123
153



THES g

This is to certify that the

dissertation entitled

Global Existence and Blow-up of Solutions
to Nonlinear Wave Equations

presented by

Hengli Jiao

has been accepted towards fulfillment
of the requirements for

Ph.D. degree in Mathematics

ol o

\‘ﬁaj}x prsfessot

Date___ 8/23/96

MSU is an Affirmative Action/Equal Opportunity Institution




LIBRARY

‘Michigan State
University

PLACE IN RETURN BOX to remove this checkout from your record.
TO AVOID FINES retum on or before date due.

DATE DUE DATE DUE DATE DUE

MSU |s An Affirmative ActiorVEqual Opportunity Institution
c\circ\detedus.pm3-p. 1

- — —_——



GLOBAL EXISTENCE AND BLOW-UP OF SOLUTIONS FOR
NONLINEAR WAVE EQUATIONS

By

HENGLI JIAO

A DISSERTATION

Submitted to
Michigan State University
in partial fulfillment of the requirements

for the degree of

DOCTOR OF PHILOSOPHY

Department of Mathematics

1996






ABSTRACT

GLOBAL EXISTENCE AND BLOW-UP OF SOLUTIONS FOR
NONLINEAR WAVE EQUATIONS

By

HENGLI JIAO

This dissertation studies the global existence and finite-time blow-up of solutions
to the nonlinear wave equation uy — Au = G(u, Du, D?u) in high space dimensions.
For G(u, Du, D*u) = |u|P, we establish the global existence of solutions with small
initial data when p > 9—134@ forn=15,p> 2—"33@ for n > 7 respectively; we also prove
that most solutions of the equation blow up when 1 < p < % for n > 3.
For G(u, Du, D*u) = |u,|?, |u¢|P, |u.r|P or |us|P, we prove that most solutions of the
equations blow up whenn >2and 1 < p < %_L}; we also estimate the life-span of the

solutions when n > 2 and p = %
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Introduction

The existence of global solutions of initial value problems for nonlinear partial differ-
ential equations has been studied extensively. There are many partial but only few

general results. In this dissertation, we are concerned with equations of the following
type
uy — Au = G(u, Du, D*u),
u(z,0) = f(z), w(z,0)=g(z),
where f,g € Cg°(R").
We concentrate here on the following topics:
(a) Global existence of the solution, i.e., existence of solution u(x, t) for all (z,t) €
R™ x R with smooth initial data.
(b) Finite-time blow-up of solutions, i.e., u or the derivatives of u of certain order
tend to infinity as t tends to some point Ty with Tp < oo.

(c) Life span of a solution, i.e., a solution that exists for all x up to a maximal

time T, in the sense that u(x, t) can be defined at most on interval [0, 7).

Let G(u, Du, D*u) = |u|P with p > 1. (0.1) becomes semilinear wave equation

uy — Au = |ul?,
u(z,0) = f(z), u(z,0)=g(z).

Equation (0.2) was first studied by John [6] who proved that for n =3 and 1 < p <

(0.2)

1 4+ /2, a global solution does not exist for any smooth non-trival data with compact
support; and for p > 1+ v/2, a global solution exists provided that the initial data are
sufficiently small by the contraction mapping theorem. Later, Glassey [3], by using
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differential inequalities, has showed that forn =2 and 1 < p < &bz@ the solutions
must blow up in finite time. Glassey [4] also proved that for n = 2, p > Qilzﬁ a
global solution exists for small data by estimating the solution and using contraction
mapping theorem. Moreover, Glassey [4] conjectured that for n > 2, there exists a
critical value po(n) such that most solutions blow up in finite time when 1 < p < po(n),
and a small global solutions exist for p > po(n) in weighted L, space with weight

function

$(|z],t) = (t + o] + 2k) T (¢ — |z| + 2k)?

and ¢ = i"—_ll;L_l, where po(n) is the positive root of quadratic equation
(n—-1p*—(n+1)p—-2=0. (0.3)

ie.,

n+1+vn24+10n -7
2(n—1) '

Schaeffer [15] proved that for n = 2 and p = po(n) = %2@, n =3 and p=po(3) =

Po(n) =

1 + v/2, the solution must blow up in finite time. To obtain all the results mentioned
above, the positivity of the fundamental solution for n < 3 was essential. By using
some properties of special functions, Sideris [18] proved that forn >4 and 1 < p <
po(n), the solution blows up in finite time provided that some restrictions to the initial
data are satisfied.

In Chapter 1, we are concerned with the blow-up of solutions to the semilinear
wave equation for n > 3 in terms of p. Difficulty arises because the fundamental
solution for the wave equation is no longer positive in higher dimensions (n > 3).
Our approach to overcome the non-positivity of the fundamental solutions is to per-
form analysis near the wave front where the fundamental solution is positive. We will
prove that for n > 2 and 1 < p < po(n), the solutions blow up provided that certain
conditions on initial data are satisfied. In comparison with Sideris’s proof, our proof
is much simpler. Moreover, we will show that for n > 3 and p = po(n), the solutions

blow up in finite time provided that the initial data are large.



The question of existence of the small global solutions is open when n > 3 and
p > po(n). In Chapter 2 and 3, by modifying the method of Sideris [17] and Schaeffer
[14] for quasilinear wave equations and using some technical estimates, we prove that
when p > po(5) = 3—"34@ forn=25,p> 2%@ for n > 7 respectively, there exists a
global symmetric solution in weighted L., space provided the initial data are small.
However, the weight function is different from the one that Glassey conjectured.

Let G(u, Du, D*u) = |u,|?, |u|?, |uu|? or |u.|P in equation (0.1). Klainerman and
Ponce [11] have shown that the equation has a small global solution if the initial data
are small enough and p satisfies (n —1)(p—1)2—2p > 0. However, it was conjectured
that the critical value is py(n) = 21 in this case.

Sideries [17] studied the case when G(u,Du,D?*u) = |Du|? and proved global
existence of small radially symmetric solutions when p > 2 and finite-time blow-up
of solutions for u2. John [7] and Schaeffer [16] have shown finite-time blow-up of
solutions with |u;|® and |u,|® for n = 2. By using the same method of [17], Schaeffer
(14] has shown p;(5) = 3. By performing analysis on wave front, Rammaha [13] has
shown finite time blow-up to the nonlinearity |u.|” and |u|? provided that p = 21
when n is odd and 1 < p < 21 when n is even.

In Chapter 4, by modifying Rammaha’s method and using more technical esti-
mates, we prove finite-time blow-up to the nonlinearity |u,|? and |u,|® with p = 2%¢
for any n > 2 and extend the results to the nonlinearity |u,-|? and |uy|P with p = 241
for any n > 2. By carefullyestimating the solution and using blow-up results from
ODE, we will also obtain the life-spans of the solutions.

Let G(u, Du, D*u) = |u|*uy, or |u¢|*uy. John [8] has showed that for n = 3 and
a = 1, the solutions blow up in finite time with some restrictions on the initial data.
John [7] has also proved that the finite-time blow-up of solutions to the nonlinearity

F '(ut)utt with n = 2 and 3 for certain initial data. We also extend this kind of

blow-up results to higher space dimensions in chapter 4.



Chapter 1

Finite-Time Blow-Up for Solutions

of Semilinear Wave Equations

1.1 Preliminaries

Consider the semilinear wave equation

Uy — Au = |ul?, z € R"teR,
u(z,0) =0, wuz,0)=g(z),

where g satisfies the following assumptions through this chapter

(a) g € C°(R™), g(z) > 0 and supp{g} C {z : || < k},

(b) there exist positive constants ko and k; with 0 < kg < k; < k such that

(i) g(z) 0 on {z : ko < |z| < k1 }

(ii) ko is sufficiently close to k such that % > zp, where 2 satisfies that for all
z € [20,1), Pu(2) > 3 and Tn(2) > 3, Pn and T, are the Legendre and Tschebyscheff

polynomials of degree n , respectively.

We will prove the following blow-up theorems:

Theorem 1.1 Let u € C*(R" x [0,T)) with n > 2 be a solution of (1.1), where
T > 0 is the life-span of u and 1 < p < po(n) = nt14VT4100=7  Then T < +o0. That

2(n-1)

is, u blows up in finite time.



Theorem 1.2 Consider the equation

uy — Au = |ulP, (z,t) e R*x [0,T), n>2

(1.2)
u(z,0) =0, wuz,0)=1g(z),

where g satisfies (a) and (b) in Theorem 1.1, p = po(n) and € is small. Then T < oo

Given u € C*(R™ x [0,T) define @ to be the spherical mean of u, i.e,

1
u(r,t) = — t)dw
u(r,t) o /le:l u(rw,t)
for all (r,t) € R x [0,T). Then by Daboux’s identity we have
1
(@) — At = (= Au) = Ju = — /le:1 fu(rw, t) Pdw > |l .
Note that
n—1

We are led to the following radially symmetric equation
Upr — n,-;lur — Upr = G'(u), (r,t) € R x (0, +00),
u(r,0) =0, u(r,0) = g(r),
where G(u) > |u|” (we used u instead of @ to simplify notation).

It is well-known from Duhamel’s principle that

Lemma 1.1 [13] The solution of equation (1.3) has the following form
if n is odd,

r+t— 1' n-1 2 2 _ . 2
u(r,t) = u¥(r,t) + Cr's" / /, o "7 Pacs (A tr m(t ) )G(u(/\,r))d/\dr,

where
o _ iz [T e A 42— g2
u(r,t)=Cr= - tI/\ Pns (—-——27‘/\ g(A)dA
and C = C(n) > 0.

If n is even,

1

u(r,t) = u¥(r,t) + Cr'z* /: /ot_T((t -7 —p¥)"2p
AR08 = (= o)+ o) = A

-pl|

MNyrt—(t—1)?
T_n_2—_2_ ( 5 G(u(A, 7))dAdpdT



where
2—n t 1 r+p . 1
W)= 0 [ =)k [ N[0 = (=) 4 ) - 2]
r—p
A 12— p?

In both cases, u° is the solution to linear wave equation

—Au=0,
u(r,0) = 0,u(r,0) = g(r).

Lemma 1.2 Suppose that u and u° are same as in Lemma 1.1, then

—_n r4t—1
t) > , C u(A, 7))dAdr,
u(r,t) > uo(r,t +r2//rt+7 ,T))dAdT
WO(rt) > cr'z [ AT g(0)d) (1.4)
r—t
fort+ko<r<t+k,.
Proof of Lemma 1.2. If n is even, then
-n [t r+ n 1
W(rt) = Cr'%® [ = ) hp [AF[0F = (r = o)+ p)? - 2]
0 Ir—ol

A2 + r2 — p2

Since p € [0,t], A € (r — p,r + p)N[0,k] and t + ko < r < t + ky, imply that

2, .2 _ 2 22 2 _ _
A4 pZ(r PP +r er er t>£
2r 2rA A k k’

LI S
2 | ————— | >
T22( 2r )"

we have

N —

and

r+p

w(r,t) 2 ¢ [ = )b [ AR [0 = (r = p))((r + ) = X)) T g(N)dNd.

Ir—nl

Changing order of the integral leads to

W(r,t) 2 OrF [T A3GNAN [ (8 = (0= p))(r +p)? = N ol = 7).

[A-1|



Note that under the range of the integration

(X = (r = pP)((r + p)? = M) = (9% = (r = P)(r + A = p)(A+ 7+ A), and
Pl—(r =A<t —(r=A?% r4+d—p<r+i-|]A-r| <3\
r+A+p<r+(r+t)+t<2r+2t<4r.

Hence

W, 1) > Cr' / Mgdr [ (8= (r = N) " p(t = p?) dpd) .

A=l
Note that

t 1 1
/| (8 = (r = ) "Fp(t2 = p?)Fdp = 1,

A=t
we have then
r+t n—1

WOr,t) > Cr' e [ AT g(A)d),

r—t
r+p

N

Q= [ [T—ry—pyte [N [0 = )0+ ) - )]

Ir—ol

2 4.2 (4 _ \2
Toss (’\ tri- (i) )G(u(/\,r))d)\dpdr,

2r
and
MNart—p? (r=p)P+rt-p* _r—p_r—t+7 _T+ko _ ko
> > > > > —
2r - 2r - A~ A T4k "k
then
A2 42— 72 1
n— > —
T 2( 2Ar )—2
therefore

Qryzor /0’ [)t_r((t_T)z_p2)—%p/|r+p MO = (r=p)")(r +p)* - /\2)]_% :

G(u(X, 7))dAdpdT
Changing the order of the integration leads to

r+t— 'r

dT

u(h A [ 102 = (= p)((r 4 ) = 2

dp.

r—t+7

Vi —T)2—p



A similar argument to the estimate of u° yields

-3 :

™
o=

U= (= pP)(r + ) = NP
o [F = = o) + ) = X7 > O

therefore

Q(r,t) > Cr's //r”'” = Glu(A, 7))dAdr.

t+7

1.2 Proof of the Theorems
Proof of Theorem 1.1. Define

F(t) = / u(r, t)de,

The idea is to show that F'(t) blows up in finite time.

It is easy to see that
F(t) = / wi(r, t)dz,

F= %/R" u(r,t)dz = /l;" uy(r,t)de = /Rn(Au(r,t)—{-G(u))da:,

by the divergence theorem and support property of u

Au(r,t)dz = 0.
- u(r,t)dz

Therefore for any ¢t > 0,

Pt) = / _Glufr,t)dz > /R JuP(r,t)d

> VR” u(r,t)dz ’ [-/le<t+k da:] )

= |F()Plwalt +k)")' 7" (1.5)

for any ¢t > 0.

By assumptions on g, there exists an rq € (ko,k;) and a § > 0 such that g(r) # 0 for
r € (ro — 6,70 + 6). Hence

ro+d .y 1=n

-n r+t n— l=n
W, t) > Cr's / A2 g(N)dA > Cr'F /
r—t

ro—48



where
Clg) = c/ g(\)dA > 0.
From Lemma 1.2, we have u(r,t) > u%(r,t) > 0 for ¢ + ko < r < t + k;. Therefore

lu(r, t)[P dz >

u’(r, t)l

—/+ko <r<ttky t+ko<r<t+k |

t+ky (1=n)p
(C(g))”r 7 "l dr

2 (s Kool k) 500
There exist a constant Ag > 0 and a Ty such that for ¢t > T
P(t) 2 Awon(C()P(t + k) T2+, (L6)
After two integrations, we have
F(t) > A(C(g))"(t + k)"F2+* L Bt + E (1.7)

for t large enough.
Since 1 < po(n) < 2, wehaven+1—-231 >n+1—21py > n4l—212n = ],
Therefore if t is large enough, the linear term in (1.7) can be absorbed into first term.

That is, there exists a Ty > Ty and an A, such that for ¢t > T}
F(t) > Ay(C(g))(t + k) =757, (1.8)

Since F(t) > 0 for all t and F(0) > 0, hence F(t) > 0 for all t. Combining (1.3)
and (1.8) yields

F(t)F(t) > F@)FP(t)wa(t + k)",

F(8)F(t) > F(t)F(8)[wn(t + k)" P A5(C(g))P(t + k)= P)(=1),
Therefore
%F’z(t) > As(t+ k)PP F(2)

Let § = —(—2p*+ 2 p-1) = (352pP — 2Hp—-1)+ 2, then 0 < § < 2 forn > 3
and 1 < p < po(n).



Hence
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S—Ft) > As[(t+k)IF@)F() + 8(t + k)" TUF(1)
As d

> S+,

which implies that

Since

F(t) > As[(t + k)0 F2(t) — FY(Ty)(T) + k)~°) + F*(T}).

FYt)(t+k)° > C(t+ kytD=(nmp2=(5 =2

> C(t+ k)("'l)(:_:l'p) — 00 ast— oo,

There exists T, > T such that for ¢t > Ty,

Therefore

F2(t) > i-ASF?(t)(t + k).

T = lgdte+ 1

which implies that

1
1—

InF(t) — InF(Ty) > ~ AT —[(t + k)'~% — (To + k)'3].

o —
N O

There exists a T3 > T5, such that for t > T3

where A4 =

InF(t) > Aq(t + k)7,

F(t) > e"“(“‘")l_%,
1
%Ag 1—_1—5 and 1 —4 > 0. Hence, there exists a Ty > T3 such that for ¢t > T}
2

F(t) > (t+k)*™. (1.9)

Then by (1.5) for t > T}

P(t) > Wi (t + k)| F()| 57 | F ()|
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> whP(t+ k)T ((t + k)z")lz"—'lp(t)r’—;f—’,
P(t) > wi=P(F ()% (1.10)

Since F(t) > 0 for any ¢t > 0, we have

-

F@)F(t) > wl P F()F3 for t > Tj.
Integrating both sides once, we have

1
n—

2l 41

wi-

S0 - (1) 2

Hence for t > Ts,

F(t) > (m n 1) F& (),

ie.,

Ft) (@t )’
FE 7o\t 41

—

which implies that

1 1 1 wh? )%
—1 - ' > t— T
| (FPT(TS) F%(t)) (P—+1 ( 5) -

If t = oo, we have a contradiction. i.e. T must be finite. m]

Proof of Theorem 1.2. We use the same argument in the proof of theorem 1.1 and

note that § = —(—231p? + 2L + 1 — 2) = 2 in this case, then for t > T}
1

AZ(t+ k)™

which implies that

InF(t) — InF(T3) > =AZ(In(t + k) — In(Ty + k).

N —
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So there exists a T:; > T3 such that t > T;;

InF(t) 2 %Aéln(t +k)=In(t+ k)%A?
ie.,
F(t) > (t+ k)
Let l
A= b = o]t = Lot [T )|

If € is sufficiently small, then A4 > 2n, consequently, (1.10) holds. The rest of the

proof can be carried out using the exact argument in the proof of theorem 1.1. O



Chapter 2

Global Existence for Semilinear
Wave Equations in Five Space

Dimensions

In this chapter, we will study the existence of global solution for n = 5. We will prove

that the global existence of solutions with small initial radially symmetric data for

p> 33;43(17.
Theorem 2.1 Consider the radially symmetric wave equation withn =5

4
Uy — —Up — U = G(u), r>0,1>0,
r

u(r,O) = f(?‘), ut(r,O) = g(f‘), (2'1)

where f and g are even functions, f,g € CZ(R), and supp{f,g} C {r:|r| < k}.
If G satisfies

9G(u)
Ju

1G(u)| < Aluf?, | | < Bluf™, A,B>0,

then the equation has a unique global solution in the space Q, for provided that

P> po(5) = 2T and S (|1f Do + 19]1uc) s sufficiently small, where

13
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[ u € C°R x [0,00)) | ru, (ru), € C°(R x [0, 00)), ‘
) u is even and u(r,t) =0 if [r| > t + k,

llull = sup(|gu| + |$(ru)| + |$(ru)-|) < +oo,
d(r,t) = (r +t+2k)(t — r + 2k)%3

We will prove the theorem by several lemmas.

For u € §, 4, define the operator with r > 0
0 Co
Tu(r,t) = u’(r,t) + r—3Tou(r,t), (2.2)
where

r+t
u®(r,t) = Cor3 / A(r? + 22 — £2)g(A)d),

Ir—t|

+% [Co -3 /|-+t| A+ A2 = 2) f(A)dA (2.3)
r4+t—7 2 2 2
Tou(r, 1) / /I o M= (= T)GLu(h, )N (2.4)

By Duhamel Principle, solving (2.1) is equivalent to finding a fixed point for the
operator T in Q, k. The goal in this chapter is to prove T is a contraction map.
Therefore We need to prove the following:

(i) Tu(r,t) is even in r;
(i1) Tu(r,t) =0 for |r| > t +r;
(iii) Tu,rTu and (rTu), are continuous;
(iv) ||Tu|| < oo.
Since A(r? + A% — (t — 7)3)G(u(\, 7)) is a odd function in A, therefore

Tou(r,t) = / /|+:+| P2 422 — (£ — rY)G(u(h, 7))dA
_ / /Z’ (12 + A% — (t = )G (u(, 7))dA

Note that g()A) and f()) are even functions, A(A? + r? — t2) f(A) and A(A? + r? —
t?)g()) are odd functions of A, we have u®(—r,t) = u°(r,t). Similarly %Tou(r,t) =
(—_l;ngou(—r,t). Therefore Tu(r,t) = Tu(—r,t).
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From the expressions of u® and Tou, we can obtain Tu(r,t) = 0 for |r| > t + k. It

remains to prove (iii) and (iv).

For u € Q4 and 0 <r < t+k, let 2(r) = min{l,1}. Then we have

|[ul] [[ull
1< 5 luln)] <
Hence
|[ullz(r)
utr 0 < o,
oty < Ll Il 2l

- 7‘¢('I‘, t) .

In order to prove (iii) and (iv), we will prove the following Lemmas.

Lemma 2.1 For p € (%5,2), 0<r<t+k, t; = maz{0,}(t —r—

ty = maz{0,3(¢t + r — k)}, there ezists a constant C; such that

/t AzP()) < C
O, )T = o ek
t AzP(A) C
— 7| < .
t2 $*(X,T) per4t-rdT < (t — r + 2k)2p-2

k)} and

Proof of Lemma 2.1. Without loss of generality, we assume t—r > 0. If r—t+7 > 0,

ie.,, 7 >t —r, then

dpr—t+7,7)=(r—t+7+7+2k)(t —r+2k)*3 = (21 +r —t +2k)(t —r+ 2k)?3

t AzP(X) r AzP(X)

, W(A,T)P”“”d’ B

A

b AT I=r T 2R)p( —r 5 2k
AP

1
<(t-r+ 2k)"’(2”'3) [

< (t =1+ 2k)7PCP3) [(t 2+ (- 2k)E [T X ia]

1
< (t — 1+ 2k)P-3-% [(t —r+2k)% 4+ 3, 2]
2

1

d+ [
/o(2A+t—r+2k)P +f D ti—r+2k

)pd’\l
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For p > ﬁ'ﬂﬂ, we have —p(2p — 3) — £ < —2p + 2 and note that ¢t —r + 2k > k
then

(t —r +2k)7PPP=3=F = (¢t — 1 4 2k)"2P¥2(¢ — 1 4 2k)P(2P=3)-F+2p-2
< k—p(2p—3)—§+2p—2(t — 1+ 2k)7%F2,

Ifr—t+7<0,ie,7<t—r,thend(t —r—7,7) = (t —r+2k)(21 — (t —r) + 2k)?~3

t—r ,\zp(,\) dr = /t—r—tl /\zp(/\)
v DT o (t =1+ 2k)P(t — r — 2X + 2k)P(2p-9)

Ift —r <k, then t; = maz{0,3(t —r —k)} =0

/t—r—tl /\Zp(/\) d/\
0 (t —r+2k)P(t — r — 2X + 2k)P(2p-3)

dA

< /“' AzP())
“Jo (t—r+2k)P(t—r—2(t—r)+ 2k)p(2p—30

dA

o [* AzP(A) N
< (t—r+2k) p/; (—(t —r) + 2k)P(2p-3) S (t—r+2k) 7’/0 k”(z”‘s)d/\

< (t =1+ 2k)7Pk2P(20-9),

Since p < 2, we have (t —r + 2k)27? > k2-P. Therefore

t—r AzP(A) _ _ _
ctr—rdT < (8 = 1 4 2k) %P2 P(2P-3) P
) W(A,T)L_t TEl-rek)
Ift—r >k thent; =1(t—r—k)>0
/t—r—tl AZP(A) dA
0 (t —r+2k)P(t —r — 2))P(2p-3)
t—r—t) Al_p
< dA
- /o (t —r 4+ 2k)P(t —r — 2))P(2p-3)
k t=ri2k tortk /\l—p
_ | [? ] 2
< (t—r+2k) [/0 +/§ I P e

k
< (=14 2K)7P(t — v + k)PP / AP\
0

t—r + 2k —p(2p-3) /t—r+2k 1-p
+(t—’f‘—2(—4—‘——)+2k) % /\ d/\
t—rtk
+(—t —r+2% )PP (f = — 2X 4 2k) PR3

4 t—r42k
2
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Since
3 1k
2
/\l_pd/\ - — (= 2-p
I —(3)
t—r42k _ 3
/k—*—. yi-ray = (Fyor (LT 2k K  kiaptor 4 2k
2 2 4 2 2 4
—j‘—'_; k t—r4k
—p(2p-3 2 _ _
[_r42k(t—r—2A+2k) p(2p )S[_oo (t—r—-2A+2k) p(2p-3) 4\
= _1_/00 a__p(2p—3)da — }_ kl_P(2P—3) ‘
2 Jk 2p(2p—3) —1

t—r+hk=5 44> rp 3 s 22 4 4 9k > 3k, —p(2p—3) < —p+2,

and —p(2p —3) +1 < —p + 2, therefore there exists a constant, say Mg, such that for
t—r <k

/’""“ AzP())
0 (t —r+2k)P(t —r — 2) + 2k)P(2p-3)

d\ < My(t — r + 2k)~2P+2

Combine all above, there exists a constant M; such that

t AzP()) dr < M,
w @O, )T S o 1 2k

Now we prove the second inequality. First we consider t+r > k, then t; = 1(t+r—k) >

0and ¢(t +r—7,7) = (t + 7+ 2k)(21 — (t + 1) + 2k)?P~3

t AzP()) ret—t; AzP(N)
= r—‘rd = d,\
a ¢°(A, T)F"H ' /r (t+r+2k)P(t + 1 — 2X + 2k)P(2-3)

-7

r4t—ts
< dX
B /r (t+7+2k)P(t+1r — 2X + 2k)p(2p-3)

t4r42k t4r+k -
2 A1-p

k
< (t+r+2k) [/0 +/§ + /, o (t+r—2)\+2k)p(2”‘3)d’\-

A similar argument used in the proof of first inequality, there exists a constant M,

such that for t + r > k,

t AzP()) M, M,
—tqr_rdr < < .
t2 $P(N, r)l‘-‘“ dr < (t+7+2k)P-2 = (t —r + 2k)?r-2
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Ift+r <k, then t; =0 and

t AzP(A) t AzP(A) t \l-p
= r-Td T\ \P\=t4r—7 < i\ \P=t4r—T
I ST - ST e S
_ /‘ (t+r—1)t-7 d
“Jo (t4+ 7T+ 2k)P(2T —r — t + 2k)P(2p-3) T
t
< (t+r+26) 7k [ (gt - r)irdr
0
1
= (t — -pL—-p(2p-3) | __ * _2-p 2-p
(t—r+2k)Pk [ 2_pr +2_p(r+t) l
<(t+r+ Qk)—pk—p(2p—3)2_l_(r + t)2"’
-Pp
< f—p(2p-3) ok )-2042
—(1 - .
S5 (t+r+2k)
Therefore there exists a constant M, such that for 0 < r <t + k
t AzP()) M, M,
=r4t—7aT S S .
t2 $P(A, 7) (t+r+2k)2P-2 — (t —r+ 2k)?r-2

a

Lemma 2.2 Forp € (95%@,2), there ezists a constant Cy such that for0 <r < t+k
t )\2-»p 02

—,\=|r—t+'r|d7- < (

1 9P(A,T) t—r + 2k)%-2’
t  \2-p 02
_ < .
t2 PP(A, T)A_r-H_TdT = (t —r+ 2k)%r-2

Proof. Note p € (:—3%@, 2), then there exists a number §o > 0 such that

_ 3+d0+1/(3+d0)2 +8

p

4
Forr—t+7>0,1e,7>t—r,
t A2-P r 2\2-p
AR = (t — —p(2p—3)/ A
/,_, (N, r)l‘-’“‘“‘“ (t=r+2k) D DT —r ok

1
< (t =7+ 2K)P@I[(t — r 4 2K)7 / A2-P )
0

00 AZ—p
+/1 (2X + t — r + 2k)B=P=b1p)+p=(3-p=b1p)

),
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where 0 < §; < min{do,2 — %}, it is easy to see p — (3 — p+ 4;p) > 0 and

A2

/1 (2 + t — 7 + 2k)B-p+é1p)+p—(3-p+éip) dA

< (t—r + 2k)PH3+0p /°° AT1=hirg)
1

1
= | — t —_ + 2k "2P+3+51P.
[pél] (t—r+2K)

Therefore
t  )\2-p

S (t —-r+ 2]::)"1’(2?—3) [(t —r4 Qk)—P + ié‘(t —r+ 2k)—2p+3+p61]
Ppo1

=(t—r+ Qk)—p(Zp—S)—2p+3+p6| [(t —r4 Qk)p—S—p61 + ]%l
1

< [kp-S—p«Sn + _1_} (t—r+ Qk)—p(2p—3)—2p+3+p51.
- pdy

Since p = ooty (3+6°)2+8, we have —p(2p —3) = 2p +3 + pby < —2p + 2, ie.,

4

2p® — (3 4+ 81)p — 1 > 0, which requires p > Sty 23+61)2+8. Therefore

t  \2-p
—"}\=r—t+rd‘r <

t-r (A, T)

Forr—t+71<0,ie,7<t-—r,

1
k3Prh 4 17} (t —r + 2k)"2P+2
1

t—r  )\2-p d t—r—t) A\2-p A\
t ¢P(,\,r)|*=“"’ T /o (t —r +2k)P(t —r — 2X + 2k)P=(22=3)

Ift—r <k,thent, =0 and

t—r M\2-p I\
/o (t —r + 2k)P(t — r — 2X + 2k)P(20-3)

t—r 2\2-p d)
<
</ ({—r 42k (l—r —2(f =) 4 2E)P@D)

k )\2-p
< (t—r42k)7P / X7 ir< (t — 1+ 2k)Pk3-PP(P3)

0 k.p(?p—3)
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Note that (¢t — r + 2k)2~? > k?7P, we have

TN | dr < kPR3t — p o 2k)2H2
‘) ¢p(/\, T) =r—t+T1 =
forallt —r <k. Ift—r>k, thenty=2(t—r—k)>0

t—r  )\2-r \2-p

t—r—t;
" W(A,T)L\zr—t#rd‘r =/0 (t—r+2k)p(t—7'_2/\+2k)p(2p—3)d/\

k
< (t =1+ 2K)P[(t = r + k)P~ / ? 2P
0

r t—r42k
+(t—r— 2(t_1;4+_2k) + 2k)” p(2p- 3)/ A2-Pd\
_ tortk
(t——;ili)"”2 /_r . (t —r —2X 4 2k)P(2P=3) )]
Note that

t—rq 2 1 -T + 2k
A7Pd) < 3=

A — p< )

and —p(2p — 3) — p+ 3 < —p + 2, therefor there exists a constant Ny such that

t—r /\2—p
Wl‘”‘"*d’\ < No(t —r + 2k) 7242
t ,

for t — r > k. Combining all estimates gives

: —AiL d) < Co(t — r + 2k)~2P+2
t ¢p(/\’T)! =it - .

Now let us turn our attention to the second inequality in the lemma If ¢t + r < k, the

proof is similar to that of

¢ A |

rat—rdrT < t 2k)~Pt2
b 50 |A—+t T < Ci(t+r+2k)”

and is omitted.

Ift+r > k, thent, = %(t+r+k) > 0and ¢(t+r—7,7) = (t+r+2k)(27—(t+r)+2k)?3

/ ’A—H-r—‘rdT
/r+t tz 2P

d)
(t+7r+2k)P(t+1r —2) + 2k)p(2p-3) 77




21

t+r+2k t+;+k \2-p
<t MUY Y
(t+r+2k)7 [ + 2k | ({41 — 20+ 2k)P(2?—3) dA

k
< (t 41+ 2K)P[(t + 7 + k)PED) / T TP\
0

t+r42k
+(t + 7’2+ 2k)_p(2p_3)ﬁ 1 A2-pd/\
2

t+r+k, o5 _p(2p-3
+HEE) P['42k(t+r—2/\+2k) P(29-3) 4]

k)—p(2p—3)+3—p (t +r4 2k>3—p
2 T\

< (t4r42K)7P[(t+r + k)7PD) (— 5

k1-r(2p-3) t k 2-p
+ ( +r+ ) l.

p(2p—-3) -1 2

Note that —p — p(2p —3) < —2p+2and —p—- (2p—3) +3 — p < —2p + 2 (which
requires p > gﬂaﬁ), then we conclude there exists a constant N, such that for t4+r > k

t Az_p ’ 2 ’
b FO. T)L\m“_rdr < Ny(t+r+2k) < Ny(t —r+2k) .

This concludes the proof of the lemma. a

Lemma 2.3 There ezists a constant C3 such that for p € (3—"%‘@,2)

rrier sl
/ /| o MO A < R

Proof. By assumptions on G and (2.5), we have

AXPW[e|P - Allu]PAT?
r(\ 1) T gr(\T) ]

r4t—1 » t4r—7 Al“P dAd
< .
/ /I o MO )M < Allu| / / e

AG(u(X, 7)) < AMJu(A, 7)P <
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Let 7+ A= and 7 — A = @, then

/ /| T AG(u(), 7)) dAdr

r—t+7|

-r pt+ )l P 1
< p
Allul| / /t (a + 2K) p(2p 3) ﬂ+2k)p2d’3da

—-r B-a 1-p
t+r
(Q + 2k)_p(2p—3)da/; (£'82—+gk—)p-;-d

t—r r B—a P
+/ (o + 2k)~P%P- S)da/tt ((ﬁl 3]. (2.7)

= Alful]

Now we estimate the following integral for 1 —p — | < —2.

Case l: ift—r—a <2,

t4r (@)l—pl tr—o \l-p
/ ‘3l - d)
t—r (B+2k)'2 tzrze (2X + a + 2k)

t4r—a A\L-P

00 ,\l"P
< AN ) W A
= /_2;_ X+ k)= /0 (21 + k)

Al-p 1111
1-p - _ —
/’\ d”] DA T I o2

< 1 1 +1 1 (2+k)p+l—2
“\k2—p 2p+i-2)(t—r—a+kpt-?

where we used thefact k <t —r—a+k<2+k.
Case 2: Ift—r—a > 2,

e L 1 feo
< 1-p-I
/'_—-;—° (2x + lc)’d)‘ -2 /'——-;-0 AT

_ 1 (t—r—a)z"‘p
2(l+p-2) 2 '

Since t—r—a > 2, we have £(t—r—a) > k. Therefore (1+%)(t—r—a) > t—r—a+k

i.e.,t—r—a>m(t—r-—a-&-k),then

s N (Y k)-pi42
< —r - R
Jore BT S Tt o)
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From Cases 1 and 2, there exists a constant N3 such that

/t’” (p_;a—)l—p ldﬂ < N3(t—r—a+ k)P
—r (B+2k)i200 =0T '

Now we can estimate first integral in (2.7) and get

t=r . (B=a)'7P
7 et 2y da [ ——((ﬂi?zk)p 540

t—r

/ kT(a +2k) PN (t — r — o + k)PP Pday

t—r

t—r 2-2p 2
<N, ( — k) |7 (ot 229
—k

2-2p o0
< N; (t_.r2+_2k_) / (a + 2k)—P(2P—3)
-k

Nak1-p(2p-3) »
:=@@p—m—1ﬂ%u““r+2“2p°

The second integral in (2.7) can be estimated as follows

B—a

t—r _ _ t+r ( )1—P 1
/LEL (a+2k) p(2p S)da/t—r —(ﬂ:-2k)p 5(1,3

t—r t+r B=ay1-p
+ 2k)“”(2”'3) /:_' (t-r+ 2k)"’+'da/t _(__2)_1(1[3
=

<(t—r
-r (B+2k)'2

-2

—_ t—r
E2T L ok)r@r-9t —r 1 2k)PHN, [ (t— 1 — o + k)P Pda

2

<(

t—r
< 9PP=3) Ny(t — 4 2k)~P(2p=3)-pH / (t—r—a+k)>"Pda

—00

9pr(2p-3) N3k3—l—p
l+p-3

where =3 —p+pé and —p(2p—3)—p+1< —2p+2.

(t —r4 Qk)—p(2p—3)—p+l ,

From the estimates of first integral and second integral of (2.7), the result follows.O

Lemma 2.4 Let u € Qpk, there erists a constant Cy such that for 0 < r < t+k,
a =1 and 2,

[P
(t—r+ 2k)22°

/()t(r Ft—r)|Glulr +t — 7, 7))|dr < C4
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|[u][”
(t—r+ 2k)%—2"
||u]?
(t—r+ 2k)%-2"
|[u|[P

¢ _ 2 Q_: _ <C
‘[) (1‘ t+ T) I 87' (u(r t+ TaT))IdT = 4(t —r 4 2k)2p—2'
Proof. Note that

t
/0 |r —t+7|*|G(u(r —t+7,7))|dr < C4

¥ _ 96 _
/o(r-l-t r)| 5 (ulr + t = 7,7))ldr < G

A%2P(X)

NIGEL D] S AN, TP < AlllP o

we have

/0 ‘(r +1—1)|G(ulr +t — 7, 7)|dr = /tt 2 |G(u(M, T))Il,\=,.+t_,-d‘r
£ X227(N)

t /\"’z”(/\)"\
< [ Allulp rierdr < Allul?
< [ AP S et < AP [ S
By Lemma 2.1 and Lemma 2.2, we get the first inequality.

l,\:r-}-t—rdT-

Similarly, we can get the second inequality in the lemma.

Note that

,|0G 2|0G | _ 5, b

7| utr, | = 2|52 5] < At
< a2 (ZOMR)T 20l A2l
STV ) MO T T AT

2-p
p

<Al 25

By Lemma 2.2, the third and fourth inequalities follow from lemma 2.2.

Lemma 2.5 Let u € Q;, and

Tyu(rt) = g:rou (r,2) / /|+:+_| A2 412 — (£ — 1)2)G(u(A, 7))dAdr.

Then Tyu, rTiu and (rTiu), are continvous, and the following inequalities hold

[ull?
|Tyu(r,t)| < Cs Yy

FTu(r,t)] < qul'(i','f)

|(rTyu),(r,t)| < Cs——r



25

Proof. Since A|G(u(), 7)) < A||u||”(;\,,—’("/\%l) and ;‘%(,\Ql is integrable in A. Also
2 (A(r? + A2 — (t — 7)*)G(u(A, 7)) = 2rAG(u(A, 7)) is integrable in A.
Therefore

(Tou),(r,t) = /0 t / _:_ 2rAG(u(X, 7))dAdT
+ /: ,\(r2 + 22— (t - T)Z)G(U(/\,T))h_:"-:;:d'r

is continuous

Note that
A+ 2 = (¢ = 1))Glu(A, )RS = 2N G (A, TR Tdr |
then
(Tou),(r,t) = 2rJu(r,t)

where
+t—-7
Ju(r,t) = / / .. MG\ r)drdr + / A2G(u(A, r))}ﬁz;t:;:dr.

Therefore, Ju is continuous, and by Lemmas 2.3, 2.4 there exists a constant M such

that

u(r, ) < M r“ﬂ;c)b—z’ (2.8)

Differentiate Ju with respect to r, we have

(Ju)p(r,t) = /ot[3(r +t—7)Gu(r+t—7,7))=3(r—t+7)G(u(r —t +7,7))

+(r+t— T)zi(G(U(T +t-77))—(r—t+ T)zg(G(U(r —t+7,7)))

or
By lemma 2.4, we can conclude that for 0 < r < t+ k

[lue] |7
(), 1)] < 8 s - (2.9)

Since Ju(0,t) = 0 and Tou(0,¢) = 0 , we have, using (2.8) and (2.9)

|Ju(r,t)] = | /0 "(Ju).(s,t)ds| < /0 " 1(Jw)e(s, 8)|ds

r

({—r + 2k)r2
Tou(r,t) = /0 "(Tow), (s, t)ds = /0 " 9sJu(s, t)ds. (2.11)

< 8C4||ull? (2.10)
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Hence the following inequalities is true
Tlu(r,t)—gTou(r, Co / 25 Ju(s, t)ds = 220 / 2 / (Ju)s(A, t)dAds,

which implies that Tyu, rTju are continuous.

Ift—r+2k>3(t+r+2k)

S

20 2C
0/ |Ju(s,t)|ds < 0/ SC4||U||p( s+2k)2p-—2ds

IGCOC4||uH” r [ul [P
2 .
r2 (t—r+2k)2 " < 32CoCy (t + 1+ 2k)(t —r + 2k)2r-3

If t —r+2k < J(t+7+2k), ie, r 2 =42, then

2C, 2Co [m M|
<
/ uls,lds < =5 |, G=r + 222

1 ||| [P 8CoM ||u]|P
< < . (212
2CoM r(t—r+2k)2-2 = k (t+r+2k)(t—r+2k)?3 (2.12)

Now we estimate rTu

|rTyu(r,t)| = |Tou(r t)| < 92/ 2s|Ju(s,t)|ds < —/ |Ju(s,t)|ds (2.13)

Ift —r+2k> 3(t+r+2k), then

2Co 2Co m  M|u|l?
<
/ |[Ju(s,t)|ds < - /0 (t—s+2k)2p‘2ds
[P |[u|[P
< < M .
< 2N G o = M G e ok

Ift—r+2k < 3(t+r+2k)

2Co / MilulP . _ _2CoM |lwll” 1
r Jo (t— s+ 2k)w-2 (2p—3)r \ (¢t —r +2k)?»-3 (¢t + 2k)?—3

2CoM [l P < 8CoM ] [”
= (2p=3)r(t—r +2k)»3 = 2p—3(t+ 1+ 2k)(t —r + 2k)¥-3

For (rTyu),, we have

(rTyu) (r,t) = ——&Tou( t)+ %(Tou)r(r,t)

r3
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We have proved that the first term is continuous and satisfies the estimate. The secod

term is also continuous, since
Co . Co . Co r
2 (Tou),(r,t) = n Ju(r,t) = _r—/o (Ju)r(s,t)ds.

If t —r + 2k > 1(t + r + 2k), then by (2.10)

2C, 2Co _ 8Cy||u]|Pr [Jull”
t) < < .
- un Ol s = e < 20 T = 5 2y

Ift —r + 2k < 3(t + r + 2k), then by (2.8)

2C, 2Co  M|[ulP 8CoM |w|[?
. < < .
r ulr )l < r(t—r+2k)¥27 k (t+r+2k)(1—r+2k)%°

Lemma 2.6 Let h € C*(R) be an even function with h(r) =0 for |r] > k.
Define
r+t
o(r 1) = / A + A2 — 12)h(X)dA
r—t

and ||v||e = sup{|v(r,t)|;r € R,t > 0} for v € C°(R x [0,00)). Then there exists a

constant Cg such that
|[wr™>v]|oo + [[wr™ve]loo + [[r™?0]|oo + |lwr v |oo + [[wr ™20, oo + [[wr ™ vr]|oo
< Cs([1h]loo + 1A loo + [1A"]ls0)
where w(r,t) =t +r + 2k.

Proof. Without loss of generality, we assume r > 0, t > 0 and note that v(r,t) # 0
only whent —k <r <t+k.

Differentiate v with respect to r
r+t
v = / 2Arh(N)dX + 2r(r + )h(r + t) = 2r(r — t)2h(r — t) = 2rl(r,t),
r—t

where

I(r,t) = /’:t M)A + (r + 0)2h(r + ) = (r — 1)2h(r — 1)

Since h is even and vanishes outside (—k, k), we have the following

r+4t
et <2r [ A + (7 = 0 Jh(r + 0] + (= 1A = )]
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< 2r[2%| | ]oo + 2K7||Allcc] = 8K>r |||,

hence
Ir~tv,(r,t)| < 8K?||A]]o0- (2.14)
Differentiating I(r,t) with respect to r yields

L(r,t)=3(r+t)h(r+1t)=3(r —=t)h(r —t) + (r+ t)*R'(r +t) — (r — t)?A'(r — t),

hence
11 (r, )] < 6k][h]oo + 2K2| |1 |oo
and
100 = | [ 1:(5, )ds| < (k1 Al oo + 267 |1}
Therefore
loo(r, )] = 2rli(r,1)] < r2(12K] k|00 + 4K?] B ]0),
ie.,

720, (r, 1) < 12K||h|oo + 4K2||A]|oo- (2.15)

Now let us estimate [wr=2v,|. If t —r 4+ 2k < 1(r + ¢ + 2k), ie., r > “HH2E (2.14)
implies

r+t+2k
Tvr(rat)

Ift —r+2k> 3(t+r+2k),by —k <t—r<kand (2.14)

< élv,(r,t)| < 4r v (r,t)] < 32k%||h]|co-

t+r+2k 2(t —r + 2k
‘—rz—vr(r,t) S (—r?——zv,(r, t)
1 '
< 6k |5o(r, )] < 6k(12K] oo + 4K7[ [ c)-

In order to estimate |wr~3v|, we need to estimate |r~3v| and |r~?v|. Since |v.(r,t)] <

r2(12k||A|]co + 4k2[|A'|]o) and v(0, ) = 0,

o< [ 1or (3, 1)dA < (12 1Al oo + 4821 o)1,
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ie.,
Ir=3v(r, t)| < 12k||h|]o + 4K*[|R']] oo
If r >k,
r+t
lo(r,1)] < / IN(F2 4 A2 = £2)h(X)|dA
r—t
k
< hlle [ IAIGK + I = ] Ir + t])dA
< 2K%||h|oo(k? + E(2r + k)) < 8K?||h]|oo-
So |r~tu(r,t)] < 8Kk3||h||c, therefore |r~2v(r,t)| < ||%r“lv(r,t)| < 8k?||A]oo-
Ifr <k,
|r=20(r, t)| < klr3v(r, t)| < 12k2||h]|co + 4K%||R'||oo

Therefore
Ir=2v(r, )] < 12k*||A|oo + 43| 1] |co-
|r=Yo(r, t)| < klr~2v(r, t) < 12K°||A]|oo + 4K°3||h']|oo-
If t —r + 2k > 1(t + r + 2k) and by using |t — r| < k, we have

w 2(r+t+2k
2ot 0] < | EHEEI

< 6k 0(r, 1), < 6k(12K]Ihlloo + 462 17]1)
T
Ift —r+2k < i(r+t+2k),ie,r> 2 they
w 4 2 3
|20, 0] < |S5(r, )] < 402K Al + 47| ]c).

Therefore

|5 0(r, )1 < 72K |hlloo + 24K°] 11|
Using similar arguments, we have

< T2 loo + 24K%] 1] -

w
;'g'v(rvt)

To estimate |wr~2v,|, we need to estimate |r~'v,,| and |r~2v,,|.

w=[ :' _9Ath(A)dA + 2 (r + £)2h(r + 1) + 2(r — 1)?h(r — 1),
Ve = 6r(r + t)h(r +t) + 6r(r — t)h(r — t)

+2r(r 4 t)2R'(r + t) + 2r(r — t)?h'(r — t).
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Since h is even and vanises outside (—k, k), we have
|r " ore(r, t)] < 12k]|R]]oo + 46217 ]]oo,
lim r_lvr,t =0.
r—0
|éa7(r'lvrt(r, t))] = |6h(r +t) + 6h(r —t) + 10(r + t)A'(r + 1)
+10(r — t)h'(r — t) + 2(r + )2R"(r + t) + 2(r — t)*R"(r — t)|

< 12/|Alloo + 20k] 17 [|oo + 2K2||h”loo,

r 0
=t on(n 1 < [ 1o oz, ldz
< (12]|A]loo + 20k[|A |00 + 4K2||A"||co )T

Therefore
|r=2vr(r, t)] < 12]|h]oo + 20k||A']|oo + 4K*[|A"]]co-
A similar argument as before yields
lwr=2v,(r, 8)] < 6k(12]|h[leo + 20K][R" |00 + 4K2[|A"[]co)-
Since v;(0,t) = 0, and by (2.16) we have

Joe(ry )1 < [ fora(s,1)1ds < (1211Al oo + 200 |oo + 4R (1K o),

|r=2u(r, )] < 12]|hl]eo + 20K|1A||o + 4K][R" |0

On the other hand
r+t
jod < [ [2sth(s)lds + 2r(r + OPR(r + O)] + 2r(r = OPIR(r — )]
r—t
If r > k, then

k
|os(r, 1)] < /k2t|3|h(s)|ds + 47k?| ||
< 4tk?| ||| + 47K ||| < 4(2r + E)KE||R|]0o < 127K?||R|oo

(2.16)
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ie,forr>k
[r"Yvs(r, t)| < 12K%||h|]oos |r~2v,(r, t)| < 12k]||h]|co-

If r <k,
|~ og(r, )] < K2(12][h]]oo + 20k|[R||oo + 4K7[|R"||c0),
|r=2vi(r, t)| < k(12[[R]]oo + 20K|[R"]|co + 4K R"]<0)-

By a similar argument as before, there exists a constant C(k) such taht
lwr™*ve] < C(k) (oo + 11A']loo + A" ]l00),

lwr=2v| < C(k)(||~lloo + 1A loo + 1[A"]]o0)-

Lemma 2.7 There ezxists a constant C such that

1u®]] < Co(ll flloo + 1 Tloo + [1f”lleo + llglloo + 119" lleo + 11g"{leo)-

Proof. Recall ||[u°|| = sup{|¢u®| + |¢(ru®)| + |#(ru®),|} and note t — r + 2k < 3k on
the support of u°, then

[6(r, yu(r, )] < (BRYP [u(r, )™ (2(r, 1) + v (1))

|, tyru(r,8)] < (3K)% 7 Juo(r, t)r~2 (v¥(r, ) + v (1, 1))
|b(r, ) (), (r, £)] < (3K)2 > Juw(r,1)(—2r v (r, 1)
+T‘_2'U;?(7’, t) - 27‘_3’0{(7', t) + 7'—2‘0,‘.[,(7’, t))l»

where

r+4t
v = A(r? + A2 = t?)g(N\)d),

r—t

r+4t
ol = ] A + A2 — £2) f(A)dA.

-t

Therefore, The lemma follows from lemma 2.6.
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Proof of Theorem 2.1. By Lemma 2.5 we have
ITull < [Ju]] + [|Tyul| < [|u°l] + 3Cs||ul[?

Let ¢ = (605)_"+’, hence Cs = 1e' 7.
Let

sk = {u € Qo |lull <e}.

2
Choose 3 _(||f“]lo + 119”]lo0) small enough such that ||| < 3¢, then

1=0
1
ITull < )|+ 3Csllull? < = +3- 2e'7er =

Therefore T maps {2, to itself. Exactly same estimate as before but replace G by

A(|ul? — |v|?) and note that
| ulP = [oP] < (lul + [o)P~ |u - 2],
then
ITu = Tol| < 3Cs(|lull + [[vl)*~ |lu — v|| < 3Cs(2e)"|lu — v|| = 2°7*||u — v]|.

Since p < 2, hence 2°°2 < 1, and T is a contraction map on §2; , therefore T is
a contraction map on (I ;. By contraction mapping theorem, there exists a unigue
fixed point u of 2 , such that Tu = u, i.e., the global solution of the nonlinear wave

equation exists. o

Theorem 2.2 For n = 5 and p > 2, the global solution of the nonlinear wave equa-

tion exists in O, x, where ), ;. defined as before except ¢(r,t) = (t+r+2k)(t—r+2k)?~!

Proof The proof is similar to the proof of Theorem 2.1,and is omitted here.



Chapter 3

Global Existence for Semilinear
Wave Equations in Seven and Nine

Space Dimensions

Consider the radially wave equation with n = 7 and 9

uu—n:lu,—-u”:F(u), TZOatZ(]? (31)
u(r,0) = f(r), u(r,0) = g(r), (3:2)
where f and g are even functions, f,g € C(R), and supp{f,g} C {r:|r| < k}.
Assume
F@l < A, 1200 < B, 4,8 >0
Let
—k+ kelitnF ifr < -,
z(r)=<r if r] < &,
k— %e(g")% if r > %
Define
[ ue COR x [0,00)) | rz"Fu, (rz"F*u), € CO(R x [0,00)), |
u is even and u(r,t) =0if |r| > t + k,
Qpkn = 9 =

llull = sup(|(r, t)rz"T u| + |$(r, t)(rz"T u),|) < +o0,
| G(rt) = (r +t+2k)"7 (t — r + 2k) TP "F

33
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If u € Q,x, then there exists a constant C such that

Clu|l Cllull
< —_— < —_
[u(r,t) < —=r50 lur(rst) < —=s5i)

By using the similar method to the case n = 5 and more technical estimates, we

obtain the following

Theorem 3.1 The equation with n = 7 has a unique global solution in Q,; provided

that p € (%@,2) and T2 o(1flco + llg'lloo) is sufficiently small.

Here we note that p,(7) = 210 is greater than po(7) = 2T,
In order to prove the theorem, we need the following lemmas which can be proved by

the similar argument to the case n = 5. We omit the detailed proofs of most lemmas.

Lemma 3.1 For p € (po(n),2), there ezist constant Cy(n,k,p) and Cz(n,k,p) such
that

/t A"TP | amkp)
b 2 7 Pge(\, T) Akt S (t —r+ 2k) 2P0
tAE Ci(n, k. p)
/ =, oy et S S
t2 272 PPP(A,T) (t—r+2k)7P"
¢ ’\"T_l-—p C](n,k,P)
/ BT ptl |'\=|"“+T| =< n=1__n-1 )
ty z7z PHLGP(A, T) (t—r+2k)y=z7P 2
toAEr Ci(n, k, p)
/ n—7 |/\=r+t—T < n—1
t2 2 2 PHgpr(A, 7) (t—r+2k)=
FO‘I‘p € (pl(7)72);
tAT Ca(n, k, p)

—_ |\ _ <
W FOu T T S T e
t  \2-p d C2
ta d)p( )l/\_r+! T T < (t—r+2k)3p —2)

/‘ /\3"’ | dr < Ca(n, k, p)
" Z A=|r—t+7| ( _r+2k)3p_2,

t Aa_ CZ(nv kv P)
< .
/t; =( |A-r+t—1d7‘ S G—rg ok
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Lemma 3.2 Let u € Q,x and n = 7,9, there exists a constant C3(n,k,p) such that
for p € (po(n),2)

t r+t—1 ne=s A
/ / A F(u(h, )dadr < P Rl (3.3)
4] Ir-t+T| (t — + 2k)Tp—3

For p € (po(9),2)

e C3(9, p, k)||u]|
//] o M= IO, rldnar < 2PN (3.4)

The first inequality can be proved similar to the case n = 5. For the second inequality,

we will prove it later.

Lemma 3.3 Let u € Q,, there erists a constant Cy4(n,k,p) such that for p €

(pO(n)’z)

C“("’a kap)”qu
(t —r 4 2k) TP "7

t n—3
/ r—t+7|7 |Flu(r—t+7,7))|dr <
t—1

k]

’ : Ca(n, k, p)||u|l?
/t;(r+t—-r) Flutr+ ¢ = nm)ldr < o=l s
t n1 OF Ca(n, k, p)||u|l?
— 2 | — — <
/t‘x |r —t+ 7| Iar (u(r—t+7,7))|dr < (t—r+2k)_”'u’

Ca(n, b, p)llullP
(t—r+2k)*5 P

/t(r +t— T)nT—l|%—f—(u(r +t—7,7))|dr <

t2

For p € (p1(7),2)

C4(7a k’p)”u”p
(t —r+ 2k)3-2’

' __40F ~ Ca(7,k, p)||ull?
/tz(r+t T) lar (u(r+t—7,7))|dr < (t —r + 2k)P-2°

t
/ [r—t+ T|3|§E(u(r —t+7,7))dr <
13 aT

Lemma 3.4 Define

r4t—71 -1 n-3 2 2 _ _ )2
//|+ N Pas (A +ri-(t-7) )IF(u(A,T))Id,\dT,

Tlu(r’ r—t+7| 2Ar

r"“
there ezists a constant Cs(n, k,p) such that for p € (po(n),2)

(Lt (t =7 +2k)"2)|Julf?
$(r:t) ’

lrzn_;_lTlu(r’ t)‘ S CS(na p, k)
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(1 + (t = r + 2k)"F)||u|?
é(r,t)

Irz"7 Tyu(r,t)| < Cs(n, p, k)

For p € (p1(7),2)

Tyu(r, )] < Cs(7, k, p) A
o D)

i

$(r:t)
Lemma 3.5 Let h € C*(R) be an even function with h(r) =0 for |r| > k. Define

r4t L 2 2 _ 42
v(r,t)z/l N Py (ﬂ’——t) h(\)dX

Irz(r)Tiu(r,t)| < Cs(7,k,p)

r—t| 201

there exists a constant Cg¢(n, k) such that

_ntl _n41 _n=1 _ntl
llwr™% vl + llwr™ "% veloe + lwr™ T vrlloo + wr™ "2 vrelloo

< Co(n, k)(Ilrlloo + 1A lloo + 17" ]l20)

when r < %, and

_nt1 _nl _n=tL _ntl
lwr™" % vl + llwr™ % veloo + lwr™ T vrloo + [lwr™ "2 vpelloo

< Co(n, B)([lhlloo + 1R lloo + 1180

when r > g, where w(r,t) = (t + 1+ 2k)"2;3.

Lemma 3.6 Let u® be the solution of the equation

n—1

Upy — U — U =0, 720, t>0,

u(r,0) = f(r), w(r,0)=g(r), (3.5)

where f and g are even functions, f,g € C3(R), and supp{f,g} C {r:|r| <k},

then there ezists a constant C7(n, k) such that

lull < C7(n,k)(§(llf‘lloo +llg'lloo) -
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Proof of Inequality (3.4). If t < 12r, then

r+t—‘r 2
/ / o Y= TP (A, )N < 127 / /I WI,\ |F(u(), )| dAdr

by (3.3), we are done.

If ¢ > 12r
r+t—7
/ / 2(t — )| F(u(), 7)|dMdr
|r— t+r|
t—2r pri4t—r r4t—T
—/ / N(t — 7)| F(u(), 7)|dMdr + 2 — )| F(u(), 7)|dAdT
|[r—t47| t—2r J|r— t+1'|
9 NP P+ [T F(u(), 7)|d)d
< —
7'[ 2r~/|r t+7| | T)i T+-/ /lr t+1'| t T)l ( ( ,T)l T

r4+t—7 t—2r pr4t—T1
<2r//| A2 F(u() T)|d,\df+/ / N2(t — 7)|F(u(), 7)|dAdr.

—t+7| Ir=t+7|

Now we only need to estimate the second integral. Note

N (t — 1) F(u(A,7))| < AN (t - T)Apzp('i’)‘ﬂ:u m

andt—7—-r>t—(t—2r)—r=r>0,hence|r—t+7|=t—7—r and

t=2r pr4t— T
/ /] 2t — 7)|F(u(), 7)|dMdr

r— t+-r|

t—2r pr4t—r ||u|{)\2(t—'r)
< / /t ANt = T) 5, o

—)
< Allell? [/t /t rer /\PzP ¢p ,\,r)‘“d’

t—=2r pt—14r AQ(t_T)
/” L wevEo ] (3.6)

We call the first integra,l and second mtegra.l I, and I, respectively in (3.6).

he [ e

t2 [Ttk /\2"’(t -7) I
~/t T—r /\Pzp /\)(T + A + 2k)3p(7- - A + 2k)p(4p—5) T
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But A>t—7—r>t—ty—r>t—r—L{t+r—k)=24k 5 X by the definition
of z, we have z()) > £. Note

t—r t—(t—2r)

=2
t—T—r<t—(t—2r)—r ’

i.e,t—7<2(t—7—r), then

t2 N-(t— 1)
( ) / / T—r T - A+ 2k)P(4P 5) dAdr

2\? rt2 T4k /\2—4p
<|-= —r_
B (k) '/ll 2(t T 7') /t~f—r (T - A+ 2k)p(4p—5) dAdr

S M(tz - tl)(t - t2 et 7‘)3—4p,

where M = 2 (%)p (p(4p — 5) — 1)-lk—p(4p—5)+1.
Since
1 1
tr =ty = maz{0, o (t +r — k)} — maz{0, 5(t - 7 — k)}
1 1
= 2l =R+l =kl = Zl(t—r = k) + |t = r — k]
1
= glttr—k) —(t—r—k)+lt+r -k~ |t—r k]

%(2T+|t+r—k—(t—r—k)|=r.

If ¢, # 0, then

t—t2—7‘=t—%(t+r—k)—r

l 3 1 1 1 3
= —t—or4 k> —(t— 40
5 2r+2k:__4(t r+2k)+4t 2r
%(t—r+2k)

I <4 3Mr(t —r + k)%

Let us estimate

t—2r pt—T4r /\2(t 1.)
L= [ seomoa
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Since z(A) is increasing function A > ¢t —7—r, 2(A) > 2({ —7—r) > 0. Then we have

t—2r (t -7 = ,.)2-p t—7+r )Y
< L A—
L < n  2P(t—T-—r) /t-r-r d*(A, T)d)‘dT
t—2r - 2-p t—74r
/ (t—7—r) A s
t;  2P(t—T—r)(21 —t — 1+ 2k)PEP=5) Jo_rr (T + X+ 2k)3P

Let L=3(t+r)—%andt,>0. Thent—2r > 3(t+r) > L > Lt +r—k).

L (t—7—r)2r t—74r A
I < / dXd
2=y 2Pt =T —1)2r —t—r + 2k)PE) Jo_rp (74 X+ 2k)% ’

t—2r (t -7 — 7.)2—1) t—T4r pY I
+/L 2P(t—7—1)(21 —t — 1 + 2k)PUP=5) Jyrr (T + X+ 2k)%P !
= Jl + J2.

L (t —_T - 7-)2"1’ t—T4r )Y
= dAdT .
i /z? 2P(t —7 —7)(2r —t —r 4 2k)P4P=5) Jy—rp (T 4+ X + 2k)%P T

Sincet—r—r>t—-r—L=Y"4+%>% wehavez(t —7—71)> % and
1 2 Z 2 2

(t —_T — r)2—P t—T4r

L
J, < / A=3pdAd
Y=y Byp(2r — t—r + 2k Sy ’

L
<2 (2P [ (L= = rfUP(ar — = r 4+ 2K) POy

t2

%)”r(t - L - r)3_4” /OO(QT —t—r+ 2k)"’(4”_5)d7‘
t2

= 2(%)”(p(4p —5) = 1) kPRI (g — [ — )PP,
but t—L—r = t=3(t+r)+5—r = Lt -Tr+2k) > L(t—r+2k)+ 3720 > (t—r+2k),

we have

)P(p(4p — 5) — 1)~ k~PUP=SIH1164P=3p(t — 1 4+ 2k)>~4P

Eol ]

J1 < 2(
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t=2r (t—T1—r)" t—T4r A
= dA\d
J2 /L 2P(t—T1—71)(2r —t —r 4+ 2k)PU4P=5) Jo_rr (T 4+ X+ 2k)% T

d\dt

(t—7—r)P /“”" A
t

—t— p(4p—5)
(2L t T+ 2k) / r—y (T + Y + 2k)3p

z"t—r—r)

< (;) p(4p-— 5)(t r+2k —p(4p— 5)/

-2r t —_T — 7-)2 P /t—1'+r )Y Ddr
t

—-T—r (T + /\ + 2k)3p

th-T—-r)

Ifr< %, thent—2r>t—r—§and
t—2r (t —_—r - r)2—pd t—T4r A
/L 2Pt —T—r) T~[—‘r—r (T4+ A+ 2k)%r
r—— t —_T — 7-)2 p t—T4r A
= A
/ ZP t—T—'T‘) dT~/t—'r—r (T+/\+2k)3pd

t—2r (t — T = :,-)2"1’ t—7+r )
dT ~/t--'r—r' (7' + /\ + 2k)3p

dA - ll +12

+
t-r-k 2P(t—T —71)

Inly,t—7—r>% then z2(t—7—r1)> % and

2 t—r-—% t—14r ,\
2y — 7 —r)¥P
ll S (k‘) A (t T 7‘) dT /t—'r—r (T + /\ + 2k)3p

t-r—& t—T4r
<y [T == [ (4 2 2k)

t—7—r

t— r—t
< (g)”/ (=1 =) Pt — 1 + 2k) T P2rdr

...r._-

< (%) (t—r+2k)'~ 2”/ “(t—7 —r)2dr

—00

(é)HP(r — ¢ +2k)1 %,
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Inlg,t—‘r-—rg%,z(t—r—r):t——'r—r.Hence

t—2r t—T14r A
l — / - 2-2p
2= (T o) /._,_r (T+A+ 2k)3»d’\

2

% B+2r )Y
— 2-2p
[5 dﬂ/ﬁ (e el

<2t-r+ 2k)"3”r/§ B* (B + r)dB

4
4 —2p

< (g)“_z”r(t —r+2k)7%,

By the estimates of /; and {;, note that —p(dp —5) —2p+1 < —4p+ 3 and —p(4p —
5) — 3p < —4p + 3, then there exists a constant N; such that for r < §

Jo < Nyr(t — 1 + 2k)~4P+3,

Ifr> %,thent-—?r < t—r—% andt—1—r>t—(t=2r)—r=r> %, Z(t—7—r) > %

and
t—2r (t —_T — r)2-P t—T14r )Y
/L 2P(t— 7 —7)(21 —t — 1 4 2k)PUEP=5) Jisr (T 4+ A+ 2k)3P dAdr
k t—2r t—7+r /\
< (=) —t— k)—P(4p=5) — 7 —r)2P d\d
A T g S
k

< (Eyp@L—t—r42k)rrs) [0 -p(_q
- (2) ( Tt ) »/%(t—7r+2k)/8 ( ﬂ

B+2r 1 I
./g (t—r =03+ A+ 2k)°

L(t=7r+2k)
< (g)P(zL —t—r+ 2k)“”(4”‘5’%(t —Tr+ 2k)/ B*7dp

o A d)
/a (t=r =0+ X+2k)3
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L(t=Tr+2k)
< (g—)P(ZL —t—r+ 2k)"’(4”‘5)2—(t — Tr + 2k) / Bi-pigi+ri-p

B+2r 1 A\
./;3 (t—r— B+ X+ 2k)>

k 3
< (2 1 —-p(4p-5) 2 (4 __
< (FP@L—t—r+2%k) "2~ 7r 4 2%) |

Lit—rr42k
‘( r+2k) —1-p§

B+2r
/ﬁ (t =1 — B+ A+ 2k)=4P+3+p8 )

< (-’23)P(t — Tr 4+ 2k)(2L — t — 7 + 2k)7PUPS)p(t — p 4 2k)TAPHIHPS ﬂ ~ g1-rag

<( g)P-Ps pi(s(t —Tr 4+ 2k)(2L — t — r + 2k)PUP=S)p(t — ¢ 4 2k) TIPS

where § is small enough such that —p(4p — 5) + 1 + p§ < 0 which is possible by

p € (po(9),2)-
Note that 2L —t —r+2k = J(t+r+2k) > }(t —r+2k) and t — 7r + 2k < t — r + 2k,

then there exists a constant N, such that for r > %‘
Jo < Nor(t — v + k)7PUP=SIFI=4p434p8 < Nt — 1 4 0) 4P 43
Combining the estimates to J; and J;, there a constant N3 such that for ¢, > 0
I = Jy + Jo < Nar(t — r + 2k)~*+3 |
Combining the estimates to I; and I3, there exists a constant N, such that

r+t—7

/ /I V(= T)F(u(h,7)ldAdr < Nar(t = r 4 2K) 7",
r—t+4+7

for t, > 0.

Ift;=0,1e.,t+7r < %, then I; = 0. Therefore we only need to estimate /5.

Ifr< g, thent—2r>t—r—§and

t— r-— t—T+r A2 t— 7—) t—2r t—T4r /\2 t — 7—)
————————d\dr.
12 / ~/t T—r Zp A)QSP A T)dAdT + -r——-/t T—r Zp(/\ (A 7') T
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The first integral can be estimated using similar method to /;. The second is /,.
Ifr> % thent—7—r>t—(t—2r)—r=r>% wehave z(t — 7 —r) > £. Since
A<71+k, then 7 — A+ 2k > k and

t=2r pt—74r t —_ T)
b= / /; T—r z”(/\)qSP (A, T)d)\

t—=2r pt—T7+4r ,\Q-P d)\d
—k”(“” 5)./ [‘r—r 2P(t—7—7)(T+ A+ 2k)% !

I < o N
2 = kp(4p-5) / /t_r-r (T4+ X+ 2k)% !

< W(t — 1+ 2k)7P(t 4+ r)*Pr(t — 2r)
< k k% Pkr(t 2k)-3
= Lr(ap-5) r(t —r+2k)=3p

< k—4p2+3p+4r(t —r 4 Qk)—3p < k—4p2+3p+4r(t —r 4 2k)—4p+3 )

Combining all estimates, we conclude that there exists a constant C3(9,p,k) such

that for p € (po(9),2)

r+t-7 C3(9, p, k)|[ul
//l_ml (t = T)IF (O )ldrdr < 220 2T

Proof of 3.1: Similar to the proof of theorem 2.1

Theorem 3.2 (almost global ezistence) Let S(r,t,c) = {(r,t) € R} r —t+2k <
candr < t+ k,r > 0}. For smalln = 7,9 and § > 0, the equation (3.1) with
Cauchy data (3.2) has a unique solution in Q,ko(S(r,t, (m - 1);‘%5) provide
that p > po(n) and T2o(IfD + lg9l) < gz, where Cs(n, p,k) and Cr(n, k) as

in Lemma 3.4 and Lemma 3.6 respectively.

Proof of theorem 3.2: Let

2

1 n-%5
0% 1 = 10 € st (e —1) 1 ol <
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Define
Tu=u’+ Tyu

then by Lemma 3.4, we have

I Tsull < [[u®ll + 2Cs(n, p, k)(1 + [t — 7 + 2k %) Jul|”
2

. . 1
< (9 (0 P g
< Crlm, YU + 191 + 2Cs(m,p, ) g e < 6

Now the theorem follows from the standard contraction mapping theorem.



Chapter 4

Finite-time Blow-up and Life Span

of Quasilinear Wave Equations

4.1 Blow-IUp of the Solutions

Consider the quasilinear wave equation

n—1

U, — ty = G(Du, D*u) , (4.1)

u(r,0) =0, ur,0)=g(r). (4.2)

We will prove that for n > 2, the solution of the equation blow up in finite-time for

several classes of nonlinearities., we also obtain the life-span of the solutions.

Theorem 4.1 Assume

(a)g € C(R), g(r) 20 and supp{g} C {r:|r| <k},

(b) there exist positive constants ko and ky with 0 < ko < ky < k such that

(1) g(z) Z0 on {z : ko < |r| < k1 }

(11) ko is sufficiently close to k such that % > z9, where zo satisfies that for all
z € [20,1), Pu(2) 2 1 and Ty(2z) > 1, P, and T, are Legendre and Tschebyscheff
polynomials of degree n , respectively.
Let w € C*(R?*x [0,T)) be a solution of radially wave equation (4.1) with Cauchy
data (4.2) and G(Du, D*u) = |w,J?, |u,|?, |uul? or |u,.|P. T > 0 is the life span of u
and 1 < p < po(n) = 2. Then T < +oco. That is, u blows up in finite time.

45
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Lemma 4.1 Letn > 2 and u € C*(R x [0,T)) be a solution of the Equation (4.1).
Then there exists a constant C > 0 such that fort+ ko <r <t+ky,

1-n t-$ n—1
u(r,t) > Ct' = / 72 |u(r—t+7,7)Pdr (4.3)
25
fort > 3(k — ko) = 38, where § = £k

Proof: By Lemma 1.2, we have

u(r,t) > uO(r, ) + Cr's® //r“ "N G(Du(), 7), D2u(), 7))dr

t4+7

l—n r+t n—
u(r, 1) > ch/ AT g(A)dA > 0

r—t

Therefore

u(r,t) > Cr's / /'H "N G(Du(), 1), D*u(), 7))dAdr (4.4)

t+1

Note that ¢ > 2(k — ko) implies r > k, we can change the order of the integration
(4.4), and obtain that

u(r,t) > Cr's / / T G(Du, D*u)drd) (4.5)
’ k A— ’ ' '
If G(Du, D*u) = |w|?, then
1-n [T . n-1 A—r+t
u(r.t) > CrT/k AT [\_k |ug|PdTdA .

By Holder’s inequality,

A—r+t \ d
/,\—k us(A, 7)dT

p A=r+t 1-p
( / dr) dA
A=k

A—-r4t p
/ (N, 7)dr| dA
A=k

u(r,t) > cr's /rA"z;l
k

> Cr'(t—r+ k) [A7
k

> Cr'3 (k — ko)'? / N u(A A — 4 8) — (A A — k)[Pd)
k
By the support property of u, u(A, A — k) = 0, therefore

u(r,t) > Cria (k — ko)'? /k A u(M A =+ £)PdA . (4.6)
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If G(Du, D*u) = |uu|?,
len [T oy [A-THE
u(r,t) > Cris® / A% / |uge|[Pdrd) .
k A—k
By Holder’s inequality

p

A—r4t
/ . (A=r+t—"7)un(r, 7)dr

3
A—=r+t A—r+t q
P _ .\
S{/_k |u,,|d7'}{/)‘_’c (A=r+t 7')}

1,1 _
where ;+ . = 1.
Then

14

1=n [T . n-=1 A—r4t
u(r,t) > Crz /k A2 / . (A =71+t —T7)un(A, 7)dr

A—r+t s
{/ ) (/\——r+t——7-)qdr} d)

1-p

>Cr e [(t -r+ k)q+1]
/k N (A =+t = u X )T + u(A, DR d
> Cri3 (k — ko)@+)0-7) / AT u(M A — 7 4 8)PdA (4.7)
k

Combining (4.6) and (4.7) leads to such that

u(r,t) > C(t + k) /k AT (A A — 7 4 )[Pd (4.8)

> Ct'F /k AP (M A — 7+ £)PdA (4.9)
for t > 3(k — ko) Let A = 7+ r — ¢, then (4.9) becomes

_n [t n—
u(r,t) > Ct'l'T/ k(T+T—t)Tllu("'+7"—taT)|pdT
t—r+

-n [t n—
> C’tlT/ TTllu(T+r—t,7')|”d7'
t—r+k

-n [t n-
>ct'T /6 T"?‘l|u(r +r—t,7)Pdr
2
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where we used t —r + k < k — kg = 26.
Note that

—n t r4t—-1
u(r,t) > Ct'7 / / A% G(Du, D*u)dMdr
0 Jr—t+r
1 r4+t—-71

1-n t n—
> 0450 _ n-1 2
> Ct'3 /O(r t47)% / G(Du, D*u)dAdr

—t+T
len ft=8 ., [r4t-t
> Cct's® / N G(Du, D*u)dAdr

0 r—t+7
Sincer+t—7>r4+t—(t—8)=r+d=r+i stk st _§1k>T4k we

have

1-n t—4§ n—1 T+k 2
u(r,t) > Ct > T 2 G(Du, D*u)d\dt (4.10)

0 r—t47
P T+k 1-p
/ ay
r—t+T

—n t-§
> Ctl_z‘(t—r—{-k)‘"”/ P u(r — t 4+ 7, 7)Pdr
0

If G(Du, D*u) > |u,|?, By Holder’s inequality

/r " d)

—t+T

n—1

1—n t—6
u(r,t) > CtT/ T2
0

l1—-n t—6 n—1
> CtT(k—ko)‘“”L P u(r — ¢+ 7,7)Pdr . (4.11)
2

If G(Du, D*u) > |u..|P, by Holder’s inequality and a similar argument to the case

|use|P, we have

p
t-6 .,

u(r,t) > Ctl_Tn/ T 7

0

T+k
/ (7 4k = Npr (A, 7)dA
r—t+r

T+k 1-p
{/ (r+k-— A)qu} dr

—t4T

. -8 ., _
> OCF (= r 4 WO [T e 4 7P
0

s

o t— n—
> Ct' 7" (k — ko)A PO [ 2 u(r — t 4 7, 7)Pdr

28

Hence there exists a constant C such that for t + kg < r < t + k; and t > 36, the

following holds
n [t .
u(r,t) > ct= /6 r’?"llu('r +r—t,7)|Pdr.
2
Lemma 4.2 Foranyn > 2, ift+k, <r <t+k; andt > 34, then

Ct'TInt or = ptl
u(r,t) > . f nol?
Ct'-= for l<p< .
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Proof: From lemma 4.1

t—6 n—1
72 |u(r +r—t,7)Pdr .

u(ryt) > Ct'3° /6
2

Since 7+ ko <r—t+ 7 < 7+ k1, lemma 1.2 implies

ufr—t+7,7)>u(r—t+7,7)> criz

therefore
1= ft=8 1=n\P
u(ry t) > Ct'3 / =12 (Ct'7) dr
25
1=n [t=8 n—i_n-1
> Ctm / T2 2 Ppdr (4.12)
25

Note that "—;l - %p = —1 when p = Zl_i, and —1 < "2;1 - %p < 0 when

1 <p< 2. (4.12) implies

u(rt) > Ct'T"Int for p= 4,
’ it —-n
ct-=" for 1<p< i,

Lemma 4.3 [13] Let p = ™21 for any n > 2, there exists a constant B such that for
Tm =BT\, t+k,<r<t+k andt>T,

u(r,t) > Ct = (Int)"" " .

Lemma 4.4 Letl <p< ﬁ for anyn > 2. Then there exists a constant C and S,,
such that, fort + ko <r <t+k;, t> S,

u(r,t) > Ct' T »),

where o = 21 — 2=lp |

Proof: If m =1, it is true because for t + kg <7 <t + k;
u(r,t) > ul(r,t) > ct .

Now assume that it is true for m > 1. WE will prove it is true for m + 1 by

induction. Let t + kg <r <t + k;, and t > S,,, then by Lemma 4.1

-n [t=6 _
u(r,t) > ct'T /5 TTl|u(r —t+7,7)|Pdr
2
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where ¢t > S,, + 4. By the induction assumption, we have

cn 18 o . m—t (1P
u(r,t) 2 Ct‘T/ T [CT‘TT"(EmoXP )] dr
1—-n t—$ n "
>Ctz / P2t PP
> Ct = _t“—P*'OI(Emo p)It 5

= Ct%"Ta(z;:O p.)lfg_'f .
Therefore there exists a Sp41 > Sy + 9 such that for t > S, 4

(t = 8)Emar) - 5B 5 ST

We have
u(r,t) > Ct7 X5 P

Lemma 4.5 Letn>2and1 <p< ;’EH Then for any l > 0, there exist a constant
Ci and an integer m such that ift + ko <r < t + ky and t > maz{T,Sn},

u(r,t) > Cit' .

Proof: In [13], the case P = 21 was proved for odd integer n. By using Lemmas 4.1,
4.2, 4.3 and 4.4, we can follow the simliar method in [13] to prove that the inequality
holds for any integer. So we omit the proof.

Forl <p< :i_%, note that for any { > 0 there exists an m such that

l—n m

— e p) > 1,

Hence

u(r,t) > Ct!
for t > S,, Proof of theorem 4.1. Ramaha [13] proved that for n odd and
G(Du, D*u) > |u,|? or |uP, the solutions must blow up when p = 2£1. By the
results of lemma 4.1, 4.2, 4.3, 4.4, and 4.5, we can unify both odd and even dimen-

sions to show the blow up. The details are omitted. If G(Du, D*u) > |uy|? or |u,..|?,

we define

t+k
F(t)= /R" u(r,t)dr = /0 War™ Yu(r, t)dr
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then

. t+k
Fiy= [ ualrtide =wn [ uu(r, )dr

Case 1: G(Du, D*u) > |uyul?

. . t .. t
F(t)— F(0) = _/o F(s)ds = [) /r<T+k up(r, 7)dzdr

T+k )
= wn/ / " uy(r, T)drdr
o Jo
1 1

t
t t+k P r4t 7
< w,,/ (/ r"'1|u,,(r,t)|”dr) (/ r"_ldr) dr
o \Jo 0

1 t . 1 n 1 1 n
< Wl / (F(t))5(t + k) dr < wi Fr(t)(t + k)3
0

therefore we have

E3(t) > wn (¢ + k)" (E(t) - F(0))

. .

P(t) > wn o (8 + k)" GHIP(E(E) = F(0)) . (4.13)

On the other hand

F(t) — F(0) = /Ot/Rn |wge|PdzdT

otk
> w,,/ " uy|Pdrdr
0 Jt+ko

t+k; t
> wn/ (/ |u“|”d‘r) r~ldr
t+ko \Jt—k
t4+-ky t t 1-p
> w,,/ r"'ll/ (t = T)uge(r, 7)dr|P (/ (t— 'r)"d‘r) dr
t+ko t—k t—k
t+k;
> wn [, P () e
t+ko

t+k
> wo(t + ko)~ 1k(e+D(1-P) ok "Ju(r, t)|Pdr (4.14)
0

4
Tm(() such that for t+ kg <r<t+kyand t > Tm(1)

Combining this with lemma 4.5, for | = 1 (n + %ff—ll), there exists a constant C; and

u(r,t) > Cit!
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Combining (4.14) this with leads to

P(t) = F(0) > wak@DO=P)(ky — ko)Cy(t + ko) W04 55

> Ot

From (4.13) and (4.15), we have

F(t) > C(t + k)" +OP(E(t) — F(0)"T (F(t) — F(0)™ .

Therefore there exists a 7' such that for t > T
B(t) > Ctr=(pgnt Z0 5T gy - F(0)) 5
> C(F(t) - F(0))F 2 CF& (1)

Case 2: G(Du, D*u) > |u,.|P.
By the support property of u and the Divergence Theorem, we have

p _ i
20) /R uy(r,t)dz /Iz|<t+k(Au+|u ?)dz

t+k
= / |ty [Pdz = wn/ ™y, |Pdr
|lz|<t+k 0

t+k Pl rtt+k 1-p
/ "y, (r,t)dr [/ p(n=1+2q dr}
0 0

p
[(2+ k0] 7

v

Wn

v

Wn

t+k
/ r*~lu(r, t)dr
0

p

[(t+ k=]

v

1-p | [HHE 1
- n—
w, P I/O wpr™ u(r, t)dr

= WITPEP(t)(t 4 k)(nt20)(1-P)
On the other hand
) t+k
Pt) = wn / |, (r, 8)Pdr
0

t+k
Wh / " u|Pdr

ko +k
ot

v

p

T
+kn-;-k| 2

t4k 1-p
(/ (r—t- ﬁ’%ki)"dr)
t

ko+k
+

g (k ~ ko +kl)(q+1)(l—p)
" 2

v

/“’k ko + ki
t

wpt™ !

Yty (r, t)dr

v

u(t +

k0+kl,t)
2

p

(4.15)

(4.16)

(4.17)
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Let ' = M’)’l("—ﬂl, sincet + ko < t+ 5%"1 < t+ k;, by Lemma 4.5 there exists an

integer m/(l"), a constant Cp, and Ty such that t > Ty

ko + ki
2

u(t + ,t) > Cpt" (4.18)
Combining (4.18 and (4.17) leads to

F(t) > Ci3rt20-2
Then there exists a T" > Ty such that ¢ > T"

F(t) > Ct¥r+29) (4.19)

From (4.16), there exists Ty such that for t > T, the following holds

F(t)

v

%w;-f’t““q)“—ﬂp%‘(t)ﬁ%‘(t) (4.20)

> cF%

therefore F'(t) blows up. ]

4.2 Life-span of the solutions

Theorem 4.2 Let T be the life span of classic solution of the equation (4.1) with
G(Du, D*u) > |w|P or |uu|P and g(r) replaced by eg(r) for 0 < € < 1. Then there
exists a constant C such that

T < exp(Ce'™P)
if p="8 forn>2.

Lemma 4.6 Let Q = {(r,t) e R* | t+ ko <r < t+ ki, t > 28} and u, v € C(QN)
satisfy the following

u(ry ) > ar' /kr,\g;—l|u(/\,/\—r+t)]”d,\+brl_7" (4.21)
o(r,1) < ar's® /k A oM A = 1+ )PdA + br' T (4.22)
where a and b are positive constants. Then

u(r,t) > v(r,t) for (r,t) € Q (4.23)
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Proof: we will prove this by contradiction. If this is not true, then §; = {(r,t) €
Q| u(r,t) < v(r,t)} is not empty and closed. Let Q2 = {(ro,t) € Q; | such that (ro, )
nearest to r = k }. Since

u(k,t) > brz > v(k,t)

(k,t) € 4, hence (k,t) € Q2. So ro > k. Let r € (k,ro), then (r,t) € Q,. Therefore
u(r,t) > v(r,t) for k < r < ro, then we have the following

u(re, t) > ar' s /:0 /\"_Ellu(/\, A—r+1)PdA+ briz" (4.24)
v(ro,t) < ar's® /k AT oA = 1 + OPdA + br T (4.25)
which contradicts to (ro,t) € Q. Therefore ; must be empty, for any (r,t) € Q
u(r,t) > v(r,t) for any (r,t) € Q (4.26)
Lemma 4.7 Let S € C*([0,T + k)) and satisfy

S(e) = a./oz (s -Il- kE oz -}- k) |5(s)[7ds +b.

Then h(z) = S(z) satisfies the following equations

h'(2) + b'(2) = alh(2)?,
h(0)=b, h'(0)=0,

(4.27)
where z = In (#) .

Proof: Differentiating the equation h(z) = S(z), we have the following

S'(z) = h'(z)z i :

K(z) = (2 + k)S'(c)

therefore
h'(z) = (z + k)S'(z) + (z + k)2S"(z) .
On the other hand,

@) = R /0 15(s)|Pds

" a

—2a z » O ()P
d =(x+k)3/o ISP ds + gl S@l

" -2 ’ a

1S(=)IP,
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Hence

K64 K(E) =2 4 S0 + (a4 1 (o5 10 + ISP
= alS()P = alh(a)P

with h(0) = S(0) = b and A’(0) = £S'(0) = 0.
Lemma 4.8 [19] Let 1, be the life span of the solution

h"(z) + K'(2) = a|h(2)I?,
h(0) = b, h'(0) = 0.

(4.28)

Then 1) h"(2) >0 for0< z2<n. 2) 71 < +00. 8) h(z) = 400 as z = 7.
Lemma 4.9 [19] Let z(n) be the life span of the solution to the following equation

K () + K(z) = alh(2)P,
h(0) = by, H'(0) = 0.

(4.29)

Then z(n) < mip'~P for 0 < < 1, where 7, is defined in Lemma 4.8.

Proof of theorem 4.2. Let v(r,t) = S(r—k)r'z" for (r,t) € Q. Since A\—r+t+ko <
A<A—r+t+k and 251 — 22dp = —1, we have

a/k' N o0 A =1 + £)PdA + b= a/k'A"z;‘-"z;‘PIS(,\ —K)PdA+b.

r—k 1
=a [ (y+k)IS@)Pdy +b
0

'_k(l ! )s Pdy + b
o \orr o) Swkd +
=S(T‘—k),

v

therefore
1-n 1=n [Tk  aoy l—r
o(rt) = S(r — k)r's < ar_2'/ MW =1+ OPdA+br'F (4.30)
0
Note that there exists a constant Co(g) such that

1-n

u’(r,t) > Co(g)er =
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From (4.6) and (4.7) in the proof of Lemma 4.1, there exists a constant C; such that
u(r,t) > Cyr's® /k AT A = 7 + 0)Pd) + Co(g)er'T
Let a = C; and b = Co(g)e in (4.29). Then

5@ =01 [ (5 - o7 ) 1S0)Pdy + Colgle (4.31)

o(r,t) = Cyr'T™ /k A oA A =+ 8)PdA + Co(g)er' ™™
and by Lemma 4.6 we have
u(r,t) > v(r,t) for (r,t) € Q.
Let h(z) = h(In(Zt%)) = S(z), then by Lemma 4.7

h"(z) + h'(z) = Cih(2)I?
h(0) = Co(g)e, h'(0) = 0.

From Lemma 4.8, the life span z(¢) of h satisfies
z(e) < me'?

where 7 is the life span of the solution of equation (4.27) with a = C; and b = Cy(g).

Therefore

ln(:z : k) < mel?,

and

z < kexp (1‘151"”) — k.
Let t =r — k >t + ko — k, for € small we have
1 —
t < ikexp (7'15 ”) .
0O
Theorem 4.3 Let T be the life span of classic solution of the equation (4.1) with

G(Du, D*u) > |u.|? or |u.|P and g(r) is replace by eg(r) for 0 < € < 1. Then there

erists a constant C such that
T < exp(CeP1~P))

ifp=?_“—}forn24.
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Proof
Let

t prr+k n—3
F(t) = /0 / (=TT u(r, 7)drdr

" t+k
F (t):/% P2 u(r, t)dr

u(r,t) = u°(r,t) + Qu(r,t)

For t 4+ ko < r <t + ki, u®(r,t) > Cer'" and

r4t— ‘r
Qu(r,t) > Cr'F / / G(Du, D*u)dAdr
r—t47

Integrating u(r,t) over t + ko < r <t + k yields

t+k n—-3 0
/ rz u(r,t)dr > Ce(t + k)™
t+ko

exchanging the order of integration, we have for t > k; = 1(k — ko),

—/t+kr 7 Qu(r,t) dr—/t+k "l/ /I'rH-T %G(Du,Dzu)d)\der

r—t+7|
t—ko
- / / G(Du, D*u)( / r~1dr]dAdr
T+ko
2t—1+ko "_
/ k / 2 G(Du, D*u)] / r=1dr]ddr
t—ky JT+
1'+Ic Att—1
/ / G(Du, D*u)[ / r=ldr]dAdr |
t—ky J2t— ‘r+ko A—=t4T1
where k; = 1(k — ko) First estimate the inner integrals

At—1

/ rldr > A4t — 1) A =7 — ko) 2 (4 E) (A = 7 — ko)
2 (t+k)(t—1)(A =7~ ko),

where we used A — 7 < k and (t +k)"!(t—7) < 1.

Adt—1
A rldr > (A4t —1)712(t — 1) > 2(t + k)Mt — 1)
—t4T

> kMt + k)TNt = )N — T — ko) > kkyM(t + k)2t — T)(A — 7 — ko),

where we used A — 7 — ko < 2k; and k(t + k)~ < 1.

Combining the above estimate, we have

t pr+k el
I[>C(t+ k)‘2/0 /+k (t = 7)(A = 7 — ko)AF G(Du, D*u)dAdr .
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If G(Du, D?*u) = |u,|?, then by Holder’s inequality
t+k
/ / (t = 7)(A = 7 — ko)A"T"|u, PdAdT
> |/ / (t=T) AT — kAT = u,ddr]?
T+ko

tau+tk k n—
/o/mq, (t=T)(A =7 — ko)A
I _g=—1

Since p = 21 and ¢ = 244, 22l — ¢ =

-pP

/ / (t = 1) = 7 — ko)A E-9dMdr < C(t + k) /Ot(*r + ko)dr
<Ct+ k)log(ﬂ)
Note u(r,t) = 0 for r > t + k, we have
|/ /”k E— 1) = 1 — ko)A P u,dAdr|
—|- / / (t — T)AF u(), 7)dAdr)dAdr

T+k
t —T)A\T ()\ — 7 — ko)udAdr|

n-3
> — =2 = .
> | /0 / +ko(t T)A 2 u(\, 7)dA, dr)dAdr| = F(t)

Combining above estimates concludes that for ¢ > k;

F'(t) > CFP(t)((t + k)log(#))l"’(t + k)2

Since

" t+k -
F(t)> /;MO r 23u°(r t)dr > Ce(t + k)™!

Integrating twice leads to

t+k

F(t) > Ce(t + k)log( :

); t Z kz.

From (4.32) and (4.33), we have

F'(t) > Ce(t + k)~log(1TF

A ), t> ky

Integrating two more times concludes the following

t+k

F(t) > CeP(t + k)[log( .

)]2; t2k3=2k

(4.32)

(4.33)

(4.34)

(4.35)
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From (4.32) and (4.35), we have the following

F'(t) > Ce?0-P (¢ 4 k)-ZlogP-l(%)F(t); t> ks .

Since F'(t) > 0, multiply (4.36) by F’(t) and integrate from k4 > k3

(F'(t)* 2 (F'(ke)* +

CePP[(t + k)~ Hlog?~ (L2 u

k

ks + K

Since for t; > ¢, >0,

F(t2) — F(t1)
2— b

F(0) =0, So F(ky) < k4F'(ks4) Choose k4 such that

F'(t)) < < F'(ty),

ks + k

k2CeP0P)(ky + k)" 2log™™( z

)21,

that is, ks = O(exp(CeP*~P))) as ¢ — 0.

By (4.36),
F'(t) 2 F'(kq)? + (Kfaep(t)) " [acp(t) F2(t) — aep(ka) F2(k4))-
> gt
Since
k;#it()t) >C(t+ k)'zlog”"l(t—i’;—li) ,

by (4.37), we have

F(t) > C(t+ k) log ™™ (. V() .

Integrating once leads to

F(t) et1, t+ k
> 7 (———): t>ky.
logF(k4) - ClOg (k4+k)’ = R4
If t > ks = Ck2, then
F(t) 2p+4 t+k
> .
logF(k4) - p—llog( )

JF? = (ko + &) log  (*L15))

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)
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By (4.35) and (4.41), we have
F(t)> CeP(t+ k)»1,  t>ks. (4.42)

From (4.32) we have

F't)>C(t+ k)-‘-Plog‘-P(%)p%—‘(t)p%‘(t).
Combining this with (4.42) leads to
F'(t) > C*5E P (1), t>ts.

Multiplying F'(t) to both sides and integrating once
F'(t)? > Ce"5 (P (1) — FR5 2 (ks)).
Note that F'(¢) > F'(ks)(t — ks) > F(ks)(t—;-’fi) if t > k¢ = 5ks, we have

(1) = P (k) > S P (1)

Therefore

243

F'(t) > Ce"5 PR (1), t> ke

One more integration gives

1 p(p=1)
——2>Ce 7 t. 4.43
F5 (ko) (4.43)

Hence the life span is finite.

Now we need to prove that the life span T satisfies T < exp(CeP(!~P).
If T < ke = Ck2, by k4 = O(exp(CeP(*~P)), we are done.

If T > ke, by (4.43) and (4.42), we have

1
CE Pt ~

CE k‘e )

which leads to Ce ] k”+3 < 1. This is a contradiction as ¢ — 0. Therefore the life

span T must satisfies

T < k¢ < exp(CeP1—P))

when ¢ is small. m]
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Theorem 4.4 Let u € C*(R x [0,T)) be a solution of

Uy — Au = F'(u)ug, or F'(ur)uy (r,t) eRx[0,T)
u(r,0) = ef(r), wu(r,0)=ceg(r),
where F satisfies F(z) > |zP, 1 < p < 2 and f,g € C§°(R) satisfy the same

(4.44)

conditions as g of Theorem 4.1, in addition, g— F(g) > 0. Then T < 400, especially,
T < exp(Ce'P) for p = 241,

Proof: We only prove the case F'(u)u;. Define
t
o(rt) = [ u(rs)ds,
then v satisfies
00— F(u)] =0,
v(r,0) =0, v(r,0) = f(r).
Therefore
Ov — F(v) = w(r,t),
v(r,0) =0, wv(r,0)= f(r),
where w(r,t) = F(vy) + g(r) — F(g(r)). Note that
v(r,t) = v%(r,t) + Q(r, 1)
By lemma 1.2, for t + ko <r <t+k; and ¢t > 24,

v(r,t) = vo(r’t) + Q(T‘,t) )
WO(r,t) > C(f)er'®

Qr,1) > Cr's® / / _J:L w(), 7)dAdr
> or's / / _z' — F(g(\))drdr
+Or's® / /: A5 F(v)dAdr
> or's / / _J: =L P (v))dAdr

> Cor' = - Pd).
> Cr /k/r_m " lo(A, A =+ £)PdA
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Hence

o(r,t) > Cr'® //HH T oA, A = r + OPdA + C(f)er' T

Now following the method of Theorem 4.1, we can prove T < +oo for 1 < p < 241,
Following the method of Theorem 4.2, we can obtain T' < exp(Ce'~?) for p = 241
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