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ABSTRACT

FAST SOLVER FOR LARGE SCALE EDDY CURRENT NON-DESTRUCTIVE
EVALUATION PROBLEMS

By

Naiguang Lei

Eddy current testing plays a very important role in non-destructive evaluations of conducting
test samples. Based on Faraday’s law, an alternating magnetic field source generates induced
currents, called eddy currents, in an electrically conducting test specimen. The eddy currents
generate induced magnetic fields that oppose the direction of the inducing magnetic field
in accordance with Lenz’s law. In the presence of discontinuities in material property
or defects in the test specimen, the induced eddy current paths are perturbed and the
associated magnetic fields can be detected by coils or magnetic field sensors, such as Hall
elements or magneto-resistance sensors. Due to the complexity of the test specimen and
the inspection environments, the availability of theoretical simulation models is extremely
valuable for studying the basic field /flaw interactions in order to obtain a fuller understanding
of non-destructive testing phenomena.

Theoretical models of the forward problem are also useful for training and validation of
automated defect detection systems. Theoretical models generate defect signatures that are
expensive to replicate experimentally. In general, modelling methods can be classified into
two categories: analytical and numerical. Although analytical approaches offer closed form
solution, it is generally not possible to obtain largely due to the complex sample and defect
geometries, especially in three-dimensional space. Numerical modelling has become popular
with advances in computer technology and computational methods. However, due to the

huge time consumption in the case of large scale problems, accelerations/fast solvers are



needed to enhance numerical models.

This dissertation describes a numerical simulation model for eddy current problems using
finite element analysis. Validation of the accuracy of this model is demonstrated via
comparison with experimental measurements of steam generator tube wall defects. These
simulations generating two-dimension raster scan data typically takes one to two days on
a dedicated eight-core PC. A novel direct integral solver for eddy current problems and
GPU-based implementation is also investigated in this research to reduce the computational

time.
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Chapter 1

Introduction

Electromagnetic (EM) methods of non-destructive evaluation (NDE), also called
non-destructive testing (NDT), comprise a full spectrum of techniques ranging from magnetic
flux leakage (DC, static fields) to eddy current (quasi-static frequencies) and microwave (high
frequency). In each of these techniques, the underlying physics is fundamentally different as
the fields are described by different classes of partial differential equations (PDEs). In the
static regime, we deal with elliptic PDEs, whereas in eddy current problems the underlying
fields are described by parabolic PDEs and in microwave NDE, we have hyperbolic PDEs.

Consequently, this affects the different aspects of NDE including the modelling of forward

problem and solution to corresponding inverse problems.

1.1 Methods of Electromagnetic Non-destructive

Evaluation

1.1.1 Magnetic Flux Leakage Testing

Magnetic flux leakage (MFL) is a magnetic method of NDT that is used to detect corrosion
and pitting in steel structures, such as pipelines and storage tanks. The basic principle is
to magnetize the steel part using a permanent or electromagnet. At areas where there is

corrosion or missing metal, the magnetic field “leaks” from the steel. In an MFL tool, a



magnetic field detector is used to detect the leakage field.

flux leakage

i\\\’

)

Figure 1.1: Magnetic flux leakage testing.

As an MFL tool navigates the pipeline a magnetic circuit is created between the pipe wall
and the tool. Brushes typically act as a transmitter of magnetic flux from the tool into
the pipe wall. High field MFL tools saturate the pipe wall so that the reluctance is very
high. Strategically placed tri-axial Hall effect sensor heads can accurately measure the

three-dimensional magnetic flux density vector.

1.1.2 Eddy Current Testing

Eddy current (EC) NDE uses EM induction to detect flaws in conductive materials.
An alternating current source generates changing magnetic field which interacts with a
conducting specimen to induce eddy currents (ECs) in it. The induced ECs and the
associated magnetic fields opposes the direction of the inducing current and field. This affects
the net flux linking the coil and hence the impedance of the probe coil. Variations in the
phase and magnitude of these ECs can be monitored by measuring the terminal impedance
of the probe coil. Variations in the electrical conductivity or magnetic permeability of the
test object, or the presence of any flaws, will cause a change in ECs and a corresponding
change in the phase and amplitude of the measured impedance.

EC testing (ECT) can detect very small cracks on or near the surface of the material, the



surfaces need minimal preparation, and physically complex geometries can be investigated.
It is also useful for making electrical conductivity and coating thickness measurements. The
testing devices are portable, provide immediate feedback, and are non-contact methods,

allowing rapid inspection of the part.

1.1.3 Microwave Non-Destructive Testing

The term microwaves refer to alternating EM waves frequencies in the range from 300
MHz to 100 GHz. Since the penetration of microwaves in good conducting materials is
very small, microwave NDT techniques are mainly used for non-metallic materials. The
spatial resolution of these techniques depends on the wavelength of the EM wave. In the
microwave band of 3-100 GHz, wavelength varies from 100 mm to 3 mm. These techniques
have advantages over other NDE methods (such as radiography, ultrasonics and EC) and
offer good penetration in non-metallic materials, good resolution and non-contact nature

feature of the microwave sensor (antenna).

This dissertation focuses on EC methods of NDT at quasi-static frequencies, where

the penetration depth in conducting parts is of the order of millimeters or a few centimeters.

1.2 Principles of Eddy Current Testing

The basic principle underlying ECT can be illustrated with a simple arrangement shown
in Figure 1.2a. When a coil carrying an alternating current is brought in close proximity
to an electrically conducting test specimen, the alternating magnetic field causes induced

currents in the conducting test specimen in accordance with Faraday’s law of EM induction.



The induced currents are called ECs since they follow closed circulatory patterns that are
similar to eddies found in water bodies. The alternating ECs, in turn, establishes a field
whose direction is opposite to that of the original or primary field. Consequently, the net
flux linkages associated with the coil decrease. Since the inductance of a coil is defined as
the net flux linkages per ampere, the effective inductance of the coil decreases relative to
its value if it were to be suspended in air. The presence of ECs in the test specimen also
results in a resistive power loss. The effect of this power loss manifests in the form of a small
increase in the effective resistance of the coil. An exaggerated view of the changes in the
terminal characteristics of the coil is shown in Figure 1.2b, where the variation in resistance
and inductance is plotted in the impedance plane. When a flaw or inhomogeneity, whose
conductivity and/or permeability differ from that of the host specimen, is encountered, the
current distribution is altered. Consequently, the impedance of the coil is different relative
to the value observed for flawless regions, as shown in Figure 1.2b. Systems that are capable
of monitoring the changes in impedance of probe coil can, therefore, be used to detect flaws
in a specimen.

ECs exhibit a unique phenomenon known as the “skin effect” which causes the current
density at a particular depth to decrease with an increase in the frequency of excitation.
This result can be derived very simply from the solution of a plane wave propagating into a
conducting half plane. Skin depth (9), also called standard depth of penetration, is defined
as the depth at which EC density has decreased to reciprocal of Euler-Mascheroni constant

of the surface value. The skin depth can be computed as follows:

§= e (1.1)



where f is the excitation frequency of the circuit, p is the magnetic permeability of the
target material, and o is the electrical conductivity of the target material. The skin depth
is often used as a guideline to select the excitation frequency for testing a given specimen.
The variations in coil impedance caused by discontinuities in the test specimen are often
very small in comparison with the quiescent value of the coil impedance. The detection and

measurement of the small changes are often made possible with the use of bridge circuits [1,2].

A H primary

i Cail
Direction of
‘ /) primary current

Direction of
induced current

Conducting specimen

A Coil in air
B: Coil over a defective
nanferromagnetic spaecimen
A C: Coil over a defect-iree
nonferromagnetic specimen

N
I

I—i'n" K&
(b)

Figure 1.2: Principles of eddy current testing [1,2]: (a) eddy current generation and flow
in a conducting specimen; (b) impedance-plane trajectory of a coil over a conducting test
specimen.

Factors that influence the EC field, and therefore coil impedance are:

e separation between the coil and specimen surface, called lift-off ;



e clectrical conductivity of the specimen;

e magnetic permeability of the specimen;

e frequency of the AC;

e design of the EC probe coil;

e specimen geometry factors;

e discontinuities, such as cracks, corrosion, pitting.

The central problem in NDT is flaw detection and characterization. Successful detection
and characterization of flaws can benefit from a clear understanding of field /flaw interaction
and effects of various probe and operational parameters. Correlations between operational
parameters and signal features help in signal processing design procedures to compensate
for these effects and eliminate undesired responses. Correlations between defect parameters
and signal features can help in designing more accurate defect detection and characterization

algorithms.

1.3 Motivation and Organization

Theoretical models of the forward problem are necessary for studying the basic field /flaw
interactions in order to obtain a full understanding of NDT phenomena. Theoretical models
generate defect signatures that are expensive to replicate experimentally. The model provides
solutions to the forward problem under controlled variation of experimental parameters.
Such studies are important to use the technology effectively and maximize the possibility of

detection (PoD) of critical flaws.



Modelling methods can be classified into two categories: analytical and numerical. Although
analytical approaches offer closed form solutions, it is generally not possible to obtain
an analytical solution in the case of complex sample and defect geometries, especially in
three-dimensional (3-D) space. Numerical modelling has become popular with advances in
computer technology and computation methods. However, due to the huge time consumption
for large scale problems, accelerations/fast solvers are needed for obtaining practical solutions
using numerical models. This is the motivation for the work carried out in this dissertation.
This dissertation is organized into two parts: part L. finite element methods in EC NDE, part
IT. direct integral solver and fast algorithms. In the first part, the finite element method is
introduced, and the application to steam generator inspection and new EC probe design are
presented. In the second part, several fast algorithms for microwave problems are introduced,
and the fast algorithms and a novel direct integral solver for large scale EM NDE problems

are investigated.
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Finite Element Method in Eddy

Current Non-Destructive Evaluation



Chapter 2

Finite Element Method for Eddy

Current Simulation

2.1 Introduction

Among various numerical modelling methods, the finite element method (FEM) is one of

the most commonly used techniques. The reasons for this are:
e FEM has well-established and relatively simple formulations;
e results in sparse and banded matrices that can be efficiently stored and solved.

The fundamental principle underlying finite element (FE) analysis is the replacement of a
continuous domain by a number of sub-domains (elements) in which the unknown function is
represented by simple interpolation functions with unknown coefficients. A set of algebraic
equations are obtained by applying the Ritz or Galerkin method [3]. Finally, solution of the
boundary value problem is achieved by solving the system of equations.

Since it was first proposed in the 1940s, the FEM has been developed and applied extensively
to structural analysis and other engineering fields. The FEM was popularized in the area
of EM NDT by Lord etc. [4-7]. Lord and Palanisamy [8,9] developed a 2-D axisymmetric
model to study EC phenomena in steam generator (SG) tube inspection for the nuclear power

industry. Over the past five decades, many researchers have developed FE models, such as the

9



one reported in [10], for the 3-D simulation of EC problems. There are commercial software
packages, such as Multiphysics® produced by COMSOL, available for 3-D FE simulation of

general EC problems.

2.2 Problem Statement

In frequency domain, the Faraday’s law and Ampere’s law are given by

V x E =—jwB (2.1)
V x H=J" 4 J+ juD (2.2)
with the constitutive relations
B =l (2.3)
D=cE (2.4)
J=0E (2.5)

and the continuity equation is given by

V- J+4jwp=0 (2.6)

where
E - electric field intensity

D — electric flux density

10



—

H — magnetic field intensity

B - magnetic flux density

JMe _ source current density
J — conduction current density
p — electric charge density

€ — permittivity

[ — permeability

o — conductivity

In general, the EC problem can be represented in terms of a conducting domain (2. and

surrounding non-conducting domain €2, as shown in Figure 2.1.

3>

Qn

Figure 2.1: An arbitrary geometry with closed surface.

For EC problems, by ignoring the displacement current, the quasi-static regime equations
are represented as:

in Q,

V x H = Jne (2.7)

11



in €,

VxH=0oFE (2.8)
V x E = —jwuH (2.9)
V-J=0 (2.10)

From equation (2.7), we can represent the magnetic field due to the source current as,

V x Hg = Jne (2.11)

H(7) :///fim(f’) X vw_l F,|dV’ (2.12)

2.3 Formulations for Eddy Current Problems

There are several choices of formulations in terms of scalar and vector potentials for EC
problems [11]. The purpose of this section is to review the commonly used formulations of
EC problems. Appropriate formulation is selected based on the material property of the
test specimen, the quantity of interest, the limitations of computational resources and so on.

These formulations in both EC free regions and EC regions are introduced as following.

2.3.1 Formulations in Eddy Current Free Regions

In the EC free region, the quasi-static magnetic field can be represented in two ways: 1. a

magnetic scalar potential 1; 2. a magnetic vector potential A.

12



2.3.1.1 1 Formulation

From equations (2.7) and (2.11), we have

and using the magnetic Gauss’ law (V - B= 0), we obtain

V- (uVe) =V - (uHs)

with the boundary conditions

=0 or f-(uVy)=n-(uHs)

2.3.1.2 A Formulation

Considering the magnetic Gauss’ law, we can represent magnetic flux density as

oo

=VxA

and using equations (2.3) and (2.7), we obtain

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)



2.3.1.3 ffr Formulation

To represent the source current on the right-hand side only, we introduce the reduced
magnetic vector potential A, Considering the magnetic Gauss’ law, we can represent

magnetic flux density as
B =pgHs +V x A, (2.19)

and using equations (2.3) and (2.7), we obtain

—

1 - -
VX (VX A) =V x Hy =V (%HS) (2.20)

with the boundary conditions

— 1 —
L

2.3.2 Formulations in Eddy Current Regions

In the EC region, the EM field can be represented by two vector potentials: 1. a current
vector potential f; 2. a magnetic vector potential A A magnetic scalar potential v is
necessary to be employed with the the current vector potential representation; however, an
electric scalar potential V' can be, but not have to be, introduced with the magnetic vector

potential representation.

14



2.3.2.1 f,w Formulation

From equation (2.8), we represent magnetic field as
H=Hy+T -y
thus, electric field and the induced ECs are

EFE=-VxHs+-VxT
o g

J=VxT
and using the magnetic Gauss’ law, equations (2.3), (2.5) and (2.8), we obtain

1 =, - 1 — —
V x (;V X T) + jwuT — jwpVy = =V X (EV X Hg) — jwpHg

Vo (0T — pNp) = =V - (uHy)
with the boundary conditions

¢ = 1hg = constant or - (uT — pV) = —n - (uHs)

>
X
Tl
Il
(@)
©)
=
3>
X
<
X
=3
Il

|
3
X

Q|+~

<
X
gl
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(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)



2.3.2.2 A* Formulation

Considering the magnetic Gauss’ law and equation (2.9), we can represent magnetic flux

density and the electric field as

and using equations (2.3), (2.5) and (2.8), we obtain
1 x . %
V x (=V x A%) 4 jwc A" =0
i
with the boundary conditions
R e N ]_ e R —
nxA"=0 or nx(=VxA")=nx Hg
Q

2.3.2.3 ff, V' Formulation

(2.29)

(2.30)

(2.31)

(2.32)

Similarly to A* formulation, considering the magnetic Gauss’ law and equation (2.9), we can

represent magnetic flux density and the electric field as

V xA

o]
I

E=—jwA—-VV
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and using equations (2.3), (2.5) and (2.8), we obtain
1 . .
V x (;V x A) + jwocA+oVV =0 (2.35)

with the boundary conditions

- 1 -, _
AxA=0 or fx(=VxA)=nx Hy (2.36)
v
V =V =constant or - (juocA+oVV)=0 (2.37)

2.3.24 ffr, V' Formulation

Similarly to f_f, V' formulation, considering the magnetic Gauss’ law and equation (2.9), we

can represent magnetic flux density and the electric field as

B=pgHs +V x A, (2.38)

E = —jwlAs — jwA, —VV (2.39)
and using equations (2.3), (2.5) and (2.8), with Ay shown in equation (2.54), we obtain
1 - nd - —
V x (/—LV X Ar) + jwo Ay + oVV = —jwoAs — V x (%Hs) (2.40)

with the boundary conditions

ed ed 1 - —
ix Ay =—ix Ag or x (=V x Ay) = —i x (RLHy) (2.41)
7 7
V =V =constant or - (juoA, +0oVV) = —i- (jwoAs) (2.42)
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2.3.3 Coupling of Formulations
2.3.3.1 Direct Coupling

The coupling of corresponding quantities at the interface between non-conductive domain
and conductive domain is very important to enforce the underling physics. For certain
formulations as discussed in sections 2.3.1 and 2.3.2, we can simply set each quantity equal

to each other directly at the interfaces, such as /T*—/T; ff, V—ff; fTr, V—ffr and f, P—.

2.3.3.2 Coupling 4 to ¢

If we split the non-conductive domain 2, into two sub-domains €24, (2, and represent each

in terms of A and Y respectively, for €24, €y, € Qp, on the interface I' 4, we have

ﬁx(leE):ﬁxﬁS—ﬁxV@b (2.43)
7

ﬁ.(leﬁ):ﬁ.ﬁs—ﬁ~vw (2.44)
1]

2.3.3.3 Coupling A, to (0

As in section 2.3.3.2, if we split the non-conductive domain €2, into to sub-domains €24,., €,
and represent each in terms of A, and Y respectively, for 4,.,€y, € Qy, on the interface

' g4y we have

A X (=V x Ay) = = x Vi (2.45)

A (=V x Ap) = —h- Vi (2.46)
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2.3.3.4 Coupling A to f,@[)

If we split the conductive domain 2. into two sub-domains 24,2y and represent 24 in
terms of A and Qp in terms of (f’, 1) respectively, for Qy4, Qp € Q, on the interface I' gp

we have

VxA)=ixHs+nxT—nxVy (2.47)

W (-VxA)=n-Hs+na-T—n-Vi (2.48)

As discussed above, due to the challenges of coupling different quantities on the interfaces,
the most commonly used formulations is /T, VA (or ffr, Vw‘fr) and T’, =1 formulation.
The major advantage of T', 1~ formulation over A, V-A (or A, V-A,) formulation is that a
scalar quantity ¢ is used in the non-conducting domain. Thus, the number of the unknowns
in f, - formulation is normally less than that of [f, V-A (or /TT,V—/YT) formulation.
From equation (2.24), the T, -1 formulation is straight forward for calculating the induced
ECs in conducting domain, however, from equation (2.33), the ff, V-A formulation is more
efficient for calculating the magnetic flux density in both conducting and non-conducting
domain. Therefore, if the quantity of interest is induced ECs, the f, 1— formulation should
be used, and if the quantity of interest is magnetic flux density, the ff, V-A formulation is

a better choice.
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2.4 Governing Equations

24.1 ffr, V- ffr Formulation

Among those formulations as discussed in section 2.3, the /T, V — A formulation has been

used widely in EC problems [12-15]:

V x vV X A+ jwoA+oVV = Jg (2.49)

V- (juocA+0oVV)=0 (2.50)

where v is the reluctivity, ¢ the conductivity, w the angular frequency, and Js the source
current density. A'is the magnetic vector potential in the whole solution domain whereas the
electric scalar potential V' is used only in conductors. The formulation requires generating
mesh for excitation coil together with the test sample, thus, the re-meshing will be needed
with this formulation when the excitation coil has relative motion to the sample. Re-meshing
should be avoided because: it is difficult and cumbersome; and it results in large computation
error which may be larger than the signal.

The /Tr, V- ffr formulation has been proposed to solve the above problem [11,16-19]. In
this formulation, the magnetic field intensity H is decomposed into H s and ]—?Tr where H s
is the field intensity in air due to excitation current and H, is the field intensity due to
induced and/or magnetization currents. Correspondingly, the magnetic vector potential Ais
decomposed into /Ts and /Yr, where ffs is the vector potential in air due to excitation current

and ffr is the vector potential due to induced and/or magnetization currents, as shown in
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following equations:

VxVVXA}—I—]’QJUA}—I—JVVzVXﬁs—uerﬁS—jwafl's (2.51)

V- (jwoAr +0VV) = =V - jwoAg (2.52)
where, v, is the reciprocal of relative permeability. From Biot-Savart’s law, we have,

Hs = 1)V x Ag (2.53)
_,,
// J5(7) dQ’ (2.54)
Qg |7

The excitation is described by Hg and A only, which avoids mesh generation for the coil.

This has many advantages [11, 16] including, eliminating the need for re-meshing different
coil positions in EC NDE simulation. As a consequence, the resultant system matrix remains

unchanged at different coil positions.

2.4.2 System Equations

By choosing proper shape functions for the quantities f_l'r and V', we obtain

V(z,y,z ZN Ty, 2 (2.55)

(x,y, 2 ZN T,y 2 (2.56)
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Applying Galerkin method on equations (2.51) and (2.52), we have

Z/// V><N><A +JWUA7~+JVV>dQ
:Z//gﬁi' [(1—VT)V X ﬁs—jwo—[fs] )
Z// N ijAr—i-JVV dQ Z/// _v. ngA)dQ

As a result, for the i-th equation,

/// v(V x N;) (VXET)+ijﬁi-gr+UNi-VV] d—

[l

Q
:// NZ (1—V7~)V><ﬁ5—jwm¢fs} ds2
Q)

/// [janNi A+ oVN; - vv] 40—
Q

// jwonN; - Ay + ohN; - vv] dr
B
/// V jwaAS) ds

Thus, we get a linear system equations as following:

—

)+ (V x AT)} dr

Zl

[G]nxn [a:]n = [b]n

GA GAV $A bA
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(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)



where,

_ ///Q UV x Ni) - (V x Nj) + juo; - Ny do-

//a v(f x Ni) - (V x N;)dT (2.63)

Q
GV = /// o N; - VN;dS (2.64)
G}/J.A: /// jwoVN; - N;dS) — // jwoN; - Njdl (2.65)
Q o0
= /// oV N; - VN;dS) — // onN; - VN;dT (2.66)
Q o0

= // Ni : (1 — )V x Hy — jwals} o (2.67)

by = /// v jwaA)dQ (2.68)

2.5 Modelling of Eddy Current Probes with Ferrite

Core

When a probe has a ferrite core, then the situation is more challenging. If only the coil
winding is separated from the FE mesh, then the ferrite core needs to be meshed with the
test sample. In this case, re-meshing is necessary for each coil/core position and the method
discussed in section 2.4 cannot be directly applied. A new modelling method/scheme was
developed to solve this problem [20]. The meshes of the test sample and the ferrite core
are generated separately in this method. The coil is however not meshed. Decomposing
the magnetic field into three parts: H = ﬁcoil + Heore + ﬁsample , where Flcm-l, Heore,
and H sample are magnetic field intensities due to coil, core, and test sample, respectively, as

shown in Figure 2.2, this problem can be solved by following procedure:
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e in the core domain, use H,,; as excitation and compute Hcore); in sample domain,

use it as excitation to compute H e

e if the change of coil impedance calculated from the total field (f_j coil T Heore+H sample)

convergences a certain value, exit the iteration;

e otherwise, in core domain, use (Ho; + Hggmple) as excitation to compute Heore, and

repeat the above step.

Core

%;COII % Hc il @ﬁcom A ; ﬁsam le
- g

Sample
(a) (b)

LY

Figure 2.2: Modelling method in case of ferrite core [20]: (a) configuration; (b) illustration
of the solving procedures.

2.6 Parallelization

Typical ECT problems involve multi-position scan. The total number of scanning positions
varies from a few tens (for a typical 1-D scan) to hundreds (for a typical 2-D scan) or even
thousands for a high resolution scan. By applying the A},V — A, formulation and the
technique described in section 2.5, calculations in each scanning position is independent of
other scanning positions. Using this property, the calculation of multiple positions can be

conducted in parallel.
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Chapter 3

Application to Steam Generator Tube

Inspection

3.1 Introduction

Heat exchanger tubes are used in a variety of industries, including power stations,
petrochemical plants, oil refineries, and air conditioning and refrigeration units for
transferring heat to the fluid circulating outside the tube. An SG is a typical heat exchanger
used in nuclear power plants, as shown in Figure 3.1 [21]. Steam generators (SGs) transfer
heat from the primary loop to the secondary loop feed water circulating on the outside of
the tubes to produce steam that drives the turbines.

It is critical that the radioactive primary coolant does not leak into the secondary side.
The SG tubes are continuously exposed to harsh environmental conditions including high
temperatures, pressures, and material interactions resulting in various types of degradation
mechanisms such as mechanical wear between tube and tube support plates, outer diameter
stress corrosion cracking, pitting, volumetric changes, primary water stress corrosion
cracking, and inter-granular attack. These flaws can result in tube thinning and/or
development of multiple crack-like flaws, thereby increasing the risk of contaminating the
steam on the secondary side. Consequently the SG tubes in nuclear power plants are required

to be inspected periodically for degradation. EC inspection has proved to be a fast and
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Figure 3.1: Illusion of steam generator [21]: (a) steam generator; (b) steam generator in
nuclear power plant.

effective way to detect and size most degradation mechanisms that occur in SGs.

3.2 Eddy Current Probes Simulation and

Experimental Validations

Theoretical models simulating EC inspection are very valuable in evaluating performance
of probes in critical situations and also understanding the effect of different variabilities on
the probe signal. However, a theoretical model is useful only if it is validated by comparing
with experimental measurements. The three dimensional FE model was used to simulate
EC SG tube inspection using a number of commercially available probes. The simulation
geometry was chosen to represent the calibration standard samples. The calibrated signals
were compared with experimental signals. Typical results from three types of probes, namely,

the pancake coil probe, plus point probe and array probes are presented as following.
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3.2.1 Rotating Probe Coil — Pancake Coil Probe

An unshielded 0.115 inch diameter pancake coil probe with ferrite core was modelled and
inspection of a tube with axial notch using the probe was simulated [22]. The geometrical

parameters for the tube and notch are summarized in Table 3.1.

Geometry Tube with Defect
Tube outer diameter | 0.877”
Tube inner diameter | 0.775”

Defect type Axial notch

Defect depth 63% Outer diameter (OD)
Defect length 0.501”

Defect width 0.006”

Table 3.1: Modelling geometry for pancake coil probe

(c) (d)

Figure 3.2: Impedance of pancake coil probe on a raster scan around the defect: (a) real part
of simulation signal; (b) imaginary part of simulation signal; (b) real part of experimental
signal; (d) imaginary part of experimental signal.

The simulations were carried out at 100 kHz frequency and the normalized signal from a

27



two dimensional scan was compared with experimental measurements. Comparison of the
model predicted signals and experimental signals (real and imaginary parts of probe coil

impedance) are shown in Figure 3.2.

3.2.2 Rotating Probe Coil — Plus Point Probe

Inspection of a tube with axial notch using a plus-point probe with ferrite core was simulated.
An illustration of plus-point probe is shown in Figure 3.3, and the geometrical parameters

of the tube and notch are summarized in Table 3.2.

Figure 3.3: Illustration of plus point probe.

Geometry Tube with Defect
Tube outer diameter | 0.877”
Tube inner diameter | 0.775”

Defect type Axial notch

Defect depth 100% Through wall (OD)
Defect length 0.500”

Defect width 0.005”

Table 3.2: Modelling geometry for plus point probe

The simulations were carried out at 300 kHz frequency and signals from a two dimensional
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(a) (b)

Figure 3.4: Impedance of plus point probe on a raster scan around the defect (2-D plot):
(a) real part of simulation signal; (b) imaginary part of simulation signal; (b) real part of
experimental signal; (d) imaginary part of experimental signal.

o ¢
¢0

(d)

Figure 3.5: Impedance of plus point probe on a raster scan around the defect (3-D plot):
(a) real part of simulation signal; (b) imaginary part of simulation signal; (b) real part of
experimental signal; (d) imaginary part of experimental signal.

(d)

scan around the defect were calculated. Comparison of the model predicted signals and

experimental signals (real and imaginary parts of probe coil impedance) are shown in
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Figure 3.4 (2-D plot) and Figure 3.5 (3-D plot).

3.2.3 Array Coils Probe - Array Probes

Inspection of a tube with axial notch using array probes, as shown in Figure 3.6, was

modelled. The geometrical parameters for the tube and defect are as shown in Table 3.3.

Figure 3.6: Illustration of array probes: (a) top view; (b) plan view.

Geometry Tube with Defect
Tube outer diameter | 0.750”
Tube inner diameter | 0.665”

Defect type Through wall hole
Defect depth 100% Through wall (OD)
Defect diameter 0.052”

Table 3.3: Modelling geometry for array probes

The signals from a scan around the defect were modelled at 250 kHz frequency. Comparison
of the model predicted signals (real and imaginary parts of probe coil impedance) with
experiment are shown in Figures 3.7 and 3.8 (axial channel) and Figures 3.9 and 3.10

(circumferential channel).
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(a) (b)

Figure 3.7: Real part of channel impedance of array probes: (a) simulation; (b) experimental.

(a) (b)

Figure 3.8: Imaginary part of azial channel impedance of array probes: (a) simulation; (b)
experimental.
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(a) (b)

Figure 3.9: Real part of circumferential channel impedance of array probes: (a) simulation;

(b) experimental.

(a) (b)

Figure 3.10: Imaginary part of circumferential channel impedance of array probes: (a)
simulation; (b) experimental.
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3.2.4 Quantitative Comparison between Experimental and
Simulation Signals

For different probes, we define the quantitative metric as following:

e rotating probe coil (RPC) and X-probe:

for each channel,

MAX|exp — sim)|

marimum error = MAX|ezp| (3.1)
e bobbin probes:
magnitude error = MAX|magnitudeca — magnitudesim| (3.2)
MAX |magnitudeegp|
MAX|ph —ph j
phase error = |p (5Ccap — P as€52m| (3-3)

MAX|phasecgp|

The quantitative comparison of RPC between experimental (exp) and simulation (sim)

signals for a flaw at 300 kHz are shown in Table 3.4.

: . Maximum error(%
Flaw dimension Probe type Horzontal Vert(iczil
Axial notch, 100% TW, +Point 6.31 3.13
Length 0.38”, Width 0.005” Pancake 3.96 10.50
Axial notch, 57% OD, +Point 17.22 16.97
Length 0.38”, Width 0.005” Pancake 6.07 9.61
Tube dimension: ID 0.647”, OD 0.745”

Table 3.4: Quantitative comparison of rotating probe coil.

The quantitative comparison of a .610” bobbin probe between experimental (exp) and

simulation (sim) signals for a flaw at 270 kHz are shown in Table 3.5.
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Flaw dimension | Magnitude error(%) | Phase error(%)
100% TW hole 12.63 11.67
60% TW FBH 6.05 0.58
Tube dimension: ID 0.668”, OD 0.75”

Table 3.5: Quantitative comparison of bobbin probe.

The quantitative comparison of X-probe between experimental (exp) and simulation (sim)

signals for a flaw at 250 kHz are shown in Table 3.6.

Flaw dimension Channel Maximum error(%)
Axial Vertical 5.47
100% TW hole Circumferential Vertical 13.90

Tube dimension: ID 0.664”, OD 0.75”

Table 3.6: Quantitative comparison of X-probe.

3.2.5 Conclusion

This section describes the development of a FE model for simulating EC inspection of SG
tubes using a variety of EC probes, flaw and tube geometries. Validation results show that
the model accuracy is within the bounds specified by industry and hence can be used to
generate signals from a variety of degradation mechanisms. In fact, it is important to note
that error reported is largely due to experimental measurement noise. The model can be
used to study effect of different operational parameters on the probe signal which in turn

can be used to develop PoD models.

3.3 Simulation Software Features

In addition to the FE solver, a software package with a graphical user interface that allows

easy use of the model for generating signals from SG inspection has been developed [23]. The
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user can select a probe, defect size and defect location using a pull down menu. The basic

features of the graphic user interface of this software package are described in section 7.2.2.3.

3.4 New Probe Design and Simulation

SG tube inspection using EC techniques has evolved over the years from a simple bobbin coil,
to RPC and array probes, in an attempt to improve the speed and reliability of inspection.
As the probe design has evolved, the new sensors have provided more data, resulting in higher
detection accuracy, resolution, sensitivity, speed and robustness. The bobbin probe serves
high performance speed for full tube inspection but is insensitive to circumferentially oriented
crack, and the RPC probe offers the best spatial resolution but involves complex mechanical
control and slow inspection speed whereas the array probe is a compromise between speed
and resolution but need complicated hardware implementation.

This section presents a design for a rotating field eddy current (RoFEC) probe that offers the
sensitivity of an RPC probe without need for mechanical rotation of the probe assembly and
speed of the bobbin probe. The feasibility of the design is demonstrated using simulation

model. [24]

3.4.1 The Rotating Field Eddy Current Probe Operational
Principles and Design

The rotating field principle is a fundamental property of all electrical machines and consists of
three identical coils located on axes physically 120 degrees apart and supplied from a balanced
three-phase supply (i.e. with difference between the phases of exactly 120 degrees). In the

volume close to the multiphase probe the instantaneous magnetic flux densities, resulting
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from each of the coils is illustrated in Figure 3.11. Let i4(t), ij(t) and i.(t) represent the

Excitation frequency = 60 Hz
1

ia 1 le
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/ o g 7 \ \ t
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Figure 3.11: Principle of rotating field: (a) three-phase currents; (b) flux due to currents in
three-phase winding; (c) horizontal and vertical components of the resultant magnetic flux.

excitation currents in the three windings of the probe as expressed by equation (3.4).

iq(t) = I sin(wt)
ip(t) = I'sin(wt + 2%)

ic(t) = I'sin(wt + 4%) (3.4)

where, I =maximum value of the current due to one phase alone.
The magnetic flux density associated with the three coils can be represented by
equation (3.5), and are perpendicular to the plane of each coil. On a 2-D cross-sectional

plane of the tube and probe coils, the horizontal and vertical components of the resultant
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magnetic flux density can be expressed by equation equation (3.5). As a result, the total
magnetic flux density has a constant amplitude and its phase will change in the same manner

as the excitation frequency as expressed in equation equation (3.6).

By (t) = ¢sin(wt)
By(t) = ¢psin(wt + 2%)

Be(t) = ¢sin(wt + 4%) (3.5)

where, ¢ =maximum value of the magnetic flux due to one phase alone.

By, = By — (By + Be) cos(60 deg) = g¢ sin(wt)
3
B, = By cos(30deg) — Becos(30deg) = §¢ cos(wt)
3

M? = B + B} = (50)° (3.6)

A 2-pole probe operating at 60 Hz generates a magnetic field that scans the pipe
circumference at 3600 rpm. Higher excitation frequencies result in proportionately higher
circumferential scan rates. The field generated by the probe is largely radial that result
in induced currents that flow circularly around the radial axis rotating around the tube at
synchronous speed effectively producing induced ECs that are multi-directional; in fact the
induced currents are identical to that produced by rotating pancake coils. The probe will
consequently be sensitive to cracks of all orientations in the tube wall. The response signal
due to the field/flaw interaction can be picked up using a simple bobbin coil for detecting a

discontinuity in tube wall ans shown in Figure 3.12.
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Figure 3.12: Rotating field eddy current probe structure: (a) top view; (b) plan view.
3.4.2 Simulation Results

A typical free span region of SG tube geometry was modelled. The outer and inner diameters
of the tube are 22.3 mm and 19.7 mm respectively. A defect of width 3.5 mm, length 4 mm
and depth of 60% tube wall thickness was introduced on the inside of the tube wall as shown
in Figure 3.13a. The probe was excited by using a 320 kHz source and the voltage induced
by the rotating fields in a bobbin coil is calculated as the probe moves axially within the tube
as shown in Figure 3.13b. To validate the performance of the RoFEC probe, we also present

the results of a normal differential bobbin coils excited at 320 kHz as shown in Figure 3.13c.

The probe was excited by using a 320 kHz source and the z-component of the magnetic flux
density induced by the rotating fields in an array of giant magneto-resistance (GMR)) sensors
is also calculated as shown in Figure 3.14.

Parametric studies were conducted for axial notches of different depth and locations.
Simulation results for ID and OD defects of various are presented in Figure 3.15a. The

correlation between defect geometry and the signal phase and amplitude is evident from
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Figure 3.13: Signal of rotating field eddy current probe with bobbin pickup coil: (a) geometry;

(b) rotating field eddy current probe with absolute pickup coil; (c) differential bobbin coil.
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Figure 3.14: Signal of rotating field eddy current probe with GMR array sensors:

magnitude; (b) horizontal channel; (¢) vertical channel.
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these simulated signals. In order to test the robustness of performance of the probe, defect
signals from centred and off-centred probes were calculated. These results for a 60% ID
notch are presented in Figure 3.15b. It is seen that the phases of the three signals are the
same. Parametric variations of the signals with respect to increasing frequencies were also

conducted. The signals from a 60% ID defect at frequencies of 100, 320 and 600 kHz shown

in Figure 3.15c.

T ——

| 80% ID
| == 60% ID
|- 40% ID

—20%ID ;

— 20% OD

---40% OD :': £ .’l

---60% OD i “ i — 41lmm 471 — 100kHz

‘‘‘‘‘‘‘‘‘ 80% OD |} { --- —1 mm i { v 320kHz

------ 100% TW LY /," -=+ centered L/ 600kHz
(b) (c)

(a)
Figure 3.15: Signals of parametric studies: (a) 20%, 40%, 60%, 80%, 100%, I.D. and O.D.
defects; (b) 60% I.D. defect with +1, 0, -1 mm offsets; (c¢) 60% I.D. defect at 100, 320, 600

kHz operating frequencies.

3.4.3 Conclusion
This section presents a use of the computational model in the design of a novel EC probe
based on rotating magnetic fields for the inspection of SG tubes in nuclear power plants. The

simulation results show the advantages of the RoFEC probe, which are high performance

speed and high resolution for full tube inspection. The probe design is based on basic

principles of electrical machines and uses a simple excitation system. The performance is
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relatively robust with respect to probe wobble about the axis.

3.5 Conclusion

The FE modelling provides an inexpensive and fast method to simulate realistic field
conditions and defect geometries without having to produce flawed tube specimens. The
modelling signals can assist in signal interpretation, serve as training tools, generate training
signals, assist in PoD calculations with applying noise models, qualify probe technique,
demonstrate probe performance demonstration, aid in probe design. The experimentally
validated method is widely in use in the SG inspection industry by utility engineers,

inspection vendors, probe developers and NDE instructors.
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Part 11

Direct Integral Solver and Fast

Algorithms
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Chapter 4

Moment Method

4.1 Introduction

Integral equation method, used extensively for solving PDEs, is often referred to as method
of moments (MoM) in EM.

The integral equation method is a numerical computational method of solving linear PDEs
which have been formulated as integral equations (i.e. in boundary integral form). It has
applications in many areas of engineering and science including fluid mechanics, acoustics,

EM and fracture mechanics.

4.1.1 Volume Integral Equation Method

Generally, there are two categories of volume integral equation (VIE) methods for EC
problems: 1. free space Green’s function based VIE method for bounded geometries; 2.

numerical Green’s function based VIE method for unbounded geometries.

4.1.1.1 Bounded Eddy Current Problems

For bounded geometries, due to the need for discretizing the whole 3-D geometry, the
computation cost is prohibitive. A typical problem is a conducting body excited by a line
source [25,26] as shown in Figure 4.1 Similar to the reduced potential formulation for FEM,

the vector potential A can be split into three parts: A, due to excitation current, A, due
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Figure 4.1: A conducting body excited by a line conductor carrying current [25,26].

to induced currents and A)m due to induced magnetization. From Ampere’s and Faraday’s

laws of time varying quasi-static EM fields, we have [27,28]:

A7) = Ay(F) + Ae(7) + A (7) (4.1)
A7) = Z—g///gs ’ﬁ?'m’ (4.2)
Ao = =22 ///Q e jwﬁ(?jg(wmdg, (4.3)
() = 10 //nm M) x ¥ |F_1 e (4.4)

where, V is electric scalar potential. Applying the Coulomb gauge (V- A= 0), we obtain:

47 |7 —

—Hoo ///Q () + YV ¥ 1F,|dsz':o (4.5)
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Combining equation (4.1) and equation (4.5) and using Galerkin method, we form a complete

system as following:

A 0 0 D| Ay Asx
0 B 0 E||A A
y| _ [Asy (46)
0 0 C F| |A; As
G H I J V 0

From equations (4.2) to (4.4), it is obvious that volume of the excitation current region (g,
the induced current region 2. and the induced magnetization region €, are required to be
finite. If the geometry of interest is unbounded, in other words the volume of the geometry of
interest is infinite, we will not be able to discretize such geometry. In this case, this approach
is not applicable.

Similar to the fast solvers in microwave problems, several fast schemes for bounded VIE
problems based on adaptive integral method, fast multi-pole method etc. have also been

reported [29-41].

4.1.1.2 Unbounded Eddy Current Problems

For unbounded geometries, it is not possible to discretize the infinite volume, therefore,
new Green’s functions satisfying the boundary conditions of different cases, such as, half
space conductor [42-45], layered slab conductor [46-53], wedge conductor [54,55] and layered
rod/bolt-hole conductor [56-59] need to be derived. This is one of the disadvantages of this

approach.
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We can represent Faraday’s law and Ampere’s law in the form as:

V x E = —jw,uorﬁ — jw(p — ,uor)ﬁ = —jw,uorl-__i — M5 (4.7)

V x H = jweorE + [jw(e — €or) + (0 — 0or )| E + Js = jweor E + J5 + Jg (4.8)

where the subscript or is short for original.
Then, assuming we have the suitable dyadic Green’s functions G that satisfies the problem
boundary conditions, we can obtain the fields due to the source current Js and equivalent

electric current J:; and magnetic current ]\25 in the following form:

Einc — _jwlLLO'r \//\/S) qu . édQ/ (49)
S
Hine = ///Q (V x J) - Gde (4.10)
S

By (J3) = —jeoptor /[/Q 3 CasY (4.11)
= [, (5T G (4.12)
By (M) = ///Q 5(v x Mj) - Gde (4.13)
iy (315) = ~jionr [ R CasY (4.14)

Finally combining the equations (4.9) to (4.14) in the form of:

E = E"™ 4 Ey(J5) + Ey(Msy) (4.15)

H = H™ + Hy(Js) + Ho(My) (4.16)
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and using Galerkin method, we obtain a complete system of equations.
The Green’s functions for slab conductor [47] and borehole [57] EC problems will be shown

as example in the following sections.

(b)
Figure 4.2: Unbounded geometry examples: (a) slab conductor; (b) borehole geometry.

Dyadic Green’s functions for slab conductor
For slab conductor (—c < z < 0) geometry as shown in Figure 4.2a, the relation between

electric dyadic Green’s function and magnetic vector potential dyadic Green’s function is:

1
H000

JWGE(F ) = ——V x V x Ga(F:7) (4.17)
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The magnetic vector potential dyadic Green’s function fitting the slab conductor geometry

is:

> <~/
where, 7| = 7 —22'2, 7y = 7 —2(2/+¢)2, T3 =7 —2c2, 7y =7 +2c2, [ = 20+49+22, I =
T+ 9y — 22 , and
o WV e—dklr=7|
Pl = 1 — 4.19
The remaining terms are given by:
7T e _pim)
Vi (7 7;1) _ 4% / / r 2_2F [67(272/720) + ef'y(zfz/Jch)} ez'u(xfx/)w%v(yfy’)dudv
T K
—00 —O0 ,y
(4.20)
T T A©) — plm)
) = [ [ S [ e ) e D,
—o0 =0 ,y
(4.21)
L 1 r(m) (z—2'—2¢) | —y(2—2'4+2¢)
Wi(rr) = — —[672 2T 4T C]Jo(ﬁp)ﬁd/i (4.22)
27 2y
—00
7 Am)
-1
Wo(7: ) = — / 2 {67(2*2’*2@ + e*v(m’ﬁﬂ Jo(rp)rds (4.23)
2T 2y
—0o0
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where,

e (v — “)2
7€) (k) = e 1 (4.24)
1
© galalis
AN (k) = )= (= n)e Te +1 (4.26)
Mmmy-ﬁé_fm (4.27)

and 1% = u? + 0%, 2= k2 — k%, p? = (z—2') 2+ (y —y/)%

Dyadic Green’s functions for borehole geometry
For the borehole geometry as shown in Figure 4.2b, by using the transverse electric potential
W, and the transverse magnetic potential Wp, for piecewise homogeneous regions of a

structure in cylindrical coordinate system, the magnetic vector potential can be derived as:
A=V xW =V x (W, + 2 x VIV}) (4.28)
Therefore, the electric field can be represented as:

. 1 -
E=Vx (W) +VxVx(EW)-—P (4.29)

00

—

where o is the host conductivity, P = (¢ — 0¢)E is an electric dipole density which can

be consider as the equivalent source of the flaw field, and o is the flaw conductivity. By
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substituting equation (4.29) into the electric field equation:
V XV x E—kE =iwuP (4.30)

where, k% = twpog we can show that the potentials satisfy:

s o |[Wa 5.V x P
(V2 + k?) - (4.31)
W ﬁgz-v’xv’xﬁ

A set of scalar Green’s functions can be used as a solution of equation (4.31), which satisfies:

Gaa Gap 10
(V24 Rv2 | T = - (7 — ) (4.32)

2 2 .
where, V% = 59? + g?, Gij = —V%Uij, i,j = a,b.

By representing the electric field by using the dyadic Green’s function, we obtain,
E(7) = E™C(F) + iwpg /// B(#) - G(77)dv' (4.33)
v
where the dyadic Green’s function is:

<~ ~ R 1 . R
G =(V x )V x (2Ugq) + ﬁ(v x 2)V' x V' x (8Uy)

X X 1 X X
+(V x V x )V x (2Up,) + ﬁ(v x V x )V x V' x (2Upp) (4.34)
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Represent the scalar kernels in Fourier transform as:

00
. 1 0 . Y ~ . _
GET) = 3 D ™) / Gm(ps o k)™= Vg (4.35)
m=—0c0 m=—00

where, G (p: o' k) = —7V2Um(p; ', k), ¥> = k>4 k>, The Fourier transformed kernels for an
equivalent source in the borehole conductive region can be represented as the summation of

an unbounded domain kernel and a term expressing outward propagation from the interface
Gij(p: o) = GO (pi gl ) + G () (4.36)

The unbounded domain term is
G py k) = Im(yp<) K (7p>) (4.37)

where, I,, and K, are associated Bessel functions. The field propagating from the interface

is represented by

0835620/ 8) = Do i (1) K (70 (4.38)
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where, I'y, ;; are the boundary reflection coefficients as following:

Ln(vb)  —m%ppk? + M (D)2 A(vb) — v2A(|k|b)]

I — . 4.39
"9 (30 =+ M) M (78) = P A(]D) 39
22

Lin,ab = : 5 .2 9 - #T:k 3 (4.40)

K ()P —mPpek® + M(yb) ek M (vb) — v2A(]k|b)]

2

Linba = ! R S R 5 (4.41)

T [Km ()2 —mA s 4 M (y0) [pr2 M (vb) — 2 A(|k[b)]
= dmOb) —1m2 iy + A(90) [ 2 M () — y*A(|w[D)] (4.42)

T K (W) —m2pups? 4 M (D) [ M (vh) — v2A(|k[D)]
where, A(z) = vl (7) M(z) = 2Ky () By using a reciprocity theorem [60], with the
’ Im(x)” Km(x) - ’

dipole density calculated, the impedance change of the excitation coil due to the flaw can be

determined from:

I’AZ = — /// P(7)E"™¢(7)dV (4.43)

From the two examples discussed above, we can clearly see that the Green’s functions need
to be derived for each geometrical case. Furthermore, as shown in the equations (4.20)
0 (4.23) for slab geometry and equation (4.35) for borehole geometry, the Green’s functions
require numerical evaluation of infinite integrals, which is always very challenging. For more
irregular geometries, it’s even difficult to find the Green’s functions in either analytical or

numerical form. In such cases, this approach is not applicable.
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4.1.2 Surface Integral Equation Method

The surface integral equation (SIE) method, also called boundary element method (BEM),

has been used in EC problems [61-78].

3>

Vin

Figure 4.3: An arbitrary geometry with closed surface.

A typical BEM problem in a bounded arbitrary geometry is shown in Figure 4.3, where, n
is the outer normal direction, V;, is free space, V. is the domain carrying EC and Sy, is the
boundary between V;, and V.

Deriving from Faraday’s law and Ampere’s law, the Helmholtz equations for electric field

and magnetic field are:

V XV x E—kE = —jwuJ" (4.44)

VxVxH-—KH=VxJ" (4.45)

where the square of the wave number in EC region and free space are k% = kg = w2,ue —

jwpo ~ —jwpo and k2 = k% = w2pgep, respectively. Applying the Huygens’ equivalent
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principle on Helmholtz equations [79], we obtain:

E=— ﬁg (7 x E)- (V x Q) — jop(@ x H)-Glds' (4.46)
nc

- _ﬁ{g (7 % H) - (V x &) = (—jwe + 0)(@! x E) - CJdS’ (4.47)
nc

B = Eine _ ﬁg (7! x B) - (V x Q) — jwug(i x H)-GldS’ (4.48)

nc

fi-— #g (7 x H) - (V x O) + jweo(? x B) - Clds’ (4.49)

nc

where, equations (4.46) and (4.48) are called electric field integral equation (EFIE) for EC
region and free space respectively, equations (4.47) and (4.49) are called magnetic field

integral equation (MFIE) for EC region and free space respectively, with Green’s function

o o N —jkR o o kR
G= <[ - %) 647er in EC region and Green’s function G = ]% in free space.

The incident electric and magnetic fields are represented as:

Eine — _jwug ///V g, Gdv’ (4.50)

Aine = /// (V x Jine)y . Gay! (4.51)
V’LTY,C

The detailed discussion about adapting EFIE and MFIE to fit the EC problem and

corresponding numerical issues are discussed in the following sections.

4.2 Surface Integral Equations

As generally discussed in section 4.1.2, the SIE method, has been developed and used in EC
problems. In this section, we outline the governing SIEs used to formulate EC problems. The

derivation of such integral equations starting with Maxwell’s equations will not be presented
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here. One can reference any textbook on advanced EM theory [79-86].

4.2.1 Electric Field Integral Equation

From Faraday’s law and Ampere’s law, the Helmholtz equation for electric field is:

VXV xE—kKE=—jwuJ"

(4.52)

with k% = w2€u, where w is angular frequency, p is the permeability and € is the equivalent

permittivity with € = € in non-conductive region and € = € — ]% in conductive region.

By introducing the three-dimensional Green’s function G that satisfies the Helmholtz

equation,

V2G(F ) + K*G(F7) = —o(F — 7)

and the Sommerfeld radiation condition, we have a well-known solution:

)
e—jk|r—7“ |

G(7 A
(757 A|F — 7|

Next, by applying the scalar-vector Green’s theorem [87],

/// bV X V x @+ av?b+ (V - @)VbldV
\%

:ﬂ[(ﬁ-J)VbJr(ﬁxE)><Vb+(ﬂ><V><c?)b]dS
S

%)

(4.53)

(4.54)

(4.55)



letting a = E and b= GG, we obtain,

where,
. _ 1 .
E"(F) = —jwpg /// | {Jmc(f’)G(F; ")+ 5 [v’ - JW(f’)} VG(7; ﬂ)} av’'  (4.57)
V’LTLC
To write equation (4.56) in a compact form, we define two operators

c (X'(F)) - —jkﬁg X(@CF ) + — [v’ : )Z'(ﬂ)} el ﬂ)} ds’ (4.58)

k(X)) = %%g (%) x vor )| as (4.59)

—

and the equivalent surface currents, Js = n x H and Mg = E X n, we can represent

equation (4.56) as

E™MC — ZL(J) + K(Ms) = (4.60)

=

where 7 is the equivalent surface impedance defined as Z = . Equation (4.60) is called

surface EFIE.
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4.2.2 Magnetic Field Integral Equation

From Faraday’s law and Ampere’s law, the Helmholtz equation for magnetic field is:

VxVxH—kH=VxJn (4.61)

with k% defined as same as in equation (4.52). Using the Green’s function defined in

equation (4.54) and applying the scalar-vector Green'’s theorem defined in equation (4.55)

and letting a = Hand b= G, we obtain,

(i) - ﬁg {la- BEWGET) + [ x H(7)] x VC ) — jweli x BFG:7) | ds
H(F) FeV

= (4.62)
0 TV

where,

H™ () = 4%mcﬂm ) x VG(7: )| aV’ (4.63)

Using the same operators defined in equations (4.58) and (4.59), and the equivalent surface

currents, J; = i x H and Mg = E x 7, we can represent equation (4.62) as

.. 1 - .
_1 (4.64)

with the equivalent surface impedance Z = ,/£. Equation (4.64) is called surface MFIE.
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4.3 High-order Basis Function

In general, there are two categories of basis function for integral equation method. The
first category is defined over the entire solution domain like the plane wave basis set etc.
The second category is defined over piecewise sub-domain of the solution domain. For
most EM problems, it’s very difficult to find a set of basis functions which can completely
approximate the EM quantities over the entire domain. Hence the second category of

piecewise approximation basis functions are used.

4.3.1 RWG Basis Function

As in FEM [3], the locally defined sub-domain basis function has been used very commonly.
In particular, the triangular rooftop function, also known as Rao-Wilton-Glisson (RWG)
basis function [88], is one of the most popular basis functions that is used extensively in EM
problems.

The RWG basis function is defined over two joined triangles at their common edge [ as

A(F) = (4.65)

where T% are the joined triangles, A denote the areas of those triangles, [ is the length of
the common edge, and g+ denote the vectors defined as shown in Figure 4.4a. The vector
plot of RWG basis function is shown in Figure 4.4b.

The most important feature of this basis function is that the normal component to the edge

is a constant and zero at other edges; therefore, it is called zeroth-order RWG basis function.
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Figure 4.4: Illusion of RWG basis function: (a) two joined triangles; (b) vector plot of the
zeroth-order RWG function.

4.3.2 High-order RWG Basis Function

As in FE analysis [3], the MoM using the RWG and the corresponding higher-order basis
functions needs a well-connected mesh. Recently, an interesting set of higher-order RWG
basis functions has been developed for both FEM and MoM. These basis functions are
defined over each patch using the Lagrange interpolation polynomials [89]. The Lagrange
interpolation points are chosen to be the same as the nodes of the well-developed Gaussian
quadrature points in triangle. As a result, evaluation of the integrals in the MoM is greatly
simplified. Numerical results exhibited higher-order convergence. As an example, the vector

plots of first-order RWG basis functions are shown in Figure 4.5.

Pt st ol el o ol
- ——— ——— - =

(c)

Figure 4.5: Vector plot of first-order RWG basis function: (a) basis function associated with
the common edge; (b) the other basis function associated with the common edge; (c) basis
function associated with the triangle.
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4.4 Moment Method Procedure

To solve the surface integral equations (4.60) and (4.64), we firstly discretize the entire
surface .S into small triangular patches. Then we apply basis functions to expand the surface

current density as:

N
To =Y LAy () (4.66)
n=1
N
Mg =) Knhn(F) (4.67)
n=1

where N is the number of unknowns.

Since the MoM procedures for both EFIE and MFIE are similar, the MFIE is taken as
an example here. For a homogeneous body, using the same basis functions as the testing
functions, and applying the Galerkin method to the MFIE as defined in equation (4.60) on

both sides of the surface, we obtain the matrix equations:

N N
n=1 n=1
N N
n=1 n=1
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in which, m =1,2,--- , N, and

S
By = # Ko - [n x c(ﬂn)] ds (4.71)
S
S
D = # Ao - [n x LZ-(KH)] ds (4.73)
S
fn= b A - (n x ﬁim) ds (4.74)
S
gm =10 (4.75)

Thus, we can form a complete linear system for [, and K, that should be solved.

4.5 Singularity of Green’s Function

Both operators defined in equations (4.58) and (4.59) include Green’s function which is
defined in equation (4.54):
o—iklF=i|  —jkR

_ _ 4.54 revisited
in|F— 7| 4rR (4.54 revisited)

In order to evaluate the matrices defined in equations (4.70) to (4.73) numerically, the
diagonal terms, when m = n, need to be evaluated at the singularity points when R =
0. Moreover, due to the behaviour of the Green’s function, when R — 0, the numerical
quadrature methods such as Gaussian quadrature etc. will suffer from low accuracy in these
evaluations [90-104].

One popular method to solve this problem is Duffy’s method [103]. Basically, Duffy’s method
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consists of choosing two sets of non-overlapping Gauss-Legendre quadrature points in the
triangle to avoid numerical division by zero. However, as mentioned above, the accuracy
is always very bad as R — 0. Other methods involving transformation of the integrals to
cylinder coordinates [99] have not shown significant improvement either.

Another method has been presented in [104] to fully solve this problem on a plane triangle.

Expanding the Green’s function in Maclaurin series,

e JER 1 11

—_— 2 LY
wr - lmt R* + (4.76)

(—jk) + (_];7)2 o

is the reason which causes the accuracy issue.

5192
Additionally, the first % and third term #R lead to additional accuracy problems when

=

we can clearly see that the first term

evaluating the gradient of Green’s function. Thus, we need to remove the singular points

and evaluate the integral by reconstructing the Green’s function as

1 K 1 K2
G = <G__47TR+8_7TR) +_47TR_8_7TR (4.77)
As a consequence,
1 k2 11 K
VG =V <G “ IR + 8_7TR) + EVE — 8_7TVR (4.78)

The first term in equations (4.77) and (4.78) is very smooth and can be evaluated accurately
by using Gauss-Legendre quadrature. The second and third terms in those equations can be

analytically evaluated [104]. This approach has shown considerable promise.
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4.6 Low Frequency Breakdown of SIE

Firstly, we introduce the regimes of EM physics:
e low frequency, kd < 1;
e middle frequency, kd ~ O(1);

e high Frequency, kd > 1.

where, k = QTW is wave-number and d is typical size of the domain of interest.

The EFIE suffers from a low-frequency breakdown [105-112] for perfect electrical conductors
(PEC) problems, and both EFIE and MFIE suffer from low-frequency breakdown for
penetrable body problems. This problem, however, is not specific to integral equations.
It is also germane to differential equation solutions of EM. In other words, a numerical EM
solver, formulated for mid-frequency, may not work well for low frequency.

We can understand the low-frequency breakdown problem by looking at the Maxwell’s

equations when w — 0 [105,112]. At zero frequency, they become

VxE=0 (4.79)

VxH=J (4.80)

V-ﬁzV-eE:p:limE (4.81)
w—0 Jw

V-B=V-uH (4.82)

From equation (4.80), the current density J that produces the magnetic field must be
divergence free. However, the current density J that produces a surface charge density

p in equation (4.81) cannot be divergence free, but in order to keep the right-hand side of
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equation (4.81) bounded, the J ~ O(w), when w — 0.

To solve this problem, we can decompose the current density into a solenoidal (divergence
free) part and a irrotational (curl free) part. Consequently, the respective basis functions
need to be decomposed into those parts, according to loop-star and loop-tree decomposition
[34-39,105,112]. However, this kind of decomposition is not robust and may not be resolved
properly for certain discretization.

As a solution [67-70,73,74], especially for EC problems, we have,

inside the conducting region,

E; = # (M x VG + jwp; JsG;ldS (4.83)
S
3 3 3 N
S JWH
and in free space,
. . - .M.
S JWHo
Therefore, we obtain,
My = —h x ﬂ [Ms x VG, —|—jw,ul-sti]dS (4.86)
S
M - - M
V-Ms_,. ﬂ oGy — Ty x VG + L Msgias (4.87)
JWH S JWH
- . - \vauVi
S JWlo

With proper choice of basis functions, we can easily discretize any kind of geometry and

form a linear system of equations that should be solved.
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4.7 Validation

In this section, the validation of EC problems by applying the formulations discussed in
section 4.6 has been presented and discussed.

The following two problems have been considered: i) an air core pancake coil is scanned,
along the direction of the length of a rectangular notch in an aluminium alloy plate; i) an
air core RPC is scanned, along the axial direction inside an inconel 600 SG tube with a
longitudinal through-wall notch.

In the first case, the coil lift-off is fixed and the changes in coil impedance, AZ, is measured
as a function of coil-center position. The parameters for this test experiment are listed in
Table 4.1. This is a benchmark problem reported in [113-117]. The comparison between the

experiment and simulation signals is shown in Figure 4.7.

vk

~ |
N a1 a
AN ™Y coil

< TN
>

conducting
plate

Figure 4.6: Diagram for the measurement of AZ due to a surface breaking slot [115].
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Coil

Inner radius (a2) 9.34 £+ 0.05 mm
Outer radius (al) 18.4 £ 0.05 mm
Length (b) 9.00 £+ 0.20 mm
Number of turns (N) 408
Lift-off (1) 2.03 £ 0.05 mm
Test specimen
Conductivity (s) 3.06 + 0.02 x 10" S/m
Thickness 12.22 + 0.02 mm
Defect
Length (2c) 12.60 4+ 0.02 mm
Depth (h) 5.00 = 0.05 mm
Width (w) 0.28 £+ 0.01 mm
Other parameters
Frequency 7000 Hz
Skin depth at 7000 Hz | 1.09 mm
Isolated coil inductance | 3.96 £+ 0.10 mH

Table 4.1: Parameters of test experiment No. 1.

0.2 T T T
N — AR {simulation}
=== AX (simulation}
015 + + AR {(expsriment)
' +  F AX{experiment)

005}

10

15
position (mm)

20

Figure 4.7: Variation of coil impedance change with scanning location above an aluminium
alloy plate.

In the second case, the coil lift-off is fixed and the changes in coil impedance, AZ, is measured
as a function of coil-center position. The parameters for this test experiment are listed in

Table 4.2. This is a World Federation of NDE Centers (WFNDEC) 2012 EC benchmark
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Figure 4.9.

z4

Tube

Figure 4.8: Geometry of a rotating probe coil inside
azial through-wall notch [118].

problem [118]. The comparison between the experiment and simulation signals is shown in

Notch

an inconel steam generator tube with an

Coil
Inner radius (r2) 1.529 £+ 0.004 mm
Outer radius (rl) 3.918 4+ 0.003 mm
Height (x2-x1) 1.044 £ 0.005 mm
Number of turns (N) 305
Lift-off (\) 1.235 mm

Tube
Inner diameter (a) 16.64 £ 0.025 mm
Outer diameter (b) 18.99 £ 0.025 mm
Material Inconel 600

Defect
Length 12.20 mm
Depth through-wall
Width 85 pm

Other parameters

Frequency 25, 50, 100 kHz
Isolated DC coil inductance | 465 pH
Isolated coil resistance 19.00

Table 4.2: Parameters of test
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experiment No. 2.
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Figure 4.9: Variation of coil impedance change with scanning location inside an inconel steam
generator tube at: (a) 25 kHz; (b) 50 kHz; (¢) 100 kHz.
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Figure 4.9 (Cont’d)
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As shown in Figures 4.7 and 4.9, the simulation signals are qualitatively matched with the
experiment signals. The mismatch between the simulation and experimental signals is mainly
caused by two reasons: mesh quality and Galerkin testing. For mesh quality, if a curvilinear
surface has been discretized by using planner triangular patches as we present in the case
two of a tubing geometry, inaccuracy of simulation signals is higher. For instance, simulation
signals in the first case of slab geometry compares more closely with experiment signals than
that in the second case, since the mesh of a plate geometry is more regular than that of a
tube geometry. For Galerkin testing, proper choice of the testing procedure, as discussed in
section 7.2.2.2; could considerably improve the accuracy of modelling geometries with thin

notches. This is an issue discussed in future work.
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4.8 Conclusion

Using the higher-order RWG basis function, we use equations (4.86) to (4.88) to solve the
EC problem using the MoM as discussed in section 4.4. Due to the localized nature of
the EC fields, the near-field EM interaction plays a major role. Applying the singularity
removal techniques discussed in section 4.5, we have computed the EC field distributions

with adequate accuracy.
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Chapter 5

Fast Algorithms for Integral Equation

5.1 Matrix Compression Algorithms

5.1.1 Low-Rank Matrix

Consider a group of basis functions and a group of testing functions, whose interactions
are represented as a sub-block in MoM matrices, Aymn, Bmn, Cmn and Dy, formulated
in section 4.4. When the two groups, the group of basis functions and the group of testing
functions, are near to each other, the EM interactions between any pair of testing and basis
functions will be sensitive to each other; on the contrary, when they are far-apart, the EM
interactions between any pair of testing and basis functions will be similar. In other words,
the corresponding sub-block of the matrices, which represents the far-apart groups, can be
re-described with fewer parameters. This kind of matrix is considered to be a low-rank
matrix, and the sub-blocks which represents near field interactions are full-rank matrices.

For instance, if an M-by-M sub-block [a] is low-rank, it can be represented as:

[alnrsnr = [Warsr W Rxar + lelar<ar (5.1)

where, [e] is the error matrix and R is called rank of matrix [a].

To take advantage of the low-rank of the sub-blocks, the well-established singular-value
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decomposition (SVD) method [119] can be used to derive a compressed form of the MoM
matrices. However, SVD method is computationally expensive. There are several methods
that can be applied to compress a low-rank matrix. One of the most popular methods,
adaptive cross-approximation (ACA), and another recently developed method, namely,

randomized algorithm, is introduced in the following sections.

5.1.2 Adaptive Cross-Approximation

Similar to the LU decomposition method with full pivoting, in cross-approximation (CA)
method, matrices [u] and [v] are constructed by minimizing the error matrix with given
tolerance. This method, however, needs a full knowledge of the matrix [a], and therefore it
is computationally expensive like the SVD method.

To minimize the computational requirements in CA method, the ACA method completes

the same task using the following procedure:

e first iteration

— randomly pick a row number I; € [1, M],

— set v(1,:) = a(ly,:),

find column number J; of the largest element in v(1,:),

— set u(:,1) = ali ) .
e second iteration

— find a row number Iy of the largest element in u(:, 1),
— set U(27 :) = a([27 :) - U(I27 1),0(17 :)a
— find column number Jy of the largest element in v(2,:),
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— set u(:,2) = a(:,Jg);(zéS};))v(l,Jg);

e k-th iteration

— find a row number I, of the largest element in u(:, k — 1),

— set v(k,:) = a(l},:) — Zf:ll u(ly,i)v(i,:),

— find column number Jj, of the largest element in v(k,:),

al: ) =N u(eg)o (i)
v(k,Jp.) )

— set u(:, k) =

To terminate the iterations, we need to compute the Frobenius norm of the error matrix and

the original matrix at the k-th step. We can approximate both norms as:

llell = [1e®]] = [[u(:, k)| - [Jo(k, )] (5.2)

1212 2 []28)2 = 1B DI2 4 ul, k)2 + ok, )|

k—1
+2 3 Jul (4 julk, )] (G, Dol (k)] (5.3)
j=1

and stop the iteration once |le|| < €]|z]|.

We can see that the ACA method requires partial knowledge of the matrix [a] to find its
approximated compressed form. The entire process requires O(RQM ) operations to obtain
the compressed matrix with a memory requirement of O(RM ), and once the approximation
is generated, O(RM ) operations will be needed to calculate each matrix-vector multiplication

120, 121].
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5.1.3 Randomized Algorithm

Recently, a fast randomized algorithm for the approximation of low-rank matrices has been
presented [122-124]. There are two variations of this algorithm: first, compress a matrix
by the randomized algorithm called interpolative decomposition (ID); second, use the ID to
obtain a much more efficient SVD method. By using this algorithm, we can construct a rank

k approximation [Z] from [A] at a cost proportional to O(m?log(k) + 20°m).

5.1.3.1 Interpolative Decomposition

Find an m-by-k complex matrix [B] with k& columns appropriately chosen from [A], and

construct a k-by-m matrix [P], such that

|IP|| < \/4k(m — k) +1 (5.4)

and

I1BP = Al| < mVkoy (5.5)

We pick an integer [ close to k with £ < < m, and

e using a random number generator, form a [-by-m matrix [R] whose entries are
independent and identically distributed (i.i.d.) Gaussian random variables of zero

mean and unit variance, and compute the [-by-m product matrix: Y = RA;

e using the algorithm of [122], form a complex I-by-k matrix [Z] whose columns constitute

a subset of the columns of [Y], and a complex k-by-n matrix [P], such that some subset

74



of the columns of [P] makes up the k-by-k identity matrix, and

1ZP = Y| < /4k(m — k) + 114 (5.6)

where 7,11 is the (k + 1)-th greatest singular value of [Y];

e considering the fact that the columns of [Z] constitute a subset of the columns of
[Y], for any j = 1,2,--- ,k, an integer i; is existing such that the j-th column of
[Z] is the ij-th column of [Y]. Form a real m-by-k matrix [B] from [A] that for any

j=1,2,---,k, the j-th column of [B] is the i;-th column of [A].

5.1.3.2 Converting Interpolative Decomposition into Singular Value

Decomposition

Now we construct an SVD of matrix [A], such that

|USV* — A|| < mVEopq (5.7)

where [U] and [V] are two column-wise orthonormal complex m-by-k matrices, [¥] is a
non-negative real diagonal k-by-k matrix.

By using the ID, we can compute an approximated SVD of [A] as following:

e construct a lower triangular complex k-by-k matrix [L], and a complex m-by-k matrix

(@] with orthonormal columns, and make those two matrices satisfy that P = LQ*;
e compute the m-by-k product matrix C' = BL;

e construct an SVD of [C], which is C' = USW*, where [U] is a column-wise orthonormal
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complex m-by-k matrix, [¥] is a real diagonal k-by-k matrix with non-negative entries,

and [W] is a column-wise orthonormal complex k-by-k matrix;
e compute the m-by-k product matrix V = QW.

For the purpose of compressing the matrices, it will be sufficient to use ID only, and the

computational efficiency complexity of ID is O(m? log(k) + lkm).

5.2 Adaptive Integral Method

5.2.1 FFT-based Method

This method is based on the well-known fast Fourier transform (FFT), where we calculate a
discrete convolution in O(NlogN) steps instead of a direct calculation in O(N?) steps. For
certain geometries, it is possible to perform the calculation in equations (4.68) and (4.69)
using discrete convolutions. As a consequence, when we are using iterative methods, like
the stationary methods or Krylov subspace methods etc., to solve the linear system, we
can easily accelerate each matrix-vector multiplication by reducing O(N?) double-floating
computations to O(NlogN) double-floating computations [125-141].

Once the geometry is meshed into uniform grids, the element values of MoM matrices,
Amn, Bmn, Cmn and Dy, formulated in section 4.4 will only depend on the difference
between m and n. Such type of matrices is called Toeplitz matrix [142] and the matrix-vector
multiplication with this matrix can be calculated very efficiently using FFT. For example,

the multiplication Ay, I, can be written in the form of a cyclic convolution:

N
Z Amn n — Aln & In (5’8>

n=1
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This convolution can be computed by using the discrete Fourier transform (DFT):
A1} = FTHF{ARY o F{In}) (5.9)

where F~1 and F denote inverse DFT and DFT respectively. Operator ® is the Hadamard

product, {A}} and {IL} are expanded vectors defined as:

AP = ’ (5.10)
A1,2an n=N+1,N+2,--- 2N -1

]n TL:1,2,"',N
Ih = (5.11)

0 n=N+1,N+2,--- 2N —1

The DFTs can be easily calculated using FFT, and the requirements of memory and the
computation are proportional to O(N) and O(NlogN) respectively. As discussed in [134]
for conducting plate and [141] for dielectric objects, this method shows great efficiency in

both aspects of computation time and memory requirement.

5.2.2 Adaptive Integral Method

For most problems, the solution domain is not easy to be meshed into uniform grids. To
remove this difficulty, the adaptive integral method (AIM) has been developed [29,30, 143—
151]. The fundamental idea of AIM is firstly to project the sub-domain basis functions onto
uniform grids and then apply the FFT to the matrix-vector multiplication as described in
above section.

As shown in Figure 5.1, the projection of basis function ¢y, (z,y, z) can be calculated by the
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Figure 5.1: of triangular RWG basis onto rectangular grids.

multipole moment approximation:

(M+1)2
> (ap—20)"(up — 90)" (2p — 20) " Trnp = // (@, y,2)(x —20)"(y — y0)" (= — 20)"dV
p=1 v
(5.12)
where, 0 < u, v, w < (M+1)2, 70 = (20, Y0, 20) is the reference point, and M is the projection
order. Examples are shown in Figure 5.1 with M = 3 and M = 4. With this definition in

equation (5.12), we can form a set of equations to solve for Tj;,;. Considering Ay, as example

again, we can approximate it as:

(M+1)2 (M+1)?
p=1 q=1

This projection only offers good accuracy when the basis and testing functions are far away

from each other. To correct the near fields relations, we define:

Apn’ = Amn — Aﬁ%’ (5.14)
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where A7 will be a sparse matrix when its small elements are neglected. As result, we

can calculate the matrix-vector multiplication as following:

{1} = (amearny + mF T Feny o F{ [T} (5.15)

The number of computations of each matrix-vector multiplication is proportional to

O(N log N) [144].

5.3 Fast Multipole Algorithm

In addition to the matrix compression techniques and AIM, another algorithm to speed up
the matrix-vector multiplication computation is fast multipole algorithm (FMA), which is
one of the most popular methods used in solving various EM problems [125,152-173].

To use the FMA, we need to divide all the basis functions into groups, as shown in
Figure 5.2, where 7 is the center of group Gy, 7y is the center of group Gy, the distance
between 7, belonging to G, and 75, belonging to G, is broken in to three segments:

Figure 5.2: Direction from 7y, to Ty, broken into three segments: cfl, 5, d}

All groups are divided to two types with respective to each group: neighbouring groups and

far-field groups.
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Meanwhile, we revisit the regimes of EM physics:

e low frequency, kd < 1;
e middle frequency, kd ~ O(1);

e high Frequency, kd > 1.

5.3.1 Middle Frequency Regime

By using the addition theorem [125], the three-dimensional free space Green’s function can

be derived as:

o—Jk|d+D| ik

(2) A~ A~
—_— = 2l+ kd)h,” (kD)P;(d - D 5.16
| B I )ji(kd) l (kD) P( ) ( )

Mg

where d < D, jj(x) and hl(2)(x) are spherical Bessel function and the second kind spherical
Hankel function respectively, and Pj(x) is Legendre polynomial. From the elementary

identity [27]:

l - R R R
(k) P(d- D) = 2 {p e I%4p(k - D)d2k 5.17
 Ar

we can represent the Green’s function as:

o—JklFm—rn|  —jkldy+dy+D|

Gy = 7
(Fim; 7n) 4T |Ti, — T 4rt|dy + dg + D|
. 5 . R 0
__IE iR ) S o+ 0n D kD) Pk - DV 5.18
(in)? (—1)"( Y™ (kD) Py( ) (5.18)
T
=0
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Thus,

G (P 7o) ~ ﬁ#e‘jé(d}d@a(ﬁ, D)dk (5.19)
where,
» = )2 l (2) PR
a(k, D) = <E) ;(_1) (2 + 1)y~ (kD) Py(k - D) (5.20)

As a consequence, we can simplify the matrix-vector multiplication as:

ZAmnIn~ S % Awidut [ VipFodi) Y (D) S VilFd)d

mGBp HGGQ ngBp HGGQ

(5.21)

where B, denotes the neighbouring groups of G including G, itself.

The FMA and its multilevel implementation, called multilevel FMA (MLFMA), offer
O(N®) and O(Nlog N) computational complexity respectively [174], and are shown to
achieve acceleration in mid-frequency EM scattering problems [152-156].

Additionally, the truncation number L of the series in equation (5.20) has been well studied by

1
analysing the truncation error [157-159], and a good choice of L is given by L = kD+6(kD)3.

5.3.2 Low Frequency Regime

As discussed above, in the low-frequency regime including EC problems, kd < 1, the choice of
L is small which cause instability in the evaluation of the equation (5.19). As a consequence,

the representation shown in equation (5.18) is not suitable for low-frequency regime [160—

81



163).

Using the addition theory for spherical functions,

00 l 00
1n
Z Z jz/(kT/)Yz/m/(@/,W) Z 47?(—7;)1 i _ljl//(kT//)Yl//m_m/(el/,¢//)
'=0m/=-1 =0
(_1)m\/(2l+1)<2w+1)(2z”+1) AN A
i 00 0) \—m m' m—m
2
i (kr) Y3, (0.0)
) @) l, 11 "non
Z Z hl’ (k?“ Yl’ /( Z 4rr(— ]//(k?” )Yl” /(9 L0
'=0m/=—1 "—o
( 1)m\/(21+1)(2l’+1)(2l”+1) A AN A e
i 0 0 O —m m/ m m

for ey
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we can derive the Green’s function as,

o—iklFm=7n|  o—jkld]+dy+D|

G(Tm;mh) = - — = ——
(i 7n) AT |T, — T 47T|d1—{—d2—|—D|

_ —Z Z L21 + )W (kD) Vi (01, 61)

= Om——l
: Z Z (20 + 1)y, (kd)Y] y, (Bay s Gay)
H=0m1=-14
l+l1
J14+1lo—1 . ¥
> iRl 1),y (kd2) Y], By Pay)
ly=l1—1y]
l ll l/l l ll l”
(5.24)
00 O -m m m-m'
where, the spherical harmonics
20+ 1~
Y, (0, 6) = (L= m)!Pm(cose)e_im(b (5.26)
mA (I+m) !
l l/ l/l
le(m) is given by associated Legendre polynomials and is the Wigner 3-j
m m' m

symbol [175].
With the expansion in equation (5.24), as in equation (5.21), we can represent the

matrix-vector multiplication as [160-167],

N
> ApnInm YD Apndn A Vip(k,dy) - Y apg(k, D) > Vgn(k.dg)  (5.27)
n=1

mEBp nEGq m%Bp nEGq
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with,

opg(k, D) Z Z Y21+ )8 (kD) Vi (0D, 6 1) (5.28)
l 0m=-1

5.3.3 Multilevel Implementation

To further enhance the advantages of using FMA, when the groups are really far away from
each other, we can aggregate a few far-field groups together into a larger group and transfer
the far-field EM interactions from the centres of the smaller groups to the center of the larger
group. As a result, we can represent the EM interactions using the large group instead of
the small groups to other far-away groups. For this purpose, a tree structure will be needed

as shown in Figure 5.3.

Figure 5.3: Illusions of groups — far-field groups for 3-level.

In the mid-frequency regime, the number of expansion terms L in equation (5.20) will vary
= 1
between different levels because of the varying distance D in the relation L = kD 4 6(kD)3

To solve this problem, the interpolation and anterpolation between levels have been discussed
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[168-173]. For low frequency regime, we can maintain the number of expansion terms as
derived in equation (5.28) for different levels [160-163], thus we only need to regroup the

testing and basis functions.

5.4 Conclusion

Using the feature of FFT, AIM can be a powerful technique. However, for a 3D SIE problem,
AIM still needs a 3D uniform grid to take the advantage of FFT, which is a major drawback
of AIM. By taking the advantage of the low-rank matrix, several matrix compression methods
have been developed. As discussed in this chapter, both ACA and ID method are easy to be
computed in parallel. Meanwhile, the MLFMA can directly calculate the compressed form
of the MoM matrices and this method is also easy to be parallelized. To take advantage
of the compressed form of the MoM matrices using either matrix compression methods or
MLFMA, we can further construct a direct integral solver. Matrix representation of MLFMA

and construction of direct integral is discussed in the following chapter.
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Chapter 6

Direct Integral Solver

6.1 Matrix Representation for Fast Algorithms

6.1.1 Single level Matrix Representation

We can split the MoM matrices, for example [A], into two parts, near-field interactions
[D], which is very sparse, and far-field interactions [Af97]. By using FMA as discussed in
section 5.3, [Af 1 is a low-rank matrix which can be represented in compressed form as

following,
AxD+ Al =D+ LSR (6.1)

where, [L] is the multipole expansion of grouped sources, [R] is the multipole expansion
of grouped observations, and [S] is the kernel expansion as shown in equation (5.20) for
mid-frequency and equation (5.28) for low-frequency.

The accelerated matrix-vector multiplication can be clearly seen:

Az = Dz + LSRx (6.2)
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For the linear system, Ax = b, furthermore, we can represent the compressed matrices in a

more compact matrix form,

with 2z = Rz and y = Sz. With this form, we can use the sparsity of the matrix and

precondition them very efficiently for further saving computational resources.

6.1.2 Multilevel Matrix Representation

By using the same ideas as discussed above, for MLFMA, we can represent the MoM matrix

[A] as:

A~DW 4+ LWP@ 4 1@ ..pN 4 LMVgrW ... rRPRM) (6.4)

where, [L(l)] is the multipole expansion of grouped sources, [R(l)] is the multipole expansion
of grouped observations, [D] is the near-field interactions of A-th level, and [S] is the
kernel expansion of the sparsest level. In the mid-frequency regime, with A > 1, [L()‘)] and
[RMN)] are the interpolation and anterpolation matrices between (A — 1)-th level and A-th
level respectively, whereas in the low frequency regime, [L()‘)] and [R()‘) | are the regrouping

permutation matrices between (A — 1)-th level and A-th level.

87



Again, we can represent the compressed matrices in a more compact matrix form as following:

-D(l) LD 1 T - -b-
R .y y(1) 0
—7 D@ (2 2(1) 0

R(2) = (6.5)
DN L) L(A=1) 0
RO I yN) 0
—1 S| | W 0

with 2(1) = Rz and y()‘) = SN Asa result, the number of non-zero entries of the
matrix on the left-hand side of equation (6.5) is proportional to O(N log N), whereas [A] is

an N-by-N full matrix.

6.2 Direct Integral Solver

Once we represent the MoM matrices in the form of equation (6.1), we can directly calculate

the inversion of [A] as following [176],

At~ p= ' —p-l(rD'L)"'RD™!

+ D 'L(RD') T (RD L) + SN RDIL) T RDTY (6.6)

For the multi-level representation in equation (6.4), we can obtain [176],

A =DM 4 W@ 4 @DV 4 LASRW) L HREIRM) (6.7)
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where,

pW = [pW]~1 — [ pM=1 LN (N [ pMN=1 LN =1 M) p(M)) -1 (6.8)
£V = (W1 L) (RW W1 L (M)~ (6.9)
RN = (RN DW= LN =1 pN) [ p(M)1-1 (6.10)
S = [(RM[DW]1LM)~1 4 g1 (6.11)

If the matrix [D] is not in the form of block diagonal, the computation of (RD™IL)~1 will
be significantly expensive. Thus, using the matrix form as in equations (6.3) and (6.5) will
be a suitable choice. Otherwise, as studied in [176-180], the direct method is ideal for the

case of varying right-hand side.

6.3 Analysis of Computation Complexity

Typical EC problems always involve hundreds of simulations at each scan position of
the probe on test specimen as mentioned in section 2.5. In effect this implies that we
have hundreds of right-hand sides of the system of equations. Therefore, there is a
significant advantage in deriving the direct inversion of matrix A as shown in equation (6.7).
Consequently, it is better to choose matrix compression methods over MLEFMA for this case.

By using the matrix compression algorithms, the following procedure is needed:
1. form MoM matrix A from the test specimen;
2. calculate the multiple right-hand sides B = [b1, b2, , bNgo0n )5

3. compress the MoM matrix and use equation (6.7) to form its direct inversion A_l;
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4. obtain the solution by calculating X = [z1,72,  , T Ngp0p) = A1B.

6.3.1 Computational Scalability

From section 4.4, we can clearly see that the first two steps is highly scalable, since the
calculation of each entry in MoM matrix A and right-hand sides matrix B are independent
of each other. Similarly, the last step is also highly scalable, because the calculation of each
entry in matrix X is obtained from matrix—matrix multiplication, which is also independent
of each other. Further in the GPU implementation, by using the feature of independent
computation of each entry, we can easily program the computation of each entry in matrices
A, B and X as kernel functions by CUDA. The computation time for the first step, namely

forming matrix A, is shown in Table 6.1.

Unknowns | CPU (1 core) | CPU (10 cores) | CPU (20 cores) | GPU (2496 cores)
2920 122s 12s 7s <ls
6890 782s 82s 41s ~3s
15500 3956s 405s 207s ~9s

Table 6.1: Computation time of matrix A.

In this test, the CPU that is considered is Intel® Xeon® Processor E5-2670 v2 (25M Cache,
2.50 GHz), and the GPU that is considered is nVIDIA Tesla K20 (5GB, 7T06MHz).

From the timing results, we can see that the speed-up ratio is proportional to the number
cores under same core clock frequency. Although the core clock frequency of the GPU is
lower than that of CPU, due to larger amount of cores on GPU, we still obtain significant

speed-up.
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6.3.2 Matrix Compression

As discussed in section 6.1.2, theoretically, the memory usage of the compressed form of
matrix A is proportional to O(N log N). However, both the practical memory usage and the

compression time are proportional to O(N 1'8) as shown in Table 6.2.

Unknowns Compression Memory Usage Compression Time
levels Original Compressed | RRQR ID

2920 2 130.103 MiB | 127.078 MiB | 6.69745s | 6.65206s

6890 3 724.367 MiB | 163.395 MiB | 27.5766s | 29.6826s

15500 4 3.58 GiB 1.34269 GiB | 393.642s | 410.042s

26030 5 10.0964 GiB | 3.53157 GiB | 1699.68s | 1665.99s

59590 5 52.0293 GiB | 19.0287 GiB | 15064.6s | 14911.4s

Table 6.2: Matrix compression: memory usage and compression time.

In this test, the CPU that is considered is Intel® Xeon® Processor E5-2690 (20M Cache,
2.90 GHz).

In theory, the ID method as described in section 5.1.3.1 is much faster than the rank-revealing
QR (RRQR) decomposition. Several studies indicate that ID method is on an average 10~11
times faster than RRQR [123, 181, 182]. However, the efficiency of ID method is based on
the apriori knowledge of the actual rank of the target matrix. Once a trial rank is smaller
than the actual rank of the target matrix, re-applying ID method with a larger trail rank is
necessary, which will significantly draw down the efficiency of ID method. Consequently, the

performance of ID method is about the same as RRQR decomposition as shown in Table 6.2.

6.4 Conclusion

Either matrix compression algorithms or MLFMA can be applied to form the direct integral

solver for large-scale EC problems. Although the MLFMA is more memory efficient than
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matrix compression algorithms, it is impractical to resolve a direct inversion of the MoM
matrix, and the evaluations in MLFMA is also expensive. On the other hand, the matrix
compression algorithms is less memory efficient. However, it is sufficient to form a direct
inversion of the MoM matrix, which is a considerable advantage when we have multiple

right-hand sides such as that encountered in a scanning probe test situation.
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Chapter 7

Summary and Future Work

7.1 Summary

The contributions of this thesis consists of two parts. In the first part, a FEM based
computational model has been developed for simulating EC inspection of SG tubes using
a variety of EC probes. Validation results demonstrate that the model predicts the
experimental signals from a variety of degradation mechanisms very accurately.

This FEM model has also been applied to assist a novel design of EC probe based on rotating
magnetic fields for the inspection of SG tubes in nuclear power plants. Based on this new
design, we could achieve high performance speed and high resolution measurement for full
tube inspection.

In the second part, the MoM with higher-order basis function has been presented to solve the
EC problem. Because the near-field EM interaction plays a major role, singularity removal
techniques has been applied to compute the EC field distributions with adequate accuracy.
To accelerate the MoM, fast algorithms, namely FFT-based algarithm, AIM, ACA method,
ID method and MLFMA have been reviewed, and the ID method and MLFMA has been
studied. Due to low-frequency break down for EC problems, an alternative low-frequency
MLFMA has been presented. Furthermore, a newly proposed direct integral solver has been
introduced to solve both low-frequency and mid-frequency problems. The direct integral

solver has been developed using both MLFMA and RRQR/ID matrix compression methods
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in this study.

7.2 Future Work

7.2.1 Finite Element Method

As shown in part I, we have a well-written FORTRAN implementation of the FEM solver.
It produces the correct results and is widely used in various applications in the NDE Lab.

However, the current solver has several major drawbacks:

1. it supports only certain types of elements;
2. it is single threaded;
3. it is not possible to launch it on distributed machines;

4. it is difficult to accelerate the code on the modern hardware.

In order to make the code more efficient, many improvements can be made.

7.2.1.1 Refactoring the existing code

Implementation of this FEM solver on GPU will require utilization of some external
optimized libraries. In theory, it is possible to link the FORTRAN codes with C, but for our
applications it is complicated due to implementation aspects. Hence it will be advantageous
to translate the code to C programming language.

The coding standards and techniques in C/C-style C++/C++ languages are different from
the ones used in FORTRAN. It is necessary to switch to the modular architecture to make
the code more clear and decrease the optimization time. In addition, it can also provide a

basis for further improvement using vector elements and higher-order scheme.
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7.2.1.2 Optimization

In general, the FE solver takes two steps: form the stiffness matrix and then solve the sparse
system of equations.

To accelerate the computation of the stiffness matrix, colouring scheme should be considered.
The basic idea of the colouring scheme is to separate the elements into several groups. Within
each group, make sure no element connect to any other elements in this group. Thus, the
calculation of all the elements in a same group are independent of each other, and such
independent calculations can be easily conducted in parallel. In theory, this scheme is highly
parallel and especially good for the GPU implementation.

The acceleration of solving the sparse system of equations could be initially achieved by
implementing the latest fast sparse matrix solver, SuiteSparse, in the existing FE solver.

Based on this sparse matrix solver, further optimizations can be considered.

7.2.2 Direct Integral Solver

As discussed in part II, direct integral solver shows significant advantages in several aspects.
However, as a new algorithm, there are several issues that will need to be further studied.
7.2.2.1 GPU Implementation of the Matrix Compression Method

As shown in section 6.3, there are four major steps of direct integral solver. GPU
implementation of the first two steps and the last step is discussed in section 6.3. The
GPU implementation of third step, matrix compression algorithm, will need to be further

studied.
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7.2.2.2 Optimization of Moment Method Galerkin Testing

As discussed in [183], the accuracy of the SIE may be affected by MoM Galerkin testing.
Proper choice of the quadrature points could considerably improve the accuracy of modelling
certain geometries with sharp edges. Accurate evaluation of the SIE will need to be further

studied, especially for EC problems.

7.2.2.3 Multi-body Problems

If we have more than one object of interest, we need to construct a system of equations to
solve these problems. A two-body problem as shown in Figure 7.1 will be discussed as an

example in the following.

b '4}44\/4\AV/AVA\VI '$‘
i p\“#‘.‘\v‘/\/‘ 4},}%4
\‘v "’

» ¢p, .,’ i

47,,‘

Figure 7.1: A two-body surface integral equation problem.
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Similar to section 4.4, apply basis functions to expand the surface current density as:

N
TV =3 VR @ (7.1)
n=1
N
10 =3 kR 7 (7.2)
n=1
N
I =3 iR (73)
n=1
N
12 =S kPR (7.4)
n=1
for the first object,
AL — 7, # AL [Kn” A x K(Knl))] ds (7.5)
S
B _ ﬂ K[ x &4 as (7.6)
S
o) — Zﬁ Al [Kﬁb) X /cl(KS))} ds (7.7)
S
p) _ # A [n X Ll(&}))} S (7.8)
S
D _ # AL <n x HW) s (7.9)
S
g =0 (7.10)
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for the second object,

between two objects,

Thus, we can form,

AR — 7 # A2 [an) + i x K(R
S
B2 _ ﬂ K[ x (A2 as
S
o2 = Z# K- RS2+ ¢ 1y (K
S
D& — # A2) [n « Li(A 2>)} ds
S
72 = ﬂ A (i x i) as
S
g =0
AL = 7o @p K- (KD + 5 x (&
S
B2 _ ﬂ (1) [n x L(AL )] ds
S
ARY _ 2 fh K2 [Knl) +ax KR
S
B2 — # 2). [n x L(RS )] ds
S
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(7.17)
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(7.21)



The application of the direct integral algorithm to this problem should be conducted. Further
more, if those objects are moving relatively to each other, such as a scanning coil with a
ferrite core in EC problems as described in section 2.5, the procedure of applying the direct

integral algorithm and corresponding GPU implementation will need to be studied.
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Graphic User Interface (GUI)

A procedural overview of the use of the software to predict SG inspection signals is

summarized in the following steps:

Select Select Select ~ Run_ Generate
Geometry Defect Probe Simulation Signal

Figure 1: Block diagram of simple operation of steam generator tube simulator software.

The different steps are provided as commands in the tool bar as shown in Figure 2. User
can select from two predefined tube geometries: free span and support plate (as shown in
Figure 2). A rectangular defect of specific length, depth and width can be introduced in
the tube wall on the ID or OD along axial or circumferential direction. Probe coil and
material properties in different parts of the domain can also be selected from a pull-down

menu options on the commands tool bar as seen in Figure 21.

1From Materials Evaluation, Vol. 69, No. 12. Reprinted with permission of the American
Society for Nondestructive Testing, Inc.
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E

MATERIAL

Defect type:

Unif: ® inch
Defect position:

Height (z): Dl
Angle : 90
®1D. Oowb.

® Axial O Circumferential
Defect dimension:

Depth: 50 % TW
Length: 05
Width:

Diameten:

Figure 2: Screen-shot showing various commands available in the simulation software.
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File Tools Help
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Summary: 1 Axial LIZ
File name: :
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Parameters: o 0
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Fine mesh . pPeesssqpeseseosy Circ LIZ
1| SERE SR
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-20 0 20
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Manual Calibrationl 0 10.0 200 : 300 >> Horiz T
Circumferential 3D zoom out | zoom in

Figure 3: Analysis screen for the rotating probe coil.
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[ B seTsiM-3D v2

| File Tools Help

DEFECT MATERIAL

File name: R b A , Axial LIZ
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Parameters: | Ly heszezanzstenanas
| ID. Axial Flaw | I " frememeere )1 IO N N A
| 05 inch lengh, 100%, TW L L L O WA VOO
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Free Span % ------------------------------------------

Fine mesh s

Autoscale
zoom out zoom in

Click 'Edit geometry' to select new geometry or edit existing geometry.

Figure 4: Display of the 1-D coil analysis screen (bobbin probe).
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When the user selects “Run”, the graphic user interface passes geometrical information to the
mesh generator. The latter generates a 3-D FE mesh of the tube (and support plate), core
and coil, forms probe scanning grid and saves mesh and grid data. The graphic user interface
passes material property values to the solver. After the simulation is done, the calculated
induced voltages at each probe position are stored, calibrated and displayed. Screen-shots

of the displays for bobbin and rotating coil probes are shown in Figures 3 and 42.

2From Materials Evaluation, Vol. 69, No. 12. Reprinted with permission of the American
Society for Nondestructive Testing, Inc.
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