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Abstract

Strong Markov Properties for Markov Random Fields

by

Kimberly Kay Johannes Kinateder

Markov properties and strong Markov properties for random fields are defined

and discussed. Special attention is given to those defined by I. V. Evstigneev.

Various definitions of measurability for set-valued functions have been defined.
These definitions are shown to be equivalent to each other for compact domain-
valued functions, called random domains. The strong Markov nature of Markov
random fields with respect to random domains such as [0,7;] and [r, 7] are
explored, where 11 and m are stopping times. This concept is extended to higher
dimensions by introducing an extension of stopping times called membranes. A
special case of this extension is shown to generalize a recent work of Merzbach

and Nualart.

Finally, the so-called corner Markov and strong corner Markov properties are
introduced, and the strong corner Markov property is proven to hold under some
conditions which include a Cairoli-Walsh (F4) type of condition. The strong
Markov nature of reciprocal Markov processes is explored using techniques of

Stroock and Varadahn.
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Chapter 1

Introduction

The study of Markov properties for random fields was initiated by Lévy
[Lev48]. McKean [McK63], Molchan [Mol71], Pitt [Pit71], Kallianpur and Man-
drekar [KM74], and Kunch [Kun79] studied necessary and sufficient conditions
for Markov properties of Gaussian random fields. In [Man83], Markov prop-
erties for general random fields were studied. Evstigneev initiated the study
of strong Markov properties in multi-dimensions by introducing Markov times
in [Evs77] and proposed a necessary and sufficient condition (splitting) for this
strong Markov property in [Evs82]. In [Evs88], Evstigneev presented a nonantic-
ipating sufficient condition for a Markov random field to have his strong Markov
property with respect to a set-valued random function (specifically, random do-
mains). We shall refer to this condition as (2.6). Rozanov [Roz82] also explored
set-valued random functions and strong Markov properties for multi-dimensions.

This study has found applications to various fields ([Dud82], [Nel73], [Sim74]).
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For 'R,l+ , our purpose is to systematically study Evstigneev’s strong Markov
property for random domains related to stopping times. In order to extend these
results to 'Ri with d > 1, we introduce random membranes as an analogue
of stopping times and study Evstigneev’s strong Markov property with respect
to random domains related to random membranes. As an example in 'R.2+ , we
show that the so-called decreasing stopping lines occuring in a recent work of
Merzbach and Nualart [MN90] on point processes are a special type of random
membrane that satisfies condition (2.6). [MN90] presents another strong Markov
property and we show that, under some natural assumptions, condition (2.6) is
sufficient for a point process to have this strong Markov property with respect to

a decreasing stopping line.

In Cairoli and Walsh [CW78], a one-dimensional property (F4) is used to
investigate two-dimensional Markov properties. In Chapter 4, we study one-
dimensional strong Markov properties and relate them to two-dimensional strong
Markov properties. Finally, the study of strong Markov properties for reciprocal
Gaussian processes is undertaken. The results obtained present a good beginning
to this study, and some methods from [Str87] are clarified. Since reciprocal pro-
cesses play a major role in various applied problems, it appears that the study of
strong Markov properties for reciprocal processes may have a significant impact

on applications.



Chapter 2

Definitions and Preliminary

Theorems

2.1 Markov properties

Let (2, F,P) be a complete probability space. Throughout this thesis, we
assume that all sub- o -algebras of F introduced will contain all sets of measure 0
from F. Since our goal is to determine when certain random fields have a strong

Markov property, we need to understand the simple notion of a random field.

Definition 2.1 Let { = {& }tG’R‘i be a family of random variables defined on
(2,F,P). We call ¢ arandom field.

Example 2.1 One of the special cases of random fields that we study is the
point process. In [MN90], the point process for d = 2 is defined as follows. Let
N be a random measure on ’R_%_ such that N(w) is a finite or countable sum
of Dirac measures on random and different points Z;(w), ¢ = 0,1,.... We also

assume that

N({z=(z1,22) € 'R,_%_ :0<2; <t,1=1,2}) < oo,
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for all t = (t1,t2) € 'R?,_ and that the measure of the axes is zero. The point

process £ is then defined for t € 'R.z'_ by
& =N({z=(21,22) €ERYL: 0< 2 < t;,i=1,2)).
Associated with a random field £ we define o -algebras
Ga=o(&,t€ A)
for ACRY and germ-field o -algebras

}'AE ngAt
0

for AC 'Ri , where

A = {te RE : d(t, A) < ¢).

Throughout we assume gRi = F.

Using the above o -algebras, we can express several different Markov proper-
ties for a random field £. For this we need the concept of conditional indepen-

dence.

Definition 2.2 Let A,B, and G be sub o -fields of 7. We say that A and B

are conditionally independent given G, if

P(ANB|G)=P(A|G)P(B|G), forall A€ Aand B € B,

where P(-|G) is the conditional probability given G. We denote thisby A 1L B|G.

In our case, P(-|G) will be an equivalence class.

The first Markov property that we shall introduced was proposed by Evstignecv
[Evs88]. A subset A C ’Ri is called a domain if A C A°. Let T denote the set
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of all compact domains in ’Ri . Assume @ € T. A random field ¢ is said to be
Markov with respect to B € T ifforall A,Ce€T with ACBCC,

Fp AL Fge | Fzenp-

Definition 2.3 We shall say that a random field { is Markov if ¢ is Markov
with respect to B € T, for all B € T.

Given this definition, a natural question arises. When d = 1, how does this

Markov property relate to the Germ-field Markov Property (denoted GFMP),
(f[o,t] Stk }-[t,oo)lf{t}a for all t > 0)

and the classical Markov property

(G0, Lk Git,00)| Gty for all t > 0) ?

The answer is given below.

Lemma 2.1 If £ has the classical Markov property, then € 1s Markov.

Before proving the claim, we will state a few results dealing with conditional
independence. Proofs for Propositions 2.1 through 2.4 and Theorem 2.1 can be
found in [Man83], pp.163-167. Proof of the Proposition 2.5 is given in [Roz82],
p. 58.

Proposition 2.1 If A,B,G', and G are sub-o -algebras of F with
Al B|G and G' CGVB, then A 1L G'|G.

Proposition 2.2 Let {O;,: € I} be disjoint open subsets of X and U =
Uier Oi. If
9o, AL Go: 1960



forall i € I, then
g UL Gy= | Gau-

We call the latter condition the simple Markov property on U.

Proposition 2.3 § has the simple Markov property on all open subsets of X if

and only if € has the simple Markov property on all open intervals in X .

Theorem 2.1 If ¢ has the simple Markov property with respect to a set A, then

N GouL N Gl N o

open ODA open ODA° open OD0A

That is, £ has the the germ-field Markov property (GMFP) on A.

Proposition 2.4 ¢ has the GFMP on a set A if and only if for every open set
0204,
QA U Gye |g0~

Proposition 2.5 If {Gn}n are monotonically decreasing sub-o -algebras of F

such that A 1L B|Gn for alln € N, then

oo
AL B| () Gn.

n=1

Proof of Lemma 2.1. Assume ¢ has the classical Markov property. Then

90,4 1L G(t,00) |o(&), forall t > 0.
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From Gjo5 = Gjo,t) V 9(€t)s Git,00) = G(t,00) V 9 (1), and Proposition 2.1, we get
that ¢ has the simple Markov property on sets of the form [0,¢) and (,00). By
Proposition 2.2, ¢ has the simple Markov property on sets of the form [0,s) U
(t,00), s <t. By Proposition 2.1,

Q[OVS]U[,’OO) AL g(”) |gw), for all t > s;

that is, € has the simple Markov property on all open intervals in (0,00). Propo-
sition 2.3 now gives us the simple Markov property on all open sets in (0,00). The
GFMP on all open sets follows from Theorem 2.1. Now let a,b € T with a Cb.
Our goal is to show Fgz 1L Fpy | Faemp. Let € >0, A=1°, 0 = (a°Nb), and
apply Proposition 2.4 to get Gpo L Gpo)e |g(m).. Note that Gy = Gpo Vg(my
and gmx = Gpo)e V g(m).. Hence gm- AL Gpe |g(m). by Proposition 2.1.
Finally, we apply Proposition 2.5 and the facts that Fzr C gg)—,, for all € >0
and Fp C Gpe, for all € > 0 to get

Fer UL Ry | Farg.
Therefore, £ is Markov with respect to all a,b € T with a C b. (]

The converse of the above claim is not true. A counterexample for this comes
from A = (0,t) and X(t)+X(t) = B(dt), t >0, X(0)=X(0) =0, where B is
Brownian motion. By [Doo44], {X¢,t > 0} has the GFMP for all A, but it does

not have the simple Markov property for all A.

Another Markov property for ’R_l+ that we need is the reciprocal Markov

property.

Definition 2.4. ¢ has the reciprocal Markov property if

Gls) AL Gpo,sluite0) | Gis )



forall 0<s<t<oo.

We now turn our attention toward strong Markov properties. We start by

introducing stopping times.
Definition 2.5. A nonnegative random variable 7 is called a stopping time if
{r<u} e g[g'u], forallu >0
and a two-sided stopping time if
{u £7<ug} € Oluy,ug)  for all ug > uy > 0.

Observe that T is a stopping time if and only if {w : [0,7(w)] C [0,u]} € G,y
for all ©u> 0.

In order to generalize the concept of a stopping time to higher dimensions,
we need to define measurability of set-valued functions ([Evs77], [Evs88], [MN90],
[Roz82]). Define a o - algebra 7 on T by letting

T=0({A€T:ACU} : U is an open subset of’R,i).

It is easy to prove that 7 can also be generated by sets of the form {4 € T :
A C U} where U ranges over all Borel subsets of ’Ri . For further information,
see [Evs88].

Deflnition 2.6. A measurable map from (2, F) to (T,7T) is called a random
domain [Evs88].

That is, a random domain is a compact domain-valued function on §2 such

that

{QeD}eF, foral DeT (2.1)



It is worth noting that there are other ways to express this measurability (2.1).

Lemma 2.2 If Qw) € T for all w € Q, then the following conditions are

equivalent to (2.1)

{QNA#0}eF, forall AeT (2:2)
{QC A} €F forall A€T. (2.3)
{QC B} €F, forall open subsets B € 'Ri. (2.4)

Proof. (2.1), (2.2), and (2.3) are equivalent using [Evs88], p. 31. The equivalence
of (2.3) and (2.4) follows from the relations

@cn = JtecTmm
n=1
for any open domain B in Ri where B~/ = {t e R$ 1 d(t,B°) > 1} and
{Qca}= ﬁ {QC AY"} forany A inT.
n=1 i
Condition (2.4) is the definition of measurability used in [Roz82]. Rozanov
also noted ([Roz82], p. 80) that the measurability of a T -valued map on € can

be expressed in terms of the measurability of random variables, as described in

the next lemma.

Lemma 2.3 Suppose Q(w) € T for all w € Q. Then Ig(z) is a measurable

random variable for each z in 'Ri if and only if Q 1s measurable.

We shall also study the strong Markov property for point processes. In order
to relate this work to that in [MN90], we neced the definition of measurability

from [MN90]. In [MN90], a random set @ is said to be measurable if

{QNA £} eF, forall open ACRY. (2.5)
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Once again, this definition of measurability is equivalent to Evstigneev’s definition

of measurability when @ takes values in T'.

Lemma 2.4 Assume Q(w) € T for each w € 2. Then (2.5) holds if and only
if (2.1) holds.

Proof. (2.1) implies (2.5) by the relation
{QNA#¢) = {QCTAP) for open 4,

the equivalence of (2.1) and (2.3), and the fact that (A°)° € T'. The reverse
implication follows from the same relation after noting that any B € T can be

written as ((B€)°)° and that B¢ is open. u]

Let C be a collection of sets C. A random set-valued function D is said to

be compatible with C if
{DCC}eFg, forall CeC.

A random set-valued function D is said to be co-compatible with a collection of
sets C if
{D2C} e F¢, forall CeC.

As mentioned earlier in this section, an example of a random domain when
d =1 is the random interval @ = [0,7] where 7 is a positive random variable.

We provide an extension of this concept to 'Ri :

Definition 2.7. A RY -membrane is a subset M C RS such that
if d=1, then M = {m} for some m € (0,00), and
if d>2,then M satisfies (1) and (2) below:

(1) Mn{ueRY :u=0}isa ’Ri_l—membmne in {ueR4:u =0} forall
f= 1 d,
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(2) there exists a continuous one-to-one map
v:Ba1(0,H)NRI — RrY

such that y(By_1(0,1) N 'Ri‘l) = M.

We call it a membrane because the first exit set 7 ‘attaches’ itself to each
axis (d = 2) or axis plane (d = 3) and ‘stretches’ itself between the axes (d = 2)

or axis planes (d 2> 3).
Figure 2.1 membrane A (d = 2)

y-axis

M

z-axis

We can define sets of the form [0,M] and [M],Mj] for d > 1 dimensions
in a natural way using membrane theory as described below. Let M denote the
class of all membranes. If M € M, let

O,M)={ue€ ’Ri : u lies on some polygon p in 'Ri which connects 0
to an element v € M and such that pN M = {v}}.
Define a partial ordering < on M by M) < Ms if and only if [0, M}] C [0, M2].
Also define [Mj, Ms] = [0, M2} N[0, M1])¢ for My, My € M such that M) < Ms.



12

Figure 2.2 [0,M1] and [M1,M3] for My, My € M such that My < Moy

y-axis

2.2 Strong Markov properties

Now let us recall the classical 1-dimensional strong Markov property. As men-
tioned in Section 2.1, a nonnegative random variable 7 is a stopping time if

{r <u} €y, forall u > 0. Define the stopped o -algebra Fr by

Fr={AeF: An{r <u} €Gp,), forall u>0}.

Definition 2.8. £ is said to be strong Markov if for every stopping time 7,
P(& € C||Fr) = P(& € C||lo(¢r)) a.s. on {t > 7}

for all t >0 and C € B(R).

Intuitively, this says that the information from the process after the random
time 7 is conditionally independent of the future information after the random
time 7, given the information from the process at the random time 7. As the
extension of the Markov property to R, d> 1, corresponds to the conditional
independence of the information of the process in the ‘interior’ and ‘exterior’
regions of a set given the information on the boundary of the set, the extension
of the strong Markov property to ’Ri, d > 1, corresponds to the conditional

independence of the information of the process in the ‘interior’ and ‘exterior’
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regions of a random domain given the information on the boundary of the random

domain.

Strong Markov properties of this type were proposed by Evstigneev ([Evs88]
and [Evs77]) and Rozanov [Roz 82]. Exploring Evstigneev’s most recent strong

Markov property is the main purpose of this thesis, and it is defined below.

For notational convenience, define
Ai1(A,B) = Fp
A(A, B) = Fgz
A3(A, B) = Frepp
for A,BC RS with AC B.

Let € > 0 and a, 3 be random domains such that a(w) C f(w) for all w € 2.
Let ¢ € {1,2,3}. Define Aj(a,B) to be the o-algebra generated by «, and

sets of the form
{a=¢ C A}N{FF 2 B}T

where T' € A;(A, B) and
a f(w)={t>0:d(t a(w) >e}.

Let Ai(a,B) = Ne>0 Ai(a, B).

Definition 2.9. A random field ¢ is strong Markov with respect to a
random domain @ if, for every two o(Q)-measurable random domains a, 8 with

a(w) € Q(w) C f(w) for all w € Q,

Al(a, ﬂ) 1 AQ(OZ, ﬂ) |'A3(aa :B)

Evstigneev [Evs88] proved that each of the following conditions on a random

domain @) is sufficient for a Markov random field £ to be strong Markov with
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respect to a random domain Q:

{Q C B} € Fp, forall BeT (2.6)
{@Q 2B} € Fp, forall BET (2.7)

The following lemma is helpful in relating condition (2.6) to some more com-

mon conditions.

Lemma 2.5 Let ) be a random domain.

(i) {Q C A} € Fy, for all open subsets A of R‘_{_ is equivalent to condition
(2.6).

(it) (2.6) implies {Q C V} € Fy, for all compact intervals V of 'Ri .

(1) If Q = [r1,m2] for some random variables 71,72 such that 0 < T1(w) <
m(w) < 0o, for all w € R, then {Q C V} € Fy, for all compact intervals
V of Ri implies (2.6).

Proof.

(i) We shall first show that {Q C A} € F4 for all open subsets A of
’Ri implies condition (2.6). Let V € T'. Since €f>']0 Fye« = Fy, it is enough to
show that {Q C V} € Fye for every ¢ > 0. Let € > 0. Then {Q C V} =

Q 1{Q - V%} € Fye and we are done. Now assume condition (2.6) and let
n=[1
A [t:<13+an open subset of Ri . Using that A is open and Q(w) is closed for each
we, {QCA)= U{QC A"} ey

(i) Consider the compact interval V =[a,b]. If a = b, then V = {a} and
{Q CV}=¢€ Fy, because Q(w) is a domain for each w € Q. If a < b, then
V€T and {Q CV} € Fy by condition (2.6).
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(iii) In order to prove (2.6), we shall show that {Q C V} € Fye for every
VeT and e>0. Let V€T and €>0. Then

(o ¢]

{cvi= N U {Q C [s,t]}

n=[3]+1 stevAn@Q; [sycvH
is an element of ka C Fye¢ and the proof is complete. D

We will later show that condition (2.7) is not equivalent to £ having the strong
Markov property with respect to . The next theorem describes the relationship

of a random domain @ with the random set Q°.

Theorem 2.2 Consider the random field § = {{t}1ep where D 1is some compact
subset of 'Ri.

(1) Q is a random domain if and only if Q° is a random domain.

(¢1) €& is strong Markov with respect to Q if and only if £ is strong Markov with
respect to Q°.

Proof.

(i) Let @ be a random domain. Since @ is closed, we have that Q¢ is open
and thus Q° is a domain. Hence Q¢(w) € T, for all w € . Using results (2.10)
and (2.15) on pp. 79,80 of [Roz82|, we can get the measurability of Q. Therefore

QF° is a random domain.

The reverse implication follows by the above and the fact that (Q€)¢ = Q.

(ii) Assume ¢ is strong Markov with respect to Q. Let a and 8 be o(Q°)-
measurable random domains such that a C Q° C 4. Note that for an arbitrary
A €T, it holds that A% = A, dA° = JA, and (A°)° = A° ([Roz82, pp. 80-81,
(2.17), (2.18)]). Thus

{QC A4} ={Q° C A%} ={(Q°)° 2(4°)°} ={Q° 2 A°}.



16

Since A° € T and T is generated by sets of the form
{BeT: B2C}

where C € T ([Evs88], Lemma 6.2(3)), we get that o(Q) = ¢(QF). Combining
this, o(a) = o(a®), and o(B) = o(f°), it follows that o° and B¢ are o(Q)-

measurable. By the assumed strong Markov property,
AL(B%,0°) AL Ag(B°,a®) | A3(B°,ac).

In order to prove the desired strong Markov property, it is enough to show

AL(FF, o) = Az(a, B), (2.8)
Aa(B°, o) = Ai(a, B), and (2.9)
A3(B°, ) = Ag(a, B). (2.10)

For € >0, A,B €T with AC B and I" € 4;(4,B), i€ {1,2,3},

{a=€C A} n{FF 2 BYNT = {(a=)° 2 A} n {(B)° C FF}nT
={@) 2@} n{(F°y CBINT

Moreover,

Ai1(A,B) =Fp = f(y——c)g = Ay(BF,A°),

Ay(A,B) = Fpe = AI(EE,F), and

As(4, B) = Freng = Foggeyere = As(T% 4.
Hence Af(a, f) = A3(B%,a%), Aj(,B) = A{(F°,a®), and Aj(a, B) = A5(B°, a®).
Therefore (2.8) holds. (2.9) and (2.10) can be proven in a similar fashion.

The reverse implication follows from (a®)° = a and (B°)¢ = and the same

techniques used above. [u]



Chapter 3

Special random domains

We will now look at some specific random fields £ and random domains Q such

that ¢ has the strong Markov property with respect to Q.

3.1 Random domains of the form @ =[0,7] when d=1.

In this section, two theorems with different hypotheses and identical conclusions
will be stated for d = 1. The second theorem is decidedly stronger than the first
theorem. However, the proofs of the two theorems use different techniques. The
proof of the first theorem uses an interesting result of Rozanov and condition (2.6).
The second proof uses only (2.6) and is most similar to the rest of the proofs in

Sections 3.3 and 3.5.

Theorem 3.1 Let £ = {&}1>0 be a Markov random field with continuous sample

paths. Assume there czists some open set Ay C R such that €y(w) € Ao, for all
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w € Q. Define the random set
AMw) = {u 2 0: éu(w) € Ao}

and assume that A(w) is bounded for all w € Q2.

Then € is strong Markov with respect to the random domain Q = [0, 7], with
T(w) =inf{u > 0:&u(w) ¢ Ao}.

We call T the first ezit time from Ag
Before we prove this theorem, we need to state a result of Rozanov

([Roz82], p. 82).

Theorem 3.2 Let O denote the collection of all open subsets of R}', and let
uo be a fized point in ’R;. If D is a random domain, co-compatible with O,

then the connected component Do of D containing uo is compatible with O.

Proof of Theorem 3.1. We will first show that X is a random domain. Note
that the set A(w) is open in X since A, is open and §(w) is continuous for all
w € . Thus (i—);(w) = Aw), for all w € Q; that is, A(w) is a domain for all
w € . By assumption that A(w) is bounded, for all w € Q, and since A(w)

is closed, for all w € Q, we have that A(w) is compact, for all w € Q. Thus
Aw) €T, forall we Q.
Next we must check the measurability of A. Since A is open, it is enough to

check if {A 2 A} € F, forall A€ O ([Roz82), pp. 79-80). Now

P24r=(x24)=N N U {&ed),

>0ueAnQ veB(u,)NQ
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which is an element of Fy4, for all A € O using that A is open. Hence X is
measurable, and thus X is a random domain. From {A D A} € Fy, for all

A € O, we also get that X is co-compatible with the family {o(éu, u € A)}ac0-

Applying Theorem 3.2 with D = X and u, = 0, yields that Q = [0,7]
is compatible with the family {G4}4eo, where 7 = inf{u > 0: & ¢ Ao}
Let B € T. Then {Q C B} = N3{Q C BY/™} since B is closed. Also,
{Q C Bl/"} € QB% , since Br is open and @ is compatible, for all n € IN.
So {Q € B} € 3Z19,2 = Fp since Gz C N2gec 2 Gge, for all n. This
inclusion and condition (2.6) yield that ¢ has the strong Markov property with

respect to Q. O

It turns out that Theorem 3.1 holds for any positive stopping time 7, not
just exit times. The path continuity and initial conditions on ¢ can be removed

to yield the result given below.

Theorem 3.3 If £ is a Markov random field and T 13 a positive finite stopping

time, then € is strong Markov with respect to the random domain Q = [0, 7].

Proof. We must first show that @ is a random domain. Certainly, using that
0 < 7(w) < o0, for all w € N2, we get that Q(w) € T, for all w € . Moreover,

given V €T and € >0,

@cvi= N {orcvh)

= F] U {r < s}.

n=[¢]+1 sevan@Q; [0,V

The latter equality comes from the proof of the following lemma.
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Lemma 3.1

{0, 1]V} = U {r<s)
aGV%ﬂQ; [o,s]gv%
for arbitrary n € N.

Proof. If u € [0,7(w)] and there is an s € Va NQ such that [0,s] C Vn and
T7(w) < s, then u € [0,s] C Vn. Hence |
U {r<syc{lorcva).
seVan@Q; [0sjcVE
Furthermore, if [0,7(w)] C Va , then by van (7(w), ) being open, there exists
some rational s € V' such that [0,7(w)] € [0,s] C Va.In particular, 7(w) < s.
Thus

U {r <s}2{[0,7] C V~},
aGV*ﬂQ; [0,slcvH

and the lemma is proven.

Continuing with the proof of Theorem 3.3, we have {Q C V} € Fy« for each
e >0 and {Q C V} € Fy. Hence Q is a random domain and ¢ is strong

Markov with respect to @ using condition (2.6). O

3.2 A counterexample

We are now ready to construct an example of a process ¢ and a random
domain D such that ¢ is strong Markov with respect to D but D does not
satisfy (2.7).

Let &, &1, and €5 be independent random variables. Define

3 ~ ~
&= 3 Eactl ot my(t) +Eolio)(2) for ¢ € 0,3]
n=1
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Suppose that & lies in some open set Ag and let 7 =inf{t > 0: & & Ag}.
Furthermore, assume that 7(w) < oo forall w € 2 and 0 < P(r > 1) < 1. Note
that ¢ is classical Markov since Gg 1) = 0(éo) is independent of o(£1,£2) = Gp1,3)-
Thus € is Markov and has the strong Markov property with respect to the domain
Q@ = [0, 7] by Theorem 3.3. By Theorem 2.2, ¢ also is strong Markov with respect

to the random domain Q¢ = [r,3].

However,

(@ 201,30} = {3 2(1,3))

={r>1}

={r<1)°

€9)0,1)
since {r <1} = :gl(r <1-1) and {r<1-1) € Gy 1y € Gy for each
n. Suppose {Q° 2 [1,3]} € Gp13- Then {Q° 2 [1,3]} € Gy NG 3 and,
since Gyg,1 is independent of Gy 51, P(r 2 1) = P(QF 2[1,3]) = 0 or 1. This
contradicts our assumption that 0 < P(r > 1} < 1. Hence {QF 2 [1,3]} # 1 3

and condition (2.7) does not hold.

3.3 Random domains of the form Q =[0,7r] when d>1

Recall that membrane theory was discussed in Section 2.1. The extension of

Theorem 3.3 now follows naturally.

Theorem 3.4 Let £ be a Markov random field and let 7 : Q — M be a map

such that

{r<M}egony, foralMeM. (3.1)
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Then ¢ has the strong Markov property with respect to the random domain Q =

[0,7].

Proof. We need only to show that @ is a random domain and that (2.6) holds.
Since Q(w) € T, for all w € 2, we may conclude that @Q is a random domain
once we have proven (2.3), as was done in the proof of Theorem 3.3. For arbitrary
V €T and € > 0, define

d
My ={MeM:[o,M cV/" Ma(U{ueRS: uj=0forj #i}) C Q})

1=1

Then given any V €T and € >0,
fecvi= N U {ecM)

n=[L}+1 MEH}
€ () Gve

0

which equals Fy using the hypothesis. D

3.4 Stopping lines

In [MN90] a special type of membrane is defined for d = 2. Let M be a
R% -membrane. Define Q(u) = M N {z € R} : 21 = u} for u € [0,1]. We shall
say that M is a decreasing line if Q(u) is a singleton for each u € [0,1] and the
map Q on [0,1] is non-increasing, where Q(u) is defined to be the y-coordinate
of Q(u). Let L(w) be a decreasing line for each w € 2. Then L is said to be a
stopping line if

{z:C, <L} € g[O,C,],

for all z € ’R%_ where

CzE{xE'Ri:zl=z1,05x25z2}u{x€7€3_:z2=z2,0_<_a:1Szl}.

——
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Let N be a point process and L be a random membrane. Upon application

of Theorem 3.4, if N is Markov and satisfies
{L < M} € Gy, p) for M e M (3.2)

then N is strong Markov with respect to the random domain @ = [0, L].

Evstigneev showed that there is another strong Markov property such that
N is strong Markov with respect to @ which also follows from condition (3.1)

for N and Q. This strong Markov property is
AQ) 1L A@®) | A0Q)

where A°(D) = o(D,{DF 2 B}NT, B€eT, T egp) for e >0 and A(D) =
ﬂo Af(D) for any random domain D ([Evs77)).
>

Merzbach & Nualart define the following strong Markov property:

For a set-valued random function D, let Hp be defined to be the o -algebra
generated by D~1(7) and the random variables 1p(z)N;, z € Ri‘ We say

that N has Merzbach & Nualart’s strong Markov property with respect to D if
Hp AL Hpz | Hop-
Merzbach & Nualart’s strong Markov result is stated below.

Theorem 3.5 [MN90] If L is a decreasing stopping line and N has the simple

Markov property with respect to sets of the form [0,(), £ a decreasing line, then

Hg AL 'H¢|’HL.



24

Next, we compare sufficient conditions on L.
Lemma 3.2 If L is a decreasing stopping line, then L satisfies condition (3.1).

Proof. Let L be a decreasing stopping line. Since L is decreasing, it is enough
to show that {L < M} € Gy py) for arbitrary decreasing lines M € M. Choose
an M as described. Then

{L <M} ={L£M}°

=( U {c.<n)y

zeMn@’
Now {C, < L} € g[O,C,] by L a stopping line. Moreover, g[O’C‘] C g[O,M] for
z € MN Q2 since [0,C;] C [0,M] and M is decreasing. Thus {L < M} €

Gjo,Mm]> and we have that L satisfies (3.1).

The converse of this proposition is not true, as the following example shows.

Counterexample 3.1. Here we present an exmaple of a point process N and
random membrane L such that L is decreasing and satisfies (3.1), but L is not
a stopping line. Let N be Poisson. Recall that NV is a.s. boundedly finite and
without fixed atoms. We can apply Theorem 2.4 VII of [DV88] (p. 35) to get
that for every finite family of bounded disjoint Borel sets {A;,z = 1,...,k}, the
random variables N(A;),...,N(Ag) are mutually independent. Define Mu =

{(z,9):y=u—2z}NRE for u>0 and

L(w) = inf{Mu =/Es(w)l[o,Mu]ng.(u)—1([3,00))(8)/\2(613) > 6}.

—
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Assume that z € RZ and {C; < L} ¢ {0,9Q}. Then given any Mu,
+

{L < Mu} = {w: /€a(w)1[o,Mu]ng.(w)-1([3,00))(8)/\2(d8) > 6}
€ g[O,Mu]
Thus L satisfies (3.1). However, for z € R%,

{C: <L} ={L < My +2,}°

U LM}
VeQiﬂ(O,zl+zz)

€ g[O,M,1+,2]'
By independence of N([0,Mz,+2,]) and N([0,Cz] N [0, Mz,42,]°), it does not
hold that {C; < L} € Gjg c,]- Thus L is not a stopping line.

The above lemma and counterexample show that (3.1) is a weaker assumption
on L than the assumption that L is a stopping line. However, condition (3.1) is
sufficient for N to have Merzbach & Nualart’s strong Markov property. We shall

now state and prove our version of Theorem 3.5.

Theorem 3.6 Assume A(Q)V A(Q°) = F and oﬁl H[L—i L+4] = Hy. If
n= n? n
N has the simple Markov property with respect to sets of the form [0,€], £ a

decreasing line, and L satisfies (3.1) then
Ho 1L 'HQ? | Hp,.

Remark. The condition A(Q) V A(Q°) = F is clearly satisfied if Q is a

o0
deterministic compact domain. Also, the condition () H[L— L4l = Hp is
n=1 n'= n

o0
similar to the condition ﬂl H(L,L,) = ML which is proved in [MN90] for L a
n=

decreasing stopping line and {Ln} a sequence of decreasing stopping lines which

converge to L.
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In order to prove this result, we will need a few lemmas.

Lemma 3.3 If N has the simple Markov property with respect to set of the form
[0,€), £ a decreasing line,

then N 1is Markov.

Proof. Let B € T. We must show that Fgz \L F¢ | Fpepe forall 4,C €T
with A € B C C. Certainly [ gmng | G¢ for any decreasing line £.
Moreover, g[U,l) A1 gm’[)c | G¢ using Proposition 2.1 and g[oy[)e c Q[O’[y VG.

Thus, by Proposition 2.2, we know that
9p AL G5 | Gop

for all sets D of the form

D=[0,0)U[0,s)

where ¢ < s and I,s are decreasing lines. This, of course, is equivalent to

Gp AL G | Gop for D = (¢,s).

Given any open convex set § C R%— , there exists a collection {(¢;,si)};ey of
pairs of decreasing stopping lines such that

£; < s; foreach i € N,

U @,si—i) =79,

i€
and  (€;,) N (C,85) =¢ for i # ).

Thus, by Proposition 22, N has the simple Markov property on ; that is,

Gy AL Gge | Gop-
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According to Corollary 3.1 of [Man83], this is equivalent to N having the simple
Markov property on all open subsets of ’R?,_. Hence, N has the GFMP on all
open sets by Theorem 2.1, and the rest of the proof is identical to the last part

of the proof of Lemma 2.1 with a= A and b= B. 0

Lemma 3.4
(1) Hge SAQ)V A%(L) and ’H(—Q;F C A(Q°)V A°(L) forall e >0
(1) A(Q) € Hg and A(Q°) C Hpe

(dii) A°(L) = H[L—s,L+s]

Proof.
(1) We shall first show Hge C A(Q) V A°(L) for arbitrary € > 0. Consider

C € B(Rt), z € R2 , and note that 1/, is equal to
{1ge(z)N.€C)

Higraylivec) +1@e(z)  #0€C

or

l{lar(z)}l{N,EC} if 0 C.

Furthermore, note that (Qf)° is o(Q)-measurable and hence .A(Q)-measurable.

Thus, it is enough to show 1,eg01 (v, ecy 18 A(Q) V A%(L) -measurable. Now

L .eQ5)n{N,eC)

= 1zeQ)n{N,eC} + Yze[L—e,L+e]}n{N.eC} — 1{zeQ})c L{z€[L—¢,L+€]}N{N,€C}"

In addition, since Q(w) € T for each w € 2,

{ze Q}N{N; € C} = {QF D B(z,e)} N {N; € C} € A(Q).
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Thus {z € Q}N{N, € C} € A(Q). Because L isdecreasing, {z € [L—¢,L+¢€]} =
{{L—e, L+e] 2 B¥¥(2,20)} U{[L—¢, L+¢] 2 B~ (,26)}U(| U_{[L—e,L+¢] 2
B(z,6)}) where
B*t(z2,2) = B(z,2e) N {(s,t) : 8 > z1, t > 29}

B™7(z,2¢) = B(2,2e) N {(s,t) : s < 21, t < 29}.

Since the three summands are disjoint, {z € [L —¢,L+¢€]}N{N; € C} € A°(L).
Therefore, 1 (zeQ7}1{N.ec) 18 A(Q)V A*(L) -measurable. The proof of 'HW C

A(Q°) Vv A%(L) is proven in a similar fashion.

(i) We show A(Q) € Hg by proving A°(Q) C Hge for all € > 0. Consider
aset {QF DT}NA where ' € T and A € Gr. Now A € Gr implies the
existence of a countable collection Z C I' and a measurable function ® such

that 1o = ®(N,,z € Z). Moreover, {Qf D T'} = N {z € QF} for
ze€l'Nsupp(N)
the countable collection X = I' N supp(N) C 'R%_ since supp (V) is countable.
Therefore
Lgeorina = II li,eqr) ®(Nz, 2 € 2)
z€X

= Il 120 eegr Nz € 2)
zeXuz

is Hger-measurable. So A*(Q) C Hoe.

The proof of A%(Q°) C %W is handled in a similar fashion.

(iii) Proof of A®(L) C H[L—¢,L+e] uses the same technique as in (ii) and will not
be shown here. In order to show that reverse inclusion, consider € > 0, z € RZ ,

and C € B(R). Then

Y(L—e,L+e]n{z}}N{N,€C) T+ Y{[L-e,L+e]{z}} HO0EC

1 —c J(z)N.€C = 1
Hiemerra@NE0) {1{[L—5,L+€]2{2}}0{Nzec} togc
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Now {[L —¢,L +¢] 2 {z}} € A*(L) and so it is enough to show that
{(IL-¢,L+e]l2{2}}N{N, € C} € A5(L). Now {[L—¢,L+¢€] 2 {z}} =
(UL -eL+el 2 BEOHUIL -6 L+e] 2 B¥(z,2e)}U{[L — ¢, L +
€] 2 B=(2,2¢)} and so {[L —¢,L +¢€] 2 {z}}N{N;, € C} € A5(L). Thus
H{L—e,L+e] € A(L). =

Proof of Thm 3.6. By Lemma 3.3 and the fact that (3.1) holds, we get
AQ) 1L A(Q°) | A(L).

Since A(Q)V A(Q°) = F and A(L) C A°(L) C F for any € >0,
A(Q) 1L A(Q°) | A°(L).

Now A(Q)V A%(L) L A(Q°) V A5(L) | A°(L) by applying Prop. 2.1. Apply-
ing Lemma 3.4(i) now gives us Hgz AL Higey | A(L), and Lemma 3.4 (iii) yields
For UL .F(-Q-z;-; | Hir—e,L+e]- By the Martingale convergence theorem,
nofjl H[L—%,L+%] = H; . Since Hp C Hp for all set-valued random functions
D C D', we conclude that Hg AL ’H@- | Hy, . O

3.5 Random domains of the form Q = [r,n]

Another type of sct-valued random function that may be of interest, particu-

larly when considering reciprocal Markov processes, are of the form

Q = [r1, 2]
and 71 and 1y are positive random variables that satisfy

0<1(w) < m(w) <oo, forallwefl
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For 71 and ™ membrane-valued random functions satisfying the above inequal-

ities, we have the following result for d > 1:

Theorem 3.7 If £ is a Markov random field and 11 and ™ satisfy
{My <71 <12 < Ma} € Gagy My (3.3)

for all My € MU {0} and My € M with M} < My then £ is strong Markov

with respect to the random domain Q = [r,m].
Note: If 11 and m are two-sided stopping membranes; that is, if for : = 1,2
{My < 7 < Ma} € Giagy M)

for all M; € MU{0} and My € M with M} < My then the sufficient condition
(3.3) holds. This follows from the relation

(M) <1 <1 <My}={M <71 < M}n{M <1 < My}

Proof of Theorem 3.7. It is enough to show (2.6). Let V € T and n € IN
be arbitrary and define
Sy = {(M1,M3) € (MU {0}) x M : M1 < My, [M1,M3] C V'I_-,

d
Min(UfueRL : up =0,k #£5}) C QY fori =1,2}.
j=0

Then for € > 0,
o0
feevi= U {M<n<n<M)edy.
n=[1]+1(M1,M2)ESY
Hence {Q C V} € Ne>o Gye = Fy, and we have that € is strong Markov with

respect to Q. O



Chapter 4

Corner Markov and

Reciprocal processes

Definition 4.1 A random field ¢ for d = 1 has the reciprocal Markov property
if
g[s,t] AL g[O,s]U[t,oo) Ig{s,t}, foralls >t >0.

The type of strong Markov property that a reciprocal Markov process has and
the extension of this reciprocal Markov property are two topics that are treated

in this chapter.

4.1 The corner Markov property

One way that the reciprocal Markov process can be extended to 'Ri utilizes

“corners”. Define a corner K{,’ for a,b> 0 by

K3={UE’R§_:u1=a,0§u2§b}U{u€'R_2‘_:u2=b,0_<_u1Sa}.
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Figure 4.1 corner I

The following result puts one-dimensional conditions on a process that in turn

yields a “corner Markov” type of property; that is

Glo,x2) 4L gm:lgxg for all a,b > 0.

Theorem 4.1 Assume the following:

A; gfo,u] .ILQ['.u,oo). | giu}, forallu>0 1=1,2

A3 3 G{0,uy) AL G uy | Gjo,c02ps for all ui,uz 20

B;: Mgi'u.'} ﬂMg{o'K:‘?] = Mg;gg,
where M4 = {f € L%, F,P): f is A-measurable} for any sub-o -algebra A
of F and Giy} = O(X(zy,55) 1 8i =ui,0< 83 Suz—y) i=1,2

Ci : E(P(BIG{y,))I90,kiz) = E(P(BIGpg gez)Gluy)s  i=1,2

for all B € G{(s,1)) Such that s 2 uy,t > uy for all up,ug 2 0.
Note that A3 is a Cairoli-Walsh [CW78] (F4)-type of condition.

Then g[O’I{:“l?] AL giﬁg?]—JgK:lz for all uyp,u2 2 0.
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Proof. Given any u = (uj,ug) € 72_2*_, define the following regions.
[1]={(s,t):s 2 u1, 0<t<ug}
2] = {(s,8) : 0 < s <y, t2>wug}

B] = {(s,t) : s > uy, t>ug}.

For notation convenience, let I = K,‘,‘f .

Part 1

Let B; € Gjj ¢ € {1,2,3}. If i € {1,2}, then P(Bi|Gy k}) = P(B,-lg["o,u‘_])
using A3 and B; € gg);fa_‘]. Furthermore, P(B,-|g[*'0,ud) = P(B,-lgfu‘}) by A;
and B; € Gy o) - Thus P(B;[Gg k) = P(BilG},,}) Otherwise, P(B3 |Gy i)
= E(P(Bj3 |gf’o,u‘])|g[0,,q) by Gpx) C gf’o,u‘], which in turn equals
E(P(B3G{,)|9p,x]) using 4; and By € Gf, . Thus

P(Bi |G k]) = P(Bilgfu,.}), i=1,2 *(1)
and

P(Bs |Gpo,x)) = E(P(B3|G{,)) | Go,x)): *(3i)

Notation. Given a sub- o -algebra A of F,let P4 denote the L2(Q)-projection
onto M. Of course, P4f = E(f|A), for all f e L%(Q).

Part 11

Now we prove P(B; |Gg x]) = P(B; |Giu}), and P(B3 |G k)) = P(Bs | Giu}
for : = 1,2. First, let ¢ € {1,2}. Note that ]Pg[o.x,'i;]lB‘ € Mgé“i} nMG[o.K] by

*(2) and that Mgi N N Mg Mg:‘ﬁf by B;. Moreover,

[0,k] —

i ~1p]l> _ min || X —1p,
Sin X —1pll 2 min X~ 1]
Olul g{“i}
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since Mgi.‘:f < Mgi(u‘) and Xenlt}lin- I X-1p, = ||]Pg{u‘,}1B.-—1B.~|| = ”]PG[o,K]lB-‘—

gl
{ui}
1g|| by *(i). But [|[Pgg 15, — 1B;]| < Xel?\}n.u IX = 1p;|| and Pgy 415 €
c'u¥
Mg:‘x% together imply ||]Pg[o'K]13..—13l. | = Xenx}zl.uz I X—1p;||. Hence Pg, .18, =
lul

Pgualp,; that is, P(B; |Gy, k) = P(Bi|Giu}).

Next we consider Djg.

Lemma 4.1 (Pg[o.i(] P

{uj)

)'lp, = Pg, 4,18, forall ne IN.

Proof. We shall prove this by induction. The proof for n = 1 follows from
*(3).
Next, assume the result holds for n; show the results holds for n 4+ 1: Now
(PG x) L " Hlip, = (Pgpy Pgi. ) NGy, k) Pgi..) )" 18,
= (Pgio, 1) Pgi,., PG, 1B3)
by assumption. Morcover,
(PGP, Pi0.01185) = Pao i) P, P s P, 185
=Pgy 1 Pg;, ,Pgi, PG 15
by applying *(3) and C;. One more application of *(3) allows us to conclude
(Pgi Py, | y"*lip, = Pg, 15, -

Thus

P(B3|Giy?) = P(B3 |Gy, N Go.i}) = A (Pgo o Pg; )" 15,

using B;, and

nli.r&(Pg(o,kJPG{ui} )nlB.' = ]Pg[O.K]]'Ba = P(B3 IIPG[o,K])
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by Lemma 4.1. Hence P(B3|Giy}) = P(DB3 | PGy k) -

Part I1I

Next, we show IP l1g. = Pg, 15, for ¢ = 1,2,3. Now PPg,1lp. =
Glo,x) * Bi GOk 1 B; Ok B

]ng(lpg[o,x]lBi) and ]ng(]Pg(z_h w, 1B;) = 1p, since Mgiuz Cc

—2py2 PG 242

J\/ngt‘,12 for : = 1,2. By applying Pg = Pg, 118, twice (by Part

(2-li- 2|)“2

IT), we get the desired result.
Part IV

In order to complete the proof, we must show that Part III holds for sets of
the form B1N By, BN B3, BaN Bs,and B; N By N B3. We shall first consider
B N By. Observe that

IPg[O' K] 1p,nB, = IPg[0 K] IPg[o K] by A3
= Pg, 1p, - Pg, 15, by Part III
=Pg, (1, - Pg, 15,) by Pg, 15, € Mg,
= Pg, (15, Pg, ,15,)
= Pgy (Pgy, 41 (18; - Pgyq 4118, )) by Mg, C Mg, ,,

= Pg, (]PG[o xi1B; " Pg 118, ) by ]PG[O,KJIBg €Mg, )
= Pg, (Pg[O,K] 131032) by A3

= nglBlﬂBz by MgK g MG[O.K]'

Note that the above implies

Pgo 1B f =Pglp, f, for all f € Mg, ., (4.1)



36
where ¢ = 1,2. Next we shall consider B; N B3 for i € {1,2}. Recall that

PrMai 1, =Purg, ., V Mg, 1,
= ]PG[o,lq 1p, + ]PG[.-]lBa - ]PG[o,K] P Gli) 1,

+ P, Pg, ) PGy 1B; — Pgyo )Py Pgpo PGy 185 +--+(4:2)

We shall show that each summand is in Mg(‘,l . First, ng[o,x]l By = ]Pg-'::f 1p, €
M('“ using Part II and Mgiﬁf C Mgm .

Sli
From Part II, we see that E(f|Gp k]) = E(f|Giu?), for all f € Mg, -

Combining this and the relation M,u; C Mg, .., we conclude that
& Gus G

]PQ[o,K]IPG[q 1g, = ngi.'if(PG[.-]lBa) = H)Giﬁ'lea € MG(.']'

Using the same techniques as above, we sce that each term in (4.2) is an element
of Mgm , and so we can conclude that ]Pg[%-.' ]1 Bs € Mgm . We will use this fact
3

below.

Pio.x11BinBs = Pgpo ) (18, Pga=i ~ 155)
by Mgy, C Mgos  and B; € Gty Using (4.1) and Pgoi 1y € Mgy,

we have
Py (15, Pgps 185) =PGio (1 Pgps | 155)

We eventually conclude that Pg, ,,1,nB, = Pg,1B,nB, by recognizing that

Mg, C Mgs-.‘ : and B; € Mgs-i

[o,uz_; 0,ug_;) )

Finally, we must prove PQ{O.KJIBInBZnBii = Pg, 1B,nB,nB, » for each B; €

9t -

Lemma 4.2 PQ[O,K]IBmanBa € Mg, .
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Proof. Recall that
PgiounlBinBs =P, 1y Mo 1B,nB,
= Pg, 18,nB; + Pgy1B:nB,
= Pg P61 181085 + PGy PG 1 PG 18108y

b PG[o,x]]PG[z] ]Pg(n,x] lpgmll?lﬂﬁs o S

Thus g, 1 1B,nB,nBs
=g, g Pgy,, ,(1BinBaNBs) by Mgy, € Mgy,
= ]l"‘gw,,q(llg2 . ]Pg[lu,u,llBlnB’) by By € Iugl,ﬂ.u:l
=g, (18, - PGy 1) 1B:nBs)
+ PGy, (18, - PGy 18,083) — Pgip 4 (18, = PGy PGy 15,08;)
= ]P(J(o,k](le 4 ]I’Qm ll’g[wq]l’gm 1B,nB;)

= PG k118, - Pgio 1 PG5 PG ) PG 1B1Bs) + -
We must consider each term separately and show it to be in Mg, . First,
Pg, (18, - PGy 11 1B,nBy) = PGy 18, - PGy 18,08,
using ]PG[a,K]annBa € MG(n,,q and Part III. Next,
PG, (1B, - PG 18,nBs) = PGy ) (PG 18,080 Bs) = Pgy (PG 18,nB.0Bs)

by (4.1) and B3 € G2} Pgpx0912)1B:nB; € Mg, and (4.1) together imply
H’G[O.K](IBT ) PG[O.K] ]PG[zJIBxﬁBs) = Pg{o.mIPG[z]leBs . ]Pglo.:qle
=Pg, (B2 - IPG[o,K]]PG{z]anﬂDs)

=g, PG, 18,08, - Py 18,



38

These same techniques will yield that every other term in the series is indeed in
Mg, . Hence Pg[o,x]leﬂBzﬂﬂa € Mg, .

This claim and the fact that

min ”X - lBlﬂanB:g” —>— min ”X - leanBs”
-’L‘EMgK 9{0,K]

= ”IPG[Q’K] - 131032033”
will give us Pg, 1B nB,NB; = ]Pg[o’,{]lBlanBa-
The last step is using the 7 — A Theorem to show that Pg, 1p nB,nB, =

]Pg[O,K]leanga for all B; € g[,] implies IPg, 1p = ]Pg[o,x]lB’ all B e g[(,,,qc .

L={A€F:Pg,,,14=Pg, 14} isa A-system as follows:
i) Pg,la =1=Pglg implies that Q € L.
ii) Let A€ L. Then

Pg[o,K11A°=1_IPg 14 =1-Pg,1g =Pg, 14

[0,K]

since A € L.
iii) Let {An} C £ be pairwise disjoint. Then
Pg, x1ua, = P(lua, [9p,x)) = P(; 14, 190,K)) = ; P(14, |9p0,Kx))An € £
by pairwise disjointness. Furthermore,
; P(14, 190,K]) = ;]P(IA.. |Gk) = IP(; 14, 19K) = Pg,c 1y,

Therefore |J Ay, € £, and we conclude that £ is a A-system.
n

Now apply the m — A theorem to get that IPg, 1p = IPG[O,K] 1g, forall B €
g[O,K]' Therefore g[O’K] db G[WWK.
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The proof is now complete. )

Of particular interest are random domains @ which take on the form @ =
[0, K7?] for 71,7 nonnegative random variables. That is, Q takes values in the

class {[0,I?]: a,b > 0}. Note that K? is a membrane if a,b > 0.
It is desirable to determine what (2.6) means when Q = [0, I(77].

Lemma 4.2 (2.6) holds if and only if
(K72 < K&} € Fig ey, for all a,b> 0. (4.3)

1

Proof. Certainly, (2.6) implies (4.3), since [0, k2] € T when a,b > 0. Moreover,
(2.6) follows from (4.3) upon noting that, given V € T and € > 0,

{Qcvi= N U (K7 <K&} € Fye.
n=[t+1 abeQ*,[0,K2CV A

Since Ne>o Fye, we are done. O
When we write (4.3) as
{n<an< b}f[g,[{g], Va,b >0,

we are reminded of a stopping time-type of condition.

Theorem 4.2 Let { be a Markov random field and 171 and ™ be random

variables which satisfy
0 < 7(w) £ m(w), forallweA.

If {K72 < Kf;} € .7:[0,1{3] , for all a,b > 0, then £ is strong Markov with respect

to the random domain Q = [0, K72].
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The random analogue to Theorem 4.1 also arrives at a strong corner Markov

property and is stated below.

Theorem 4.3. Let 71,7 be countably-valued stopping times, and let K = K7

for notational conventence.

Let
Fi=o(AN{ri=a}: a€ri(®), A€Ghy)
Fhi=o(An{ri=a}: aeri(Q), A€Ghy),
and
Fri=o(ANn{ri=a}: ac€ i), gfa}) fori=1,2.
Also define

Fr=o(An{r=a}n{ry=b}: (a,b)€R? AE€Gygy),
.7-7? =o(AN{rp=a}N{m=2>5}: (a,b)€ R2, A€ Gxt,00) )5
and

Fx=o(AN{ri=a}n{r =b): (a,b)eR? A€G).

Assume the following for i = 1,2.
B; :M}-E N Mg, = My,, where
Hi=o(AN{r =w}N{m=u}:(u,uz) € R?, Ac Giuz)-
Ci :IP(P(B3 | F-) | Fri) = P(P(B3| Fri)| Fg-), for all B3 € F3, where
Fa=o(AN{r =a} N {m =b}: (a,b) € R?,
A€, =0(sy:s20,t>0))
Ai Fr WFF | Fr, fori=1,2

Ag Fr WFL | Fe
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Then

Frg UL FEFk.

Proof. The techniques used in the proof of theorem 4.1 are the techniques
used to prove this theorem with the obvious substitutions. Fr, f';t' , and Fr
play the roles that gfoiu],g["um) , and gf ) played in the proof of Theorem 4.1,
respectively. We use fj_{,f}'{' , and Fg in this proof for the .7-"[0, K2 W ,
and Fx used in the proof of Theorem 4.1, respectively. Also, F3 replaces g[3]

and My, replaces Mgi:f in this proof. O

4.2 A Martingale Approach

The following question arises naturally upon considering reciprocal processes

(d=1):

What kind of strong Markov property, if any, does a given reciprocal process

have?

Pasha [Pas82] showed that every Gaussian reciprocal process ¢ on a compact

interval [a,b] can be expressed as

& =Y+ Aila + Bi&y,

where Y; is Markov with trivial tails, A and B are real functions on [a,}], and
o(€a, &) is independent of o(Y;) for each t € [a,b]). If Y; # 0 for every ¢ and
if ¢ is continuous in quadratic mean, then Y; = ®,U; for all t, where ®; is

a real function on [a,b] and U is a martingale. One can look at a stochastic
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differential equation for the process Z; = (Yt,Atfa,Bgfb)T. Zy satisfies the

stochastic differential equation

o710 0

$; 0 0] [dUy
dZy=| 0  AlA7! 0 |Zdt+|[0 0 Of] O

under appropriate differentiability assumptions on ®, A, and B. By the nature
of this differential equation, one needs techniques from [SV79] to study the strong
Markov properties of its solution. In the special case of Aiéa+ Bi&p = 0 for every
t (that is, € is independent of its boundaries), one can use techniques exhibited in
[Str87]) and [SV79] to consider ¢ as a solution of a stochastic differential equation,
and then apply Theorem 6.6.2 of [SV79] to get a strong Markov property on
€. Because the equation involved in the general case is a singular differential
equation, one must define the strong Markov property delicately. This work is

currently under investigation.



Bibliography






[CW78]

[DV88]

[Doo44]

[Dud82)

[Evs77]

[Evs82]

[Evs88]

[KEM74]

Bibliography

R. Cairoli and J. B. Walsh. Régions d’arrét, localisations et pro-
longements de martingales. Z. Wahrsch. Verv. Gebiete 44:279-306,
1978.

D. J. Daley and D. Vere-Jones. An Introduction to the Theory of

point processes. Springer-Verlag, Berlin-Heidelberg, New York, 1988.

J. L. Doob. The elementary Gaussian processes. Annals of Mathe-

matical Statistics, 15:229-282, 1944.

R. M. Dudley. Empirical and Poisson processes on classes of sets

or functions too large for central limit theorems. Z. Wahrsch. Verw.

Gebiete 61: 355-368, 1982.

I. V. Evstigneev. Markov times for random fields. Theory of Proba-
bility and Applications, 22:565-569, 1977.

I. V. Evstigneev. Eztremal problems and the strict Markov property
of stochastic fields. Russian Mathematical Surveys, 37, no. 5 (1982).

I. V. Evstigneev. Stochastic extremal problems and the strong Markov
property of random fields. Russian Mathematical Surveys, 43:1-49,
1988.

G. Kallianpur and V. Mandrekar. The Markov property for general-
ized Gaussian random fields. Ann. Inst. Fourier, 24, no. 2 (1974).

43



[Kun7?9]

[Levd8]

[Man83]

[McK6S]

[MN90]

[Mol71]

[Nel13)

[Pas82]

[Pit71]

[Ro282]

[Sim74]

[SV79)

44
H. Kunch, Gaussian Markov random fields. J. Fac. Sci. Univ. Tokyo
Sect. TA Math. 26 (1979).

Paul Lévy. Processus stochastiques et mouvement brownten. Gauthier-

Villars, Paris, 1948.

V. Mandrekar. Markov properties for random fields. Probabilistic
Analysis and Related Topics, pages 161-193, Academic Press, 1983.

H. P. McKean. Brownian motion with a several dimensional time.

Theory of Probability and Applications, 1963, 8, $35-354

Ely Merzbach and David Nualart. Markov properties for point pro-
cesses on the plane. Annals of Probability, 18:942-358, 1990.

Molchan, G. M. Characterization of Gaussian fields with Markov prop-
erty, Soviet Math. Dokl. 12 (1971).

E. Nelson. Construction of quantum fields from Markov fields. J.
Funct. Anal., 12: 97-112, 1978.

E. Pasha. On the structure of germ-field Markov processes on finite
intervals. Thesis, Michigan State University, 1982.

L. D. Pitt. A Markov property for Gaussian processes with a multi-
dimensional parameter. Arch. Rat. Mech. Anal., 48 (1971).

Y. A. Rozanov. Markov Random Fields. Springer Verlag, Berlin-
Heidelberg-New York, 1982.

B. Simon. The P(yp)2 model of Euclidean (quantum) field theory.
Princeton Series in Physics, Princeton Univ. Press, Princeton, NJ,

1974.

D. W. Stroock and S.R.S. Varadhan. Multidimensional Diffusion Pro-
cesses. Springer-Verlag, New York, 1979



45
[Str87] D. W. Stroock. Lectures on Stochastic Analysis. Cambridge Univer-
sity Press, Cambridge, 1987












CHIGAN

lll\\‘lwl

-

TATE
Il
930

'u

l
8

il

Si7 315




