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ABSTRACT

EXCITON PHOTON AND PHONON INTERACTIONS IN
SEMICONDUCTOR QUANTUM DOTS

By

Kaijie Xu

Excitons, photons, and phonons are elementary excitations that have been widely investi-
gated in semiconductor systems. This thesis focuses on the exciton energy transfer between
quantum dots, which is a physical process that involves all these elementary excitations.
Exciton energy transfer is a common process in many artificial systems such as solar cells,
lasers, and quantum gates.

In order to study the exciton energy transfer, we develop a full quantum theory to de-
scribe the exciton-photon interaction and exciton-phonon interaction. We derive the exciton-
photon interaction from the quantized field operator representing the electromagnetic field.
In the derivation, the effect of a planar cavity, which modifies the photon density of states
is considered. We also obtain the exciton-phonon interaction starting from the deforma-
tion potential. With both types of interaction given, we study the dynamics of the exciton
transfer in a cavity by solving the Schrodinger equation for the coupled system of excitons,
photons and phonons. Both elastic and inelastic exciton energy transfer are simulated. We
find that the coupling to phonons enhances the exciton energy transfer when two dots are
off-resonant. In addition to the theoretical and numerical study of the exciton energy trans-
fer, two applications of the theory are discussed. As an application to quantum computing,
phonon-assisted exciton energy transfer is proposed as the key ingredient in the implementa-
tion of a Quantum Zeno gate. In another application, we expand our approach to a multi-dot

array, which can be applied to the design of novel light-harvesting devices.
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Chapter 1

Introduction

The physics of semiconductor nanostructures has been an active research field in condensed
matter physics in recent decades. Semiconductor quantum dots, which are zero dimensional
quantum heterostructures are among the most studied systems in this novel area [1, 2].
The properties of excitons, which are the elementary optical excitations of semiconductors,
depend strongly on the dimensionality of the system. In quantum dots, excitons have discrete
energy levels due to the confinement in all three spatial dimensions. This is a typical property
of the electronic levels in atoms. Quantum dots with dimensions from a few nanometers to
hundreds of nanometers are at least ten times larger than atoms. Hence, semiconductor
quantum dots have properties that combine those of bulk semiconductors and atoms [3].
For this reason, the research of excitons in semiconductor quantum dots has become an
exciting field in which concepts from both condensed matter physics and atomic physics can

be applied.

Being the bound state of an electron and a hole, an exciton can transport energy without

transporting net charges. Exciton energy transfer is a common process in materials science



and biology. This process is important in many artificial systems designed to harvest and
generate light, for instance, in devices based on organic materials such as solar cells [4],
light emitting diodes [5], and lasers [6]. Energy transfer may also be a key ingredient to the

application of quantum dots system to quantum computating. [7].

Energy transfer is often classified in terms of short-range transfer (also called Forster
transfer) and long-range (radiative) transfer. In the short-range transfer, the distance R be-
tween donor and acceptor is smaller compared to the wavelength of the transferred excitons.
In this case, the transfer is dominated by the electrostatic dipole-dipole interaction, and the
free-space transfer rate behaves as R0, In the long-range radiative case, the observed R2
dependence of the transfer rate can be seen as the result of the emission and reabsorption
of photons. Many theoretical and experimental investigations on exciton energy transfer in

solids and liquids have been carried out in the past [8, 9, 10, 11, 12].

The object of this thesis is to study theoretically the exciton energy transfer between
quantum dots, which has also been studied with different methods by other groups [13, 14,
15, 16, 17, 18, 19, 20, 21]. We develop a full quantum theory to explain this energy transfer
process. We also incorporate two new aspects to this problem: quantum dots interacting

with light in a photon confined system and the phonon effects on the light matter interaction.

The physics of exciton energy transfer in systems in which both photons and excitons
are confined can be qualitatively different. A photon-confined system is a structure in which
the electromagnetic modes are quantized in one or more directions and the photon density
of states is modified with respect to the vacuum. For a planar microcavity, in which two
planar mirrors quantize the photon wavevector in the direction perpendicular to the mirror

planes, the in-plane photon wavevector is not confined. The idea of controlling the exciton



energy transfer by modifying the optical environment has been theoretically explored in the

case of planar microcavity systems [22, 23, 24, 25].

In solid state materials such as semiconductor quantum dots, phonon effects can not be
neglected. Phonon absorption and emission can modify the exciton dynamics [26, 27, 28]
and affect the efficiency of the exciton energy transfer process. The effect of a phonon bath
on the energy transfer in the general case has been the subject of many theoretical investi-
gations [29, 30, 31]. Due to the large deformation potentials in semiconductors, the energy
transfer in quantum dots systems can be strongly affected by phonons. Phonon effects in
the emission linewidth of quantum dots have been recently investigated both experimentally
and theoretically [32, 33]. Phonon effects help us to obtain a better understanding of exciton

energy transfer in semiconductor quantum dots.

To be more specific, our goal for this thesis is to study the dynamics of both elastic
and inelastic exciton energy transfer between quantum dots in a planar microcavity. We
will develop a full theory of quantum dots in a microcavity interaction with photons and
phonons [34]. We have applied our theory to quantum computing and light harvesting

systems. This thesis is organized in the following way.

Chapter 2 starts with a review of the theoretical concepts of the physics covered in this
thesis. We provide a quantum mechanical treatment of excitons in quantum dots. Further-
more, the photon Hamiltonian in the planar microcavity and the exciton-photon interaction
Hamiltonian are derived. The exciton-photon interaction, which is usually treated semiclas-
sically is derived in a full quantum picture. Moreover, we show how to recover the Forster
coupling between the quantum dots from the Coulomb interaction [18, 19, 20, 21]. In our

model, we start from the quantized EM field operator in the planar cavity [35, 22] to calculate
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the coupling constant of the exciton-photon interaction. In our approach, the Coulomb inter-
action between electrons and holes is not included explicitly. As a result, the exciton-photon
coupling constant is expressed as a function of experimentally measured physical parame-
ters of the semiconductor quantum dots. In addition, to study the inelastic energy transfer,
we provide a theoretical description of the exciton-phonon interaction originated from the
deformation potential coupling between the excitons and longitudinal acoustic phonons [36].
The coupling constant for the exciton-phonon interaction is expressed as a function of the
deformation potential of the semiconductor, which can be experimentally measured in bulk
materials. The purpose of this chapter is to give the reader a theoretical view of all the
terms of the full Hamiltonians treated in this thesis.

In Chapter 3, we explicitly consider the dynamics of the exciton transfer in a cavity by
solving the Schrodinger equation for the coupled system of excitons, photons and phonons.
We will focus on a system that contains one or two semiconductor quantum dots embedded
in a planar microcavity. The schematic view of the system considered is shown in Fig.1.1.

/

b

P ' Ldot /
) Rab
QDa QD

Figure 1.1: Schematic view of the two dots in a planar cavity.

A A

Starting from the Hamiltonians given in Chapter 2, we derive the equation of motion from
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the Schodinger equation in the interaction picture. Equations of motion including the phonon
degrees of freedom are also derived with the same method, using an effective exciton-photon-
phonon interaction and truncating the phonon Hilbert space. With the equations of motion
established, we simulate the dynamics with realistic parameters. The complete simulation
of elastic energy transfer demonstrates a good agreement with the theoretical prediction. In
the case of inelastic energy transfer, in which both photons and phonons participate in the
exciton transfer process, the simulation shows the possibility to gain a relatively efficient
exciton energy transfer between two detuned dots. In addition, the collective effect on the
spontaneous emission in multiple quantum dots which is known as super-radiance, is also

observed in our simulation. It serves as a proof of the validity and versatility of our model.

In Chapter 4, two potential applications of this developed model are discussed. As an
application in quantum computation, phonon-assisted energy transfer has been proposed as a
key mechanism for realizing quantum gates based on the Quantum Zeno effect [7]. This idea
of applying Quantum Zeno effect to quantum computing is contributed by our colleagues
Dr. Y.P. Huang and Prof. M. Moore [37]. We apply their idea from atomic physics to
semiconductor physics. We explain the system configuration and the physical requirements
for successful gate operation. In the end, the fidelity of the quantum gate is optimized for

given physical characteristic parameters.

Another application relates to the exciton energy transfer in dot arrays which are consid-
ered in novel light harvesting device architecture. Exciton energy transfer is believed to be
a major source of the transition of the energy in these processes. A prototype model which
simplifies the multi dot system to a one dimensional dot array is proposed. In order to study

the dynamics of the exciton in dot arrays, a theory with good scalability is required to effi-



ciently deal with the system with more than two dots. The time-convolutionless technique
developed by Breuer and Petruccione in their book [38] is extended to solve the problem.
In the book, this technique is used to explain the spontaneous emission in a single two level
system. We first extend this method to a two dot system. Then it is straight forward to
apply the same technique to deal with an N dot problem. As a result, the complexity of
the problem goes quadratically with the number of dots. For a dot array, if only the nearest
neighbors are considered, the complexity of the problem scales linearly with the number of
dots.

The thesis ends with comments on the result of the dynamics simulation and the possible
applications we proposed. Future directions of research that may use our exciton energy
transfer model are presented and briefly discussed.

The results presented in this thesis have been published in

1. K. J. Xu, Y. P. Huang, M. G. Moore, and C. Piermarocchi. Two-qubit conditional
phase gate in laser-excited semiconductor quantum dots using the quantum Zeno effect.
Phys. Rev. Lett., 103(3):037401, Jul 20009.

2. K. J. Xu and C. Piermarocchi. Dynamics of elastic and inelastic energy transfer

between quantum dots in a microcavity. Phys. Rev. B, 84:115316, Sep 2011.



Chapter 2

Theoretical framework

2.1 Excitons in semiconductors

Optical properties of semiconductors are determined by interband transitions between va-
lence and conduction bands. Excitons in a material are quasiparticles that can be considered
as hydrogenic bound states of an excited electron in the conduction band and the remaining
hole in the valence band. The electron and the hole interact through Coulomb interaction.
Excitons may be classified into two different types, Frenkel excitons and Wannier-Mott exci-
tons [39, 40]. This classification is determined by the properties of the material, in particular
by the value of the dielectric constant and effective mass of electron and hole. Frenkel ex-
citons are typically found in alkali halide crystals and in organic molecular crystals which
have a small dielectric constant. In these materials, the Coulomb interaction between the
electrons and the holes may be strong and the effective Bohr radius of Frenkel excitons tend
to be small due to the strong binding. In inorganic semiconductor, the dielectric constant is

generally large and excitons are typically of the Wannier-Mott type. Electric field screening,
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due to the larger dielectric constant reduces the Coulomb interaction between the electrons
and the holes, thus the Bohr radius of Wannier-Mott excitons is much larger compared to the
one of Frenkel excitons. Typically, a Wannier-Mott exciton has a Bohr radius much larger
than the interatomic spacing of the crystal. We will only study Wannier-Mott excitons in

this thesis.

2.1.1 Wannier-Mott exciton theory

{dljctmy
!
Eg

|

k=0

E(k)

Figure 2.1: The conduction and valence band of the semiconductor with a direct bandgap
Eyg.

An intuitive explanation for the Wannier-Mott exciton concept can be given based on
the scheme in Fig. 2.1. For simplicity, we assume a quadratic dispersion for valence and
conduction band electrons, as well as a direct bandgap with energy Eg. Initially, the system
is assumed to be in its ground state, which means that the valence band is filled, and all
conduction band states are unoccupied. Optical transitions induced by photons may excite
an electron in the valence band to an unoccupied state in the conduction band. With our

assumption, and the zero energy point shown in Fig. 2.1, the single electron energies in



valence and conduction band are

(2.1)

Here my, and m: are the effective mass of the valence and conduction electrons, respec-
d’E
dk?

meanwhile, my; is negative. Before excitation, all the valence band states are completely

tively. According to the definition of the effective mass m™ = 2. [ } , my. is positive,

filled, the removal of an electron from this band is accompanied by the creation of an excita-

tion termed a hole. The hole can be treated as a particle with an effective mass mz = —mj,

2.2
positive charge e and energy Ej, (k) = % The absorption of a photon of energy hAw in

h
the semiconductor creates two excitations: one is the electron in the conduction band of

2,2
g nf* and the second one is the hole in the valence
c

2.2
band of wavevector —k and energy Ey, (k) = gnf* . According to conservation of energy, for

wavevector k and energy Ee(k) = Eqg +

this process, we have

h2k2 h2k2
hw =F _— t —. 2.2
gt 2m2 + QmZ ( )

Here, m}: is replaced by m} to indicate that it represents the effective mass of the electron

in the conduction band.

Exciton is a quasi-particle representing the bound state of the electron and hole pair. The
essential idea is that the electron and the hole are particles with opposite charges. Therefore
there is a Coulomb attraction —e2 /er between them. Here, € is the dielectric constant for

the semiconductor, which effectively causes screening.

The state of the electron hole pair can be described by a two-particle Schrodinger equation



2v: BV ¢

S omE QmZ _e|re—rh|

] (re,ry) = EP(re,1p). (2.3)

The problem of Eq.(2.3) can be transformed using relative r = re —rj, and center of mass

coordinates R to obtain the effective mass equation for excitons in real space representation

_hQV%{ - hQV% - £
2M 2ug €r

] ®(R,r) = EP(R,1). (2.4)
Here, M = m} + m;’z is the total mass and uy = m’gm;/(mz + m;‘l) is the reduced mass
of the electron-hole pair. The center of mass motion can be separated as
®(R,r) = U(R)y(r). (2.5)
With this separation of variables we have two equations; one for the center of mass motion
and one for the relative motion.

22
hVR
2M

U(R) = ERV(R). (2.6)

Obviously, the center of mass motion is a plane-wave, W(R) AR ith energy Fp =

2 2
712—]\(]4. The Coulomb interaction enters only in the equation for the electron-hole relative

motion

A
[—Mx—glwnzmww (2.7)

This equation has the same form of the Schrodinger equation for the hydrogen atom.

Excitons are therefore quasiparticles in the solid which have the hydrogenic wavefuctions
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of an excited electron in the conduction band and the hole in the valence band Eq.(2.7) is
known as the Wannier equation.

We should mention that the effective mass equation in Eq.(2.7) can be derived from first
principles, taking into account the full electron-electron interaction. By using a Green’s func-
tion formalism, Eq.(2.4) can be obtained in the lowest order approximation to the effective
electron-hole interaction [41]. From the well-known solution to the Hydrogen atom problem,
we can find the energies of the exciton to be

2.2 4
En(q) :Eg+2—]\q/[—%ni2. (2.8)
Note that exciton energies are found to be below the uncorrelated electron-hole energies.
The missing energy defines the exciton binding energy. The index n here is the principal

quantum number in the solution to the hydrogen atom problem. In the following discussion

we will focus on the lowest internal state iy, = 114 only and thus drop the index n.

2.1.2 Excitons in quantum dots

Up to now, our review of excitons has only considered bulk materials. In the following, we
will describe excitons in low dimensional quantum structures, which have distinct features.
In order to confine excitons, it is required that both conduction electrons and holes are con-
fined in the same region. Conventional confinement potentials such as electric or magnetic
traps are not strong enough to confine the exciton. Since electrons and holes have opposite
charge, an electron potential V'(r) acts on holes like a potential —V'(r). Semiconductor het-
erostructures confine excitons because they create a variation of the bandgap energy at the

interface of different materials. With a proper choice of the configuration, electrons and holes
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Figure 2.2: Schematic view of spatial band structure of semiconductor heterostructure.

can be confined in the same region as shown in Fig 2.2. Given the technological advances in
crystal growth techniques, it is now possible to fabricate various types of semiconductor het-
erostructures with characteristic dimensions of the order of nanometers, which is comparable
to the carrier’s de Broglie wavelength in bulk material. In this regime, the electronic and
optical properties of the exciton are altered due to confinement. For example, the excitation
energy of the 1s exciton depends on the width and depth of the confinement. In contrast, for
bulk material, the 1s exciton energy only depends on the bandgap energy. The excitation
energy dependence on the confinement potential provides another parameter to control the
optical properties of the excitons. Nanostructures such as quantum dots (QD) are typical

systems where the potential of confined excitons can be engineered.

A semiconductor quantum dot is a simple nanostructure of typical size ranging from
nanometers to a few microns. It normally contains hundreds or thousands of atoms and thus

the Bloch functions do not deviate very much from the bulk case. However the envelope of
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the electron and hole wavefunction is strongly modified due to the finite size of the structure.
They are generally composed of atoms from groups II and VI elements (e.g. CdSe and CdTe)
or groups IIT and V elements (e.g. InP, InAs and GaAs) of the periodic table. The reason
‘quantum’ prefixes the name is because the dots exhibit quantum confinement properties
in all three dimensions. The only thing that behaves like this in nature is the atom, but a
quantum dot is at least ten times bigger. As a result, quantum dots have properties that
are between those of bulk semiconductors and those of atoms. There are different types of
quantum dots such as nanocrystal quantum dots, self-assembled quantum dots and vertical

quantum dots in a pillar heterostructure which are shown in Fig. 2.3.

Core-Shell Coating

Core Quantum Dot

Nanocrystal QDs Self-assembled QDs Vertical QD in a Pillar

Figure 2.3: Three typical Quantum Dots

Nanocrystal quantum dots which consist of only a few hundred to a few hundred thousand
atoms can be synthesized from precursor compounds dissolved in solutions, much like tradi-
tional chemical processes [42]. Interestingly, the emission wavelength (the emission color) of
quantum dots depends on the dot size, and in the case of semiconductor nanocrystals, color
can be controlled precisely through simple chemistry. This unique optical properties make
nanocrystal quantum dots as a new type of color-selectable lasing medium. For example,

CdSe nanocrystal quantum dots of different radii, under ultraviolet illumination, emit dif-

13



ferent colors because of the quantum size effect. A 2.4-nm-radius dot has an energy gap of
about 2 eV and emits in the orange, whereas a dot of radius 0.9 nm has a gap of about 2.7
eV and emits a blue color.

Self-assembled quantum dots nucleate spontaneously under certain conditions during
molecular beam epitaxy (MBE) and metalorganic vapor phase epitaxy (MOVPE), when a
material is grown on a substrate to which it is not lattice matched. MBE grown quantum dots
are mostly from III-V group materials, such as GaAs, InGaAs, InAs and InP, and occasionally
from other groups, such as PbSe and CdSe. This fabrication method has potential for
applications in quantum cryptography (i.e. single photon sources) and quantum computing,.
The main limitations of this method are the cost of fabrication and the lack of control over
positioning and the size of individual dots.

For vertical quantum dots, current nanofabrication technology (lithography, etching) [3]
allows us to precisely control the size and shape of the dots. Disk-like quantum dots which be-
long to the type of vertical pillar quantum dots have been shown to provide a two-dimensional
analogy for real atoms, due to their strong confinement in the growth dimensions.

In this thesis, we mainly study disk-like quantum dots. The effective mass Hamiltonian

in Eq.(2.4) for the electron hole system with confinement potentials reads as

22 h2v2 2
- — - V + P =FEd 2.
2m Qm}: €lre — I‘h| + Velre) Vh(rh) (r&rh) (r@,rh), (2.9)

where Ve(re) and Vp,(ry,) are the effective confinement potential for electron and hole re-
spectively [43].
For a disk-like quantum dot, we assume the z-direction confinement potentials to be

strong enough to confine the exciton in the x-y plane. Therefore the Coulomb potential
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can be simplified as an in-plane potential which only depends on the in-plane distance p =
pe — pm- In the case of a very strong confinement in z-direction, the potentials can be

separated into z and in-plane components as

Ve(re) = Ve(pe) + Ue(ze),  Vp(rp) = Vi (pp) + Up(2p)- (2.10)

This choice makes the Hamiltonian separable in z and p and the exciton wave function

can be written as

D(re,rp) = V(pe, pp)ve(ze) vy, (2p), (2.11)
with the notation Te/h = (pe/fwze/h)'

In case of a strong and narrow confinement in the z direction, it is plausible to assume
a rectangular potential for both electron and hole [44]. So the functions e and ¢}, are just
the eigenfunction for a particle in a one dimensional potential well. The remaining problem

to solve is the in-plane Schrodinger equation

WV e hQV%h > V. % U E'v 2.12
- sz - sz —m‘i‘ e(Pe)+ h(Ph) (Peaﬂh)— (Peaph)- ( )

E'=FE —F.e — E.p is the in plane energy. Here Eze and £, are the eigenenergy for
electron and hole in a one dimensional potential well. Similarly to the treatment in bulk, we
introduce the center of mass and relative motion coordinates:

mépe +mj pp,

p=rpe—pp R= 7 , M =mg+mj. (2.13)
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We may expand the potential in powers of p as

Vilop) = Va(R—=2E0) = Vy(R) = VVj,(R)=Ep+ O(?). (2.15)

Since the exciton Bohr radius is much smaller than the in plane confinement radius, we

only keep the zeroth order of the expansion

Ve(pe) = Ve(R),  Vj(pp) = Vi (R). (2.16)

With this approximation, the in plane Hamiltonian can be separates in the relative and

center of mass motion and we separate the in-plane wavefunction as

U(pe, pp) = x(R)¥(p). (2.17)

The solution to W(p) is the two dimensional hydrogen-like problem

h2 9 e2
(—@vp - m) V(o) = Bp¥(p), (218)

and y(R) is the solution of the equation

2
(_%V%{ T Ve(R) + vh<R>> V(R) = ERx(R). (2.19)
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The eigenenergies of a confined 2D exciton state are

This treatment is very similar to the exciton in bulk matter. Instead of getting a 3D
hydrogen-like problem for the relative motion, we obtain a 2D hydrogen-like problem, since
we only have strong confinement in the z-direction. The modification to the exciton energy
due to the confinement comes from two parts. First is the quantization energy Eze and E .
Second is the difference between the hydrogenic eigenenergies for the 3D and 2D problems.
We notice that the excitation energy of the confined exciton can be tuned by changing the

quantization energy which is directly related to the dimension of the confinement.

2.2 Exciton energy transfer in photon-confined systems

2.2.1 Photon Hamiltonian in a microcavity

In this section, we are going to provide a quantum mechanical description of electron-
magnetic field inside a semiconductor microcavity. A microcavity is basically a nano or
micro scale cavity to confine the electromagnetic field. The simplest semiconductor mi-
crocavity structure is the Fabry-Pérot resonator. The Fabry-Pérot resonator is a planar
structure made of two parallel mirrors. The mirror can be of any kind, the mirrors are
described by their reflection and transmission coefficients. Ideally, an electromagnetic field
can only exist between the mirrors, only when the successive passes of the wave interfere

constructively. This leads to the condition for the wave vector perpendicular to the mirror
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k~, which satisfies the equation

koL = nm, (2.21)

where n is integer. Equivalently, for k = (k~, kz),

2
L i—Qn% ~ 12 =, (2.22)

here k~ is the component of photon wavevector parallel to the mirrors, L is the cavity spacing
and ny is the material index of refraction. In a planar microcavity, the electromagnetic field is
quantized in the direction of the confinement, denoted as z-direction. The energy dispersion
relation of the cavity mode photon is very different from the free photon. The energy for
a free photon reads as F = hc|k| which, in principle, can range from 0 to co. In contrast,
the energy for a cavity photon is F = hc\/kgy + k22 > her /L according to Eq.(2.21). In
other words, there exists a forbidden band for the photon in cavity. With this, we may
study the excitonic energy of the quantum dots embedded in the cavity under two different
conditions: resonant or off-resonant to the cavity photon mode. As pointed out by Purcell
[45], the relaxation time of the excitation depends on the resonance condition. This means
the dynamics of the exciton in the quantum dot can be affected by the configuration of the

microcavity.

G. Barton showed how to derive the electromagnetic vector potential A(r) between the
conducting plates in his 1970 paper [35]. We can apply his result to the planar microcavity,
since we assume that the microcavity is ideal, which has a similar function to confine the
electromagnetic field as the conducting plates. Due to the symmetry of the microcavity, it

is convenient to define the photon polarization according to the cavity E-modes (E; = 0)
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and M-modes (Bz = 0). The field operators for the E and M modes can be written as

h A N ikryI‘H
Aypr) = — cos(kzz)ky X Ze agp +h.c,
egnrwiV
h K~
A r) = ——— | ——sin(kz2)2
ar® = [ (- sz

_@'% Cos(k:zz)fw) X é’eiker ayx g+ hee, (2.23)
where ay p and a s are annihilation operators for photons in the E and M modes. The
notation for the in-plane and perpendicular components of vectors with respect to the cavity
plane is defined by the relations k = (kv,kz) and r = (r” ,z). V is an arbitrary quantization
volume, and ny is the material index of refraction. In principle we have to consider all the
possible photon wavevector k. However, k is quantized in the cavity and we focus here on
quantum dots with exciton energy near the lowest cavity branch corresponding to ky = %
Therefore, we neglect off-resonant branches with higher values of k; and we will label the

cavity modes in the lowest branch using only the in-plane component k-.

Operators ay p and ay s are normalized, so that the photon Hamiltonian can be written

as

Hem =Y > hwkaL/aky. (2.24)
k‘z kf)/,V

Since we will study the case that the exciton energy is lower or matches the first cavity

mode (ky = w/L), we can neglect the rest of the higher energy modes. Therefore the

Hamiltonian simplifies to

Hem = Y hwkaLyaky, (2.25)
k/y,]/

with k = (k~,7/L) and v = £, M.
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2.2.2 Exciton-photon interaction in a microcavity

In this section, we derive the interaction between the exciton in the QD and the cavity

photon in the microcavity.

First we describe the coupling of the exciton in the quantum dot with the radiation field.
The exciton-photon interaction is expressed in terms of the electron-photon Hamiltonian in

first quantization as

M= ﬁmi Ay, (2.26)

where A(r;) is the electromagnetic vector potential and e and m( are the electron charge
and mass. Moreover, r; and p; are the position and momentum of the ith electron. In the

Coulomb gauge, by expanding the square in the above equation, we obtain

2 2
p; e e 2
H = E 277§0 - —A(I‘Z')pi + TA (I‘Z) (2.27)

The first term represents the exciton Hamiltonian Hj, the interaction Hamiltonian can

be recognized as
2
_ € Voo 4+ AZ2(y.
Hp = E —mOA(rZ)pZ + 2mOA (r;)- (2.28)

i
For low-intensity radiation the term quadratic in A(r;) becomes negligible [46], and we

are left with

Hp=3" —mioA(rZ-)pi. (2.29)

With A(r) given in Eq.(2.23), we can derive, the coupling of one quantum dot located at

position R with the radiation field. After a lengthy calculation which has been done in [47],

the Hamiltonian for a single quantum dot in the cavity can be written as H = H + Hj,
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where

Hy = Z hwkva;r{ )\akv)\—i—hwcTc and (2.30)
koA !
% I
H;p = Z h [ngA(R)cTakfy)\ + gkv)\(R)akfy/\c] .
kA
2
The photon energy is given by hwk7 = Z—ﬁ k% + % The exciton-photon coupling con-

stants are given by Ik A(R) where X is the photon polarization, which can be £ or M. The
operator cf (c) denotes creation (annihilation) of one exciton with energy Aw in the quantum
dot. For a cavity mode k~, the exciton-photon coupling constants can be expressed as
, 1
e, B(R) = dew5(0)3 Che x(1ey) 1/ L)ucy (231)
for the F mode. The interband dipolar coupling is indicated by wu¢y. The coupling constants

for the M modes are obtained if we make comparison between field operator Ay p(r) and

Ay (r) in Eq.(2.23)

L
gkvM(R) = _ZL_kngE(R) : (2.32)
The coefficient ®1,(0) = % is the ground state wavefunction of the two dimensional
a
B

hydrogen-like problem taken at zero electron-hole distance, with a g being the exciton Bohr
radius. Note that we are considering here quantum dots with size comparable to the exciton
Bohr radius. For smaller dots, this electron-hole overlap coefficient appearing in the matrix

element can be larger. The other quantities appearing in the coupling constants are defined
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as

h

Okfy = Eon%kav (2.33)
I(x/L) = / dzde(2)dy, (=) cos(mz/ L) (2.34)
x(ky) = e_ikVR\/ﬁﬁe_éllk’%Q, (2.35)

where ¢e(z) and ¢p,(2) are the z component of electron and hole wave functions in the dot,

and [ is the in plane size of the dot. To simplify, we express Ik g(R) as

. —k~R
gk,yE(R):Ze oy

gkny . (236)

Explicitly,

5 1,22
o Vamge 1P D14(0)1(F v, (2.37)
eonrwkvv

Iy E = ¥

_ 11242
Here, ng F 1s a real number, which depends on k~ as ng E= \/ife ka’Yﬁ gp- In
k
/Y
the same way we have for the M modes
—ik~R
9 M(R) = ¢~ gy (2.38)

14,2 52
1 s e_zxfkfyﬁ e

where ng M= ka 1
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2.2.3 Exciton-phonon interaction

In this section we extend our approach to take phonon effects into consideration. A phonon
is a quasi-particle that represents the collective vibrational motion of the atoms or molecules
in condensed matter. It is a quantum mechanical description of a special type vibrational
motion, in which a lattice uniformly oscillates at the same frequency. In classical mechanics
these are known as normal modes. The normal modes are important because any arbitrary
lattice vibration can be considered as a superposition of these elementary vibrations. While
normal modes are wave-like phenomena in classical mechanics, they have particle-like prop-
erties in the wave-particle duality of quantum mechanics. Phonons play a major role in many
of the physical properties of bulk materials. As mentioned in the previous section, quantum
dots contain thousands of atoms whose collective motion may cause dissipative effects and
these effects can not be neglected in physical processes. Just like its classical analogy, there
are two different types of phonon, longitudinal and transversal phonon which can be classified
by the relation between its wavevector and vibration direction. For a transversal phonon,
the vibration is perpendicular to its wavevector. For longitudinal phonon, its vibration and
wavevector are parallel. Phonon can be also classified as acoustic phonon and optical phonon
by their different vibration modes. Optical phonon represents the vibration mode which has
strong relative motion between the atoms. Acoustic phonon has much lower energy due to
its lack of relative motion. In addition, the dispersion relation of acoustic phonon and optical

phonon are totally different [48].

In this thesis, we do not consider the phonon as a thermal bath at finite temperature,
instead, we study the case at zero temperature. The zero temperature model can provide

insight on the role that phonon plays in the exciton energy transfer process. Moreover,
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since we consider quantum dots detuned with respect to each other only by a few meV, we
will restrict the discussion to acoustic phonons. We neglect the coupling between different
exciton levels through phonons. This approximation is known as the independent boson

model [49, 50]. The total Hamiltonian for the coupled exciton-phonon system is written as
Ho =3 Fugbatbg + clelhw + 37 Mq(bl + b_q)]
q q

where bjl (bq) are the creation (annihilation) operator of the phonon (with wave vector q and
energy hwgq). The last term indicates the exciton-phonon interaction, which is determined

by the coupling matrix element Mg.

As shown by Takagahara [51, 36], the most effective interaction between excitons and
acoustic phonons originates from the deformation potential coupling to the longitudinal
acoustic phonon modes. The interaction with transverse acoustic phonon modes and piezo-
electric coupling is therefore neglected here. The acoustic phonon energy is taken to be
wq = cplq|. With these assumptions, Mq describing the exciton-phonon interaction via the

deformation potential coupling is given by [52]

| hlq| i ‘
My = De(X e | XY — D, (X |e'h| X
q 2,0va( e(X e elX) R(Xle X))

where De and Dj, are the deformation potential constants for electrons and holes. p is

the mass density, cp is the speed of the sound in the material, and V' is the quantization
volume. |X) is the exciton wave function. For simplicity, we assume that the exciton wave
function is described by a product of electron and hole wave functions. In our disk-like dot,

the electron and hole wave function is a product of Gaussian functions characterized by the
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confinement in the xy plane and in the z direction. As shown in Fig. 3.3, the confinement
length parameters in the xy plane and in z direction are 3 and L j,4, respectively. Since we
have two dots in our system, the position of the dot introduces a phase factor to the coupling

—iqR.; : . .
j) = By Mgq [53]. The final expression of the exciton-phonon coupling is given

hlal  —iqR;
) = J(De — D
J 2p0pV (De = D)

—(2+43) 8% /A—2 L3, /4 _

We add the new phonon-related terms into the Hamiltonian which becomes

H = Hy+Hg
_ of
Hy = Y, hwy. oy A ATy At Z hwqbq g
ky A
+ 3 chejlhw; + Z Mq(R;) (bl +b—q)] (2.39)
J
_ (Rl . fe.
Hp = Z h [gkfy)\ (R])Cjak’)/)\ + gky)\(RJ)aky)\ C]] .
Note that we have ME’i(Rj) = M_q(Rj). It was shown by Mahan [49] that H() can be diag-
onalized by a canonical transformation A = e5Ae™ % where s = > . c j c‘7 >.q w(q )(bT

b_q), which transforms the full Hamiltonian into
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where X; = expl=q —wa

Mq( )

A%k A Tt Z hwqqubq

> g of,

+ Z c;[c](hwj — Z —q)
] q

T T
Z hgie " (Rj)e X jag )

(2.40)

+h9k7)\(Rj)ak7)\chXj’

Lol —_q)l
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Chapter 3

Exciton dynamics in quantum dots

In the previous chapter, we have developed a theoretical description of exciton-photon inter-
action in a planar microcavity and exciton-phonon interaction. In this chapter, we study the
dynamics of the exciton energy transfer between two quantum dots in three different cases:
(i) a single dot coupled only to cavity modes, (ii) two dots coupled to cavity modes, and (iii)
two dots coupled to cavity modes and to acoustic phonons. In the latter case, we focus on
the process of phonon-assisted inelastic exciton energy transfer between the quantum dots.
We take into account phonon effects by introducing a light-matter Hamiltonian with three
operators describing the exciton-photon-phonon coupling in a non-perturbative way with a
truncation of phonon number in the Hilbert space. Using this non-perturbative approach,
we simulate the exciton dynamics with realistic parameters in the zero temperature limit.
From the dynamics, we extract the dependence of the characteristic energy transfer rate as
a function of the interdot separation. This theoretical approach can be used to optimize
exciton energy transfer by designing structures with engineered photon and phonon density

of states.
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3.1 Exciton dynamics for a single dot in planar cavity

We use the Hamiltonian derived in Chapter 2 to study the system dynamics with numerical
simulations. In the numerical calculations, we have taken parameters from AlGaAs/GaAs
systems [54, 55, 47, 56, 57]. (See Tab. 3.1 for the parameters) to estimate the coupling

constant according to Eq.(2.37).

Table 3.1: Materials parameters used in the numerical simulations

L (nm) | 100 | apg(nm) 10
B (mm) | 10 | uZ,(nm?) | 0.0228
w (meV) | 1680 nr 3.5

Before dealing with the exciton energy transfer between two dots, we study the dynamics
of an exciton in a single dot (dot a) confined in a planar cavity. We introduce the inter-
action picture with respect to H( defined in Eq.(2.30) and we transform the light-matter

Hamiltonian as

7:[[ _ eiHot/ﬁH[e—iHot/ﬁ
)t

i(w—w
= Z h[gky)\*(RkTaky)\e k’y

kA

—z'(w—wkfy)t

+9k7)\(R)aL,Y,\C€ ). (3.1)

Then, we write the wave function for the system of a single exciton coupled to photon modes

in the cavity as

(1)) = Ca(®)]a,0,0) + 3 Cie, 2(1) [0, (ky),0), (3.2)

kA
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where |a,0,0) indicates a state in which the exciton is in the quantum dot and there is no

photon in the cavity, while |0, (k~A), O> indicates a cavity photon with wavevector k~ and
polarization A and no exciton. The last quantum number in the kets refers to the phonon
number, which will be discussed later and is set to zero for the moment. Note that we are
considering the case here in which we start with a quantum dot excited with a single exciton.
We therefore have the total number of exciton/photon excitations in the system fixed to one.

We don’t need to deal with biexciton since we only have single excitation. From the equation

of motion
—1

—H() (1) (3-3)

(1)) =

we derive equations for the coefficients Cq(t) and C’k7 ) defined in Eq.(3.2).

Ca(t) = —iZgky)\*(R)C’ky)\(t)ei(w_wlw)t
ky A
C B , —i(w—wkv)t
kyA(t) = —ige, A(R)Calt)e : (3.4)

By inserting the equation for Ok/y \(t) into the time derivative of the equation for Cal(t),
explicitly the equation for éa(t). The dependence on the photon degrees of freedom can be

eliminated by defining the function

. (w—w T
F(r,w,R) = Z 912(7/\621{71:{6 ( kV)
k7A
= FE(T,w,R) —l—FM(T,w,R) . (3.5)

Note that in the case of a single dot we can set R = 0, while the function for R # 0 describes

memory effects due to photon propagation and is important in the case of the energy transfer
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between two dots. For the E mode we have

. 11,2 22 4(w—

Fr(r,w,R) = o b (KR, —9k5/0 el(w wk’Y)T

E\T W, V(.Uk )
ky Ky

(3.6)

2
where o = e—2w2i227r52@%8(0)[2(%) %U which is a constant independent of k~. We can

replace the summation over k- by an integral

00 . 11,2 02 i(w—
Ax 2k 1 eZk”YRe_?k76 62(w u)kfy)T'

472v Jo Wky

Fp(r,w,R) =

dk~-k
After replacing kyR = kv Rcosf, and changing variable according to dw;, = —fLPCL,
g (E)Q k2
L g
we obtain

In the same way, keeping in mind that Tk MR) = —i%gk7 g(R), we find
Y

Fy(t,w,R) = e 2L2 (T (3.8)

Using the function F(7,w,R), the equation of motion leads to an integro-differential equa-
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Figure 3.1: Real part of F/(7,w, R) in the case of quantum dots resonant (a and b) and off-
resonant (¢ and d) with respect to the lowest cavity mode. Panels a and ¢: on-site memory
effects (single dot case). Panels b and d: memory effects in the light propagation at finite
distance.

tion for the amplitude Cq/(t)
: Loy / /
Ca(t) = _/O dt' F(t —t',w,0)Cq(t) . (3.9)

This function F(7,w,R) includes non-Markovian effects in the light-matter interaction pro-
cess. The real part of this function is shown in Fig.3.1(a) for R=0. The system only has a
short memory effects of about 0.5 fs. In Fig.3.1(b) we plot the function with R=20 nm. In
this case, the function is peaked at about 0.25 fs, corresponding to the time needed by the
light to travel 20 nm. In Fig.3.1(c) and (d) the exciton energy Aw in the quantum dots is
below the lowest branch of the cavity, F'(7,w, R) shows an oscillation around the zero point,

and the system has longer memory effects in this case.
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Single Dot Dynamics
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Figure 3.2: Single dot dynamics with two different energy for the dot: (a) Quantum dot
exciton energy resonant with the lowest cavity mode. (b) Quantum dot exciton energy far
detuned at half the energy of the lowest cavity mode. The decay is both cases is the result
of the coupling of the dot to the continuum of cavity modes.

In principle, to calculate C’a(t) we need to integrate from 0 to t. However due to the
very short memory effects in F'(t — ' w, 0) the integral converges quickly after a few time
steps in . We have integrated numerically this integro-differential equation in two different
cases. In Fig.3.2(a), the exciton energy of the quantum dot is resonant with the lowest cavity
mode, while in Fig.3.2(b), the exciton energy in the quantum dot is far detuned with respect
to the lowest cavity mode. Note that in our approach we do not add a phenomenological
decay parameter. The decay observed in Fig.3.2 is the result of the coupling of the discrete
quantum dot level with the continuum of modes of the cavity. Note also that the decay time

in (b) is much longer than in (a), in agreement with the Purcell effect [45, 58, 59].
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B Ldot y
) Rab
QDa QD

Figure 3.3: Schematic view of the two dots in a planar cavity. L is the separation between
the two planar mirrors in the cavity. We assume the dots to be disk-like. L, is the size
of the dot in the growth direction (z), and (3 is the in-plane radius of the dot. R, is the
separation between the two dots.

3.2 Two dots in a planar cavity

In this section, we extend the approach to the case of two quantum dots in the planar cavity,

and focus on the dynamics of the exciton energy transfer. The total Hamiltonian reads

H = Hy+H;

Hy = ka7 af Aak%+2m e (3.10)
kyA

e Zkzg\ [91@)\ J)C}“kfyA+9k7A(Rj)ak7>\TCj :
J Ky

where we have added a new index j to denotes the quantum dot a or b. In principle, the
coupling constant Iy )\(Rj) are different for different dots due to the dependence on the
dot size, energy, and oscillator strenghth. However, we assume that the two dots are nearly

identical and we neglect these corrections. As in the previous section, we use the interaction
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Ky Photon Dispersion Relation

[

QDa QDb ho

Figure 3.4: Photon dispersion relation in a planar cavity, the photon energy (hw) is on the
horizontal axis and the in-plane photon momentum k- is on the vertical axis. Note that pho-
ton frequency has a minimum, which is determined by the photon wavevector quantization
in the z direction. Arrows indicate the exciton energy of QDg (red) and QDy (green).

representation and we choose our wave function as

|¢(t)> = Oa(t) |a’7 0, O> + Ob(t) |b7 0, O>

+) Cle A (1) |0, (kA),0) . (3.11)
kA

In this case we obtain two coupled integro-differential equations for the coefficient Cq (t) and

Cy(t)
. t
Calt) = — /0 A F(E— 1t wa,0)Ca(t)) (3.12)
- /Ot A F(t— 1wy, Ry)Cy(t)e! (@a—wp)t
Cpt) = — /0 tdt’F(t—t’,wa,—Rab)ca(t’)ei(%—w)t
- /0 t dt' F(t — ', wp, 0)Cy () (3.13)

Without additional degrees of freedom, such as phonons, the exciton energy transfer
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between QDg and QDy, only occurs when the two dots are resonant, and we restrict our
discussion to such case in this section. However, we can have a qualitatively different dy-
namics depending on the overlap of the energy of the two quantum dots at resonance and
the cavity photon density of states. The detuning A discussed in this section is a dimen-
sionless quantity which indicates the energy difference between the exciton energy and the
energy of the lowest cavity photon mode. The system dynamics is shown in Fig.3.5. From
Fig.3.5 (a) and (b), we can see that the exciton energy transfer is more effective when A
is larger. This can be interpreted in the following way: when the energy of the two dots
overlap significantly with the cavity density of states, the exciton population is more likely
to leak to the continuum of cavity modes, leading to strong decay effects. When the two
dots have a large A, the exciton population transfer between the two dots occurs through
a slow adiabatic process. Fig.3.5 (c¢) shows the relation between transfer time, which is the
time taken by the exciton population in QDy, to reach its first maximum, and the detuning
A. The detuning is expressed in units of the lowest cavity mode wk7:0’ which is explicitly
cr/(nyL). In this simulation the distance between the dots is fixed to 20 nm. Fig.3.5 (d),
shows the R dependence of the transfer time. In this simulation we set wq = wy, = Wiy =0
The transfer time is proportional to R, which means that the transfer rate I' is proportional
to R_l, and the interdot coupling proportional to 1/ Vv/R. As mentioned in the introduction,
the R dependence on I" for energy transfer in the free space is either R0 for Foster transfer
or R2 for radiative transfer. The R™! dependence is the effect of the two dimensional
character of the density of the states. As pointed out in Ref. [14], in a 2D cavity the exci-
ton energy transfer can be seen as an ultra-long range effect when compared to the exciton

energy transfer in free space in similar conditions.
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Two Dots Dynamics
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Figure 3.5: Exciton dynamics in two dots system. (a), (b) show the dynamics of the exciton
population in QD¢ and QDy. (c), (d) energy transfer time T}, for different detuning A
and inter-dot separation R . Here wq and wy, are the excitation energy for QDg and QDy,
resepectively. wkyzO is the frequency of the lowest cavity mode.
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3.3 Super-radiance and Sub-radiance

In the discussion of spontaneous emission so far, only one dot was considered. For multiple
dots system, it is plausible to assume that different dots become coupled virtually by their
interaction with the radiation field. Under these circumstances, the excitations in quantum
dots behave in a collective, rather than an independent fashion, with the result that the
spontaneous emission from N excited quantum dots is proportional to N 2 rather than N [60].
This effect is named super-radiance. As shown by Weissbluth [61], the spontaneous emission
rate in atoms depends on the initial state of atoms. In this section, we will show how this
comes for the double dot system. As discussed in the previous section, the Hamiltonian for
our two dot system is given in Eq.(3.10). Without losing generality, we may simplify the
Hamiltonian assuming the the two quantum dots have the same exciton energy w() and the

quantum dots interact with a single mode w() of radiation field:

H = Ho+Hy

Hy = hwaTa + Z hwoc;r.Cj (3.14)
J

Hy = Zh|g| <c;[-a+aTCj>.
J

Since the above Hamiltonian conserves the total number of excitation, if we choose single
excitation as the initial condition, the wavefunction of the system can be written as [¢(t)) =
Ca(t)|a,0) +Cy(t) |b,0) + C)(t) |0, 1). The computation of nonvanishing matrix elements of

H is straightforward,
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(a, 01710, 1) = (0, 1[H]a,0) = (b,0[H7]0,1) = (0, 1|Hb,0) = Alg]. (3.15)

Now consider two initial states,

1
W)1> - E(|a70>_|b’0>)7
o) = ——(ja,0) + [b.0)). (3.16)

2

5

With the results from Eq.(3.15), we simply get,

(0,1Hy|v1) = 0,

(0,1/Hy lg) = V2hlg]. (3.17)

From perturbation theory, the spontaneous emission rate is proportional to |(¢ f|H [|1pz~>|2.
For the initial state |+/1), the matrix element of H for the transition [¢1) — |0,1) is zero.
This is known as subradiance. In Contrast, for initial state |¢)9), the matrix element of H
for the transition |9) — |0,1) is v/2A|g|. So the spontaneous emission rate is proportional

to 2h)| g|2 which is twice as for the single dot case. This phenomenon is called superradiance.

Up to this point, we studied a simple model which shows the basic properties of superra-
diance and subradiance. With the numerical approach developed in the previous section, we
are able to simulate the collective behavior of the excitonic dynamics in two quantum dots

with the interacting Hamiltonian given in Eq.(3.10) without simplification.

In Fig. 3.6, all three simulations are done with the same time scale and exciton energy

below the lowest cavity mode which is referred to as the off-resonant regime. The difference of
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Figure 3.6: Comparison between superradiance, subradiance and single dot spontaneous
emission. For superradiance, the initial condition is [;(¢)) = |a, 0) + [b, 0). For subradiance,
the initial condition is [t;(¢)) = |a,0) — |b,0).

the initial conditions between superradiance and subradiance are the relative phase between
the exciton in the quantum dots. As shown in the figure, for superradiance, the excitons
in the double quantum dots system have a much shorter life time. For subradiance, these
two excitons are nearly frozen in the quantum dots without recombination. It is interesting
that due to the interaction between the two dots, the spontaneous emission is drastically
affected by the relative phase between the two excitons. This is an example that shows how
important the relative phase is in a quantum system. Moreover, this study of super-radiance

shows the robustness of our full quantum mechanical model.

3.4 Phonon-assisted energy transfer

In this section, we simulate the system dynamics when exciton-phonon interaction is included

in the Hamiltonian. As shown in Chapter 2, the full Hamiltonian reads,
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Mq(
where X; = exp[—) _q

> g of,

M2
+Zc;[cj(hw —Zw—;l) (3.18)
q
Z hoies\" (R) TXTakW)\
—i—hgk,y)\(Rj)akv)\chXj,
Ma®) i 1

In a similar way to what have been done in the previous sections, we choose our wave

function as

[ (2))

= Cq(t)|a,0,0) +anq

)la, 0, q)

+ Cp(t) |, 0,0) +Zcb,q )[b,0,q)

+ ) Cleya(t kv)\) 0)
kqy A
+ ) Clyaq() ,(ky M), q) (3.19)

As discussed above, the last quantum number in the kets refers the phonon degrees of

freedom. This choice of wavefunction truncates the Hilbert space to one phonon at most.

To calculate the matrix element of the Hamiltonian (H[) in our truncated Hilbert space, we
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first rewrite the operator X jas

Mq(R;)
Xj = ;4 wg (b b-q)
12
Mq(R;) 4 M_q®Ry), ——1/23 Mg
- e_Zq bqta2q T wg <21,

X j is an operator that contains phonon operators only. In the discussion of X o we neglect
exciton and phonon degrees of freedom. |0) and |q) are operators in the phonon space. The

nonzero matrix elements of the operator X j can be expressed as

12
—1/23 g ?
(01X,]0) = e “4 (0jo)
2
“Pray M3
(9l Xjla) = e 9 {q|(1 = —5bgbg)la)
“q
172
_1/22(1;% M—q(Rj)
O01Xjla) = e 40| q bqgla)
2
“1254 5" My(R,
(qlX;[0) = e “q <QI—%62&|0>-

Therefore, our truncation of the Hilbert space is equivalent to expand X j to the second order

2
—1/2
Mg | 2Ea g Mq(R))
in the wq dimensionless coupling as X j=e a1+ Zq g
2

Tqbqbq]. Keeping in mind the ansatz for the wavefunction, the interaction hamiltonian

L] b g) -
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can then be written as

2
_ rox f q,f
Hp = ). R\ (Rj)ejare \ (1 > —5bgbq | + hee.
JkyA a “q
Mq(R;)
;X i S AR
JkyAq
M2
—1/22.q qu
where gi{7A<Rj) is defined as e q ngA(Rj). The first term in H[ describes a

renormalization of the exciton-photon interaction due to the presence of phonons. The fac-
tor [1 — Zq Fabgbq] can be seen as a saturation coefficient that depends on the phonon
number. The se(gond term in H derives from the first order expansion of X, which gives an
effective exciton-photon-phonon coupling term involving three operators. Keeping in mind
that Mq(Rj) = e_iqu Mygq, the effective coupling constant for this interaction can be sim-
plified as gicy)\*(Rj)qu_iqu' Using %—3 = Gq we rewrite the interaction Hamiltonian

as

_ ;% T 2,1
Hp = Z hgk/y)\ (Rj)cjakfy)\ 1—2quqbq + h.c.
kA q
/ *
b ey (Rj)c;akv)\Gq(Rj)(bil—b_q)+h.c..
J.kyAq

As in the previous sections, we use the interaction picture and we define new kernel
functions that depend also on the phonon momentum
M2
; q
;2 kRO q g ke TOPOT
DI
kyA

F(T’ w’ R7 q
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Using these new functions we can write the integro-differential equations for the coefficients

of the wavefunction in the ansatz of Eq.(3.19), and we obtain for Cq/(t)

. t : |
Calt) = —/0 dt/F(t—t’,wéL,O,O)Ca(t/)—/ dt/F(t—t/,wg,Rab,O)C’b(t/)el(wa_wb)t

0
t . .
Gq/ dt/F(t — t/’ w&, 0, q)omq(t/)ezqRae—chqt
0

t . . .
Gq /0 dt'F(t ', wy, Ry, q)Cb’q(t’)ez(Wa_wb)telqu@_Zcpqt
t . .
Gq/ dt’F(t — t/’wé, 0,0)(1 — G%)Ca,q(t/)elqRae_wpqt (3.20)
0
t . . .
Gq/() dt' F(t — t/,w;), R, 0)(1 — G(Ql)C’b’q(t/)el(w@_wb)teZqRae_Zcpqt
2 t / ! /
Gq\/o dt F(t_t 7Waa0> —Q)Ca(t)

di' F(t —t', wl/?, R, —q)Cb(t/)ei(wa_wb)teiqRab :

)
OB
o\#

The equations for C’b(t), C’a,q and C’b q are derived in a similar way and are not shown
here. Moreover, the dynamics of the energy transfer can be well understood by looking at

the time evolution of Cy(t) only.

In Eq.(3.20), We have the sum over all possible values of q. We replace the sum Zq by
the integral —Y 2dqsin 0dod , where we integrate over ¢q. Here V' is the quantization
gral o3 J a“dq ¢ g q q
volume. As shown in Ref. [52], the coupling G of acoustic phonons and a quantum dot
excitons has a peak value at a specific value of gmax that depends on the quantum dot
size. For ¢ # gmax the matrix element decreases drastically due to a mismatch between

the phonon wavelength and the quantum dot size. We find that for a given size of the
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Figure 3.7: Phonon assisted energy transfer. (a) no phonon included. (b) the phonon-
assisted exciton energy transfer with phonon energy equals the detuning between the two
dots (phonon-assisted resonance).

two quantum dots in the cavity, the phonon assisted energy transfer process is efficient
only when the energy of the phonon at gmax matches the difference in energy of the two
excitons. Since the G is peaked at gmax we approximate the integral J q2dq sin 0dfdoG g
by QIQHaX‘SquInaX with the 6 and ¢ dependence integrated exactly. dq here is an effective
width in ¢ space dependent on the quantum dot size. With this approximation, we can
replace the summation over all possible phonon modes by a single mode phonon gmax with

the coupling constant GQmaX'

With all the realistic parameters for GaAs quantum dots, hicpgmax is around 0.5 mev,
and the dimensionless interaction GQmaX is around 0.1. The parameter values used in
this estimation are De = —4.8 eV, D}, = —14.6 eV, p = 5350 kg/mg, and cp = 5150

m/s. [30, 51] With these assumptions and the estimation of G gy, We run simulations in

44



which the exciton is initially in the dot a with an energy higher than the exciton in the
dot b. In this case, wg > wy, a phonon is emitted in the final state to take away the extra
energy. As shown in Fig.3.7(a), when the phonon coupling is switched off, the exciton in the
first quantum dot decays spontaneously like in the case of a single dot in the cavity, and the
second quantum dot remains unexcited. This result indicates that the QD¢ cannot transfer
the exciton to QDjy, in this off-resonanat configuration. Fig.3.7 (b), shows that the energy
transfer between QDg and QDy, can occur when we turn the phonon coupling on. However,
the phonon-assisted exciton energy transfer only occurs when the phonon energy matches
the detuning between the two dots, leading to a phonon assisted resonant energy transfer.
We should note that the phonon-assisted transfer rate is much slower, because the equivalent

phonon-exciton-photon coupling is weaker than the exciton-photon coupling.

3.5 Conclusion

In this chapter, we have studied the dynamics of the exciton energy transfer process between
two quantum dots in a planar cavity. We have used the coupling constant for the exciton-
photon interaction calculated in Chapter 2 using quantized field operators for £ and M
cavity modes. In our numerical simulation, we have described the spontaneous exciton
recombination as a results of the coupling of the discrete exciton modes with the continuum
of modes of the planar cavity, without including a phenomenological damping term in the
equations. We have solved the equations of motion and we have simulated the dynamics of
the exciton energy transfer process. In the simulation, we have found that the exciton energy
transfer only occurs when the two dots have the same exciton energy, which corresponds to

the resonant condition or the elastic transfer. Due to the confinement, the photon density
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of state is changed and there is a minimum allowed value for the photon energy. We found
that if the exciton energy is lower than the lowest cavity mode energy, the spontaneous
decay of the exciton is highly suppressed. We have also found that the inter-dot separation
dependence of the effective transfer rate is R~ in the planar cavity, compared with the
energy transfer rate in the free space which is either R0 for Foster transfer or R™2 for
radiative transfer. This difference originates from the different photon density of states. We
have also taken phonons into consideration to describe the inelastic energy transfer. We
have considered the exciton-phonon interaction originating from the deformation potential
coupling between the exciton and the longitudinal acoustic phonon. Using the independent
boson model discussed in Chapter 2, we have derived an effective exciton-photon-phonon
interaction. The phonon can bring in or take away the extra energy to compensate the
energy detuning between the two dots, and can lead to a phonon-assisted energy transfer

process between the two dots in the presence of detuning.
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Chapter 4

Applications

4.1 Conditional phase gate using quantum dots

In this chapter we will discuss two applications of systems containing quantum dots coupled
to the electromagnetic field. The first application is related to quantum computing, which
is briefly introduced in this chapter. We propose a system containing three semiconductor
quantum dots to realize a two qubit quantum phase gate by applying the Quantum Zeno
effect. This idea originates from the intriguing work by Dr. Y.P. Huang and Prof. M.
Moore [37]. The second application concerns the theoretical description of energy transfer

in a chain of quantum dots, which can be used in light-harvesting systems.

4.1.1 Brief introduction to quantum computing

Quantum computation is the study of operations on information that can be accomplished
using quantum mechanical phenomena, such as superposition and entanglement. Quantum

computation combines fundamental ideas from quantum mechanics and computer science.

47



The main difference between a classical computer and a quantum computer is the definition
of a bit. A classical bit only contains two possible values, 0 and 1. A quantum bit, or a
“qubit”, it could be in any superposition of state |0) and state |1). The possibility of having
qubits in superposition states leads to quantum parallelism, which is a fundamental feature
of quantum algorithms. In 1994, Peter Shor demonstrated that the problem of finding the
prime factors of an integer could be solved more efficiently on a quantum computer than
on a classical computer. In 1995, Lov Grover showed that another important problem,
the problem of searching through some unstructured search space could also be sped up
on a quantum computer. Shor and Grover’s results indicate that quantum computers are
more powerful than classical computer for certain problem. However, the ability to control
single quantum systems is essential if we want to make quantum computing feasible in real
life. Since the 1970s, many techniques for controlling single quantum systems have been
developed. For example, atom traps [62] were developed for trapping a single atom and
isolating it from the rest of the world. Excitons have been confined in the self-assembled
quantum dots and their dynamics have been controlled by laser pulses [63]. In 1998, Daniel
Loss and David DiVincenzo [64] proposed a new implementation of a universal set of gates for
quantum computing using the spins of the electrons in coupled quantum dots as qubits. In
this thesis, we also use electron spins in quantum dots as qubits, but we focus on a quantum
control that use lasers. We will show in this chapter a new scheme for the implementation

of a quantum gate in a double-dot system.
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4.1.2 Quantum gates

Classical computer circuits consist of wires and logic gates. The wires are used to transport
information around the circuit, while the logic gates perform manipulations of the informa-
tion. For example, a classical NOT gate converts 0 to 1 and 1 to 0, i.e. the value of the
bit is flipped. Similarly, a quantum NOT gate takes the state |0) to the state |1) and vice
versa, and is a quantum analogue to the classical NOT gate. The quantum NOT gate can
be defined more generally as the quantum transformation that takes the state «|0) + 3]1) to
the state 5|0) + «|1). There is a convenient way to represent the quantum NOT gate. We

can define a matrix X to represent the quantum NOT gate as follows

while the quantum state «|0) + 3|1) can be written in a vector form as

, (4.2)
p
then the corresponding output for the quantum NOT gate is
o g
X = . (4.3)
I} a

According to the normalization condition required for a quantum state, the constraint for

the matrix U describing the single qubit gate is unitarity, that is U TU7 = I. There are many
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non-trivial single qubit gates, one important gate is called the Hadamard gate,

H=— . (4.4)

The Hadamard gate is one of the most useful quantum gates which is often used to create a
two-qubit entanglement by combining it with a two qubit controlled-NOT gate as explained

below.

In order to do computation, a multi-qubit logic gate is required. One commonly used
multi-qubit quamtum logic gate is the controlled-NOT or CNOT gate. It has two input
qubits, the first qubit is the control qubit and the second bit is the target qubit. If the
control qubit is set to 0, then the target qubit is left untouched. If the control qubit is set
to 1, then a quantum NO'T is applied to the target qubit. The CNOT gate can be expressed

in matrix form as

1 0 0 0 1 0 0 0
01 00 0 1 0 0

oNOT _ ,[00) = ,|01) = ,110) = |11) = . (4.5)
00 01 0 0 1 0
0010 0 0 0 1

An important theoretical result in classical computation is that any function on bits can be
computed from the composition of NAND gates alone, which is known as a universal gate.
In analogy to this, in quantum computing, it is proved that any multiple qubit logic gate
may be composed from CNOT gate and single qubit gates. This is a remarkable universality

result. Since arbitrary single qubit operator can be realized by different methods, the most
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challenging problem is to design a CNOT gate, or alternatively, a two-qubit gate which is

equivalent to a CNOT gate.

Another interesting quantum gate is the controlled-Z gate(also called as controlled phase
gate). As a special property of quantum mechanics which is not shown in classical computer,
the relative phase between two qubits could be functional to perform a logic gate. The

controlled Z gate could be shown in matrix form as

1 00 O

010 O
Z _

001 0

000 -1

here ¢ denotes the control qubit and j denotes the target qubit. Only when both qubits are

in state |11), a 7w phase (ei7T = —1) would be added after this gate. With a CNOT gate

1 000
0100
NOT _
C; ] = , (4.7)
0001
0010
and Hadamard gate on the target qubit j
11 0 0
1 1 -1 0 O (4.8)
H: = — 4.8
J
V2 0 0 1 1
0 0 1 -1




It is easily shown, C’g =H j C{}f OT j- First of all, this is an example of the universality
of the controlled-NOT gate. Secondly, we could equivalently get Ci]}] Oor _ g jC’g H j since
HJZ = 1. This means that the controlled Z gate can be also considered as an universal

two qubit gate which could be converted in the CNOT gate with only help of single qubit

Hadamard gate.

4.1.3 Quantum Zeno gate

The Quantum Zeno effect [65, 66, 67, 68] occurs when a rapid sequence of measurements is
performed on a slowly evolving quantum system, with the result that the system is frozen in
its initial state. To explain this effect, suppose we have a system in the initial state I, which
is the eigenstate of the measurement operator. The system can decay into state II with a
certain probability p under free time evolution. If measurements are made periodically, with
some finite interval between each one, at each measurement, the wave function collapses to
an eigenstate of the measurement operator, for instance, the initial state I or the state II. For
a rapid sequence of measurements, in which the time interval between the measurements are
much shorter compared to the system evolution time, the probability for the system initially

in I collapsing into state II goes to zero.

An analogous effect to the Quantum Zeno effect occurs when a system is strongly coupled
to a reservoir, as the transfer of information from the system into the reservoir can be seen
as a continuous measurement. If coupling to the reservoir can be made contingent on the
joint quantum state of two qubits, the Quantum Zeno effect can be used in conjunction
with control pulses to efficiently drive the qubits into an entangled state. This general

approach has been discussed within the framework of interaction free measurements [69,
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70, 37], decoherence free subspaces [71, 72|. Proposed physical implementations vary from
purely photonic systems [73, 74, 75], to atom-cavity systems [76, 37|, and superconducting

qubits [77], yet without reported experimental realization.

D2 QD1 QD3

Figure 4.1: Schematic view of three dots based quantum zeno gate configuration

Following a generalized Quantum Zeno effect phase-gate recently proposed in [37], we
have devised a two-qubit conditional phase gate using electron spins in semiconductor quan-
tum dots. This system has the advantage over atomic systems that decoherence rates are of
the order of picoseconds, which, in Zeno-based schemes, leads to significant improvements
in gate time and/or fidelity.

We consider a system composed of three quantum dots (QDs), two of which are singly
charged with electrons (see Fig.4.1). The spins of these two electrons are then the logical
qubits on which the phase-gate acts. A laser field is then applied, tuned to the exciton
resonance of the uncharged dot. The energy levels and laser polarization are chosen so that
the electron generated in the neutral dot will be spin up. If formed, the exciton can relax
to the neighboring dots by a spin-conserving dissipative phonon-assisted process [30]. The

emission of a phonon and relocation of the exciton would clearly indicate that at least one
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qubit spin did not match the electron spin of the exciton. Thus the possibility of phonon
emission is equivalent to a strong continuous partial measurement [29, 37| of the collective

spin state of the two qubits.

Despite the widely-held belief that decoherence must always be minimized in quantum
information processing, it has been known for some time [76] that decoherence can in princi-
ple be harnessed to generate high-fidelity entanglement by use of the Quantum Zeno effect.
In our scheme, the Quantum Zeno effect effect occurs when the strong dissipation rate of
the exciton state suppresses the laser induced Rabi oscillations in the neutral dot, effectively
freezing it in its ground state. As the dissipation mechanism is subject to Pauli blocking,
the spin-qubits in the charged dots can thus be seen as quantum switches that control the
Quantum Zeno effect. After a single Rabi cycle, a two level system will return to its original
state times a 7 phase shift. In our system, only the up-up spin-qubit state undergoes Rabi

oscillation, and acquires the —1 factor, thus realizing a conditional phase gate.

4.1.4 Fidelity of the controlled phase gate by Quantum Zeno effect

In order to predict the fidelity of the gate, we will use parameters appropriate for vertically
grown (In,As)Ga/GaAs self-assembled quantum dots. Structures with vertically coupled
neutral and charged quantum dots have been recently demonstrated [78]. The central neu-
tral dot will be QD1, and the two lateral charged dots will be referred to as QD2 and QD3.
Absorption of a photon creates an exciton state in QD1, and trion states in QD2 and QD3.
We assume that the ground trion energies in the two lateral dots are similar, and are lower
than the ground exciton energy in the central dot, so that phonon-mediated exciton relax-

ation is energetically allowed. In the absence of the Quantum Zeno effect, the driving laser
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will induce Rabi oscillations between the zero- and one-exciton states of QD1. Assuming
that the driving laser field is o_ polarized, the standard selection rules lead to the creation
of an exciton with electron spin up(+%) and a heavy hole spin down(—%) in QD1. Due to
the difference between the exciton and trion energy, QD2 and QD3 are far-detuned and thus
not driven by the laser. The exciton and trion linewidths in InAs/GaAs quantum dots are
of the order of one peV [59]. Moreover, in our scheme we will use weak lasers so that both
the Rabi energy and the linewidths are much smaller than the typical separation between

the levels.

There are several exciton decay mechanisms that can spoil the Rabi oscillations. Many
such processes depend on the intensity of the laser and have been experimentally character-
ized [79, 80]. In the weak excitation limit, phonon-mediated processes are dominant. The
role of the phonon is to carry away excess energy. For concreteness, we will assume that
the phonon-assisted excitation transfer [30] is the dominant dissipation channel from QD1
to QD2 or QD3 since phonon-assisted relaxation of a single carrier between two dots via
tunneling is exponentially suppressed for QD separations of several nm. Nonetheless, the
scheme for the gate and our analytical results, can be easily adapted to the case in which
quantum dots are close and the phonon emission involves only the electron. In this short-
range case the energy levels of the central and lateral dots have to be engineered so that hole
transfer is forbidden. For a weak resonant 27 laser pulse with Rabi energy 2 < I', where I
is the phonon emission rate, then the three spin states (up-down, down-up and down-down)
trigger the Quantum Zeno effect and freeze the system. A schematic view of the different

possible Quantum Zeno effect scenarios for different initial states is shown in Fig.4.2.

The quantum state of the system can be expressed in the triple-particle basis \)\UJ/ ) =
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Figure 4.2: Scheme of the dynamics of the system under different initial states. The narrow
blue (bold gray) arrow represents the electron (hole) spins. The energy levels for QD1 are
the empty dot (lower) and the first exciton level (upper), while the energy levels in QD2
and QD3 are charged dot ground states (lower) and trion states (upper). Figures (a)-(d)
correspond to the four possible initial states of the two qubits. (a)-(c) If the electron in QD2
or QD3 is spin down, the exciton in QD1 can decay into one of the neighboring dots, in
which case the Quantum Zeno effect prevents the Rabi Oscillation in QD1. (d) If both decay
channels are closed, QD1 will undergo a 2m-Rabi oscillation. The photon emission rate ~ is

too weak to induce a Quantum Zeno effect.
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IANa ® |aa/>23. Here, |A)g (A = 0,1,2,3) represents the state of the ancillary electron-hole
pair created in QD1, where A = 0 is the vacuum state with no exciton, while A = 1,2,3
indicates the exciton residing in QD1,QD2, or QD3, respectively. |aa/>23 represents the
combined state of the two logical qubits, with o, = {1, 1} indicating the spin (up or down)
states of the electrons in QD2 and QD3, respectively. The states [2 1 ¢’} and [30 1) are

forbidden by the Pauli exclusion principle, and therefore excluded from our model.

Our goal is to realize a two-qubit phase gate for the electron spins in QD2 and QD3, with
the electron-hole pair acting only as an ancillary system. Ideally, such a gate transforms
an initial logical state [¥;)o3 of QD2 and QD3 to the final state U7r|\1/2‘>23, with the -
phase gate operator defined via Uﬁ|00/>23 =(1- 250>T50/,T)|00/>23' The ancillary system,
initially prepared in |0)q state, becomes entangled with the logical qubits during the 27
pulse, becoming once again disentangled by the end of the pulse. Due to errors, the ancillary
qubit might still be entangled with the logical qubits after the gate operation, so that the

final density matrix representing QD2 and QD3 should be obtained by tracing over A.

The system’s Hamiltonian is given by

0
H = egcheq + egcles + ey + ) (4.9)

Here, the c;.[(ci) is the exciton creation (annihilation) operator, with i = 1,2, 3 labeling the
three quantum dots. €2 is the Rabi strength of the driving laser. In contrast to the state-
selectivity of the phonon-mediated relaxation process, the decay of the exciton in QD1 via
spontaneous photon emission is independent of QD2 and QD3 states, and will only cause
the exciton to relax back to the initial |0)q state. This is the primary source of error in the

gate operation, and is mitigated by choosing €2 > ~, where = is the exciton spontaneous
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photon-emission rate.

To model the system’s dynamics, we employ Linblad formalism [81] to arrive at the

master equation

dp

i = =lp, H] +iLls], (4.10)

where p is the density operator for the system. The superoperator L is given by

3
3 [LipL;[ —LiLip+ Hel, (4.11)
i-1

where L1 = ,/7cq describes spontaneous photon decay in QD1, and Ly = \/F—chcl, Lg =
\/I‘_30§cl describes phonon-assisted dissipation from QD1 to QD2 and QD3. Since the
phonon-decay channels are independent, having a symmetric or asymmetric exciton decay
rate will not significantly affect gate performance as long as I'y,I'3 > €2. Thus, we choose
'y = I'y = I for convenience. We note that other channels could as well be characterized
by generalizing the I'-terms to include any spin-selective relaxation channels, while y-terms
to include spin-independent ones.

During the gate operation, the system is initially in the state p; = |U;)(¥;| ® [0)q(0]a,
and then evolves under equation (4.10) for a duration of ¢t = 27 /€2, resulting in a final density

P The fidelity is defined as
F = tr{p U |¥;)93 (Wilo30f @ Py}, (4.12)

where P] = [0)4(0]q + |1)a(1|q. This gives the probability that two logical qubits are in
the proper phase-gate output state with the electron-hole pair remaining in QD1. This later

condition is required because relaxation of the exciton to either QD2 or QD3 results in a
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doubly-charged dot and collapse of the two-qubit entangled state.

4.1.5 Analytical estimation of the fidelity

Before presenting numerical results, we first seek approximate analytical solutions to the
dissipative dynamics of equation (4.10). Defining density matrices pyn = (m|o3 PypPy In)93,
withm,n € {17,7/, 11, |1}, the master equation (4.10) can be divided into a set of uncoupled

equations, leading to

0
Pawtm = ilpmn, HO] +% < 1pmncJ{ — cJ{clpmn + H.c.>
—ozml“c]iclpmn — aanmncJ{cl, (4.13)

where ay is a logical-qubit dependent parameter, defined as ay, = 0, %, %, 1, form =17, T]
1T, 11, respectively.

Successful operation requires I' > () to impose the Quantum Zeno effect, while v < € is
required to suppress spontaneous photon-emission, the primary failure mechanism. Hence,
the operational range of the present Zeno phase gate is v < Q < I'. This separation
of time-scales enables us to solve Eq.(4.13) perturbatively. With the definition p{%)‘?; =
(Am|p|\'n), the matrix elements of the final density are given to second order in % and

/ / /
% by p%l)‘n = /L%\ﬂb)\n (m|¥;)(¥;|n). The output coeflicients ,u%ﬂb)‘n are given by Table 1, with

2
f(x) = 1—%x+2’ﬂmm2

2
, g(x) = —ﬂ%x + %512. Note that the population and coherence
dynamics in the subspace A = 2,3 are completely decoupled from the A = 0,1 subspace. In
fact, we only need equations for the diagonal matrix elements with respect to the A\ = 0,1

subspace, as only they contribute to the fidelity (4.12). We see from Table 1 that to leading

order, the gate output coefficients are consistent with only the state |TT)93 having acquired
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a m-phase shift, as desired for the m-phase gate.

Table 4.1: Output coefficients

m | n | frn | i

Himn
M| 1T (1+3F &)~ 1—(1+3F2)7!

1
1A | A5 ) e (-35) | o 2)
#1111 | Har) o2 (-38) | dlanr) (%”f%
AT | A1 | exp (-Fontandl) !

The fidelity defined in Eq.(4.12) is now explicitly given by F = Zmn(—1)57naﬁ+§nvTT (u%?n—l—
,u%%n) |(n|¥;) \2 [(m| ;) \2, which depends on v, Q, T, as well as on the initial logical state [¥;).
In practice, while I' and y are known parameters for a given QD system, |¥;) is in general ar-
bitrary, making it impossible to simultaneously optimize €2 for all input states. For a given (2,
however, there is a lower bound Fy () = Min{F (), |¥;) € H}, where H is the full two-

qubit Hilbert space. Maximizing the lower bound then gives Fop¢ = Max{F p(€2),VQ},
for Qgpt = /71'/8 and

10 /v
Fopt = F(Qopt) = exp [—g f} : (4.14)

so that the fidelity is improved only by increasing I'/~.

Considering recent theoretical calculations, the phonon-assisted transfer rate between
two quantum dots can be as fast as several tens of picoseconds for favorable alignments [30].

The lifetime 7 of the exciton in (In,As)Ga/GaAs QD is of the order of 1 ns [82], which only

marginally meets our operational criteria. Nonetheless, 7 can be significantly extended by
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embedding the QD system into an optical cavity. In fact, 7 ~ 10 ns has been demonstrated
in a recent experiment [59]. For accessible parameters of I' = 20 ns_l, v = 0.08 ns_l, we
find Qopt = 0.45 ns— 1 and fopt = 0.810. For these parameters, we have also calculated
the mean fidelity averaged over all the initial states as defined in Refs. [83, 63|, which gives
Favg = 0.850. As we will describe, a much higher fidelity can be obtained probabilistically

by measuring the final state of the ancillary system to herald successful gate operation.

4.1.6 Numerical calculation of the fidelity

To verify the analytical results, we now solve exactly the dissipative dynamics Eq.(4.9) via
numerical simulations. For comparison, we choose I' = 20 ns_l, v = 0.08 ns_l, Q =0.45
ns~1 and initial state ]@?} = %(! MY+ T+ +]11). The dynamics of matrix
elements p(%(T),TT’ p??)m and pi)%”, pi)(f’u are shown in Fig.4.3. From the figure we can see
that both p%%m and p(T)(l),TT undergo damped oscillation, due to v < 2. At the end of the
2m-pulse, we find 'O(T)(T)7TT = 0.180, and p(T)(l),TT = —0.176, compared with 0.176 and —0.175
respectively from the analytical results. The off-diagonal matrix element p(T)(l):TT gains a
minus sign after the 27-pulse, which is the key ingredient of our phase gate. In contrast,
both p?% 11 and p(f(l)’ || are shown to be frozen in its initial state, due to Quantum Zeno
effect since €2 < I'. The final values of pi)(T)’“ and p(j?,u are found to be 0.217 and 0.233,
in agreement with the analytical results. The fidelity from the numerical simulation is with
the initial state given above is 0.829, which is very close to the approximate analytical value

of 0.831.

The gate fidelity can be further improved by measuring the final state of the ancillary

electron-hole pair, which can ‘herald’ successful gate operation. If it is detected in [2)q, |3)q
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Figure 4.3: Dynamical evolution of several density matrix elements for the initial state W?)
during the gate operation via numerical simulation.

or |1)q states, which correspond to a trion in QD2, QD3, or an exciton in QD1, failure is
indicated. Only if the state |0)q is obtained, is successful operation a possibility. In this
case we obtain Fj, = F/(1 — Pf), where Py is the failure probability. For the input state
|\Ilg>, this heralded fidelity is F;, = 0.986, a significant improvement from the unheralded
value of 0.829. Similar improvements are found for other input states. The reason for the
large improvement is that the dominant failure mechanism is photon emission via exciton
decay in QD1. This is most likely to occur at the halfway point of gate operation, where the
probability to have an exciton in QD1 reaches its maximum. This results in QD1 returning
to |0)q and begin a new Rabi cycle. In this scenario, only half of a Rabi cycle will have
occurred, leaving QD1 in the exciton states. Thus gate failure will correlate highly with the

ancillary system being found in state |1)q at the end of gate operation.

In practice, the final state of the ancillary electron-hole pair might be measured by

applying two driving lasers to the three quantum dots and detecting the resulting fluorescence
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photons. One of the lasers is tuned to be resonant with the trion and charged biexciton
transition in QD2 and QD3, yet far detuned from other transitions. Similarly, the other
laser is resonant with the exciton and biexciton transition in QD1, and as well far detuned
from other transitions. A trion in QD2 and QD3, or an exciton in QD1, will then lead to
resonance fluorescence, indicating the failure of the gate operation. On the other hand, the
absence of fluorescence photons heralds the electron-hole being in the |0)q state. We note
that in the non-fluorescence case, the logical qubits are preserved, since they are driven far
from resonance.

The results of this work demonstrate the possibility of realizing a two-qubit controlled
phase gate via the Quantum Zeno effect in (In,As)Ga/GaAs self-assembled quantum dots.
Using realistic values for all parameters, the obtained fidelity is around 0.85. If the final
state of the exciton can successfully be measured, the heralded fidelity can be as high as
0.99. The fidelity can be improved further only if the phonon-assisted exciton transfer rate
can and/or the lifetime of the exciton in the ancillary dot is increased. In principle, there
could be different ways to scale our system to multiple qubits. For example, consider a chain
of coupled cavities with one dot in each cavity. The ancillary dots will be off resonant with
their cavity modes, so to reduce the 7, and the charged dots can be tuned in resonance to

their cavity mode so to enhance the energy transfer rate I'.

4.2 Energy transfer in quantum dot arrays

In the previous section, we have investigated the possibility of a quantum phase gate based
on a three dots nanostructure as an application of our simulation of exciton energy transfer.

In addition, exciton energy transfer contributes to light harvesting processes in organic and
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inorganic semiconductor-based solar cells [84, 85, 86]. In these systems, a two-dot model is
no longer sufficient. A multi-dot model is required. In this section, we apply a new method

to study the dynamics of the exciton energy transfer in a dot array.

4.2.1 Non-Markovian quantum process TCL method

As discussed in previous chapter, we can study the dynamics of dot systems by deriving
the equation of motion starting from the system’s Hamiltonian. It ends up with integro-
differential equations Eq.(3.12, 3.13) involving a retarded time integration over the history
of the system. This non-Markovian approach provides us with a more precise description
of the system dynamics. However, integro-differential equations are harder to solve than
partial differential equations. In order to simplify the integro-differential equation to a
partial differential equation, we may use Markovian approximation to get rid of the integral
part from history of the system. Alternatively, without losing the non-Markovian feature of
the system dynamics, we may use a perturbative time-convolutionless (TCL) technique [87]

based on well-developed projection operator techniques [88, 89].

The method we develop in this section is based on an extension to two dots of an exactly
solvable model for a single dot two-level system with TCL projection operator techniques
discussed in [38]. Our goal is to use this approach to solve the excitonic dynamics of a multi-
dot array. We will first investigate the behavior of a two dot system. If we have two dots,
QD1 and QD2 which have different excitation energy fwy and /w9, the system is described

by the Hamiltonian,
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H = Hy+H;
Hy = Zhwjaj.'aj_ntzmkal;ak (4.15)

Hr = Zh[gk a ak~|—gk( )a] a;[{

where j is the label of the dot, which can be either 1 or 2 and aji are the excitonic creation
and annihilation operators. The index k denotes the different modes of the EM field with
frequency wy, creation and annihilation operators aL, ap and coupling constant gk(rj).
Here gk( ;) contains a phase which is related to the position of the two dots.

Let us introduce the states

1Y) =10)s @ [0)k,  [¥1) =[1)s ® |0),

[¥2) = 12)s @ [0)y,  [¥) = [0)s @ [k, (4.16)

where [0)s = 0y [1)s and [1)s = af\O)s indicate the ground and excited state of the quantum
dot in our system. The subscript s indicates system of interest. The state |0)} denotes the
vacuum state of the EM field and [k)j. denotes the state with one photon in mode k.

A general state of our system can be expressed as:

[6(8)) = Co(t)]g) + C1(Ie1) + Ca(O)wa) + Y C(B)le). (4.17)
k

Since our Hamiltonian conserves the number of excitations, we will restrict the discussion

to a single excitation in our system. If we only allow for a single excitation, the coefficient
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Cp(t) is a constant which equals 0. In this thesis, we keep this Cpy(t) term, so that our
derivation can be applied to more general systems in which the total number of excitations

i1s not conserved.

Our interest is the exciton dynamics in the quantum dots. We can trace out the photon
degrees of freedom from the total density matrix. The reduced density matrix for the excitons

in the quantum dots reads as

ps(t) = trilo() () =Y (K|o(1) (6(t) k')
k/
= |Co()I?10)s(0] + [CL (O 11) (1] + [Co (D)7 12)s(2] + D 1Cy (1) 210 (0]
k
+Co(1)C1()¥]0)s (1] + Co(t)Co(£)*]0)s (2] + C1 (1) Cp(t)*]1)5(0|

+Co(H)Cp(1)*12)s(0] + C1(H)C2 (1) 1) (2] + Co(CL (O |2)s (1. (4.18)

This can be represented in matrix form as:

Co(t)>  Co(t)Cy(t)* Co(t)Co(t)*
ps(t) = [ csmor) 1012 C1(t)Co(t)* - (4.19)

C3(1)Co(t)  CFHHCHE) 1—]Cy(#)]? — [Co(t)]?

Therefore, the time derivative of the density matrix can be written explicitly as

L0y (1) Co(t)C1 (1) + Co ()1 () Ca(t)Co(t)*

d ) ) )

@3 = [ C3O01H) + C3 (1 (1) Licy () C1(HCo(1)* 4.20)
C3(1)Cp(t) CHBCH () ~dicy 1)) - Loy

According to Hy, 1) is totally decoupled with the other states |t)1) and [19), so Cy(t) is
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a constant, Cp(t).

The excitonic creation and annihilation operators can also be expressed in matrix form

using the same basis of the density matrix:

=)
=)
—_
=)
=)
=)
—_
=)
)

o5 =loo0oo0|. o5=]000]| o505=]00 0]
000 100 000
000 000 000

of =lo o0 1|.-o7=]000| ofoy=]010 (4.21)
000 010 000

Therefore, we have the following relations between these operators and the density matrix:

Co(t)]? Cot)C1()* Co(t)Co(t)* Co)? 0 0
oy oy pst) =] 0 0 0 L pstlog oy = | CE)Cy(1) 0 0
0 0 0 C5(t)Co(t) 0 0
0 0 0 0 Co(t)Cy(t)* 0
ooy ps(t) = | C5(001() 01012 Cr)Co)* |- psWoor =10 oy o
0 0 0 0 CT®)Cy(t) 0
0 0 0 0 0 0
o5 pstod =10 0 o coppstol =100 o : (4.22)
0 0 |Ca(t)? 0 0 [Cy(1)?

We can use these relations to rewrite the equation of motion Eq.(4.20) by defining the
. Co(t) Oy(t) O (t)
tities So(t) = —2S{ =24}, t) = 2R{=~45}, S1(t) = —23{ =41, t) =
quantities So(t) \S{CQ(t)} Y2(t) {02(25)} 1(t) \S{Cl(t)} 71()
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Cp(t)

—23‘%{W}, after some algebraic simplification, the equation of motion can be written as

Coslt) = X 180T aT st + 10107 50T — 2oT o pslt) ~ psitioT o)
=12
= Ks(t)ps(t), (4.23)

where K(t) is a super-operator defined by the above equation which has the same form of
a TCL equation (discussed in the Appendix A.3). Kg(t) is called the TCL generator. At
this point, we have not done any approximation, Eq.(4.23) is an exact equation. Our goal
is to obtain a separate equation for Kg(t), which is derived from the system Hamiltonian
that can be integrated in parallel with Eq.(4.23). To reach this goal, we first note that the

products between the excitonic operators are given by

000 010
ooy =10 0|.0507 =100 0] (4.24)
00 0 000

Other products combining o1 and o9 are zero. Using these relations, we can find a relation

for the super-operator Ks(t) by applying Ks(t) to (af— + a;),
1 , 1 ,
Ks(t) (o] +05) = —5n () +iS) (t)oy - 52t + iSy(t)]o - (4.25)

The remaining step is to link the quantities v; and \S; with the interaction between the

exciton in the quantum dots and the electromagnetic field. Let’s start with the Schrodinger
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equation in the interaction picture:
d T
510 = =i (1)]o(t)), (4.26)
where H(t) is defined as

Hyt) = 30n[olr)od (Daylt) + g e))o7 (af (1)

7k
_ +(\B. — B!
= Zaj (0)Bj(t) + 0 () BL(1). (4.27)
J
Here, ajj‘:(t) = aj': exp (iiwﬂ). We have also defined a new operator Bj (t) combining

photons in all field modes and their coupling to quantum dots, which are defined as Bj (t) =

Zk hagy (I'j ) aj (t) with

aL(t) = al]; exp (iwyt), (4.28)

ay (t) = ay exp (—iwyt). (4.29)

The Liouville equation for the coupled double QD system is described by

P = L(tlt) = ~ilH (1), p(t)], (4:30)

where H 7(t) is the interaction Hamiltonian for double QD system.
With the TCL operator method [38], as shown in Appendix A.3, Eq.(4.25) can be rewrit-
ten as
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t
Ks(t)(of +0) = /O 't LB LE ) o] +05) @ pre), (4.31)

where we define the vacuum state of the reservoir of photons as p. = |0)}(0]. Using

Eq.(4.30), we obtain:

[ﬂ[(t/),af ®pxl = o] 0] BI( t')py exp(—iwyt - aii_al pkBT( )exp(—iwlt/)
- Uii_a;pkBg(t/) exp(—iwzt/)

= al_ai{'BI(t/)pk exp(—z’wlt/), (4.32)

since pkB;r. = 0.

In addition, going to the second order, we have,

Hit), M) of @ prl| = |07 (0B10) + 05 (0)Bo(0), H (1), 01 @ pi]|
FoT o B (1) B] (¢ )y exp(—iwy (t — 1))

+ of o7 o Bo(t) Bl () oy exp(—iwat — icor ')

= o By(O)B](t)py exp(—iwoy (¢ — 1)) (4.33)

0 Bo())B] () pye exp(—iwoy (t — 1)) exp(—ifwg — w0,

and, in the same way,

Hy(t). (R (t).0f @ ]| = of Bo(t)BY(t oy exp(—iwn(t — 1) (4.34)
T+ o BiOBY( ) oy exp(—iwa(t — 1)) exp(—i(wy — wa)b).
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With the results of Eqs.(4.32, 4.34, 4.35) and Eq.(4.25), we get,

t
Ko(t)(of +0f) = /0 't L LE ) o] + o) prc}

= Ll + S Olof ~ shad) +iSalog.  (435)

By comparing the corresponding terms, we finally find the relation between ~;, S; and the

exciton-photon interaction constant g,

t
_%m (1) +iS;(1)] = /0 dt'trye By (1) B] () expl(—itwr (¢ — 1)
T+ By()BY (o oxp(—iw(t — ') exp(—i(wy — wo)t)]
= /Ot dt' F(t — t,,wl, 0)+ F(t — t’,wQ, R) exp(—i(w) —w9)t)
t
—5 @) +iSy(1)] = /0 dt,t?”k[BQ(t)Bg(t/)pk exp(—iwy(t — ')
+ By Bl () oy exp(—iwy (t — 1)) exp(—i(ws — w1)8)]

t
= / di' F(t — t/,w2, 0)+ F(t — t,,wl, —R) exp(—i(wg — wq)t).
0
The function F'(7,w,r) is defined as in the previous chapter,

F(r,w,r) = Z |gk|2 exp (—iwy 7) exp (iwT) exp (ikr). (4.36)
k
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As a result,

t

() = 2 /0 d'RIF(t — ', wi,0)] + R[F(t — ', wy, R) exp(—i(w] — wo)t)]
t

Sit) = 2 /0 d'S[F(t =t w1, 0)] + S[F(t — ', wy, R) exp(—i(w] —wo)t)]  (4.37)
t

Yolt) = 2 /0 d'RIF(t — 1, w9, 0)] + R[F(t — t',wy, —R) exp(—i(wy — wy)t)]

t
Solt) = 2 /0 AS[F(t =1, g, 0)] + S[F(t — ¢ w1, —R) exp(—i(wy — wp)b)-

As shown above, the TCL projection operator technique has several advantages applied to
our dot system. These quantities v; and S; can be calculated before looking at the evolution
of the quantum dot system and they keep the system history. Therefore, without Markovian
approximation, we equivalently divide the whole integro-differential equations (3.12, 3.13)
into integrals (4.37) and a PDE (4.23) for the density matrix. In addition, we can expand
our two-dot approach to describe a situation with many dots (such as a quantum dot array)
without going through the whole derivation of the equation of motion. We may calculate the
7; and S; coeficient for the new configuration, and solve the PDE with an expanded density

matrix to simulate the dynamics of the quantum dot array.

4.2.2 Multi-dot array

As discussed in previous section, we could expand our dot system to multi dots system with
the help of TCL method. In this section, we go through the derivation of the equation of

motion for dot array with the same method. We first start from the system Hamiltonian,
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H = Hy+H;
Hy = Z hojotor + 3 hogalag (4.38)
' K

Hr = Zh[gk a ak~|—gk( )aj_a;[{ ,

where j is the label of the dot, which can be from 1 to N (the total number of dots).
aj': are the excitonic creation and annihilation operators. The index k& denotes the different
modes of the EM field with frequency wj, creation and annihilation operators aL, aj and

coupling constant gk(rj). Here gk(rj) contains a phase which is related to the position of

the dots.

With the same notation, a general state of our system can be expressed as:

N

[6(1)) = Co(lwg) + D Ci)j) + > C(®)lv)- (4.39)
j=1 k

where [0)s = o; “lj)s and |j)s = a+|0>5 indicate the ground and excited state of the

quantum dot in our system.

The reduced density matrix for the excitons in the quantum dots is now expanded into

a N +1 by N + 1 matrix,
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ps(t) = trilo(t)){o(1)] (4.40)

CN®2 - OnC1)* Oy BCHM)*
- E S (441)
O (1)*Cy (1) C1 (D)2 C1(HCo()*
Cn(H*Cp(t) CinCpt) 1- N 1050
Therefore, the time derivative of the density matrix can be written explicitly as
%ICN(IOI2 - ON(CT()* + O ()T (1) Cn(HCo(t)*
%Ps(t) e ) d )
CHBCT(H) + CHBC (1) Slerm? Cr(B)Cy(t)*
CH(HCo(t) CH(B)Co(t) -Y N Hon P

According to H7, 1) is totally decoupled with the other states |¢j>, so Cp(t) is a constant,

CO (t) =0.

The excitonic creation and annihilation operators can also be expressed in matrix form
using the same basis of the density matrix. The elements in the density matrix can be

expressed as,

n 1 Fori=N—-jandk=N+1
j ]i,k: =
0 Otherwise

[0

o] 1 Fori=N+landk=N—j
g - . fry
i ’L,]C

0 Otherwise
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1 Fori=N—-jandk=N—j

[Jj—aj_]i,k = . (4.42)
0 Otherwise
Explicitly in matrix form
0O --- 0
N—-j-1 0 0 0
0 1 N -1
ol = , 0. = ;
J
jg—1 0 1 0
0O --- 0 N—-j—-1 Jj—1
N -1
0 0 0
N—-—j5—1
0 1 - 0
U}Laj_ = .(4.43)
. . . . j—l
0 0 0
N—-—j—-1 j—1

With these definitions of creation and annihilation operators, we can simply represent

oTo ps(t), ps (t)afkg.— and afps(t)aj_ in matrix form, so that we are able to rewrite the

3% J J
t t
equation of motion by defining the quantities Sj( ) = 2\‘{(] E i} 75t )= 2§R{C E ;}

the equation of motion can be expressed in a compact form,

d N z’ 1 1
os(t) = D —=58iWlof o ps] +7(0{0; ps(h)o] — Solor ps(t) — spsofor}
j=1
= K3 (B)ps(h), (4.44)
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where K é\f (t) is a super-operator for a N dot array defined by the above equation.

Using the same approach we used in deriving Eq.( 4.25), we obtain a equation for the

new defined super-operator K é\[ ().

First, we need to check the products between the excitonic operators.

1 Fori=N—jand k=N —j

[O';_O'j_,]l'?k = (4.45)
0 Otherwise
In matrix form, it reads,
0 0 0
N—-—j5—1
0 e 1 - 0
aj_aj_, = . (4.46)
: . c. : ] -1
0 0 0
N—j -1 4-1

Other productors combining 0 and 7l are all zero. Using these relations, we find a

relation for the super-operator K jév (t).

N N
N +__1 , o (et
KLY (1) Z o) =-3 Z [ (1) +iS;())o (4.47)
J=1 J=1
The remaining question is to link the quantities ; and S; with the interaction between the

exciton in the quantum dots and the electromagnetic field. Let’s start with the Schrodinger
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equation in the interaction picture:

S16(0) = A (D]o(0), (1.48)

where H(t) is defined as

Hyt) = 30h[olrj)od (aylt) + g e))o7 (al (1)

= Yot B0 +o; (t)B;L. (t). (4.49)

Here, Jj-': (t) = aji exp (iiw]-t). We have also defined a new operator Bj (t) combining

photons in all field modes and their coupling to quantum dots, which are defined as B;(t) =

J
Zk hgk(rj)ak(t) with
ol (t) = of exp (iwy t) (4.50)
k | X Uwkt), .
ay (t) = ay exp (—iwyt). (4.51)
The Liouville equation for the coupled double QD system is described by

dps orA
B~ L(1)p = ~ilFy ().l (4.52)

where H 7(t) is the interaction Hamiltonian for double QD system.

With the time convolutionless operator method,
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N +
K00 = /O at'try {L(0) Za ® i), (4.53)
J
Using Eq.(4.52), we obtain:

A(W)of @ pd = o7 ot Bl pcexp(iwst) — oF o7 Bl exp(—iwt)
- aj.'al_pkBlJr(t’) exp(—iwlt/)
_ g;ng;f( o1 exp(—iwjt!), (4.54)

since pkBlJr = 0.

In addition, going to the next order, we have,

. 7)ot ond] = Z o Hi(t),of @yl
= Z 01 0; O'+B )B;L (t/)pk exp(—iwjt — z'wjt/)
= Oj—B '(t)BJ[(t )Pk exp(—iwj (t —t)) (4.55)

+ Yo By )BT( Yoy exp(—iwo(t — ') exp(—i(w) — w))t),
I#j

With the results of Eqs.(4.54, 4.56) and Eq.(4.53),
N +y
N f) = /0 at'try (L (1) Zo— ® i)
J
1 .
= Z——[vj(t)—HSj(t)]aj, (4.56)

— 2
J

By comparing the corresponding terms, we finally find the relation between ~;, S; and the
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exciton-photon interaction constant g,

1 , t .
~sby0+ise] = [ trk[B (0811 exp(—ioj (1 1)
+ Z B pk exp(—iw; (t — ) exp(—i(wj —wy)t)]
I#]
t
= /0 dt' F(t — t’,wj, 0) + Z F(t — t/,wl, (l—7)R) exp(—z’(wj —wp)t)
177
(4.57)
The function F(7,w,r) is defined as in the previous chapter,
F(r,w,r) = Z |gk|2 exp (—iwy 7) exp (iwT) exp (ikr). (4.58)

k

As a result,

t
v(t) = 2/0 d'RF(t =1, wj,0 ]+9%[Z§F(t—t’,wl,(z—j)R)exp(—i(wj—wl)t)]
J

t
Sit) - 2/0 WS~ 1 w;, 0]+ 13 F(t — ¢y, (L= j)R) exp(—i(w; — wp)b)].
I#j
(4.59)

It is shown in the above equation, the first term in 7; (t) and S; (t) indicates the on-site
interaction. The second term with the summation over all dots [ different from dot j shows

the interaction between different dots which effectively causes the energy transfer. With the
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set of (t) and S; (t), we can finally obtain the equation of motion for N dots,

Fomps(0)] + (007 ps(0)rF = 50T o7 pst) = Spstt)at o7}

[\_’)|®.

N

_Ps Z
j=1

(4.60)

For different systems, the form of Eq.(4.60) remains the same. Eq.(4.60) can be treated as
a general starting point of the simulation for different multi dot systems.

Compared with master equation in the Lindblad form which has time independent cou-
pling terms, Eq.(4.60) has time dependent terms S j (t) and 7§ (t), which contain the history
of the system. In addition, the details of the system such as the configuration of the dots and
the coupling between the dots is only specified in S J (t) and 7 (t). This method we adopted
is a general method which could apply to different multi-dot systems. Thus, finding S li (t)
and 7§ (t) for a certain system setup is the key to simulate the exciton dynamics in that
particular system. This theory is ready to applied to specific devices which has not been

done in this thesis.
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Chapter 5

Conclusion and outlook

We have presented in Chapter 2 a theoretical review of concepts important to the physics of
energy transfer in semiconductor nanostructures. In particular a full quantum mechanical
treatment of the Wannier-Mott exciton was provided. We have obtained the energy of the
exciton by exploiting the well-known solution to the Schrodinger equation for the hydrogen
atom. Furthermore, we have extended the discussion from excitons in bulk materials to exci-
tons in quantum dots. In disk-like quantum dots which are the main focus of this thesis, we
obtained a 2D hydrogen-like problem, due to the strong confinement in the growth direction
of the sample (z-direction). The modification to the exciton energy due to the confinement
has two different contributions. The first is the quantization energy of electrons and holes
in the z-direction. The second is the difference between the hydrogenic eigenenergies for a

3D and 2D Coulomb problems.

In the description of exciton energy transfer in photon-confined system, two novel ap-
proaches have been used. First of all, instead of treating the exciton-photon interaction

semiclassically [18, 19, 20, 21|, we started from the quantized EM field operator to calculate
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the coupling constant of the exciton-photon interaction. The advantage of the approach is
that this method can be used to calculate the exciton-photon interaction in planar microcav-
ity by replacing the free space EM field operator by the EM field operator of the microcavity.
Generally speaking, this approach can be applied to any photon confined system as long as
the EM field operator for that system is given. With the Hamiltonian given, in Chapter 3,
we were able to do the numerical simulation of the dynamics of the exciton transfer in a
cavity by solving the Schrodinger equation for the coupled system of excitons and photons.
For the single dot simulation, the spontaneous exciton recombination was obtained without
including a phenomenological damping term in the equations. This is a nice feature of the
full quantum mechanical treatment. In the same simulation, the Purcell effect is recovered
from the result that the spontaneous emission rate is highly suppressed when the microcavity
is off-resonance (when the exciton energy in the quantum dot is lower than the energy of
the lowest allowed cavity mode). Although these results were obtained in a single dot simu-
lation, they proved the validity of our treatment to describe the exciton-photon interaction
and cavity effects. For two-dot simulation, we have found that the exciton energy transfer
only occurs when the two dots have the same exciton energy, which corresponds to the res-
onant condition or the elastic transfer. We have also found that the inter-dot separation
dependence of the effective transfer rate is R~1 in the planar cavity, compared with the
energy transfer rate in the free space which is either R0 for Foster transfer or R™2 for
radiative transfer. This difference originates from the different photon density of state and

indicates the possibility of ultra-long range energy transfer in a 2D system [14].

The second novel approach introduced in this thesis was to include phonon effect in

our simulation. Although exciton energy transfer phenomenon between quantum dots have
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been widely studied [13, 14, 15, 16, 17, 18, 19, 20, 21], the mechanism of phonon assisted
inelastic energy transfer had not been explored before this thesis. In order to investigate the
inelastic energy transfer, we added to the Hamiltonian the exciton-phonon interaction by
the deformation potential of the material [36, 49]. Using the independent boson model [49],
we have derived an effective exciton-photon-phonon interaction from the combined effect of
exciton-photon interaction and exciton-phonon interaction. In the inelastic energy transfer,
the phonon can bring in or take away the extra energy to compensate the energy detuning
between the two dots, and enables the inelastic energy transfer process between the two dots
in the presence of detuning. As shown in the simulation, although the transition rate for
inelastic transfer is lower than the transition rate for the elastic transfer, a relatively efficient
energy transfer is still observed compared to the spontaneous exciton recombination. This
result suggests a possible mechanism of the exciton energy transfer between self-assembled

quantum dots of different size.

One direct application of the phonon-assisted energy transfer model is in the field of
quantum computing. A semiconductor based Quantum Zeno gate has been proposed in this
thesis based on Dr. Y.P. Huang and Prof. M. Moore’s idea [37]. In the gate operation,
the phonon-assisted energy transfer, acting as fast dissipation channels, is regarded as a
continuous measurement that enables the Quantum Zeno effect [7]. Three lateral dots are
proposed in system configuration to realize a two qubit conditional phase gate. In the gate
design, only the ancillary dot is operated by the laser. The two target dots in which the
electron spins represent the qubits interact with the ancillary dot through the Quantum
Zeno effect. There are three main physical quantities that control the whole gate operation.

(2 is the Rabi strength of the driving laser. < is the spontaneous photon-emission rate of
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the ancillary dot. I' the dissipation rate from the ancillary dot to the target dots. The
criterion for a successful gate operation is that v < Q < I'. After the discussion of the
possibility of the Quantum Zeno gate, the fidelity of the gate was optimized theoretically.
The optimized fidelity can be expressed as Fopt = F(Slopt) = exp [—%0\/% for the
optimized Qopt = \/WF—/8 With given physical parameters, the gate was also calculated
numerically. The gate fidelity reached up to 0.85, when we choose a set of realistic parameters

in GaAs quantum dots(I" = 20 ns_l, v =0.08 ns_l, Q=045 ns_l).

Finally, we extended our exciton energy transfer model to describe innovative light har-
vesting systems. The subject of the study changed from excitons in two dots to exciton
in multiple dots. This required the formulation of a theory with good scalability. The
non-Markovian time-convolutionless technique(TCL), which was used to describe the spon-
taneous emission in a two level system in Breuer and Petruccione’s book [38] provided a
good starting point. First of all, this approach keeps the system memory in the dynamics,
i.e. including non-Markovian effects. Secondly, as derived in Chapter 4, it is straight forward
to expand this method to a N dot system and the complexity of the problem grows only
quadratically with the number of the dots. This TCL model is a general theory that can be
applied to any physical system characterized by exciton-photon interaction and exciton and
photon confinement. So far, the theory we have developed for multi-dot systems has not yet
been applied to a specific device. It could be applied to light harvesting devices and quantum
computing implementations where interactions between photons and quantum dots play a
critical role. One possible application to quantum computation could be the simulation of
the so-called quantum cellular automation. As proposed in Seth Lloyd’s paper [90], arrays

of weakly coupled quantum dots interacting with a sequence of laser pulse of well-defined
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frequency and length can be regarded as a quantum-mechanical micromanipulator. It is
capable of both creating any desired quantum state(qubit) of the array and transforming
that state(qubit configuration) in the array in any desired way. This micromanipulator is
believed to be a realizable quantum computer.

For future study, we have several ideas to explore. We could simulate the energy transfer
in more complex geometries (any arbitrary cavity shape), which could be helpful in real device
design. As an application of the multi-dot TCL model, it would be interesting to explore
the open question about enhancing the energy transfer by optimizing the configuration of
the quantum dots. In this problem, there are many controllable parameters, such as the
size of the dots, the distance between the dots, the material of the dots and the type of
photon confinement that can be adjusted. Finally, a challenging but interesting task would
be to include the phonon effect into our multi-dot model. This could be very important in

describing dissipative process in systems with many dots.

85



APPENDICES

86



Appendix A

Projection operator techniques

A.1 Projection operators

Projection operator techniques provide a general framework to derive exact equations of
motion of an open quantum system. The basic idea is to define the operation of tracing
over the environment as a formal projection p — Pp in the state space of the total system.
The super-operator P has the property of a projection operator, and the density matrix Pp
is said to be the relevant part of the density matrix p of the total system which contains
the complete information required to reconstruct the reduced density matrix pg of the open
system. Explicitly, pg is the reduced density matrix that indicates the system of interest;

pp the reduced density matrix that indicates the bath. We have then

p—Pp=trp{pt®pp =pg®ppg, (A1)

where p g is some fixed state of the environment bath. {rp is the partial trace over the bath.

Correspondingly, a complementary super-operator @ which represents a projection p — Qp
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onto the irrelevant part can be defined as,

p— Qp=p—"Pp (A.2)

The aim for this approach is to derive a closed equation of motion for the relevant part Pp.

These super-operators have the obvious properties

P+Q=1 (A.3)
P2 =P, (A4)
Q’=o, (A.5)

PQ=QP =0, (A.6)

which can be easily checked using the definitions Eq.(A.1) and (A.2) and assuming pp to

be normalized.

A.2 The Nakajima-Zwanzig equation

We consider the time evolution of an open system S coupled to an environment B. The
dynamics of the density matrix p(t) of the combined system is specified by Hamiltonian of
the form,

H = Hy + aHy, (A7)

where H() generates the uncoupled time evolution of the system and environment. Hj

indicates the interaction between the system and environment. In interaction picture, the
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equation of motion for the density matrix reads,

% (t) = —ialH (1), p(t)] = aL(t)p(t). (A.8)

The Liouville super-operator is denoted by £(¢). This equation is known as the Liouville-von

Neumann equation.

By applying the projection operators P and Q to the Liouville-von Neumann equation
and assuming the environment state p to be time independent, the relevant and the irrel-

evant part of the density matrix Pp(t) and Qp(t) satisfy the equations,

%'Pp(t) = P%p(t) = aPL(t)p(t), (A.9)
%Qp(t) = Q%p(t) = aQL(t)p(t). (A.10)

These two equations can be rewritten by inserting the identity Z = P + Q between L(t) and

p(t),

9 Polt) = aPLIHPp(T) + aPL() ), (A.11)
%Qp(t) = aQL(t)Pp(t) + aQL(t)Qp(t). (A.12)

In order to get a closed equation for the relevant part of the density matrix Pp, we
solve Eq.(A.12) and insert the solution into Eq.(A.11). The formal solution of Eq.(A.12)

corresponding to a given p(t() at some initial time ¢y may be expressed as
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t
Q(t) = G(t.t0) Qrltg) + o | G QL) (A13)

where the propagator G(t, s) is defined as

t
G(t,s) = T—exp [a/s ds'or(s| . (A.14)

The time ordering operator T— orders any product of super-operators such that the time

arguments increase from right to left. The propagator G(t, s) satisfies the differential equation

)
5G(t.5) = a QLG (¢, ) (A.15)

with the initial condition G(s,s) = I.

In order to check the validity of the solution to Eq.(A.12), we take a partial time derivative

on both sides of Eq. (A.13), and we obtain,

t
SQult) = 26t 1)Qult) + s /todsg<t,s>9c<s>7>p<s>7
~ aQLG(t t)Qpltg) + ad(t. 1) QLEPH(),

= aQL(t)Qp(t) + aQL(t)Pp(t), (A.16)

which is exactly Eq.(A.12).

Inserting the expression Eq.(A.13) for Op(t) into the equation of motion Eq.(A.11), we

90



obtain the the desired closed equation for the relevant part of the density matrix Pp(t),

IPolt) = aPLIG(10)Qpltg) + aPLEP()

t
+a? / dsPLH)G(t, s)QL(s)Pp(s),
to

= aPL()G(t,ty)Qp(ty) + aPL(t)Pp(t)

+ /t dsPK(t,s)Pp(s). (A.17)
to

This equation is known as the Nakajima-Zwanzig equation. It is an exact equation for
the relevant degrees of freedom of the reduced system. It describes non-Markovian memory
effects in the dynamics with an integral over the past history of the system. The memory

kernel K(t,s) = oz273£(t)g (t,s)QL(s)P represents a super-operator in the relevant subspace.

A.3 Time-convolutionless projection operator method

The Nakajima-Zwanzig equation with time convolution in the memory kernel is usually as
difficult to solve as the Liouville equation describing the dynamics of the total system. In
this section we show how to remove the time convolution through a method which is known
as the time convolutionless projection operator method. In order to achieve this objective,

we first replace the density matrix p(s) on the right-hand side of Eq.(A.13) by

p(s) = G(t,s)p(t) = G(t,s)(P + Q)p(t), (A.18)

91



where G(t, s) is the backward propagator of the system defined as

G(t,s) = T— exp [—a/st ds' (s (A.19)

The equation for the irrelevant part of the density matrix Eq.(A.13) can be rewritten as

t
Qp(t) = G(t,19)Qp(tg) + a /to dsG(t, s)QL(s)PG(t, s)(P + Q)p(t). (A.20)

Introducing another new super-operator

S(t) = a /t ; dsG(t, ) QL (s)PG(t, s), (A.21)

and rearranging the equation above, we can express the irrelevant part of the density

matrix as

[1=2®)]Qn(t) = G(t, 1) Qp(ty) +X(1)Pp(t). (A.22)

Note that the super-operator 3(t) contains both propagators G and G, so that it does
not specify a well-defined chronological order. By its defination, >(¢) has the properties,
3(tg) = 0 and X(t)|,—0 = 0. Hence, 1 — X(t) can be inverted in case for small ¢t — t; or

small coupling a. We get

Op(t) = [1 — S LG (¢, t9) Qpltg) + [1 — SO ™IS (B)Pp(t). (A.23)

This equation shows that the irrelevant part Qp(t) of the density matrix can be determined
from the relevant part Pp(t) at time ¢ and from the initial condition Qp(tp). The explicit

dependence on the history of the relevant part which occurs in the Nakajima-Zwanzig equa-
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tion (A.17) has thus been removed by introducing history dependent super-operator X(t)

which contains the propagator G(¢, s) and the backward propagator G(t, s).

By inserting this equation for the irrelevant part into the right hand side of Eq.(A.11),

we get

9 Polt) = K(tYPo(t) + (1) Qplig). (A.24)

with the Time Convolutionless(TCL) generator,

K(t) = aPLH)[1 — 2@)] 1P, (A.25)

and the inhomogeneity operator defined as

I(t) = aPLE) [1 — ()] "L G (¢, 1) Q. (A.26)

For a factorized initial condition p(t() = pg(ty) ® pp, we have Pp(t)) = p(ty) and

Qp(tp) = 0. Hence the inhomogeneous term vanishes and the TCL equation reduces to

%Pp(t) = K(t)Pp(t). (A.27)

The super-operator K(t) only exists when it is possible to invert the operator [1 — X(t)].

Let’s assume that [1 — E(t)]_l may be expanded into a geometric series,

1-s@) =Y [zen (A.28)



Inserting this expansion into the definition of super-operator K(t), we get
00 00
Kt)=a > PLOEO"P =) a"Kn(t). (A.29)
n=0 n=0

Here, we expand the super-operator IC(t) in power series of the coupling «, ICp () is the

n-th order contribution.

We can find the explicit expression for Kp(t) according to the definition of the super-

operator X(t) in Eq.(A.36). It is convenient if we also expand X(t) in powers of «,

N(t) = i " (t). (A.30)
n=1

By inserting this into Eq.(A.29), we get

o S Pey | S o' 0] P= 3 alKn(). (A.31)
n=0 n'=1 n=0

By sorting equal powers of «, up to fourth order in «, we obtain,

Ki(t) = PLQ@)P, (A.32)
Ko(t) = PLHE(H)P, (A.33)
K3(t) = PL){[21())2 +Sp(t)} P, (A.34)

Kat) = PLO {1 0OF + S1OTo(1) + So0T1 (1) + T30} P (A35)

In order to have a better understanding of the expansion of ¥(¢), we list the definition

of 3(t) which is already shown in previous section.
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S(#) = a /t ; dsG(t, )L (s)PG(t, s), (A.36)

with the propagator G(t, s) defined as

t
G(t,s) =T exp [oz/s dS/QE(s’)] : (A.37)

and also with the backward propagator G(t, s) defined as

G(t,s) = T— exp [—a/st ds' (s (A.38)

The first order contribution ¥1(¢) can be obtained by taking the zeroth order term in

both expansions of G(¢,s) and G(t, s).

Y1(t) = td QL(s)P A.39
1()_/1508 ()P, (A.39)
which yields
t
Ko (1) = / dsPL(t)QL(s)P, (A.40)
to

To simplify the expression, we take tj = 0. In many cases it may also be assumed that
the odd moments of the interaction Hamiltonian with respect to the reference state vanish,

which leads to the relation

Pﬁ(tl)ﬁ(tz)...ﬁ(t2n+1)7) =0. (A.41)
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Then we have the contribution Iy, up to second order,

ki) = PLE)P =0, (A.42)
t
Ko(t) = /O dsPL(t)QL(s)P
_ /td PL)L( )P—/td PL()PL(s)P
= 0 S S O S S

_ /O L UsPLO)L(s)P. (A.43)

Using the same notation in Chapter 4, up to second order expansion, the general TCL

method leads to the relation

Ks(t)aj = /O t dt/trk{ﬁ(t)ﬁ(t/)a;' ® P} (A.44)

where py. = |0)1(0] is the vacuum state of the reservoir.
Here we only study the second order expansion in TCL equation since in our simulation,
higher order contributions are not considered. A more general derivation is available in the

book 'The Theory of Open Quantum System’ [38].
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Appendix B

Perturbation theory check

In this appendix, we provide an alternative approach to investigate the microscopic properties
of phonon assisted energy transfer qualitatively. We establish a link between the effective
exciton-photon-phonon interaction and the combined effect of exciton-photon interaction
and exciton-phonon interaction, which could be considered as a validation of the results of
our numerical simulation in Chapter 3. This approach is based on the perturbation theory.

Let us start from the Schrodinger equation assuming A = 1.

0

Hp(t) = iz, [0(t)) - (B.1)

Given the state [1(t)) at some initial time Z, we can solve the Schrodinger equation to

obtain the state at any subsequent time ¢. In particular, if H is time independent, then

() = e T (1)) . (B.2)
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The time evolution operator of a system with Hamiltonian H can be expressed as an integral

. 00 g —i(w+ie)t
Mt [ (B.3)
—oo —2miw+ie—"H
where H = Hy + Hy. We can expand the denominator m when Hj is a small

perturbation compared to the unperturbed hamiltonian H.

S S e —H) L
w+ie —H (wie=H)

= (w+ie—Hy —H[)_l
_ —1
= (wHie —Hy— (w+ie — Hy)(w +ie — Hp) 17‘(])
. , 1 -1

= {(w +ie — Hg)[1 — (w + ie — Hp) H]]}

_ . a1 1

= [1—(w+ie—=Hy) "Hj] ~(w+ic—H)

= Y [(wie—Ho) T H M w +ie — Hp) L (B.4)

n=0
In the last line of the above equation, [1— (w—i—z’e—HO)_lH 7l —1 i5 expanded into a geometric
series. The matrix element of the transition from initial state |i) to the final state |f) is given
by,
—iHty, O dw  _j(wtie)t : 1, g —1y,

(fle i) = — ¢ (I [w+ie —Ho) ™ H )™M (w + ie — Hy) i)

— oo —2mi
oo —2Ti )

(B.5)

According to Fermi’s Golden rule, the transition probability is proportional to |{ f |e_th i) |2.
This is a general relation which could be applied to any perturbative system to study the

transition rate from initial state |i) to final state |f).
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B.1 Exciton energy transfer between two dots

In this section, we try to study the exciton energy transfer between two quantum dots
denoted as dot A and dot B. A general theory is derived to understand the physical nature
of the energy transfer which is a supplementary to the numerical simulation in Chapter
3. Quantitative work is not needed to be presented in this section. Hence, the physical

quantities and the coupling constant in the Hamiltonian are not specified.

The Hamiltonian for a two dot system with the presence of photon bath reads as,

Hy = Z EaaLaa + Z EﬂaEaﬁ + Z hwkfyclyclw
@ B

oy
H :Zh x caT+ cTa +Zh 3 caT—l— cTa
ex—pht Ikry,aky T Ik 0 fy O Ikry,3ky "3 T Ik, 3 k0
k"7705 k"Y?B
- Z Vl@,a"" Z Vk?fyaﬁ' (B.6)
k?fy,Oé ka,B

Here Hy is the unperturbed Hamiltonian. Fq and £ 3 are the exciton energy in quantum
dot A and quantum dot B respectively. a:r)é(a%) and aq/(a 5) are the exciton creation and
annihilation operators with exciton energy Ea(Eﬂ). The summation over « indicates that
all excited states of exciton in quantum dot A are considered. hka is the photon energy

T

with wavevector k-. Cl{:fy and ck,y are the photon creation and annihilation operators. All

photon modes are considered in the summation over k~.

Perturbative term M, 5, represents exciton-photon interaction. The first(second)
term indicates the interaction between exciton with energy Eq (F ﬁ) in quantum dot A(B) and
the photon with wavevector k. An exciton is created or destroyed when a photon is absorbed

or emitted. gk,7 o and g ﬁare the coupling constants. To shorten the derivation, these
’ Y,
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interaction terms are denoted as V/w o and Vk7 3 without losing any physical meanings.

With this interaction term, and according to Eq.(B.5), the first order perturbation gives

zero, so we go to second order:

; 0 dw ; ; 1 1 1
—iHt - _ —i(wie)t v :
e i) /—oo “omi* < |w—|—i6—H0 k’V’BOw—l—ie—HOVk%an—i-ie—Hom
0 dw _j(wtie)t 1 1 * 2 1
Y | R ST Sy —
/—oo —2mi w+ze—EﬁOw+ze—EaO = 5007k, w—}—z.s—cuk7
(B.7)

The initial state |7) is chosen as one exciton in quantum dot A with exciton energy an.
The final state |f) is one exciton in quantum dot B with exciton energy E By The transition
from |i) to |f) represents the exciton energy transfer from quantum dot A to quantum dot
B. Both an and F 9 are the lowest energy for exciton in quantum dot A and quantum
dot B. The excited exciton states do not appear in either initial state or final state, but they
play a important role in the process when phonons are taken into consideration. In principle,
we can omit all the higher exciton levels when only photon bath is included, but in order to

keep the consistency, we still include these excited exciton levels in the Hamiltonian.

To calculate the integral Eq.(B.7), we have two different cases. First, the initial state
and final state have different energy, which is the off-resonance case. Second, the initial state

and final state have same energy, which is the resonance case.
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Let’s compare these two results. For the off-resonance case, (f |e_th|i> only has terms

proportional to ¢t. Meanwhile, for the resonance case, (f ]e_thﬁ) has terms with ¢2. In
addition, for the off-resonance case, when the detuning between an and EﬁO is decreasing,
the transition rate keeps increasing. For the limiting case, |E'OéO - F ﬂol — 0, the transition
rate for off-resonance case should approach the limit of the resonance case. Hence, it can be
concluded that the transition rate for the resonance case is significantly larger. As shown

in Chapter 3, when two dots are off-resonant, the energy transfer is highly suppressed. We

have a good agreement with this perturbation theory and the numerical simulation.
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B.2 Phonon assisted exciton energy transfer

It is commonly known that phonon is a source of dissipation and decoherence in the excitonic
dynamics in semiconductor. However, phonon plays a different role in exciton energy transfer
when two dots are off-resonant. We call this process "‘phonon assisted exciton energy transfer’.

In order to include phonon effect, the Hamiltonian is modified as,

Hy = zo; Ea Al Ag + % EgAbag + kz hwkvaltfyakv + ; helqlblbg
Y

Hew—pht - Z h <g/>:;%aak7‘4}; —i—gk%aa};yfla) T Z h <g/ty,ﬂal€73; +gk”yﬂa;£:fyBﬂ)

k?f)/,Oé k’}/aﬁ
ky 0
i = X gl 0 400) 5 5 g 1)
“ 6,6

- ZZ qaa/+zz ﬁﬁ/ (BS)

We have one additional term }°, hc|q|b2f]bq in ‘H(y which indicates the energy of acous-
tic phonon. b}; (bg) is the creation (annihilation) operator of phonon with wavevector gq.

H

ex—phn represents the exciton-phonon interaction. In this interaction term, we include
the scattering process between exciton and phonon. Explicitly, a phonon is created or de-
stroyed when the exciton is jumping between different energy levels. Optical phonon is not
considered in the Hamiltonian since its energy is not comparable to the scattering process.

With this Hamiltonian, we have two kinds of interactions, one is the exciton-photon inter-

action, that could create or destroy an exciton in the quantum dot. The other one is the
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exciton-phonon scattering process which can only shift the energy of the exciton with the

presence of phonon bath. It is very interesting to see total effect of these two interactions.
Similarly, we use Eq.(B.5) to study to phonon assisted process. we try to investigate

the terms with both exciton-photon interaction and exciton-phonon interaction. The lowest

order non zero contribution in this perturbation expansion reads,
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Compared with Eq.(B.7) which is a two step process including exciton-photon interacting
only, Eq.(B.9) consists three steps. One additional step is the exciton-phonon scattering
process, which change the energy of the exciton by emitting or absorbing a phonon. This
additional step plays an important role when the initial state and the final state are detuned.

Eq.(B.9) is quite complicated to integrate, since we have multiple summations in the
expression. In order to better demonstrate the physics in phonon assisted process, we simplify

the integral by picking one phonon mode whose energy gives an =b 3 + Eg. This is the
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case when the phonon energy compensates the detuning between the two quantum dots.

As discussed above, the integral is calculated under the condition when an =k Ao +
Eq=Ey#E By # Eq,. It is a messy integral, but it is helpful to understand the physical

meaning of the phonon assisted process. We list the complete result here,
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—i(Ea,+Eq)t 2
+ Ze ( Qx Q) gq’aoyaxhg;;%ﬂogk%axﬁ
Qx

In this result, there are many terms because we have to consider all possible poles in different
conditions related to the variables w ki Ey, Eqy and B By All the terms have the product of
three coupling constants g because we are describing a three step process. In the expression,
we can find terms proportional to t2, which indicate that a phonon assisted process might
be more efficient than off-resonant energy transfer without phonon. Compared with the
resonant two step case, which also has terms with #2 in this phonon assisted process, we have
a product of three coupling constants multiplied by terms like 1/(Ey — Eﬁx)' In the weak
coupling regime, hg, which has the dimension of energy, is usually much smaller compared
to the energy scale. Hence, this three step process is less effective than the resonant two step
process, as seen in the simulations presented in Chapter 3. We can conclude that exciton
energy transfer between quantum dots with detuned exciton energy level can be enhanced
by the presence of the phonon bath. Phonons in this process provide a compensation to the
energy detuning by turning a two step off-resonant process into a more effective three step

resonant process.
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B.3 Exciton-photon-phonon interaction

In the previous section, we have introduced the exciton-phonon interaction in the Hamil-
tonian as a source of the scattering between exciton and phonon. In the calculation, we
have included all possible combinations between the three interactions (two exciton photon
interactions and one exciton-phonon interaction). The result turns out to be complicated
with many lower order contributions. In this section, we develop a two step process model,
in which we combine one exciton-photon interaction and one exciton-phonon interaction into
an exciton-photon-phonon interaction. By doing so, we simplify the integrals a lot without

losing the leading terms. H represents a process in which exciton phonon scat-

ex—pht—phn

tering is combined with the creation (annihilation) of the exciton. The new Hamiltonian

needs as follows: H) + Hex—pht +H where

ex—pht—phn

Mo = 3 BadbAa+ Y Bgaliag+ S hoy af o+ helalblpg
“ A iy q
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As we discussed above, for the off-resonant case when an #+ F By’ the first non zero
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term in the perturbation expansion contains one exciton-photon interaction and one exciton

photon phonon interaction.
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In the expression of (f |e_th|z’> we do not have the excited energy levels Eq, and Eg,
explicitly. All the information about the excited levels are not thrown away but included
in the exciton-photon-phonon coupling constant 9q, k0 and 9q, kv, 80" The remaining
problem is to figure out the properties of the coupling constant 9q, ke, and gq,k% By-
With the exciton-photon-phonon interaction, we simplifies the expression a lot without losing
any physics. This is the advantage of introducing the exciton-photon-phonon interaction.

Compare Eq.(B.12) with Eq.(B.5), Eq.(B.12) is very similar to the resonant energy transfer

between the two dots without phonon, although the two dots in this case are detuned.

The physical meaning of the Hamiltonian with exciton-phonon interaction and the Hamil-
tonian with exciton-photon-phonon interaction need to be clarified here. In our model, the
exciton photon phonon interaction is treated as the combined effect of one exciton-photon

interaction and one exciton-phonon interaction. In the following discussion, the relation
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between these two Hamiltonians will be shown.

When Eq = EﬁO + Eq = E, Eq.(B.12) leads to,
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From this expression we can see that the energy transfer for the case an = Eﬁ() +

which

E, originates from two different .0 tains the factor ¢*
q orlgma €S IToIm TwO dirrerent processes ne contalins e Iactor gq,k%ﬂogk%ao

indicates the exciton-photon interaction in dot A and the exciton-photon-phonon interaction

in dot B. The other one contains the factor g;'; Bo which indicates the exciton-
E

gQak'YaOéO
photon-phonon interaction in dot A and the exciton photon interaction in dot B. The leading
terms in the expression which is proportional to #2 occur when the photon energy w hy = an
or cuk7 = Eﬁo. In these two cases, the phonon energy FEq = an — Eﬁ() compensates the
detuning between the two dots and highly enhances the exciton energy transfer.

In the following, we establish the link between the two Hamiltonians. Neglecting the

terms related to excited energy levels ay, and keeping the leading terms related to (B, we
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have
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On the other hand for the Hamiltonian with exciton-photon-phonon interaction, we have
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By comparing these two expressions, we get

1
* _ *
Ty = 29,0200y 5 g~ B (B.15)
ﬁx ﬁl‘
Other terms in the expression for (f |e_th|i> give the same relation between g; ko

* . . . . o . .
and 94,8250 gk% B which means this relation is originated from the same physics.

In this appendix, we have applied a perturbation theory to check the validity of intro-
ducing a exciton-photon-phonon interaction into the Hamiltonian in order to describe the
phonon assisted exciton energy transfer. It is proved analytically that one exciton-photon

interaction together with one exciton-phonon interaction can be treated as a singe exciton-
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photon-phonon interaction with a properly estimated coupling constant. And the relation
between the coupling constants are given in Eq.(B.15). This analytical work could serve as

a reference to the numerical simulation in Chapter 3.

110



BIBLIOGRAPHY

111



1]

BIBLIOGRAPHY

M. A. Reed, J. N. Randall, R. J. Aggarwal, R. J. Matyi, T. M. Moore, and A. E.
Wetsel. Observation of discrete electronic states in a zero-dimensional semiconductor
nanostructure. Phys. Rev. Lett., 60:535-537, Feb 1988.

G. Ramon, U. Mizrahi, N. Akopian, S. Braitbart, D. Gershoni, T. L. Reinecke, B. D.
Gerardot, and P. M. Petroff. Emission characteristics of quantum dots in planar micro-
cavities. Phys. Rev. B, 73:205330, May 2006.

L P. Kouwenhoven, D G. Austing, and S Tarucha. Few-electron quantum dots. Rep.
Prog. Phys, 64:701-736, 2001.

P. Peumans, A. Yakimov, and S. R. Forrest. Small molecular weight organic thin-film
photodetectors and solar cells. J. Appl. Phys., 93(7):3693, April 2003.

Y. Cao, I. D. Parker, G. Yu, C. Zhang, and A. J. Heeger. Improved quantum efficiency
for electroluminescence in semiconducting polymers. Nature, 397(6718):414, February
1999.

V. G. Kozlov, V. Bulovic, P. E. Burrows, M. Baldo, V. B. Khalfin, G Parthasarathy,
S. R. Forrest, Y. You, and M. E. Thompson. Study of lasing action based on f?rster
energy transfer in optically pumped organic semiconductor thin films. J. Appl. Phys.,
94(8):4096, October 1998.

K. J. Xu, Y. P. Huang, M. G. Moore, and C. Piermarocchi. Two-qubit conditional
phase gate in laser-excited semiconductor quantum dots using the quantum zeno effect.
Phys. Rev. Lett., 103(3):037401, Jul 2009.

A.S. Davydov and A.A. Serikov. Energy transfer between impurity molecules of a crystal
in the presence of relaxation. Phys. Stat. Sol. B, 51:57, 1972.

112



[9]

[10]

[11]

[13]

[14]

[15]

[16]

[18]

[19]

[20]

Ho Trung Dung, Ludwig Knoll, and Dirk Gunnar Welsch. Resonant dipole-dipole in-
teraction in the presence of dispersing and absorbing surroundings. Phys. Rev. A,
66(6):063810, Dec 2002.

Dae Gwi Kim, Shinya Okahara, Masaaki Nakayama, and Yong Gu Shim. Experimental
verification of forster energy transfer between semiconductor quantum dots. Phys. Rewv.
B, 78(15):153301, Oct 2008.

K. Nishibayashi, T. Kawazoe, M. Ohtsu, K. Akahane, and N. Yamamoto. Observation
of interdot energy transfer between inas quantum dots. Appl. Phys. Lett., 93(15):153301,
Jul 2008.

T. Kazimierczuk, J. Suffczynski, A. Golnik, J. A. Gaj, P. Kossacki, and P. Wojnar. Op-
tically induced energy and spin transfer in nonresonantly coupled pairs of self-assembled
cdte/znte quantum dots. Phys. Rev. B, 79(15):153301, Apr 2009.

A. O. Govorov. Spin and energy transfer in nanocrystals without tunneling. Phys. Rewv.
B, 68:075315, 2003.

G. Parascandolo and V. Savona. Long-range radiative interaction between semiconduc-
tor quantum dots. Phys. Rev. B, 71:045335, January 2005.

Gregory D. Scholes and David L. Andrews. Resonance energy transfer and quantum
dots. Phys. Rev. B, 72(12):125331, Sep 2005.

Alexander O. Govorov. Spin-forster transfer in optically excited quantum dots. Phys.
Rev. B, 71(15):155323, Apr 2005.

S. Yu. Kruchinin, A. V. Fedorov, A. V. Baranov, T. S. Perova, and K. Berwick. Resonant
energy transfer in quantum dots: Frequency-domain luminescent spectroscopy. Phys.
Rev. B, 78(12):125311, Sep 2008.

Anna Sitek and Pawel Machnikowski. Collective fluorescence and decoherence of a few
nearly identical quantum dots. Phys. Rev. B, 75(3):035328, Jan 2007.

Pawel Machnikowski, K. Roszak, and Anna Sitek. Collective luminescence and phonon-
induced processes in double quantum dots. Acta Phys. Pol., 116:818, 2009.

J. Danckwerts, K. J. Ahn, J. Forstner, and A. Knorr. Theory of ultrafast nonlinear
optics of coulomb-coupled semiconductor quantum dots: Rabi oscillations and pump-
probe spectra. Phys. Rev. B, 73(16):165318, Apr 2006.

113



[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

M. Richter, K. J. Ahn, A. Knorr, A. Schliwa, D. Bimberg, M. E.-A. Madjet, and
T. Renger. Theory of excitation transfer in coupled nanostructures ¢ from quantum
dots to light harvesting complexes. Phys. Stat Sol. (b), 243(10):2302, 2006.

M. Sugawara. Theory of exciton spontaneous emission in semiconductor mesoscopic
quantum disk embedded in a planar microcavity. Jpn. J. Appl. Phys., 36:2151-2162,
April 1997.

Girish S. Agarwal and S. Dutta Gupta. Microcavity-induced modification of the dipole-
dipole interaction. Phys. Rev. A, 57(1):667-670, Jan 1998.

D. M. Basko, F. Bassani, G. C. La Rocca, and V. M. Agranovich. Electronic energy
transfer in a microcavity. Phys. Rev. B, 62(23):15962-15977, Dec 2000.

G. Tarel, G Parascandolo, and V. Savona. Ultralong-range radiative excitation transfer
between quantum dots in a planar microcavity. Phys. Stat. Sol.(b), 245(6):1085, 2008.

B. Krummbheuer, V. M. Axt, and T. Kuhn. Theory of pure dephasing and the resulting
absorption line shape in semiconductor quantum dots. Phys. Rev. B, 65(19):195313,
May 2002.

J. Forstner, C. Weber, J. Danckwerts, and A. Knorr. Phonon-assisted damping of rabi
oscillations in semiconductor quantum dots. Phys. Rev. Lett., 91(12):127401, Sep 2003.

T. Stauber and R. Zimmermann. Optical absorption in quantum dots: Coupling to
longitudinal optical phonons treated exactly. Phys. Rev. B, 73(11):115303, Mar 2006.

U. Hohenester, G. Pfanner, and M. Seliger. Phonon-assisted decoherence in the produc-

tion of polarization-entangled photons in a single semiconductor quantum dot. Phys.
Rev. Lett., 99:047402, 2007.

Emil Rozbicki and Pawel Machnikowski. Quantum kinetic theory of phonon-assisted
excitation transfer in quantum dot molecules. Phys. Rev. Lett., 100(2):027401, Jan 2008.

P. Machnikowski. Radiative and phonon-induced dephasing in double quantum dots.
J. Phys.: Conf. Ser., 193:012136, 2009.

G. Tarel and V. Savona. Linear spectrum of a quantum dot coupled to a nanocavity.
Phys. Rev. B, 81(7):075305, Feb 2010.

114



[33]

[35]

[36]

[37]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

S. Hughes, P. Yao, F. Milde, A. Knorr, D. Dalacu, K. Mnaymneh, V. Sazonova, P. J.
Poole, G. C. Aers, J. Lapointe, R. Cheriton, and R. L. Williams. Influence of electron-
acoustic phonon scattering on off-resonant cavity feeding within a strongly coupled
quantum-dot cavity system. Phys. Rev. B, 83(16):165313, Apr 2011.

K. J. Xu and C. Piermarocchi. Dynamics of elastic and inelastic energy transfer between
quantum dots in a microcavity. Phys. Rev. B, 84:115316, Sep 2011.

G. Barton. Quantum electrodynamics of spinless particles between conducting plates.
Proc. Roy. Soc. Lond. A., 320(1541):251-275, December 1970.

T. Takagahara. Localization and energy transfer of quasi-two-dimensional excitons in
gaas-alas quantum-well heterostructures. Phys. Rev. B, 31(10):6552-6573, May 1985.

Y. P. Huang and M. G. Moore. Interaction- and measurement-free quantum zeno gates
for universal computation with single-atom and single-photon qubits. Phys. Rev. A,
77(062332), 2008.

Heinz-Peter Breuer and Francesco Petruccione. The Theory of Open Quantum System.
Oxford University Press, 2002.

J Frenkel. On the transformation of light into heat in solids. i. Physical Review, 37:17,
1931.

Gregory H Wannier. The structure of electronic excitation levels in insulating crystals.
Physical Review, 52:191, 1937.

L. J. Sham and T. M. Rice. Many-particle derivation of the effective-mass equation for
the wannier exciton. Phys. Rev., 144:708-714, Apr 1966.

Victor I. Klimov. Nanocrystal quantum dots. Los Alamos Science, 28:214, 2003.

Weiming Que. Excitons in quantum dots with parabolic confinement. Phys. Rev. B,
45:11036-11041, May 1992.

Garnett W. Bryant. FExcitons in quantum boxes: Correlation effects and quantum
confinement. Phys. Rev. B, 37:8763-8772, May 1988.

Edward Mills Purcell. Spontaneous emission probabilities at radio frequencies. Physical
Review, 69:681, 1946.

115



[46]

[47]

[51]

[52]

[53]

[54]

[56]

[57]

[58]

Claude Cohen-Tannoudji, Jacques Dupont-Roc, and Gilbert Grynberg. Photons and
Atoms: Introduction to Quantum Electrodynamics. Wiley & Sons, 1989.

E. M. Kessler, M. Grochol, and C. Piermarocchi. Light-mass bragg cavity polaritons in
planar quantum dot lattices. Phys. Rev. B, 77(8):085306, Feb 2008.

Neil W Asheroft and N David Mermin. Solid State Physics. 1976.
G.D. Mahan. Many-particle Physics. Plenum Press, New York, 1981.

M. L. Vasilevskiy, E. V. Anda, and S. S. Makler. Electron-phonon interaction effects in
semiconductor quantum dots:a nonperturabative approach. Phys. Rev. B, 70(3):035318,
Jul 2004.

T. Takagahara. Theory of exciton dephasing in semiconductor quantum dots. Phys.
Rev. B, 60(4):2638-2652, Jul 1999.

L. Besombes, K. Kheng, L. Marsal, and H. Mariette. Acoustic phonon broadening
mechanism in single quantum dot emission. Phys. Rev. B, 63(15):155307, Mar 2001.

A. Grodecka and P. Machnikowski. Partly noiseless encoding of quantum informa-
tion in quantum dot arrays against phonon-induced pure dephasing. Phys. Rev. B,
73(12):125306, Mar 2006.

D. Gammon, E. S. Snow, B. V. Shanabrook, D. S. Katzer, and D. Park. Fine struc-
ture splitting in the optical spectra of single gaas quantum dots. Phys. Rev. Lett.,
76(16):3005-3008, Apr 1996.

M. Grochol, F. Grosse, and R. Zimmermann. Exciton wave function properties probed
by diamagnetic shift in disordered quantum wells. Phys. Rev. B, 71(12):125339, Mar
2005.

G. Bastard. Wave Mechanics Applied to Semiconductor Hetrostructures. Les éditions
de physique, Paris, 1992.

E. Rosencher and B. Vinter. Optoelectronics. Cambridge University Press, Cambridge,
2002.

Dirk Englund, David Fattal, Edo Waks, Glenn Solomon, Bingyang Zhang, Toshihiro
Nakaoka, Yasuhiko Arakawa, Yoshihisa Yamamoto, and Jelena Vuckovic. Controlling

116



[59]

[60]

[61]

[62]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

the spontaneous emission rate of single quantum dots in a two-dimensional photonic
crystal. Phys. Rev. Lett., 95(1):013904, Jul 2005.

K. Hennessy, A. Badolato, M. Winger, D. Gerace, M. Atatiire, S. Gulde, S. Falt, E. L.
Hu, and A. Imamoglu. Quantum nature of a strongly coupled single quantum dot-cavity
system. Nature, 445:896, 2007.

R. H. Dicke. Coherence in spontaneous radiation processes. Phys. Rev., 93:99-110, Jan
1954.

Mitchel Weissbluth. Photon-Atom Interactions. Academic Press Inc.(London) LTD,
1989.

David E. Pritchard. Cooling neutral atoms in a magnetic trap for precision spectroscopy.
Phys. Rev. Lett., 51:1336-1339, Oct 1983.

C. Piermarocchi, Pochung Chen, Y. S. Dale, and L. J. Sham. Theory of fast quantum
control of exciton dynamics in semiconductor quantum dots. Phys. Rev. B, 65(7):075307,
Jan 2002.

Daniel Loss and David P. DiVincenzo. Quantum computation with quantum dots. Phys.
Rev. A, 57:120-126, Jan 1998.

B. Misra and E.C.G. Sudarshan. The zeno’s paradox in quantum theory. Journal of
Mathematical Physics, 18:756, 1977.

C. B. Chiu, E. C. G. Sudarshan, and B. Misra. Time evolution of unstable quantum
states and a resolution of zeno’s paradox. Phys. Rev. D, 16(2):520-529, Jul 1977.

Asher Peres. Zeno paradox in quantum-theory. American Journal of Physics, 48:931,
1980.

W. M. Itano, D. J. Heinzen, J. J. Bollinger, and Wineland D. J. Quantum zeno effect.
Phys. Rev. Lett., 41:2295, 1990.

Paul Kwiat, Harald Weinfurter, Thomas Herzog, Anton Zeilinger, and Mark A. Kase-
vich. Interaction-free measurement. Phys. Rev. Lett., 74(24):4763-4766, Jun 1995.

P. Horodecki. ”interaction-free” interaction: Entangling evolution coming from the
possiblity of detction. Phys. Rev. A, 63:022108, 2001.

117



[71]

[72]

73]

[77]

78]

[79]

[80]

P. Zanardi M. Rasetti. A possible strategy to defeat decoherence in quantum com-
putation: The role of symmetries, dynamical algebras, and all that. Fortschritte Der
Physik-Progess of Physics, 48:559, 2000.

P. Facchi and S Pascazio. Quantum zeno subspaces. Phys. Rev. A, 89:080401, 2002.

J. D. Franson, B. C. Jacobs, and T. B. Pittman. Quantum computing using single
photons and the zeno effect. Phys. Rev. A, 70:062302, 2004.

P. M Leung and T. C Ralph. Improving the fidelity of optical zeno gates via distillation.
Phys. Rev. A, 74:062325, 2006.

C. R. Myers and A. Gilchrist. Photon-loss-tolerant zeno controlled-sign gate. Phys.
Rev. A, 75:052339, 2007.

Almut Beige, Daniel Braun, Ben Tregenna, and Peter L. Knight. Quantum computing
using dissipation to remain in a decoherence-free subspace. Phys. Rev. Lett., 85(8):1762—
1765, Aug 2000.

X. B. Wang, J. Q. You, and F. Nori. Quantum entanglement via two-qubit quantum
zeno dynamics. Phys. Rev. A, 77:062339, 2008.

L. Robledo, J. Elzerman, G. Jundt, M Atatire, A Hogele, S. Falt, and A. Imamoglu.
Conditional dynamics of interacting quantum dots. Science, 320:772, 2008.

T. H. Stievater, X. Li, D. G. Steel, D. Gammon, D. S. Katzer, D. Park, C. Piermarocchi,
and L. J. Sham. Rabi oscillations of excitons in single quantum dots. Phys. Rev. Lett.,
87:133603, 2001.

Q. Q. Wang, A. Muller, P. Bianucci, E. Rossi, Q. K. Xue, T. Takagahara, C. Piermaroc-
chi, A. H. MacDonald, and C. K. Shih. Decoherence processes during optical manip-

ulation of excitonic qubits in semiconductor quantum dots. Phys. Rev. B, 72:035306,
2005.

Pierre Meystre. Atom Optics. Springer-Verlag, New York, 2001.

Gustavo A. Narvaez, Gabriel Bester, Alberto Franceschetti, and Alex Zunger. Excitonic
exchange effects on the radiative decay time of monoexcitons and biexcitons in quantum

dots. Physical Review B (Condensed Matter and Materials Physics), 74(20):205422,
2006.

118



[83]

[84]

[36]

[38]

[89]

[90]

J. F. Poyatos, J. I. Cirac, and P. Zoller. Complete characterization of a quantum process:
The two-bit quantum gate. Phys. Rev. Lett., 78(2):390-393, Jan 1997.

R. D. Schaller and V. I. Klimov. High efficiency carrier multiplication in pbse nanocrys-
tals: Implications for solar energy conversion. Phys. Rev. Lett., 92:186601, May 2004.

R. J. Ellingson, M. C. Beard, J. C. Johnson, P. Yu, O. I. Micic, A. J. Nozik, A. Shabaev,
and A. L. Efros. Highly efficient multiple exciton generation in colloidal pbse and pbs
quantum dots. Nano Letters, 5:865-871, May 2005.

Octavi E. Semonin, Joseph M. Luther, Sukgeun Choi, Hsiang-Yu Chen, Jianbo Gao,
Arthur J. Nozik, and Matthew C. Beard. Peak external photocurrent quantum efficiency
exceeding 100% via meg in a quantum dot solar cell. Science, 334:1530-1533, Dec 2011.

Heinz-Peter Breuer, Bernd Kappler, and Francesco Petruccione. The time-
convolutionless projection operator technique in the quantum theory of dissipation and
decoherence. Ann. Phys., 291:1633-1643, 2001.

Sadao Nakajima. On quantum theory of transport phenomena. Prog. Theor. Phys.,
20:948-959, 1958.

Robert Zwanzig. Ensemble method in the theory of irreversibility. J. Chem. Phys.,
33:1338-1341, 1960.

Seth Lloyd. A potentially realizable quantum computer. Science, 261:1569, Sep 1993.

119



