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ABSTRACT

FLOER HOMOLOGY
FOR CONNECTED SUMS
OF HOMOLOGY 3-SPHERES

By

Weiping Li

Supervising Professor: Ronald Fintushel

In this thesis, we try to understand a Mayer-Vietoris principle for Floer homology.
Floer homology is defined from a chain complex whose chain groups are roughly gen-
erated from the SU(2)-irreducible representations. And boundary maps depend on the
1-dimensional moduli space of self-dual connections on the (homology 3-sphere)xR. For
Floer homology on connected sums, it relies on understanding the gluing procedure on
noncompact 4-manifolds with almost-harmonic 2-forms in the gluing region. A particu-
lar gluing data and analysis are introduced. The splitting and perturbation effected on
1-dimensional moduli spaces are also considered.

Using this gluing result and the much simpler calculation of the spectral flow of the
Chern-Simons Hessian for the connected sums we are able to calculate Floer homology in

several examples.
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Chapter 1

Introduction

Floer homology is a mod 8-graded homology theory for homology three spheres which
relates Donaldson’s polynomial invariants in the relative and absolute cases via a Mayer-
Vietoris principle. It is defined from a chain complex whose chain groups are (roughly)
built from the SU(2)-representations of the fundamental group of the homology sphere.
These can often be straightforward to compute. (They rely “only” on linear analysis.)
The boundary operators, however, depend on nonlinear analysis, namely, the structure of
the 1-dimensional moduli space of self-dual connections on the (homology sphere)xR.
The first calculations of Floer homology were carried out by R.Fintushel and R.Stern
who computed Floer homology for Brieskorn homology spheres and outlined a program for
their calculation for all Seifert fibered homology spheres. A natural question is to ask about
the Floer homology of a connected sum of homology 3-spheres Yy and Y;. The difficult
point is understanding the structure of the 1-dimensional moduli space of anti-self-dual
connections on the tube (Yo#Y;) X R. This relies on understanding the (Taubes) gluing
procedure on noncompact 4-manifolds with almost-harmonic 2-forms in the gluing region.
Each connection in a connected component of a moduli space M}Yo #Y‘)xk(a#ﬂ, a'#5")
must limit asymptotically to flat SU(2)-connections on Yo#Y; which in turn correspond
to representations such as a#( where a is an SU(2)-representation of x1(Yp) and 8 of

x1(Y1). We have proved:

Theorem 1.0.1 : For appropriate metrics on (Yo#Y1) X R, any 1-dimensional anti-self-



dual moduli space takes the form MzYo#Y,)xR(a#ﬂ’ o'#B) (or (a#B,a#5")).

In other words, given a anti-self-dual connection A in M},oxn(a, a') and a flat connection
B € M‘,’,‘ xR(B:B) (constant in t), they can be grafted together to produce a self-dual
connection on (Yp#Y;)XR. Furthermore, each 1-dimensional moduli space on (Yo#Y;)XR
arises via this construction (perhaps with the role of Y, and Y; reversed).

Using this theorem and the (much simpler) calculation of the spectral flow of the
Chern-Simons Hessian for the connected sum we are able to calculate Floer homology in

several examples.

Theorem 1.0.2 1. For the connected sum of Poincaré 3-sphere with itself, the Floer
homology is

HFy=202;,, HF, =2, HF, =2, HF3=2012
HFy=2,®2;, HFs=0, HFg=0, HF, =20 2

2. For £(2,3,7)#X(2,3,7)

HFy=2,0%2;,, HF\, =0, HF; =0, HF3=20 202

HFy=2,®2;, HFs=0, HFg=0, HF; =202 2
3. For £(2,3,5)#2(2,3,7)

HFy=2, HRHh=2®02®2Z, HF;,=2:02Z;, HF3=0

HF, =2, HFs =20 20 Z, HFs=2,®2Z;, HF; =0

At one time it was conjectured that the Floer homology was actually mod 4 rather
than mod 8 graded. Example 1 above shows that this conjecture is false.



Chapter 2

Floer homology of homology
3-spheres

2.1 Floer homology

In this subsection, we will give a brief description of gauge theory on 3-manifolds and

review the definition of Floer homology. For more see [4], [10], [12], and [15].

Let Y be a homology 3-sphere, i.e. an oriented closed 3-dimensional smooth manifold
with H(Y,Z) = 0, and let P — Y be a smooth principal SU(2)-bundle. (Since cz(P) = 0,
this bundle is trivial.) Fix a trivialization Y x SU(2) of P and let 8 be the associated
trivial connection. Denote the Sobolev L}, space of connections on P by A(P). It has a
natural affine structure with underlying vector space Q!(Y, ad P) where adP is the adjoint
bundle. A(P) is acted upon by the gauge group of bundle automorphisms of P which can
be identified with G = Aut(P) = L} ,(Q°(Y,adP)). Here we need k + 1 > % 8o that we
can form the quotient space of gauge equivalence classes B(P) = A(P)/G. The irreducible
connections (those for which the stabilizer of the action of ¢ is Z;) form an open and
dense subspace B*(P) of B(P). The space B*(P) has the structure of a Banach manifold
with

T,B*(P) = {a € LY(Q'(Y,adP))| dia =0}

where &2 is the L2-adjoint of d, (covariant derivative on sections of adP) with respect to



some metricon Y.

The Chern-Simons functional cs : A(P) — R is defined as

1 2
cs(a) = ijytr(al\da+ §aAaAa).
It satisfies cs(g - a) = cs(a) + 2xdeg(g) for gauge transformations g : Y — SU(2). Thus

cs is well-defined on B(P) = A(P)/{g € G : deg(g) = 0} and it descends to a function
cs:B(P)— R/2x2
which plays the role of a Morse function in defining Floer homology. Its differential is

des(a)(a) = /Y tr(Fy A a),

and so its critical set consists of the flat connections R(B(P)) = {a € B(P)| F, =
0}. (Here F, is the curvature 2-form on Y.) It is well-known that R(B(P)) is in 1-1
correspondence with R(Y) = Hom(xy(Y),SU(2))/adSU(2), the SU(2)-representations
of 7;(Y) mod conjugacy. Given any metric on Y, the Hodge star operator applied to
the curvature F, gives a vector field f(a) = «F, € L{(Q!(Y,adP)) . In fact because
f(g-a) =g-f(a)-g~, f(a) is a section of the bundle with fiber T,B*(P). A representation
a € R(Y) is called nondegenerate if the twisted cohomology H!(Y;ada) = 0. This is the
same as requiring that kerdf(a) = kerxd, = 0 where xd, is the Hessian of the Chern-

Simons functional.

Note that a 1-parameter family {a(t)] t € R} of connections on P gives rise to
a connection A with vanishing t-component on the trivial SU(2) bundle over Y x R.
Floer’s crucial observation is that trajectories of the vector field f, i.e. the flow lines of
%% + f(a(t)) = 0 or §2 = xF(a(t)), can be identified with instantons A on Y x R and
Alyx{s) = a(t). A trajectory flow “connects” two flat connections on Y if and only if the
Yang-Mills energy of the trajectory (as a connection on Y x R with trivial component
in the R direction) is finite. One needs that all zeros of f are nondegenerate and that
their stable and unstable manifolds intersect transversally in smooth finite dimensional
manifolds. Floer has shown that one can perturb the Chern-Simons functional to make

the trajectory flow “Morse-Smale” type (see [15] Lemma 2c.1, Proposition 2c.1 and 2c.2
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). These perturbations are based on Wilson loop functions. For the rest of this paper,
we assume that the Chern-Simon functional has been so perturbed. Then all irreducible
representations are isolated and nondegenerate. Since R(Y) is compact, it is then also

finite.

Fix a Riemannian metric on Y. For any connection a in the trivial real 3-plane bundle

over Y, define the elliptic operator
D, : (2! @ Q°)(Y,adSU(2)) — (! & Q°)(Y,adSU(2))

by Dq(a,B) = (*xdsa — d,3,—d*a). For a nondegenerate representation a € R(Y) the
Floer grading p(a) € Zg is defined to be the spectral flow SF(a,0) of the family of
operators D,, with the asymptotic values lim;,_.,a; = a, and lim;,, a; = ay, the
element of R(B(P)) corresponding to a. (We also denote a, by a.) The grading u(a)
is well-defined mod 8 on B(P) independent of the choice of path a,;. Define the weighted
Sobolev space Lf' s on sections £ of a bundle over Y X R to be the L} Sobolev space of es-§
where es(y,t) = €’ltl for |t| > 1. For § sufficiently small (we will be more precise in §3)
and any SU(2) connection A on trivial bundle over Y x R, the anti-self-duality operator

dodl: L}, (Q(Y x R,adP)) — L} ;(2° ® Q3 )(Y x R,adP))
is Fredholm. We say that A is regular if d% & d} is surjective. In terms of the complex:
+
L2, 5(2°(Y x R,adP)) 2 2 (QY(Y x R,adP)) 2% L}_, (QL(Y x R,adP))

A is regular means that H = 0 (irreducible) and H% = 0 (generic). For a nondegenerate
critical point a of cs, the spectral flow is SF(a,0) = Indez(d% & df)(a,8), the Atiyah-
Patodi-Singer index of the anti-self-duality operator over Y x R. So

p(a) = Indez(dy & d¥)(a,0) mod 8
where A is any family of connections {a(t)} € B(P) over Y with a(+00) = 8,a(—00) = a,
(see [15] or [12]). Floer’s chain group C;(Y) is defined to be the free module generated by

irreducible flat connections a with u(a) = j mod8.

Note: Changing the orientation of Y switches the sign of c¢s and hence the spectrum of

the Hessian reverses, so —p_y(a) = 3—(—py(a)) mod 8. Le. y_y(a) = 5—py(a) mod 8.



Define My,r to be the moduli space of anti-self-dual connections on Y x R and
let M(a,3) be the subspace of those A such that lim;,_o A = a, lim¢_ 400 4 = 0 for
fixed flat connections a and 3. It is a smooth canonically oriented manifold which has
dimension congruent to p(a) — u(8) (mod 8). The moduli space M(a,B) has finitely
many connected components each of which admits a proper, free R-action arising from
translations in Y x R. If p(a) — u(B) = 1 (mod 8), let M!(a,B) be the union of 1-
dimensional components of M(a, 3). Further perturbations make all the M!(a, ) regular.
Then M!(a,3)/R will be a compact oriented 0-manifold, i.e. it is a finite set of signed
points. The differential 8 : C; — C;_, of Floer’s chain complex is defined by

Oa = Z #M(a’ﬂ)ﬂ

BEeC;_y

where M(a, ) = M!(a, 8)/R and #M(a, ) is the algebraic number of points. The sign
in this formula can be counted by transporting the orientation on the normal bundle of
the unstable manifold of a along the trajectory flow into the stable manifold of 8. If this
agrees with the natural orientation on the stable manifold of 3, the trajectory gets the sign
+1, otherwise —1. Floer has shown that 82 = 0 . Hence {C},8} ez, is a chain complex
graded by Zg. The homology of this complex is Floer homology, denoted by H F;. Floer

has shown that it is independent of the choice of metric on Y and of perturbations (see

(4], [10], [13]).

The connected sum Y = Yp#Y; of two homology 3-spheres is again a homology 3-
sphere. Its fundamental group =;(Yo#Y;) is the free product of x,(Yp) and 7, (Y;). There
are four types of SU(2) representations of 7, (Yo#Y;):

(1) 0 = Go#6,, (2) Oo#ar, (3)ao#b:, (4)ac#x

where the a; are irreducible representations of x,(Y;) and 6; is the trivial representation
of 71(Y;),i = 0,1. These four types of representations correspond to equivalence classes
of flat connections glued together by the clutching map which forms the trivial SU(2)
bundle over the connected sum from the bundles on the punctured summands. In each
case we have a family aop#a; of flat connections parametrized by a copy of SU(2), which

can be identified with the automorphisms of a fiber over a point in the gluing region.



Two elements of this family corresponding to automorphisms pg, p; are gauge equivalent
if and only if pgpy! extends to an element of the isotropy group Iy, or I4,. Thus the
corresponding family of gauge equivalence classes is SU(2)/T,, X I's,. Since Ty = SU(2)
and I'y; = Z; for a irreducible, the first three types of representations gives rise to a unique
gauge equivalence class, whereas the last type of representation gives a copy of SO(3)
for each pair of irreducible representations. In §3 we show that all trajectories between
these representations are obtained by grafting together existing tra jectories from each side.
Thus one needs to compute the spectral flow along such trajectories. This is done in the

next subsection.

2.2 Spectral flow

Consider irreducible representations a, 3 € R(Y) and let {a;} be a 1-parameter family
of SU(2)-connections on Y joining a to 3. Let A be the corresponding connection over
Y x R. Recall that the spectral flow SF(a,f) is (modulo 8) the index of the Fredholm
operator Dy = d} @ d}} on the weighted Sobolev space with sufficiently small weight &.
Then the Floer grading,

p(a) = IndezD4(a,0) (mod 8) (2.1)

One can consider the calculation of the index of the anti-self-duality operator as a
boundary value problem with Atiyah-Patodi-Singer global boundary conditions ([3]). We
have

(2.2)

Indez(d ® d¥)(a,B) = -2 /Y G hs + 2ma(o) 4 he ; pa(0)

where p;(A) is the Pontryagin form, the term hg is the sum of the dimensions of H'(Y, V;),
i=0,1, and pg is the p- invariant of the signature operator xd,, — d,,x over Y restricted
to even forms (cf.[12]). An application of the signature formula to Y x I shows that
Pa = Pa(0) is independent of the Riemannian metric on Y and is an orientation-preserving

diffeomorphism invariant of Y and a.

Lemma 2.2.1 For o; € R(Y;) irreducible, we have

1. pag#a, (0)= Pao(o) + Pax(o)'



2' hao#al = hao + ha; + 3’

hao#0| = haov
h‘o#al = hav
hoo o, = 3.

Proof: (1) Consider the cobordism X built by attaching a 1-handle to (Yo LI Y;) x {1} in
(YolIY;) x I. The boundary of X is Yo#Y; I =Y, Il -Y;. Note that x1(X) = 7 (Yo#Y1).
So there are natural inclusions R(Y;) — R(Yo#Y1) such that the pair (ag,a;) can be
extended to a unitary representation of 7y (Yo#Y1). (In fact, if the a; are both irreducible,

there is an SO(3)-family of such extensions.) By Theorem 2.4 in (3], we have

Paotay (YO#YI) = Pao#ay (YO I Yl) = 2Sign(X) - Signoo#a, (X)a

where H3(X) = 0 and H?(X;ada) = 0. So we get the signatures satisfying sign(X) = 0,

8igN 4o ga, (X) = 0. Thus pagga, (Yo#Y1) = pao(Y0) + pa, (V1)
(2) Since ag, a; are both irreducible, we have the betti numbers A3, = 0,i =0, 1, and
similarly A9 = 0. The Mayer-Vietoris sequence gives:

ao#ay

0 — H%(5% adSU(2)) — H} 4o, (Yo#Y1,adSU(2))

- H;o(Yo, adSU(2))® H;: (Y1,adSU(2))— 0

and 80 hao#al = hao + hal + 3.
Clearly hg, g0, = 3. So we consider the case of 6y and a; ,where ay is irreducible. We

have hQ 4,, = 0,hj =0. Again applying the Mayer-Vietoris sequence
0 — Hg (Yo,adSU(2)) & HY, (Y1,adSU(2)) —» HY(S?,adSU(2))
— H} 40,(Yo#Y1,8dSU(2)) = H} (Yo,adSU(2))® H} (Y1,adSU(2)) — 0
and using hj = 0, we have
(34+0) =3+ hj g0, — (04 h;)=0

i.e. hgogay = ha,- B



Lemma 2.2.2 For irreducible representations a; € R(Y;), we have the following addition
property for the Floer grading p:

p(ao#ar) = p(ao) + p(ar)

w(bo#ar) = p(ar); w(ao#6) = p(ao).

Proof: For computing p(a;) we can use any connections A; over Y; x R which in-
terpolate between #; and a;. We choose A; to be flat on the regions B3 x R used
to make the connected sum (Yp#Y;) X R. So the A;’s match to give a connection
A1#A; over (Yo#Y1) x R which interpolates from 6o#6; to ap#a;. By definition,
p(ao#ay) = Indez D s(ao#ay,00#60,)mod8. Then by equation( 2.2)

h - h +
p(aottar) = _2/‘,“?‘(,41#[42)_ ao#ay - Pao#ay _ oo #6, : Pooty

where Y = Yo#Y1. From our choice of A;, p1(A1#A3) = p1(A1)+p1(A3z). Since pg o, = 0

and py; = 0, our result follows from Lemma 2.2.1. Similarly one checks that u(6p#a;) =
#(a1) and p(ao#6:) = p(ao). u

Similarly one shows:
Proposition 2.2.8 For all B; € R(Y;) and a; € R*(Y;)

Indez D 4(ao#ay, Bo# 1) = Indezx D 4(ao, fo) + Index D 4(ay, 5y) + 3. (2.3)

Theorem 2.2.4 (Fintushel, Stern [12]) Let R, be a connected component of R(Y). Sup-
pose that R, is a manifold, that xd, is normally nondegenerate on R,, andletg : R, — R
be a Morse function. Then the critical points of g are basis elements of the instanton chain

complez. Such a critical point b has grading

p(b) = p(Ra) — pg(b) (2.4)
where p,(a) is the Morse indez of b relative to g.

9



We end of this section by giving the following remark which we will use to do calculations
in §3 and §4.

Remark: If 1 = p(ao#ar) — p(Bo#61) = (s(ao) — p(Bo)) + (u(a1) — p(51)), one gets
that either u(ap) — p(Bo) = 0 or = 1. This means that if A;(i = 0,1) is an anti-self-dual
connection interpolating from a; to f; then one of the A; is a constant flat anti-self-
dual connection on Y; ( Ai(t) = a; € R(Y;) for all t € R) and the other A; lives in a
1-dimensional moduli space M}, (aj, 8;).

10



Chapter 3

Grafting

The essential step in the calculation of the Floer homology of a connected sum of homology
3-spheres Y, Y; is in understanding the structure of the 1-dimensional moduli space of
anti-self-dual connections on (Yp#Y;) X R. This relies on grafting together anti-self-dual
connections on noncompact 4-manifolds. The ma jor problem is the existence of harmonic
2-forms in the gluing region. The difficult point is obtaining estimates on the overlap
relating the “merged” metric with the original metrics g; on Y;. For the merged metric g
we will take a weighted average. The usual Rayleigh quotient for first eigenvalue involves
the d*s operator, and in order to get a uniform bound on the first eigenvalue on the
connected sum from one on each side, we have to compare d*s and d*si. These operators
involve the derivative term of the weighted average with no control for gluing parameter
€(the neck-length). Thus we adopt Donaldson and Sullivan’s technique for building a right
inverse directly (cf. [11]).

We begin by looking at a special feature of the R-action on the equivalence classes of

connections which will give us a particular way of solving the anti-self-duality equation
Ff+(di+df)atana=0

uniquely on the subspace of Q!,(Y x R), which is perpendicular to H}. Then we show
that for all balanced 1-dimensional self-dual connections on a single homology 3-sphere
XR there is a uniform lower eigenvalue. Using the parametric method to construct the

right inverse on the connected sum and applying the inverse function theorem, we are able

11



to prove a gluing and splitting theorem for 1-dimensional anti-self-dual connections over

(Yo#Y1) x R.

Throughout this section we assume that the anti-self-duality operator is regular. (As
we have mentioned above, this can always be achieved by a compact perturbation of the

anti-self-duality operator. For the sake of simplicity we shall ignore the perturbation.)

3.1 Properties of balanced connections

Let Y be a closed, connected, oriented, smooth homology 3-sphere. For § > 0 (to be
determined), let €5 : Y x R — R be a smooth positive function with es(y,t) = efl*l for
[t| > 1. Let E be an SU(2)-vector bundle over Y x R with a translationally invariant
metric and metric-preserving connection. Then following [15], [18], [19], and [29], we define
the weighted Sobolev space L’,:.s on sections § of E to be the L} Sobolev space of e; - £.
To define Banach manifolds B(a,b) of paths connecting a and b in By (the L? — SU(2)
connections over Y modulo L3-gauge equivalence), choose any smooth representatives of
a,b € Ay and a connection C (as below) on Y x R which coincides with a for ¢t < -1 and
with b for t > 1. Then
As(a,b) = C + L2 4(Q1(Y X R)

is an affine space and is independent of the choice of C. The corresponding gauge group

is:

g = {g9€ L’;',“(Y x R,SU(2)) | there exists T > 0,
€ € L} 5(294(Y x R)) such that g = exp £ for |t| > T}.

We need p > 2 to construct the orbit space By g = A;*/G2".
Proposition 3.1.1 1. Let
D, : L’;’_Js(fll ® Q°)(Y,adSU(2)) » L(’;J(Ql ® Q°)(Y, adSU(2))
be the operator D4(a, ) = (xdsa — da3, —d%a). There ezists a positive Ao such that

Jor all a € R*(Y) the eigenvalues of D, satisfy |A\(Dg)| 2 Ao -

12



2. IfF(A) isin LP for p > 2, then there is a constant C4 such that
sup |Falye < Cae "M
where ¥ = 7(Ag) > 0, and C4 is continuous in A.

Proof: The first is from [15], and the second is in [10] (see 4.1). [ ]

Choose a positive § < min{Ao,}} and a finite action connection C over Y x R with

limiting values a,b at Y x {£oo}, and use it to define the L} ; norm as above. Let us

denote [lullzz 4y = Vaullzz, + llullzz, (and llullzz, = llwllp (o)

Definition 3.1.2 : The balancing function b : By yr — R is given by the equation:

A F(A)|} > F(A)|)?
L WAy = [ I
(So the value b(A) is the time which splits the action of A in half.)

Lemma 3.1.3 1. Shifting the connection A in the t-direction, A(t) — A(t £ s), one
has

b(A(t+3)) = B(A(t)) - s, b(A(t - 8)) = B(A(t)) +

2. Let By = b~1(0) be the space of equivalence classes of connections whose action is

balanced at 0. Then there is a one-to-one map from By to B, = b=1(s) for any s € R.

3. If A is not a constant flat connection, the derivative of b is

to  sign(t — ba))
D ab(a =/ < serg———d4Fp,a > .
D= e < TPy gy A4

Proof: (1) is proved by a change of variable. (2) follows from (1). For (3):

b(A+2a) +00
[T IR A 0y = [

F(A + sa)|?

- Atoa) F( Mzaey)
Taking the derivative with respect to s at s = 0 and combining the terms, one has
2 +00 b(A)

1Py amyDable) = [ < diFaa> = [ 7 < diFaa>.

-—00

13



Now ||F(A)l}2y xm) = 0 if and only if —52dt + F, = 0, i.e. if and only if A is a constant
flat connection, contrary to our hypothesis. Thus (3) follows. [ ]

Definition 3.1.4 Set the balanced moduli space Me“xln = {A € My, R C By r| b(A4) =
0}.

Lemma 3.1.5 For A € Mbd! ,¥ €Y, and each p > 2, there ezist constants My, C,,C,
YxR
independent of A such that
(1) If dimMy g < 1, then M;‘,‘i’n i8 compact, and

M| PP < C / Pl FulP < Cyed.
/YxR. I Al ! Bg(e)xRe l AI 2
(i1) If dimMy R < 8, then "FA"Loo(YxR_) < M,.

Proof: (i) No sequence of connections in Ml}";'ln can converge weakly to a limit plus
an instanton bubble, since bubbling needs dimMy, g > 8. The only other way a se-
quence in M‘}?}n can fail to have a convergent subsequence is for there to exist a subse-
quence {A,} limiting weakly to a disjoint union of connections A_., € My gr(a,b), Ao €
My r(b,¢),Ayoc € MyyR(c,d) where a,b,c,d denote limiting values and at least one
of of A_x, A4oo i8 NOt constant flat (otherwise {A,} actually converges to Ay). If, say,
A, is not constant flat then dimMy ,g(¢,d) > 1. Since each A, is balanced, the limit,
A_o I Apll A, is also balanced, and it follows that dimMy g (a,b)+dimMy , gr(b,c) >
1. This is impossible since the dimension of the moduli space My, (a,d) which contains
the A, is equal to 1. Thus M,llf('ln is compact.

There exists a constant C independent of A such that C4 < C for all A € M,lzi'ln
from compactness where C 4 is the constant in Proposition 3.1.1(2). The inequalities follow
from a straightforward calculation by using sup |F4| < Ce=7It,

(ii) Suppose not. Then there exists a sequence {Ap} € MyyR With || Fa,|lze(yxR) >
n. Thus we have (yn,t,) such that |Fa,|(y, ¢,) = n. Let A, = Ay(t - t,) (rescaling).
So |F A l(ya,0) = n. Applying Uhlenbeck’s compactness theorem on the compact space
Y x [-1,1] shows that there exists a subsequence {A;} with a bubble point, and this
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requires dimMy g > 8, contradicting our assumption. B

Remark: For any A € As(a,b), there is a positive constant M(c 4) such that

M allullez oy < llullzz, < Mic.allullez ca)-

IfAe MB?‘IR and dimMy,g < 1, then M(c 4) < C where Cy is a constant independent
of A from Lemma 3.1.5.

Proposition 3.1.8 The space B{b,?‘ln = {A € Byxr| b(A) = 0} of balanced connections
is a smooth manifold with codimension 1 and the moduli space M}, p is transversal to

gbalo .

Proof: Since an arbitrary A’ € M 1 <R i8 not a constant flat connection, it has a translate
A under the R-action which lies in 8113?(111' Note that ||F4||2 # 0. Let A = a(t), then if
0=dyF, = —(d.,*%% + 5—*5‘7‘") Adt + d,xF; we get xF, = 0. Since A is anti-self-dual
%% = %Fy = 0 and this A is constant flat connection. But this is not true, so the normal

vector
sign(t) - d% Fy
| Fall?

to TB,I}?‘JR at A is nontrivial. By the implicit function theorem for Banach spaces, we
have that B?ﬁln = b-1(0) is a smooth codimension 1 Banach submanifold, and moreover
Db : TAN — ToR is an isomorphism where T4 N is the subspace of T4By g spanned
by this nontrivial normal vector. Notice that derivative of b along B,l}?('ln is zero. We may

consider
~ bal
TaByxr = TaBySp X TaN.

Since By,p & B)l;?‘ln x R and Dib(A) = %Id in the time direction, we may identify
TaN = ToR & (T4By xR ): the tangent space to Byygr at A in the time direction.

For A € B}}?"lu, the cohomology H}, is a 1-dimensional space. We claim that it contains
{A(t+s):5 € R}. We have

H} = {A(t) + sa(t) : s € R,d7}a = 0,d}a = 0}.

15



Define f(s,u) = A(t)+sa(t)—A(t—u). Then f(0,0) = 0, and %(0,0) = A'(t) # 0, since A
is not a constant connection. Hence the implicit function theorem gives a local coordinate
u = u(s) in a neighborhood of (0, 0) such that f(s,u(s)) = 0. Le. A(t)+sa(t) = A(t—u(s))
in time-translation form. Let S be the subset of R defined by

S = {s € R : there exists u(s) such that f(s,u(s)) = 0}.

Then S is nonempty (since it contains 0), open (by the implicit function theorem) and
closed (since f(s,u(s)) is continuous in s). Therefore § = R, and so H} = {A(t + s) :
s € R}. Hence H) intersects TAB,bi?(lR transversely in the point {{A]}. The Kuranishi
technique then implies that locally, solutions of the anti-self-duality equation live in a
1-dimensional moduli space parameterized by H}, i.e. by time-translation. B

3.2 Smallest eigenvalueon Y x R

(i) Some analytical facts

Let d4 denote the covariant derivative corresponding to the connection A and d} =
e;‘d]es be the adjoint of d4 with respect to the Lg's-norm. Floer has proved the following
in [15].

Proposition 3.2.1 (Floer) (i) For positive §, Gs is a Banach Lie group with Lie algebra
(which can be identified with) L} (Q3,(Y x R)).

(ii) The quotient space Bs(a,b) = Aj(a,b)/Gs is a smooth Banach manifold with tangent

spaces
TiaBs(a,b) = {a € L} 5(54(Y x R)) | dfa = 0}.

(iii) The 2-form F; representing the anti-self-dual part of the curvature of A is smooth

and Gs-equivariant.

(iv) If6 > 0 is smaller than the smallest nonzero absolute value of an eigenvalue of D, or

Dy, then for any anti-self-dual connection A € Bs(a,b) the anti-self-duality operator

Di=dfed}: LY xR)— L} (%, & 0%, ,)(Y xR)
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is Fredholm. Furthermore, D% = § + D%, where
xd, -d

Do=( - ")
& 6

self-adjoint on Q! ,(Y) ®N9,(Y) where » is the Hodge operator on the 3-manifold Y .

If a and b are irreducible nondegenerate flat connections, then one can take § = 0.

(v) Let M be the moduli space of all equivalence classes of nonflat anti-self-dual connec-
tions A onY XR whose action ||%§||§ i8 finite. There 18 a first category set of metrics
onY such that the anti-self-duality operator D% is surjective for all A € M N B;.

Remark: Proposition 3.2.1(v) implies that (D%)* has trivial kernel. From the ellipticity
of the anti-self-duality operator we have

Callv @ ullzz, < (D5 (v @ w)lzg,

for v®u € (0,0 N3, )Y x R). Thus, for any such A € M} g N Bs, by taking
P = 2,v =0, there is a positive real number C(A) such that

C A). / e26'|‘| u 2 < / ezs'ltl d‘l“ 2 3.1
( ) YxR I I YxR l | ( )
for all u € de" (Y X R).

The following definitions are combined from [9], [10], and [15].

Definition 3.2.2 : An ideal anti-self-dual connection (trajectory) over Y x R, of Chern
number k, is a pair

(A; (1, .., 1)) € ME IR (a,0) x S'(Y x R)
where A is a point in M;‘;‘R(a, b)N Bs and (24, ...,z|) is a multiset of degree | (unordered
l-tuple) of points of Y x R.

Let {A,},n € N, be a sequence of connections of charge k on the SU(2) bundle P over
Y x R. We say that the gauge equivalence classes {A,} converge weakly to a limiting ideal

anti-self-dual connection (A;(z1,...,27)) if
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(i) The action densities converges as measures, i.e. for any continuous function on Y xR,
1
F(An)d / F(A)Pdp + 82 Y f(z:).
Jy g VAR~ [, o SIFCANdu + 8573 Sz

(ii) there are bundle maps

Pn : PlyxR\(z1,...z;} = PlyxR\{z1,...t1}

such that p}(Ay) converges to A in C* on compact subsets of the punctured man-

ifold.

Definition 3.2.3 : Leta and b be flat SU(2) connections over Y. A chain of connections
(B, ... , Bn) from a to b is a finite set of connections over Y x R which limit to flat
connections c;_1,¢; as t — Foo such that a = co, ¢, = b, and B; connects ¢;_,¢; for

0<s<n.

We say that the sequence {A,} € M} g(a,b) is (weakly) convergent to the chain of
connections (B, ..., B,) if there is a sequence of n-tuples of real numbers {to1 < ... <
ta,n}as Such that t5; — tai_1 — 00 a8 @ — 00, and if, for each i, the translates ¢} ;A, =

A,(o — ta,;) converge weakly to B;.

We need to combine the notion of chain connection with the notion of an ideal con-

nection.

Definition 3.2.4 : An ideal chain connection joining flat connections a and b over Y is

a set
(AjiZj1y - Zii; <<
where (Aj)1<j<s 18 a chain connection and for each j, (Aj;zj1,..-,Zji;) 18 an ideal con-

nection.

In this set-up, there is a version of the Uhlenbeck compactness theorem. We state it in a

form proved by Floer in [15].
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Theorem 3.2.5 (Uhlenbeck compactness on Y x R) Let A, € M%_ g N Bs(aa,ba)
be a sequence of anti-self-dual connections with uniformly bounded action. Then there

erists a subsequence converging to an ideal chain connection
(Aj3Zj15 e Tt <5<

Moreover, one has
J
Z(kj +1;) =k, c2(A;) = kj (not necessarily an integer).
i=1
(For more discussion and details, we refer the reader to [10] and [15].)

(ii) Smallest eigenvalue estimates

(a) We want to prove the existence of a uniform lower bound for the eigenvalues of A?{*
for all balanced 1-dimensional anti-self-dual connections A over Y x R which are asymp-

totically flat at the ends.

Theorem 3.2.8 Suppose dimMy, g = 1. Then there ezists a positive constant C such
that for all A € Me“xln, and for all p > 2,u € L§ (03, . (Y x R)) we have

C. PSP < / eP5 It |2t ulp.
YxR YxR

Proof: For p = 2, the result follows from inequality 3.1 and Lemma 3.1.5. For p > 2,
we use the inequality in the remark after Proposition 3.2.1 for v = 0. The constant C,4 is

continuous in A. Hence the result follows by using Lemma 3.1.5. [}

Remark: The above estimate also holds when A is the trivial connection. On a fixed
homology 3-sphere (i.e. with a fixed Riemannian metric) the standard Laplacian on the
self-dual 2-forms has a strictly positive first eigenvalue by the Hodge Theorem (see Chapter
5). We can use this to get the bounded right inverse for d*. This will allow us to glue one

side 1-dimensional trajectory flow together with trivial connection on the other side.
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(b) The flattening construction: We first describe a special gauge suited to our con-
structions. Fix A € Ml}?"ln, and choose a trivialization of the fiber at a base point y € Y.
Parallel transport first along the R-direction, and then outward in normal coordinates
in Y at each fixed time slice. This defines a gauge for A € M‘b;?(ln which we call the
cylindrical gauge. In this gauge A; = 0 on {y} x R, and A, = 0 where r is the radius on
Y centered at y.

Lemma 3.2.7 In the cylindrical gauge in B3(c) x R, we have |A(z,t)| < r||F4lloo-

Proof: Let (z;,23,23,t) be coordinates in B3(¢) x R. For 1 < i < 3, we have |A(z,1)] <
Fmaxyz.¢<r|F(z, 1) (c.f. [31]). Since A, = T3, i Ar = 0 we get T3, zk%‘-‘l =0, thus
EL] i Fi = r%A,-Zﬁ:l zk%‘f = T%At. Also [g %Ag = Ay(z,t)— Ai(y,t) = Ai(z,t).
Thus s

(Ade I <1 [ 32 TR S rmaxye i Fla. Ol

We next need to describe how to flatten a connection A € M ,b}i'ln along B,(ro) x R.

Let x = x(ro,€) be a smooth cutoff function satisfying

X=0 on By(rg), x=1 onY\By(ro+¢) and |dx| < ge—o-
for some constant Cj.

Definition 3.2.8 For A € M)%’R define A € By, R to be the connection on E which is
equal to A outside By(ro +¢€) and on By(ro+¢) is A = x - A as connection matriz in the

local trivialization of E given by the cylindrical gauge.

Lemma 3.2.9 There ezist ¢ and C (independent of A) such that for 0 < € < €9 and any
A€ M#“XIR with dimMy, g <1 and any p,q > 2

- s4q 3
A - Allgg vxry £Ce ey IIFfllz,(vxr) < Ce?
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Proof: Take x = x(¢,€) and A = x - A, we have Ff = (dxAA)+ + (% - X)(A A A)y
since A is anti-self-dual. This has support on B3(2¢) x R, and using Lemma 3.2.7 and
Proposition 3.1.1, we have the pointwise bound

|F}| < Coe™|A| + |A]* < Coc™"2¢| Fal + 4€?| Fal* < ColFal < CoCeM
where from Lemma 3.1.5 CyC is independent of A. Hence

1 3
IFF ez, ovrxmy = ( |efHIFEP)P < Ca(8)e?.

B3(2¢)xR

The bound on A - A is similar, |A— A| < |A| < 2¢|F4| € Cee="!!l. Thus the result follows.
-

(c) The Neighborhood of M )l;a).‘ln : Assume throughout this subsection that dimension
of moduli space dimMy,r < 1. Fix p,q > 2. We are going to show that the uniform

lower eigenvalue estimate also holds for nearby anti-self-dual connections.

Definition 3.2.10 : Set
US, = {B € Byxglthere erists a A € M{‘,‘;’Rauch thdt"A - B"Lg‘ < 61, "F;"Lg‘ < 61}

Note that Lemma 3.2.9 implies that if A € M)bi?('ln, then for sufficiently small ¢ the

flattened connection A lies in Us,.

Lemma 3.2.11 There ezists 8o such that for 0 < 8§, < 8 there is a Cs independent of §,
such that

lullez ,(vxr) < Csll(dB)*ulley (vxr) for all B € Us,

Proof: [|(d5)"ullzs,(vxRr) 2 I(d%)**ullz,(vxm) = I(4 = B) *s ullz ,(vxr) Where A is

an element in M,bii'ln which is é;-close to B.

||“||Lg', /2

(A = B) *s ullz ,(vxr) < A= BllLs < Céllulle,

8/2
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by Holder’s inequality and the weighted Sobolev embedding theorem [19].
Since A is anti-self-dual, the Weitzenbdck formula gives d%(d})** = V!V 4 + R, which
implies that

lullzz, < Callullzg ay < CC@IED) ullzz, +Cllullz, < Cl@H*ullz,  (3:2)

The first inequality is from the remark after Lemma 3.1.5, and the last from Theorem 3.2.6.
Choosing 6o such that CCép < }, we have

. 1 .
Iy eullg, 2 ZI(d5)*sllzz, (3.3)
Thus from ( 3.2) and ( 3.3), we have

g, < CI5)*ullzz, < 2C1N(dg)*ullzz,

From Lemma 3.2.11 and the weighted Sobolev embedding theorem L} ; — L§;, for
1 %, the bounded right inverse operator Qg( = (d})*¢(d(d})*¢)?) satisfies

I@sullzg, < Cli@sullzg, < Cllullzz, for all B € Us,.

(d) Changing metrics : We want to show that there is also bounded right inverse for
flattened connections with metric C? close to the original metric. Pick a point yo € Yo.
For simplicity we assume that the metric on Yj is flat in the 3-ball B3(ro 4 ¢) centered at
Yo with radius ro + €. For r; < ro, let N/, ., (go) be the set of Riemannian metrics g on
Yo \ B3(r1) which satisfy

(i) 9 = go on Yo \ B3(ro);

(i) lg — gollce < &’ on B3(ro) \ Bs(r1).

The annulus Bj(rg) \ B3(r;) will be used as the gluing region in forming connected
sums.

(1) Let x4 be the projection onto self-dual 2-forms with respect to the metric g. Note

that x{ is a continuous map with respect to the metrics, i.e. ||x§ — x{°|| < C||g - gol|co.
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(2) For the metric go on Yo, there is right inverse Qo for the operator d}:. Let
S = d}:"Qo. Then

+
d‘:’Qouo = Yo, "S“o"la:'.(go) < CP"%"L:_‘(FO)'

where || - || L2 ,(s0) indicates the Sobolev space with metric go for forms with support in

(Yo \ B3(r1)) x R.
(3) For g € Net vy ry(90), the L ;-norms are equivalent, i.e.

¢11||“0||L’,(g°) < liwollzg (5 < Cerlluolliz ,(s0)
where Cpo — 1 a8 ¢/ — 0.

Lemma 3.2.12 For self-dual 2-forms ug with support in the (Yo \ B3(r1)) X R and g €
Nt ro,r, (90) with sufficiently small €', d}; has right inverse Qf with

1Q%llLz (o) < Cllulliz (s)-
Also, ||Qullg ) < Cllullzg (g for § +1 2 1.

Proof: We will construct the right inverse by arranging that d* 'Qo — Id is a contraction
mapping on L} ;(9)(2%(Yo x R)). We have d+'Qouo d ® Qouo + (d+' - d ®)Qouo and
from (2)
+
(432Qo ~ Id)uo = (47 — d;)Qovo.

By the definitions of g and the flattening construction for Ao with x|o,r,] = 0, one has
d+’ +’° =dts —dtw = (n§ — xP)(d*w + d~ ).
From (1), (2), and (3) above we have

||(d+'Qo = Id)uollp ,(5) < CCLe'(1 + Cp)lluolley , (s)-

For ¢’ small enough that CC2¢'(1 + C}) < %, the operator d}:Qo is invertible, and the
right inverse for d}; is QF = Qo(d};Qo)-‘. B

For B € Us, and g € N, r,(90), we also get a bounded right inverse for the operator
di by combining the proof of Lemma 3.2.11 and Lemma 3.2.12.
B
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3.3 Structure of the trajectory flow on the connected sum

(i) Forming the connected sum

(a) Let Y; be an oriented homology 3-sphere with Riemannian metrics g;,i = 0,1. Choose
basepoints y; € Y; and suppose for simplicity that the metrics g; on Y; are flat in neigh-
borhoods of the y;. Using these flat metrics we identify neighborhoods of the points y; in
Y; with neighborhoods of zero in the tangent spaces T,.Y;. Precisely, for any real numbers
&, T > 0, we set Ny, (e,T)= {(r,0): T-'e < r < Te} CT,Y;\ {0}, where ¢ eventually
will be made small and T'(> 1) is another parameter ( to be fixed later in the proof) with
Te less than half the radius of injectivity of y;. Then define

fer : Ny(e,T) — Ny, (¢,T)

by fe,r(r,0) = (-r+ Te+T-'¢,0). Let U; C Y; be the annulus centered at y; with inner
radius r; = T-1¢ and outer radius ro = T'¢. The “linear inversion” map f, r taking the
inner radius of Uy to the outer radius of U; induces an orientation-reversing diffeomorphism
from Ug to U;. Let Y,-' C Y; be the open set obtained by removing the T-1¢ ball about ;.

Then, in the usual sense, we define the connected sum Y = Y (¢,T) to be
Y=Yo#N" =Y Uy, Yy
where the annuli U; are identified by f, 1.

(b) Let (Y;,9:),i = 0,1, be oriented Riemannian 3-manifolds as in (a). To construct a

Riemannian metric on Yo#Y;, we fix a cutoff function, ¢ € C*°([0, +00)), which satisfies

T+T! 1
¢|[0,T—l¢] =0, ¢('—2—€) = 5, and ¢|[T,'+°°) =1.

Definition 3.3.1 : The Riemannian metric g on the connected sum Yo#Y,; is defined as
Jollows:

OnY;\ B,,(Te¢), set g = g; fori=0,1.

On the overlap annulus Nyy(e,T) & Ny (¢,T), g = ¢g0+(1-9)f 791 = dgo+f21(d91)
(because of the linearity of f.1).
Lemma 3.3.2 Let ¢’ be the constant of Lemma 3.2.12. There ezists To > 1 such that for
all1 < T < To 3¢ with Te < }injectivity radius, we have N, 1, 1-1.(g:) # 9. Furthermore

we have N 1. 1-1.(90) N Nov1e 7-1.(01) # 0.
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Proof: We just use the metric from Definition 3.3.1 and calculate the C° norm of g — go

on the annular region.

T+T )
grr = (90)rr 900 = {6+ (1-9¢)(-1+ L—tr—l)z}(%)w
Then VT < Ty
llg - gollco < max{T*-1,|T~*-1]}
Choose Ty close to 1 enough to make ||g — gollco < €’. Then the result follows. B

Remark: Lemma 3.3.2 tells us that we may glue the two manifolds by an orientation-
reversing isometry on the tiny overlap region. Therefore for forms u supported on Y;, we

have

%ll“"z,g.,(g.-)m') < ""“L:,,(y)(%#m < 2"""14;.,(,.-)()'_.')-
(c) We next use the SU(2)-bundles P; over Y; to define a bundle P over Y. Using the
projection map 7y : Y; x R — Y;, we pull back the bundles P; to get bundles x,*( P;) over
Y;xR. Let Ag be a flat connection on Yy X R, constant in the sense that A¢(t) = a € R(Y))
for all t € R, and let A, be an anti-self-dual trajectory from 8 to v (i.e. a anti-self-dual
connection lying in a one dimensional moduli space) on Y; X R. Set 4; = xA4;,i = 0,1

(using the flattening procedure on each side as in section 3.2 (ii) (b) with x = x(T¢,¢)).

Choose an SU(2)-isomorphism of the fibers:

P (Po)w — (P1)y

Using the flat structures A; (both are flat on the overlap), we can spread out this iso-
morphism by parallel transport to give a bundle isomorphism g, between the P; over the
identified part (an annulus or conformally spherical tube) covering f, 7. We call such a
bundle isomorphism g, a gluing map. Use this gluing map to construct a bundle Py U, P,
over Y = Yo#,71Y1 and also the pull-back bundle »;(Po U, P;) = E(p) over Y x R. The
gluing map g, respects the connections A; so we get an induced connection, A, = Ao#,4;
on E(p). Thus A, = Ao#,A, is A; on (Y;\ B3(T~'¢)) x R. Note that A, is trivial over
the region identified by the gluing map.
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The connections A,, for different p, are not in general gauge equivalent (even though
the bundles E(p) are obviously isomorphic). Let T4, be the isotropy group of A; over
Y; xR and let ' = T4, X I'4,. The equivalence classes of connections constructed in this

way are in one-to-one correspondence with

Homsy(2)((Po)w» (Pi)y,) = SU(2)/T,

the space of “gluing parameters”. When the A, are irreducible, I' = {£1} so the space of
gluing parameters is SO(3).

The following proposition can be found in the text of Donaldson and Kronheimer ([9]
page 286, for a proof see [6] Lemma 4.31, page 314).

Proposition 3.3.3 The connections A,,, A,, are gauge equivalent if and only if the
parameters p;, pz are in the same orbits of the action of T' on SU(2).

The following proposition follows from the above Lemma 3.3.2 and Lemma 3.2.12.
Recall the constants g of Lemma 3.2.9 and Ty of Lemma 3.3.2.

Proposition 3.3.4 For 0 < € < g9 and 1 < T < T, there is a constant C independent
of £ such that the operator dj: has a bounded right inverse G with
IGulle ,)vore 1) < Cllulliz o) vorer11)

and

1 1
IGullLg o) < Cliulles o) it p >

S -

Proof: The right inverse for d}' is @7. Then using the definition of A,, we define Gu =
Q3 uo + Q{uy which is the right inverse for the operator d}: Here uo = nu,u; = (1 -n)u
and 7 is a smooth cutoff function on the annulus Up N U; which obeys 5| 7-1,) = 0 and

Ni{Te<r) = 1. B

(ii) Gluing and splitting

26



Our goal is to deform the “almost anti-self-dual” connection A, to a nearby anti-self-

dual connection A, + a,. This entails solving the non-linear anti-self-duality equation
F*(A,)+d} a+(aha)y =0.

The upshot of Proposition 3.3.4 is that we are able to solve the linearized anti-self-duality
equation d}u = b over Y = Yy#.1Y1, as long as A is irreducible (H = 0) and regular
(H} = 0), and furthermore there are estimates on the solution of the corresponding
linearized equation which are independent of €. We shall use the inverse function theorem

to deform the almost anti-self-dual connection A,.

Lemma 8.3.8 (c.f. [15]) Let f : E — F be a C' map between Banach spaces. Assume
that in the first order Taylor ezpansion f(§) = f(0)+ Df(0)¢ + N (&), Df(0) has a finite
dimensional kernel and a right inverse G such that for £,{ € E

IGN (&) - GN(Olle < C(ll¢lle + IKIENIE - <lle
for some constant C. Let §, = (8C)~1. Then if||Gf(0)||e < %, there ezists a C*-function
¢: K5, — ImG
with f(& + (€)) = 0 for all £ € K5, and furthermore we have estimate
I)le < SIGAOz + 3 lElls
where K5, = KerDf(0)N {€ € E : ||E||& < 61}

Applying Lemma 3.3.5 to f(a) = F*(4,) +d} a+(aAa); with f(0) = F¥(4,),N(a) =
(aAa)y, Df(O) = djp (with the bounded right inverse G from the Proposition 3.3.4),
E = L} ;0 L§ (Ta,B) and F = Lj 5(Q4(Y x R,ad)) , we have the following

Theorem 3.3.8 Let Y;(i = 0,1) be homology 3-sphere and A; € M%“ln Assume
dimMy,xr = 0, dimMy, g = 1. Let g9 be the constant of Lemma 3.2.9. Then if
0<e<egandl < T < Ty, (To is choosed from Lemma 3.3.2) we can deform A, to a

smooth anti-self-dual connection over (Yo#.1Y1) X R.
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Proof: Using Proposition 3.3.4 and Lemma 3.2.9, we have
- - 3
IGF*(A))llzg, < CIF*(A)llzz, < CUF*(Aollzg, + IF*(Avllzg, < Cae?

and N(a)— N(b) = ((a—b)Aa)y +(bA(a—b));+. We use weighted Holder inequality and
Lemma 7.2 in [19]

I((a 8 A @lzg, < o= Bllzg  Nallg < Cella = Blzg,lllg,

where C5 = ¢(Vol(Yo) + Vol(Y;) + 1)/6. So
IGN(a) - GN(B)lzg, < CCslla - bllzg (lallzg, + Iblzg ).

Thus by Lemma 3.3.5 with 6, = (8CCj5)~?, there exist ¢ : H}  — ImG with f(§+¢(¢)) =
0, here ¢(A,) = a,. So A, + a, is anti-self-dual connection over (Yo#.71Y1) X R with
lla,ll g, small, and is smooth by standard elliptic regularity (cf.[21]). B

Remarks: (i) The restriction on dimensions of moduli spaces is from Lemma 3.2.9 and
Proposition 3.3.4 to be abje to get the bounded right inverse. Also from the proof above we
can glue two 1-dimensional anti-self-dual connections into a 2-dimensional anti-self-dual
connection.

(ii) Using the remark after Theorem 3.2.6 and the construction in Proposition 3.3.4,

we also can deform the Ao# A, into anti-self-dual connection when one of A; is trivial.

To incorporate the gluing parameter SO(3), we apply the parameterized version of
Lemma 3.3.5 which states that the solution depends smoothly on the parameters and is
well-behaved under gauge transformations (see [5] Chapter X). That gives the description
of a model for an open subset in the moduli space M}, ., . g.

Theorem 3.3.7 Given a constant flat anti-self-dual connection Ag and a 1-dimensional
anti-self-dual connection A, with each D,, surjective in the weighted Sobolev space, then
Jor small enough € and all gluing parameters p, there is a smooth anti-self-dual connection
(Ao#,A1) +a,(t). If p1,p2 are in the same orbit under the T' action on the space of gluing

parameters SU(2) , the corresponding anti-self-dual connections are gauge equivalent.
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The restrictions on € and T imposed in Theorem 3.3.6 mean that the “neck” region of
the connected sum must be narrow with very small radius. Conversely, when our metric
satisfies these conditions, we can characterize the anti-self-dual solutions found by our

gluing construction. Define
Gle: M2 g X SO(3) X M} . » — Boar)xR

by Gl (Ao, p, A1) = Ao#,A; a8 in §3.3 (i) (c), where ig > 0,i; > 0,ip + §; = 1. Now for
62 > 0 in the proof of Theorem 3.3.6, let Us,(¢) C By xr be the open set

Usy(e) = {4l _ inf  II4~ Bl axvoesvi)xm) < 8 IFZ Nz o) voo 2vi)xmy < 62}

The solutions to the anti-self-duality equation obtained from Theorem 3.3.6 lie in Us,(¢),
and any element in Us, can be deformed to a unique anti-self-dual connection by Lemma

3.3.5 (The uniqueness follows from the contraction mapping principle on TB}}’:IR).

Theorem 3.3.8 For¢,T as in Theorem 3.3.6, any point in Us,(¢) N M}, 4y g (9e) can
be represented by a connection A of the form Ao#,A; + ¢(Ao#,A1) where A; is (0 or
1)-dimensional anti-self-dual connection on My, g and ¢ is the C'-diffeomorphism in

the proof of Theorem 3.3.6 with ||¢( Ao#,A1)|ILg, < 62.

Proof: Suppose the contrary. Then there exists a sequence ¢, — 0 with ¢, < ¢,
{[An]} € U (a) N M}, 4y, xR (9en) Where U (en) is complement of Us,, i.e. A, are not
in such a form.

By Uhlenbeck’s compactness theorem applied to the balanced anti-self-dual connec-
tions, we have a subsequence converging to AgV A;, where A; is a anti-self-dual connection
on (Y; \ {yi}) x R ( since 1-dimensional moduli space is compact up to time-translation
by Lemma 3.1.5). The connection A; has a singularity along a line {y;} x R. Since this
is codimension 3 , it can be removed by Sibner’s theorem [26]. Let the extended anti-self-
dual connections still be denoted by A;. By the flattening construction, for small enough

&, We have

6,

Ai(en) = X(Ten,€a)Ai with || Ai(en) — AillLg m)vixr) < 5
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and let A,(en) = Ao#p,enA1 as in §3.3 (i) (c). Then

14n = Ap(€n)llLg ,(on)(Yo#enr¥1)xR)

IA

[|An - A.O(e'l)"Lg"(g..)((YO\Ba(T-‘e..))xR) + || An - A'l(en)"l,g.,(p..)((l’;\Ba(T-‘e..))xR.)
1
< 2 N4n = Aillrg o vBs-tea)xR) + 1Ai(€n) = AillLg  (9)((VeABs(T-1em))xR)
i=0
For n large enough we have ||An — AillLg, (g.)((¥i\Bs(T-1en))xR) < & from convergence.

Thus "A” - AP(eﬂ)"L"(:n)((Yo#.,‘.rYﬂxR) < é}. Since An € M%Yo#...,r}’n)xll(g")’ of

o,

course F*+(A,) =0, s0 we have A, € U _5,1(5,.) which contradicts A, € U, (n).
Thus for sufficiently small ¢, a 1-dimensional moduli space can be represented by the

one deformed from the gluing process. [ |

Corollary 3.3.9 Under the assumption of Theorem 3.3.8, there is a unique small solution
to the anti-self-duality equation. So Us,(e)NM },o#y‘ <R 18 equal to the image of the gluing

map.
This is the main analytic result of this thesis. We summarize this section in the following

Theorem 3.3.10 Suppose A; is an anti-self-dual connection on Y; x R, and we consider
the connected sums Z = (Yo#.1Y1) X R for fized 0 < € < €9,1 < T < Ty. Then for
sufficiently small ¢ one has maps

L Myxr(ai8:) Xso@) MY, g (17 Clai%e MY (cittra, Bidt o)
t+¢'=1

and

littin
MY (aiftyin, Bigtya) T8 L Myxr(ai 8i) Xso@@) MY, g (virs 7ir)-
i+i'=1

which are inverse maps to each other.

Note that the splitting operation takes an anti-self-dual connection A € M%'o#leR
with asymptotic values a;#7; to B;#~; one obtained by deforming Ao#,A: where

(Ah A,") € MlY,-xR(aio ﬂl) X M(l”.-,xn.(‘Yi"‘Yi')

and they are glued together by constant (in R) gluing parameter p € SO(3).
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Chapter 4

The Floer homology of Yy#Y;

4.1 General properties of the Floer homology of Y;#Y;

From Chapter 2 we know that the nontrivial representations of x(Yo#Y;) in SU(2) fall
into two classes: the nondegenerate representations aog#6;,00#a; and the degenerate
representations ag#,a1,p € SO(3). From Lemma 2.2.2 we have the gradings u(fo#a;) =
p(ar), p(ao#6:1) = p(ao) and p(ao#ay) = p(ao) + u(a;) (mod 8). To compute the Floer
homology we first need to perturb the SO(3) components C(ao#a1) = {ao#,a1 | p€
S0O(3)} to make the critical points nondegenerate. This is accomplished as follows. (See

(12)).

Each C(ao#a,) is a smooth closed submanifold of By,4y,; so we have the following

exact sequence which splits in L?:

0— TC(ao#QI) bnd T'Byo#yl IC(ao#al) b NC(ao#al) —= 0.

The Chern-Simons Hessian is degenerate along TC(ao#a;) but is nondegenerate in the
normal direction. Identify the normal bundle N(ap#a;) of C(ao#a;) with the total space
of NC(ao#a1), and let

Ne(ao#a1) = {u € NC(ao#a1) | |lullz2 <€}

Let £ < €2 and define a cutoff function x on By,gy, such that x = 1 on N,,(ao#a)
and x = 0 on the complement of N,,(ao#a;). Let x : N(ao#a;) — C(ao#a;) be the
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projection. Let g : SO(3) — R be the standard Morse function with one critical point in

each dimension. Set £3 = (€3 — £7)? and define
E(a) = £3x(a) - g(x(a)) : By,ay, = R

and let e be the L? gradient of E. On N,,(ap#a;) we have e = Vg, on the complement
of N,(ao#a1),e =0, and on N,,(ao#a;) \ N, (ao#a1):

lle(a)llce 2 ea(ldxlllg(a)lice — IxIIIVg(a)lice) 2 €a( llg(a)lice = IVg(a)llco)-

E3— &
This points out that provided we choose £3 — ¢, sufficiently small, there will be no critical
point of e inside N,,(ao#a;) \ Ne,(ao#a;1). Set f(a) = +F, + e(a) over By,3y,. In [12]
Lemma 4.1 it is shown that the zeros of f are the zeros of +F, outside of N,,(ao#a;) and

inside N,,(ao#a;) they are the critical points of g, and all zeros of f are nondegenerate.

After performing this perturbation for each C(ap#a;) in R(Yo#Y1), the Floer chain
groups C;(Yo#Y1) are the free abelian groups generated by elements

- ag#0; in grading p(ao).

- bo#a in grading p(a1).

- (ao#a); in grading p(ao) + p(a1) —j, j=0,1,2,3.
(See §2 and [12].)

The boundary operator of C.(Yo#Y1) is computed by counting the trajectory flow line
spaces ﬂ*’o#lﬁ (a,b) for a,b generators in the list above.

We start with a graded differential group C. = ,C,, ¢ € Zs, with 8C, C C,_,, where
C, = {a € R*(Yo#Y1)| u(a) = q}. There is an associated filtration compatible with the
grading, F,C, C F,4:C, (increasing filtration). Define the F,C, as follows:

F,C. = ®k<p{Z < a > | a = (ao#a1);, p(ao#a1) = k, a; € R(Y;),i=0,1}.

Note that the perturbed Chern-Simons functional is non-decreasing along the gradient
flows (anti-self-dual connections). It follows that Floer’s boundary map 4 : F,C, —
F,C,-1 preserves the filtration. Because R*(Yo#Y}) is compact each E] _ is finitely gen-

erated. Note that ao#0; generates a free Z-summand of E!  for p = p(ag),q = 0,
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similarly Go#a, gives a free Z-summand of E} , for p = u(a;),q¢ = 0. An SO(3) compo-
nent coming from ao#a; gives free Z-summands of E} , for p = u(ao) + p(a;) and ¢ =0

and -3, and a Z;-summand E‘l‘(ao)+“(al)'_3'

In particular the filtration is bounded. Since |J F;,C. = C. we get a spectral sequence.
Theorem 4.1.1 There is a (fourth quadrant) spectral sequence with

which converges to HF,(C.,d).

Clearly d, = 0 for r > 5, i.e. the spectral sequence (E ,,d,) collapses at 5th term.
Therefore E?, gives the graded Floer homology H F,(C.(Yo#Y1),8). The next section
will be devoted to a complete description of d; which will be enough to calculate some
examples. The description of d3,d4 will be the subject of a future paper. We end up this
section by showing d; = 0.

Proposition 4.1.2 In the spectral sequence (E7 ,,d,) built from the filtration of Floer’s
chain complez for connected sums of homology 3-spheres, the third differential map dj :
E3, = E}_3 442 i3 zero.

Proof: Note that E,‘,'q = 0 for ¢ > 0 and ¢ < —4. Also, we have seen above that
E} _, = 0. So the only possible nonzero case is d3 : E3 _, — E3_; 5. Suppose d3(a#f); =
n(a'#8')0 # 0. Then for the boundary operator 8 of C.(Yo#Y:), the coefficient of
(a'#8')o in 8(a#PB); is n # 0. Then 3*(a#B): = 20(a#B)z # 0, which is impossi-
ble. .

4.2 Description of d;

We are going to define two special maps which are not used in the definition of Floer

homology.
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Definition 4.2.1 d:C(Y) — Z < 0 > is defined by
da = #M'(a,0)0
and §: Z < 0 >— Cy(Y) is defined by

=Y #X(6,5)8.

BEC(Y)

Lemma 4.2.2 d0=0, 86 =0.

Proof: This is proved in [10]. The proof is similar to the proof that 82 = 0 in the Floer
complex. |

Let 8, : C.(Y;) = C._1(Y;),i = 0,1 be the boundary map of the Floer chain complexes
of Y;,i = 0,1. The main result of this section is a description of d; for the spectral sequence

of filtration built from the Floer chain complex C.(Yo#Y;). Our result is:

Theorem 4.2.3 The differential dy of the spectral sequence (E! ,,d,) for the Floer chain
complez C,(Yo#Y1) is given in terms of the listed basis in §4.1 by

=0l xldRh1+8+dRIld +Id®d+6§Q Id £ Id @ 6,
where 83 is boundary map of the standard cellular chain complez of SO(3).

The notation in Theorem 4.2.3 and the determination of signs can best be explained

by two simple examples:
di(a#B); = (Boa#B); + (-1)")(a#81B); + (-1)*(=#8N)gy(a# B);

di(ao#61) = Boa#0, + (—1)*(*)(ao#86))o.

We have extended our notation here in the obvious way: (3" m;y;)#8 = 3 m;(v;#8).

Theorem 4.2.3 gives a full description of dy. It is built from the contributions from
each homology 3-sphere and the gluing parameter space SO(3). The trivial connections
of both homology 3-spheres also contribute via the special maps d;,é;,i = 0,1. Now we
proceed to the proof of Theorem 4.2.3.
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Let a#,, correspond to (a#p3);, where p; is in the gluing parameter space SO(3). For
the boundaries in the Floer chain complex we only consider 1-dimensional trajectory flows
with finite action. Fix metrics go,9) and parameters ¢, T which satisfy the hypotheses
of Theorem 3.3.6 and Theorem 3.3.8. This fixes a metric on Yo#Y; by §3.3 (i) (b).
If A, € M}, g(B,7) and Ay € MY  p(a,a) is constant, Ao(t) = a, then for fixed
p € SO(3), Theorem 3.3.6 gives a unique element in My, gv,)xR(a#,08,a#,7) and the

Splitting Theorem 3.3.8 gives the converse. Therefore we have

#M}YO#Y,)xn(a#ppv 0#,‘7) = #MIY, xn(ﬂ’ 7)’

Let M:ﬁ#Y;)xR denote the quotient of the moduli space of perturbed anti-self-dual con-

nections by time-translation. We want to show that

#Mf:’%’#mxn(“#»ﬂ rvait,r) = #Mb’o#l’,)xn(a#pﬂ’a#;ﬂ)-

The following proposition says that the compact perturbation we used in the construction
neither changes the algebraic number of trajectory flows between critical points a#,3 and

a#,v nor does it create new 1-dimensional trajectory flows.

Proposition 4.2.4 For ¢3 sufficiently small, we have
(1) If My, ,g(B,7) # 9, then for p € SO(3) a critical point for the Morse function
g:S0(3)—-R

#M:"?#Yl )xu(a#pﬂy a#p7) = #M%YO#Y, )xR(a#pﬂ’ a#p7)'

(2) If M;,

«R(8,7) =8, then M(Zy | p(a# B, aks7) = 0.

Proof: (1) Using the identification between trajectory flows and anti-self-dual connec-
tions, we consider the bundle AP)%‘#Y, )xR X6 02 ((Yo#Y1) x R,ad) — Bo(a#p,a#y).

The self-dual curvature F} induces a section of this bundle whose zeros are

My, av)xR(a#8, a#7) = M(y, gv,)xr (e #8, a#7)/R.

For 1-dimensional anti-self-dual connections, this is a finite set of points. The orienta-
tion on these points is precisely the orientation on the trajectory flow used in defining

the boundary map of Floer homology. Thus the algebraic number of zeros of F} is
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#beo 7 )xn(a#ﬂ,a#'y). Consider a trajectory with asymptotic values a#,8,a#,7.
Consider s € I = [0, 1]

W41 T x Bo(ad,B,att,7) = I x AR b (a#,B8,a#,7) Xo 04 ((Yo#1h) X R, ad)
(8,A)— FI + 9,439,

where &4 = 1(*,¢e(a(t)) + e(a(t)) A dt), and where ¥, = y(a(t)) is a perturbation con-
structed so that ¥, 4 has transverse zeros. For s = 1, the zeros of F}’ 4+ ¥4+ &, are the

solutions of the perturbed anti-self-duality equation

da(t)
at

= *3Fa(e) — ¥(a(t)) — e(a(t)) = 0.

Let M1 denote the zeros of ¥, 4. Then 0,1 € I are regular values of the projection
71 : M¥* — [ since the 1-dimensional moduli space is transverse to By by Proposition
3.1.6. So the parametrized moduli space M!** is a one dimensional submanifold of I x
Bo(a#,8,a#,7) with oriented boundary components —M!0 and M!!. Each M!* is
compact by [15, Theorem 3]. This means that M!? and M?!! are oriented cobordant; so
(1) follows.

(2) Suppose Mle «R(8,7) = @ but there exists a 1-dimensional trajectory flow between
a# p B, a#t,, 7y after performing our perturbations. We have a solution A, of the perturbed
anti-self-duality equation, and A,, lives in a 1-dimensional moduli space with asymptotic
values a#,,8,a#,,7. So I"""‘8 = —1(e(acy(2)) + e(ac,(t)) A dt). We have

IGFL, g, < IGe(aes(®lzg, < C-es.

The last inequality holds because we have a uniform bound for G by Proposition 3.3.4
and because in constructing our perturbation, we have used a smooth Morse function.
By choosing ¢3 small enough so that C - e3 < %-, then we can (by Lemma 3.3.5 and
Theorem 3.3.6) deform A., to an anti-self-dual connection A with asymptotic values
a# B, a#,,v. For any metric on Yo#Y; for which the splitting Theorem 3.3.10 holds,
A is obtained from Ao#,4: where Ao € M}  p(a,a) and A; € M}, p(B,7). This

contradicts the hypothesis. [ ]
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Proposition 4.2.5 For generators a,b of C.(Yo#Y1), elements of My, \(a,b) (1-
dimensional trajectory flow lines) occur only as follows:

1. If both ai, B are irreducible, there is a 1-dimensional trajectory from (ao#a,); to
(Bo#01); if and only if i = j and either

(1) ao = Bo and there is a 1-dimensional trajectory from a; to B3, or

(i5) a1 = By and there is a 1-dimensional trajectory from aq to fo.

2. There is a 1-dimensional trajectory from (ao#a,); to Bo#8, if and only if ag = Sy
and there is a 1-dimensional trajectory from a, to 8, and i = 0. A similar statement
holds for 8o# (.

3. There is a 1-dimensional trajectory from ao#6; to (Bo#P1); if and only if ag = fo
and there is a 1-dimensional trajectory from 8, to 3, and j = 0. A similar statement
holds for Op#a;.

4. There is a 1-dimensional trajectory from ao#6, to Bo#6, if and only if there is a
1-dimensional trajectory from ag to By. A similar statement holds for Gp# o, and
bo# 5.

5. There is no 1-dimensional trajectory from ao#6, to 8o# 5, or from bp#ta; to Bo# ;.
Proof: (1) It follows from the proof of Proposition 4.2.4 and the remark after it, that for
p € SO(3)

#Mz{f:#yi)xn((ao#al )iy(ﬂo#ﬂl)j) = #szo#yl)xn(ao#pal’ﬂo#pﬂl)-

For any metric on Yp#Y; for which Theorem 3.3.10 can be applied, we have that any
Ae€ M:n#yi)xn(ao#,al,ﬂo#,ﬂl) is obtained from Ao#,A; where A;,k = 0,1 which
are (0 or 1)-dimensional anti-self-dual connections in My, cr. Hence ay = B or there is

a 1-dimensional trajectory flow from a; to Bx which is realized by Ai. So

0 < plar) = p(Bi) <1

and

p((ao#ar)i) — p((Bo# 1)) =1, w(ao#ar) — p(Bo#b) = 1.
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Therefore we have that i = j and one side is constant and the other comes from a 1-
dimensional trajectory flow. (2), (3) and (4) follow by a similar argument.

(5) By Theorem 3.3.8, there is no 1-dimensional trajectory flow from ao#6, to 8p#0;.
[

A straightforward calculation shows:

Ilemm. 4.2.6 8‘83 = 830.','. = 0, 1.

Proof of Theorem 4.2.3: In Proposition 4.2.5, we have listed all possibilities for 1-
dimensional trajectory flows. So the boundary map for C.(Yo#Y; ) includes all possibilities.
We need to check that d? = 0.

(1) For basis element (a#/3); with a, 3 both irreducible, we have
di(a#B); = (Boa#B); + (-1)")(a#d1B); + (—1)(*#P)igs(a# )
(a)if M‘Yoxk(a, 6p) = @ and M‘mn(ﬂ,ﬁ) = @, by the definition of d; we have

& (a#B); = O[(Boa#B)i] + O[(—1)*(Na#d B)i] + (~1)*2#P)ids(a# B);] =

(B3a#B)i + (—1)4(o)((Boa#d B); + (—1)»(2oo#0)i35((Boa# B)i)

+(=1)"@{(Boa# 1 8); + (-1 (a#d?); + (—1)+(*#25)) gy ((a#8:5))}

+(—1)H#B) (B (Boa# B); + (—1)(By(a# 1 B8); + (—1)M(B(#0)Nd2((a#);)}
We use Lemma 4.2.6 in the last equality. Clearly it shows d?(a#0); = 0.

(b) If M}, g(a,60) # @ and M}, p(B,6:) = 8. Note that 3;(dc#B) = 0. By
Proposition 4.2.5 (2), i = 0 in this case. Then we have

d}(a#B)o = (dBoa#B) + (Boa# 1)
+(-1)"(°)(6oa#8ﬂ) + (_1)2u(a)(a#312ﬂ)0 +(- 1)#(°)+u((°#3xﬂ)o)33(a#al 8o
+(=1)H#0) 3y ((Boa# ) + (-1))(a#d18)o) + (—1)#(#Po+u(@s(2#6)0) g2 (ot B),
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Then it shows that d}(a#8)o = 0. For &ya # 69,018 = 6, and da = 6,0, = 6, the
d} = 0 follows from a similar argument.

(2) For another kind of basis like ag#6,; or dp#a;, We verify one of them, ap#6,. The
other one is similar. By Proposition 4.2.5 we have

di(ao#6:) = Boao#y + (—1)*(>0)(a#68; )o.

Based on the definition of Floer homology, the trivial connection 8p#8, of Yo#Y; is not
taken into account. So Gyao # bp.

d3(ao#0:) = O3a#0; + (—1)4P%) (Boao#66:)o
+(=1)4)(Boa#681)o + (#8180, )o + (—1)#(2)+4l(2#601)0) 3, (o # 661 )o.

Using the definition of &3 , Lemma 4.2.2 and Lemma 4.2.6, we have the differential d,
satisfying d? = 0. [

4.3 Examples

Even with our formulas of §4.1, examples remain difficult to compute since it is an ex-
tremely nontrivial problem for a fixed homology sphere Y to compute all possible 1-
dimensional moduli spaces M}, g(a,8), M} g(a,8), M} g(4,a).

Example 1: Calculation of H F,(X(2,3,5)#X(2,3,5))

Let us consider the connected sum of the Poincaré 3-sphere with itself. The Floer
homology of the Poincaré 3-sphere is generated by a € C,8 € Cs (dimMy(a,0) =
1,dimMy (8, 80) = 5) with all the boundary differentials trivial, so for X(2, 3, 5):

Cl = HF] EZ, C5=HF5°_‘Z, CJ‘ = HI‘-_', =0, ]# 1,5 (mod8)
This follows from work of Fintushel and Stern [12].

Proposition 4.3.1 LetY be the Poincaré 3-sphere £(2,3,5) and let a be the irreducible
representation with uy(a) = 1. Then the 1-dimensional moduli space of anti-self-dual con-
nections with asymptotic values a,@ (denoted by M}.(a,0)) is nonempty and #M}(a,8)

= %1, where “}” denotes a count with sign.
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Proof: Let X be the 4-manifold obtained by plumbing the (negative definite) Eg-diagram.
Then 8X =Y. The intersection form of X is the form Eg. Let P be the principal SO(3)-
bundle over X with p; = 2 and w; represented by the Poincaré dual of one of the 2-spheres
corresponding to the nodes of the Eg-diagram. The moduli space M x(8) of anti-self-dual
connections with asymptotic value trivial () on the boundary Y has dimension one.
There are two kinds of ends of M x(#). The first corresponds to reducible anti-self-dual

connections on P. These are in one to one correspondence with
{te € H¥}(X,Z)| €® = -2, e = wy(P) (mod 2)}.

There is a unique such reducible anti-self-dual connection (cf.[13]). The other ends come
from splittings M%(a)#M} (a,0), where M%(a) is a compact zero dimensional moduli
space with asymptotic value a. Let n, = #M%(a). Thus Mx(0) is an oriented (see
[7]) 1-dimensional manifold whose noncompact components fall into two classes. First,
those components such that neither end comes from a reducible connection. Each end of
such a moduli space corresponds to an M}, (a,8) which contributes +n, to the counting
#MJ} (a,0). The other end of this same component of M x(6) contributes Fn, to the
count; so they cancel out. There is one other noncompact component of M x(8) with ends
corresponding to the unique reducible anti-self-dual connection on P and the remaining

component of M} (a,8). Thus #M} (a,0) = 1. ]

We next want to calculate H F,(X(2,3,5)#X(2,3,5)) by using the spectral sequence.
From §4.1 we have E], as in the figure. As we described in §4.2, 9; = 0,6; = 0,i = 0,1
and the only nontrivial contribution is from dy,a = 16 and &; from the gluing parameter

SO(3). Le. dy =1®dy, £dy, ® 1 + 33. Thus we have

E}g=Z < a#0 £ 0#a >, E3o=Z < (B#8)2 >,
Ez.-2=Z@Z, fOl'p=2,6, Eg'_1=Z2$Z2 forp=2,6,

2 - .
Ep.q = 0 otherwise.

Obviously, d; = 0 and d3 = 0 as well from Proposition 4.1.2. Thus E2, = E3, = E! ..

The dy : E§_3 — Ej, is the only possible nontrivial differential. But E3, is generated
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q E=E=B=E
| 2 5 s.P 1 2 5 6 !
of g Wl Ul of z 2> 0 0
q 6 0
1 1 -
Q
1 ¥ 4 2 4h ¥,
3 2 2 3 2 Wl
<MN3M;

by (B#8)2 and dimM(a#B,0#B) = —4, so d¢ = 0. Hence the spectral sequence is

convergent at E2,.

Theorem 4.3.2 For the connected sum of Poincaré 3-sphere with itself, the Floer homol-
ogy i8
HFy=2,02,, HF\,=2, HF;,=2, HF3=726012

HF4=2,082,, HFs=0, HIg=0, HF;=20727

Note that this theorem shows that Floer homology is not in general 4-periodic.

Example 2: Calculation of H F,(X(2,3,7)#X(2,3,7))
From [12], we have

HF(2(2,3,7) = C1(2(2,3,7) = Z < a>, HF(X(2,3,7)=Cs(Z(2,3,7)=2Z<b>

dimM};(z'a'-])(a, 0) = 3, dimMg(g.:;'-[)(b, 0) = 7, dimM2(2'3'1)(b,0) = 4, mod8,

and we get
HFy=202;, HF, =0 HF;,=2Z HF;3=20262
HFy=202Z; HFs=0 HFgs=Z HF=2026012

Example 3: Calculation for H F,(X(2,3,5)#X(2,3,7)).
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An easy calculation shows
HFgy=7Z HR=Z0Z0®Z HF;,=2:92; HF3=0

HFy4=2 HFs=2020®2Z HFs=2,0®2, HF;=0.
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Chapter 5

On spectral properties

5.1 The Laplacian on a connected sum

As we have explained in section 2, in order to calculate the Floer homology for a connected
sum, one has to cut and paste anti-self-dual connections by cut-off functions which make
the connection trivial on the tube §2 x I x R. Then the uniform lower boundedness of
the Laplacian on anti-self-dual 2-forms on the tube plays an important role for solving
the resulting anti-self-duality equation for the glued connection. We will show that the
uniform lower bound on the tube goes to 0 as we stretch the length of the interval I to oo.

We consider a homology 3-sphere Y with an open 3-ball, B,(r), removed, where r is
the radius of the ball centered at y, and boundary of this manifold is a 2-sphere S2. Let
QP(Y \ By(r), S?) denote the space of smooth p-forms on Y \ B,(r) which vanish on §2,

and let AP be the Laplacian acting on p-forms.
Lemma 8.1.1 1. The operator AP : L3(Q¥(Y \ By(r), 5%)) — L(QP(Y \ B,(r), S?)) is
injective.
2. The volume form wo of S? is the unique generator for H3p(S%x I), up to a constant.

We omit the proof, which follows from Hodge theory.

Suppose Y, and Y are oriented homology 3-spheres with Riemannian metrics which
are flat in fixed small balls. We use an identification of these balls to define a connected
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sum Yp#Y;. Thus if we have locally oriented Euclidean coordinates £ centered at yo € Yo
and 7 at y; € Y], the identification map on an annular region is given by the conformal
equivalence n = f,(£) = €2Z/|€|2. Here £ — € is any reflection and ¢ is a parameter which
will eventually be made sufficiently small. We introduce another parameter N such that
N -¢ is less than the radius of injectivity of both Yy and Y;.

Let U; C Y; be the annulus centered at y; with inner radius N—1¢ and outer radius Ne¢.
The conformal equivalence map induces a diffeomorphism from Up to U;. We let Y,-' cY;
be the open set obtained by removing the N~!¢ ball about y;. Then, in the usual sense,
we define the connected sum Y = Y(¢) to be

Y=Yo#h =YoU, ¥y

where the annuli U; are identified by f,.
We shall also need to use another model for the connected sum. This depends on the

conformal equivalence:

d:S?x R — R\ {0}

given in ‘polar coordinates’ by d(s,t) = s-e'. Under this map the annulus U with radii
Ne, N-1¢ goes over to the tube d-1(U) = 52 x (loge —log N,loge + log N). Thus we can
think of the connected sum as being formed by deleting the points y; from Y;, regarding
punctured neighborhoods as half cylinders and identifying the cylinders by a reflection.
(See [9])

From this point of view, we are working with the manifold Y; \ B,,(N~1¢) and in the
annular region we relabel the length by shifting loge units and setting T = log N. Thus
we have identified the annular region with the tube $2 x [-T', T']. Define a smooth cut-off
function 8 with support in [-T,T)and f=1o0n [-T +¢,T - ¢].

Proposition 5.1.2 Let (Y \B,(r),d) be a homology 3-sphere with a 3-ball removed and fiz
a cut-off function B on the neck as above. Then there ezists a unique n € Q3(Y \ By(r), d)
such that

Ai) - —ﬂ"wo

n=0 on 0
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Remarks:
1. A is the Laplacian on Q3(Y \ B,(r),8). To prove this proposition we shall need min-

imize the Lagrangian L(n) = [y, |dn|?+ |d*n|? + 28" wo A #1, whose formal variational

equation is the equation we expect to solve.

2. Injectivity of the Laplacian gives the nonzero first eigenvalue

ld*nli2 + l|dnl|2.
lInll3,

A; = inf > 0.

We also have the Poincaré inequality
/ nA*m< C-/ dn A xdn + d*n A +d*1).
Yo Yo

Proof: The proof will follow the standard variational minimizing method which will give us
a weak solution and then elliptic regularity will imply that the solution is smooth. This will
give i € C(Q%(Y\B,(r),8)) and Ay = —"wp. So A(Buwo—10) = 0, (Bwo—n0)ls = wo.
So Bwp — o is a harmonic 2-form with the correct boundary condition for patching the
harmonic 2-forms together. We will follow the proof in [21] page 294 and [25)].

We first show that for n € L3(Q3(Y \ B,(r), 8)), the Lagrangian
Ln=/ dn)? + |d*n|? + 28" wo A +
(m) Y\B'(r)l nl®+ |d*n| n

has a lower bound. Because the inequality 2ab < t—'a? + tb? holds for all positive ¢t we

have
12(=B"wo, )| < t7| - B"wollZx + tlinllZa.
Thus
L(m) 2 lldniEa + ldallZa — ¢l - 8"wnllZa — tlinii
for all n € L3(Q%(Y \ By(r),d)).
Next use the Poincaré inequality to continue the inequality

> (1= C)(Idnls + Idnlis) - 118" wnls

1 ” .
= E(lldﬂ"}a +lld°nll32) — 2C||18"woll3.  (letting t = )
> -2C||8"woli},
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Since B,wp are fixed, and we have Rang L C [-2C||8"wo||?,,00), we have the desired
lower bound. Hence Lo = inf{L(nk) : m € L3(Q3(Y \ By(r),8))} exists.

Now choose a sequence {nx € L3(Q3*(Y \ B,(r),8))} such that L(n) — Lo as k — oo.
The above inequalities show that
ldmell2s + ld*mli22 < 2Lo + 4C||8"wo||2; + 1, and
Imellzs < CllldmellZa + lld*mell25)
< C(2Lo+4C|18" wll3s + 1)

for kK > N. An a priori estimate (see Morrey chapter 6 in [21], Appendix in [9] and
Nirenberg (23] page 153) tells us that

lImellez < C' (18" wolla + llmella)-

So using the above inequalities we see that the sequence {n} is uniformly bounded in L}

norm, since the unit ball in L3 is weakly compact. Thus there exists a subsequence
L3
ny — no € LY(Q*(Y \ By(r)))

Since Y is a 3-dimensional compact manifold, Lg «— C9 is a compact embedding; so we
may assume that {n,/} — no in C% Thus n9 = 0 on Yy, and hence ny € L3(Q*(Y \
By(r),8)). Weak convergence gives that L(no) < lim L(n,) = Lo which means that 7o
minimizes L over L3(Q*(Y \ B,(r),8)).

Hence for any £ € C°(Y \ By(r),d) and t > 0, L(no) < L(no + t£)

L(mo +t€) = L(no) + 2t /Y o )(dno A +df + d°mo A sd”E + B wo A +€) + O(17).
v r
where O(t2) = t3(||d¢||3, + ||d*¢]||3,) Since this holds for all ¢ > 0,

0 < (dno,dé)+(d*no,d"€) + (8" wo,€)
(d'dflo, E) + ('Io, df)a + (dd"b» E) -b(d‘mv 6)8 + (ﬂ"wﬂ’ f)
= (Am+f"w,€)

Replacing £ by —¢ shows that Amg + 8"wp = 0 in the weak sense, and elliptic regularity
then implies that ny € C°(Q%(Y \ By(r),d)) and Ang = —B"wp. This completes the proof.
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Note: Note that we now have A(Bwp — 10) = 0, (Bwo — 10)lov,\B,, (N-1¢) = Wo, 8 =
S2 x {T - ¢}.

Using this proposition, we have solutions for An; = —3"wg, 7], = 0 for i = 0,1 where
8; = 5% x {T - ¢}. Define

Buwo — 10 on (Yo \ By (N~'¢), )

=14 wo on S2x [-T+¢,T-¢]

Bwo —m on (Y;\ By, (N-1¢),8).
Wehave u € C°(Q3(Yo#Y1)), and Au = 0in the weak sense. Choose the eigenfunction, say
B, corresponding to the first eigenvalue for the one dimensional Laplacian with Dirichlet
boundary condition on [—%’-,%’-] We use the 2-form x4 - u which has compact support
on Y x R. In this case, the L} ; norm is equivalent to L? norm, so the operator A} o
is —g, + Ay. This means that the first eigenvalue of A2 p is < (?’j‘;_r)2 Let w =
pu+xpuAdt € N3 (Yo#Y;: x R), where « is the 3-dimensional Hodge star operator. Since

pu is perpendicular to xuu A dt and At = 1A on 03, we have

1 " ' &
(b, A*(wu))a = g(pu, —p"w)1a = C - (5)*(wu, pu) s

where / denotes the derivative with respect to t — the R factor. So the same holds for
the self-dual 2-form w. This implies that the first nonzero eigenvalue for At is less than
or equal to C - (§)?; so in particular it approaches 0 as the length of the tube goes to
00. Another way to see this fact is to work directly with the weighted Sobolev space L?M.

Then one has the one dimensional Laplacian
a? . d
~ 4 + 651gn(t)m

with Dirichlet boundary conditions on [—£, ], and one sees that for this boundary value

€’e¢
problem there is no zero eigenvalue. Then the eigenfunction of the first nonzero eigenvalue
Ais
f - ae%!'l" + beL;_*lt'
where k = V67 — 4). We have f € C!, and f(t) = f(-t); s0 %(0) = 0. Together with the
boundary condition, this gives us

6+k.a+6—k'

) 3 b=0, aeF ¥ +be 7
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Combine these equations to get

N
. ?)'

Stretching the tube length to oo corresponds to letting ¢ — 0 or N — oo, which means
that k — §, and thus A — 0. (In T. Mrowka's thesis [22] he proves the existence of a lower
bound for the first eigenvalue of this operator when the tube length is fixed.) The fact that
the first eigenvalues of At go to 0 as the tube gets stretched to co gives an “obstruction”
to solving the anti-self-duality equation when one connects two anti-self-dual connections
on Yp X R and Y; X R. One may try to build an obstruction bundle as Taubes did in the
case of a compact 4-manifold with an indefinite intersection form [28], but the following

propositions tell us that we cannot do the same thing for a noncompact 4-manifold.
Proposition 5.1.8 If H(Y) = 0, then L} ;H'*}(Y xR) = 0.

Proof: This follows from Lefschetz duality and a theorem ([3],Proposition (4.9)) of Atiyah-
Patodi-Singer.

For example, if Y is a homology 3-sphere, then L3 ;H*(Y x R) = 0, and L} ;H3(Y x
R) = 0; so we do not have an L3, harmonic 2-form. However we do get the small

eigenvalue for the Laplacian on self-dual 2-forms from Proposition 5.1.2.

In the statement of the next proposition we let & denote “spectrum”.

Proposition 5.1.4 Let Ao = min{o(A}),o(A} ")}, then we have o(A},, g) = Ao, +0).
For a compact 3-manifold Y the spectrum consists of eigenvalues, and for the noncompact

manifold Y x R the spectrum is essential.

Remark: This proposition points out that it is impossible to form an obstruction bundle

in the manner of Taubes with a finite-dimensional fiber.

Proof: In this proof we will drop the weighted Sobolev norm notation and denote it simply
by || - ||l Recall that A € o(A) for a self-adjoint operator A on a Hilbert space if and only

if for arbitrary positive ¢, there exists a nonzero u, such that
(A = Al)u,|| <€ - [|ucl
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(c.f. [33] Theorem 5.24).

Given A € [Ag, +00), write A = Ao + s, 4 > 0. It is well-known that in Lg's-norm the
operator A¢ = — (=4It 2.¢%ltl) has essential spectrum [0, 00) (see [33] section 10.2). So
there exists f, such that

(A — pD)fe|l < €|l fell
K w; +wedt € QY x R), then one has

Al m(fe(wr + wadt)) = A fo(wr + wadt) + fo(AYwr + A 'wydt).

Suppose that Ag = ming(A}?). Let w; = 0 and w; an eigenform corresponding to Ao.
Then AY'w; = Agw;. Therefore we have
A (g (fewadt) — (Ao + ) fewadt||

|(Aefe — pfe)wrdt + fe(Ag;-lwz ~ Aows)dt||
el fewndt]

IA

because of our choice of f,. So Ao+ 0(A;¢) C 0(A} R), i-e. [Ao,+00) C (A}, p)-
When Ap = min o(A},), we get the same result by choosing w; an eigenform corresponding
to Ag, i.e. Aywy = Agwy, wp = 0.

Next we need to show that o(A},, g) C [Ao, +00). Given any A € o(A},, g) there is
a u, with ||(A}, g — Ay < € |Juc]|. Write u, = wi(€) + wa(e)dt, where wy(¢) and
wz(€)dt are in L ;0 (Y x R) and are mutually orthogonal. Then also A}, puwi(¢) and
A}, gwa(€)dt are orthogonal. Thus we have the

A} xrwi(€) — Man(€) + A}, gwa(e)dt — Awy(e)dt||?

IAY xrw1(€) = Mn(e)II? + |A} ygwa(€)dt — Mwa(e)dt||?

< e¥lul?
< E(llwr(e)l? + llwa(e)atl?)
We have
either A} xrw1(€) = An(e)I? < €2flun(e)I?
or A  rw2(€)dt — dwa(e)dt|)? < e2|lwa(e)dt||?

49



In the first case where [|A},  gwi(€) — M (€)||? < €2|lwr ()12

Let {¢:} be an orthonormal basis of L ;0(Y) consisting of eigenforms of A}, with
eigenvalues {);}, and write wy(¢) = ¥; fi(t, €)¢i.

J

Ay yrwi(€) = Z AV R fi(t,€)d; = Y _(Adfi(t,€) - 65 + X fi(t,€)¢;)
J

Ay xrwr(€) = M (e) = D _(Adf(t.€) - 6; + Aif(t.€)¢5 = Mj(t,€);).
Since the basis {¢;} is orthonorma.:, we have
zj:IIA:fJ’(i,e) + (A5 = NSl < E’Xj: £t )l
Thus there exists a k such that
Acfi(t,€) + (A = A) fit, €)II? < €21 filt, )]

where [|fu(t,€)|| # 0.
If A < Ao, recall A € 0(A},, g ), 80 we have Ap — A > Ao — A > 0, therefore A — Ax < 0;
80 A — A is not in the spectrum of A, i.e. A¢ — (A — Ai)I is invertible. Thus there is a

positive constant ¢ (independent of ¢) satisfying

c- Ifilt, ) S NI(Ae = (A = A)D St )l < € - || fi(ts E)II-
Choosing a small enough ¢ we get a contradiction. So A > Ao, i.e. 6(A}, ) C [Ao, +00).

Similarly one can reach the same conclusion in the second case. So we have shown that
o(A¥ ) C [, +0) in both cases. This completes the proof that o(A},, g ) = [Ao, +00).
[

In particular, for a fixed homology 3-sphere Y (i.e with a fixed Riemannian metric),
the spectrum is strictly positive, i.e.

min{o(A3, p),0(A}r)} = 20 > 0.
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