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ABSTRACT

ASYMPTOTIC THEORY FOR LONG-MEMORY TIME SERIES

By

Dongin Lee

Economic time series are nonstationary rather than stationary around deterministic
trends in most cases. Usually nonstationary time series are analyzed by integrated process
models.

This dissertation considers a generalized integrated process in the sense that the
differencing parameter is allowed to be a fractional value. For d € (-1/2, 1/2), the I(d)
process is stationary and invertible. For 0 <d < 1/2, the autocorrelations of the I(d)
process are positive and decline so slowly that the sum of autocorrelations is infinite in the
limit, while for -1/2 < d < 0 the autocorrelations of the I(d) process are negative for all
lags and the sum of autocorrelations goes to zero. Therefore as long as d € (-1/2, 1/2)
and d # 0, the standard ARIMA model cannot be applied to the I(d) process.

Chapter 2 considers a stationarity test against I(d) alternatives. Kwiatkowski,
Phillips, Schmidt and Shin (KPSS) proposed a test of the null hypothesis of stationarity. It
is shown in Chapter 2 that the KPSS test is consistent against an I(d) processes for d €
(-1/2, 1/2). 1t can therefore be used to distinguish short memory and long memory

stationary processes. The simulation results show that a rather large sample size, such as



T = 1000, will be necessary to distinguish reliably between a long memory process and a
short memory process with comparable short-term autocorrelation.

Chapter 3 considers the power of Dickey-Fuller unit root tests against I(d)
alternatives with d € (-0.5,0.5). The Dickey-Fuller tests are shown to be consistent
against these alternatives. Simulations show high power of the tests against stationary
fractionally integrated alternatives, and reveal some interesting features of the power
function at and around the boundary (d = 0.5) of the stationary region.

Chapter 4 considers several estimators for the differencing parameter in the I(d)
model. Specifically the minimum distance estimator (MDE) suggested by Tieslau,
Schmidt and Baillie (1994) is compared to the exact MLE and the approximate MLE of
various forms. Both the exact MLE and approximate MLE of d are /T -consistent and
asymptotically normal for d € (-1/2, 1/2), while this is true for the MDE only for d €
(-1/2, 1/4). Simulations show that if the mean of the process is unknown, the MDE is
comparable to the MLE in a reasonable sized sample when the number of autocorrelations

1s more than two or three.
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CHAPTER 1

INTRODUCTION



Many macroeconomic times series are nonstationary processes rather than
stationary processes around deterministic trends, as first found in Nelson and Plosser
(1982). In the recent literature these nonstationary macro series are modeled by
integrated processes. Economic theory such as the real business cycle theory, the
permanent income-rational expectation theory of consumption or the efficient market
hypothesis in financial economics provided theoretical grounds for integrated time series
processes.

However, if the first order autocorrelation of the series is too small for an
integrated process and the autocorrelations for large lags are too persistent for a stationary
ARMA process, it will be hard to decide whether the series is stationary or not. Or, if a
series looks like a unit root process (integrated process of order one), but the first
differenced series has small negative autocorrelations so the differenced series looks
overdifferenced, what is a natural guess for the series? It might be neither a usual short-
memory stationary process nor a unit root process.

This dissertation considers an alternative type of series, called long-memory
processes. In a typical long-memory process the autocorrelations of the process are
persistent, but it is neither a stationary ARMA process, nor is it a nonstationary integrated
process. Long-memory persistence in a time series was observed in hydrology and
referred to as a “Hurst effect” quite a long time ago. In the mid 1960s it was modeled as a
“fractional noise process” proposed by Mandelbrot and Van Ness (1968). In economics,
the possibility of long-memory processes was implied in some early literature, for example
Granger (1966), and this kind of process was investigated in a formal way in the early

1980s after Granger and Joyeux (1980) and Hosking (1981) provided an alternative



definition of the long-memory process. Their process is called a “fractionally integrated
process”. Granger (1980) provided an argument for the theoretical possibility of a
fractionally integrated process in the economic time series. He showed that the
aggregated series of heterogeneous but persistent AR(1) processes follows a fractionally
integrated process. Geweke and Porter-Hudak (1983) proved that the two classes of
long-memory processes (Mandelbrot and Van Ness versus Granger-Joyeux-Hosking) are
equivalent. In the dissertation we will follow the definition of the fractionally integrated
process of Granger (1980), Granger and Joyeux (1980) and Hosking (1981).

A time series {y;} said to be a fractionally integrated process of order d, or I(d)

with zero mean, if it has the following from;
) (1-L) yy=g& withd e (-1/2, 1/2),
where L is the lag operator, d is the differencing parameter and €, is a white noise process

with zero mean and finite variance 6>. The expression (1 - L)® is defined by means of the

binomial expansion:
) (1-L)y'= Zni L, m=TG-d)y/[TG+1)T(-d)],i=0,1,2, ...,
i=0

where I'(* ) is the gamma function.
Note that if d is a positive integer, {y.} is a nonstationary integrated process.
However, if d € (-1/2, 1/2), {y} is stationary and invertible. The AR(e0) and MA(e°)

representations of 1(d) are as follows:

() Y= i‘bi Veit & ¢i=-TG-d)/IG+DI(-d)],i=1,2,3, ...



4) yi = i‘,ei &i, 6 =T(@+d)y[I'G+1I(d)],i=0,1,2, ...

1=0

The variance o,” and autocorrelations p; of the I(d) process are also expressed in

terms of gamma functions as follows:

o) o,” = ¢* I'(1-2d)T*(1-d)

(6) pi = {T(i+d)[(1-d)}/{T'(i-d+1)I(d)}

=[Ix-1+d)/(k-d), i=1,2,3,....
k=1
To determine the partial autocorrelations, we write the best linear predictor y,,, of
Y1 BIVEN Y1, ¥2, Y3, ..., Vi @S

Y =Ouy1 T 02yt +Ouys,

where the coefficient ¢, is computed by the Durbin-Levinson algorithm of Levinson

(1947), Durbin (1960) and Whittle (1963) as

) i = - (:J {T(i-d) T(t-d-i+)}/{T(-d)F(t-d+1)}, i=1,2, .., t

So the partial autocorrelations o are as follows:
) o; = ¢ = -{I'(i-d) F(1-d)}/{T'(-d)["(-d+1)} = d/(i-d), 1=1,2,3,....

Since I'(x) ~ v2m e™*! (x-1)*' as x — oo, we can find the asymptotic behavior of
the coefficients in the AR(e0) and MA(e) representations, and also of the autocorrelations

for large lags. Thus



) Oi~ - T(-d) asi— oo,
(10) 0, ~i*' T(d) asi— oo,
a1 pi ~ {iZ' T(1-d)}/T(d) asi— oo.

Comparing the asymptotic behavior of autocorrelations between an I(d) process
and a stationary ARMA process, the autocorrelations of an I(d) process satisfy
pi ~ C; i**", while the autocorrelations of an ARMA process satisfy p; ~ C2 r* , where C;,
C,, and r are some constants. In other words, the autocorrelations in an ARMA process
decrease rapidly (exponentially), while the autocorrelations in an I(d) process decrease
very slowly (hyperbolically).

Sometimes the spectral density at zero frequency is used as a measure of

persistence in a time series. The spectral density of the I(d) process is,
(12) fid) = |1 - 2 6¥/(2r) = |2 sin(A/2)[* 6*/(2n), for -m <A<,

where z = ™. From Equation (12), f{0) is zero for d < 0, and is infinite for d > 0. For the

case of d > 0, since sin(A) ~ A as A — 0, asymptotically the behavior of f{0) is as follows:
(13) f0) ~A % 6*/(2n) asA — 0.

We can generalize the I(d) process in such a way that we can apply it to more
general times series models for economics data.

A time series {y,} is said to be an autoregressive fractionally integrated moving
average process of order p, d, q, or ARFIMA(p,d,q), with zero mean, if it has the

following form:



(14) dLY1 -L)' y,=0(L)e, withd e (-1/2, 1/2),

where ®(L) is a p" order lag polynomial of autoregressive parameters, ©(L) is a q™ order
lag polynomial of moving average parameters, and & is a white noise process as before.
Furthermore we assume that all the roots of ®(L) and O(L) lie outside the unit cycle, for
stationarity and invertiblity respectively, and also we assume that no roots are common in
®(L) and ©(L), for identification of the parameters.

This is a generalization of the ARIMA process in the sense that the order of
integration is allowed to be a fractional value. Comparing the I(d) process in Equation (1)
with the ARFIMA(p,d,q) process in Equation (14), since (1 - L)* y, = [O(L)/®(L)] & = u,,
where u, is ARMA(p,q), and since ®(L)y, = ©(L)(1 - L) &, = ©(L)z, where z is I(d), an
ARFIMA process y:is an I(d) process with ARMA(p,q) error and it is also an ARMA
process with I(d) error. Therefore the characteristics of an ARFIMA process are similar
to those of an I(d) process.

The ARFIMA process is stationary and invertible for d € (-1/2, 1/2). The
autocovariances 7; of the ARFIMA process are expressed in terms of the autocorrelations

of the ARMA process u; and the autocovariances of the I(d) process z as followings:
(15) %= 20, Vi, 170,12,

where p! are the autocorrelations of the ARMA process u, and 7y are the autocovariances
of the I(d) process z. The autocovariances given in Equation (15) involve an infinite sum,;

however, if all the roots in ®(L) are distinct, Sowell (1992a) provided a simpler form.



Similarly to the autocorrelations of the I(d) process, the autocorrelations of the
ARFIMA process decrease very slowly. In fact p; ~ C; i*" asi — oo, just as for the I(d)
process. This occurs because in Equation (15) the autocorrelations of the ARMA process,
p! decrease quickly, while the autocovariances of the I(d), y; decrease slowly as i
increases. Thus the asymptotic behavior of the autocorrelations of the ARFIMA process
is dominated by the y;. For a formal proof, see Brockwell and Davis (1991), for example.

Because the ARFIMA process is an I(d) process with ARMA error or an ARMA

process with I(d) error, its spectral density is
(16) fd) = 0@ | D@)[? |1 - 2/ 6*/(2n), z=€™ for-m<A<m.

Similarly to the case for the I(d) process, in Equation (16),
f{0) ~ [©(1)/®(1)]* 6*/(2rx) L** as A — 0 for d > 0, and f{0) = 0 for d < 0.

This dissertation investigates two basic concerns about the stationary I(d) process.
First, if we apply a unit root test or a stationarity test, as is common practice in time series
applications, to a stationary I(d) process, what will be the results? This is not a trivial
question because in both tests the usual alternative hypothesis is not a long memory
process; the alternative is an 1(0) process for the unit root test and an I(1) process for the
stationarity test. Second, how can we measure the long-memory characteristics of a given
data sets? Because any statistic based on I(d) data depends on the value of d, the
differencing parameter, the second question is directly related to the estimation of the
differencing parameter d.

The plan of this dissertation is as follows. In Chapter 2 we will prove the

consistency of the KPSS test against a stationary I(d) alternative, where the KPSS test,



suggested by Kwiatkowski, Phillips, Schmidt and Shin (1992), is a test of stationarity
against an I(1) alternative. Simulations are performed to provide evidence on the power
of the test in finite samples. Also we will compare the power of the KPSS test against I(d)
alternatives to the power of the modified rescaled range test suggested by Lo (1991),
which is another type of stationarity test that is designed to have power against stationary
long-memory alternatives. Furthermore in Chapter 2 we will compare the power of the
KPSS test against a stationary I(d) process to the size of the KPSS test in the presence of
stationary AR(1) errors. From these results we can have some idea about the ability of the
KPSS test to distinguish a long-memory process, such as I(d), from an autocorrelated but
short-memory process, such as AR(1).

In Chapter 3 we will prove the consistency of the Dickey-Fuller test against a
stationary I(d) alternative. In a previous article, Sowell (1990) provided the asymptotic
distribution of the Dickey-Fuller statistics when the true process is I(d) withd € (1/2,
3/2). So our asymptotic theory is a natural extension of Sowell’s results. The finite
sample performance of the Dickey-Fuller tests against an I(d) alternative with some values
of d € (0, 3/2) will be investigated, similarly to Diebold and Rudebusch (1991a), but more
extensively. Also in Chapter 3 we will compare the power of the Dickey-Fuller tests
against stationary I(d) alternatives to the power of the tests against stationary AR(1)
alternatives.

Chapter 4 will consider the estimation of the differencing parameter in the
stationary long-memory model. In the recent literature several methods of estimation for
the stationary long memory model have been proposed. These include regression based

estimation procedures, a conditional sum of squares estimator, exact MLE, several types



of approximate MLE, and a minimum distance estimate (MDE). We discuss the
asymptotic properties of the MDE and MLE, and also we compare the finite sample
performances of the estimates using simulations. In addition we will consider the
estimates of the mean, autocorrelations and autocovariances of the I(d) process, because
they are the basis for the minimum distance estimates, and the estimates of these
parameters are not /T -consistent for values of d in some range.

Finally in Chapter 5 we summarize our findings and make some suggestions for

further research.



CHAPTER 2

POWER OF THE KPSS TEST OF STATIONARITY AGAINST

FRACTIONALLY-INTEGRATED ALTERNATIVES

10
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1. Introduction

t
Let {z,}; be a time series with zero mean, and let Z, = 22 ; be its cumulation
=

(partial sum), for t = 1,2,.... Then we will say that z is a short memory process if it

satisfies the following two requirements.

(A1) o = limg-- T'E(Z1?) exists and is non-zero.

(A2) Vre [0,1], T Z = oW(r).

In assumption (A2) and throughout this chapter, [rT] denotes the integer part of T, =
denotes weak convergence, and W(r) is the standard Wiener process (Brownian motion).
According to this definition, a short memory process need not be covariance
stationary; some heterogeneity in the z process is allowed. If z is stationary, the "long
run variance" 6~ is proportional to the spectral density at zero frequency, which is required
to be neither zero nor infinite. Assumption (A2) is just the usual "invariance principle" for
convergence of partial sums to a Wiener process. Several sets of sufficient conditions for
such an invariance principle to hold can be found in the literature. Many authors have
used Assumption 2.1 of Phillips (1987, p. 280), which requires the existence of absolute

moments of order B, for some B > 2, and strong mixing with mixing coefficients o, such

that ) o;*® <es. For example, Lo (1991) defines a short memory process as one that

m=1
satisfies these assumptions. Our definition above is slightly more general.
At a semantic level, one might object to our definition of short memory, because it

implicitly involves conditions on existence of moments as well as restrictions on the
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persistence of dependence. (For example, an iid Cauchy series is not short memory by our
definition.) However, no matter what name they are given, conditions (A1) and (A2) are
important, because the enormous recent literature on the problem of distinguishing
integrated and stationary series has relied heavily on asymptotics involving Wiener
processes, established using the invariance principle (A2). For example, the asymptotic
properties of the usual Dickey-Fuller tests and of their various autocorrelation-corrected
versions are routinely established in terms of Wiener processes. This asymptotic analysis
establishes that the common unit root tests are consistent against short-memory
alternatives. Conversely, Kwiatkowski, Phillips, Schmidt and Shin (1992) -- hereafter
KPSS -- consider a test of the null hypothesis of stationarity, and show its consistency
against unit root alternatives. They also assume the conditions of Phillips (1987) to
establish asymptotics in terms of Wiener processes, so their null hypothesis is implicitly
that the series is short memory, and they prove consistency against alternatives that are
integrated in the sense of being short-memory in first differences.

Some recent papers have considered the properties of tests when neither the data
nor its first difference are short memory. These papers have typically assumed that the
data are fractionally integrated, or I(d), in the sense of Granger (1980), Granger and
Joyeux (1980) and Hosking (1981), and have involved asymptotics in terms of fractional
Brownian motion. For example, Sowell (1990) derived the asymptotic distribution of the
Dickey-Fuller unit root tests when the first difference of the variable is 1(d), and Diebold
and Rudebusch (1991a) demonstrated by simulations the low power of the Dickey-Fuller

tests against I(d) alternatives. Lo (1991) showed that a modified version of the rescaled
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range test of the null hypothesis of short memory is consistent against 1(d) alternatives,

and provided simulation evidence of its power in finite samples.

Our objective in this chapter is similar to that of Lo. We consider the KPSS test as

a test of the null hypothesis of short memory, and we prove that it is consistent against

I(d) alternatives. We provide simulation evidence of its power in finite samples, and show

that its power compares favorably to the power of Lo's test. We also compare its power

against I(d) alternatives to its size distortion in the presence of short memory
autocorrelation. Unsurprisingly, a rather large sample size is required to distinguish
reliably between a long memory process and a highly autocorrelated short memory

process.
2. Preliminaries

KPSS describe their test as a test of the trend stationarity hypothesis. More
precisely, we wish to test the hypothesis that deviations of a series from deterministic

trend are short memory. We therefore consider the data generating process (DGP):
1) w=y+&+z,t=1,2 .,T,

where {y,} is the observed series and {z} represents its deviations from deterministic

(linear) trend. KPSS assume the components representation z =r, + &, wherer; is a

random walk (r, = r,.; + v, with ro = 0, and where the v, are iid with zero mean and finite

variance), and & is a short memory process that satisfies Assumption 2.1 of Phillips (1987,

p. 280), and therefore satisfies assumptions (A1) and (A2) above. They test the

"stationarity" hypothesis Ho: 6,2 = 0, which implies that z = g, is short memory.
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Let e, be the residuals from a regression of y; on intercept and time (t), and let S,

be the partial sum process of the e; Si= Y e;, t=1,..,T. Let 6" be the long run variance

=1

of the errors &, and consider the Newey-West (1987) estimator of 6°:

@) s ()=T" ief +2T" iW(s, 1)) ie,e,_,

t=1 t=s+l

Here w(s, ¢ ) = 1 - s/(¢ +1), which guarantees the non-negativity of s’(¢ ). For
consistency of s’(¢ ) under the null hypothesis it is necessary that the lag truncation
parameter ¢ — o as T — oo. The rate ¢ = o(T"?) will usually be satisfactory [see, e.g.,
Andrews (1991)]. The KPSS statistic for testing the null of stationarity can then be

expressed as follows:

) A =T? Y S /8(0).

t=1
The KPSS statistic ﬁ.. is defined in exactly the same way, except that it is based on
the residuals e, = y, - . This corresponds to a regression of y, on intercept only, and is
appropriate if we set & = 0 in (1), so that deterministic trend is assumed to be absent. That

is, the ﬁu test allows for non-zero level of y; but not for trend. In that respect it is similar
to Lo's modified rescaled range statistic Q,, which also allows for level but not trend. (Of

course, Lo's statistic could easily be modified to allow for linear trend.)

T
Under the null hypothesis that z = & is a short memory process, T~ ZSf =

t=1

GZI; V, (r)*dr» where V(r) is a so-called second level Brownian bridge, as defined by

KPSS, equation (16). Also s’(¢) is a consistent estimator of >. Therefore i, =
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j(: V, (r)*dr, which KPSS tabulate. Similar statements hold for the u" test, with V(r)

replaced by the standard Brownian bridge V(r) = W(r) - rW(1).

Under the alternative that Az; is a short memory process, KPSS show that
(¢/T) A= [ L[, W"(s)ds[da/ [ W' (s)" ds, where W'(s) is a demeaned and detrended
Wiener process, as defined in Park and Phillips (1988, p. 474). Thus the statistic 1, is
Op(1) under the null hypothesis and is Oy(T/¢ ) under the unit root alternative. Since T//
— o0 as T — oo, the test is consistent. A very similar asymptotic distribution result and the
same conclusion hold for the 1, test.

In this chapter we are concerned not with unit root alternatives, but rather with the
alternative that the z are fractionally integrated, or I(d), in the sense of Granger (1980),

Granger and Joyeux (1980) and Hosking (1981). As a matter of definition, z is I(d) if it

has the representation
4) (1-LY'z=u
where the series {u,} is short memory. Equivalently, z = (1 - L)*u,. The usual binomial

expansion of (1 - L) yields the infinite moving average expression z, = zb ju,-; where
j=!

b; = T'(+d)/[T'(d)['(+1)]. Some well known properties of I(d) processes include the
following. An I(d) process is stationary and invertible for d in the range (-1/2, 1/2). Its
autocorrelations decline slowly, at a hyperbolic rate rather than the usual exponential rate,
and so an I(d) process is natural to consider when a series appears to exhibit persistent
autocorrelation ("long memory"). For d > 0 the series is so strongly positively

autocorrelated that the sum of the autocorrelations diverges and the spectral density of the
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series at frequency zero is infinite. However, the spectral density at zero of the first
differenced series equals zero, so that the first differenced series will appear to be
overdifferenced. Thus an analysis of either z or Az using standard ARMA models is
unlikely to be satisfactory. For d < 0 the converse statements are true: the spectral
density at zero of the series equals zero, and yet the spectral density at zero of its partial
sum is infinite.

We will proceed under the following Assumption.

ASSUMPTION 1: (i) z is I(d) with d € (-1/2, 1/2). (ii) The u, are iid N(0, 6,%).

This assumption is slightly stronger than is needed, and slightly stronger than
others have made. For example, Sowell (1990, p. 498) does not assume normality, but
does assume that the u, are iid with zero mean and a finite r* absolute moment for some r
> max [4, -8d/(1+2d)]. Lo (1991, p. 1294) follows Taqqu (1975) in assuming normality
and stationarity of u,, but he does not assume that the u, are iid. Hosking (1984) assumes
that the u, are iid, and he makes a variety of other assumptions ranging from finite second
moment to normality; a consistency result that we will quote below relies on u; having a
finite fourth moment. We have deliberately made Assumption 1 strong enough that we
can take useful intermediate results from a variety of sources.

The basic tools that we need follow directly from Sowell. Define the partial sum

t
process corresponding to z as Z; = Zz ;. Define 61’= var(Z1). Then Sowell shows that
j=1

) or’ = 6,2 {T(1-2d)/[(1+2d)F(1+d)[(1-d)]} »

[T(1+d+TYT(T-d) - I'(1+d)/T(-d)]
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and that, as T — oo,

6) orf/ T 5 6,2 T(1-2d)/[(1+2d)[(1+d)[(1-d)] = 4.

(Thus, for d # 0, requirement (A1) above fails, and the series is not short memory.)
Furthermore, given Assumption 1, Sowell (Theorem 2) shows that, forr € [0, 1],

(M or Zm = Wa(r)

where the "fractional Brownian motion" Wy(r) of Mandelbrot and Van Ness (1968) is

defined by the stochastic integral
(8) Wa(r) = jo' (r - s)* dW(s) / T(d+1).

(Thus, for d # 0, requirement (A2) above for the series to be short memory also fails.)
Using equation (6), we will rewrite the weak convergence result (7) in a slightly more

convenient form:
) T2 Zm = g Wa(r) .

Note that if z is I(d), its partial sum Z, is O,(T*"'?); in contrast, if z is short
memory, its partial sum is O,(T"?). This difference in orders in probability drives the

consistency of tests based on partial sums against I(d) alternatives.
3. Consistency Against I(d) Alternatives

In this section we prove that the KPSS ). and 7, tests are consistent against I(d)
alternatives withd € (-1/2, 1/2) and d # 0. To do so, we show that the statistics are

Oy(T/¢ )**, and so0 as T — oo they —2—> oo for d > 0 and they —=— 0 for d < 0. Thus an

upper tail test (which is standard when unit root alternatives are considered) is consistent
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against d € (0, 1/2), while a two-tailed test is consistent against d € (-1/2, 0) and against
de (0, 1/2).

For simplicity, we will first consider the the 7, test, based on the residuals
& =Y: - y. Thus we assume that the DGP is of the form of equation (1) with § = 0, so
that e, =z - Z. Assumption 1 is maintained throughout this section, so that the invariance

principle (9) is assumed to hold.

LEMMA 1: (i) T Syr; = wa By(r), where By4(r) = Wq(r) - rWy(1).

T
) T*VYS! = o[ B, (r) dr.

t=1

rT]
Proof. T2 §;p =T E (z,-2)

=1

1T T
ST Sz, Ty T Y
j=1

j=1
= )¢ Wd(l‘) - 0)yq rWd(l) =Wy Bd(r),

which proves part (i). For part (ii),
T 1
T Y S= T T ATO5)2 = o [ By () dr
t=1 t

by the continuous mapping theorem. ]

1
THEOREM 1: Suppose that ¢ = 0. Then T 7, = (©,%/0,?) _L B,(r)"dr, where

o;’ = var(z) = 6,T'(1-2d)T?(1-d).
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Proof T, =T iSf / s*(0). The asymptotic distribution of the numerator is

t=1
given by part (i) of Lemma 1. The denominator, s’(0) =, T™ ief converges in
t=1

probability to 6,% for example, see Hosking (1984, Theorem 2, p. 6). The result then

follows by the joint convergence of the numerator and denominator. u

The case just treated, ¢ = 0, is appropriate if one is interested in testing the null of
white noise against I(d) alternatives, but not if one is interested in testing the null of short
memory against I(d) alternatives. For the asymptotic distribution of the statistic under the
null of short memory to be free of nuisance parameters, we must pick ¢ such that / — oo

but ¢/T = 0as T — e=. We now proceed to consider this case.

THEOREM 2: Suppose that, as T— e, ¢ — oo but ¢/T— 0. Then, for

de (0,1/2), W —2 oo; ford e (-1/2,0), i, —2 0.

R T
Proof My =TV Y S} /T s%(¢) The asymptotic distribution of the numerator is

t=1

given by part (i) of Lemma 1. Ford e (0, 1/2), T s’(¢ ) — 0 according to Lo, p.

1309, equation (A.5). Similarly, for d € (-1/2, 0), T s%(¢ ) — oo according to Lo, p.

1310. The result follows immediately. [ ]

Theorem 2 implies that the two-tailed ﬁu test is consistent against I(d) alternatives

ford € (-1/2, 1/2), d # 0. Obviously the upper tail test is consistent against d € (0, 1/2),

while the lower tail test is consistent against d € (-1/2, 0).
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In fact, we can say more about s*(¢ ) than the limiting results used to prove
Theorem 2. By doing so, we can establish the following theorem giving the asymptotic

distribution of the 1, statistic under the alternative, from which Theorem 2 would follow

immediately as a corollary.
THEOREM 3: Suppose that, as T — e, ¢ —> cobut ¢/T — 0. Then, ford e

(12, 1/2), (¢ /T Ay, = [ B,(r)?dr.
Proof: (¢/T)% i, = T2VY,S! / 12 §%(1).

The numerator converges to mdzj(: B, (r)*dr according to Lemma 1. To prove the

theorem, we therefore show that the denominator converges in probability to ws’.

To do so, we first note that, as T — oo with ¢ fixed, ¢ s%(¢) —2= ¢ *(v),

where as a matter of definition

{
o (£)=Y+2 ZW,,,Y, with y; = j"‘ autocovariance of z and

s=|
W,y =1-8/(£+1). This is an implication of the fact that the sample autocovariances are

consistent estimates of the population autocovariances [see, for example, Hosking

(1984)]. We next note that

4
(e+) S ()=t +) Y +2 Z((+1—s) Ys = var(Zy +1). Taking the limit

s=1

as ¢ — oo, (¢ +1Y% 6%(¢) = (£ +1)*"V var(Z ; .1) > w4’, using equation (6) above.

Since (¢ +1)'2" o?(¢) and ¢ > 6?(¢ ) have the same limit, this proves the result. [ |
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The analysis for the 1, test is very similar. It rests on the following generalization
of Lemma 1.

LEMMA 2: Let ¢ be the residuals from a regression of y,on (1,t),t=1,2, .., T,

T
and let S, = 2. €;. Then T S,1 = @, Va(r), where

)=l
Vil(r) = Wa(r) + (2r - 3r) Wy(1) + (-61 + 6r%) [ W, (s)ds.
Proof: Let ¥ and é be the coefficents of intercept and trend in the regression of y; on

(1,t). Then

T}

(10) T-(d+l/2) S[rT] - T-(d+l/2) ZZJ R {[rT]/vr} Tl/Z-d(“I" ’\l’)
=1

- 12 {ITYTHATIH YT TH4E - &)
Furthermore, by the same algebra as in Schmidt and Phillips (1992, pp. 285-286),

specialized to their case p = 2, we have

an T - y) =4 T2 -6 TOS X tz, +0y(1)
= 4g Wa(1) - 604 J:rde(r)
= af-2Wy(1) + 6 j;wd (r)dr}.

Here we have made use of J:"dwd (r) =Wq(1) - J‘Wd (r)dr, which follows from Jonas
0

(1983, p. 29). Also

(12) THE -8 =6 T Yz, + 12T Yz, +0y(1)
t t
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= -6 Wa(1) + 1264 [rdW, (1)

= wq {6 Wa(1) - 12 ﬂWd(r)dr}-
Combining (9), (10), (11) and (12),

T Siry = @sWa(r) - g 1 {-2 Wy(1) + 6 J:w" (r)dr}

“1/2 0 P {6 W(1) - 12 j:wd(r)dr}

= wq V(). [
We may note that, for d = 0, V4(r) is the "second-level Brownian bridge" defined
by MacNeill (1978) and Schmidt and Phillips (1992).
Given Lemma 2, it is easy to establish the same conclusions for the 1), test as were
given for the 7, test in Theorems 1, 2 and 3. All that is necessary is to replace By(r) in

Theorems 1 and 3 with V4(r).
4. Power in Finite Samples

In this section we provide some evidence on the power of the T, and 1|, tests
against I(d) alternatives. This evidence is based on simulations. The calculations were
done in FORTRAN using the normal random number generator GASDEV/RANS3 of
Press, Flannery, Teukolsky and Vetterling (1986). Observations on an I(d) process for d
€ [-1/2, 1/2) were generated using the Levinson algorithm [Levinson (1947), Durbin
(1960), Whittle (1963)]. We also performed some simulations using I(d) observations
generated using the Cholesky decomposition of the error covariance matrix, and got

essentially the same results as using the Levinson algorithm. Ford € [1/2, 1],
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observations were generated by cumulating I(d-1) random variates. (Thus, as a matter of
definition, z is I(.8) if Az is I(-.2), for example.) Given the I(d) seriesz,t=1,2, ..., T,
data on the observable series y, were generated according to equation (1), withy =§ = 0.
The values of y and & do not matter for any of the tests that we consider, except that the
ﬁu test and Lo's modified R/S test assume & = 0.

Tables 2-1 and 2-2 give the powers of the 5% upper tail 1|, and 7, tests,
respectively, against the alternativesd = 0.1, 0.2, ..., 0.9, 1.0, and also d = 0.45 and 0.499.
The results are based on 5,000 replications, except that 10,000 replications were used for
d =0.4, 0.45 and 0.499. We have considered only positive values of d because we are
primarily interested in testing short memory against long memory, and thus we consider
only upper tail tests. Following KPSS, the number of lags used in the denominator of the
statistic (¢ ) was chosen as ¢ 0 =0, ¢ 4 = integer[4(T/100)"*], and ¢ 12 =
integer[12(T/100)"*]. We consider samples sizes T = 50, 100, 250 and 500.

Some patterns in Tables 2-1 and 2-2 are clear, and in accord with our
expectations. With other things held constant: (i) Power increases as T increases. This
is a reflection of the consistency of the test. The rate of growth of power as T increases
depends strongly on the choice of ¢; it is higher when ¢ is lower. (ii) Power is lower
when ¢ is higher. Note that this is true even for large sample sizes, in accord with the
asymptotics of the previous section, which indicate that power depends on (¢ /T) even
asymptotically. (iii) Power is not very different for ﬁ,. than for n,. Allowing for
deterministic trend does not cost power. (iv) Power is higher when d is larger; that is, as

the alternative hypothesis becomes further from the null.
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With respect to point (iv), it is interesting that there is no apparent discontinuity in
the power function at or near d = 1/2. As d T 1/2, the series z approaches
nonstationarity, the one-period autocorrelation approaches unity, and the covariance
matrix of (z,,...,zr) approaches singularity. The asymptotic results in the previous section
do not hold for d > 1/2, and, if we were to derive the appropriate asymptotic distribution
results, they would look rather different for d > 1/2 than for d € (-1/2, 1/2). Ford > 1/2,
it would not be difficult to derive the relevant asymptotic results, using our asymptotic
results and the fact that an I(d) series is the cumulation of an I(d-1) series. However, we
established the asymptotic distribution of the KPSS test statistics only for d € (-1/2, 1/2),
and in particular not for d = -1/2, so our results cannot be extended in any straightforward
way to the case of d = 1/2, and it is not clear that some sort of discontinuity at
d = 1/2 can be ruled out. Nevertheless, the power function is smooth in d over the whole
range that we consider (from zero to one).

This is not a trivial result. For example, in Chapter 3 we finds that the powers of
the Dickey-Fuller f)u, Pes %u, and T, tests are continuous at d = 1/2, while the powers of
the Dickey-Fuller p and 7 tests have a discontinuity at d = 1/2. Thus a discontinuity
arises only when the series has zero mean and correspondingly level and trend are not
extracted. The same appears to be true for the KPSS tests. The KPSS ﬁ,, test involves
extraction of a mean, and the 7\, test involves extraction of level and trend, and in both
cases the power function is continuous at d = 1/2. However, suppose we define a KPSS-
type test 1 in the same way as the T\, and 1), tests, except that level and trend are not

extracted; that is, the statistic is based on the raw series rather than the demeaned or
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detrended series. Interestingly, this test's power function is discontinuous at d = 1/2. For
example, for T =50 and ¢ =0, power is .753 for d = .4; .837 ford = .45; .977 ford =
.499; 800 for d =.5; and .824 for d = .6. Similar results occur for other values of T and
¢ ; atd = 1/2, the power function is continuous from the right but not from the left. The
reason why this discontinuity should occur, for both Dickey-Fuller and KPSS tests but not
when the data are demeaned or detrended, is an interesting puzzle that remains to be
solved.

How optimistic the results in Tables 2-1 and 2-2 are depends largely on the choice
of ¢. With ¢ =0, both tests show reasonable power against d > 0.3 for T 2 100; for
example, the power of T\, against d = 0.3 is 0.54 for T = 100 and 0.73 for T = 250.
However, with ¢ = 0 the tests are susceptible to considerable size distortions in the
presence of short-memory autocorrelation. Choosing ¢ large enough to more or less
remove these possible size distortions will reduce power very substantially. KPSS provide
some evidence on size distortions in the presence of short-memory errors. Specifically,
they consider the size of the ﬁ,. and 1, tests in the presence of AR(1) errors, with
autoregressive parameter p =0, £0.5 and £0.8. For T 2 100 and p = 0.5, the choice ¢ =
¢ 4 is sufficient to keep the size of the 5% test below 0.10, but ¢ = ¢ 12 is required if p =
0.8. In Tables 2-1 and 2-2, we see that, with ¢ = ¢ 4, a fairly large sample size is
necessary to attain reasonable power against d > 0.3. For example, the power against
d=0.3 of the 1, (¢ 4) test is 0.41 for T = 250 and 0.55 for T = 500; these are about the

same as the power of the ﬁ,.(e 0) test for T = 50 and T = 100, respectively. With ¢ =
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¢ 12, even larger sample sizes are necessary for reasonable power. For example, for T =
500 the power of the M, (¢ 12) test is only 0.35 for d = 0.3 and 0.46 for d = 0.4.

The good power properties of the tests with ¢ = 0 basically reflect the fact that it
is not hard to distinguish an I(d) series with d > 0 from white noise, while the poorer
power properties with larger values of ¢ reflect the fact that it is harder to distinguish an
I(d) series from a substantially autocorrelated short memory series. To elaborate on this
last point, Table 2-3 compares the power of the ﬁ,, and 1, tests against I(d) alternatives
to their size in the presence of AR(1) errors. Specifically, we compare power against an
I(d) alternative with d = 1/3 to size in the presence of AR(1) errors with p =0.5. Both
series have a one-period autocorrelation equal to 0.5, but the autocorrelations of the 1(1/3)
series are much more persistent than those of the AR(1) series. Power against the I(d)
series is calculated by simulation as above, using 20,000 replications, while size in the
presence of AR(1) errors is taken from KPSS, Table 3.

In Table 2-3, it is clear that the powers of the T, and 1| tests against the I(1/3)
alternative are larger than the corresponding sizes in the presence of AR(1) errors with
p = 0.5, with a few exceptions for the 7, test when ¢ = 0 and T is small. The difference
is most substantial when T is moderately large. For example, for the ﬁ,, (£ 4) test with
T = 500, compare power of 0.612 to size of 0.090; for the 7\, (¢ 12) test with T = 500,

compare power of 0.383 to size of 0.058. It appears that we can hope to distinguish a
long memory process from a short memory process with approximately equivalent short-

run autocorrelation, but it will require a rather large sample size to do so reliably.
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Finally, we compares the power of the 1), test to the power of Lo's modified
rescaled range test. Table 2-4 gives the power of the 5% upper tail test using the Lo’s
rescaled range statistic, with the critical value given by Table II (p.1288) of Lo (1991).
The format of Table 2-4 is the same as those of Table 2-1 and 2-2. We use the same
specifications for simulations in terms of d, T and ¢, and we use the same generated data
series for the simulation results as in Table 2-1, 2-2 and 2-4.

As a general statement, the powers of the 1, test and Lo's modified R/S test are
fairly similar. However, the 1, test is clearly less powerful than the R/S test when power
is high, and more powerful when power is low. Thus the 1, test is more powerful when
T is small and d is close to zero, or ¢ is ¢4 or ¢ 12; and Lo’s modified R/S test is more
powerful when T is large, d is close to one and ¢ is ¢ 0. Especially, when we choose ¢ =
¢4 or ¢ 12, Lo’s modified R/S test has little power in small samples. Thus the ﬁ,. test
seems to enjoy an advantage in power over the R/S test in cases in which ¢ is picked large
enough to protect against severe size distortions from short-memory autocorrelation, but

this is not necessarily an optimistic conclusion, since these are cases in which neither test

has high power.
S. Concluding Remarks

In this chapter we have shown that the KPSS T, and _ statistics can be used to
distinguish short memory processes from long memory processes. Specifically, we
showed that tests of the null hypothesis of short memory based on these statistics are

consistent against long memory alternatives, and we have provided Monte Carlo evidence
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on their power in finite samples. Their power compares favorably to the power of Lo's
modified rescaled range test, which is also consistent against long memory alternatives.
An important practical conclusion that can be drawn from our simulations is that a
rather large sample size, such as T = 500 or 1000, will be required to distinguish a long
memory process from a short memory process with any reasonable degree of reliability. It
is interesting and important to note that this conclusion does not depend much on the
strength of the autocorrelation of the series, since what is important is not the size of the
autocorrelations, but their persistence. For example, we noted above that an AR(1)
process with p = 0.5 and an I(d) process with d = 1/3 each imply a one-period
autocorrelation of 0.5. With T = 500, choosing ¢ = ¢ 4 for the 'f'l,l test yields size of .09
with the AR errors and power of .61 with the I(d) errors. Now consider a more strongly
autocorrelated series, with one-period autocorrelation equal to 0.8, which could be
generated by an AR(1) process with p = 0.8 or an I(d) process with d = .444. Again with
T = 500, results from KPSS and our Table 2-1 indicate that choosing ¢ = ¢ 12 yields size
of .09 with the AR errors and power of approximately .51 with the I(d) errors. Finally,
consider a less strongly autocorrelated series, with one-per