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ABSTRACT
AMICROMECHANICS-BASED
INDEPENDENT MODE FAILURE CRITERION
FOR FIBER-REINFORCED COMPOSITES
By

Yong-Bae Cho

Failure criteria for composite materials have been developed based on a
micromechanics elasticity solution for continuous fiber reinforced composites. The
criteria can be cast in several forms, including composite and independent mode
polynomial forms. Composite failure is predicted when stress or strain states in any of the
constituents due to a lamina (composite) load exceed a critical level as predicted by a
properly chosen failure criterion for each constituent. Thus, unidirectional strengths as
well as strengths under multi-axial loading of the lamina are determined. Failure
envelopes can be fit to a Tsai-Wu type lamina failure theory by using the predicted
unidirectional strengths and nonlinear regression to determine the interaction terms. It is
also possible to cast the failure model in a simple mathematical form with separate criteria
for each mode of failure as a function of the macro (composite) stress state. The current
model includes the option to extract average “in-situ” constituent strength properties using
unidirectional composite strength data, thus indirectly accounting for the variations in

geometry, stiffness, and strength in composite material system.
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CHAPTER 1
INTRODUCTION

1.1 Motivation

Composite materials have been used for centuries, and a lot of natural composites
exist in nature. According to history, ancient Mongolians used animal tendons, wood and
silk to make laminated bows in B.C. 7. Since the 1920’s, glass fiber reinforced resin has
been used, but its application was confined due to low stiffness of the glass fiber. It was
not until the 1960’s that the concept of composite materials was established and research
on composite materials began [1]. Since the early 1960’s, the space and aeronautics indus-
tries’ increasing demand on high performance materials that are stiffer, stronger, and
lighter has led to development of composite materials by combining different materials in
order to obtain specific characteristics and properties. In the 1970’s, advanced fibers of
extremely high modulus, for example, Boron, Aramid and SiC fibers, were developed.
They have been used as a reinforcing agent in the form of either fiber, whisker or particu-
late to reinforce the polymer (resin), metal and ceramic matrices. The fiber reinforced
composite materials have been more prevalent than any other form of composite, because
the fibrous form of a material is generally much stronger and stiffer than any other form.
In the composite materials where fibers are adopted as a reinforcing agent, there is typi-
cally no reinforcement in the transverse fiber direction. This problem can be resolved by

stacking layers (lamination) with different orientations.
1
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In general, composite materials have properties which can not be achieved by any of
the constituents acting alone. They have better properties in stiffness, insulation, strength,
weight, damping, corrosion resistance and thermal expansion than the conventional mono-
lithic materials, and are able to meet design requirements with great advantage in aero-
space structures, aircraft, automobiles, sporting goods, marine structures and many others
[3]. On the other hand, the properties depend on many factors, like processing conditions,
the form of reinforcing agent, fiber volume fraction, fiber distribution, interface bonding
stress, void content, etc. [5].

Advanced fiber reinforced composites have outstanding strength-to-weight properties
and often have been used in strength-critical applications where the stiffness and strength
of the materials are the critical factors to be considered. Therefore, for the purpose of
designing composite structures efficiently, it is very important that we can predict the
strength of a composite material under the various loading conditions in service. The use
of a failure criterion for a composite material enables us to predict the strength under com-
bined stresses. Thus the efficient design of structures can be performed on the basis of the
predicted strengths.

A composite material is composed of matrix, interphase and fiber, and the perfor-
mance is achieved by binding the constituents. The fracture of composite materials results
from four possible major reasons: (i) fiber fracture, (ii) matrix cracking, (iii) fiber/matrix
interface debonding, and (iv) fiber buckling or kinking. These modes of failure don’t
occur simultaneously in all constituents but initiate as micro-cracks at the constituent
level, and unite or propagate as external loading (for example, force, heat and moisture) is
increased. Therefore, the strength of a composite material depends on the strength

properties of the constituents as well as their interactions. Generally, the existence of mul-
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tiple failure modes complicates the assessment of the strength compared with isotropic
material.

To estimate the strength of composite materials, there are two different approaches for
failure or damage prediction - a phenomenological (macromechanics) approach which
tries to correlate experimental observations mathematically but does not necessarily
explain the mechanism of failure, and a mechanistic (micromechanics) approach where
micromechanical stresses in each constituent are used. Composite materials are anisotro-
pic and heterogeneous, so the mean stress at macro level is different from the actual stress
in the constituents. In the phenomenological analyses, the properties of all the constituents
are homogenized into an equivalent substance so that each lamina can be assumed to be
homogeneous and orthotropic. Then prediction of failure or damage is accomplished by
adopting a proper phenomenological failure criterion. The phenomenological failure crite-
ria are empirical in nature, and are basically an attempt to express the yield or failure
envelopes of a material in stress or strain space. Most of the phenomenological criteria are
able to predict only the failure load, but not to differentiate among the modes of failure.
Therefore, it would be more realistic and accurate to analyze stress and check the damage
in every point at the constituent level. However, it has been shown from the ultimate fail-
ure experiments of carbon-epoxy laminates that if a composite is laminated with plies, a
ply criterion can be presumably used for all laminates [6]. Thus, it is desirable to establish
a failure criterion at a lamina level.

In the present study, failure loads and modes are predicted by the evaluation of the
stress/strain states in each constituent using a micromechanical elasticity solution and
employing the phenomenological failure criteria in each constituent in order to evaluate

damage at the micromechanical level. In this way, the failure envelope for each constitu-
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ent is represented in the stress or strain space. By superimposing failure envelopes of the
constituents and identifying their intersection, a failure envelope of a lamina is attained. If
the constituent strength properties are known, the strength of a lamina can be determined
by detecting the critical stress or strain states at the constituent level. Inversely, using the
experimentally measured unidirectional strengths of a lamina as in the solution, the
strengths of each constituent can be “backed out” by identifying the maximum stress in a
constituent. The resulting failure model thus requires less experimental strength data than
those models currently available, yet provides predictions of both the failure load and

mechanism.

1.2 Literature Review of Failure Criterion

As composite materials were introduced in structural members, a number of failure
criteria for composites were proposed from the late 1960’s to predict their uniaxial and
multiaxial strengths. Rowlands [7] reviewed the phenomenological failure criteria in
1985, and Nahas [8] surveyed the failure theories for laminated composites in 1986.
According to Nahas’s investigation, there exist at least 30 failure criteria, which can be
classified into four categories - the limit criteria, the interaction criteria, the tensor polyno-
mial criteria and the direct laminate criteria. Because failure of composites is compli¢ated
by the existence of several mechanisms, including fiber fracture and micro-buckling, fiber/
matrix interface debonding, matrix cavitation and crack propagation, most of the available
failure criteria can predict the occurrence of failure but do not describe the failure mode.
Such criteria can thus be regarded as phenomenological in nature [15].

Azzi and Tsai [9] developed a failure criterion by applying Hill’s [10] failure criterion
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for anisotropic materials to transversely isotropic materials in a plane stress state. Using
the stress transformation law, they proved that the failure criterion is applicable to the
most general case of a unidirectional composite subjected to a combined state of stress.
The theoretical predictions were in good agreement with the experimental results.

Hoffman [11] developed a failure criterion that was modified from the Hill’s failure
criterion for anisotropic materials by adding some linear terms to account for the different
tension and compression strengths. Only uniaxial tensile and compressive tests on vari-
ously oriented specimens were performed to verify the theory.

Tsai and Wu [12] proposed a failure criterion in the form of a scalar function of two
strength tensors on the assumption that there exists a failure surface in the stress space in
the scalar form. The linear terms in it take into account the difference in strengths due to
positive and negative stresses and the quadratic terms define an ellipsoid in stress space. It
also accounts for interactions between stress components as independent material proper-
ties. The strength components can be transformed to the other axes by the tensor transfor-
mation law.

Wau and Schueblein [13] proposed three basic approaches to establish a third order fail-
ure criterion for laminates and discussed the merit and shortcoming of each method. The
basic approaches are: (1) The determination of laminatg failure from lamina failure crite-
rion, (2) Direct experimental determination of the laminate failure surface and (3) Hybrid
approach using a lamina failure criterion to guide testing of the laminate. Among the
approaches, the hybrid approach utilizing a quadratic polynomial type failure criterion for
lamina and classical laminated plate theory was adopted to develop their theory. Then the
third order failure criterion for laminate was obtained in terms of laminate loads. This

approach can provide the necessary critical experiments with the consequence of minimiz-
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ing experimental permutation and maximizing the reliability of laminate failure.
Tennyson, et. al. [14] developed the cubic tensor polynomial failure criterion to predict
failure stress more accurately, since the failure surface may not be ellipsoidal in shape.
They showed how to evaluate the strength parameters in plane stress state. The strength

parameters F; and F,;, were determined by a hybrid method which utilized a biaxial

ijk
strength test and four constraint equations derived by establishing the cubic strength equa-
tion and its discriminant. The results of an extensive series of tests showed that the qua-
dratic polynomial failure criterion is too conservative and the cubic polynomial failure
criterion is quite accurate.

Jiang and Tennyson [15] developed a new approach to overcome the problem that the
failure surface based on a cubic tensor polynomial failure criterion is not always closed.
To ensure that the failure criterion yields a locally closed failure surface, the inherent con-
ditions in the cubic criterion were derived. The least square method with Lagrange multi-
pliers to incorporate the derived conditions was utilized to evaluate the least-squares best
fit curve to the available data of biaxial load tests. The quadratic and cubic interaction
strength parameters were obtained. They showed Tennyson’s cubic theory without con-
straints significantly overestimates the failure stress in the compression-compression
quadrant. Failure tests undertaken using a laminated tube agreed well with results of the
new criterion.

Yeh and Kim [16] proposed a failure criterion based on the Yeh-Stratton criterion [17]
for isotropic material. It is similar to Mohr’s criterion and is applic#ble for both ductile
and brittle materials. The criterion is composed of the first order terms of normal stresses,

the second order terms of shear stresses, and the interaction term. The unique feature of

the theory is the ability of its format to accommodate the different values of the coefficient
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of interaction term by types of stress and types of materials. The predictions of the failure
by this theory were in good agreement with the experiments.

Wau [18] discussed the resolution of strength tensors and proposed the methods for the
critical determination of interaction terms in the Tsai-Wu failure criterion. It was found
out that the variation in the interaction component F,, is dependent on both the magni-
tude of the biaxial strength and the magnitude of the ratio of the stress components. He
also mentioned the optimal experiments and optimal biaxial stress ratio to provide good
resolution of F,.

Considering the influence of the interaction term on the shape of Tsai-Wu’s failure
envelope, which can vary from an ellipse to parallel lines, and to hyperbola depending on
the value of the interaction term, Tsai and Hahn proposed a new method to obtain interac-
tion terms [19]. The interaction terms are obtained by assuming that the Tsai-Wu’s failure
criteria is a generalization of the Von Mises criterion. They investigated the values of
interaction term, F,,, for several material, and showed Tsai-Wu failure theory using the
proposed interaction term is in good agreement with the experimental result.

Wu and Stachurski [21] suggested a different approach to derive the interaction term,
F,, in the Tsai-Wau failure theory. They considered that the value of F,, is related to the
rotation of the failure ellipse from the major strength axis, and proposed a way to deter-
mine F,, different from the one proposed by Tsai and Hahn [19]. It was demonstrated that
F,, proposed by them offered good prediction of failure for thermoplastic and paper
materials, while F,, proposed by Tsai and Hahn gave good failure predictions for fiber
reinforced composites.

Hashin [22] developed a three dimensional failure criterion of unidirectional fiber

composites in terms of quadratic stress polynomials by considering that unidirectional
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fiber composites are transversely isotropic and the applied average stress state should be
invariant about the fiber axis. The criterion is composed of four distinct failure modes -
tensile and compressive modes of fiber and matrix. The theory was compared with the
experiment results of off-axis specimen for a plane stress state, and gave reasonable
strength predictions.

In order to make the classical lamination theory fit to a fully three dimensional lamina-
tion theory, Christensen [23] showed that the terms corresponding to out-of-plane strains
in stiffness matrix are independent of fiber orientation by introducing two restrictions, and
all the terms can be represented by three engineering properties. In connection with this
work, considering stress-strain relations, he developed a failure criterion which reduces
into direct fiber failure mode and fiber/matrix interaction failure mode, and involves four
‘parameters to be determined from experiments.

Zhu, et. al. [24] proposed a statistical tensile failure theory for unidirectional fiber
composites. Assuming that the strength of a fiber is a statistical quantity and that the fibers
around a broken fiber are subjected to local stress concentrations, they obtained the axial
strength of composites by correlating the number of broken fibers to the tensile stress. The
experimental results were in good agreement with the theory, however this theory is con-
fined to predicting the axial strength of unidirectional fiber composites.

Neale and Labossiere [25] developed a parametric failure criterion for lamina under
plane stress, considering that since the ultimate strength for any stress combination be
finite, the failure surface must be closed and must be symmetrical with respect to the plane
T,, = 0. The failure surface is represented by the spherical coordinates, and the angles
and length from the origin to the failure surface are determined by the stress state. They

showed that this failure theory can encompass Tsai-Wu'’s quadratic tensor polynomial and
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Tennyson’s cubic tensor polynomial failure criteria. They demonstrated that the paramet-
ric failure envelope describes the failure data as efficiently as the quadratic and cubic fail-
ure criteria and less parameters were required.

Feng [26] developed a failure criterion as a function of strain energy invariants for uni-
directional fiber-reinforced composites based on the transversely isotropic properties and
the strain invariants of finite elasticity. It was assumed that failure occurs when the strain
energy density reaches its maximum value. The distortional energy, the dilatational energy
and the differential between compressive and tensile strengths are the governing quantities
in the criterion. The criterion can be simplified into the fiber and matrix modes, and can be
derived into one for infinitesimal strain elasticity.

Hart-Smith [33, 34] pointed out the reason why it is incorrect to adopt the polynomial
type interaction failure theories whenever the failure mode of a composite changes with
the state of stress. He suggested that separate envelopes for every possible failure mode
should be obtained first, and then should be superimposed, not interacted.

Wakashima et. al. [27] derived micromechanically a failure criterion for unidirectional
composites composed of ductile matrix and plastically nondeformable inclusions. Assum-
ing that the matrix material obeys the Levy - Von Mises flow rule and the matrix plastic
strains are uniform, and using the potential energy function and Lagrange multipliers
method, they obtained a failure criterion which is formally identical with Tsai-Wu’s phe-
nomenological failure criterion. Adopting the modified Eshelby’s theory on the transfor-
mation and inhomogeniety problems of an ellipsoidal inclusion, they obtained the strength
parameters from the potential energy function. The numerical results were not compared
with the experimental results.

The strengths of unidirectional composites were predicted and the effects of thermal
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residual stress on the strength was investigated by Ishikawa [28], utilizing the microme-
chanical elasticity solution and assuming that the composites see failure if the stress level
of one of the constituents reaches the failure criterion for the constituent. It was observed
that the thermal residual stresses do not have a primary effect on the composite strength if
the interface normal strength is large, and the failure prediction by Tsai - Wu criterion with
the minimum interaction coefficient F,, is fit to that by maximum principal stress crite-
rion in the matrix. The thermal residual stress was verified by means of photoelasticity.

Dvorak and Bahei-El-Din [29] studied the elastic-plastic behavior of composites in
terms of constituent properties, their volume fractions and mutual constraints between
phases by assuming the model that each of the cylindrical fibers has a vanishingly small
diameter and that the fibers occupy a finite volume fraction of the composite. By virtue of
the assumption, it was found that the local stress and strain fields are uniform, so the
microstructure of the composite was not explicitly accounted for. Elastic moduli, yield
conditions, and hardening rules are derived.

Realizing that the strength of composites depends on that of each constituent, Skudra
[30] developed a failure criterion to determine the polymer matrix composite strength on
the basis of the existing states of stress or strains in the constituent. After establishing the
strength criteria for each constituent by understanding the characteristics of material prop-
erties and how the constituents behave in a composite, he derived the suitable failure crite-
ria for each mode of failure for a unidirectional lamina. For matrix, since the ultimate
strain is not constant but depends on the loading duration, the energy criterion which
assumes that matrix fails with time if the work of stresses reaches an ultimate value was
chosen as the failure criterion. For fiber, it was assumed that the fiber fails if the strain in

the fiber is equal to or greater than the strain at the starting point of the avalanche fracture
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of fibers (as predicted by statistical theory), and that the fibers are in a uniaxial state of
stress. For interface, the failure models were divided into two types - the abrupt transfer
model and the model of diffusion interlayer, and the failure criterion was derived sepa-
rately. The micromechanical stress analysis of the matrix was performed by taking a repre-
sentative volume element of the repeating cell. With the failure criterion of each
constituent and mechanical stresses, the failure theory for lamina was obtained. Then,
using the lamina failure criterion and lamination theory, the failure criteria for laminates
was derived. |

A micromechanical failure criterion for unidirectional composites was suggested by
Aboudi [31]. It was assumed that failure of the composite occurs when one of the micro-
stresses reaches a micro-failure criterion, and that plane stress state loading is acting on
the composites. Maximum stress failure criterion was adopted for fiber and matrix. If
material strengths of constituents were not available, they were obtained from the micro-
mechnical model by checking the maximum stress in the constituent when the strength of
the composite was applied as a load. It was ascertained that the strength of matrix in com-
posites is larger than that of matrix material in bulk due to the constraint effect.

By means of homogenization of material properties and definition of a failure domain,
a strength criterion for unidirectional and multidirectional fiber composites was derived by
Landriani and Taliercio [32]. The periodic unit cell of composite was used, and homoge-
nized into an equivalent homogeneous medium. The strength domain of the homogenized
medium was defined first, and then the real strength domain was obtained by cénsidering
the contribution of failure of each constituent. Some unavailable strengths of each constit-
uent were obtained from composite strength by making some reasonable assumption

about the behavior of the constituent material, and the obtained constituent strengths were
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used in order to check the reliability of the theoretical model.

1.3 The Present Study

Based on a review of available failure models for fiber-reinforced composite materials,
it was concluded that there is still a need for a failure criterion that is accurate, predicts
both failure loads and mechanisms, is easy to use, and requires limited experimental data,
The objective of the current study is to develop and assess a new model that attempts to
combine many useful aspects of other failure models and criteria into one that meets these
requirements. This model is based on a micromechnical model, though the final mathe-
matical form is cast in the form of convenient phenomenological models.

In Chapter 2, the micromechanics model used will be described briefly. Chapter 3-5
will discuss various aspects of the failure model. Numerical results will be presented in

Chapter 6, and Chapter 7 contains conclusions and recommendations for further study.



CHAPTER 11
MICROMECHANICAL ELASTICITY ANALYSIS

2.1 Introduction

In this chapter, the analytical model for micromechanical elasticity analysis will be
reviewed briefly [35]. The constitutive relations will be set up first, and then the governing
equation for the model will be derived by writing the equilibrium equations in terms of
displacements. Considering the boundary conditions, the solution of the equations for sev-
eral loading cases will be discussed. Then the method of calculating effective composite

properties will be established.

2.2 Analytical Model and Mathematical Formulation

Since the fiber distribution in composites becomes more regular as the fiber volume
fraction increases, it is usually assumed that the fiber packing is uniform, even though
fibers are irregularly. distributed throughout the cross-section. The frequently adopted fiber
distributions are the square and hexagonal arrays which can be regarded as special cases
of the diamond arrays (see Figure 1).

The fundamental assumptions of the analytical model are made as follows:

a) The fibers have infinite length and a uniform circular cross-section along the length of

the fiber.
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Figure 1. Cross section of a fiber reinforced composite material with
fibers packed in a diamond array
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b) The fibers are continuous, straight, perfectly aligned with the X,-axis, and arranged in a
periodic diamond array.
c) Fiber coatings or interfaces are represented by concentric circular cylindefs around the
fiber, and are perfectly bonded with the other constituents (fiber and matrix).
d) All materials are homogeneous and linearly elastic.
e) The outermost constituent (matrix) is transversely isotropic, and the other phases (fiber
and interfaces) are cylindrically orthotropic.
f) Mechanical loads are applied at infinity, and do not vary along the X, -direction.

Based on the assumptions a) - d), it is secured that many planes of geometric symme-
try exist in the composite material. If the region of interest is sufficiently far away from the
point of load application or geometric constraint, each fiber and its encompassing phases
in that region will see the same deformation due to the applied loads. Therefore, only a
single fiber and its surrounding constituents need to be analyzed. Thus, the behavior of the
lamina can be investigated by considering only a small region, or a unit cell (representa-
tive volume element, (RVE)) (See Figure 2).

Since the overall composite properties are dominated by the properties of each constit-
uent, it is of crucial importance to establish realistic constitutive relationships for each
material in any micromechanical model. Therefore, in the present model, all stiffness
properties are functions of temperature and moisture content. On the other hand, the coef-
ficients of thermal expansion depend only on temperature and the coefficients of expan-
sion due to moisture content depend only on the current moisture level.

The cylindrical coordinates shown Figure 2 are chosen to get the analytical solution,
therefore x, 0, r are utilized as subscripts. In this notation, the constitutive equations for a

material with cylindrically-orthotropic properties take the form:



n

A
y

Figure 2. Diamond RVE used in the micromechanical model
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o) o ¢ || e o™ (- ()
n) = (n) ~(n) ~(n)] s e

o4 Cp, Cp Cy 8;") —‘b;") (7 —‘I’;") (M) (2.2.1)
(n)

o T oy e ol e - (D ¥ ()

(n), (n) (n)_(n)

(n)
r° r,t(;l) = CSS Yxr ’ Tx(g) = C66 'YxO

T8 = Ca(.:) Yo
where the superscript (n) ranges from 1 to N, and N is the number of constituents in the

composite system. In Eq. (2.2.1),
®,(T) = j:‘a,.mdr, (i =x6,r) 222)

is the thermal strain, T, and T, are the reference (stress free) and final (current) tempera-
tures respectively, and a,; is the coefficient of thermal expansion in the i -direction. Sim-

ilarly,
¥ (M) = f:'ﬂ.-(M)dM, (i =x6,r) (2.2.3)

is the strain due to moisture, M, and M, are the reference (stress free) and final(current)
moisture levels respectively, and B, (M) is the coefficient of expansion in the i** -direction
due to moisture permeation.

For transversely isotropic materials, the material stiffness coefficients C,.j (T, M) have

the following relationships:

(n) (n)

2, G =C 224)

M _ ) A _ )
C22 -C33’ ClZ -Cl3’ C44 -
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The assumptions (a - ¢, f) ensure that the strains are in a state of generalized plane strain,

therefore the displacements take the form:

ulM (x,0,r) = ul™ (68,r) +x¢,
ul™ (x,6,r) = vM(6,7r) (2.2.5)
u® (x,0,r) = wm(6,r)

where € is the uniform strain in the lamina in the fiber direction (along X, axis). The

strain - displacement relations are as follows:

av(") V(") law(")

ex(") =€, Yé:) = 57 - ; + ;E (2.2.6)
(m) (n)
8(") = laV W(") (n) = au
i rof r xr r
(n) (n)
ow 10u
(n) = (n) = =
g" ~or 8 roo

The equilibrium equations in cylindrical coordinates for generalized plane stress are given

as:

(n) (n) (n)
atxe a‘t + tﬁr
ro0 5- r

(n) (n) (n)
_Ee . 0Ty, + 274, =0
roé or r
61: ;:) ao,(n) c(") ;n)

r

rs' o *t—— =0

=0 (2.2.7)

The governing equations in terms of displacements are obtained by substituting Eq.

(2.2.1) and Egs. (2.2.5) - (2.2.6) into Eq. (2.2.7):

2 (n) (n) (n)

(m)| 20 u ou )| 0 u

C ( —_— 4T ] C ( ]=O
a?  or 26

r
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%) (Eié_x_wi”’ _a‘l’:"))+c(n) 2w 3" _3‘1’(")]
oro6 08 98

n n (n (n)
C(n) azv( )+3w( ) ra‘b ¥
2392 08 00 rﬁ_

+cj:’(r’g%(")+%(")- ”%_3,_ g_(n)) e
c? r(-i:, sl Lyl ) +C (-g_;(") —w™ ere{™ 4y ) 2.2.8)
AN -
+cP r(-g—:‘%)— LIS SRS S rg—;b 0" g 0" )
. C;;)r(rg—:‘;(n) +gl:(u) 2Py _ g_j,(n) -rg‘-:"(n))

) (n) 2 (n)
(m| v ov dw _
*Ca (aae "3 T )'0

In the Eqgs. (2.2.8), the first one governs the deformation due to longitudinal shear, and the
latter two govern the behavior due to normal, transverse shear, and hygrothermal loading.
The first one is decoupled from the other ones. Moreover, considering the number of
planes of geometric symmetry in the fiber geometry, the solution to the last two of Eq.
(2.2.8) can be divided into a symmetric part (due to normal and hygrothermal loads) and
an antisymmetric part (due to transverse shear loads). The solution to the first equation
may be separated into a response due to shear in the X, - X; plane and a response due to

shear in the X, - X; plane.
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2.3 Solution for Symmetric Loading

The solution to the last two of Eq. (2.2.8) for deformations due to applied normal

strains (g, = &,,€, = &, &, = ;) and hygrothermal loads (AM, AT) are:

v?@,n = 3 v ()sin (2i0)
=t @3.1)
w™®,1 = T w()cos (2i0)

i=1
and:

o"®,n = Zd>(")(r)cos(2i9), v"@,n = 3 ¥ (cos 2i0)  (232)

0 : 0
®g” 0,7 = z% (Ncos (2i8), ¥ V@, 1) = Zq’ (P cos (2i6)
|=0 l=0
d>(")(6 P = Z‘D( )( (n) (n)
= rycos (2i0), ¥,"(0,n) = Y ¥," (r)cos (2i6)
l-O i=0
£,0,r) = 2 g, (r)cos (2i6)
i=0

The following equations are obtained by substituting Eq. (2.3.1) and Eq. (2.3.2) into the

last two of Eq. (2.2.8).

oo 2 dw(”)
_zosin(zie) c§;”( v 2;w"")+c§3’ ~2ir—"

= . - (2.3.3)
d v; " dv " dw."
+C(‘",)[ 2 +r— —v.(") - 2ir—"' —2iw.(")]} =0

dr2 dr ! dr !



)y cos(2i9){ ""( 2iv" - ‘"’)+c"” r—' 2.3.4)
i=0

n) (n)
+ C( )(2"— )+ C(")(Ztr— - 2iv‘(") - 412w(")]

When i = 0, Eq. (2.3.3) vanishes, and the solution to Eq. (2.3.4) for orthotropic materials

can be obtained as follows:

)
(n) B(u) Aoy B(n) Ay +H™, 235
here B and 5 r consas, AL = JCD7CD, 32 = - [P 7CT e
(n) 1 (n) (n) . (n) (n
H™ = { (n) (n)(Cl3 -Cp, )("exo""bxo +\P-‘o ) (2.3.6)
C33 _C22

" A0 ™, g " A0 ) ™, @
(c -Cy )(‘be., + Wy ) (033 o )(¢,o +y, )}

For transversely isotropic or isotropic materials: H ™ 2 0, J\.é;' ) = 1, lé;) = -

When i >0, the solution to Egs. (2.3.3) and (2.3.4) is written in the form:

" () AL
v = T AP @23.7)
j=1

(=)
(n) 2 B"" A
ji=1



22

where A i(j") and Bi(j") are constants and l,.(j") are the eigenvalues of the solution. By sub-

stitution of Eq. (2.3.7) into Eqgs. (2.3.3) and (2.3.4), the solution can be written as:

w® @,r) = B B LB 2 ZB(") M cos (2i8)

where:

a (m)

b'.(")

(n)

v (e,n = Z 2&""3"" sin (2i0)
i=1lj=1

(l)

i=lj=1

(n) (n) (n) (n)
(m _ Cn _()‘ij )C +4i'Cyg

o= 2i?~,-(,~")(C§;) +Cl )‘2'(Cg) +C$))

(n) b" 1 [m () _(m
n i n n) (n
k“ = + —z—a-i(T) 2 (n) (b ) -4a ‘- C‘-

(n) 5" ™R , (m ()

n i n n) (n

A R S R (bi )‘4“-‘ i
2a 2a‘.

i

b(") 1 2

l"(;) =" (n) ) (b‘(n)) —40"( n)c"( K
2 2a;
(n)
b, 2

(n) i 1 (n) (n) (n)
A, =- J(b )—4a. c;
i4 20,-(") 2a‘.(") i i

(n) ~(n)
= G533 Cyy
(n 2
= aifcr ¢ _cPc™ e 4i2( c® )
+8i2C) cl

2
= c‘"’c""(4i2-1)

(2.3.8)

(2.3.9)

(2.3.10)

(2.3.11)
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B i(j") are the unknown coefficients to be determined as follows.
To eliminate displacement and stress singularity in fiber, some coefficient should be

set to zero. That is:
(1 (1) Q)]
By, =B; =B, =0

At each constituent interface r,, displacements and normal stress components must be

continuous:

v(") e,r,) = v(“l) o,r,)

w™ 0,r,) = w(n*h ,r,) .

- (ne1) (2.3.12)
n
c, (6,r) =0 o,r,)

r

Tor (8,7,) = To 1 (8,1,)

In the diamond array, the outer boundary conditions of a cell are determined, when a
cell is deformed, by assuming that [36, 37, 38]:
1. a cell must retain the symmetry with respect to both axes (two fold symmetry),
2. the deformed shape must remain typical of all the other cells,
3. the repeating adjacent cells are congruent.
In addition, the displacements and stresses must be continuous across the repeating cell

boundaries, so the following conditions are obtained:

(u2)P+ (uz)’,, = &,d,
(u3)P+ ("3)1" = €,d,
(0',.)P = (G,) pn

(t

(2.3.13)

Wp = (5 pe
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where (o,) p and (t are the normal and shearing stresses at the boundary AB, and

) p
the €, and &, are the applied strains in the X, and X directions, respectively. The points
P and P” are located on boundary AB as shown in Figure 3, and the locations are defined
as follows:

If the point P has the polar coordinates (7p, 0,) , then due to the two fold symmetry

and congruency of the adjacent repeating cells, the coordinate of point P” will be:

Tpw = J(dz—r,,cose,,)2+ (d3-r,,sin9,,)2
6 - aan d, - rpsinG, (2.3.14)
Lot d,-rpcosB,

2.4 Solution for Transverse Shear Loading

Since the last two of Egs. (2.2.8) are also the governing equations for the deformations
caused by applied transverse shearing strain (Y,, ), and the solution procedure is the same
as the aforementioned symmetric loading, only the final form of solution will be given

here. The solution can be written as follows:

- 4 (m)
(n) ) 1 .
v (8,1 = D’r+Dg 2+ Y Y e DS cos (2i6)

Y
=lj=1 2.4.1)
(n) &y () A
w(0,r) =Y Y& D; r sin(2i6)

i=1j=1

where A, are defined in Eq. (2.3.10) and Eq. (2.3.11), and
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Figure 3. The determination of boundary condition
from congruency and symmetry of repeating cells
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. (1) [ ~(n) (n) | ~(n) (n)

¥ ; 2.4.2)
P+ (x,.‘j’") cP-ai’c

D,.(j") are constants, which are the unknown coefficients to be determined as follows, as
in the symmetric loading case. In order for the solution to be bounded at » = 0, some of

D,-(j") are set to zero:

(n (1)

(1)
Dy, =D; =Dy =0

The rest of coefficients are determined by the continuity condition Eq. (2.3.12) at each
interface and the boundary conditions at the boundary of the repeating cell. In this case,

the boundary conditions at the edge AB are:

() p+ () o = 3sdy

1
(u3) p+ (3) po = 373d, (2.4.3)
(6, = (S,) .

(To) p = (T,) pr

where points P and P” are defined in Eq. (2.3.14), and },, is the applied shearing stain in

the X,-X; plane.

2.5 Solutions for Longitudinal Shear Loading

The deformation under longitudinal shear loading is governed by the first of Egs.
(2.2.8). In this case, the solution is divided into one for applied loading in the X - X,

plane and one for applied loading in the X, - X, plane.



27
The solution for longitudinal shear loading in the X, - X; plane (Y,; = 7;3, Y12 = 0)

is:

- x(ll) A.(.)
™0, = Y (F,f{"r Y )sin (k8) @2.5.1)
k=1

where J\.,E;') = k,/Cég)/Cs(;), A.,f;) = —k,/Cég)/Cs(;) , and Fk") Féz) are constants. To
eliminate the singular contribution, the following coefficient are set to zero:

FJ) =0
The rest of coefficient F, ,f;' ) and Fg ) are determined by the similar procedure like previ-

ous cases. The continuity conditions are at each interface are:

u®@®,r) =u"(0,r)

- (ne 1) (2.5.2)
T, (6,r) =1, ,r,)
The boundary condition at the boundary AB are:
(ug) + (“2) = ?ISd
d F ’ 2.5.3)

(11,)1, = (t“)}y

where ¥,, is the applied shearing strain in the X;-X; plane, and 1 indicates X, direction.
The solution for longitudinal shear loading in the X, - X, plane (y,, = 'y:z, Y3 = 0)

1s:

™, =Y (G"" AR )cos (k0) 2.5.4)
k=1
where k,f;'), k(") are the same ones as given above, and G,f;') , G,f;) are constants. To

eliminate the singular contribution, the following coefficient are set to zero:
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ol - 0
The rest of coefficient G,E ;') and G,g ) are determined by the similar procedure like previ-

ous cases. The continuity conditions are at each interface are:

u™0,r) =u""V(0,r,)

(n) (n+1) 2.5.5)
T, (8,r) =1, “(8,r)
The boundary condition at the boundary AB are:
(up) p+ (4p) pu = ¥10d
¥po e T 2.5.6)

(T p = (1) e

where ¥,, is the applied shearing strain in the X,-X, plane, and 1 indicates X, direction.

2.6 Computation of Effective Composite Properties

For the composite material with a hexagonal array of the fibers, the composite consti-

tutive relations in material coordinates are:

o, ChhCaChyl | &1-9,-V,
O, [ = [Ci2 Coa Ci5| ] E2-0,-V,
O, Ci2 Cp3 Cpp| L £5-0,-V,
Cp-Cy
T3 = =5 T3 T3= Css¥ip 1= CssTia (2.6.1)

The effective composite properties are calculated by applying a single unit strain in one
direction, setting all other strains and hygrothermal loads to zero, and calculating the

resulting average stresses. For example, if €, = 1 and all other strains are zero, then:
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C“ = Bl’ C12 = 62 (2.6.2)

Likewise the other effective composite properties can be determined in this way. The aver-

age stresses are calculated as follows:

X
dylo A2 2.63)
3, = %2 " 09 (0.1 dr
T, = diz T (0,r)dr
where
=g Sn(®
PO) = dgo gy © = Aan (3) (2.6.4)

If the C,.j are obtained at a certain temperature and moisture level, the coefficients of ther-
mal expansion and moisture expansion can be calculated by considering only constant
thermal expansion or constant moisture expansion over their ranges (with all other strains
zero). The procedures are very similar to that of getting C,.J. . Then the coefficients of ther-

mal expansion are obtained by setting AT = 1 with all other strains set to zero:

{a} = -[C]7" {3} (2.6.5)

The coefficient of moisture expansion are obtained by setting AM = 1 with all other

strains set to zero:
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{M} = -[C) (B} (2.6.6)

where AM is a small change in moisture content.



CHAPTER III
MICROMECHANICAL FAILURE THEORY

3.1 Introduction

The failure theory developed here utilizes the micromechanical elasticity solution
obtained in the previous chapter, and the well-known failure criteria for isotropic as well
as orthotropic materials to predict the failure in a given constituent.

In this chapter, a brief illustration will be given of a simple example of micromechan-
ics based failure predictions. Detailed explanations will be given concerning the concept
of the micromechanical failure theory and how the micromechanical elasticity solution
and failure criteria are utilized here. Finally, the procedure for curve fitting of failure enve-
lopes obtained by the micromechanical failure theory to polynomial type failure envelopes

will be discussed.

3.2 An Example of Micromechanical Failure

Consider the following example where a compressive force is acting on composite
material through a rigid body as shown in Figure 4. The composite material is composed
of material A with cross sectional area S, and material B with cross sectional area Sg. The
total cross sectional area and length are S, and L, respectively. The Young’s modulus of

composite, material A and material B are E,, E, and Ep respectively. From the equilibrium

31
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Material A

e oad P = GA,

Rigid Body
T Material B

Base
PA q

Figure 4. The illustration of a simple composite body subjected
to compressive force and the free body diagram




33

of horizontal forces, we can get:
2P,+Pg =P 3.2.1)

The strain and displacement of each constituent are:

for constituent A, £, = 2= L =L
A= T TE, T E,s,
5, = A (3.2.2)
4 ES, o
S o P
for constituent B, €p = B__B8__8B

8p = — (3.23)

Since material A and B are compressed through a rigid body, it can be assumed that the

displacements are same. Therefore, by equating Eq. (3.2.2) and Eq. (3.2.3):

8, =8,=3
E,S

P =-AAp (3.2.4)

A EBSB B

The substitution of Eq. (3.2.4) into Eq. (3.2.1) leads to:

EpSp

Ps = 3E5, + E,5,

P (3.2.5)
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Substituting of Eq. (3.2.5) into Eq. , P, is obtained:

E,S,

Then, the stress state of each constituent and the combined material, respectively, when

only the compressive load P is acting is obtained as follows:

I~

°o=F 3.2.7)
P E,P
A A
Op= 2=t —— (3.2.8)
AT S, 2ES,+EgS,
P EgP
Op = = = g (3.2.9)

Sy 2E,S,+EgS,

If the applied load is increased, the stress in constituent A and/or constituent B will even-
tually reach its ultimate value. Failure of the composite may be defined as failure of either

constituent A or B. The stress in the composite at that time is:

" = % (3.2.10)
and we have either
P E,P*
u A A
0, = — = ———————o (3.2.11)

or
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u u
ot Fr_ __EsF (3.2.12)
B =5, = 2E,S,+E,S,

where c:‘, P, c:, P:, 0';, and P; are the stresses and loads in the composite material
and its constituents, respectively, when the failure occurs. In this case, the stress in each
constituent can be calculated, and a proper failure criterion for each constituent has to be
chosen to predict failure. Here, it can be observed that the (average) stress state of the
composite material is different from that of each constituent from Eq. (3.2.10), Eq.
(3.2.10) and Eq. (3.2.12), when the failure occurs in some constituent.

In order adopt this concept to failure of fiber reinforced composite materials, we need
to 1) set up an appropriate RVE (Representative Volume Element), 2) perform stress anal-
ysis in RVE for a given set of external loads, and 3) choose the proper failure criterion for
each constituent to predict the onset of failure. Steps 1 and 2 were discussed in the previ-

ous chapter. Below, some common failure criteria are discussed.

3.3 Failure Criteria

Failure criteria can be roughly divided into those for isotropic materials and those for
orthotropic materials. Failure criteria play a very important role in the micromechanical
failure theory, because failure criteria predict whether or not failure occurs at the selected
points in the R.V.E. Thus, the several failure criteria useful for prediction of the failure in

fiber, matrix and fiber/matrix interface will be described briefly.

3.3.1 Failure Criteria for Isotropic Material
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Maximum Principal Stress Theory, or Rankine Theory
The maximum principal stress criterion assumes that failure occurs when one of the prin-
cipal stresses is equal to or greater than the value of the uniaxial yield stress in tension,
G:, or is equal to or less than the value of the uniaxial yield stress in compression, of.
This criterion asserts that yielding will occur when any one of the following conditions is
reached:

. T T T
In tension, 0,20, or 0,20, or 6,20,

. o c C
In compression, o©,20,, or 6,20, or 0320,

This theory assumes that only the maximum principal stress causes failure, and the contri-

bution of stress interaction is disregarded [39].

Maximum Principal Strain Theory, or Saint-Venant Theory

The maximum principal strain criterion assumes that failure occurs when one of the prin-
cipal strains is equal to or greater than the value of the uniaxial yield strain in tension, €,

or is equal to or less than the value of the uniaxial yield strain in compression, ef. The

ef and ef are related to the ultimate stresses by:

where E is the elastic modulus of the material. This criterion asserts that yielding will

occur when any one of the following conditions is reached:

T

. T T
In tension, €, 2¢, or g,2¢, or €,2¢,

. c c c
In compression, €, 2¢,, or g,2¢,, or €,2€,
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In this theory, the role of the interaction of the principal stress is accounted for failure

[39].

Maximum Shear Stress Criterion, or Tresca Criterion

The maximum shear stress criterion (sometimes called the Coulomb theory) assumes that
failure occurs when the maximum shear stress is equal to or greater than the value of the

. = %cu, which is occurring under uniaxial tension. The maxi-

maximum shear stress, T
mum shear stress is equal to half of the difference between the maximum and minimum
principal stresses. This criterion asserts that failure will occur when any one of the follow-

ing conditions is reached:

Icl —02I =0,

]
Q

|°2 - C’3| u

|c3-ol| =0

In this theory, some interaction of the principal stresses is included, but this theory is not

applicable for the material whose tensile and compressive strengths are different [39].

Distortion Energy Criteria, or the Von Mises Criterion
The distortion energy theory assumes that failure begins when the distortion energy is
equal to or greater than the distortion energy at failure in uniaxial tension. This criterion
asserts that yielding will occur when the following condition is reached:

%[(0‘1-62)2+ (02—03)2+ (03—01)2] = 0,2‘

The distortional energy criterion accounts for interaction of the principal stresses [39].
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3.3.2 Failure Criteria for Orthotropic Material

Independent Maximum Stress Criterion
The independent maximum stress criterion assumes that failure will occur when any of the
stress components referred to the principal material axes is equal to or greater than its cor-
responding allowable strength in that direction. Thus, this criterion asserts that failure

would occur when any one of the following conditions is reached:

On = X{, Oy = XIC
G = X; —O0pn = ch
033 = X; —O33 = X:f
Gy = Xy Gy = X3 G, = Xy

where o;; are the stress components referred to the material axes, and X,T , X,-C and X;are
the tensile, compressive and shear strengths, respectively, of the material in its i" princi-

pal direction. This theory does not account for stress interaction [40].

Independent Maximum Strain Criterion
The independent maximum strain criterion assumes that failure will occur when any of the
strain components referred to the principal material axes is equal to or greater than its cor-
responding allowable strain in that direction. Thus, this criterion asserts that failure would

occur when any one of the following condition is reached:

T _c
€1 = €p €1 =€
T c

[}
3]
(%)

€y = €y €5
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T _
€33 = €3, —€33 = €,

€3 = €33 €31 = €3 €2 T €13

. . T C
where g, are the strain components referred to the material axes, and e; , e;” and e i are
. . . T I
the tensile, compressive and shear strengths, respectively, of the material in its i~ princi-
pal direction. This theory accounts for the stress interaction but disregards any strain inter-

action [40].

3.4 Micromechanical Failure Theory

Failure criteria for composite materials have been developed on the basis of the afore-
mentioned micromechanics elasticity solution and failure criteria for isotropic and ortho-
tropic materials. They can be cast in several forms in either stress- or strain- space, and
require only stiffness properties and uniaxial strength data of each constituent

The failure of composite materials is predicted when stress or strain states of a point
in any of the constituents (e.g., fiber, matrix and interface) exceed a critical level as pre-
dicted by a properly chosen failure criterion for each constituent. When a lamina (compos-
ite) load gives rise to a micromechanical stress state that causes failure in some
constituent, then that load state is assumed to lie on the failure envelope for the composite
material. When a failure criterion for each constituent is chosen, the mechanical properties
of each constituent and the failure characteristics of each constituent in the composite
material should be taken into account. Since the primary emphasis here was on polymer
matrix composite materials, the details to be discussed are most suitable for these material

systems.
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Fiber

Fibers in composite materials are used as a reinforcing agent. In polymer matrix com-
posite materials, the longitudinal Young’s modulus of the fibers is often 10 times greater
than that of the matrix [4]. If a unidirectional lamina is subjected to a tensile or a compres-
sive longitudinal load, the failure of the lamina is usually a result of the fracture of fiber in
tension or fiber buckling/kinking in compression, and the failure modes and the failure
stresses for each case are quite different. When a tensile longitudinal load is acting on a
lamina, the axial strain of each constituent in the lamina is the same, since it was assumed

that fibers are perfectly bonded to the matrix through fiber/matrix interface:
g =¢"=¢ (3.4.1)

where e’

X e:" and £il are the longitudinal strains of fibers, matrix and lamina, respec-
tively. However, generally, the fibers have a lower ultimate strain than matrix, and lamina
fracture occurs at the fiber ultimate strain [41]. When a lamina is subjected to a compres-
sive longitudinal load, the failure of a lamina is often caused by buckling or kinking of
fibers in out-of phase mode or in-phase [42]. But, according to Hashin [22], the depen-
dence of both fiber failure modes on the axial shear stresses is not identified clearly.
Hence, it is concluded that axial tensile and compressive strains of fiber dominate the
composite longitudinal strength. Thus, the maximum strain criterion was chosen as the
fiber failure criterion in this research. Failure modes such as fiber buckling/kinking are
assumed to initiate at some critical level of axial strain, and so are accounted for in indi-

rectly. In addition, it is assumed that the fiber never fails due to transverse and shear

strains (€,, &,, Y, V31 and v,,), therefore, the much bigger values than that of
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longitudinal strength are assigned to transverse and shear strength components.

Fiber/matrix interface

Generally, the fiber/matrix interface is a vanishingly thin region in the composite
between the fiber and matrix, and is formed during the composite manufacturing process.
It transfers the load between the fiber and matrix in composites, so that it affects the
mechanical response of composite materials.

If the interface region has a small but finite thickness, it is often referred to as an inter-
phase. The interphase may have distinct elastic properties, and it was shown in references
[43, 44] that the elastic moduli and the thickness of the interphase have an influence on the
effective elastic properties. But the elastic moduli and the thickness are often not available
for many composite systems. Thus, in the current study, an interphase region was not con-
sidered, though the model is sufficiently general to have considered one.

Furthermore, its normal and shearing strengths are difficult to measure experimentally.
So, in the current research, the normal and shearing strengths were determined using the
following procedure [45]. With all other applied loads being zero, the lamina ultimate
transverse strength was applied to the micromechanical model. Then, normal and shearing
stresses were computed in the matrix at the fiber/matrix interface region, and principal
stresses were computed elsewhere in the matrix. If the maximum principal stress in the
matrix due to the load was less than the tensile strength of the matrix material in the bulk
state, then it was assumed that failure occurred at the fiber/matrix interface and the maxi-
mum normal stress at the fiber/matrix interface region represents the normal strength of
interface. Otherwise, it was assumed that failure occurred in the matrix, and the normal

strength of interface is equal to or greater than the computed maximum normal stress at
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the interface. The shear strength of interface was calculated in a similar way by applying
the lamina ultimate inplane shearing stress. It was assumed that interface was perfectly
bonded to both fiber and matrix, and failed due to tensile transverse normal stress or shear
stresses (G ,4, ©,,). Hence independent maximum stress criterion was applied to predict

the failure in the interface. [28, 32]

Matrix:

When a lamina is subjected to a longitudinal load, the matrix plays the role of both
protecting the fibers and distributing load between and among the fibers. However, when a
transverse tensile load is applied to the lamina, the fibers do not serve as a load-carrying
constituent in the lamina, but act as solid inclusions in matrix. Due to the existence of
solid inclusions in the matrix, the local stresses and strains in the matrix are higher than
the applied stress [4]. In addition, even though the region with maximum stress in the
composites is often located in some other phase, failure generally occurs in the matrix
first. Furthermore, a uniaxial load acting on a composite material in any direction can
cause a three dimensional stress state in the matrix, which causes the stress components to
interact. So, it is assumed that the transverse and shear strength of composite material is
dominated by the strength of the matrix. The suitability of a matrix failure criterion
depends on the properties of the matrix - ductile, brittle, etc. In this work, the following
criteria are considered: maximum principal stress, maximum principal strain, Von-Mises
and Tresca criterion, wherein the Tresca failure criterion is applicable to matrices of which
the tensile strength and the compressive strength are the same.

The stress evaluation points are carefully selected as shown Figure 5 in order not to

miss the locations of high stress. The stress evaluation points at the interface region and
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near the interface region in the matrix should be densely distributed, because not only do
the highest stresses often exist in that region, but also the stress gradient in that region is
very large. In the current research, 249 points in the RVE were chosen at which to evaluate
the stresses as shown in Figure 5. The interface is treated as a finite region, but is so thin
that the stress evaluation points in that region appear to overlap with those in the other

regions.

Lamina Strength Components

The uniaxial normal strengths of a lamina are determined if a uniaxial lamina load act-
ing along a principal material of a lamina creates a micromechanical stress state that
causes some constituent to fail, and the lamina load is assumed to be the unidirectional
strength of the lamina in that direction. Constituent failure due to the micromechanical
stress state caused by a lamina load is predicted by the failure criterion chosen for the con-
stituent. The shear strengths of a lamina are obtained in the same way as the longitudinal
normal strength are found.

But more attention and insight should be paid to determine the transverse normal
strength and the longitudinal shear strength. In reality, the arrangement of fibers in contin-
uous fiber-reinforced composite materials is random, therefore these materials can be
regarded to be transversely isotropic in both stiffness and strength. The assumption of hex-
agonal packing of fibers, as used in the current elasticity solution, gives a rise to transverse
isotropy of elastic moduli, but not strength. Thus, the transverse normal load and the lon-
gitudinal shear load causing failure of some constituent should be applied and averaged
over a range of loading directions from 0 degrees loading direction to 360 degrees (or 0

degrees to 30 degrees due to symmetry) to obtain the transverse normal and the
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longitudinal shear strength of the lamina. To perform these processes, a uniaxial stress
load acting on the model at a certain angle should be transformed to the reference axes by
using the stress transformation law.

When a stress load is acting on the lamina at a certain angle as shown in Figure 6, by
stress transformation laws, the stress tensor 8 in the Cartesian coordinate PX,X,X;, of
which components are 8, i,j=1,2,...,6,can be expressed in terms of the stress tensor
O in the Cartesian coordinate PX, X, X, , which has O i,j=1,2,...,6 as components,

as follows [47]:

c=AT84 (3.4.2)

where A is a proper transformation matrix, and AT is the transpose matrix of A. The A

T . .
and A" matrices are written as:

1 0 0
A=[a)] = |0 cos(-8) sin(-8) (3.43)
0 —sin (-0) cos (-0)

r |1 O 0
AT = [a,-£| = |0 cos (—8) -sin (-0) (3.4.4)
0 sin (-0) cos (-0)

The tensors O, 8 are:

G11 O12 O3 8, 812 8y

%31 9 9x 831 82 853
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X, X,
(b)

Figure 6. (a) The RVE subjected to an off-axis load
(b) The reference axes and the rotated axes
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Substituting Eq. (3.4.3), Eq. (3.4.4) and Eq. (3.4.5) into Eq. (3.4.2), stress tensor O in the
Cartesian coordinate PX IXZX 3 is transformed into the stress tensor G in the Cartesian

coordinate PX1X2X3 as follows:

1 0 0 SB[t o 0
= |0 cos (-8) —sin (-0)| |82 B B3| |0 cos (-6) sin (-6)
|0 sin (-6) cos (-0) B8;, 8, O3, 0 —sin (-68) cos (-0)

C,, = 8,,¢086 + T, sin6

03, = —0,,sin0 + 8, cosB

0,, = 8,,c0s 0%+ 28,,5inBc0s0 + B, sin®° (3.4.6)
C,3 = —8,,c0s0sin0 + 623( cos®’ - sinez) + 8,,C0s0sin6

Oy = O‘nsin()2 -28,,c0s05in6 + T, cos0’

Eq. (3.4.6) gives us the relationships between the stresses in reference axes and those in
certain rotated axes. Therefore, an off-axis stress load can be transformed into the refer-
ence axes (the Cartesian coordinate PX,X,X, shown in Figure 6) by using Eq. (3.4.6).
The transformed stresses are taken as a stress load acting on the model, and cause a micro-
mechanical stress state in each constituent. If the failure of some constituent is predicted
by the failure criterion chosen for that constituent, then the stress load is taken as the
strength of lamina at that angle, and all the lamina loads at each angle from 0 degrees to
360 degrees are obtained. The lamina transverse normal and longitudinal shear strengths

are obtained by averaging the obtained lamina loads from O degrees to 360 degrees.

Failure Envelopes
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The failure envelopes in X - X, plane, i.e., when the biaxial loads in X, and X, direc-
tions are acting together, are obtained in the following way. First, the longitudinal lamina
load is fixed at some value which is less than or equal to the longitudinal normal strength
of the lamina, then the transverse lamina load giving rise to failure in some constituent is
sought and averaged from O degrees to 360 degrees. Accordingly, the lamina fails at the
biaxial load, and the longitudinal and transverse normal loads are assumed to lie on the
failure envelope. Then, the longitudinal lamina load is incremented, and the transverse
normal lamina load that causes failure is again obtained. After the above processes are
repeated over the range from the tensile longitudinal strength to compressive longitudinal
strength of the lamina, the failure envelope for biaxial loading in stress space is obtained.
The failure envelope in strain space can be obtained by converting the stress states in fail-

ure envelope to strain states by means of the constitutive law for an orthotropic body [48]:

1 Vi2 Vi3
£, = —0,, - —0,,— —0.
11 El 11 El 22 El 33
1 Vi2 Va3
€2 = £%2~F Su~E %
2 1 2
(3.4.7)
1 Vis Vs
€12 = =Cpa— =0, —=—0
33 33 1 2
E, E, E,
2¢e -———lo 2e -—lo 2¢e --——-lo
23 = 230 ‘€3 = 13 “€12 = 12
Gy G G,

where g;; is Cauchy stress tensor, €;; is infinitesimal strain tensor, and E; and G;; are
Young’s moduli and shear moduli, respectively. When converting a failure envelope from
stress space to strain space, it should be noted that a biaxial stress state creates a tri - axial

strain state due to Poisson’s effect. This phenomenon can be easily verified from Eq.

(3.4.7).
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If we expand the concept for obtaining the failure envelope for biaxial loading, we can
get the failure envelope when the longitudinal normal, transverse normal and inplane
shear loads are acting on the lamina at the same time. In this case, the maximum loads in
longitudinal and transverse directions should be obtained first. Then, similar to the biaxial
case, the longitudinal shear load is applied, with the longitudinal normal load fixed at
some value equal to or less than the maximum load in the longitudinal direction. Then the
transverse load causing failure in some constituent is averaged from O degrees to 360
degrees. Thus the transverse load is determined by averaging the obtained transverse loads
from O degrees to 360 degrees as before. The longitudinal normal and shear loads, and the

averaged transverse load are assumed to be on the 3 dimensional failure surface.

3.5 Curve Fitting of Failure Envelopes

The failure envelope obtained by the micromechanical failure theory for biaxial lam-
ina loading can be fit to a polynomial type failure theory by using the predicted unidirec-
tional strengths and nonlinear regression. Among the polynomial type failure criteria for
orthotropic materials, Tsai - Wu’s failure criterion is widely used, and includes interaction
among the stress components analogous to the Von - Mises criterion for isotropic materi-

als [21]. The general form of Tsai - Wu’s failure criterion is [12]:

Fo,+F00,=1  ij=12,.,6 (3.5.1)

where summation on the repeated subscripts is implied, ; are the components of the
Cauchy stress tensor and F;, F,.j are strength parameters. If we expand the Eq. (3.5.1),

then we have:
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F.0,+F,0,+F,6,+F,6,+Fs65+F,c, + Fucf + Fzz"; (3.5.2)

+ F33c§ + F“o: + Fsscg + F660'§ +2F,,0,06,+2F;0,0,4
+2F,,06,0,+2F 46,05 +2F,,0,6,2F,;0,06,+2F,,06,0,

+2F 56,05+ 2F 0,0, + 2F;,0,6, + 2F;,0,05 + 2F ;6,0
+2F 50,05+ 2F,,0,0,+2F 0650, = 1

In the above equation, the linear stress terms provide for strength difference and sign
reversal of normal stresses in tension and compression, respectively, which is extremely
important for a lamina. But the sign reversal is unsubstantial for the shear stresses,
because the strength of a lamina should not be affected by the direction or the sign of the
shear stress components. So the terms pertaining to the first order shear stresses must van-
ish. The relevant terms are:
F 0, Fs05, FO4, 2F,,6,0,,2F 46,05, 2F 6,64, 2F,,0,0,, 2F,;6,0,
2F,46,0¢, 2F,,06,0,, 2F;,50,05, 2F,,06,0, 2F ;0,0, 2F (0,0, 2F 5,050,

Since the stress components are in general not zero, the only way to make the relevant

terms vanish is to set the strength parameters zero:

Fy=Fs=Fg=F,=F5=Fgq=Fy=Fy

(3.5.3)
= Fyg=Fy = Fyg=Fys=Fys=Fyg=Fsg=0
Now the Eq. (3.5.2) can be rewritten as:
2 2 2 2
Fo, + Fz"z +F,0, + F“ol + I:'zzcs'2 + F33c3 +F, 0, (3.5.4)

2 2
+ Fgs05+ Fe0¢ + 2F,6,0, + 2F ;6,05 + 2F,;,6,0, = 1



1 1 1 1 1 1
F. = —_—— F. = —_— F. = — _ —
1 T c’ 2 Cc’ 3 T C’
X, X Xg X, X, X5
1 1 1
F,,=——, F,, = , Fy = ’ 3.5.5
11 X{Xf 22 ngf 33 7 Xf ( )
1 1 1
F44=_’ F55=—, F66=—

The other strength parameters will be discussed later.
For the case of biaxial stress state, (i, j = 1, 2), the only non - zero stress components

are 6, and ¢,. Consequently, the Eq. (3.5.4) is simplified to:
2
F,0,+F,0,+ Fucf +F,0,+2F,6,0, = 1 (3.5.6)

The non - zero strength parameters F; and F;; can be determined in terms of strength
measured by simple tension or compression or shear tests. The non - zero strength param-
eters of F i (i#j) ie, F,,, F); and F;, give an account of the interaction between the
two normal stress components. For example, among the interaction terms, F,, can be

obtained from Eq. (3.5.6):

Foo=31-|Lr+Llr+Jp + 2 357
2=3)'" | Mg et futg fa 3.5.7)
2 1 2 1
The Eq. (3.5.7) shows us that F,j are functions of the ratio of ©; to o;. The only way that
the interaction parameter can be evaluated experimentally is to perform the biaxial tests
with every possible ratio of o, to ;. However, this experimental task is unhappily not as
easy and simple as the uniaxial test or shear test. In addition, even if F,; are very small,

they play an important role in the failure criterion in that small changes in F,.j can signifi-
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cantly affect the predicted strength and its failure envelope. In Figure 7, the influence of
F,, among the interaction terms is shown. To ensure that the failure envelope is closed and

finite, Tsai and Wu suggest [12]:

F, = == (3.5.8)
F,F i
where -1 SF‘.J.*S 1.
Tsai and Hahn suggest [19]:
F.* =-0.5 3.59)

Uj

to make the failure envelope similar to that of Von Mises failure criterion.

In this study, the problematical interaction strength parameters, F,;, are obtained by
making the failure envelope obtained by micromechanical failure theory fit to the polyno-
mial type failure theory by means of the nonlinear regression method[15, 49]. For exam-

ple, the interaction strength parameter F,, is obtained as follows.

Let the left hand side of Eq. (3.5.6) be Y; and the right hand side of Eq. (3.5.6) be y; :

2 2
Y; = F0);+ Fy0y; + F,0);+ F50,+ 2F1,0,,0, (3.5.10)

Y,':l

F,, which is the regression coefficient in this nonlinear regression procedure can be cal-

culated by minimizing a deviation function S defined as follows:

N
s=3 (¥-y)° (3.5.11)

i=1
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Figure 7. The variation of failure Envelopes due to change
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2
(Flo“ +F,0,,+ F| 00+ Fp00;,+ 2F,0,,0,, - | ) (3.5.12)

n
M=

i=1

where N is the number of data points. Using the method of calculus, we can minimize the

function given by Eq. (3.5.11) as shown below:

as (3.5.13)
o - 0
12

Substituting Eq. (3.5.11) into Eq. (3.5.13) gives:

—_S 2
a 2 aF (F C1i +F 202 +F1161t+F22°21 +2F1201,62, l) =0 (35.14)

If we take the partial derivative of Eq. (3.5.14), we have:

N
2 2
=Y {401,.02,.(1?,0, i+ Fy0,,+F 167, + Fy05,— 1) (3.5.15)

"‘8F12(°1i°zi)2} =0

If we solve for the regression coefficient, F,, from Eq. (3.5.15), then we obtain the coeffi-

cient as follows:

(3.5.16)

=~

where

N

N N N N

2 2 3 3

X = Z G102 — 2 F\61,0y;— Y, F,06,,05;- Z F,61i05i— Z Fp0,0,,
i=1 i=1 i=1 i=1 i=1

Y=2 Z 011021

i=1
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Hence, the problematical interaction terms are determined without the need for any biaxial
experiments.

With the determined strength parameters and the uniaxial strengths of lamina, it is pos-
sible to plot the polynomial type failure envelope in two ways, when a biaxial stress state
is applied to the lamina. One of the approaches is to find a set of o, and o, to satisfy Eq.
(3.5.6) by trial and error method. That is, 6, (say) is fixed at some value first which is
equal to or less than the ultimate strength in X, or X direction, and then o, is sought to
satisfy the Eq. (3.5.6) by varying it from its uniaxial tensile strength to its compressive
strength. By repeating the above process, the set of points on the failure envelope is calcu-
lated.

The other method is to obtain an equation for 6, or ¢, from Eq. (3.5.6) by means of
the discriminant formula for a quadratic equation. Rearranging Eq. (3.5.6) with regard to

O, in the descending order gives:
2 2
Fp,0,+ (F,+2F,6,)0,+F,6,+F,0,-1=0 (3.5.17)

Solving Eq. (3.5.17) for o, gives:

X

2 2
— (Fy+2F,0)) + J(F, +2F ,0,) >~ 4F,,| F,o} + Fi0,- 1)
G, = =% (3.5.18)
22

2 2
o, = 5 (3.5.19)
22

Ata value of 0, , Eq. (3.5.18) represents points in one half of the failure envelope, and Eq.

(3.5.19) represents points in the other half of the failure envelope. Therefore, a set of o,



56
and o, on the failure envelope, which satisfy Eq. (3.5.6), is obtained by varying ¢, from

the tensile strength to the compressive strength of the lamina.



CHAPTER IV
INDEPENDENT MODE FAILURE CRITERIA

4.1 Introduction

A lot of researches have been carried out to predict the failure envelope more realisti-
cally, on the assumption that the failure envelope is a piecewise smooth curve, since the
mechanical behavior of composite material is anisotropic. Some researchers established
separate failure criteria in each quadrant of stress space by defining a different functions,
in order to obtain piecewise smooth curve [23, 16]. In this chapter, it will be discussed
how to obtain a more realistic and applicable failure criterion by considering the failure

mode of each constituent [22].

4.2 The Concept of Independent Mode Failure Criteria

The stress distribution in each constituent is affected by the magnitude of applied load
and/or the ratio of the applied loads in each direction. The change in the magnitude of
applied loads causing failure in some constituent leads to changing only the magnitude of
all the existing stress components at the same rate, but does not affect the relative magni-
tude of all the existing stress components. Thus it makes a contribution to the first occur-
rence of failure in the same constituent. But the change in the ratio of applied loads

causing failure changes the distribution of stress components in the constituents, and may
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induce a change in the failure mode. This fact implies that the failure mode of all the
points on the failure envelopes are not the same. In other words, the failure envelope of a
composite material is represented by the intersected area of the failure envelopes of each
constituent. Moreover, it would be unreasonable that the entire failure envelope can be
represented by a single equation, which gives a mathematically smooth curve, since each
failure mode is entirely different. Thus, it is very useful to establish a separate failure cri-
terion for each constituent in terms of lamina loads by supposing that failure takes place in
only the constituent under consideration, rather than using a single equation for entire fail-

ure envelope.

4.3 Independent Mode Failure Criteria

The failure envelope of each constituent in a given composite material system can be
written as function of macro (lamina) load. This function is obtained via the microme-
chanical model by allowing failure to occur in only the constituent under consideration.
All other constituents are assigned strength values that are orders of magnitude larger than
the actual strength to ensure that failure will not be predicted to occur in these constitu-
ents. Then the failure envelopes are predicted in terms of lamina loads, using the micro-
mechanical failure theory. By repeating this process for each constituent, the failure
envelope of each constituent can be calculated as a function of the macro (composite)
stress state. The inner intersected area of the failure envelopes is regarded as the failure
envelope for the lamina.

Since both the failure load and the mode of failure are predicted in the current scheme,

it is possible to cast the failure model in a simple mathematical form with separate criteria
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for each mode of failure. For example, if a polynomial form is desired, the criteria can be
written as follows:

For fiber:
4 11
Flo,+ Floi0; = 1 4.3.1)

If the lamina loading is biaxial, Eq. (4.3.1) is expanded to:

2 2
F‘:c', + l’fzal2 + Fz l(cll) + an( c‘z) + Zl?qzcllclz =1 (4.3.2)
For matrix:
Fl'o,+ Fjo0 (4.3.3)

If the lamina load is biaxial, Eq. (4.3.3) is expanded to:

2 2
Fo, +F’2"c’2+1=’,",(c’,) +ﬁ2"2(o’2) +2F}0i0; = 1 4.3.4)
For fiber/matrix interface:
n n Il 1
F{'o;+ F, 00, = 4.3.5)

If the lamina load is biaxial, Eq. (4.3.5) is expanded to:
F's\ +Fyo +F'l"l(cl) +F’"(02) +2FN6 6, = 1 4.3.6)

where the superscripts m, f, in and [ refer to matrix, fiber, interface and lamina, respec-

tively, Ff and Fk are the strength parameters in terms of the lamina load as shown in Eq.



60
(3.5.5), and ci represents the components of stress in the lamina. The strength parameters
of each constituent in Eqgs. (4.3.1 - 4.3.6) should be computed as functions of the lamina
loads using the micromechanical failure theory. Then, the strength parameters (i.e.,
F, and F;) can be calculated as in Eq. (3.5.5).
Alternatively, other mathematical forms of the failure criterion may be used. For
example, an appropriate form for fiber failure may be:

in tension:

L = 4.3.7)

in compression:

—-(’I’LH

]
(S

(4.3.8)

m
——~

Once the shape of the failure envelope for each constituent is known, an appropriate

mathematical expression to describe each surface can be chosen.



CHAPTER V
THE INDEPEDENT MODE FAILURE CRITERION
BASED ON “IN-SITU” CONSTITUENT STRENGTH

5.1 Introduction

The accuracy of the micromechanical failure theory depends largely on the degree of
error in the material properties of each constituent in the composite system. The geometry,
stiffness and strength of each constituent in a composite system are inherently randomly
varied during the manufacturing processes of a composite system, and are usually differ-
ent from those of each constituent in bulk state [31]. For this reason, the use of bulk
mechanical properties in the micromechanical failure theory may lead to poor failure pre-
dictions in composite systems. Especially, the mechanical properties of polymers which
are commonly used as matrix are time - dependent, so that the mechanical properties of
polymers in a composite system are possibly different from its bulk mechanical properties.

For example, the creep function of an epoxy matrix is given by the four-parameter

model [52]:

_1 L( _ -M) t
J(1) = E0+El l1-¢ +l»lo (5.1.1)

where E, E;, A and |, are constants, and t is time. A plot of the creep function for 934

resin and the epoxy matrix used in glass/epoxy composites is shown in Figure 8. If the
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applied loading, o, is constant with time, the strain will be [53]:

3 L} L L J Ll L]
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Figure 8. The creep behavior of some materials used as matrix

120
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e(t) =oJ(p) (5.1.2)

This visco-elastic behavior of matrix leads to poor prediction of the transverse strength of
a lamina, since matrix failure dominates the transverse strength of a lamina.

Another obstacle to using micromechanical models is that some mechanical properties
of constituents are not commonly available. For example, the compression strength of a
matrix material, which is sometimes different from the tension strength, is often not
readily available. Hence, the current model includes the option to extract average “in-situ”
constituent strength properties using unidirectional composite strength data, so that it indi-
rectly accounts for the above variations as well as thermal residual stresses, voids, and

other processing effects.

5.2 The In-situ Constituent Strengths

To obtain the in-situ strength of each constituent, a failure mode must be assumed for
a given applied uniaxial loading state. For example, transverse lamina strength is often
dominated by matrix strength, while failures due to longitudinal loads usually occur in the

fiber. Thus, the processes to obtain the in-situ strength of each constituent are different.

Fiber Strength
Since the longitudinal tension and compression strengths of a composite material are
dominated by the tension and compression strengths of fiber, the longitudinal strength of a

composite material is applied as a load. The resulting maximum strain in the fiber at that
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load is taken as the ultimate strain of the fiber.

Matrix Strength

The transverse tensile and compressive strength of a composite are dominated by the
tensile and compressive strengths of the matrix or by the strengths of the interface.
According to Kominar and Wagner [50], the failure of unidirectional composites with very
stiff resins can take place without significant preliminary interfacial debonding but as the
result of matrix crack nucleation and growth. Moreover, Folias [51] found that if the deb-
onding at the interface does not occur, there exists a stress magnification factor in the
matrix which attains a maximum between the fibers. If a crack does initiate at the inter-
face, then it commonly propagates through the matrix to connect with cracks at other
interfaces, eventually leading to lamina failure. When a transverse load is applied to a uni-
directional lamina, it is difficult to distinguish between the load at initial failure and the
ultimate load, because the cracks often propagate so rapidly. Consequently, in the current
model, the transverse strength of the composite is applied as a load in the model at each
angle from O degrees to 360 degrees, and the maximum principal stress in the matrix is
determined for each angle, and averaged from O degrees to 360 degrees. The averaged
maximum principal stress is taken as the ultimate strength of the matrix. Note that this
value of matrix strength may also be related to the interface strength, depending upon the
mode of failure in the experimental tests employed for mechanical characterization of the

lamina.
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5.3 The Independent Mode Failure Model Using “In-Situ” Properties

The obtained in-situ strengths are used as constituent strengths in the failure criterion
for each constituent. In this independent mode failure criterion, the interface mode of fail-
ure is excluded, because the transverse strength of the composite was assumed to be dom-
inated by matrix strengths. In polynomial form, the failure criteria can be written as:

Fiber

Flo;+Fo0; = 1 (5.3.1)

where F,f and F,f, are obtained in terms of macro by substituting “in-situ” strengths of the
matrix into Eq. (3.5.5) and the interaction terms F{J are obtained by nonlinear regression
like Eq. (3.5.16).

Matrix

Flo,+Fo0; = 1 (5.32)

where F:" and F:': are obtained by substituting “in-situ” strengths of the matrix into Eq.
(3.5.5) and the interaction terms F:; are obtained by nonlinear regression like Eq.
(3.5.16).

This technique enables us to match the predicted and experimental unidirectional
strengths as well as to obtain more realistic failure envelope under multi-axial loading
conditions, because much of the inherent randomness and processing effects are effec-

tively accounted for.



CHAPTER VI
NUMERICALIMPLEMENTATION
AND DISCUSSION OF RESULTS

6.1 Numerical Algorithms

The numerical procedure used in this research consists of conversion of macro stress
loading to macro strain loading, micromechanical stress analysis, micromechanical failure
prediction, prediction of uniaxial strengths, and the failure envelope for multiaxial load-
ing, and curve fitting of the failure envelopes. The used algorithm is depicted in Figure 9
in detail and is described as follows:

1. Using the micromechanical elasticity solutions, compute the effective lamina material
properties and store the micromechanical stresses due to each of the six single components
of unit macro strain (lamina strain).

2. Convert 1 MPa of unidirectional lamina load to the corresponding lamina strain state
and apply the strain state to the micromechanical model. Compute stresses at the desired
points within each constituent (i.e., fiber, matrix, or interface) of the material system due
to the uniaxial lamina load.

3. Evaluate the chosen failure criterion at each point within each constituent of the mate-
rial, store the failure information, and determine the maximum failure index (v,,,,, ) for all
the points.

4. Check for failure (y,,, ). If the failure criterion is not Von - Mises criterion among
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1. « Compute the lamina effective moduli.

« Calculate and store micromechanical stresses and
strains due to unit macro strains.

Yes
2. « Convert lamina load(s) to

lamina strains.
* Apply the strains to the model.
» Compute stresses at the desired
points within each constituent.

!

3. « Evaluate the chosen failure

in-situ properties 7

7.  Apply the longitudinal or transverse
strength as a load.
* Check the maximum stress or strain

Mo . within the related const ituent.
criterion at each point.
 Determine the maximum failure
index (Wmayx) for all points.
¢ Increase or decrease
the lamina load.

No

4. » Check for failure:
0.99 2y ma< 1

Applied lamina load

Yes .é Failure Index

« Uniaxial Strength

y

5. « Fix longitudinal stress at some value less than the tensile strength.
* Choose 1 MPa as a transverse stress.

¢ Increase or decrease
transverse stress.

*The longitudinal and the transverse stress

are assumed to be on the failure envelope. * Fit the failure envelope to polynomial
1 - Repeat this process until the longitudinal [~ >|  type failure envelope or other form.
stress reaches the longitudinal strength. !

Figure 9. The flow chart
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the aforementioned failure criteria, the uniaxial strength is determined as:

Applied lamina load
Failure Index ©.1.1)

Uniaxial Strength =

If Von - Mises criterion is chosen as the failure criterion, the acting lamina load is
regarded as the uniaxial strength, when 1 -g<vy, . <1+¢, where € is a failure toler-
ance.Ify, <1-gory, >1+¢,increase or decrease the lamina load, and return to
step 2. Thus, the uniaxial lamina strength is determined in an iteration fashion.

S. On the basis of the uniaxial strengths of the lamina, calculate the biaxial strength as
follows. First, vary the longitudinal stress of the lamina from the value of tensile strength
to the compressive strength. Then find the transverse stress for the fixed longitudinal stress
that satisfies 1 -e<vy, , <1 +€,usingsteps2,3and4.If 1 —e<y,, , <1+¢, the lon-
gitudinal stress and the transverse stress are considered to be on the failure envelope.

6. Using a nonlinear regression procedure and the uniaxial strengths of the lamina, the
failure envelope is fit to a polynomial type failure envelope or some other mathematical
form.

7. To get the in-situ strengths of each constituent, perform step 1 first. Then apply the
longitudinal or transverse strengths as a load to the model, and check the maximum princi-
pal stress or maximum strain for the load among each related constituent.

The failure envelope and uniaxial strength of the lamina based on the in-situ strengths
of each constituent are obtained by inputting the in-situ strengths as the strength of each

constituent and performing steps 1 - 6 again.
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6.2 The Numerical Results and Discussion

The Verification of the Micromechanics Solution

In the simulation, the composite material T300/934 system was used, and the material
properties are listed in the Tables 1 - 3.

The solution for each loading case consists of a series summation, so that it is very
important to see how many terms are needed for the solution to converge. From Figure 10,
it can be observed that 9 terms are not sufficient for ¢, to converge. But, using 19 terms,
all stress components converge with acceptable errors. Here, the convergence of the solu-
tion is checked along line 2 in Figure 11 in terms of stresses, not displacements, because
the stress is of greatest interest. The stresses at or near the interface also converge within
about 19 terms.

The point matching technique or collocation was applied to obtain some constant
terms in the solution for each loading case, at some selected points along the diagonal
boundary AB of the RVE. Therefore, it needs to be assessed whether or not the behavior
of stress components along the diagonal boundary AB changes abruptly or becomes sin-
gular. Figure 12 shows that the predicted principal stresses on the diagonal boundary and
lines parallel to the diagonal boundary as shown Figure 11 are changing very smoothly as
expected.

The effective material properties are determined by Egs. (2.6.1) - (2.6.6), based on the
average stresses. The obtained effective material properties are compared with those pro-

posed by Chamis [2]. The formulae used by Chamis are:

E, = E V+E,(1-V) (6.2.1)



TABLE 1. Material properties of fiber used in calculation
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T300 AS4
E, (GPa) 233.000 235.0000
E, (GPa) 23.1000 14.0000
E; (GPa) 23.1000 14.0000
nuy; 0.4000 0.250
nu,; 0.2000 0.2000
nu;, 0.2000 0.2000
G,3 (GPa) 8.2700 5.5000
Gy3 (GPa) 8.9600 28.0000
G,; (GPa) 8.9600 28.0000
alphal (1/deg. °C) -5.4000E-07 -3.6000E-07
alpha2 (1/deg. °C) 1.0080E-05 1.8000E-05
alpha3 (1/deg. °C) 1.0080E-05 1.8000E-05
allow. axial strain (tension) 0.0118 0.0153
allow. axial strain (comp.) 0.0094 0.0145

T300, AS4: as used in [46]
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TABLE 2. Material properties of matrix used in calculation

E, (GPa) 4.6500 4.3000
E, (GPa) 4.6500 4.3000
E; (GPa) 4.6500 4.3000
nuy; 0.3630 0.3400
nu;, 0.3630 0.3400
nu;, 0.3630 0.3400
G,; (GPa) 1.7000 1.6000
G;3 (GPa) 1.7000 1.6000
G,; (GPa) 1.7000 1.6000
alphal (1/deg. °C) 0.414E-04 0.4000E-04
alpha2 (1/deg. °C) 0.414E-04 0.4000E-04
alpha3 (1/deg. °C) 0.414E-04 0.4000E-4
ult. tensile stress (MPa) 58.8000 83.0000
ult. comp. stress (MPa) 58.8000 207.0000

934, 3501-6: as used in [46])
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TABLE 3. Material properties of composites measured in experiment

E, (GPa)

AS4/3501-6

E, (GPa) 9.6500 10.6000
nu;, 0.3000 0.2700
G;; (GPa) 4.5500 7.6000
tens. long. strength (MPa) 1314.0000 2090.0000
comp. long. strength (MPa) 1220.0000 1440.0000
tens. trans. strength (MPa) 43.0000 64.0000
comp. trans. strength (MPa) 168.0000 228.0000
long. shear strength (Mpa) 48.0000 71.0000
fiber vol. fraction (%) 60.0 65.0

T300/934 [54]

AS4/3501-6 [56]
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Figure 10. The convergence of stresses according to the number of terms
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Figure 12. The Stress distribution near boundary
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E,=E En

2o - V,(1-E,/E,)

G,=G,, = -

2P V.(1-G, /Gy
Gm

GZS

1-V,(1-G,/Gy)
Vip=V3 = vme+vm(1 - Vf)

E
=22 _1

V5 <36,

where E, G and v are Young’s modulus, shear modulus and Poisson’s ratio, the arabic
subscripts stand for the material directions, and the subscript f and m mean fiber and
matrix, respectively.

It is shown in Figure 13 that the prediction of longitudinal and transverse Young’s
modulus, E, and E,, respectively, by the current model has a better agreement with
experiments than that by Chamis. It is observed in Figure 14 and Figure 15 that the longi-
tudinal shear modulus and Poisson’s ratio, G,, and v,, , respectively, predicted by the
current model have some deviation with the experimental results. But the transverse shear
modulus and Poisson’s ratio, G,; and v,, are difficult to measure reliably, so the source

of the difference is difficult to identify.

Results using the Micromechanical Failure Theory

In Figure 16, the lamina loads leading to failure in some constituent applied in the
direction varying from O degrees to 360 degrees are plotted by adopting the maximum
principal stress criterion for the matrix. It can be observed that there exists an axes of sym-
metry every 30 degrees, and the axes of symmetry for transverse normal strengths coin-

cides with that for longitudinal shear strength. The absolute maximum value of transverse
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Figure 13. The Variations of E1 and E2 with fiber volume fraction
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Figure 14. The Variations of G12 and G23 with Fiber Volume Fraction
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tensile and compressive lamina loads causing failure are found out at 30, 90, 150...
degrees, but the maximum value of longitudinal shearing lamina load bringing about fail-
ure are found at 0, 60, 120... degrees. The axes of symmetry can be expected from the
assumed arrangement of fibers in the composite.

The predicted unidirectional strengths are compared with the experimental results in
Figures 17 - 22. To determine the unidirectional strengths of a lamina, the maximum strain
criterion was adopted for fiber, the maximum stress criterion was used for interface, and
one of the following failure criteria were used for matrix as discussed in Chapter 3: maxi-
mum principal strain criterion, maximum principal stress criterion, Tresca criterion, and
Von - Mises criterion. Hereafter, the only failure criterion for matrix will be mentioned,
since the failure criteria for the other constituents are fixed. In each case, bulk matrix prop-
erties used.

As shown in Figures 17 and 20, the predicted transverse tensile strengths for both
T300/934 and AS4/3501-6 by maximum principal stress criterion, Tresca criterion and
Von - Mises criterion were in good agreements with experimental results, but by maxi-
mum principal strain criterion were relatively poor. The maximum principal stress crite-
rion rendered the strength closest to the experimental results for both composite systems.
For AS4/3501-6, Tresca criterion is not applicable, because the tensile strength of matrix
is different from the compressive strength. It was observed that all the predicted transverse
tensile strengths were lower than the those of matrices. This phenomenon comes from the
fact that the fibers are acting as solid inclusions and give rise to higher stress than the
applied stress load, when loading is applied in the transverse direction.

No matter what criterion was used, the prediction of transverse compressive strength

as shown in Figures 18 and 21 was very poor, when compared with the experimental
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5. Experimental result [54]

Figure 17. The predicted tensile transverse strengths
by micromechanical failure theory (T300/934)
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1. Maximum principal strain criterion 2. Maximum principal stress criterion
3. Tresca criterion 4. Von - Mises criterion
5. Experimental result [54]

Figure 18. The predicted compressive transverse strengths
by micromechanics failure theory (T300/934)
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1. Maximum principal strain criterion 2. Maximum principal stress criterion
3. Tresca criterion 4. Von - Mises criterion
5. Experimental result [54]

Figure 19. The predicted longitudinal shear strengths
by micromechanics failure theory (T300/934)
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Figure 20. The predicted tensile transverse strengths
by micromechanics failure theory (AS4/3501-6)
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Figure 21. The predicted compressive transverse strengths
by micromechanics failure theory (AS4/3501-6)
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Figure 22. The predicted longitudinal shear strengths
by micromechanics failure theory (AS4/3501-6)
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results. This may originate from the fact that the compressive strength of the matrix in a
composite is different from that in bulk state. For T300/934, Von - Mises criterion pre-
dicted better transverse compressive strength than the other criteria. For AS4/3501-6, the
prediction by maximum principal stress criterion was much better than any other criteria,
because the absolute compressive strength of matrix is greater than the absolute tensile
strength.

In Figures 19 and 22, the predicted longitudinal shear strength is depicted. The
obtained longitudinal shear strengths by maximum principal strain criterion, maximum
principal stress criterion and Tresca criterion are exactly same, but the shear strength by
Von - Mises criterion is slightly bigger than those by the other method. When the predicted
shear strength was compared with the experimental results for both cases, the error was
less than about 15 percent.

Since it was supposed that the longitudinal strength of a lamina is dominated by the
fibers, and fibers are brittle, the ultimate longitudinal strain of the fiber was taken to be the
same as that of the lamina. Therefore, the longitudinal strength predicted from the micro-
mechanics failure theory is exactly the same as the experimental result.

In the process of obtaining unidirectional strengths, it was found that the matrix
strength can influence the axial strength of composite. When the axial load is applied, ten-
sile or compressive stress is developed in the matrix due to the Poisson’s effect, and a lam-
ina may fail by failure of matrix, not in the fiber. This implies that, to obtain higher
strength of composite, the strengths of all constituents should be considered. Thus, this
micromechanical failure criterion can be used in designing composite systems.

The failure envelopes for T300/934 in stress space predicted by the micromechanical

failure theory are shown in Figure 23, and the failure envelope by maximum principal
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Figure 23. Failure envelope in stress space (T300/934)
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strain criterion is most conservative among the predicted failure envelopes. Considering
the different scales of o, axis and &, axis in the plot, it is noticed that the failure enve-
lopes are long and thin along the o, -axis. The conversion of the failure envelopes in biax-
ial stress state to strain space gives rise to three-dimensional strain state due to Poisson’s
effect by stresses in X, and X, directions. The failure envelopes in 3 dimensional strain
space are shown in Figure 24, and are inclined to €, axis. If they are replotted in the
€, and &, space, the envelopes will be the same as shown in Figure 25.

For AS4/3501-6, the failure envelopes in stress space are shown in Figure 26, and the
failure envelopes in the two-dimensional strain space are shown in Figure 27. Since the
compressive strength of the matrix in this composite system is much larger than its tensile
strength, the maximum principal stress criterion gives better results than any other criteria
in this research, while the maximum principal strain failure criterion provided poor
results.

In Figure 28, the failure envelope for T300/934 was plotted by choosing the Von-
Mises failure criterion for the matrix, then it was fit to the polynomial type failure enve-
lope by using nonlinear regression and unidirectional strengths of the lamina as discussed
in Chapter 3, Section 5. In this process, the interaction strength parameter, F;,, was
obtained. The failure envelopes obtained by the micromechanical failure theory and the
nonlinear regression are compared with the Tsai-Wu failure envelope which is obtained
using experimental results and the interaction strength parameter suggested by Tsai-Hahn
as in Eq. (3.5.9). The interaction strength parameters predicted by the two methods are

shown in Table 4 below:
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Figure 24. Failure envelopes in 3 dimensional strain space
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Figure 25. Failure envelopes in strain space (T300/934)
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TABLE 4. Comparison of interaction strength parameter

Nonlinear regression

Strength Parameter || -0.235339655944E-17 -0.46462603093E-17

In tension - tension space the failure envelope obtained by the micromechanical failure
theory is very close to the Tsai-Wu'’s failure envelope obtained using experimental values.
The deviation between the computed Tsai-Wu type and the experimental Tsai-Wu enve-
lopes mainly comes from the differences in interaction term F,, for each envelope and the
transverse compressive strength.

Figure 29 shows the failure envelopes for AS4/3501-6 where the maximum principal
stress failure criterion was used for the matrix to get the failure envelope from the micro-
mechanical failure theory. In tension - tension space, the failure envelopes from the micro-
mechanical failure theory are in good agreement with the Tsai-wu’s failure envelope using
experimental results.

Thus, unidirectional strengths as well as strengths under multiaxial loading of the lam-
ina are determined. The predicted strengths of the lamina by the model are in reasonably
good agreement with experimental results.

The fiber volume fraction in composites has an influence on the strengths of compos-
ites, so the failure envelope varies as the fiber volume fraction changes. The variations in
failure envelope due to the changes in fiber volume fraction are shown in Figures 30 and
31 for T300/934. From Figure 30, it can be observed that the longitudinal strength of a
lamina is proportional to the fiber volume fraction, that is, the longitudinal strength
increases as fiber volume fraction increases. But the transverse strength is not influenced

as much as the longitudinal strength as shown in Figure 30. The transverse strength
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increases a little bit, and then decreases slightly as fiber volume fraction increases. The
failure strain in the transverse direction decreases as fiber volume fraction increases.

When a lamina is subjected to a plane stress state, the failure envelope is plotted in
three-dimensional space which takes longitudinal, transverse, and longitudinal shear
stresses as axes. In this case, since the strength of a lamina is finite, the failure surface
should be closed. It is shown in Figure 32 that the failure surface is closed and symmetric
about the plane in which the longitudinal shear stress is zero. The failure surface is
obtained by using the maximum principal stress criterion for the matrix. When the shear-
ing load is applied on the lamina, the influence of shearing stress on lamina strength is
shown in Figure 33. The longitudinal strength is not affected up to about 20 MPa of longi-
tudinal shear stress, but when the longitudinal shearing stresses exceed about 20 MPa, the
longitudinal strength decreases very fast. On the other hand, the transverse strength

decreases steadily as the shearing load increases.

The Results of Independent Mode Failure Criteria

The failure envelope of each constituent in a lamina is predicted in terms of lamina
loads by using the micromechanical failure theory and allowing failure to occur in only
the constituent under consideration. A typical result is shown in Figure 34, which was
obtained by choosing the Von - Mises criterion for the matrix. The intersected part of each
constituent is regarded as the failure envelope for the composite (T300/934). To see more
clearly, the failure envelope is replotted in Figure 35, and it can be ascertained that fiber
dominates the longitudinal strength, while interface and/or matrix govern the transverse
strength. If Tresca failure criterion is used for matrix, only the matrix dominates the trans-

verse strength as shown in Figure 36. For AS4/3501-6, the independent failure envelopes
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Figure 32. The failure envelopes in three dimensions
when shear loading is applied.
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Figure 33. The failure envelopes in two dimensions
when shear loading is applied.



SIGMA2 (Pa)

103

x 10 T300/934
8 T 1§ L] T L) L T T
\\\\
\\\\
\j_
rd
P
rd
P4
7 -
Pl
rd
rd
/’ -
rd
7
rd
P d
r'd -
,/
e : fiber
,,” - - — - :interface |
=== matrix .
_12 1 1 1 A Il L 1 1
-3 -2 -1 1 2 3 4 5 6 7
SIGMA1 (Pa) x 10"

Figure 34. Independent mode failure envelope in stress space(T300/934)



SIGMA2 (Pa)

104

x 10’ T300/934
8- -
6- -
=
4 /"” \\ o
- .\.
., \
2r /" \ J
a .
.,. i
. Vd
\ -
=2r \ L ]
\' ‘,,
_al \«\‘ "’,/ ]
-6} j |
-8} |
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
SIGMA1 (Pa) 10
—— : Fiber - — - : Interface
— - = :Marrix

Figure 35. The zoom of the independent mode failure envelopes



<107 T300/934
8r 4
6 [ 4
----------- LTS IZETS Z.z= ".._..'._.\
41 /./ \ -
K
- '/ .\
g 2r ./'/ '\. -
R4 \
o~ ,.I .\'
< 0O r ! .
2 \ »
\ .
(_9_2 o \ ,.’ .
w \ 2
\ -
K K4
-4 i .\ --------------------------- ,‘/ i
—e} / ]
-8} -
-2 -1.5 -1 -05 0 0.5 1 1.5
SIGMA1 (Pa) < 1°
—— : Fiber = — = : Interface
— - — : Matrix

105

Figure 36. The independent failure envelopes (Tresca criterion)
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are shown in Figures 37 and 38 by adopting maximum principal stresses failure criterion
for matrix, and it is also confirmed that the matrix dominates the transverse strength of the
composite.

Making use of the uniaxial strengths of each constituent in terms of lamina load, and
fitting the failure envelope of each constituent to a polynomial type failure criterion, the
strength parameters are obtained for the independent mode failure criteria as functions of
macro loads. The obtained strength parameters of each constituent for a plane stress state
are listed in Table 5. But the strength parameters for matrix can be changed by the choice
of failure criterion for the matrix. If the strength parameters are substituted into Eqgs.
(4.3.2), (4.3.4) and (4.3.6), the failure envelope of each constituent are obtained as shown
in Figures 39 and 40. In the figures, as expected, the fiber dominates the longitudinal
strength of lamina, and interface and/or matrix dominates the transverse strength. The pre-
diction in tension and tension space has good agreement with the Tsai - Wu failure enve-

lope based on experimental results.

The independent mode failure criterion based on “in-situ” constituent strengths

Thus far, the AS4/3501-6 and T300/934 composite systems were simulated to assess
theory, but the prediction of transverse strengths did not have good agreement with the
experimental results. This may be due to the reasons discussed in Section 5.1. Thus, to
make the failure envelopes more realistic, the in-situ matrix strength can be used instead
of the bulk strength. Table 6 shows the comparison between the in-situ strength and the
bulk strength of 3501-6 and §34 resins. In Figure 41, the failure envelope based on in-situ
strength of matrix are shown and compared with Tsai-Wu failure envelope using experi-

mental results. In the tension - tension region, the current failure envelope based on in-situ
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TABLE 5. The strength parameters for independent failure criterion

-0.586385108445E-10

AS4/3501-6
-0.215978453212E-09

7, 0.623829307604E-18 0.332278910265E-18
7 0.230417004521E-08 0.529573725026E-10
¥, 0.248058914102E-15 0.199772076128E-19
7, -0.242261961673E-18 -0.818557039821E-19
7, 0.910411205632E-15 0.568826873132E-23
" -0.201801474273E-10 0.000000000000E+00
P 0.512993473221E-21 0.865685248847E-21
Fr 0.104603918702E-07 0.835030761877E-08
Fn 0.201807946708E-15 0.845712457806E-16
P -0.225731392658E-18 -0.623613958904E-19
P 0.604565155100E-15 0.258876386798E-16
- 0.00000000000E+00 0.210148107289E-09
- 0.318131154099E-18 0.493464634521E-19
- 0.00000000000E+00 0.935305955771E-08
o 0.353761427543E-15 0.977490324149E-16
- -0.360073205736E-17 0.455226648330E-18
o 0.9104079092589E-55 0.227530749253E-60




110

< 10° T300/934
1 T v Y v ey ——
”’ \
_- \
- I
0.5f // o
/
/
/
oF // o
'
e
S .’
a 7
—-0.5} -7 -
N _-
< -7
s ' -7
0 -1p \\ ’—/” o
5 _——— -
-1.5} -
=2F -
_2.5 'l a A a4 A A A
-6 -4 -2 0 2 4 6 8 10
SIGMA1 (Pa) x1o‘°
—— : Fiber - — - : Interface
—ee= :Matix °°=-"-° : Tsai-Wu failure envelope

Figure 39. The curve fitting of independent mode failure envelopes
: (T300/934)




111

X 10° T300/934
2% : fiber 1
- — = = !interface
L . : matrix .
4 : Tsai-Wu (experiment) .

)

o
(4]

SIGMA2 (Pa
=, b
n a4 o

|
N
LJ

0
SIGMA1 (Pa)

Figure 40. The zoom of curve fitting of independent mode
failure envelopes (T300/934)

°w

x10



112
strength is very close to the Tsai - Wu failure envelope. In Figure 42, the independent
mode failure envelopes are shown. In the tension - tension region, the matrix fails at a

lower transverse stress as the longitudinal load increases.

TABLE 6. The comparison between bulk- and in-situ strength

Tension (MPa) Compression (MPa)

Bulk strength | In-situ strength | Bulk strength | In-situ strength

Verification of the independent mode failure theory and in-situ strengths

In order to examine the proposed micromechanical approach for the prediction of the
strength of composites under combined loading, the unidirectional lamina (AS/3501)
under off-axis loading as shown in Figure 43 was simulated. The unavailable properties
were determined by backing out “in-situ” properties. As shown in Figure 44, the predicted
strengths are in good agreement with the experimental results in both tension and com-
pression loading cases. The composite strength was predicted as follows. First, the failure
envelopes and unidirectional strengths were predicted by the micromechanical theory, and
the interaction parameters were obtained by fitting to the Tsai-Wu type polynomial failure.
Then using the tensor transformation law, the strength parameters were transformed into
the off-axis coordinate. The independent mode failure curves were obtained by applying
Eqgs. 4.3.7 and 4.3.8 to fiber and Eq. (5.3.2) to matrix. As the loading angle varies, it is
shown that the failure mode changes from the fiber to the matrix. The used material prop-

erties are listed in TABLE 1.




SIGMA2 (Pa)

113

%10 T300/934
2 L | L] L] L] L] Ll L] LJ LJ
1.5p —— : maximum principal stress 9
-—-—--: Tsai-Wu based on experiment

1 -
0.5F p — -——— i

T \
3 "/' N C

0 - \

c/" '
-0.5F ,.’ / o

a 7
’ ra
-1 - / ,_/ -
/ a
-1.5p ! rd < Z J 9
\ g
N ’.’_,-
-2} R S S .
-2.5p .
_3 'l 1 a2 2 2 2 a A _—

-3 -2.5 -2 -15 -1 -0.5 0 0.5 1 1.5 2
SIGMA 1 (Pa) X10°

Figure 41. The failure envelope based on in-situ strength



SIGMA2 (Pa)

114

10" T300/934
2 L4 L | L] LJ L L L4
1.5p — : fiber -
= = = : matrix
1k C
0.5 : ___________________________ -
o o h = ~ -
I
|
|
-0.5p | -
|
|
/
-1p p -
/
/
—1 ,5 ——————————————————————————————— - -
-2 2 2 2 2 2 2 2
-2 -1.5 -1 -0.5 0 0.5 1 15
SIGMA1 (Pa) <10°

Figure 42. The independent mode failure envelope
based on in-situ strength




115

/// e

G : The applied load

0 : The loading direction

Figure 43. The composite under off-axis loading



116

AS/3501

—— : composite

- — - : fiber

- =-=: matrix

o : experimental

!

4.0 5.0 60 70 80
ANGLE (DEG)

Figure 44. The predicted strengths of AS/3501 under off-axis
loading on the basis of in-situ strength



117

TABLE 7. Material properties used in calculation

AS 3501

E, (GPa) 213.000 3.45000
E, (GPa) 13.8000 3.45000
E; (GPa) 13.8000 3.45000
nu,; 0.2500 0.3500
nu,; 0.2000 0.3500
nu,, 0.2000 0.3500
G,3 (GPa)*** 5.5200 1.3000
G;3 (GPa) 13.800 1.3000
G,; (GPa) 13.800 1.3000
Tensile Strength (Pa)* 0.01017321** 0.7009612E+08
Compression Strength (Pa)* -0.01017321** -0.2792998E+09

AS/3501
X1T (MPa) 1447.000
X1C (MPa) 1447.000
X2T (MPa) 51.7000
X2C (MPa) 206.000

*: The in-situ strengths, **: The maximum allowable strain

***: The assumed property from G, =

AS, 3501: [31], AS/3501: [20]

Ez
T 2(1+v,,)

L



CHAPTER VII
CONCLUSIONS

A model for predicting failure in fiber-reinforced composites has been developed and

assessed. The following conclusions have been reached:

* On the basis of micromechanics elasticity solutions, the material properties of the

lamina can be obtained with good agreement to the experimental results.

* The predicted unidirectional strengths of the lamina based on the micromechanical
failure theory are in good agreement with experimental results except the transverse com-

pressive strength.

* To estimate the strength of a lamina for the purpose of designing composite systems,
the micromechanical failure theory needing only the fiber volume fraction and the mate-

rial properties in bulk state as input can be employed.

* The interaction terms in the Tsai-Wu type failure theory can be determined by non-
linear regression and fitting the failure envelope from the current (or other) micromechan-

ics failure theory to a Tsai-Wu type failure criterion.

* When the compressive strength of matrix is different from the tensile strength, the
maximum principal stress criterion for matrix gives the best prediction of transverse ten-

sile strength and compressive strength of composites.
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* To reflect the difference in tensile and compressive strengths of constituent materials
in the micromechanical failure theory, it is better to adopt a failure criterion that can

accommodate such a difference in strength.

* For a plane stress state, it was shown that the failure surface is closed and symmetric
about the plane where shear load is zero. The longitudinal strength was not affected by a

small shear load.

* It is possible to cast the failure model in a simple mathematical form with separate
criteria for each mode of failure as a function of lamina load. The strength parameters can

be obtained by the micromechanical failure theory.

* The independent mode failure criterion based on “in-situ” constituent strength tech-
nique shows excellent promise for inexpensive and efficient characterization of compos-

ites under multi-axial loading conditions.

* In the current work, primary attention has been given to the case of plane stress load-
ing. However, the concepts used are sufficiently general to allow extension of the models

to fully three-dimensional failure analysis.

* To predict the failure envelope more realistically, it is recommended that the thermal

residual stress be considered.

* To verify and develop the suggested theory, more experimental results of multiaxial

strength are needed.

¢ Additional mathematical forms of the independent-mode criteria need be considered.
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* Further assessment of the theory is needed. In particular, first-ply and progressive
failure analysis of laminates should be performed and the results compared with experi-

mental data.
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