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ABSTRACT

THE SCATTERING AND RECEIVING CHARACTERISTICS
OF MONOPOLES AND SLOTS IN TRI-LAYERED MEDIA

by

Wang-jie Gesang

In this dissertation, the scattering and receiving characteristics of monopoles and
slots in tri-layered media have been studied. Two-dimensional Fourier transform tech-
niques are used to derive the dyadic Green’s functions for vector Hertzian potentials
and electromagnetic fields. The electric field integral equation for a thin monopole and
the magnetic field integral equation for a narrow slot are converted to Hallen-type
integral equations. Galerkin’s method is used to solve the integral equations to obtain
induced currents on the antennas. Antenna parameters investigated are input
impedance, radiation pattern, received power, and radar cross section. Various
numeric-analytical techniques are exploited to evaluate the entries of impedance and

admittance matrices accurately and efficiently.

Theoretical results are compared against published data and good agreement is
observed. Antenna current distribution, input impedance, radiation pattern, received
power, and radar cross section are obtained for a vertical imaged monopole and a slot
in tri-layered media with various substrates and superstrates. Emphasis is placed on the
interaction of a lossy superstrate with an antenna. The theoretical results demonstrate

that, for an antenna in tri-layered media with a lossy superstrate, the reduction in radar



cross section 1S
this dissertation

apebilities and



cross section is greater than the reduction in received power. The theory developed in
this dissertation can aid in the design of antennas with good transmission and receiving

capabilities and low radar cross section.



To my wife
Wei Cha



First, 1 wish
and support throu;
have had the oppx
150 like to expre;
for their generou:
ad rewarding ex

I'am much |
gteful to the fe
their help,

Lowe a gre
tot least, T mygy
Stant encourage,
Y graduate s,



ACKNOWLEDGMENTS

First, I wish to thank Dr. Kun-Mu Chen, my academic advisor, for his guidance
and support throughout my study at Michigan State University. I feel very fortunate to
have had the opportunity to work under his supervision and to learn from him. I would
also like to express my gratitude to Dr. Dennis P. Nyquist and Dr. Edward J. Rothwell
for their generous advice and help. Working closely with them has been an enjoyable
and rewarding experience.

I am much obliged to Dr. Byron Drachman for his time and direction. I am also
grateful to the fellow graduate students working in the Electromagnetics Laboratory for
their help.

I owe a great deal to my parents for their love and continuous support. Last but
not least, I must acknowledge my wonderful wife, Wei Cha. Her love, sacrifice, con-
stant encouragement and support have beén invaluable in the successful completion of

my graduate study.



LIST OF FIGL

CHAPTER 1. ]
1.1 Introduct
1.2 Problem

CHAPTER 2.1
2.1 Prelimin;
2.2 Boundar
23 Integral |
24 Green's |

24.1 Bou
242 Sca
243 Gre:
25 Green'’s |
25.1 Scag
252 Gre
26 Green’s |
261 Gre
262 Gre,

CHAPTER 3 )
MEDL4 _



TABLE OF CONTENTS

LIST OF FIGURES iv
CHAPTER 1. INTRODUCTION 1
1.1 Introduction 1
1.2 Problem Description and Decomposition 4
CHAPTER 2. DERIVATION OF GREEN’S FUNCTIONS 13
2.1 Preliminaries 13
2.2 Boundary Conditions for Hertzian Potentials 14
2.3 Integral Representations of Hertzian Potentials 20
2.4 Green’s Functions for Electric Hertzian Potentials 23
2.4.1 Boundary Conditions 23

2.4.2 Scattered Potential Amplitudes 24

2.4.3 Green's Functions 30

2.5 Green’s Functions for Magnetic Hertzian Potentials 36
2.5.1 Scattered Potential Amplitudes 36

2.5.2 Green’s Functions 51

2.6 Green’s Function for the Fields : 53
2.6.1 Green’s Function for the Fields due to an Electric Current .........cconeen. 53

2.6.2 Green’s Function for the Fields due to a Magnetic Current ............ccconee. 56

CHAPTER 3. PLANE WAVE PROPAGATION IN TRI-LAYERED

MEDIA 66

3.1 TM Plane Wave Propagation in Tri-layered Media 66
3.2 TE Planc Wave Propagation in Tri-layered Media 74
CHAPTER 4. FORMULATION OF INTEGRAL EQUATIONS ... 82
4.1 Integral Equations for a Monopole 82
4.2 Magnetic Field Integral Equation for a Slot 87
4.3 Hallen-type Integral Equation for a Slot 89
CHAPTER S. SOLUTIONS OF INTEGRAL EQUATIONS 93
5.1 Method of Moments 93
5.2 Impedance Matrix for a Monopole 94
5.3 Calculation of Impedance Matrix Elements 96

5.4 Special Consideration on Numerical Integration 103

ii




54.1 Integ
542 Integ
54.3 Con
5.5 Admittan
5.6 Calculatic

CHAPTER 6. S
6.1 Scartered
6.2 Far Field

6.2.1 Inte,
6.2.2 Stat
6.3 Scattered

CHAPTER 7.1
1.1 Numeric
1.1.1 Cor
1.12 Cor
7.1.3 Res

1.2 Numeric
1.2.1 Co
722 Re:

CHAPTER g
BBLIOGRA}



5.4.1 Integration through Surface-wave Pole Singularities

5.4.2 Integration through Branch Point Singularities

5.4.3 Convergence of Impedance Matrix Entry Integrals

5.5 Admittance Matrix for a Slot

5.6 Calculation of Admittance Matrix Entries

CHAPTER 6. SCATTERED FIELD

6.1 Scattered Field for a Monopole

6.2 Far Field Calculation

6.2.1 Integration along the Real Axis

6.2.2 Stationary Phase Method
6.3 Scattered Field for a Slot

CHAPTER 7. NUMERICAL RESULTS

7.1 Numerical Results for a Monopole

7.1.1 Comparison with Published Results

7.1.2 Comparison with Experimental Results
7.1.3 Results for Lossy Superstrates

7.2 Numerical Results for a Slot

7.2.1 Comparison with Published Results
7.2.2 Results for Lossy Superstrates

CHAPTER 8. CONCLUSIONS

BIBLIOGRAPHY

iii

103

103
105
107
113

119
119
121
122
124
128

133
133
133
134
136
138
138
139

180

182



Figure 1.1 Image
Figure 1.2 Slot ir

Figure 1.3 Recei’
)1/ —

Figure 1.4 Equiv
Fgure 2.1 Henz:
Figre 2.2 Henz
Figure 2.3 Henz
Figure 2.4 Somp
Figure 3.1 Plane
Figure 7.1.1 Inpy

Figre 7.1 1

Sada TORVOR

Flgm'e 7.1.3 Inpv‘
Figure 114 Inp

Fare 7 5



LIST OF FIGURES

Figure 1.1 Imaged monopole in tri-layered media. ...... 9
Figure 1.2 Slot in tri-layered media. ......cccmmvnrccccverrnnnennnees . 10
Figure 1.3 Receiving problem decomposition for (a) imaged monopole and

(b) slot. 11
Figure 1.4 Equivalent problems for slot in tri-layered media. 12
Figure 2.1 Hertzian potential boundary conditions at interface. 62
Figure 2.2 Hertzian potentials generated by vertical electric current. .......................... 63
Figure 2.3 Hertzian potentials generated by horizontal magnetic current. ................. 64
Figure 2.4 Sommerfeld integration path in the complex A plane. 65
Figure 3.1 Plane wave propagation in tri-layered media. .................... 81
Figure 7.1.1 Input impedance of dipole in free space. 143
Figure 7.1.2 Input impedance of dipole between two parallel conducting

plates. 144
Figure 7.1.3 Input resistance of probe through substrate. 145
Figure 7.1.4 Input reactance of probe through substrate. 146

Figure 7.1.5 Radar cross section of monopole in tri-layered media with foam
substrate and various superstrates versus frequency. 147

Figure 7.1.6 Radar cross section of monopole in tri-layered media with foam
substrate and various superstrates versus incident angle at 12GHz. 148

Figure 7.1.7 Radar cross section of monopole in tri-layered media with foam
substrate and various superstrates versus incident angle at 15SGHz. 149

Figure 7.1.8 Input impedance of imaged monopole in tri-layered media
versus number of basis functions. 150

Figure 7.1.9 Radar cross section of imaged monopole in tri-layered media
versus number of basis functions. 151

iv



Figure 7.1.10 Rex
V;ngus number of

Figure 7.1.11 Inp
fofxu:submw ar

Figure 7.1.12 Inp
fofrsubsmte ar

Figure 7.1.13 Inp
PTFE substrate a

Figure 7.1.14 Inp
PTFE substrate a

Figure 7.1.15 Rac
with foam substr

Figwre 7.1.16 Rex
foam substrate an

Flg\ﬂt 1.1.17 Rac
with PTFE substr

Figure 7.1.18 Reg
substrate a;

Figwe 7.1.19 E-p
with foam

Fiare 7.120 .
ot Wit Py

R 7121 pry
e .22 npy

o123 Inpy



Figure 7.1.10 Received power of imaged monopole in tri-layered media
versus number of basis functions.

Figure 7.1.11 Input resistance of imaged monopole in tri-layered media with
foam substrate and different superstrates.

Figure 7.1.12 Input reactance of imaged monopole in tri-layered media with
foam substrate and different superstrates. ..........cccocereveeerenrennns

Figure 7.1.13 Input resistance of imaged monopole in tri-layered media with
PTFE substrate and different superstrates.

.....

Figure 7.1.14 Input reactance of imaged monopole in tri- layercd media with
PTFE substrate and different superstrates.

Figure 7.1.15 Radar cross section of imaged monopole in tri-layered media
with foam substrate and different superstrates.

Figure 7.1.16 Received power of imaged monopole in tri-layered media with
foam substrate and different superstrates.

Figure 7.1.17 Radar cross section of imaged monopole in tri-layered media

with PTFE substrate and different superstrates. ...

Figure 7.1.18 Received power of imaged monopole in tri-layered media with
PTFE substrate and different superstrates.

Figure 7.1.19 E-plane radiation pattern of imaged monopole in tri-layered

media with foam substrate and different superstrates.

Figure 7.1.20 E-plane radiation pattern of imaged monopole in tri-layered
media with PTFE substrate and different superstrates.

Figure 7.1.21 Drawing of vacuum kayak measurement platform.

Figure 7.2.1 Input impedance of open slot antenna.

Figure 7.2.2 Input impedance of slot on semi-infinite GaAs substrate. ...............

Figure 7.2.3 Input impedance of slot on semi-infinite PTFE substrate. ...............

Figure 7.2.4 Input impedance of slot in tri-layered media with air film and
foam substrate.

-------

-------

Figure 7.2.5 Input impedance of slot in tri-layered media with magnetic coat-
ing and foam substrate.

Figure 7.2.6 Input impedance of slot in tri-layered media with resistive sheet

152
153
154
155
156
157
158
159
160
161

162
163
164
165

166
167

168



and foam substr

7.2.7Inp
gdngI‘FE subst

Figure 7.2.8 Inp
and GaAs substi

Figure 7.2.9 Rac
str%\\l? and diffen

Figure 7.2.10 R«
state and diffen

Figure 7.2.11 R;
sheet and differe

Figure 7.2.10 R
and different sy,

Figure 7.2.13 E-
substrate and dij;

Figure 72.14 4
substrate and g

Figre 7.2.15 E.
tive sheet and d

Finre 7.2.16 1



aANd fOAM SUDSITALE. ..o eeeeeeeeseseeseseessssesessesesessasssassses

Figure 7.2.7 Input impedance of slot in tri-layered media with resistive sheet
ANd PTEE SUDSITALE.  ......coiviininccncictsnsinssensecssensssnsssassscsssesssnssssssssssssssssssesssssssssssoses

. 170

Figure 7.2.8 Input impedance of slot in tri-layered media with resistive sheet
and GaAs substrate.

. 171

Figure 7.2.9 Radar cross section of slot in tri-layered media with foam sub-

strate and different SUPETSITALES. .......cccccoerveiceereeorersirse e sssassss s sssesssssnsssssasssssnsssans

Figure 7.2.10 Received power of slot in tri-layered media with foam sub-

strate and different SUPETSITALES. .........cccveiorerseunnrrenesssrenssssssesssesssssesssssesssessessaensessaenes

Figure 7.2.11 Radar cross section of slot in tri-layered media with resistive
sheet and different substrates.

......... 172

......... 173

. 174

Figure 7.2.10 Received power of slot in tri-layered media with resistive sheet
and different superstrates. ........

. 175

Figure 7.2.13 E-plane radiation pattern of slot in tri-layered media with foam
substrate and different superstrates. .

Figure 7.2.14 H-plane radiation pattern of slot in tri-layered media with foam

substrate and different superstrates.

Figure 7.2.15 E-plane radiation pattern of slot in tri-layered media with resis-
tive sheet and different substrates.

Figure 7.2.16 H-plane radiation pattern of slot in tn-layered media with resis-
tive sheet and different substrates.

vi



L1 Introductio!

In some ap
such as an aircr
there are many
ing antenna sub
of the aircraft.
0 antenna syst,
fystem.

An effecy
Prserve the re
Bt while the |
once and endyy

ad suffery two



CHAPTER ONE
INTRODUCTION

1.1 Introduction

In some applications, it is necessary to reduce the radar cross section of a system,
such as an aircraft. In order to communication with other airplanes and ground control,
there are many conformal antenna subsystems on board. However an effective receiv-
ing antenna subsystem is also an effective contributor to the overall radar cross section
of the aircraft. In other words, the requirement to maintain the receiving capability of
an antenna system contradicts the requirement to reduce the radar cross section of the

system.

An cffective way to decrease the radar cross section of an antenna and to
preserve the receiving ability of the antenna is lossy coating. The physical intuition is
that while the received signal or transmitted signal passes through the lossy coating

once and endures one loss, the scattered signal must go through the lossy layer twice

and suffers two losses.

It is necessary to develop a theoretical model to analyze an antenna with lossy
coating and to provide design guidelines. A practical conformal antenna coated with
radar absorbing material on board an aircraft is too complicated to handle at once. A
simplified model, which highlights the effects of lossy coating on the characteristics of
an antenna, is established. The geometry is tri-layered media with a ground plane, a
substrate, a superstrate, and a half space. The superstrate can be a lossy coating. This
is a very versatile structure and includes major electromagnetic phenomena. Two
essential antenna elements, a vertical imaged monopole and a slot, in tri-layered media

are studied in the dissertation. A detailed description of the geometry is provided in
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the next section.

A vertical imaged monopole is equivalent to a dipole. A dipole or a slot in homo-
geneous medium is a classical antenna problem and is treated in many books [1]-[4].
Sommerfeld pioneered the study of the propagation of electromagnetic (EM) waves in
planarly layered media [S]. There are extensive research and publications on the sub-
ject. A recent book by Chew [6] presents a comprehensive and updated treatment of
waves and fields in inhomogeneous media. From this book, all the important historical

work on the subject can be traced.

One of the most powerful and commonly used technique to solve boundary value
problems in electromagnetics is the integral equation approach [7]-[9]. Dyadic Green’s
functions in layered media are needed to arrive at appropriate integral equations.
Transform techniques can be used to derive Green’s functions in layered media

[6][10](11] The singularity of dyadic Green’s function has been studied in [12].

The scattering and radiation of apertures in ground plane has been the subject of
rescarch for years [13]-[17]. There is a vast amount of publication on microstrip
antennas, which are closely related to slots, [18]-[26]. Of particular interest are the the
works on printed circuit antenna in a superstrate-substrate configuration [27]{28]. Com-

pared with microstrip antenna, printed slot has received less attention [29]-[34].

Sommerfeld integral approach can solve the EM wave propagation in planarly
layered media rigorously. The price to pay for the analytical elegance is that the spec-
tral integrals involved in matrix filling are very difficult to compute numerically. Vari-
ous analytical, asymptotic, and numerical techniques can be used to reduce computa-
tional time [35]-[44].

There are eight chapters in this dissertation. Chapter one gives the motivation for
this research. It also contains a literature survey and describes the problems to be

solved.



Chapter two presents in detail the derivation of dyadic Green’s functions in tri-
layered media. Electric and magnetic Hertzian potentials are used to facilitate the
development of Green’s functions. The planar layers are homogeneous and have arbi-
trary electric and magnetic contrasts. The Green’s functions for Hertzian potentials and
EM fields maintained by a vertical electric current or a horizontal magnetic current in

the substrate are derived.

Plane wave propagation in tri-layered media is investigated in chapter three. This
information is needed to determine the excitation terms of the integral equations

developed in chapter four.

An electric field integral equation (EFIE) and a magnetic field integral equation
(MFIE) are developed in chapter four. Then under certain approximation conditions,

both EFIE and MFIE are converted to Hallen-type integral equations (HTIE).

Chapter five presents solutions of the integral equations developed in the previous
chapter by moment methods. Special effort is made to find accurate and efficient ways
to calculate the spectral integrals encountered in matrix filling. Induced current on a
monopole or a slot in tri-layered media illuminated by an incident plane wave is

obtained. Input impedance and received power are computed.

Chapter six deals with the evaluation of scattered field. A stationary phase method
is used to calculate far field. The expressions for radar cross section and radiation pat-

tern are presented.

Numerical results generated by the theory developed in this dissertation are com-
pared with published results and experimental data whenever possible in chapter seven
to validate the theory. Then computer simulation are conducted for several sets of
representative parameters of a monopole or a slot in tri-layered media. Results of input

impedance, received power, radar cross section, and radiation pattern are plotted.
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In the final chapter, chapter eight, the work done are summarized. A conclusion
is drawn from the results of chapter seven. Some ideas on further research are recom-

mended.

1.2 Problem Description and Decomposition

Two problems, an imaged monopole in tri-layered media and a slot in tri-layered
media, have been studied. The ultimate goal is to develop a theory and computer codes
to analyze slots in tri-layered media. The main reason to study a vertical monopole in
layered media is that this is the simplist problem in tri-layered media. It is conjectured
that the lossy coating interacts with this simple antenna in much the same way as with
more complicated antenna systems. This simple model keeps all the electromagnetic
phenomena of scattering and radiation in layered media and can lead to the more com-

plicated problem of slots in stratified media.

Consider the geometry pictured in Figure 1.1. The tri-layered media are made of
a conducting ground plane in the z=-d plane, a substrate of thickness d, a superstrate
of thickness t, and a half space on top of the superstrate. A vertical monopole of
length h and radius a is immersed in the substrate. The planar layers are homogeneous
and have arbitrary complex permittivity and permeability €, €), €3, 11, Hy and M
respectively. The entire structure is illuminated by a plane wave with an incident angle
0. The monopole has a load Z; attached to it. The superstrate can be a electrically or
magnetically lossy coating.

The geometry of a slot in tri-layered media is shown in Figure 1.2. An infinitely
thin conducting ground is placed in z=0 plane. A rectangular slot of width 2w and
length 21 is cut in the ground plane. There are three layers above the ground plane, a
substrate of thickness d, a superstrate of thickness t, and a semi-infinite space. Beneath

the ground plane is another semi-infinite space. All four layers are assumed to be
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homogeneous and can have arbitrary complex permittivity and permeability. The slot
is illuminated by a plane wave with incident angle © . A load impedance Z; can be
placed at the center of the slot. The superstrate can be a electrically or magnetically
lossy coating.

In practice, a slot usually is backed by either a cavity or another conducting plate
to make it radiate in only one direction. The reason to choose the structure described
in Figure 1.2 is to simplify the problem and to concentrate on the effects of the EM
interaction between a slot and a lossy coating. Once the radiation and scattering of EM
waves in tri-layered media have been well understood, the research can be extended to

include backing and complicated and practical feeding mechanism for slots.

In the receiving case, an incident plane wave induces current on a antenna. Part
of the energy is delivered to the load and part of it is radiated out in the space. The
superposition principle can be used to decompose the receiving problem into a scatter-
ing problem and a transmitting one as shown in Figure 1.3 because the problems are
linear.

First consider the decomposition of a receiving monopole shown in part a of
figure 1.3. A receiving mode current / is induced on a monopole by an incident plane

wave. The current causes a voltage drop V across the load Z; .

V=-iz (1.2.1)

In the scattering case, the monopole is shorted to the ground plane and a scatter-
ing mode current I, is induced by an incident plane. There is no voltage drop across
the gap between the monopole and the ground plane. A transmitting mode current /,
is generated by a voltage source V,. There is no incident wave. The input impedance

of the monopole is defined as

z, =+ 1.2.2)
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The receiving mode current / can be expressed in terms of scattering mode

current /; and load and input impedance Z;,, and Z; by some straight manipulation.

I =14, (1.2.3)
V=yv, (1.2.4)
From (1.2.1-4)
Z; Z
I, =-I— =—(I,+] )— 1.2.
' Z. (/, S)Zm (1.2.5)

The transmitting mode current can be expressed in terms of scattering mode

current by solving (1.2.5)

J =g 2L 126
t - :ZL'*'ZU. (")

The the receiving mode current can be expressed in terms of scattering mode
current by solving (1.2.6).

Zin
1 =IS+I, =1_,Z.—+ZL' (1.2.7)
in

Finally, the power delivered to the load Z; can be written as

1 * 1 in
P; = —Re(VI*) = =II_I?R; | |2 1.2.
L= RV = U Rz, (1.2.8)

where

Z; =R +jX;

Then consider the decomposition of a receiving slot shown in part b of Figure
1.3. An aperture electric field E, is induced in the slot by an incident plane wave.
This aperture field generates a voltage V across the slot and an electric current /

flowing along a load impedance Z;. For a narrow slot ( w<! ; w<A ), the voltage



across the slot is expressed as
V = [Egdy (1.2.9)
-w

where the orientation of the slot is shown in Figure 1.2.

==Y (1.2.10)

3

The slot is open and illuminated by a plane wave in the scattering case. An
scattering mode voltage V; can be obtained from (1.2.9). Notice that there is no con-
duction electric current flowing across the slot. A transmitting mode voltage V, is gen-
erated by a electric current source /; placed in the slot. There is no incident wave. The

input impedance of a slot is defined as
Vl
Z, =— (1.2.11)
Il

This definition of input impedance of a slot depends on the position of the current

source in the slot.

The receiving mode voltage V can be expressed in terms of the scattering mode

voltage V, and input and load impedance Z;, , Z; through some straight forward

derivation.
I =1, (1.2.12)
V = VS+V1 (1.2.13)

From (1.2.10-13)

Z,

Z (1.2.14)

Z.
V, =- Z—"‘ = ~(V,+V,)
L



Solve (1.2.14

V==V,

Substituting (

V=V‘—Z_
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Solve (1.2.14) to get

V,=-V Zi 1.2.15
' SZL'I-Z,-,I ( )

Substituting (1.2.15) into (1.2.13) leads to

v, =2k 1.2.16
T 7,42, (12.16)
The power received by the load Z; can be expressed as
1 * 1 2 RL
P, = —Re(VI') = =V [*——— (1.2.17)
) 2 Iz +zZ, 1

According to the equivalence principle, the aperture electric field can be replaced

by an equivalent magnetic current defined as:

M = -ixE, (1.2.18)

Then the problem shown in Figure 1.2 can be reduced to two equivalent problems

shown in Figure 1.4. It can been seen that the ground plane makes the derivation of

Green’s function in the upper half space, which has three layers, and the derivation of

Green’s function in the lower half space independent. The coupling occurs in the

development of MFIE.
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Figure 1.3 Problem decomposition for (a) imaged monopole. (b) slot.
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CHAPTER TWO
DERIVATION OF GREEN’S FUNCTIONS

2.1 Preliminaries

Consider the geometries shown in Figure 1.1 and 1.2, where a monopole and a
slot in tri-layered media are illuminated by an incident electromagnetic (EM) plane
wave. The existence of a perfectly conducting ground plane makes it possible to
separate the upper and lower half spaces in the derivation of the Green’s functions.
The upper half space has three layers, while the lower half space is free space.

If an electric current J or a magnetic current M is placed in region 3, EM fields
will be maintained in all three regions. EM fields produced by a vertical electric
current ZJ, in the case of an imaged monopole or a horizontal magnetic current £M, in
the case of a slot are of particular interest. The EM fields produced by an arbitrarily
oriented current can be readily obtained following the same procedures outlined.

Because the layered media are invariant in the x-y plane, it is advantageous
analytically to use a two dimensional Fourier transform. This is the famous Sommer-
feld integral approach, by which the Green’s function of an arbitrary source can be
derived rigorously. The price paid for this analytical elegance is the computationally
daunting task of the inverse transform. This chapter deals with the aspects of Green’s
function derivation, while the numerical implementation of the inverse Fourier
transform will be handled in chapters 5 and 6.

One way to derive the Green’s function is to express the EM fields in terms of
Hertzian potentials. The EM fields can be expressed in terms of electric Hertzian
potentials, which are produced by an electric current J, or in terms of magnetic Hert-

zian potentials, which are produced by a magnetic current M. In this dissertation, the

13
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source is either a vertical electric current or a horizontal magnetic current. II is used
to represent either electric or magnetic Hertzian potentials, depending on the source. If

there is a possibility of ambiguity, it will be mentioned explicitly what I1 means.
The representation of EM fields by an electric Hertzian potential can be written as

[551056]

E = k[1+V(V-1I) 2.1.1)

H = jweVxII 2.1.2)
where k is the wavenumber of the medium,

k2 = olep (2.1.3)
and the electric Hertzian potential satisfies an inhomogeneous wave equation

V2H + k2n = __'J . 2.14)
J €

The representation of EM fields by a magnetic Hertzian potential can be written as [
551(561]
E = —j @uVxII (2.1.5)
H = k21 + V(V-IT) | (2.1.6)
and the magnetic Hertzian potential satisfies an inhomogeneous wave equation

VI + k200 = - (2.1.7)

jou

2.2 Boundary Conditions for Hertzian Potentials

To determine the Hertzian potentials, it is necessary to invoke the boundary con-
ditions at the dielectric interfaces and at the ground plane. The boundary conditions for
the Hertzian potentials can be deduced from the boundary conditions for the EM fields.
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Consider the geometry shown in Figure 2.1. The boundary conditions for the
electric Hertzian potentials have been derived in [ 10 ] and [ 11 J. Therefore, only the
deduction of the boundary conditions for magnetic Hertzian potentials are outlined and

those for electric Hertzian potentials are quoted from [ 10 J[ 11 ]J[ 63 ].

Write equations (2.1.5) and (2.1.6) in component form:

oM, oI,

EI =—JW( ay - az ) (2‘2'1)
oI, oI,

E, = —jon(—-—=1) (2.2.2)
. oM, oI,

E, =-jou(— - P ) (2.2.3)

H, =K1, + -a%-(v-n) (2.2.4)

d
H, = k1, + g(v-n) (2.2.5)
H, = k1, + %(vn) . (2.2.6)

Boundary conditions for the EM fields at the interface between region 1 and 2 are

E,(y=07) = E,(y=0") .2.7)
E,(y=0") = E,(y=0) (2.2.8)
H,(y=0") = H,(y=0") 2.2.9)
H,(y=0") = H,(y=0") . (2.2.10)

If region 2 is perfectly conducting, the boundary conditions become
E,y=01)=0 (2.2.11)

E,(y=0)=0. (2.2.12)
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It is advantageous to study the cases of three orthogonal components of M

separately and then combine the results to arrive at the general boundary conditions.

1. Vertical current M = ZM,
Vertical current M, produces a Hertzian potential with only z component.
11 = 711, (2.2.13)
This IT can describe the EM fields completely.

Substituting (2.2.1-6) into (2.2.7-10) gives

Phe _ 20 2.2.14
H ox =H ox (2.2.14)
dIl,, aIl,,
= 2.2.15
p’l ay p2 a)’ ( )
I, UL,
9xdz _ oxoz (2.2.16)
11 911
o=t 2.2.17)
dy oz dyoz

In order to satisfy equations (2.2.14-17) simultaneously, the following boundary condi-

tions on IT must hold.

iy, = poIly, (2.2.18)
dIl,;, _ dIl,, 2219
oz oz (2.2.19)

It is understood that the boundary conditions are valid at the interface, which is the
z=0 plane.

If region 2 is a perfect conductor, (2.2.1-6) and (2.2.11-12) can be used to arrive

at

o,
K x 0 (2.2.20)
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ale ‘
-0, (2.2.21)
Hy ay

The following boundary condition on I can be deduced from (2.2.20-21).

M, =0 (2.2.22)

2. Horizontal current M = XM,

It can be shown that in order to describe the EM fields completely for this case,

IT must have both a horizontal component and a vertical one [ 10 ]J[ 11 J[ 63 ].
Il =xI1, + 211, (2.2.23)

In other words, coupling between a horizontal component and a vertical one occurs in

the case of horizontal current excitation.

Substituting (2.2.1-6) into (2.2.7-10) gives

oIl,, aIl,,
= 2.2.24
3] ay 3] ay ( )
oI, JI,, dal,, JdIl,,
l( ox oz ) = u2( ox - oz ) (2.2.25)
oIl oIl oIl oIl
2 d 9 2, _ 9 9 9l 22
ki{Il, + 3o 3 ) =k511,, ax( o 3% ) (2.2.26?
d al'llx BI'II, _ d aH,_, anzz
' T Tyl T ) (22.27)
Solving equations (2.2.24-27) leads to the following boundary conditions
elull'lh = 52].121121 (2.2.28)
oIl,, oll,,
Ky oz =KW oz (2.2.29)

ulnlz = uznzz (2.2.30)
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d d
g(1'112_1'[22) = -a—x(nh_nh) ) (2.2.31)

T he following equations can be written by using equations (2.2.1-6) and (2.2.11-

12) in the case that region 2 is a perfect conductor

oM. _ 0 (2.2.32)
-
om,, oIl,,

=) =0. (2.2.33)

Equations (2.2.32-33) can be solved to obtain the boundary conditions

I, =0 (2.2.34)
oIl
I _o. (2.2.35)
0z

3. Horizontal current M = M,

This case is the same as the previous one if y and x are exchanged. Boundary

conditions can be written from equations (2.2.28-31)

elp.lﬂly = 92}12nzy (2236)
M, oI,

531 oz =l oz (2.2.37)

Il = polly, (2.2.38)

-a—(n -I1,,) = —i(ﬂ -I1,,) . (2.2.39)

oz 1z 2z ay ly y .

Ifregion2isa perfect conductor, the boundary conditions become
I, =0 (2.2.40)

oll,,
0z

=0. (2.2.41)
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4. General Boundary Conditions on Magnetic Hertzian Potentials
Combining the results of the above three subsections, the general boundary condi-
tions on magnetic Hertzian potentials produced by an arbitrary magnetic current source

can be expressed as

m, = %l_uu% I, (2.2.42)
;)z L= t_? 3{)2_ I, (2.2.43)
m, = t_? I, (2.2.44)
T

wherea =xy.

If region 2 is a perfect conductor, the boundary conditions become

I, =0 (2.2.46)
dIl
* _o (2.2.47)
0z
oIl
Y _o. (2.2.48)
0z

5. General Boundary Conditions on Electric Hertzian Potentials

The general boundary conditions for the electric Hertzian potentials are quoted

from [ 10 ]J[ 11 ][ 63 ].

5127
I, = ;;l';'ﬂza (2.2.49)
On,=223p (2.2.50)

€ oz 2a
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nlz = _ZZIHZZ (2.2.51)

Bl'l,, 81'12, &ty aHZ, N 8H2y )

2 0z em o oy

(2.2.52)

In the case that region 2 is a perfect conductor, the boundary conditions can be

expressed as

M, =0 (2.2.53)
M, =0 (2.2.54)
oIl
2 _o (2.2.55)
0z

2.3 Integral Representations of Hertzian Potentials

The Fourier transform is a very powerful tool for solving differential equations.
The vector Fourier transform, i.e. two dimensional Fourier transform, is an extension
of the commonly used one dimensional Fourier transform [ 49 ][ 50 ]. It is advanta-
geous to use the two dimensional Fourier transform because the planarly layered media

are invariant in the x-y plane.

The transform pair can be written as

Tk ky 2) = [ [ TiGx y,2)e ™/ 55 dxay 23.1)
(x,y,z) = (21)2I [ T10ke ey 2 )6 &5 +5 2k, di, 2.32)
N)" -

Equation (2.3.2) means that any wave can be expressed as a superposition of plane
waves with proper weighting. Equation (2.3.1) gives the weighting function or the spa-

tial frequency spectrum.
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Use the following notation for brevity
r=xi+yp+z2  ; d% =dx dy (2.3.3)
=r 7 S . 2, —
k =k, 2+k,y ; d‘k = dk, dk, . (2.34)

Equations (2.3.1-2) can be rewritten as

Tik,2) = | [ TI(r)e 7**a?r (2.3.5)
) = ——[ [ flkz2)e/*"a% 2.3.6)
en?’ 2,

Hertzian potentials can be categorized into two groups. The primary Hertzian
potentials are produced by primary sources in an unbounded homogeneous space. They
satisfy the inhomogeneous Helmholtz wave equation, which, in the rectangular coordi-

nates, can be written as

(V3P (r) = -F(r) 2.3.7)
where
_Jm)
F(r) = e (2.3.8)

in the case of electric Hertzian potentials produced by a electric current and

M(r)
(r) o ( )

in the case of magnetic Hertzian potentials produced by a magnetic current.

The scattered potentials are generated by secondary sources caused by the pri-
mary potentials in an inhomogéneous region. The scattered potentials satisfy the

homogeneous Helmholtz wave equation

(VDI (r) =0 . (2.3.10)
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Equations (2.3.7) and (2.3.10) can be solved by the Fourier transform technique.
The step-by-step procedures have been given in [ 10 ][ 11 ]. The final results from [
10 ][ 11 ][ 63 ] are used.

The scattered Hertzian potentials can be expressed as

= Wik) ..
n;=[f (201:)2 eIk Mgy gy y s (2.3.11)

The primary Hertzian potentials can be written as

I (r) = {F("') J _j; 2(27)%p (k)

ejk-(r-r’)e—p(k)lz-—z’l

d2% dv’ (2.3.12)

where ITP represents electric Hertzian potential if

i
= Toe (2.2.13)
and I'” represents magnetic Hertzian potential if
F=M 2.3.14)
JOU .

In addition, wavenumber parameters are defined as
pKk) = ‘lk}+k,7-kI (2.3.15)
k2=’ . (2.3.16)

In order to properly ensure that waves decay as they propagate in a lossy

medium, the appropriate branch of p (k) used must satisfy

Re(@)>0 ; Im(p)>0. (2.3.17)
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2.4 Green’s Functions for Electric Hertzian Potentials

The Green’s functions for electric Hertzian potentials maintained by a vertical

electric current in tri-layered media are derived in this section.

2.4.1 Boundary Conditions

Consider the geometry shown in Figure 2.2. A vertical electric current source
placed in region 3 will maintain electric Hertzian potentials in all three regions. The
potentials have only vertical components for reasons explained in 2.2. In region 1, the

potential will be entirely the scattered potential IT;

I, =1} z>t. (24.1.1)
In region 2 the potential will be composed of scattered terms propagating in both the
1z directions.

I, =T+, O<z< . (2.4.1.2)
In region 3 the potential will be made up of a primary component plus two scattered
components propagating in the 1z directions.

I, = IP+I1/+01}  -d<z<0 . (2.4.1.3)

The explicit representations of these terms can be obtained from (2.3.11-12).

I = | } (2'()2) ——e/kTeP¥ 42 (24.1.4)
i(r) = j} ‘(k)ef'”e*””dzk (2.4.1.5)
I} (r) = j j (+()';) e/*Te 7 d% (2.4.1.6)
I (r) = j j P ® e/XTeP? g% (2.4.1.7)

(2m)?



where

Apr
Jeads to |
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oo l
mne=J L ()2) ——-e/*Te P g% (2.4.1.8)
where
P2 = k2+k?-k} m=123 (2.4.1.9))
k2 = oy, €, (2.4.1.10)
() 5 k@) palz=2’]
nee) = [—— [ > d% dv’ . (24.1.11)

Application of equations (2.2.49-55) at the three interfaces z=t, z=0, and z=-d
leads to the following five boundary conditions

aﬂlz aﬂh
>~ - 5% z=t (2.4.1.12)
Elnlz = eznzz z=t (2.4.1.13)
M, oI,
> - 3, z=0 24.1.19)
efl,, = elly, 2=0 (2.4.1.15)
dll,,
=0 z=-d. (2.4.1.16)
0z

The scattered potential amplitudes W/, Wi, W,*, W,~, and W} are unknown. These five
unknowns may be determined by applying the five equations (2.4.1.11-16) derived
from the boundary conditions.

2.4.2 Scattered Potential Amplitudes
a) Employing (2.4.1.1-2) and (2.4.1.12) gives

2-l'I‘ [l'l;‘+l‘l,’] at z=t . (2.4.2.1)
0z 0z
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Substituting (2.4.1.6-8) into (2.4.2.1) gives

ai. II[Wzle‘Plz_Wz+e'P22_Wz-e"‘P22]ejk~rd2k } =0 at z=t.
V4

1
{ (2,3 L

Taking the derivative inside the integral and performing the differentiation gives an
equation in which the inverse Fourier transform of a function is identically zero ( ie.

for all x and y ). This is possible only if the function is identically zero
p\Wie P —p Wre P 4p,We? =0. (24.2.2)
b) Substituting (2.4.1-2) into (2.4.1.13) leads to
gIl} = g,[II}+11]] ar z=t . (2.4.2.3)
Proceeding as in a) gives
e Wie™' —,W,e??—g,W, e =0. (2.4.2.4)

c¢) Substituting (2.4.2-3) into (2.4.1.14) gives

d

PSR )
9z e+l 1= 5

TPHITI+IT]  at z=0 . (2.4.2.5)

Proceeding as in (a), and using lz—z’l = z—z* for 2>z’ gives

PaW,—p W, —p3Wip W, = psl jch::;) e;;k: ey’ (2.4.2.6)
d) Substituting (2.4.2-3) into (2.4.1.15) leads to
& [TI+11]) = &[TIPHI/HI]  at z=0. (24.2.7)
Proceeding as in (c) gives
W, e, W, -6 W] €W = g5 % () —‘L"e’”'dv .. (2.4.2.8)

v jwes 2p;
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e) Substituting (2.4.3) into (2.4.1.16) gives

Proceeding as in (a) and using lz—z’l = z'—z for z">z gives

V J 03
Summary:
(a) f;—‘w;eﬂ’"-w,*e‘huw;e*“‘ =0
2
€
®) e—‘w,‘e"’" WreP?-W e =0
2
©) 2w Llw-wrwi=v;
p3 z p3 z z k4 z
d) e%w,u%w;-w;-w;’ =V}
(e) WieP? wieP* = ¢ Py~
where
J (rl) e—jk'l" ’ ,
ViEs [= e?¥ av’ .
v Jjwes 2p;

-gz-[nfm;m;'] =0 at z=d .

pWieP* —p Wie?? = pae

—ik- ,
o R 'le"’” dv’ .

(2.4.2.9)

(2.4.2.10)

(24.2.2)

(24.24)

(2.4.2.6)

(24.2.8)

(24.2.10)

(2.4.2.11)

To formulate the integral equation, the total potential in region 3 is needed. To

calculate the back scattered field, the potential in region 1 is needed. Thus, the ampli-

tude functions W/,W} and W} must be determined. This is accomplished by reducing

the above five equations (2.4.2.2)-(2.4.2.10) in the following sections.

Solving (2.4.2.2) for W; and substituting this into (2.4.2.4) yields

z

o-1 e‘2P2‘ wz+

o+l

(24.2.12)
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where
€
a= P2 (2.4.2.13)
€p
Substituting (2.4.2.12) into (2.4.2.6) and (2.4.2.8) gives, respectively
Pap_o=l voayye_yrawi = y+ (2.4.2.14)
p3 a+1 2 2z 14 z
€ . a-1 _ R
e_3[1+7{+Te P Wr-WI-Wi =V, (2.4.2.15)
Solving (2.4.2.14) for W,* and substituting this into (2.4.2.15) then gives
Wil-11-W 1] = V(1] (2.4.2.16)
where
o-1 -2z
1+——e
£
ye 23 _ otl . (2.4.2.17)
€py _0-1 -2
o+l

Next, (2.4.2.16) is solved for W and this is substituted into (2.4.2.10) to give

. e‘P id Vz—_’_epsd Vz+
W} =[y1] - -~ (2.4.2.18)
[y+1)eP > {y-1)e”

Lastly, (2.4.2.16) is solved for W,‘ and this is substituted into (2.4.2.10) to give

1V, +-11V;*
W =eP? D1V, +Hy 11V, . (2.4.2.19)

[y+1]e” [y-1]eP*

Here (2.4.2.18) and (2.4.2.19) are the desired scattered potential amplitudes.

To calculate the scattered field in region 1 it is necessary to calculate the potential
in region 1 due to a vertical current in region 3. The total potential in region 1 is just
I1! , and thus it is only necessary to determine W; to use (2.4.1.8) to calculate II} .

The most straightforward method for calculating W} is to solve (2.4.2.2-10) from the
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start. Solving (2.4.2.10) for W; and substituting it into (2.4.2.6) and (2.4.2.8) gives,

respectively
e P2y Wit = v ey (2.4.2.20)
D3 P3
€ € .
e—zw,+-e—2w;+w;[1-e‘2*’3“] = Ve Py (2.4.2.21)
3 3

Solving (2.4.2.20) for W,i and substituting into (2.4.2.21) then gives

PW MW, =V, (2.4.2.22)
where

V, = Ve v e?? (2.4.2.23)
€ . P2

P = —sinhp 3d+——coshpd (24.2.24)
(] pP3

M = Zsinhp,d-22coshp,d . (2.4.2.25)
€3 P3

Note, (2.4.2.22) is solved for W," , which is substituted into (2.4.2.2) and (2.4.2.4) to

give, respectively
v,
—ziwge"’%w;[%-e"’*' +eP?) = ?'e"’" (2.4.2.26)
2
&1 wi P - M px_ps v, -t
—W;e "' +W, [—e " —e"" ] = —e . (24.2.27)
€, P P

Finally, solving (2.4.2.26) for W, and substituting into (2.4.2.27) gives an equation for
w;

€ —
w;e‘P*‘{;;-[Me‘H +PeP*1-PLiMeP* _per¥ ]} =2V, . (2.4.2.28)

P2

The terms in brackets in (2.4.2.28) may be evaluated with the help of (2.4.2.24) and
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(2.4.2.25) as

Me ™% +PeP? = 2?—sinhp3d coshp2t+2%coshp3d sinhp ¢
3 3

€
Me P? —peP? = _ze_zsinhp:,d sinhpzt—ZZ—zcoshp:,d coshp,t .
3

3

With these, (2.4.2.28) can be solved to yield

t _ pud
W,=e

= |..<|

where

€ . €1P2 -
X = —sinhpid coshp,t+ coshpd sinhp ot
€3 €3

1. . P
+ sinhp 3d sinhp ,t+—coshp3d coshp,t .
P3

€D,

(2.4.2.29)

(2.4.2.30)

(2.4.2.31)

(24.2.32)

The potential in region 1 can now be calculated. Substituting (2.4.2.31) into (2.4.1.8)

gives

V, (k) —p (2
I’ 22 ikTePi1) g2,
() = n )2I I x(k)

Here Vz can be calculated using (2.4.2.23) with (2.4.2.11), giving

_ T3 g-ikr
V, = |— coshp,(d+z')av’ .
: 11; JWE3  Pp3 ’

Substituting (2.4.2.34) into (2.4.2.33) then gives

e P1@~) coshp4(d+z”)
J3
j ) { o )zﬂl Ty

ek

e/%Td% } av’ .

(2.4.2.33)

(2.4.2.34)

(2.4.2.35)
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24.3 Green’s Functions

The Green’s function G2 describes the vertical component of Hertzian potential
in region 3 produced by a vertically directed elementary current source in region 3. By
superposition, the total potential in region 3 can be expressed in terms of the Green'’s

function as

I, = IPHTI/+IL = [G23(rr W 3 ()dv’ (2.4.3.1)
74

Thus, G2 can be determined by summing up the potentials for region 3. Using

(2.4.2.18-19) in (2.4.1.8) and using (2.4.1.11) allows the total potential in region 3 to

be written as
’, ’ 7 1 - i e-jk.r’ —pslz=2‘1
I, (r) = [J3(r)av (we™P¥ +wieP¥ +— e
* i[ : j-‘[o @mn? ° : JWe32ps ]
e/%Tq2 (24.32)
where the lower case w and w! are defined through
Wl irk) = ‘[Jf’(r')wz’ A k)dv’ (24.3.3)
so that from (2.4.2.18) and (2.4.2.19)
i = e (243.4)
’ [y 1P ~[y-1)e " o
[y 1y, +Hy-11v,t
w! = ¢ P¥ i = r ot (2.4.3.5)
[y+11eP —[y-11e?
Here
e-jk'l’ #32'
vi= 2.4.3.6
P joes2ps ( )

so that
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Vi= {Jﬂr’)v,"dv’ : (2.4.3.7)

By comparing (2.4.3.2) with (2.4.3.1), the Green’s function is seen to be

< . L
Ga® = (2,1,)2.[ | [w;e-muw;epuj%e_zp_e Pl hoikrg2y  (2.4.3.8)
—o0 343

Note that this Green’s function is the inverse Fourier transform of a spectral domain

representation of the Green’s function. Symbolically

G,3-3 = F—l((‘jg.i’ (2.4.3.9)
or
G2? = —-1—2- | }G,}%ﬂ"ﬁk (2.4.3.10)
@r?’L
where
632 = w;e-""+w;e"”+7z;—"3';;;ew'e:”” {2: @43.11)

Using (2.4.3.6), this can also be written as

G2 = wie PP wieP v e’ " 243.12)

Before substituting the expression for w/ and w/ into (2.4.3.12), the quantity y in

(2.4.2.17) can be written as

y=8Y (2.4.3.13)
A
where
€
= 5P | (2.4.3.14)
€32

N = ocoshp ,t+sinhp ¢ (2.4.3.15)
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A = asinhp ,t+coshp 5t . (2.4.3.16)
Then, substituting (2.4.3.4) and (2.4.3.5) into (2.4.3.12) gives

DG? = BN-A)e™” Pty (BN —A)eP* e v *+(BN +A)e ” o P32 Vo

d - d P37 —psd 4P¥
+ (BN-A)e PPy *+BN+A)eP eV vi-(BN -A)e PP e " vt (2.43.17)
where
D = 2BNsinhpd+2Acoshpd . (2.4.3.18)

Equation (2.4.3.17) can be simplified most easily by considering the following two

cases.
Case I) z>z” (upper sign)
Grouping terms gives
DG 23 = v [(BN-A)e P eP¥ +(BN-A)e P* e P¥ +(BN +A)e” ¥ e P ¥
~(BN-A)e PP |4y, [(BN-A)e P P +(BN+A)e P ¢ P*] (2.4.3.19)

Substituting (2.4.3.6) and simplifying then yields

- kv
DG =25 ——

- 2coshp 3(d+z )[BN coshp 1z —Asinhp 3z ] (2.4.3.20)
jwe2ps hp 3 hp, hps

Case II) z<z’ (lower sign)

Proceeding exactly as above gives

) -jk¥
DG 3 = 25— 2coshp 5(d+2)[BN coshp 32 "~Asinhp 2] (24.3.21)
Jjwes2p

The above results can be combined into a single expression by using the notation

3 —jkr
DG =2——

- 2coshp 5(d+z <)[BN coshp ;z>-Asinhp ;2] (2.4.3.22
G @es20s 3 3 hp, )

where






33

z2=max(z,z’) z=min(z,2). (2.4.3.23)

The Green’s function transform embedded in (2.4.3.22) can be isolated by dividing
through by D. Using (2.4.3.14-16) then gives

-jkr

G233 = jem . coshp 3(z<+d)F (2) (2.4.3.24)
where

F(z) = gz;ﬁ:;:Z;';hh‘;z; (2.4.325)

QO = p3&,[€pcoshppt+€p 1sinhp 2] (2.4.3.26)

Z = p,&;[€psinhp ot +€5p coshp ot ] . (2.4.3.27)

Using (2.4.3.10) gives the final form of the Green’s function

- e]k(l'—l")

G33 = 1
T @n? u. Jwesps

coshp ;(z<+d)F (z>)d%* . (2.4.3.28)

A check on this Green’s function can be performed by letting p, = |, and €, = €, so

that the three-layer dielectric system reduces to a two-layer system. In this case
Q = p+e2p,[coshp,t+sinhp 5] (2.4.3.29)
Z = gyp 2 g;[coshp ,t+sinhp 5] (2.4.3.30)
so that

P 3€;c0shp 3x —p ,€3sinhp 3x

F(x)= FIPSrTETe— (2.4.3.31)
Thus, the Green’s function is
1 - ej k-(r-r) COShp 3(2 <+d ) P3 83 .
G323 = , [—coshp yz>——sinhp1z>12.4.3.32)
Z 0 (2n? ‘[.'L JjWeEp 3 T, j 2 P2 € hPs

where
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€3 p3 .
T,, = —coshp;d+—sinhpid . (2.4.3.33)
) P2

Equation (2.4.3.32) is identical to the two-layer expression (7.9.51) from [ 10 ].

The total potential in region 3 is found by substituting (2.4.3.10) into (2.4.3.1)

J f [f ] I G22I )z Ydx'dy e/ ¥ "% (2.4.3.34)

I3, =
’ (2n )2 —oo x'y’ 2'=—d

For the special case of a sheath current ( an axially directed current on the sur-

face p = a), the current density function becomes

13
J3r) = ( )8( "~a) (2.4.3.35)

so that

o 2n 0 3(1)

I, = (2102” J I

—oo ¢'=02"=—d

G22(z.a.0' 2 K)dz’ad ¢'lei % d%  (2.4.3.36)

where (p,$,z) are the cylindrical coordinate variables.

Because of the symmetry of the problem, it is most convenient to evaluate the

integrals in (2.4.3.36) using cylindrical coordinates. Let

x = pcosd y = psind (2.4.3.37)
k. =Acos®  k, =Asind . (2.4.3.38)
Then
p? = k2+k2-k? = A2-k? (2.4.3.39)
k-t = Apcos®cosp+Apsindsing
= Apcos(¢—D) . (2.4.3.40)
Also, let

G23z.p°0%2 k) = T33(z2.2" Ve 7% (2.4.3.41)
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Substituting these into (2.4.3.36) gives

(2.4.3.42)

1 oo 0 13( ) 33 2n Mc
I, (p,z) = 238, Ndz” [ emihacos0-D)g g i
3P (ZK)ZA,_ e 2n 2z ¢I ¢
2n
[ et @ prd .
=0
Now use
2n 2n

f e PAcos (@03 = Jejplwndx = 21J o(Ap)
0 0

and
Jo(=x) = Jp(x)

in (2.4.3.42) to give
170 5
My, (p.2) = 5= [1[ 12T (2 2" Mz W oha W oAp)AA A
o

where

£33(2,2"A) = ——coshp(z<+d)F (=) .
Jwesps
Equation (2.4.3.45) can also be written as
I, (p.z) = jG”(z,p,z W3z ")dz’

where G2 is the Green’s function

023'3(2 Pz ') = 711{-[11232'3(2 Y4 ’}-VO(M VO(XP)M)" :
0

(2.4.3.43)

(2.4.3.44)

(2.4.3.45)

(2.4.3.46)

(2.4.3.47)

(2.4.3.48)

Now, letting G} be the Green’s function describing the vertical component of poten-

tial in region 1 produced by a vertical component of current in region 3, the total
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potential in region 1 can be written as

m, =T = £Gz§'3(r,r').lz3(r')dv'

where
13 1 ”, e P ) cosl.1p3(d+z')ejk'(r_r,)d2k '
@n?'l X JWEP3
This can also be written as
13_ 1 P jkr g2
GJl3 = (2n)2U,.G" e/*Td%
where
- =P1(z~t) coshp,(d+z .
Gz:'s(r',k) =£ hps ,)e" k-

4 JWE3D 3

is the Fourier transform of the Green’s function.

2.5 Green’s Functions for Magnetic Hertzian Potentials

(2.4.3.49)

(2.4.3.50)

(2.4.3.51)

(2.4.3.52)

The Green’s functions for magnetic Hertzian potentials maintained by a horizontal

magnetic current in tri-layered media are derived in this section.

2.5.1 Scattered Potential Amplitudes

Consider the upper half space (z>0) shown in Figure 2.3 first. A horizontal mag-

netic current in region 3, M; = £tM;,, generates the following Hertzian potentials in

the three regions above the ground plane. Attention should be paid to the coupling

between the horizontal and vertical components. The potentials in each of the three

layers can be expressed as

I = 2114,

(25.1.1)



37

Y =211 + ST1Y 5 i=1,23; y=+,~ (2.5.1.2)
where
I14: Primary potential generated by magnetic source in region 3.
I1;": Scattered potential in region i traveling in +z direction.
I1;: Scattered potential in region i traveling in -z direction.

The superscript m of magnetic Hertzian potential II™ has been dropped for brev-
ity. This should not cause any ambiguity because in most cases in this dissertation it is
quite clear from the context that I1 means either electric Hertzian potential or magnetic
Hertzian potential. The superscript m will be added, or explicit explanation will be
provided, whenever there is a possibility of confusion.

In region 1, the scattered potential wave can travel to infinity without reflection.

Therefore
I, =0, =0 (2.5.1.3)

By using (2.3.11-12), primary and scattered potential can be written as

M, (r) = ik(r-r),Ppslz—2’|

&) = [———1f [ £—— d%] dv’ (2.5.1.4)
7

j f ﬁ(z) I & (2.5.1.5)
2m)
where

B=x,2; 7y=+-; i=123

r=&+y+z ; k?=o%y; (2.5.1.6)

k = 2k, +5k, ; d% = dk,dk, (2.5.1.7)

p2 = kM k2k? ; Re(p;}>0 and Im{p;}>0 . (2.5.1.8)
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The Hertzian potential in each region can be written as

I, = £10;,+£105, (2.5.1.9)
I, = £ (13, +115, }+£ (115, +113;,) (2.5.1.10)
T, = £ (14, +T13, +T15, +£ (15, +113,) (2.5.1.11)

Using the boundary conditions (2.2.42-48) at the three interfaces, ten equations
result, which will be solved analytically to obtain the ten unknowns W{,, W{,, W5,
Wi, Wi, W3, Wi, Wi, W3, and W3,. The ten boundary conditions are listed as

follows:

At interface z=d+t,

Iy, = eyl (2.5.1.12)

d 0

57 e = Har g Tl (2.5.1.13)

I0;, = uull,, (2.5.1.14)

d . —IL.) = 0

g( 12-Tlp,) = ’(8211121—1)‘3;“2,‘ (2.5.1.15)
At interface z=d,

Iy, = €3hzolly, (2.5.1.16)

0 2

5 Dax = W32y Tl (2.5.1.17)

1y, = p3olls, (2.5.1.18)

9 M,,-I,.) = n2n

5‘2‘( 2:7Tl3;) = ~(E3pht3p-1) ==l (2.4.19)

At interface z=0,

I, =0 (2.5.1.20)



39

0
—II,, =0 2.5.1.21
=T ( )
where
E; Hi
€, = — Wi = — i’j=1’2,3 (25.1.22)
ij g ij W

Substituting (2.5.1.5), (2.5.1.9), and (2.5.1.10) into (2.5.1.12) gives

II Wlx(k) ‘Pl(d"") ]krd2k
(2n)?

T Wik)
- E’ZIP'ZI[ II (;)2 _pz(dH) ]krd2k+

” Zt(k) P (d+t) jkr 2
: Ydk 2.5.1.23

For equation (2.5.1.23) to be valid for arbitrary r, the following relationship must

be true.
Wie P9 = g 1) [We P w5 eP2d4)) (2.5.1.24)

Using equations (2.5.1.13)-(2.5.1.15), following the above procedure, and inter-
changing the order of integration and differentiation when -aa—z or ;—x is encountered,
give the following equations.

PiW e P4 = ) p oW e P w 5P 14 (2.5.1.25)

Wie P4 o | (Wi e PAIH) 5 PHd+)) (2.5.1.26)

p lWlﬁ;e-xl’x(dﬂ)_p2W{ze-.vz(d+t)_'_pzwz—zel’z(dﬂ)

= (eg1lgr=1)jk, [W 3,6 P4 W 5, P 1440 2.5.127)



40

Equation (2.5.1.4) can be rewritten as

j j WE M) e/¥Tq2 (2.5.1.28)
2n)?
where
M3x (r’) . - I - II
W8 (kz) = [ ———e ke 7 gy" (2.5.1.29)
* J, 2jopsps

Substituting (2.5.1.5), (2.5.1.10), (2.5.1.11), and (2.5.1.28) into (2.5.1.16) gives

T Wik e P ikt Wi (K) pd jkr 2
I | ~am? (2n)? +I_J:. (2n)? e d%

= E3pl3[ II M e/%Td 2 +

“  (2m)?

TWEW L,

I I (2m)? e/*Td%+ f f AT eP¥eikTg? | (2.5.1.30)

m)?
The following equation can be obtained because equation (2.5.1.30) must be valid for
arbitrary r
WiePP4W5eP™ = g3 lp[WE (d W e TP 4W3 P ¥ ] (2.5.1.31)
Using equations (2.5.1.17-21) and (2.5.1.4-11), following the procedure outlined

above, and interchanging the order of integration and differentiation when ai or aaz
is involved give
PoW3eP?-W5eP?) = nyops(WE (dHWHe PP -Wief?) (25132
WheP?4W5,eP? = py(Wie PP +W3,eP?) (2.5.1.33)
poW3eP? W5 eP?)p (WieP?-W;el?)

= (E3ght3p—1)jk, W8, (A W 3,6 P¥ +W 5, eP ) (2.5.1.34)
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Wi+W3, =0 (2.5.1.35)
-WEB (OW 3 -W3, =0 (2.5.1.36)
My (®) o dah o
WB.(d) = [——e %" gy’ = v (k)eP? (2.5.1.37)
x ‘)[ 2j OR3P 3x
M3x (I") . N
WE.(0) = [ ———e/*Te™P¥ dv’ = V3, (K) (2.5.1.38)
3 J, 2j opp; ?
Vi = jMe-f*"e””'dv'. (2.5.1.39)
v, 2/ WP

There are ten independent equations (2.5.1.24-27) and (2.5.1.31-36). These equa-
tions can be solved to obtain the ten unknown Hertzian potential components. Equa-
tions (2.5.1.24), (2.5.1.25), (2.5.1.31), (2.5.1.32), and (2.5.1.36) can be solved first to
get the five x components. The other five equations can be solved to obtain the five z
components. Notice that equations (2.5.1.27) and (2.5.1.34) describe the coupling

between x and z components.

To simplify the derivation, the following notation is introduced:

di=eP?; p=e; i=123 (2.5.1.40)
. d: t:
pij = LS ;o dyj = - I = — 5 i,j=123. (2.5.1.41)

Now, pox (2.5.1.24) plus €% (2.5.1.25) results in
1
W?Tx = ?u12(812+p 12)‘ lzd 12Wi; . (25.1.42)
While, p,x (2.5.1.24) minus &,;x (2.5.1.25) gives

_ 1
Wy = ?le(eu—P 12)t112d1dW (2.5.1.43)
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and p3x (2.5.1.31) plus €35x (2.5.1.32) results in
p3s(W3dptW 5 d 7" Yenp (W d W3 d7")
= 2e3135p 3(V 3, d3+W 3, d3)
Some algebraic manipulation then gives

1 _
W3, = _V3+x+:u13d 3 (€124 1) (Ex3+p 23)1 12 1+
(€12-P12)(€3—P )1 12d W T .
Next, p3x (2.5.1.31) minus €3,x (2.5.1.32) produces

1
Wi = THidslE1P 1€ Po)ind 1+

(€12-P 1) (E€3+p )1 12d | IW Y, .

(2.5.1.44)

(2.5.1.44)

(2.5.1.45)

(2.5.1.46)

Substituting (2.5.1.45) and (2.5.1.46) into (2.5.1.36) gives the solution for W ..

+ -
V3x+V3x

Wi = desesltaipopstnds——F——

x

where
D, (K) = (1P 7+€2p | NE2P 3+E3p HED 2-€2P | NEP 3—€3P )1 ]
—(€1p 260 (€ 3-€3p A3 ~(€1p 1-Exp € s+Ep 1 3d
Nz (k) = 4ex€313,p P31 0 d3 (V3 +V3) .
Now, rewrite equation (2.5.1.46) as

Ni

W{;:D
X

while, substituting (2.5.1.50) into (2.5.1.42) gives

N3
DI

W3 =

(2.5.1.47)

(2.5.1.48)

(2.5.1.49)

(2.5.1.50)

(2.5.1.51)
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where
N{x (k) = 2£3p 3(£1p 2+€zD 1)[112[131(132(‘/;:"*"/3_1) . (2.5 152)

Next, substituting (2.5.1.50) into (2.5.1.43), (2.5.1.45), and (2.5.1.46) respectively

gives
N=
Wi, = —= (2.5.1.53)
D,
where
N3 (k) = 264D 3(€1p €D DU 1oM3 1 2d 2d (V3 4V 3,) (2.5.1.59)
N3
+ S ——
Wi = D, (2.5.1.55)
with

N3 = [(€1p 1+€p \)(€2p 3€3p )d F HED —€2p | N(Erp 3+E3D )1 Fd F 1V 3,

+ [(€1p 2+€,p 1)(ExP 3+E3D )HED €D 1 )(EP3—E3P N2 IV 3, (2.5.1.56)

w3, N 2.5.1.57
3x — Dx ( O 2% B )
and
N3, = [(e1pr+ep )(Ep3€p )dF +
(€10 2—€2D )Py +Ep N2 2NV +V ) . (2.5.1.58)
lext, 5125 x (2.5.1.26) minus (2.5.1.33) and then using (2.5.1.35) result in
— d2 + 2 2 +
. sz = -_T—[u12tlt2d1d3wlz+u32t2 (1-d3 )W3z] (2.51.59)
(1-t3)d,
rile, —p5 2% (2.5.1.26) plus (2.5.1.33) gives
-1
w3, (K122 122d1d3W §+0s,(1-d 2)W ] . (2.5.1.60)

T (1-t2)d,ds
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Substituting (2.5.1.59) and (2.5.1.60) into (2.5.1.27) and (2.5.1.34) gives the fol-

lowing matrix equation.
+
ay  ap| Wi _ b
azy ap| (Wil |b2

ay = td\(1-13)p +1150,d (1414 )p,

where

a1y = 55t (1-d $)d3'p,

aj = 2|t t2d 1p;

8y = Map(1-d3)(1+13)d3 ' p +(14d F (117 )d3'py
by = jky (€x10p1=1)(1=12)(1,d W 3, +151d 7' W 3,)

by = —jk, (E3phap—1)(1-12 )(d;V 3 +d W3 +d3'W3,) .

Equation (2.5.1.61) can be solved readily:
A=apay -apay
Al; =bjay - bja,

+
A3, =ay by —anb,

at,
Wi =—
83,
Wi="x

(2.5.1.61)

(2.5.1.62)
(2.5.1.63)
(2.5.1.64)
(2.5.1.65)
(2.5.1.66)

(2.5.1.67)

(2.5.1.68)
(2.5.1.69)

(2.5.1.70)

(2.5.1.71)

(2.5.1.72)

The next task is to express W{, W3, in terms of known parameters and expres-

sions. Substituting (2.5.1.62-65) into (2.5.1.68) gives

A = [t1d1(1=t2)p 1Hayot1d (141 )p ol M3o(1-d )1+ 3 )d 5 p o +(1+d F)

(1-t2)d3'p3] — 2u3t2(1-d $)d3p 21Uyt 112d 1P o)

(2.5.1.73)
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= t,d,d3 W H{I(1=13)p o1+ 2 )40 JJ[(1-d 2 )1+ 2 )p opia+
(1+d $)A-t2)uyp3] - 4up Fustd (1-d3))

(1-t2)t,d
- 201 lD

uid,

z

where
D,(K) = [Wuopop3(1+:3)(1+dF) + wpF ua(1-13)(1-d3) +
2 .2 2 2142
p1p2p3(l L5 )(1+d3 ) + P1P2“2“3(1+’2 )(1 d3 )| (25.174)

Substituting (2.5.1.51-58) into (2.5.1.66) and (2.5.1.67) results in

N3, N
by = jk, (€1~ 1)1~ )(2,d, 5 +51d5! 5 ) (2.5.1.75)
X X
Vi+V3,

= jky (€111~ 1)(1-1  )A11381p P 3831 o 3 D
P 4

i 2 + N:;‘ -1 N3_x
by = —jke (E3ph3p-1)(1~13 )(d3V $,+d3——+d

2.5.1.76
D, t3 Dx) (2.5.1.76)

. 2 2 2 VitV
= —jky (E30l30—1)(1-17 )2€,p 1d 3[€1p 5 (1425 HEQP 1 (113 )]‘—D—"‘ :

Next, substituting (2.5.1.62-65), (2.5.1.75), and (2.5.1.76) into (2.5.1.69) and (2.5.1.70)
gives

. Vt+Vs, -
Ay, = jky ——D'—i4u31P2P3‘ 21—t 251+ )(1-d 3 )Eshs—€111)EoMP o

+ (1-12)(1+d 2 )(Eghg—€ 11 MoE3D 3+
(1-t3)(1-d 2 )(Esps—€qn)Erp P 1] .5.1.77)

ViV

A, = —jk, —D—&hld 1d3p3(1-1 3 32 { (Esps—€xp) (Wyp o (141 2 )+
P 4



46

Wop (1=t 2)1[€1p ,(1+1 2 ey | (1-1 )] +4(E1p—€ 1 )Esuat 2p 2 } . (2.5.1.78)

Then, substituting (2.5.1.73), (2.5.1.77), and (2.5.1.78) into (2.5.1.71) and (2.5.1.72)

results in
Wi, = jk, DNJE (2.5.1.79)
xD;
where
N1, = 4usyt1d31p p3[(1+1 3 )(1-d $ Nesu3—€ 1 )EsHop,
+ (1-13)(1+d § )(€x10—€ 11 JEsHoP 3
+ (1=t ) (1-d 2 )(e513-€,1),1,0 (V5 4V 3,) (2.5.1.80)
and
w3, = jk, DNf; (2.5.1.81)
D,
where

N3, = =2d2p;{(esu3—€1) [P o(1+ 2 )HL,p ((1-12)]
[€1p2(1+1 2 Hep (1-1 ) H4(Exho—€ 1 DEsst 2p 2} (VS 4V3,) . (2.5.1.82)

Next, substituting (2.5.1.81) and (2.5.1.82) into (2.5.1.35) gives

— . N3z
Wi, = jkg DD (2.5.1.83)
P 4 4

where

N3, =-N3, (2.5.1.84)

Finally, substituting (2.5.1.79-82) into (2.5.1.59) and (2.5.1.60) results in

_ . Ny
W = ko (2.5.1.85)
xX*~2
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where
24yt 2d ,d
5 = (’f—fz)%a{z[(m%)(1—d§><e3u3—e1ul>emzp§
-3
+ (1-13)(1+d 2 )(Eqhg—€ 1) e3P 2P 3+(1-1 2 )(1-d £ )(E3p3—€xHp)EN P 1P 2]
— (1-d3){ (€3320 [P 2 (141 F Friop | (11 )][eyp (141 F )+ep (12 3))]
+4(82u2—81u1)£3}13I22p22 ] ](V;;'*'V:;_x) (25186)
and
2
W3, = jk (2.5.1.87)
22 X DxDz
where
2U3d
N3, = == p (203 (1413 )(1-d 3 )(Eats—e hyegttop F

(1-t3)
+ (1= )(1+d F )Eqhy—€ 1) EsHp P 3+(1-1 7 )(1-d F )(En3—€ho)EQM P 1P ]
= (1-d 2){(€513—€,1,) (110 (142 2 Hpop  (1-t 2)][E,p (142 2 )4e5p 1 (11 )]

+H(Ephy—€ 1 EMat 2P 2 )} (V 4V ) (2.5.1.88)

The following summary will be convenient for later use:

wi = M (2.5.1.89)
Ix = Dx el
N+
Wi = —= (2.5.1.90)
D,
N
We = 2.5.191
%= ( )
N=
Wi = —= (2.5.1.92)
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N3,
W< = 2.5.1.93
3x Dx ( )
Wi = jk Ni (2.5.1.94)
1z J IDxDz Jdedo
W3, x N (2.5.1.95)
2. = Jky D.D, 5.1,
W, k N 2.5.1.96
2z '_-l xDxDz ( e e )
Wi, =jk Ak (2.5.1.97)
32 xDxDz Jdolde
_ N3,
W3, = ke o (2.5.1.98)
X~z

D, (K) = [g,6,pp3(1+e P2 Y(1—e P i p 2ey(1— P # )14 P ¥)
+ p1Edps(l—e ¥ )1 %7 yp poeyes(l+e PP )(14e #*)]  (2.5.1.99)
D, (k) = [1op P 3(1+e P #)(1+e 2 Y p 2 s (1-e 77 ) (1 %)

+ p1udpa(1-e 2% )(1+e 2 p 1p sty (1+e 2 ) (1-e"7*)] (2.5.1.100)

N1, (K) = €813 popse PTPY e @PM (vt 4y (2.5.1.101)
N2, (K) = 2650 43(€,P 1+E,p M3 PP (VS 4V ) (2.5.1.102)
N3, (K) = 283D 5(6,p 5—€2p Diype P e CTPM (v 3 1y o)y (2.5.1.103)

N3$() = [(Ep 2+€p )(Ep 3-Ep e P Hew e Ep s+eEsp e ¥ e %7
Vi + (€10 74620 1)(E0 3+€3p DHED 1-€30 (€D 3-E3p )¢ P 7 [V 5,(2.5.1.104)
N3 (k) = [(€0 1+€D (Ep3—€sp e P

+(e1p€p DEP3HEPJe P e X V4V 3) (2.5.1.105)
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N7, (K) = 4y popae PP e O3P I [(140722 y (1 % ) 06 1) eobop s

+ (1= 27 )(14e 22 )(gqhy—€ 111 )E3oD 3
+ (1 2 )(1- ¥ )(e3u3-ea1)Ent P 11V 34V ) (2.5.1.106)

2},1328 -2p e-(P *pid

o p3(2L(1+e ¥ ¥) (1~ )espyerpr)esop
e

N2, (k) =

+ (1= #¥)(1+e P )(eahy€ 11 EsP 2P
+ (1— 27 )(1-e % )(e3p3—€241)E511P 1P )]
— (1) {(esns—eai) [P o (1+e % Mpyp | (1-e )]

[,p,(14e %% yre,p (1 %7

+ A(egpy—€ 11 ))Esl3t 2p F 1) (V 34V ) (2.5.1.107)
_2u32e"(-Pz+P3)d .,
N3, (k) = = py{2e 7 [(14+e %% )(1-e % ) (st 110 )EoMpp 2
(1-e~%7)

+ (1-e % )(1+e 2 )(espy€ 11 e3P P

+ (1—¢ ¥ )(1-e "2 )(esp3-€xp1)e P 1P

— (1-¢"%) {(esms—ap)[Wip o(1+e ¥ YHup (1-e 7))
[epo(1+e %% yre,p ((1-#7)]

+ 4ehp-€tesmst I ) (VE+V ) (2.5.1.108)

N3, (k) = ~2¢ 2% p,((ests—€) [P o(1+e " #¥ YHupp (16 7F*)]
[epo(1+e ¥ ¥ yreyp (1))

+ A(Eghp— €1l Eslse PP pF Y (VEHAVS) (2.5.1.109)

N3, (k) = N, (K) (2.5.1.110)
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vi(k)-j M () eIk e®PE gyt (2.5.1.111)
v, 2J OHp3

Notice that D,,D,,N{,,N3;, N3, N3, N3;, N{;,, N3,, N3,, N3,, and N3, are func-
tions of Ikl = k.22 only. |

The lower half space shown in Figure 2.3 is a much simpler structure to analyze.

A horizontal magnetic current in region 4, M, = XM ,,, generates the Hertzian poten-
tials

I, = £ (T1{,+T15;) (2.5.1.112)

Because there is no interface except the ground plane in region 4, there is no cou-

pling between the horizontal component and vertical component. In other words, the

horizontal component of Hertzian potential can describe the electromagnetic field in

region 4 completely. Using the integral representation of primary and scattered poten-

tial (2.5.1.4-5) gives

= ek (r-r),palz=z’]

M4x(|")
M2.(r) = : [ d?%) dv’ (2.5.1.113)
& J, Jou, 'U.., em2p,
=] j Wi P eIXTd% | (2.5.1.114)
= (2m)? )
The boundary condition at the interface z=0 is
dIl
& _0. (2.5.1.115)
0z
Substituting (2.5.1.113-114) into (2.5.1.115) gives
M, (r ,
Wi =| M) e /kTe P4 gy’ (2.5.1.116)

v, J 204D
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Now, assume that

M, (r) = £M 4, (r,)8(z) . (2.5.1.117)

Then, equation (2.5.1.116) can be rewritten as

M4x(r')

= e Tk ds’ 2.5.1.118
'UJ2(°I14P4 ( )

2.5.2 Green’s Functions

After solving for the scattered magnetic Hertzian potentials in the three regions
produced by the three orthogonal components of an arbitrary magnetic current source
in region 3, the dyadic Green’s function for Hertzian potentials can be determined. The

following notation will be used:

nre) = [y M;av’ iy =123. (2.5.2.1)
V.

Here I1™(r) is the magnetic Hertzian potential in region i maintained by a magnetic
current source in region j.

In this dissertation, the case of interest is the one when i=1,3 and j=3. Also, the
source is assumed to be on the z’ = 0 plane and has only an x-directed component.

Thus
M;(r) = M 3, (r, )8(2)
In this case (2.5.1.111) can be written as

Bx( l)

V&) =V k) = I 2 opaps - e/*vds’ (2.5.2.2)

where

r, =&y’ .



52

Now, using (2.5.1.5), (2.5.1.9), (2.5.1.89), (2.5.1.101), and (2.5.2.1) gives

= [GArIrIMy, (r,)8(z v’
Vs

=de2k[ 1 le e P ]kr[j M (r,") 2e-I%F 45

- (2m)? D, L 2J 03P
- e/k-r) N{, _ .
= [[ d%= (——eP")M 3, (r,)ds” .
SI, @n)? 4% oy D, e
So
it jk'(r-ll) Nl
G l3(rlr) = d% < X 2523
o (rlF) 21:)2J_‘L jousps Dy ( )
where
N 1, (z K) = 4€,83013,p gp s PTP ) 5P 1M g1 (2.5.2.4)
and
r, = Xx+yy .

Other components of the dyadic Green’s function can be obtained by following
the same procedure and using (2.5.1.4), (2.5.1.5), (2.5.1.9), (2.5.1.11), (2.5.1.89-110),
(2.5.2.1), and (2.5.2.2). Some algebraic manipulation gives

Gy lr)=0 (2.5.2.5)
jk@e-r) N
13(rly’) = 28— 252
G = I_!. jousps =" DyD, (2329
33 _ 2 el jk-(r-r’) N 3x
G (rlr) = n)2 | j onps D, (2.5.2.7)
G2 rlr) =0 (2.5.2.8)
< k(r-r) N
Belr) = —— [ [ a%% ey 2529
0= ) = oy I_., jouyps ~* DD, 2229
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where

N1y (2K) = 4py,popae 077 ¥ e 0P (146 P2 (1- 25 ) eqpts—£ 11 Egop,

+ (1727 y(1+e 72 ) (g1 11 JEsHoP 3
+ (1=~ %) (1- 2% )(e3p3—€,1)E 0 p  Je P (2.5.2.10)

N1y (2 K) = (€19 y+€2p (€20 3+E30 €D 3—€2p N(EP 3-Ep e P Je P

+ [(€10 7+€9P 1 )(E2D 3~E3D DH(E D 1—E2P | )(Esp 3 +Ep e~ FH e P eP¥(2.5.2.11)

N3, = 2e7% pa{(esmy—eanp)p o(1+e 7% yppp | (1—e 27 )][eyp o (1+e %)
+ep (1-e #¥)[H(Ep—€ 1 Jestise PP p2 Y (PP e PF) . (25.2.12)

Again using (2.5.1.112), (2.5.1.114), (2.5.1.118), and (2.5.2.1) gives G, 2* as

2% ejk(r r)
JOUP 4

Gx‘,‘;4(rlr')— )2 — ] j e’? 2<0. (2.5.2.13)

2.6 Green’s Functions for Fields

After the Green’s functions for the Hertzian potentials have been obtained, the
Green’s functions for EM fields can be derived by using the relationship between the
fields and the potentials. The dyadic Green’s function for the fields due to an electric

current is derived in section 2.6.1 and the dyadic Green’s function for the fields due to

a magnetic current is derived in section 2.6.2.

2.6.1 Green’s Function for the Fields due to an Electric Current

The electric field maintained by an electric current can be written in terms of

dyadic Green’s function



54

E;(r) = {g’"f(rlr')-Jj(rsdv' soig =123, (2.6.1.1)

The electric field is represented by electric Hertzian potentials (2.1.1) via

E; = (k+VV-II, (2.6.1.2)
I0; = (6" (rlryJ;(c)av” . (2.6.1.3)
14

Substituting (2.6.1.3) into (2.6.1.2) gives the dyadic electric Green’s function

2 eI’y = (4VVHE (rlr) . (2.6.1.4)

Assume the current distribution in region 3 is a sheath current along the z-axis.

Then (2.4.3.35) holds, and (2.4.2.33) becomes

1TV, .o
t — - Piz-t)
M=, = g ) J o(Ap)Ad A (2.6.1.5)
in analogy with (2.4.3.44), where
— 1,3(2 ") coshp;(d+z”)
v, = [= JoAa)dz’ . (2.6.1.6)
z J WE3 P3

The electric field in region 1 can be found using (2.6.1.2). For a vertically

directed potential this reduces to the relations

2 a21_112
Elz = kl I'I1,+ (2.6.1.7)
dz2
911,
Elo = o0 (2.6.1.8)

where p is the radial variable in polar coordinates. The necessary derivatives for using

(2.6.1.5) in (2.6.1.7) are

al;, TN e
= = 3= g P J o(Ap)Ad A (2.6.1.9)
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m, 1%V, JAD) 2
0z? 21r )

P I L

01, 1 5V,

=— Py Ap)Ad A .

Substituting (2.6.1.10) and (2.6.1.5) into (2.6.1.7) gives

2V,

—-pi(z—t)
1z = 21t d X(X) [pl +k1 ]Jo(lp)e Ad A

or, using (2.4.3.39)

lz %I

o

Jo(xp)e P34

Finally, substituting (2.6.1.11) into (2.6.1.8) gives

1"‘70»)

= —palz— )
Ep= i Pe~Up A2

(2.6.1.10)

(2.6.1.11)

(2.6.1.12)

(2.6.1.13)

(2.6.1.14)

To derive an electric field integral equation for an imaged monopole, it is neces-

sary to know the z component of the scattered field in region 3. From (2.6.1.2), the

electric field in region 3 maintained by a vertical electric current in region 3 can be

written as
911,
—22 z
Ej3, = ki1l + 3.2
911,
Eyp= d0poz

Then, substituting (2.4.3.47) into (2.6.1.15-16) gives

= (k3 +—) j G2 (z,p.2p) (2 )dz’

(2.6.1.15)

(2.6.1.16)

(2.6.1.17)
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2.6.2 Green’s Function for the Fields due to a Magnetic Current
The relationship between the magnetic Hertzian potential and EM field is used to

construct the dyadic Green’s function for the EM field. The magnetic field Green’s

function can be written as

Him) = [@/ (cleyM;()dv’ 5 i, =1234. (2.6.2.1)
v
Expressing H; in terms of magnetic Hertzian potential I1” gives
H; = k™ V(V-I1™)
(2.6.2.2)

= (kHVV) [G (rlryM; (v’ .
Vs

Exchanging the order of integration and differentiation and using (2.6.1), the magnetic

field Green’s function can be expressed as
L 8(’ r) (2.6.2.3)

£ (rle”) = P.V. (k2HVVHE (rlry- =212

where P.V. stands for principal value and

L= L RR+Ly, yy+L,, 22
is the source dyad. Each term on the right hand side of (2.6.2.3) is dependent on the
shape of principal volume, but the combination of the two terms is independent on the

principal volume [ 6 ][ 12 ]. The explicit expression of L is not given because mag-

netic field Green’s function in (2.6.2.3) is not used directly.

Carrying out VV-& results in

Y +0x z]+ [Gy2+G,,7+G,, 2]

=9
v-& = 5 (Gt +G 5

+33;[an+0,, §+G,, 7] (2.6.2.4)

nd
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-G = f—a—(v-8)+y*i(v-8)+fi(v-8)
ox 0z

oy
2 G . 9°G,, . 3’G,, i 9°G,, . 9°G,, . 9°G,, "
ox2 Oxdy 0xo0z ox2 oxdy oxoz
M(azc,, %G, %G, G, G, G, "
a ox2 0xdy 0xoz A oxdy dy? " dyoz
°G,, 9G,, G, 9°G,, 9°G,, 9°G,,
P (o 2+ —L W7 ( +—2 W
oxdy dy? dyoz axay dy? dyoz
¢ %G , %G, . 9°G, ey 3°G,, X %G, . 9’G,, "
0xdz dyodz g2 0x0z 0dyodz  9z2
.. G, 3G, G, r62s
ooz Toyar T ) (2625)

Throughout the dissertation, the magnetic current is assumed to have only a x-
component

M; =iM;, (2.6.2.6)
M4 = fM4x . (2627)

The components of ‘g‘” can be expressed in terms of the components of G by

using (2.5.2.3), (2.5.2.5-9), (2.6.2.3), and (2.6.2.5) and they are summarized as

2 2 L, d(r-r
g gv3=p.v.[aazc,;-3+ @ _G3mic =) L
X

xdz = ITE T2
el d
=PV )JI 210,“ ~ 2k Ipp 0
_Lx,S(r—r')
k?
L, 8(r-1")

33¢ikTg2) 2.6.2.8
(2 > I I 8o 02 ( )

1€
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. “dzkejk'(”) k. k ik
= ——[ [ d%Z mh( ) kekyp3(5 5]

d

DD

)]

- : d
] 5, eI%E) Ny, N1,
_ [ [a%E 5 ke (5 kb pa())

(2.6.2.9)

(2.6.2.10)

(2.6.2.11)

(2.6.2.12)
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(21 )2JJ' gzi.fie;krde

* jk(r-r)
= PV.—— [ [ d%E——(k}-k)-
4

J‘j‘ ;;4 ]krde L 5(r—r)
(zm2 k?
82
44 _ 4.4
gyx - ayaxGxx
Y L
" et L g, k)
(2 )ZIJ' 44ejkrd2k
T
_ 0% a4
8" = 370x
2 ejk'(r
- k,p)
(21:)2'[_[. o Vb3
44 ikr,q2
”g e/%Td%
T @n )2
where
223w, k)-J [(k2
323K = jco;}.;,p [k by (2
N4 N,,
~33 _ . 3x 2
r'k) = T ons Uik, p3( D, ) ay & (D

)-kx kyp 3(

(2.6.2.13)

(2.6.2.14)

(2.6.2.15)

(2.6.2.16)

(2.6.2.17)

(2.6.2.18)

(2.6.2.19)



60

le N‘liz

~ » 1 —_ k-
B (k) = J'wuaps[(k‘z—k‘z)( SE ks )e kT (2.6.2.20)
X xX~2
~13,/ 1 le Ngz —ikr
bR = S ke (ke ky P3G le j (2.6.2.21)
3 X x~z
d
~ » 1 . N N —7k-
Ea (' k) = Ton: Ukep 3 1P (5Dl *” (2.6.2.22)
X P Sl 4
2K = —— kP -kDeT*T (2.62.23)
J WD 4
gk = w;iw (=K ky e 7% (2.6.2.24)
4
=44, s 1 . ikr
k) = — k j 2.6.2.25
8x (k) J(ou4p4(', xP4)e ( )
N$.(z k) = %N,,(z K) (2.6.2.26)

= p3(—(EP 1+€2p N(EP 3+EP IHEP €PN (EP 3-Exp Je P ¥ [ P¥
+ (€9 7+EP (€D €D IHED 1-E,D | NEP 3HED e P ¥ 1o ¥ P )

N% (z k) = %Ng,, (z k) (2.6.2.27)
= 2677 p 2 {(e3ns-Exup) [P (1+e 77 Ypp (1€~ %%)]
[P 5(1+e 27 Jresp (1P % (e Destize P 7 pd ) (P +e P¥)

N4 (z k) = %le(z K) (2.6.2.28)

= —4€,€3131P ste_@ﬂ‘ye_"r")"e"’"
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N%,(z k) = -%le (z k) (2.6.2.29)

= —4413,p 1P ope PP e TP (14 TP )(1-e P )(esptse 1) EH0P
+ (1—e 27 )(1+e %% ) (e, 11, )EsHops

+ (l—e“b")(l—e'zp’d)(e3u3-ezj.12)ezulp e
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\ K

g, K2

Figure 2.1 Hertzian potential boundary conditions at interface
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Figure 2.2 Hertzian potentials generated by vertical electric current.
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Figure 2.3 Hertzian potentials generated by horizontal magnetic current.
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Figure 2.4 Sommerfeld integration path in the complex A plane



CHAPTER THREE
PLANE WAVE PROPAGATION IN TRI-LAYERED MEDIA

Plane wave propagation in layered media is very different from that in free space.
In order to know the excitation field on a antenna in tri-layered media due to a plane
wave illumination, it is necessary to study the transmission and reflection of a plane
wave in the tri-layered media.

Consider a plane wave illuminating a lossy layer above a ground plane with the
wave vector making an angle 6, with the z-axis, as shown in Figure 3.1. A general
incident plane wave can be decomposed into a TE wave and a TM wave. A TE wave
is defined as a wave with the electric field normal to the plane of incidence, which is
taken to be the y-z plane without loss of generality. A TM wave is defined as a wave
with the electric field lying in the plane of incidence. The cases of TE wave and ™
waves will be treated separately.

3.1 TM Plane Wave Propagation in Tri-layered Media
The incident magnetic field is given by
Hi = 2Hi o~ /M* (3.1.1)
where
kj = (=¥ sinBy—2 cosBp)k , (3.12)
The magnetic fields in each of the regions 1-3 can be written in terms of plane
wave terms similar to (3.1) representing waves traveling in either the +z or -z direc-
tion. The total field in region 1 is composed of the incident wave Hj plus a reflected

wave H{, while the field in region 2 is made up of a transmitted wave H; and a

reflected wave H7, and the field in region 3 is composed of a transmitted wave Hj

66
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HY =2HYe %" i =123 y=+- (3.1.3)

where

k2 =k?+k?

k)2 = (k{) = gy =k

(k3 ) = (k3 )? = @gey = k3 (3.1.4)

(k3)% = (k3 )? = @pize; = k3
It is understood that Hj = H{ and k{ = k;.

H{ is assumed to be a known quantity, while Hy,H3,H;,H{, and Hy are to be

determined by applying appropriate boundary conditions on E and H at each of the
interfaces. The electric field in each region can be obtained via using the Maxwell’s

equation:

E=—1V«H (3.1.5)
JOE

The electromagnetic fields in the three regions can be expressed as:

Region 1
H, = Hi+H{ = £[H e 75T4H }e ki) (3.1.6)
E, = —n;—ll(fk‘i,—)?k‘iz)H‘i,e"j KTy 3k Pk )H fye KT (3.1.7)
Region 2
H, = Hi+H; = £[H} e /X +H ;e %) (3.1.8)
E, = —“i;[(fk;,—y‘kz)ﬂa;e‘f KT (k3 -Fk 3, H e 1K) (3.19)
Region 3

H, = Hy+H} = 2[H5,e 7Y "+H ;e 75 (3.1.10)
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l AL — nY - - —1ka n n ikt
E; = E[(Zk3y"yk3z)H3xe T2k $, Pk, )H e 7] (3.1.11)

Applying the boundary conditions on the tangential E and H at each of the three
interfaces requires immediately

=k‘l =kt =k =k2_y =k3—) =k;'y = -kISineo (3112)

for continuity of the phase terms. With this relationship established, the boundary con-
ditions can be written as:

B.C. 1: H,, continuous at z=z,. (H, = H,,).
i ikl H —jkizzy _ HI —jk2:2, - —jkzz, 3.1.13
1x€ + 1x€ =My € +H?l€ ( .1, )

B.C. 2: E,, continuous at z=z,. (E}, = E,,).
i ) + - +
Mz i gt Kz gy oiin K2 gy cpan Ko s i, (3.1.14)
£ 1x £ 1x 2x €, pl 4

B.C. 3: H,,, continuous at z=z,. (H,, = Hj,).

Hiye "oy 3 e it o g o pmikatay g b gmikina (3.1.15)

B.C. 4: E,, continuous at z=z,. (E,, = E3,).

k3, o ke kg e kb o
—zsz',e szlz+__H-2+xe szﬂz: —LH:;—XC Jk”“+%Hj’,e Jjk3.22 (31.16)
3

B.C. §: Em =0 at z=23, (E3y =0)
kg Hye 55yt Hi et = (3.1.17)
Note that through (3.1.4) and (3.1.12) there exists a relationship between

k, and k, in each region. However, care must be taken to choose the sign on the

. square root terms to make each wave decay as it propagates. In general

k, =tk (3.1.18)
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Thus, assuming region 1 to be lossless, the sign on the square root must be chosen
such that
Re{k{,} >0
Re(ky} <0 Im{kz)>0
Re{k3,} >0 Im{k},} <0 (3.1.19)
Re{k3,} <0 Im{k3,} >0
Re{k3,} >0 Im{k3,} <0
giving

ki‘; =—k‘iz = Vkl "k] sin -9-0
k3, = —k3, = k2 —k 2sin20, (3.1.20)
k;; = —k_g-z = vk:; —kl sin 60

Remember that in a lossy region, the wave number k is complex, due to the complex
permittivity and permeability,

’ s . G
E=€—j€ = 80[8,-_10—23'] (3.1.21)

H=p-jn” (3.1.22)

To formulate the integral equation for the monopole current or the slot current,
the incident fields in region 3 need to be determined. Thus, equations (3.1.13)-(3.1.17)
must be solved for H3, and H3, in terms of the known quantity H{, . Using (3.1.20),
these can be solved as follows. From equation (3.1.17)

H3, = Hye 255 (3.1.23)
Substituting (3.1.23) into (3.1.16) gives

H3 e = H g e Moy gl 5 [e /7 rg I hatsglinin o (3.1.24)
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where

€xk3,

eskz,

Next, substituting (3.1.23) into (3.1.15) gives

. s Cus oo
H{,e’k"“—f-H?_,e kata_py - e Jkuza o Juaxlseﬂ‘a.lz] =0.

For simplicity, (3.1.24) and (3.1.26) can be rewritten as
H{,ejk’.‘z’—H{xe-jk’_‘”-H;P =0
H}e**uhs e 0 =0

where
P = A[e’fufﬂseﬂ‘izz_e"jkilz]

0 = [e—juixlzeﬂ‘iﬂz_‘_e—ﬂ‘iﬂz] .

Now, adding (3.1.27) and (3.1.28) gives

2H 3, ™% = (P+Q)H 3,

or
Hj =ZH3,
where
Z = —Q—-—"_P; .
2 ka2

Also, subtracting (3.1.28) from (3.1.27) gives
Hy =YH3,

where

(3.1.25)

(3.1.26)

(3.1.27)

(3.1.28)

(3.1.29)

(3.1.30)

(3.1.31)

(3.1.32)

(3.1.33)

(3.1.34)

(3.1.35)
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Next, rewrite (3.1.13) as
—e VRt Lot S veH s = Hi (3.1.36)

and (3.1.14) as

erk‘uZlH f’,—Be*H{ﬁBe'H;} = H‘ix (3.1.37)
where
ot = ol KlitkzEy (3.1.38)
€1k,
B =2 (3.1.39)
82/( 1z

Now, substituting (3.1.32) and (3.1.34) into (3.1.36) gives

—H?eY et ZH s ve YH, = Hi, (3.1.40)
and into (3.1.37) gives

Hie¥ e Be*ZH s +Be YH3, = Hi, (3.1.41)
Adding (3.1.40) and (3.1.41) gives

H;,[Ze*(1-B +Ye (14B)] = 2H', (3.1.42)

Equations (3.1.23) and (3.1.42) give the transmission coefficients.

=k 2 3,143
T Hi_ Ze*(1-B)+Ye~(1+B) (3.1.43)
1x
H+ c~y
T+= H?‘ = T/ %uts (3.1.44)
1x

Knowing transmission coefficients T* and T, it is possible to calculate the elec-
tric field in region 3. From (3.1.11), the z component of the electric field can be

expressed as
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k ;- —jk;-
Ey = —2L(Hie /STl e T (3.1.45)
€4

Substituting (3.1.43) and (3.1.44) into (3.1.45) gives

k3, R ik
E, = “)%[T‘H‘lxe_’k’ ATYH e %) (3.1.46)

The field along the z axis becomes

k3, ) . . -
E3z(|=fz) = iT' ‘lx[e_lkhz+e_12k31238+]k3:z] . (3.1.47)
]
, . k3 H3
Finally, from (3.1.2), (3.1.12) and using we; = —ﬁ— and N3 = =
3 3

E =-ﬁn Hi_Tsin6y2e ***cos [k 3, (z—24)]
3z k3 3 1x 3z 3

= Wcos [ \lk3 —kl sin 00 (Z —23)] (3148)

where

k, . .
W = -2 k—‘n3H;,T-sineoe’f""” .
3

Also from (3.1.11) and (3.1.20)

k; e ke
Esy = _me; [Hye Wt} e % (3.1.49)

Substituting (3.1.43-44) into (3.1.49) gives

ki L
2 i [T-e KT+ ik (3.1.50)
We;

E3y =-

Then, substituting (3.1.20) and (3.1.43-44) into (3.1.10) gives the horizontal magnetic

field in region 3.
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Hy, = Hi e oY T-(e k2 yo i imsgibazy (3.1.51)
On the ground plane z=z5, the magnetic field can be written as
H, (z=25) = 2H} e /bY T-¢7/kuts (3.1.52)

The important results are summarized and renumbered for convenient use later.

Es,(r) = Weos [Nk 2—k 2 sin20, (z—23)] ; x=0, y=0 (3.1.53)
k[ -
w=-2 LAl Bhi r-gingge ki (3.1.54)
k3 €3
Hy () = 2H eV Te 72t 1o, (3.1.55)
H=e
T-= —= = 2 (3.1.56)
Hi, Ze*(1-B)+Ye (1+B)
+P
Z= zfjkm (3.1.57)
y = 2F (3.1.58)
2e‘lkz22
P = Ale  Humsgikuts_gikuty (3.1.59)
Q = [e T Hurglhutry mikuzy (3.1.60)
e:t = ej(k'i:ﬂ‘i:)ll (3.161)
.
A= 2"3_’ (3.1.62)
€3k,
€1k 4,
B=—2" (3.1.63)
£2k 1z
k, = ki, =ki, = k3, = k3, = k3, =k3, = —ksin6, (3.1.64)

ki, = —\kF-kZsin’8, (3.1.65)
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k3, = -\kZ—k ? sin%, (3.1.66)
kg—z =-\jk3 —k] sin 60 (3167)

3.2 TE Plane Wave Propagation in Tri-layered Media

The incident electric field is given by

Ei = 2Ei e /¥iT 3.2.1)

where

ki = (=¥ sinBy—Z cosBy)k (3.2.2)

The electric fields in each of the regions 1-3 can be written in terms of plane
wave terms similar to (3.2.1) representing waves traveling in either +z or -z direction.
The total field in region 1 is composed of the incident wave E{ plus a reflected wave
E{, while the field in region 2 is made up of a transmitted wave E; and a reflected
wave E;, and the field in region 3 is composed of a transmitted wave E5 and a

reflected wave E5 . All of these terms can be written in generic form as

EY=zEYe %" i=123; y=+4- (3.2.3)
where
k2= k2 + k2
(k§)? = ki) = ey = ki
(3.2.4)

kF)? = (k3 )? = 0He, = k?
k3)% = (k3)* = @*paes = k? .

It is understood that E{ = E{ and k{ = k{.
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E{ is a known quantity, while E{E;,E5E{, and E5 are to be determined by
applying appropriate boundary conditions on E and H at each of the interfaces. The

magnetic field in each region can be obtained by using the Maxwell’s equation:

1
—j o

H= VxE . (3.25)

The electromagnetic fields in the three regions can be expressed as:

Region 1
E, = EHE{ = 2[Ei e TMT4E} e TN M) (3.2.6)
H, = — ; [(3k, ~9ki,)E e M Tk, —pk T, )E f e 7] (3.2.7)
Region 2
E,=E;+E; = £[E},e /" +E5 e /"™ (3.2.8)
H, = _(;uz (K3, ~Fk3,)E $e 7 " +(2k 3,5k 7,)E 7,4 629
Region 3
E; =Ej+Ef = 2[E5e ¥ +E e 75T (3.2.10)
H; = _0;3 ((2k3, Pk 3, E 57" T+(2k 3,~pk $,)E e 7] (3.2.11)

Applying the boundary conditions on the tangential E and H at each of the three
interfaces requires immediately

k‘iy = ki"y = k;y = kz_y = k3-y = k;y = —kISineo (3.2.12)

for continuity of the phase terms. With this relationship established, the boundary con-

ditions can be written as
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B.C. 1: E,, continuous at z=z,. (E; = E,,).
i ket g+ ki _ py ki - —jkaz, 213
Ehe +Elxe = Eer +sze (3.2.13)

B.C. 2: H,, continuous at z=z;. (H, = H,,).

. + +

—k-"iz'i,e‘f""’wkiE + g kit - k—zzEz‘,e"jk5‘"+2-E9§e'jk’3" (3.2.14)
1 Hi H2 H2

B.C. 3: E,, continuous at z=z,. (E,, = E3,).

Eze " npy e it o pg o7 MMutn g o /ii (3.2.15)

B.C. 4: H,,, continuous at z=z,. (H,, = Hj,).

k2. jkzzy, K22 —jkiz, K32 jkpz,. K3z —jkiz
—Ene " ® 4 ——Ffe ¥ = —EF e —F} e (3.2.16)
Ha H2 M3 H3

B.C. §: Etan =0 at z=z4. (E3x =0)
Ege g s et 2 (3.2.17)

Note that through (3.2.4) and (3.2.12) there exists a relationship between

k;, and k, in each region. However, care must be taken to choose the sign on the

square root terms to make each wave decay as it propagates. In general
k, = XNk“=k (3.2.18)

Thus, assuming region 1 to be lossless, the sign on the square root must be chosen

such that
Re{kf;} >0
Re{k5) <0 Im(k) >0
Re{k3,) >0 Im{k},} <0 - (3.2.19)

Re{k3,} <0 Im{k3,}>0

x
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Re(k},) >0 Im{k},) <0

giving
+ .
1z
k3, = —k3, = kI —k £sin’9, (3.2.20)
+ -
3z

Remember that in a lossy region, the wave number k is complex, due to the complex

permittivity and permeability:
£ = £'—je” = ggle, —j——] (3.2.21)
J oL&,—J we ole

H=p—jp” (3.2.22)

To formulate the integral equation for the monopole current or slot current, the
incident fields in region 3 need to be determined. Thus, equations (3.2.13)-(3.2.17)
must be solved for E3, and E3, in terms of the known quantity E¢, . Using (3.2.20),

these can be solved as follows. From equation (3.2.17)
Ef, = —Eje /2% (3.2.23)

Substituting (3.2.23) into (3.2.16) gives

E} e E5 ek uta g rp L [ Ttuty eI utsgikatn - (3.2.24)
where
‘-
ars 1232 (3.2.25)
Hak2,

Next, substituting (3.2.23) into (3.2.15) gives

E} el oty e kata g (o huta_gmi it ikats 2 ¢ (3.2.26)
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For brevity and convenience, (3.1.24) and (3.1.26) can be rewritten as
Ejel " Eg et EL P’ =0
Ef e 4E5 e ™ E5 0" =0
where
P'=A '[e-jZki.Zsejki,zz_i,e-jkizz]
0’ = [~e i Bitsgikutsy g mikity |
Now, adding (3.2.27) and (3.2.28) gives

2E 3,/ = (P+Q))E3;

or
E}, =Z'Ej,
where
7= 9%
e ku2

Also, subtracting (3.2.28) from (3.2.27) gives

E5 =Y’E3,
where
Y'= L_-f— .
Ze—ﬂ‘hzz

Next, rewrite (3.2.13) and (3.2.14) as
2jkuzip+ L v pt 4o — i
—e E1,4-e E7_,+e sz _Elx
eVMuTE s _Ble*E} 4B’ E;, = E}
1x 2 x T ~lx

where

(3.2.27)

(3.2.28)

(3.1.29)

(3.1.30)

(3.2.31)

(3.2.32)

(3.2.33)

(3.2.34)

(3.2.35)

(3.2.36)

(3.2.37)
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et= ej(k‘uiki.)zx (3.2.38)
k=

p=bl = (3.2.39)
Mok,

Now, substituting (3.2.32) and (3.2.34) into (3.2.36) gives

“E}eVMietZ'Es e Y 'Es, = Ei, (3.2.40)
and into (3.2.37) gives

Ete¥* i BleZ'E; +B'e"Y'E;, = Ei, . (3.2.41)
Adding (3.2.40) and (3.2.41) gives

E3[Z’e*(1-B"WY’e~(1+B")) = 2E}, . (3.1.42)

The transmission coefficients can be obtained from (3.2.23) and (3.2.42).

-
Tre—2o_— 2 _ (3.2.43)
i, Z'e*(1-B’WY’e~(14B)
EZ D
T}= —X = _T e/ % (3.2.44)
El,

Knowing transmission coefficients T," and T, , it is possible to calculate the EM
fields in region 3. Substituting (3.2.20) and (3.2.43-44) into (3.2.10) gives the electric

field in region 3.
Es (r) = Ef e T (e /kut g/ Hamsgltary (3.2.45)

Substituting (3.2.43) and (3.2.44) into (3.2.11) gives

k3, e ke
Ha,(r) = -ﬁ[Te‘E‘he" ST rE TN (3.2.46)
3
k3: i ik —jki
Hay(r) = DBl (T e S TT e8] (3.2.47)
3
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Of particular interest is the tangential magnetic field on the ground plane, which

can be written as

k3, . o
Hy(2=23) = 2—2-E' T e /b7 ¢ ket | (3.2.48)
WH3
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Figure 3.1 Plane wave propagation in tri-layered media



CHAPTER FOUR
FORMULATION OF INTEGRAL EQUATIONS

The dyadic Green’s functions for the EM fields have been derived in chapter 2.
Integral equations are obtained in this chapter by enforcing appropriate boundary con-

ditions. The case of a monopole and that of a slot will be considered separately.

4.1 Integral Equations for a Monopole

Consider the imaged monopole beneath a lossy sheet as shown in Figure 1.1.
When illuminated by a plane wave, a current will be induced on the monopole surface
causing a voltage drop across the load resistance, and thus deliver power to the load.
The current induced on the monopole surface will be solved by using superposition;
the scattering mode current and transmitting mode current are found independently and

then they are combined to get receiving mode current.

Throughout this dissertation the monopole is assumed to be a thin wire. That is,
the radius is much smaller than a wavelength. Then, the monopole surface current dis-

tribution, 7.3, can be assumed angularly invariant.

Electric field integral equations (EFIE) for the monopole current distribution when
the antenna is acting as a scatterer and as a transmitter can be formulated by applying .
the boundary condition that the total electric field tangential to the surface must be

Zero:

E,=E}+Ei=0 at p=a,-dszs—d+h 4.1.1)

Ef=-E} at p=a,-d<z<—d+h .

82
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Here E; represents the scattered field maintained by the induced current, and E} the
impressed field due to either the incident wave in the scattering case, or the load vol-
tage in the transmitting case.

In the scattering case, the impressed field is the incident electric field in the sub-
strate. A TM incident plane wave is considered explicitly. A TE incident plane wave
can be solved in a similar way. Comparing the coordinate system in Figure 3.1 with

that in Figure 1.1 gives
z1=t; 2=0; z3=—d .
Substituting the above into (3.1.48) leads to
E! = Weos[k3,(z+d)) -d<z<-d+h 4.1.2)

where
k3—z = Qk3 -kl sin 60 .

This expression is derived in detail in section 1 of Chapter 3. Note that the quan-
tity W depends on the incidence angle and incident field strength, as well as the thick-
ness and the parameters (electric or magnetic) of the lossy layer. Also note that in
(4.1.1), the impressed field on the surface of the thin wire is approximated to be the
same as the field on the wire axis. This is a good approximation when the wire radius
is much smaller than a wavelength.

In the transmitting case, the impressed field will be modeled using a delta func-

tion (slice-gap) generator

Ei =Vyd(z+d) (4.1.3)

where V, represents a voltage applied to the terminal region at z=-d.

The scattered field produced by the induced current on the monopole can be

represented in terms of a scattered Hertzian potential I17 . The axial component of the
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Hertzian potential produced by an axial current is found using (2.6.1.7) as

0211,

dz2

Ef=kills, + 4.1.4)

Substituting (4.1.4) into (4.1.1) yields an inhomogeneous ordinary differential equation

(ODE)

2 .
(53—2 + k)M, (2) = -EXz) -d<z<—d+h . (4.1.5)
Z

The solution to the ODE takes on a slightly different form in the scattering and

transmitting cases, so each case will be considered separately.
A) Transmitting case

Using (4.1.3) in (4.1.5), the ODE becomes

2
(% + kD)L, (2) = —Vod(z+d) 4.1.6)

which has the general solution [ 11 ],

%
I, (z) = C;sinky(z+d) + Cocosks(z+d) — —2-k°—sink3lz+d| 4.1.7)
3

where C, and C, are arbitrary constants. Now, because of the ground plane, currents
on the monopole must image in the same direction. Therefore the current on the mono-
pole is an even function about z=-d. Thus, the vertical electric field must be even, and
because of the relationship (4.1.4) the potential I1;,(z) must be even. Thus, the first
term in (4.1.7) is not implicated and the expression reduces to

v
I, (z) = Cpcoska(z+d) — Ek%sink3(z+d) —d<z<~d+h 4.1.8)

B) Scattering case
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Substituting (4.1.2) into (4.1.5) leads to

2
(a—azz- + k)5, (z) = -Weos [k3,(z+d)) (4.1.9)

which has the solution [ 11 ]

I'I3z (2) =C13ink3(z+d) + C200$k3(2+d) -
l z
— [Weos [k3, (u+d)]sink 3(z —u )du (4.1.10)
k3 4

where C, andC, are constants. The integral term in (4.1.10) can be evaluated as fol-

lows. Let

U(z) = [coslks,(u+d)]sinks(z—u )du (4.1.11)
—d

and use the change of variables

v =u+d . (4.1.12)

Then

24+d
Uz) = [ coslks,vlsinky(z+d—v)dv (4.1.13)
0

Expanding the sine function gives
z+d
U(z) = sinky(z+d) | cos[k3,v]cosksvdv
0

z+d E
+ cosk3(z+d) f cos [k3,v]sinksvdy . 4.1.14)
0

The integrals in (4.1.14) can be evaluated in a straight-forward manner. After a little

algebraic manipulation the result becomes
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UG) = k(cos [k3,(z+d)]—cosk3(z+d)) 4.1.15)

k3 —k3;

Substituting (4.1.15) into (4.1.10), and again eliminating the first term due to sym-

metry, gives the solution to the ODE as

k k3, (z+d)]—cosk+(z+d
H3,(z)=C2cosk3(z+d)—-Zl 3(cos [k 3,(z+d))—cosk,(z+d)) 4.116)

2 .2
3 ki—ks3,

Upon substitution of (2.4.3.47) into (4.1.8) and (4.1.16), the integral equations for
the monopole current 123(2) for the transmitting and scattering cases, respectively, are

obtained.

a) transmitting case

—d+h

33 Ky , VO .
| G3*.a.21(2")dz’ = Ceosky(z+d) — ——sink;(z+d)
- 2k3

—d<z<—d+h (4.1.17)

b) scattering case
—d+h
J 623'3(2 4,213z’ = Ccosks(z+d)
d

w | k3(cos [k3;(z+d)]—cosk 3(z+d))

- = —d<z<-d+h (4.1.18)
k3 kks
Here, from (2.4.3.48)
G2z.8.2%) = 31;[?3,3(” *AW ¢ (ha)rd \ (4.1.19)
0

where T23(z,2°A) is given in (2.4.3.46).
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Equations (4.1.17) and (4.1.18) are Hallen-Type Integral Equations (HTIE). The
EFIE is applicable to an arbitrary source and a wire of arbitrary shape while the HTIE
is applicable to the special case of a one dimensional current and a straight thin wire.
The advantage of the HTIE over EFIE is that its kernel is less singular than that of

EFIE. This makes it numerically easier to solve.

4.2 Magnetic Field Integral Equation for a Slot

Consider a slot antenna in tri-layered media shown in figure 2.3. The receiving
characteristics are determined by the receiving mode equivalent magnetic current on
the slot. This receiving mode induced current can be solved by superposition. The
scattering and transmitting modes are found independently and the results are com-

bined to yield the receiving mode result.

Throughout the dissertation the slot is assumed to be a narrow one. That is,
I»w and Ag»w. A good approximation in the case of a narrow slot is E,>E,. In
other words, the longitudinal aperture field component E, can be ignored. To incor-
porate the well-known edge behavior of electric field, the aperture field E, can be

written as

E,xy2=0)= —LE_ 4.2.1)

\ 1~L)?

The equivalent magnetic currents on the slot in regions 3 and 4 can be written as

Ms(x ) = -2x9E, = 2—LE— = M(x y) 422)
\/ 1-(L)?
w
My(x.y) = (-2 )JE, =-M(x.y) 4.2.3)

where
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M(x,y) =Xf x)W(y) 4.2.3)

1
\/ 1Ly
w

and f(x) is the unknown function to be determined.

W)= 4.2.4)

With the help of dyadic Green’s functions derived in chapter 2, the magnetic field

in region i generated by a source in region j can be written as

H,M)) = [/ leyM;@)av’ 5 i,j=1234 (4.2.5)
Vi

The boundary condition on tangential magnetic field is used to obtain the mag-
netic field integral equation (MFIE)

Ix( HP'M3)-H”M,) ) =K (4.2.6)
where H{*(M;) and H{*(M,) are the total magnetic fields in regions 3 and 4 respec-
tively and K is surface electric current density in the aperture. In region 3, the total
magnetic field is composed of a scattered field and an incident field. In region 4, the

total magnetic field is just the scattered field. Using the results in chapter 2, the scat-

tered field can be expressed in terms of Green’s function and magnetic current.

Scattering case:

Ha, (M) + Hyy M) = -H." 4.2.7)
Transmitting case:

H3 (M) + Hy,y M) = K5 (4.2.8)
The generic form of the MFIE can thus be written as

LM)=F 4.2.9)

where L is the proper linear operator and F is the excitation term.
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In this dissertation L is defined as

L@M,) = [ [ [g23(rIr g 24(rIrIM, (p")d?p’
slot

= [ [ (=5[22 ket I 0l *Pd % M, ()%’ (4.2.10)
slot o

(2n)?
where
p = £x+jy (4.2.11)
d%p = dxdy . 4.2.12)

4.3 Hallen-Type Integral Equation for a Slot

The MFIE (4.2.9) has a highly singular kernel, which manifests as a slowly con-
verging integral in the spectral domain. A magnetic dyadic Green’s function in the
magnetic source region is the dual of an electric dyadic Green’s function in electric
source region. It is well known that when the source point and the observation point
coincide, special care must be taken to treat the singularity of the the dyadic Green'’s
function. There have been extensive discussions on this subject [ 12 ]. One way to cir-
cumvent the singularity problem is to convert the MFIE into a Hallen-Type Integral

Equation (HTIE). This conversion is possible if the source is one dimensional.

Substituting (2.6.2.2), (2.6.2.3-4) into (4.2.9) gives

o H G2 Ir)M(r)d?r’

2 i 33 2.7
(k3+ax2 )jlan (FIrYME)d’r +=— |

2
ﬂk42+ai—2)j !G,;‘,"‘(rlr')M(r')dz *=F(r) (4.3.1)

This is essentially a different form of MFIE. A discussion on the singularities of the
Green'’s function can be found in [ 6 ]. The terms on the left hand side of (4.3.1) con-

verge as improper integrals if M(r) satisfies the Holder’s condition at r, i.e., there exist



positive constants ¢, A, and « such that
IM(@r)-M(")I<A Ir-r’1* for Ir'-rl<c . 4.3.2)

G23,G23,GA4 are given in (2.5.2.7), (2.5.2.9), and (2.5.2.13).

Define
_ 1 .5 . eik-r) N,
G = d%< ). (4.3.3)
= @2n)? U.. joups D,D,
It can be seen by comparing (2.5.2.9) with (4.3.3) that
G33= 9 533 4.3.4)
Zx ax x

After adding a few terms and exchanging the order of integration and

differentiation, (4.3.1) can be rewritten as

a2 ’ 4 ’

(k‘2+ax—2) [[GL (rIe )M, (£)d?r” = F (e)+[[k 2GR (¢ Ir )M, (r')d?r (4.3.5)

K S
where
k2=k2+k? (4.3.6)
G,

G, = 6,3,3+G;'4+a—’z‘ 4.3.7)
k3 44 ki 33 3G,

Gg = -ks—an k—SZGn' + 32 4.3.8)

Equation (4.3.5) is a differential-integral equation. Solving the ordinary
differential equation first produces a Hallen-Type Integral Equation (HTIE). The steps

are outlined in [ 48 ] and the result is

HGL (rIr )M, (r)d?’ = Csink;x+C ,cosk, x +
5

;1- [ IF ()+[[k 2GR (r I )M, (r)d?r )], sink, |x —x “ldx” . (4.3.9)
S —oco S
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Generally speaking C; and C, are two unknown functions of y. How to handle
them will be discussed later. Define the operators

L, M,) = [[GL(rIr)M, (r)a?r’ (4.3.10)
K

Lg(M,) = [[Gg (rIr )M, (c')d?r’ (4.3.11)
S

The HTIE (4.3.9) can then be rewritten as

L, (M, )-—jLR(M ), _yesinkg lx—xldx’

S—oo

= C sink; x+C ,cosk, x+— jF(r') =y -sinkg e =x’ldx” . 4.3.12)

S—oo

Substituting (2.5.2.7), (2.5.2.13), and (4.3.3) into (4.3.7-8) gives

G = j j d%ke * T, () (4.3.13)
(21t
G dke /¥, (k) 4.3.14
R = (2102 | I (4.3.14)
where
N3x Ngz ' 1

¥, (k) = — F— F— (4.3.15)

L jOMHpD,  joMpsD.D,  joup,
kq N3, N%, k3 1

Wp (k) = (—)*= 4.3.16

RO = G oD, JmllspsDx ,) JOUD 4 (4.3.16)

(k) = N3z (Z k)'z:() (4.3.17)

The right hand side of (4.3.12) can be written in a different form, which is more

convenient to use [ 48 ]

X
l . ’ 4
Ly (M)~ gLR (M), sinkg (x =x ")dx
L)
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l X

= Cysink;x+C 008k, X +-— [F (£) psinkg (x —x ")x . (4.3.18)
s 0

The kernel of HTIE (4.3.18) is less singular than that of MFIE (4.3.1), which
means that it is easier to solve numerically. The price paid for the numerical stability

is that the kernel of HTIE is more complicated than that of MFIE.



CHAPTER FIVE
SOLUTIONS OF INTEGRAL EQUATIONS

5.1 Method of Moments

Method of Moments is a general procedure to solve linear inhomogeneous func-
tional equations [ 7 ]. The basic idea is to convert a functional equation to a matrix
equation, and then to solve the matrix equation by known techniques. Consider the

inhomogeneous equation
L(f)=g (5.1.1)

where L is a linear operator, g is the source (known function), and f is the response
(unknown function to be determined). Let f be expanded in a series of basis functions
in the domain of L.

f=28,fa (5.12)
n
where a, are expansion coefficients to be determined. Substituting (5.1.2) in (5.1.1)
and using the linearity of L gives
Ya,L(fa)=8 . (5.1.3)
n

Assume that a suitable inner product <f,g> has been determined for the problem.
Define a set of testing functions w,, in the range of L. The functional equation (5.1.1)
can be reduced to a matrix equation (5.1.4) by taking the inner product of (5.1.3) with
Wm

Umnlla,] = [gm] (5.1.4)

where

93
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L = <wp L(f,)> (5.1.5)

8m = <Wm:8>. (5.1.6)

The matrix equation (5.1.4) can be solved by known techniques to determine a,. The

particular choice w, = f, is known as Galerkin’s method.

5.2 Impedance Matrix for a Monopole

The integral equations (4.1.17) and (4.1.18) for the transmitting and scattering
mode current distributions can be solved using the method of moments (MoM) with

pulse function expansion and point matching.

Expand the current as

N
13¢)= Y a,P,(z) -d<z<—d+h (5.2.1)
n=1

where

1 —dHn-1)A<z<-d+nA
P,(z) = (5.2.2)
elsewhere

is a rectangular pulse basis function, a, is the set of unknown complex expansion

coefficients, and

A= (5.2.3)

h

N

Substituting (5.2.1) into (4.1.17) and (4.1.18) gives
~d+nA

N
Ya, [ G302z’ =Ccosky(z+d) +u(z) -d<zs—d+h (5.2.4)
n=l —~d+n-1)A

where
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Y9 inky(z+d)
2k; transmitting case
u(z) = (5.2.5)
w | ks (cos[k3,(z+d))—cosk(z+d)) | Scartering case
“ K3k

A system of N equations for the N+1 unknowns a, and C can be obtained by

matching (4.1.4) at the N discrete points

7, = —d+(m—%)A m=12,..N (5.2.6)

representing the centers of the pulse functions P,. This gives

—d+nA

N
Ya, [ G3¥z,.a.20dz’" = Ccosky(z,+d) + u(z,) m=12,.N (52.7)
n=l —d+n-1)A

An additional equation can be obtained by applying continuity of current at the
tip of the monopole. Assuming that the monopole is a thin wire, the current should go

to zero at the tip. Using (5.2.1), this implies

ay =0. (5.2.8)

With condition (5.2.8), (5.2.7) represent a system of N equations in the N unknowns

a,,...,ay_; C . In terms of a matrix equation, (5.2.7) can be written as
i Tr 1 r -
AnAp ... Ayn-y —cosk3b| | ay u(zy)
A21 Azz .o AZ.N—I —COSk382 a, u(22)
L =| - (5.29)
. . t . . ay-1 .
LANI Ayy - AN,N—I —COSk38Nd i C ] _u (Zn)_
where

5, = (m—%)A (5.2.10)
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with
—~d+nA
Am= | G*nazhdz’ n=12,.N-1, m=12,.N (5.2.11)
—~d+Hn-1)A
and
——2 Sink,8,,
2k3 transmitting case

(5.2.12)
scattering case

u(z,) = .
w | k3 (cos [k3,(8,,+d))—cosk3(d,,+d))

k3 k}-k3,?

5.3 Calculation of Impedance Matrix Elements

Because of the simple dependence of the Green’s function on z’ , the integral in
the matrix entries (5.2.11) can be calculated in closed form. Substituting (2.4.3.48) into

(5.2.11) allows the matrix entries to be written as

1 ov?
App = 2o, glm(wo (@M)Ad A (5.3.1)
where
-d+nA
L) = joes [ TPm2’ Mz’ (5.32)
-d+Hn-1)A

The integrals I, will be calculated based on the values of m and n.
A) m>n
In this case, 2>z’ holds. Substituting (2.4.3.46) into (5.3.2) and using z>=z,, and
2<=:z"’ from (2.4.3.23), the integrals become
—d+nA

I, = -—I—F(zm) | coshps(z’+d)dz’ . (5.3.3)
P3 —d+(n-1)A



97

Evaluating the integral yields
F(z,) .
I,(\) = 3 [sinhp 3n A=sinhp 3(n—1)A] (5.3.49)
pP3
Using [ 53 ]
sinhx — sinhy = 2cosh%(x+y) sinh—;—(x—y) (5.3.5)
then gives
F(z,) 1., A
I,(\) =2 > coshp 3(n ——)Asinhp3— . (5.3.6)
P} 2 2
B) m<n

In this case z<z’ holds. Substituting (2.4.3.46) into (4.2.2), and using z> = z’ and
z< = z,, from (2.4.3.23), the integrals become

~d+nA
1,0y = SP3lem+d) [ F@hdz . (5.3.7)
P3 —d+n-1)A

Substituting (2.4.3.25-27) in (5.3.7) gives

) 1 coshps(z,,+d) —d}m (Qcoshpz'~Zsinkp 12 1dz" (5.3.8)
mn s —_—— COSND 432 —LS) z jaz .0.5.

Carrying out the integral in (5.3.8) and using (5.3.5) eventually leads to

F(z,) lo,.. A
I,,(A)=2 5 —coshp3(m——-)Asinhp;3— . (5.3.9)
pi 2 2

Comparing (5.3.6) and (5.3.9) shows
Iy, =1, . (5.3.10)

C) m=n
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In this case z>z’ for the lower half of the domain of integration, and z<z’ for the
upper half. Thus it is necessary to split the integrals into two pieces. Using (2.4.3.46)
in (5.3.2) gives

—d+(n-—%)A

1,,,,=—1—{F(z,,) [ coshpy(z™+d)dz’ +
D3 —~d+n-1)A

00shpa(zy+2) }M [Qcoshp 4z "~Zsinhp 4z 1dz’) (5.3.11)
: coshp sz inhpsz Jaz j . -
d+Zcoshp d
Qsinhp 4 osnhp 3 !

Hn=2)A

Evaluating these integrals yields

1
Ly ==
3

(2F (z, )coshp o(n—=>)Asinhp 2 +
p a 2

2F(z,,+%)coshp3(n -%)Asinhp:,—ﬁ— }. (5.3.12)

Substitution of (5.3.9) and (5.3.12) in (5.3.1) gives the impedance matrix entries.
In their present form, however, involving hyperbolic sine and cosine functions, these
entries are prone to numerical difficulty. As the integration variable in (5.3.1) increases
toward infinity, both the sinh and cosh functions overflow. In addition, it is very
difficult to ascertain the convergence properties of the integral. Both of these problems
can be overcome if the integrand is written in terms of exponentials. This is done as

follows.
A) m>n

Equation (5.3.6) can be written in terms of exponentials as follows. From
(2.4.3.25-27) and (5.2.10)
—g—coshp3(—d+8,,, y=sinhp 3(~d+5,,)

F(,)= . (5.3.13)
-g—sinhp sd+coshpd
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By the definition of hyperbolic sine and cosine functions in terms of exponentials, this

becomes

_g_[l +e PR dB g 2s(d-8)y

F (zm) = e‘stm
%{1-{2”"‘ [+ 14+e 2]

Here the quantity % can be written using (2.4.3.26) and (2.4.3.27) as

1
z

p3£2] 1pol14e %% Jaeyp [1-e #7 ]

P83 | £,p,[1- %% J+e,p [14e 7]

Also needed in (5.3.6) is the quantity

A
S
coshp38,,sinhp3% = -‘lTep’s‘e 2 [14e P [1-e P .

Substituting (5.3.14) and (5.3.16) into (5.3.6) gives

- 4 (su—an-'A—)
I =-1—2[1+e 238 1= PP 2
2p

mn
3

—g-[lw'”"d‘s-)] H{1—e"22d-82),
X

D

where

D = %[1-52”"’] + [+ %4

Multiplying the exponentials together and using (5.2.10) gives

—pslm-n)a-2 —m[(mm)A—%Al

1 [1-e P*){[e 24e

 2p3D

I'n

A, _ - _3a _ _A
_e—psIZd—(m—n)A—zl_e p1[2d—(m+n)A 2 ]]+%[e pal(m—n)A 2]

(5.3.14)

(5.3.15)

(5.3.16)

(5.3.17)

(5.3.18)
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3A A 3A
pilm+n)a-22]  —py2d~m-n)A-2]  -pil2d—(m+n)a-==]
+e 2 te 24 27y, (5.3.19)

This expression can be written more compactly by letting

e (k) = ;D) (5.3.20)
—py(2d-kA-2)

e)k)=e 2 (5.3.21)
Then

e = (e - yre tm—n e m—n)-e5m—n)] +

%[el(m-l-n-l)+e2(m+n—1)]+[e1(m+n—l)—ez(m+n-l)]] . (5322

Thus, letting

k)= %lel(k yre (k)1 +He (ke (k)] (5.3.23)
gives

I, = 2p1320 (1= P2][f (m+n—-1)+f (m=n)] . (5.3.24)

Using the form of the integrand given in (5.3.24) allows a dramatic reduction in

the amount of effort needed to fill the moment method matrix. Letting

1 1 _
AKk) = 1-e PPl kW2 Aa)AdA 2<k<2N-1  (5.3.25
k) 21:1'0»:3! 2P§D[ - PP kW E(Na) ( )

allows the matrix entries (5.3.1) to be written as

App, =A(m+n-1)+ A(m-n) m>n . (5.3.26)

Thus, only 2N-2 integral evaluations are needed for m#n, as opposed to the
N(N-1)/2 which would be required if (5.3.6) were used. This is a reduction in
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computational effort by a factor of N/4.

Note that each of the exponential terms involved in calculating the integrand of
(5.3.25) go to zero as the integration variable A—ee, since Re{p3}—ee from (2.3.17).
Thus, each of the integrals converge exponentially for m#n, and little difficulty is anti-

cipated in their numerical computation.
B) m<n
In this case, equation (5.3.10) still holds.
C) m=n
Equation (5.3.12) can be written in terms of exponentials as follows.

1

I, = 5 [U+V] (5.3.27)
P3
where
| A .. A
U =2F(z, )coshp3(n-7)smhp3z (5.3.28)
A . A
V= 2F(z,,+7)coshp36,, smhp;;z ) (5.3.29)

Substituting the definitions of sinh and cosh, and using (5.3.14) gives

Q -2p3(d-5, ~2p(d-5,
I SR S e L

U= ?[1+e - 2] o . (5.3.30)
7[1-e‘2""‘]+[1+e'2”"”]
Similarly, (5.3.29) becomes
A A
[} ~2p3(d-5, -2 —2ps(d -’5.—7)
. s _m% 7 [1+e H1-e
V= ?[l+e P[1-e 2] (5.3.31)

%[1-(2""’ J+[1+e #*¥]
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The entries in the MoM matrix determined in this section are summaried and

renumbered below for convenience.

A) m>n
A, =A(m+n-1)+A(m-n) (5.3.32)
1 71 1P 2
Ak) = 7)o, g i D f (k)& @MAdA (5.3.33)
fk)= —g—[el(k Ye (k) + e 1k )—e 5(k)] (5.3.34)
pika-2)
ek)=e 2 (5.3.35)
—ps2d-ka-2)
e)k)=e 2 (5.3.36)
B) m<n
1, =1, (5.3.37)
C) m=n
1 T
A, = e, E‘;I,,,,JO (@MAd A (5.3.38)
1 B2y p2 'g‘[1+e'2”"“'5-)]+[1_e—2p;(d-8.>]
L = —{1+e l-e 2] +
2 D
~2ps(d-5,-4) ~2p5(d-8,-%
: o LA %[He i 4 JH1-e i 4)]
—_— ~P3% 1 2
- 32[1+e Nl-e 2] > (5.3.39)
In the above
5, = (n—%)A (5.3.40)
D = L1 | [14e%¥) (5.3.41)

z
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0 _ P3& Eipalle ¥ ey [1-e ¥
z

_ (5.3.42)
P23 g,p,[1-e 2% J4ep [1+e ¥

5.4 Comments on the Calculation of Impedance Matrix Entries

Each of the impedance matrix entries takes the form of an infinite real line
integral (5.3.1). These integrals have all been done by numerical techniques and

several issues have arisen during their computation. These are discussed below.

5.4.1 Integration through Surface-wave Pole Singularities

In many Sommerfeld-integral type solutions, surface-wave pole singularities of
the integrand appear along the real axis, and are thus within the domain of integration.
In the cases considered in this dissertation, the presence of the loss in region 2 makes
P, a complex number, causing all the surface-wave poles of the integrand of (5.3.1) to
shift off the real axis. Thus, surface-wave pole singularities are not encountered while

calculating (5.3.1).

5.4.2 Integration through Branch Point Pole Singularities

There are three branch points involved in the calculation of (5.3.32). They are at
p2=0 (5.4.2.1)

p3=0; p;=0 (5.4.2.2)

Because of the lossy layer, p, = 0 is not located along the integration path. In
contrast, p3 = 0 is located along the integration contour, and results in a singularity of
the integrand in (5.3.1). Symbolically, each of the matrix entries (5.3.1) may be written

as

. T
1 l-e ™ > .2
= e |G ® T—Idahnan (5.4.23)

mn
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Where
A n#+m
¢ = A nem 54.24)
2

Thus there is a first order pole of the integrand at A = k3 . Remember , however,
that because of the square root in the exponential, this is also a branch point, and care
must be exercised to ensure (2.3.17) is satisfied. This implies that contributions to the
integral are not symmetric about A = k5 .

Calculation of (5.4.2.3) is done in a purely numerical fashion, by splitting the
integral into two parts at A = k3 , and using a routine which does not evaluate the
integrand at the limits of the integration [ 54 ].

It is also instructive to show how the integral in the vicinity of A = k5 can be
done analytically. Isolate the singularity within an interval [k;—Y,k;+Y] and examine

the integral

I= [ =Gl )—J0 (@AAd A . (5.4.2.5)
kyy 2T A*=k3

Assuming vy is chosen small enough such that

YA<1 and Y<k; (5.4.2.6)

Then the exponential in (5.4.2.5) can be approximated using the first two terms of its

Taylor series expansion, giving

kaﬂ.\j_ﬁ_f
I= —Q‘Gm(ks)k’o (ksa) [ ——— 2—k2

(5.4.2.7)
k3—y A

Now, using (2.3.17) to determined the sign on the square root, the integral

(5.4.2.7) can be split into two portions
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ky+y ks
I= -Q-G,,,,,(k;,)J(%(kg,a) | M2 i _Mr (5.4.2.8)
2n 4 L Ty 1
A2k $)? (kF2AH?
Carrying out the integrals, substituting the limits, and using (5.4.2.6) gives
I= E%G,,,,, (k3)J & (ksa W2ksy(1-j) . (5.4.2.9)

5.4.3 Convergence of the MoM Matrix Entry Integrals

Before undertaking the numerical integration of (5.3.1), it is quite helpful to anti-
cipate the rate of convergence of the integrals. Of interest is the behavior of the
integrand as A—oo .

For n # m the integrand has, from (5.3.17), an exponential decay factor

-P 3(510. -85-%)

e =0 as Ao (5.4.3.1)

and thus the integrals converge quite rapidly.

For m = n the integral has no exponential decay. Since each bracketed term con-

verges to 1 as A—oo , it is easy to show that, from (5.3.39)

1

l. ~ —
Ak}

as A—roo (5.4.3.2)

Thus, the asymptotic form of the integrand in (5.3.1) is, for m=n

J¢@r) JE(a\)
k2 A

(54.3.3)

Numerical integration of a term with the above asymptotic behavior is quite time
consuming. The integral must be computed by summing over periods of the Bessel

function. If the Bessel function is not aided by a strong decay factor, many periods
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must be summed; more periods are necessary with a thick antenna than with a thinner

one. The additional decay factor of % in (5.4.3.3) is sufficient for convergence, but

the convergence is slow.

To help improve convergence, a term which has the same asymptotic behavior as

the integrand, but can be integrated in closed form, can be added and subtracted as fol-

lows. Let

A, 2o, g I,ONZ@MAA + A (5.4.3.4)
where

I, =1,0)-1%®}) (5.4.3.5)
and

A — 1 T a 2

A= 2nj o, gl,,,,(l).lo (@A) . (5.4.3.6)

Here I, (A) is any function which has roughly the same asymptotic behavior as I,,,, (A)
, but also allows (5.4.3.6) to be integrated in closed form. It is easily seen that as
A—eo , the two terms in (5.4.3.5) subtract, and the integral in (5.4.3.4) converges at a

more rapid rate than (5.3.1).
A convenient choice for 5, () is

1

120 = .
* A2+k 2

(5.4.3.7)

Then,

_ 1 SJE@h
A=———I/
2nj ey o A2k 3

A\ (5.4.3.8)

which can be integrated in closed form [ 51 ] to give
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= 1
= 5.4.39
A ) we; K Q(k 3a I o(k 3d ) ( )

where I, is the modified Bessel function of the first kind and K is the modified

Bessel function of the second kind.

Note that as the radius of the antenna is decreased, the contribution to the total
integral by (5.4.3.9) is increased, and thus the importance of the integral contribution

in (5.4.3.4) is reduced.

Using (5.4.3.7), the integrand in (5.4.3.4) varies as

I 1
M é(ar -
o )[kz-hz x2+k§]

ME@h)  JEa@h

5.4.3.10
Atk 3 A3 ( )

-~

which decays much faster than the original integrand (5.4.3.3).

5.5 Admittance Matrix for a Slot

The integral equation (4.3.12) can be solved by Galerkin’s method with pulse
basis and testing functions. With the narrow slot approximation, the magnetic current
has a known lateral distribution and an unknown longitudinal distribution. Expand the
magnetic current as

M, (r) = %a,,P,,(x)W(v) . xe[-1,]]; yel-w.w] (5.5.1)

n=1

Here, the weighting function W(y) is assumed to be

W)= ——— (5.52)

to account for the edge behavior of the current. A pulse basis function is chosen:
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1 ,,_ISXSI,,
P,(x)= (5.5.3)
0 ; elsewhere

where

n-1

X, = (=1 ; x,,=(%—1)l. (5.5.4)

Now, define the inner product as
<f (xy)gx.y)> = [[f (.y) g (x.y)dx dy (5.5.5)

and use Galerkin’s method to reduce the integral equation (4.3.18) to the set of linear

algebraic equations

2N
Y <L(P,W)P,W>=<FyP,W> ; m=12,.2N . (5.5.6)

n=1

Using (4.3.10-11) and (4.3.13-16) then gives

LM,) =L, (M, )-Lﬁ M) (5.5.7)
LEM,) = [Lq (M,)l,;,:(zl—)sink, (x—x"Ydx’ (5.5.8)
0 s
Fy (r) = C ysink,x +c2cosksx+kl [F () sink, (x—x)dx” . (5.59)
s 0

Notice that there are 2N equations and 2N+2 unknowns, { a, }, C,, and C,.
The boundary condition that the magnetic current is zero at the two ends of the slot
gives two more equations. For pulse basis functions, the two equations can be written

as
a, =0 (5.5.10)

ap =0 (5.5.11)
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Substituting (5.5.10) and (5.5.11) in (5.5.6) gives the matrix equation
D llva] = li] (5.5.12)

where [y,,] is a 2N by 2N complex matrix and [v,] and [i,,] are 2N by 1 complex
vectors
<LP,W)P,W> ; if n=2,.,2N-1

Ymn =3 <=Sink;x ,P,W> ; if n=1 (5.5.13)
<—cosk;x P, W> ; if n=2N

al=I[Ci1ay -+ am_ Colf (5.5.14)
lig] =iy - in])" (5.5.15)

As stated in section 3 of chapter 4, C, and C, are unknown functions of y.
Because of the expansion (5.5.1) and the fact that the weighting functions are known,
the explicit forms of C; and C, will not affect the solution of the matrix equation.
Therefore C, and C, can be assumed to be unknown constants.

The calculation of an admittance matrix entry <L (P, W),P,, W> requires a six-
fold integration, four finite spatial integrations and two infinite spectral integrations.
This calculation is very demanding numerically because the integrand is highly oscilla-
tory.

In this dissertation, the matrix entries are calculated by the approach described
below. First, the four spatial integrations are carried out analytically with simple basis
functions. Then, the two spectral integrations are computed numerically. From
(4.3.10-11), (4.3.13-16), and (5.5.5), the admittance matrix entries and the excitation

vector can be written as
<L(P,W)PW> = Yo —ymn (5.5.16)

ylf'm =<l (P,W),P,W>
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5 ey YTy (e T (ke )T e () (5.5.17)
yR, =<L§(P,W)P,W>
= o j j d%k ¥ g (K)T5 (ky )Ty (ky ) (k)T (K ) (5.5.18)
where
’ .
Ti(k) = [P.(x)e™ dx (5.5.19)
-
Tiky) = [W@)e™"dy (5.5.20)
l
s (ki) = [P (0 )AGK, X )dx (5.5.21)
-1
Ak, x) = jef"""(kl)sinks (x—x")dx’ (5.5.22)
0 s
L1 eler_gmihr pikx_ ik
= 2ks( e ok ). (5.5.22)

Substituting (5.5.2) into (5.5.20) and using a known integral identity [ 51 ] give

dy wl ok, w) =T, (k) . (5.5.23)

Substituting (5.5.3) and (5.5.4) into (5.5.19) results

JbeFa_, e
r-r=%4__ (5.5.24)
Jkx

-jklxl- -jkxx--l
r-=2=% < (5.5.25)
—Jjky
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while substituting (5.5.3) into (5.5.21) leads to

N -1 . 1 v
T (ke) = (k+k, )k, —k,) Do (ke Y+ 2k, (k,—k,) T (k)
1 - ).
2k, (k +k,) ™

Then, substituting (5.5.2-5) into (5.5.13) gives
IYma = _AyArf:
Ym2N = -AyA:x

where

w

Ay = | ——dy =x
""\/Hl)2
w

X . .
sin(k.x,, y-sin (k.x,,_1)
AL = jcos(ksx)dx= Smk som-1
Xom-1 s
= cos (k;x,, )—cos (kyx,, _1)
A5 = [ sin(kx)dx = .

_ks

')

-1

The excitation vector can be written as

1

P )sink, (x—x Ydx’ P, W>
£

im = <[F (O],
0

(5.5.26)

(5.5.27)

(5.5.28)

(5.5.29)

(5.5.30)

(5.5.31)

(5.5.32)

The admittance matrix is independent on the form of excitation while the excita-

tion vector takes different forms for different sources of the slot. In the transmitting

case, a delta gap generator is placed at the center of the slot
K,(r)=1,8(x) = F(r)

Substituting (5.5.2-5) and (5.5.33) into (5.5.32) gives

(5.5.33)
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I
in = 5 —AyAn (5.5.34)
S

It is worth noting that because 8(x) is an even function of x, the following result is

obtained:

P 1. , Ly
%'1,8(x')(-és—)smks(x-x')dx = 225 sin(k,x) . (5.5.35)

In the scattering case, the source is the tangential incident magnetic field H;f? on

the slot. Plane wave propagation in layered media is studied in chapter 3. Results in

chapter 3 are used to express H4? in terms of the known incident plane wave field H{".

Because the antenna problem is 3D in nature and has no angular symmetry, it is
necessary to specify an incident plane and the polarization for the incident plane wave
before the scattering case can be solved. In this dissertation, a TM plane wave in the
E-plane (y-z plane) is considered explicitly. Any other orientation and polarization of

the incident wave can be handled by the same procedure.
Comparing Figure 1.2 and Figure 3.1 gives
zy=d+t; zo=d; 23=0 (5.5.36)
Substituting (5.5.36) into (3.1.55) gives |
Hi () = 2H R M0 T- = _F(r) ; xe[-11];ye[-ww];z=0 (5.5.37)
while substituting (5.5.5) and (5.5.37) into (5.5.32) results in

2HT- l

im = —ksz—Ay (—-A,f,) (55.38)

N

where the following approximation is used

ly lswed; — lkylel - eF5m0 =y (5.5.39)
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5.6 Calculation of Admittance Matrix Entries

It is a daunting task to carry out the numerical integrations of (5.5.17) and
(5.5.18) because the integrands are highly oscillatory. The 2D infinite spectral integra-

tions can be carried out in either rectangular coordinates or in cylindrical coordinates.

In this dissertation, the 2D spectral integrations are computed in cylindrical coor-

dinates. A generic form of the spectral integrals can be written as

k, = Acosa
{ k, = Asino. (5.6.1)
oo o 21
[ [ £ ko) )k, diy = [1 [ R0 @ldA (5.6.2)
—oo 00

where a is a real variable and A is a complex variable. This representation provides
valuable physical insight into the problem. Note that from the results of section 5 of
chapter 2, the branch points and poles of the integrands are independent of the angular
variable. To compute (5.6.2), first the angular integration is carried out numerically.
Then the radial integration is computed. The semi-infinite integral can be converted to

an infinite integral. A generic form of the radial integration can be written as
[eMdr = [ g’ M (5.6.3)
0 —00

There are two methods to do the radial integration. In the complex A plane, the

infinite integral can be computed by real line integration or contour integration.

It is necessary to define all the branch cuts and to find all the poles of the
integrand before contour integration can be used. The advantage of the contour integra-
tion method is that the integration is stable and rapidly converging, while the disadvan-
tage is that a lot of analytical work is involved. The existence of three layers above the
ground plane makes the eigen-value equations very complicated. It is very difficult to

find all the eigenvalues (the poles), especially when the layers are lossy.
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The real line integration involves little analytical effort. But because the integrand
is highly oscillatory, the integration is numerically unstable and converges slowly. If
there are poles on the real axis and their positions are unknown, the real line integra-
tion method might fail. The existence of a lossy superstrate shifts all the poles off the
real axis. Thus real line integration can be used successfully. One drawback of the real

line integration is that it requires extensive computation power.

It is advantageous to explore the symmetry of the integrands to reduce numerical

computation. From (5.5.24-26), the functions can be decomposed into even and parts

T (k) = Tk AT 2(k,) (5.6.4)
re,) = sin(k, x,, );sin(kxx,,_l) (5.65)
T2(k,) = costkyn Jcosks Xn-1) (5.6.6)
Jky
T (ky ) = T (ke T3 (k) (5.6.7)
ks
T:l (kx ) = 2 12 [r:: (k.\' )—r:l (kx )i (5.68)
k2-k,
TS (k,) = ;2—1—1(—2[@ T2k, )k, T2 k,)] (5.6.9)

Obviously I'¢ andT}, are even functions of k, and I';Y and T are odd functions of k,.

Substituting (5.6.4-9) into (5.5.17-18) gives

L - d% ¥, (k)T 2(k, )P, (k, 5.6.10

Ymn (21t)2 J‘g L(k) y(ky) (kx) ( )
4 2

= ¥e (KT s (k. 5.6.11

Ymn (21:)2I£ R T2k YO s (k) (5.6.11)

where
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P (k) = T (k)T (k. )-T2 (k)T 0(k, ) (5.6.12)
an (kx ) = Tp; (kx )r:(kx )-T:l (kx )rr?(kx ) . (56 1 3)

The computer can not handle indeterminate forms reliably. All the indeterminate

forms have to be carried out analytically.

When &, —0, (5.6.5-6) can be approximated as

I

I‘,f(kx) = 'ﬁ- (5.6.14)
. 2n-1 2

Iok,) = j( D -N)k,ﬂ (5.6.15)

When lk -k |—0, (5.6.8-9) can be approximated as

1 d

Ti(k,) = ——2- a I‘,f,(ks) (5.6.16)
X
1 d
T:l (kx )= _2'k—[—ks E—rz (ks )+r:x (ks )] (5.6.17)
s s
where
d

Tik,) = -15-2—[k, (x, cosk, x, —x,,_jcOsk, X, _1)—(sink, x,, —sink, x,,_1)](5.6.18)

X

dk,

d 1 . .
dk—[’,‘,’(kx )= jk—i- [k, (—x, sink, x,, +x,,_;sink, x, _;)—
X

X

(cosk, x,, —cosk, x, _;)] (5.6.19)

Now express the spectral integrations in cylindrical coordinates. Substituting
(5.6.1) into (5.6.10-13) gives

4
(2r)?

Yo =

far AL M)sma ) (5.6.20)
0

I P 5.621
Yon = s (I) RMWsR, ) (5.621)
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where
n
2
Sea) = [T }Asina)P,,, (Acosa)d o (5.6.22)
0

r
2

sR.A) = [T2Asine)Q,,, (Acosa)d o . (5.6.23)
0

Integration around singularity points of the integrand needs special treatment. As
mentioned before, integration through surface wave poles is avoided because of the
lossy superstrate. Integration through branch point singularities must be carried out
analytically. All the branch points are contained in ¥ (A) and Wz (A). Rewrite
(4.3.15) and (4.3.16)

¥, (A) = ¥, W)+, AP (L) (5.6.24)
ky 2 ks 2
YrA) = (-k—) Y, (A+Y, 0»)+(k—) Y. D) (5.6.25)
where
N3I(Z=O)
Y,A) = —— 5.6.26
) JouspsD, ( )
¥, (\) = N5 (z=0) (5.6.27)
b N J'O)FlzpsDxDz o
1
Y.(A) = = 5.6.28
@ JOULD 4 ( )

From (2.5.2.11-12) and (4.3.17)
N3, (z2=0) = [(€,p +€2p | )(Exp 3+E3D 7)+(81p2—€qp1)(e;p3—83p2)e'2”"]
+ [P 7+€2P (EP € DHEP €0 NED3HEW e F¥1e ¥ (5.6.29)

N4,(2=0) = 4p Je % ((e313—€au (U 0o (1+e ¥ Yrup (1-e %7)]
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(6,0 o(1+e %% yre,p | (1-e 2 ¥ ) +4(egu =11 Jestize ¥ ¥ p2) (5.6.30)

It can be seen that ¥, contains the singularity p;=0 , ¥, has singularity p,=0, and
¥, does not have a branch point singularity because the factor p# in N4, cancels the

p3 in the denominator. The branch points can be written as
P3=0 = A3 =k; (5.6.31)
Pa=0 - hy=ky. (5.6.32)
If k5 and k, are real, the branch points A; and A4 will be on the integration path.

The integration through them must be carried out analytically. The procedure is out-
lined below. Select a small 7y such that

Yy<k and Yy« 1 ; i=3,4 (5.6.33)

The semi-infinite integral can be split into three parts and one of them can be

evaluated analytically.

k=Y

_ T M ki +YN Y +2Yk; :
() + | )—+f(k)In( ) ; i=34 (5.6.34)
'([ k.-'['r pi ki—pNP=21k;

Semi-adaptive integration subprograms, based on extended Simpson’s rule and Rom-

berg integration [ 55 ], are used in numerical integration of matrix elements.

After the calculation of the matrix elements, the matrix equation (5.5.12) is solved
to obtain magnetic current in slot. Then the aperture tangential electric field can be

obtained via (4.2.2)

E,(xy)=M;(x.y) (5.6.35)
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The voltage across a slot is obtained by integration of aperture electric field
w
V) = [E,(x.y)dy (5.6.36)
-w
Substituting (5.6.35-36) into (5.5.1) then gives

V(x=0) = ay | ————dy = Tway (5.6.37)
™ \/ 1~y

The input impedance of a slot depends on the location of the current source in the
slot. In this dissertation, a current source is centered in a slot. The input impedance of

a slot is defined as

Twa
Z, = V(x,:O) S ,N (5.6.38)




CHAPTER SIX
SCATTERED FIELD

The induced electric current on an imaged monopole and induced equivalent mag-
netic current in a slot are obtained by solving matrix equations (5.2.9) and (5.5.12). In
this chapter, the scattered electromagnetic fields, radar cross section, and radiation pat-

tern are determined.

6.1. Scattered Field for a Monopole

Once the monopole current has been obtained, the field scattered into region 1
may be determined by using equations (2.6.1.13-14). The term V,(A) given by
(2.6.1.6) is common to both expressions. Substituting (5.2.1) into (2.6.1.6) gives

- N  Tdind coshpy(d+z”)
VM=3e [ — EALE NS 6.1.1)
n=1 -d+(n-1)aJ WE3 P3

Carrying out the integration in (6.1.1) analytically leads to

V,(A) = E-—s—nz_:la,,coshpﬁ,, sinhp;;—?— . (6.1.2)

Substituting (6.1.2) into (2.6.1.13-14) gives

N g COShP 3611 Si‘nhp3 2

Elz = Ean

g 2700 X0 e Py (M)Jg(lp)—dl (6.1.3)
n=1

p}

N =coshpsd, smhp32 .
1

E,= Y a,
0 E’l { 2nj wes X(A)

J (Aa)l,(kp)—dx (6.1.4)
3

It is important to understand the asymptotic behavior of the integrands in (6.1.3-
4). To write the integrands in terms of exponentials, use

A

coshp 39, smhp3— = z-e" ’5' 2[l-l-e'z"”a‘][I—e-%?] (6.1.5)

119



120

_ 1 pd pu)B1 . 2y “2py ~2pd ~2pat
XM = ree {83[1 +e ]+82p [l+e 27 [1-e %] +

P e (1o %7 ) 4 DLy (14727 (6.1.6)
(%120) P3
to give
N o ‘Ps(d-su-A) ot —pie—t)
Ey, = Ya,[HMe P P20y (M)Jo(lp)—dl (6.1.7)
n=l 0 P3
N o —pyd-8,-2) A2
Eip= 3a, [HMe PR e"“‘e—”‘("’).lo(la).ll(lp)pl—zdl (6.1.8)
n=1 0 P3
where

25,8
HO) = (l4e ¥ [1e 2’{2—[ 2oy iy EP2 - 021 o2
3

-1
[1-e %%] + ;’; (1—e % [1-e%"] + p‘[1+e'2”"’][1+e'2’=‘]} (6.1.9)
2 3

Since each term in brackets in (6.1.9) converges to unity as A—o , the asymp-

totic form of H (A) is

-1
£ £

HOy ~{-L ¢ 2P2 5P  Pil o onstant . (6.1.10)
€3 &p3 &py; Pp3

Thus, the decay of the integrands of (6.1.7) and (6.1.8) is controlled by the exponential
terms. It is seen that the integrand has the slowest decay when n=N and z=t, causing
two of the exponential terms to drop out. Then, the integrand behaves asymptotically

as
Joa ) o(Ap)

~Ae?? . (6.1.11)
Jo(ha)J 1(Ap)
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Since Re{p,}>0 ,(2.3.17), there is always an exponential decay factor, and the

integrals will converge.

Even though the integrals converge, they are still difficult to calculate numeri-

cally. This is due to the oscillatory behavior of both the exponential term and the

Bessel functions in (6.1.11) at large A. Care must be taken to integrate over complete

periods of the Bessel function.

6.2 Far Field Calculation

From (6.1.3-4), the scattered electric field in region 1 can be written as

N = s A3
Ey, = Ya,[H,Me™"Jo(Ap)—d L
n=l 0 P3

piM?
Za jH Me?J (xp)—dx
=1

where

4

H (l) - [1+e ‘2P35.] [l‘e_ jzlewj(d-s'-%)e‘l’ﬁem‘l O\a)
" D(x) P3 0

_ (& 221, 81P2 . 2pud “2py
D) ={—I1 1+ +——[1+¢ 1- +
( { &Z[ -e [1+e 77] 3[ 1[1-e 1

DL e e ¢ 1 P 1 2 14 )
€3P) P3

= (n—%)A

h
A’N

ki = Vel ; ky = aVe,

z € (1,9); pe (000)

(6.2.1)

6.2.2)

6.2.3)

6.2.4)

6.2.5)

(6.2..6)

6.2.7)
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a, — current expansion coef ficients
N — number of basis functions

These fields can be calculated either exactly, through direct numerical integration, or
approximately, using the stationary phase method. Both approaches are outlined

below.

6.2.1 Numerical Integration Along the Real Axis

For a lossy superstrate, €, and/or p, can be complex. Because of this the zeros
of D(A) are all complex numbers. In other words, the poles of the integrands of
(6.2.1) and (6.2.2) are all off the real axis. Therefore, direct numerical integration can
be used to compute the scattered far field. A real axis integration technique has the
advantage of a wide range of validity in medium, frequency, and spatial parameters.
The major limitation is computation time [ 36 ].

In the far field and radiation pattern calculations, the spatial parameters z and p
have a very big dynamic range. Terms like e ®™), Jo(Ap), and J,(Ap) oscillate
rapidly with large z and p. Highly oscillatory integrands make accurate and rapidly
convergent numerical integration difficult to achieve.

The oscillations of the integrands of (6.2.1) and (6.2.2) in the interval A € [0,k,]
are due to the terms e ?'“™) | J (Ap), and J,(Ap). The oscillation of e P~ as a
function of A becomes more rapid near the branch point A = k;. Integration of these
oscillatory functions is further complicated by the peak behavior of the integrands near
the branch point. To make the densely packed oscillations more evenly spaced and to
remove the peak behavior of the integrands at the branch point, the nonlinear

transform [ 36 ]

A=k;sind Qe [0,%] (6.2.1.1)
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is used over the interval A € [0,k,]. Then let

k, 3
Ly = | Hn(x)e‘P"JO(m)de
0 P3

H,, (k sin@)e %120 (k . psinB)(k ;sinB)3d 0 (6.2.1.2)

O'— N |A

and

1 ¥ -piz piA’
L) = [H,Me™"J (Ap)——d )
0 ]

H,, (k ,sinB)e *1?®*®J  (k ,psin®)(k ,sin6)%k ;cos6d 0 (6.2.1.3)

Ot— N |A

After the transform, the branch point is removed and the integrands in (6.2.1.2-3) have

an almost evenly distributed oscillation, and both approach zero at 6 = %

A similar transform
A=kisecd 0 e [0,cos'l(%)] (6.2.1.4)

may be used in the interval A € [k;,2k;] to even out the oscillation and remove the
peak behavior of integrands at the branch point A = k,. Then
2%, 23

12 = [H,Me™"JoAp)—d)
) k, P3

cos“(—;-)
= [ H,(kysecBle ™ ""J ok psecO)(k secB)’sec’0d 0 (6.2.1.5)
0

and

it p 112
I = kj H,,(X)e""’ll(kp)?dl
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a1l
cos (2)

= j H,,(klsece)e—k‘m"ej 1(k1psecB)(k ;secB)’tanbd (6.2.1.6)
0

In the interval A € [2k,,0), the exponentially decaying term e ¥ makes the

numerical integration rapidly convergent, so no special transform is needed. Let

= 3
I3 = [H, (x)e‘P"Jo(xp);‘—dx (6.2.1.7)
2%, 3

- -z 1717~2
1} = [H,M)e™?"J,(Ap)——d) (6.2.1.8)
2k, P3

Romberg integration is performed between the zeros of Jy(Ap) and J,(Ap) and the

results of subsections are summed up to get I}, 1,2, I.]

np» and 1,,2p. A transform A = -;—

is used to convert (6.2.1.7-8) into proper integrals and then the Romberg method is
used [ 54 ]. The final results for the electric field are

N

E,, = Ya,ll +12+]3] (6.2.1.9)
n=1
N

Ep= Y a,ll+.5+13) (6.2.1.10)
=1

Real axis integration can calculate both the near field and far field. But it is quite
time-consuming. This method can be used to compute the scattered field at a specific
point or to calibrate the results from more efficient approximate methods. It is not

suited for radiation pattern calculation.

6.2.2 Stationary Phase Method

In order to calculate the far field more efficiently, some kind of asymptotic tech-
nique must be used. In this report, a simple and efficient stationary phase method ori-
ginally proposed by Chew [ 38 ] has been used.
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First the following generic integral is considered
I= [g(aMdhr (6.2.2.1)

where o is a large parameter. If g (a,A) becomes rapidly oscillating when a is large,
and if there exists a stationary phase point of g(ct,A) , a leading-order approximation
can be obtained by the method of stationary phase. Several major steps of the method
are highlighted.

The first step is to factor the integrand g (a,A) into a slowly varying part f (A) and

a rapidly varying part p (ct,A).
I = [fMp@l)di. (6.2.2.2)
0

Assume p (a,A) to be of the generic form
p(A) ~ %D g o0 (6.2.2.3)
The key in the factorization is to have a function p(a,A) that can be integrated in
closed form.
The second step is to find the stationary phase point A, of p (at,A), defined by

as(A) _
S, =0 (6.2.2.4)

Most contribution to the integral in (6.2.2.2) will come from the vicinity of the station-
ary phase point A = A;. A leading-order asymptotic approximation to (4.6.2.1) can be

written as

I-fQ) [p@MdL a—e. (6.2.2.5)

The Sommerfeld identity [ 6 ][ 60 ] is needed in the stationary phase method.

e

r

[Tohp)e? "'%dl (6.2.2.6)
0
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where
p = V242

The physical interpretation of the Sommerfeld identity is that the spherical wave is

expressed in terms of cylindrical waves.

Now, let

it 3
o = an(x)e‘P"Jo(xp)de
0 Ps3

= IIH 0»)—][ "’"Jo(xp)%]dx. (6.2.2.7)

The term in the first bracket is slowly varying and the one in the second bracket is

rapidly varying. The next step is to find the stationary phase point.

Express the Bessel functions in terms of Hankel functions [ 53 ]
J.0w) = STHDOPHHD0)] (62.2.8)

Then (6.2.2.7) can be rewritten as

I, = %I MWH D Ap)+H § (Ap)le P pidx
0

1

= [FuWHP o) dh (6229)

where

p 17~2
fraM) =H, (l)? (6.2.2.10)

Here the fact that f,, (L) is an even function of A and the following identity have been

used [ 53 ]:

HM(x) = —e™""H P (xe ™)
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Note that

LS

5 -i(x- )
HP(x) ~'\/ %e 2 4 g5 lxloee (6.2.2.11)

then

-i(»—%)

HP A\p)e?? ~e? l"\/ nlipe as Ap—reo (6.2.2.12)

The stationary phase point is given by
d . _
3}1—[—@12 +iAp)] =0. (6.2.2.13)

The solution to (6.2.2.13) is

pky
N=—""

— = k;sin@ (6.2.2.14)
%+p?)?

where
0= sin‘l[—Ll] .
(2%4p?)?

The first order approximation to (6.2.2.7) can then be written using (6.2.2.6) as

2 o0
I,=H, (xo)p lay j e‘P"JO(Xp)idx
P3 P
pird e~thr
= H,(Ap) (6.2.2.15)
pP3 r
So the far field asymptotic approximation of E;, becomes
N e-jklf
Ep = X fre(o)— (6.2.2.16)
n=1

where r = ‘Jp2+z 2, The asymptotic approximation of E 1p €an be obtained in a similar
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way.
—_[k,r
Ea,.f,.,(lo) (6.2.2.17)
where
J1(Ap)
\) =H, x— ! 6.2.2.18
A =H,(A) s To0p) ( )

Equations (6.2.2.17) and (6.2.2.18) can be used to compute the scattered far field or to

get the radiation pattern.

The radar cross section is defined as

RCS (8.4) = 4nr2lim | ;‘3 ((?) 2 (6.2.8)

For a monopole illuminated by a TM plane wave, using (6.2.2.16-17), (3.1.1), and

(6.2.8), the radar cross section can be expressed as

RCS(8,0) = OH v [(): S s (Ao))’+():,a,.f,.,ao»21 (6.2.9)
1x n=1
where
E{
Mo = 'ﬁ?' = 120m(Q) (6.2.10)

1

is the intrinsic impedance of free space.

6.3 Scattered Field for a Slot

After the magnetic current in the slot is obtained by solving the matrix equation
(5.5.12), the scattered magnetic field can be computed from (2.6.2.1), (2.6.2.11-13),
and (2.6.2.20-22).

Hi,(r) = [ [ g2 M5, ()dx'dy’ 5 a=xy.z (6.3.1)

slot



129

where

g2 (r) = [ [z (rk)e/*Td% (6.3.2)

@2n )2

and 1>, §,x", and §,1” are given in (2.6.2.20-22).

Substituting (5.5.1) into (6.3.1) gives

Xy

H,(r) = za [[jdx jdy g3 riryw (y )] (6.3.3)
where
W)= ————  y e [-w,w] 6.3.4)
\/ 1Ly
w
x, = (==1)!
N (6.3.5)
Xp-1 = ( N -l
Now, define
g3 k) = S, (ke 7k (6.3.6)

Substituting (6.3.6) and (6.3.2) into (6.3.3) and carrying out the two spatial integrations
analytically lead to

S o/ ax+hy—k lz1)
Hla(r)=’§ o | _L P2 (k) 3 dk,dk, ; z>0 (6.3.7)
where
Py = Jjk, (6.3.8)
Pi(k) = 84 (KT (ky )T o (ke =P 1) (63.9)

T, = nwd ok, w) (6.3.10)
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rs = j‘T‘(e'f"r‘~-e“f""‘--*) 6.3.11)
X
Next, define
N = NeP*¥ (6.3.12)

where N can be N, N9 ,N,,, N4, defined in (2.5.2.4), (2.5.2.10), (2.6.2.28), and
(2.6.2.29). Substituting (6.3.6) into (2.6.2.20-22) gives

o d

P 1 2 .2 ﬁlx 2 le

5. = - [(k 2~k B~k ()] (6.3.13)
== Jopps L 20D, D, D,

5, = (e, N (6.3.14)
»” j(l)u3p3 x Dx DxDz o

5 L Uk (ﬁfo'k PETRPNLUTEN (6.3.15)
X = . X j +p onde

JWOU3P3 D, * ! D,D,

The integrals in (6.3.7) can be carried out numerically to obtain the scattered
magnetic field. But when the distance r=m becomes large, the integrand in
(6.3.7) becomes highly oscillatory. This makes accurate and efficient numerical
integration almost impossible. This is where asymptotic approximation comes in. A
stationary phase method is used to arrive at the first order approximation to the scat-
tered far field [ 6 ][ 38 ). The general procedure of this stationary phase method is

outlined in section 6.2.2.
The Weyl identity [ 60 ] makes the approximation of (6.3.7) possible. This iden-
tity is given by

™ Jhex+jkyy—jk 1z |
= .2_::_] [ dkdk, £ p (6.3.16)
—o0 Z

€ ~jkr

r
where

k2+k24+k,2=k? or k, =Nk*—k: -k, (6.3.17)
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To satisfy the radiation condition, the branch cut of k, is defined by

Im[k,]<0 and Re[k,]>0 (6.3.18)

The physical interpretation of (6.3.16) is that a spherical wave can be expressed as an
integral summation of plane waves propagating in all directions, including evanescent

waves.

From (6.2.2.3-4) the stationary phase point k;? is given as

kP = ZkPAPkP+ikP (6.3.19)

kP = k,% = k sinBcos (6.3.20)
P — kL = k.si

kP =k, . k 1sinBcos¢ (6.3.21)

kP = k,% = k,cos0 (6.3.22)

r =Vx*y24+z2; 0 € (0] ; ¢ € [027] . (6.3.23)

For r—oee, substituting (6.3.16) and (6.3.19-23) into (6.3.7) leads to the first order
approximation of scattered far field
-jk,r

N
H,, =2j% [ X8, PL™)]; a=xyz. (6.3.24)
n=1

The second term in brackets on the right hand side of equation (6.3.24) determines the
radiation pattern of a slot in tri-layered media.

The radar cross section is defined as

RCS(0.4) = 42 lim ,#;_((%p (6.3.25)



132

For a slot illuminated by a TM plane wave, using (6.3.24-25) and (3.1.1), the radar

cross section can be written as:

N 2
— (3 8, PLK?)+

1x n=1

RCS(6.9) =
n

2N - 2N -
(X 3, Py (k7 )*+( X a, Py, (kP))?] . (6.3.26)
n=1 n=1



CHAPTER SEVEN
NUMERICAL RESULTS

7.1 Numerical Results for a Monopole

FORTRAN programs have been written to implement the MoM solution for the
monopole current and the scattered field described in chapter 5 and 6. These programs
have been run on both IBM PC microcomputers and the Sun workstations of College
of Engineering. The programs are very efficient and it takes a few minutes to run a

case with twenty impedance matrix fillings on a fast 486 PC.

7.1.1 Comparison with Existing Numerical Results

To establish the validity of this analysis it is desirable to make a comparison with
previously published results. The simplest possible comparison is with a dipole in free
space, which is equivalent to an imaged monopole in free space. The input impedance
of a dipole in free space is twice that of an imaged monopole in free space. Free space
is the simplest special case of tri-layered media with both substrate and superstrate
having unit permittivity and permeability. Figure 7.1.1 compares the input impedance
of a dipole in free space obtain by the theory developed in the dissertation with that of
King’s book [ 4 ]. The two results are in good agreement.

Tesche [ 46 ] analyzed a dipole sandwiched between two perfectly conducting
parallel plates using a Pocklington-type integral equation, the kernel of which was
determined using an infinite image sequence. This situation can be handled by the

present analysis if the superstrate is allowed to become perfectly conducting.

Figure 7.1.2 shows the input impedance of a half-wavelength dipole oriented vert-

ically and centered between two conducting plates, as a function of the plate
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separation. The lossy layer is assumed to have a conductivity which gives
€, = (1-j1000)e, and thus is, for all practical purposes, perfectly conducting. Agree-
ment with Tesche’s results is seen to be good. The discrepancies may be due to

Tesche’s use of the less stable Pocklington-type integral equation.

Comparison have also been made with work done by Chi and Alexopoulos [45 ],
who has studied the radiation of an imaged monopole through a perfect dielectric sub-
strate. This case is handled by assuming the superstrate (region 2) to be nearly free
space. It has been found that to insure the proper convergence of the moment method
matrix entries, the lossy layer must have some small, non-zero conductivity. Best
agreement with [45 ] was obtained by using sinusoidal basis function detailed in [47].

Figures 7.2.3 and 7.2.4 show the input resistance and reactance of an imaged
monopole radiating through a perfect dielectric substrate, for two values of substrate
permittivity, as a function of antenna length. Agreement with [47] is seen to be quite

good for most antenna lengths.

7.1.2 Comparison with Experimental Results

The effect of resistive coverings on the backscattering from a monopole on a con-
ducting surface are studied experimentally by the Boeing Company, the sponsor of the
research project. This experimental work was performed as an aid in confirming the
analytical work presented in this dissertation. Backscatter measurements were made on
a vacuum kayak measurement platform. The experimental setup is shown in Figure
7.1.21. A monopole is short circuited to the aluminum surface of a kayak measure-

ment platform, which means that the load impedance is set to zero

Z, =0(Q).

A 0.23 inch thick foam support and three resistive coverings were used. The

foam is estimated to have near unit relative permittivity and permeability. Throughout
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the dissertation, a foam substrate is assumed to have unit relative permittivity and per-
meability. The three resistive sheets are believed to have constant surface resistances in
the frequency range from 8GHz to 18GHz. The resistance R and thickness ¢ of the

three resistive sheets are:

R =75u0) ; t =4.72(mil) = 0.120(mm ) (7.1.2.1)
R =250000) ; t = 1.58(mil) = 0.0401(mm ) (7.1.2.2)
R =500(v0) ; t =0.57(mil) = 0.0145(mm ) (7.1.2.3)

With the assumption that the resistance is independent of frequency, the complex
permittivity can be written as

1

m)ﬁo (7.1.24)

€ = (1-j

where f is the operation frequency and g is the free space permittivity.

The relative complex permeability of the resistive sheets is assumed to be one
My = Mg . (7.1.2.5)

Throughout the dissertation, air film, as the name implies, is a superstrate with
unit relative permittivity and permeability.

Theoretical prediction of radar cross section of a shorted monopole in tri-layered
media with foam substrate and four different superstrates versus frequency is compared
with experimental data in Figure 7.1.5. The relevant parameters are specified in the
plot. The complementary incident anglé ¢ is formed by the incident wave vector and
the ground plane. There is qualitative agreement between the experimental and theoret-
ical results. The biggest discrepancy is 3dB and occurs at the high frequency end. The
relevant parameters are marked in the figure.
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Radar cross section of a monopole versus complementary incident angle at two
operating frequencies is presented in Figure 7.1.6 and 7 respectively. The trend of the
theoretical data and experimental data are the same. The qualitative agreement between
numerical results and experimental ones in Figure 7.1.6 and 7 is not as good as that in

Figure 7.1.5.

Several factors can possibly cause the discrepancy between the theoretical result
and experimental one. The major factor is that the experimental sctﬁp is finite while
the theoretical model is of infinite extend. The contribution to the total radar cross
section from edge scattering can not be ignored. The assumption that the resistance is
independent of frequency and foam substrate has unit relative permittivity and permea-
bility may not hold in the frequency range from 8GHz to 18GHz. Accurate parameter
of the foam and resistive sheets are not available. In the measurement of radar cross
section versus frequency, both the antennas and the kayak platform are fixed in posi-
tion. In the measurement of radar cross section versus incident angle, the antennas are
stationary and the kayak platform is rotated. This can be the reason that the former

measurement is more stable and accurate than the later one.

7.1.3 Results for Lossy Superstrates

It is necessary to check the convergence of algorithms, at least numerically. Fig-
ure 7.1.8 shows the input impedance of a monopole in layered media versus number of
basis functions per wavelength. Two configurations are considered, one with an air
film superstrate and a foam substrate, the other with a resistive sheet of 250 ohm and a
PTFE substrate. The relevant parameters are clearly marked in the plot. The Figure
7.1.9 and Figure 7.1.10 show the radar cross section and received power versus the
number of basis functions per wavelength for the same two configurations. A load
impedance of 50 ohms is located at the center of the slot and a TM plane is illuminat-

ing the entire structure. The angle between the incident wave vector and the ground



137

plane is 20 degrees.

It is observed that the input impedance is quite sensitive to the number of basis
functions used and the radar cross section and received power are less sensitive to the
number of basis functions. In the analysis of monopoles, the density of basis functions

is in the range from 70 to 100 basis functions per wavelength.

In this section, the magnetic coating denotes a fictitious electrically and magneti-

cally lossy layer with the following parameters:

€, = (10-j0.5)eg ; My =(5—jdUg; t =4.72(mil) = 0.12(mm) . (7.1.3.1)

The next ten figures are for the following geometry. A monopole of length 0.216
inch and radius 0.0185 inch is immersed in a substrate of thickness 0.23 inch. The
substrate can be a foam substrate or a PTFE one. The monopole is loaded with a 50
ohm resistor. Five superstrates defined previously are used. The system is illuminated

by a TM plane wave with 20 degree complementary incident angle.

The input resistance and reactance of an imaged monopole in tri-layered media
with foam substrate and five different superstrates are presented in Figure 7.1.11 and
12 respectively. Figure 7.1.13 and 14 show the input resistance and reactance of an
imaged monopole in tri-layered media with four superstrates and a PTFE substrate.
Notice the down-shift of the peak resistance because the the monopole is electrically

longer in PTFE than in foam.

Figure 7.1.15 and 16 give the radar cross section and received power of an
imaged monopole in tri-layered media with a foam substrate and five different super-
strates respectively. The radar cross section and received power of the same monopole
in tri-layered media with a PTFE substrate and four different lossy superstrates are
shown in Figure 7.1.17 and 18 respectively. Tri-layered media with a foam substrate
and an air film is actually a half free space. The case of a monopole in layered media

with a foam substrate and an air film is used as a reference to determine the effects of
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lossy superstrate on the scattering and receiving characteristics of a monopole in tri-
layered media. Figure 7.1.15-18 demonstrate that the existence of a lossy superstrate
reduces both the received power and radar cross section of a monopole. But the reduc-

tion of radar cross section is more than that of received power.

E-plane (y-z plane) radiation pattern of a monopole in a foam substrate under five
different superstrates is presented in Figure 7.1.19 and E-plane pattern of the same

monopole in a PTFE substrate under four lossy superstrates is shown in Figure 7.1.20.

7.2. Numerical Results for a Slot

The numerical results for slots in tri-layered media based on the theory described

in the dissertation are presented in this section.

7.2.1. Comparison with Published Results

The most convincing way to validate theory and computer code is to compare
experimental results with theoretical ones. The Electromagnetic Laboratory at Michi-
gan State University does not have the capability to do radar cross section measure-

ment. The next best way is compare numerical results with published results.

The simplest case is a slot in free space. S.A. Long [ 32 ] did experimental study
of impedance of an open slot and a slot backed by different cavities. Figure 7.2.1 com-
pares the measured impedance of an open slot, which radiates freely into the upper and
lower half of the free space separated by a ground plane, with that generated by the
computer code. The slot has a total length of 25cm (21=25cm) and width of lcm
(2w=1cm). In the measurement, the ground plane is a quarter inch thick and eight

square foot.

To compare with Long’s experimental results, the parameters are set as such

€)=€;=€3=€4=Fp ; W17H2"H3=H4"Ho

21=25(cm) ; 2w=1(cm); d=1.5(mm); w=0.268(mm) (7.2.1.1)
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Figure 7.2.1 shows the input impedance of an open slot. The results from the
theory described in the dissertation show good agreement with that of Long. The
minor discrepancies are caused by the fact that in the dissertation the ground plane is
assumed to be infinite and infinitesimally thin while in Long’s experiment the ground

plane is finite and thick.

M. Kominami et al. [ 29 ] investigated printed dipole or slot antenna on a semi-
infinite substrate and infinite phased arrays of these elements. The results in [ 29 ] are
compared with the numerical results in the next two figures. Figure 7.2.2 gives the
input impedance of a slot on a PTFE ( €,=2.55, tan8=0.002; X —band ) semi-infinite
substrate. Figure 7.2.3 gives the input impedance of a slot on a semi-infinite GaAs
substrate ( €,=12.8, tand=0.002; X —-band ).

The rest of parameters are set as

€1=€,=€3=F9 , £4=(2.55-j0.0051)¢y (PTFE) or (12.8-j0.0256)¢y (GaAs)
Hi=H=Ha=Ha=Hg ; w/l=0.02 (7.2.1.2)

The numerical results agree with Kominami’s published results very well.

7.2.2 Results for Lossy Superstrates

This section contains the numerical results of a slot in tri-layered media with
different superstrates and substrates. Terms of interests are input impedance, radar

cross section, received power, and radiation pattern.

Three kinds of superstrates are used. The first superstrate, denoted as air film, is a
vacuum layer with permittivity €,=¢, , permeability p,=p,, and thickness t=0.12mm.
The second superstrate, denoted as resistive cover, is an electrically lossy sheet with
resistance R =75(Y/(J), permeability p,=pg, and thickness t=0.12mm. The third super-
strate, denoted as magnetic coating, is a fictitious electrically and magnetically lossy

coating with permittivity €,=(10—;0.5),, permeability W,=(5—j4)yy, and thickness
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t=0.12mm.

The resistance of the resistive cover is assumed to be constant in the frequency
range of interest and the real part of relative complex permittivity is assumed to be

one. This assumption makes the relative permittivity a function of frequency, which is

written as
1
G = = (7.2.2.1)
€, = €of l—j—w%) (7.2.22)

In the frequency range of interest, the imaginary part of €,/€; is in the order of one
hundred while the real part is in the order of one. So the above assumption is a good
approximation.

Three substrates are used. The first is a foam substrate with permittivity €,=¢; and
permeability ps;=p, The second is a reinforced PTFE substrate with permittivity
€3=(2.20—;0.00198)€, and permeability p3=},. The third is a GaAs substrate with per-
mittivity €3=(12.9-;0.0258)e, and permeability M;=p,. The last two are commonly
used substrates in microwave and millimeter-wave frequency range [ 18 ]. Another
way to present complex relative permittivity is to use dielectric constant €, and loss

tangent tand

€ = €,€g(1-jtand) (7.2.2.3)

Figure 7.2.4 gives the input impedance of a slot in tri-layered media with an air
film superstrate and a foam substrate. Figure 7.2.5 shows the input impedance of a slot
in tri-layered media with a magnetic coating and a foam substrate and Figure 7.2.6
gives the input impedance of a slot in tri-layered media with a resistive sheet super-
strate and a foam substrate. The parameters for the above three figures are set to be

€1=63=%4~€p ; M1=H37He"Ho

£=0.12(mm), d=1.5(mm), 1=5.26(mm ), w=0.268(mm ) * (7.2.2.4)
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The length of the slot is chosen such that at 14GHz, the length of the slot equals to a

quarter of free space wavelength.

Figure 7.2.7 shows the input impedance of a slot in tri-layered media with a resis-
tive sheet superstrate and a PTFE substrate. The relevant parameters are
€1=€3=€4=€0, ; H1=H=H3=H4=Ho
€,=(2.20—;0.00198)¢, . (7.2.2.5)
t=0.12(mm), d=1.5(mm), 1=5.26(mm ), w=0.268(mm )
Figure 7.2.8 gives the input impedance of a slot in tri-layered media with a resistive
sheet superstrate and a GaAs substrate. The relevant parameters are
€1=€3=€4=€ 0, ; W =H=H3=H4=Wy
€,=(12.9-;0.0258)¢, (7.2.2.6)
t=0.12(mm), d=1.5(mm), 1=5.26(mm ), w=0.268(mm )
Throughout this section, a load impedance Z; is placed at the center of the slot

and the slot is illuminated by a TM plane wave (E,, E,, H,) with an incident angle 6,

ZL = 500 Q
8, = 60° (7.2.2.7)

The radar cross section and received power of a slot in tri-layered media with a
foam substrate and different superstrates, namely air film, resistive sheet, and magnetic
coating, are given in Figure 7.2.9 and 10 respectively. It can be seen from Figure
7.2.9 and 10 that with a resistive sheet or a magnetic coating, the reduction of radar
cross section is more than the reduction of received power. The case of a slot in tri-
layered media with an air film and a foam substrate is used as reference. For example,
at 14GHz the reduction of the radar cross section is 6.79dB for the case of a resistive
sheet and 4.88dB for the case of a magnetic coating. At the same frequency, the reduc-
tion of the received power is 4.53dB for the case of a resistive sheet and 2.57dB for

the case of a magnetic coating.
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The radar cross section and received power of a slot in tri-layered media with a
resistive sheet and different substrates, namely foam, PTFE, GaAs, are presented in
Figure 7.2.11 and 12 respectively. The relevant parameters are given in (7.2.2.6-7).
An observation can be made from Figure 7.2.11 and 12. The higher the dielectric con-
stant of the substrate, the more the reduction of both radar cross section and received
power. In other words, a substrate with high dielectric constant will decrease the radia-

tion capability of a slot.

The E-plane (y-z plane) radiation patterns of a slot in layered media with a foam
substrate and different superstrate are presented in Figure 7.2.13. Figure 7.2.14 shows
the H-plane (x-z plane) radiation pattern. Figure 7.2.15 and 16 present the radiation
pattern of a slot in tri-layered media with a resistive sheet and three different substrates
in E-plane and H-plane respectively. For all the radiation patterns, the operating fre-
quency is 14GHz. There are significant changes of E-plane pattern for various super-
strates and substrates. The change of superstrate and substrate does not alter the H-

plane pattern very much.
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CHAPTER EIGHT
CONCLUSIONS

The scattering and receiving characteristics of imaged monopoles and slots in tri-
layered media have been investigated in this dissertation. Emphasis is placed on the
effects of lossy superstrates on the scattering and receiving characteristics. Basic elec-
tromagnetic parameters of monopoles and slots, such as input impedance, radiation pat-
tern, radar cross section, and received power, have been studied by the full-wave
integral equation approach.

Electric and magnetic Hertzian potentials have been used to facilitate the deriva-
tion of electric and magnetic dyadic Green’s functions in tri-layered media. The dyadic
Green’s functions for electric Hertzian potential, magnetic Hertzian potential, electric
field, and magnetic field in tri-layered media have been derived and expressed in terms
of Sommerfeld integrals. An electric field integral equation (EFIE) and a magnetic
field integral equation (MFIE) are converted to Hallen-type integral equations (HTIE)
and the HTIEs are solved by the method of moments to obtain unknown electric and

equivalent magnetic currents.

The existence of a lossy superstrate shifts all the surface wave poles of Sommer-
feld integrals off the real axis of the complex A-plane. This fact makes it possible to
evaluate the impedance and admittance matrix entries via real axis spectral integration.
The stationary phase method is used to compute the scattered far field.

Two representative antennas, an imaged vertical monopole and a narrow rectangu-
lar slot, in tri-layered media have been investigated numerically. The results are com-
pared with published data whenever possible. In the case of a monopole shorted to the
ground plane in tri-layered media, theoretical results are compared with experimental

ones. The numerical results demonstrate that, for an antenna in tri-layered media with
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a lossy superstrate, the reduction in radar cross section is greater than the reduction in
received power. The theory developed in this research can aid in the design of anten-

nas with good transmitting and receiving capabilities and low radar cross sections.

In the case of a slot in tri-layered media, it is a very demanding computational
task to fill the admittance matrix. Further research is needed to find efficient and robust

analytical and numerical techniques for the evaluation of admittance matrix elements.

In most applications, another ground plane or a cavity is placed under the slot to
make it unidirectional and to provide more practical feeding mechanisms. The current
theory can be extended to analyze a cavity backed or microstrip fed slot. The kemel of
the integral equation for such an antenna system will be even more complicated. The

challenge is find efficient matrix filling methods to keep the computer cost in check.
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