+ (v,G’ (©) N’ (0) €4 +v,f (€4, V) (3.15)

where the dynamic stress of ER fluid actuator is now characterized by a simplified nonlinear vis-
coelastic model that is dependent on frequency of oscillation, strain rate, and electric field. To
note, all pre-yield effects of the ER fluid are considered negligible because sufficient information

and data were not available to consider this phenomena.
3.2.4 Numerical comparisons

In order to verify the material model derived in the previous section, a simple numerical compara-
tive study was conducted. To verify the material model, a FORTRAN subroutine was written for
use with the finite element software ABAQUS.! This enables us to physically model the nonlin-
ear material behavior of the actuator. The objective here is to compare and contrast the response
of the combined insulate/ER fluid actuator model given in Eq. (3.15) with experimental data, and
also with an actual unit cell geometry having separate insulate and ER fluid domains. A sche-
matic of the geometries for the two models with identical uniform shear loading conditions is

given in Fig. 3.17. As seen from Fig. 3.17, model (1) represents the actual unit cell geometry, and
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Figure 3.17 - Geometric configuration and loading of the actuator models.

model (2) represents the geometry associated with the actuator model. It is very important that
the orientation of the local Cartesian coordinate system shown in Fig. 3.17 is used for all element
and material axes. The actuator model and its mechanical properties are highly dependent on
geometry. Although the insulation is isotropic, the actuator acts orthotropic in the presence of an
electric potential, due to the ER fluid.. This observation holds only for parallel electrode geome-
tries.

For these two models, the geometry of the unit cell was discretized as shown in Fig. 3.18.

The associated dimensions for the unit cell are given in Table 3.1. The unit cell was discretized
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Table 3.1 - Dimensions for the two actuator models.

Dimension Models
(cm) 1 2
| ———— —_—
a 0.7 0.7
b 3.6 3.6
c 8.6 8.6
d 0.16 0.16

Figure 3.18 - Discretized geometry for the two models.
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into four layers of 50 hybrid solid elements. The hybrid element is especially useful for applica-
tions with incompressible or nearly incompressible materials as displacement and pressure are
represented as independent variables.! The same discretized model was used for both cases,,and
as illustrated by the smaller elements included around the edges m Fig. 3.18, accommodations
were made for the separated model, or model 1.
The material model for the actuator was incorporated into ABAQUS as follows.! The inte-

gration operator that was used for Eq. (3.15) is the simple, stable central difference operator:
Ag

T+ AT - At (3.16)
2
. LA
't+%A1:_gt 7’ (3.17)

where ¢ is some function, ¢ is its value at the beginning of the increment, Ag is the change in the
function over the increment, and At is the time increment. Applying this to the constitutive equa-

tion given in Eq. (3.15) gives

A
2 Ag}
Ao = [‘AM +B)Aeg, + CMf(A—;, V) +AT(Aeh —o4) ] (3.18)
A2 A Ae?z A_gh)t
A"y, = AT (AAT+B) Aeyz + CAtf A’ Vi+AT (Aeyz —oyz) (3.19)
where
A=v,G (0)
B =v,G'(0)n’(w)
C=v,
Then the Jacobian matrix has the following terms
Aed
9 _(Ach) = 2| (AAT+B) + CAT—0_f (__ v) (3.20)
aAﬁ;‘z( xz) At ( ) aAEfz At
Aed
ot - fuwen (58]
aAeﬁz(AO?Z) = A7 I:(AAT+B) + CATaAe;z AT’ |4 (3.21)
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Figure 3.19 - Time response of the ER fluid model under periodic excitation.

since the normal and inplane stresse:v» are neglected only these two components reside in this
matrix.

A periodic excitation which varied in frequency from 0.001 Hz to 120 Hz over a range of
10 seconds was imposed on the models. This excitation was in the form of a harmonic shear

et = g cos (wr) 3.22)

where &, is the shearing amplitude and ® is the circular frequency of oscillation. Results were
first obtained in the time domain and then mapped to the frequency domain for further analysis
using a discrete fast Fourier transform. Data in the frequency spectrum were passed through a
Hanning window and averaged over several simulations to improve resolution.

Initially, the ER fluid model was investigated singularly to compare its response with the
experimental resulfs presented in the previous section. Figure 3.19 shows the response of the ER

fluid during harmonic shearing with an amplitude of €, = 20% and for constant input voitages of
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0, 1kV, 1.5KkV, and 2 kV, respectively. It is evident from these results that ER fluid is capable of
supporting a definite yield stress which is indicative of the dynamic yield stress in ER fluids. This
increases with increasing voltage input, or until ER fluid breakdown occurs between the electrical
polarization of the particles, as shown in Fig. 3.5. It is also seen in Fig. 3.19 that the excitation
imposed on the ER fluid causes the stress to oscillate about this mean yield stress, with its magni-
tude dependent on the particular voltage input. The amplitude of these oscillations are highly
dependent on the frequency of oscillation, and is representative of the high stresses that are

encountered in the low shear-rate region of Fig. 3.12.

Effectively, limitations of the ER fluid model are apparent as a result of the approximations
made outside regions where experimental data were taken. Because the response is of a dynami-
cal nature, the innate inertial characteristics of the particles within the fluid and the fluid itself
must be considered at high frequency. Eventually, the motion of the fluid will be such that very
little aggregate structure formation will be possible. This observation puts large doubt in our

model at high frequency.

The results depicted in Fig. 3.19 were mapped to the frequency domain to obtain a discrete
representation of the power spectral density. Power spectral density is a measure of the power
transmitted at various frequencies prescribed by some |P (®)|, where P(®) is the Fourier trans-
formed frequency response function. These data are illustrated in Fig. 3.20 over a range of O to
100 Hz. Although the diagram is very unclear due to the limited number of discrete simulation
data, three distinct peaks are apparent. The peaks represent the amount of power entering the sys-
tem for all the frequency components of an excitation lying in an infinitesimal band between ®
and o + dw. For V = ( these peaks are recognized at 24.7 Hz, 52.3 Hz, and 78.4 Hz, respectively.
With increasing voltage, only the latter two peaks are apparent, with the middle becoming more
defined. This information tells us that between 50-56 Hz, and 75-82 Hz, we should expect mini-

mal power dissipation from the ER fluid model regardless of input voltage magnitude.

To make comparisons between model 1 and model 2, the same procedure above was
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Figure 3.20 - Power spectral density of the ER fluid model for various constant voltage inputs.

repeated. Using a steady-state optiox; provided by ABAQUS, the mean stress response for both
models was obtained over a frequency range of O to 100 Hz. Figure 3.21 shows a comparison
between these results for zero voltage input. Moreover, the results for the 2 kV case were qualita-
tively identical. With the addition of the insulate material, the stresses in the unit cell for both
model jumps by a magnitude of ten. It is evident that the mean stress decreases with increasing
frequency for both cases. However, the actuator model seems to under predict the actual geometry
by almost 100 Pa at low frequency, where in fact, the rule of mixtures model should be more
accurate. Intuitively, the close agreement in the high frequency range must be due to approxima-
tion error in the linear solver routine. This error may be attributed to the large differences
between the constitutive laws for the ER fluid and the insulate. Surely, a more accurate descrip-
tion of the unit cell would be necessary to compensate for these errors. Thus, the model obtained

through the rule of mixtures approach should be considered conservative for accurate modeling of
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Figure 3.22 - Deformed configurations for: (a) model 1, and (b) model 2 for zero voltage input.
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the actuator. The associated deformed configurations for both models, which were determined at
a frequency of oscillation of 15 Hz, are given in Fig. 3.22. These two models are very similar in

appearance.

Figure 3.23 shows the response of the actuator during harmonic shearing. The actuator has
a unit cell geometry with the volume ratios of v, = 0.2808 and v, = 0.7192, which are
obtained using Eq. (3.12) and the data in Table 3.1. For a constant amplitude of €, = 10%, and for
constant input voltages of 0, 2 kV, and 4 kV, these results show how voltage directly affects the
response of the actuator. Clearly, the small change in amplitude reflects the small effect that the
ER fluid will have on the dynamic response of a large structure. Hence, the ER fluid is severely
limited when drastic stiffness is necessary. The associated power density spectrum analysis for
the actuator model under various voltage inputs is given in Fig. 3.24. The results depicted in this
response spectrum demonstrate characteristics similar to those described in Fig. 3.20, however,
the larger peak near 80 Hz has disappeared. By using the solid zero voltage line as a reference we
sce a small shift in the peaks is apparent for increasing voltage. Consequently, this observation
gives us some indication of what direction a structure’s frequency response will shift during exci-

tation.
3.3 Electrorheological Plate Identification

Here a nonparametric experimental identification procedure was conducted for the ER plate struc-
ture. The motivation has been to estimate the dynamic response of the structure in order to define
an uncertainty description. Another reason for identifying physical parameters of the structure is
to optimize vibration suppression qualities while maintaining a constraint on the maximum power
consumption of the ER fluid actuator. Stevems, et PIRES investigated time-dependent excitation
of an ER fluid clutch and concluded that it was possible to reduce power consumption by more
than 50% using excitation in the form of voltage pulses. However, the ER effect diminishes with

increasing frequency.136 Clearly, there are advantages if ER fluid actuator excitation can be opti-
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Figure 3.23 - Time response of the actuator model under periodic excitation.
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Figure 3.24 - Power spectral density of the actuator model for various constant voltage inputs.
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Figure 3.25 - Schematic of the two plate specimens.

mized using a voltage supply containing variable waveform, amplitude, frequcny, and phase char-
acteristics. Such optimization has been mentioned briefly in previous experoimental

investigations.m' 136

3.3.1 Experimental apparatus

A schematic of the two plate specimens employed in this analysis are depicted in Fig. 3.25. Each
plate was fabricated from 0.019 in. aluminum sheet and its inner cavity sealed with a 50 DA
durometer silicone rubber sheet, which was approximately 0.078 in. thick. To bond these compo-
ments, a silicone RTV rubber agent was applied to all surfaces and allowed to cure for a minimum
of 24 hours at room temperature. After cure, each plate was punctured with a needle through the

insulate and the cavity was injected with the ER fluid.
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The experimental arrangement utilized in this study permitted a forced excitation and
dynamic response analysis of an Er fluid embedded plate with free-edge support conditions. The
corresponding instrumentation and experimental arrangement utlized in this investigation is
depicted in Fig. 3.26. Each plate was mounted to an aluminum fixture that was firmly attatched to
a Briiel & Kjer shaker unit via a small 3 cm square clamping fixture. The external forcing
imposed on the plate was supplied by an HP dynamic signal analyzer, and the time-dependent
voltage excitation was supplied by a programmable arbitrary function generator. In addition, a
Briiel & Kjer force transducer was included to determine the mobility and receptance frequency
response measurements. The amplitude of excitation was maintained at minimal levels to reduce

nonlinear and other parasitic effects on each plate.

3.3.2 Plate modal analysis

Prior to determining the plate response for the voltage excitations, the first six resonant frequen-
cies and associated mode shapes of each plate were experimentally identified. In order to deter-
mine these dynamic characteristics, one quarter of each plate was discretized as illustrated in
Fig.3.27. InFig. 3.27, each black dot signifies a point of measurement. By using the HP signal
analyzer as an excitation source and data acquisition system, receptance and mobility responses
were obtained. These responses were determined by imposing deterministic (sine-dwell) and ran-
dom (stochastic) forced excitations on each plate. For improved signal-to-noise ratio, the Han-

ning window was used for random excitation, and all data were exponentially averaged over time.

The plate resonant frequencies were identified from transfer and point receptance and
mobility frequency responses taken at discrete points. The receptance response for both the rect-
angular and square plates is depicted in Fig. 3.28. In Fig. 3.28 it is apparent that the frequency
response of each plate is relatively mass dominated, as evidenced by the large decrease with
increasing frequency. Mass dominance, as opposed to stiffness dominance, is also supported by

the existence of a resonance after each anti-resonance. Receptance response results were verified
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using a wide-band random excitation. This permitted an estimate of the frequency response func-
tion at the measurement point of interest in terms of both magnitude and phase. These results
were then divided by the input force frequency spectrum, as depicted in Fig. 3.29 and Fig. 3.30.
Phase plots depict the corresponding changes with resonance and anti-resonance and were used to

determine gain insight on the approximate resonsance values.

For purposes of identifying questionable resonant frequencies, this procedure was repeated
using narrowband random and pure sinusoidal excitations and repeated for several different points
of measurement. Multiple point measurements were averaged together using sinusoidal profiles
to ensure accuracy. For comparison purposes only, the magnitude of the mobility responses from
several additional points are presented in Fig. 3.31. As expected, those responses taken from the
square plate are in relatively close agreement due to symmetry. However, the responses at point
16 from the rectangular plate illustrates the beam-like influence of the longer side. Thus, as
expected, a resonance is noticed near every k @, along the frequency spectrum where k is the

mode number.

The damping ratios were obtained from Fig. 3.28-3.31 using the half-power point method
introduced in Chapter 2.102 Results from the various measurement points are given in Table 3.2.
We see that damping tends to remain fairly consistent in the domain of each plate, and increase
with increasing mode number. The large damping ratios in both plates for V = 0 kV can be attrib-
uted to both the insulate material that bonds the two aluminum electrodes together and the contri-
bution of the fluid inertia. It is evident that these damping ratios are much larger than the
structural damping ratios of aluminum alone. At the higher modes the results have large uncer-

tainty because the measurement signal was very weak.

Mode shapes for each plate were also identified visually by triggering the digital strobo-
scope laser velocity transducer simultaneously to measure the displacement of the plate at each
discretized point. Data were then compiled, normalized with respect to the input, and graphically

plotted using a curve fitting routine. The results from this procedure are presented in Fig. 3.32
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Figure 3.32 - Mode shape identification results for both plates at V
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Frequency Plate Damping Ratios
Response
Point & & €3 &4 Es &6

o #1 0.01 0.015 | 0.015 0.0IfS =0.016: 0;191
E’,';é #13 | 0.009 | 0.011 0.013 | 0.0135 | 0.015 | 0.0194
#16 | 0.0112 | 0.0131 | 0.011 0.014 | 0.0156 | 0.021
#1 0.011 | 0015 | 0.019 | 0.012 | 0.016 | 0.0185
#10 | 0.008 | 0.016 | 0.015 | 0.0146 | 0.0171 | 0.0187
#12 | 0.009 | 0.012 | 0.011 | 0.0164 | 0.0167 | 0.019

Rectangular
Plate

Table 3.2 - Experimentally determined damping ratios for V =0kV.

and the first six resonant frequencies of each plate are tabulated in Table 3.3. Beyond six resonant

peaks the signal-to-noise ratio was too weak to identify further values.

3.3.3 Input verification

Each plate was subjected to simple voltage inputs and response measurements were taken in both
the time and frequency domains. The simple periodic voltage waveforms included alternating
(reversed polarity) sinusoidal, triangular, and square inputs. The frequency of the voltage input is

given by €2 To conduct the time domain measurements, a continuous narrowband periodic exci-

Table 3.3 - Experimentally determined plate natural frequencies.

Mode Square Plate Rectangular Plate
frequency (Hz)
1 19.50 15.52
2 37.87 31.36
3 64.56 53.15
4 118.3 76.35
5 138.7 111.5
6 181.8 155.6
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tation was imposed on the plate and transient response was monitored. Results for the sinusoidal
and square inputs, taken at measurement point 1 for the rectangular plate, are depicted in Fig. 3.33
and 3.34. It is apparent in these diagrams that the ER fluid actuator has the largest effect on plate
vibration at peak voltages. The amplitude of the plate was greatly reduced for each voltage wave-
form, however, the greatest reduction is evidenced with the square voltage input. It is also impor-
tant to note the time lag associated with vibration suppression. This observation is important

when time-dependent voltages are considered and will be addressed later.

The final investigation included a square voltage pulse imposed on each plate. These
results are presented in Fig. 3.35 and Fig. 3.36, in which we see that the pulse input results in the
greatest reduction in plate amplitude, especially for low frequency excitation. The amplitude
response of the square plate is much less than the rectangular plate, and it is more stable.
Although, as illustrated in Fig. 3.31, the square plate is an inherently stiffer structure than the rect-

angular plate.

From these results, it is evident that the alternating voltage inputs have one advantage over
the pulse input in that they are better suited for low frequency steady-state excitations. For exam-
ple, in the case of suppressing a continuous amplitude disturbance, an in-phase sinusoidal voltage
input would be much better than a pulse input. This is because they apply the greatest amplitude
reduction over the excitation with the least consumption of power. The square voltage input
would be an exclusion because it is only undergoing a change in polarity rather than a change in
amplitude. Hence, the amount of power necessary to produce this potential is almost identical to
that of a constant voltage. Nevertheless, to compare the constant to the square voltage input in
terms of stiffness and damping improvement, the constant input would surpass because the alter-
nating square input tends to weaken dipolar bonding of the ER fluid particles.!?’ In transient con-
ditions, the most feasible of these four waveforms would be the pulse input. Since transient
conditions will contain a large spectrum of frequencies, the pulse input would provide the greatest

reduction in amplitude. Although, the reduction will come at the expense of power and a time lag
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Figure 3.33 - Transient response of the rectangular plate for V=2 kV and Q = 0.5 Hz.
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Figure 3.34 - Transient response of the rectangular plate for V=2 kV and Q = 0.5 Hz.
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induced by the selection of an optimal pulse length and frequency.

To further investigate the effect of time-dependent voltages over a large spectrum of excita-
tions, frequency responses were generated for both plates. For convenience, the same waveforms
and measurement points were used. A random narrowband forced excitation was imposed on
each plate, and the corresponding magnitude and phase descriptions were recorded. These data
represent the plate frequency response for voltage input amplitudes of 2 kV and frequencies of 0,
1, 10, and 50 Hz, respectively. Square and rectangular plate response is illustrated in Figures
3.37-3.42 for sinusoidal, square, and pulse voltage inputs. The triangular input has not been
shown because of its similarity to the sinusoidal input. We can conclude that the ER fluid effect
diminishes with increasing voltage frequency for all waveforms due to response consistency with
previous results.. As expected, we see the largest reduction in amplitude over the largest fre-
quency range in the pulse input responses. It is also seen in this response that only small changes
in magnitude resulted from large changes in voltage input frequency. This is unlike the alternat-
ing input results, which show increases with increasing frequency. We must conclude that for
small pulse lengths, a dynamic electrical and rheological cdupling takes place, induced by
dynamic agitation. This coupling must cause stiffness and damping to decay at a rate proportional
to the length of exposure time to the potential. Since the ER fluid changes from its liquid-to-solid
phase rather rapidly, it must take longer to return to a liquid, thereby retaining its salient proper-

ties for some time.

Using a constant frequency of 1 Hz, results were obtained for different voltage input ampli-
tude. Magnitude results from these experiments are depicted in Fig. 3.43 and Fig. 3.44 for the
rectangular and square plate, respectively. For clarity, the phase representations corresponding to
each plot have been excluded, although each phase was identical to the results in Figures 3.37-
3.42. We see from Fig. 3.43 and Fig. 3.44 that a change in amplitude, as well as change in fre-
quency of the input voltage, has the capability of inducing a frequency response shift. It is clear

that the ER effect due to a 1 kV amplitude voltage input reduces overall plate vibration almost as
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Figure 3.43 - Frequency response of the rectangular plate for different voltage inputs at Q= 1 Hz.
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Figure 3.44 - Frequency response of the square plate for different voltage inputs at Q = 1 Hz.
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much as the ER effect resulting from a 2 kV amplitude voltage input for the alternating wave-
forms. This is evident in the rectangular plate response for sinusoidal and pulse inputs beyond the
first natural frequency. It is in this frequency range that the response from the two different
amplitudes becomes almost identical. However, the most notable response change in both plates
due to voltage amplitude occurs with the triangular voltage input. Here, use of a 2 kV amplitude
only reduced overall plate response by 10% for frequencies above 60 Hz, whereas a 1 kV ampli-
tude reduced overall plate response by over 18% beyond 85 Hz. Moreover, we see that the square

input contributes to the largest shift in the natural frequencies.

From the square plate response in Fig. 3.44, all three alternating voltage inputs had rela-
tively the same affect on the plate’s response. One possible reason for this is the larger innate
stiffness of the square plate. Observations conclude that the 1 kV amplitude performs much better
than the 2 kV amplitude for several voltage input cases. For instance, in the frequency range
between 40 and 80 Hz for a sinusoidal voltage input, plate vibration is reduced by over 12% due
to a 1 kV amplitude input and only 7% due to a 2 kV amplitude input. A possible explanation for
this exists with the attainable level of damping. When the ER fluid is charged with a 2 kV input,
the stiffness of the plate becomes greater, however, this effect does not guarantee that the level of
damping also becomes greater. In fact, at a level of 1 kV, we achieve almost the same level of
stiffness as we do for the 2 kV amplitude input if observe the slopes of the frequency response,
yet with an increase in damping, as depicted in Fig. 3.44 (c). This occurs around the second natu-
ral frequency in all cases. It must follow that the amount of random particle breaking and align-
ing at 1 kV is greater than at 2 kV. Consequently, this increases structural damping rather than

structural stiffening, which is more apparent in the fundamental natural frequency.

Finally, it is obvious that the ER effect has negligible influence on rigid body motion or
vibration below the first natural frequency. It is also observed from the plate frequency responses
that significant reduction in plate vibration occurs in a limited narrowband range between the first

and second natural frequencies. From these results it can be concluded that the ERE is fairly con-
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Figure 3.45 - Mode shape identification for the square plate activated
with a square pulse voltage input at various frequency.

sistent over wideband frequencies for both plates when excited by a pulse voltage input. However,
the results from the other alternating voltage inputs give conclusive evidence of their narrowband
potential. It follows that a higher-power pulse voltage input would be acceptable to damp tran-

sient plate vibration, whereas the si idal or triangular voitage inputs would be better for nar-

rowband low-power steady-state plate vibration reduction.

To investigate the effect that time-dependent inputs have on the ER fluid structures, several
experiments were conducted using variable frequency and amplitude pulse voltage inputs to acti-
vate the ER fluid. In a manner similar to that performed earlier, the first five mode shapes were
identified for different values of pulse voltage input frequency. Figures 3.45 and 3.46 show the
results of the experimentally observed mode shapes for the rectangular and square plates, respec-
tively. Due to large damping and low measurement signals at high frequencies, several mode

shapes were too difficult to identify. In Figs. 3.45 and 3.46, the corresponding shift in the plate
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Figure 3.46 - Mode shape identification for the rectangular plate activated
with a square pulse voltage input at various frequency.
resonance peaks, as a result of the ERE, is evident. The most noticeable change is the apparent
modification of the mode shapes associated with the higher modes. For the square plate, this
modification occurs at the 3rd mode, and for the rectangular plate, this occurs at the 4th mode.
These changes exists as a result of the altemnating stiffnesses, which is in tum due to the pulsing

effect which couples the zero voltage and nonzero voltage responses.
3.3.4 Electrical and rheological dynamic coupling

At some point during the design of ER fluid structures, it will be necessary to optimize the pulse
waveform for minimal power consumption. With the pulse waveform, we have the capability of
tailoring the pulse length and amplitude. As observed earlier, when a potential is imposed across
the plate, the response is relatively fast. However, at the termination of the potential, we see that
the dissipation of the ERE is very dependent on the length of the potential. From this reasoning, a

high frequency (long pulse length) voltage input would be able to maintain a fairly constant level
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of stiffness and damping over time, whereas the low frequency (short pulse length) would fluctu-
ate from a large reduction in vibration to large amplitudes, depending. Without a loss of general-
ity, we will call this phenomena the “capacitance effect” of the ER fluid. This effect in not new ,
but has been indirectly acknowledged in several experimental investigations.!20: 143

For this identification experiment, a single pulse voltage input of 2 kV was imposed on the
rectangular plate as it underwent a forced sinusoidal excitation with an amplitude of S mm. After
imposing a voltage on the plate, the transient decay of the ER fluid effect was monitored for
steady-state conditions until plate amplitude returned to the original zero voltage value.

The results from this procedure are shown in Figs. 3.47-3.50. Peak-to-peak plate amplitude
was normalized using the zero voltage value for each associated mode. To identify values from
these results, data was fit using a Nelder-Meade simplex curve-fitting routine, as shown by the

solid line in Figures 3.47-3.50. The following equation was used to fit the data

5
y(x1 =Y C;(1-exp (—%)) (3.23)

i=1
where C; are constants and @; are time constants. The routine was repeated to minimize the least-
square error. These results provide evidence for the conclusions made about the influence of the
ERE over the first few modes. We see that this influence is large and that the greatest vibration
reduction occurs in the first mode for each case. Figures 3.47-3.50 also resemble that of typical
first-order response.
When approaching the coupling between the electrical and rheological dynamics using a linear
systems perspective, it is clear that there is an increase in time constant for increased pulse length.
Hence, these results give conclusive evidence that an optimal pulse length exists to meet power

consumption constraints.
3.4 Chapter Summary

A brief discussion of ER fluids and the physical mechanism behind the ERE was presented. This

discussion included sections on the rheology of suspensions, the electrical, and the rheological
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behavior of an ER fluid. Following this introduction, a constitutive model for the ER fluid actua-
tor was developed. It was shown that the ER fluid and actuator model, which were based on
empirical data, were comparative to available experimental data during low frequency shearing.
In steady-state, the actuator model provided marginal results of up to 25% difference between
actuator geometries at low frequency. This shows that estimated portions of the model need fur-
ther experimental verification. Finally, a detailed description of the experimental apparatus and
ER plate identification was given. Dynamic performance was evaluated for two plate configura-

tions. These results show the innate complexity of the ER fluid structure.



Chapter 4

ANALYTICAL AND NUMERICAL ANALYSIS FORMULATIONS
FOR A DISTRIBUTED-PARAMETER STRUCTURE

4.0 Introduction

The use of active control as a method for providing damping for large flexible structures has been
of particular significance in recent years. In most cases, these flexible structures are composed
of various subsystems that interact with the main structure to yield a very complex dynamic
system. Nonetheless, to provide effective control over the assembled main structure a sufficient
amount of knowledge about the interaction of the system’s ancillary components is required in
order to formulate a mathematical description of its dynamical behavior. Analyzing the main
structure as a complete unit is very difficult because of the computational intensity and time
necessary to determine and solve for the system response. One approach that can be applied to
these complex structures, and yield a more tractable analysis, is substructuring. Substructure
synthesis is a technique where the main structure is subdivided into various, discrete elastic
subsystems that are described separately with good accuracy, and reassembled to act as a single
structure by imposing certain geometric compatibility constraints on the individual subsystem’s
boundaries.®>* '** Since large flexible structures are actually a complex assembly of conven-
tional beams, plates, or thin shells, a mathematical model for the full structure can be constructed

of any combination of impedance, stiffness, and/or transfer matrices. Hence, each subsystem
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model is an input-output relation that can be conveniently assembled to establish a linearized
dynamic model of the main structure. When numerical methods are applied to the linearized
model, e.g., finite-element analysis, relatively good approximations can be obtained for active
control design of the main structure.

This chapter is dedicated to the development and analysis of conventional plates that are
fabricated with embedded electrorheological (ER) fluid actuators. Since the behavior associated
with these distributed parameter systems is very complex, it would be extremely difficult to
mathematically describe them assembled in a large system. Actuated systems reduced to beams
and plates are ideal candidates to model since they are critical to the response of a flexible
controlled structure. Following, with our concurrent approach, it is the goal of this chapter to
obtain an analytical model for distributed parameter plates and beams that could be implemented
in a practical active control design by fitting certain parameters using numerical and/or system
identification methods.

The general configuration of the plate is one composed of alternating layers of ER actuator
material embedded between host layers of structural material. The constitutive material models
for the two structures are generalized to accommodate a diverse species of ER fluid actuators and
structural materials. The assumptions used to derive both models are based on fundamental
sandwich structure theory® *: ' and constrained layer theory,!® and the governing equations of
motion are derived using Hamilton’s principle. Sandwich structure analysis is useful here
because it gives us the freedom to include shearing effects and core displacements independently
but within a logical manner, where all interfacial boundary conditions are satisfied. Hence,
through-the-thickness stresses are continuous and single-valued when the equilibrium equations
are used. Comparative results for the static and dynamic response of the plate is given. Our
objective here is to quantitatively contrast a simple case with previous published and experimental

results in order to accurately verify our model its applicability.
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4.1 Structural Kinematics

The analytical model presented here focuses on multi-ply structures consisting of altemating lay-
ers of various structural and actuator materials. Since it is not the intent of this study to consider
the failure modes for these structures it will be assumed that perfect bonding exists between all
layers. This assumption is quite acceptable according to Kim and Hong,73 as long as bonding
stiffness does not drop below a certain critical level. To formulate the goveming equations of
motion, a displacement approach is used where all strains and rotations are considered small as
compared to unity, and in-plane elastic deformation is assumed to occur about the cross-sectional
midplane of the structure.

Let us consider the structure composed of N layers of bonded actuator and structural layers
and of uniform height H, as shown in the cross-sectional schematic in Fig. 4.1. We see from Fig.
4.1 that N must be an odd number so that all actuator layers are structurally constrained. Properties

for an individual layer are identified by the subscript i, and the thickness of a layer is identified by
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Figure 4.1 - Cross-section in the x-z plane of a distributed-parameter composite structure.
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T;. The coordinate system adopted for this model is a Cartesian system that consists of the longitu-
dinal coordinate x, the in-plane lateral coordinate y, and the transverse out-of-plane coordinate z,
where the x-y plane is coincident with the midplane surface of the structure, also shown in Fig. 4.1.
The displacement field chosen for this model is based on the higher-order shear deformation the-
ory proposed by Reddy.112 This theory accounts for the transverse shear strain and the stress-free

conditions at the surfaces. Given the following assumed displacement field:

ux,y,z,7) =u’(x,y1) +2v,(x,y, 1) + zzgx (x,5,7) + z3§x (x5, 1)
V(X321 =V (LR T) 427, (63T + 220 (17, 1) +2°E, (61, T)
w(x,y,2,1) =w(xy,1T) @.1)

where u° and v° represent the in-plane displacements of a point (x,y) on the midplane surface of
the structure, Y, and Y, define the rotations of all normals to the midplane about the y and x axes,
(G S ¥ €, and §y are the higher-order functions that will be determined using the imposed bound-
ary conditions, and 7 is the time variable. Eq. (4.1) yields the minimum number of variables nec-
essary to describe the field for a simple laminated composite. Thus, the following assumptions
are necessary to continue the kinematic description for the structure in Fig. 4.1:
Assumption (4.1)
i. In-plane deformation of the actuator layers vary linearly through-the-thickness,
ii. In-plane deformation of the outer structural layers, i =1 and N, vary linearly through-
the-thickness, and their rotation is independent of the equivalent core,
iii. In-plane deformation of the inner structural layers, i =3 through N-2, vary linearly
through-the-thickness, however, their rotations are identical,
iv. Rotatory inertia in the structural layers is considered to be negligible,
v. Transverse displacement for the structure is independent of the z-coordinate,
vi. In-plane stiffnesses in the actuator layers will not contribute to the in-plane stiffness.
The application of this displacement field requires that the actual multi-layered configura-
tion in Fig. 4.1 be simplified according to Assumption (4.1). To accomplish this, we represent the

inner structural layers, i.e., between i=/ and N, by a lumped configuration that resembles the
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Figure 4.2 - Cross-section in the x-z plane of the displacement pattem for the structure.

three-layered classical sandwich structure used in constrained layer theory.16 The simplified con-
figuration is illustrated in Fig. 4.2. Since the thickness of the inner structural layers is assumed to
be much smaller in magnitude than the actuator layers, it is possible to describe the rotation of the
inner structure by a single equivalent rotation. This simplification eliminates the need to represent
each inner ith layer by an independent rotation, thus reducing the total number of rotations in the
model to three. In addition, the equivalent core permits the evaluation of the necessary transverse
stresses through-the-thickness of the structure, without imposing severe discontinuities in the ana-
lytical model. This is important because the inner structural layer’s contribution to the overall
structure’s stiffness in shear is much greater than their contribution in bending.

Equation (4.1) can be modified for the structure in Fig. 4.2 and written as:

u' =+ hy (Y -oC) + 2y} + 220 + ]
uC = ul+ 29 + 2205 + €S (4.2a)

uV = u+hy_ 1 ('yf—'Y;v) +z?¥+22§f+z3§f
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vl = Vo +h, ('Y;_'YS) +zyi+zzg;+z3§;
vC=vo4 z'y;: + 22§$ + z3§f (4.2b)

W= v"+hN_l(YS—‘)1;') +zf;’+22§;"+z3§;’

4.2¢0)

where yf and Y;;' define the rotations of all core normals to the midplane about the y and x axes,
respectively, and the superscript C represents all quantities relating to the equivalent core. The dis-
placement field can be further simplified by applying the appropriate boundary conditions to each
of the layers. The boundary conditions imply that the transverse shear stresses must be continuous
through-the thickness and vanish on the surfaces of the structure, also the displacements must be
continuous across the interfaces. If we make the assumption that the structural layers are orthotro-

pic sheets in plane stress, and impose the following boundary conditions,

i=I1,N
Ol (13, £5) =0, (x,3,£7) =0
ol (x.y.h) =05 (xy.h)  oL(xyhy_ ) =05 (xyhy_))
oS, (x,y, b)) = o) (x5, k) o5, (6,3, hy_y) = o) (%3, hy_y)
Wy hy) =uCyh)  uCyhy_y) =u(nyhyy)
vy, k) =y k) V@ hy_) =Wy by
“4.3)

we can form a set of twelve equations with twelve unknowns. The solutions for the twelve higher-

order functions in Eq. (4.2) are given as

I ShN—l(Y}-ij) hN-l('Y}—ﬁ) HhN"l(‘YJ{:-‘YJ!)
= + +
7 3H(2hy_y+H) 15hy (2hy_y+H) ~ 4n2(2hy_,+H)
SO =) +3HG -1 HOE-1)
15h% (2hy_, +H) dhy_y (2hy_y+H) (4.42)
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20w
_A0E-) sy Ok R (4HR OF -1 +1SH () - )

S 2THE (2hy_ +H)?  45H?h 45H*h hy_, (2hy_, +H)

20HK (Y -7 +37)) + 12H2h, (¥ =)
4SH*h? (2hy_,+ H)

(4.4b)

o hy 1 (—2087 (Y +7)) +4Hh, (7 =7)) +3H° (Y7 -1))
/ 12H*h3hy_ | (2hy_ + H)

—4hy, _, (51§’+yj¢) +3H('{I.V—yf)
12Hhy_, (2hy_,+H)

(4.4¢)

3

) (60(2h§,_,+HhN_,)a—;"+20h,%,_l(5ﬁ+y}))(yf-yj.v)
£ =

g 135H2hy_, (2hy_,+H)?

hy_y (4HR (F =) +3H (¥} = 7))
45H*hhy_, (2hy_, +H)
_20h}(yj”-yf+ 3y}) + 12Hhy (¥ =) +9H* (7 = v})
45Hh? (2hy_, +H)

(4.4d)

v _ o1 QO (o) o) +4HRy (O - ) +3H (O — )
/ 60Hh? (2hy_, + H)

20hN_,(57j.’-yf) +15H (Y - 1)
* T 60Hhy,_, (Zhy_, +H)

(4.4¢)
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(20hy _, (57;’—7}) —6OhN_lg—;.v) (Y,-C—Y,’)
135Hhy _ | (2hy_, + H)?

£e = -

R BHR OF ) +3H2 () =) 8O0RT (4 = +3Y)) + 15HA, () - 7))

45SH*hhy_, (2hy_,+H) ASHKT (2hy _, +H)

‘where,
Jj=xy

(4.46)

Accordingly, by substituting Eq. (4.4) into Eq. (4.3), the strains can be evaluated for the above dis-

placement field and expressed as:

1_ 1 14,271, 3,1
E =¢ +IK +2 kj+z M
ef:ef+zlcf+zzkf+z3uf ji=xyxy

N _ 2AN 4 3N
€ —e7+zlcf’+z lj+z M

and
1 _ 1 1 ,.291
€, =€, +2K, +2 )"/z
c_._C C,.22C
€, =€, +2K; +2°A; j=xy
N_ N C 24 N
€, =€, +1K; +z ljz
1_oC_ oN_
g, =¢,=¢, =0
where,

1 1 aW
1_ o 1_C €= +=53
ej =€ +hy (K; —X) 2 U i;:v
C _ C _
€j -—8; elz—ylc+m
N _ o C _
& = & +hy_; (= x}) eg=y;l+%‘1”

J=xyxy I=xy

4.5a)

(4.5b)

(4.5¢)

(4.5d)
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and the midplane strains are defined as,

ox Yy dy x» = 3y +$ 4.5¢)

o M, o
“Tx 9TH STy tEk 430
%= %= i=1,C,N
and the higher-order terms,

4 14 . G & . ) . .
MmNty MTntm Mt Mm%
% w e ww
n, = 3x K, = 3y Ky = 3y Tox 4.5g)

i=1,C,N

To find the rate of traverse shear of deformation in the core we differentiate Eq. (4.5b) with
respect to the time variable to give
c c c
ot A aw A8 o 4.6)
2" dt T dt  dx dt dt

c . c c
éC = d_eyz = d_Yf + aW d y 2 d_gy
“ dt dt 9y dt dt 4.7

where the dotted quantities, such as (u) , denote with respect to time and the higher-order terms

become

df;
dt
dt 12Hh} (Hhy_+2h}_))

i

-3K2H?
" dt (4.62)

&
2 2 2
dee ) hy_,(4Hh, +3H )—dt" +4Hhthy _ |
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dw 2 zdyf
dES 4(2hy_+Hhy_\) 7> By (4Hh +3H)

== 2 - 2 7 T
dt 3H (Hhy_+2h%_,) A4SHKS (Hhy_,+2h%_))

dYC dYC
hy_, (20Hh} - 12H?h, -9H3 thz
4SHAY (Hhy +2h~-1) (.6b)
and
gy ( (h_ | (4Hh, +3H?) +4HK hy | - 3H2H") )d_yf 4.72)
at 12HRE (Hhy_ +2h%_ ) at

; &
2 aw 2 2y 'y

dU " 3H(Hhy_,+2h:_,) A4SHK:(Hhy_,+2h%_))
(hN-l 20k} - 12Hh, ~ 9H") — 15H2h%)d7§

+ —
4SHK (Hhy_y +2h%_)) at

(4.7b)

Now differentiating Eq. (4.3) with respect to time yields the velocities for the ith structural layer

ul-d_“o._h% ‘;'-f‘io_hd_yf
Tdt ldt dt ldt
c c c c
i€ = df+ 4 +23§‘ =y dYC+z2§’ +z3§’
d’t d1: dt dt dt d dt dar
Nod D o,
Tdt  N-lgg dt  N-lgg
oot
dat

(4.8)

where the time derivatives of the structural layer rotations and their higher-order terms in Eq. (4.2)

can be neglected based on Assumption (4.1.iv).
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Figure 4.3 -A single structural layer fabricated as a composite laminate.

4.2 Constitutive Equations

The constitutive relationship sought for this structure is derived to accommodate layers of isotro-
pic, orthotropic laminated unidirectional, laminated quasi-isotropic, or viscoelastic composite
materials. The assumptions made pertaining to the material model are listed below.

Assumption (4.2)

i. The material model for the structural layers are symmetric composite laminates
constructed from homogeneous and orthotropic lamina,

ii. For a viscoelastic structural material the moduli are modeled to follow linear
viscoelasticity and can be treated using the linear complex modulus approach.

Let us consider a single structural layer of thickness T; fabricated as a symmetric laminated
composite comprised of m stacked and rigidly bonded laminae, as shown in Fig. 4.3. Here, a lam-

ina is an orthotropic sheet in plane stress. In Fig. 4.3, we see that each ks lamina is located at a
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vertical distance tik from its midplane surface. Now consider a material coordinate system for a
lamina, with the principle axes 1, 2 and 3. The principle material axes for a lamina are oriented
such that the 1 axis is parallel to the fiber direction, the 2 axis is transverse to the fiber direction in
the surface of the lamina, and the 3 axis is normal to the lamina surface. Under Assumption
(4.2.i), each lamina possesses a plane of elastic symmetry parallel to the 1-2 plane, so that the

constitutive equations for the kzh lamina, of the ith structural layer, can be written as:

0] 0] 0)]

0) =0 =8 )
) On Q@ O €
(k) = |7 F&k) (k)
%, Q12 @2 O )
) | |
Sz 0 0 QO €12
k)
* ) * ©) @ )
O3 _|Qu O €3
() S| e
O3 0 QOss] (52

4.9)

where Q,-(jk) are the kth plane stress reduced elastic constants in the material axes of the k¢4 lam-
ina, and the overbar signifies that the quantities are referenced to the material axes of that lamina.
In addition, o, is the normal stress in the fiber direction, G, is the normal stress perpendicular to
the fiber direction, and G;,, 613 and G,3 represent the shear stresses in their respective planes.
Similarly, the €;; denote the strains in their respective directions. The correspondence between the

reduced elastic constants and the usual engineering constants is:

(4.10a)
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1

644 = 613
C&5=(3%
é66= Glz

(4.10p)

In Eq. (4.10), E; and E; represent the Young’s modulus in directions 1 and 2, G}, , G,3 ., and G 3

are the shear moduli for the lamina, and v,; and v;, denote the Poisson ratio when the lamina is

strained in either the 1 or 2 directions, respectively.

If the (x,y,z) system denotes the standard basis directions for the ith structural layer, then, to

construct each lamina’s contribution to the stiffness, the kz4 lamina must be rotated to this system.

With arbitrary fiber orientation, the variation of the kth reduced stiffness matrix can be obtained

by transforming the generally orthotropic [Q] Lo the specifically orthotropic reduced stiffness

matrix [Q];. This transformation relates the mechanical properties of the kth lamina in the mate-

rial system to the geometrical (x,y,z) system through a simple rotation 0 that is positive counter-

clockwise. The stress-strain relation in Eq. (4.9) is transformed using the equation
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4.11)

(4.12a)
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A c )
[$] =
s ¢ (4.12b)
and
¢ = cos (0)
s = sin (9) (4.12¢)

To arrive at the constitutive relations for the structure, we must define the section force and
moment resultants per unit length in the geometric basis directions. Referring back to Assumption

(4.1) and Fig. 4.1, and employing the fundamental relationships for these quantities from classical

32, 68

plate theory, we can write for the first-order stress resultants,

H/2
= (4.13)
(Nu,N,N,) = J‘ (o, G, oxy) dz
-H/2
H/2
(M, My, Mxy) = J (o, S, cxy) zdz 4.14)
-H/2
H/2
©.0) = [ (0,0, @)
-H/2
and write for the following higher-order terms,
H/2
= 2
(P, P, P,) = d (o, ,0,)z dz (4.16)
-H/2
H/2
3
(yx, Yy, ny) = ] (Gx, Gy, ny) z°dz (4.17)
-H/2
and,
H/2
R, = J. c, z2dz (4.18)

-H/2
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H/2
R, = J.Gyzzdz (4.19)
-H/2
H/2
S, = . o, 2dz

X Xz

(4.20)

—;1/2

H/2

_ 2

= | Op7d .21
-H/2

where N, Ny, ny are the stress resultants, M, M » Mxy are the moment resultants, Q , Qy are the
section shear stress resultants, and P;, Y;, R; and S; signify the appropriate higher-order contribu-
tions to these terms.

In Eq. (4.13), Eq. (4.14) and Eq. (4.15) we see that the inplane stress resultants are found by
integrating over the structural layers only, therefore, when Eqs (4.13-4.17) are integrated over the

domain depicted in Fig. 4.2 we have

hl ﬁl—;—ahh#l hN
- 1 &1 I [ C ~C ~C
NN Ny = [oho)clyaee 3 [ (ofofofyars [ (ohofialyar
hO i=3 hz.' hN—l
hl ¥h2i+l hN
(M, M, M,) =j(o;, o), 0L ) zdz + z . (oS, 6%, o) zdz + . (o}, ob, o )zzz23
hy i=3 hy; hy_y ( )
hl N;3h2i¢l hN
(PP Py = [(ohoh o) ase Y, [ (ofof0S)2dre [ (ol othot)sas
o =3, Iy @.24)

hy i hy
2
3 3 3
(Yo Y,Y,) = j(o;, c),0,)z°dz+ Z I (65,05, 05) 2dz + I (o}, o), o)) z°dz
"o i=3 "z. hN-l

(4.25)
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Now if we substitute the total inplane strains in Eq. (4.5) into the constitutive equation in (4.11),
and then substitute the resulting inplane stresses from Eq. (4.11) into the resultants in equations

(4.22-4.25) we obtain the following relationship for the ith structural layer

r 1 ~ -
{N,N,N_}T D {e,e e }T
ot A BDE| | (x x,x )T
{M, My, My} = DEF you
T
{P,P,P, y}T ) FI.Q {r, ly, )»xy}
mm
RASSL ’ | (haby )|
(4.26)
where
i=1,C,N

and ALY, BY, D!? | etc. are the structure’s stiffnesses for the ith structural layer. The relation in
Eq. (4.26) consists of two twelve element vectors and a twelve-by-twelve symmetric matrix. The

matrix is defined by the following expressions:

1 pl pl gl g1 g1 gl 4
(Al Bim D1y Epy Fpy I 1 K1) = I [Q:,] EB (1,2,2,2%, 2%, 2%, 2%) dz @.27
N-3 xi
2 m
(AS,BC, DS EG FG, S K, Z 2 I [9,,] ff;”’ (1,223, 2%, 2% 2, 2%) dz
i=lk=1 '_ (4.28)
(A[,p [,pDZp E’zp Fﬁp [,p j [an] (k) (1 zy 22 3 249 259 26) dZ
4.29)
L,n=12,6

To obtain the constitutive relations for the transverse portion of the structure we rewrite Eq.
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(4.15) and Egs. (4.18-4.20) as follows

N+1

_h2l Tl' 2j
(0,0, = J (6%~ 0 g;'—‘)dz+ Z j (034,02,)42 (4.30)
l—l j=1
N+l )
R) = 2 J' (6%, 62 ) zdz + z I (ozg,ogg)zdz 4.31)
i=1, j=
N -
_+_lh2| | ’i’i_l hzl.
(5,5, = Z j (02102 N2dz+ Y j (0%, 6%) 2%dz 4.32)
l"l j=1h
2j-1

Equations (4.30-4.32) are equivalent to Eq. (4.15) and Eqgs (4.18-4.21), yet, they are divided into
their respective actuator and structural layer components. By substituting Eq. (4.5) into the con-
stitutive equations in (3.15) and (4.11), and, then substituting these resulting transverse stresses

into equations (4.30-4.32) we establish the relations,

()

T
{Qx’ Qy} T A B D {exz’ eyz}
{R,R}T = D E {x,x,} i=1, N
{5,837 symm  F A0}
»Vy
(4.33)
and for the core
[ () (4) i
© (CS) © {(hz—h,)f2 + (hy—hy)f 4 +...}
{0} A B D {e} Ha-m)f?  (hk-ndf? .
{R} - D E {x}| + 2 2 .
{S} symm  F {A} BB D (- f?
3 + 3 +...}

4.34)
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where the superscript CS refers to the structural layers, and f is used to represent the function

P = £(¢5, €5 o, V), i=2,4,6..  (4.35)

which is a generalized description of Eq. (3.15) for the ith actuator layer in the core. Then the

stiffnesses for the ith structural layers arc writtten as

1
m (4.36)
(ALy By Dy Eb Fly = Y j 10, ) (1,2, 2%, 2%, ) dz
k=1
b1
N-3 i+1
o
(AIC;S, Bg.sv DIC"S’ Eﬁs’ Fﬁ,s) = Z 2 I (0, Ei)H 1) (1,z, zz, 23, 24) dz @3
i=lk=12 :
' 2,
A
m
(A Bl DYy ENo F) = Y I (0,1 ) (1,2,2%,2°, 2% dz (4.38)
k=1
A
Ibn=4,5

Since Eq. (4.35) is dependent on strain, strain rate, voltage, and frequency of oscillation the actua-
tor layers stiffness is nonlinear and cannot be formulated in the same manner as Eq. (4.37). Thus,

it will be left as a function throughout the analysis and only dealt with for special cases.

4.3 Governing Equations

Here Hamilton’s principle is applied to derive the governing equations of motion for a plate and
beam. Since Hamilton’s principle is only applicable to conservative systems, the structure must
be initially treated as a fully elastic system, hence, the derivation of the equations of motion will
exclude damping. Once the energy functional is minimized for this provisional system, damping

51 The notation

in the structure can be introduced by invoking the correspondence principle.
throughout this section will be such that the superscripts denote information pertaining to the indi-

vidual layers of the plate, respectively.
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The configuration of the plate is depicted in Fig. 4.4. The plate is of uniform width W, total
length L, and uniform height H. Each layer is identified by the subscript /, and the thickness of an
individual layer is identified by #;. The total number of structural and actuator layers in the plate
N must also be odd so that the actuator layers are constrained. A similar Cartesian coordinate sys-
tem that consists of the global coordinates x, y and z is adopted for this model, where the x-y plane
of this system is referenced so that z=0 at the midplane surface of the plate cross-section, as
shown in Fig. 4.4. For this analytical model of the plate we assume that Assumption (4.1) and

Assumption (4.2) holds true.

We tum toward the evaluation of the various energies involved in order to be able to
express the Lagrangian function in terms of our plate variables. From Eq. (4.2), there are a total

of seven displacements which are functions of three midplane deformations and six rotations.
4.
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Figure 4.4 - Configuration of the distributed-parameter plate.
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When we consider the kinetic energy T we have:

T = %Hﬁ:j [@hH 2+ @62+ @2+ Y2+ (92 + () 2+ wH dzdA
R 'y

(4.39)
where m is the mass per unit area of the plate and is given by
N
P = Zp'(hi_h,'_l) (4.40)
i=1
Substituting Eq. (4.8) into Eq. (4.39) and integrating with respect to z we get
1((- o2 o2 W 2 H? , .
T3t 62 D+ w B 1 (D))
R
0 of 2 0 o 2
+2(hy_y=hy) [ (9) "+ 9°(¥5) ] ) dA 4.41)
The elastic strain energy for the structure is given by
1
U = i_“‘_[ {oe + G, ,+0E + cxyexy+ ot +0yzeyz} dzdA 4.42)

Here we see that the triple integration is performed over the volume of the structure, where dA
denotes a small surface element of the structure in the x-y plane. Now, if we take into account the
assumptions made in the previous section and substitute Eq. (4.11) into Eq. (4.42), we find the

strain energy for the ith layer is

U = J‘ (Q{;)(em) +Qm(em) +Q(')(€g))2+Q4(?(€y(?)2

+Q5(;7 (S,E?) +2Q,‘;’e:"e"7+2g“7 ;o “)+2Q"’ (,) ")+2Q"7 (D ¢ )

yz €

+Q:i)e::)+Rf)K£? +si')lil) Q(l) (l) R(i) (l) S('))\.(i) } dzdA

i=1,C,N (4.43)
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Subsequently, when the strain-displacement relationship in (4.2) and the constitutive relationships
in (3.15), (4.26), (4.33) and (4.34) are substituted into Eq. (4.43), integrated with respect to z, and

then summed, the following equation can be written for the total strain energy of the plate.

=”{§{(N;+NS+NN)+— (N'+NC+NN)+(a a“)(Nl JHNS+NN) +

o o N A
Y (N¥hy_,=Nln)) +§—’ (NYhy_y=Nlhy) (5 +—’) (Nyhy_y=Nyhy) +
N, o0 a7, &v‘ M oY) Y o
h,(N;a +N‘a +N! ( y)) —hpy_ (NY +N" Y + NN (ay ’))+
1 : CaYC NM 1 ] CaYC
a(Q+Q +Q)+—(Q+Q +Q)+M—+Ma M Ma—+Ma—+
l 1
M”?N+M' (gy y)+Mf,(§—f W)+M” <§‘” a—ﬁ)+Q'Y‘+Q;Y,‘,+
a 1 a 1 1 a 1 a C a C
nyf+QCyC+Q2'yiV+QNyN+P' C +P'aC (aC C) C Pfa—§’+
CC 9 C CN NacN acN acN a&l lE"l
(a ) +Py Y3y (a ) +Yy== Y3y
BEJ, é‘ aéc aE_,f éc aﬁc &” N ;’ y 05y o)
Y"?(ﬁ ) YC +Y,Ca Yf,(a ) +Y, Y3y +Y, (a +5- ) +
2(Rxc1+Ry§y) +2 (R7LE+RSLS) +2(Rf§§'+R;’§yN) +3(SEL+SED +
3(STES +S7ES) +3(SYEN + S)EN) }dA (4.44)
where the nonlinear section shear stress resultants for the core are
0f = 05 (5, €%, 0, V) (4.442)
RS =R (¢5,€% @, V) (4.44b)
5¢ =85C(e%, €5 o, V)
(4.44¢)

Equation (4.44) is more tractable when only symmetric composite laminates are used. Hence, the
terms Bj;, E;;, and Jj; are identically zero. Moreover, when the plate structure is symmetric the By,

E;; terms for the core layers are also zero.
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The total potential energy for the plate can be formed by considering transverse and inplane
loading. For transverse bending, we are concemed with loads generated by normal tractions

applied to the top and bottom surface of the plate which leads to the following expression for the

potential energy
W= —j J' qwdA (4.45)
R
where q is equivalent to
. H . H
9=0,(3)-9,(-3) (4.46)
For inplane loading,
1 ow, 2 aw, 2 owaw
V= 5_.‘,[[17‘(5) +Fy(a_y) +2ny(sz$)]"" (4.47)
R

which have been taken directly from Whitney.'" In Eq. (4.47), F,, F, and F,, denotes the initial

inplane force resultants applied to the pre-buckled state.

From Hamilton’s principle the governing equations of motion and the proper boundary con-
ditions for the plate are determined by substituting (4.41), (4.44), (4.45), and (4.47) into the varia-

tional equation and integrating over an arbitrary time interval

Y

81 = J'(ar-su-av—sm dt =0 4.48)

)

Integrating the expressions in Eq. (4.48) by parts, and collecting the coefficients of du?, 82, w,

&y, 81.C, 8., y,’, &,€, and 8y,", we obtain the following equilibrium equations:

9 (N14+ NS+ NN +aa—y(N;y+ny+NQ’y)

dax
dt drt

ou’:

2 2 H?
(B  +h+ 2 (4.492)

=ﬁ:”H[(h, —hy_y) i
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d (! N 9 (! N
a—x(ny+ny+ny) +$(Ny+Nf+Ny)

v 20 d5 2
~ d H
=mpu[(h,—h,v_,)d_t3 - (h,%,_,+h§+ﬁ)i| (4.49b)
dw:
3%y N 321, yC. yN 32 1 N
(F(Y“-'-YS*-Y“) +a_y—2Y>'+Yy+Yy +4§x—3y(yxy+yfy+yxy)
20 ¢l L o€ oNy_20 ol oCooNyy (4 4.49
35S+ 8, +57) 3;Ty(sy+sy+sy))(3ﬁz)+ (4.49¢)
2 2 2
2014040 +2(01+Q 40" +F 2 g W g AW o ppd
ax(Q"+ 0;+0;) *ay‘Qy+Qy +Qy) +F‘ax2 +F),ay2 +2F’8xay +g= 2Hd12

and the curvatures about the y axis,

&y,

ore ar,

x oy

Q

K2hZ,_ | (4H =20) (a%(y; +Y5+1Y) +§_y(r,“y+ YS,+YN)) +9H hy_ (
+

90H>h2K}, _ | +45H>K2hy,

hy_y (12H%h, — 60HA?) (%(Y}‘ +Y5) +§—y(Y,‘,,+ YS)) + 3H2h§,_,§_y(yfy-51';y+ YY) .

90H2h2hE _ | +45HK3hy _,

3H%hE _, (g—x(yf+ YN -syhy) +n}_, (S} +SS+8Y) (60HAR, - 12h})
+

90H>h2hE _ | +45HK3hy _,
3H* K% _ (58} —SS - 8Ny + (8} +5C) (180HM3hy _, - 36H?h hy _ ) —27H?hy_,SE
90H>h2hY,_ | +45H h3hy_,

Ly N, N, oM, oM,
-0,+ l(a +§; “a_x +$

(4.49d)
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and,
&y,
or¢ oar¢
2 2 d 1 N d 1 N 3 x X
~hy_1 (AHRy +3H?) (S (Y +Y(+ 1) +5;(Y,,+ny+ny)) ~9H'hy_, GG + 55 )

9OH*hEnY_ | +45SH h3hy _,

hy_ , (15H%h, — 60HA?) (%(y; +Y5) +§_y(Y;y+ YS)) +15H?KE ,g—y(y,“y— Y+ YY) .

9OH?h}hY, | +4SH K2hy _ |

15H%h? (%(Y,"- YS-Y))) +hi_, (S)+5C+SY) (36HR, —9h))
+

QOH*hn% _ | +45Hhihy _,
3H*RE _ (58} —S€— 8Ny + (S +8C) (45HR*hy _, — 60H?h hy_ ) = 2TH hy_,S¢ .
9OH*h*h?, _ +45Hh3hy
oN!  oN! aNY, ONY oMS oM ad%°

b 4

_ C _—Xy__ _x . _x —Xy= _ “©u
Qith(gy " —5 V¥ (5; —53 ) Yar tay TP Uw-imh) g

(4.4%¢)

dy,:
K2R (20H = 120) (S (V' + YC+ YY) + 9 (Y! +YC +YN)) +45H3 (a—yf+i-"’)
1"N-1 ox  * X x ay xy xy xy N-1 ox ay N
9OH*hinS, _ +45H K2Ry _,
hy_ | (4H2h, — 30HK?) (53;(1’;+ Y) +(=%(Yiy+ Y5)) + 15H2h§,_l§—y( € —syl+1Y) )

90HhR _ +45H h3hy _

45H*h% _, (;?—x("f* YN-5Y))) +hy_, (SL+SE+SN) (3HK, - 45h})
+

2,22 3,2
QOH*h*h2,_ , +45H>h*hy, _,
4H*h?,_, (255! -SS —SM) + (81 +8€) (135HK*hy_, = T2H*h\hy_ ) —9Hhy _,SE
90H?h2hE _, +45Hh3hy _

Ly N, ON, oM, oM, 0
-0, + '(ﬁ +a—y += +$ =

(4.49f)



163

and the curvatures about the x axis,
1.
o,

are, are
Wiy (4H =20) (L1}, + Y5, +Y3) +§y—(Y;+Y§+Y§)) Ry (7 +527)

<+

S0H*h3h3, _ +45Hh3hy _,

hy _ (12H%h, - 60HR?) (&%(Y}ﬁ Y) +(%(Y; +Y5)) + 3H2h,{,_,%(y§-5y;+ rY) .

9OH>h2hE _ | +45H h3hy_

3HRE,_ (g_x(yfy+ ¥ —5vL)) +h2_ (S} +SS+5SY) (60HR, - 12h2)
+

90H*RRE _ | +45Hh3hy _,
3Hhyy_ | (58} — 85 =S + (S} +S5) (180HK hy_ |~ 36H?h\hy_|) —2TH hy_ S
2,.2,2 3,2
9OH?hihY,_ | +45Hh2hy _,
1 1 1 1
-0 +n (?ﬁ’"...a_Ny) +a_M“y+a_M” =
y "T1i9x T ay ox dy (4.49g)

and,

&,

oYy
~h%_ (4Hh, +3H?) (-aa;(Ylﬁ Yg,+ YY) +§_y(Y;+ YS+YY)) -9Hhy _, (55"

+-—7)
dy
90H2h2h% . +45Hh%h *
1°N-1 1°N-1

hy_ | (15H%h, - 60HA?) (g—x(y,“y +Y5) +§’—y(y; +Y5)) +15H%h2 lg_y(y; -YS+ 1Y) .

90H*h2h%,_ | +45Hh3hy _,

15H2K? (E?—x(yg’y— YS,~YL)) + k%, (SL+5C+5Y) (36HR, -9k
+

90H*hih% _ +45Hh3hy _,
3Hhy_ | (58, — S5 —SY) + (S} +S5) (45Hh hy_ — 60Hh\hy_\) = 2TH hy_,SS .
90H?h2hY_ | +45H h3hy_ |
1 1 N N
aN! oN ANy ANy, oM< ’

d
_of y - v, My _ -
9 +h‘(8y ax )t (ay ax tax +ay 2H (hy 1 =h) g

20

(4.49h)
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and finally,

o,V

or¢

vy
i1 (20H = 120) (F Xy + Yo+ X0) + S0+ 1+ X) + 455y 7 + 557
+

9OH*h3h%, _ +45Hhlhy _

-1 (4Hhy = 30HR) (L (Y] +Y5) +%(Y;+ Y)) + 15H2h,%,_1§—y(Yf—5Y;+ rY) .

2,2,2 3,2
QOH*h*h2,_  +45H>hhy, _,
2
45H2hN_1(aix(yfy+ YN, —5Y,)) +hy_ 1 (Sy+SS+SY) (3Hh, —45h])

<+
9OHRIK _ | +45H hhy_ |

4H?K,_ | (258, - S5 —SN) + (S, +SS) (135HhThy _ —T2Hh\hy_ ) —9H hy _,SS
90H>h2h%,_ | +45Hh3hy, _,

(4.49i)

The boundary conditions are of the following form:

) 0] ) 2 @@ 2 0]
un.+von, or Ny 'n+ N, " ni+2N, n.n,
(0 (i) @ O} @2 2
—un+von, or (N, =N,")n,n,+ N, (n;—ny)

2,2 2

Q" =R yn + (0" -R)n,~

y 22,2
w  or 90H*hih%_ +45H’hihy _
( (nx(.f—y— D) (0 =¥y mon, + ¥ (n - nd)))
%n, + Ea-);ny or Y,fi) ni + Y)(,i) ni + ZY;;) n.n,

2 2
x~ 2,2,2 3.2 x|
90H hihy_+4SH hihy_,
SHhy_, —20H*h, h? .
(i) (0] N-1 1"N-1 @ 1,2
Y, ' n_+vy.'n or +((M- Y )n+nn)
* oy Y QOH*WRE_ +45HKihy_, 0 )7 T
Hhy,_, - H*h*h :
Z(Mxy— 2 2N;1 l 3N—2l Ya(r;))
90H2h2KE _ | +45H°Khy _

(4.50)

i=1,C,N



165

4.4 Comparative Results
4.4.1 Static results

To demonstrate how this distributed-parameter plate theory compares to existing results, let us
consider the plate given in Fig. 4.4 to be simply supported and subjected to the following static

surface load

= q,sin (2 sin (22
q = qoSln W sin T (4.51)

Accordingly, with the plate being simply supported, the boundary conditions are

- L -w w
W(X,T) =W(X,i') —W(—z—,)’) —W('z—',)') =0
i -L i L i W w
1 63 =1 (05 =1 (G0 =7 (5.3 =0
L

M (65 =M (15) =M (S5m0 =M, (5.9 =0
W, Ly_vo Ly_o W o _ oW | _
Yy (x, 2)-Yy (x"z—)—yx ( 2 »}’)—'Yx (2,)’)—0
(4.52)

i=1,C,N.

Use of the Naiver approach described by Whilney140 permits us to solve Eq. (4.49). For simplic-
ity, consider the plate to be composed of three layers, i.e. N = 3, where the actuator layer is sand-
wiched between two identical face aluminum sheets with constant thickness. Table 4.1 provides

the assumed properties for the plate.

For this case, Eq. (4.49) is greatly reduced because all time derivatives are set to zero and

several of the plate stiffnesses are identically zero. From Table 4.1 the following stiffnesses fall

into this category

Blk=Elk=JIk=0 l,k=l,2,4,5,6

) () 0 6) (i) () (i) (i
Alg =Ay =Djg =Dy =F\g =F3 =K\ =Kk =0 (4.53)
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Table 4.1 - Material and geometric properties for the plate configuration.

Structural Layers Actuator Layers
Property (i = 1,3) Specifications Property (i =2) Specifications
Material Aluminum Sheet G’ 1.225 MPa
L 31.2cm v (Poisson) 045
w 31.2cm Vin (volume) 0.15
H 0.1143 cm vq(volume) 0.85
EY) 68.5 GPa p 1224.1 kg /m3
P 2714.3 kg /m3 E) 1.225 MPa
v(i)(Poisson) 0.334 90 1N
A9 0.50 mm w 312 cm

Ay =Dig =Fi =0
i=1,C,N (4.53con’t)

and using Eq. (3.15) the core stiffness reduces to

of; =;,G’ (0)eg, (4.542)
C _ ’ C
c,,=v,G (0)ej, (4.54b)

Following the Naiver procedure, we assume a solution which satisfies Eq. (3.52) and is of the fol-

lowing form

% L mX My

w= 2 Wmsm(W)sm(f)
mn=1

i o x . W

'y:') = Z X,f,?,cos(W)sm(fy)
mn=1

O_ % p0 g X Ty
Y, = Z Y,,,,,sm(—w-)cos(f)

y
m,n=1
’ 4.55
i=1,C,N ( )
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where W,,,,, X, and Y'¥),, are unknown constants to be determined. By substituting Eq. (4.55)
into Eq. (4.49), these seven constants can be solved for algebraically. For brevity the equations

are not shown.

Results for the maximum nondimensionalized deflections, w, of the plate are given in Table
4.2 for various values of W /H, hence various actuator thicknesses. Note that the length-to-thick-
ness ratios used in this section would not be practical for this type of structure, but are only used
for comparison purposes. Below, these results are compared to an exact three-dimensional elas-
ticity solution obtained by Pagano.lo8 It shows from these results that good agreement between
this theory and exact solutions are obtained over a wide range of aspect ratios. However, for large
aspect ratios, ER plate deflection is slightly higher than the elasticity solution. This is expected
because the three dimensional effects occurring in this model have been neglected. Also, because
this theory has been based on sandwich plate theory and constrained layer theory, the in-plane
stresses in the core have been assumed to vary linearly through-the-thickness. This means that for
all plate aspect ratios, this theory will greatly over-predict the true shearing stresses unless shear

correction factors are used.!2 It would be highly effective to use shear correction factors, espe-

Nondimensionalized Deflections
W/H Paganom8 ER Plate
4 0.682 0.49128
10 0.2191 0.16537
50 0.9761 1.05721
100 0.0951 0.09684

3 -(1)
W = 10(ﬂ) w (0, 0)
q,W*

Table 4.2 - Nondimensionalized deflections for two three-layer sandwich plates.
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cially when integrating the shear stresses for this plate, because good predictions are necessary

due to the nature of the actuator and its dependence on the shear rate.
4.4.2 Dynamic resuits

A finite element analysis of the distributed-parameter plate was conducted to obtain results for its
dynamic behavior. Square and rectangular plate configurations were investigated, both had the
same dimensions and geometries as the plates given in Fig. 3.25. The nonlinear rule-of-mixtures
material model developed in Chapter 3 was implemented for the actuator. For simplicity, the
same actuator material is always sandwiched between structural faces of identical geometry and
material properties. Furthermore, all structures are symmetric about their midplanes. An exami-
nation of the frequency response for steady-state excitations was conducted for free-edge and
fixed-edge boundary conditions in order to compare with experimental results in Chapter 3.
Modal natural frequencies and damping factors were estimated for both cases and for various con-

stant voltages to set bounds on physical parameter uncertainty.

The plates were discretized using 200 reduced integration, eight-node, second order shell
elements with thick shell control. In ABAQUS, the shell element has several unique qualities that
make it a good candidate for these structures. Its shell elements are provided with a composite
material option that allows us to select the number of integration points through-the-thickness.
The number was set to 3 integration points foe the structural layers and 5 for the actuator layers.
The shell element also includes a transverse shear option that permits the use of shear correction
factors. For the sandwich structures considered here these factors are evident in the following

equation
H/2

(2,09) = J. (k5O , keO,,) dz (4.56)
-H/2

where ks and kg are the shear correction factors about the y and x axes, respectively. For these

structures ks = 0.4098 and k¢ = 0.6915, which are reasonable for sandwich structures.!40 Finally,
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Figure 4.5 - Discretized geometry for a quarter of the distributed-parameter rectangular plate.

the thick shell element used here is able to accommodate full six degree-of-freedom models,
whereas the solid brick element would be limited to the three displacements, and would not
include the necessary nodal rotations experienced by such a low stiffness structure. An illustra-
tion of one quarter of the discretized rectangular plate, shown as a solid model, is presented in
Fig. 4.5. Notice that the aspect ratio around the edges was reduced to obtain better solution con-

vergence due to three dimensional free-edge effects.

Figure 4.6 is an illustration of several zero voltage displaced mode shapes for the identical
three-layered structures used in the experimental analysis. These mode shapes were computed
using a linear subspace routine available in ABAQUS.! The flat area in the center of both plates
represents the 3 cm square clamping fixture used to attach the plate to the shaker. Due to the mag-
nification of the modes, its appearance seem to have a large effect on the results. We see many
similarities betweeh the experimentally observed results in Fig. 3.33 and these results. However,

one disadvantage in making the experimental observations is that very close mode shapes of low
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Table 4.3 - Comparison of measured and computed natural frequencies for the square plate.

Square Plate Response for Constant Voltage Inputs
Natural V=0kV V=1kV V=2kV
Frequency
(Hz) measured | computed | measured | computed | measured | computed
®, 19.50 19.699 22.06 21.53 2394 22.96
(0) 25.525 28.25 29.923
() 25.525 28.25 29.923
Wy 37.87 41.556 4147 44.76 63.50 47.036
W5 64.56 60.585 71.15 65.58 72.28 69.92
g 70.821 78.072 82.821
W, 70.821 78.072 82.821
g 118.3 93.574 126.35 105.48 129.065 113.54

Table 4.3 - Comparison of measured and computed natural frequencies for the rectangular plate.

Rectangular Plate Response for Constant Voltage Inputs
Natural V=0kV V=1kV V=2kV
Frequency
(Hz) measured | computed | measured | computed | measured | computed
(O] 15.52 15.073 19.76 2245 2453 25.062
(%) 17.9 24.85 28.595
() 31.36 29.21 33.21 36.763 35.76 45.763
Wy 53.15 53.34 54.3 55.914 55.45 56.020
(] 68.095 70.577 74.971
Wg 83.223 83.223 88.663
Wy 76.35 87.576 132.12 102.76 135.11 111.15
g 104.25 111.025 127.29




172
magnitude were indeterminable. For this reason, several modes have been omitted in order to
compare the two sets of analysis results. It appears that ABAQUS has no problem computing
mode shapes that reside only fractions of a frequency apart. In Tables 4.3 and 4.4, natural fre-
quencies for both plates are given for the identified mode shapes in Fig. 3.3 and Fig. 4.6. These
mode shapes were matched up and compared to computed shapes then their associated natural fre-
quencies were tabulated. The blank entries in Table 4.3 and 4.4 signify computed values for
modes that were not observed in the experimental results. For instance, the results for modes 2
and 3 for the square plate occur at the same frequency and are very small as compared to the fun-
damental and second observed mode shapes. It is evident here that ABAQUS provides good
results for the fundamental and second observed modes for all input voltage cases considered.
Although, beyond two modes it was very difficult to determine a match for the experimental val-
ues because the natural frequencies are very close to one another. This situation was not encoun-

tered experimentally, where all mode shapes seemed to be separated over larger ranges.

Table 4.5 - Material properties for the composite structural layers.

Composite Structural Layers

Property (k = 1,2) Specifications
Material Graphite / Epoxy
1Y 0.025 mm
E;,® 135 kN /mm?
E,,f) 13 kN /mm?
G 0.641 kN /mm?
G5 0.641 kN /mm?
Gpi'¥ 0.434 kN /mm?
v 0.38
vy 0.38
p 1553.98 kg /m>
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Figure 4.7 - Modes shapes for the clamped-edge square plate.

Good results for the mode shapes and natural frequencies of the first two observed mode

shapes itted an i igation of the variation of natural 'y with the ped edge

boundary iti Results were obtained for a square cl d-edge plate with the same width

and length geometry as given in Table 4.1. However, two specific structural material cases were

investigated for V = 0 kV. The first case was a plate p of i layers and
the second case was a plate composed of a cross-ply, [0°/ 90°], graphite/epoxy composite. Mate-
rial data for the plate with the composite structural layers is given in Table 4.5. The mode shapes
associated with the first six modes of both plates are given in Fig. 4.7. These mode shapes were
identical for both clamped edge cases. It is evident from Fig. 4.7 that modes 2 and 3 must occur

at the same natural frequency because mode 3 is just a generalized coordinate shift of mode 2.

We also see that the number of node lines increases with 2n for this boundary condition
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175

Results given in Fig. 4.8 are from an investigation of the variation of natural frequencies
with different total number of layers. Values were obtained for a 3, 5 and 7 layered clamped-edge
composite and aluminum plate. In each case, the thickness of the structural layers was constant so
that the total thickness H changed. For the 5 layer composite plate, the 3rd layer, i = 3, was
divided into two cross-ply lamina, k£ = 4, in order to maintain symmetry through-the-thickness.
As observed in Fig. 4.8, the natural frequency increases with an increasing number of layers. This
increase is most significant in Fig. 4.8 (a) for the aluminum plate, although the natural frequencies
for the composite plate are larger. In Fig. 4.9, results are shown for a three layer clamped edge
aluminum plate with different actuator thicknesses and different voltages. It is apparent that the
natural frequency increases with increasing voltage, which is in agreement with experimentally
observed results. However, as ) increases the natural frequencies begin to approach an asymp-
totic value. This occurs because bending stiffness is not increasing as rapidly as total plate thick-
ness since structural layer thickness is kept constant. In addition, we see the natural frequencies
increasing as K@ decreases for the converse reason. These values approach the natural frequency

of the plate when A = 0.
4.5 Chapter Summary

Both analytical and numerical analysis formulations were conducted in this chapter. An analytical
model was derived based on a higher-order plate theory. This was further complemented with
assumptions from classical sandwich theory and constrained layer theory. Next, the Hamiltonian
was used to arrive at the governing equations of motion and associated boundary conditions. It
was shown for static loading conditions, using the Navier approach, that close agreement with
previously published results was possible. Time constraints did not permit a full dynamic investi-
gation of the analytical model. Numerical results were presented with the use of a commercial
finite-element code. Frequency response results were generated for the two plate configurations

considered in Chapter 3. Once again time did not permit a full time-dependent dynamic input
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voltage investigation. These computed results showed many similarities between experimentally
determined results. Natural frequencies for the first two modes for all voltage inputs are in close
agreement despite some difficulty determining whether observed natural frequencies matched
with computed values. With the actuator model and structure partially verified, the response of
the square plate was examined for various materials, actuator thicknesses, and total number of
layers. These results were then compared and contrasted.

Due to the large uncertainty in this analysis is was too difficult to accurately set physical
bounds for the distributed-parameter plate considered in this analysis formulation. Uncertainty
exists as a result of numerous sources, including: i) inertial damping of the fluid, ii) non-rigid
bonding conditions between layers, and iii) the replication of the experimental plate boundary
conditions. In fact, uncertainty in this case can be a result of objective and subjective causes. In a
subjective manner, uncertainty is introduced due to the extreme variations in the operating condi-
tions and the actuator material. Uncertainty introduced objectively is a result of the inability to
replicate the boundary conditions in the experiment to the computer model. These two sources of
uncertainty must be reduced in order to set bounds on the structure. One possible way of reducing
subjective uncertainty is to use narrowband excitation and determine experimental values for the
constitutive model of the actuator. This would allow us to experimentally identify a material
model for better comparative purposes. Secondly, to reduce objective uncertainty, we could use
simply-supported or clamped-edge boundary conditions instead of the free-edge conditions.
Although simply-supported conditions are difficult to completely replicate, they would allow a

much better comparison than the free-edge boundary conditions that were used.



Chapter 5

CONCLUDING REMARKS AND
RECOMMENDATIONS FOR FUTURE WORK

A generalized outline for a mathematical modeling procedure has been established in the spirit
of concurrent engineering. Essentially, this procedure has been developed for evaluating a
variety of large-scale system modeling problems that exist at the preliminary and initial stages
of design. However, in this study, only a certain class of problems involving smaller scale
controlled flexible structures has been considered. The reason being that a large-scale assembly
can often be decomposed into conventional beams, plates, and shell structures. These problems
in structural control have been addressed by exploiting the highly acclaimed methods of robust
control theory and uncertain linear systems analysis and combining them with the salient features
of concurrent or simultaneous engineering design and development.

Specifically, this concurrent modeling procedure assumes and treats a mathematical model
not as a single and precise model but rather as a set, inside of which the actual system lies. This
framework calls for two specific models: (i) a nominal model, and (ii) an uncertainty model. In
this procedure, it is taken into consideration that tight time constraints would typically limit the
construction of two models during the design process. However, instead of deriving each model
in series, both models can be derived concurrently as long as applicable physical laws,

assumptions, and equations are available to effectively describe the actual process. Thus, by
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using this procedure in the design process, one is able to improve the accuracy of the
mathematical model simply by improving the accuracy of the uncertainty model. Therefore, over
the course of the product or design development program, and as parameters become more
precise, uncertainty models should gradually mature with the structural design and its control
system.

In Chapter 2, discussion focussed on how the modeling procedure can be divided into two
specific problems: (i) the analysis problem, and (ii) the synthesis problem. In this study, the
modeling procedure has been applied to a cantilever beam example and plates containing a
distributed-parameter actuator. Both analysis and synthesis problems have been investigated in
detail for the cantilever beam, however, only the analysis problem has been completed for the
plates. In particular, our results show that this procedure provides models that can be very useful
for locating and identifying bounds where the actual system lies. This procedure does have some
drawbacks due to its "very" generalized form. Experience plays a large role in selecting
uncertainty models, extracting correct analytical and experimental information, and fitting this
information to an appropriate model in a judicious manner. For example, throughout the
cantilever beam example, it is evident that neither parametric nor nonparametric models can fully
satisfy full model uncertainty. Clearly, the very conservative nature of the parametric model at
high frequencies severely limits its applicability. To include a parametric model at these
frequencies will cause higher modes to become unstable for high controller gains. For this
reason, a sequential mixed uncertainty model was chosen because it effectively represents the
uncertainty over the selected frequency spectrum. Although, as a consequence, much of this
decision-making for choosing a transition frequency was based on prior experience.

Now, the actuator used in the plate analysis formulation is an electrorheological (ER)
fluid. Its electrical and rheological properties have been investigated in order to formulate pheno-

menological equations that would be useful in numerical and analytical analysis. Due to its innate
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complexity, an empirical model was developed to describe its rheological properties. This model
accounts for the global damping and stiffness properties under the influence of electrical
potentials. It has been shown through experimental, numerical, and analytical formulations, that
extreme coupling between the electrical and rheological properties produces a "dynamic
capacitance” effect that is very difficult to model. Consequently, this characteristic excluded
consideration of time-dependent voltage inputs and transient vibration. However, steady-state
vibration was investigated and good correlations between the experimental and numerical results
were obtained for the first two observed natural frequencies at all voltage levels. Damping was
not computed nor looked at in detail because of the limitations of the numerical software.
Therefore, uncertainty bounds could not be established for this analysis.

In conclusion, this thesis has been an exposition of a concurrent modeling procedure.
Two useful applications have been considered with varying degrees of difficulty. Results from
these two models have shown that the procedure is highly dependent on the experience of the
person modeling and the complexity of the problem at hand. Despite these disadvantages the
framework of this modeling procedure, which is based on uncertain linear systems analysis and
robust control theory, yields good practical controllers. Thus, future work will include the full
integration of this procedure within a process that can accommodate simultaneous structure and

controller design and optimization.
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