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ABSTRACT

ANALYSIS OF THE EFFECT OF AXIAL
CONDUCTION ON THE PERFORMANCE OF A
COUNTERFLOW HEAT EXCHANGER

By
Kevin J Dowding

An investigation into the effect of axial (longitudinal) conduction
within the wall of a counterflow heat exchanger has been completed. The
exact solution was obtained for the temperature fields of the wall and fluids
while including the possibility of heat flow in the direction of the fluid flow
within the wall of the heat exchanger, so-called axial conduction.

The effect of axial conduction on the performance of the heat
exchanger was quantified by comparison to a solution that neglects this
effect. The results showed that the effectiveness could be over-estimated up
to 45% under certain conditions. These conditions were a small Biot number,
small ratio of the heat exchanger wall length to thickness, and large flow heat
capacity ratios. The severity of the effect on the performance of the heat
exchanger depended on the magnitudes of these conditions. Predicting the
presence of axial conduction was shown to depend on a dimensionless
parameter called the Mondt number. For magnitudes less than .01, axial con-
duction was negligible; while magnitudes greater displayed a nonzero axial
conduction, which grew larger as the Mondt number increased.
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Chapter 1

Introduction

Heat exchangers provide for the transfer of heat between two moving
fluids. These devices are used in power generation, chemical and food pro-
cessing, heating and air conditioning, and motor vehicles. It is the most rec-
ognizable heat transfer device and one of the most widely used. Heat
exchangers are classified based on flow arrangement and type of construc-
tion. There are many types of heat exchanger designs, each type with its own
characteristics that make it suitable for a particular application. The simplest
form of a heat exchanger would be a double pipe (or concentric tube) heat
exchanger. The construction of this type of heat exchanger consists of two
moving fluids separated via a wall parallel to the fluid motion; with the fluids
moving in the same direction for a parallel flow heat exchanger and in oppo-
site directions in a counterflow heat exchanger.

Design of heat exchangers in general, requires consideration of the
heat transfer occurring between the two fluids in addition to the mechanical
energy needed to overcome the frictional forces to move the fluids through
the heat exchanger. These two design criteria can be generally classified as
heat transfer and pressure drop. It is typically desired to achieve large heat
transfer yet maintain a small pressure drop. Large heat transfer rates can be
obtained by either having a larger heat transfer area or having a larger heat
transfer convection coefficient. Unfortunately, both of these conditions cause
an increase in the pressure drop, since a larger area gives more frictional area
resulting in an increase in the pressure drop and the larger flow rate to
increase the convection coefficient would likewise increase the pressure drop.
There is a trade-off in these two design criteria; a beneficial gain in one crite-
ria is usually at the expense of the other criteria and a compromise must be
established.

Focusing on the heat transfer, consider a simplistic heat exchanger that
has two fluid streams separated by an infinitesimally thin wall. The analysis



Cold Fluid

qc(x)

Heat Exchanger
Wall

qy (%)

Hot Fluid

Figure 1.1. Possible heat flow paths for the wall of a heat exchanger

of this heat exchanger could be accomplished by considering the energy bal-
ances of the two fluids since the wall has negligible thickness. In reality, the
wall will be required to have some thickness to perform its function of sepa-
rating the two fluids. As the thickness of the wall becomes nonnegligible,
some resistance to the flow of heat between the two fluids is added and now
the wall must be considered in the analysis. In addition, an alternate path for
the heat to flow is provided. Figure 1.1 shows the heat flow paths: g, is the
heat convected from the hot fluid to the wall, g, ;,, is the heat conducted
along the wall, and g is the heat conducted to the cold fluid from the wall.
When the wall is very thin, it is unlikely that heat transferred to the wall from
the fluid will flow parallel to the wall and the energy exchanged will balance
locally (g5 (x) = g (x)). This may not be the case when the wall thickness is
increased; some of the heat may flow along the wall. This effect is call axial
(longitudinal) conduction, and when axial conduction is nonzero(g,;,, #0)
the fluid streams may have a local energy imbalance (g, (x) # g, (x) ). The
energy is conserved, however.

Axial conduction of heat is typically neglected in the analysis of the
heat transfer in a heat exchanger. This assumption may be appropriate for
most cases, but under certain circumstances the effect of axial conduction can
become important. These circumstances depend on more than the wall thick-
ness, which was used to introduce the effect. In general, axial conduction
depends on the material and physical dimensions of the wall and the proper-
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ties and flow rate of the fluids. Assessing the effect of axial conduction will
be the focus of this thesis. Specifically, the effect of axial conduction will be
quantified and the conditions of the wall and fluids for which it is nonnegligi-
ble identified. Also, the adverse effect on the performance of a counterflow
heat exchanger will be determined.

The remaining sections of this chapter will review the analysis of a
heat exchanger and conclude with a literature review. The describing equa-
tions and boundary conditions for the problem will be addressed in chapter
two, while the methods employed to solve the problem are shown in chapter
three. Chapter four will present the results of the investigation with corre-
sponding discussion. A summary and the resulting conclusions will be given
in chapter five, in addition to recommendations for future work.
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1.0 Heat Exchanger Analysis

1.0.1 Basic Analysis

Figure 1.2 shows a heat exchanger that transfers energy between two
moving fluids through a wall; the geometry and construction of this heat
exchanger may be considered arbitrary. A general thermal analysis of this
heat exchanger will be performed. First, taking the heat exchanger as a con-
trol volume and applying an overall energy balance, assuming no interactions
(work or heat) with the surroundings and steady state, results in an enthalpy
balance (H)

H, = H,, 1.1

which can be written in terms of the inlet and exiting conditions using spe-
cific enthalpy and mass flow rate as

"‘IH,;HIM * ’ilcilcl‘.. = mHﬁHIoul"- mCﬁC'out a2
and rearranged to group the fluids

) = nmc(hel kel ) 13)

Assuming the fluid behaves as an incompressible liquid or an ideal gas and a
negligible pressure change, the change in enthalpy can be expressed as

riy (gl — Bl

out

dh = C,dT (1.4)

Hot Fluid Th,in

.y

Cold Fluid

TC, out

Figure 1.2. Generic heat exchanger, nonspecific design exchanging energy between the two fluids
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which can be approximated by differences(dh = h, - h,). Using the approxi-
mate form of equation (1.4) in equation (1.3), the results for the overall
energy balance

are

9 = myCp u (T in =Ty ou) = McCp c(Tc,om=Tc,in) a5
Introducing the heat capacity

C=mCp (1.6)

equation (1.5) can be rewritten as

9=Cy(Ty in=Th ou) = Cc(Tc0m=Tc,in) a.n
In general, the heat transfer between the two fluid streams is a function of the
following six parameters:

na

q= f(L Mg e Ty i Tcin T, our s ) as
given unknown

where the first four are typically given design parameters and the last two are

desired results. Thus, in order to obtain a solution more information is

needed. The additional information will come from the heat transfer analysis

of the wall separating the two fluids.

A circuit describing the thermal communication of the two fluids is
shown in Figure 1.3. This circuit shows the resistance that impedes the heat
flow, neglecting any fouling on the heat exchanger wall. The total resistance
of the series circuit is the sum of the individual resistances

T
1WA AM ww—e e
Ry R, Rc

Figure 1.3. Thermal circuit for a heat exchanger wall neglecting any fouling



R

tot
Also, the overall conductance of the heat exchanger wall, that will give the
total amount of heat transferred if the temperature difference is known, is

= Ry+R,+R¢ (19)

UA = _1._ (1.10)

tot
These terms are analogous to an electrical circuit, with the temperature differ-
ence as the voltage potential and the heat flow as the current. The heat trans-
fer over a differential element of length dx is

dg = UP[Ty(x) -Tc(x)]1dx (1.11)

The heat transfer over the entire length of the heat exchanger is the sum of
these differentials elements over the total length

L L
q = [dg=UP[[Ty(x) -Tc(0]dx (1.12)
1] 0

The product UP was assumed constant and thus could be taken out of the
integral, but (T, - T.) depends on x and cannot be removed from the inte-
gral. Because this integral is not known in general, we will define the mean
temperature difference as

L
(AD),, = 1[[Ty(®) ~Tc()1dx 13
0

Substituting equation (1.13) into equation (1.12), the total heat transfer can
be written as

q = UA(AT),, (1.14)
For a double pipe heat exchanger, equation (1.13) can be evaluated.
The result is the log mean temperature difference. However, for geometries
that are more complicated, evaluating equation (1.13) is difficult if not
impossible. This suggests that another approach may be necessary to remain
a general analysis.

1.0.2 Dimensionless Analysis

To introduce another approach, consider the parameters that the mean
temperature difference is a function of



A7), = f(Ty i T¢,iw Co Cpp UA) (1.15)

It depends on the inlet temperatures and heat capacities of the fluids and the
wall conductance. The number of independent parameters can be reduced by
considering a second function times the temperature difference at the inlet

substituting equation (1.16) into equation (1.14) the functional dependence
for the heat transfer is given by

As typical in heat transfer, scaling will be introduced to provide dimension-
less parameters. Define the maximum possible heat transfer as

9max =

Cnu'n (TH, in~ TC, in) (1.18)
where C,;, = min (Cy, C.) . Dividing equation (1.17) by equation (1.18)

9 _ UA
C

min

8 (Co Cyp UA) (1.19)

9max

and introducing another function that is in terms of the scaled independent
variables gives

q _ UA "(c UA )
4 22 ) (1.20)
9max Cming k len
where
C..
Cp = = (121

max

Finally, noting that equation (1.20) can be written for a final function as

q UA
4 =h(C
9max b len

This demonstrates that the performance of a heat exchanger can be expressed
in terms of three dimensionless variables. The first was given previously in
equation (1.21) as the ratio of the heat capacities. The second is the effective-
ness

) (122

q
= — - _ (123)
dmax  Cwmin (TH, in~ Tc, in)
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which is the ratio of the actual heat transfer given by equation (1.7) to the
maximum possible heat transfer. The number of transfer units (NTU) is the
last dimensionless parameter

UA

min
which is a ratio of the heat exchangers ability to transfer energy to the mini-
mum fluid’s ability to retain energy.

NTU =

1.24)

The previously mentioned dimensionless parameters, at least for the
moderately simple heat exchanger geometry, can result during the analytical
analysis of the heat transfer occurring in a heat exchanger. For example, con-
sider a double pipe counterflow heat exchanger arrangement. The correlation
describing the performance of this heat exchanger, whose derivation is shown
in Appendix E, is

| £ NTUQ-Co

T 1= Cpe MTU0G) .

for the case of Cp# 1. If Cy = 1, equation (1.25) reduces to

. = _NTU

1+NTU (126)
This is the usual form used in evaluating or presenting the performance of a
heat exchanger, as a function describing the relationship between the three
dimensionless parameters. These functional relations are tabulated for many
different heat exchanger geometries and are the basis for easily predicting the
performance of a heat exchanger design.

The derivation of these functional relationships typically assumes neg-
ligible axial flow of heat in the wall. The conditions for which this assump-
tion is true for a counterflow heat exchanger geometry is the focus of this
thesis. Furthermore, the amount that the performance is over-estimated by
assuming axial conduction is negligible will be addressed.



1.1 Literature Review.

The counterflow heat exchanger theory previously presented was for
the idealization of no axial conduction (in the flow direction) of heat in the
wall or fluids. It is not apparent under what conditions this assumption is not
valid, but the consequences can be an over-estimation of the effectiveness for
a given NTU by as much as 45%, as shown by Rosenhow [17].

Some of the earliest work performed in analyzing the effect of axial
conduction was done by Mondt [9]. By inspecting the finite difference equa-
tions for a solution that includes axial conduction, he proposed using a con-
duction parameter to correlate the results. This conduction parameter was

KA,
Ln’sz
and he showed that to accurately predict the convection from a surface at low
Reynolds numbers requires consideration of longitudinal conduction.

A= 127

In later works, the investigation was less specific and looked to predict
the influence of axial conduction on the performance of the heat exchanger.
Landau and Hlinka [8] and Pan and Welch [11] developed exact solutions to
predicting the performance of a counterflow heat exchanger while including
the effect of axial conduction. The solutions were in the form of finite series
and were algebraically involved. A general investigation was difficult, if not
impossible, with the availability of the computing power at the time.

However, Pan, Welch and Head [10], were able to improve on their
earlier work [11] and predicted analytically the effect of axial conduction on
the performance of the heat exchanger as a function of the NTU and a “modi-
fied-conduction-flowrate-ratio”

Ny = oA hA_

K~ mC, LmC,
Using the exact solution, the existence of axial conduction was predicted for
a counterflow heat exchanger with balanced symmetric flow, that is equal
mass flow rates and convective heat transfer coefficients for both fluids.
Although more general than their past work, the balanced symmetric flow
was still rather restrictive.

(1.28)
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The most recent work was performed by Rohsenow [17], who
addressed reasons that laminar flow heat exchangers perform poorly. He
incorporated a similar formulation as [8], [10], and [11], but used the conduc-
tion parameter above in equation (1.27), from Mondt [9], which he called the
Mondt number

KA,

° = LmC,
He then solved for the performance of the heat exchanger at the limits of the
Mondt number, zero and infinity. The extremes of the Mondt number provide
worst and best case scenarios. A Mondt number of zero gives the perfor-
mance of the heat exchanger when axial conduction is negligible; while a
large Mondt number gives the performance when axial conduction is domi-
nant.

(1.29)

This investigation shall differ from previous work in the formulation
and solution of the problem. All previous investigations involving a counter-
flow heat exchanger have neglected temperature gradients normal to the wall
((8], [10], [11], [17]). Although this assumption does seem reasonable it is
not needed for this investigation to obtain a solution; whereas past studies
required this assumption. This difference results in a partial differential equa-
tion to describe the wall temperature for this study, instead of the ordinary
differential equation obtained for past studies. However, the techniques used
to solve the partial differential equation will allow for a solution that is more
easily evaluated; while past solution techniques required special flow condi-
tions to obtain a solution. Therefore, by considering the two-dimensionality
of the heat exchanger wall the problem was more mathematically compli-
cated in comparison to past studies, but allowed for a more general investiga-
tion of the heat exchanger design parameters.



Chapter 2

Describing Equations and Boundary
Conditions

2.0 Dimensional Equations

2.0.1 Wall Conduction Equation

The geometry is shown in Figure 2.1, a two dimensional wall with hot
fluid entering at one end and cold fluid entering at the other. The problem was
formulated as a boundary value problem on the wall assuming steady state
and constant properties. The differential equation and boundary conditions
corresponding to the plane geometry with the given assumptions are

ar, o7,
—_—t— =0

2.1)
ox* ay2

w -— -—
Kwé; 0 = ho [Tw (0, y) To] (2.2a)

oT,
- K"’E;

= hlT, (LY - T, @2b)
x=

Cold Fluid

y=38

yeo Wi g

x=0 x=1L
- Ty (X)
Hot Fluid

Figure 2.1. Heat exchanger geometry studied. Note, the analysls was performed on a per
unit width basis. Bere Y pe pe

11
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—Kwﬁwly o = hy [TH (x) =T, (x0)] 2.20)

w

= bl (58) ~Te(®)] @29
y=

- Kwé}

where boundary conditions of the third kind were used to represent the most
general case and still allow for boundary conditions of the first and second
kind by adjusting the magnitudes of the constants (X, h,, h;, by, h() .

2.0.2 Fluid Energy Balance Equations

The describing equations for the fluids were formulated using an energy
balance on a differential length element of the heat exchanger. For the hot
fluid the energy balance on a differential element of length Ax can be written

Hlx = H|x+Ax+qnwallPHAx 23)
Substituting mass flow rates and the specific enthalpy and rearranging gives

+q“wallPH =0 24)

Taking the limit as Ax — 0 and assuming the fluid behaves as an ideal gas or
an incompressible liquid (C,dT = dh) gives

. dTy
OuCp gy + 9 wauPn = 0 2.5)
The heat flux from the wall from Newton’s law of cooling is

9" wann = hylTy(x) =T, (x,0)] (2.6)
substituting into equation (2.5) and rearranging, results in the final describing
equation for the hot fluid

4Ty Ty(x) =T, (x0)] =0
&= Tac m”C <N w(x) -T,(x0)] = Q2.7
Prescribing a constant temperature at the inlet gives the initial condition

Ty(0) = Ty, @8)

Using a similar analysis, the describing equation for the cold fluid and
corresponding initial condition are
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hcPe =0 2.9)
L Ao [T (58 ~Te()]

Te(L) = Tc i @10
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2.1 Dimensionless Equations

2.1.1 Nondimensionalization of lengths

To remove any dimensional length dependence on the formulation of
the problem the length scales were nondimensionalized using the characteris-
tic lengths of the wall

(wlk

.11)

+_ Y
R 2.12)
Applying this nondimensionalization to the previously presented equations
for the wall and fluid temperatures results in equations that only have units of
temperature, which were made dimensionless after solving (to be shown
later) for algebraic ease and for the physical insight available with units of
temperature. The wall conduction equation and boundary conditions are

o, 2 o7,

aT,

-—— +BiyT, (0,y*) = Bi,T, (2.14a)
ox'l._,
aTw . -+ .
e =
daT,, .
-— +BiyT, (x*,0) = BiyTy(x") (2.140)
"l o
aTw . + . <+
Fwe +BicT, (x",1) = Bip To(x7) (2.149)
y

y'=1

where dimensionless parameters introduced in the equations are defined in
the next section.

Similarly, nondimensionalization of the equations for the hot and cold flu-
ids gives
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dTH + +

— V[T () -1, 001 = 0 @15)
Ty(0) = Ty, (2.16)

%fwvc[rw(x*, ) -Tc(x)] =0 @17)
Te(1) = Tc,, @18)

2.1.2 Nondimensionalization of Temperature

The problem was solved as presented in equations (2.13-2.18), giving the
solution with units of temperature only. The following equations were used to
present the results in a dimensionless form:

Tw (x+’ y+) - TC, in

e_(x",y") = (2.19)
v TH, in~ TC, in
Ty(x*) =T¢ in
0, (x") = J (2.20)
H TH. in~ TC, in

e.x*) = -< i @21)
¢ TH, in~ Tc. in
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2.2 Dimensionless Parameters

The dimensionless parameters that resulted during the nondimension-
alization of lengths in the equations will provide a link between the mathe-
matical model and the physical problem. The dimensionless parameter in the

wall conduction equation, equation (2.13), is a ratio of the wall length to
thickness

L's= % 222
As this parameter is increased, the change in heat conduction in the x-direc-
tion must also increase. Therefore axial conduction must increase; or the wall
must be isothermal in the y-direction (normal to the wall). The later is most
likely the dominant effect, but there may be values of L* for which axial con-
duction is the dominant effect.

The dimensionless parameters that appear in the boundary conditions on
the wall, equations (2.14a-d), are Biot numbers

h,L

h,L
Bi = @24)
KW
. _hyd
BIH'-' T; (2.25)
. _hcd
BIC' T (2.26)

These parameters are expected to have the most influence on the solution and
axial conduction. The Biot numbers on the hot and cold sides of the wall,
equations (2.25-26), should be more influential than the Biot numbers at the
ends of the wall. Biot numbers, in general, give a ratio of the convection from
a surface of the body to the conduction through the body. This provides
insight into the temperature difference that will exist across the body com-
pared to the temperature difference between the surface and convecting fluid.
For large Biot numbers the convection dominates, resulting in a large temper-
ature gradient across the body and a surface temperature that is close to the
convecting fluid temperature. Conversely, for small Biot numbers the con-
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duction will dominate, giving a small temperature gradient across the body
and a large difference between the surface and convecting fluid temperatures.

The dimensionless parameters for the fluids are similar to the number
of transfer units (NTU), but based on the pertinent fluid only. These parame-
ters are

h h
Ny = _”A” - hwln @27
m”Cp" CH
h h
N = ,Cgc = E,AC @28)
m Pc c
where the area in equations (2.27-28) is
Ay=Ac=Lw (229)

Using equation (2.29) with the heat capacity, equations (2.27-28) can be writ-
ten in terms of the corresponding Biot number

Bi,K.L'w

Ny = ”C_‘; (2.30)
Bic K, L'w

c= ___.__Cc (2.31)

which relates the wall parameters to the fluid parameters.
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2.3 Heat Exchanger Performance Analysis

Solution of the equations presented up to this point provides the tempera-
ture fields for the wall and fluids, without neglecting axial conduction in the
wall. But the temperature as a function of the position along the length of the
heat exchanger is not the desired result. It is desired to compare the perfor-
mance from this solution with one that neglects axial conduction. The corre-
lation neglecting axial conduction was presented in equations (1.25-26) in
terms of the effectiveness, number of transfer unit, and heat capacity ratio.
These dimensionless parameters must be related to the dimensionless param-
eters from the mathematical solution to make the comparison in the heat
exchanger’s performance when axial conduction is included.

Effectiveness, defined in equation (1.23), will depend upon which fluid is
considered when axial conduction is included because some of the energy
may be conducted out the ends of the heat exchanger and result in an energy
imbalance between the fluids. Thus, when including axial conduction the
energy balance on the fluids are, from equation (1.5)

9= Cy (T in=Th ou) 29c = Cc(T¢, 0u=Tc,in) 232)
and the effectiveness must be defined as a function of the fluid

qu

€, = — (2.33)
" Qmax
SC = —q—c (2.34)
q
max

The definition of NTU is given in equation (1.24) and will not depend on
the inclusion of axial conduction, but must be related to the dimensionless
parameters used to model the physical problem. This was accomplished by
evaluating the thermal circuit that describes the heat exchanger wall. The
thermal circuit, neglecting any fouling, is shown in Figure 2.2, which is simi-
lar to the previously presented thermal circuit (except values for the individ-
ual resistances are shown for the geometry studied). The total resistance of
the circuit is evaluated using equation (1.9). The conductance for the heat
exchanger wall given by equation (1.10) is
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T, T
— VW MW VYW—e
1 8 1
hyAy KAw hcAc

Figure 2.2, Thermal circuit for heat exchanger wall

UA = -1 = [ L, 8 1 ]-1 @35)
R, LhwAnw KA, hAAc
and NTU easily follows:
UA 1 1 s 1 77!
NTU = —— = + + (2.36)
Cmin Cmin[hlfAH KwAw hCAC]

Relating equation (2.36) to the mathematical formulation was accomplished
through equations (2.27-28); substituting these equations into equation (2.36)
gives

1

min

L ‘_]"
NyCy KA, NcCc
Noting that A, = Lw, equation (2.37) can be rewritten as a function of dimen-
sionless parameters and the wall thermal conductivity using equations (2.30-
31), after some arranging it becomes

237

NTU =

K.wL' Bi, Bi
ud [ H_C ] (2.38)

"Cpuin | Big+BiyBic+Bic

The equations to be solved for the temperature fields of the wall and fluids
are given in equations (2.13-2.18). Using the solution, the performance of the
heat exchanger can be presented with equations (2.33), (2.34), and (2.38) in
terms of heat exchanger dimensionless parameters, which can be compared
to solutions neglecting axial conduction to quantify the effect of axial con-
duction.



Chapter 3

Method of Solution

3.0 General Method

The problem presented in equations (2.13-18) is a system consisting of
a second order homogenous partial differential equation (PDE) with four
nonhomogeneous boundary conditions coupled with two first order nonho-
mogeneous ordinary differential equations (ODE). The coupling occurs
through the boundary conditions of the PDE and in the nonhomogeneous
term for the ODE:s. Thus, if a general solution can be obtained for the PDE
without evaluating all boundary conditions, that is in terms of a product of
unknown constants and functions, the solution can be substituted into the
ODE:s and the ODEs solved as a function of the unknown constants. The
ODE:s solution’s can then be substituted back into the boundary conditions of
the PDE and the unknown constants evaluated. With the constants specified,
the explicit solutions for all differential equations can be generated. This is
the general procedure used to solve the set of differential equations and is
shown schematically in Figure 3.1.

This section is intended to present the methods that were applied to
solve the problem. However, when the same methods were applied more than
once they are not shown in detail after the first application. Also, some meth-
ods contain details that are not necessary in understanding a method, and
whose inclusion would overburden this section. For these reasons, the reader
is referred to the Appendices (A-D) for additional details about the solution.

20
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FIGURE 3.1. Flowchart of solution procedure
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3.1 General Solution of the Wall Conduction Equation

Since the problem is linear, the PDE could be solved using many dif-
ferent mathematical approaches; Fourier transforms, Green'’s functions, or
separation of variables. The method chosen was separation of variables. Use
of this method requires that only one nonhomogeneous term exist in the dif-
ferential equation or boundary conditions. As presently formulated the prob-
lem has four nonhomogeneous boundary conditions equations (2.14a-d). By
introducing scaling on the temperature

0, y") =T, (x*y") -T, G.1)

one of the nonhomogeneous boundary conditions is eliminated. The mathe-
matical formulation with the scaled temperature becomes

2%, . 3%
S+l — =0 (32)
ox dy
___‘: + Bioew 0,y*) =0 (3.3a)
x x*=0
a0,
= +Bi;8,(1,y*) = Bi, (T,-T,) (3.3b)
x*=1
-5-‘-: +Biy®  (x*,0) = Biy[Ty(x*) - T,)
Yy =0 (3.30)
a—L: +Bi8 (x*,1) = Bic[Tc(x*) - T,] (3.3d)
y

y=1

Three nonhomogeneous boundary conditions, equations (3.3b-d), still exist.
Since the problem is linear the principle of superposition may be applied. The
problem is partitioned into a set of simpler problems that contain one nonho-
mogeneous boundary condition, and can be solved using separation of vari-
ables techniques. Then the solution to equations (3.2-3) is obtained by
application of superposition. The problem in equations (3.2-3) can be repre-
sented by three simpler problems, since there are three nonhomogeneous
boundary conditions. Using superposition the solutions are related as fol-
lows:



where 6, is
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0, (x"y") = ) 6,(x*y") (34

i=1
where 6, is the solution to the problem given mathematically as

3

2%, ,, 9%
a 2 +L a—+2 = 0 (3.5)
x y
aei . +
_a_+ +Bi,08,(0,y*) =0 (3.6a)
x x*=0
5—i +Bi;8,(0,y*) = 8,Bi, (T,-T,) (3.6b)
Xl o 1
mi . + . +
—_— +Biy0,(x*,0) = 8, Biy[Ty(x") -T,] (3.6c)
dy =0
29, . + . +
3 +Bic0,(x",1) = 8, Bic[Tc(x") -T,] (3.6d)
Y 1 o
y'=1
where i = 1,2,3 and
8 = kroneckerdelta = { 97%J 37

1 i=j
It can be shown by adding the three problems (i = 1, 2, 3) stated above that
the originally posed problem in equations (3.2-3) is obtained.

3.1.1 General Solution for Nonhomogeneous Boundary Condition at x = L

The separation of variables technique begins by assuming a product
solution for 8, of the form

0, = Fx")G(") (3.8)
Substituting into the differential equation and boundary conditions, equations
(3.5-6), yields
F,,G+L'*G, ,F=0 (.9
xXx yy

—GFx, . +Bi,GF(0) =0 (3.10a)

x =0



where the fi
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GF,|  +Bi,GF(1) = Biy(T,-T,) (3.100)
=1
-FG, +BiyFG(0) =0 (3.10c)
y y9=°
FG,| +BiyFG(1) =0 (3.10d)
y yO = l

where the following convention for representing derivatives was used:

2
9F =F, , @3.11)
ax+2 x'x

Rearranging equation (3.9) to group similar variables and simplifying equa-
tion (3.10) gives

G

L Y 42

7 F - == (3.12)
-F, +Bi F(0) =0 (3.13a)

*le-o
GF,|, +BIL,GF(1) = Biy(T,~T,) (3.13b)

X =

~G.| +BiyG(0) =0 (3.130)

y y’ =0
G.| +BiyG(1) =0 (3.13d)

y=1

where a constant, +p? (the eigenvalue), has been introduced in equation
(3.12). Since the left hand side is only a function of x* and the right hand side
only a function of y*, to obtain equality both sides must be equal to this con-
stant. This key result allows for separation of the variables, reducing the par-
tial differential equation to two ordinary differential equations. Before
equation (3.12) can be separated a sign must be chosen for the constant. This
sign is chosen to produce an eigenvalue problem for the function that has two
homogenous boundary conditions to evaluate. The eigenvalue problem will
have a general solution in terms of sine and cosine functions for this Carte-
sian coordinate system. After choosing the sign on the eigenvalue, two ordi-
nary differential equations can be written from equation (3.12) with the
appropriate boundary conditions from equation (3.13)

_r1%.2F _
F,,-L"*F =0 (3.14)
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- Fr L‘ =‘)4- Bi F(0) =0 (3.153)
G, +1%G =0 (3.16)
-G | +BiyG(0) =0 (3.17a)
y y0 = o
G. +BiyG(1) =0 (3.17b)
y y0 = 1

Note that equation (3.14) only has one boundary condition, whereas equation
(3.16) has two boundary conditions. The reason for this can be seen in equa-
tion (3.13b), which depends on both functions F and G and cannot be applied
to either function singularly. This is the nonhomogeneous boundary condi-
tion. Thus, this boundary condition must be applied after assembling the
complete solution.

Equations (3.14) and (3.16) have easily obtainable general solutions.
The general solution for equation (3.14) is

F(x*) = A cosh (uL*x*) +A,sinh (uL"x*) (3.18)

Applying the boundary condition, equation (3.15a), gives a relationship for
the two constants

Bi
A, (3.19)
pL

which can be substituted into equation (3.18) and rearranged giving the solu-
tion

A, =

F(x*) = A,[uL’ cosh (LL'x*) + Bi_sinh (uL"x*)] (3.20)
The solution of equation (3.16) is

G(y*) = Ajcos (ny*) +A,sin (py*) (321)

Applying the boundary conditions in equation (3.17a) solves for the relation-
ship between the constants

_ BiyA,
T H
Substituting into equation (3.21) and rearranging gives

A,

3.22)
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G(y*) = A [ncos (ny*) + Biysin (uy*)] (3.23)
Applying the final boundary condition, equation (3.17b), does not provide
any information about the constant A, because the constant cancels from the
equation. However, it does provide information about the eigenvalue (p). The
equation simplifies to

(Biy+Bid)p,
(n2-BiyBi()
To meet the boundary condition in equation (3.17b), equation (3.24) must be
satisfied for all values of u_. Equation (3.24) is a transcendental equation and
it has an infinite number of solutions, hence the subscript on p. It will be

solved to determine the possible values of u_. The solution for the function G
is then

(3.24)

tan () =

G (1, y*) = Ayl cos(n,y") +Bigysin (1,y")] (325)
with p_ given by the solution of equation (3.24).

Substituting equations (3.25) and (3.20) into equation (3.8) will pro-
vide the solution. However, since there exist an infinite number of solutions
to equation (3.25) all possible solutions will be summed to obtain the final
solution. Also, the undetermined constants, A, and A,, will be grouped into
one constant that will be determined later by applying the last boundary con-
dition, equation (3.6¢c), which was the boundary condition that did not sepa-
rate and was not evaluated. The solution for problem one is

8,(x*,y*) = Y A,In L cosh (p L x*) +Bi,sinh (n L x*)]*
n=0
[w,cos (k,y*) +Biysin (k,y*)] 326
and the eigenvalues are found from the solution of equation (3.24).

For ease in presenting these large solutions, the following functions are
defined:

X, (1, x*) = L cosh (L x*) + Bi,sinh (p L x*) (327

Y, (1, y*) =p cos (1,y*) +Biysin (n,y*) (3.28)
and the solution can be rewritten as
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8, (x",y") = 2 AX (h,x)Y (") (329)

n=0

3.1.2 General Solution for Nonhomogeneous Boundary Conditions on y

The solution for i=2, 3 apply a similar procedure as used in the previ-
ous section. The details of which are shown in Appendix A and will not be
repeated here. Applying these procedures results in the following solutions
for problems two and three:

8,(x"y*) = iBn[COShG.!y*)-Cnsinh(a_fy*)]*

n=0 L

[a,cos (o x*) + Bi,sin (o x*)] (3.30)
- a a a
8,(x*y") = Y C,,[—fcosh (——:—'y“)+Bi,,sinh (—fy*)]"’
“~ L L L

[a,cos (o, x*) + Bi,sin (a0 x*)] (3.31)

The eigenvalues are given by the positive roots of the transcendental equation

(Bi,+Bi)a_
tan (@) = —5—— (3.32)
(a,—Bi;Bi,)
Defining the following variables:
X, (o, x*) =a cos (o x) + Bi,sin (o x*) (333)
aﬂ all
Y,(a,y") = cosh (—,y*)— §,sinh (——_y*) (3.34)
L L
Y,(a_,y*) :ﬁ'cosh (Ef'-y")-t-Bi sinh (5y") (3.35)
3 n’ Lo Lo H Lt
allows the solutions to be presented in a compact form
0,(x*,y") = Y B,Y,(a,y*)X;(a,x*) (3.36)

n=0

8,(x",y") = ) CY3(a,y*) X, (a,, x*) (3.37)
=0
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3.2 Solution of the Fluid Energy Balances Equations

3.2.1 Hot Fluid Formulation

The ordinary differential equation describing the temperature of the
hot fluid, presented in equations (2.15-16), is coupled to the wall conduction
equation in the differential equation itself. This is seen by the presence of
T, (x*,0) in the differential equation. The value of this term can be obtained
from equations (3.1), (3.4), (3.29), (3.36), and (3.37) as

T,(3*,0) = 0,(x*,0) +Ty = T,+ Y AX, (1, x") Y, (1, 0)

n=0

+ Y [B,Y,(a,,0) +C,Y;(a,0)]X,(a,x") (338

n=0
where the last term in equation (3.38) is obtained from combining equations
(3.36) and (3.37). Substituting this into the differential equation in equation
(2.15) and arranging gives

dTy it .
- +NyTy = Ng{T ,+ Y, A X, (i, x") Y, (1, 0)

n=0

+ Y [B,Y,(a,0) +C,Y;(a,,0)]X,(c, x*) } (339

n=0

with the initial condition from equation (2.16a)

Ty(0) = Ty ;0 (3.40a)

This equation is a linear nonhomogeneous ordinary differential equation. Its
solution may be written as the sum of a homogeneous solution and a particu-
lar solution. The homogenous problem is given as

dTy
dx+
and a particular problem is

+NyTy, =0 (341)
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= Ng{T,+ 3 AX, (0, x*) ¥, (1,,0)

n=0

+ Y [B,Y,(a,0) +C,Y;(, 0)]1 X, (e, x*) } 342
n=0

The particular problem in equation (3.42) was further divided into three sim-
pler problems for each term on the right hand side of the equation. The gen-
eral solution for equation (3.39) in terms of the simpler problem’s solutions is

3
Ty(x*) = Ty (x*) + Y, Ty i (x") (3.43)
i=1
where T , is the solution to equation (3.41) and T}, ,; is the solution to

dT
— 2B 4 NyTy, i = Ny {8,,T_+8,, ZA X, (1, ) ¥, (i, 0)

+3y, 2_:0 [B,Y,(a,,0) +C,Y,(a,0)]1X,(a,x*) } 344

(i=1,2,3) and 81, is the kronecker delta function as defined in equation (3.7)

3.2.2 Hot Fluid Solution
The homogeneous problem in equation (3.41) is solved giving

Ty 4 (x*) = Dyexp (-Nyx*) (345)
where D, is a constant that will be evaluated after assembling the complete
solution as shown in equation (3.43).

The particular solution was obtained by using standard variation of
parameter techniques. This method utilizes a general solution of functional
form similar to the nonhomogeneous term in the problem and then solves for
the unknown constants in this general solution. For the first particular solu-
tion (i=1) the general solution would be a constant

Ty p1 (x*) = k = constant (3.46)

Substituting equation (3.46) into equation (3.44) and solving for the constant
gives
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Ty ;1 x*) =T, (3.47)

The second particular solution (i=2) would be of the same functional form as
X, (x*), since all other terms in this summation are constants

Ty p2 (") = f(X, (")) = Y b,cosh (,L"x*) +c,sinh (0, L x*)  (348)
n=0
Substituting equation (3.48) into equation (3.44) and solving for the unknown
constants, b, and c,, equation (3.48) can be written as

-~ . (Bi,Ny—pu3L'?) .
Ty (x*) = Y A {u2L™|1- = cosh (u L x*)
k) = 2 ”{"’ [ (NG -12LD) &

Jsinh (1, L' x*) } (3.49)

Finally, the third particular solution is of the functional form

Ty 3 (x*) = f(X (@, x*)) = Y a,cos(a,x*) +d,sin (a,x*) (3.50)

n=0
which after substituting into the differential equation and solving for the con-
stants can be written as

o (Bi,Ny+al)
T *) = B +—C 1-—2 2 +
H,p3 (x7) 'z‘o( s ,,){an[ T ]cos(anx )

Bi N, + o2
+NH[ 02}1 2n
Ny+ad

]sin (a,x%) } (CR))

Assembling the solutions to the simpler problems, equations (3.45), (3.47),
(3.49), and (3.51), using equation (3.43) the solution for the hot fluid energy
balance is



TH(x") = 1

Applying th

323 Cold Fy,

For th
Perature jg g)
dedat (y+ <
Procedura]y,
On]y lhe ﬁnal

The SO



31
Ty(x*) = T,+D,exp(—Npyx*)

+ iA,{uﬁL‘[l—

n=0

(Bi,Ny—p3L?)
(Ny-u2L™)

] cosh ( u"L‘ x*)

(Bi,Ny—pZL™?) .
+ N u 5 sinh (u_L x*)
- [V} (Bi N+ a?)
+ Y (B,,+—:'Cn) au[l————"zﬂ T~ ]COS(G,,f)
ot L (N4 +a?)
Bi N, +a?
+Ny °—2"-—" sin (o, x*) t (3.52)
Ny+o?

Applying the boundary condition, equation (3.40a), gives the constant

(Bi Ny - u:z.‘z)]

D, =Ty ;,—T,- Z Anuzl-. [l (N} -p2L*?)
H n

n=0

_ (BiNy+ o?)

a
-y (B,,+?Cn)a"[l AT ](3.53)

3.2.3 Cold Fluid Solution

For the cold fluid the ordinary differential equation describing the tem-
perature is slightly more involved due to the wall temperature being evalu-
ated at (y* = 1). This adds algebraic difficulty to the problem, but
procedurally the solution is obtained exactly as the hot fluid. For this reason,
only the final solution will be shown. All the details for this solution can be
found in Appendix B.

The solution for the cold fluid energy balance equation is
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To(x*) = T,+Eexp(Nx")

- . NCBi,+u,2_L‘2] .
+ Y AS{n,L [1+ —— |cosh (n, L x*)
n=0 " { " N“(‘:-u:l‘ 2

N(Bi,+p2L"?
+N, N o3[
C p’n

:lsinh (1L x*) }

= N_Bi, - a?
+Y (B'’+C){a |1+ ———"|cos (ax_x*)
,,go n n { u|: Né+a: :| n

N-Bi —-a?2
+N, —Cf" n
Ng+o?

] sin (o, x*) } (3.54)

where the integration constant is

- [ NGBi +u2L™? .
E, = exp(—NC)li(Tc’m—To) - ZA,,'{unL [1+ CI:" 3 ]cosh (n,L")
n=0 Nc-u,L
N_Bi +pu2L*? .
+NC[ Cl:" r",z ]sinh(unL ) }
Nc_uuL
Y B,+C '){ [1 NcBi°'°‘2] (a,)
- + o + ——— | cos (O
<= n n n N%-i'(l: n
N_Bi - o2
+N, —CL;L—" sin (o) } | (355
Nz+o?
and the following constants were introduced to simplify the expressions:
A = A [p,cos(pn,) +Biysin(n )] (3.56)
) IS
= CO: — |—S,S —y .
n n L n L

aﬂ a’l . an
C =C, l:—. cosh (—, ) + Biysinh (—; )] (3.58)
L L L
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3.3 Application of Nonhomogeneous Boundary Conditions

Having obtained the solution for the temperature of the fluids, the final
boundary conditions (nonhomogeneous) can now be applied. The boundary
conditions that need to be applied are the three nonhomogeneous boundary
conditions given in equations (3.6b-d). These boundary conditions only need
to be applied to the respective 6, solution, (i.e. equation (3.6b) applied to 6,,
equation (3.6¢) to 6, and equation (3.6d) to 6,). These three nonhomoge-
neous boundary conditions are

29
—  +Bi8,(1,y*) = Biy(T,-T,) (3.59)
ox xt=1
20,
-— +Biy0, (x*,0) = Biy[Ty(x*) -T,] (3.60)
dy y* =0
ae3
3 +Bic0, (x*,1) = Bic[Tc(x") - T,] (3.61)
Yl o
y=1

The difficulty with equations (3.59-61) is that the relationships are in terms of
an infinite series for 6,. These series, from equations (3.29), (3.36), and
(3.37), are

8,(x",y") = YAX, (1, x") Y, (1, y") (3.62)
n

0,(x*,y") = Y B,Y,(a,y") X, (a,, x*) (3.63)
n

8, (x*,y") = ) C,Y3(,,y*) X, (00, x*) (3.64)
n

This means that theoretically an infinite number of constants will need to be
determined. Of course, experience with series solutions has shown that less
than an infinite number of terms (and constants) need to be considered since
the series converges after a finite number of terms; beyond which, the indi-
vidual terms are zero or negligible in comparison to the summation up to that
point and future terms decay further. However, the number of terms needed
for the series to converge is not known and must remain arbitrary and
assumed large.
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The procedure used to determine the constants that will satisfy the
nonhomogeneous boundary conditions involves applying orthogonality.
Using the orthogonality of the eigenfunctions, the constants will be deter-
mined. An appropriate mathematical statement of this property is

1

[ty G I i G 0" = N mon 669
or

1 + +y gt 0 m=#n

{wxyxz(an,x )X (@ VX" = { (o ) e (3.66)

where w, is a weighting constant, which for the Cartesian coordinate system
is equal to one. After substituting expressions for the temperatures and deriv-
atives of temperatures into the boundary condition in equations (3.59-61), the
equations will be multiplied by a second eigenfunction and integrated over
the boundary. Since the eigenfunctions have the property shown in equations
(3.65-66), the equations will be simplified and the unknown constants can be
determined.

3.3.1 Application of Boundary Conditionat x = L

Beginning with the solution for 8, in equation (3.26) and taking the
derivative with respect to x* and evaluating both expressions at the boundary
gives

8,(L,y*) = Y A,[n,L cosh (L") +Bi,sinh (n L")]*

n=0

(i cos (1,y") +Biysin (1,y*)] 3.67)

% L_J
—(Ly") = T A, (L sinh (1,L) +Bijh,L" cosh (,L")]*
x n=0
[w,cos (1t,y*) +Bigsin (1,y*)] (369)
Substituting these expressions into the boundary condition, equation (3.59),
produces
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A, [p2L"%sinh (u L") + Bi,p L" cosh (p L*)]*
=0

[w,cos (1,y") +Bigsin (1,y")]

+Bi, ¥ A, [p,L’ cosh (L") +Bi,sinh (u L°)]*

n=0
[m,cos (L y*) +Bigsin (1 y*)]

The orthogonality of the eigenfunctions is used to determine the constants.
The eigenfunction for this problem is

Y(u, y") = p,cos (1,y") +Biysin (n,y*) (3.70)
and these eigenfunctions have the property shown in equation (3.65). There-
fore, equation (3.69) will be multiplied by a second eigenfunction ¥ (u,, y*)
and integrated over the boundary. Because this integral is only nonzero for
m=n, only this term will remain from the summations. The integrals of each
term in equation (3.69) after multiplying by a second eigenfunction are
shown in Appendix C.

After applying orthogonality, equation (3.69) reduces to
A, [n2L*?sinh (u, L*) +Bi,p_L"cosh (u L") IN (1) +
A,Biy [, L cosh (L") +Bi,sinh (p L) IN(p) =

. . Biy Biy
Bi; (T,-T, [sm (n,) - u—cos (1,) + Tl—] (3.71)
m

m
where all summations that were present in equation (3.69) have been reduced
to a single term through the application of orthogonality. Equation (3.71) can
now be solved for the unknown constant

: . Biy Biy
Bi,(T;-T, [sm (n,) - u—cos (n,) + l—l_]
A, = - = (3.72)

" [(u3L'*+ Bi,Biy) sinh (L") + (Bi,+Biy)p, L cosh (i L*)IN ()
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The functional relationship for ¥ (w,) is

Np) = 2 (u2 +Bi 2 PR T WY 3B.13)
meoo2)Tm e (2 +Bi;?) 0 '

This completes the solution of problem one, equation (3.62) could be evalu-

ated since A, is known from equation (3.72), noting that m is a dummy vari-
able.

3.3.2 Application of Boundary Conditionaty = 0

The difficulty in applying the boundary condition in equation (3.60) is
recognized by noticing that the right hand side contains the temperature of
the hot fluid. Using the solution for 6, from equation (3.30) and taking the
derivative with respect to y* and evaluating both at the boundary gives

8,(x*,0) = Y B,[a,cos(a,x*) +Bi,sin (ot x*)] 374
n=0
ae2 - an
—(x*,0) ==Y B,—{, [ cos(ax") +Bi,sin (& x*)] (3.75)
ay* nzo L

In addition, the hot fluid temperature is, from equation (3.52)
Ty(x*) = T,+ D exp (~Nyx*)

. (Bi,Ny—-pn3L'?)
(N -u2L™)

] cosh ( p,nL' x*)

Putting these three expressions into equation (3.60) yields
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= a
z B'L_:C" [a,cos (o x*) + Bi,sin (a0 x*)]
n=0
+Biy Y B,[a,cos (o,x*) +Bi,sin (0,x*)] =
n=0

Biy[D, exp (~Nyx*)

- . (BioNH - uZL‘Z) .
+ AdpL'|1- r cosh (u L' x*

n=0

TR
= o (Bi N +a2)
+ E(B,,+-—:‘C,,) of1- °2" S |cos (@, x*)
n=0 L (NH"'O‘,.)
Bi N, + a2
+Ny OTH-—"- sin (o, x*) (3.77)
Ny+o2

for which orthogonality will be applied. Each term in equation (3.77) will be
multiplied by the eigenfunction

X(a,x*) = a_cos (o x") +Bi,sin (o x*) (3.78)
evaluated at term m, and integrated over the boundary. The eigenfunction has
the same property as discussed earlier, which is given in equation (3.66).
After applying orthogonality, equation (3.77) becomes

= (v
B\ =-o D, - 2 Ay (Pon 1+ Pun 2 Prun, 3+ Prun &) —Z(Bu+ C”Z-f)wm(s.w)

n=0 R
where the order of the terms in the two equations, equation (3.77) and equa-
tion (3.79), has been maintained, except the first two terms in equation (3.77)
have been combined into a single term in equation (3.79). Additional vari-
ables were introduced to represent the results of the integration, the variable
definitions and integration details are shown in Appendix C.

The complexity added by the hot fluid being the nonhomogeneous
term in the boundary condition is seen in equation (3.79), where summations
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are present after applying orthogonality. This was not the case for the appli-
cation of orthogonality to 8,, where all summations reduced to a single term.
Because the summations in equation (3.77) that represent the hot fluid tem-
perature do not contain eigenfunctions, they were not reduced to a single
term. Also, equation (3.79) is a function of all three unknown constants (actu-
ally two since A, was just obtained). Nevertheless, the dependence of this
equation, which would only be a function of the constant B, if the hot fluid
temperature were not present in the boundary condition, is now coupled to
the other boundary condition, equation (3.61), through the constant C,.

3.3.3 Application of Boundary Conditionaty = §

The evaluation of the boundary condition given in equation (3.61) is
very similar to the previously discussed method for 6,. Starting with the
expression for 6, in equation (3.31) and taking the derivative and evaluating
both at the boundary gives

oo o) o a
0,(x*1) = C l:—,"cosh(—f)+8i sinh(—f)]*
? ngo " L L H L
[a,cos (o x*) + Bi,sin (o x*)] (3.80)

09 = arlo a o
1) = ZC,,—,"[—:'sinh(—f)+BiHcosh(—f)]*
dy* e "LTLL L L

[o, cos (o x*) + Bi,sin (o0 x*)] (3.81)
and the temperature of the cold fluid, from equation (3.54), is



Tc (x*) =
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To(x*) = T,+Ejexp(Nx*)

+ iA,,’{unL'[1+

n=0

(Bi,No+p2L'?)
(NG-u2L™)

]cosh (1L x")

(Bi No+p2L"?) .
+NC[ o< :l",z Jsinh(unL x+)}
(NZ-p2L™)
(Bi,Nc—a?)
(N2+a?)

Bi,N.-o?
+No| —Z5—" Isin (a,x") | 382)
Ng+a2

+ 2 (B,’+C,") {an[l+ Jcos (o x*)
n=0

Putﬁng these temperatures into equation (3.61) gives
C "[ "sinh( ") Bi h( = ][ ( +) Bi_sin ( +)]
—] — — |+ —_ o o + sin (O
”Eo s | = ‘ 5 iycos ,) »C0s (0 x i, X

= a a a
+Bic Y C,| = h(—f)+8' sinh(—f)]*
'Cn=0 [L cos L iy L

[a,cos (o, x") + Bi,sin (& x")] =
Bi - [E, exp(Nx*)

- . (Bi_N.+n3L'?)
u’nL 1+ 02C un’Z
(N>-p2L™?)

]cosh (n,L"x*)

(BioNc+u;‘:L'2) .
+N sinh (pu L' x*
C[ (N2-uiL"™) (ol 29

- ., (Bi,Nc—a?)
+ 2 (B,,+c,,){a,,[1+ (N’cwﬁ)

Bi N_.- o2
+NC[( o lc 0"')]sin(cx”x")}](3.83)

2
(Nz+ad)

] cos (o x*)
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for which orthogonality will be applied. Each term in equation (3.83) will be
multiplied by the eigenfunction

X(a,x*) = o cos (o x") +Bi,sin (& x*) (3.84)
evaluated at term m and integrated over the boundary. The eigenfunction has
the same property as discussed earlier, which is given in equation (3.66).
After applying orthogonality, equation (3.83) becomes

C,®, =QE + ZA,,' (Pn 1+ Prn 2+ Prun 34 Prn ) + Z (B, +C,)Y¥,,, (385
n n

where the order of the terms has been maintained for the two equations, equa-
tion (3.83) and equation (3.85), except that the first two terms of equation
(3.83) have been combined into a single term in equation (3.85). Using a sim-
ilar procedure as the last boundary condition, new variables were introduced
to represent the results of the integration when orthogonality was applied. All
details of this step are shown in Appendix C.

Notice that the presence of the cold fluid temperature in equation
(3.61) had the same effect as the hot fluid in the previous boundary condition.
Summations exist after applying orthogonality and equation (3.85) is coupled
to equation (3.79).

3.3.4 Summary of Applying Orthogonality

After applying orthogonality to equation (3.59) a closed form solution
was obtained for the 6, constant, from equation (3.72)

: : Biy Biy
B'L(TL- To) |:Sll'l (p.”) - u—nCOS ('J.n) + Fn—]

A" = 2,%2 . . . . . . (3.86)
[n,L “sinh (n,L)+ (Bi,+Biy)u, L cosh (u L )IN(n,)
where
_ 1 2 . 2 B'L .
N(un) = 5[(“»"‘310 ) (l + W)+Bl"] (3.87)

Note that the subscript n was substituted for m in the form of the equations
shown since it is a dummy subscript.
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Application of orthogonality to equations (3.60-61) did not result in

the simple algebraic equation with one unknown as it did for equation (3.59).
The difference is the terms on the right hand side of the equations. For equa-
tion (3.59) this term is a constant, whereas for equations (3.60-61) the term is
a function (infinite series). These functions are T, (x*) and T.(x*), and they
present two problems. First, they are not orthogonal functions; and therefore,
the series will not be reduced to a single term after orthogonality is applied.
Secondly, they contain both unknown constants, B, and C,, which will result
in equations (3.60-61) being coupled after applying orthogonality. The cou-
pled equations given in equation (3.79) and equation (3.85), after some rear-
ranging, are

an
B\, + 2": (B,, + C,,?)\v,,,” +w0,D, = -ZA,, (Pon, 1 ¥ Prmn 2 ¥ Prun, 3+ Pun,a) (3:88)
n

Cu®, - (B +C Y, ~QE; = YA, (Ppn 1+ Prn 2%t Prun 3+ Prn s) 389
n n

These equations represent a set of simultaneous equations to be solved
for the unknown constants B, and C, (n = 1, 2, 3.......). Because summations
exist in the equations it is now required to truncate the series after a finite
number of terms (n = N). This gives 2N constants to be determined from the
two equations; however, both equations can be written for each eigenvalue,
hence the subscript m. Since there are as many eigenvalues as terms in the
series (m = N), this totals 2N equations to solve for the same number of con-
stants.

The unknowns in equations (3.88) and (3.89) are B, and C,
(n = 1,2,...N). The primed constants in equation (3.89), which are functions
of B, and C,, need to be substituted for, giving a new variable for that term.
Also, D, and E, are function of the unknown constants and will need to be
substituted. From equations (3.53) and (3.55), D, and E, are respectively

(Bi,Ny—-p2L"?) ]

D, =Ty;,-T,- ZAnu:L'[l— WL
H Fn

n=0

Bi N, + o2
-2 (B,.+%C,.)a,.[l- (Bl "+a")] (3.90)

(Ny+a?)
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NcBi,+p2L’ .
E = exp(—Nc)[(Tc',, ZA { [ ‘f e ]cosh (n,L")
n=0 Ne-uL

NcBi,+p§L‘2] . }
+N, —— |sinh (u L")
C[ Ng-u2L" "

o N ! - 2
- Y B,/+C,) {a"[um]cos(an)
n=0

2 L o
Ne+aof

N_.Bi -a?
+Ng -if"——" sin (@) b | a9
Nz+o?

Introducing variables to represent the large terms in equations (3.90) and

(3.91) and converting B,’ and C,’ to B, and C, allows these equations to be
reduced to

3.92)

n=0

D, = (Ty,in-T, ZAB Z(B‘*'C )n

- Y (B,0,+C,1,) (3.93)
n=0

where all new variables are defined in Appendix D. Substituting for D, and
E, from equations (3.92) and (3.93) into equations (3.88) and (3.89) and
defining new variables to convert the primed constants gives

E, = exp(-Ng) (T¢, = T,) = 3, A/,

(0}
z’m + ZB'I (‘vmn - 7nmm) + ZCnL_: (‘Vm,. - 'Y,,") ) =

-mm(TH,in—To) -ZAn(pmn.l+pmn,2+pmn,3+pmn,4-m Ba) (394
n

Y [Q,0,-(¥B),,1B,+C,®, +) [Q,1,-(¥0),IC, =

Q,exp(=N¢) (Tg, i =T,) + 3 A, (Pop 1+ Ppp 24 Py 3+ Py o —R,0,) (395)
n

These equations are now in the form that they were solved for the

unknown constants. The equations are organized with functions of unknowns

to the left of the equal sign and known quantities to the right. Standard meth-

ods were employed to solve the set of simultaneous equations described by
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equations (3.94-95) and these methods are addressed in Appendix D. In
short, the two equations were separated into coefficient of B, and C, for each
eigenvalue and equation. These terms were put into a matrix and then solved
for the unknown constants using a partial pivoting scheme with the Gauss
method. Once the constants were determined, all solutions could be evalu-
ated.
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3.4 Computer Program AXCOND

The development of the solution to this problem has been completely
analytical up to this point. A closed form solution is not possible since a set
of simultaneous equations must be solved for series constants, which depend
on a truncation of the general series solutions obtained for the temperature of
the wall and fluids, as discussed in the previous section. With the solution
framework complete a computer program needed to be developed to perform
the evaluation of the analytical solution. The main functions of the program
were to:

1. Determine the eigenvalues from the transcendental equations.

2. Assemble the set of simultaneous equations and solve for B, and C,.

3. Evaluate the series to calculate the temperatures of the wall and fluids.

4. Check that the boundary conditions are satisfied and that energy is conserved.

A FORTRAN program was developed to perform these functions and a
listing of the program is given in Appendix E In addition, a general flowchart
of the program is shown in Figure 3.2. It contains a main program that calls
subroutines to perform each of the individual tasks. There are nine subrou-
tines in the program: INPUTO, INPUT1, ROOT, BUILD, GAUSS, PROFIL,
OUTO, OUT1, and OUPUT. Each of these will be briefly discussed to sum-
marize its function. In the program, variables were named to coincide with
the solution shown herein, and deviations from the variables in the solution
were noted.

The first two subroutines INPUTO and INPUT1, as there names imply,
import the data needed for a particular run. The former reads dimensional
data in and computes the dimensionless parameters needed for computation;
while the later reads in the dimensionless parameters, depending on the
option selected. In addition, INPUT1 allowed for a particular input parameter
to be varied, with the first call to the subroutine reading in the data and the
parameter to vary and subsequent calls updating the selected parameter for
another computation. This option allowed for assessing the effect of various

parameters on the solution by observing the results as one parameter is var-
ied.

Subroutine ROOT is used to locate positive roots of the transcendental
equation. It employs a marching scheme that searches for a change in sign of
the function then backs up to locate the zero crossing, i.e. the root. A great
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deal of time was spent to make this subroutine sufficiently robust to handle
the large changes in magnitude of the parameters in the transcendental equa-
tion and not skip roots of the equation.

Assembling the matrix of simultaneous equation to be solved for the
constants B, and C, was done in subroutine BUILD. This was the key step in
obtaining a solution. After building the matrix, the subroutine GAUSS used a
partial pivoting scheme to solve for the constants.

Temperatures for the wall and fluids were generated from the series
solutions in the subroutine PROFIL. In addition to computing temperatures
the derivatives of the temperatures with respect to the coordinates are calcu-
lated. The derivatives of the analytical series solutions were taken then evalu-
ated in the subroutine. Also, to calculate heat loss from the wall ends (x=0
and x=L) the integral of the heat flux over the ends was taken

1
oT.
ql = |K .
end i')‘ wax,..

Equation (3.96) was determined analytically and programmed to evaluate the
series. Using the derivatives of temperature it was possible to check whether
the fluid energy balances equations were being met and if the boundary con-
ditions on the wall were being satisfied. The heat losses from the ends
enabled a total energy balance to be performed insuring conservation. These
two checks, conserving energy and satisfying the boundary conditions, were
used to select the number of terms to truncate the series and insure the valid-
ity of the solution.

dy* (3.96)

end

The final three subroutines generate the output file for a run. Subrou-
tines OUTO and OUT1 correspond to the option listed earlier for the input.
The main difference is that OUTO produces the results of one computed run
while OUT1 varies a particular parameter giving the results as a function of
the varied parameter, but not listing the unchanged parameters again. Subrou-
tine OUTPUT can write the fluid and wall temperatures as a function of posi-
tion if desired. These temperature are only written if a flag is set in the input
file and there are separate flags for the fluids and wall. Likewise, another flag
in the input file can check that the boundary conditions are satisfied and write
the results to the output file.
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FIGURE 32. Flowchart of the FORTRAN program used compute a solution




40 Identi

In the
dimensionles
form a link
dimensionless
the wall aspec

and Biot numb

The Parameters

Dadditiop 1, g,
Wall end (T, an
TCia) Deed o

T0de] ¢ap pe 5



Chapter 4
Results and Discussion

4.0 Identification of Input Parameters

In the formulation of the mathematical model for this problem certain
dimensionless groups appeared (Chapter 2). These dimensionless parameters
form a link between the mathematical model and the physical problem. The
dimensionless parameters needed to solve the wall conduction equation are
the wall aspect ratio

L
L = 3 4.1

and Biot numbers for each surface of the wall

g = ok
lp = _K—; 4.2)
. kL
Bi L= K—w “4.3)
. _ hyd
. _hcd
Blc = —K: 4.5)
The parameters needed in the fluid energy balance equations were
hyAy BigK,L'w
M=, = ¢, 46)
h Bi K L'w
Ng = hehc =S¥ @7

CC CC
In addition to these dimensionless parameters the ambient temperatures at the
wall ends (T, and T;) and the initial or inlet condition for the fluids (7, ;, and
T ;») Deed to be specified. With these eleven parameters the mathematical
model can be solved for the wall and fluid temperatures as functions of posi-

47
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tion. There are then eleven independent variables that may influence axial
conduction as the problem was formulated. The investigation of all eleven
parameters to determine their influence on axial conduction presents a diffi-
cult task. To reduce the number of independent variables, quantification of
axial conduction will be shown by evaluating the solution using effective-
ness-NTU relationships. |

Presenting the solution in terms of the effectiveness eliminates the
dependence of the solution on any of the ambient or fluid temperatures,
assuming a constant ambient temperature (T, = T,); because the effective-
ness is based on temperature differences and scaled by the temperature differ-
ence at the fluid inlets. The NTU, which represents the physical and thermal
geometry of the heat exchanger, was earlier shown in Section 2.3 as

K, . BiyBi,
NTU = we—L [Bi,,+ Bi Bi + Bic] “8
This equation introduces the need for specifying the thermal conductivity of
the wall and the minimum heat capacity; whereas for the mathematical
model, the thermal conductivity was accounted for in the Biot numbers and
the heat capacity accounted for in N and Ny, and did not need to be explicitly
defined. It was decided that since the additional parameters of the wall ther-
mal conductivity and minimum heat capacity need to be specified for com-
puting NTU, they could also be used to compute N and Ny, from the other
parameters, as shown in equations (4.6) and (4.7). This allows for the more

physical parameter of heat capacity to be input.

The wall thermal conductivity and minimum heat capacity do not
independently affect the solution because they appear only as a ratio used to
compute the NTU in equation (4.8) and the parameters Ny and N in equa-
tions (4.6) and (4.7). It does not matter that the ratio in equations (4.6-7) con-
tains the individual heat capacities rather than the minimum. Since the
solution depends on the heat capacity ratio and the magnitudes of the heat
capacity will be set by the ratio of the wall thermal conductivity and mini-
mum heat capacity, the ratio will be accounted for in at least one of the equa-
tions. Therefore, the individual magnitude of these variables is not
significant.
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The appearance of the ratio of the thermal conductivity to the mini-
mum heat capacity provides some additional flexibility to this study. The spe-
cific properties of the wall and fluids do not need to be specified, and a
dimensionless analysis can be performed. Furthermore, this ratio can be
adjusted to provide the desired magnitude of NTU. To present the ratio of
these variables, a new dimensionless variable will be defined to represent the
group of terms that are not dimensionless in the NTU in equation (4.8). This
variable will be the Mondt number, from Rohsenow [17]

K, w
M, = " 4.9)
CminL
where the wall aspect ratio was included to be consistent with Rohsenow’s
definition. Substituting the Mondt number into equation (4.8) gives

NTU = M L"[ BinbBic ]
O

Bi, + Bi Bi + Bi, @10
The Mondt number will be used as the adjustable parameter in this study.
After specifying the fluid Biot numbers and wall aspect ratio, the Mondt
number is set to provide the desired NTU. The magnitudes of the Mondt
number can be looked at to correlate the conditions in which axial conduction

is important.

TABLE 4.1. Input variables and dependency for determining heat exchanger performance

Input Parameters Mathematical Model NTU Effectiveness

L L L L
Bi, Bi, Bi, Bi,
Bi; Bi; Biy Bi;
Bic Bi, M, Bi,
Biy Biy Biy
Kw N C CR
CC N H . M o
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Presenting the results in an effectiveness-NTU format will reduce the
number of independent variables. The input parameters that were specified to
obtain a solution are shown in the first column of Table 4.1. These parameters
were used to calculate the information needed for the mathematical model
and NTU shown in columns two and three in Table 4.1. This information
allows for the mathematical model to be solved and a NTU to be associated
with this solution. However, the solution, which will be in the form of effec-

tiveness, will depend only on the seven parameters shown in the last column
of Table 4.1.

An additional input that is not listed in Table 4.1 was the number of
terms needed before the series is truncated, N. It was not included in the pre-
vious discussion because it lacks any physical significance, but it was not
overlooked in the analysis. The value of N must be sufficiently large to allow
the series solutions to converge. Taking this criteria a step further, the bound-
ary conditions on the wall were checked to ensure that they were being satis-
fied. Since these boundary conditions involve the wall and fluid temperatures,
applying this criteria is equivalent to having all three series solutions con-
verge. Another check performed was an overall energy balance of the solu-
tion. This checked that the solution conserved energy, i.e. the energy lost
from the hot fluid was accounted for in the cold fluid and/or lost by convec-
tion from the wall ends. Although magnitudes of N will not be shown in any
of the results, using those two criteria the value of N was chosen and the
validity of the solution assured for all results reported.

The influence of N was not investigated in any detail. In general, the
solution would converge based on an energy balance within 10-20 terms.
However, the boundary conditions would not be met until more terms were
considered; but the solution (¢ - NTU) did not change from the values seen at
a smaller number of terms. These results suggest it may be possible to obtain
simplified expressions for the solution, but this point was not pursued further.

4.0.1 Presentation of Results

It was anticipated that the effect of axial conduction could be demon-
strated through the seven variables upon which the effectiveness depends
(shown in Table 4.1). These variables were to be investigated to determine
their influence on the performance of the heat exchanger. In order to present
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these results it is useful to introduce a final variable that will describe the deg-
radation in the performance of a heat exchanger. It is called the ineffective-
ness, and it represents the amount that a heat exchanger’s performance is
reduced due to the effect of axial conduction. It is defined by

€ -£
ic = Neg C @.11)
eNcg
€ -£
iy= _Neg H 4.12)
€
Neg

where e, is the effectiveness calculated neglecting axial conduction using
equation (1.25), which assumes one-dimensional heat flow. The ineffective-
ness must be defined for both hot and cold fluids since the energy balances
may differ due to heat lost from the wall ends. For the case that there is negli-
gible heat loss from the ends of the wall, the two values for ineffectiveness
are equal

ic=iy=ifore, = ¢, 4.13)

Note that when the ineffectiveness is zero there is no degradation in the
performance of the heat exchanger due to axial conduction, indicating that
axial conduction is negligible. In addition to showing when axial conduction
is not negligible, the ineffectiveness gives the magnitude that the effective-
ness would be over-estimated or in some special cases under-estimated, using
a standard effectiveness-NTU relationship which neglects axial conduction. It
is the percentage of error introduced from assuming that axial conduction is
negligible.
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4.1 Influence of Axial Conduction at a Constant NTU

To begin this parametric study the NTU will be held constant as other
parameters are varied. Through some initial computer runs it was seen that a
larger degradation in effectiveness was seen at higher values of NTU. Hence,
a NTU of seven was chosen for the study. This allows the identification of the
more important parameters and will give insight into the conditions under
which axial conduction should not be neglected.

While maintaining a constant NTU, the Biot numbers are varied over a
range from .0001 to .1, the heat capacity ratios of 1, .75, .50, and .25 are
investigated, and the wall aspect ratio is also varied. Variation of the Biot
numbers will be done by grouping all four or grouping the ends and the hot
and cold side. Although grouping all the Biot numbers may be unrealistic, it
will provide insight for future more realistic cases.

4.1.1 Influence of the Wall Aspect Ratio (L")

A natural choice to begin this parameter study is with the wall aspect
ratio, which will address the physical dimensions for which axial conduction
should not be assumed negligible and may need further investigation. Also,
by beginning with the wall aspect ratio some bounds can be established on
the other parameters that need to be investigated. This is achieved by elimi-
nating ranges of the other parameters for which axial conduction only occurs
under unrealistic physical dimensions. All four wall Biot numbers were set
equal, and the magnitudes were varied beginning with .1 and decreasing an
order of magnitude each run to the final value of .0001. The results, showing
ineffectiveness as a function of the wall aspect ratio, are presented for the dif-
ferent Biot numbers in Figures 4.1-4.4 with each figure depicting a different
heat capacity ratio.

Examination of the data, prior to plotting figures, showed a negligible
difference in the effectiveness based on the cold fluid and the effectiveness
based on the hot fluid (ec=¢ ). For this reason, only one ineffectiveness was
plotted in Figures 4.1-4.4. There was a slight deviation from the two effec-
tivenesses being equal for very low magnitudes of the wall aspect ratio
(L® < 40). Because this effect is not related to axial conduction and merely
demonstrates the effect of the wall aspect ratio becoming very small, it was
not included in Figures 4.1-4.4.
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The results indicate that as the aspect ratio decreases, which physically
represents a thick wall or short heat exchanger, the ineffectiveness becomes
nonzero. Depending on the heat capacity ratio (C;), one finds a degradation
in the effectiveness from 20% at small C, to nearly 50% at C equal to one.
The degradation is further enhanced as the wall Biot numbers decrease. A
maximum Biot number of .1 is shown in the figures, since for larger Biot
numbers the ineffectiveness only departs from zero for very small and unreal-
istic values of the wall aspect ratio.

The trend of increasing ineffectiveness with decreasing aspect ratio
can be explained by considering the thermal resistances across the heat
exchanger wall in the two principal directions

L
RStreamwiu = I_(x 4.149
o
Ruormal = g 2 @.15)
y

For a plane wall A, = wd and A, = wL giving

L

RSlrcamwiu = Kw (4.16)
w

1
K wL'
It can then be noted that as L* becomes small, the streamwise thermal resis-
tance becomes small while the normal thermal resistance becomes large. This
will lead to a greater energy flow in the streamwise direction and ultimately a
larger degradation of the effectiveness.

Rpormal = 4.17)

In considering the influence of the Biot number on the degradation of
the effectiveness, the increase in ineffectiveness with decreasing Biot number
is expected. Decreasing the Biot number results in a reduction in the convec-
tive heat transfer at the surface of wall and/or an enhancement of the conduc-
tive heat transfer within the wall, which is shown by considering the
definition of the Biot number

Rnormcl - SIKnAy - ﬁ
R - 1/hA, K

w

Bi=

(4.18)

convection
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Both these trends lessen the influence of axial conduction since energy moves
more freely from the surface while encountering more difficulty conducting
within the heat exchanger wall. This is further seen by observing the temper-
ature profile along the wall. These results are shown in Figure 4.5. Notice that
the temperature profile along the wall flattens as the Biot numbers decrease,
that is, the temperature at the ends of the heat exchanger becomes closer to
the temperature at the center of the heat exchanger as the Biot numbers
decrease. This is the effect of axial conduction moving energy along the
length of the heat exchanger wall. Coupling the effect of the Biot numbers to
the wall aspect ratio follows.

As the Biot numbers decrease, the alternate path of heat flow along the
wall becomes more influential. At the smaller Biot numbers the wall aspect
ratio has less influence because the convective resistance is so high. There-
fore, the wall aspect ratio requires a larger magnitude to reduce the normal
resistance or increase the streamwise resistance to the point that axial con-
duction will not occur. Hence the smoothing of the curves in Figures 4.1-4.4
as the Biot numbers decreased.

The final dependency that can be observed in Figures 4.1-4.4 is the
influence of the heat capacity ratio. To aid in this comparison, Figure 4.6 was
generated, which illustrates how the heat capacity affects the solution for a
Biot number of .001. This figure does not provide any new information, it
instead combines a curve from Figures 4.1 through 4.4 into a single figure. In
Figure 4.6 it is seen that, at a particular Biot number, the ineffectiveness
increases as the heat capacity ratio increases.This trend is not a physically
obvious result.

To better understand the effect, the dimensionless temperature profile
along the heat exchanger at a wall aspect ratio of 100 was generated as a
function of heat capacity ratio and is shown in Figure 4.7. In this figure the
median wall temperature shows little or no variation in shape with heat
capacity ratio, the curves increase a constant amount as the heat capacity
ratio decreased. This can be explained through the existence of a greater dis-
parity in the amount of energy per degree of temperature between the two
fluid streams as the heat capacity ratio decreases. The stream with the maxi-
mum heat capacity will undergo a smaller temperature change in the heat
exchanger than the fluid with the minimum heat capacity. Thus, the fluid with
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the maximum heat capacity can cause a larger temperature change in the fluid
with the minimum heat capacity while experiencing less of a temperature
change, as the heat capacity ratio decreases. Therefore, there exists more
energy to raise the temperature of the wall which results in a larger wall tem-
perature as the heat capacity ratio decreases. The elevated temperature of the
wall does not explain the decreased ineffectiveness, however; and further
examination is needed.

For more insight into the effect of the heat capacity ratio the dimen-
sionless temperature profiles of the hot and cold fluids were added to the
dimensionless wall temperatures and are shown in Figure 4.8, with a heat
capacity ratio of .75 omitted for clarity. This figure clearly demonstrates the
effect of axial conduction, which moves the energy along the length of the
heat exchanger within the wall. The magnitude of which can be gauged by an
energy balance on the fluids. For negligible axial conduction

Ou _ ccdec @.19)
dx* dx*
However, if axial conduction is present there exist a local imbalance in the
energy exchange between the fluids and equation (4.19) becomes

Cu

doe de
H C
( Ix* ~%“R = )“qAxial (4.20)

for C, 2 C, which can be rearranged to give

TABLE 4.2. Relationship between the slope of the hot and cold fluid’s temperature profile and the
heat capacity ratio

6, Jdx*
Cx(d8 Jdx")
Cr xt = xt =05 xt=1
1.0 15.68 1.00 1/15.63
75 15.53 1.28 1/11.58
50 14.29 1.81 171.75
25 13.5 2.67 1/4.95
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de,/dx*

(CR (d0 Jdx*)
Using equation (4.21), axial conduction at different locations along the heat
exchanger can be assessed. To help quantify the differences in the slope of
the hot and cold fluid temperature profiles Table 4.2 was created, which
shows the ratio on the left hand side of equation (4.21) at various locations
and as a function of the heat capacity ratio. This ratio should be nearly one
for negligible axial conduction and considerably smaller or larger than one
when axial conduction is appreciable.

The data in Table 4.2 demonstrates that as the heat capacity ratio
decreases, axial conduction shows a local decrease at the ends of the heat
exchanger; while it increases near the center. Comparison of the magnitudes
shows the dominant effect at the x* = 1 end of the heat exchanger, while the
x* = 0 end and center show less significant change. This can also be seen in
Figure 4.8, more qualitatively, by a comparison of the slopes of the tempera-
ture profiles. The net effect on the heat exchanger is that axially conducted
heat and ineffectiveness decrease as the heat capacity ratio decreases, as dem-
onstrated in Figure 4.6 where ineffectiveness decreases with heat capacity
ratio.

- 1)‘.:4“‘“, @21

The difficulty with interpreting this case is that both solutions, includ-
ing and neglecting axial conduction, change with the heat capacity ratio.
Therefore, it is required to analyze why the solution more closely resembles
the case of neglecting axial conduction as the heat capacity ratio decreases.
There are two related reasons. The first is the change in the available energy
on opposite sides of the wall. Second is the change in the driving potential on
the hot side of the wall, which is the difference between the fluid and wall
temperatures.

The smaller heat capacity ratios were obtained by increasing the mag-
nitude of the hot fluid heat capacity while maintaining the heat capacity of the
cold fluid. Providing more energy per degree on the hot side of the wall than
on the cold side and this disparity in energy across the wall becomes larger as
the heat capacity ratio decreases. This situation was earlier shown to increase
the wall temperature.
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The increased driving potential on the hot fluid side of the wall results
from the increase in the heat capacity of this fluid, which can be shown by
observing the describing equations for the hot fluid, from equation (2.15)

dT .
c,,:ix—f +Bi K, L'w[Ty(x*) =T, (x*,0)] =0 @22)

The dimensionless parameter previously introduced in this equation (Ny)
has been separated into components to isolate the heat capacity. The driving
potential balances the product of the heat capacity and slope of the tempera-
ture. Therefore, when the heat capacity increases, the driving potential must
increases to balance the equation since the slope of the temperature remains
constant.

The outcome of these two effects is that the cold fluid acquires more
energy at or near its inlet, due to the hot fluid having more energy to transfer
to the cold fluid and the increased driving potential to move more energy.
Because both these effects become more pronounced as the heat capacity
ratio decreases, the cold fluid will depend less on axial conduction to provide
its temperature rise and the ineffectiveness will decreases.

Having an understanding of the overall effect of the heat capacity ratio
on the performance of the heat exchanger, it is now possible to refer back to
Figure 4.6 and the influence of the wall aspect ratio can be addressed. In this
figure it is seen that the wall aspect ratio reduces the ineffectiveness to zero as
it increases, and the convergence to zero is more pronounced at lower heat
capacity ratios. The increased convergence to zero is a consequence of the
effect of axial conduction already reduced by the heat capacity ratio, and then
the influence of the wall aspect ratio requires a smaller magnitude to decrease
the normal resistance and eliminate axial conduction.

The product of M,L"? is shown in the legend of Figures 4.1-4.4, from
which the Mondt number can be calculated. The use of the Mondt number in
this study was as a variable parameter, which could be adjusted to provide the
desired NTU as the other parameters were varied. In general, as the Biot num-
bers and wall aspect ratio increased; the Mondt number was decreased to
maintain a constant NTU, while the Mondt number was independent of the
heat capacity ratio because the minimum heat capacity remained constant.
Referring to equation (4.8) for NTU, as the wall aspect ratio and Biot num-
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bers were increased, the noted trend in the Mondt number was accomplished
by the ratio X, /C,,,, becoming smaller because the analysis was based on a
unit width.

The trends seen in the Mondt number to maintain a constant NTU are a
reaction to changes made in the wall aspect ratio and Biot numbers. In
essence, the Mondt number is compensating the wall (X)) and fluid (C,,;,)
properties to match the conditions (Bi,, Bi, L"). Therefore, it is fitting that
the Mondt number decreases as the wall aspect ratio and fluid Biot numbers
increase since more energy can be transferred for these conditions and must
be available. This outcome suggest that axial conduction may be described
by only the magnitude of the Mondt number. A point to be investigated later.
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FIGURE 4.2. Ineffectiveness as a function of the wall aspect ratio for NTU = 7 and C, = .75
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4.1.2 Influence of the Wall End Biot Numbers (Bi, and Bi,)

During the investigation of the wall aspect ratio it was determined that
convective loses from the ends of the heat exchanger wall are negligible if the
end Biot numbers are less than or equal to the fluid Biot numbers (hot and
cold side Biot numbers). This dependence will be further investigated for
cases that have end Biot numbers greater than the fluid Biot numbers. These
cases are physically possible since the end Biot numbers have the wall length
as its characteristic length and the fluid Biot numbers have the wall thickness
as the characteristic length, as shown in equations (4.2)-(4.5). Thus, the mag-
nitude of the end Biot numbers being greater than the magnitude of the fluid
Biot numbers does not require the same dependence on the convective heat
transfer coefficients, a case that would be unrealistic, because the characteris-
tic lengths proportionately increase the end Biot numbers.

Following a similar procedure as the previous section the NTU will be
held at seven while the end Biot numbers are varied. The same magnitudes of
the hot and cold side Biot number will be investigated at the four heat capac-
ity ratios for a prescribed wall aspect ratio of 100. The ineffectiveness as a
function of the end wall Biot numbers (Bi, = Bi,) are shown for these condi-
tions in Figures 4.9-4.12, with a different heat capacity ratio in each figure.
Notice for these figures that each curve has a starting point at approximately a
zero end Biot number, then is double valued for larger end Biot numbers. The
two values at each end Biot number are the ineffectiveness based on the hot
and cold fluids. For a specified end Biot number, the cold ineffectiveness is
always greater than or equal to the hot ineffectiveness in absolute magnitude.

Observing Figure 4.9, which shows the ineffectiveness as a function of
the end Biot number for a heat capacity of one, the effect of the end Biot
number is seen. As the end Biot numbers increase i, decreases while i,
increases, for all fluid Biot numbers investigated. This divergence of the per-
formance based on the hot and cold fluids is expected as the end Biot num-
bers increase because the heat lost by convection from the ends similarly
increases resulting in an energy imbalance between the fluids and a differ-
ence in the ineffectiveness based on the hot or cold fluid.

Recalling that an ineffectiveness of zero implies axial conduction can
be neglected, it is seen for smaller fluid Biot numbers that the performance of
the heat exchanger is actually enhanced, as noted by the ineffectiveness based
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on the hot fluid being negative. That is, the effectiveness calculated based on
the hot fluid is greater that the effectiveness calculated neglecting axial con-
duction. However, this enhancement of the performance based on the hot
fluid is at the cost of the performance based on the cold fluid, as seen by the
hot ineffectiveness being negative while the cold ineffectiveness approaches
one. This outcome exists because the heat that is acquired from the hot fluid
is lost from the wall ends and is not transferred to the cold fluid. The appro-
priateness of this result depends on the use of the heat exchanger. For remov-
ing heat from the hot fluid this outcome is beneficial, but for adding energy to
the cold fluid the results are discouraging. In systems which have one stream
as a waste stream, such as an automobile cooling system, this could be a use-
ful result.

The fluid Biot numbers affect both the starting point of the curve and
the amount that the ineffectiveness calculated based on the hot fluid diverges
from the ineffectiveness based on the cold fluid. Figure 4.9 shows that the
curves begin at a higher ineffectiveness and diverge a greater amount
between the two ineffectivenesses as the fluid Biot numbers decrease. Fur-
ther, the divergence of the two ineffectivenesses as the end Biot number
increase occurs at a faster rate at smaller magnitudes of the fluid Biot number.
There are three relevant observations to be made as the fluid Biot numbers
decrease 1) the starting ineffectiveness increases, 2) the magnitude of the
divergence of the two ineffectivenesses increases, and 3) the rate of the diver-
gence with respect to the end Biot number increases. These points will be
addressed in subsequent paragraphs.

The higher starting ineffectiveness of the curves at is a consequence of
the effect of axial conduction increasing as the fluid Biot numbers decrease.
The basis of this outcome was addressed in the previous section.

The magnitude of the divergence of the ineffectivenesses increasing as
the fluid Biot numbers decrease is also due to the effect of axial conduction
increasing as the fluid Biot numbers decrease. Since energy is more likely to
proceed along the heat exchanger as the fluid Biot numbers decrease, it fol-
lows that increasing end Biot numbers will result in more energy being
removed. The additional energy removed results in an increase in the magni-
tude of the divergence as the fluid Biot numbers decrease, which correspond-
ingly grows with the end Biot numbers.
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Finally, addressing the rate of the divergence with respect to the end
Biot numbers, which increases with the decreasing fluid Biot numbers, is
again linked to the increased effect of axial conduction at lower fluid Biot
numbers. With axial conduction being more prevalent at lower fluid Biot
numbers it is expected that the sensitivity to the end Biot numbers will be
greater at the lower fluid Biot numbers. With axial conduction more preva-
lent, a change in the end Biot number will have more effect than when axial
conduction is less and the effect of the end Biot number is diminished. This
sensitivity to the end Biot number is seen by the change in ineffectiveness as
the end Biot numbers change, which explains the change in rate of diver-
gence as the fluid Biot numbers decrease.

The influence of the heat capacity ratio requires a comparison of infor-
mation from Figures 4.9-4.12. To aid in visualizing this information Figure
4.13 combines the curve for a fluid Biot number of .001 from each of the four
figures, onto a single figure. In this figure the ineffectiveness is seen to
increase as the heat capacity ratio increases, which was covered in an initial
discussion of the heat capacity ratio, where this trend was also seen. How-
ever, as the heat capacity ratio varied; the end Biot number showed more
influence on the hot ineffectiveness.

At a heat capacity ratio of one the curve for ineffectiveness based on
the hot and cold fluids is symmetric. As the heat capacity ratio decreased, the
curve for the ineffectiveness becomes asymmetric, sloping more on the lower
leg. This leg of the curve represents the ineffectiveness based on the hot fluid.
The change with heat capacity ratio represents the performance of the heat
exchanger actually improving, as seen by the curving sloping more negative.
The effect is due to the increased driving force, or larger difference between
the hot fluid and wall temperature, on the hot side resulting in more energy
available to the wall. This additional energy is then lost from the wall ends
through convection.

For this case the Mondt number depends only on the hot and cold Biot
numbers, and therefore was constant with respect to the end Biot numbers.
For this reason little can be learned about the Mondt number by varying the
end Biot numbers.
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4.1.3 Influence of the Fluid Biot Numbers (Bi; and Bi;)

To change the end Biot numbers requires the least effort without alter-
ing the operating conditions (flow rates or inlet temperatures) of the heat
exchanger. Assuming that the end Biot numbers can be reduced to the mini-
mum Biot number by reducing the convective heat transfer coefficient, the
fluid Biot numbers will be investigated. These Biot numbers should represent
the core of this study because the end effects require some unusual circum-
stances to become appreciable; and it is these fluid Biot numbers and the wall
aspect ratio that should characterize axial conduction.

Setting the NTU at seven with the end Biot numbers equal at a magni-
tude of .0001, the fluid Biot numbers are varied. The cold Biot number was
set and the hot Biot number varied over the range of interest. The cold Biot
number was then increased, and the hot Biot number varied over the same
range. This procedure was repeated for the four heat capacity ratios. Figures
4.14-4.17 shows the ineffectiveness as a function of the hot and cold Biot
numbers at each heat capacity ratio. With such small end Biot numbers cho-
sen, negligible end effects were seen and the ineffectivenesses based on
either fluid were equal (i =i.=i).

Examining the results for a heat capacity ratio of one, Figure 4.14, the
insensitivity of the ineffectiveness to the hot Biot number is seen at larger
magnitudes of the hot Biot number. This result shows that beyond a certain
magnitude of the hot side Biot number the performance of the heat exchanger
depends minimally on this Biot number. This implies that the effect of axial
conduction depends on the minimum fluid Biot number and increasing the
other fluid Biot number does not improve matters significantly. To determine
the magnitude of the hot Biot number beyond which the ineffectiveness does

TABLE 4.3. Ineffectiveness as a function of fluid Biot numbers from Figure 4.14

Biy,

Bi, | .0001 | .0002 | .0016 | .0032 | 0128
0001 | 413 | 408 | 402 | .402
001 | 403 | .383 | .294 | .276
01 402 | 378 | 216 | .155
B | 401 | 377 | 206 | .136

0256 | .0512 | .1024 | 2048 | 4096 | 8192
402 | 401 | 401 | 401 | 401 | .401
257 | 256 | 255 | .255 | .255 | .255
069 | .062 | .0S8 | .056 | .055 | .055
028 | .017 | .012 | .009

HHHE
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not change, Table 4.3 was created. This table shows the ineffectiveness as a
function of the fluid Biot numbers from Figure 4.14. In Table 4.3 it is seen
that for magnitudes of the hot Biot number less than the cold Biot number the
ineffectiveness shows a dependence on the hot Biot number. However, for
magnitudes of the hot Biot number greater than the cold Biot number the
ineffectiveness changes a maximum of 5% after the point of equal fluid Biot
numbers. If more accuracy is desired, it is possible to be within 1%, for Biot
numbers separated by one order of magnitude or more. These results show
that axial conduction is weakly dependent on the larger fluid Biot number.

This outcome is explained by realizing that an increase of one fluid
Biot number will improve the heat transfer between the wall and that fluid.
However, the increased thermal communication between the fluid with the
higher Biot number and the wall will not significantly affect the performance
of the heat exchanger because of conditions on the other side of the wall. On
the side where the Biot number is unchanged, any additional energy that
could be acquired by the increased Biot number cannot be handled on this
side. There can be some change in the amount of energy transferred between
the wall and the fluid with the minimum Biot number; through an increase in
the wall temperature, but the magnitude of this increase will be much less
than the energy change due to the increased Biot number on the other side. To
summarize, the wall is unable to transfer more energy between the fluids
when one Biot number is increased because it cannot increase the energy
transfer at the other side of the wall. The outcome is the wall not acquiring
any more energy even though one fluid Biot number is increased.

To assess the influence of the heat capacity ratio, Figure 4.18 was cre-
ated, which combines a curve from Figures 4.14-17 on to a single figure for a
cold Biot number of .001. In Figure 4.18 the affect of the heat capacity ratio
is seen. The ineffectiveness increased as heat capacity ratio increased. How-
ever, little change in the shape of the curves is seen as the hot side Biot num-
ber varies. An interesting result, considering that the heat capacity was seen
to increase the driving temperature differential, as the heat capacity ratio
decreased, on the fluid with the maximum heat capacity, which was the hot
fluid for this case. Even with the increased driving force it is not possible to
move more energy while increasing only one fluid Biot number.
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For this case, each pair of hot and cold Biot numbers had a correspond-
ing Mondt number. Requiring a different Mondt number for each point on the
figures. Because the case of a constant NTU and L* = 100 is rather restrictive,
the influence of the Mondt number will be left for a more general case.



72

rl v v """l v v v 'l"'l v v """l '_"l L] v
i NTU=7 i
0.7 Bi,=B8i,=.0001
] L*=100 i
C.=1
0.5- _
] Bi,=.0001]
o
0.34 .001 .
0.1 01
i A i
_0.1 M | T rvvyvrreg T ryvovrreeg 4 rvryvvrog ¥ LA LI R AR | Ll T T
0.0001 0.0010 0.0100 0.1000 1.0000
Bi,
F.::I;UCREl.lf.lmﬂocdvmuafnncﬂonol&oluldnhtmmbenfotNTU =17,L" = 100,
R 3
'r v LA "ll L L] LA | ""l LA | fr'q ' v Ll 1
NTU=7
0.7 ' Bi,=Bi,=.0001
] L*=100 j
C.=.75
0.5- -
{1i_ Bi,=.0001-
0.3 -
] .001 ]
0.1 —
.01
. A .
_0.1 M | T T vvvrerg T vvvvveg T vvvvroog L4 rTvveeg L]
0.0001 0.0010 0.0100 0.1000 1.0000
Bi,
FIGURE 4.15. Ineffectiveness as a function of the fluid Biot numbers for NTU = 7,L' = 100,




73

v L T'Y'TT' L v 'II"I' v v "I'll' L L v |""[
NTU=7
0.79 Bi,=Bi,=.0001 il
] L¥=100 ]
C.=.50
0.5 -1
0.3- Bi,=.0001]
0.1- .001 |
.01
- .1 -
—0-1 T T Ty T T LA A A R AR ) | T T T T g g
0.0001 0.0010 0.0100 0.1000 1.0000
Bi,

FIGURE 4.16. Ineffectiveness as a function of the fluid Biot numbers for NTU = 7,L‘
and CR = .50

100,

TP Ty
NTU=7
0.7 Bi,=Bi =.0001 il
] L*=100 ]
C,=.25
0.5- .
0.3+ -
] Bi,=.0001]
0.1- .
.001
' .01, .1 1
—001 " v v v """ LJ Ll 'I'III" v v v 'l'lll L L Ll "U"l L] LJ v
0.0001 0.0010  0.0100  0.1000 1.0000
Bi,

FIGURE 4.17. Ineffectiveness as a function of the filuid Biot numbers for NTU = 7, L' = 100,
and Cp = .25



LA RAL | T vvvvveg v v vvvveog T v vyvrvng

NTU=7
0.7 Bi,=Bj,=.0001 T
L*=100 J
Bi_=.001
0.5- -
[ \
0.3- C,= 1.0
. 75
0‘1 - \ .50 _
_ 25
_001 '] v BLE rj""l v v v ""'l L L v ""'l L v v ""'l v LS
0.0001  0.0010  0.0100  0.1000  1.0000

Bi

H

FIGURE 4.18. l.nelfecﬂvenenuafnncﬂonof the hot fluid Biot number and heat capacity ratio for
NTU = 17,L = 100, and a cold fluid Biot numbers of .001

4.1.4 Summary of Investigation with a Constant NTU

Examination of the effect of axial conduction at a constant, relatively
high NTU has provided insight into the parameters that characterize condi-
tions that axial conduction will arise. There were also some possible simplifi-
cations that arose. These issues are now discussed.

The wall aspect ratio is an important parameter in describing axial
conduction. This parameter represents the physical dimensions of the heat
exchanger; and it was seen that for large values of the wall aspect ratio axial
conduction could be neglected, almost regardless of the Biot numbers. It was
still possible for axial conduction to exist at the larger wall aspect ratios, but
only for very small Biot numbers. A case simulating a nearly insulated wall
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(h = 0) or an infinite wall thermal conductivity (X, » k), both physically trivial
cases.

Having investigated the physical dimensions that axial conduction was
important, a wall aspect ratio was set to exhibit axial conduction; and the
influence of the wall Biot numbers could be investigated. The Biot numbers
on the ends and for the hot and cold fluids were grouped separately. This per-
mitted setting one group while varying the other, which reduces the possible
combinations to study.

The end Biot numbers cause energy loses from the wall ends through
convection and an energy imbalance between the fluids. However, this effect
was not significant for magnitudes of the end Biot numbers less than or equal
to the magnitude of the fluid Biot numbers. When the end Biot numbers
exceeded the fluid Biot numbers some interesting results were seen, with the
performance based on the hot fluid actually larger than the performance cal-
culated neglecting axial conduction. This was at the cost of the performance
based on the cold fluid, however.

Although the scaling used in the Biot numbers can result in the end
Biot numbers being larger than the fluid Biot numbers, the proportionate
amount that the scaling changes the Biot numbers, in comparison to the con-
vective heat transfer coefficients, is the wall aspect ratio. Making the end Biot
numbers greater than the fluid Biot numbers, in most cases, would require a
very large wall aspect ratio, based on the expected magnitude difference in
the convection coefficients; a case shown to result in negligible axial conduc-
tion. In addition, the effect of the end Biot numbers improves the effective-
ness in certain situations, and may not have any affect on axial conduction.
For these reasons, the end Biot numbers will be assumed negligible and not a
factor in further investigation.

With the end Biot numbers eliminated from further scrutiny, they were
set to the minimum magnitude of the Biot number, the focus turned to the
fluid Biot numbers. Physically, the fluid Biot number can be thought of as the
fluid operating conditions. Describing the interface convection between the
fluid and the wall. As the fluid Biot numbers were varied, it was seen that the
results were fairly insensitive to the larger Biot number. This outcome simpli-
fies the task of characterizing axial conduction, which now may be shown to
be a function of the wall aspect ratio and the minimum fluid Biot number.
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The heat capacity ratio plays a role in the effect of axial conduction on
the performance of the heat exchanger. The heat capacity ratio was varied
during the investigation of all other parameters. It can alter axial conduction
by influencing the interaction between the fluid and wall. The effect of axial
conduction is smaller as the heat capacity decreases. Therefore, to reduce
axial conduction the heat capacity ratio can be decreased.

Although the Mondt number was not covered for all cases it was
shown to be influential. The Mondt number was adjusted as other parameters
were varied to maintain a constant NTU. As the wall aspect ratio and Biot
number became larger the Mondt number became smaller and the effect of
axial conduction decreases, which is interpreted as the Mondt number adjust-
ing the properties of the fluids and wall to match the operating conditions.
This parameter may be useful to describe the condition when axial conduc-
tion will be seen.

In closing, this section has allowed the characterization of axial con-
duction to be reduced to a function of four variables; which includes the wall
aspect ratio, minimum fluid Biot number, the heat capacity ratio, and Mondt
number. These variables will provide approximate estimates when axial con-
duction needs to be considered and to what extent the performance will be
altered if it is assumed negligible. Approximate, because only one variable is
considered for the fluid Biot numbers. In the next section these results will be
used to produce ineffectiveness curves as a function of NTU for the parame-
ters of interest.
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4.2 Characterization of Axial Conduction as a Function of NTU

Setting the NTU constant and varying the parameters revealed some
possible simplifications in the parameters needed to characterize the condi-
tions that axial conductions will arise. At the beginning of this chapter it was
shown that it requires eleven parameters to mathematically model this prob-
lem. Of the number of parameters needed to mathematically represent the
problem the solution presented in dimensionless form would be a function of
seven of these parameters. Which includes four Biot numbers, a wall aspect
ratio, the fluid heat capacity ratio, and Mondt number. Using the results of the
previous section the number of independent variables will be reduced.

The effect of the end Biot numbers was only seen for end Biot number
magnitudes greater than that of the fluid Biot numbers. Although this is pos-
sible, it is not seen as a plausible operating condition. Therefore, the end Biot
numbers will be assumed to be the lowest possible magnitude and play no
role. This reduces the parameters needed to characterize axial conduction to
five.

Another simplification that can be considered is the dependence of
axial conduction on the fluid Biot numbers. For a constant NTU it was shown
that the ineffectiveness depends mainly on the magnitude of the smaller of
the two fluid Biot numbers. However, these results were for a constant NTU
and wall aspect ratio of 100 and the dependence, or lack of, may differ with
these parameters variable. To explore this point, data were generated to pro-
duce ineffectiveness-NTU plots for a heat capacity ratio of one, which are
shown in Figure 4.19. The plots are shown as a function of the wall aspect
ratio and the maximum fluid Biot number, while the minimum fluid Biot
number remained constant. The minimum and maximum fluid Biot numbers
are

Bi, = min(Biy, Bi) @22

Bi,,,, = max(Biy, Biz) 423)
In Figure 4.19 the results of the previous section are supported for a wall
aspect ratio of 100 with less than a 1% change in the ineffectiveness as the
maximum fluid Biot number increased three orders of magnitude. However,
for larger wall aspect ratios the ineffectiveness shows a dependence on the
maximum fluid Biot number with as high as a 45% reduction in the ineffec-
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tiveness. This reduction was at a maximum Biot number one order of magni-
tude larger than the minimum Biot number, for further increases in the maxi-
mum Biot number the ineffectiveness was not changed significantly.
Although Figure 4.19 shows a greater absolute change in the ineffectiveness
at a wall aspect ratio of 500 than it does at a wall aspect ratio of 1000, the rel-
ative change in the ineffectiveness, which gauges the magnitude of axial con-
duction, is larger for a wall aspect ratio of 1000 with a 45% reduction in the
ineffectiveness.

0.8
— Bi_=.0001
Bi,=0001 e BT =.001
BiL=Bi°=.OOO1 D BE,_=.01
——- Bi__=
0.6 C.=1
L*= 100

500

FIGURE 4.19. Ineffectiveness as a function of the NTU, wall aspect ratio, and maximum fluid Biot
number for Bi,;, = 0.0001 and Cp = 1
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It was shown earlier that axial conduction was greater for smaller wall
aspect ratios and fluid Biot numbers. For this reason, at lower wall aspect
ratio, the ineffectiveness is less sensitive to the fluid Biot numbers because
both parameters are at magnitudes that promote axial conduction. As the wall
aspect ratio increases, the solution becomes more sensitive to the fluid Biot
numbers because this parameter is more influential in promoting axial con-
duction with the wall aspect ratio larger. This results in the ineffectiveness
decreasing significantly as the maximum fluid Biot number is increased at
larger wall aspect ratios. However, the maximum fluid Biot number can only
improve the operating conditions so much, due to the limiting nature of the
conditions on the opposite side of the wall where the minimum fluid Biot
number remains unchanged. The outcome is less degradation in the perfor-
mance of the heat exchanger as the maximum fluid Biot number is initially
increased, but further change in the maximum fluid Biot number produces no
improvement.

A final observation that can be made concerning Figure 4.19 is the
increased ineffectiveness at lower values of NTU as the maximum fluid Biot
number increased for a wall aspect ratio of 100, a result contrary to all other
cases, where ineffectiveness decreased as the maximum fluid Biot number
was increased. This is only seen for values of NTU less than three, where
there is a crossing point and previous trends are seen, and only for this partic-
ular wall aspect ratio. This is due to the wall aspect ratio and minimum fluid
Biot number both being at magnitudes that promote axial conduction.

Increasing the maximum fluid Biot number is expected to decrease the
ineffectiveness because of the increased convection on one side of the wall.
In addition to increasing the maximum Biot number the Mondt number will
decrease to maintain the same NTU that existed when the fluid Biot numbers
were equal. The lower Mondt number also would be expected to decrease
axial conduction. But it is the decrease in the Mondt number that actually
causes the increase in the ineffectiveness at low NTU.

To decrease the Mondt number the ratio (X, /C,,;,) must be decreased.
At lower values of the NTU, the magnitude of the minimum heat capacity is
relatively larger and decreasing the ratio X, /C,,;, will make it even larger.
Therefore, the limiting factor on the energy transfer will be the magnitude of
the wall aspect ratio and fluid Biot numbers. When the maximum fluid Biot
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number is increased, the corresponding increase in the Mondt number results
in the ineffectiveness increasing because the additional energy can not be
moved across the wall.

For larger NTU the heat capacity is relatively small and it becomes the
limiting factor on the energy transfer. For this case, the result is the ineffec-
tiveness decreases as the maximum fluid Biot number is increased.

The results in Figure 4.19 show, contrary to the previous section, that
in addition to the minimum fluid Biot number the maximum fluid Biot num-
ber must also be considered for magnitudes of the maximum fluid Biot num-
ber within one order of magnitude of the minimum fluid Biot number.
Increasing the maximum fluid Biot number further produces negligible
change in the results and does not need to be considered.

Because unequal fluid Biot numbers must be considered the relative
magnitudes of the heat capacities on the streams will also play a role. For
example, at a particular heat capacity ratio and for unequal fluid Biot num-
bers the results obtained when the fluid with the minimum heat capacity has
the minimum fluid Biot number will differ from the results obtained when the
minimum heat capacity is for the fluid with the maximum fluid Biot number.
To verify this point Figure 4.20 was created, which shows ineffectiveness-
NTU curves at various heat capacity ratios with the minimum heat capacity
associated with the minimum fluid Biot number and maximum fluid Biot
number. At lower magnitudes of the NTU the two cases vary greatly, while at
larger values of the NTU the two cases converge toward a common result and
the convergence occurs at a lower NTU for larger heat capacity ratios.

The two noted dependencies are due to the magnitude of the heat
capacities at the referenced NTU. At lower values of NTU the minimum heat
capacity is relatively larger in comparison to the amount of energy that the
wall can transfer. For an opposite pairing of the extremes of heat capacity and
fluid Biot numbers the amount of energy transferred is dictated mainly by the
fluid Biot numbers. The larger heat capacity is limited by the smaller Biot
number on one side of the wall and similarly the larger Biot number is limited
by the smaller heat capacity on the other side of the wall. Producing an insen-
sitivity to the heat capacity ratio. However, if the pairing is changed to asso-
ciate extremes, the magnitudes of the heat capacity and fluid Biot number
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will not oppose each other and a dependence on the heat capacity ratio exists.

For larger values of NTU the minimum heat capacity is smaller in com-
parison to the possible energy transfer through the wall; and the energy trans-
ferred is dictated mainly by the heat capacity ratios. The insensitivity to the
Biot number is shown by the two cases approaching the same result at larger
values of the NTU. The smaller heat capacity ratios requires a larger magni-
tudes of the NTU to converge to the same result because the larger differences
in the heat capacity across the wall make the result more sensitive to the Biot
numbers, which requires a larger NTU to insure that heat capacity is the limit-
ing parameter on the heat transfer and not the fluid Biot numbers.

0.8+ .
— C,.. on Bf...u.
B8i,=.0001 Bi_=.001 |&- Caa on Bi,,
Bi,=Bi,=.0001
0.64 L*=100

FIGURE 4.20. Ineffectiveness as a function of the NTU and heat capacity ratio for
Bi,,, = 0.0001, Bi, .. = 0.001,and Cp = 1
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Between the limiting cases of a small NTU (where the heat transfer is
limited by the fluid Biot numbers) and a large NTU (where heat transfer is
limited by the heat capacity ratio) both parameters are important. In this
region a combination of the outcomes is seen.

The results of Figures 4.19 and 4.20 have shown that axial conduction
can now be characterized for all fluid Biot number combinations with mini-
mal error by two cases; the fluid Biot numbers equal (Bi,,,, = Bi,,;,) or the
maximum fluid Biot number an order of magnitude larger that the minimum
(Bi,,,, = 10Bi,;,). For the case of unequal fluid Biot numbers, the minimum
heat capacity ratio must be considered to exist on the fluid with the minimum
fluid Biot number (C,,;, - Bi,,;,) and with the maximum fluid Biot number
(Cpin— Bina,) separately, since the results will differ.

Encompassing the previous results, the operating conditions that axial
conduction will arise can now be identified with five parameters. A minimum
and maximum fluid Biot number, the wall aspect ratio, the heat capacity ratio,
and Mondt number. However, for the fluid Biot numbers only one order of
magnitude larger than the minimum needs to be considered for the maximum

fluid Biot number, greatly reducing the possibilities.

It is now possible to produce figures, which can be used to predict the
possibility of axial conduction affecting the performance of the heat
exchanger. To do this requires considering four minimum fluid Biot numbers
at four heat capacity ratios, giving sixteen figures. On each figure, two cases
for the fluid Biot number will be shown, fluid Biot numbers equal and maxi-
mum fluid Biot number ten times the minimum fluid Biot number. Further-
more, for unequal fluid Biot numbers both maximum and minimum Biot
numbers will be associated with minimum heat capacity. All of these cases
shall be shown at different wall aspect ratios.
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4.2.1 Ineffectiveness-NTU Results
4.2.1.1 Heat Capacity Ratio of 1

0.6-
— Bi_=8i_,
Bi,=0001 | Bi_=10Bi,, C.. on Bi
Bi, =Bi.=.0001 —. Bi .=10Bi.. C. on Bi ..
e = 100

C,=1

0.4

0.24

0.0

FIGURE 4.21. Ineffectiveness as a function of the NTU and wall aspect ratio for
Bi,;, = 0.0001 and Cp = 1

— Bi__=8Bi_,,
Bim=.001 ....... B!.-=1°Bi_ c-h on Bi.-.
0.4 BiL=Bi°=.OOO1 — B|_=1OB|_ C_,on Bi
C.=1 L*= 100

flngléREttzlz. Ineffectiveness as a function of the NTU and wall aspect ratlo for Bi ;. = 0.001
R -
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4.2.1.2 Heat Capacity Ratio of .75

0.6-
— Bi_=Bi,
Big,=-.0001 e Bi__=10Bi, C_ on Bi_
1 Bi,=Bi.=.0001 —- Bi__=10Bi C_ on Bi__
(8 o °

C.= .75

0.4

FIGURE 4.25. Ineffectiveness as a function of the NTU and wall aspect ratio for
Bi,;, = 0.0001 and C = .75

— Bi_=Bi_
Blm=.001 ....... Bi__-108i__ c" on Bi.‘_
0.4 Bi,=Bi,=.0001 —- Bi_=108i . C__ on Bi__
Ce=.75
) L*= 100

FIGURE 4.26. Ineffectiveness as a function of the NTU and wall aspect ratio for Bi,,,;, = 0.001
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0.20
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ma _ _mls ey

0.004
0
NTU
FIGURE 4.27. Ineffectiveness as a function of the NTU and wall aspect ratio for Bi, ;. = 0.01
and CR =.75
0.10
| — Bi_=Bi_
Bi =1 e Bi_ _=10Bi, C,, on Bi_,
Bi =Bi.=.0001 —- Bi_=10Bi, C_ on Bi__
L o °
Ce=.75
i 0.05-

FIGURE 4.28. Ineffectiveness as a function of the NTU and wall aspect ratiofor Bi, ;.. = 0.1
and CR = .75
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4.2.1.3 Heat Capacity Ratio of .50

0.6
— Bi__=Bi_,
Bi_=.0000 e Bi,.=10Bi,,, C,.. on Bi_
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FIGURE 4.29. Ineffectiveness as a function of the NTU and wall aspect ratio for
Blm‘" = 0.0001 and CR = .50

0.4
— Bi __=Bi_,
| Bi =001 | Bi_=10Bi_, C_, on Bi_,
Bi,=Bi,=.0001 —- Bi_=10Bi, C_ on Bi
0.34 C,=.50

FlngléREmgolneﬂecﬂveneuuamncﬁononheNTUmdnnupeanﬂofor Bi,;, = 0.001
. R = .



88

0.20

— Bi =Bi,,
Bi,=01 e Bi,=10Bi_, C,, on Bi
BiL=Bi°=.0001 —- Bi_=108i_, C_ on Bi
0.159 C,=.50

¢ 0.104

0.05-
L*= 100

* —— -

...............................................................
.............
..........

NTU

FIGURE 4.31. Ineffectiveness as a function of the NTU and wall aspect ratio for Bi, ;. = 0.01
and CR = .50
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4.2.1.4 Heat Capacity Ratio of .25
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FIGURE 4.33. Ineffectiveness as a function of the NTU and wall aspect ratio for
B'miu = 0.0001 and CR = .25
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FIGURE 4.35. Ineffectiveness as a function of the NTU and wall aspect ratio for Bi ;.. = 0.01
and CR = .25
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FIGURE 4.36. Ineffectiveness as a function of the NTU and wall aspect ratio for Bim-u = 0.1
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4.2.1.5 Discussion of Results

In Sections (4.2.1.1-4.2.1.4) results were presented to give an indica-
tion of the operating conditions when axial conduction will exist and the
extent to which the performance of the heat exchanger will be affected. Much
of the information pertaining to the underlying physics was covered when the
NTU was held constant and therefore will not be covered in detail in this sec-
tion. Instead, the general trends in Figures 4.21-4.36 will be discussed.
Because the scope of this study was intended to be general, all magnitudes of
the describing parameters were considered for which axial conduction was
nonzero. However, only the figures that best demonstrate the trends will be
discussed.

The Mondt number is the only describing parameter that is not shown
on the figures because it was the adjustable parameter in this study. Equation
(4.10) shows that NTU is a function of the fluid Biot numbers, wall aspect
ratio, and the Mondt number. To vary the NTU the fluid Biot numbers and
wall aspect ratio was set and an appropriate magnitude of the Mondt number
selected to provide the desired NTU, which is analogous to adjusting the flow
rate of the fluids since the remaining terms in the Mondt number depend on
the properties of the wall and fluid. Thus, the NTU is indicative of the Mondt
number, and the two variables are linearly related for specified a wall aspect
ratio and fluid Biot numbers. Although the influence of the Mondt number
will be discussed in this section the real power of this variable is to predict
the presence of axial conduction, which is covered in the next section.

The wall aspect ratio and fluid Biot numbers display a similar influ-
ence on axial conduction. At smaller magnitudes of these parameters the
effect of axial conduction is more prominent. This is demonstrated in Figures
4.21 and 4.24. In Figure 4.21 for L* = 100 and Bi,,;, = Bi,,,, = 0.0001 the
ineffectiveness is over 40%, maintaining the same fluid Biot numbers the
ineffectiveness decreases to a maximum of 10% at a wall aspect ratio of
1000. In Figure 4.24 the fluid Biot numbers are increased to .1 while main-
taining the wall aspect ratio at 100 and the ineffectiveness decreases to 2%.
These trends are seen for the wall aspect ratio regardless of the fluid Biot
number and for equal fluid Biot numbers (Bi,,,, = Bi,,,), but are not as uni-

min

versally true for unequal fluid Biot numbers. Since the maximum fluid Biot
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number introduces secondary effects as it is increased, a point to be discussed
later.

On a physical basis the smaller wall aspect ratios and fluid Biot num-
bers represent less thermal communication between the fluids because the
smaller wall aspect ratios increase the wall thickness or decreases the wall
length while the smaller Biot numbers decrease the convection between the
wall and the fluid. These changes result in a greater amount of energy flow
along the wall because the resistance to the energy flow in this direction is
less than the resistance to the flow across the wall, which increased due to the
changes in the wall aspect ratio and fluid Biot numbers.

In general, increasing the maximum fluid Biot number reduces the
effect of axial conduction. This is shown by the ineffectiveness decreasing by
as much as 40% in Figure 4.21 when the maximum fluid Biot number was
increased at a wall aspect ratio of 1000, which is explained by the resistance
to convection decreasing at the larger maximum fluid Biot number and axial
conduction having less influence with the lower resistance. An exception to
this outcome is seen for a combination of small magnitudes of the NTU, wall
aspect ratio, and fluid Biot numbers, where the ineffectiveness increased at
the larger maximum fluid Biot number, as shown in Figure 4.21 for L* = 100
and NTU<2.5. This is a result of the energy transfer switching from being
limited by the thermodynamic parameter (C,,;,) to the heat transfer parame-
ters (Bi, ., Bi,;., L*). To show this, the effect of the Mondt number must first
be considered.

The Mondt number varies with NTU, fluid Biot numbers, and the wall
aspect ratio. To maintain a constant NTU at the larger maximum fluid Biot
numbers the Mondt number is smaller than it was for equal fluid Biot num-
bers, which means the minimum heat capacity must become larger with the
maximum fluid Biot number since all other parameters are constant in the
Mondt number for a specified wall and fluids. In addition, at small NTU the
Mondt number is relatively small in comparison to its magnitude at larger
values of the NTU. Therefore, the minimum heat capacity is larger for small
magnitudes of the NTU, and larger yet at the increased maximum fluid Biot
number; due to the reciprocal relationship between the Mondt number and
minimum heat capacity.
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With these arguments, at the small values of the NTU the energy trans-
fer is limited mainly by the minimum Biot number and wall aspect ratio since
the minimum heat capacity is large. Then increasing the maximum fluid Biot
number increases the ineffectiveness because the additional energy cannot be
moved across the wall. While at larger NTU the energy transfer is limited
mainly by the magnitude of the minimum heat capacity and when the maxi-
mum fluid Biot number is increased the additional energy can be moved
across the wall ineffectiveness decreases. Note that at larger minimum fluid
Biot numbers and wall aspect ratios this effect is not seen because the condi-
tions are not as limiting on the energy transfer, as shown in Figure 4.21 at
L’=500 and 1000 and for all wall aspect ratios at Bi,,, = 0.001 in Figure
4.22.

Because unequal fluid Biot numbers needed to be investigated, the
association between the magnitude of the heat capacity and fluid Biot num-
bers became an issue. Both possibilities are shown on all figures: minimum
heat capacity with maximum fluid Biot number and with minimum fluid Biot
numbers. The outcome of these two cases is straightforward. When like
extremes of the heat capacity and fluid Biot numbers are associated an
increase in the maximum fluid Biot number will improve conditions more so
than when opposite extremes are associated. Since similar capabilities of
energy transfer are being matched in the former case, largest heat transfer
parameter with largest thermodynamic parameter. While for the later case the
opposite extremes limit the energy transfer because the heat transfer parame-
ter restricts the thermodynamic parameter or the thermodynamic parameter
limits the heat transfer parameter. The outcome is, associating like extremes
of heat capacity and fluid Biot numbers always has an equal or lower ineffec-
tiveness compared to the case of opposite extremes associated.

The heat capacity ratio reduces the effect of axial conduction as it
decreases. Considering a wall aspect ratio of 100 and equal fluid Biot num-
bers of magnitude .0001, at C, = 0.25 the ineffectiveness if less than one-half
the ineffectiveness at C, = 1.0, in Figures 4.33 and 4.21 respectively. The
heat capacity ratio decreases the effect of axial conduction because there is
more energy available on one side of the wall and this increased amount of
energy causes a larger driving temperature potential between the wall and the
fluid. The improved energy transfer and larger amount of available energy
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reduces the effect of axial conduction and hence decreases the ineffective-
ness.

The heat capacity ratio also has some secondary effects that are related
to the maximum fluid Biot number and the association between the magni-
tudes of the heat capacity and fluid Biot numbers. For the minimum fluid heat
capacity associated with the maximum fluid Biot number the ineffectiveness
was shown to increase as the maximum fluid Biot number increased for small
magnitudes of the NTU, wall aspect ratio, and minimum fluid Biot number.
Comparing the results of Figures 4.21, 4.25, 4.29, and 4.33 at L* = 100
shows that the heat capacity ratio magnifies the amount that ineffectiveness
increases at the larger maximum fluid Biot number in comparison to the inef-
fectiveness at equal fluid Biot numbers. Also, the magnitude of NTU at which
the crossing point is seen and the ineffectiveness decreases for larger maxi-
mum fluid Biot numbers moves to larger NTU as the heat capacity ratio

decreases.

Recalling that the larger ineffectiveness seen for small NTU as the
maximum fluid Biot number increases was due to the energy transfer being
limited by the magnitude of the wall aspect ratio and minimum fluid Biot
number. The larger maximum fluid Biot number resulted in additional energy
available, which could not be moved across the wall and hence the ineffec-
tiveness increased. This was seen until at larger NTU the minimum heat
capacity was smaller and the energy transfer limited by the available energy.
In which case the ineffectiveness decreased at the larger maximum fluid Biot
number.

As the heat capacity ratio decreases, the energy disparity across the
wall grows. With opposite extremes of the heat capacity ratio and fluid Biot
numbers paired, the growing energy disparity results in a larger increase in
the ineffectiveness at the larger maximum fluid Biot number in comparison to
the ineffectiveness at equal fluid Biot numbers. In Figure 4.29 for L* = 100
the ineffectiveness increases nearly 10% for C, = 0.5 at the larger maximum
fluid Biot number and small NTU, while similar conditions produce an
increase of only 5% for C = 0.75 in Figure 4.25. Note that the magnitude of
the ineffectiveness is greater at C, = 0.75 than it is at Cp = 0.5 for similar
conditions, but the change seen in the ineffectiveness as the maximum fluid
Biot number increased is larger for C, = 0.5.
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To summarize the results, the effects seen can be separated into two
groups: primary effects and secondary effects. The primary effects occur due
to changes in the wall aspect ratio, fluid Biot numbers, or heat capacity ratio.
Secondary effects occur due to changes in the Mondt number and minimum
heat capacity to maintain a constant NTU after varying the wall aspect ratio
or fluid Biot numbers. These effects are shown in Table 4.4.

The primary effects occur as a direct result of a change in the amount
of axial conduction. Table 4.4 shows that these effects decrease the amount of
axial conduction and the ineffectiveness. However, when the conditions
reach certain magnitudes; the secondary effects occur.

The secondary effects are the result of varying the NTU and show the
status of the interaction between the heat transfer and thermodynamics. For
small magnitudes of the NTU the minimum heat capacity is relatively large,
and the amount of energy transferred is dictated mainly by the heat transfer.
Whereas for larger magnitudes of the NTU, the minimum heat capacity is rel-
atively small; and the amount of energy transfer dictated by the thermody-
namics or available energy. Therefore, at small NTU the larger
ineffectiveness seen as the parameters were varied is not due to an increase in
axial conduction, instead it reflects that the limit of the energy transfer based
on the heat transfer parameters has been reached or exceeded. This produces
a larger ineffectiveness because the available energy increased as the parame-
ters were varied but no additional energy could be transferred; due to the
magnitude of heat transfer parameters(Bi,,,,. Bi,,,,, L ). The secondary effects
demonstrate interactions between the heat transfer and thermodynamics that
are quite complex to analyze.

TABLE 44. Classification of effects seen as the NTU was varied

Primary Effect Secondary Effect
Ineffectiveness decreases at larger L , Bip ;s Ineffectiveness increases for small magnitudes of
and Bi,, .. NTU, L ,and Bi,,;, when Bi,,,, is increased.
Ineﬂ’ecﬁvenessdeaeaseoatsmallack. Ineffectiveness increases for small magnitudes of
NTU, L , Bi,,;,, when Bi,,, isincreased and
the amount of the increase grows as Cp, is
decreased.




4.3 Predicting the Presence of Axial Conduction with the Mondt number

Having shown that axial conduction can indeed adversely affect the
performance of the heat exchanger, the conditions at which this will occur
will now be analyzed. These operating conditions are represented in dimen-
sionless form by the minimum and maximum fluid Biot numbers, wall aspect
ratio, heat capacity ratio, NTU, and the Mondt number. Note that not all of
these condition can be independently specified, as seen in equation (4.10).
The first five parameters are defined on all figures in Section 4.2.1. The
Mondt number however, is not shown on these figures because its magnitude
was calculated to provide the desired NTU. Hence, as the minimum and max-
imum fluid Biot numbers and wall aspect ratio were varied the Mondt num-
ber was changed. However, using the equation for NTU the Mondt number
can be calculated from the information on the figures

M

0= 77 424)

Bi_ . Bi

_ NTU [Bimax + Bip g Bipin t+ Bim‘n]
min®™ “max
Using equation (4.24) the information in Table 4.5 was created allowing the
Mondt number to be easily calculated as a function of the fluid Biot numbers,
wall aspect ratio and NTU. Note that the Mondt number, which was defined
earlier, is
K w
M, = . 425
CmiuL
and equation (4.24) is used to calculate the magnitude of the Mondt number
for a particular operating condition, not define it.

TABLE 4.5. Relationship among Mondt number, wall aspect ratio, NTU, and Fluid Biot numbers

ML
‘NTU
Bipgs
Bi,.. | -o001 001 o1 1 1
20001 20001 11001 10101 10011 10002
001 2001 1101 1011 1002
01 201 11 102
B | 21 12
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Now the magnitude of the Mondt number as a function of the other
parameters can be investigated. This was done for equal minimum and maxi-
mum fluid Biot numbers.The results are shown in Figure 4.37 for the Mondt
number as a function of the NTU while varying the minimum fluid Biot num-
ber and wall aspect ratio. The legend identifies the correspondence between
the minimum fluid Biot number and line pattern and to the right of the legend
the wall aspect ratio for each curve is shown. Following upwards from a
curve the corresponding wall aspect ratio for that curve can be found then
moving horizontally from the wall aspect ratio the associated minimum fluid
Biot number can identified. The legend also allows the minimum Biot num-
ber to be identified directly from the curve, but when the curves overlap this
is difficult and the alternate method may be used. Also, the trends in the mag-
nitude of the wall aspect ratio can be visualized at the various minimum fluid
Biot numbers.

The information concerning the relationship among the Mondt num-
ber, NTU, fluid Biot number, and wall aspect ratio by itself is not very useful.
Using the information from Section 4.2.1 it was possible to draw the line
depicting the dividing line between axial conduction being present and negli-
gible. Ineffectiveness is negligible for parameters to the left of the line and
nonzero for parameters to the right. The significance of this line is that it
identifies the regions in terms of all the influencing parameters when axial
conduction needs to be considered, albeit for a heat capacity ratio of one and
equal fluid Biot numbers. After addressing the limitations on Figure 4.37 the
basis for axial conduction depending mainly on the Mondt number is dis-
cussed.

As noted, the line identifying where axial conduction becomes nonzero
is restricted to equal minimum and maximum fluid Biot numbers. However,
as shown earlier, only a maximum fluid Biot number one order of magnitude
larger than the minimum fluid Biot number needs to be considered since fur-
ther increases in the maximum Biot number do not result in significant
changes. Because the Mondt number changes with the maximum fluid Biot
number, this requires a shifting of the curve for a particular wall aspect ratio
and minimum fluid Biot number. The individual curve on Figure 4.37 needs
to be shifted an amount equal to the ratio of the values in Table 4.5.
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To use the curves for equal fluid Biot numbers in Figure 4.37 when
fluid Biot numbers are not equal requires the Mondt number or NTU read
from the figure to be corrected. The Mondt number for unequal fluid Biot
numbers is

MOL . N
. : oo | NTT Bima>Bimin)
M, (Bi, ., > Bi,,) = M, (Bi,,=Bi_) - (4.26a)
MOL . .
NTU (B'max=B'nu'n)
while the NTU is
.2
ML
NTU (Blmy=Biin)
NTU (Bi,,, > Bi,,;,) = NTU(Bi,,=Bi,;) (4.26b)
MOL . .
W (Bl >Blmin)
where M, (Bi,, =Bi,;) inequation (4.26a) and NTU (Bi,,,,=Bi,;,) in equa-

tion (4.26b) are read from Figure 4.37 and the ratio on the right hand side is
obtained from Table 4.5 at the corresponding maximum and minimum fluid
Biot numbers. Equation (4.26a) corrects the Mondt number to correlate to the
NTU in Figure 4.37 for unequal fluid Biot number and equation (4.26b) cor-
rects the NTU to correlate to the Mondt number in Figure 4.37 for unequal
fluid Biot numbers. Only one of the variables (NTU or M,) needs to be cor-
rected; the other can be read from the figure directly.

A final restriction to the dividing line in Figure 4.37 is that it applies
for a heat capacity ratio of one. Because this heat capacity ratio is the most
adversely affected, these results will be correct in predicting when axial con-
duction is negligible for smaller heat capacity ratios. However, the results
may indicate axial conduction is nonzero when in fact it is negligible at
smaller heat capacity ratios. To alleviate this restriction, the dividing line can

TABLE 4.6. Magnitude of dividing Mondt number as a function of the

heat capacity ratio
C R Il M
1.0 010
75 015
.50 .030
25 070
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be shifted for smaller heat capacity ratios, where the effect of axial conduc-
tion is less, if all other conditions are the same. Table 4.6 gives the approxi-
mate Mondt numbers that divide axial conduction as a function of the heat
capacity ratio. Because the line does not shift very much, the additional lines
were not added to Figure 4.37.

The Mondt number varies with the wall aspect ratio, NTU and fluid
Biot numbers, as seen in equation (4.24). The Mondt number can be inter-
preted as the parameter that matches the properties of the wall and fluids (X,
and C,,,,) to the operating conditions (Bi,,,,, Bi,;,, L', NTU). Figure 4.37 in
conjunction with the results of Section 4.2.1 shows that as the Mondt number
approaches zero the effect of axial conduction is negligible, while at larger

values axial conduction is present.

The smaller Mondt number results in less axial conduction because to
become smaller the product of the streamwise resistance and minimum heat
capacity must get larger, which is shown using equations (4.25) and (4.16)

K w 1
M0=CWL‘=C R
min

4.27)

min“ streamwise

A larger minimum heat capacity means the fluid retains its energy better, and
the energy that is transferred to the wall is hindered from conducting axially
by the large resistance in that direction. However, for larger Mondt numbers
the heat capacity is small, and the fluid gives up its energy easily. This energy
can then be conducted down the wall because of the smaller streamwise resis-
tance.

Physically the Mondt number represents the capabilities of the fluids
and wall, the fluid’s ability to carry energy and the walls ability to move
energy in the axial direction. Because the Mondt number varies with fluid
Biot number, wall aspect ratio and NTU it will reflect any changes seen in
these variables, which explains why it is possible to base the presence of
axial conduction on this parameter

The results in Figure 4.37 are intended to serve as a design guide to
predict if axial conduction will exist. A certain amount of caution must be
exercised in applying the results in Figure 4.37 and Table 4.6, however. The
line presented on the figure for a heat capacity ratio of one was estimated by
observing the ineffectiveness-NTU plots presented earlier, as were the magni-
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tudes listed in Table 4.6. The criteria was an ineffectiveness less than 1% was
negligible. For the regions near the dividing line, it is recommended to check
the magnitudes of the ineffectiveness on the appropriate figure in Section
42.1.

The corrections allowing Figure 4.37 to be applied for unequal fluid
Biot numbers in equations (4.26a) and (4.26b) will be in error for small val-
ues of the NTU, wall aspect ratio, and fluid Biot numbers if the relationship
between the heat capacity and fluid Biot numbers associates the opposite
extremes (C,,;, - Bi,,,,). This is due to the influence of the secondary effects
when the thermodynamic energy becomes large. Even though the Mondt
number is getting smaller the ineffectiveness increases, and this outcome
reaches larger values of the NTU as the heat capacity ratio decreases. It is rec-
ommended not to use the corrections for this association of the fluid Biot
numbers and heat capacity ratio.
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4.4 Application of the Results

Up to this point, all operating conditions of the heat exchanger have
been in terms of the Biot numbers, wall aspect ratio, heat capacity ratio, and
Mondt number. Also the material properties of the wall or fluids have not
been an issue since they were absorbed into dimensionless parameters. In this
section the dimensional variables will be presented to show specific operating
conditions (,i.e. flow rates, fluid types, and wall material) when the previ-
ously presented results will apply. The results of this section could be used to

establish experiments to verify the analytical solution.

The parameters that will be addressed in dimensional terms are the

wall aspect ratio

L ]

L
L'=3
minimum and maximum fluid Biot numbers

Bi

max = Mmax (Bic, Biy)

where

hcd
'

w
_ had
"X,

w

Bi

Biy

heat capacity ratio

where

and the Mondt number

4.28)

(4.29)

(4.30)

4.31)

4.32)

(4.33)

4.34)

4.35)

(4.36)
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which were all defined earlier, but are shown again for discussion purposes.
The NTU is then

NTU = M anl: BiminBimax ]
? min

Bi . Bi,  +Bi,

max+ min® *max

B 437

In the previous section it was shown for a Mondt number less than .01
axial conduction was negligible. Consequently, the Mondt number must be
larger to see axial conduction, and this is the parameter to begin the investiga-
tion of the dimensional quantities. Figure 4.38 gives an indication of the con-
ditions required on the wall and fluids (C,,;,L"/w) as a function of the wall
thermal conductivity, that are needed to provide the required Mondt number.
Also, for the given wall thermal conductivity the product of the convective
heat transfer coefficient and wall thickness, calculated from equations (4.29-
32), are given as a function of the minimum fluid Biot number by the addi-
tional labelled axes.

The results in Figure 4.38 give insight into the magnitudes and trends
of the basic heat exchanger parameters required for axial conduction to exist.
The thermal conductivity that intuitively would improve the performance if it
were larger actually increases the possibility of axial conduction because the
value of (Cm,,L'/w) becomes larger as the thermal conductivity increases, as
does the product h3. The larger these two groups of parameters are the more
likely the chance they will be seen in a typical application. Noting that typical
magnitudes of the wall aspect ratio and minimum heat capacity are at mini-
mum 102 - 103, the required Mondt number will surely not be reached unless
a moderate thermal conductivity exist. This result gives an indication of the
conditions necessary for axial conduction to exist; it is not an ordinary occur-
rence.

To experience axial conduction when the wall aspect ratio is relatively
large (L* > 1000), the heat capacity must be small or the wall width must be
large. These conditions require a fluid with a low specific heat (such as a gas),
a creeping flow to provide the small mass flow rate, or a large heat transfer
area with a correspondingly large wall width.

The wall thickness is present on both axis and produces opposite out-
comes for each. As the wall thickness becomes smaller, the wall aspect ratio
gets larger and the possibility of axial conduction decreases because the



104

10°
108
104
MLL.01
> 1034 1 _
“Q
N
g 7
£
o 10
1
101_
1004<Zd——
107 l
10~ 100 10" 102 10
KW
Tryy LB BRI L] L L LA | "" "'l
10~ 10~ 10-3 10-2 10-
hé(Bi_, =.0001)
v T LB A ""'l v L] """1 "'rl
10~ 10~ 10-2 10- 100
h&(Bi_, =.001)
LR SR AL LR AL v LR AL R LA IUTT'
10~ 10~ 10~ 100 101
hé(Bi_, =.01)
Tevy Teve v v T v "'YT ""—l
10-2 10" 10° 10" 104

hé(Bi_ =.1)

FIGURE 4.38. Magnitude of pertinent heat exchanger operating conditions as a function of the
wall thermal conductivity, which is needed for axial conduction to exist
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required minimum heat capacity is very small. However, the convective heat
transfer coefficient on the horizontal axis becomes larger and more likely,
which is due to the scaling scheme on the fluid Biot numbers while, the
former effect of the wall thickness is due to its physical role.

From the previous discussion it is clear that to obtain the Mondt num-
ber necessary for axial conduction to exist requires one or more of the follow-
ing conditions:

1. High wall thermal conductivity

2. Small ratio of wall length to thickness

3. Larger heat transfer area and corresponding wall width
4. Low specific heat fluids

S. Small mass flow rates

TABLE 4.7. Operating conditions for axial conduction to exist

mLIw (kg/sec) h (W/m2K)
M o Bi_. Wall
01 1 1 0001 | .001 01 N | Material
Air 1.5E-3 1.5E4 1.5E-5 1.5 15 150 1500 Steel

Water 3.75E4 3.75E-5 3.75E-6

Air 4.0E-2 4.0E-3 4.0E4 40 400 | 4000 | 40000 | Copper
Water 1.0E-2 1.0E-3 1.0E4

Air 1.5E-2 1.5E-3 1.5E4 15 15 15 150 Steel
Water 3.75E-3 3.75E4 3.75E-5
Air 4.0E-1 4.0E-2 4.0E-3 4 40 400 | 4000 | Copper
Water 1.0E-1 1.0E-2 1.0E-3

Air 1SE1 | 15E2 | ISE3 | 015 | 15 | 15 | 15 Steel
Water | 3.75E2 | 3.75E-3 | 3.75E4
Air 40E+0 | 40E-1 | 40E2 | 4 4 | 40 | 400 | Copper
Water | 10E+0 | 1.0E-1 | 1.0E-2
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Consider the conditions needed for axial conduction in a wall material of
steel (K, = 15) or copper (X,, = 400) and fluids of water (Cp ~ 4000) or air

(C, ~ 1000). The possible combinations of wall material and fluid type are
shown in Table 4.7 at various Mondt numbers and wall thicknesses. The
results shown in Table 4.7 are the mass flow rate combined with the wall
length and width and the convective heat transfer coefficient as a function of
the fluid Biot number. The fluids, wall materials, and wall thicknesses were
chosen to give a perspective over the range of the parameters that may be
encounter for typical applications. Even though a wall thickness of .1 is quite
extreme, it gives an indication of the magnitudes required for other parame-
ters to become reasonable.

It was not possible to reduce to only the mass flow rate because the
case would be too specialized. But noting that L/w is a minimum of one, and
most likely larger than one; the magnitude of the mass flow rate is even
smaller than the values shown for mL/w in Table 4.7.

It is apparent from the data presented in Table 4.7 that small mass flow
rates and corresponding convection coefficients are required for axial con-
duction to exist. The required mass flow rate decreases as the Mondt number
increases while the convection coefficient decreases as the minimum fluid
Biot number decreases. Both trends demonstrate the requirement for axial
conduction to become larger since large Mondt numbers and small fluid Biot
numbers increase the effect of axial conduction on the performance of the
heat exchanger.

Recalling that the results predicting axial conduction were based solely
on the Mondt number, the results presented in Figure 4.38 and Table 4.7 do
not particularly depend on the magnitude of the convective heat transfer coef-
ficient. In essence, the magnitude of the convective heat transfer coefficient is
arbitrary as long as the requirement on the Mondt number is met. But for a
required Mondt number the magnitude of the convective heat transfer coeffi-
cient and wall dimensions will set the NTU. To obtain a particular NTU with
a prescribed Mondt number and convective heat transfer coefficient may
require unrealistic wall dimensions. Likewise, if the Mondt number and wall
dimensions are prescribed, unrealistic convective heat transfer coefficients
may be required. The magnitudes of the convective heat transfer coefficients
are intended to represent the range that axial conduction was shown to exist
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in physical situations. The range of the convective heat transfer coefficient,
however, may not be physically realistic for the entire range of Mondt num-
bers shown.
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4.5 Comparison to Published Results

All previous studies of the effect of axial conduction have been consid-
erable less general than the present work. For this reason, there is only one
specific case that can be compared to previously published results. This is the
case of balanced symmetric flow in which the mass flow rates, heat capaci-
ties, and convective heat transfer coefficient between the fluid and wall are all
equal for the two fluids. Therefore, the heat capacity ratio is one (C; = 1) and
the fluid Biot numbers will be equal (Bi,,, = Bi,,,,)-

min

For this case, Pan, Welch, and Head [15] derived a closed form expres-
sion for the effectiveness as a function of three variables

N =22 = N1U 43®)
K hA wk, 2
N = (—“2.—4‘—") (gp) = (&) Bi 439

1

2.2
pP= (1+ITK) (4.40)

which are related to the variables of the present study as shown. Note that the
subscripts on heat capacity and Biot numbers have been dropped since the
conditions are the same on both sides of the wall. The effectiveness is then
given ([15] equation (34)) as

_ N+ (Ny/2p) tanh (pN,)

" N+ (Ng/2p) anh (pN,) + (Ngl2) +1
Using equation (4.41) the effectiveness (and ineffectiveness) was cal-

culated and is shown in Figures 4.39-4.42 as a function of NTU at various

minimum Biot numbers and wall aspect ratios. The results show excellent

agreement with the present work. The results (i - NTU) differ only beyond the

third decimal place, which can be attributed to computational round-off.

€

(441)

The same restrictive case was investigated by Rohsenow [17]. How-
ever, he proposed the effectiveness as a function of NTU and the Mondt num-
ber (M,), which was earlier shown to be

K K
M = wAw = "‘:' 4.42)
C cL

0 L
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and solved for the effectiveness at the extremes of the Mondt number, ([17]
equations (32) and (34))

M, =0
NTU
€ = TINTU @43
Mo = oo
e = %(1 — ¢ VU @44)

Obviously, with M, = 0 the ineffectiveness is zero, since this is the case of
neglecting axial conduction by allowing the wall thermal conductivity to
shrink to zero; whereas, the wall conductivity becomes infinite for M, = .
Both of these cases are shown also in Figures 4.39-4.42, and they provide
bounds on the present results.
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FIGURE 4.39. Comparison of present results to past result of Pan, Welch, and Head [15] and
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FIGURE 4.40. C of present results to past result of Pan, Welch, and Head [15] and
Rohs(e:now[lill.lne ectiveness as a function of the NTU and wall aspect ratio for Bi,,,. = 0.001
and Cp = 1.
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Chapter 5

Conclusions and Recommendations for
Future Work

An exact solution for the analysis of the heat transfer occurring in a
counterflow heat exchanger including the effect of axial conduction has been
presented. In addition to the solution methodology a computer program to
evaluate the numerical aspects of the exact solution was given. The program
allowed for the investigation of the influential parameters in the solution and
verification of the solution’s validity. The role of all describing parameters
was investigated to determine their importance in affecting axial conduction.
The effect of axial conduction was quantified by the amount that the perfor-
mance of the heat exchanger was degraded in comparison to the case of
neglecting axial conduction.

The following results and conclusions are drawn from this investiga-
tion:
1. Axial conduction has less effect on the performance of the heat
exchanger at larger wall aspect ratios.

2. Axial conduction has less effect on the performance of the heat
exchanger at larger fluid Biot numbers.

3. Axial conduction is reduced at smaller heat capacity ratios.

4. The effect of the end Biot numbers on the performance of the heat
exchanger is negligible for magnitudes less than or equal to the magnitude
of the fluid Biot numbers.

5. Axial conduction is negligible for magnitudes of the Mondt number
less than .01.

6. High wall thermal conductivity promotes axial conduction.
7. Axial conduction is more likely for large heat transfer areas.
8. Applications with low heat capacity fluids promote axial conduction.

The most obvious continuation of this work would be to experimen-
tally verify the results presented herein. Although the effect requires some
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atypical conditions, it was shown possible for common fluids. The applicabil-
ity of this solution to an experimental set-up, which would typically be con-
centric tubes, will require the set-up to be approximated by the model, a plane
dividing wall. Therefore, it must be possible to “cut and unroll” the concen-
tric tubes and represent them as parallel plane walls without incurring an
appreciable difference in the areas on opposite sides of the wall. In addition,
the issue of identifying the type of boundary condition to model the physical
problem at the ends of the wall will need to be addressed.

The computer program AXCOND could be coupled with existing ther-
mal design software to predict the performance of a counterflow heat
exchanger. Use of this program will be computationally expensive but will
only need to be used when certain conditions exist, otherwise the traditional
effectiveness-NTU relationships can be used. Incorporating the program into
existing software will require conversion of the main program into a subrou-
tine and consideration of the number of terms needed to produce a converged
solution. Also, if the required analysis is a sizing problem, solving for the
heat exchanger dimensions needed for a particular operating condition, an
iterative scheme needs to be implemented.

The issue of the number of terms needed to obtain an accurate solu-
tions could also be further investigated. The outcome of this additional work
may lead to possible simplifications if only a small number of terms are
needed. Furthermore, simplified equations may result under certain condi-
tions, which may allow for approximate solutions. In general, the complex
solution presented may be studied for possible simplifying cases.

The solution presented could also be modified rather easily to deter-
mine the performance of a parallel flow heat exchanger. The formulation of
the problem for the heat exchanger wall is exactly the same. The formulation
of the fluid energy balance equations will differ by a sign and the location of
the specified initial condition. The first difference will infiltrate the applica-
tion of orthogonality to apply the nonhomogeneous boundary conditions on
the wall and change one of the fluids temperature solution, but only by sign
change(s). Whereas the initial condition will change the form of the integra-
tion constant on one of the fluid temperature solution. The conversion may be
tedious, yet would require minimal computational effort or programming
changes since the outline of the solution and program are given.
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APPENDIX A

A.1 General Solution of the Wall Conduction Equation

Beginning with the partial differential equation for the wall and bound-
ary conditions that were derived in Chapter 2

2% 2%
Y+l 2 =0 (A1)
ax+2 ay+2
29,
-— +Bi,0,(0,y*) =0 (A.22)
ox x*=0
a—x‘: +Bi,0,(1,y*) = Bi (T,-T,) (A2b)
x*=1
20, .
-—— +Biy0, (x*,0) = Biy[Ty(x*) - T,] (A.2¢)
dy b =0
a0, . . .
P +Bid, (x*,1) = Bic[Tc(x*) - T,] (A20)

y=1
The problem is split into three simpler problems each with only one nonho-
mogeneous boundary condition.

Problem 1
3%, 3%,
—+L* __ =0 (A3)
ax+2 ay+2
wl . . +
- +Bi 8,(0,y*) =0 (A.42)
x*=0
a_‘l‘ +Bi;8,(1,y*) = Bi (T, -T,) (A4b)
x x*=1
a 1 . +
| +Big® G 0) =0 (A40)
Y e Zo
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+Bic8, (x*,1) = 0

+
ay =1

Problem 2
2%, Vo2 2%, _ .
ax+2 ay+2

+Bi,0,(0,y*) =0

x*=0

+Bi8,(1,y*) =0

29,

ay*

+Biy0, (x*,0) = Biy[Ty(x*) -T,]
y=0

a92
a*

+Bi8,(x*,1) =0
y=1

Problem 3

3%, J o2 %, o

ax+2 ay+2

29,

= +Bi,0,(0,y*) =0

x*=0

99,

= +Bi;8,(1,y*) =0

x*=1

96,

ay*

+Biy0, (x*,0) =0
y*'=0

ae3
»*

+Bic0,(x*,1) = Bic[Tc(x*) -T,)
y=1

(A.4d)

(A.5)

(A.6a)

(A.6b)

(A.6¢c)

(A.6d)

(A7

(A.82)

(A.8b)

(A.8¢)

(A.8d)

It can be shown by adding the three problems in Eq. (A.3-8) that the original

problem is obtained in Eq. (A.1-2). The solutions are related as follows:
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0, (x*,y") =06,(x"y") +0,(x",y*) +06,(x*,y") (A9)

A.1.1 Solution for Nonhomogeneous Boundary Condition at x* = 1
(Problem 1)

Assuming a product solution for 6, of the form

6, = F(x")G(y") (A.10)

Substituting into the partial differential equation and boundary conditions,
Eq. (A.3-4), gives

F,.G+L'*G, ,F=0 (A.11)
XX Yy

-GF, +Bi,GF(0) =0 (A.12a)

*le=o
GFx. . +Bi ,GF(1) = Bi; (T -T,) (A.12b)
-FG, +BiyFG(0) =0 (A120)

y y* = o
FG, +BiyFG(1) =0 (A.12d)

y ’0 =1

with the following convention for representing derivatives used:

F
Py A F,. (A.13)

Rearranging Eq. (A.11) to group similar variables and simplifying Eq. (A.12)
gives

1 Fee Sy +? (A.14)
2 F G ‘
-F,|  +BiF(0) =0 (A159)
*le=o
GF,|,  +Bi,GF(1) = Biy(T,~T) (A.15b)
-G, +BiyG((0) =0 (A.15¢)
y ’*=o
G. +BigG(1) =0 (A.150)
y y’=1
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where a constant, +p2, was introduced in Eq. (A.14). With the left hand side
only a function of x* and the right hand side only a function of y* for equality
both sides must be equal to a constant, hence the introduction of the constant.
This key result allows for separation of the variables, reducing the single par-
tial differential equation to two ordinary differential equations. Before Eq.
(A.14) can be separated howeyver, a sign must be chosen for the constant. This
sign is chosen to produce an eigenvalue problem for the function that has two
homogenous boundary conditions to evaluate. The eigenvalue problem will
have a general solution in terms of sine and cosine functions for this cartesian
coordinate system. After choosing the sign, two ordinary differential equa-
tions can be written from Eq. (A.14) with the appropriate boundary condi-
tions from Eq. (A.15)

F,,-L'F =0 (A.16)
PP 4
-F, +Bi,F(0) =0 (A.17a)
Tlezo
G,.+uG =0 (A.18)
yy
-G,| +BiyG(0) =0 (A192)
y y0=°
Gy. +BiyG(1) =0 (A.19b)

y' =1

Note that Eq. (A.16) only has one boundary condition, whereas Eq. (A.18)
has two boundary conditions. The reason for this can be seen in Eq. (A.15b),
which depends on both functions F and G and cannot be applied to either
function singularly. Thus, this boundary condition must be applied after
assembling the complete solution.

Eq. (A.16) and Eq. (A.18) have easily obtainable general solutions.
The general solution for Eq. (A.16) is

F(x*) = A,cosh (uL’x*) +A,sinh (uL x*) (A.20)

Applying the boundary condition, Eq. (A.17a), gives a relationship for the
two constants
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Az = Al (A21)

uL’
which can be substituted into Eq. (A.20) and rearranged giving the solution
F(x*) = AL’ cosh (UL x*) + Bi sinh (uL"x*)] A2
The solution of Eq. (A.18) is
G (y*) = Ajcos (uy*) +A,sin (uy*) (A.23)
Applying the boundary conditions in Eq. (A.19a) solves for the relationship
between the constants

_ Biy,

A, m (A.28)
Substituting into Eq. (A.23) and rearranging gives
G(y') = A [ncos (uy*) +Biysin (ny*)] (A25)

Applying the final boundary condition, Eq. (A.19b), does not provide any
information about the constant A, because the constant cancels, it does pro-
vide information about the constant u though, the equation simplifies to

(Biy+Bigp,
(M2 +-BiyBi,)
To meet this boundary condition Eq. (A.26) must be satisfied for all values of
i,. Eq. (A.26) is called a transcendental equation, it has an infinite number of

solutions, hence the subscript on yu, and will be solved to determine the possi-
ble values of u . The solution for the function G is then

(A.26)

tan (p,) =

G(1,y*) = Ajln,cos (u,y*) +Bigsin (ny*)] (A27)
and p_ is given by the solution of Eq. (A.26).

Putting Eq. (A.27) and Eq. (A.22) into Eq. (A.10) will give the solu-
tion. However, since there exist many solutions to Eq. (A.27) all possible
solutions will be summed to obtain the final solution. Also, the undetermined
constants, A, and A,, will be grouped into one constant that will be deter-
mined later by evaluating the last boundary condition, Eq. (A.4b), which was
the boundary condition that did not separate and was not evaluated. The solu-
tion for problem one is
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8,(x*,y*) = Y A,[n,L cosh (u L x*) +Bi,sinh (u L x*)]*
n=0
[i,cos (") +Bigsin (1,y")] (A28)
and the eigenvalues are found from the solution of Eq. (A.26).

A.1.2 Solution for Nonhomogeneous Boundary Condition at y* = 0
(Problem 2)

Using similar methods problem two can be solved. Defining an
assumed product solution

0, = F(x')G(y") (A.29)

and substituting into the partial differential equation and boundary conditions
and choosing a sign to make the proper eigenvalue problem allows the partial
differential equation to be separated into two ordinary differential equations

F,.+a2F =0 (A.30)
X X
-F,|  +Bi,F(0) =0 (A31a)
x* =0
F, +Bi F(1) =0 (A31b)
Tl =
G..-02G =0 (A32)
y'y
G, +BiyG(1) =0 (A33a)
y y‘ =1

The solutions are of the form, respectively
F(x") = Bycos (ox*) + B,sin (ax*) (A.34)
+ a ., . a .,
GWy) = B3cosh(Ey ) + B,sinh (Ey ) (A.35)
Applying the boundary conditions in Eq. (A.31a-b) to Eq. (A.33) gives

F(x*) = B [a cos (a,x") + Bigsin (o x*)] (A.36)

where the values of a, are obtained from the solution of the transcendental
equation
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(Bi,+Bi)) o
(a2 +-BiBi,)
Applying the boundary condition given in Eq. (A.33a) to Eq. (A.35) gives

(A37)

tan (@) =

G(y') = Bg[cosh(l%y") -Csinh(l%y*)] (A38)
where { is a constant, given by

o, o ) a
-L—,smh(z;) +Btccosh(?)
C= (A39)

o a a
—‘COSh - + Bi~sinh -
I (L ) C (L )

As before, putting the two solutions together and noting that the solution to
Eq. (A.36) is the sum of all possible solution, and lumping undetermined
constants together allows the solution to problem two to be written as

= (V] o
8,(x*y*) = Y B,.[cosb (—fy*) - §,sinh (—fy* )] *
n=0 L L

[a,cos (o x*) + Bi,sin (o x*)] (A40)
and the values of a are obtained from the roots of Eq. (A.37).

A.1.3 Solution for Nonhomogeneous Boundary Condition at y* =
(Problem 3)

Finally, applying the method again to solve problem three. Defining an
assumed product solution

0, = F(x*)G(y*) (A41)

and substituting into the differential equation and boundary conditions and
choosing a sign to make the proper eigenvalue problem allows the partial dif-
ferential equation to be separated into two ordinary differential equations

F,. +a2F =0 (A42)
-F,l +Bi F(0) =0 (A43a)
*lezo
F.| ~+BifF(1) =0 (A.43b)

x =1
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G..-—0G=0 (A.44)
Yy

G, +BiyG(©) =0 (A453)
’ y0=o

Realizing that Eq. (A.42-43) is exactly the same problem solved in the previ-
ous section, Eq. (A.30-31), the solution is

F(x*) = C,[o,cos (o x*) + Bigsin (ot x*)] (A46)

where the values of o are obtained from the solution of the transcendental
equation in Eq. (A.37). The solution to Eq. (A.44-45) is
GG*) =C [&cosh(g *) + Biysinh (— +)] (A47)
y 3 L. Lo y H L‘ y

Putting the two solutions together and noting that the solution to Eq. (A.46) is
the sum of all possible solution, and lumping undetermined constants
together allows the solution to problem two to be written as

= a (1]
0,xy") = 3, ;| ZHoosh (22" )+ Biysinh (S2y") |
=0 LL L L

[a,cos (o x*) + Bi,sin (o, x*)] (A48)

and the eigenvalues are given by the roots of Eq. (A.37)

A.1.4 Summary of the Solutions

The solutions for the three problems without applying the final (nonho-
mogeneous) boundary conditions are:

8,(x*,y*) = Y A,[u,L cosh (u,L"x*) +Bi,sinh (L x*)]*

n=0

[kycos (,y*) +Bigsin (1,y*)] (A28)

0,(x",y") = is,[cosh(%y)-;”m(%f)]*

n=0

[a,cos (ot x*) + Bi,sin (o, x*)] (A39)
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0,(x*,y") = iC,,[?%'cosh(-(i:-'y*)+8i”sinh(1:)'*)]*
“~rlL L L

[a cos (o x*) + Bi,sin (& x*)] (A47)

where the eigenvalues p_ and o are given by the positive roots of the tran-
scendental equations

(Biy+Bic)u,
tan (1) = ——ok

(u;-BiyBic)

Bi_ + Bi
m(a) - (;o+ lL)an (A.36)
" (a?+-BiBi,)

The remaining boundary conditions to be applied to determine the con-
stants A,, B,, and C,, are Eq. (A.4b), Eq. (A.6¢), and Eq. (A.8d) and they
depend on the fluid temperatures for B, and C,, therefore all will be applied
after the fluid temperatures are determined in Appendix B.

(A.26)

The solution for the wall conduction equation is given by Eq. (A.9) as
the sum of the three solutions and the unscaled temperature (needed to solve
for the fluid temperatures) is

T,(x*,y*) =0,(x*y")+T, =0,(x*,y") +0,(x*,y*) +0,(x*,y*) + T, (A48



APPENDIX B

B.1 Solution of Hot Fluid Energy Balance

Taking the describing differential equation for the hot fluid that was
derived in Chapter 2 and rearranging gives
Ty +NyT, = N,T, (x*,0) (B.1)
dx* H Hw
Ty(0) = Ty, (B.22)
The expression for the unscaled wall temperature (from Appendix A) is

T,(x*,0) = T,+ Y A, [1,L cosh (i L' x") +Bi,sinh (,L'x")]

n=0

- all + « o +
+ Z-:O(Bn-i- ECu)[ancos (o x™) + Bi,sin (o x )] B3)

Putting this into the differential, Eq. (B.1), and arranging gives

dTH = ® s + .« LK
F+1v,,T,,, = Ny{T ,+ ) Aqm,[1,L cosh(u,L'x") +Bi,sinh (L x")]
n=0

= a
+ Y (Bu+L_:c,,) [, cos (@, x*) +Bi,sin (@,5*)] } ®4)

n=0
To solve this problem it was first split into two problems, a homogeneous
problem

d TH, A
dx+

+ NHTH, h = 0 (B-S)

and a particular problem

dTy ,
+

+NyTy , = Ny{T ,+ Y A, (1L cosh(u L’ x") +Bi,sinh (u,L’x")]

- an + * ol +
+ ;o(Bn+?C,,) [a,cos (o x") +Bi,sin (a,x*)] } (B.6)
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The particular problem in Eq. (B.6) was further divided into three problems
for each term on the right hand side of the equation. The general solution for
Eq. (B.1) in terms of the simpler problem’s solutions is

3

i=1

Where T, ,, is the solution to the problem

dTy i

dx+

+8,, Y A, [n,L" cosh (u L x") +Bi,sinh (4 L'x")]

n=0

- all + . e +
+83, Z (B”+?C') [a,cos (o, x™) + Bi,sin (o, x")] } (B8)

n=0

(i=1,2,3) and §, is the kronecker delta function as defined in Eq. (3.7).
Superposition of the problems in Eq. (B.8) and Eq. (B.5) will give the origi-
nally posed problem in Eq. (B.4).

B.1.1 Hot fluid Homogenous Solution
The homogenous problem in Eq. (B.5) is solved giving

Ty 5(x*) = Dyexp (Nyx*) (B.9)
where D, is a constant to determined after assembling the complete solution
as shown in Eq. (B.7).

B.1.2 Hot fluid Particular Solution 1

Solution of the particular problem in Eq. (B.8) was obtained using
standard variation of parameter techniques. This method substitutes a general
solution of functional form similar to the nonhomogeneous term in the prob-
lem then solves for the unknown constants in this general solution. For the
first particular solution (i=1) the general solution would be a constants,

Ty, p1 (x*) = f(T,) = k = constant (B.10)



127

Substituting this into the differential equation Eq. (B.8) yields

Nyk = N,T, (®.11)
and the solution is

Ty =T, (B.12)

B.1.3 Hot fluid Particular Solution 2
The functional form of the second particular solution (i=2) is

Thp2 = 3, bycosh (1,L°x*) +c,sinh (L x*) (B.13)

n=0
Substituting into the differential equation, Eq. (B.8), (note the summations
are not shown) gives

b

p, L’ sinh (u L x*) +c,pu L" cosh (u L"x*)
Ny [b,cosh (L' x*) +c,sinh (p L x*)]

= NpA [, L cosh (u,L"x*) + Bi,sinh (1, L*x*)] (8.14)

For this particular solution to be correct equality must hold, which is accom-
plished through the constants b, and c,. Grouping all constants for the sinh
and cosh terms separately into two equations produces

b L" +Nyc, = NyAn Bi, (B.15)
for the sinh terms and

cal L’ +Nyb, = NyA 2L’ (B.16)
for the cosh terms. Solving these two equations for the unknown constants

J o (Bi,Ny—-piL'?
b, =AnL"|1- = (B.17)
n ntpn [ (Nz—u:l' 2)
(Bi,Ny-p2L'?
c, =AN, - (B.18)
n n Hun[ (N?{‘H:L 2)

and substituting into Eq. (B.13) gives the second particular solution
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(Bi,Ny—p3L"?)
(N -uaL™)

]cosh (n,L'x")

(Bi,Ny—n2L"?)
(N3 -u2L'?

+N,,un[ ]m (n,L’x%) } (B.19)

B.1.4 Hot fluid Particular Solution 3
The functional form of the third and final particular solution (i=3) is

TH,p3 (x*) = Z a,cos (a”x*) + dnsin (aux"') (B.20)
n=0

Substituting into the differential equation

-a,o, sin (@ x*) +d,0 cos (o x*) +Nyla,cos (a,x*) +d,sin (o, x")]

(v
= N,,(B,,+ l—fcn)[“n“s (o, x*) + Bi,sin (o, x*)] (B.21)

then separating into two equations, the coefficients are

a
d,o +Nya, = Ny (B,, + L—f Cn)“.. (B.22)

for the cos terms and

a
-a,0 +Nyd, = Ny (B,, + L—:' C,,)Bi,, (B.23)

for the sin terms. Solving for the unknown constants

« (Bi Ny + o)
a, = (B,,+ -%'C,,)a" 1- 22 (B.24)
L (Ng+od)
a Bi Ny +o?
d = |B +—fC)N — = (B.25)
" (" L" "[ Ny+o?

and substituting into Eq. (B.20) gives the particular solution
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TH.p3(x+) = z (B,."‘%C,,){an[l-( o H+a")]cos(a’.x*)

(Ny+a?)
Bi N, + o2
+Ny ;2"_7” sin (@ _x*) } (B.26)
Ny+os

Assembling the solutions to the simpler problems, Eq. (B.9), Eq. (B.12), Eq.

(B.19), and Eq. (B.26), using the relationship given in Eq. (B.7), the solution
for the hot fluid energy balance is

Ty(x*) = T,+Dexp(-Nyx")

" o[, BiNg—piL™) .
+ ZA,,{u:L [1- T ]com(unL x*)

BN
N inh (u L x*
+Ny n[ (Nf,—pr'z) ]S (n,L x7) }

_ (BiNy+op)

B C 1 *
IS ){“[ W+ ad) ]m(“"”

Bi,Ny+a?
+Ny| =" Isin (0, x*) } ®27)
Ng+a?

Applying the boundary condition, Eq. (B.2a), the constant is

- J. (BiNy-piL'?)
D, =Ty, ~-T,- Y AWML [1- .
n o ntpn (N;rllﬁl- 2)

n=0

- a, (Bi,Ny+0?)
- B +—C 1- 28
2( e )“[ (NE+ o) ]‘B !
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B.2 Solution of Cold fluid Energy Balance

The differential equation that was derived in chapter 2 for the cold
fluid, after rearranging is

dT,
== +NT = NeT, (<", 1) (B29)

Tc(1) =T, (B.302)
The wall temperature solution (from appendix A) is

T,(x*,1) = To+ Y A,[u L cosh (L x*) +Bi,sinh (u L x*)] *

n=0

[mn,cos (1,) +Biysin (1,) ]

Enlo () om ()

[, cos (o x*) + Bi,sin (&, x*)]

+ 0 o (3o s )

[a,cos (@ x*) + Bi,sin (o0, x*)] (B.31)
Defining the following constants:

A, = A, [1cos () +Biysin (n )] ®32)
o 3
B, = B,,[cosh (—f) -, sinh (—f )] (B.33)
L L
o o,
C, =C [ cosh( )-I-Bx,,smh( )] (B.34)
L L L

simplifies the expression for T, (x*, 1) to

T,(x*,1) = To+ Y A’ [1,L" cosh (L x*) + Bigsinh (u,L"x*)]

n=0

+ Y (B,'+C,") [o,cos (a,x*) + Bi,sin (a,x*)] (B.35)

n=0



131

Putting this into the differential Eq. (B.29) and arranging gives

dTC = , L ] | ] + . . * -+
—EHVCTC = Nc{T,+ Y A, [n,L cosh(n, L x*) +Bi,sinh (u,L"x*)]

+ Y. (B, +C,') [a,cos (a,x*) +Bi,sin (e, x*)] } (B.36)

n=0
To solve this problem it was first split into two simpler problems, a homoge-
neous problem

d TC, h

o +NcTg, =0 (B.37)
and a particular problem
dT, - . . . .
- dxc;" +NcT¢, = Nc{T ,+ Y A, [n,L’ cosh (L x*) + Bi,sinh (p L"x*)]
n=0

+ Y (B, +C,) [a,cos (0 x*) +Bi,sin (¢ x*)] } (B.38)

n=0
The particular problem in Eq. (B.38) was further divided into three problems
for each term on the right hand side of the equation. The general solution for

Eq. (B.29) in terms of the simpler problem’s solutions is

3

i=1

Where T ,, is the solution to the problem given as

+

+NCTC,pl' = NC{SUTO

+8,, Y A, [n,L cosh (u L x*) + Biysinh (n L"x*)]

n=0

+8,, Y, (B, +C,) [a,cos (& x*) +Bi,sin (a,x*)] } (B40)

n=0

(i=1,2,3) and 8}... is the kronecker delta function as defined in Eq. (3.7)
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B.2.1 Cold fluid Homogenous Solution
The solution to the homogeneous problem in Eq. (B.37) is

T p(x*) = E\exp (Ncx*) (B.41)

and E, is a constant to be determined, after assembling the complete solution.
Superposition of the problems in Eq. (B.40) and Eq. (B.37) will give the orig-
inally posed problem in Eq. (B.36).

B.2.2 Cold fluid Particular Solution 1

Assuming the first particular solution (i=1) is a constant and substitut-
ing into the differential equation Eq. (B.40)and solving for the magnitude of
the constant gives

Tep(x') =T, (B.42)

B.2.3 Cold fluid Particular Solution 2
The form of the second particular solution (i=2) is

Tc pa(x*) = Y b,cosh (i, L x*) +c,sinh (L x*) (B.43)

n=0
substituting into the differential equation Eq. (B.40) (with summations not
shown) gives

b, L" sinh (L x*) +c L cosh (n L"x*)
— Nc[b,cosh (u L x*) +c,sinh (p L x*)]

= -NA,'[n, L’ cosh (L x*) + Bi,sinh (n L x*)] (B.44)
and the coefficients of the sinh terms and cosh terms are, respectively

bu L' —~Ncc, = -NcA,’Bi, (B45)

cnuul‘. -Ncb, = -N CAn'u'nL‘ (B.46)
Solving for the unknown constants



[ NBi, +p3L"?
b, = AR L [1+ Cl:" — ] (B47)
Nc-unL
N Bi, +p3L"?
c, = Au'Nc[ e e ] (B48)
Nc-an

and substituting into Eq. (B.43), the second particular solution is

< . NcBi,+piL™ .
Tcpa(x*) = ZA,,’{an [1+ — 2",2 cosh (u L’ x*) +
n=0 Nc-unL

[Ncm, +p2L"?
C

N%-uzL'z ]sinh(uuL x*) } (B.49)
n

B.2.4 Cold fluid Particular Solution 3
The last particular solution is of functional form

Te 3 (3*) = Y a,cos (&, x*) +d,sin (o, x*) (B.50)
n=0

The resulting equation after substituting into the differential equation (with-
out summations shown) is

(-a,a,) sin (o x*) +d,a cos (o x*) ~Nc[a,cos (o x*) +d,sin (o x")]
= -Nc(B,'+C,’) [a cos (o x*) + Bi,sin (o0 x*)] (B.51)
Separating into coefficient equations for the sin and cos terms
-a,a -Ndd, = -Nc(B,’+C,') Bi, (B.52)

d,a -Nca, = -No(B,'+C,)a, (B.53)
and solving for the unknown constants

(B.59)

N¢Bi, - o?
a, = (B"'+Cn')an[l+-M]

2 o2
Nc+og
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(B.55)

NcBi, - a2
d, = (B/+C,) NC[M]

Ni+o?
and substituting into Eq. (B.50) gives the final particular solution

N_Bi, - ol
2

TC.p3(x+) = Z (B,’+C,") {an[l+ N 3 ]cos(anx*)

n=0 cto,
N Bi -a?
+No| ——=—2 [ sin (@,5*) | ®.56)
Nc+ao

Assembling the simpler problem’s solutions, Eq. (B.41) Eq. (B.42),
Eq. (B.49), and Eq. (B.56), using Eq. (B.39) the solution for the temperature
of the cold fluid can be written as

To(x*) = T,+E;exp(Nx*)

- . NCBi,+u§L‘2] .
+ YA'{uL]|l+ —— |cosh (u L x*)
n2=:0 ﬂ{ " [ N%-H:L 2 "
NCBi,+u?_L'2] .
+Ng = [sinh (1, L")
[ Ne-miL™ "

- N_Bi,-o?
+Y B/'+C){a |1+ ——|cos (o x*)
,.go n n){ u[ N%+a3 :' n

+NC[M] sin (&t x*) } (B.57)
Ni+a? "

By applying the boundary condition in Eq. (B.30a) the unknown constant E,
can be determined
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- J. NcBi,+p2L™? .
E, = exp(-NQ) | (Tg,in=T,) = 3, Ax'{M,L | 1 + —5———5— |cosh (,L)
n=0 Nc_unL
NBi, +n2L"? .
+Ne| 2 ]sinh(p,_l.)}
Nc—unL
- N_Bi, - o?
- E (B,’+C,") {an[n——cf" 2"]cOS(a,,)
n=0 Nc'.’an
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B.3 Summary Energy Balance Solutions

This section does not provide any new information it instead summa-
rizes the solutions obtained in this appendix. The equation numbers will aid
in locating the details of these solutions.

B.3.1 Hot Fluid Energy Balance Solution
Solution for the hot fluid temperature is

Ty(x*) = T,+Dexp (~Nyx*)

{uzL. [l _ (BioNH-u:L‘z)
n s
" (Nz—uaL™?)

+iA

n=0

]cosh (n,L'x*)

(N 1L "
- a (Bi Ny +a?)
+ Z(B”+—I'Cn) o|l- °2H 2" cos (o x*)
= L (N3 +a?)
Bi N, +a?
+ Ny| 52— [sin (a,x*) } ®B2D)
Ny+og

where

D, = TH.iu-To- ZAn'J':L

n=0

.[ (Bi,Ny - M,Z.L'z)]
1- 2 2
(Ny- uﬁL )

- a, (Bi,Ny+0?)
- B +—C 1- .
,i‘:o( s ")a"[ (N4 +0?) ] ®%
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B.3.2 Cold Fluid Energy Balance Solution
The solution for the cold fluid temperature is

Tc(x*) = T,+E exp(Nx*")

= [ J[. NcBi,+pL™ ..
+ Y A, {unL [1+ N L cosh (L x*)

n=0

N(Bi,+p2L™ .
+N —— [sinh (u_L x*)
C[ T

= NCBi,- o2
+Y B'+C)H{a |1+ ——"|cos (a x*)
ugo " " { n[ N%""az ] "

NBi, - o?
+NC[-M]sin(anx*) } B.57)

NZ+a2
where
- . N_Bi,+u2L"? .
E, = exp(-N() [(TC',,,-TO) - ZAn'{l‘,.L [1+ 3 - 2",2 cosh (p,L")
n=0 NC-'J',,L
NBi,+p2L"?] .
+NC[ T |sinh (1, L")
Nc_unL

- 2, (B,”+C.) 14—2 " b '2' (o)
o Ccos (O
n=0 " " " Nzclayzg "

N(Bi, - o?
+Ne| ———"[sin(a) | | ®5®)
Nc+ao



APPENDIX C

C.1 Application of Nonhomogeneous Boundary Conditions

In Appendix A the solution of the wall conduction equation describing
the temperature distribution in the wall was solved to the point of applying
the nonhomogeneous boundary condition for the three simpler problems that
the original problem was split into, because two of the three boundary condi-
tions depended on the temperature of the fluids. With the solutions for the
fluid temperatures complete (Appendix B) the final boundary conditions can
be applied.

C.1.1 Application of Orthogonality at x* = 1

The solution for 8, up to the point of applying the nonhomogeneous
boundary condition, and the boundary condition (Appendix A Eq. (A.28) and
Eq. (A.4b)) are

8,(x*,y*) = Y A,[n,L" cosh (L x*) +Bi,sinh (L x*)]*

n=0

[1,cos (u,y*) +Bigysin (1,y*)] (€.

a0
—|  +Bi8,(1,y*) = Biy (T,~T,) (C2a)

ox Sl

Taking the derivative of Eq. (C.1) and evaluating the expression and it deriv-
ative at the boundary gives

8,(1,y*) = Y A,In,L cosh (L") +Bi,sinh (u, L") ]*
n=0
[n,cos (n,y*) +Bigysin (1,y*)] (C3)

% L _J
—(Ly") = ¥ A, W)L  sinh (4, L") + Bi,p, L" cosh (1, L") ] *

+
ox no0

[n,cos (1,y") +Biysin (1,y*)] (C4)

138
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Substituting these expressions into the boundary condition, Eq. (C.2a), pro-
duces

A, [M2L"*sinh (0 L*) +Bi,p_L"cosh (n L*)1*
=0

[n,cos (1, y*) + Bigsin (1 y*)]

+Biy Y A,[u,L" cosh (4 L") +Bi,sinh (n,L")]*

n=0
[n,cos (u,y*) + Bigysin (1,y*)]
= Bi (T,-T,) C5)

The orthogonality of the eigenfunctions was used to solve for the constants,
A,. The eigenfunction for this problem is

Y(1,y") = n,cos(n,y") +Bigsin (u,y") (C6)
and these eigenfunctions have the property that

1
+ + + _ 0 n#£m
!wx,Y(u,,y YWYV = Ly ) i ek

where w,, is a weighting constant and for the Cartesian coordinate system it
is equal to one. Therefore, Eq. (C.5) will be multiplied by a second eigen-
function Y (u,, y*) and integrated over the boundary. Because this integral is
only nonzero for m=n that is the only term that will remain from the summa-
tion. The integrals for each of the three terms in Eq. (C.5) are

1 o

[ A, [upL ?sinh (u,L") + Bi,u, L" cosh (u,L*)]*

0o n=0

(n,cos (1,y") +Biysin (n,y*)]1 [K,,cos (1, y*) +Bigsin (n,y*)] }dy* =

A, [H2L"%sinh (L") +Bip L' cosh (n L°)IN(p,) (€8
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l [_J
[{Bi, ¥ A,[1,L" cosh (u,L") +Bi,sinh (u,L*)]*
0 n=0
[n,cos (0,y*) +Bigsin (0, y*)] [w,cos (n,y*) +Bigsin (n_y*)1dy* } =

A,Bi [p, L cosh(p L) +Bi,sinh (u_L*)IN(n_) (C9)

1
Biy (T, ~T,) [ [W,,cos (1,¥*) +Biysin (n,y*) 1 dy* =
0

. . B‘H B'H
BIL(TL" To) [sm (u.m) - u—COS (l.lm) + Tl_
m

] (C.10)
After applying orthogonality Eq. (C.5) is
A, [n3L"?sinh (u L") +Bip L"cosh (u L") N(n,) +

A,Bi; [n L’ cosh (L") +Bi,sinh (n L") IN(p,) =

. Biy, Biy
Bi; (T -T,) [sm (n,) - u—cos (n,) + Il—] (C.11)
which can be solved for the unknown constant A,
Bi Bi
Bi, (T,-T,) [sin (n,) - —H os n,) + u_H]
A, = 2 i (C.12)

* [(2L'?+ Bi,Biy) sinh (n, L") + (Bi,+Bi)p L cosh (n_L*)IN(p,)

The functional relationship for N (u,) is

N(u) =1[(u2+3i 2 (14— 2% V4 C.13)
S ( (u3.+BiL’)) ] |
Having this information everything is completely known for evaluat-
ing 6,. It would be possible to substitute Eq. (C.13) into Eq. (C.12) and this
result into Eq. (C.1) to obtain a closed form solution for 6,, but because the
expression would be algebraically cumbersome this will not be done.
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C.1.2 Application of Orthogonality at y* = 0

The equation and boundary condition to be applied for determination
of the unknown constants (Appendix A Eq. (A.40) and Eq. (A.6¢)) are

0, (x*,y" -B b2y inh [—2y* ||+
1) = 3 o com ()G 32

[ cos (o x*) + Bi,sin (o x*)] (C.14)

+Biy8, (x*,0) = Biy[Ty(x*) =T, (C.159)
y'=0
The difficulty in applying this boundary condition is recognized by noting the
right hand side contains the temperature of the hot fluid. The needed temper-
ature expressions for evaluating Eq. (C.15a) are:

0,*,0) = T B, (0,05 (@,x") + Bi,sin (@,x")] 19
=0

aez - a,
—(x*,0) ==Y B,—{, [0 cos(o,x*) +Bi,sin (a,x*)] (C.17)
ay+ n=0 L

Ty(x*) = T,+Dexp(~Nyx*)

(Bi,Ny—p3L"?)
(N -n2L™

+ é:nA,,{p:L‘[l

]cosh (n,L'x*)

(N -u2L'?) "
- ] (Bi,Ny+a?)
+ Y (B,+—fc,,) “.[ - ]cOS(a,,x")
ne0 L (Ny+0a?)
Bi Ny + a2
+Ny °2” ® [sin (@ x*) } (C.18)
Ng+a?

Putting these expressions into Eq. (C.15a)
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a
z B"L_:Cn [aucos (a”x*) + Biosm (anx+) ]
n=0

+Biy Y. B, [a,cos (ax*) +Bi,sin (a,x*)] =
n=0

Biy (D, exp (~Nyx*)

- . (Bi,Ny—p3L?) .
+ ZA,,{ng [1- — f,z cosh (u, L' x*)
n=0 (Ng=u,L %)

(N —iL™) "
- o (Bi N, + a?)
+ Z(Bui-—fcn){an[l— 02” == :lcos(anx*)
n=0 L (NH+an)
Bi N+ a2
+Ny —"2—”——" sin (o x*) (C.19)
Ny+a?

for which orthogonality will be applied. Each term in Eq. (C.19) will be mul-
tiplied by the eigenfunction

X(a,x*) = a cos (o x") +Bi,sin (o x*) (C.20)
evaluated at term m and integrated over the boundary. The eigenfunction has
the same property as discussed earlier, which is given in Eq. (C.7). Each of

the integral will be listed separately and evaluated starting with the first term
in Eq. (C.19) and proceeding to the last term.

1 o

a
[{ Y B,—¢,[o,cos (,x*) +Bi,sin (et,x*)] *
0 n=0 L

[a,cos (o, x*) + Bi,sin (a0 x*)] }dx* = B,.%C,,,N(am) (C:21)
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1 -
[{Biy Y, B,[a,cos (a,x*) + Bi,sin (a,x*)]*
0 n=0

[a, cos (& x*) +Bi,sin(a,x*)] }dx* = BiyB,N(a,) €22

1
BiyD, [ {exp (-Nyx*) [0, cos (a,x*) + Bi,sin (a,x")] }dx* =
0

BiyDy {(Ny+Bi)o_+e Vo[- (N,+Bi)a cos(a )+
(N}1+a,2n) H 0/ “m H 0/ “m 'm
(a2 -NyBi,)sin(a,) 1} (c23)
1 .o . 2r*2
L (BlnN”-unL ) L
{Biy Y A2L"|1- —— |cosh (p L x*)*
[, [ Vi ]

[, cos (o x*) + Bi,sin (a0, x*)] }dx* =

. : 27*2
Z ABijo - I-NHBto—pnf,
(L% +a2) " Ny-u2L"?

] {sinh (u L") p L"cos (a,,)

n=0

+ cosh (u, L") & _sin (0, ) }

(4 . . . *2
£y A, BiyBi, we| 1o NyBi,- 3L
(L% +a2) " Ny-n2L"?

n=0

] {sinh (u,L") p,L’ sin (ct,,)

—cosh (1 L) & cos(e ) +0 } (C24)
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1 o . 27%2
(B‘ON - uul‘ ) . .
R= n

[a, cos (o, x*) +Bi,sin (a x*)] }dx* =
i A Biyo N NyBi,—p3L"?
(u:L‘2+a'2") n'"H N}{_uil‘tz

] {cosh (p L") p L"cos (o)

n=0

+ sinh (p,L") o, sin (o)) -, L" }

= A,BiyBi, NyBi,-p2L’
+ Z 27*2 2\"'n"'H 2
(W2L*% +02) N3 -2

n=0

]{cosh(u L ) |.1L sin (o)

—sinh (p, L") @, cos(a,) } (C.25
The remaining integrals depend on whether n=m.

Bi N 2
I{Bz”z (B +L_C) [1_( iy H+a")]cos(anx*)*

n=0 (N;"l- a:)

[a, cos (o x*) +Bi,sin (o, x*)] }dx* =

Forn=m
- a (Bi Ny + a?)
BiHZ (Bn"'—;cn)an l_ 02H 2” *
n=0 L (NH"'G”)
L | Bi,
[2 +sin (2a,,) + 5= sin’ (a )] (C.26)
m
Forn#m

Biy i‘, (Bn+ %C.)a,[l _ (Bi,Ny+ a,’,)] {am[sin (@, -, _sin (ozm+an)]

n=0 (N4 +02) 2(a,-)  2(a, +0)

+Bi,[l -cos(a, —a,) 1-cos(a,+a,)

2(a, -0) * 2(a, +) ]} €27
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P o, (Bi,Ny+ad)] .
E';{B IHZ (Bn+ EC")NH[ (N§,+a§) ]sm (aux )*

n=0

[a cos (o x*) + Bi,sin (o x*)] }dx* =

Forn=m

- a (Bi,Ny+0a®)\rBi, Bi 1
Bi B, +—C )N 2 - [ ?-—2sin (20 ) + = sin? ( )](c.zs)
”..Z:o(' L ”[ Wirod |7 7 F, TR

Forn#m
- o, (Bi,Ny+a2)]  rsin(a,-a) sin(a,+a)
B'",§0(8"+FC")N"[ (N4 +a?) ]{B“’[ 2(a,-a,) 2(o,+a) ]

l-cos(a,~a) 1-cos(a,+a)
+°‘..[ 2(@.-a) | 2(a,+a)

] (C.29)
Instead of substituting these large expression into the Eq. (C.19) some new
variables are defined. For Eq. (C.23) let

Bi,
Ny+a

0, = { (Ny+Bi,)a_+e "#[-(Ny+Bi,)a_cos (a )

+ (a2 —=NyBi,)sin (a,) 1} (C30)
In Eq. (C.24-25) define:

. . *2
p = B'Ham 2Lt|:l_NHB'o-u:L
mn, 1

] { sinh (ll,.L.) unL' cos (o)

(ML 2+ 02) & Ny -pu2L™
+cosh (p, L") @ _sin (o, ) } (C31)
BigBl, _ e[| NuBla— Wil {sinh (u L") p L' sin (ct,)
= - < S sin (o
pmn,2 (u:L'2+a:') n N};-l-lﬁl- 2 u’u p’n 'm

—cosh ( uuL‘) a,cos(a,) +a, } (C32)
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Biyo [N,,Bi, -p2L"?
n''H

p = * ]
"3 (WL + a2) N3 -p2L*?

] {cosh (L") u L cos(a,)

+sinh (u, L") o, sin (@ )—p, L" } (C33)

BiBi, NyBi,-p2L"?
n''H

=— —— | {cosh (n, L") p L sin (o )
Pmn, 4 (L' +a2) N%-p2L"? ]{ Hat b "

—sinh (L") &_cos (&) } (C34)
and for Eq. (C.26-29), for m=n

— D (BioNH"'a:) Cy 1. Bio . 2
‘an'B'Han l- (N}I"'ai) [T+zm(2am)+2ams‘n (am)]
(Bi,Ny+0a2)|rBi, Bi, 1.
H[ (N} +0?) ][ 2 " 4a,™ (20,) + i (a"')] P
and for m=n
pia |1 (Bi,Ny +02) sin (@, — o) sin (o, +0,)
Vimn = 5% 2 VE+od) ...[ (0, -®) | 2(x,+0) ]

[l1-cos(a,-0a) 1-cos(a, +a)
+B'°[ 2(a -a) + 2(a, +00) ]

(Bi,Ny+ad)] _ rsin(a,-a,) sin(a, +a,)
+NH|: (N}rl-(li) ‘o[ z(am-an) - 2((1”'4'(1”) ]

"'0‘,,.[1 -cos(a, ~a) 1-cos(a +0))

(@, -a) | 2(x,+0) ] P

Using the newly defined variables given in Eq. (C.30-36) in the integrals of
Eq. (C.21-29); Eq. (C.19) after applying orthogonality, can be written as
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am . -
BMFCMN(a..) + BMB'HN(am) = mle + Z An (pmn, 1 + pmn, 2 + pmn, 3 + pmn, 4)

n=0

= o
+ (B,,+ C,,—f)\ym (C.37)
n=0 L

where the orthogonality relationship is

1 . Bic .
Defining one last variable
o
A, = —[Z—TCM+BiH]N(am) (C39)

and rearranging the equation gives

B\, + 2 (B +C,— )\ym+m D, = -ZA (Prn 1 * Prm2F Prun, 3 ¥ P, &)
n=0

(C.40)
where the sign changes were introduced (in A, and Eq. (C.40)) so that the
variables are exactly as programmed in the computer program used to evalu-
ate the problem (in Appendix F).
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C.13 Application of Orthogonality at y* = 1

The equation and boundary condition to be applied for determination
of the unknown constants (Appendix A Eq. (A.48) and Eq. (A.8d)) are

0, (x*,y*) = ZC[ cosh(L:'y*)+Bi,,sinh(Lify+)]*
[, cos (& x*) + Bi,sin (&t x*)] (C41)

3
+

a0
3 +Bic0,(x*,1) = Bic[Tc(x*) - T,] (C422)
Y.
y =1

The evaluation of this boundary condition is very similar to the previously
discussed method for 6,, except the algebra is a little more involved because
the boundary condition is evaluated at y* = 1 instead of 0. The needed tem-
perature expressions for evaluating Eq. (C.42a) are

N o, o,
0,(x* 1) = Z C [ cosh(L )+Bt,,smh(L )]*

[, cos (o x*) + Bi,sin (& x*)] (C43)

%, 1 C,— T Bi,cosh En)ls
—_— + —_
ay* S = 2 [ (L) oo (L‘ )]

[o cos (o x*) + Bi,sin (o, x*)] (C.44)
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To(x*) = T,+Eexp(Nx*)

= [ .. (BiNc+uL) .
+ Y A, {unL [1+ (;%_uzz_z) cosh (4, L x*)

n=0

(Bi N.+n3L'?)
+Nc[ o''C n

inh (u_L"x*
(Ne-niL™) ]s s x)}

= { [ (BioNC_a:)] +
+ Y (B/+C)){a,[1+ cos (o x")

. (NL+a?)

Bi N,-a?
+Ng| —5——"[sin (a,x*) } (C45)
Nz+a?

Putting these expressions into Eq. (C.42a) gives

- a’l a’l a" aﬂ
2 C,— [—_ sinh (—_) + Biycosh (—_ )] [a cos (o x*) + Bi,sin (o x")]
oL LL L L

+Bi, 2 c,,[L—fcosh (z-;')wi,,sixm (Z;)]*

n=0

[a, cos (o x*) +Bi,sin (a,x")] =

Bi.[E, exp (Nx*)
iA [ (B:,,Ncw:z.")] osh (1 L")
+ {u + 5 c uL x
n=0 " (ch:—p';zll‘ 2) "

(Bi,No+p2L"?) .
+N —— |sinh (u,L x*)
C[ (N2-p2L"?) i

= (Bi,No-a?)
B,'+C,’ 1
* ,Z'o( "t "){a"[ ¥ (NL+a?)

(Bi,No—-a?)
+ Nc[ — ] sin (ot x*) (C.46)
(Nc+ o)

] cos (o x*)
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for which orthogonality will be applied. Each term in Eq. (C.46) will be mul-
tiplied by the eigenfunction

X(o,x") = o cos (& x") +Bi,sin (o x*) (C4T)

evaluated at term m and integrated over the boundary. The eigenfunction has
the same property as discussed earlier, which is given in Eq. (C.7). Each of
the integral will be listed separately and evaluated starting with the first term
in Eq. (C.46) and proceeding to the last term.

1{E”C +| — sinh Bigycosh [ (o x*) + Bi,sin (a0 x*)]*
— — + a + a
{ 2 Cn ,[ 5 sinh (L ) iycos (L )] cos (o x i,sin (o0 x

[a,cos (o x*) +Bi,sin (o, x*)] }dx* =

am o G a
Con— [— sinh ( )+ Biycosh ( )]N(a ) (C.48)
L*Le L L

I{B'C 2 C [ 7 cosh (L )*B'usmh (Z )] [, cos (o x*) + Bi,sin (o x*)]*
[o cos (& _x*) +Bi,sin (o _x*)] }dx* =

o (1 (1
Bi C, [— cosh ( )-0- Bi,sinh ( )]N(a ) (C.49)
L L L

1
BicE, [ {exp (Ncx*) [, cos (@, x*) + Bi,sin (&,x*)] }dx* =
0

BicE,

= { (Bi,~Np)a, + €[ (No-Bi,) o, cos (a,,) +

2
NC

(a2 +NcBi))sin(a ) 1} (C50)
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1 o . 2r*2
I (BiNg+piL'Y .
{Bi. Y A'nL' |1+ " |cosh (L' x*)*
{ Cugo o [ (N:-ulzlL 2) "

[, cos (o, x*) + Bi,sin (a,x*)] }dx" =

} {sinh (n,L") p,L" cos (c,,)

n=0

= A/Bicou L[ (Bi,Nc+WiL™)
Z *2 1+ 2 *2
(2L +a2) (N2-p2L™?)

+cosh (p, L") o, sin () }

. i A,/BiBiy L’ |, BiNc+ u3L'?)
(WL +a2) (N2-p2L"%)

n=0

] {sinh (1,L") p,L’sin (a,,)

—cosh (p,uL') o, cos (a,) +o,, } (.51

1 o : 27*2
(Bi,No+p3L™?) .
{Bi. Y A/N 5— |sinh (0, L x%)*
! ¢ 24 C[ (N2-u3L™) ] "

[a_cos (o x*) + Bi,sin (amx*)] }dxt =

i A,/Bi o Nc [ (Bi,Nc+u2L™?)
(P2 +a2) | (N2 -p2L'd

n=0

] { cosh (p.nL‘) l-l,,L. cos (o)

+sinh (u,L") @, sin (@) 4, L }

= A/BicBi N, [ (Bi,No+p2L"?)

*2 (N2-p2L™)

oo (WL +02) ] {cosh (L") u,L” sin (o)

—sinh (L") @, cos (@) } (€52
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The remaining integrals depend on whether n=m

1 .
[{BicY, (B +C)a,
0

n=0

[1 . (Bi,No- o)

[a,cos (a0, x*) +Bi,sin (&, x*)] }dx* =

for n=m

o Bi N— 2 Bi
Bic ), (B,,’+C,')a”[l+( ¢ 0"')J[Etﬂ+lsin(2czm)+ ‘o sin’(am)](c.ss)

n=0 (N%:'" aﬁ) 2 4 2am

fornzm

Bic Y (B,/+C,) au[l +

n=0

(Bi,Nc-o?) sin(a_-o) sin(o, +0)
(Ng+ad) "'[ 200, - %) | 2(%,+a,) ]

[l-cos(a,-a) 1-cos(a, +0,)
*B'o[ 2@, -0) | 2(0,+a)

] } C.59)

}{B’ 5 (B,’+C,)N (BiNc-a)] +)*
J ,Cn=0 n an)Nc (N%+a:) sin (o, x

[a,,cos (o0, x*) +Bi,sin (o x*)] }dx* =
for n=m

Bi, 2 (B, +C," )N,

(Bi,No-0a2)rBi, Bi, 1.,
[ o +a2)" [ 5~ 7q Sin (2@,,) + 5 sin (“m)] (C.55)
n

fornzm

Bic z (B,’+C," )N,

n=0

(Bi,Nc-0?)]  rsin(a,-a) sin(a, +a,)
(Ng+ad) "’[ 2(@,-a,) 2(x,+@) ]

+°‘,..[l -cos(a,—a) 1-cos(a, +a)

2(a, -a) 2(a, +a) ] €56
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Instead of substituting these large expression into the Eq. (C.46) some new
variables are defined. For Eq. (C.50) let

Bi . N |
Q= +°;2 { (Bi,-NQ)a, +e"[ (Nc-Bi,)a_cos (a,)
C" “'m

+ (02 =NyBi,)sin (o)) 1 } (C.57)
In Eq. (C.51-52) define:

mn, 1

Bica p L [1 (Bi,No+p2L"?)
+

= sinh (0 L*) p L°
(2L +a?) (NL-p2L? ]{ (L) L cos (@)

+cosh (u,L’)a_sin (o) } (C58)

P

mn,2

BiBiu L’ [ (Bi,No+p2L'?)
+

sinh (u L*) p L si
T (N2-2L"%) ]{ (L) n,L sin (o)

—cosh ( unL‘) a cos(a, ) +o, } (C59)

P

__Bicw,Nc [(BioNc-o- uL'?)
mn,3

(WAL +al) | (Ne-u2L™) ]{mh (L) u,L-cos (@)

+sinh (L") o, sin (a0 )—p, L" } (C60)

Bi_Bi N [ (Bi,Nc+p3L'?)

Fonn,4 (uiL'z-'- al) (N4- u,’,L") ] {cosh (u"L.) u"L‘ sin (%)

-sinh (1 L") o, cos () } (C61)
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and for Eq. (C.53-56) define

for m=n

[ (Bi,NC-af.)] o« 1 Bi, ,
Y . =Bico |1+ [—+—sin(2am)+ sin (am)]

(Nil"'a’i) 2 4 20,
(BioNC-a:) Bio Bio . 1.
+NC[ (N} +a?) ][ 2 -4“msm(2a"')+ismz (a’")] e
form#n
. (Bi,Nc- ) sin(o,,—0,) sin(a, +a)

. [l1-cos(a —a) l—cos(ctm+an)
+ '0[ 2@, —a) | 2(0.+0) ]

(Bi,Nc- o) _sin(o, - ) sin(a, +o)
+NC|: (N}I'i-(li) ] lo[ z(am—au) - z(am+an) ]

+°‘,..[1_ cos (o, —~a) 1-cos (o, +0,)

(0. -a) | 2(a +0) ] ce

Using the newly defined variables in the expressions for the integrals, Eq.
(C.46) after applying orthogonality is

o ro o a -
C -—',"[—:'sinh(—',")+8i cosh— |N (o
"Ll L neosh e [N (@)
o ra a
+Bi C, | — cosh —',")+Bi sinh—'.":lN(a ) =
¢ "'[L \L L "

QE, + ZA,,’ (Poun 1+ P 2+ P 3+ Prn &) + Z (B, +C,¥,, (€64

n=0 n=0

Defining a final variable

o, a,, a,,
® = [ (F + BicBiH)sinh (-L—) + (Biy+ Bi) cosh (? )]N(am) (C65)

and substituting into Eq. (C.64) and rearranging gives
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Cu®, =Y (B +C VY, = QuE; = YA (Ppp 1+ Py 3+ Py 3+ Ppup ) (C66)
n n
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C.2 Summary of Applying Nonhomogen. Boundary Conditions

The final boundary conditions were applied and simplified using the
orthogonality of the eigenfunctions. This procedure produced a close form
solution for the constant A, in 6, since the nonhomogeneous term in the
boundary condition was a constant

) ) Biy Biy
Bi;(T,-T,) [sm (n,) - ll_cos (w,) + _ll_]

Am = 2.,°2 R . R . s (C.12)
[ (u,L"*+Bi,Bi;)sinh (u L") + (Bi,+Bi)p L cosh (1 L*)IN(1,)
where
N@p) = 1 (12 + Bi 2) 1+_BL— +Bi (C.13)
m 2 m o (uz""BiLz) o .

However, for the constants B, in 6, and C, in 6, the boundary condi-
tions to be applied have nonhomogeneous terms that are functions containing
the unknown constants B, and C,. These functions are contained in the solu-
tions for the fluid temperatures. Thus, in applying the boundary conditions
and orthogonality the resulting equation is simplified, yet still contains sum-
mations and is a function of both unknown constants B, and C,. The equa-
tions to be solved to determine these constants are

= o
B\, + z (B,,+C,,L—:')\|lm+mle =
n=0

- An (pmn,l+pmn,2+pmn,3+pmn,4) (C.40
n=0

Cn®,- Y (B/+CHY, -Q

n=0

E, =

Z A (Ppp 4P 2+ Py 3+P, ) (C4)
n=0

These two equations represent a set of simultaneous equations that need to be
solved for the unknown constants B, and C, (n=1,2......N) . The terms on the
left hand side contain unknown constants and the right hand side contains all
known information for two equations. The solution of these equations is
given and discussed in Appendix D.



APPENDIX D

D.1 Solution for Constants B, and C,

After evaluating the final nonhomogeneous boundary conditions and
applying orthogonality two equations were derived to solve for B, and C,,
(Appendix C Eq. (C.40) and Eq. (C.66), which are

B\ + E (B +C, )‘l’m*‘” D, = 2A,,(pml+pm,2+pm’3+pm4)a).1)

n=0

Cu®,, = Y (B +C Y, ,~RQ.E = ) A (Ppy +Ppp 2+ Py 3+ P, ) ©2)
n=0 n=0

where all the greek variables are defined in Appendix C and the expressions

for E, and D, are (from Appendix B Eq. (B.25) and Eq. (B.52))

[1 (Bi Ny - pﬁL")]

D -THM T ZAnuu

n=0 N}rﬂi’-q
(Bi Ny + 02)
_z( )n 1-—22 " | 03
n=0 Ny+al
= [ .[. (Bi,Nc+uiL .
E, = exp(-No) | (T in=T) = Y, Ay {B,L"| 1+ — 55— |cosh (1, L")
n=0 Nc-l-l,,L
(Bi,No+p2L'?) .
+N 2 sinh (u_L*)
C[ Ng-uiL™ -
- Bi N.-a?
=Y (B +C,) {a,| 14+ ——"|cos (a,) +
n=0 Nc+an
(Bi N~-a?)
NC[ "zc 2" ]sin (o) }] (D.4)
Nc+of

Defining the following variables:
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(D.5)

(Bi,Ny-p2L'?) ]
T A

B,= (WL") [1 -

(D.6)

(Bi,Ny+0?) ]

7"-(1"[1 - N2+ o
]

(Bi,No+p3L?)
NZ-p2L™

0n:e'N"{unL'[l + ]cosh (L")

(Bi N.+p2L"?)
+NC[ 0o C "n

o ) e
n

Bi N.-a?)]
oo () o) o+ g e

2 L o2
Nc+og

(Bi Np—02)
+Ak[ o''C n

sin(a ) } (D38)
Nc+o} " }

-

N[, o o, (Bi,No-a?)
T me C[__cosh(—;)+BiHsinh(—7)]{an|:l+ - :lcos(an)
L L L

2
Ne+og

(Bi N-~-0a?)
+NC[ °oC n

Né-i-az ]sin (a,) } ®.9)
n

and substituting into Eq. (D.3-4) gives

L_J L _J a
D, = (Ty-T,) - Y AB,- Y, (B,+C,Z-f)yu (D.10)
n=0 n=0
E, = exp(-N¢) (T¢,;n=T,) = Y, A/v, - Y, (B,0,+C,1,) D.11)
n=0 n=0

where Eq. (D.8-9) contain the necessary constants to convert B, and C,’ to
B, and C,. Defining two last variables, to convert all unknown constants to a
form without a superscript prime

(¥B),, = \l’m[cosh (—:—f) -, sinh (% )] (D.12)
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aﬂ aﬂ ¢ e aﬂ
(‘FC)”"' = "Pmnl:FCOSh (?)+Blhsmh (F):I (D.13)

Introducing Eq. (D.10-13) into Eq. (D.1-2) and rearranging gives

> = a
Budnt 2 By (Vpy = %,0p) + 3, Cors (W =1, 00) =

n=0 n=0

-mm(TH.iu—To) - 2Au(pmn,l+pmn,2+pmn.3+pmn,4-mmﬁu) @.14)
n=0

Z [chn- (‘PB) nm] Bn + Cm‘bm + thn- (\PC) mn] Cn =

|
n=0

Qmexp (=N¢) (TC.in- T, + Z A, (an. 1+Pmn.2+Pmn.3+Pmu,4—Qm“n) ©.15)

n=0

These two equation represent a set of simultaneous equations to be solved for
the constants B,and C,. To accomplish this the series must be truncated at a
value n=N giving 2N constants to solve for (B, and C; i = 1, 2.....N).There are
only two equations, however these equations can be written for each eigen-
value; hence the subscript m denotes the eigenvalue considered. Therefore,
since there are m=N eigenvalues and two equations for each eigenvalue the
total number of equations are 2N to solve for the same amount of constants.

For illustrative purposes consider a matrix representation of the equa-
tions

[K][ﬂ = [F] ®.16)

where [KX] is the coefficient matrix of order (2Nx2N) and [F] is the forcing
vector (2Nx1) and the unknown constant vectors given as
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B 1 Cl
B, C,
[B] = (€] = D.17)
| BN | Cn)
Further, the coefficients matrix can be quartered and the forcing vector
halved
K, X
(K] =|71%2 (D.18)
i
Fy
[F]l = (D.19)
8

Each quarter of the coefficient matrix is a square matrix of order (NxN) and
half the forcing vector is of length (NxI). Referring to Eq. (D.16) the simulta-
neous equations can be represented as

seE-

This shows where the terms that need to be put into the coefficient matrix and
forcing vector will come from. The rows in the coefficient matrix in Eq.
(D.20) represent the coefficients of B, and C, for each equation. Row one
corresponds to Eq. (D.14) and row two to Eq. (D.15). Similarly, the entries in
the forcing vector correspond to Eq. (D.14) for row one and Eq. (D.15) for
row two. Presenting the equations in this form, Eq. (D.20), makes it possible
to write out some of the terms of the matrices to show the developing pattern
and indicate where these terms originate. The individual matrices and forcing
vectors that form Eq. (D.18) and Eq. (D.19) are listed below.
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(xl +W“ -71(’)1) (‘vlz-‘Yzml) .. (VlN-Yle)
(Vzl - 71(“2) (xz + sz - 72‘02) .. (sz - YNO)Z)
[X,] = D.21)
(VNI - YlmN) (W)vz - ‘Yzmu) . (A'N + VNN - ‘YNO)N)

p—

\

(( )L
- m ry
Viu—"No )

\

(( )
- (o .
Va1 — 10, )

[Kz] =
al az aN
((VNI-YlmN)?) ((Vm‘7zmn) l_.) . ((\VNN—'YNO)N)Z;)
D-22)
(Q,6,-(¥B),) (Q,0,-(¥B) )) .. (@0 (¥B) )
(R,0,-(¥B),) (Q,0,-(¥B),) .. (Q,04~(¥B),)
[.Kg] =
Qo= (¥B),)) (Qy0,-(¥B),) .. (Qyoy-(¥B), )

(D.23)
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(®,+Q,7,-(¥Y0O) ) Q,t,-(¥0) 12 .. Q= (YO) N

Q,5,-(¥0),  (9,+Q,1,-(¥0) ) Q= (¥0)

QNTI- (\PC)NI QN‘Z- (WC) N2 .. (¢N+ QNTN- (‘PC) NN)

D.24)

-0 (Ty n—=T,) -ZAn(pln, 1 Pin2¥Pin3tPind)
n

=0y (Ty ;p=T,) - ZA.. (Pan, 1+ P2n 2t P2s 3 ¥ P2ng)
n (D.25)

|~ Oy (Ty,in—T,) -ZAn(pNn,l+pNu,2+pNn,3+pNn,4)d

-
-N ’
e ch (Tc,:,.‘To) +ZA,, (Pln,l+Pln,2+Pln.3+Pln.4-Qlun)
n

=N, ’
e cQz(Tc,:n"'To) "'ZAn (P2n,l+P2n.2+P2n.3+P2n.4—Qzun)
[Fz] = "

-N. ’
| €7 Qy(Te in=T,) + XA, (Pyp, 1+ Py 2+ Prig 3+ Prp 4 = Qy0,) |
D.26)

The indices, row-i and column-j, of the coefficient matrix can be inter-
preted as the coefficient of the constant B, (or C,) for the i eigenvalue. That
is, a row corresponds to a single eigenvalue and a column to a single con-

stant.

-



APPENDIX E

E.1 Derivation of Effectiveness-NTU Relationship for a
Counterflow Heat Exchanger Neglecting Axial Conduction

Consider a double pipe heat exchanger geometry as shown in Figure
E.1, with the energy balances on the fluids as shown. For the fluids, the
energy balances give

(mC,) Tl = (mC)) Tl ., +dq €D

(mC,) Tyl = (mCp) Tyl ., +dq €2)

In addition to the fluid energy balances over the differential length a thermal
circuit can be analyzed for the heat exchanger wall. The thermal circuit for
this heat exchanger is shown in Figure E.2, neglecting any fouling. The heat
transfer over a differential element of length Ax is

dgq = UP (T” -To) Ax E3)
where

insulation

(mCp) CTCI:+A;

PP

(20
AMMINNTININANT RINURNNNNNNNNN

Hot fluid (RCp) yThl, 4 ae

Cold Fluid
V%222

(RCp) Ty,

< Ax

Figure E.1. Double pipe heat exchanger geometry and the energy balance for a
diffcerenga?e element of ?:lfgﬂlg Ax i i
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Ty —VWW AAAA AAAA T
1 In(d,/d,) 1
huPy K, 2= hoPe

Figure E.2. Thermal circuit for heat exchanger wall

1 In(d,/d) 1
UP = ["n”a+ T cPc] E4)

Substituting Eq(E.3) into Eq(E.2) and Eq. (E.1) gives

[(mC,) [Td|_, , ~(mC,) Tcl]

- o = UP(Ty-Tp) ES)
[(mC) Tyl ., —(mC)) Tyl ]
_ rnﬂnﬁ; P H Hly = UP(Ty-Ty) ES
Introducing the heat capacity
C=mC, E.7)
and taking the limit as Ax — 0, Eq. (E.5) and Eq. (E.6) can be written as
dT,
-E = (T,, Tc) E8)
dTy
-2 = (Tu y ) E9)

Subtracting Eq. (E.9) from Eq. (E.8) gives

d 1 1
L (Ty-T,) = ~UP(— - =) (Ty—T,) (E.10)
dx*"'H °C Cy C/'H °¢

This equation can be separated and integrated over the length of the heat
exchanger

Lac Ty - Tc)

j T, T - ~UP (= Cn Cc) !dx (E.11)

giving
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1 1., .
Ty~ C) Mo

Evaluating the terms and rearranging Eq. (E.12), provides a solution in terms
of the operating conditions of the fluids and the heat exchanger wall design

In(Ty=Tc)|¢ = ~UP( E.12)

(TH, out TC, x‘n) 1 1
(TH. in~ TC, out) - exp[—UA (ai - C—C)] &)
The transformation of Eq. (E.13) into a dimensionless form will begin
by subtracting and adding the inlet temperatures of the fluids to the numerator
and denominator on the left hand side of the equation

(Ty,in=Tc,in) = (Th,in = TH, ous)

(TH, in~ TC, n'n) - (TC, out TC, in)
Next, each term of on the left hand side will be divided by the temperature
difference at the fluid inlets, (T ,, - T ,,), and the numerator multiplied by
(Cy/ Cy) and denominator by (C/C,)

= exp[—UA (61,', - ?:l—c)] E.14)

[l CH (TH, in~ TH,out) ]

-—C-H(TH in=Tc,in) 1 1
n _"Gin - = exp|-UA (= - = ] E.15)
[l _Cc(Teou—Tc, in)] p[ Cu Cc
CC (TH, in~ TC, ln)
Defining the effectiveness as
€= 9 (E.16)

Cmin (TH. in~ TC. in)
where

Cpin = min(Cq, Cyp) (E.17)
and q is the actual heat transfer that occurs over the length of the heat

exchanger, which was derived in chapter 1 using an energy balance on the
fluid, and is written as

q= CC (TC, out TC. in) = CH (TH, in~ TH, out) (E.18)
The effectiveness could be substituted into Eq. (E.15) if it was know which
fluid had the minimum heat capacity, for the sake of generality all possibili-
ties will be considered. Two of three possible expressions for Eq. (E.15) can
be written as follows, the third will be addressed later:
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For C,,;, = Cy

- C
.._l_e__ = expl:—gé (l - —H)] (E.19)

1 (—Cc)e
~\C C
H)  _ exp[yﬁ (1__9)] (E20)

Solving Eq. (E.19) and (E.20) for the effectiveness, after introducing the
number of transfer units

UA

min

NTU = (E21)

and the heat capacity ratio

(E.22)

into the equations gives the same solution for both Eq. (E.19) and Eq. (E.20),
which is

_ 1-exp[-NTU (1-Cp)]

T 1= Crexp[-NTU(1-Cp)]
This provides results for C, # C., however, if the heat capacity ratios are
equal, whichi ls the third possibility that was mentioned previously, Eq. (E.23)

is indefinite ( ). For this case L'Hospital’s rule can be applied to determine
the limit as the heat capacity ratio goes to 1 giving

(E.23)

1+NTU
e = —NTU €2
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E.2 Solution of Fluid Temperatures for a Counterflow Heat
Exchanger Neglecting Axial Conduction

E.2.1 Unequal Heat Capacities (C#C,.)

Solving for the general solution of the differential equation in Eq.
(E.10) for the temperature difference between the hot and cold fluid gives

Ty-Tg = Clexp[ UP( c Cc)x] E25)

where C, is a constant. Substituting Eq. (E.25) into the individual differential
equations for the fluids, in Eq. (E.8) and (E.9), gives the equations to be
solved for the temperatures of the fluid, with appropriate initial conditions

Tu _ _UP ¢ oxp ~UP(3--a-)x €26)
Ty(0) = Ty, (E.260)

dTc _ up 1

&= =C c,exp[ UP( c -C—E)x] E27)

These two equations, Eq. (E.26) and (E.27), are easily solved for the temper-
atures of the hot and cold fluids

Ty= lcl i exp[ UP( Ci)x- +C, (E.28)
C”(C_H_C_C) Cu c

To= lCn : exp[ UP (5~ 2)%]+C €29
CC(_(_:;_C_C) H c

where C, and C, are constants, but noting that Eq. (E.25) must holds gives

C,=C, = C, E:30)
Incorporating Eq. (E.30) and rearranging Eq. (E.28) and (E.29) gives

exp[ UP( o -Clé)x] (E31)

C,
Ty = Cr gy
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C 11
TC(X) = C‘-(IT;ICH)CXP[—UP(C—H—E&)I] (E32)

which can be solved for the unknown constants using the initial conditions in
Eq. (E.26a) and (E.27a). Applying these conditions to the equations for the
hot and cold fluids produces

1
Ty = Ce+ a=cjicy 7C (E33)
Cl
TC,in = C4— mexp[ UP( H C) L] (E.34)

a set of two equations with two unknowns. Solving, the two unknown con-
stants are

(TH, in TC m) (CC CH)

c, =
CC—C”exp[ UP(C—-FC-)L] .
1
C,= Cn_Cc E36)

Cc- c,,exp[ UP(C— - C—C)L]

If C;,> C. and the heat capacity ratio is used C, = CJ/Cy, Eq (E.35) and Eq.
(E.36) become

(Ty,in=Tc,in) (Cp—1)

€1 = Cr—exp [FUPICL(Cx=D L] ®37
4= Cr-exp[-UPIC.(Cg-1)L] '

Substituting Eq (E.35) and (E.36) into the solutions for the hot and cold flu-
ids, Eq. (E.31) and (E.32), gives
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1 1
CcTc,in= Th,inCuexp [‘UP (—CT, - ‘C—C) L]

1

TH (x) = 1
Cco- CHexp[—UP(q - CC)L]

+

T, .-T -
(Ty,in=Tc,in) (Cc=Cy) _Up(_l_—-—l-)x] E39)

exp
(1-Cx/C) {CC—CHexp[—UP(&—C_l.C)L]} [ Cu Cc

11
CeTe in— T inCrexp [—UP(— -=) L]

Cy C
To(x) = -

Cc~Cyexp| ~UP (= - =)L

¢ "ep[ (CH Cc)]

(TH. in~ TC. in) (CC- CH)

1 1
(1=Cl C) {C Cyexp| ~UP (& C_C’L]}
For the case of C;;> C. Eq. (E.37) and (E.38) can be used in place of Eq.

(E.35) and (E.36) giving the following expression for the hot and cold fluid
temperatures:

exp [—UP (%1 - Z‘lz. ) x] (E.40)

CRTC, in~ TH, ,-nexp [-UP/CC(CR - l) L]

+ —4 —
Tux) = Cr-exp[-UPIC,(Cpr-1I]
(TH, in-TC,ln) CR
Cr—exp [-UPIC(Cg-1yI1 P I-UP (Ca=D)x] B4D
~(x*) =

Cr—exp[-UPIC.(Cp-1)L]

(TH, in-TC, in)
Co=eap [SUPIC, (Co= L] P [-UP (Cr =12l €4

Nondimensionalizing the length scales by the total length of the heat
exchanger

v o X
b 4 =1 (E43)

and introducing the number of transfer units (NTU)
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UPL
C

min

NTU = (EH)

the final equations for the hot and cold temperatures become

_ CRTC.iu- TH, in€XxP [-NTU(CR- l)]
H™ Cp-exp[-NTU(Cyr-1)L]

_ (Tyin=Tc,in) Cr
Cp—exp[-NTU (Cp-1)]

exp [-NTU (Cx-1)x*] (E45)

T. = CrTc in— Ty inexp [-NTU (Cp-1)]
¢ Cr-exp[-NTU (Cg-1)]

(Ty,in— Tc,gg)
Cr—exp[-NTU(Cp-1)]

exp [-NTU (Cxr-1)x"] (E46)

Note that Eq. (E.45) and (E.46) apply for C,, > C, which could easily be con-
verted if the opposite were true.

E.2.2 Equal Heat Capacities (Cy = C()

If the heat capacity ratio of the two fluids are equal the solution of the
differential equation, in Eq. (E.10), for the temperature difference between
the fluids is a constants.

Which upon substituting into Eq. (E.8) and (E.9) give the following differen-
tial equations and initial conditions for the temperatures of the hot and cold
fluids, respectively.

dTy _ -yp
v _CH C 1 (E.48)
TH (0) = TH, in (E.483)
dTc _ -yp
Tix— = C—CCI (E49)
Tc (L) = Tc’ in (E.493)

The general solution of these differential equations is
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-UpP

H
C

where C, and C, are constants, giving a total of three constants to be deter-
mined. The initial conditions in Eq. (E.48a) and (E.49a) provide two condi-
tions and the third condition comes from Eq. (E.25). Applying these three
conditions gives the following set of equations to be solved for the unknown
constants.

Tyim = Cs E52)
Tcin = CCC L+Cy E.53)
Ty-Te=C, = %Clx é"’ C,x+ (C,~C3) E54)

The solution for C, is obvious, solving for the other constants gives

T,.-T,
Cl = ( Hin~ ‘C, in) (E.55)
a+YPL UPL
Cc
UPL
TC int TH in C
G = 14 UPL (E.56)
Cc
which can be rewritten using Eq. (E.44) as
(TH. in~ TC, in)
©1= —1vNTU ®3D
Tcint Ty hsNTU
G = —T3w1U E38)

Substituting Eq. (E.57) and (E.58) into the general solutions, Eq. (E.50) and
(E.51), the expressions for temperature of the hot and cold fluids are

up (TH. in~ Tc, in)
CH (1+NTU)

TH (x) =- x+ T”’ in (E59)
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UP(TH,in—TC,ln)x+ (T¢,in+ Ty, ixsNTU)
" C.(1+NTU) 1+NTU

If length dimensions are scaled according to Eq. (E.43), expressions for tem-
perature become

To(x) = (E.60)

NTU (TH, in~ TC, in)
(1+NTU)

Ty(x) = - x*+Ty i E61)

NTU(TH,in-TC,in) ++ (TC,:'n+TH,inNTU)
(1+NTD) 1+NTU

To(x) = (E.62)




APPENDIX F

Program AXCOND

BOUNDRY CONDITIONS OF THE THIRD KIND
ORTHORGONALITY APPLIED WITH COSINE AND SINE FUNCTION

ASSUMING To = Tl (CONSTANT AMB TEMP)

LAST MODIFIED 4/27/92

* % * # ¥ O * F * ¥

implicit double precision (a-h,0-z)
character para*10,runfil*60
integer size,size2
double precision len,Nc,Nh,Kw,Lstr,mu,NTU
parameter (size=200,size2=50)
dimension coeff(size,size+1),BC(size),A(size),
+ Tcold(size2),Thot(size2), Twall(size2,size2),
+ mu(size),alph(size),
+ dTcold(size2),dThot(size),dTdxx0(size2),dTdxx1(size2),
+ dTdyy0O(size2),dTdyy1(size2)

common delta,len,Lstr,Nc,Nh,Bic,Bih,Bio,Bil,Tcin,Thin,To, Tl

sk

**  INPUT DATA

£ 1 ]

**  delta - wall thickness (m)

**  len -total lenth (m)

**  Cc - heatcapacity cold stream (W/K)

** Ch - heat capacity hot stream (W/K)

** hc - convection coeff cold side (W/m**2 K)

** hh - convection coeff hot side (W/m**2 K)

** Kw - thermal conductivity of wall (W/m K)

*+*  ho - convection coeff to ambient at x=0 (W/m**2 K)
** hl - convection coeff to ambient at x=L. (W/m**2 K)
** To - Temp of ambient at x=0 (C)

** T1 - Temp of ambient at x=L (C)

** Tcin -temp of cold fluid at x=L

**  Thin - temp of hot fluid at x=0

**  Lx(L) - scale length for x-direction
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Ly(delta)- scale length for y-direction
CALCULATED DATA

Lstr -Lx/Ly

Nc -hcPclx/Cc

Nh -hhPhIx/Ch

Bio -hoLx/Kw all variables dimensionless
Bil -hlLx/Kw

Bic -hcLy/Kw

Bih -hhLy/Kw

read the input data in and define looping method
iopt - 0 -input raw data (dimensional)
1 -input Non-dimensional data

iloop=0
irun=1
continue

READ IN NEXT RUN FILE NAME AND BEGIN CALCULATIONS

if(irun.eq.1)runfil="[dowding.thesis.rundata] Bih.one'
if(irun.eq.2)runfil="[dowding.thesis.rundata] Bih.low'
if(irun.eq.3)runfil="{dowding.thesis.rundata] Bio.one'
if(irun.eq.4)runfil="[dowding.thesis.rundata)Bil.one’'
if(irun.eq.5)runfil="[dowding.thesis.rundata] BihBic.one'
if(irun.eq.6)runfil="[dowding.thesis.rundata] BioBil.one'
if(irun.eq.7)runfil="{dowding.thesis.rundata]Lstr.one'
if(irun.eq.1)runfil="{dowding.thesis.rundatajcr1.low'
if(irun.eq.2)runfil="[dowding.thesis.rundata]cr75.low'
if(irun.eq.3)runfil="[dowding.thesis.rundata]cr50.low'
if(irun.eq.4)runfil="{[dowding.thesis.rundatajcr25.low'
if(irun.eq.12)runfil="{[dowding.thesis.rundata]nterm.one’'
if(irun.eq.5)go to 300

print *,'running data set ',irun

open(20,status="unknown',file=runfil)
read(20,'(i10)"iopt
print */'enter ioption 0-single run 1-vary parameter 2-stop'
read(*,'(i1))iopt
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if(iopt.eq.2)go to 300

100 continue

*

* % # ¥ *

* * # #

* * #* *

if(iopt.eq.0)then
call inputO(Cc,Ch,Kw,wid,nterm,ibound,ifluid,iwall,ider,
deltax,deltay,istop)
elseif(iopt.eq.1)then
iloop=iloop + 1
call input1(Cc,Ch,Kw,wid,nterm,ibound,ifluid,iwall,ider,
deltax,deltay,istop,iloop,para,ipara,del ,parmax)
endif
Nc =Bic*Kw*Lstr*wid/Cc
Nh =Bih*Kw*Lstr*wid/Ch
print *,' read in input’
if(istop.eq.1)go to 200

SOLVE FOR THE EIGENVALUES

print *,'going to calculate eigenvalues'
SOLVE FOR ALPHA AND MU
call root(alph,size,Bio,Bil,nterm)
call root(mu,size,Bic,Bih,nterm)
if(alph(1).gt.3.141592654)then
write(10,*)alph(1),' eigen troubles'
go to 300
endif
if(mu(1).gt.3.141592654)then
write(10,*)mu(1),’ eigen troubles'’
go to 200

endif

print *,' calculated eigenvalues'
BUILD MATRIX OF UNKNOWN COEFFCIENTS

call build(mu,alph,coeff,nterm,size,A)
print *,' built matrix '

SOLVE THE COEFF MATRIX FOR THE NEEDED CONSTANTS

call gauss(coeff,size,nterm,BC)
print *,' solved matrix '

CALCULATE THE FLUID AND WALL TEMPERATURES

call profil(BC, A ,size,size2,nterm,deltax,deltay, Thot,
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+ Tcold, Twall,dTcold,dThot,mu,alph,dTdxx0,dTdxx1,
+ dTdyy0,dTdyy1,qx0,9x1)
print *,' solved for temperatures '

CALCULATE THE EFFECTIVNESS AND NUMBER OF TRANSFER UNITS
WITH AND WITHOUT AXIAL CONDUCTION INCLUDED

* * # & &

n = nint(1/deltax) + 1
m = nint(1/deltay) + 1

if(Cc.le.Ch)then
Cmin =Cc
Cr =Cc/Ch
else
Cmin =Ch
Cr =Ch/Cc
endif

NTU = (Bic*Bih*Kw*Lstr*wid)/(Cmin*(Bih+Bic*Bih+Bic))
effc = Cc*(Tcold(1) - Tcold(n))/(Cmin*(Thot(1)-Tcold(n)))
effh = Ch*(Thot(1) - Thot(n))/(Cmin*(Thot(1)-Tcold(n)))

*  write(*,*)NTU '"NTU

if(Cr.eq.1)then
eff = NTU/(1.0 + NTU)
else
eff = (1-exp(-NTU*(1-Cr))¥(1-Cr*exp(-NTU*(1-Cr)))
endif
print *)' calculated Effect and NTU '

CALCULATE THE HEAT FLUXED AND INSURE THAT ENERGY IS CONSERVED

* # £ * &

ghot =Ch * (Thot(1) - Thot(n))
qcold = Cc * (Tcold(1) - Tcold(n))

gx0 = -wid*Kw/Lstr*qx0
gx1 = -wid*Kw/Lstr*qx1

*write(10,*)'heat fluxes'
*write(10,*)'qx0 =',qx0
*write(10,*)'qx1 ='gx1
*write(10,*)'ghot =',ghot
*write(10,*)'qcold =',qcold
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qtot = (qghot - qcold + gx0 - gx1)/(min(ghot,qcold))
print *,' calculated heat fluxes '

GENERATE THE OUTPUT FILE OF THE TEMPERATURE DISTRIBUTIONS OF THE
FLUIDS AND WALL AND CHECK THAT THE BOUNDRY CONDITIONS ARE MET

if(iopt.eq.0)then
call output(deltax,deltay,size2,dTdxx0,dTdxx1,dTdyyO,

dTdyy1,Thot,Tcold, Twall,iwall,ifluid,ibound,
ider,pOx,p1x,p0y.ply)
call outO(NTU eff effc,effh,nterm,Kw,Cc,Ch,qtot,pOx,p1x,
pOy.ply)
else

call output(deltax,deltay,size2,dTdxx0,dTdxx1,dTdyy0,
dTdyy1,Thot,Tcold, Twall,iwall,ifluid,ibound,

ider,pOx,p1x,pOy,ply)
call outl(NTU eff effc,effh,nterm,Kw,Cc,Ch,para,qtot,pOx,p1x,

POy.ply.iloop,ipara)
endif
print *,'  Generated output files '

if(iopt.eq.0)close(10)
go to 100
continue

if(iopt.eq.1)then
close(10)
close(40)
irun=irun+1
istop=0
iloop=0

go to SO

endif

continue

stop
end

DATE 3/05/92

SUBROUTINE TO GENERATE THE OUTPUT FILE FOR OPTION 0
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*

- SINGLE DATA FILE OPTION VARYING SOME PARAMETER

*

subroutine outO(NTU eff effc,effh,nterm,Kw,Cc,Ch,qtot,
+ pOx,p1x,pOy,ply)

implicit double precision(a-h,0-z)
double Precision NTU,Nc,Nh,len,Lstr, Kw

common delta,len,Lstr,Nc,Nh,Bic,Bih,Bio,Bil,Tcin,Thin,To,T1

*

WRITE THE NONDIM DATA AND INLET PARAMETERS USED IN CALCULATION

write(10,*)"'
write(10,*)' Nondimensional Data'
write(10,'(a,f12.5)")' L* ='Lstr

write(10,'(a,f12.5)")' Hot side(Bih) =',Bih
write(10,'(a,f12.5)")' Cold side(Bic) ='Bic
write(10,'(a,f12.5)")' Wall End(Bio) =',Bio
write(10,'(a,f12.5)")' Wall End(Bil) =',Bil
write(10,'(a,f12.5)")' "ntu” hot (Nh) =',Nh
write(10,'(a,f12.5)")' "ntu" cold(Nc) ='\Nc¢
write(10,*)""
write(10,*)' Fluid and Wall conditions '
write(10,'(a,f12.5,a)")' Wall Conductivity(Kw) ='Kw,' W/m*2K'
write(10,'(a,f12.5,a)")' Heat Cap cold (Cc) ='.Ch,' W/K'
write(10,'(a,f12.5,a)")' Heat Cap hot (Ch) =',Cc,' W/K'
write(10,'(a,f12.5,a)")' Inlet Temp cold (Tcin) =',Tcin,' C'
write(10,'(a,f12.5,a)")’' Inlet Temp hot (Thin) =',Thin,'C’
write(10,*)"’
write(10,*)' Ambient Temperatures '
write(10,'(a,f12.5)")' Atx=L (T1) =Tl
write(10,'(a,f12.5))' At x=0 (To) ='.To
write(10,*)"’
write(10,'(a,i2,a)")' Summations terminated at ',nterm,’ terms'
write(10,*)"’
write(10,'(17x,a,5x,a,4x,a,4x,a)")Hot','Cold',

+ 'Negl','Eng Boundry Condition err Bi'
write(10,'(5x,a,8x,a,6x,a,5x,a,5x,a)" ) NTU','Eff", Eff’, Eff’,

+ ‘Bal Bio Bil Bih Bic'
write(10,'(2x,f7.4,2x,39.4,1x,e8.2,4f7.4))NTU effh,

+ effc,eff,qtot,pOx,p1x,p0y,ply

return
end

* DATE 3/05/92
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SUBROUTINE TO GENERATE THE OUTPUT FILE FOR OPTION 1
- OPTION VARYING SOME PARAMETER

subroutine outl (NTU eff effc,effh,nterm,Kw,Cc,Ch,para,qtot,
+ pOx,p1x,pOy,ply,iloop,ipara)

implicit double precision(a-h,o0-z)

double Precision NTU,NTUlam,Nc,Nh,len,Lstr,Kw

character para*10

common delta,len,Lstr,Nc,Nh,Bic,Bih,Bio,Bil,Tcin,Thin,To,T1

WRITE THE NONDIM DATA AND INLET PARAMETERS USED IN CALCULATION

if(iloop.eq.1)then

write(10,*)'*
write(10,*)' Nondimensional Data’
write(10,'(a,f12.5)")' L* ='Lstr
write(10,'(a,f12.5)")' Hot side(Bih) ='Bih
write(10,'(a,f12.5)")’' Cold side(Bic) ='Bic
write(10,'(a,f12.5)")' Wall End(Bio) ='Bio
write(10,'(a,f12.5)")' Wall End(Bil) ='Bil
write(10,'(a,£12.5)")' "ntu" hot (Nh) =',Nh
write(10,'(a,f12.5)")' "ntu” cold(Nc) ='Nc
write(10,*)"’
write(10,*)' Fluid and Wall conditions '
write(10,'(a,f12.5,a)")' Wall Conductivity(Kw) ='Kw,' W/m”2K'
write(10,'(a,f12.5,a)")' Heat Cap cold (Cc) ='Cc,' W/K'
write(10,'(a,f12.5,a)") Heat Cap hot (Ch)  =',Ch,' W/K'
write(10,'(a,f12.5,a)")' Inlet Temp cold (Tcin) =',Tcin,' C'
write(10,'(a,f12.5,a)")' Inlet Temp hot (Thin) =',Thin,'C'
write(10,*)'*
write(10,*)’Ambient Temperatures '
write(10,'(a,f12.5))' At x=L (T1) =Tl
write(10,'(a,f12.5)")' At x=0 (To) =',To
write(10,*)"*
write(10,'(a,i3,a)")' Summations terminated at ‘,nterm,’ terms'
write(10,*)"*
write(10,'(a,a)")' varying parameter ',para
write(10,*)" '
write(10,'(3x,29,16x,a,5x,a,4x,a,4x,a) )para, Hot','Cold’,

+ 'Negl', 'Eng Boundry Condition'
write(10,'(19x,a,6x,a,5x,a,5x,a,5x,a2)" ) NTU",

+ 'Eff, 'Eff,'Eff,'Bal max error’
endif
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BCerr = max(p0Ox,p1x,p0y,ply)

uneff = (eff - (effh+effc)/2)/eff
Cmin = min(Ch,Cc)
Cmax = max(Ch,Cc)
NTUlam = Kw*Lstr/Cmin
if(ipara.eq.1)then
write(10,'(3x,£7.2,5x,8.3,1x,318.5,1x,¢8.2,3x,{7.5)")
+ Lstr,NTU,efth,effc,eff,qtot, BCerr
write(40,'(1x,£10.3,1x,4.2,2f10.6,2x,49.5)")Lstr,Cmin/Cmax,
+ Cmin, NTU. effh,effc,eff,uneff
return

elseif(ipara.eq.2)then

write(10,'(3x,f7.4,5x,£8.3,1x,3f8.5,1x,8.2,3x,7.5)")Bih, NTU,
+ effh,effc,eff,qtot, BCerr

write(40,'(1x,1£10.6,1x,f4.2,2f10.6,2x,419.5)")Bih,Cmin/Cmax,
+ Cmin,NTU effh,effc,eff,uneff

return

elseif(ipara.eq.3)then

write(10,'(3x,f7.4,5x,£8.3,1x,318.5,1x,68.2,3x,£7.5))Bic,NTU,
+ effh,effc,eff,qtot,BCerr

write(40,'(1x,£10.6,1x,f4.2,2f10.6,2x,419.5)")Bic,Cmin/Cmax,
+ Cmin,NTU, efth,effc,eff,uneff
retum
elseif(ipara.eq.4)then
write(10,'(3x,f7.4,5x,£8.3,1x,318.5,1x,e8.2,3x,£7.5)")Bio,NTU,
+ effh,effc,eff,qtot, BCerr
write(40,'(1x,£10.6,1x,f4.2,2f10.6,2x,419.5)")Bio,Cmin/Cmax,
+ Cmin NTU effh,effc,eff,uneff
return
elseif(ipara.eq.5)then
write(10,'(3x,f7.4,5x,£8.3,1x,318.5,1x,8.2,3x,£7.5)")Bil, NTU,
+ effh,effc,eff,qtot, BCerr
write(40,'(1x,£10.6,1x,£4.2,2f10.6,2x,419.5)")Bil,Cmin/Cmax,
+ Cmin NTU efth,effc,eff,uneff
return
elseif(ipara.eq.6.and.Ch.It.Cc)then
write(10,'(3x,£7.4,5x,£8.3,1x,38.4,1x,e8.2,3x,f7.5)")Ch/Cc,NTU,
+ effh,effc,eff,qtot,BCerr
write(40,'(1x,f4.2,1x,2£10.6,2x,419.5))Cmin/Cmax,Cmin,NTU efth,
+ effc,eff,uneff
return
elseif(ipara.eq.6.and.Cc.le.Ch)then
write(10,'(3x,f7.4,5x,£8.3,1x,3f8.5,1x,8.2,3x,7.5))Cc/Ch,NTU,
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effh,effc,eff,qtot, BCerr

write(40,'(1x,f4.2,1x,2f10.6,2x,419.5) )Cmin/Cmax,Cmin, NTU,effh,
effc,eff,uneff

return

elseif(ipara.eq.16.and.Cc.le.Ch)then

write(10,'(f7.4,8.2,18.3,1x,3f8.5,1x,e8.2,3x,£7.5))Cc/Ch,Lstr, NTU,

efth,effc,eff,qtot, BCerr

return

elseif(ipara.eq.16.and.Ch.1t. Cc)then

write(10,'(f7.4,£8.2,18.3,1x,3f8.5,1x,e8.2,3x,£7.5)"YCh/Cc,Lstr, NTU,
effh,effc,eff,qtot, BCerr

retum

elseif(ipara.eq.23)then

write(10,'(3x,7.5,5x,£8.3,1x,3f8.5,1x,68.2,3x,£7.5))Bih,NTU,
effh,effc,eff,qtot, BCerr

write(40,'(1x,218.5,1x,f4.2,1x,£8.4,1x,£5.2,4f8.5))Bic,Bih,
Cmin/Cmax,Cmin,NTU,effh,effc,eff,uneff

retum

elseif(ipara.eq.45)then

write(10,'(1x,£7.5,1x,£7.5,18.3,1x,3f8.5,1x,e8.2,3x,£7.5) )Bio,
Bil, NTU,effh,effc,eff,qtot,BCerr

write(40,'(1x,218.5,1x,f4.2,1x,f8.4,1x,£5.2,4f8.5)") Bio,Bil,
Cmin/Cmax,Cmin,NTU,effh,effc,eff,uneff

return

elseif(ipara.eq.8)then
write(10,'(3x,i5,7x,£8.3,1x,318.5,1x,e8.2,3x,f7.4) )nterm, NTU, effh,
effc,eff,qtot, BCerr
write(40,'(1x,31,£10.6,2x,419.5))N,NTU effh,
effc,eff,uneff
return
endif
end

DATE 2/17/92
SUBROUTINE TO OPEN FILE AND READ IN RAW DATA
subroutine input(Cc,Ch,Kw,wid,nterm,ibound,ifluid,iwall,ider,

deltax,deltay,istop)

implicit double precision (a-h,0-z)
double precision len,Lx,Ly,Kw,Nc,Nh,Lstr
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character outfil*60,infil*60

common delta,len,Lstr,Nc,Nh,Bic,Bih,Bio,Bil, Tcin, Thin,To, Tl
print *,'Enter the input file'

read(*,'(a))infil

print *,'Enter the output file'

read(*,'(a)Noutfil

CHECK IF EOF FLAG TO TERMINATE THE PROGRAM HAS BEEN READ IN

if(outfil.eq.'eof")then
close(20)

istop=1

returm

else

istop=0

endif

READ IN THE RAW DATA

open(10,status="new' file=outfil)
open(40,status="new' file=outfil)
open(50,status="new',file=outfil)
open(30,status="unknown',file=infil)

read(30,'(17x,£20.0)")Lstr
read(30,'(17x,£20.0)")Bih
read(30,'(17x,£20.0)")Bic
read(30,'(17x,£20.0)")Bio
read(30,'(17x,£20.0)")Bil
read(30,'(17x,£20.0))Kw
read(30,'(17x,£20.0)"YCh
read(30,'(17x,£20.0)"YCc
read(30,'(17x,£20.0)")Thin
read(30,'(17x,£20.0)")Tcin
read(30,'(17x,£20.0)")To
read(30,'(17x,£20.0))T1
read(30,'(17x,£20.0)")wid
read(30,'(17x,i20)")nterm
read(30,'(17x,i20)")ibound
read(30,'(17x,i20)"ifluid
read(30,'(17x,i20)")iwall
read(30,'(17x,i20)")ider
read(30,'(17x,£20.0)")deltax
read(30,'(17x,£20.0)")deltay
close(30)
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return
end

DATA 3/05/92

SUBROUTINE TO OPEN FILE AND READ IN RAW DATA

subroutine input1(Cc,Ch,Kw,wid,nterm,ibound,ifluid,iwall,ider,
+ deltax,deltay,istop,iloop,para,ipara,del,parmax)

implicit double precision (a-h,0-z)
double precision len,Lstr,Nc,Nh,Kw
character outfil*60,para*10,infil*60

common delta,len,Lstr,Nc,Nh,Bic,Bih,Bio,Bil, Tcin,Thin,To, Tl

if(iloop.eq.1)then

READ IN PARAMETER TO VARY, INCREMENT, AND MAX VALUE. THEN THE RAW
DATA FILE NAME AND PERTINENT DATA

print *,'enter the para to vary'
read(*,'(i10)")ipara
print *,'enter the del'
read(*,'(f20.0)"del
print*,'enter the max value'
read(*,'(f20.0)")parmax
print *,'enter the input file name'
read(*,'(a)’)infil
print * 'enter the output file name’
read(*,'(a))outfil

open(40,status="new',file=outfil)
open(10,status="new',file=outfil)
open(30,status="unknown' file=infil)

read(30,'(17x,£20.0)")Lstr
read(30,'(17x,£20.0))Bih
read(30,'(17x,£20.0)")Bic
read(30,'(17x,£20.0)")Bio
read(30,'(17x,£20.0)")Bil
read(30,'(17x,£20.0)")Kw
read(30,'(17x,£20.0)"YCh
read(30,'(17x,£20.0))Cc



* * ® *

184

read(30,'(17x,£20.0)")Thin
read(30,'(17x,£20.0)") Tcin
read(30,'(17x,£20.0)")To
read(30,'(17x,£20.0))T1
read(30,'(17x,£20.0)")wid
read(30,'(17x,i20)")nterm
read(30,'(17x,i20)")ibound
read(30,'(17x,i20)")ifluid
read(30,'(17x,i20)"iwall
read(30,'(17x,i20)")ider
read(30,'(17x,£20.0)")deltax
read(30,'(17x,£20.0)")deltay

close(20)
close(30)

OTHERWISE INCREMENT THE PARAMETER THAT IS BEING VARIED AND SEND
DATA BACK TO PROGRAM

endif
if(ipara.eq.1)then
para = Lstr’
if(iloop.eq.1)then
Cmin = min(Cc,Ch)
Cr =Cc/Ch
ratio = Lstr/Cmin
else
Lstr = Lstr + del
write(*,*)'Lstr ' Lstr
Cmin = Lstr/ratio
if(Cc.le.Ch)then
Cc =Cmin
Ch =Cc/Cr
else
Ch = Cmin
Cc=Cr*Ch
endif
endif
istop=0
if(Lstr.gt. parmax)istop=1
return
elseif(ipara.eq.2)then
para = 'Bih’
istop=0
if(iloop.eq.1)then
Cmin = min(Cc,Ch)
Cr=Cc/Ch
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ratioi = Lstr/Cmin*(Bih*Bic*Kw*wid/
(Bih + Bic*Bih + Bic))
else
Bih = Bih * del
ratio = Lstr *(Bih*Bic*Kw*wid/
(Bih + Bic*Bih + Bic))
Cmin = ratio/ratioi
if(Cc.le.Ch)then
Cc =Cmin
Ch =Cc/Cr
else
Ch =Cmin
Cc=Cr*Ch
endif
endif
if(Bih.gt.parmax)istop=1
return
elseif(ipara.eq.3)then
para = 'Bic'
istop=0
if(iloop.eq.1)then
Cmin = min(Cc,Ch)
Cr=Cc/Ch
ratioi = Lstr/Cmin*(Bih*Bic*Kw*wid/
(Bih + Bic*Bih + Bic))
else
Bic = Bic * del
ratio = Lstr *(Bih*Bic*Kw*wid/
(Bih + Bic*Bih + Bic))
Cmin = ratio/ratioi
if(Cc.le.Ch)then
Cc =Cmin
Ch =Cc/Cr
else
Ch =Cmin
Cc=Cr*Ch
endif
endif
if(Bic.gt.parmax)istop=1
return
elseif(ipara.eq.4)then
para = ‘Bio'
istop=0
if(iloop.gt.1)Bio = Bio * del
if(Bio.gt.parmax)istop=1
return
elseif(ipara.eq.5)then
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para = Bil’
istop=0
if(iloop.gt.1)Bil = Bil * del
if(Bil.gt.parmax)istop=1
return
elseif(ipara.eq.6)then
para = 'Cr'
istop=0
Cr=Ch/Cc
if(iloop.gt.1)Ch = Ch + del
if(iloop.gt.1)Cc = Ch/Cr
if(Cc.gt.parmax)istop=1
return
elseif(ipara.eq.16)then
para='Cr & L*
istop=0
Cmax = max(Cc,Ch)
Cmin = min(Cc,Ch)
if(iloop.eq.1)then
ratio = Lstr/Cmin
deLstr = del * (parmax-Lstr)
delCr = del * ratio/(Cmax - Cmin)
write(*,*)'delCr delLstr =',delCr,deLstr
else
if(Ch.le.Cc)then
Lstr = Lstr + deLstr
Ch =Ch + delCr
else
Lstr = Lstr + deLstr
Cc =Cc + delCr
endif
endif
if(Lstr.gt. parmax)istop = 1
return
elseif(ipara.eq.23)then
para = ‘Bih & Bic'
istop=0
if(iloop.eq.1)then
Cmin = min(Cc,Ch)
Cr=Cc/Ch
ratioi = Lstr/Cmin*(Bih*Bic*Kw*wid/
(Bih + Bic*Bih + Bic))

else
Bih = Bih + del
Bic = Bic +del
ratio = Lstr *(Bih*Bic*Kw*wid/
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+ (Bih + Bic*Bih + Bic))
Cmin = ratio/ratioi
if(Cc.le.Ch)then

Cc =Cmin
Ch =Cc/Cr
else
Ch =Cmin
Cc=Cr*Ch
endif
endif
if(Bih.gt.parmax)istop = 1
return
elseif(ipara.eq.45)then
para = Bio & Bil'
istop=0
if(iloop.eq.1)then
Bioi=Bio
Bili=Bil
else
Bio =Bioi * del
Bil =Bili * del
Bioi = Bio
Bili =Bil
endif
if(Bio.gt.parmax)istop = 1
return
elseif(ipara.eq.8)then
para='N'
istop=0
if(iloop.gt.1)nterm = nterm * del
if(nterm.gt.parmax)istop=1
return
endif

end

date 2/09/92

SUBROUTINE TO BUILD THE MATRIX OF UNKNOWN COEFF

* * * # * * *

subroutine build(mu,alph,coeff,nterm,size,A)

implicit double precision (a-h,0-z)
integer size




* * #* *
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double precision len,Nc,Nh,mu,mulsq,mul,Lstr,Ncsq,Nhsq,lam,musq
common delta,len,Lstr,Nc,Nh,Bic,Bih,Bio,Bil,Tcin,Thin,To, Tl

dimension coeff(size,size+1),mu(size),alph(size)
dimension A(size)

GENERATION OF THE MATRIX, ORDER WILL BE (2*NTERM X 2*NTERM +1)
SET CONSTANTS AND INITIALIZE THE PARAMETERS

pi  =3.141592654

Ncsq =Nc*Nc
Nhsq =Nh* Nh
rthsl =00
ths2 =0.0
rths3 =0.0
rths4 =0.0

expNc = dexp(-Nc)

BEGIN COMPUTTIN MATRIX -i CORRESPONDS TO ROW NUMBER
do 10 i=1,nterm

mul = mu(i)*Lstr

mulsq =mul * mul

musq = mu(i) * mu(i)

alpl =alph(i)/ Lstr

alphsq = alph(i) * alph(i)

alplsq = alpl * alpl

hsin = sinh(alpl)

hcos =cosh(alpl)

sine = sin(alph(i))

cosin = cos(alph(i))

zeta = (alpl*hsin + Bic*hcos)/(Bic*hsin + alpl*hcos)

orth =((alphsq+Bio**2.0)*(1.+Bil/(alphsq+Bil**2.))+Bi0)/2.0
orthmu =((musq+Bih**2.0)*(1.0+Bic/(musq+Bic**2.0))+Bih)/2.0
lam = -(alpl*zeta + Bih) * orth

if(Nh.1t.100)then
omg = Bih/(Nhsq+alphsq)*((Nh+Bio)*alph(i)+dexp(-Nh)*
+ ((alphsq-Nh*Bio)*sine - (Bio+Nh)*alph(i)*cosin))

else

omg = Bih/(Nhsq+alphsq)*(Nh+Bio)*alph(i)
endif
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cphi = ((alplsq+Bic*Bih)*hsin+(Bic+Bih)*alpl*hcos)*orth

*

ABSORBED EXP(-NC) INTO COMG FROM LOADING OF THE MATRIX

if(Nc.1t.100)then

comg = Bic/(Ncsq+alphsq)*(expNc*(Bio-Nc)*alph(i)+
+ ((alphsg+Bio*Nc)*sine + (Nc-Bio)*alph(i)*cosin))

else

comg = Bic/(Ncsq+alphsq)*((alphsq+Bio*Nc)*sine +
+ (Nc-Bio)*alph(i)*cosin)

endif

*

j CORRESPONDS TO COLUMN NUMBER

do 20 j=1,nterm

alphi = alph(i)
alpl = alph(j}/Lstr
alphsq = alph(j) * alph(j)
musq = mu(j) * mu(j)
mul = mu(j)*Lstr

mulsq =mul*mul
* hsinmu = sinh(mul)
* hcosmu = cosh(mul)
hsinal = sinh(alpl)

hcosal =cosh(alpl)

sinal = sin(alph(j))

cosal = cos(alph(j))

sinmu = sin(mu(j))

cosmu = cos(mu(j))

chl = (Nh*Bio-mulsq)/(Nhsq-mulsq)

ch2 = (Nh*Bio+alphsq)/(Nhsq+alphsq)

ccl = (Nc*Bio+mulsq)/(Ncsq-mulsq)
. cc2 = (Nc*Bio-alphsq)/(Ncsq+alphsq)

* CONSTANTS cl,c2,c3,c4 AND eps HAVE A COSH FACTORED OUT OF THEN WHICH
* CANCELS WITH THE COSH FACTORED OUT OF THE CONST A(j) WHEN MULT

: TOGETHER WITH rho AND crho IN RHS CONSTANTS AS COMPARED TO SOLUTION

cl = tanh(mul)*mul*cos(alphi)
+ + alphi*sin(alphi)
c¢2 = tanh(mul)*mul*sin(alphi)
+ - alphi*cos(alphi) + alphi
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c3  =mul*cos(alphi)

+ tanh(mul)*alphi*sin(alphi) - mul
c4 = mul*sin(alphi)

- tanh(mul)*alphi*cos(alphi)

denom1 = mulsq + alphi*alphi
zeta = (alpl*hsinal + Bic*hcosaly
(Bic*hsinal + alpl*hcosal)

rhol = Bih*alphi/denom1*musq*Lstr*(1-chl)*cl
rho2 =Bih*Bio/denom1*musq*Lstr*(1-chl)*c2
tho3 =Bih*Nh/denom1*mu(j)*alphi*chl*c3
rtho4 =Bih*Nh*Bio/denom1*mu(j)*chl*c4

cthol = Bic*alphi/denom1*mul*(1+ccl)*cl
crtho2 = Bic*Bio/denom1*mul*(1+ccl)*c2
crho3 = Bic*Nc/denom1*alphi*ccl*c3
crho4 = Bic*Nc*Bio/denom1*ccl*c4

beta = (1-chl)*musq*Lstr

gam = (1-ch2)*alph()

eps = (l+ccl)*mul+ Nc*ccl*tanh(mul)

sig = (hcosal-zeta*hsinal)*((1+cc2)*alph(j)*cosal
+ Nc*cc2*sinal)

tau =(alpl*hcosal+Bih*hsinal)*((1+cc2)*alph(j)*cosal
+ Nc*cc2*sinal)

ammn = alphi - alph(j)
ampn = alphi + alph(j)
anmm = alph(j) - alphi
anpm = alph(j) + alphi

if(i.eq.j)then

psi = (.5+1/(4*alphi)*sin(2*alphi))*(1-ch2)*alphsq
+ ((Bio*(1-ch2) + Nh*ch2)/2) *(sin(alphi))**2
+ (.5-1/(4*alphi)*sin(2*alphi))*Nh*Bio*ch2

cpsi = (.5+1/(4*alphi)*sin(2*alphi))*(1+cc2)*alphsq
+ ((Bio*(1+cc2) + Nc*cc2)/2) *(sin(alphi))**2
+ (.5-1/(4*alphi)*sin(2*alphi))*Nc*Bio*cc2
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else

sinlm = sin(ammn)/(2*ammn)
sinlp = sin(ampn)/(2*ampn)
cos2m = cos(ammn)/(2*ammn)
cos2p = cos(ampn)/(2*ampn)
cos3m = cos(anmm)/(2*anmm)
cos3p = cos(anpm)/(2*anpm)

argl = sinlm +sinlp

arg2 =-cos2m - cos2p + 1/(2*ammn) + 1/(2*ampn)
arg3 =-cos3m - cos3p + 1/(2*anmm) + 1/(2*anpm)
arg4 =sinlm - sinlp

psi = argl*alph(j)*alphi*(1-ch2)
+ arg2*alph(j)*(1-ch2)*Bio
+ arg3*ch2*Nh*alphi + arg4*ch2*Nh*Bio

cpsi = argl*alph(j)*alphi*(1+cc2)
+ arg2*alph(j)*(1+cc2)*Bio
+ arg3*cc2*Nc*alphi + arg4*cc2*Nc*Bio

endif

psiB =psi * Bih
psiC =psi * Bih * alpl

cpsiB =cpsi * Bic * (hcosal - zeta * hsinal)
cpsic =cpsi * Bic * (alpl*hcosal + Bih*hsinal)

LOAD THE MATRIX, LOADING IS DONE IN QUARTERS(i.e.TOP LEFT,
top right, bottom left......) but concurrently

1ST EQUATION LOADING - TOP LEFT AND TOP RIGHT
coeff(i,j) = -omg*gam + psiB
coeff(i,j+nterm) = -omg*gam*alpl + psiC

2ND EQUATION LOADING - BOTTOM LEFT AND BOTTOM RIGHT
coeff(i+nterm,j) = comg*sig - cpsiB
coeff(i+nterm,j+nterm) = comg*tau - cpsiC

if(i.eq.j)then
coeff(i,j) = coeff(i,j) + lam
coeff(i+nterm,j+nterm) = coeff(i+nterm,j+nterm) + cphi
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endif

CONSTANT A(j) HAS A COSH FACTORED OUT OF THE DENOMINATOR THAT
IS CANCELLED BY THE COSH FROM C1..C4 WHEN MULTIPLIED BY rho AND
crho IN THE RHS CONSTANTS CALCULATIONS

* % & & &

if((T1-To).ne.0)then

AQ) = (Bil*(T1-To)*(sin(mu(j))-Bih/mu(j)*cos(mu(j))
+ +Bilvmu(j))) /(orthmu*
+ ((mulsg+Bil*Bio)*tanh(mul)+(Bil+Bio)*mul))

Apmm = A(j)*(mu(j)*cosmu + Bih*sinmu)

else

Aprm = 0.0

endif

rhsl = (thol+rho2+rho3+rho4)*A(j) + rhsl

rhs2 = (crhol+crho2+crho3+crhod)*Aprm + rhs2
rhs3 beta*A(j) + rhs3

rhs4 eps*Aprm + rhs4

LOADING THE RHS CONSTANTS - DONE FOR EQUATION 1 THEN EQ 2

* * * *

if(j.eq.nterm)then
coeff(i,2*nterm+1) = -rhs1 + omg*rhs3 - omg*(Thin-To)

coeff(i+nterm,2*nterm+1)=rhs2 - comg*rhs4

+ + comg*(Tcin-To)
endif

20 continue
rhsl =0.0
rhs2 =0.0
rhs3 =0.0
rhs4 =0.0

10 continue

return
end

DATE 5/12/92

* # * *
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SUBROUTINE TO CALCULATE EIGENVALUES FROM THE TRANSCENDENTAL
EQUATIONS. USING A SCHEME THAT MARCHES OUT UNTIL THE FUNCTION
CHANGES SIGN THEN BACKSTEPS TO THE ROOT

subroutine root(eigen,size,B1,B2,nterm)

implicit double precision(a-h,o0-z)

integer size

double precision Nc,Nh,len,Lstr

common delta,len,Lstr,Nc,Nh,Bic,Bih,Bio,Bil, Tcin,Thin,To, Tl

dimension eigen(size)

func(x) = tan(x) - (x*(B1+B2))/(x**2-B1*B2)

irep =0

delin =.5d+0

ndel =2

pi =4.0d+0*atan(1.0d+0)
eps =1d-8

ep =1d4-10

del = delin/ndel

K =0

arg =sqrt(B1*B2)

idenom =0

CHECK IF FUNCTION CHANGES SIGN DUE TO CHANGE OF SIGN IN DENOM-
INATOR OF THE FUNCTION. (X<B1B2 ON THE INTEVAL ) IDENOM
SIGNALS LEG WHERE DENOM CHANGES SIGN HAS BEEN PASSED

continue
if(arg.1t.(k+1)*pi .and. idenom.eq.0)then
if(arg.1t.(2*(k+1)-1)*pi/2)then
X =arg+¢p
del = ((2d+0*(k+1d+0)-1d+0)*pi/2d+0 - x)/ndel
ileg=1
else
x = (2d+0*(k+1d+0)-1d+0)*pi/2d+0 + ep
del = (arg -(2d+0*(k+1d+0)- 1d+0)*pi/2d+0)/ndel
ileg=1
endif
idenom =1

else
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IF DENOMINATOR DOESN"T CHANGE SIGN OD INTERVAL [K*PI,(K+1)*PI]
SEARCH FOR ROOT ON THE PROPER LEG OF FUNCTION

* % & #

ileg=0
if(idenom.eq.0)then
x = (2d+0*(k+1d+0)-1d+0)*pi/2d+0 + ep
del = delin/ndel
else
x =k*pi+ep
del = delin/ndel
endif
endif

10 continue
if(irep.gt.10)go to 100
fx = func(x)

*  CHECK SIGN OF THE FUNCTION

12 if(fx)13,13,15
13 n=0
i=n
goto 20
15 n=1
i=n

* INDEX X AND MARCH FORWARD

20 x=x+del
hx = func(x)

*

CHECK SIGN AT NEXT STEP

if(hx)23,23,25
23 n=0

go to 30
25 n=1

CHECK IF SIGN CHANGED. IF NO SIGN CHANGE CONTINUE MARCHING
IF CHANGED GO BACK AND TAKE A SMALLER STEP FORWARD.

* % # *

0  if(i-n)40,20,40

* W

*  CHECK FOR CONVERGENCE
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*

40 if(eps-del)45,51,51

45 x=x-del
del = del/2d+0
goto 20

51 k=k+1
eigen(k)=x

*  CHECKIF EIGENVALUE WAS MISSED _ IF SO DECREASE STEP SIZE AND REPEAT

if(k.gt.1)then
if((eigen(k)-eigen(k-1)).gt.pi)then
ndel = 2*ndel
ep =ep/2.0d+0
k =k-1
if(ileg.eq.1)idenom=0
irep=irep+1
goto$
endif
else
if(eigen(k).gt.pi)then
ndel =2*ndel
ep =ep/2.0d+0
k =kl
idenom =0
irep =irep+1
goto$s
endif
endif
*
*  CHECK IF NEED TO COMPUTE MORE ROOTS
*
if(k-nterm)5,60,60
100 continue
write(10,*)'eigentroubles; irep =',irep
write(10,*)'eigen funct ='x,fx

60 continue
return
end
]
* date 2/09/92
*®
» SOLVES THE MATRIX USING A PARTIAL PIVOTING SCHEME
*

SUBROUTINE GAUSS(A,SIZE,N,X)

* *

A -SQUARE MATRIX TO SOLVE WIHT ADDITIONAL RHS CONSTANTS
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N -NUMBER OF TERMS IN THE SERIES (A IS ORDER (2N X 2N+1)
SIZE - DECLARED MAX SIZE OF A IN MAIN PROGRAM
X -SOLUTION

* # % & &

implicit double precision (a-h,0-z)
double precision MULT

INTEGER SIZE PIVOT

DIMENSION A(SIZE,SIZE+1),X(SIZE)

N=2*N

*

GAUSSIAN ELIMINATION USING PARTIAL PIVOTING
DO 701=1,N

IF(A(I,1).EQ.0) THEN
PIVOT=0
J=J+1
30 IF((PIVOT.EQ.0). AND .(J.LE.N)) THEN

IF(A(J,I).NE.O) PIVOT =]
J=J+1
GO TO 30

ENDIF

IF(PIVOT.EQ.0) THEN
STOP 'SINGULAR MATRIX'

ELSE

*

*  INTERCHANGE ROWS
*
DO 40 J=1,N+1

TEMP = A(L))
A(LJ) = A(PIVOT,)
A(PIVOT,J) = TEMP

40 CONTINUE

ENDIF
ENDIF

*

*  ELIMINATE THE ITH UNKNOWN

*
DO60J=1I+1,N
MULT =-A(J,IVA(LI)

DO 50 K=I,N+1
A(J,K) = AJ,K) + MULT * A(I,K)
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™
*
*
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CONTINUE
CONTINUE

CONTINUE

FIND SOLUTION
X(N) = A(N,N+1)/A(N.N)

DO 90 J=N-1,1,-1
X)) =A@l N+1)
DO80K =J+1,N
X =XQJ) - AJ,K) * X(K)
CONTINUE
X=X /AQJ))
CONTINUE
N=N/2
RETURN
END

date 2/16/92

SUBROUTINE TO CALCULATE THE FLUID TEMPERATURES
AND WALL TEMPERATURES ALONG WITH THEIR DERIVATIVES

subroutine profil(BC, A, size,size2,nterm,deltax,deltay,
Thot,Tcold, Twall,dTcold,dThot,mu,alph,dTdxx0,

dTdxx1,dTdyy0,dTdyy1,9x0,gx1)

implicit double precision (a-h,0-2z)

double precision len,Nc,Nh,mu,musq,mulsq,mulx,Ncsq,Nhsq,Lstr,

muy,mul
integer size,size2

common delta,len,Lstr,Nc,Nh,Bic,Bih,Bio,Bil, Tcin,Thin,To, T1

dimension BC(size),A(size),Tcold(size2), Thot(size2),

+ dTcold(size2),dThot(size2),Twall(size2,size2),

+ mu(size),alph(size),dTdxx0(size2),dTdxx 1(size2),dTdyyO(size2),
+ dTdyyl(size2)

pi =3.1415926535
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n = nint(1/deltax) + 1
m = nint(1/deltay) + 1
Nhsq =Nh * Nh
Ncsq =Nc * Nc

CALCULATING FLUID TEMPERATURES
NOTE: ONLY A FUNCTION OF X
do 10i=1,n

sumhl =0.0
sumh2 =0.0
sumcl =0.0
sumc2 =0.0
sumdhl =0.0
sumdh2 =0.0
sumdcl =0.0
sumdc2 =0.0

if(i.eq.1)sumD1=0.0
if(i.eq.1)sumE1=0.0

do 20 j=1,nterm

mul = mu(j)*Lstr

musq = mu(j)*mu(j)

mulsq =mul*mul

mulx =mu(j)*Lstr*(i-1)*deltax
alphl = alph(jVLstr

alphx = alph(j)*(i-1)*deltax
alphsq = alph(j)*alph(j)

chl = (Nh*Bio-mulsq)/(Nhsq-mulsq)
ch2 = (Nh*Bio+alphsq)/(Nhsq+alphsq)
ccl = (Nc*Bio+mulsq)/(Ncsq-mulsq)
cc2 = (Nc*Bio-alphsq)/(Ncsq+alphsq)

zeta = (alphl*sinh(alphl)+Bic*cosh(alphl))/
(Bic*sinh(alphl) + alphl*cosh(alphl))

if(A(j).ne.0)then

Apr = A(j)/cosh(mul)*(mu(j)*cos(mu(j))+Bih*sin(mu(j)))

else

Apr=0.0

endif

Bpr = BC(j)*(cosh(alphl)-zeta*sinh(alphl))

Cpr = BC(j+nterm)*(alphl*cosh(alphl)+Bih*sinh(alphl))




199

if(i.eq.1)then

if(A(j).ne.O)then

sumD1 = A(j)/cosh(mul)*musq*Lstr*(1-ch1)+BC(}+
BC(j+nterm)*alphl)*(1-ch2)*alph(j) + sumD1

else

sumD1 = BCG+
BC(j+nterm)*alphl)*(1-ch2)*alph(j) + sumD1

endif

if(A(j).ne.0)then

sumE]l = Apr*(mul*(1+ccl)*cosh(mul)+Nc*ccl*sinh(mul))
+ (Bpr+Cpr)*((1+cc2)*alph(j)*cos(alph(j))
+ Nc*cc2*sin(alph(j))) + sumE1

else

sumEl = (Bpr+Cpr)*((1+cc2)*alph(j)*cos(alph(j))
+ Nc*cc2*sin(alph(j))) + sumEl

endif

endif
if(A(§).ne.O)then
sumhl = A(j)/cosh(mul)*((1-chl)*musq*Lstr*cosh(mulx)
+Nh*mu(j)*ch1*sinh(mulx)) + sumh1l

else

sumhl =0.0

endif

hot2 = (1-ch2)*alph(j)*cos(alphx)

+ Nh*ch2*sin(alphx)
sumh2 = (BC(j)+BC(j+nterm)*alphl)*hot2 + sumh2

if(A(j).ne.0)then

sumcl = Apr*((1+ccl)*mul*cosh(mulx)
+ Nc*ccl*sinh(mulx)) + sumcl

else

sumcl =0.0

endif

sumc2 = ((1+cc2)*alph(j)*cos(alphx)+Nc*cc2*sin(alphx))
*(Bpr + Cpr) + sumc2

if(A(j).ne.0)then

sumdh1 = A(j)/cosh(mul)*((1-chl)*musq*mul*Lstr
*sinh(mulx) + Nh*musq*Lstr*ch1*cosh(mulx)) +sumdhl

else

sumdhl = 0.0

endif

dhot2 =(-1+ch2)*alphsq*sin(alphx)
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+ Nh*ch2*alph(j)*cos(alphx)
sumdh2 = (BC(j)+BC(j+nterm)*alphl)*dhot2 + sumdh2

if(A(§).ne.O)then

sumdcl = Apr*((1+ccl)*mulsq*sinh(mulx)
+Nc*cc1*mul*cosh(mulx)) + sumdcl

else

sumdcl =0.0

endif

sumdc2 = (-(cc2+1)*alphsq*sin(alphx)
+Nc*cc2*alph(j)*cos(alphx))*(Bpr+Cpr)+sumdc2

continue

if(i.eq.1)then

D1 = (Thin-To) - sumD1
El = (Tcin-To-sumE1l)
endif

if((Nh*(i-1)*deltax).1t.100)then

Thot(i) = D1*Dexp(-Nh*(i-1)*deltax) + To + sumhl + sumh2
dThot(i)= -D1*Nh*dexp(-Nh*(i-1)*deltax) +sumdhl +sumdh2
else

Thot(i) = To + sumhl + sumh2

dThot(i)= sumdhl + sumdh2

endif

if((-Nc*(1-(i-1)*deltax)).1t.100)then

Teold(i)= E1*Dexp(-Nc*(1-(i-1)*deltax)) + To + sumcl + sumc2
dTcold(i) = E1*Nc*Dexp(-Nc*(1-(i-1)*deltax)) + sumdc1 + sumdc2
else

Tcold(i)= To + sumcl + sumc2

dTcold(i) = sumdcl + sumdc2

endif

continue

COMPUTE TEMPERATURES IN THE WALL
SUMWI1-THETA1 SUMW2-THETA2 SUMWS3-THETA3
TWALL=THETA1 + THETA2 + THETA3 + To

if(iwall.eq.0)go to 100
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dTdx1=0.0
dTdx2=0.0
dTdx3=0.0
dTdy1=0.0
dTdy2=0.0
dTdy3=0.0
Ql =00
Q2 =00
Q3 =00

i X-DIRECTION MARCHING

do30i=1,n

j Y-DIRECTION MARCHING
do 40 j=1,m

sumwl = 0.0
sumw?2 = 0.0
sumw3 =0.0

k SUMMATION OVER THE N-TERMS

do 50 k=1,nterm

alphl = alph(k)/Lstr

mul = mu(k)*Lstr

mulx =mul*(i-1)*deltax

alphx = alph(k)*(i-1)*deltax

muy = mu(k)*(j-1)*deltay

alphy = alphl*(j-1)*deltay

zeta =(alphl*sinh(alphl)+Bic*cosh(alphl))

/(Bic*sinh(alphl)+alphl*cosh(alphl))

if(A(j).ne.O)then

sumw] = A(k)/cosh(mul)*(mul*cosh(mulx)+Bio

*sinh(mulx))*(mu(k)*cos(muy)+Bih*sin(muy))+ sumw1

else
sumwl =0.0
endif

sumw2 = BC(k)*(cosh(alphy)-zeta*sinh(alphy))*
(alph(k)*cos(alphx)+Bio*sin(alphx)) + sumw2

sumw3 = BC(k+nterm)*(alphl*cosh(alphy)+Bih
*sinh(alphy))*(alph(k)*cos(alphx)+Bio*
sin(alphx)) + sumw3
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if(i.eq.1.ori.eq.n)then
if(A(j).ne.O)then
dTdx1 = A(k)/cosh(mul)*mul*(mul*sinh(mulx)+Bio*
cosh(mulx))*(mu(k)*cos(muy)+Bih*sin(muy))+ dTdx1
else
dTdx1=0.0
endif

dTdx2 = BC(k)*(cosh(alphy)-zeta*sinh(alphy))*
(-alph(k)*sin(alphx)+Bio*cos(alphx))*alph(k)
+dTdx2

dTdx3 = BC(k+nterm)*(alphl*cosh(alphy)+Bih
*sinh(alphy))*(-alph(k)*sin(alphx)+Bio*
cos(alphx))*alph(k) + dTdx3
if(A(§).ne.O)then
Q1 = A(k)Ycosh(mul)*mul*(mul*sinh(mulx)+Bio*
cosh(mulx))*(sin(mu(k))-Bih/mu(k)*cos(mu(k))+
Bivmu(k)) +Ql
else
Q1 =00
endif

Q2 = BC(k)*Lstr*(sinh(alphl)-zeta*cosh(alphl)+zeta)*
(-alph(k)*sin(alphx)+Bio*cos(alphx))
+Q2

Q3 = BC(k+nterm)*Lstr*(alphl*sinh(alphl)+Bih
*cosh(alphl) -Bih)*(-alph(k)*sin(alphx)+Bio*
cos(alphx)) +Q3

endif

if(j.eq.1.or.j.eq.m)then
if(A(j).ne.O)then
dTdy1 = A(k)/cosh(mul)*(mul*cosh(mulx)+Bio*

sinh(mulx))*(-mu(k)*sin(muy)+Bih*cos(muy))*mu(k) + dTdy1

else
dTdyl =0.0
endif

dTdy2 = BC(k)*alphl*(sinh(alphy)-zeta*cosh(alphy))*
(alph(k)*cos(alphx)+Bio*sin(alphx)) + dTdy2

dTdy3 = BC(k+nterm)*(alphl*sinh(alphy)+Bih
*cosh(alphy))*alphl*(alph(k)*cos(alphx)+Bio
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*sin(alphx)) + dTdy3

endif

continue
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Twall(i,j) = sumwl + sumw2 + sumw3 + To

if(i.eq.1)then

dTdxx0(j)= dTdx1+dTdx2+dTdx3
dTdx1=0.0

dTdx2=0.0

dTdx3=0.0

qx0 =Q1+Q2+Q3

Q1=0.0

Q2=00

Q3=00

endif

if(i.eq.n)then

dTdxx1(j)= dTdx14+dTdx2+dTdx3
dTdx1=0.0

dTdx2=0.0

dTdx3=0.0

gxl =Q1+Q2+Q3

Q1=0.0

Q2=0.0

Q3=0.0

endif

if(j.eq.1)then
dTdyy((i)=dTdy1+dTdy2+dTdy3
dTdy1=0.0

dTdy2=0.0

dTdy3=0.0

endif

if(j.eq.m)then

dTdyyl(i)= dTdy1+dTdy2+dTdy3
dTdy1=0.0

dTdy2=0.0

dTdy3=0.0

endif

continue
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30 continue
100 continue
return

end

date 3/05/92

SUBROUTINE TO GENERATE THE OUTPUT OF THE RUN

* #* ¥ * * *

subroutine output(deltax,deltay,size2,dTdxx0,dTdxx1,dTdyyO0,
+ dTdyy1,Thot, Tcold,Twall,iwall,ifluid,ibound,
+ ider,pOx,p1x,p0y,ply)
implicit double precision(a-h,0-z)
integer size2
double precision Nc,Nh,len,Lstr
common delta,len,Lstr,Nc,Nh,Bic,Bih,Bio,Bil,Tcin,Thin,To, Tl
dimension dTdxx(0(size2),dTdxx1(size2),dTdyyO(size2),
+ dTdyyl(size2),Thot(size2),Tcold(size2), Twall(size2,size2)

n = nint(1/deltax) + 1
m = nint(1/deltay) + 1
k=m/S

if(ifluid.eq.0) go to 100

WRITE OUT THE FLUID TEMPERATURES - IF IFLUID=1

* * * *

write(10,*)''
write(10,*)"
do 10i=1,n
x=(i-1)*deltax

if(i.gt.1) go to 15
write(10,*)' x* Tc* Th*'
15 write(10,'(f4.2,3x,215.8)")x,Tcold(i),
+ Thot(i)
write(40,'(f4.2,3x,2f15.8)")x,(Tcold(i)-Tcin)/(Thin-Tcin),
+ (Thot(i)-Tcin)/(Thin-Tcin)
10 continue

write(10,*)"
write(10,*)"
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100 continue

if(iwall.eq.0)go to 200
*  WRITE OUT THE WALL TEMPERATURE - IF IWALL=1
*

write(10,*)'Wall temperatutes '

do 20i=1,k

y=(i-1)*deltay*$

write(10,%)’ y*

write(10,'(a,512.3)")' x*'y,y+deltay,y+2*deltay,y+3*deltay,

+ y+4*deltay

do 25ii=1,n
x=(ii-1)*deltax
write(10,'(1x,£5.2,5€12.7)")x,((Twall(ii,j+(k-1)*5)-Tcin)
+ /(Thin-Tcin),j=1,5)
write(50,'(1x,£5.2,5f12.7)")x,((Twall(ii,j+(k- 1)*5)-Tcin)
+ /(Thin-Tcin),j=1,5)

25 continue
write(10,*)' '

20 continue

200 continue

*  PRINT THE DERIVATIVES AT THE WALL ENDS. IF IDER=1
if(ider.eq.0)go to 250

write(10,*)"''

write(10,*)'dTw/dx*(x*=0)'

write(10,*)" '

x=0.0
write(10,'(1x,f4.2,3x,6£11.6)")x,(dTdxx0(j),j=1,m)
write(10,*)"’

write(10,*)"

write(10,*)'dTw/dx*(x*=1) '

write(10,*)"’

x=(n-1)*deltax
write(10,'(1x,f4.2,3x,6f11.6)")x,(dTdxx1(j),j=1,m)
write(10,*)"’

250 continue

if(ibound.eq.0)go to 300

*
*
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CHECK BOUNDRY CONDITIONS- IF IBOUND= 1 OR 2

dT/dx*(0,y*) = Bio (Tw(0,y*) - To)
-dT/dx*(1,y*) = BiL (Tw(1,y*) - TL)
-dT/dy*(x*,0) = Bih (Th(x*) - Tw(x*,0))
-dT/dy*(x*,1) = Bic (Tw(x*,1) - Tc(x*))

diflm =0.0
dif2m = 0.0
dif3m = 0.0
dif4m = 0.0

if(ibound.eq.2)then

write(10,*) ' '

write(10,*) ' '

write(10,*)' Check of Boundry Conditions'

write(10,*)’ In the Y-diretion BCy0 - y*=0 BCyl - y*=1I'
write(10,*)' x* BCy0 BCyl'

endif

do 30 i=2,n-1
x=(i-1)*deltax
dif1 = -dTdyyO(®i)}/(Thot(i)-Twall(i,1))
dif2 = -dTdyy1(i)/(Twall(i,m)-Tcold(i))
if(abs(dif1-Bih).ge.abs(dif1m))then
diflm=dif1-Bih
iml =i
endif
if(abs(dif2-Bic).ge.abs(dif2m))then
dif2m=dif2-Bic
im2 =i
endif
if(ibound.eq.2)write(10,'(1x,f4.2,3x,2f18.9)")x,dif 1,dif2
continue

if(ibound.eq.2)then

write(10,*) ' °

write(10,*) '

write(10,*)' In the X-diretion BCx0 - x*=0 BCx1 - x*=1'
write(10,*)' y* BCx0 BCxl1'

endif

do 40 j=2,m-1
y=(-1)*deltay
dif1 = dTdxx0(j)/(Twall(1,j)-To)
dif2 = -dTdxx1(j}/(Twall(n,j)-T1)
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if(abs(dif1-Bio).ge.abs(dif3m))then
dif3m=dif1-Bio
jm3=j
endif
if(abs(dif2-Bil).ge.abs(dif4m))then
dif4m=dif2-Bil
jmd =j
endif
if(ibound.eq.2)write(10,'(1x,f4.2,3x,2f18.9)"y,dif1,dif2
40 continue

pOy = diflm/Bih
ply = dif2m/Bic
pOx = dif3m/Bio
plx = dif4m/Bil

if(ibound.eq.1)then

write(10,*)"’

write(10,*)"’

write(10,*)'Max Errors in the boundry conditions and locations '
write(10,'(a,£5.2,f12.6)")'x* =0 y* ="',(jm3-1)*deltay,pOx
write(10,'(a,f5.2,f12.6))'x* = 1 y* ="',(jm4-1)*deltay,plx
write(10,'(a,f5.2,f12.6))'y* =0 x* ="',(im1-1)*deltax,pOy
write(10,'(a,£5.2,f£12.6)")'y* = 1 x* =',(im2-1)*deltax,ply

endif

* ¥ O ¥ * * * ¥ *

300 continue
return
end
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