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ABSTRACT
COMMUTANTS OF TOEPLITZ OPERATORS ON THE BERGMAN SPACE
By
Zeljko Cutkovic

In the first chapter we show that on the Bergman space L2, two Toeplitz operators

with harmonic symbols commute only in the obvious cases. The main tool is a
characterization of harmonic functions by a conformally invariant mean value property.

The next chapter describes the commutants of certain analytic Toeplitz operators.
To underline the difference between the Bergman and Hardy spaces, we first prove that on

the Bergman space the only isometric Toeplitz operators with harmonic symbols are scalar
multiples of the identity. If T denotes the closed subalgebra of .C(Lg) generated by all

Toeplitz operators, we show that for each positive integer n, {T,n}' T is the set of all
analytic Toeplitz operators. Here {T,n}' denotes the commutant of T,a. If n > 1, then
{T,n}' is strictly larger than the set of all analytic Toeplitz operators, but we show that
{T,n,,,)' is precisely the set of all analytic Toeplitz operators if a # 0. Using the same

244 anz®, where g;2 0 fori =2, ..., n,

technique, we prove that if p(z) =z+a,z
and if p(z) - p(1) has n distinct zeros, then {Tp}' = (Ty:y € H™}. These results are
valid for both the Bergman and Hardy space.

The dissertation concludes with descriptions of the von Neumann algebras
generated by operators Tz on the Bergman and Hardy space. For fixed n > 1, these von
Neumann algebras have a different structure on the Bergman space than on the Hardy
space. This problem is related to the problem of finding commutants of T » and its adjoint,

and we use some results proved in the second chapter.
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INTRODUCTION

The purpose of this introductory chapter is to supply basic definitions, establish
most of the notation, and list the major results of this thesis. The main goal of our study is
to investigate some commutativity properties of Toeplitz operators acting on the Bergman
space. Since this necessarily leads to a comparison with classical Toeplitz operators on the
Hardy space, we will deal with both spaces throughout the thesis. Much more is known
about the Hardy space, but techniques used there do not apply to the Bergman space.
Therefore we had to find new approaches and techniques to obtain most of our results.

We start with definitions of these function spaces. Let D={ze C:lzl<1}. Let
dA denote the usual area measure on D. The complex space L2(D,dA) is a Hilbert space

with the inner product

S e>=| fran

The Bergman space L‘ZI is the set of those functions in L2(D,dA) that are analytic on D (the
ain L‘21 stands for “analytic”’). The Bergman space Lg is a closed subspace of L2(D ,dA),
and so there is an orthogonal projection P from L2(D,dA) onto L‘zz. Fix w € D. Point
evaluation f — fiw) is a bounded linear functional on LZ (see J. B. Conway [11], Chapter

III, Corollary 10.3) so there exists a function ky, € LZ such that

fw) =<f, ky>

for all fe L%l. This function is called the reproducing kernel for the point w. In

[5], Proposition 1.7 it is shown that
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kw(z) == -1(1 - wz) -2,
Using this, we get an explicit formula for Pf:

PAw) = <Pf, ky> = <f, k> =Tt -lij(z) (1 - wE)2dA(2) 1)

For ¢ € L™(D,dA), the Toeplitz operator with symbol ¢, denoted Tq,, is the operator
from L to L, defined by Tof = P(¢).

dt

o The

Let m be normalized Lebesgue measure on the circle dD, i.e., dm =

complex space Lz(aD) is a Hilbert space with the inner product

_ dat
</, 8> = - .
fg J'ang -

For each integer n, let e, denote the function e,(z) = z” for Izl = 1. Then {e,} is an
orthonormal basis for L2 (aD) (see, for example [25], Theorem 4.25) and the Hardy space
H2(9D) is, by definition, the subspace span {e, : n 20)}". For ¢ € L™(dD), the Toeplitz
operator with symbol ¢, denoted again by Tq,, on H2(aD) is defined by T‘pf = 0(of),
where Q is the orthogonal projection from L2 (9D) onto H2(aD). It will be clear from the
context which Toeplitz operator we consider.

Although these two Toeplitz operators on different spaces diffqr in many ways,

they do have the same basic algebraic properties: For @,y € L™(D) or L™(3D),
Tawﬁv = aTqﬁ'BTv

(Te)* =T
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TyTo=Tye ifyeHT,

where H” denotes the set of all bounded analytic functions on D, or the set of all their
boundary values. Standard references for the classical Toeplitz operators are [16] and [18].

The question of when two Toeplitz operators on H2(0D) commute was answered
by Arlen Brown and Paul Halmos ([9], Theorem 9), where they proved the following

result:

Theorem 1. Suppose that ¢ and y belong 1o L*(0D). Then
TtpTw = Tqu)
if and only if
(2) 9andvy arein H”,
or (3) oandvyarein H”,
or (4) there exist constants a, b € C, not both 0, such that ap + by is constant on

aD.

Brown and Halmos proved their result by examining the matrix (with respect to the
orthonormal basis {e,}) of products of Toeplitz operators. It is well known that Toeplitz
operators on H2(9D) have matrices that are constant on diagonals. It is natural to ask if

Theorem 1 holds for the Bergman space Toeplitz operators. On L2, Toeplitz operators do

n+1
T

not have nice matrices in the standard orthonormal basis e,(z) = zh, for lzl < 1
and n € N, and the techniques used by Brown and Halmos do not seem to work in this
context. In Chapter 1 we prove the analogous theorem, using function theory, rather than

matrix manipulations, assuming that symbols are harmonic functions. By a harmonic
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function we mean a complex-valued function on D whose Laplacian is identically 0. Here

is our theorem:

Theorem 2. Suppose that ¢ and y are bounded harmonic functions on D.

Then

if and only if
(5) ¢ and vy are both analytic on D,
or (6) ¢ and\y are both analytic on D,
or (7) there exist constants a, b € C, not both 0, such that ap + by is constant on

D.

A special case of Theorem 1 was proved by Sheldon Axler and Pamela Gorkin ([7],
Theorem 7), using function theory techniques quite different from those that we use here.
Dechao Zheng ([33], Theorem 5) also proved a special case of Theorem 1; our proof makes
use of some of his ideas.

There is a strong relationship between symbols of Toeplitz operators in these

theorems. Of basic importance is the Poisson integral.

Definition 3. For 0 <r<1 and 0 real , the function

o0
PA6) = 2 rinl gin®

n=-co

is called the Poisson kernel. If L1(dD) denotes the space of Lebesgue integrable functions
on dD, and f € L1(aD), then the function
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T
Foe®= [ Pro-1) flei et
-

is called the Poisson integral of f. We shall write F = P[f]. It is well known that P[f] is a
harmonic function on D for every fe L1(aD).

Functions in L™(dD) correspond, via the Poisson integral, to bounded harmonic
functions on D, so perhaps the restriction in Theorem 1 to consideration only of Toeplitz
operators with harmonic symbols (as opposed to Toeplitz operators with symbol in
L*(D,dA)) is natural. More importantly, Theorem 1 does not hold if “harmonic” is
replaced by “measurable”. Paul Bourdon pointed out the following example: A function f
is called radial if f(z) = f(Iz). Suppose that ¢ and y are any two radial functions in
L™(D,dA). Then,using (1), we obtain (for fixed n € N)

(To 27)(w) = P(@ Z7)(w) = j’ o) P——— dA() =
b (1 - wz2)

1 T
() rnel [0 i) gr =
¢ (ei® - wr)2

|-

i
0

R
1
: 1
-t -n

1
= 2n(n +1) wn [ @(r) r27+1 dr.
0

Now, by the same reasoning as above, we obtain

1 1
TyTp 28(w) = 4n2(n+ 1)2 ( [ @(r) r2n+ldr) - ( [y(r) r2n+1dr jwn.
0 0
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From this, it is clear that ToTy = Ty T on the set of polynomials, which is dense in Lg, sO
that TeTy = Ty To. This example suggests that the following open problem may be hard:
Find conditions on functions @ and y in L™(D,dA) that are necessary and sufficient for Ty
to commute with Ty,.

Chapter 1 concludes with a corollary that describes the normal Toeplitz operators
with harmonic symbol. For a Hilbert space H, L(H) denotes the algebra of all bounded
linear operators on H. An operator T € L(H) is called normal if T* T =T T*. An
.opcrator T € L(H) is called hyponormal if T* T 2T T*. Further research could go
in the direction of describing the hyponormal Toeplitz operators with harmonic symbol.
C. Cowen [14] characterized hyponormal Toeplitz operators on the Hardy space, and it
would be interesting to do so for the Bergman space Toeplitz operators.

If Sc L(H) then S '= (B € L(H): AB = BA for all A € S} is the commutant of
S. There is quite a bit of literature about commutants of different operators. In Chapter 2
we will study commutants of certain analytic Toeplitz operators on the Bergman space.
Not much is known about this. It is well known that (T,}' = (Tg : 9 € H™}. Much
work has been done in studying commutants of analytic Toeplitz operators on H2(dP). In
their paper [28], Shields and Wallen studied commutants of weighted shift operators.
Deddens and Wong [15] studied the problem using operator theory and raised six questions
that stimulated much of the further work on the problem. Abrahamse [1] answered some
of Deddens-Wong questions negatively. Baker, Deddens and Ullman [8] found {Ty}' in
case that f is an entire function. In a series of papers [29] - [32], Thomson used function
theoretic methods to find commutants or intersection of commutants of certain analytic
Toeplitz operators. Finally, C. Cowen continued their work in [13] and found the
commutant of Toeplitz operators whose symbol is a finite Blaschke product or a covering

map.
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Our approach to the Bergman space problem will be function theoretic, based on
methods introduced by Shields and Wallen. We will not try to describe commutants of
different analytic Toeplitz operators. Instead, we will try to find those Toeplitz operators
whose commutant is equal to the set of all analytic Toeplitz operators. Methods used by
Deddens and Wong cannot be applied for the Bergman Toeplitz operators, so that we will
not pursue the course of study they suggested.

Function f € H* is said to be an inner function if If *(e9)! = 1 almost everywhere
on the unit circle. Here f *(ei®) = lim f(rei®) as r — 1. One of the basic facts about the
Hardy space is that T¢* is an isometry if and only if fis inner. To underline the difference
between the Hardy and Bergman space Toeplitz operators, we first prove the following

theorem:

Theorem 4. Suppose that he L™(D,dA) is harmonic and that Ty is an

isometry. Then h is a constant function of modulus 1.

The proof of this theorem uses, among other results, some basic aspects of
commutative Banach algebras. If A is a commutative Banach algebra with identity, the set
of all multiplicative linear functionals on A is called the maximal ideal space and is usually
denoted by M. It is easily seen that each multiplicative linear functional is continuous so
that M c A®, where A” denotes the dual space of A. Given the relative weak-* topology
of A, M is a compact Hausdorff space.

For each a € A, the function & : M — C defined by 8(9) = ¢(a), for p € M, is
called the Gelfand transform of a and it is a continuous function. The map A : A — C(M)
defined by @ — & is a homomorphism and is called the Gelfand transform of A. We will

be particularly interested in the Banach algebras H* and L™(dD), which are crucial for
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understanding the McDonald-Sundberg symbol calculus for the Bergman space Toeplitz
operators (see [23]).
After this, we will prove the first result about commutants. Let T be the closed
subalgebra of ,C(L‘ZI) generated by all Toeplitz operators. We have the following theorem:

Theorem S. Let S€ T commute with T,n,ne€ N. Then S =Ty, for some

ye H™.

From the proof it is clear that operators in {7,,}' have complicated structure. On

the other hand, it turns out that S € {T,n, ;,}' must be an analytic Toeplitz operator in the

case a #0. This is our next result:

Theorem 6. Suppose h(z) =z*+ az,a#0,ne€ N,n>1and let S e .B(L%z)

commutes with Tp. Then S =Ty, for some y € H”.

At this point we use the Shields-Wallen ideas introduced in [28]. They proved that

if S commutes with Tj ,where h € H™, then S* k), is an eigenvector for T}*, for every

A € D. Because
Ker Th-i(n) = Range Tp.pp) +

we try to characterize the range of Th_x(p). The following theorem is based on the same

technique:

Theorem 7. Suppose p(z) =z + azz? + - + anz", where a; 20, fori =2, ...,n.

If p(z) - p(1) has n distinct zeros, then {Tp}' = {Ty: VY € H™).
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For Toeplitz operators whose symbols are polynomials with complex coefficients,
we cannot say much about their commutants, except in a very special case.

Chapter concludes with several examples.

In Chapter 3 we study von Neumann algebras generated by T ,,. Their definition is
related to the double commutants. If S < L(H) , then the double commutant of S is the set
S"=(S"'}). Avon Neumann algebra A is a C*-subalgebra of .L(H) such that A = A".
If T € L(H), the von Neuman algebra generated by T will be denoted by W*(T"). From
Corollary 7.6, p. 119 in [24] it follows that W*(T) = {T, T*}". Therefore, in order to
determine W'(Tz,.) for some fixed n € N, we have to determine (T, Tz,",}". We will
study the operator T, acting on the Bergman space and determine W"(Tz,.) in this case first
and then we will consider T,, as an operator on the Hardy space and find the von Neumann
algebra generated by this operator. We will show that they have different structures
if n > 1. The difference comes from coefficients in the Bergman space basis vectors. In
the case n = 1 the situation is simple: W*(T,) is the set of all bounded linear operators,
either on Lg or H2(dD). The proof uses the injectivity of the map ¢ — Tg. In the
Hardy space case, T = 0 means that all matrix elements of T(ep) are zero. Since matrix
elements are Fourier coefficients of @, it follows that ¢ = 0. For the Bergman
space, the proof can be found in [6]. Now, if S e {T,, T,*}', then S and S*
commute with T,. Therefore S =T and $* = Ty. By the previous comment, ¢ = v,
so that @ is a constant function. This means that {T,, T,*}' = {c/ : c € C}, so that

{T,, T,*}" is equal to the set of all bounded linear operators.

The case n > 1 will use results in Chapter 2 about the commutant of T,,. For fixed

n > 1 we'll show the following:
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Bergman space:

0
T,

W*(Tp)={Te LIL2):T= , where L2 = X0 @ X1 @ - ® Xp.1,

Tn-l

T;i:X;j— X; fori =0,1,~,n-1}.

Ty

M, T M~

W*(T,n)={(Te LHXAD)): T = zoe , where

lel-lToM?n-l
H2(0D) =X ® X1 ® - @ Xp-1, To : X0 = X0, M, and M, are multiplication

operators}.






CHAPTER 1
COMMUTING TOEPLITZ OPERATORS WITH HARMONIC SYMBOLS

Studying special classes of operators, like the class of Toeplitz operators, usually
involves the question of when two arbitrary operators from this class commute. In this
chapter we restrict our study to the class of Bergman space Toeplitz operators with symbols
that are harmonic functions. In the first half of the chapter we examine harmonic functions
more closely from the perspective of an invariant mean value property. Then, in the second
half, we apply these results to our operator theory problem. This chapter, once again,
shows close relationship between function theory and operator theory. It also shows how

much harder the Bergman space case is than the Hardy space case.

1. The Invariant Mean Value Property

A continuous function on the disk D is harmonic if and only if it has the mean value
property (see for example [10], Chapter X, Mean Value Theorem 1.4 and Theorem 2.11).
In this section we characterize harmonic functions in terms of an invariant mean value
proberty. |

Let Aut(D) denote the set of analytic, one-to-one maps of D onto D (“Aut” stands
for “Automorphism”). A function h on D is in Aut(D) if and only if there exist & € 0D

and B € D such that

forall ze D.
11



p 4
-4



12

A function u € C(D) is said to have the invariant mean value property if

J’z" u(h(re'®)) d8 = u(h(0))
0 27

for every h € Aut(D) and every r € [0,1). Here “invariant” refers to conformal

invariance, meaning invariance under composition with elements of Aut(D). If u is

harmonic on D, then so is u*h for every h € Aut(D); thus harmonic functions have the

invariant mean value property. The converse is also true (see [26], Corollary 2 to Theorem
4.2 4): if a function u € C(D) has the invariant mean value property, then u is harmonic

onD.

The invariant mean value property concerns averages over circles with respect to arc

length measure. Because we are dealing with the Bergman space L2, we need an invariant

condition stated in terms of an area average over D. Thus we say that a function

ue CD)n Ll(D ,dA) has the area version of the invariant mean value property if

J uh dA = u(h(0))
D T

for every h e Aut(D). If uisin C(D) N Ll(D,dA), then so is u+h for every h € Aut(D),

so the left-hand side of the above equation makes sense. Note that the area version of the
invariant mean value property deals with integrals over all of D, as opposed to integrals

over rD for r € (0,1).
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If u is harmonic on D and in Ll(D,dA), then so is uh for every h € Aut(D).
Thus, by the mean value property, harmonic functions have the area version of the
invariant mean value property. Whether or not the converse is true is an open question. In
other words, if u € C(D) N Ll(D,dA) has the area version of the invariant mean value
property, must ¥ be harmonic? This question has an affirmative answer if we replace the
hypothesis that u is in C(D) N LI(D,dA) with the stronger hypothesis that u is in C(D); see
[26], Proposition 13.4.4 or [3], Proposition 10.2.

We need to consider functions that are not necessarily continuous on the closed disk
D, so the result mentioned in the last sentence will not suffice. However, our functions do
have the property that their radializations (defined below) are continuous on the closed
disk, and we will prove that this property, along with the area version of the invariant mean
value property, is enough to imply harmonicity; see Lemma 1.1.

If u e C(D), then the radialization of u, denoted R(u), is the function on D

defined by

R(u)(w) = J’j" u(wei®) do.

In the following lemma, the statement R(u+h) € C(b) means that R(u+h) can be extended

to a continuous complex-valued function on D.

The following lemma will be a key tool in what follows.
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Lemma 1.1. Suppose that u e C(D) N LI(D,dA). Then u is harmonic on D if
and only if

j uh dA = u(h(0)) (L1)
D b9
and

R(uh) € C(D) (1.2)

for every h € Aut(D).

PROOF: We first prove the easy direction (the other direction will be the one that
we need in the proof of Theorem 1). Suppose that u is harmonic on D. Let h € Aut(D).

As we discussed earlier, u*h is harmonic and so (1.1) holds. The mean value property

implies that R(u+h) is a constant function on D, with value u(h(0)), so (1.2) also holds.

To prove the other direction, suppose that (1.1) and (1.2) hold. Let h e Aut(D),

and let

v = R(u*h).

By (1.2), ve C(D).

We want to show that v has the area version of the invariant mean value property.

To do this, fix g € Aut(D). Then

j veg dA = J' R(uh)(g(w)) dAGw)
D T D T

= j jz" u(h(g(w)ei®)) 48 dAw). (1.3)
DJO 2 T
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To check that interchanging the order of integration in the last integral is valid, for
each 0 € [0,2xn] define fy € Aut(D) by

fow) = h(g(w)e'®).

The inverse (under composition) fe'l of fy is also an analytic automorphism of D, so there

exist @ € dD and B € D such that

-1 B-z
2)=0 — for all ze D.
fo (2 1 Be
Thus
1-1BP
(fa ) (2)) = —=
fe )@ 11 - Bzl?
$1+—|Bl for all ze D.
1- 1Bl

Note that B = f4(0) = h(g(0)e'®); then IB| < sup (Ih(2)!: lzI <.Ig(0)l}. We are thinking of A
and g as fixed, so the above inequality shows there is a constant K (depending only on h
and g) such that

Ify )’ <K forallze D and all § € [0,2m].

Now

2n i0 _ 2n BTV
jo leu(Mg(w)e ) dAgw) g jo J'Dlu<z>l 65y ) dAG) do
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<k? J' u(2)l dA(Z)
D T

Thus we can apply Fubini’s Theorem to (1.3), getting

[ ve da - joz" jDu(h(g(me“’)) dagw) do

=[5 [, w0 dag g8

F2n

=Js u(fe(O))g% (by (1.1))

*2n
u
J0

(h(g(0)e'®) 48 = R(uh)(g(®)

=v(g(0)).

Thus v is a continuous function on D that has the area version of the invariant mean value
property. Hence (see [26], Proposition 13.4.4 and Remark 4.1.4 or [3], Proposition 10.2,
combined with a change of variables) v is harmonic on D. Because v is also a radial
function, the mean value property implies that v is a constant function on D, with value
v(0).

Recall that v = R(u*h), so
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j”‘ (uh)(re’®) g8 = u(h(0))
0 2%

for every r € [0,1) and for each h € Aut(D). In other words, ¥ has the invariant mean
value property (the usual version, not the area version). Thus (see [26], Corollary 2 to
Theorem 4.2.4 and Remark 4.1.4) u is harmonic on D, and the proof of Lemma 2 is

complete. l
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2. Toeplitz Operators

In the previous section we obtained an invariant mean value property of harmonic
functions. In addition to this, we need some other facts about these functions. For a real-
valued harmonic function 4 on D, any v defined on D such that 4 + iv is analytic is called a
harmonic conjugate of u. Given the real harmonic function u, there is a unique real
harmonic function u that is conjugate to u with u(0) = 0. If f=u + iu, then u = %(f + f).
In case that u is a complex-valued harmonic function, the above procedure gives u =fi +f2
where f1 and f3 are analytic.

Suppose now that u is a bounded harmonic complex-valued function on D. What
more can we say about fj and f» ? To answer this question we have to introduce another
space of functions on @D. For a function fe€ L1(dD) and an arc / in aD, let frdenote the

average of fover I

f,=$1fdm

For a function f € L1(aD), let

1 f gy = Sup {;}—5], \f-f;\dm : Lis an arc in 3D).

A function fe L1(aD) for which Il f lligpro <o is said to be of bounded mean
oscillation. The set of all these functions is denoted by BMO. The class BMO was first

introduced in [21]. It satisfies

L2(dD) > BMO > L™(dD) 1.4)
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By assumption on u, Re u = u; is bounded and Fatou's theorem guarantees the existence of
the radial limit of #; almost everywhere on dD. Also ul* € L™(9D). The function ] has
radial limits almost everywhere on oD (see [22], Chapter III, Lemma 1.3) and by [17],
Chapter VI, Theorem 1.5, " is in BMO. Formula (1.4) implies that u;"+ " is in
L2(dD) so that uj + iuy = P[u1*+ iu'i*] is an analytic function on D whose Taylor
coefficients are square-summable. The set of all analytic functions on D with square-
summable Taylor coefficients is denoted by H2(D) and is called the Hardy space, since it is
isometrically isomorphic to H2(dD). Hence, if u is bounded and harmonic, it is the real
part of a H2(D) function and therefore u = f1 + f2, where f1, f» € H%(D).

Now, we are ready to state the main theorem of this chapter.

Theorem 1.2. Suppose that ¢ and y are bounded harmonic functions on D.

Then

if and only if
(1.5) ¢ and vy are both analytic on D,
or (1.6) @ andy are both analytic on D,

or (1.7) there exist constants a, b e C, not both 0, such that ap + by is constant

on D.

Before beginning the proof of Theorem 1.2, we need the following two lemmas.
For h € Aut(D), define an operator U on L%, by

Upf = (F-h)h”.

Lemma 1.3 is certainly well known.
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Lemma 1.3. Let he Aut(D). Then U, is a unitary operator from L%, onto Lﬁ.

PROOF: When making a change of variables z = A(w) in an area integral, we must

make the substitution dA(z) = Ih’(w)l2 dA(w). Thus

VAT 2 _ 2
IDlj(h(w))l h”(w) dA(w)-IDIf(z)I dA(2)

for every fe L2, and hence U j 1s an isometry of L‘21 into Li. Clearly U, is an inverse

for U,. An invertible isometry is a unitary operator, so we are done. l

Lemma 1.4. Let he€ Aut(D) and let ¢ € L™(D,dA). Then

-
UhT¢Uh = T¢°h .

PROOF: Define V,:L¥(D,dA) — LX(D,dA) by V,f = (f-h)h". As in the proof of
Lemma 6, V, is a unitary operator from L%(D,dA) onto L(D,dA). Obviously V,\L2 = U,
Thus V;, maps L‘zz onto Lg, so

PV, =V,P. (1.8)

If fe L2, then

TotUnf = Tou(FBR") = P(@-h)(FW)h") = P(V,4@N)

= V,(P(@N) (by (1.8))
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= U hTJ o
Thus Tq,.hU Rn=U th,, and because U, is unitary (Lemma 1.3), this implies the desired

result. B

We have now assembled all the ingredients needed to prove Theorem 1.2.

PROOF: We begin with the easy direction. First suppose that (1.5) holds, so that ¢
and y are analytic on D, which means that T(p and Tw are, respectively, the operators on Lg
of multiplication by ¢ and y. Thus Tq,Tw = T\VT<P'

Now suppose that (1.6) holds, so that ¢ and y are analytic on D. By the paragraph
above, TﬁT‘Tf = T\T;TTQ- Take the adjoint of both sides of this equation, and then use the
identities T =Ty and T =T, to conclude that T, T,, =T, T,

Finally (for the easy direction) suppose that (1.7) holds, so there exist constants a,
b e C, not both 0, such that ap + by is constant on D. If a # 0, then there exist
constants B, ye C such that ¢ = By + y on D, which means that T(p = BTW + ¥l (here I
denotes the identity operator on L‘ZI), which clearly implies that T<PT\V = TVT ® Ifb#0, we
conclude in a similar fashion that T(p and T\v commute.

To prove the other direction of Theorem 1.2, suppose now that ¢ and y are
bounded harmonic functions on D such that T(PT‘V = Tqu,. Then there exist functions f,,

fr.8ppand gyin H 2(D) such that
¢o=f +f, and y=g,+3, onD. (1.9)

The Hardy space H 2(D) is a subspace of Lg. In particular, f, f,, £;, and g, are all in Lg.

Let 1 denote the constant function 1 on D. Then

ToTyl = To(PY) = To(P(2) + 22)) = T8, +2,00)
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= P([fl ‘*'}Tzl[gl "'m])

=f181 "‘mfl +P(f_281) +Tz(ﬁ)8—2(()-)

Thus
<ToTyl, 1> =<f1g; +8,(0)f; + o8, +£(0) 8,0), 1>

= _[Dflgl +8,00)f; + £81 +£,0) 8,(0) dA

= 7[f1(0)2,(0) +£1(0)g2(0) +£,(0) g2(0)] + ID 28, dA. (1.10)

A similar formula (interchanging the f’s and the g’s) can be obtained for d’qu,l, 1>.

Because T(pTw = T\VT‘P’ we can set the right-hand side of (1.10) equal to the

corresponding formula for <T VT‘pl, 1>, getting
jD Fat1 -T2 44 = T8, -,078,0. (L.11)

Let h € Aut(D). Multiplying both sides of the equation Tq)T\y = T\vTcp by U, on
the left and by U, " on the right, and recalling (Lemma 1.3) that U,, is unitary (so U, U}, =

I), we get

UpToUp UpT\Us = UpT Uy URT Uy, -
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Lemma 1.4 now shows that

T(P'hT h = T‘l"hT‘P'h‘ (1.12)

Composing both sides of the equations in (1.9) with h expresses each of the
bounded harmonic functions ¢°h and Yk as the sum of an analytic function and a
conjugate analytic function:

@*h=fj*h +forh and yh=g;h+gh onD. (1.13)

Equation (1.11) was derived under the assumption that TcpTw =T,T,; thus (1.12),

vie
combined with (1.13), says that (1.11) is still valid when we replace each function in it by

its composition with A. In other words,
[ Gaer-riprhda = F0) 81(hO) - () B (hO))
Letting
u = fr8,-1i8

the above equation becomes

_[ uh dA = u(h(0)).
D T

In other words, u has the area version of the invariant mean value property.
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We want to show that u is harmonic on D. By the above equation and Lemma 1.1,
we need only show that R(u*h) € C(D). To do this, represent the analytic functions fy°h

and g,°h as Taylor series:

(fooh)(2) = Eanz" and (g,*h)(2) = E B,z" forallze D.
n=0 n=0

Because ¢+h and y+h are bounded harmonic functions on D, (13) implies that f,*k and g,k

are in HZ(D); in other words,

Slo,2<e and T IB,I? < oo. (1.14)
n=0 n=0

Now for z € D we have

— M — . .
R(Fog1) k) ) = jo " Ghae® (ke o
= I &8, 122",

Inequalities (1.14) imply that ¥ lo,B,! < e, so the above formula for R((f,g,)*k) shows
n=0

that R((f,8,)*h) € C(D); similarly, we get R((f;23)*h) € C(D). Thus R(u*h) € C(D),
as desired. Thus at this stage of the proof we know that u is harmonic.

Let 9/0z and 9/dz denote the usual operators defined (on smooth functions on D) by
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If f is analytic, then the Cauchy-Riemann equations show that

. 4 of =
gz=f, Lo L-o ana g—=f.

It is easy to check that 9/dz and 9/dz obey the usual addition and multiplication formulas for

derivatives and that

2 3 3 9

w4t a
Thus, because u is harmonic, we have

9 ouy_, 0 (081 -f1i8D)_, 9 (+. . ,.—
0=4 5 (5:)=* az( =4 & (B -15)

=4 (,°8)"-/1'8)) onD.
Hence

fi'8 =f'8 onD. (1.15)
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We finish the proof by showing that the above equation implies that (1.5), (1.6), or
(1.7) holds. If g, " is identically 0 on D, then (1.15) shows that either g,” is identically 0 on

D (so y would be constant on D and (1.7) would hold) or f; “ is identically 0 on D (so both
¢ and y would be analytic on D and (1.6) would hold). Similarly, if 8,  isidentically 0 on

D, then (1.15) shows that either (1.7) or (1.5) would hold. Thus we may assume that
neither g, ” nor g,° is identically 0 on D, and so (1.15) shows that

AN
8 &
at all points of D except the countable set consisting of the zeroes of g,°g,". The left-hand

side of the above equation is an analytic function (on D with the zeroes of g,g,” deleted),

and the right-hand side is the complex conjugate of an analytic function on the same

domain, and so both sides must equal a constant c € C. Thusf,"=cg,"and f,"=cg, on
D. Hencef, - cg, andf_2 - cg, are constant on D, and so their sum, which equals @ - ¢V, is

constant on D; in other words, (1.7) holds and the proof of Theorem 1.2 is complete. l

Recall that an operator is called normal if it commutes with its adjoint. If

¢ € L™(D,dA), then Tq,* =Tg, so we can use Theorem 1.2 to prove the following
corollary, which states that for ¢ a bounded harmonic function on D, the Toeplitz operator

T P is normal only in the obvious case.

Corollary 1.5. Suppose that ¢ is a bounded harmonic function on D. Then T ?

is a normal operator if and only if ¢(D) lies on some line in C.
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PROOF: First suppose that ¢(D) lies on some line in C. Then there exist constants
o, B e C, with a # 0, such that a@ + B is real valued on D. Thus Top+ B is a self-

adjoint operator, and hence Tq,, which equals a’l( - BD, is a normal operator.

Top+p

To prove the other direction, suppose now that T(p is a normal operator. Thus
T‘pT(—p = T¢T5, and so Theorem 1.2 implies that ¢ and ¢ are both analytic on D (in which
case ¢ is constant, so we are done) or there are constants a, b € C, not both 0, such that
ao + bg is constant on D. The latter condition implies that (D) lies on a line, completing

the proof. B

We conclude with a question. Does Theorem 1.2 remain true if we replace the disk
by an arbitrary connected region in the plane? (So the Toeplitz operators now act on the
Bergman space of this new region.) The statement of Theorem 1.2 certainly makes sense
in this context and is plausible. However, the proof of Theorem 1.2 made extensive use of
the set of analytic automorphisms of the disk. This approach will not work in general,
because nonsimply-connected regions have too few analytic automorphisms to provide any

useful information.






CHAPTER 2

THE COMMUTANTS OF CERTAIN TOEPLITZ OPERATORS

In this chapter we will be mostly interested in studying the commutants of some
Toeplitz operators on the Bergman space whose symbols are polynomials. Only a little is
known about this subject. The Bergman shift T; has commutant that is equal to the set of
all analytic Toeplitz operators. How about T,n ?

It is well known that the Hardy space Toeplitz operator T is an isometry if and only
if fis inner. If f is a nonconstant inner function then Tyis a pure isometry and is unitarily
equivalent to a unilateral shift, whose commutant can be characterized matricially. Much
work about the commutants of the Hardy space Toeplitz operators is based on this fact. On
the Bergman space, a Toeplitz operator whose symbol is a nonconstant innér function is
not an isometry. We will prove even more: The only Toeplitz operator with harmonic
symbol that is an isbmetry is a scalar multiple of the identity. Before we prove this, we
need some facts about bounded analytic functions. Good references are Hoffman [19] and
Garnett [17].

By H” we denote the Banach algebra of bounded analytic functions on D, with the

sup norm
lfll=sup {R2)l:z€ D}

The set of all multiplicative linear functionals on H* is denoted by M. The obvious

elements of M are the point evaluations

28
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() =AR)

where A is a point in D. Map A — @, is a homeomorphism from D into M, so that we

regard D as a subset of M. D is an open subset of M and by the Corona Theorem, D is
dense in M.

The Gelfand transform " : H™ — C(M) is defined by f(9) = ¢(f), for € M. The
Gelfand transform is an isometry from H* — C(M), so that we can identify H™ with the
uniformly closed subalgebra of C(M). Hoffman ([20], Lema 4.4) has proved that the
following algebras are identical:

@®

(i)  The sup norm closure of the algebra generated by H™ and H* (the latter set
denotes the complex conjugates of functions in H);

(iii) The sup norm closure of the algebra generated by the bounded harmonic
functions.

If m) and mj are in M, the pseudohyperbolic distance between m) and mj is

p(my1, mp) =sup (| fomp) 1: fe H™IfU<1, f(m1)=0)

Clearly p(mj, m2) < 1. The relation my ~ m» if and only if p(mj, m2) <1 is an

equivalence relation on M. The corresponding equivalence classes are called the Gleason

parts of M. An element m € M is said to be an one-point part if its equivalence class

consists of itself alone. The set of one-point parts in M will be denoted by M). Let

J={pe CM):9=00nM; }.
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Let T(C(M)) be the closed subalgebra of ,C(Lg) generated by {Top : ¢ € C(M) } and let C be

the commutator ideal of T(C(M)). McDonald and Sundberg [23] has proved that the

sequence
o
0-5J-CM) > rIC(C(M))/C -0
is exact , where

D(@)=Tep+C

for ¢ € C(M). This implies that C(M) / 'y is isomorphic to UC(M)) /C with isomorphism

Y(@+J)=Tp+C

for g € C(M). Let IT: UCM)) — UC(M))/c be the quotient map.

Another Banach algebra we need is L”(dD). The maximal ideal space of L™(dD),
denoted by M(L™), plays an important role here. If we identify each function fe H™ with
its boundary values, we may regard H™ as a closed subalgebra of L*(dD), which gives a

natural map T : M(L™) - M. The map tis defined by restricting each complex
homomorphism of L*(dD) to H*. It s, in fact, a homeomorphism of M(L™) into M, so
we may think of M(L™) as a subset of M. It turns out that M(L™) is a subset of M.

Now, we can prove our theorem.

Theorem 2.1. Suppose that h e L™(D,dA) is harmonic and that Ty is an

isometry. Then h is a constant function of modulus 1.
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PROOF: Suppose that T} is an isometry, i.e., thh =]. Then

I TR Th) =T1(1) (2.1)

Since h is harmonic, Hoffman's result shows that h and # € C(M). Applying ¥ 1o
both sides of (2.1), we obtain

(h+D)-(h+D=1+1J.

This shows that

h-h-1eJ.

By the definition of J,

h-h-1=0 onM;j.

As we said before, M(L™) is a subset of M}, so that above equality means

¢(h-h)=1

for every @ € M(L™). Since @(h- h) = @(h) |2 we can conclude that

loh) =1 (2.2)






32
for every ¢ € M(L™). Since h € L=(D,dA) is harmonic, we can identify it with its
boundary value function, denoted again by h. The Gelfand transform of L*(dD) maps
L™(aD) isometrically and isomorphically onto C(M(L™)) (see Hoffman, [19], p. 170), so

that we have
sup (1 h(z)1:z2€ D} =l hlipeoyn =1 h leaae=y =sup {1 @) 1: 9 MIL™) ) =
=sup { | pCh)|: pe M(UL™) ).

Hence (2.2) implies sup { |h(z)|:2€ D } =1. If | h(z) | = 1 for some z € D, then A is
constant by the Maximum Principle. If | A(z) | < 1 for all z € D, then

=1 |IR=ITr112=IPRIZSNAI2Z= J'Dlh(z) 12 dA <ID dA ==,

a contradiction. Here Il - Il denotes the L2(D,dA) - norm. Therefore h is a constant

function, and since T} is an isometry, | A l=1. 1

We can slightly generalize this result and get the following:

Corollary 2.2. Suppose that Ty is an isometry, where h = f - g", where f is
inner, g € L™(D,dA) is harmonic, and n€ N. Then h is a constant function of

modulus 1.
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PROOF: Since f, g € C(M), it is clear that h € C(M) so that we can apply the
same reasoning as in Theorem 2.2 and thus obtain | (k) | = 1 for every ¢ € M(L™). Since
lp() | = 1if @ € M(L™), it follows that

1=1g(@gn =1 9()
what gives | ¢(g) | = 1 for every @ € M(L™). Becausc g is bounded harmonic,
sup {1g@)l:ze D} =1
As before, if | g(z) | < 1 for every z € D, then | h(z) | < 1 for every z € D, and we obtain

the same contradiction. Thus | g(z) | = 1 for some z € D, and then g = constant, i.e.,

h=cf, ce C. Then T’hTh =I implies T,2=1,i.e., | h1=1 and we are done. W
J. Thukral asked for which harmonic A is Tj a partial isometry. If T} is a partial
isometry, then by Halmos [18], Problem 98 , Ty =T}, thh- Applying ¥~ 11 on both

sides gives
h-h2h e J.
As before this means
o[ 1-1eh)R1=0

for every @ € M(L™). Then, either p(h) =0or | ¢p(h) | =1, sothat sup { | h(z)|1:z€ D}
=0or 1. If p(h) = 0 for every ¢ € M(L™), then h=0. If p(h) # O for some ¢ € M(L™),






34
then sup { lh(z)l:ze€e D } =1. If | h(z) | <1 for eachz € D, then taking any u in
(Ker Ty )'L we get

Nul2=||Thul2=1 PChu) 12 < Il hu li2 = JD Lh(z) 12| u(z) 12 dA <jD lu(z) 2dA =1l uli2.

This is again a contradiction. Hence 4 must be a constant function. Thus we have proved

the following theorem:

Theorem 2.3. Suppose that he L*(D,dA) is harmonic and that T} is a

partial isometry. Then h is either a constant function of modulus 1 or h is identically

0.

Now, we are going to consider our main problem - the commutants of some

analytic Toeplitz operators. At first we will be interested in finding the commutant of T 1,

for arbitrary positive integer n.
Let T be the closed subalgebra of .C(Lg) generated by all Toeplitz operators. For

¢ € L”(D,dA), the Hankel operator with symbol @, denoted H(p, is the operator from
LZ to (Lf,)l defined by H‘pf =(I - P)(¢f). X will denote the ideal of all compact opertors

acting on L(21. Before we state our next result, we need to define some function spaces.

For an analytic function f on D we set
Nfllg=sup {(1-1zR@)\f(z)|:z€ D)

The Bloch space B is the set of all analytic functions f on D for which Il fllg < ee. The
quantity | f(0) | + Il f llg defines a norm on B, and B equipped with this norm is a Banach
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space. Contained in the Bloch space is the little Bloch space B, which is by definition

the set of all analytic functions f on D for which

(1-1zR)f(z)—>0 aslzl—>1.

For the basic properties of the Bloch space see [2].
Let n € N be fixed.

Theorem 2.4. Let S € T commute with T,,. Then S =Ty for some y € H™.

PROOF: The equation S T n=T xS gives us the following:

Letgo=S1. Then
S2h=8ST,n1=TpS 1=2"g.
S 228 =S Tzt =T,nS 21 = 220g

S zkn = zkngo k= 0,1,2 ... .

Let g1 =S z. Then
Szl =8STnz=TpnSz=12"g

S 2241 = ST p M1 =TnS 271 = 7208

S zkn+l = zkng, k=0,1,2 ... .

Continuing in this way, we finally get
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gn-1=S 21
S22l =STazhl =TpS 201 = 21g,

S zkn+n-1 = zkng, | k=0,1,2 ... .

Let Xo=span {eg:k=0,1.2,. } ,

Xy =span { egp+1: £=0,1,2, ... }*,
Xn-1=span { egp+(n-1): £=0,1,2, ... }7 .
Then L2 = X0 ® X1 ® - ® Xp.1, i.e., each fe L2 can be written as
f=fo+fi ++fna,

fi€e X;,i=0,1,2, - ,n-1. Each fp € X¢ has its Fourier series expansion

fo= Y, (fo.ekn)ekn
k=0

m
i.e., fo = lim s, where sy = z (fo.ekn)ein. Since the point evaluations are bounded on
k=0

LZ’,, we have fp(z) = lim s;u(2), for each z € D, so that

(fo - 80)(2) = lim (spm - 80)(2) 2.3)

for each z e D. Since S z» = zkngy , k = 0,1,2 ..., it follows that S s, = sm - g0 , for

every m € N. By continuity of S, we have
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Sfo)=limSsm=Ilimsy-go

so that
S f0)(@) = lim (sm - 80)(2) (2.4)
for each z € D. Comparing (2.3) and (2.4) we conclude that

S fo = go fo.

for each fo € X(. Repeating the above reasoning, we get that S f] = 851 f1, for f1 € X1 and

so on. Thus operator S can be described as

Sf=gofo+ &fi+ &pp++ 30 f0. @5)

Let's observe another property of S, being an element of T.
Claim :ST,-T,S € X.
At first, assume S =Tp , ¢ € L™(D,dA). Then

T(pTz-TZTQ=T2¢-TZT¢=H2*H¢.

Because z € By, the operator H,"* is compact (see [4]), so that ToT;- T, Tpis compact.
IfIT: ,E(Lg) - .C(Lﬁ) /g( denotes the natural projection, then

I(Te) I(T,) = IKT,) I(Tq) (2.6)
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for every ¢ € L™(D,dA). If S = Ty, - -- T, then, because of (2.6), II(S T, - T, S) =0
sothat ST,=T,S € K. An arbitrary operator S in T is the limit of sums of operators of
the form T, - - - Tq,. In that case S = lim S, , each Sy is of the form X Tg, - - - T, and
soST,;-T,S=lim (S, T;-T,Sy) € K. Hence claim is proved.

Now, let's express S T, - T, S in terms of (2.5).
ST:fo=S(zfo) = g;L (z fo) = g1f0 , because zfp € X].
ST f1=8(zf1) = ‘E% zfi) = &zz f1, because zf] € X2, and so on. Finally we get

STof=g1fo+ s+ 8+ -+ 250fn1.

From this and (2.5) we obtain

(ST;-T:5)f=fo@1- 280 +fi (& - gD +2(5 - &) w -+ £ Ggo- 42,

By the claim, (S T; - T; S)|xg = Mg, - zg9 : X0 — L%, is compact (Mg, . z¢ is a multiplication

operator). Let ¢ = g1 - zg0.

Claim: ¢=0.

Let w € D be fixed and let Ry, € X be the reproducing kernel for Xp. Recall that
M:, : Lﬁ — X and take any g € X to obtain the following:

<g, ME. k> = <Mog, kw> = Q(w) - g(w) = P(w) <g, Ry > = <g, 9(W)Ry > .

— —. R
It follows that M;, kw = @(w)Ry, so that M ;’_I-IIICCLII- = p(w) TkLI_I It is well known
w w

kw . * * kW
that ; ,, 1] converges weakly to O as w1 — 1. Since Mg is compact, Mg ; ey 11 0

innormas|wl!— 1. Thus
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Il Ry Il

|(p(w)|m—)0 aslwl—o1 2.7
w

We'll calculate the numerator first.

Ry(2) = Z kn;-l (Ry,zkn)zkn = i. 2 (kn+1) wkn zkn
=0 =0

so that

IRy I2= 1Y (kn+1) lwi2kn,
k=0

1
n

Let A = w22, Then we have the following:

2 LN kn ke LS gk ™ S agy . 1 _
IRy 2= nlz‘o(knﬂ)?» _nk}::lkx + "on - (Zix ) +1c(l—)»)_‘

___n\ . 1  1+(-DA
r(1-A)2  ®(1-2) g2

Therefore

IRw 12 1+ (n-Diwf2"
Wk 112 (1 - jwi2n)2

c(1-wi2)2=]

. 2 2n - hoi2n

> % wi2n.
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. HRyll .
Thus lim IIk_WIIZL> 0, as lwl = 1. Therefore by (2.7), lim | ¢(w) | =0, as Iwl — 1.
w

n

Since @ is analytic, ¢ =0, and claim is proved. This means that g = 321 :

Similarly, (S T; - T; S)ix; = M82/z -5 X1 L‘21 is compact. Thus Mg, -8

lexo = Mg2 -2g1" Xo— Lg is compact. By the previous claim, g2 - zg1 =0 so that g1 = 822

and therefore gg = f% If we continue this way, (2.5) shows that

Sf=80f=Tgf

for every fe Lﬁ. The function g¢ must be an H* function as a multiplier of Lz (see

[28]). If we let y = g, the theorem is proved. B

: .72 2
We can extend this result. Let u € Aut(D) and define an operator V: L; — L by
Vf=fuwl. Clearly, Vis a bounded linear operator, with the inverse operator V 'lf = fou.
Observe that T,Vf=z-Vf=z-(ful)and VT, f= (u-f)*ul = z- (ffu-l) which means
that
T,V=VT,,

i.e., Ty is similar to T,. Thus

TpV=VT (2.8

for every n € N.

Suppose now that S € Tand S T» = T,» S for some n. Formula (2.8) implies
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SVITAv=vI1TAVS.

After multiplying both sides of this equation by V from left and by V ‘1 from right, we

conclude that

vsvile (T}

Claim: The operatorB=V SV "1 has the property that BT, - T, B is in K.
BT,-T,B=VSV'T,-T,vsvi=viviry-viT,vsyv-l
=V(ST,-T,S)V L.
The operator S T, - T, S is compact because u € By and the claim is proved.
Now, by the proof of Theorem 2.4, B = T, for some ¢ € H™. This means that
S=VITeV,ie,Sf=VIToVf=V1o- (Ful)=(@u) f,forfe L3. If welet

y = @-u , we have proved the following corollary:

Corollary 2.5. Let S € T commute with Ty, for somen € N. Then S =Ty, for

some ¥y € H™.

Now, knowing that, for example, { T,2}' " T=(Ty:y e H” } leads

us to the question of finding { T }' N T. The answer is rather surprising: the

22+2

commutant { T2,

}' itself is equal to { Ty : ¥ € H™ }, as we will see. One of the
vy

crucial tools in what follows is this well-known lemma:

Lemma 2.6. Ifhe H™ and S € L(L%) commutes with T, then S* ky is an

eigenvector for Tj* for every \ € D, with eigenvalue hQA) .
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For the sake of simplicity, let (z) = z2 + z. By the Lemma 2.6,

S* kx € Ker Tr_stxy = (Range Thpa) L

so that we have to find Range T_p(»).
Suppose that g € Range Tp.pa). Then g =[ h - h(A)]f for some fe L%I. This

implies
g@)=(22+z-A2-A)f=(z-1)-(z+L+1)f
Let
Do={AeD:-A-1€D )

Suppose that A € D\ Do; then z=- A - 1 is not a zero of g.

Claim : Range Th.apy = { g€ L3 : gM)=01}.

Clearly, Range Th.p() is a subsetof { g € Lg :g(A) =0 }. Conversely, suppose
that ve { g € L%, :g(A)=0}. Then v(z) = ( z - A )u(z), for some analytic function u. It
is easy to see that u € L%: First choose 0 < € < 1 big enough so that A € Dg, where
De¢={ze D :lzl<e}. Since u is analytic on D, it is bounded on D, let's say, by a

constant C. Forze€ D\Dg, lz-A|> k = dist (A,0D¢ ) so that we have the following:

dA

5 ) 9 L v(z) 12
J'Dm(z)l dA = jDelu(z)l dA + ID\DeIu(z)I dASCZu-bJD\De——“_“z

Iy N2

<C2r +
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so that u € L%,. Wecanwritev(z):(z-l)-(z+l+l)f,whercf(z):%,
z+ A+

Recall that A € D \ Dy, so that z + A + 1 is bounded away from zero. Then fe L2,
because u € Lg, and we proved that v € Range Tj.p(2) and the claim is proved.

This claim shows that Range Th.p0) = {ka}L for A € D \Dg. Then for
these A's, S*k), = f(—k}kx, where fis some function defined on D \ D¢. For fixed u € Lg

we have
(S w)(N) = <S u, kn> = <u, S' kx> = <u, fA)r> = fA) - u(\)

for each A € D\Dg. For such A, [( ST, - T.S )W)I(A) =[ S(zu) J(A) - [ zSu J(A) = 0.
Because ( ST - TS )(u) is an analytic function, that is equal to 0 on an open set, it must be
identically 0 on D. The function u was arbitrary, so that ST, = T,S and therefore S = Ty,
v € H”. Hence we showed that { T }=(Ty:ye H”}.

22+ 2

The same reasoning would show that { T, }'= { Ty : y € H™ }, in the case that

h(z) = (z- a)(z - b), where a,b € C and b # - a. Of course, when b = - a, h(z) = z2 - a2
and { T, }' = (T,2 }'. The difference between {T,2 }' and {T,2, ,}' leads us to the
question of characterizing the commutant of Tn_ ,,,a# 0, and n € N. For that reason,

let's fix n € N. The case lal > 1 is easy:

Suppose S € {T, ,,}'. Denote h(z) = z* + az and we will find Range Tp-pn). If

g € Range Tp.p(»), then

g@) =["- M) +az-MNlf=C-N[ 21 + A2 + -+ A1 + g If. 2.9)

Let p(z) = z-1 + Az#-2 + -+ An-1, Since lal > 1, there exists € > 0 such that 1 - é > €,

i.e., 1 <|al. Forthis¢,letDg={ze D :lzl <€}, and suppose A € Dg. Then
€







a4
Ip(z) 1<l +e+€2++gmlc<

<la]

so that p(z) +a # O for every ze D. Infact p(z) + a is bounded away from O if
K € Dg :

Ip(z)+a|2|al-|p(z)l>|a|-11 >0.

- €

From (2.9) we conclude that Range Tp.p)={ g € Lg :gA)=0}if A e De. Asin the
example above, it will follow that (S #)(A) =f(A) - u(A), for some function f and A € Dg.

This will again give
(ST,-T,S)u)=0

for u e L%,, since ( ST; - T,S )(u) is an analytic function that is equal to 0 on an open set
De. Therefore S € {T,}', so that § = Ty , for some y € H™.
Now we want to show that the same holds for any a € C \ {0}. This is the

content of the next theorem:

Theorem 2.7. Suppose h(z) =z" + az, wherea #0,n € N,and n > 1. If

Se ,C(L%,) commutes with T, then S = Ty, for some y € H™.

PROOF: The case lal > 1 has already been discussed. Then we may assume
0 <lal 1. By Lemma 2.6, S* kj is an eigenvector for T*, for every A € D. Again,
suppose g € Range Th.p(3). Then g(z) = (z* + az-\* - a) )f.

GOAL : We want to find an open subset U of D such that z = A is the only solution

of 28 + az- M -ar=0inD, if A € U, and furthermore z = A is simple.
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So, we shall look at the equation

M+ az=A"+al\ (2.10)

For explanatory reasons, we'll consider two cases.

Casel: a>0.

For such a, choose A = 1 and look at the equation

M+az=1+a (2.11)

Forze D,Iz" +azl<Iz'i+alzl<1+a, so there is no solution of (2.11) in

D. If z € dD satisfies (2.11), we have

l+a=lz"+azl<lz*l+alzi=1+a.

Equality in the triangle inequality occurs only in the case that all terms are linearly
dependent. Thusarg (z" + az)=arg az+2kn ,ke Z. But z* + az € R so that
arg z=arg az=2mn , forsomeme Z,i.e., z=1. Thus, (2.11) has only one root in D :
z=1=A.

Since (" +az-1-a )(1)=(nz"1+a)1)=n+a+0 (becausea>0),z=1
is a simple zero.

Let F : C xC — C be defined by F(A,z) = z* + az - A" - aA. By the previous
arguments, F(1,z) has n - 1 zeros outside D: 21,22, , zp-1. The other zerois z = 1. Each
zero z; is simple, because (2" + az-1-a )(z)=nz*1+a+0,fora<1.

Let's choose € > 0 small enough such that K(z;, €) N D = ¢ for every i, and

K(zi,€) " K(zj,€) =0, for i #j. Here K(zj,€)={z€ D:lz-zl<e}.
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We know that F(1,z1) =0. Taking partial derivatives with respect to z gives %; =

nzl4gq andg—’: (1,21) = nz;™1 + a # 0, because 0 < lal < 1. By the Implicit Function
Theorem, there exists W1, an open neighborhood of 1, and @; : W) — C continuous such
that ¢1(1) = z; and F(A,p1(A)) =0 for all L € Wy. By continuity of @, there exists Vy,
an open subset of Wy, such that 1 € V; and K(z1, €) D 91(V1).

Similarly, F(1,z3) = 0 and g—f (1,z2) # 0. By the Implicit Function Theorem, there
exists W3, an open neighborhood of 1, and @3 : W2 — C continuous such that @2(1) =23
and F(A,p2(A)) =0 for all L € W5. By continuity of @3, there exists V7, an open subset
of W, such that 1 € V; and K(z3, €) D @2(V2). Let's continue in this way. Then we get
V1, V2, ... ,Vpu.1 as open neighborhoods of 1. Let V=N V;. Then V is also an open
neighborhood of 1 and U = V N D is a nonempty open subset of D. For A € U fixed,
A € V; for every i, and thus (A,91(A)), (A,2(A)), ..., (A,@n-1(A)) are zeros of F. This
means that @;(A), 2(A), ... ,@n-1(A) are roots of (2.10). Since ¢;(A) € K(z;, €), we have
¢i(A\) ¢ D. In addition to that, ;(A) # @;(A), if i #j, so that we have exactly n - 1 roots
outside D. The only other root is z = A. Thus we found a nonempty open set U of D such

that for each A € U, z# + az - A* - a\.=0 has exactly one rootin D: z = A.

Generalcase: a=rei® 0<r<1.
For such a, choose Ag = exp(i n—(_’l). Then Ag™! = €i®, and hence

1" l+al=1+lal

sothat IA"+aAgl=I1A A" +a)i=1+lal

We will investigate the equation

M+az=A"+alp (2.12)
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Ifze D,then Iz"+azl<l+lal=1A"+ algl, so there is no solution of
(2.12) in D.

If z € dD satisfies the above equation, then
l1+lal=1"+aNll=1z"+azI<Izpl+la llzl=1+]a |

This means that equality holds in the triangle inequality so that

arg(z"+az)=argaz+2kn=0+argz+2kn,ke Z.

On the other hand,

arg(z"+az)=arg(M”+aM)=a’g(exp(i%)+r&xp(i,,%+i9))=,’:Tel.

Comparing these two quantities , we get

O+argz+2kn=—

no
n-1

and therefore arg z = % - 2kn , which means that z = Ag9. Hence, we have proved that

z = Ag is the only solution of (2.12) inD.

Since (z® + az - Ag"-arg)'(Mg) = n).o"'l + a, and lal €1 it follows that
(z" + az - A" - aro)'(Ag) # 0, so that z = Ag is a simple zero. Again, by the same
reasoning as above, the Implicit Function Theorem gives a nonempty open set U in D such
that for each A € U, z" + az - A" - ah =0 has exactly one root in D .

Let's fix one A € U. If g € Range Th.p(a) it is clear that g(A) =0. On the other
hand, if g € L%, and g(A) =0, then g(z) = (z- A)u(z) , where u € L(21. We can write g as
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_ Ay, u(z)
gD =(M"+az-M-al\) -l 4 Azn2 4 o e Anl o g

By the previous discussion, the polynomial z#-1 + Az#-2 + - 4+ A%-1 4 g has no zeros in D,
u(z)

-l 4 Azn-2 4 o 4 ARl 4 g

so it is bounded away from 0 in D. Hence, € L%,, SO

that g € Range Th.p(3). In other words, we have proved that Range Tp.p)={ g € Lz :

gA)=0}ifAe U. ThusforAe U,S* k) = fa..)kx, where fis some function defined
on U. This leads to the conclusion that S € { T, }' so that § =Ty, for some

yve H”. &

After proving this theorem one may ask if this method can help us describing the
commutant of a Toeplitz operator whose symbol is a polynomial. It turns out that the same
method works in this situation, under some additional conditions. The nicest result can be
obtained under the assumption that all polynomial coefficients are nonnegative. In order to
apply the same reasoning, we should look at the proof of the previous theorem more
carefully. The crucial point in the proof was observing that the equation 2" + az=1 +a,
with 0 < a < 1, has n distinct zeros. If we let p(z) = z" + az, we needed that p(z) - p(1)
has n distinct zeros. Then we could apply the Implicit Function Theorem. In light of this,

we can understand the following theorem:

Theorem 2.8. Suppose p(z) = z+ a2z2 + - + anz", where a; 20, for

i=2,.,n. Ifp@) - p(l) has n distinct zeros, then {Tp}' = (Ty:y € H™}.
PROOF: Consider the equation p(z) - p(1) =0, i.e,,

2+ a2+ - +aph=1+az+-+ap, (2.13)
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Forze D,lz+ayz2+ - +apzl<1+ay+-+a, and consequently there is

no solution of (2.13) in D.

If z € D satisfies (2.13), then
l+az+~+ap=lz+ a2+ ~+aph1<lzl+laxl122 1+ +lapllzn|
<l+aj+-+a,

Therefore, z, z2, -, z# are linearly dependent. Hence arg (z + azz2 + - +apzt ) =
=arg z + 2kn.

On the other hand, z + a3z2 + - +ap,z is positive so that arg z = 2mn, showing
that z = 1. Therefore z = 1 is the only solution of 2.13 in D. Other zeros z1, 22, -, 2.1 are
outside D. Let's choose € > 0 small enough such that K(z;, €) N D =9 for every i, and
K(z;, €) N K(zj, €) = @, for i #j. Define a function F : C xC — C by

F\2) =z + az2 + - + anz - A - agA2- - g\,

Then z — F(1,z) has n - 1 zeros outside D. After taking partial derivatives of F with

respect to z, we get g—f— =p'(z) , so that for every i

L,zj) =p'(z) =[ p(2) - p(1) J'(z)) # O,

Y

because of the assumption that all zeros of p(z) - p(1) are simple. By the Implicit Function
Theorem, we can find a nonempty open set U in D such that for each A € U, p(z) - p(A) =0

has exactly one root in D . By the same argument as before, S = Ty, for some

ye H”. 1




gy
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Corollary 2.9. Suppose p(z) = z + a2z2 + - + a,z", where a; 20, for

i=2,..,n. If p'(z) has no zeros outside D, then {Tp}' = {Ty:y € H™}.

If p(z) is a polynomial with complex coefficients, then we need very strong

restrictions on coefficients , in order to obtain similar result. We'll omit that case.

Remark: A reader should realize that proofs of Theorem 2.8, Corollary 2.9, and
Theorem 2.10 are valid for both the Bergman and Hardy spaces.

We'll conclude this chapter with several examples, where we use the same

technique.
Example: Suppose h(z) =z - a-z , where a € D is fixed and ze D. We
1-a:z
want to find the commutant of Tj. The function @4(z) = 2°%2 is an analytic
1-az
automorphism of D that is inverse to itself, i.e.,
Pa(Pa (2)) =2 (2.14)
for ze D . Suppose g € Range Tp.p(a), for some A € D. Then
- a-»Aa z-AM[a-z-A+az\ ]
g =[z- 8L . 2h g oM R
1-a:z 1-ai (1 -az)1-akl)

for some fe Lg. This fractionis equal 0 if z=Aorz= 2 , o that we conclude
1-ai
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@ty 0.
1-ak

In other words Ker Th.5(y = span {ka, k%(x)}_. If S commutes with T}, then

Range Th-pay={ g € Lﬁ :gM)=¢g

S*ky, € Ker Th-sxy for every A € D. Thus

Sk =fM)kr, + gk o »

for some functions f and g defined on D. Now
(S W) =fA) u(r) + gA) u(@a ).
Therefore,
Su=f-u+g- ez =Ts+TgCop) Y), (2.15)

where Co, Lg - L%, is the composition operator defined by Cq, = u*@4. This shows
what an operator in { Tj }' looks like. Suppose, in addition to this, that S € T. Let's
calculate ST,-T,S:

ST,-T; Y w)=Sz-w)-z-Su)y=z-f-u+g-[(z-uyQgl-z-f-u-z-g- Qg =
=g (Qg-2) (UPg).

In other words, ST, -T, S = Tg((Pa -7 Co,- In Theorem 2.4, we proved that ST;-T; S

must be compact, so that Tg(q, - z) Ce, is compact. Note that C%‘l = Cg, (because of
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(2.14)) and that implies that Tg(% -7 is compact. A multiplication operator T ( i.e.,

f€ H%) has spectrum equal to f(?) and can be compact only if f= 0, because the
spectrum of a compact operator must be countable. Hence g - (95 -z) =0. If a =0, then

h(z) = - 22 and we already proved that S must be an analytic Toeplitz operator. If a # 0,
¢a(2) # z, so that g = 0. Then (2.15) gives that
Su=f-u

forue L%,. In particular, f=S 1€ Lg so that S must be an analytic Toeplitz operator.

Example: For fixed w € D, let h(z) = ky(z). Then g € Range Ty, - k,, (1)

implies
z-AM)Qw - w2z - w2\
o) = LM )
(1 = wz)2(1 - wh)2
The numerator is equal to O if z=Aor z= 2-_‘“. In the latter case
w
1212250 Ly,
w lwl

so that Range Tk, - k0= { g€ L% :g(A) =0}, and as before, if S commutes with
Tk, it must be an analytic Toeplitz operator.
Z-a

Example: Let h(2) =, p @ £b, 1bl>1. We want to find the commutant of

Th. If g € Range Th.p) then
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_(z-M(a-b)

= b -b)

f.

Hence, Range Th.po)={ 8 € Lf,:g(?»)=0}and (Th ) =(Ty:ye H”}.

We conclude this chapter with a question related to Theorem 2.4. Suppose
Se .C(LZ) is such thatS T, -T, S € K. Then ST,n-T,»S € X, for every n. If

ST -TpnS =0 for some n, then Theorem 2.4 shows that S must be an analytic Toeplitz
operator. Now, the same assumption S T, - T; § € X implies that S Tp - Tp S € X for
every polynomial p. If S T, - Tp S = 0 for some polynomial p (other than z”), must S be an
analytic Toeplitz operator ?






CHAPTER 3

VON NEUMANN ALGEBRAS GENERATED BY T

In the previous chapter we studied the commutant of an operator T» acting on L?,
and we found its intersection with the algebra T. Now we are interested in
characterizing the von Neumann algebra generated by T,s, denoted by W‘(Tzn).
Because W*(T,») = { T,a, T,n }", our problem is again related to the problem of finding
commutants of certain operators. In this chapter we will study operators T » acting on the
Bergman and Hardy spaces and show that von Neumann algebras generated by them have

different structure if n > 1.

1. T n acts on the Bergman space

We will prove the following theorem:

Theorem 3.1. Let ne€ N be fixed. Then
0

T,

W*T,)={Te LIL2:T= ,where LY =X0® X1 ® - ® Xp1,

T

n-1

T;:X;—> Xijfori=0,1,...,n-1}.

This theorem follows easily from the following theorem:

Theorem 3.2. LetS € ,C(L%,), and let n € N be fixed. Then S € { T n, T;;; }'
if and only if

n-1

Sf=aofo+arfi+~+an1fa1.ai € C, f= Y fi, fie Xi.
k=0

54
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PROOF: LetSbein { T, Tn ). Then S Tyn=T,aSand S Tyn =T, S. This

means that S, s*e { T,n})'. From Chapter 2, Theorem 2.4 we know that

and

A

A A
S"f=bofo+ &ai+ v s B0p

for fe L2, where gj=Szandgj=5"2, =0, 1, ,n-1. We want to show that all g;
and g", are polynomials.

Let's start with go.
<go, Zkn> = <§ 1, zZkn> = <1, §*zkn> = <1, gg zkn>
so that <gg, Zk*>=0if k> 0,i.e.,go L { egn: k>0 }. Similarly
<go, ZkM+1> = < 1, Zkn+ls = <1, §¥Zkn+ 15> = <1, gy Zkn>

so that <gg, zkr*1>=0if k> 0,i. e. go L { ekn+1:k >0 }. Continuing this procedure

gives that go L { exn+j: k>0 }forj=0, 1, -, n-1. Therefore

n-1
20= 2, ek
k=0

i.e., go is a polynomial of degree at most n - 1.
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By the exactly same argument, §o is a polynomial of degree at most n - 1.
Now look at g;. Similarly as before we have

<g1, k"> = <S z, 7n> = <z, S*kn> = <z, g kn>
so that <gq, zkn>=0if k> 0,i.e., 81 L {exn:k>0)}. Also
<g1, ZkM*1> = <8 7, Fhn+ls> = <z, 'kl = <, 21 zkn>

so that <gj, Zkn+1>=0if k> 0,i. e., g1 L { exn+1: k>0 ). Continuing this procedure

gives that g1 L { egp4j: k>0) forj=0, 1, -, n-1. Therefore
n-1

g1= 2, Qkek
k=0

i.e., g1 is a polynomial of degree at most n - 1. By the same argument, §1 is a polynomial
of degree < n - 1. In this way we can show that all gjand §j are polynomials of degree at

most n -1. Hence,

sf=pofo+ Bn+ Bp+-+Pp

and

A A A
-1
s*f=pofo+ Bii+ B+ -+ 800 . 3.

We will observe these polynomials more closely. Let
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pi= a(i) + a{z + aéz2 +..+ anflz"'l
Di= b(‘; + b{z + bi'z2 +.o.+ bnf'lz"'l ,

fori=0,1,..,n-1. Let fy =g+ apz" + 02,22" + ... be an arbitrary function in Xj.

Look at the following scalar products:

<S fo, 2%m> = <fo, $"2kn> = <fo, po k"> = <fo, bQ k"> = b On Ty

<S fo, 2kn+1> = <fo, S"2kn+1> = <fy, p1 2km> = <fy, by 24> = bj Cn oy
<S fo, Zkn4n-1> = <fp, 872N AR-1> = <y, ppoy k7> = B Qn oy
Thus
Sfo=Y, (S fo. e)ek = Y, (S fo, ekn)ekn +
k=0 k=0

Y (S fo. ekn+1)€kns1 + o + Y, (S f0, €kn+n-1€knsn-1 =

k=0 =0
_30 < =1 kn+2 1.R2 kn+3 kn+2
= by z aknzk® + by el agpzkn+1 + b E ne] CknZET + L+

k=0 =0 =0
n- k+1)n
+ ! E EDn o prkntn-l (3.2)
=0

On the other hand, S fy = po fo, as was shown in (3.1). Now
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n—1
Ic+1

k=0

n-1 n-1 n
po=3 (o, eer=3 (S 1,ek)ek=2 Sl0, 8"zt = Y L (1, pygk =
k=0 k=0

n—-1
5 (k+1)bkzk.
k=0

Thus

Sh= (1_78 + 25(1)2 + 35%22 + ..+ nB"(')lzn-l)fO =

= bg 2 Oknzkn + 56 2 20t pzknt] + 1;(2) 2 30gnzkn+2 + .. + 5"61 z nonzkn+n-1 (3.3)
k=0 k=0 k=0 k=0

71 kn+2 Y kn+3 Y .1 (k+1)n n
bo In+l Olkn = b(l) Zakn ’ b(z) kn+ l kn = b% 3akn N ’lol gm Olkn = bnol nQlin

for all k. The function fop was arbitrary, so that the above equalities are true for all a's.

This forces

by=b3=-=b"%1=0

so that pg = 58 = constant. Therefore S fo = constant - f .
Let fi = 0012 + 0p412"*] + 02p41227*] + ... be an arbitrary function in X;. Look at

the following scalar products:
<Sfi1,2kn> = <f1, S “okn> = <1, PO kn> = <f, bo zZkn+l> = blakm»l tni2

<Sfi, 2knt1> = <fy, S k41> = <fy, By 240> = <ft, b] 21> = b] et
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* A T n-
<Sf1, 204 l> = <y, S = <fy, oy 20> = 0! G g
Then

Sfi= Y (Sf1, ekndekn + > (511, €kns1)€hnsl + ... + > (S f1.ekn+n-1) €knan-1 =
k=0 k=0 k=0

- -]

= kn+1 ol 5 kn+3
=b) E oy %kt 1250 + b1 D Gpnyrzkn+l + b2 E oy Ckne12Em42 4+ 4
=0 k=0 k=0

n- k+1)n
+ bnll (k’l+)2 ak,,+12k"+"’1. (3.4)

k=0

On the other hand S fi =?f 1, SO that

n-1 n—-1
p1=Y, (P1,eer =Y, (S z, ex)ex
=0 =0

n—

n-1
k-l'l(z S k)zk z ——(z pk)z =z +T
k=0

Thus

bO - 52 B’l—l
Sh =%f1 =(7‘+b}z+3—21:2 +. +nle"'1 )%:







= b z 5 On+12 + b1 Y 0ne1z4n+1 + b} 2 350!1:”12""*2 + ..
k=0 k=0 k=0

AT 3.5
k=0

Comparing (3.4) and (3.5) we get (similarly as above)
=bt=-=b%1=0

so that p; = b}z = constant - z. Therefore S f] = constant - f}.
Contining in this way, we get pj = constant - z£, so that S f; = constant - fi ,
where

k=0,1,..,n-1. Hence

Sf=aofo+aifi+..+ap1fp1, ai € C.

Thus, we have proved that { T, T;a }' is a subset of

n-1

(Se LWL :Sf=aofo+ar1fi+..+anifa1, ai € C, f= 3 fi ).
k=0

On the other hand, if S belongs to this set, then

STpaf=STa(fo+f1+..+fn1)=S(fo+ i+ ..+ 2y ) =

= agzfo + @121 + ... + Ap-12"n-1 (since z; € X;)=z2"Sf=T,nSf
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for eachfe L%,. Since S* f= agfo + a1 fi + ... + dp-1fn.1 , then S T,n=T,n S* so

that Se { T,n, T;;: }'. Hence, we proved Theorem 3.2.

The second step in our study is to find the commutant of
1

n—
(Se LUY):Sf=aofo+aifi+ .. +anifar » ai € C, f= 3 fi ), ie, W(T,n).
k=0

It is readily seen that

0
W*T,) = (Te L(L2): T=(r 1 ,where L2 =X ® X1 © ~ @ Xp.1,
T

n-1

Ti:X;j—> Xjfori=0,1, ..,n-1}

and Theorem 3.1 is proved.
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2. T » acts on the Hardy space

We will prove a theorem that is analogous to the Theorem 3.1 in the Hardy space

case. Here is our result. We don't know if this theorem is already known.

Theorem 3.3. Let ne€ N be fixed. Then
Ty

M. TM-
W*Tpm)=(Te LH2@D):T=| ° "M’. , where
M n-1TgM5n-1
H2(D)=Xo® X1 ® - ® Xn.1, To: X0 = X0, M, and M~ are multiplication

operators}.

This theorem will follow from the following theorem:

Theorem 3.4. LetS € L(H2(dD)), and letn € N be fixed. Then
Se { Ty, T,n) if and only if

Sf=pofo+ Blfi+ Bpr+-+200p0,

n-1
where pg, P1, ... » Pn-1 are polynomials of degree at most n - 1, where f = Zfi, with
k=0

fie Xi.

PROOF: Suppose S € { T,n, T;;n }'. By the same argument as for the Bergman

space,

sf=pofo+ Bfi+ B+ +20p, (3.6)
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where po, p1 , ... , Pn-1 are polynomials of degree at most n - 1.
Suppose, conversely, that Sis an operator of the form (3.6).
Claim: S"f=pofo+ "-1f1 + &fz +-+22f1, piare polynomials.
Let pi= 06 + aiz + 0522 + ...+ anflz"‘l ,and let fo = ag + Apz” + 002,227 + ... be

an arbitrary function in Xo. Then

<S" fo, 241> = <fo, S 2> = <fo, pozk> = ad o

<5" fo, 2P+ne1> = <fy, S Zkn+rl> = <fy, ppyzkn> = a5 oy
Then

Sfo= Z (S™fo, exn)ern + Z (S"fo, ekns1)ekns1 + .. + Y (S"fo, ekn+n-1)€kn+n-1 =
=0 =0 =0

-] 00 oo oo
= 08 2 (lknzk’l + aé 2 aknzk’H'l + ag 2 aknzkn+2 4+ ...+ an(-)l 2 OLk,,zk’H"l'l
k=0 k=0 =0 =0

= - - - - A
= @)+ alz+ake? + .. + ") fo=Dofo .

Let f1 = 001z + Op4128+] + 02p41227+1 + .. be an arbitrary function in X;. Look at the

following scalar products:

<S" fi, 21> = <fi, § k"> = <fi, pozk"> = @] Oins1 -




. -
<S" f1, Zn*n-l> = <f), S kntn-l> = <fy, pp1260> = @™ opa
Thus

S*fl = Z (S*fl: €kn)€kn + z (S.fl, €kn+1)€kn+1 + ... + z (S‘fl’ €kn+n-1)€kn+n-1 =
k=0 k=0 k=0

oo 00 0o
= al 2 akn+lzkn +a 2 ak’H.lzk’H-l + a% z akn+lzkn+2 + ..+ anil z akn+12k”+”'l
k=0 =0 =0

I

Q|

"0 oo )
=LY oknn1*l +a] Y agnerzint]
k=0 k=0

+ a%z 2 Ogps12km*l + .+ a"ilz"°2 Z Ops12kn+] =
k=0 =0

A
a - - -
=(-z—1+a%+a%z +.. + a2 =%f1.
A
N . . ) L ] .
If we continue in this way , we'll get S f;= Izi}fi ,fori=0,1, ..., n-1, where 1’5,-

are polynomials of degree at most n - 1. Hence we have proved the claim.

Now, it is easy to see that S and S* both commute with T,nand we proved the

theorem.
Our goal is to determine { T, T;n }". Suppose that T € { T,n, T:n }". Then T

commutes with all operators S of the form

Sf=pofo+ Bfi+ Bpy+-+B00py,
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where pg, p1, ... , Dp-1 are polynomials, by Theorem 3.4. In particular, T commutes with

operators of the form

Sf=aofo+ar1fi +..+an1fn1, ai € C.

0
T,

Thus T = , where H2(0D) =X ® X1 ® -~ ® Xp.1and T; : X; = X;.

T

n-1

Choose S such that S f=pg fo, for any fe H2(dD) and such that

po= ag + a(l)z + a‘z)z2 + ..+ anf)lz"'l.

Thus
ST f=po (Tofo) = ag(Tofo) +a%(Tofo) + agzz(Tofo) +..+ 0,912"‘1(T0fo).
On the other hand, this is equal to
TSf=T (pofo) = 3 (Tofo) + a] T1 (o) + a3 T2 (2H0) + .. + 8,y Ta1 (2 1f0).
After comparing these two expressions, we get

2(Tofo) = T1 (zfo),
22(To fo) = T2 (z%fo),

m1(To fo) = Tn-1 (2% 1f0),
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or, using multiplication operators, we obtain

M, To=T1M:/x
M2 To =Tz M2/x,

Mz’l'l TO = Tn-l Mzn'l/XO .

Let f1 = 012 + Qpy 1271 + 0p 1228+ + . = 2(00) + O py12® + C2pe1228 + ...) be an

arbitrary function in Xj. Denote fi = 0] + 0pe12" + 0M2pe122" + ... € Xo. Hence,
T1fi=T1 (1) = Tt M; /xoh =M To fi = M, To M3 1
so that
Ty =M, To M;.
Let f5 = 00222 + 0p422M*2 + 024222042 + ... = 22(00 + Cpy 22" + 0242228 + ...) be an

arbitrary function in X3. Denote j‘ﬁ =01 + Ops12” + 02p41228 + ... € X(. As before,

we have
T2f2 =Tz (223) = Ta Malxoh =M2 Tof2 = M2 To M2 f2,
and therefore
Ty = M;2 Tog M32.

Continuing this way, we finally get
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Tp1 =Mjn-1 To Mzn-1.

Thus

To

MZTOM;

M n1ToMn1

Conversely, suppose T is of the above form. Let S be as in (3.6). We want to

show that T commutes with S. First,
STf=ST (fo+f1+ +fn1) =S (Tofo+M; To Mz f1 + - + Mzn1 To Mzn-1 fp1) =
po(Tofo) + p1(To Mzf1) + - + pn-1(To Mz fn-1). 3.7

On the other hand,

TSf=Toofo+ Bfi+ Bpys -+ Bl fy =

=To@Qfo +ad 31 + a3 22fa + ... + a5} P Yfp) +

+M; ToM; @ fo+alfi+adafa+ ..+ ") +

+ Mpnt To Mz, Yo + a,)y 2721 + 0.} 2%3f + o+ al L fo) =
a§(Tofo) + ad(To Mi f1) + - + a5 (To Min-1 f1) +
@) 2(To fo) + alz(To Mz 1) + = + "' 2(To Min-1 fr) +



68

a2, 21 (Tofo) + a,} 20 U(To M3 f1) + - + a32m1(To Min-1 f1) =

po(T0 f0) +p1(TO Mz f1) + -+ + pn-1(TO Mz fn-1 ). (3.8)
Comparing (3.7) and (3.8), we get that

ST=TS.

Hence T € { T,n, T;;u }". Thus, we proved the following:

Ty
M T M~
Te (T, Tp) ifandonlyif T=| 29 °¢

M n-1ToMzn-1

Therefore, we proved Theorem 3.3.

If we compare theorems 3.1 and 3.3 we see that in both cases operators in W‘(Tz,.)
have diagonal matrices. In the Bergman space case, each diagonal entry is an arbitrary
operator T, while on the Hardy space each diagonal element is of the form M i-1T M i-1,

for some Tg. The difference comes from the coefficients of the orthonormal basis in the

Bergman space.
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