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Abstract

Markov Properties of Measure - indexed Gaussian Random Fields
By

Sixiang Zhang

We consider the Gaussian random field {X,, p € M(E)},where M(E) is
a vector space of signed Radon measures with compact support on a separable
locally compact Hausdorff space E. We assume that the covariance C(u,v) =
E(X,X,)(p,v € M(E)) is bilinear. The Markov properties of {X,, pu €
M(E)} are defined. The necessary and sufficient conditions for {X,, u €
M(E)} to have the Markov property in terms of the geometric and analytic
structure of the reproducing kernel Hilbert space of C(u,v) are given under
some assumptions on the index set M(E). We also define the concept of dual
process and in the case that a Gaussian random field {X,, u € M(F)} hasa
dual, we can simplify the necessary and sufficient conditions. Applications to
generalized Gaussian random fields, to the Gaussian fields related to Dirichlet

forms and to the ordinary Gaussian processes are derived.
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Chapter 1

Introduction

The study of the Markov property for multiparameter processes was
initiated by P. Lévy[15] who conjectured that Lévy Brownian motion in odd
dimension has this Markov property. McKean [19] proved Lévy’s conjecture
and gave a precise definition of Markov property. Subsequently Pitt[24],
Kiinsch [13], Molchan[21] and Kallianpur and Mandrekar[12] gave necessary
and sufficient conditions for a Gaussian and generalized Gaussian process to
have some type of Markov property. A systematic study of different Markov
properties is given in [17] for Gaussian processes and in [18] for the general-
ized Gaussian processes. In [7], Dynkin introduced the study of the Markov
property for Gaussian processes related to the Dirichlet space and studied
Markov property for specific Gaussian processes indexed by measures of fi-
nite energy. This was generalized in an abstract way for Gaussian processes
related to Dirichlet form of Fukushima[10] by Rochner[25].

The main techniques used by [12], [13], [21], [24] were geometric and



depended on the geometric structure of reproducing kernel Hilbert spaces. In
[12], [21] the conditions were simplified in the case the Gaussian process has a
dual process(see also Rozanov[26]). The concept of a dual process originates
in [12] and [21]. In [7] and [25), the Markov property was proved by relying
heavily on probabilistic technique as the Gaussian processes considered by
them are related to Green’s functions of a symmetric Markov process.

Our purpose here is to establish general theorems, using pure geomet-
ric techniques, for Gaussian processes indexed by measures to have a Markov
property. We begin by recalling certain facts about conditional independence
and Gaussian processes from [17] and [18] in Chapter 2 and Chapter 3. As a
consequence we derive some new facts in Lemmas 2.8 - 2.11. We introduce
the concept of support (Lemma 2.2) for a linear functional on a vector space
of measures satisfying (A.1) and (A.2). Such a concept plays a role in estab-
lishing and proving our main general theorems in Chapter 3 (Theorems 3.1,
3.2). In view of Examples 2.1 the main results of [12] and [21] follow from
these general theorems.

We also need to modify the structure of the indexed sets used by
Dynkin [7] and Rochner [25]. We demonstrate that this modification does
not affect the Markov property of the processes considered by them. However
with this modification, we can set their problems as a spacial case of Corollary
3.3. To obtain this, we need to introduce an appropriate generalization of
the concept of the dual process introduced in [12] to our setup. Finally our
results give considerable strengthening of the results of [13] and [24] as well
as generalizing the index set for the multiparameter processes. This is done

in Chapter 5.



In Chapter 4 we recall the needed concepts from the theory of Dirichlet
forms and prove a crucial analytic result (Lemm 4.7) in this setup which
allows us to relate the local property of the Dirichlet space to the condition
of Corollary 3.3.

We start the next chapter with preliminaries, notation and interrela-

tions of the concepts used throughout the thesis.



Chapter 2

Notations and Preliminaries

In this chapter, we present some concepts and results needed in the
rest of this work. We start first by introducing the reproducing kernel Hilbert

space associated with a covariance function following Aronszajn[1].

Definition 2.1 Let T be any set and C be a real valued function on T x T'.

Then C is called a covariance on T if

(a) C(t,s) = C(s,t) for all s,t € T and
(b) Y:.ci,0:C(t,3) >0 for all finite subsets i of T and {a,,s € i} of R.

Theorem 2.1 (Aronszajn [1]) Let T be any set and C be a real valued
covariance on T. Then there ezists a unique Hilbert space K(C) of functions

on T satisfying

C(,t) € K(C) foreachteT, (2.1)
(f,C(+t))k@e)y = f(t) foreachteTand f€ K(C). (2:2)

4



Here for eacht,C(-,t) denotes the function of the first variable and (-, )k (c)

means the inner product in K(C).

Proof. Let RT be the real linear space of all functions on T to R with
coordinate-wise addition and scalar multiplication and let H be the linear
manifold in R7 generated by {C(-,t),t € T}. On H define the inner product

(f,9)= X abuC(s,8) =3 aug(s)= 3 buf(s').  (23)

s€i '€’ o€i '€

Where f = ¥,¢;a,C(+,3),9 = X ,ei by C(,8") with ¢, finite subsets of T.
From the last two equalities in (2.3), we get (f,g) is independent of the
representations of f and g. From properties of C we get (f, f) > 0 and (f, g)
is a bilinear function on H. Also f(t) = (f,C(-,t)) foreacht € T and f € H
gives |f(t)]? < (f, f)C(t,t). This implies (f,f) = 0 iff f(t) = 0 for all ¢.
Thus (H,(-,-)) is a pre-Hilbert space. Let H be the completion of H under
norm (f, f), define K(C) = {f € ®T, f(t) = (C(-,t),hs) for h; € H}.
On K(C) define (f,g) = (hys,k;). Then K(C) has all the properties and is
determined uniquely by C. m]

Definition 2.2 Let T be any set. A class K(C) of functions on T forming a
Hilbert space is called the reproducing kernel Hilbert space (for short, RKHS)
of a covariance C if it satisfies (2.1) and (2.2). The above theorem gives

eristence and uniqueness.

Definition 2.3 Let T be a set and (2, F, P) be a probability space, Then a

family {X; : t € T} of real random variables is called a centered Gaussian



process if every real linear combination of finite elements of {X;:t € T} is

a Gaussian random variable with mean zero.

If {X;:t €T} is a centered Gaussian process on a probability space
(Q,F, P), then Cx(t,t') = Ep(XiXv) is a covariance on T and K(Cx) =
{f,f(t) = Ep(X,Yj) for a unique Y; € H(X)}, where Ep is the expectation
under P and H(X) is the linear subspace of L3(f2, F, P) generated by { X;,t €

T}. Conversely we can associate a Gaussian process with a covariance.

Lemma 2.1 Let C be a covariance on T, then there exists a Gaussian pro-
cess {Xi,t € T} defined on a suitable probability space (2, F, P) such that
Ep(Xngl) = C(t, ).

Proof. Let K(C) be the RKHS of C and {e;,j € J} be an orthonormal
basis in K(C). Define Q = I1;Q;, F = ®;F;, P = ®;P; where Q; = R, F; =
B(R) and P; = N(0,1) for j € J. Also let §;(w) = w; with j € J. For
h € K(C),h = T;(h,e;)e; define II(k) = ¥;(h,e;)¢;. Then by Parseval’s
identity we get II(k) as a Gaussian random variable for each h € K(C) with
X, =1I(C(:,t)) we get {X;,t € T} as a Gaussian process with covariance C.
a

Remark: The map II in the proof of Lemma 2.1 is an isometry between
K(C) and H(X). We will be using this fact many times later on.

For a Gaussian process {X;,t € T}, when T C R", we call it a

(Gaussian) random field. Let C§°(E) be the space of infinitely differentiable

functions with compact support in E, where E is a open sebset of R*. When



T = CP(E), we call {X;,t € T} generalized random field if the covariance
function C(p,¥) = E,(X,Xy) is bilinear and continuous on C§°(E) with
Schwartz topology(see [9] or [11]). We shall also be using processes indexed
by measures of bounded energy. They occurred in the works [12],[24] and
[26]. For this we need some additional concepts.

Let E be a separable locally compact Hausdorff space. M(E) is a set
containing Radon signed measures on E with compact support. The support
of a signed Radon measure u on E is defined as the complement of the largest
open set O such that |x|(O) = 0, where |u| is the total variation measure of
p. We make the following assumptions on M(E):

(A.1) M(E) is a real vector space.

(A.2) M(E) has the partition of unity property, namely for any u €
M(E), if {01,0,,..,0,} is an open covering of the support of u (for short,
suppu) then there exist py, pa, ..., un € M(E) with suppy; C O0;,i =1,2,..,n
and p = p1+ pa + ... + pn.

(A.3) If f is a linear functional on M(E), and the support of f (for short,
suppf) is contained in A, |J A2 where A; and A; are two disjoint closed sub-
sets of E, then f = f, + f,, where fi, f; are linear functionals on M(FE)
with suppf; C A;,i = 1,2. The support of a linear functional f on M(E) is
defined as the complement of the largest open set N of E such that f(u) =0
for all u € M(E) with suppu C N.

Under the assumptions (A.1) and (A.2) the support of a linear functional
on M(E) is well defined, Actually we have the following:



Lemma 2.2 Under the assumptions (A.1) and (A.2) we have

(a) If f is a linear functional on M(E), then suppf = complement of
U; Oi, where the union is taken over all open set O; such that f(u) = 0 for
all p € M(E) with suppu C O;.

(b) If f is a linear functional on M(E) and suppf is an empty set, then
f=0,ie f(u)=0 for all p € M(E).

(¢) If fi and f; are two linear functionals on M(E), then

supp(fi + f2) C (suppfi) U(suppf2).

Proof. (a) We only need to show that J;e; O; C (suppf)°. Let u € M(E)
be such that suppyu C U;er Oi. By the compactness of suppyu, we may choose
finite sets Oy, ..., Oin to cover suppy, using the partition of unity property
(A.2) we have g = p; + ... + p, where u; € M(E) and suppy; C O;;,j =
1,..,n. Then

F) = Fl + ot ) = 32 () = 0.

i=1
(b) Using the definition of support of a linear functional.
(c) Let A; = suppf;,i = 1,2. Let p € M(E) with supppu C (4, UAy)° =
A{N A3. Then suppu C A for ¢ = 1,2. Hence fi(p) = 0 for t = 1,2. Then
f(s) = fi(p) + f2(p) = 0. So supp(f1 + f2) € A1U Ae. =

Lemma 2.3 Under assumptions (A.1) and (A.2), (A.3) is equivalent to the
following (A.3)’:
(A.3)’ If f is a linear functional on M(E) and suppf C AU A; where

A; and A are two disjoint closed sets, then for any two disjoint open sets



0,,0; with A; C O;,t = 1,2, f can be decomposed into the sum of two linear
functionals f, and f; on M(E) with suppf; C O;,i =1,2.

Proof. That (A.3) implies (A.3)’ is obvious. To prove the converse, let
0, and O; be two disjoint open sets of E such that O; D A;,i = 1,2. Then
f = fi+fa with the f;’s linear functionals on M(FE) and suppf; C O;,i = 1,2.
Now take another open set O] C O; with O] 2 A,. Then f = f] + f; with
suppfi € O} and suppf; C O; so fi — fi = f — fo- By Lemma 2.2(c)
supp(fi — f{) S(suppf) U (suppfi)C O, and supp(f; — fz) S(suppf;) U
(suppf2)< Oa. Since 01N 0z = ¢, supp(f1 — f1) =supp(f; — f2) = ¢. Then
by Lemma 1.2(b) fi — f{ = f3 — fa = 0. So suppf; C Oj, hence
suppfiy C (] O=A4.
A;COCO,

Similarly we can show suppf; C Aj. o

We will give some examples in which our assumptions (A.1), (A.2)
and (A.3) are satisfied. Before we give the examples, we need the following

Lemma.

Lemma 2.4 If E is a normal space([9],p.2) and {O;,...,0,} is an open cov-
ering of a closed set A of E then there exist open sets Uy, U, ...,U, such that
U:C0ii=1,2,..,n and

Uu:24

=1
where U; means the closure of U;.

We note that ([2],p.8) a separable locally compact Hausdorff space is

a normal space. The proof of the lemma is based on induction on n.
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Proof. If A C O where A is closed and O is open, then A and O° are
two disjoint closed sets and hence by the normality of space there exist two
disjoint open sets Uy, U, such that A C U; and O° C U,. Hence U, C U§ =
U; € O. Then U, is the candidate, so the lemma is true for n = 1.

Assume A C O, 0,, Ais closed and O, O, are open. Then ANO3 C
O:. Since A; N O3 is a closed set, there is an open set U, such that U,.CO,
and ANO§ C Uy. Then A = (ANU1)U(ANU§). Since Ay NUS is closed
and A;NUf C O, ,then there is an open set U, such that U3 C O, and
ANUs C U;. Then A C U, UU, so the lemma is true for n = 2.

Assume that the lemma is true for n < k(k > 2). Then if

k+1 k

AC L_J O; = (L_J 0:)J Ok

there exist open sets U’ and U4, such that

k
Ui g U Oi,
=1
Uks1 C Ogyas
and
A g U'U Uk+1.
Now since .
vclo.

and
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Then
k+1

AC U'UU,,.H C U U..
k=1

Example 2.1 (Infinitely differentiable functions)

Let E be an open domain in ®*, M(E) = {u : du = pdz,p € CP(E)},
where C{°(E) consists of all infinitely differentiable functions with compact
support on E. E is equiped with relative topology. Obviously M(E) is
a vector space in the sense of (A.1). If ¢ € CP(E) and {04,0,,...,0,}
is an open covering of suppy, then there exist ¢,...,p, € C°(E) with
suppy; € O; and ¢ = ¥, p; where for a function ¢ € C§°(E), suppy =
closure of {z : z € E,p(z) # 0}. Notice that suppy =supp(pdz), so (A.2) is
satisfied.

To verify (A.3)’, let f be a linear functional on M(FE) and suppf C
A1 UA;. Where A; and A; are two disjoint closed subsets of E, take two
disjoint open sets O;,0; such that A; C O;,i = 1,2. Then we can take
two open sets O} and O} such that 4; C O! C 0;,i = 1,2 and O; N0} is
the empty set. Take O} = (A; U A;)° then {0}, 03,04} is an open covering
of R". Then there exist p; € C®(E),i = 1,2,3 such that ¢; > 0, suppy C
0!,i=1,2,3and T3 ¢; =1 ([9),p.45) where C*°(E) consists of all infinitely
differentiable functions. Now for any ¢ € CP(E), ¢ = o,

(@) = fppr) + f(pp2) + f(ppa)

Since supp(pys) =supp(pywsdz) C Os then f(pps) = 0. Let fi(p) =
flewi)yi = 1,2. If ¢ € C§°(E) with supp(pdz) =suppp C (suppe;)°
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then pp; = 0,i = 1,2. So fi(¢) = 0,i = 1,2 if supp(pdz) =suppy C
(suppw;)°,i = 1,2. Then suppf; C ((suppy:)°)° =suppy; C O;,t = 1,2. This
implies (A.3)’ holds.

Example 2.2 (Measures of finite energy)

Let M(E) be a vector space having the following property. If 4 € M(E),
then 14,4 € M(E) for any A € B(E) where B(E) is the o-field generated
by all open subsets of E and 144 is the measure of yx restricted to A, i.e.,
144(B) = (AN B) VB € B(E). Then M(E) satisfies (A.2) and (A.3): sup-
pose u € M(E) with supppu C U~, O; where O's are open sets.By Lemma 2.4
we can find open sets U;, (i = 1,...n) such that U; C O; and suppu C U, U;.
Then

# = (lur v))s = ly,p+lyavep+ o lu,oven..ave_ b = p1+pa+. . .+ pa say,

-1
such an expression makes sense because u has compact support and hence is
a finite measure. Obviously suppy; C U; C O0;,i = 1,2, ...,n and u; € M(E)
by assumption for t = 1,2,...,n. Hence (A.2) holds.

If f is a linear functional on M(E) with suppf C A, U A; where A,
and A; are two disjoint closed sets. Choose open sets O;,0; be with A; C
0;,i = 1,2 and O;N0; = 4. Let O3 = (0, U0;)*, then O, U0 U003 = E
and these O;s are also disjoint. Then for any u € M(E),

B = 101[‘ + 102” + 1031‘ = m + p2 + p3 say,

then

S(#) = f(m1) + f(p2) + f(p3) = fi(w) + fo(p) + fa(p) say,
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notice that f;, f; and f; are also linear on M(E). Since suppus C O3 = O3 =
(01UO;)° C (A1 UA2)¢ so fa(p) = f(us) = 0 for all u € M(E). Notice that
for any u with suppu C 0}, i = 1,2, u; = lo,u = 0 hence fi(u) =0, i =1,2
for all 4 € M(E) with suppu C O;. So suppf; C O0;,i = 1,2. (A.3)’ also
holds.

From the above two examples we notice that it is easier to check (A.3)’
instead of (A.3) when we know that (A.1) and (A.2) are already satisfied.

We are interested in the Markov Property of Gaussian processes in-
dexed by M(E), here we assume that M(FE) satisfies assumptions (A.1)-
(A.3). For this we need some elementary concepts of conditional indepen-
dence([16]) and related results from [17].

Let (,F, P) be a probability space and assume unless stated oth-
erwise that F is complete and all sub o-fields(algebras) contain all sets of
measure zero from F.We mean by conditional expectation or conditional
probability the equivalence classes of random variables. Because of the above
assumptions on all sub o - fields, the equivalence classes for different o - fields

are the statement a.e. and consider equalities in terms of equivalence classes.

Definition 2.4 Let A,B and G be sub o-fields of F. We say that A and B

are conditionally independent given G if

P(A(BIG) = P(AIG)P(BIG) A€ ABeB

where P(-|G) is the conditional probability given G. We denote this by A 1L
B|G. If G = {Q, 4}, then we say that A is independent of B and denote this
by A 1L B.
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Lemma 2.5 Let A,B and G be sub o-fields of F such that G C B then
A U B|G iff E[f|G) = E|[f|B] for all bounded A- measurable f. In particular
if G = {4,9Q} then A LL B iff E[f|B) = E[f] for all bounded A-measurable
f. Here E[-|G] denotes the conditional ezpectation.

Proof. Assume E|[f|G] = E[f|B] for all bounded .A-measurable f, by the
properties of conditional expectation E[fg|G] = E[E[fg|B]|G] for g bounded
B-measurable and f bounded .A-measurable, E[fg|G] = E[¢E[f|B]|g] =
E[f|G)E|g|G], where the last equality follows since E[f|G] = E[f|B]. To

prove the converse, observe for A € B and f bounded .A-measurable

J,1aP = [ EafigaP = [ E1AIGIELSIGIP = | EifiglaP

Here the second equality uses conditional independence and the last equal-

ity follows from the fact that

E[14|9)E[f|G] = E[14E[fIG]|G)].

Using the fact that BVG = o{BN A; B € B,A € G} and the arguments
in the proof of Lemma2.5 where \/ denotes the o-field generated by both B
and G, o{...} denotes the generated o-field, we get.

Lemma 2.6 A 1l B|G implies E[fIBV G] = E[f|G] for all f bounded A-

measurable.

Lemma 2.7 A 1L B|G implies the following
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(a) For every G satisfyingG C ¢ CGVB, A 1L B|G.
() ifG CGVB, AL GG

Proof. Lemma 2.5 and Lemma 2.6 imply A 1L (GV B)|G giving (b). To
obtain (a), by Lemma 2.5 and Lemma 2.6 E[f|G] = E(f|BV ] for all f
bounded A- measurable. Hence by Lemma 2.5, A is conditionally indepen-
dent of B givenéQGVB (]

Corollary 2.1 Let A,B and G be sub o-fields of F, A 1L B|G. Then we
have the following.

(:) If A CAVG,B'CBVG, then A' 1L B'|G.

(1) If G C G' C AVBVG then A 1L B|G'.

Proof. (i) can be deduced by using Lemma2.7 (b) twice.
(ii) can be deduced by using Lemma2.7 (a) twice. O

Let M(E) be a set satisfying assumptions (A.1)- (A.3) and {X,, p €
M(E)} be a Gaussian centered random field indexed by M(E). We as-
sume the covariance function of {X,,u € M(E)} is bilinear, i.e., C(p,v) =
E(X,X,) as a functional on M(E) x M(FE) is bilinear. An immediate con-
sequence is that if p,,u; and g € M(FE) such that g = a1 + azp; for
aj,a; € R! then X, = 0y X,,, + @2X,,. For a subset S of E,S means the
closure of S, S° means the complement of S, whereas 3S means the boundary

of S, that is 8S = SN Sc. We define

F(S)=0o{X,,p € M(FE) and suppu C S}
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and denote

()= ) F(0)

sco

where the intersection is taken over all open sets O.

We will define three different Markov Properties of {X,,,u € M(E)}.

Definition 2.5 (McKean[19]) We say that {X,,u € M(E)} has Markov
Property I(MPI) on an open subset S of E if for every open subset O of E
with S C O

F(S) 1L F(5)|F(0).

Definition 2.6 (Germ Field Markov Property) We say that {X,,u €
M(E)} has Markov Property II(MPII) on a subset S (not necessarily open)

of E if
(S) 1L £(5°)|x(8S).

Definition 2.7 We say that {X,,,u € M(E)} has Markov Property II[{ MPIII)
for a subset S of E if
F(S) 1L F(S°)|F(8S).

Notice that MPI is only defined for open sets, whereas MPII and
MPIII are defined for arbitrary sets. We will explore some relationships
between these Markov properties for {X,,u € M(E)}.

Lemma 2.8 For {X,,u € M(E)}, F(OUO') = F(O)V F(0O’), where 0,0’
are open subsets of E.
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Proof. We only need to prove F(OUO') C F(O)VF(O'). If u € M(E)
with support of u contained in OJO’, since M(E) has partition of unity
property (assumption (A.2)), 4 = p1 + pa, here py, p3 € M(E), supppy; € O
and supppz € O'. Then X, = X, + X,, hence X, is measurable with

respect to F(O)V F(O'). o

Lemma 2.9 For {X,,u € M(E)}, let S be an open subset of E and O an
open set containning 3S. Then

F(S) WL F(SO)|F(0) iff X(5) L Z(S°)|F(O).

Proof. The "if” part is easy because F(S) C £(5) and F(S°) C £(5°). To

prove the converse, notice by lemma 2.8

F(S)\ F(0) = F(Su0) 2 £(3) (2.4)

and
F(3%)\/ F(0) = F(3°U0) 2 £(3). (2.5)
Then by Corollary 2.1 £(3) 1L E(S¢)|F(O) for open set O D 85. O

Lemma 2.10 For Gaussian random field {X,,p € M(E)}. Markov Prop-
erty I on an open set S implies Markov property Il (Germ field Markov
Property) on S.
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Proof. By previous lemma, we know MPI for an open set S is equivalent to
Z(S) AL £(5°)|F(0)

for all open subset O C 4S.
We define a direct order on all open sets in terms of inclusion then for

any set A € £(S) and B € £(5°), we have
P[A[B|F(0)] = P[A|F(0)|P[B|F(0)]

By maringale convergence theorem with net indexed o-fields(see [23],Chpter

V)
limo P[A|F(0)| P|B|F(0)] = P[A|Z(3S)]P[B|Z(8S)] (2.6)
and
limo P[A() B|F(0)] = P[A() B|=(8S)] (2.7)
Both limits are in Ly(€, F, P). Hence we have
P[A[) B|Z(dS)] = P[A|Z(0S))P(B|=(9S)]

for all A € £(S) and B € £(5°), this is Markov Property II on open set S.
a

Lemma 2.11 Suppose the Gaussian random field {X,,u € M(E)} has Germ
Field Markov Property (MPII) on an open set S and also

£(5)V £(5%) = F(E)

. Then it also has MPI on S.
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Proof. MPII says I(S) 1L £(5¢)|2(8S). For any open subset O of E with
asco
£(dS) € F(0) € F(E) = £(5) V E5°)

By (ii) of Corollary 2.1 £(S) L £(5¢)|F(O) which implies

F(S) 1L F(S°)|F(0).

Relationships between MPI and MPIII will be discussed in Chapter 4 in

case of Gaussian random fields related to Dirichlet Space.



Chapter 3

(General Results

In the previous chapter, we already set up some basic notations and
lemmas. Our goal in this chapter is to explore the relationships between
the Markov property of {X,, s € M(E)} and its reproducing kernel Hilbert
space. We are particularly interested in the Markov property of {X,,u €
M(E)} for some classes of sets: the class of all open sets and the class of
all pre-compact open sets (a set is called pre- compact open if its closure
is compact). In the second part of this chapter, we will discuss the case in
which a dual process exists. To begin with we introduce some properties of
Gaussian spaces([18]Appendix).

Let (2, F, P) be a probability space,by a (centered) Gaussian space we
mean a subspace of Ly(2, F, P) such that every finite collection of elements
of this subspace is Gaussian distributed with mean zero. We assume all

Gaussian spaces are closed unless otherwise mentioned.
Lemma 3.1 Let {X),...,X,} be a subset of a (centered) Gaussian space.

20
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{X1,...,X,} are independent iff E(X;X;) =0, i#j.
Proof. Let @ = (uy,...,u;) € R*, X = (X1,...X,). Then

®4(@) = E(ezp(ii- X)) = e:cp(—%E(Z u; X;)?)

= H‘Dx‘(u.-) if E(X;X;) = 0for: # j,
where ®x,(-) is the characteristic function of X; ( = 1,2,...,n). Conversely,

E(X;X;) = E[E[XiX;|lo(X;)]] = E[X;E[Xi|o(X;)]]
= EX;EX;=0 if i#j.

Lemma 3.2 Let H, and H; be subspaces of a (centered) Gaussian space H.
Then o(H,) and o(H;) are independent iff H, L H,.

Proof.That o(H;) independent of o(H;) implies H, L H, follows from
Lemma 3.1. To prove the converse, let {£,;,7 € J1} and {&2;,57 € J2} be
orthogonal bases in H; and H; respectively. Then {¢;;, j € Ji i =1,2} has
every finite subfamily orthogonal and hence independent by Lemma 3.1. In
particular o(H,) = o{é1j,j € J1} is independent of o(H1) = a{2j,5 € J2}.
a

Lemma 3.3 Let H, be a subspace of a Gaussian space H. Then E[Y |o(H,)] =
P.ojn,Y for anyY € H, where Projy, is the projection operator on H,
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Proof. Let Y =Y, +Y,, where Y; = Projg,Y and Y, = Y - Y,. Then
E(Y;Y;) = 0. Hence by Lemma 2.1, Y; and Y; are independent. Then

E[Y|o(H1)] = Y1 + E[Ya|o(H)] = Y1 + EY; = 1.

Lemma 3.4 Let Hy, H, and H; be subspaces of a Gaussian space H. Then
the following are equivalent:

(a) o(Hy) AL o(Hy)|o(Ho).

(b) HH © Hy L H; © Hy where H! = H;V Hy, (i = 1,2) and H! © Hy
means the subspace of Ly(Q, F, P) generated by {n — Proju,n, n € H;}.

Proof. (a) implies o(H;) 1L o(Hj)|o(H,) by Corollary 2.1. Let X; € H]
and X; € H;. Then

E(X]XQIO'(H())) = E(XIIU(Ho))E(Xgla(Ho)) = Pf‘OjHoXlPTOjHoXQ.
Hence
E(X.XJ) = E(X.'PTOjHOXj) = E(ProjHoX.-ProjHoXj) for ¢ #]

giving E(X; — Projy, X1)(X;3 — Projy,) =0

Conversely, from Lemma 3.2 o(H; © H,) is independent of o(H} © H)).
Now o(H}) = o(o(H; © Ho) V 0(Hy)), (i = 1,2). For A; € o(H;© Hy), B; €
o(Hp), t = 1,2,

E(14,nB,14;nB,|0(Ho)) = 1B,nB, E(14,n4,|0(Ho))
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= lﬂgnBzP(Al n Ag)
= 1p,P(A1)lp,P(A2)
= E(1A1ﬁ31 |0(H0))E(1A1031 IU(HO))

This gives o(H}) AL o(Hj3)|o(Ho) which gives o(H,) 1L o(H;)|o(Ho). u]

Definition 3.1 Let Hy, H,, H; be subspaces of a Gaussian space. We say
that the space Hy splits Hy and H, if o(H,) 1L o(H,)|o(Ho).

Lemma 3.5 Suppose Hy, Hy, H; are subspaces of a Gaussian space such that
Ho Q H1 n Hg. Then Ho sphts H1 and Hg lﬁHl n Hg = Ho and Hll 1L Hil'
where H are the orthogonal space of H; in H, V Hy, (i = 1,2)

Proof. Under the assumption Hy C H; N H,; and from Lemma 3.4(b) H,
splits H, and H, iff

H,V H;=(H,6 Hy) ® Hy® (H, 6 Hp)

where @ denotes the orthogonal sum of the spaces. Then obviously this is

equivalent to H; N Hy = Hy and Hi* L Hi. 0

Corollary 3.1 Let H; and H; be two subspaces of a Gaussian space, then
o(H,) AL o(H,)|o(H1 N Hy) iff Proju, Proju, = Projmyni, -

Lemma 3.6 Let H be a Gaussian subspace. Then Ly(SY, Fy, P) is generated
by M = {ezpX, X € H}, where Fy = o{H}.
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Proof. Clearly M C Ly(Q,Fy,P). Let Y be an element in L,(Q, Fy, P)
such that EYeX = 0 for all X € H. then EYe!X =0 for all X € H. Since
f(t) = EYetX is analytic in ¢, if it is zero for all real ¢, it also vanishes for
all complex ¢. In particular EYe'X = 0forall X € H. Put Z e Wif Z is
bounded and EY Z = 0. Then W contains the family {e’X, X € H} which is
closed under multiplication. W is also a linear space. It contains with each
function the complex conjugate of this function and with each uniformly
bounded convergent sequence the limit of this sequence. This implies (see
P.A. Meyer(1966),Chapterl,Theorem 2) that W contains all bounded func-
tion measurable with respect to the o-algebra generated by {e'*,X € H}
which is the same as o{H}. Y is orthogonal to all bounded Fy measurable

functions, hence Y = 0. a

Corollary 8.2 Let {X;,t € T} be a Gaussian process. Then the algebra
generated by polynomials in {X:,t € T} is dense in L,(Q,0(H), P), where
H 1is the subspace of Ly(, Fy, P) generated by { X:,t € T}.

Recall that we assume M (E) is a vector space satisfying assumptions
(A.1)-(A.3). {X,,u € M(E)} is a centered Gaussian process with bilinear
covariance C(u,v) = E(X,X,), p,v € M(E). Let K(C) be the reproducing
kernel Hilbert space corresponding to the covariance C(u,r) and H(X) be
the closed linear subspace of L,(f2, F, P) generated by {X,,,u € M(E)}. The
map II is the isometry between K(C) and H(X) with IIC(-,4) = X,,. For
any subset S of E, define H(S) the subspace of L; generated by all X,, with
suppp C S and K(S) is the corresponding subspace of K(C) under the map
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I, namely K(S) = II"'H(S). By Lemmas 3.1 and 3.5 we have the following

lemma:

Lemma 3.7 The Gaussian process {X,,p € M(E)} has Markov Property I
on an open set S of E iff one of the following holds:

(1) E(m — Projuoym)(n2 — Projuoyn:) = 0 for any my € H(S), n, €
H(S’) and any open set O containing 3S.

(ii) HSUO)N H(S U O) = H(O) and

H(SUO)* L H(SuOo)*

for all open set O containg S, where H(S U O)* and H(S°U O)* are or-
thogonal spaces of H(S U O) and H(S°U O) in H(X) respectively.

Next theorem will give the relationship between the Markov Property
Iof {X,,p € M(E)} for all open sets and the reproducing kernel Hilbert

space K(C) of covariance function C(u,v).

Theorem 3.1 Let {X,,up € M(E)} be a Gaussian process such that M(E)
satisfies assumptions (A.1)-(A.3) in Chapter 2 and covariance function C(p,v) =
E(X,X,) bilinear in p and v. Let K(C) be the RKHS of C(u,v). Then
{X,,p € M(E)} has the Markov Property I for all open subsets of E iff the
Jollowing (a) and (b) hold.

(a) If f1,fa € K(C) with suppfy N suppfy, = ¢ then (fi1, f2)kic) = 0,
where (f1, f2)k(c) means the inner product of f, and f; in K(C).

(b) If f € K(C) and f = f1+f, where both f, and f, are linear functionals
of M(E) with (suppfi) N (suppfz) = ¢, then fi, f2 € K(C).
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Remark: Since each element in K(C) is also a linear functional on M(E),
for every f € K(C), suppf is well defined by (i) of Lemma 2.2.
Proof. We know that {X,,u € M(E)} has Markov Property I for all open
sets of E iff

H(SUO) n H(S UO)=H(0) (3.1)
(Suo)t L HS uo) (3.2)
holds for all open set S and open set O containing 3S. We will prove that
(a) and (b) of Theorem 3.1 is equivalent to (3.1) and (3.2). We separate our
proof into two parts.
Sufficiency: Suppose (a) and (b) of Theorem 3.1 hold, we need to show
(3.1) and (3.2). To verify (3.1) it is enough to prove H(O) 2 H(SUO) N
H(S° U O) this is equivalent to

H(O)* CH(SUO)*vH(S uOo)* (3.3)
which is the same as

K(O)* CK(SUO)tv K(SUO)* . (3.4)
Let f € K(O)*, then f = II"'Y for some Y € H(O)*. Then if X, € H(O)

f) = (£,C(¢,m)ke) = E(YX,) = 0.

In particular f(u) = 0 if suppp C O. Hence suppf C O°(see definiton
of suppf in chapter 2) observe the following facts: SN O° = §N O° and
3°NO0° = 5 NO° because §(3°) C 8S = 85 C 0. So SNO° and TN O° are

two disjoint closed sets, furthermore their union is O°. By our assumption
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(A3) f(p) = fi(p) + f2(u) with fi, f; being linear functionals of M(E) and
suppfi € SNO°, suppfy € S NO°. By (b) of Theorem 3.1 f, and f; belong
to K(C). Then

HCSK(SnO)Y)t = K@S uo)t,
LCK(Z N0} = KEUO) =K(SUO) .

To prove (3.2), we will show the equivalence condition as follows
K(SUO)* LK(STU0)*. (3.5)

This is true if we can show that

K(SUO)* Cspan{f: f € K(C),suppf C 5} (3.6)

and

K(5°UO0)* Cspan{f: f € K(C),suppf C S}. (3.7)

But if f € K(S U O)*, then for every u € M(E) with suppuy C SU
0, f(n) = (fsCls )y = 0, hence suppf € (S U O) = (S U O) =
S$°N0O°C T Similarly if f € K(5°UO)* then

suppf C(SUO)=5N0°=SNO°CS.

Necessity: Suppose (3.1) and (3.2) hold. Let f; and f; be in K(C) with
disjoint support, then there exists an open set S such that suppf; C S and
suppf, C 5. Take O = [(suppfi)U(suppf;)]° then O is an open set containg
3S. Since SU O C (suppfz)¢ and STUO C (suppfi)’, so f € K(S° UO)*
and f; € K(SUO)*. Hence (fi, f2)k(c) = 0 by (3.5).
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Assume f € K(C) and f = f, + f, where f; and f; are linear functionals
of M(FE) with supp f; and supp f; being disjoint, we choose an open set S such
that suppf; C S and suppfz €S . Let O = (suppfiU suppfz)°. By(3.1) and
(3.2) we have

H(X)=H(SUO)'® H(?‘U 0)t @ H(O)
which is the same as
K(C)=K(SuO)*® K(Su0)* ® K(0).

Note that suppf C suppfiUsuppf = O° so f € K(O)*, hence f =
fi + fi with f| € K(S UO)* and f} € K(S U O)*, then suppf! C
(57U 0)° =5Nn0° = 5N (suppfiUsuppfz) = (SNsuppfi) U (SNsuppfz) =
Snsuppfi Csuppfi. Similarly suppf; C suppfa. Now f = fi+ f =
i+ £, hi— i = fi — fo with supp(f — fi)Nsupp(f; — f2) = ¢, so
supp(fi1 — f{) = ¢ which implies f; = f] and f; = f} by virtue of (b) of
Lemma 2.2. Hence fi, f2 € K(C). o

We can also consider the Markov Property I of {X,,u € M(E)} for
all pre-compact open sets, then we have the following theorem similar to

Theorem 3.1.

Theorem 3.2 Let {X,,u € M(E)} be the same as in Theorem 3.1 then it
has Markov Property I for all pre-compact open sets iff the following (a) and
(b) hold:

(a) For any f, and f; € K(C) with suppfy N suppf, = ¢ and at least one
of the suppfi(i = 1,2) is compact, then (f1, f2)kc) =0



29

(b) If f € K(C) and f = f; + f; with suppf, N suppf, = ¢ and at least

one of the suppf;(i = 1,2) is compact, where f, and f; are linear functionals

of M(E), then f; and f; belong to K(C).

Proof. All arguments in the proof of Theorem 3.1 go through, except when
one of suppf;(z = 1,2) is compact. We can choose a pre-compact open set S

to cover the compact one and 3 to cover another. O

Now we extend the concept of dual process introduced in [12] for the
processes {X,,p € M(E)}.

For the separable locally compact Hausdorff space E, we denote by
Co(E) the space of all continuous functions on E with compact support. Let
G(E) be a subset of Co(E). (G(E) need not be a subspace of Co(E)). Let
{X,,9 € G(E)} be a Gaussian process defined on the same probability space
as {X,,u € M(E)}. Then we have,

Definition 3.2 The Gaussian field {X,,g € G(E)} is called a dual process
of {X,,p € M(E)} if

(i) H(X) = H(X).

(i) E(X,X,) = [cgdp for all g € G(E) and p € M(E), where H(X)
and H(X) are the subspaces of L;(Q,F,P) generated by {X,,p € M(E)}
and {X,,g € G(E)} respectively.

Remark: (i) we denote by g with or without sub(supper)scripts as elements

in G(E) and f with or without sub(supper)scropts as the elements in K(C).
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(ii)For any g € G(FE) we denote by f,(-) as f,(p) = [g9du, p € M(E).
Since X, € H(X), f,(s) = E(X,X,) and f,(-) € K(C).

For any open subset D of E, we define subspaces M (D) and M (D) of
K(C) as following:

M(D) = span{f, f € K(C)suppf C D} (3.8)
M(D) = span{f,(-), g € G(E) suppg C D} (3.9)

where for ¢ € G(FE), suppg is defined in the usual sense, namely suppg =
closure of {e: e € E, g(e) # 0}.
Remark: We remark that K(D) = II"!(H(D)) and is distinct from M (D).

Lemma 3.8 For any open set D, M(D) C M(D).

Proof. Let g € G(E) such that suppG C D then g(e) = 0 if e € ( suppg)°.

Then fy(u) = fgdp = O if suppp C (suppg)®. That suppfy(-) C
(suppg)® C D impllies f,(-) € M(D) O

Definition 3.3 we say that G(E) has the partition of unity property if for
every ¢ € G(E), 0,,...0, are open sets covering suppg, then g = Y I, g;
with g; € G(E) and suppg; C O;, (1 = 1,...n).

Lemma 3.9 If G(E) has the partition of unity property, then

for every two open sets D, and D,.
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Proof. Let ¢ € G(F) with suppg C D, U D,, then g = g, + g2 with
gi € G(E) and suppg; C D; (i = 1,2), hence f,(p) = f,(p) + fo,(p) for
p € M(E). But f,(-) € M(Dy), (i = 1,2), hence fy(-) € M(D1)V M(Dy).

This gives M(D, U D;) = M(Dy) V M(D,) o

Theorem 3.8 Let {X,,g € G(E)} be a dual process of {X,,u € M(E)}.
G(E) has the partition of unity property and M(D) = M(D) for all open
sets D. Then (a) of Theorem3.1 implies (b) of Theorem3.1.

Proof. If (a) of Theorem3.1 holds then M(D,) 1 M(D;) for every two
disjoint open sets D, and D;. By Lemma 3.9

M(Dy U D,) = M(D,) V M(D;) = M(D,) & M(D,)
together with M(D; U D;) = M(D, U D;) gives

for every two disjoint open sets D, and D;. Let f € K(C) with f = fi + f2
where f; and f; are linear functionals of M(E) with suppfiNsuppf; = ¢,
then we can choose two disjoint open sets D, and D, such that suppf; C
D; (i =1,2) and D; N D; = ¢. Let D = D, U D,, then suppf C D, U D,
f € M(D). We can write

f = Projmp)f = Projmp,)f + Projm(Dy)f = L+ say,

f} as an element in M(D,) is a limit of sequence f, in K(C) with suppf, C
D,. Then f!(u) = lim, fo(u) = 0 for any u € M(E) with suppu C Dj. So
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suppf; C D,. Similarly suppf; C Dz. Now f = fi + fo = fi + f} gives
fi= fi = f; = fr- But supp(fy — f) C Dy and supp(fz — f;) C Dy, so
Dy N D, = ¢ implies supp(fy — fi) = (f; — f2) = ¢. Hence f; = f] €
K(C)i=1,2. 0

Theorem 3.4 Let {X,,g € G(E)} be a dual process of {X,,u € M(E)},
G(E) has the partition of unity property and M(D) = M(D) for all open
sets D. Then (a) of Theorem3.2 implies (b) of Theorem3.2.

Proof. The arguments are similar to the proof of Theorem 3.3 and hence

omitted. )

The following corollary is an immediate consequence of Theorems 3.1,

3.2,3.3 and 34.

Corollary 3.3 Let {X,,g € G(E)} be a dual process of {X,,p € M(E)},
G(E) has the partition of unity property and M(D) = M(D) for all open
sets D. Then ,

(a){X,,u € M(E)} has Markov Property I for all open sets iff (f1, f2)k(c) =
0 for any fi, f2 € K(C) with suppfiNsuppf, = ¢.

(3){X., s € M(E)} has Markov Property I for all pre- compact open sets

iff (f1, fa)kic) = 0 for any fi, f» € K(C) with suppfiNsuppfs = ¢ and at
least one of suppfi(i = 1,2) being compact.

If we impose on G(E) the following assumption which is stroger than

the partition of unity property, then we can explore more properties about

{X,,n € M(E)} and its dual process {X,,g € G(E)}.
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Assumption 3.1 For any fized g € G(E) there ezists a positive number L,
such that for any open covers O,,...,0, of suppg there ezist g; € G(E) with
suppgi C0;, 1=1,..,n.g=3%", 9 and

EX,?<L, i=1,..,n.

Theorem 3.5 Let {X,,g € G(E)} be a dual process of {X,,p € M(E)}
and G(E) satisfy assumption3.1, then the following are equivalent,

(a) (f1, f2)xc) =0 for any fi, fo € K(C) with suppfi N suppf; = ¢.

(b) I1f,(-) € H(D) for every g € G(E) such that suppg C D, where D is
open and I is the isometry map between K(C) and H(X).

(c) M(Dy) L M(D,) for any disjoint open sets D, and D, and M(D) =
M(D) for every open set D.

Proof. (a)=>(b). For open set D define P,,;p the projection of K(C) —
K (D), where K(D) = II"*H(D). Let g € G(E) with support of g contained
in D, then for 4 € M(E) with suppu C D.

fo(n) = Projp fo(n) = (f5(-), C(1,-))k(c) — (Projpfy(+), C(u, )k (c)-
Since C(p,-) = 171X, € K(D) hence
(Projpfe(-),C(ps))k(c) = (f5(-), C(1,))k(c) = folm)

So fy— Projp f,(u) = 0 for all up € M(E) with supppu C D. This implies that
supp(f,(-) — Projnf,y(-)) C D°. We know that suppf,(-) Csuppg C D. From
(a) of the theorem (f,(-) — Projpfy(-), fy(-))k(c) = 0 this implies fo(-) =
Projpfy() € I7'H(D).
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(b) =>(c) Let g;,92 € G(FE) such that suppg,Nsuppg; = ¢ choose open
set D such that suppg; C D and suppg, C D" then f, (-) € M(D) C M(D)
and from (b) f,,(-) € K(D"). It is easy to check that M(D) L K(D"). Then

(fyl(')a fn(’))K(C) =0, namely E(me‘m) =0.

To show M (D) = M(D) for open set D. We need to use assumption 3.1.
Let f € M(D), we denote f = f — Projyp)f € M(D). Then there exists
fn € M(D) with suppf, C D such that f, — f in K(C) as n — co.
Denote D,, = (suppf,)¢ ,then for any n {D, D,} is an open cover of space
E. So for any g € G(E) by Assumption3.1 g = g7 + g7 with ¢} € G(F) and
suppg; C D,suppgy C D,, furthermore (f;», for)k(c) < Ly, where L, is a

constant only depending on g. Then

(F, s (Nkicy = lima(fa, £;(Dx(cy = limn(fas fop (-)) ko) Himn(fa, for () ()

But (fa, for(-))k(c) = 0 because f, L K(D,) = I"'H(D,) and fp(:) €

K(Da) by (b). So (£, fo())k(e) = lima(fas o (Di(ey = lima(fa=F, S5 (Dxic)
The last equality holds because f L M(D) and fop(-) € M(D). Then

|(fa=F, fir (Nxio)l < lfa=Fllxo)ll fipllkcy < Loll fa=Fllx(c) = 0 as n — oo.

So (f, fo(-))k(c) = 0 for all g € G(E). Since {f,(-),g € G(E)} is dense in
K(C) = f =0 then f = Projyp,f € M(D).

(c)=>(a) Let fy, f2 € K(C) and suppf,Nsuppf, = ¢. Choose open set
D such that suppf; € D and suppf; C D°. Then f; € M(D) = M(D), f €
M(D") = M(D"). Since M(D) L M(D"), (f1, f2)kc) = 0 o



Chapter 4

(Gaussian Processes Related to

Dirichlet Forms

In this chapter, we show that the probelm considered by Rochner([25]
is a special case of Corollary 3.3. In [25], Rochner considered the Gaussian
random field induced from a Dirichlet form and prove that it has the Markov
property III for all sets iff the underlying Direchlet form has local property.
He shows that free random field studied by Nelson [22], and in some cases
the "generalized random fields” studied by Kallianpur and Mandrekar{12],
Molchan[21] and Rozanov|26] can be handled within his framwork. First we
introduce the Dirichlet form and related potential theory. The notations and
terminologies are from the basic book by Fukushima[l0]. For details and
further information, the reader is referred to [10].

Let E be a separable locally compact Hausdorff space and m be a
positive Radon measure on E with supp(m) = E. According to [10](p.35),

35
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a pair (F.,€) is called a regular extended (transient) Dirichlet space with
reference measure m if the following conditions are satisfied:

(Fe.1) F. is a real Hilbert space with inner product €.

(F..2) There exists an m-integrable bounded function g, strictly positive
a.e.m. Such that F, C L,(E,v,) and

/luldu, = / lulgdm < \/E(u,u) forevery u € F,

where v denotes the measure with density g, i.e. dy, = gdm.

(Fe.3) F. N Co(E) is dense both in (F.,€) and in (Co(E), || l), where
Co(E) denotes the set of all real continuous functions on E with compact
support and ||flle = supp,eslf(2)| for £ € Co(E).

Let us say that funciton v is a normal contraction of a function u if
lv(z) — v(y)| < |u(z) —u(y)| and |v(z)| < |u(z)| for all z,y € E. We assume:

(F..4) Every normal contraction operates on (F..£). i.e. ifu € F, and v

is a normal contraction of u then v € F, and £(v,v) < E(u,u).

The following lemma gives slight extension of ([10],p.25 ).

Lemma 4.1 A regular eztended (transient) Dirichlet space (F.,E) has the
following properties:

(1) If u,v € F, then uVv,uAv,uAlutu~ € F.. Also u,v € F. N
L (E, m) implies uv € F..

(i) Let {u,,u} C F. such that u, = u in (F,.,E) asn — oo . let o(t) be
a real function such that p(0) =0, |p(t)—p(t')| < [t—t'| for t,t’' € R. Then
cp(u,,),(p(u) € F. and p(u,) — p(u) weakly with respect to €. In addition, if

¢(u) = u then the convergence is strong with respect to the norm given by €.
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(iit) For any u € Co(E) there ezist u, € F. N Co(E), n = 1,2,..., such
that supp(u,) C {z € E : u(z) # 0} n = 1,2, ..., and u, converges to u

uniformly.

Proof. The arguments are similar to the proof of Theorem 1.4.2 and Lemma

1.4.2 of [10](pp.25-26). o

Remark: For the connection between Dirichlet space on L?(E,m) and

extended Dirichlet space see ([10],p.35)

Definition 4.1 We say that (F.,E) has local property if E(u,v) = 0 for
every u,v € F, N Ly(E,m) such that supp(u - dm) and supp(v - dm) are

compact and disjoint.

Definition 4.2 A signed Radon measure y on E is a measure of bounded

energy if there erists a constant ¢ > 0 such that

/|u|d|p| < cm for every u € F. N Co(E).
We denote by M, all measures of bounded energy, let
M(FE) = {u € M,; suppp is compact} (4.1)
M} = {y; p € M., p >0}
M*(E)=M}nM(E)

Notice that M(E) is a vector space and also if 4 € M(E) then 1,4 € M(E)
for any Borel set A C E. By Example 2.2 M(E) satisfies assumptions(A.1)-
(A.3).
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For any A C E we define
Lo={u: ue F.,u>1aemon A}.

Definition 4.3 We define the 0-order capacity Capo(O) of an open set O C

E as
Capo(0) = infuec, E(u,u) Lo # ¢
00 Lo=¢
and for an arbitrary set AC E
Capy(A) = 5%& Capy(O) for all opene set O (4.2)

Lemma 4.2 The capacity defined by (4.2) is a Choquet capacity i.e.
(i) AC B = Capo(A) C Capo(B).
(i) An T = Capo(Un An) = sup, Capo(A,).
(iii) A, compact, A, | = Capo(NA,) =inf, Capo(A,).

Proof. The proof is similar to that of Theorem 3.1.1 in [10]. 0

Definition 4.4 A statement depending on z € S C E ts said to hold’ quasi-
everywhere’ (for short g.e.) on S if there ezists a set N C S of zero capacity
such that the statement is true for every z € S\N.

Definition 4.5 Let Eo = EU A be the one-point compactificaiton of E. A
function u defined on E is called quasi-continuous if there ezists for any e > 0
an open set G C E such that Capy(G) < € and u|g\g is continuous. Here
u|g\g denotes the restriction of u to E\G. If we replace u|g\g by u|(guaypG in
the above definition then u is called quasi-continuous in the restricted sense.

Here u|(cua)\g denotes the restriction of u to (E U A)\G with u(A) = 0.
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Definition 4.8 Given two functions u and v on E, v is said to be a g.e.
modification of u in the restricted sense if v is quasi-continuous in the re-

stricted sense and v =u a.e m.

Lemma 4.3 Every element u € F, admits a g.e. modification in the re-

stricted sense denoted by u.

Proof. The proof is similar to that of Theorem 3.1.3 in [10]. O

Using ([10],p71) we get that for any u € M7} there exists a unique
element Up € F, such that

E(Up,v) = / odu v e F. (4.3)

Here ¢ denotes any quasi-continuous modification of v in the restricted sense.

Define the map

U: Mg — F,
Up = Upt-Up~

where ut and pu~ are the positive and negative parts of y in the Jordan

decomposition. Uy is called potential of u

Lemma 4.4 Let (F.,£) be a regular extended (transient) Dirichlet space,
then the linear manifolds {Up —Uv : p,v € M}} and {Up: p € M(E)}
are dense in (F.,£).

Proof. By [10](Lemma 3.3.4 and Theorem 3.3.4) we know that

F. = span {U(M{) - U(M})}
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The second part of the lemma is a consequence of the following general

result Lemma 4.5. (]

For any set A C E we define
Mg(A) = {u; u€ M(E), suppp C A}
Me(A) = {p: p€ Mg, suppp C A}
Lemma 4.5 Let AC E. Then
span’ {Up, p € Mg(A)} = 3pan® {Up, u € Mg(A)} (4.4)

Proof. We will show that if 4 € Mz (A) with suppy C A, we can find
p € ME(A) such that Up, — Up in (F,€). Let K, be a sequence of
compact sets such that K, t E. Let u, = 1k, p then p, € M (A). We will

show
Upn = Up in (F,E) (4.5)

IUk = Upallz = EWUp,Up) = 26(Up, Uptn) + E(Upin, Uptn)
by(4.3)
5(Uun,U#n)=/l7;7udﬂn
Where Up,, is any q.e. modification of Up,,. From(27](p3.2), we know that
Upn > 0 q.e. which also implies that Up, > 0 a.e. u (also see[10]p.71).

Hence

EUpn,Upn) = /K lfﬁnd#S/lfﬁndu=5(Uﬂ,Uﬂn)
= /WdunS/ﬁTtd#=5(Uﬂ,Uﬂ)
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Thus
Vs = Upnllz < 2(EUn,Up) — EUp,Up,))

By monotone convergence theorem

EWUp,Upy) =/l771d#n=/x Wdﬂﬁfmdﬂ=€(U#,U#) asn — oo,

so (4.5) holds. This completes the proof. o

For any Borel set A C E, define a subspace of (F.,£) as
Feva={u; ueF,, t=0 g.e on A} (4.6)

Where ¢.e means quasi-everwhere, and i is any ¢.e modification of u in the
restricted sense. We denote by H as the orthogonal complement of Fg\4 in

F., namely

HE = Fina (4.7)

Definition 4.7 ([10],p.79) For any v € F, we define the spectrum of v

(denoted by S(v)) as the compelemt of the largest open set O such that

E(v,u) = 0 for any u € F, N Co(E) with suppu C O. In particaular when
€ M}, S(Up) = suppp.

Lemma 4.6 ([10],p.80) Let A be an open or closed subset of E. Then
My = W' = span” {Up; u € MF(A)} = span” {Un; u € ME(A)}
where

Wi = span’ {v € F., S(v) C A} (4.8)
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We need now the concept of / Balayage measure ’. Let P, be the
projection on H§ in (F.,£) for any Borel set A. For u € MZ, we know
from[10](section3.3) that there corrosponds a potential f = Up € F,. Let
fa = Paf then fy € U(M{) and hence fy = Up? with y* € M} also
suppu’ C A. Following [10], we call u4 the Balayage measure (or sweeping
out) of 4 on A.

Lemma 4.7 Let A be a closed set and A C D, D is open, if u € F4 then
there ezists a sequence {g,} C F. N Co(E) with supp(g,) C D and

gn = u in (F,E) asn — 0o (4.9)

Proof. If u € F,, then by Lemma 4.1 u*,u~ € F, . But u*+ < ju| = |ii| and
u- < |u~| < |&] so both u* and u~ are in F4. Without loss of generality, we
may assume u is nonnegtive and itself quasi-continuous.

Since F. N Co(E) is dense in (F.,E). There exists {v,} € F. N Co(E) such
that v, — u in (F,.,£). We may assume v, > 0, because we always can

replace v, by v} = Jv, + 1|va| and v} — u in (F,, ) by virtue of Lemma
4.1(ii). Let Ay = va Au = }(vn+u)— 1|va — u, using Lemma 4.1(ii) again we
can show h, — u in (F,,£). Notice that h, is bounded, h, € F, and closure
of {z; z € E, hy(z) # 0} is compact, we can choose w), € Co(E) and w], > 0
such that w), > h, q.e. and suppw) C D. Choose another w)] € Co(F)
and w)] > 0 such that supp(w)) € D and w]] > w], + 1 for z €suppw),. By
Lemma 4.1(iii) for each n we can find {wl} C F.NCo(E) with w} > 0 such
that supp(w}) C {z; w)/(z) # 0} and ||w}, — w/||c —= 0 as m — oco. So for
each n we can find w, € F.NCy(E) such that w, > 0 and w, > w;’(:c)—% for
all z, then w, > h, q.e.. Now for any n, select {u}}} C F.NCy(E) such that
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' : — _1 1
up, — v, a3 m — oo in (F, ), let e, = wa Aup, = j(wn —up,) — 3w —up,

and using Lemmad.1(ii) again we can show
em — v, in (F.,€) asm — o0

Notice supp(ep) € D and v, — u in (F.,€) as n — oo. So we can find

{gn} € F. N Co(E) such that suppg, C D and

gn — u in (F.,€) asn — oo

Definition 4.8 Let (F.,€) be a regular extended transient Dirichlet space
and M(E) is defined as in (4.1) . The (centered) Gaussian random field
{Xu,p € M(E)} on a probability space (Q,F,P) satisfying E(X,X,) =
E(Up,Uv) is called (F.,E) - Gaussian field.

Remark: Rochner considered the Gaussian field indexed by M, with covari-
ance E(X,X,) = £(Up,Uv).But the Markov properties of { X,,u € M(E)}
and {X,,p € M.} are the same by virtue of Lemma 4.5. We point out here
that M, may not be a vector space because the sum of two Radon measures

may not make sense.

For every g € F. N Cy(E) there exist u, € M(E) and Uy, — g (by
Lemma 4.4) then {X,,} is Cauchy in Ly(Q,F, P). We define

n

X, = limpaoo X, (4.10)
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for every g € F. N Co(E). Then E(X,X,) = E(g,Up) = [ §dp = [ gdp for
p € M(E)

Let G(E) = F.NCy(E). Since F,NCo(E) is dense in (F,,£), {X,,g €
G(E)} is the dual process of (F.,£) - Gaussian field {X,, 4 € M(E)} in the

sense of Definition 3.2.
Lemma 4.8 G(F) = F. N Co(E) has the partition of unity property.

Proof. Suppose v € F.NCy(E) with suppv C G1UG; (G, and G are open).
Then take a pre-compact open set O such that suppv \G3 C O C O C G,.
By Lemma 4.1(iii) we can choose w € F,NCy(E), such that w =1 on O and
suppw C G, then

v=vw+ (v—vw)=v, +v; say,

then by Lemma 4.1(i), v; € F. N Co(E) and suppy; C G;, (i =1,2). O

Lemma 4.9 Let K(C) be the RKHS of C(p,v) = E(Up,Uv), p,v € M(E).
Let {X,,9 € F.N Co(E)} be defined as in (4.10). Then for every open set
D, M(D) = M(D).

Remark: Recall M(D) = span®©{f,(-); g € G(E) with suppg C D} and
M(D) = spanX©){f; f € K(C) with suppf C D}.(cf. (3.8) and (3.9))
Proof. We only need to prove M(D) C M(D). Let f € M(D) such that
suppf C D, let A =suppf then there exists an element u € F, such that
f(u) = E(Up,u) then E(Up,u) = 0 for any 4 € M(E) with suppu C A°. By
Lemma 4.6

u € [5pan” {U,, p € Mg(A°)}]* = (W)* = (HE")* = Fa.
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By Lemma 4.7 there exists {g,} C F. N Co(E) with suppg, C D such that
gn — u in (F.,€) as n — oco. Then X,, — IIf in Ly(R,F, P), where II is
the isometry between K(C) and H(X) = span{X,,p € M(E)} such that
NC(-,p) = X, So f,, — f in K(C) where f,.(p) = [gndp. Obviously
fon € M(D) hence M(D) = M(D). o

The next theorem characterizes the relationship of the local property
of (F., £) (see Definition4.1) and the Markov property I of (F.,£) - Gaussian
field {X,, s € M(E)} for all open sets.

Theorem 4.1 (F,,£) - Gaussian field {X,,u € M(E)} has Markov prop-
erty I for all open sets iff one of the following holds:

(a) (F.,E) has local property, namely E(u,v) = 0 for every u,v € F. N
Ly(E,m) such that supp(udm) and supp(vdm) are compact and disjoint.

() (f1, f2)kc) = 0 for f1, f1 € K(C) with suppf, N suppf; = ¢.
Proof. The equivalence of (b) and Markov property I of {X,,,u € M(E)} is
the consequence of Lemma 4.8 and Lemma 4.9 and Corrollary3.3. We only
need to prove (a) and(b) are equivalent.

(a) =(b) Let fy, f2 € K(C), suppfiNsuppfz = ¢. Since 3pan*{Upy; 4 €
M(E)} = F., there exist u;,u; € F. such that (fy, f2)x(c) = €(u1,uz) and

fiw) = E(wi, Up) = [ iidy
for all u € M(E), s =1,2.

Let A; =suppfi, t = 1,2, then &(u;,Up) = 0 for any u € M(FE) with
suppp C Af, 1 =1,2. By Lemma 4.6

u; € [spant {Up; p € Mg(ADY]* = (Wo')* = Fa,.
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Where F,, = {v € F.,0 =0 g.e. on A{}. Let D; be some open neighborhood
of A; such that D, N D, = ¢. By Lemma 4.7 there exist {g}} C F. N Co(E)
with suppgi, C D; and ¢!, — u; as n — oo in (F, ) for i = 1,2. Then

(f1, fa)k(c) = E(u1,u2) = limaE(e}, €2) =0

because €(el,e2) = 0 for each n by the local property of (F., £).

(b) = (a) Let vy, v, € F.NL,y(E, m) such that supp(v,dm) and supp(v,dm)
are compact and disjoint. We need to show £(v;,v;) = 0. But since K(C)
and (F.,€) are isometry there exist fi,f, € K(C) such that £(vy,v;) =
(f1, f2)k(c)and E(v;, Up) = fi(p) for p € M(E) and i = 1,2. Let A; =supp(vidm).
v; = 0 a.e,m on A¢ then v; = 0 g.e on Af, hence v; € Fy, = (7‘({:'9)'L =
()'V{;“g)‘L (by Lemma 4.6). So &(v;,Up) = 0 for every p € M(E) with
supppu C A 1 = 1,2. Then f;(u) = 0 for every u € M(E) with suppu C Af,
hence suppf; C A; i = 1,2. So £(vy,v;) = (fl.: f2)ke)y=0 o

From the proof we see that (a) of Theorem 4.1 is also equivalent to
the following (b’):
(®°) (f1, f2)k(c) = 0 if f1, f € K(C), suppfy and suppf, are compact
and disjoint.

Using this, Theorem 4.1 and Corollary 3.3, we get:

Theorem 4.2 For (F.,£) - Gaussian field {X,,up € M(E)} the following
are equivalent.

(1) {X, € M(E)} has Markov property I for all open sets.

(it) {X, € M(E)} has Markov Property I for all pre-compact sets.

(#3) (F., E) has local property.



47

From Lemma 2.11 we know that for an open set D if
E(D)V E(D°) = F(E) (4.11)

then MPI on D is equivalent to MPII on D. We shall prove (4.11) is the

case. In fact, we have:

Lemma 4.10 For (F.,E) - Gaussian field {X, € M(E)}, F(S)V F(5°) =
F(E) holds for every open set S.

Proof. Let u € M(E), then p = 1spu+1gep which gives X, = X5+ X
Since supp(lsep) C 5S¢, Xi., is measurable F(S°). Take K, compact and
K, 1 S then |u|(S\K,) — 0. We can show E(Upn,Up,) — 0, where p, =
1s\k. ¢ (see the proof of Lemma 4.5). This means

U(lg,p) = U(lsp) asn— o0 in (F,§)

or

XIK,.# b 4 X]s“ iIl Lz(ﬂ,f, P).

But Xy, , € F(S), so X5, € F(S) and hence X, € F(S)V F(S5°). O

Corollary 4.1 (F.,£) - Gaussian field {X, € M(E)} has MPII for all open
sets iff (F.,E) has local property.

In the rest of this chapter, we will prove that (F.,€) - Gaussian field
{X, € M(E)} has MPI for all open sets is equivelent to MPIII fo all subsets
of E (see definition2.7 for MPIII). First we need a few lemmas.
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Lemma 4.11 For (F,,£) - Gaussian field {X, € M(E)}. We have

(i) If A, B are closed sets of E and O open sets of E then OUA 2 B
implies F(0) V F(A) = F(B).

(i) For any closed set A, F(A) = ¥(A) = No>4F(0), where the inter-

section is taken over all open sets O.

Proof. (i) is generalization of Lemma 4.10, the proof is similar to that of
Lemma 4.10.
(ii) We can choose decreasing open sets U,, n = 1,2, ..., such that U, 2

Uns1 and N2, U, = A. We will show that
N, F(U,) = F(A) (4.12)

this implies F(A) = ¥ (A).
Let ¢ = N, F(U,) and F, = F(U,). Let k € N, py, pa,..., s € M{ and
Z =TIk, X,,. We will show that E[Z|G] is F(A) measurable. By martingale

convergence theorem we know that
E[Z|G]) = lim, E[Z|F,).

For any y € M(E) let p" be the Balayaged measure of y on U, (For Balayage
measure see definition before Lemma 4.7). We denote by X,» the projection
of X, on span{X,;v € M(E),suppv C U,} and write X,_un = X, — Xn.

Now Z can be written as a sum of terms

H?:l(XM?)ain?=l(Xui—u?)ﬂi’ a;, B; € {0’1} and Z:(ai +8:) =k



49

Since Up? € 'Hg_" = ng: and U(p; —p?) L w577, X, (X ;—un )P is indepen-
dent of F, and since suppu® C U,, so X up € Fo. Then

E[Z|F,) = T, (Xp)™ E[ (Xp-ip)*)-
Using (3.1.18) of [10]

Wo' = N We™ = N Ws.
n=1 n=1

So PWF;;(U;:.-) — Pya(Up;), where Pw;ﬁ is the projection on Wy". This
means X,n — X4 in Ly(, F, P), where p# is the Balayage measure of 4 on
A. Thus IIE, (X,0)™ — ITE (X, ua)™ in probability. Since Xy;_up — Xyn_,a
in Ly(, F, P) fori = 1,2,..., k, since { Xn_,n,i = 1,2,...,k} are joint Gaus-
sian, by a simple argument concerning the Fourier transform of their joint
distributions, we obtain lim, E[IT%, (X, _.»)"] exists, thus lim, E[Z|F,] is
F(A) measurable because I1%_, (X ua)™ is F(A) measurable, so E[Z | Fa] is
F(A) measurable. By Corrollary3.2, the polynomials in X,, u € M(E) is
dense in Ly(R, F(X), P). So G = F(A) o

Lemma 4.12 Let A C E. Then the following are equivalentf for (F.,E)
-Gaussian field {X,, p € M(E)},

(i) F(A) 1L F(A<)|F(3A).

(i) F(A) 1L F(A°)|F(0A).

(i5i) F(A) AL F(A°)|F(A).

Where A and A° mean the interiors of A and A° respectively. A means
the boundary of A.
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Proof. (i)That =>(iii) is trival because F(A) C F(A) and F(A°) C F(A°)
(iii)=>(i) Since AUBGA = A and A°U DA = A°. By Lemma 4.11(i)
F(A) V F(0A) = F(A), F(A°)V F(dA) = F(A°). Then apply Corollary
2.1(i) to get (i).
Since F(A) C F(A) C F(A) and F(A°) C F(A°) C F(A°). From (i) &
(iil) we get (i) < (ii) & (iii). 0

Lemma 4.13 For (F.,£E) - Gaussian field {X,, p € M(E)}, the following
are equivalent:

(i) F(O) 1L F(O¢)|F(80) for all open subsets O of E.

(ii) F(A) AL F(A°)|F(8A) for all subsets A of E.

Proof. that (ii) = (i) is trival.

(i) = (ii): For any subset A, By previous lemma it is enough to show
F(A) 1L F(A°)|F(0A). But since A is open, we have F(X) 1 F(W)lF((’)A).
Since A C 0A and AU (A) = E, F(A) V F((A)) = F(E) 2 F(dA). To
apply Corollary 2.1(b), we get

F(A) 1L F((A))|F(04).
This implies F(A) 1L F(A°)|F(AA) and finishes the proof. o
Notice that Lemma 4.13(i) is nothing but Markov property II for all
open sets (see Definition2.6 and Lemma 4.11(ii)) and that Lemma 4.13(ii)

is nothing but Markov property III for all sets. Combining Theorem 4.2,
Corollary 4.1 and Lemma 4.13, we have the following:
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Theorem 4.3 For (F,,G) - Gaussian field {X,, p € M(E)}, the following
are equivalent:

(i) It has the Markov Property I for all open sets.

(i) It has the Markov Property I for all pre-compact open sets.

(i) It has the Markov Property II(GFMP) for all open sets.

(iv) It has the Markov Property III for all subsets.

(v) (Fe, €) has the local property.



Chapter 5

Applications to Ordinary

(Gaussian Processes

The Markov Property of ordinary Gaussian stochastic processes forms
an important special case in our work. Let E be a separable locally compact
HausdorfT space and {{;,t € E} be a centered Gaussian random field. Then
the Markov property of {§;,t € E} can be handled within our framework
and we deduce and extend the main results of Kiinsch[13] from our work.
We consider first the case that E is an open domain of ®*(n > 1) and then
consider the general case.

Let T be an open subset of ®*(n > 1) and {{;,t € E} be a mean zero
Gaussian process. Let A be a subset of T,A be the closure of A in T and 9A
be the boundary of A in T. Let F(A) = o{&,t € A}, F(A°) = a{,t € A%}
and F(0A) = o{&,t € 0A}. Then we say that {£,t € T} has the simple
Markov property on A if F(A) 1L F(A°)|F(3A). 1t is well known that for

52
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n > 2 such a definition is not reasonable because it turns out to be too
narrow and to leave out many interesting multiparameter processes. For
instant, Lévy’s mutidimensional parameter Brownian motion does not have
this property. Hence Lévy proposed in (1956) (see also McKean (1963)) the

following definition:

Definition 5.1 We say that {{;,t € E} has the Markov property on a subset
AofT if

F(A) 1L F(A°)|F(0A)
where for any set B C T, F(B) = o{{,t € B} and ¥(B) = No>sF(0).

Here the intersection is taken over all open set O.

The following lemma can be found in [18].

Lemma 5.1 The following are equivalent for a stochastic process {{;,t € E}
and a subset A of T.
(i) F(A) 1L F(A°)| £(0A).
(ii) For every open set O D 8A, F(A) 1L F A°)|F(O).
(iii) $(A) L T(4°)| £(24).
Notice that if A is an open set then (ii) is similar to MPI defined in
chapter 1 and (iii) is MPII(GFMP).
We assume that E(&£,) = R(t,s) is continuous. This is equivalent to
T — {&:,t € T} is continuous in Ly(f2, P). Take M(T) = {pdt, p € C(T)}.
We know from Example that 2.1 M(T) satisfies assumptions(A.1)-(A.3). We

associate with it the random field

X, = [ i)t o€ CR(T) (5.)
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and get a generalized Gaussian random field {X,,, ¢ € C°(T)} .
Lemma 5.2 For any open set OC T,
H(0; X) = H(0;%),

where
H(0; X) = span{X,, ¢ € C5°(T) with suppp C O}
and

H(0;¢) = 3pan{{,, t € O}.

Proof. If ¢ € Cg°(T') with suppy C O then [ &p(t)dt as a limit of Riemann
sums belongs to H(O;¢), so that

H(0,X) € H(0;¢).

To prove the converse inclusion, let ¢t € O and choose N so that {t €

T,|t—to] <1} COforn>N. Let € > 0 and ¢, be the function

, {e"‘exp(;;_li;_‘ol;) lt—to| < ¢
1 —

0 otherwise

Observe [r pu(t)dt =1, p1 € C3°(T) and supp(pn) € O, n 2 N, Then

Bl [epn(®dt—tul < E [ 16— olpn(t)at
< 3upp|¢-to|5§‘-E|£t — &, — 0 asn — o0
Hence X,, — ¢, in probability as n — oo, £, € H(O; X) and H(O;¢) =
H(0; X). 0

From Lemma 5.1 and Lemma 5.2 we have:
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Corollary 5.1 Let {X,, ¢ € C°(T)} be defined as in (5.1). Then for an
any open set O, it has MPI on O iff it has MPII on O.

We know that the MPI of {X,, ¢ € C3°(T')} can be characterized as
some properties of the corresponding reproducing kernel Hilbert space (see
Theorem 3.1 and Theorem 3.2). By lemma 5.2 we know that the Markov
property of {£;,t € T} for open sets is equivalent to MPI of {X,, ¢ €
C°(T)}. So we can use Theorem 3.1 and Theorem 3.2 to get similar results
for {&:,t € T}. First we shall deduce some relationships between the RKHS
of {X,, ¢ € C°(T)} and that of {&,t € T}.

Let K(Cx) and K(C¢) be the reproducing kernel Hilbert spaces of
{Xs, ¢ € C°(T)} and {&;,t € T} respectively, and we denote by H(X) and
H(¢) the linear spaces in Ly(f, F, P) generated by {X,, ¢ € C$°(T)} and
{&:,t € T} respectively. Notice that since R(s,t) = E(&,¢;) is continuous,
every element in K(Cg) is also a continuous function on T. Define II"! and

IT'-! as follows

I™:H(X) - K(Cx),

(I'Y)(p) = E(YX,) Y € H(X).
= :HE) — K(Co)

(I'Y)t) = E(Y&) Y € H(E).

We know that both II-! and II'"? are isometric maps. Since H(X) = H(¢),
hence J = II"'II' is an isometric map between K(C¢) and K(Cx). We can
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explicitly express the map J, if f € K(C¢) then

(N = @ IN)(e) = E(ITN)X,]
= E('S [ ewlt)a]
= [ Bttt
= [ f®ewat
It can be easily checked that for f,, f; and f € K(C¢)

supp(Jf) = suppf (5.2)

and
(Jf1,d fa)k(cx) = (fry fo)k(cy)- (5.3)

Where supp(J f) is defined for a linear functional Jf of C3°(T')(see Lemma
2.2(a)) and suppf is defined as the complement in T of the largest open
set O such that f(t) = 0 on O. Now we can state and prove the following
improvement of Kiinsch[13] and Pitt[24].

Theorem 5.1 Let T be an open set of R™ and {£;,t € T} be a Gaussian
process with continuous covariance. Then it has Markov property for all

open subsets of T iff the following hold.
(a) (f1, f2)k(ce) = 0 if f1 and f; € K(C) such that (suppfi)N(suppfz) =

() If f € K(C¢) and f = fi + f2, where fi and f, are continuous and
have disjoint supports. Then fy, f € K(Cy).

Proof. We know that {§;,t € T} has Markov property for all open sets
of T is equivalent to the MPI of {X,, ¢ € C§°(T)}, where X, is defined
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in (5.1). Hence we only need to show that (a) and (b) of Theorem 3.1 are
equivalent to (a) and (b) of Theorem 5.1. It is easy to see that (a) of Theorem
3.1 is equivalent to (a) of Theorem 5.1 because of (5.2) and (5.3). To show
that (b) of Theorem 3.1 implies (b) of Theorem 5.1, let f € K(C¢) and
f = fi + f2 with f;’s being continuous and having disjoint supports. Then
for any ¢ € C°(T)

(Jf)(e) = /wa?dt + /T fapdt = Fi(p) + F2(p)  say,

since F} and F; are linear functionals on C§°(T') and suppF; =suppf;, hence
F; € K(Cx) by (b) of Theorem 3.1. Then Fi(y) = [r fipdt with f] €
K(Ce),(i = 1,2). Now [r fipdt = [r flpdt for all ¢ € CP(T), (¢ = 1,2)
implies f; = f! (i = 1,2) because f; and f! are continuous. So f; € K(C¢).
Conversely if F € K(Cx) F = Fy + F, with F; and F, being linear on C§°(T)
and having disjoint supports, then F(p) = [ fodt with f € K(C¢). Since
suppf =suppF C (suppF;) U (suppF3), define for i = 1,2

A { ) € suppF,
0 otherwise

then we can show that f; and f; are continuous and supp f; CsuppF;, : = 1,2,

furthermore f = f; + f;. By (b) of Theorem 5.1 f; € K(C¢). Then

Fi(e) - [ fupdt = [ fapdt - Filp), ¢ € C(D).

Both sides are linear functionals on Cg°(T) and have disjoint supports, so
they are zero functionals by Lemma 2.2(b), hence F;(¢) = [ fipdt (1 = 1,2)
and F; € K(Cx) i =1,2. ]
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From the above proof, we notice that the choice of M(T') is not unique.
Any M(T) which satisfies the following additional assumptions (5.a) and
(5.b) besides (A.1) - (A.3)will do the job:

(5.a) If f is a continuous function on T and for every open set O, [ fdu =
0 for all 4 € M(T') with suppy € O. Then f =0o0n O.

(5.b) For every open subset O of T, H(O;¢) = H(O; X) where H(O;§) =
span {{:,t € O}, H(0O;X) = span {X,,u € M(T) with suppy C O} and
Xy = [r&edp.

From this we can generalize T to any separable locally compact Haus-
dorff space.

Let E be a separable locally compact Hausdorff space and {§;,t € E}
be a Gaussian process with continuous covariance function. Let m be a
positive Radon measure on E with supp(m) = E. Then we define

M(E) = {f;lA..cp;dm :n>1,A; € B(E),p; € Co(E)}

where Co(E) consists of all continuous functions on E with compact support.
By Example 2.2 M(E) satisfies assumptions (A.1)-(A.3). Also if f is contin-
uous and [g fdu = 0 for all 4 € M(E) with suppu C O then [ fodm = 0
for all ¢ € Co(E) with suppy C O this implies f = 0 on O because f is
continuous and supp(m) = E.

Define
X, = /E &dy p € M(E). (5.4)

Then we have

Lemma 5.3 for every open set O, H(O;¢§) = H(O; X).
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Proof. It is enough to show the lemm for precompact open set O. Let
p € M(E) with suppp C O, then since any continuous function f can be
approximated by f, on O with form f,(t) = Y125 f(2:)14,(t) with ¢; € O and
A; € B(E)i.e. f, — f pointwise on O. Let §,(¢) = Y72 &, 14,(¢) with t; € O
y€n(t) = & onevery t € O in Ly(Q, F, P) . Then [z €a(t)dp — [g&dp = X,
in Ly(R2, F, P) because suppy C O. But [p&.du € H(O;€) hence X, €
H(O;€). On the other hand let ¢, € O then we can choose precompact open
set O,,tp € O, such that 0, C O and O, | {to}. Let du, = a,lo,dm with
a, = ;n_(!O_,.)- then we can see that u, € M(E) with suppy,, C O and

E| [ €dn =l < E [ anlé(t) - (to)ldm
= an [ 10,EIE(t) - £(to)ldm
< supico, EIE(t) — E(to)len [ dm
= supieo, EIE() — £(to)]

Since O,, are all pre-compact and contained in compact set Oy, also O,, | {to}
by uniformly continuity of E|¢, — £,| on O; we have

8uppsco, E1€(t) — €(to)] = 0 as n — oo.

Hence &, € H(O; X). o

We shall have the following isometry between K(C¢) and K(Cx) by

J: K(C) — K(Cx)
(UNW = [fau feK(C
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and similar to (5.2) and (5.3), for f € K(C¢), we have

supp(J f) = suppf (5.5)

and (Jf1,J fa)kcx) = (fs f2)k(co) (5.6)

The following theorem is extension of Theorem 5.1 and the proof is almost

the same and hence omitted.

Theorem 5.2 Let E be a separable locally compact Hausdorff space,{&,t €
E} be a Gaussian processes with continuous covariance and K(C¢) be the
RKHS of its covariance. Then it has the Markov property for all open sets
iff

(a) (f1, f2)x(Ce) =0 if fi and fa € K(C¢) with disjoint supports.

() If f € K(C¢) f = fi + f2, where f; and f; are continuous and have
disjoint supports, then f; € K(C¢) (i = 1,2).

We also get the following theorem similar to Theorem 3.2.

Theorem 5.3 Let {£;,t € E} be the same as in Theorem 5.2, then it has
the Markov property for all pre-compact open sets iff

(a) (f1, fa)xce) = 0 if fr and f3 € K(C¢) with disjoint supports and one
of the supports is compact.

(b) If f € K(C¢), f = fi+ f2 with f; and f, being continuous and having
disjoint supports of which one is compact. Then f; € K(C¢) (i = 1,2).
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