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ABSTRACT

ELASTIC AND THERMAL PROPERTIES OF PARTICULATE
COMPOSITES WITH INHOMOGENEOUS INTERPHASES

by

Wei Wang

A particulate composite that consists of three phases: inclusion, interphase and
matrix, is considered. A mathematical procedure that is based on the composite spheres
assemblage method (CSA) and the generalized self-consistent method (GSC) is used to
evaluate the effective moduli and the thermal expansion coefficients of the composite. The
inclusion and matrix are assumed to be homogeneous and isotropic, and the interphase is
isotropic and inhomogeneous. The perfect bonding conditions are assumed at both the
inclusion-interphase and interphase-matrix interfaces. The power, linear and cubic func-
tions are chosen to simulate the variation in the Young’s modulus, Poisson’s ratio and the
thermal expansion coefficient in the interphase. In the analysis, the CSA method is
employed to calculate the effective bulk modulus and thermal expansion coefficient of the
composite, and the GSC method to calculate the effective shear modulus. The solution is
obtained either in a closed form or in a form of infinite series.

The numerical results are presented, which illustrate the effects of interphase. It is
shown that inhomogeneity of the interphase in particle reinforced composite does have an

influence the on effective properties of composite.
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1. INTRODUCTION

In a particle reinforced composite, the particle usually bears the major part of the
load. However, the important factor that will influence the reinforcement mechanism is the
interface. The interface, serving as a load transfer between the matrix and inclusions, is
known to have an important effect on the composite response [see Hughes (1991), Kerans
et al. (1989), Wright (1990) and Jayaraman (1993), for example.]

Many composites are made up of inclusions which are perfectly bonded to a sur-
rounding matrix. This model has been studied extensively [for reviews, see Christensen
(1979), Hashin (1983), Hine et al. (1993), for example]. However, in many composites,
there is an interface layer between inclusions and matrix. This interface layer exists as a
natural consequence of composites processing or is intentionally introduced into the com-
posite to improve the properties of composite. It is a three dimensional region between the
inclusion and matrix and is usually called an interphase. The interphase can be very thin as
is the interphase between tungsten wire reinforcement and steel, or relatively thick as in
vapor deposited boron fiber in epoxy [Bogan and Hinder (1993)]. Although its volume
fraction is small as compared with the inclusions and matrix volume fractions, its exist-
ence is important and it strongly affects both the local field and the overall properties of
composites [Theocaris (1986)]. The structure of the interphase is very complicated [see
Hull (1981), Drzal (1983), Chawla (1987), Date et al (1993), for example]. For simplicity,
in the theoretical investigations many researchers modeled the interphase as a homoge-
neous region. These studies include those of Agarwal (1974), Mikata and Taya (1986),
Pagano (1988), Jasiuk and Tong (1989), Benveniste et al. (1989), Chen et al. (1990),
Pagano and Tandon (1990), Tong and Jasiuk (1990), Maurer (1990), Sullivan and Hashin



(1990), Qiu and Weng (1991), Dasgupa and Bhandarkar (1992), Bostroin et al (1992),
Theocaris and Demakos (1992), Herve and Zaoui (1993), Gregory (1993), and many oth-
ers.

The advantage of the homogeneous interphase model is that it gives relatively
simple mathematical analysis. However, it may not give a good representation of the com-
plex state at the interface that may be due to a chemical reaction or diffusion, for example.
In order to account for this complex microstructure, recently, a number of researchers
studied the inhomogeneous interphase. These publications include those of Theocaris et
al. (1985), Theocaris (1986), Sideridis (1988), Papanicolaou et al. (1989), Sottos et al.
(1989), Jayaraman et al. (1991), Jayaraman and Reifsnider (1992a,b), Jasiuk and Kouider
(1993), Bogan and Hinder (1993), Nassehi et al. (1993), and other.

Most of the above papers discussed the fiber reinforced composite. In this thesis,
we evaluate the effective bulk modulus, shear modulus and thermal expansion coefficient
of particle reinforced composite. We assume that the particles are spherical in shape and
that there is an inhomogeneous interphase between each particle and the matrix. We fol-
low the classical elasticity methods to solve these problems and use some simplifying
assumptions

1. The composite is modeled as a representative volume element (RVE), Fig. 1.2
and Fig. 1.3, [see, Hashin (1983)].

2. The three phases: particle, interphase and matrix are linearly elastic.

3. The particle and matrix are homogeneous and isotropic.

4. The interphase is isotropic and inhomogeneous with the Young’s modulus, Pois-
son’s ratio and thermal expansion coefficient having a radial variation.

5. There is perfect bonding between the phases.

6. The temperature changes uniformly in all the phases.

To determine the effective elastic moduli of a multiphase composite, we follow Hashin

(1983) and subject the composite to homogeneous boundary conditions



u;(s) = sng (1.1)

where eg. are constant strain tensors. Then by the average strain theorem

g, = ¢ (1.2)

where the overbars denote volume average over composite. According the linearity of the

equations of elasticity, the average stresses G and strains €,; must obey following rela-
tion

G, = Copfy = Coinery (1.3)

where ijk, is defined as the effective elastic stiffness of a composite.

In our analysis, we evaluate the effective bulk modulus and thermal expansion
coefficient by using the composite spheres assemblage model (CSA)[Hashin and Rosen
(1964)]. In the CSA model we have three concentric spheres having radii a, b and c (Fig.
1.1), which correspond to the radius of particle, the outer radius of the interphase, and the
outer radius of matrix, respectively. The microstructure of composite is represented by a
collection of such various sizes of composite spheres which completely fill the space (Fig.
1.2). The ratios of radii a/b and a/c are taken to be constants for each composite sphere.
The major advantage of this model is that we can evaluate the effective bulk modulus by
using the single composite sphere (Fig. 1.1), and its result represents the effective bulk
modulus of composite spheres assemblage model (CSA) [Christensen (1979, p. 50)].

We evaluate the shear modulus by using the generalized self -consistent model
(GSC) [Christensen and Lo (1979)]. In the GSC method, a single composite sphere (Fig.

1.1) is embedded in the infinitely extended medium of yet unknown effective properties.

This geometric model is shown in Fig. 1.3. In both methods the volume fraction f of parti-
cles is defined by f = a>/c>. In this thesis, the superscripts p, I, m, e denote the inclusion
(particle), interphase (layer), matrix, and effective medium, respectively.

This thesis is an extension of previous theoretical works which dealt with the sub-
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2. FORMULATION AND SOLUTION METHOD

2.1. EFFECTIVE BULK MODULUS
We use composite spheres assemblage model (CSA) to evaluate the bulk modulus of par-
ticulate reinforced composite. We subject a single composite sphere to the homogeneous

surface displacements, which in Cartesian coordinate system are given by

_ o0
u, =€ _x
u,=¢e%y 2.1)
Yy~ Cyy
_ o0
u, =€,z
where
0 _ .0 _ o0 _ o0
€, = eyy =g, =€, 2.2)

[see Hashin (1983)]. It is convenient for us to use the spherical coordinate system (see

Fig. 2.1) which is related to the Cartesian system as given in Table 2.1,

't r

V<

Fig. 2.1
Relation between Cartesian coordinates
and spherical coordinates



x y z
cos@cos0 cos@sin0® -sin@
] —sin@ cos0 0
Table2.1

Direction cosines between Cartesian and spherical coordinates

and the Cartesian coordinates can be expressed by using spherical coordinates as

x = rsinpcos0
y = rsin@sin@ 2.3)
Z=rcosQ

Using Table 1, we express the displacements in the spherical coordinates as
u, = u, sinpcos0 + uysin(psine +u,cos@

Uy = u,cospcosd + uyCOS(psinG —u,sing 2.4)

Ug = —u,sind + uycose

Thus, when we substitute egns. (2.3) into egns. (2.1) and then put them into eqn. (2.4), we

get
u, =€elr
up =0 (2.5)
ug=0

Due to the spherically symmetric nature of the problem, the displacements in the bulk

modulus calculations are in the form

u,=u,(r)
uy, =0 (2.6)
uO = O

that is, the displacement in r direction depends on r only and the displacement components

in @ and O direction are zero. Next, we use this displacement formulation approach to



determine the unknown displacement u, (r) .

The governing equations that we use to calculate the displacements are given

below:
1) Strain-displacement Relations
_ ou,
T or
au u,
€gp = 1 0 I 09,
rsm(pa_ T r °
10Uy u,
;% _r— 27
1 Ou, a“e Ug @7
Yo = rsm(pa_ or r
104, cotg L1 g,
ra_ r Ve rsinpo®
auq, _ 1 ou,
Tor 1 ré—
2) Constitutive Equations (Stress-strain Relations)
v —
G’r= 2G(£"+ me) Tre —G'Yro
T, = GV,
Vv 09 ($11]
666 =2G (869 + _—e) _ (28)
1-2v Tor = GY‘D’
\% =
“2G(£ +1_2 e) e_srr+€99+eq>(p
3) Equilibrium Equations (with no body forces)
30'" 1 at atq)
3 sin@ + 20, sinQ — Oy sing — G sm<p+1: cosq>+§— +T sing [=0
81: ot oo
’d_rre sin@ + % (31:re sing + T(peq’sin(p + aﬁoe +21, q,cosq)) =0 (2.9)

ot Jt do
ErOSin(p + ; (3‘t¢rsin(p + Ee(p + (G(P(P - 690) CcosQ + T(p(p(pSin(p) =0

where G is shear modulus and v is Poisson’s ratio. In the isotropic material, they have the

following relation
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_ E
G = TV (2.10)

where E is the Young’s modulus.

Substituting eqns. (2.6) into egns. (2.7) we get the expressions for strains in terms
of displacements. Substituting the strain expressions into eqns. (2.8) we get the stresses in
terms of displacements, and then substituting them into equilibrium egns. (2.9), we get the

equilibrium equation which can be used to find displacement u, as follows

’ E__ ,0F

2 u, oE oE
Er (v—l)(2v-l)(1+v)5;5 +r(2E+3——r 2rva—- rv rv3

E
+23_r

ov ou
+4Evrs - 2Ev2rg-—v — 4BV - 2BV +4EV? ) ="+ (4EV +2Ev? - 4BV 2.11)

+2Vrg£:-2v2 oF -4v3 3E+ 4EV?r gv 2Er+2Er u,=0

In eqn. (2.11), Young’s modulus E and Poisson’s ratio v are taken as the function of
radius r, thatis E = E(r) and v = v (r) . The procedure to obtain eqn. (2.11) is given in
the appendix A.

Since we assume that the matrix and inclusion are homogeneous and isotropic, the
Young’s Modulus and Poisson’s ratio are constant in these phases. If we let E and v to be
constant in eqn. (2.11) and simplify these equations, we get the following governing equa-

tion for displacement u, in the matrix and inclusion.

Qu, _ ou,
r 3’3 +2r$ -2u, =0 (2.12)

Eqn. (2.12) is a Euler equation. The general solution to this equation is

w = L2 2.13)

where C; and C, are constants. Adopting eqn. (2.13) to the inclusion phase and matrix, it

gives us
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(2.14)

where Cf, CT, C7 are constants. Superscripts p and m denote the inclusion (particle) and

matrix. The coefficient C¥ in the particle phase is taken as zero in order to avoid the singu-

larity at the origin, and the corresponding stresses can be determined by eqns. (2.7) and

(2.8) as
e (o)
rr 1-2vP

E"CT  2E"CT
o = -
To1=2v 14V

(2.15)

For the inhomogeneous isotropic interphase, eqn. (2.11) is the general governing
equation to determine the displacements in the interphase. Eqn. (2.11) can be expressed in

a more general form as

%, ou,
—8—13 +f(r)$ +g(u, =0 (2.16)
where
A
fr) = — (r) 2.17)
Erf(v-1) (2v-1) (1+V)
B(r)
= 2.18
) Erf(v-1) (2v-1) (1+V) @19
and

A(r) = r(2E+g€r—2rvg€_ ,-v2%§+ 2'.\,3%%'

ov ov
+4EVr=— = 2EVir— —4Ev - 2EV? + 4EV?)
or or
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B(r) =4Ev +2Evi- 4Ev3+4EVr?T:

—2Ev2rg—‘r' —4Ev -2Evi+4EV?

are functions of the radial coordinate r only.

In general, the solution to the above equation cannot be found in a closed form, but
under certain conditions of coefficients f{r) and g(r), the solution can be obtained in a form
of infinite series in terms of r. If fir) and g(r) both have Taylor series expansion at r,, then

a convergent series solution of eqn. (2.16) exists of the form u, = a, (r—ry)". For
n=0

more details about series solution, see Appendix B and refer to publications of Johnson
and Johnson (1982), Jayaraman et al. (1991), Jayaraman and Reifsnider (1992a,b), Jasiuk
and Kouider (1993), Lutz and Ferrari (1993).

To simulate the inhomogeneity in the elastic constants of the interphase, we use
three alternate variations:

case 1. Power variation

2,

E' =P, (2) v! = constant (2.19)
case 2. Linear variation
E'=Py(2)+Q, V' = constant (2.20)

case 3. Cubic variation

3 2 3 2
E‘=P3(£) +Q3(£) +R(£)+S v’=P'(£) +Q'(£) +R'(£)+S' (2.21)

where, P, O, R, § are constants
Substituting eqn. (2.19) into eqn. (2.11), the governing equation is reduced to

0% du 2viQ
29 Yr r =
r v +r(Q+ 2)5'-. + (-l——— - 2)14 = (2.22)
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This is the Euler equation. The solution is given by

ul = e+ Chr? (2.23)
where
1 , 10vi-2Q)
sl=—5|1+40+ [9+0°+ ——— (2.24)
2 vi-1
1 ,  10vi-20)
s2=-5|1+0- [9+ Q%+ —/——= (2.25)
2 vi-1 )

CIl and Clz are constants. The superscript / represents the interphase (layer).
Substituting eqn. (2.23) into eqn. (2.7) and eqn. (2.8), we obtain the expression for
1
stress O .

For the cases 2 [egn. (2.20)] and 3 [eqn. (2.21)], we follow the same procedure.
First, we get the series solution for the displacement in the interphase and then substitute it
into eqns. (2.7) and (2.8) to get the stresses. Thus, we know the expressions for displace-
ments and the stresses in the inclusion, matrix and interphase. These expressions include

five unknown constants Cf, C{', C5, C’l and C’z. In order to evaluate these constants, we

use the boundary conditions. If we assume perfect bonding between the phases, we have at

r=a
o? =¢!
" I" (2.26)
w=ul
andatr = b
S, =07,
. (2.27)
u,=uy
In addition, on the outer surface we have
u (c) = e‘r’rc (2.28)

as given in eqn. (2.5).
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The bulk modulus is usually defined as [Mase and Mase (1992), Frederick and
Chang (1972)]

k=2 - Zi 2.29
-E';_'i'é_.: (')

1
by which we infer that the bulk modulus K relates the pressure p to the volume change

given by the cubical dilatation €;. According to summation convention, we have
G; = 0, +0,,+Cgy and g, =¢_+ €+ Ege- In our case, from eqns. (2.7) and (2.8),

we find ¢, = Oup = Ooe® & = € = Egp- So, eqn. (2.29) can be written as

K= (2.30)

Combining eqns. (1.3) and (2.30), the bulk modulus of the composite [Hashin
(1983), Jasiuk and Kouider (1993)], can be expressed as

i (20{‘(1 +vm) 402")0'"
0-rr = c,"r" (C) = 1-2v™ 03
3¢f 3¢f 3e?

rr rr rr

K = (2.31)

where G, is the average stress in the composite sphere, which is equal to the stress in the

matrix on the outer boundary o’; (c) by using CSA model. The superscripts e and m rep-

resent the effective composite and the matrix, respectively.
It is worthwhile to mention that, if when the GSC model (Fig. 1.3) is used to eval-
uate the effective bulk modulus, it gives the identical result to that of above CSA model

[Christensen (1979)], but it is more complicated to use.
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2.2. EFFECTIVE SHEAR MODULUS

In this section, we evaluate the effective shear modulus of particulate composite.
The CSA model gives us a simple mathematical formalism in the bulk modulus evalua-
tion, but we cannot use it to evaluate the shear modulus uniquely. The reason is as fol-
lows. In the case where the simple shear type displacements are prescribed on the surface
of the composite sphere, the resulting boundary stresses are not those corresponding to a
state of simple shear stress. Correspondingly, when the simple shear stresses are pre-
scribed on the boundary, the resulting surface deformation state is not that of a simple
shear deformation. Accordingly, CSA model can only give the bounds on the shear modu-
lus. Therefore, as an alternate method, we choose the generalized self-consistent model
(GSC) to evaluate the effective shear modulus. In this method a single composite sphere
(Fig. 1.1) is embedded in the infinitely extended medium of yet unknown effective proper-
ties of the composite.

Again we first use the Cartesian coordinate system first, and we subject this com-

posite system to the remote displacement boundary conditions

uy =€)y
— 00
u, =€, X (2.32)
u,=0

Substituting eqn. (2.3) into eqn. (2.32) and then substituting them into eqn. (2.4),
we get

u, = egyr (sin@) 2sin26

0

ug = exyrsin(pcos29 (2.33)

_ 1o . .
o= iexyrsm2(psm29
Guided by the eqn. (2.33), which represents the deformation of a homogeneous

medium, a general solution for the heterogeneous problem is in the form
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u,=U,(r) (sing)?sin20
ug = Uy (r) singcos20 (2.34)
Uy = Uy (r) sin2¢sin206
Following the same procedures as in the bulk modulus calculations, we substitute

eqn. (2.34) into eqns. (2.7), (2.8) and the equilibrium eqns. (2.9). Consequently, each
equation can be separated into the sum of two parts

H(r)sin?p+J(r) =0 (2.35)
where H(r) and J(r) can be expressed as

H(r) =h(E,V,u,, u,, uq,)

. (2.36)
J(r) =j(E,V,u, uq, ug)
We equate to zero the coefficients of sin?g and the term independent of @, that is
H(r) =0 (237)
J(r) =0 ’

The three equilibrium equations give six equations, but only three of them are indepen-

dent. These three independent governing equations are given as follows

U, o', o,
L5 = LU+ Ex= " =Ly P+ LUy = 0 (2.38)
where
T E

L= _r(2v-l):|

[_,0E , 0V OE OE Camu2 o9V
L= 2$V r Eé‘;r+§;r EV""‘4E 4EV +2Ea—rvr
2 (1+V) (= 1+2v)r?

~—-g—Evr—ZE'v--2E+E?—vr-a—Er
L. = r or or
3 (I+v)r
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—12Ev2—Eg—-vr-aEv +12E- 29’-5\: aEr+2Eavv
L= r’ 73 or' "ot Yy
4 (1+Vv) (-1+2v)
o, _ av, U,
Lss—"=Lgs-"+ LU, +Lgs-" =3LyU, = 0 (2.39)
where
_[Wv=-1E
Ls = i —1+2v]
i C(r)
L - ]
L (1+V) (-1+2v)°r
(2% 2, _sE 4 13Ev 4+ 2 r + 4EDv2 4 2v2 — 4%y, 4 29E 0, _ 16EV3
Lo | o ar’ o5 ar ar
7 (14V) (= 1+2v) 2/
Ly = [( 1+2v)r]
- §§v3r+2 —vr— 8EV3 -235 2+4Eg—‘r'v2r+215v2+7Ev+2Eg—:r-3E
L. =
’ (1+V) (-1+2v)22
C(r) = -—-r+4Ev+2Ev2—4EaVVr+2aEVr
ar or or
d. 2. _~0E 3 _ 3 é_v 2, _
+ar(E)v r Zarv 4Ev +2Earv r-2E
and

(Ug=2Uy) =0 (2.40)

A computer program given in Appendix C was written by using MAPLE to simplify the
above algebraic manipulations. Next, we solve the differential equation system (2.38),

(2.39) and (2.40) to determine U,, Uy and Uq,.

For the homogeneous matrix and inclusion

E = constant VvV = constant (2.41)
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Then, eqns. (2.38), (2.39) and (2.40) give us

U, 4(1-v)U~(1-2v) Zazu“’
—r="—4(1-v)U,~(1-2V) r=
ar or (2.42)

AU,
—2(1—2v)r$ +12(1-v)U, =0

—(1—v)r2a—2—u’-2(1 v)raU+(5 8vV) U,
or

(2.43)
v,
+3r5- =3 (3-4v) Uy = 0
Ug—2U, =0 (2.44)

They are the same as in Christensen and Lo (1979). The method to solve the above differ-

ential system is to introduce an operator

rg—nU-d(d-l) .d=-n+1)U (2.45)

So, we change the differential system to the general linear algebraic system. We can solve
the algebraic system easily, and the final solution of the differential system depends on the
roots of the algebraic system; again this technique to solve above differential system is
standard [for example, sce Wyie and Barret (1982) p. 209)]. We will discuss it later in
more details in eqns. (2.55)-(2.57). Finally, the displacements in the homogeneous

medium are given as

_ 6v (S 4v)

u, = (Dx"m +3D (l ~2v) D, 2) (sin@) %sin26 (2.46)
7-4
ug = (Dlr—Ll——:—z—v—)-Dzr3—2D3l4+2D4lz)sinq>cos29 (2.47)
— <V r r
1 (7-4v) = 5 1 1, . .
u, = = (D,r- ————D.,r -2D.,— +2D,—) sin2¢sin20 (2.48)
L4 2 1 1-2v 2 3r4 4r2 Y

where D, D,, D, and D, are constants.

Guided by above equations, we can get displacements for different phases.
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in the inclusion, 0 <r<a:

6vP . .
ub = (D’l’r v r3) (sin@) 25in20
- 4vyP
L = (Di;r- _(%D;R)simpcosze 2.49)
-2V
4vP
= (qu -SZ_—ZV)—D”r:’)sinZ(psinZO

in the matrix, b<r<c:

6v™ 4vP
uy = (D'l"r— ~Dy'r 4+ 3D (—S—V—?- )(sm(p) sin26
1-2v™ (1-2vP)
(7-4vP) .. 5 1 1).
- m, __ m.3 _ m * m 1
= ( T oo D, r’ -2D; = +2Dy ) sin@cos20 (2.50)
m _ 1 m_ (7 - 4VP) m 3 m 1 1 . .
uq, = 5 ( 17 _IZ-WDZ 2D + 2D sm2(psm20

and in the equivalent homogeneous phase, ¢ < r < eo:

4v°
up = ( r+ 3D u )(sm(p) sin20
(1-2v°)
;= (Dfr~2D3 +2D] )simpcosze @.51)
ufp = % (DSr - 2D’ 1 2t ZD' )sin2(psin29

Some terms in the above equations are missing in order to avoid the unbounded

solution. The coefficient Df is specified by the displacement boundary conditions on the
remote outer boundary given in egn. (2.33), thatis D] = egy.

The expressions for the corresponding stresses 67, O5g, %, T, Thg» T O,

r’

OF O T T T Gy T O

. . I
o0 89> Tor» Orr - T 'rgq, and Tor €20 be obtained by substituting

the above displacements (2.49), (2.50) and (2.51) into eqns. (2.7) and (2.8).

Next, we consider the inhomogeneous interphase region. Eqns. (2.38), (2.39) and



20

(2.40) are the general governing equations to determine the displacements in the inter-
phase. If we assume that the Young’ modulus and Poisson’s ratio have a radial variation,
the closed form solution usually cannot be obtained easily for this differential system

unless we consider a special case. In order to solve these equations we consider the power

variation case, thatis E' = P (r/a)© and v} = constant.
Then, egns. (2.38) - (2.40) are reduced to
o,

aU, 2 ¢
-r3; T+ (20VI-4-Q+4VH U+ (-1+2vh) —
r or (2.52)

0
+r(Q+2) (—1+2v')3-:"+ (12-12v-20v+ Q) u, =0

2(-1 lazu, 2) (-1 1 9Ur s8vi+5-20vH U
re(— +v)37 +r(Q+2) (- +v)7r + (-8vi+5-20V) U, 253
+3raU°+ (-9+12vi+60VH U, =0
or ?
Ug-2U, =0 (2.54)

If we introduce the operator eqn. (2.45), the differential system of eqns. (2.52) and
(2.53) changes to

(-d+4avi+20vi-4-Q)U,

) ) (2.55)
+ Vd* +2vld-d* -d - Qd+2dQV' - 20V + 0 + 12 - 12v) Up=0
(-d*—d+V'd* +v!'d+dQV' -dQ - 8V' +5-20V) U, 256
+(3d+12v' -9+ 6Qv) Uy =0 '
Eliminating U, from eqn. (2.55) and egn. (2.56), we finally get
(-1+v)d*+ (-2Q0+2vi+20vi-2) &
2,,l 2 ! 2
+ Vi-Q0°-13v-0Vv'-Q0+13)d
(Q°v' -0 ov' -Q0+13) 2.57)

+(150-170v - 14vi + Q*-30*v + 14) d
+40 -40V +24v - 400 =0

Eqn. (2.57) is a characteristic equation to determine U,, which will give us four roots 4,
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d,, dy and d,. The calculation steps are given in the Appendix D.

For the our specified problem, the roots of characteristic equation usually follow
two cases:

case 1. all roots are real and unequal.

case 2. there are two different complex conjugate roots.

For the case 1, the displacements in the interphase are given as

d d. d. dey . .
ul = (D4r™ + Dyr™ + Dyr™ + Dyr™) sing?sin20

ub =2 (b,r™ +b,r" + byr® + b,r™) sinpcos20 (2.58)
ufp = (b,rd' + bzrd2 + b:‘,rd3 + b4rd‘) sin2¢sin26
For the case 2, if the complex roots are

dl=ml+ml

dy=m;—in,

2.59
dy=my+in, (2.59)
the displacements are given as
ul = [D';cos (n,Inr) ™ + D}sin (n,Inr) ™ + D cos (nylnr) r'™ 2:60)
+D!4sin (n,Inr) P sing?sin20 .
uf, = 2[b,cos (nyInr) r'™ + bysin (n,Inr) r™ + bycos (nylnr) r'™ 261)
+b ,sin (n,yInr) 7™] sin@cos20 '
uip = [b,cos (n,Inr) r™ + b,sin (n,Inr) r™ + bycos (n,Inr) r™ 262

+b 4sin (nylnr) '] sing*sin20
The constants b,, b,, b5, b, in eqgns. (2.61)-(2.62) can be expressed in terms of unknown

constants DY, D}, D!, Df,. This is shown in the Appendix E. After we find u',, uf,, ufp )

we can substitute them into eqns. (2.7) and (2.8) to obtain the expressions for c’r " 5:;9’

ol

1.l 1
09’ T,g0 teq, and ‘CW.
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Till now, we have the unknown coefficients D%, D5, D%, D4, D}, D}, D}, D},
3. Dy, D3, Dj.
Although the perfect bond conditions produce eighteen equationsat r = a,r = b

and r = c, only twelve equations are independent. These are

P = ) P — 0 P P - ol - A
wW=u uh=u, o =0 V=1, ar=a
l _ . m I _ . m l _ Il _ -m —_ b
u, = u; Uy = ug c,, = O, T,0 = Tro at r = b: (2.63)
m __ [4 m __ (4 - -— e — .
ul = u; Ug = Uy "-O':r ‘c’r'e' =1, at r = c:

Next we apply the Eshelby formula, derived by Eshelby (1956), to evaluate the
strain energy stored in the configuration of Fig. 1.3 [Christensen and Lo (1979)]. Accord-

ing to this formula, we have the elastic strain energy W under the applied displacement

conditions at infinity

1
W omp = Wo+ 5! G ul - ogn u) dS (2.64)

where § is the surface of the composite sphere defined by r=c, og. and u? are stresses

and displacements in the composite in the absence of inclusion, and ofj and u{ are stresses

and displacement disturbances in the effective medium. W, , is the elastic strain energy

stored in the model of composite given in Fig. 1.3, W, is the strain energy in the sphere

having the effective properties of composite. Since the outer equivalent region has the

properties of composite, which we want to evaluate, we can conclude that
Weomp = Wo (2.65)
Combining eqn (2.64) and eqn (2.65), we obtain

! (o5nud — fmu)ds = 0 (2.66)

For our problem, eqn. (2.66) yields
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J (0% ul+ r?¢u¢ + 10U oﬁrur-‘cwug-'t‘eue) ds =0 (2.67)
where
dS = c?sinpd0de (2.68)

Since this composite is subjected to the displacement boundary conditions at infinity, the

stresses and displacements in the composite without inclusion are given as

u? = Dtr (sing) %sin20
ug = DSrsin@cos20

ug %D rsin2@sin20

6% = 2G°Dir (sing) sin26

(2.69)

‘t(r)(p = 2G°D;rsin@cos26
1%, = G*Dirsin2¢sin28

where Di = egy. The displacements uf, uf,, ug are given in eqn. (2.51). By using eqns.

-
(2.7) and (2.8), we can find 67, T and T¢o- Now substituting all of these stresses and
displacements into eqn. (2.67), we obtain the condition that Di = 0. We find the effective
shear modulus by solving the twelve equations (2.63) for the twelve unknowns first and
then setting D§ = 0. The expression D§ = 0 involves the effective shear modulus G°,
which we solve for. Appendix F illustrates the procedure how to determine G°. In this
equation, the effective Poisson’s ratio v° does not appear and thus we can solve for the

unknown G° explicitly.
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2.3 EFFECTIVE THERMAL EXPANSION COEFFICIENTS

In this chapter, we evaluate the effective thermal expansion coefficient of particu-
late composite. Many papers were published on this subject and on thermal stresses [Levin
(1967), Rose and Hashin (1970), Takao and Taya (1985), Jasiuk et al. (1988), Tong and
Jasiuk (1990), Benveniste and Dvorak (1990), Adams (1991), Lee et al. (1991), Siboni
and Benveniste (1991), Li et al. (1992), Sutcu (1992), Kouider and Jasiuk (1993), and oth-
ers]. But most of these publications either consider the case of no interphase or assume
that the interphase is homogeneous. Some papers discussed the inhomogeneous interphase
situation, but they didn’t predict the thermal expansion coefficient of particulate composite
with the inhomogeneous interphase. Our present study will demonstrate the effect of inho-
mogeneous interphase on thermal expansion coefficient of composite. In the analysis, we
use composite spheres assemblage model (CSA) to evaluate the thermal expansion coeffi-
cient.

Considering the Cartesian coordinates, we let a composite sphere shown in Fig.
1.1 be subjected to a uniform temperature change. Then, the corresponding volumetric
average strain is given by

E‘.j = a‘.kATSkj. (2.70)

where over bar represents the volumetric average, AT is the temperature change, o, are

the unknown thermal expansion coefficients and 8,.1. is Kronecker delta defined as

8, =0if i%]

;= Lifi=j

and by using the strain displacement relations, we find the displacements in the Cartesian

spherical coordinate systems as

u, =g, x u =g_r
u,=¢€_z u, =
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where € = t’:yy =€,=¢,
Egn. (2.71) is similar to eqn. (2.1) and eqn. (2.5), and the analysis is similar to the
one for the effective bulk modulus. Again, since the loading is radial, the displacements

are of the form

u,=u,(r)
ug=0 (2.72)
Ug = 0

Here we have the same strain-stress relations and equilibrium equation as egn.
(2.7) and eqn. (2.9), but the constitutive equations are different. Note for thermo-elastic
problem, the general constitutive equations are

0y = Ciju (€~ 4, AT3,) 2.73)

where i,j = 1,0, ¢

Therefore, for our problem eqn. (2.8) can be modified as

\Y
0,=2G (g, —0AT+ ——e)

1-2v
\Y
Ogg = 2G (€gg — QAT + = 2ve)
\Y
T0= Gy
Tog = Gyeq,
t(pr = Gycpr

where e = €, +Eggt €po ~ 30AT

Again the same approach is followed as in the bulk modulus evaluation and the

governing equation that can be used to determine u, is given as
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a2
Eff(v-1) (2v—l)(1+v) +r(2E+g—Er 2rvg—E-rvzg§+2rv3gE

u
+4Ewa—" - 2Ev2ra—" —4Ev-2EV?+4EV3)—"+ (4Ev +2EV?-4EV3
or or or (2.75)

0E_, 20E_, 3 OF 2 OV
+2wa—r 2v 5— 4v°r 8 +4Ever a 2Er+2Er )u

OE, 30 3E OV )
3 +2Eva ar-ZEa-a—r—Ea;)T—O

+r2(1+v)?2(2ava-
where E = E(r), v = v(r) and o = o (r). For the homogeneous media: the inclusion
and the matrix, eqn. (2.75) was reduced to egn. (2.12). The displacements in the inclusion
and the matrix, are given in eqn. (2.14). Substituting egn. (2.14) into egn. (2.57), the
stresses are
EPC,  oPEPAT
op - -
T 1-2vP  1-2vP
EPC]] 2E"C;;  o™E"T

TU1-2vm (14vm) P 1-2v"

(2.76)

For the inhomogeneous interphase case, we choose power, linear and cubic functions to

simulate E', o' and V. A special case is given as

Q N
E = P((—;) ol = M(g) vl = constant (2.77)

If we substitute (2.77) into egn. (2.75) and simplify it, we get

ou ou 2viQ
2 r r
r 52 +r(Q+2)Fr + (l

-2 |u+ @ -0 (278

l r.¥
r(1+vh (Q+NATM (L)
Jer T

The closed form solution can be obtained for the displacement uf from eqn. (2.78)
(see Appendix G) as

ul = CLE(r, V!, 0, N) + CLB (r, V!, 0, N) +0(r,V}, O, N, M, AT, a) (2.79)

where &, B and m are functions in terms of r, V!, Q, N, M, AT, a, which are given in
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Appendix E  For other cases, we can use series solution method to determine W
After determining the displacements in the interphase, we substitute them into

eqgns. (2.7) and (2.74), and the corresponding stresses can be found. The next step is to

evaluate the five unknowns CF,, Ct;, C},, C% and C'%. Similarly as in the bulk modulus

analysis, we assume that perfect bonding conditions at the particle-interphase and inter-
phase-matrix interfaces are applied to our problem which give us eqns. (2.26) and (2.27).
Since our CSA model is only subjected to a uniform temperature change, the outer surface

is traction free, so we have the additional equation given as
on(c) =0 (2.80)

Combining eqns. (2.26), (2.27) and (2.80), we can evaluate the five unknowns.

The definition of thermal expansion coefficient is given in eqn. (2.70) that is
€ix

i = 2% (2.81)

a

Since only € _ exists in the composite, see eqn. (2.71), the thermal expansion coefficient

of composite can be expressed as

€
o i (2.82)

rr = AT
where €, is average strain in radial direction. From eqn. (2.71) and using the CSA model,

the definition of the average strain can be expressed as

g; = 7 = (2.83)
So eqn. (2.82) is written as
Ch
. GitE
o = AT = AT (2.84)

where the superscript e denotes effective composite.



3. NUMERICAL ANALYSIS

3.1 BULK MODULUS ANALYSIS

In this thesis, we consider that the inclusion and matrix are homogeneous and iso-
tropic, and we assume an idealized model of interphase, in which the interphase is inho-
mogeneous but isotropic and has Young’s modulus and Poisson’s ratio varying spatially in

a radial coordinate, eqns (2.19)-(2.21). Variations of E are illustrated in Fig. 3.1a,b

B

r.3 r.? r
E'=Py(Z) +05(3) +R(Z)+S
F? _ r.&
E =P (3)
2
3 = E'=P,(0)+0,
A
% g o
3 = t
>~ E .
S 2 | x
R = g
§ | €
«—a ] S
o b >
g L \
r
radius >
Fig. 3.1a

Schematic variation of Young’s modulus in the interphase
In our calculation, we keep the values of E?, E™ constant and change the thickness
t of the interphase. When r=a, from the relation in Fig. 3.1, we have E' = EP, then we can
get P, = EP from E = P,(r/a) %' When r = b, we have E' = E™, and finally we get

Q, = [In(E"/F’)]1/[in(b/a)] P=F 3.1

Analogous to the power variation case, for linear variation, we have

28
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3 2
E'=Py(2) +03(3) +R(Z)+S

Fig. 3.1b
Variation of Young’s modulus in the compeosite’s interphase
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_ bFP-E"a _a(E"-F)
=T P (32)
and for cubic variation case

P - 24°b (E" - B)
3 2b* - 3b’a - 3b%*a* +7a°b - 3a*
3q° (bEP —bE™ —aE™ +aF’)

0= 2b* - 3b’a - 3b%a* + 74°b - 34° (3.3)
R 6a* (E™ - E*)
2b* - 3b%a - 3b%a* +1a°b - 34*
= 2b°EP - 3b°aFP - 3b*a*F’ + 6a°bE’ + a°bE™ - 34*E™
2b* -3b’a - 3b%a* +1a’b - 3a*
where we assume that when r=a, %EJ (r) =0;r=a, %E’ (r) = 0. We have similar pro-

cedure for v'. It should be emphasized that we can change the parameters P;, 05, R, §,

P', Q' R and §' in egn. (2.21) to obtain different variations of E' and V' in the inter-
phase. For example, if we let P; = 0, Q; = 0 and R#0, S #0, we obtain linear varia-
tion in Young’ modulus. When P; = 0 and Q; #0, R#0, §#0, we get the quadratic
variation of Young’modulus in the interphase.

Also, when Q, =0, P, #0, egn. (2.19) will give us a homogeneous interphase sit-
uation, and when Q, =0, P, = E™, eqn. (2.19) yields no interphase situation. Now, in the
numerical examples presented in this thesis, we first consider the following elastic proper-
ties:

P =
A% 0.3 Vl =03
GP = 25GPA v* =04 (3.4

Q
E‘=P(£) G™ = 1.0GPA

and other elastic properties can be obtained directly from the following relationships
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G (3L +2G) G=E/(2(1+V))
E=——~""°""7
A+G K=3/(E(1-2v))
v=A/(2(A+G)) kenrslc (3.5)
Ao Ev 3
TT+v) (1=-2v) E=2G(1+V)

Now, we start the numerical analysis by considering different variations in the
interphase. First, we consider the inhomogeneous interphase case where the Young’s mod-
ulus has power variation. Substituting eqn. (3.4) into eqn. (3.1), we can determine the con-
stant P. If we choose the different thicknesses ¢ as follows

t = 00l1a b= 1lla
t = 0.05a b = 1.05a
t = 0.02a b =102a
t = 0.008a b = 1.008a
t = 0.005a b = 1.005a
t=0 b=a

(3.6)

and substitute these ¢’s into eqn. (3.1), we can calculate the values of constant Q. We sub-
stitute a, b, ¢, Q as well as eqn. (3.4) into egns. (2.26), (2.27) and (2.28), solve for the

unknown coefficients, and substitute them into eqn. (2.31). We can obtain the effective

bulk modulus in terms of volume fraction f = (a3/ c3) and the elastic properties of inclu-
P

sion, interphase and matrix. We plot it for different values of thickness ¢, (see Fig. 3.4). In
order to compare the power variation result with the homogeneous interphase assumption,

we introduce the following relationship
b Q,
r
| [Py dr
- a

Eqn. (3.7) gives the same “‘area” average of Young’s modulus as the power variation in

interphase. Following the above steps and setting 9, = 0, P, = li"l we obtain the homo-

geneous interphase case (Fig. 3.5). Finally, we take P, = E”, Q, = 0 and plot the no

interphase case as Fig. 3.3, which agrees with Christensen and Lo’s (1979) result as
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expected. Observing Fig. 3.4 and Fig. 3.5, we find how the bulk modulus depends on the
thickness ¢, and we observe that the thicker is the interphase, the higher is the bulk modu-
lus, and the effect of interphase is higher at the larger volume fraction of particles. We
choose t = 0.1a and ¢t = 0.05a cases from Fig3.4 and compare with the same thickness
situation in Fig. 3.5, and then compare with perfect bond situation. This comparison is
given in Fig. 3.6. We are also considering the following two situations for the bulk modu-

lus case. One is when the interphase is softer than the matrix and has a power variation in

E'and V' is constant, and the second is when the properties of the particles and the matrix
are interchanged. Then the corresponding homogeneous interphase assumptions are con-
sidered too, the results of comparison are similar to the above analysis. These results are
displayed in Fig. 3.7 - Fig. 3.12. We find that the power variation interphase model gives
the lower prediction for the effective bulk modulus than the homogeneous interphase
model and the higher prediction than the perfect bonding case. This agrees with Jasiuk and
Kouider (1993). In this case, the homogeneous interphase model overestimates the effec-
tive bulk modulus.

Before we study the linear and cubic variations in Young’s modulus in the inter-
phase, we should discuss the series solution and test its convergence. Here, we choose one
case from egn. (3.6), with b = 1.05a for our analysis. When we fix the relation
b = 1.05a, from eqn. (3.1), we find that the Young’s modulus in the power variation has
the relation '

E =65 (;:)_64 (3.8)
Now, we use the cubic variation to simulate this power variation as shown in Fig. 3.2
So, the approximate expression can be achieved as

3 2
E = -541314.1362(:—;) +1697798.147(£) —1775237.386(5) +618818.3794 (3.9)

by using the curve fitting method. Substituting eqn. (3.9) and eqn. (3.4) into eqn. (2.16),
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60+
3 2
J E = -541314.1362 (‘—:) + 1697798.147 (2)
50t
-1775237.386 (7:) +618818.3794"
40+
30+
20+
10+
1t01 1102 /e 1103 1104 105
fig3.2
cubic variation simulating power variation
we obtain
O g, = 0
or? or & r-
where
r3 r2 r
~2706570.679 = + 6791192.590=; — 5325712126 + 1237636.750
f(r) = = %5
r (- 541314.136% + 1697798.147’—2 - 1775237.3862 + 618818.379)
a a
r3 r2 r
~309322.364— - 485085.186 ; + 2028842.729 (=) — 1237636.750
a a

g(r) =

a a

f(r) and g (r) both have the Taylor series expansion as

f(r) =Y fr=r)"
n=0

3 2
r (- 541314.136-’3 + 1697798.147’—2 - 1775237.386(—2 + 618818.379)

(3.10)

(3.11)

(3.12)

(3.13)



g(r) = 8, (r=ry)" (3.14)
=0

n

If ry = O is a regular singular point, then according to Fuchs’ theorem, we can

find a convergent series solution as
u = 2 anr"”‘ (3.15)

But ry = 0 is located at the center of inclusion and not in the interphase. One can also
show that the other regular singular points lie outside the interphase region a <r<b, so
we choose ordinary point r, in the interphase. It is also more convenient to choose
a<ry<b, since this will require a smaller radius of convergence and thus a number of
terms in the series will be smaller than for the case when r,, is outside this interval. The

series solution is expressed as follows

u, = Y a,(r-ry)" (3.16)
n=0

Eqgns. (3.16), (3.14) and (3.13) are substituted into the differential eqn. (3.10) and coeffi-
cients of same powers of (r—r,) are set equal to zero to determine a,. Since the center
point in the interphase gives a faster covergence than the boundary point, we take
ro = (a+b)/2 and this is an ordinary point in our series solution. In this case,
ro = 1.025a. The MAPLE computer program was written to solve this problem. Finally,

we get solution of eqn. (3.10) in the form

u, = C{ Y, b, (r-1.025a)"+C, Y ¢, (r-1.025a)" (3.17)
n=0 =0

n

where b, and c, are known, and Cl1 and C’2 are the unknown constants. After we have

the expression given in eqn. (3.17), the effective bulk modulus can be evaluated easily fol-

lowing the previous steps.
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The bulk moduli for the interphase properties given in Fig. 3.2 are shown in Fig.
3.13. These two curves almost overlap with each other, and the small difference comes
mainly from the small difference between the cubic polynomial fit and the power varia-
tion. We must mention that when the series solution includes over sixty terms, the curve 1
in Fig. 3.13 does not change when the number of terms is increased. This implies that sixty
terms series solution will give convergent solution for this particular case. We have also
tested the convergence of our series by using the ratio test that is

a (r_r )n+l
lim [ n+! 0 <1 (3.18)
n — oo

n
a,(r-ry)
We found that our series solutions satisfy this condition

Repeating the above procedures, we can derive bulk moduli for cases given in
eqns. (2.20) and (2.21). First, we assume that Vv’ is constant and take different variations

of E'. The comparison of linear variation of E , cubic variation of E , uniform interphase
and no interphase case are given in Fig. 3.14. We observe that the homogeneous inter-

phase yields the highest modulus. Again, the tendency of this results is the same as in Jas-
iuk and Kouider (1993). Then, we let E’ be constant and compare different variations of
v (Fig. 3.15). We also let E' be the linear variation and compare the different variations

of v/ (3.16). We find that when E is fixed, power variation of v' gives highest value in

effective bulk modulus and uniform case gives lowest result. This tendency is opposite to

the one for varying E.
Observing Fig. 3.14, we may infer that the smoother variation of Young’s modulus

in the interphase gives the lower estimation of the effective bulk modulus, while the

rougher variation of v gives the lower estimation of the effective bulk modulus.
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BULK MODULUS
(no interphase)
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Fig. 3.3 Effective bulk modulus vs. volume fraction f for the no interphase case.
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BULK MODULUS
25+ (inhomogeneous interphase)
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Fig. 3.4 Effective bulk modulus of the composite with an inhomogeneous interphase.
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BULK MODULUS

Young's modulus

E' = [P, (r/a)%dr/ (b-a)

a
(P; and Q; are from Fig. 3.3)

b
E' = [P, (r/a)%dr/ (b-a)

Fig. 3.5 Effective bulk modulus of the composite with a homogenous interphase.
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Fig. 3.6 Comparison between the inhomogeneous and homogeneous interphase cases.
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Fig. 3.7 Effective bulk modulus vs. f for an inhomogeneous interphase softer than matrix;
Interphase has a power variation in Young’s modulus and a constant Poisson’s ratio.
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BULK MODULUS
(homogeneous interphase)
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Fig. 3.8 Effective bulk modulus vs. f for a homogeneous interphase softer than matrix;

Interphase has a constant Young’s modulus and a constant Poisson’s ratio.
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Fig.3.9 The comparison between Fig. 3.7 and Fig. 3.8.
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BULK MODULUS
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Fig. 3.10 Effective bulk modulus vs. f for an inhomogeneous interphase with
interchange of the properties.
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Fig. 3.11 Effective bulk modulus vs. f for a homogeneous interphase with interchange
of the properties.
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Fig. 3.12 The comparison between Fig. 3.10 and Fig. 3.11.
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Fig. 3.13 Effective bulk modulus vs. f; the power variation of Young’s modulus in
interphase is simulated by cubic variation.
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Fig. 3.14 Comparison of effective bulk moduli from different variations of Young’s
moduli in the interphase
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3.2. SHEAR MODULUS ANALYSIS

In this section, we conduct the numerical analysis of the effective shear modulus.
We assume that the interphase between the matrix and inclusion is isotropic and inhomo-
geneous, and that the Young’s modulus of interphase has the elastic properties changing
with the radial distance from the inclusion boundary, and the Poisson’s ratio is constant.

We illustrate our analytical results by considering a particulate composite, with the proper-
tiess K™ = 4.667GPA, KP = 54.167GPA, G™ = 1.0GPA, GP = 25.0GPA,
v™ = 0.4, v? = 0.3 and v} = 0.3, which has an interphase region with spatially varying
properties given in eqn. (2.19). In our example we assume that E (a) = E? and
E’(b) = E™ (Fig. 3.1a.b); constants P, and Q, are found from these two constraints
[egn. (3.1)]. For comparison we also consider a homogeneous interphase case such that
E' = [2P(r/a)%dr/ (b~ a) which can be obtained from eqn. (2.19) by setting @) = 0
and P, = E'.  We can also obtain the perfect bonding case by setting O, = 0 and

P, = E™. We substitute the properties of the composite [eqn.(3.4)] into egn. (2.57), and
solve this fourth order equation. We get two complex conjugate roots as in eqn. (2.59). So

we take the expressions (2.60), (2.61) and (2.62) as our displacements results. By using

eqns. (2.63) and the remote boundary condition (2.33), we can obtain a set of linear equa-

tions to be solved for the unknown coefficients. Then we set the coefficient D: = 0 and

we can obtain a quadratic equation for G°. We neglect the negative root of the quadratic
equation and finally, we achieve the relation
P
G = p(_i) (3.19)
c
where F represents function in terms of volume fraction and depends on the properties of
inclusion, interphase and matrix, and superscripts e symbolizes the effective composite

region. We plot this power variation case in Fig. 3.18. The results that shows the same ten-
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dency as the bulk modulus results. We see that the thickness of interphase has an impor-
tant influence on the effective shear modulus. The effect of interphase is more pronounced
at the higher volume fractions. The homogeneous interphase case is given in Fig. 3.19 and
the no interphase case is shown in Fig. 3.17. Similarly as in the bulk modulus analysis, we
compare the power variation case and homogeneous interphase model case in Fig. 3.18.
Again the perfect bonding condition yields lowest results, the power variation gives the
intermediate values and the homogeneous interphase model yields the highest shear mod-
ulus. This agrees with the effective bulk modulus results when the same comparison is
made. Comparing to Fig. 3.7 - Fig. 3.11 in the bulk modulus study, the analogous conse-
quences are obtained for softer interphase case (Fig. 3.21 - Fig. 3.23) and case when there
is an interchange of properties between the matrix and inclusion (Fig. 3.24 - Fig. 3.26). As
in the bulk modulus analysis, we would like to have calculated other variations of inter-
phase [eqn.(2.20), eqn.(2.21)]. However since these involve much complicated mathemat-
ical manipulations, we will leave it for the future study.

Summarizing the effective bulk modulus and shear modulus results we find that
the homogeneous variation of Young’s modulus in interphase overestimates the effective
elastic moduli in our study. This agrees with the observation in Jasiuk and Kouider (1993),
while homogeneous variation of Poisson’s ratio in interphase underestimates the effective

bulk modulus.
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Fig. 3.17 Effective shear modulus vs. f for the no interphase case
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SHEAR MODULUS
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Fig. 3.18 Effective shear modulus vs. f for an inhomogeneous interphase stiffer than
matrix; interphase has a power variation Young’s modulus and a constant Poisson’s ratio.
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Fig. 3.19 Effective shear modulus vs. f for a homogeneous interphase stiffer than matrix;
Interphase has a constant Young’s modulus and a constant Poisson’s ratio.
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Fig. 3.21 Effective shear modulus vs. f for an inhomogeneous interphase softer than

matrix; Interphase has a power variation in Young’s modulus and a constant Poisson’s
ratio.
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SHEAR MODULUS
(homogeneous interphase)
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Fig. 3.22 Effective shear modulus vs. f for a homogeneous interphase softer than matrix;
interphase has a constant Young’s modulus and a constant Poisson’s ratio.
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SHEAR MODULUS
(power-homogeneous)

(soft interphase)
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Fig. 3.23 The comparison between Fig. 3.21 and Fig. 3.22
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zsj SHEAR MODULUS
(inhomogeneous interphase)
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Fig. 3.24 Effective shear modulus vs. f for an inhomogeneous interphase with the
interchange of properues.
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(homogeneous interphase)
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Fig. 3.25 Effective shear modulus vs. f for a homogeneous interphase with the
interchange of the properties
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3.3. THERMAL EXPANSION COEFFICIENT ANALYSIS
We assume that the thermal expansion coefficients in the inclusion, matrix and

interphase are follows

a? =5x%x107%°C
-6
a™ =66x 10 /OC (3_20)

N
=ML
a'=M(2)

where M, N are constants. We can sketch eqn.(3.20) in Fig. 3.27.

ol o
N
1 r
o= M(-
( a)
=
Q
g3
&€
§ of
=
g
g t x
& £
—————P
o g g8
= 'g
&
=
a e
= .
b
< >
(o
- -
> T
radius

Fig. 3.27 Variation of a thermal expansion coefficient in the interphase.



where
M=o 3.21)
N = (3.22)
b
In (E)

We substitute eqn. (3.20) and (3.4) into the MAPLE computer program (Appendix H),

which gives thermal expansion coefficients for the inhomogeneous interphase with a
power variation o'. The results are given in Fig. 3.29.
! N _ .. 1 b N .
When we replace o = M (r/a)” with o = [IaM(r/a) dr]/ (b-a) ineqn.

(3.20), we obtain Fig. 3.30. The comparison of the results between Fig. 3.29 and Fig. 3.30

are given in Fig. 3.31. Then we assume that the interphase is homogeneous, and we
replace E = P, (r/ a)Q' by E =34 (GPA) in eqn. (3.4). For power variation o and
constant o' cases are illustrated in Fig. 3.32 and Fig. 3.33 respectively. We also compare
above two cases in Fig. 3.34, and then, we set b = a and calculate no interphase case in
Fig. 3.28. Finally, we assume that E hasa power variation and v! is constant, compare

those cases of different variations of o' in Fig. 3.35. By studying Fig. 3.28 - Fig. 3.33, we
find that again the effect of interphase is pronounced and it is higher for the larger volume
fraction of particles and for the thicker interphase, and no interphase assumption produces

highest values of effective thermal expansion coefficient. The comparison shows that there
is not a big difference among different variations of o. But, we can see that these results
have the same tendency as elastic moduli study with E having different variations. The
tendency is that the smoother variation of o gives the lower estimation of the effective

. . . e i .
thermal expansion coefficient. In other words, the uniform variation of o overestimate the

thermal expansion coefficient. We may conclude that the influence of the thickness of
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interphase is greater than the different variations of thermal expansion coefficient in inter-
phase, which have the same volumetric average value.
We also check the relationship between the thermal expansion coefficient and bulk

modulus that is given in Christensen and Lo (1979) for the two phase model.

1 1
(f-a™) (=-—)
of = o+ g ch K" (3.23)
¥ K"

We find that our result for no interphase cases is identical to the eqn. (3.23) [Appendix IJ.
So we prove that eqn. (3.23) is valid in CSA model. This infers that the similar relation
may be obtained to our interphase problem. Here, we introduce two numerical conse-
quences to illustrate the possibility that we may obtain the similar relation. The first conse-
quence is the comparison of effective thermal expansion coefficient from different
variations of Young’s modulus in the interphase (Fig. 3.36). We compare this result (Fig.

3.36) to the similar result (Fig. 3.14) in bulk modulus analysis, we find that they have the

same tendency which is that uniform variation of E' overestimates both X° and of, and

the smoother variation of E gives lower estimations. The second consequence is the
Comparison of effective thermal expansion coefficient from different variations of Pois-
son’s ratio in the interphase (Fig. 3.37). We also compare Fig3.37 with Fig. 3.15 in bulk
modulus study. We note that the same tendency is achieved for both effective bulk modu-

lus and thermal expansion coefficient. When the Poisson’s ratio in the interphase has uni-
form variation, we obtain highest value in K° and o, and the sharper variation of v gives

the lower estimation of K° and a°. These two numerical consequences strongly support
our conjecture that there may be a relation similar to eqn. (3.23) in our interphase problem.

But for the mathematical proof, again we leave for the future study.
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THERMAL EXPANSION COEFFICIENT
(perfect bond)
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Fig. 3.28 Effective thermal expansion coefficient vs. f for the no interphase case.
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THERMAL EXPANSION COERFFICIENT
(inhomogeneous interphasge

with power variation a’)
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£
Fig. 3.29 Effective thermal expansion coefficient vs. f for an inhomogeneous

interphase with a power variation in the thermal expansion coefficient
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66e-06 THERMAL EXPANSION COEBFFICIENT
(inhomogeneous interphase
with constant a’)
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£
Fig. 3.30 Effective thermal expansion coefficient vs. f for an inhomogeneous
interphase with the constant thermal expansion coefficient.
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THERMAL EXPANSION COEBFFICIENT
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Fig. 3.31 Comparison between Fig. 3.29 and Fig. 3.30.



69

66e-06 THERMAL EXPANSION COEFFICIENT
(homogeneous interphase
with power variation a’)
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Fig.3.32 Effective thermal expansion coefficient vs. f for a homogeneous interphase
having a power variation in the thermal expansion coefficient.
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660-06 THRERMAL EXPANSION COEFFICIENT
e- (homogeneous interphase
with constant o)
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Fig. 3.33 Effective thermal expansion coefficient vs. f for a homogeneous interphase
having a constant thermal expansion coefficient.
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Fig. 3.34 Comparison between Fig. 3.32 and Fig. 3.33
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THERMAL EXPANSION COBFFICIENT
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Fig. 3.35 Comparison of effective thermal expansion coefficient for the case of
different variations of thermal expansion coefficients in the interphase.
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THERMAL EXPANSION COEFFICIENT
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Fig. 3.36 Comparison of effective thermal expansion coefficient for the case of
different variations of Young’s modulus in the interphase.
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THERMAL EXPANSION COEFFICIENT
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Fig. 3.37 Comparison of effective thermal expansion coefficient for the case of
different variations of Poisson’s ratio in the interphase.




4.CONCLUSION

We obtained the effective bulk modulus, shear modulus and thermal expansion
coefficient of particle reinforced composites with inhomogeneous interphases. We
explored the effects of interphases, both inhomogeneous and homogeneous, on the overall
elastic properties of composites as well as thermal properties and showed that the study of
interphase in composite materials is important. The elastic and thermal properties of inter-
phase strongly influence the overall elastic and thermal properties of composite. Control-
ling the properties of interphase in order to improve the characteristics of composite is an
important topic in composite manufacturing.

In this thesis we consider an idealized interfacial model, in which the interphase is
inhomogeneous but isotropic. A more realistic model is the one that accounts for the
local anisotropy and randomness of the constitutive law of interphase. This is being stud-
ied by Ostoja-Starzewski and Jasiuk (1992), Jasiuk and Ostoja-Starzewski (1993) and
Ostoja-Starzewski et al. (1994).
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APPENDIX A

This computer program generates the eqn. (2.11) in bulk
modulus the study.

> u[r](r.theta,phi):=u[r](r);
um(r, 0,9):= um(")

> u[theta](r,theta,phi):=0;

um(r, 0,¢):=0

> u[phi](r,theta,phi):=0;

um(r. 0,¢6):=0

> epsilon[rr):=diff(u[r)(r,theta,phi),r);

€, = 5 um(r)

> epsilon[theta,theta):=1/(r*sin(phi))*diff(u[theta](r,theta,phi),theta)+u[r](r,theta,p
hi)/r+(cot(phi)/r)*u[phi](r,theta,phi);

oD
(0.0 .
> epsilon[phi,phi]:=diff(u[phi](r,theta,phi),phi)/r+u[r](r,theta,phi)/r;
. 2 L)
(001"

> gammalr, theta]:=1/(r*sin(phi))*diff(u[r](r,theta,phi),theta)+diff(u[theta](r,theta,
phi),r)-u[theta](r,theta,phi)/r;

Y[r.O] =0

> gamma(theta,phi]:=diff(u[theta](r,theta,phi),phi)/r-cot(phi)*u[theta](r,theta,phi)/
r+1/(r*sin(phi))*diff(u[phi](r,theta,phi),theta);

Yo,01=0

> gammalr,phi):=diff(u[phi](r,theta, phi),r)-u[phi)(r,theta, phi)/r+diff(u[r](r,theta,phi)
Phi)/r;

Y(r.01:=0

> e:=epsilon[rr}+epsilon[theta,theta]+epsilon[phi,phi];

p) um(r)
e:= —um(r) +2—

or r
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> sigma([rr]:=E(r)/(1+nu(r))*(epsilon[rr}+(nu(r)/(1-2*nu(r)))*(e));

p) u[rl(r)
+

1-2v(r)

9
E(r) || 5"

()™ 1+v(r)

(o]

> sigma]theta,theta]:=E(r)/(1+nu(r))*(epsilon[theta,theta]+(nu(r)/(1-2*nu(r)))*(e));

d 4 ,y(r)
u[rl(r) v(r) 5um(r) +2 "
+

A ik 1-2v(r)
(.01 1+v(r)

> sigma[phi,phi]:=E(r)/(1+nu(r))*(epsilon[phi,phi]+(nu(r)/(1-2*nu(r)))*(e));

p) 2um(r)
U, (1) ) ar“m(’) * r

B\ ——* 1-2v(r)
c

(o017 1+v(r)

> tau[r,theta):=E(r)/2/(1+nu(r))*gammalr,theta];

1:["91 =0

> tau(theta,phi):=E(r)/2/(1+nu(r))*gammaj[theta,phi;

a1 =0

> tau[r,phi}:=E(r)/2/(1+nu(r))*gamma]r,phi];

1:["”:=0

> equi1:=diff(sigma[rr],r)*sin(phi)+1/r*(2*sigma[rr]*sin(phi)-sigma[theta,theta]*si
n(phi)-sigma(phi,phi]*sin(phi)+tau[r,phi]*cos(phi)+diff(tau[r,theta],theta)+diff(ta
u[r,phi],phi)*sin(phi))=0;

3. k) ) w(r) %1
or (r) arul’](r) * 1-2v(r)

1+v(r)

3 v(n %1 (2
-E(r)((a'u["(r)]+ 1‘2"('))(E”V(r)J»fﬁ(r) (iu (r))
(1+v(r)) or? 17

equil :=
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(iv(r))%l v(r) %1 (iv(r))

or or

+ +2 >
1-2v(r) (1-2v(r))

U w (r)
v(r)[(iu (r))+23r Rppitd

or? ] r r ] .
+ R (1+v(r)) |sin(¢) +

l v(r) %l ) .
E(r) ((ar um(r))+ 1-2v() )sm((b)

1+v(r)
u (r) A
E(r)( (LAARR PR )sin(q»)
2 r 1-2v(r)
1+v(r)

2

r=0

um(r)

%1 = -a— 2
ol = arum(r) +

> eqni:=collect(equii,[diff(u[r](r),r,r),diff(u[r]}(r),r),u[r](r)],factor):

> egn2:=normal(eqn1*(-1+2*nu(r))/sin(phi)):

> eqn3:=collect(eqn?2,[diff(u[r](r),r,r),diff(u[r](r),r),u[r])(r)],factor):

> eqn4:=normal(egn3*(-1+2*nu(r))* (1+nu(r)*2*r"2):

> eqn5:=collect(eqn4,[diff(u[r](r),r,r),diff(u[r)(r),r),u[r](r)],factor);
or? 7]
-2 (ﬁ E(r))rv(r) - (3 E(r))rv(r)z +2 (2 E(r))rv(r)3
or or or

+4 E(r) (’ai V(r))rv(r) -2E(r) (ﬁ V(r))r V(r)2 -4E(r)v(r)
r or

eqn5 :=E(r)rP (-1 +v(r)) (-1 +2v(r)) (1 +v(r)) (22_“ (r))+r((%E(r)]r

S2E(r)V(r + 4 E(r) v(r) + 2E(r))(iu (r))+(2 (-QE(r))rv(r)
or [r] or

2| =E(r) [rv(r) -4\ =—E(r) [rv(r)y +4E(r)| =—v(r) |rv(r)
or or or

+2E(r)(£-v(r))r+4 E(r) v(r) + 2 E(r) V(r): - 4 E(r) v(r)’ - 2 E(r))

um(r)=0
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APPENDIX B
Here, we discuss the condition of existence of convergent series solution. The first

concept we shall need is that of an analytic function: A function f(r) is said to be analytic
ata point r = r if and only if it has a Taylor series at r = r(, which represents the func-
tion in some neighborhood of r = r,. In particular, polynomial functions are analytic
everywhere, and rational functions are analytic at all points where they are defined, i.e., at
all points except the zeros in denominators. Using the concept of an analytic function, we
can classify the point r, about which we seek a solution of eqn. (2.16), here we just con-
sider the general form of (2.16) and neglect the physical meaning of g () and f(r) . If the
coefficient functions f(r) and g (r) in eqn. (2.16) are both analytic at r = r, the r is

said to be an ordinary point of the equation.

If at least one of the functions f(r) and g (r) is not analytic at r = r,, but if the

functions defined by the products (r—rg)f(r) and (r-rg) 23 (r) are analytic at

r = r,, then ry is said to be a regular singular point of the equation.

If at least one of the products (r—ry) f(r) and (r—r,) 2g (r) is not analytic at
r = r, then r is said to be an irregular singular point of equation.

If ry is an ordinary point of (2.16), then a convergent series solution exists of the

form u, = Z a,(r—ry) " if r, is regular singular point, then convergent series solution
n=0

exists of the form
u, = Y a,(r—r)"** (B.1)
n=0

If ry is an irregular point, there are in general no solutions with expansion consisting

solely of powers of r — r,. The method is known as the Frobenius Method and the condi-
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tions of
existence of the series solution are called the Fuchs’ theorem.

Even though the conditions of Fuchs’ theorem are satisfied, it may not be possible
to obtain two in dependent solutions.

Let us suppose now that r is a regular singular point of eqn. (2.16). This means

that both (r—ry) f(r) and (r—ry) 2g (r) are analytic at r, and can be therefore written

in the form

(r=ro)f(r) =py+p,(r—ry) +p2(r—r0)2+... B.2)

(r=rp)8(r) =qo+q,(r=rg) +q,(r-ro)*+... '
By substituting eqn. (B.1) and eqn. (B.2) into eqn. (2.16), we obtain the equation
K+ (po— 1) k+ gy = 0. This quadratic equation is known as the indicial equation of
eqgn. (2.16). If the roots of this indicial equation differ by an integer, this process yields

only one solution [Johnson and Johnson (1982), p. 47). However, a second independent

solution can be found by assuming u, = ¢ (r) u,, (r) , where u,, is the first series solu-
tion, and then determining ¢ (r) so that the product ¢ (r) u,, (r) will satisfy the given

differential equation. By using MAPLE (1992) symbolic manipulation program, we can

solve eqn (2.16) in the series solution using Fuchs’ method.
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APPENDIX C

This computer program generates the eqns. (2.38), (2.39) and
(2.40) in the shear modulus study.

> u[r](r.theta,phi):=U[r](r)*(sin(phi))*2*sin(2*theta);
u, (r.6,0):=U (1) sin(¢)’ sin(2 0)

> u[theta](r,theta,phi):=U[theta](r)*sin(phi)*cos(2*theta);

um(r, 0,9):= Um(r) sin(¢) cos(2 0)

> u[phi](r.theta,phi):=U[phi](r)*sin(2*phi)*sin(2*theta);

um(r, 0,9):= Um(r) sin(2 ¢) sin(2 0)

> epsilon[rr):=diff(u[r](r,theta,phi),r);

d
€, 1= (5 Um(r))sin(q))z sin(2 )

> epsilon[theta,theta):=1/(r*sin(phi))*diff(u[theta](r,theta,phi),theta)+u[r](r,theta,p
hi)/r+(cot(phi)/r)*u[phi](r,theta,phi);

U _(r)sin(20) U (r)sin($)*sin(20)
[8) (r]
€ =-2 +

cot($) U, (r) sin(2 ¢) sin(2 8)

+
r

> epsilon[phi,phi]:=diff(u[phi](r,theta,phi),phi)/r+u[r](r,theta,phi)/r;

U, (r)cos(20)sin(28) U (r) sin(¢ )’ sin(2 9)
=2 +

8[°v¢l = r r

> gammalr, theta]:=1/(r*sin(phi))*diff(u[r](r,theta,phi) theta)+diff(u[theta](r.theta,
phi),r)-u[theta](r,theta,phi)/r;

sin(¢)U[r‘(r)cos(2 0) P
'Y[,,e]:=2 r +($Ulel(r))sin(¢)cos(2 0)
U\,(r) sin(¢) cos(2 6)

r

> gamma|theta,phi]:=diff(u[theta](r,theta,phi),phi)/r-cot(phi)*u[theta](r,theta,phi)/
r+1/(r*sin(phi))*diff(u[phi](r,theta,phi),theta);

_ Um(r) cos(¢) cos(20) ] cot(¢) Um

r r

(r)sin(¢) cos(2 0)

Yo.01 =



Um(r) sin(2 ¢) cos(20)
rsin(¢)

> gamma|r,phi]:=diff(u[phi](r,theta,phi),r)-u[phi](r,theta,phi)/r+diff(u[r](r,theta,phi)
,phi)/r;

+2

Um(r) sin(2 ¢) sin(2 0)

d
Vo) = (E)_r: Um(r))sin(2 ¢)sin(20) -

Um(r) sin(¢) sin(2 0) cos(¢)

r

+2
r

> @:=epsilon[rr]+epsilon[theta,theta]+epsilon[phi,phi];

Um(r)sin(z 0) Um(r) sin(q>)2 sin(20)
+2

d L2
e:= (5 Um(r)]sm(cp) sin(20) -2

r r

cot(¢) Um(r) sin(2 ¢) sin(2 0) Um(r) cos(2 ¢)sin(20)
+ +2
r r

> sigma|[rr]:=E(r)/(1+nu(r))*(epsilon[rr]+(nu(r)/(1-2*nu(r)))*(e));

or [r]
U, (r)sin(20) U, (r)sin(¢)"sin(26)
+2
r r

cot(¢) Um(r) sin(2 ¢) sin(2 0) Um(r) cos(2 ¢) sin(2 ) )/
(1-2v(r)

o, =E(r) ((58; Um(r))sin((p)2 sin(2 8) + v(r) ((3 U (r)]sin(q))z sin(2 8)

-2

+ +2

r r
)}/(1 +Vv(r))

> sigma(theta,theta):=E(r)/(1+nu(r))*(epsilon[theta,theta]+(nu(r)/(1-2*nu(r)))*(e));
( U, (r)sin(28) U, (r)sin(¢)’ sin(26)
=E(r)|-2 +

r r

ol(’.ﬁl

cot(¢)U[¢l(r)sin(2¢)sin(29) p) )
+ +w(r) ;Um(r) sin(¢) sin(2 0)

r

U _(r)sin(20)
+

. 2 .
61 U, (r)sin(¢)" sin(2 6)

-2

2
r r
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+ +2 L

r r
)]/(1 +v(r))

> sigma[phi,phi]:=E(r)/(1+nu(r))*(epsilon[phi,phi]+(nu(r)/(1-2*nu(r)))*(e));
i U, (r)cos(2¢)sin(28) U, (r) sin(¢)” sin(2 0) {
+ +v(r)

cot(9) U|¢](r) sin(2 ¢) sin(2 0) U (r)cos(2¢)sin(20) }/
(1-2v(r)

._ (o]
LS E(r)[Z -

r

Uy (r)sin(28) U, (r)sin(¢)’ sin(20)
+2

or
cot(¢) Um(r) sin(2 ¢) sin(2 0) Um(r) cos(2 ¢)sin(2 0) J/
+ +2 (1-2v(r)

r r
)]/(1+V("))

> tau[r,theta]:=E(r)/2/(1+nu(r))*"gamma]r,theta];

sin(¢) U, (r)cos(20) (3
+(— U (r))sin(q)) cos(20)

(i Um(r))sin(q))z sin(20) - 2

r

1
tl’.QIzng(r)(z " 5 el

Um(r) sin(¢) cos(2 6))/
- (1+v(r))

r

> tau[theta,phi] :;E(r)/2/(1 +nu(r))*gamma|theta,phi];

1 Ule](r)cos(¢)cos(2 0) cot(cp)Um
Te ==E(r) -
01 2 r

U,, (r)sin(2 ¢) cos(28) J/

: (1+v(r))
rsin(¢)

> tau[r,phi]:=E(r)/2/(1+nu(r))*gammalr,phi);

(r) sin(¢) cos(2 0)

r

+2

Um(r) sin(2 ¢) sin(2 0)

1 )
L :=-2-E(r) [(5; Um(r))sin(z ¢)sin(20) -
U, (r)sin(¢) sin(2 6) cos(¢) J/
(1+v(r))

r

r

+2

Since computer confused U[theta] and U[phi] with U(theta) and
U(phi), when it take derivative with them. We replace U[theta] and
U[phi] by U[t] and U[p].




86

> U[phi]:=U[p]:

> U[theta]:=UJ[t]:

> equi1:=diff(sigma(rr],r)*sin(phi)+1/r*(2*sigma[rr]*sin(phi)-sigma[theta,theta]*si
n(phi)-sigma[phi,phi]*sin(phi)+tau[r,phi]*cos(phi)+diff(tau[r,theta] theta)+diff(ta
u[r,phi},phi)*sin(phi))=0:

> eqn1:=simplify(equii trig):

> eqn2:=expand(eqn1/(-1/2*sin(2*theta)*sin(phi))):

> eqn3:=subs(cos(phi)*2=1-sin(phi)*2,eqn2):

> eqn4:=expand(eqn3):

> eqn5:=sort(egn4,[sin(phi)],plex):

> eqn6:=op(1,eqnb):

> eqn7:.=coeff(eqn6,sin(phi)*2):

> eqn8:=collect(eqn7,[diff(U[r](r),r,r),diff(U[r](r),r),U[r](r),diff(U[phi](r),r),U[phi](r)],
factor)=0:

> eqn9:=normal(eqn8*(1+nu(r))*(-1+2*nu(r))/2):

> eqn10:=collect(eqn9,[diff(U[r](r),r,r),diff(U[r](r),r),Ur(r),diff(U[phi](r),r),U[phi](r)],
factor):

> eqni1:=normal(eqni0/(-1+2*nu(r))):

> eqni2:=collect(eqn11,[diff(U[r](r),r,r),diff(U[r](r),r),U[r](r),diff(U[phi](r),r),U[phi](
r).factor);

2

. ._-E(r)(V(r)-l)[a—rzU[rl(r)) (iﬁ(r) 2E() iv( ) |very
qnil2 := 1+2v(r) or 4 or r o

+4 E(r)v(r) - E(r) \V(r) r-2E(r)v(r) -2|—E(r) [V(r)r
or or

+2(EE(r))v(r)3r+4E(r)[iv(r))v(r)r-4E(r)v(r)+2E(r))

or or
d 2 d 3
(—U (r))/(r(-l+2v(r)) (1+v(r)))+(5 E(r)+4(—E(r))V(r) r
or [r] or
+2 (% E(r))v(r)zr- 2 (a% E(r))v(r) r+16 E(r) v(r)’ - 2E(r) v(r)?

0 d
-13E(r)v(r)-4E(r) (g‘ v(r))v(r)2 r-2E(r) (5 v(r))r)Um(r)/(

d
E(r)(; U“,,(r))
r(-1+2v(r))

(-l+2v(r))2(l+v(r))rz)-3 -3(-7 E(r) v(r)

-2E(r)v(r)} +3E(r)-2 (% E(r))v(r) r-2E(r) (% v(r))r +8E(r) v(r)’
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d 3 d 2 i 2
+4(arE(r))v(r) r-4E(r)(arV(r))V(r) r+2(arE(’))"(’) r)Ulpl(r)

Jlc142vm (1 +vr) ) =0
This is one of six equations from equilibrium equations. We choose
it as our governing eqn. (2.39).
> eqn13:=expand(eqn6-eqn7*sin(phi)*2):
> eqn14:=collect(eqn13,[diff(U[phi](r),r),diff(U[theta](r),r),U[phi](r),U[theta](r)],fac
tor)=0:
> eqn15:=normal(eqni4*(1+nu(r))*(-1+2*nu(r))/2):
> eqn1i6:=collect(eqn15,[diff(U[phi](r),r),diff(U[theta](r),r),U[phi](r),U[theta](r)] fac
tor);

or 1
r r

E —a-U E iU
(r) > l‘,,](r) (r) (r)

eqnl6 =2 )+2(-7 E(r) V(r) - 2 E(r) v(r)’

+3E(r)-2(iE(r))v(r)r-2E(r)[iv(r))r+8E(r)v(r)3

or or

w4[ 280 [viry - 2B [ 2 v(r) [ re2| 2B v e U ()
3 r)y |v(r) r- r arvr r)yr > r)(v(r) r IP]r

J((1+v(r)) (-1 +2v(r)) P) - (-7 E(r) v(r) - 2E(r) v(r)* + 3 E(r)
(=) [3vn) (g Jeor

2| —EW@) \v(r)r-2E(r)|—v(r) |[r+8E(r)v(r)y +4|—E(r) |V(r) r
or or or

) )
-4E(r) (a_r v(r))v(r)2 r+2 (5 E(r))v(r)z r)Um(r)/((l +v(r))

(-1+2v(r))r*)=0
This is one of six equations from equilibrium equations.
> equi2:=diff(tau[r,theta],r)*sin(phi)+1/r*(3*tau[r,theta]*sin(phi)+diff(tau[theta,phi]
,phi)*sin(phi)+diff(sigmaltheta,theta] theta)+2*tautheta,phi]*cos(phi))=0:
> eqn21:=simplify(equi2,trig):
> egn22:=expand(eqn21/(cos(2*theta)/2)):
> eqn23:=subs(cos(phi)*2=1-sin(phi)*2,eqn22).
> eqn24:.=expand(eqn23):
> eqn25:=sort(eqn24,[sin(phi)],plex):
> eqn26:=op(1,eqn25):
> eqn27.=coeff(eqn26,sin(phi)*2):
> eqn28:=collect(eqn27,[diff(U[r](r),r),U[r](r),diff(U[theta](r),r,r),diff(U[theta](r),r),
Ultheta](r),U[phi](r)].factor)=0:




88

> eqn29:=normal(eqn28*(1+nu(r))/2):
> eqn210:=collect(eqn29,[diff(U[r](r),r),U[r](r),diff(U[theta](r),r,r) diff(U[theta](r),r)
,U[theta](r),U[phi](r)],factor);

(9
n210 := il @U"'(r)]aflls( [ Zu (,))+l
A r(rvawryy T2 e 2

((a \ (a ) (a ) J
—E(r) IV(r)r+2E(r)v(r)+|—E(r) [r+2E(r)-E(r)|=—v(r) |r
\\9r ) or or

(3 1
3 Um(r) (r(1+v(r)))- >

(
(-a— E(r))v(r) r+2E(r)v(r)+ (i E(r)Jr+ 2E(r)-E(r) (2 V(r))r)
or or or

\
(4V(r)-5)E(N U, (r)

U] (14U ) - 2—— e +Um(r)(-4E(r)

+4 E(r) v(r)2 +E(r) [_8_ v(r))r- 2E(r) (—a- v(r))v(r) r+ (i E(r))v(r) r
or or or

+2 (i E(r)]v(r)zr- (i E(r))r)/((l +v(r)) (-1+2v(r))rr)=0
or or

This is one of six equations from equilibrium equations.
> eqn211:=expand(eqn26-eqn27*sin(phi)*2)=0:
> eqn212:=factor(eqn211);

(U, -20,(n) (M- DE)
(1+v(r) (-1+2v(r) P
This is one of six equations from equilibrium equations.
> equi3:=diff(tau[r,phi],r)*sin(phi)+1/r* (3*tau[r,phi]*sin(phi)+diff(tau[theta,phi],the
ta)+(sigma[phi,phi]-sigma[theta,theta])*cos(phi)+diff(sigma[phi,phi],phi)*sin(ph
i))=0:
> eqn31:=simplify(equi3,trig):
> eqn32:=expand(eqn31/(sin(2*theta)*cos(phi))):
> eqn33:=subs(cos(phi)*2=1-sin(phi)*2,eqn32):
> eqn34.=expand(eqn33):

eqn2l2 :=-8

> eqn35:=sort(eqn34,[sin(phi)],plex):

> eqn36:=op(1,eqn35):
> eqn37:=coeff(eqn36,sin(phi)*2):

> eqn38:=collect(eqn37,[diff(U[r](r),r),U[r](r),diff(U[phi](r).r.r),diff(U[phi](r),r),U[ph
ij(r)].factor):
> eqn39:=normal(eqn38*(1+nu(r))):
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> eqn310:=collect(eqn39,[diff(U[r](r),r),U[r](r),diff(U[phi](r),r,r),diff(U[phi](r),r),U[p
hi)(r)],factor)=0;

9
E(r)| - Uy, (r)
r(-1+2v(r))

eqn310 := - + U, (r) (4 E(r) + 4 E(r) V(r)" + E(r) (% v(r))r

-2E(r) [a%v(r))v(r) r+ (% E(r))v(r) r+2 (% E(r))v(r)z r

iE() ((1+v(r)) (-1+2v(r)) ) +E(r) zU (r) [+
-arrr r)) (- r ra,2(plr

((?-E(r))v(r) r+2E(r)v(r) +(2E(r))r+2 E(r)-E(r) (-?-v(r)Jr)
or or or

(iU (r)}/(r(l+v(r)))-(12E(r)v(r)2-l2E(r)+E(r)(iv(r))r
or [pl or

2k 9 2|2 2
> (r) \W(r)r- 3 (r) {r+ 3 (r) \v(r) r
0
-2E(r)(—v(r))v(r)r)U (r)/((1+v(r))(-l+2v(r))r2)=0
ar [p]

This is one of six equations from equilibrium. We choose it as our
governing equation (2.38).

> eqn311:=expand(eqn36-eqn37*sin(phi}\2):

> eqn312:=factor(eqn311)=0:

> eqn313:=eqn312*rA2*(1+nu(r))/2/E(r);

eqn3l3 = Um(r) -2 U[p](r) =0

This is one of six equations from equilibrium equations. We choose
it as our governing eqn. (2.40).




APPENDIX D

This computer program generates the eqns. (2.52), (2.53), (2.55),
(2.56) and (2.57) in the shear modulus study.

> govi:= -1/r*E(r)/(-1+2*nu(r)) *diff((U[r])(r),r)+(U[r])(r)* (-4 *E(r)+4"E(r)*nu(r2+E
(r)*diff(nu(r),r)*r-2*E(r)*diff(nu(r),r)*nu(r)*r+diff(E(r),r)*nu(r)*r+2*diff (E(r),r) *nu(r
y2rr-dift(E(r),r)*r)/(1+nu(r))/(-1+2*nu(r))/rr2+E(r) *diff(diff((U[phi])(r),r),r)+(diff(
E(r),n)* nu(r)*r+2*E(r)*nu(r)+diff(E(r),r)*r+2*E(r)-E(r)*diff(nu(r),r)*r)/r/(1+nu(r))*d
iff((U[phi])(r),n-(12*E(r)*nu(r)*2-12*E(r)+E(r)*diff(nu(r),r)*r+diff(E(r),r) *nu(r)*r-d
iff(E(r),r)*r+2*diff(E(r),r)* nu(ry*2*r-2*E(r) *diff(nu(r),r) *nu(r) *r)/(1+nu(r))/(- 142*n
u(r))/rr2* (U[phi))(r) = O:

> gov2:= (U[theta])(r)-2" (U[phi))(r) = O:

> gov3:= -E(r)*(nu(r)-1)/(-1+2*nu(r)) *diff(ditf((V[r])(r),r),r)- 1/r* (diff (E(r),r)*r-2*E(r)*
diff(nu(r),n)*nu(r)*2*r+4*E(r)* nu(r\3-diff(E(r),r) *nu(r)*2*r-2*E(r) *nu(r)*2-2* diff(
E(r),r)* nu(r)*r+2*diff(E(r),r) "nu(r)A3*r+4*E(r)*diff(nu(r),r)*nu(r)*r-4*E(r)*nu(r)+2
*E(N))/(-1+2*nu(r)*2/(1+nu(r))*diff (U[r])(r),r)+(5*E(r)+4* diff(E(r),r) *nu(r)"3*r+2
*diff(E(r),r)* nu(ry*2*r-2*diff(E(r),r)* nu(r)*r+16*E(r)*nu(r)*3-2*E(r)*"nu(r)*2-13"E(
r*nu(r)-4*E(r)*diff(nu(r),r)*nu(ry*2*r-2*E(r)*diff(nu(r),r)*r)/(- 1+2*nu(r) *2/(1+nu(
N)/eA2* (U[r])(r)-3*E(r)/r/(-1+2*nu(r))*diff(U[phi])(r),r)-3*(-7*E(r)*nu(r)-2*E(r)*nu
(rA2+3*E(r)-2*diff(E(r),r)*nu(r)*r-2*E(r)*diff(nu(r),r)*r+8*E(r) " nu(r*3+4*diff(E(r
)0 nu(rA3*r-4*E(r)*diff(nu(r),r)*nu(r*2*r+2* diff(E(r),r) *nu(r)*2*r)/(- 1+2*nu(r)
2/(14nu(r))/rr2* (U[phi])(r) = 0:

> E(r):=P*(r/a)\Q:

> nu(r):=nu:

>govl:

>gova:

> egni:=normal(govi):

> egn2:=normal(gov3):

> eqn3:=sort(eqn1,[diff(U[r](r),r),U[r](r),diff(U[phi](r),r,r),diff(U[phi](r),r),U[phi](r)])

d
eqn3 :=- (r (5-; Um(r))- 20vU (r)-4vU (r)+QU (r)+4U (r)

2 Cl
+12(a—rzUm(r))-2er(g’gUm(r))Jrv%l-2er%l +rQ %1

+2r%l+12vU, (r)+2QVU,(r)-12U, (r)-Q Um(’))P(}:—JQ/('Z

(-1+2v))=0

d
%1 :=$ U[”(r)
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This equation is equivalent to eqn. (2.52)

> eqn4:=sort(eqn2,[diff(U[r](r),r,r),diff(U[r](r),r),Ur(r),diff(U[phi](r),r),U[phi)(r)]);

, P2 2 d
eqn4 = (;TP(FV(E; U[rl(r))- rz ('a'; U[r](r))- rQ(g U[r](r))

0 d d d
+2 rv(é; Um(r)J+er(5 Um(r))- 2r($ Um(r))+3 r(g U“l(r))
-9 Um(r) +6Q0vV Um(r) +12v Um(r) -2Q0v Um(r) +5 Um(r)
-8v Um(r))/(rz(-l +2v))=0

This equation is equivalent to equation (2.53)

> eqn5:=-d*U[r]+(4*nu+2*Q*nu-4-Q)*U[r]+(2*nu-1)*d*(d-1)*U[phi}+(-Q+4*nu+2*
Q*nu-2)*d*U[phi}+(-2*Q*nu+Q+12-12*nu)*U[phi]=0:

> eqn6:=(-1+nu)*d*(d-1)*U[r]+(2*nu-2+Q*nu-Q)*d*U[r]+(-8*nu+5-2*Q*nu)*U[r]+
3*d*U[phi]+(12*nu-9+6*Q*nu)*U[phi]=0:

> eqn7:=collect(eqn5,[U[r],U[phi]],distributed,factor);
eqn7 .=(-d+4v+2Qv-4-Q) Um
+(-d-d+2vd+2vd-dQ+2dQOv-20v+Q+12-12v) Um=0
This equation is equivalent to eqn. (2.55)
> eqn8:=collect(eqn6,[U[r],U[phi]},distributed,factor);
eqn8:=(Vd*+vd-&-d+dQv-dQ-8v+5-20v) U,

+(3d+6Qv+12v-9)Um=O

This equation is equivalent to eqn. (2.56)

> eqn9:=eqn7*(12*nu-9+6*Q*nu+3*d):

> eqn10:=eqn8*(-2*Q*nu+Q+12-12*nu+2*nu*d 2+2*nu*d-d*2-d-d*Q+2*d*Q*nu)

> eqgnii:=eqn10-eqn9:

> eqni2:=simplify(egni1):

> egn13:=collect(eqn12,[U[r]],distributed,factor):

> eqni4:=normal(eqn13/(2*nu-1)/U[r]):

> eqni5:=collect(eqni4,[d]);
eqnl5:=(v-1)d*+(2Q0v-20-2+2V)& +(Q*v-Qv+13-0%-13v-Q) &
+(-170v+150-30Q°v+14-14v+0%)d-4Qv+4Q+24v-24
-40*v=0
This equation is equivalent to eqn. (2.57)

> eqn16:=solve(eqn15,{d});
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1JPv-0?-40+80Vv-29+29v+2%l
eqnl6 := -—%2 ,
2 Jv-1
1, 1jQ2v Q*-40+8QV-29+29V+2%]
e Jv-1 ’
1JQ2v 0?-40+8QV-29+29V- 2%1}

{

=452+ e
{ 1,

(

d=

d=

1 1jQ2v 0*-40+8QV-29+29v-2 %I
K Jv-1

n
%1 :={25Q* v -22Q*v+Q*+100QV*- 144 Qv +44 0 + 100 V* - 200v+100)

20v-20-2+2v
v-1

Four roots of eqn. (2.57).

Note: Poisson’s ratio in this appendix represents Poisson’s ratio in
interphase.

%2 =
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APPENDIX E

This computer program determines unknown constants of eqns
(2.58), (2.61) and (2.62) in the shear modulus study.
> U[r)(r):=D[1]*rmd[1]+D[2]*r"d[2]+D[3]*rd[3]+D[4]*rAd[4];

d d d d
.- ") (2) (3) (4]
Um(r) .-Dmr +Dmr +Dmr +Dmr

> U[phi](r):=b[1]* rAd[1]+b[2]* rAd[2]+b[3]* rAd[3]+b[4]* rAd[4];

d d d d
= ( ) 3} (4)
Um(r). bmr ”+bmr"+b[3]r’+b[4]r

> eqni:=(r2*nu*diff(diff((U[r])(r),r),r)-r2*diff(diff((U[r])(r),r),r)+r*Q*nu*diff((U[r])(r
).n)+2*r* nu*diff((U[r])(r),r)-2*r*ditf((U[r])(r),r)-r*Q*diff((U[r])(r),r)+3*r*diff((U[phi])
(r),r)+6*Q*nu*(U[phi])(r)+12*nu*(U[phi])(r)-9* (U[phi])(r)-8*nu* (U[r])(r)+5* (U[r])(
r)-2*Q*nu*(U[r])(r))=0:

> egn2:=collect(eqn1i,[r],distributed,factor):

> eqgn3:=sort(eqn2,[rAd[1],r\d[2],rAd[3],rd[4]],plex):

> eqn4:=op(1,eqn3):

> eqn5:=coeff(eqn4,rd[1])=0:

> eqné:=coeff(eqn4,rrd[2])=0:

> eqn7:=coeff(eqn4,rAd[3])=0:

> eqn8:=coeff(eqn4,rrd[4])=0:

> b[1]:=solve(eqn5,b[1]);

2
bm‘='(SDm+QVD[11dm'Dmdm'2QVD[11+VDmdm'Dmdm

2
*vD, 4, 'SVDm'QD(nldlnl)/(6QV+3d[.]'9+12V)

> b[2]:=solve(eqn6,b[2]);

2
b[21'='('2QVD[21+SD(21+QVDIZIdIZI-s\,D[Zl-D[Zl di3) =Dy 9y,

+VD, d, -QD, d, +VD 2)/(6Qv-9+3dm+12v)

(21 712] [2ld[21

> b[3]:=solve(eqn7,b[3));

2
bisy=- (-8va+5Dm+Qvad[3]-QD[3]d[3]+vD[3]d[3] +vDy d,

2
-2QvD, D, d, -Dmdm)/(6Qv+ 12v+3d, -9)

> b[4]):=solve(eqn8,b[4]);

2 2
bl41"'(5D(41'Dl41dl41 +VD[41d[41 "'VDmdm'Dmdm'8VD141

+QvD, d,-20VD, -0D, d, )/(9+6Qv+3d, +12v)

When the roots of the characteristic functions are complex,
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> d[1]:=m[1]+1*n[1];d[2):=m[1]-1*n[1];d[3):=m[2}+1*n[2];d[4]:=m[2]-*n[2];

d =m +In[

(1] (1] 1]

dpyyi=myy-Ing,

dm =my, +In[

iy =mpy - Ingy,

2}

I

> eqni:=(r2*nu*diff(ditf((U[r])(r),r),r)-r2*diff(diff((U[r]) (r),r),n)+r* Q*nu*diff((U[r])(r
).nN+2*r nu*diff((U[r])(r),r)-2* r*diff((U[r]) (r),r)-r* Q*diff ((U[r])(r),r)+3*r*diff((U[phi])
(r),n)+6*Q*nu*(U[phi])(r)+12*nu*(U[p])(r)-9*(U[phi])(r)-8*nu*(U[r])(r)+5*(U[r])(r)-
2*Q*nu*(U[r])(r))=0:

> U[r](r):=D[1]*cos(n[1]*In(r))*rAm[1}+D[2]*sin(n[1]*In(r))*rAm[1}+-D[3]*cos(n[2]*In
()*r’m[2]+D[4]*sin(n[2]*In(r))*rAm[2];

U, () :=D“]cos(n“]ln(r))r “1+D[2]sin(nmln(r))r w

+D cos(n ln(r)) r"'m+D[4]sin( m(r))r"‘m

(3] (2] M2

> U[phi)(r):=b[1]*cos(n[1]*In(r))*r*m[1]+b[2]*sin(n[1]*In(r))*r*m[1]+b[3]*cos(n[2]"|
n(r))*rAm[2}+b[4]*sin(n[2]*In(r))* r*m[2];

U (r):= bm cos(n ln(r)) Mmoo bm sin(

)

(1) (T

+b cos(n ln(r)) rw+b sin(nm ln(r)) rm

(3] 2]

> eqn2:=collect(eqn1,[r],distributed,factor):

> eqn3:=sort(eqn2,[rAm[1],r*"m[2]]):

> eqn4:=op(1,eqn3):

> eqn5:=coeff(eqn4,r"m[1])=0:

> eqn6:=subs({cos(n[1]*In(r))=x,sin(n[1]*In(r))=y},eqn5):

> eqn7:=collect(egn6,[x,y],factor):

> eqn8:=op(1,eqn7):

> eqn81:=coeff(eqn8,x)=0:

> eqn82:=coeff(eqn8,y)=0:

> eqn83:=solve({eqn81,eqn82},{b[1],b[2]}):

> eqn9:=coeff(eqn4,r*m[2]):

> eqni10:=subs({cos(n[2]*In(r))=u,sin(n[2]"In(r))=v},eqn9):

> eqn1i1:=collect(eqn10,[u,v],factor):

> eqni11:=coeff(eqnii,u)=0:

> eqn112:=coeff(egni1,v)=0:

> eqni13:=solve({eqn111,eqn112},{b[3],b[4]}):

> assign({eqn83,eqn113}));

> b[1]:=b[1];
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— _1. 2 2 2
bm.--3(-4Q2v Dm-QDmm[ll -15Dm-QDmn“] +6D

2 2
“ny Dygymyyy +4vDn -6VD, ny my -3QVD,

2 2
-7Qvamm- llvamm-Zvamm -16 Qv Dm

21" ™

2

2 3
D[ll mm +3QD m +vD m[l +8Dmmm+2Dmmm

3 3
+24vD, '4Dm”m 2D, Dy g - Dy

+va () m +3Qvanm vaD m[]-i-n[ vD m[l

+2Qv Dmm 1 +va (1] +5vanm+l6Qva

2
+2QV' D, m +40V'D 2Q2vD mm-2szDmnm

Qvam 2+20°V'D

(2] [l]

+2QV2D 2QvD

1211 ” (1] [ll 12111

2,2
+20°v D[llmlll+3QD[2ln[ll)/(
2 2 2
9+4Q%v -6mm+nm +m +4vam-12Qv)
> b[2):=b[2];

+7QvD e -3QvD

121"(11 (1) )

1
b[2]:=§(15D[2l+ml“D

2
-6vD n, m, -30D, m, -2D, m, -8D, m, -2D,n,,

2
-24va+4Dmnm +6Dmnmm“]-4van“] - l6QVDm

2
+3QDmnm+5vanm+2vD m“]+llvD mm+l6Qv Dm

+4Q2v2D +QD D . n.m *+vD ‘+D..m

3
21 " m M m ™ (1] [ll (21 (1]

2
-2Qv D m +2QV D“] “]+2Qv Dl21nlll +vD[”nmm

3 2
VD, m - m VD +2'"111Q2VDl21+QDlzlmm

+QvD, m 2.40vD m, -3QVvD 2

1211
2
-20Q%v Dmm

-20°vD .

m, +2Q2v D

i

3 2
“Dyyymyyy +4QV Dy, (11 ™) (1]

2 2 2 2
-2QVvV'D, m . )/(9+4Q2v -6m +n Ctm +4Qvm  -120V

)
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> b[3]:=b[3];

1 2 2
b131'='3('QD131'"121 Moy Digymigy - Dy '" 21 6Dy myy - 15D 5,

+5van[2]+va n, +3QvD, n,'-11vD, m, -160V'D

+vD M +3QD mm+4vanm-2vD mm-3QvD

+2Dmm QDm (2] +16QvD +3QD

n
(4] (2]

(121" 4 M2 2V Dy my

-4Q2v D131+8Dl31m(21+24VD(31'4D[31"121 2D141 (2]

3
"TQVD m, -6VD n,y my =Dy, 'Dalmm + 1V Dy My

-QvD, 1M -2Q2vD

2]

2

2
(3] l2] l21

+2Q*V'D

+vD 2Q’vD ,m

(4] [2] 2]

2
+20V’ Dn]mlzl-l-ZQV D,m,, 2.20v’D

14123 131 ™2
207810440V D) |

+20°vV Dlslm(2l+2Qv Dmnm+4Qv Dl4l"[21m[21

9+4Q2v2-12Qv-6mm+n

> b[4]:=b[4];

2 2
(2) ¥Myy +4QV '"m)

1
b[4]:=-(3QDmn(2]+150[41-4van[2’+2vD m, +6Dmnmm

~3QD 1M +11VD Mo 2D[31n12]-24VDI4]-16QvD

3Dnm+mD +QDn+an

+D 3
(4l’nl2] (31121 12] [4] (2] (4] 12} (31 12)

2
+2me2va+Qvamm -vD mm +VD[31"[21 (2]

-2QV'D,m +20Vv'D +20°V'D -20°vD

131 M2
2
-2me2v Dm

141 M2 131 M2

2
-3QvD, ""(21VD[41"(21 m,,QvVD

2
+4mm Qv Dmnm

+16Qv2Dm+5vD

(2]

13121

2+20V'D +4Q2szm

+QDmm2

1312

+7 QVD“] moy- 6va "l21 mm

-2Qv2Dmm

131 "2

2
2D mm 8D[4lm[2]+4D[4]rt[2]-.?onDmn(21

2 2 2
-D; n,, )/ 9+4Q%v -12Q9v-6m, +n, Cm, +4Qme)

Note: Poisson’s ratio in this appendix represents Poisson’s ratio in
interphase.

(2]
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APPENDIX F

This computer program determines the shear modulus of the
composite with a power variation Young’s modulus in the
interphase.

> for a from 10/(-6) by 0.01 to 0.9 do

> nu(p):=3/10;

> G(p):=25;

> nu(l):=3/10;

> P:=65;

> G(m):=1;

> b := (?/?)*a;(Input thickness value of interphase.)
>c:=1;

> nu(m) :=4/10;

> Q :=(In(E(m)/E(p))/(In(b/a));

> m[1]:=7;(Input one real component of eqn(2.59).)

> m[2]:=7;(Input another real component of eqn(2.59).)
> n[1]:=7?;(Input one imaginary component of eqn(2.59).)
> n[2]:=7;(Input another imaginary component of eqn(2.59).)
> C:=3/10;

> b[1] :=-1/3*(-D[1]*n[12*m[1}+8*nu(l)*D[1]*n[1}*2-24*Q*nu(I}*2*D[1]- 15*D[1}-
DI2)* n[13-D[1]*"m[1}*3+2*D[1]*"m[1}*2-4*D[1]"n[1}*2+8"D[1]*'m[1]-2*D[2]*n[1]
-32*nu(i*2*D[1]+44*nu(l)*D[1]}+4*nu()*2*D[1]*m[1 P 2+nu(l)*D[2]*n[11"3-Q*D[
11*"m[1P2+4*nu()*2*D[2])*n[1]-6*nu(l)*D[1]"'m[1}*2+3*Q*D[2]"n[1}-Q*D[1]*n[1}»
2-n[1]"D[2)*m[1}2+3*Q*D[1]*m[1]+16*Q*nu(l)*D[1]+nu(l)*D[1]*m[1}13-4*nu(])
A2*D[1I*'n[1r2+6*D[2]*n[1]*'m[1]+n[1]*nu(l)*D[2]* m[1}2+8*nu(I)*2*D[2])*n[1]*
m[1]-Q*nu(l)*D[1]*m[1}}2-4*Q 2*nu(1)*2*D[1]+4*nu(1)*2*D[1]*m[1]+nu()*D[2]*
n[1}-15*nu(l)*D[1]*m[1]+nu(l)*D[1]*n[1}r2*m[1}+6*Q*nu(I*2*D[1]*'m[1]-2*Q2*
nu(l)*D[2]*n[1}-2*Q*nu(IP2*D[1]*"n[1}2+4*Q*nu(I*2*D[2]*n[1]*'m[1]-2* Q" 2*nu(
)*D[1)*'m[1]+2*Q2*nu(I2*D[2])*n[1]+2*Q*nu(I)2*D[1]*m[ 1 2+2*Q 2*nu(I 2
*D1]*m[1}-4*n[1]*Q*nu(l)*D[2]*m[1]+6*"Q*nu()2*D[2]*n[1]+3*Q*nu()*D[1]*n[1
P2-11*Q*nu(l)*D[1]*m[1}-7*Q*nu(l)*D[2]*n[1]- 14*nu()*D[2]*n[1]*m[1])/(8*nu(l)*
m[1]+16*Q*nu(I2+n[1}*2-12*Q*nu(l)+9+16*nu(I*2+m[1 P 2+4*Q*nu(l)*m[1]+
4* Q2 nu(I2-6*"m[1}-24*nu(l));

> b[2] :=1/3*(Q*D[2]*m[1}"2+15*D[2]-D[1]*n[1}*3+D[2]* m[1}*3-8*D[2]*m[1]}-2* D[
2]*m[112-2*D[1]*n[1]+4*D[2]*n[1}}2+32*nu(I)*2*D[2]-44*nu(l)*D[2]}-D[1]*n[1]*
m[1A2+Q*D[2)*n[12+m[1]*D[2)*n[1}"2+3*Q*D[1]*n[1]+6*D[1]*n[1]*m[1]-3*Q"
D[2]*m[1}+nu(l)*D[1]*n[1]+6*nu(l)*D[2]*m[1}*2+nu(l)*D[1]*n[1}*3-nu(l)* D[2]*m[
1}A3+4*nu(IY*2*D[1]*n[1]-4*nu(I)*2*D[2]*m[12-4*nu(I}*2*D[2]* m[1]+4*Q*2*nu
(IM2*D[2]+24*Q*nu(Iy*2*D[2]}-8*nu(l)*D[2]*n[1}}2+15*nu(l)* D[2]*m[1]-16*Q*nu(
1)*D[2]+4*nu(I2*D[2]*n[1}}2+Q*nu(l)*D[2]*m[1}*2+nu(l)*D[1]*n[1]*m[1 }2-m[1
J*nu(l)*D[2]*n[11A2-2*Q*2*nu(l)* D[1]*n[1]-3*Q*nu(l)* D[2]*n[1}}2+4*Q*nu(I}*2*D
[]*n[1]"'m[1]+2*Q*nu(y*2*D[2]*n[1}22-4*Q*nu(l)*D[1]*n[1]*m[1}-2* QA2 nu(Ip2
*D[2)*m[1]+2*Q*2*nu(IP*2*D[1]*n[1]-2*Q*nu(IP*2*D[2]* m[1}A2+8*m[1]*nu(ip2*
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D[1]*n[1]+2*m[1]*Q*2*nu(l)*D[2}+-6*Q*nu(IP*2*D[1]*n[1]-6*Q*nu(I}*2*D[2]*'m[1]
-7*Q*nu(l)*D[1]1*'n[1])-14*nu(l)*D[1]*n[1]*m[1]}+11*Q*nu(l)*D[2]*m[1])/(8*nu(l)*'m
[1]+16*Q*nu(IY*2+n[1}*2-12*Q*nu(l)+9+16* nu(I2+m[1}*2+4*Q*nu(l)*m[1]+4*
Q2*nu()A2-6*m[1]-24*nu(l));

> b[3] :=-1/3*(-D[4]*'n[2}*3-D[3]*'m[2}*3+2*D[3]*'m[2}*2-2*D[4]*n[2]-4*D[3]*n[2}*2
+8*D[3]*m[2]-32*nu(I)*2*D[3]+44*nu(l)*D[3]- 15*D[3]-Q*D[3]*n[2}*2-D[3]*n[2}*
2*'m[2]-Q*D[3]*'m[2}*2-n[2])* D[4]*m[2}*2+6*D[4]*n[2]*'m[2]+3*Q*D[3]*'m[2]+3*Q
*D[4]*n[2]-15*nu(l)*D[3]*'m[2]+8*nu(l)*D[3]*n[2}*2+nu(l)*D[4]*n[2}+nu(l)*D[4]*n
[213+nu(l)*D[3]*m[2}*3+4*nu(I)*2*D[4]*n[2]-6"nu(l)*D[3]*m[2}2+4*nu(IN*2*D[
3]"'m[2}*2-4*Q 2 *nu(I*2*D[3]-24*Q*nu(I*2*D[3])+16*Q*nu(l)*D[3]-4*"nu(I)*2*D[
3]*'n[2)2+4*nu(I2*D[3]*m[2}+nu(])*D[3]*n[2}*2*m[2]+n[2]*nu(])*D[4]*m[2}2-
Q*nu(l)*D[3]"m[2}*2+3*Q*nu(l)*D[3]"n[2}*2-4*n[2]*Q*nu(l)*D[4]*m[2]}-2* Q" 2*n
u(l)*D[4]*n[2]-2*Q*nu(I*2*D[3]*n[2}*2+2* Q" nu(1)*2*D[3]* m[2}*2-2*Q 2" nu(l)*
D[3)*m[2]+4*Q*nu(I)*2*D[4]*n[2]*'m[2]+2* Q" 2*nu(I2*D[3]*'m[2}+2* Q" 2*nu(IN
2*D[4]"n[2]+6* Q" nu(I*2*D[3]"'m[2]+6*Q*nu(I)*2*D[4]*n[2]+8*nu(I*2*D[4]*n[2]"
m[2]-14*nu(l)*D[4]*n[2]*'m[2]-11*Q"nu(l)*D[3]*'m[2]-7*Q*nu(l)*D[4]*n[2])/(n[2}*2
+m[212+16*nu(I*2+4*Q*nu(l)*'m[2]-24*nu(l)-6*'m[2]- 12*Q*nu(l)+8*nu(l)*m[2]+
9+4"Q 2 nu(2+16" Q" nu()*2);

> b[4] :=1/3*(3*Q*D[3]*n[2]-D[3]"n[2}*3+D[4)*m[2}*3-8*D[4]*m[2}-2* D[4] m[2}"2-
2*D[3]*n[2]+4*D[4]*n[2}*2-44*nu(])*D[4]+32*nu(I)*2* D[4]+15*D[4]+Q*D[4]*m[2
12-D[3]*n[2]* m[2}A2+m[2]*D[4]"n[2}"2+Q* D[4]*n[2}"2-3*Q* D[4]*'m[2}+6*D[3]*n
[21'm[2]-16*Q*nu(l)* D[4]-4*nu(ly*2*D[4]*m[2}*2+nu(l)*D[3])*n[2])-nu(l)*D[4]*m[2]
A3+nu(l)*D[3]*n[2}A3-8*nu(l)*D[4]*n[212+6*nu(l)* D[4]* m[2}*2+4* QA2 nu(Ip2*
D[4]+24*Q*nu(I}*2* D[4]-4*nu(I}*2* D[4]*m[2}+4*nu(Iy*2* D[4]*n[2}2+4*nu(I)2*
D[3]*n[2]+15*nu(l)*D[4]*m[2}+nu(l)*D[3]*n[2]*m[2}*2+Q*nu(l)* D[4]*m[2}"2-m[2
J*nu(l)*D[4]*n[2P2+6* Q*nu(I}*2*D[3]*n[2]-6*Q*nu(I}*2*D[4]*m[2]-2* Q*nu(I)"2*
D[4]*m[2P2-2* Q*2*nu(l)* D[3]*n[2]+2*Q*2*nu(I2* D[3]*n[2}-3*Q*nu(l)*D[4]*n[
2p2+2*Q*nu()2*D[4)*n[212-4*m[2]*Q*nu(l)* D[3]* n[2]+2*m[2]*Q*2*nu(l)*D[4]
+4*m[2]*Q*nu()*2*D[3]*n[2]-2*m[2]*Q*2*nu())*2* D[4}+8*m[2]* nu()*2*D[3]*n[2
}7*Q*nu(l)*D[3]*n[2]+11*Q*nu(l)*D[4]*m[2]-14*nu(l)* D[3]*n[2]*m[2])/(n[2}*2+m
[212+16*nu(*2+4*Q*nu(l)*m[2]-24*nu(l)-6*m[2]-12*Q*nu(l)+8*nu(l)*m[2]+9+
4*QA2*nu(I)A2+16*Q* nu(I)A2);

> eqn1 :=D[p1]*a-6"nu(p)*D[p2]*ar3/(1-2*nu(p)) = D[I1]*cos(n[1]*In(a))*am[1]+
D[12])*sin(n[1]*In(a))*a~m[1]+D[I3])*cos(n[2]*In(a))*a”m[2]+D[l4]*sin(n[2]*In(a))*
a’m(2);

> eqn2 :=1/2*D[p1]*a-(7-4*nu(p))*D[p2]*an3/(2-4*nu(p)) = b1*cos(n[1]*In(a))*ar
m[1]+b2*sin(n[1]*In(a))*arm[1]+b3*cos(n[2]*In(a))*arm[2]+b4*sin(n[2]*In(a))*a
Am([2];

> eqn3:=2"G(p)*D[p1]-6*nu(p)*D[p2]*ar2*G(p)/(-1+2*nu(p)) = -P*a*m[1]*(-nu(l)*
cos(n[1]*In(a))*m[1]+cos(n[1]*In(a))*m[1]+nu(l)*sin(n[1]*In(a))*n[1]}-sin(n[1]*In(
a))*n[1]+2*nu(l)*cos(n[1]*In(a)))/(1+nu(l))/(-1+2*nu(l))/a*D[I1}+P*arm[1]* (nu(l)*
sin(n[1]*In(a))*m[1]-2*nu(l)*sin(n[1]*In(a))-cos(n[1]*In(a))*n[1]+nu(l)*cos(n[1]*|
n(a))*n[1}-sin(n[1]*In(a))*m[1])/(1+nu(l))/(-1+2*nu(l))/a*D[I2]-P*a*rm[2]*(cos(n[2
I"In(a))*m[2]-nu(l)*cos(n[2]*In(a))*m[2}+nu(l)*sin(n[2]*In(a))*n[2]-sin(n[2]*In(a))
*n[2]+2*nu(l)*cos(n[2]*In(a)))/(1+nu(l))/(-1+2*nu(l))/a*D[I3]+P*a m[2]* (nu(l)*sin
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(n[2]*In(a))*m[2)+nu(l)*cos(n[2]*In(a))*n[2]-sin(n[2]*In(a))*m[2]-2*nu(l)*sin(n[2]
*In(a))-cos(n[2]*In(a))*n[2])/(1+nu(l))/(- 1+2*nu(l))/a*D[l4]+6*nu(l)*(b1*cos(n[1]*
In(a))*a’m[1}+b2*sin(n[1]*In(a))*a~m[1]+b3*cos(n[2]*In(a))*a*m[2]+b4"sin(n[2]
*In(a))*a*m[2])*P/(1+nu(l))/(-1+2*nu(l))/a;

> eqnd:=2*G(p)*D[p1]+2*G(p)*ar2*(2*nu(p)+7)/(-1+2*nu(p))*D[p2] = P/(1+nu(l))
/a*D[I1]*cos(n[1]*In(a))*a~m[1]+P/(1+nu(l))/a*D[I2])*sin(n[1]*In(a))*a~m[1]+P/(1
+nu(l))/a*D[I3]*cos(n[2]*In(a))*a*m[2]+P/(1+nu(l))/a*D[l4]*sin(n[2]*In(a))*a’m[2
J+P*(-b2*sin(n[1]*In(a))*a”m[1]-b4*sin(n[2]*In(a))*a’m[2]+b2*cos(n[1]*In(a))*n[
1]*a’m(1]+b2*sin(n[1]*In(a))*arm[1]*m[1]-b1*sin(n[1]*In(a))*n[1]*a*m[1}+b1"C
os(n[1]*In(a))*arm[1]*'m[1]+b4*cos(n[2]*In(a))*n[2]*a~m[2]-b1*cos(n[1]*In(a))*a
Am[1]-b3*sin(n[2]*In(a))*n[2]*a”m[2]+b3*cos(n[2]*In(a))*arm[2]*'m[2]+b4*sin(n[
2]*In(a))*a*m[2]*'m[2]}-b3*cos(n[2]*In(a))*a*m[2])/(1+nu(l))/a;

> eqn5 :=D[l1]*cos(n[1]*In(b))*bAm[1]+D[I2]*sin(n[1]*In(b))*bAm[1]+D[I3]*cos(n[2
JI'In(b))*bAm[2]+D[14]*sin(n[2]*In(b))*b m[2] = D[m1]*b-6*nu(m)*D[m2]*"bA3/(1-
2'nu(m))+3*D[m3)/b4+(5-4*nu(m))*D[m4)/(1-2* nu(m))/b 2;

> eqné :=b1*cos(n[1]*In(b))*bAm[1]+b2*sin(n[1]*In(b))*bm[1}+b3*cos(n[2]*In(b))
*bAm[2]+b4*sin(n[2]*In(b))*b Am[2] = 1/2*D[m1]*b-1/2*(7-4*nu(m))*D[m2]*bA3/(
1-2*nu(m))-D[m3)/b\4+D[m4}br2;

> eqn7 :=-P*bAQ*bAm[1]*(2*nu(l)*cos(n[1]*In(b))+nu(l)*sin(n[1]*In(b))*n[1]+cos(n
[11*In(b))*m[1]}-nu(l)*cos(n[1]*In(b))*m[1]-sin(n[1]*In(b))*n[1])/(a*Q)/(1+nu(l))/(-
1+2*nu(l))/b*D[11]+P*bAQ*bAm[1]*(-cos(n[1]*In(b))*n[1]+nu(l)*cos(n[1]*In(b))*n
[1]-sin(n[1]*In(b))*m[1]+nu(l)*sin(n[1]*In(b))*m[1]}-2*nu(l)*sin(n[1]*In(b)))/(a*Q)/
(1+nu(N))/(-1+2*nu(l))/b*D[I2]-P*bAQ*bAm[2]*(2*nu(l)*cos(n[2]*In(b))+nu(l)*sin(
n[2]*In(b))*n[2]-nu(l)*cos(n[2]*In(b))*m[2]+cos(n[2]*In(b))*m[2]-sin(n[2]*In(b))*n
[2])/(a~Q)/(1+nu(1))/(-1+2*nu(l))/b*D[I3]+P*bAQ* b m[2]*(-sin(n[2]*In(b))*m[2]+n
u(l)*sin(n[2]*In(b))*m[2]-cos(n[2]*In(b))*n[2]+nu(l)*cos(n[2])*In(b))*n[2])-2*nu(l)*s
in(n[2]*In(b)))/(a”Q)/(1+nu(l))/(-1+2*nu(l))/b*D[14]+6*nu(l)*(b1*cos(n[1]*In(b))*b
Am[1]+b2%sin(n[1]*In(b))*bAm[1]+b3*cos(n[2]*In(b))*b*m[2]+b4"sin(n[2]*In(b))*
bAm[2])*P*oAQ/(1+nu(l))/(-1+2*nu(l))/(arQ)/b = 2*G(m)*D[m1]-6*nu(m)*br2*G
(m)/(-1+2*nu(m))*D[m2}-24*G(m)*D[m3)/br5-4/bA3* (nu(m)-5)*G(m)/(-1+2*nu(
m))*D[m4];

> eqn8 :=P*bAQ/(a”Q)/(1+nu(l))/b*D[I1]*cos(n[1]*In(b))*bAm[1 }+-P*bAQ/(a”Q)/(1+
nu(l))/b*D[12])*sin(n[1]*In(b))*bAm[1]+P*bAQ/(a”Q)/(1+nu(l))/b*D[I3]*cos(n[2]*In
(b))*"bAm[2}+P*bAQ/(arQ)/(1+nu(l))/b*D[I14]*sin(n[2]*In(b))*b*m[2]-P*"bAQ* (b2"s
in(n[1]*In(b))*bAm[1]+b4*sin(n[2]*In(b))*bAm[2]-b2*cos(n[1]*In(b))*n[1]*b Am[1]-
b2*sin(n[1]*In(b))*bAm[1]*m[1]+b1*sin(n[1]*In(b))*n[1]*bAm[1]-b1*cos(n[1]*In(b
))*bAm[1]*m[1]-b4*cos(n[2]"In(b))*n[2]*bAm[2]+b1*cos(n[1]*In(b))*bAm[1]+b3"*s
in(n[2]*In(b))*n[2]*bAm[2]-b3*cos(n[2]*In(b))*bAm[2]*m[2]-b4*sin(n[2]*In(b)) "D
m[2]*m[2]+b3*cos(n[2]*In(b))*brm[2])/(a*Q)/(1+nu(l))/b = 2*G(m)*D[m1]+2*G(
m)*bA2*(2*nu(m)+7)/(-1+2*nu(m))*D[m2]+16*G(m)*D[m3)b"5-4*G(m)* (1+nu(
m))/bA3/(-1+2*nu(m))*D[m4];

> eqn9 :=D[m1]*c+6*nu(m)*c”3/(-1+2*nu(m))*D[m2]+3*D[m3)/c 4 +(-5+4*nu(m))
/(-142*nu(m))/cr2*D[m4] = D[e1]*c+3*D[e3)/cr4+(-5+4"nu(e))/(-1+2*nu(e))/cr
2'D[e4d];

> eqni0 := 1/2*D[m1]*c-1/2*(-7+4"nu(m))*c 3/(-14+2*nu(m))*D[m2]-D[m3)/cNd+
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D[m4)/cr2 = 1/2*D[e1]*c-D[e3)/cr4+D[ed4)cr2;

> eqn11 := G(m)*D[m1]-3*nu(m)*cr2*G(m)/(-1+2*nu(m))*D[m2]}-12*G(m)/cr5*D[
m3J-2/cA3*(nu(m)-5)*G(m)/(-1+2*nu(m))*D[m4] = G(e)*D[e1]-12*G(e)*D[e3)/c
A5-2/c73*(nu(e)-5)*"G(e)/(-1+2*nu(e))*D[e4];

> egni2 :=2*G(m)*D[m1]+2*G(m)*cr2*(2*nu(m)+7)/(-1+2*nu(m))*D[m2]+16*G(
m)/cr5*D[m3]-4*G(m)/cA3*(1+nu(m))/(-1+2*nu(m))*D[m4] = 2*G(e)*D[e1]+16*
G(e)*D[e3)cnr5-4*G(e)/cr3*(1+nu(e))/(-1+2*nu(e))*Dle4);

> x:=solve({eqn1,eqn2,eqn3,eqn4,eqn5,eqn6,eqn7,eqn8,eqn9,eqnin,eqnii,eq
n12},{D[p1],D[p2],D(l1],D[I2],D{13},D[l4],D[m 1],D[m2],D[m3],D[m4],D[e3],D[e4]
)

> assign(x);

> G1:=D[ed];

> G2:=G1=0;

> n:=solve(G2,G(e));

> print(n);

> readlib(unassign):

> unassign('D[p1],D[p2],D[!1],D[12},D[13],D{l4],D[m 1],D[m2],D[m3],D[m4],D[e3],
Dle4T);

> od:

> end
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APPENDIX G

This computer program generates the eqns. (2.75), (2.78) and
(2.79) in thermal expansion coefficient study.

> u[r](r.theta,phi):=u[r}(r):

> u[theta](r,theta,phi):=0:

> u[phi](r,theta,phi):=0:

> epsilon|[rr]:=diff(u[r](r,theta,phi),r):

> epsilon[theta,theta]:=1/(r*sin(phi))*diff(u[theta](r,theta, phi),theta)+u[r](r,theta,p
hi)/r+(cot(phi)/r)*u[phi](r.theta,phi):

> epsilon[phi,phi]:=diff(u[phi](r,theta,phi),phi)/r+u[r](r,theta,phi)/r:

> gamma(r, theta]:=1/(r*sin(phi))*diff(u[r)(r,theta,phi),theta)+diff(u[theta](r,theta,
phi),r)-utheta](r,theta,phi)/r:

> gamma(theta,phi]:=diff(u[theta](r,theta,phi),phi)/r-cot(phi)*u[theta](r,theta,phi)/
r+1/(r*sin(phi))*diff(u[phi](r,theta,phi),theta):

> gamma(r,phi]:=diff(u[phi)(r,theta,phi),r)-u[phi](r,theta, phi)/r+diff(u[r](r,theta, phi)
phi)/r:

> @:=epsilon[rr]+epsilon[theta,theta]+epsilon[phi,phi):

> sigma[rr}:=E(r)/(1+nu(r))*(epsilon[rr}-alpha(r)* T+(nu(r)/(1-2*nu(r)))*(e-3*alpha(
nN'7):

> sigma(theta,theta]:=E(r)/(1+nu(r))*(epsilon[theta,theta]-alpha(r)* T+(nu(r)/(1-2*
nu(r)))*(e-3*alpha(r)*T)):

> sigma[phi,phi}:=E(r)/(1+nu(r))*(epsilon[phi,phi]-alpha(r)* T+(nu(r)/(1-2*nu(r)))*(
e-3*alpha(r)*T)):

> tau[r,theta]:=E(r)/2/(1+nu(r))*gammalr,thetal:

> tau[theta,phi]:=E(r)/2/(1+nu(r)) *gamma]theta,phi]:

> tau|r,phi]:=E(r)/2/(1+nu(r))*gamma]r,phi]:

> equi1:=diff(sigma[rr],r)*sin(phi)+1/r*(2*sigma[rr]*sin(phi)-sigma[theta,theta]"si
n(phi)-sigma(phi,phi]*sin(phi)+tau[r,phi]*cos(phi)+diff(tau[r,theta],theta)+diff(ta
u[r,phi},phi)*sin(phi))=0:

> eqni:=collect(equii,[diff(u[r)(r),r,r),diff(u[r](r),r),u[r](r)],factor):

> eqn2:=normal(egn1*(-1+2*nu(r))/sin(phi)):

> eqn3:=collect(eqn2,[diff(u[r](r),r,r),diff(u[r)(r),r),u[r](r)],factor);

2

eqn3 ;= L+v(r) + > (r) |r- 3 (r) |rv(r)

- (3 E(r))r v(r) +2 (-‘1 lz(r))rv(r)3 +4E(r) (iv(r))rv(r)
or or or

; 2E(r)(%v(r))rv(r)2- 4E(r)v(r)- 2 E(r) v(r)} + 4 E(r) v(r)’ +2E(r))
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d ( 2) d
;um(r) r(-1+2v(r))(1+v(r)))-2|- EE(r) rv(r)

(30 vz Fn w2200 [0 e
+|=—E(r) {rv(r) +2|=—E(r) |rv(r) -2E(r)| —v(r) |rv(r)

or or or

2 3 0

-2E(r)v(r)-E(r)v(r) +2E(r) v(r) -E(r)(é;v(r))r+E(r))u[rl(r)/(
(-1+2v(r))(1+v(r))2r2)+(2(%E(r))a(r)v(r)+2E(r)v(r)(%a(r))

- (i E(r))a(r) -2E(r)o(r) (iv(r))- E(r) (2' a(r)DT/(-l +2v(r))=
or or or

0

This equation is equivalent to egn. (2.75), and Poisson’s ratio in this
equation represents Poisson’s ratio in interphase.
> E(r):=P*(r/a)\Q:
> alpha(r):=M*(r/a)*N:
> nu(r):=nu:
> egn4:=eqn3:
> eqn5:=collect(eqn4,[diff(u[r](r),r,r),diff(u[r)(r),r),u[r](r)].factor):
> eqn6:=normal(eqn5/(P*(r/a)Q)):
> eqn7:=collect(eqn6,[diff(u[r](r),r,r),diff(u[r)(r),r),u[r](r)],factor):
> eqn8:=normal(egn7*(1+nu)*rM2/(-1+nu)):
> eqn9:=collect(eqn8,[diff(u[r](r),r,r),diff(u[r](r),r),u[r](r)].factor);

(Qv+v- l)um(r)

-1+v

2

(2. ), 2
eqn9 ;= arzum(r) +(Q+2)r 5;ulr](r) -2

TM(-r-Tr(Q+N)(1+v)
a

+ =0
-l1+v

This equation is equivalent to eqn. (2.78)
> x:=dsolve(eqn9,u[r](r)):
> assign(x);
> Ur1:=u[r](r):
> u[r)(r):=collect(Ur1,[_C1,_C2),factor);
’[m Jaevo-[1evem ]
u, (r)=-4 Jrev (NV-3N-Q-QV-ON+QNV+3VN-N?)

r(_ mJ'“V Q*,}-l+v+%l]
_C1[ (%3 %2) -4 Tiev
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(MV-3N-Q-QVv-QN+QNV+3VvN-N)_C2[(%3 %2)
TMAN+D g™ (Q + N) (1+V)
%3 %2

+4

%1:=J2v+10QV+9v-9-20Q-Q
%2 := /-1+v o+3 /-1+v +%1+2NJ-1+v
%3 :=-/-l+v Q-3 ’-1+v +%1-2NJ-1+vV

This equation is equivalent to egn. (2.79), and Poisson’s ratio in this
equation represents Poisson’s ratio in interphase.

> xi:=coeff(u[r](r),_C1);
’[m -fn—vg-m+%x]
E:=-4 Ty (Mv-3N-Q-0v-QN+ONv+3vN-N)/(

(-J1evo-3[aevsmr-2n[14v)
(/-1+vQ+3 -1+v+%1+2N -l+v))

%1:=[Q?v+10QV+9v-9-20- 0

> beta:=coeff(u[r](r),_C2);

'[ m&:— l+v+%l]
=-4 Jiev (Mv-3N-Q-Qv-QN+QONv+3vN-N)/(

-J-1+vQ0-3/-1+Vv+%1-2N -l+v)

(/-1+v 0+3[1+v+%1+2N[1+v))

%1:=Q*v+10Qv+9v-9-20- @

> eta:=u[r](r)-alpha*_C1-beta*_C2;
N:=4TMAND g™ (Q+N) (1+v)/(
(Jrevo-3[1+v+[@v+e100v+9v-9-20-02-2N[1+V)
(J1evo+3fa1ev+Jotvii00v+9v-9-20-02 +2N[1+v))
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APPENDIX H

This computer program evaluates the thermal expansion
coefficient of the composite with power variation Young’s
modulus and thermal expansion coefficient in interphase.

> P:=65:

> Q:=(In(E(m)/E(p))/(In(b/a)):

> N:=:(In(alpha(m)/alpha(p))/(In(b/a)):

> alpha(p):=5*10/(-6):

> E(p):=65:

> nu(p):=3/10:

> nu(l):=3/10:

> E(m):=28/10:

> nu(m):=4/10:

> alpha(m):=66"10/(-6):

> M:=5*10/(-6):

> b:=(?/?)*a:(Input thickness value of interphase.)

> C:=1.

> eqni :=C[pt1]*a = 4*ar(-1/2*((-1+nu()M1/2)+(- 1+nu(1)1/2)*Q-(10*Q*nu(l)+
9*nu(l)+Q 2 *nu(l)-Q12-2*Q-9)(1/2))/(-1+nu()N(1/2))*(-3*N+3*nu(l)*N-Q*N+Q
*N*nu(l)-NA2+NA2*nu(l)-Q*nu(l)-Q)/(3*(- 1+nu () 1/2)+(- 1+nu()(1/2)*Q-(10*
Q*nu(1)+9*nu(l)+Q 2*nu(l)-Qr2-2* Q-9 (1/2)+2*N* (- 1+nu ()N (1/2))/(3* (- 1+nu(l
WM (1/2)+(-1+nu(D)M1/2)*Q+(10*Q*nu(l)+9* nu(l)+Q 2*nu(l)-Q12-2*Q-9)\(1/2)+
2*°N*(-1+nu()N(1/2))*Clit1]+4*ar(-1/2*((- 1 +nu()M(1/2)+(-1+nu()N1/2)*Q+(10
*Q*nu(l)+9*nu(l)+Qr2*nu(l)-Qr2-2* Q-9 (1/2))/(- 1+nu(l))1/2))* (-3*N+3*nu(l)*
N-Q*N+Q*N*nu(l)-NA2+NA2*nu(l)-Q*nu(l)-Q)/(3*(- 1+nu() M 1/2)+(- 1+nu() N1/
2)*Q-(10*Q*nu()+9*nu(l)+Q 2*nu(l)-Q12-2* Q-9 (1/2)+2*N* (- 1+nu() N 1/2))/(
3*(-1+nu(DM(1/2)+(-1+nu()1/2)*Q+(10*Q*nu(1)+9*nu(l)+Q 2*nu(l)-Q*2-2*Q
-9 (1/2)+2*N*(-1+nu(I)M(1/2))*C[It2]-4*T*M*ar(N+1)*ar(-N)*(1+nu(l))* (Q+N)/(
3*(-1+nu()M(1/2)+(- 1+nu())N1/2)*Q-(10*Q*nu(l)+9*nu(l)+Q 2*nu(l)-Q2-2*Q-
INN(1/2)+2*N* (- 1+nu(NN1/2)/(8*(-1+nu()M1/2)+(-1+nu()1/2)*Q+(10*Q*n
u()+9*nu(l)+Q 2*nu(l)-Qr2-2* Q-9 (1/2)+2*N* (- 1+nu(l) Y\ 1/2)):

> eqn2 := -E(p)/(-1+2*nu(p))*C[pt1}+T*alpha(p)*E(p)/(-1+2*nu(p)) = -2*P*an(-1/
2*((-1+nu(hN(1/2)+(-1+nu()M1/2)*Q-(10*Q*nu(l)+9*nu(l)+Q 2*nu(l)-Q12-2*Q
-9 (1/2))/(-1+nu(1))}(1/2))*(-3*N+3*nu(l)*N-Q*N+Q*N*nu(l)-NA2+NA2*nu(l)-Q*
nu(l)-Q)*(-(-1+nu())N1/2)+5* (- 1+nu()1/2)*nu(l)- (- 1+nu())(1/2)*Q+(- 1+nu(l)
Y1/2)*Q*nu(l)+(10*Q*nu(l)+9*nu(l)+Q 2*nu(l)-Q12-2*Q-9)Y(1/2)-(10*Q*nu(l)+
9*nu(1)+Q 2*nu(l)-Qr2-2*Q-9)N(1/2)*nu())/(1+nu(l))/(- 1+2*nu(l))/(- 1+nu() M1/
2)/a/(3*(-1+nu()M1/2)+(-1+nu()(1/2)*Q-(10*Q*nu(l)+9*nu(l)+Q 2*nu(l)-Q"2
-2" Q-9 (1/2)+2*N* (- 1+nu()M(1/2))/(3* (- 1+nu(l))(1/2)+(- 1+nu()(1/2)*Q+(10
*Q*nu(l)+9*nu(1)+Q 2" nu(l)-Qr2-2* Q-9 (1/2)+2*N* (- 1+nu())A(1/2))*C[it1]-2*P
*an(-1/2*((- 1+nu()N1/2)+(-1+nu(DN1/2)*Q+(10*Q*nu(l)+9*nu(l)+Q 2*nu(l)-Q
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A2-2*Q-9\(1/2))/(-1+nu())(1/2))*(-3*N+3*nu(l)*N-Q*N+Q*N*nu(l)-NA2+NA2*n
u(l)-Q*nu(l)-Q)*(5* (- 1+nu())*(1/2)*nu(l)+(-1+nu(l))N1/2)*Q*nu(l)+(10*Q*nu(l)+
9*nu()+Q 2 nu(l)-Q12-2*Q-9)M(1/2) *nu(l)- (- 1+nu())™(1/2)-(-1+nu () 1/2)*Q-(
10*Q*nu(l)+9*nu(l)+Q 2*nu(l)-Qr2-2*Q-9(1/2))/(1+nu(l))/(-1+2*nu(l))/(- 1 +nu(
D (1/2)/a/(3*(-1+nu(1))1/2)+(-1+nu(1))N(1/2)*Q-(10*Q*nu(l)+9*nu()+Q 2*nu(l
)-QA2-2* Q-9 (1/2)+2*N* (- 1+nu () M1/2))/(3* (- 1+nu()M1/2)+(-1+nu())N1/2)*
Q+(10*Q*nu(1)+9*nu()+Q 2*nu(l)-Q12-2*Q-9)(1/2)+2*N*(- 1+nu(l) Y} (1/2))*C[lt
2]+4*(-3*a*N+ar(N+1)*ar(-N)*Q-a*Q+aM(N+1)"an(-N)*N 2+ar(N+1)*ar(-N)*N
+aM(N+1)*ar(-N)*Q*N-aM(N+1)*ar(-N)*Q*N*nu(l)-ar(N+1)*ar(-N)*NA2*nu(l)+a
AN+1)*ar-N)*Q*nu(l)+ar(N+1)*ar(-N)*nu(l)*N-a*Q*nu(l)+3*a*N*nu(l)-a*Q*N+
a*Q*N*nu(l)-a*NA2+a*NA2*nu(l))* T*M*P/(- 1+2*nu())/(3*(-1+nu (1) (1/2)+(-1+n
u()N(1/2)*Q-(10*Q*nu(l)+9*nu(l)+Q 2*nu(l)-Q*2-2*Q-9)7(1/2)+2*N* (- 1+nu())»
(1/72))/(3*(-1+nu()M(1/2)+(-1+nu())N1/2)*Q+(10*Q*nu(l)+9*nu(l)+Q 2*nu(l)-Q
A2-2*Q-9(1/2)+2*N*(-1+nu()y1/2))/a:

> eqn3 :=4"bA(-1/2*((- 1+nu(1))M(1/2)+(-1+nu())N1/2)*Q-(10*Q*nu(1)+9*nu(l)+Q*
2*nu(l)-Q*2-2* Q-9 (1/2))/(-1+nu(D)N(1/2))*(-3*N+3*nu(l)*N-Q*N+Q*N*nu(l)-N
A2+NA2*nu(l)-Q*nu(l)-Q)/(3* (- 1+nu()M1/2)+(- 1+nu()N1/2)*Q-(10*Q*nu(l)+9*
nu(l)+Q 2" nu(l)-Qr2-2*Q-9)M(1/2)+2*N* (- 1+nu (1)) (1/2))/(3* (- 1+nu()M(1/2) +(-
1+nu())M1/2)*Q+(10*Q*nu(l)+9*nu(l)+Q 2 nu(l)-Qr2-2* Q-9 (1/2)+2*N* (- 1+n
u(NN1/2))*Clit1]+4*bA(-1/2*((- 1+nu() M (1/2)+(-1+nu())M1/2)*Q+(10*Q*nu(l)+
9*nu(l)+Q 2*nu(l)-Q12-2*Q-9)(1/2))/(- 1+nu(l))}1/2))*(-3*"N+3*nu(l)*N-Q*N+Q
*N*nu(l)-NA2+NA2*nu(1)-Q*nu(1)-Q)/(3* (- 1+nu(I))(1/2)+(-1+nu())M1/2)*Q-(10*
Q*nu(1)+9*nu()+Q 2*nu(l)-Qr2-2* Q-9 (1/2)+2*N* (- 1+nu ()M (1/2))/(3* (- 1+nu(l
I1/2)+(-14+nu(1))M(1/2)*Q+(10*Q*nu(l)+9*nu(l)+Q 2 nu(l)-Qr2-2* Q-9 (1/2)+
2°N*(-1+nu())N(1/2))*C[It2]-4* T*M*bAN+1)*ar(-N)* (1+nu(l))*(Q+N)/(3* (- 1+nu(l
M1/2)+(-1+nu(1))M(1/2)*Q-(10*Q*nu(l)+9* nu(l)+Q 2*nu(l)-Q12-2*Q-9)(1/2)+2
*N*(-1+nu()M(1/2))/(3* (- 1+nu()M1/2)+(-1+nu())M1/2)*Q+(10*Q*nu(l)+9*nu(l)
+Q72*nu(l)-Q12-2*Q-9)M(1/2)+2*N* (- 1+nu(l))N1/2)) = C[mt1]*b+C[mt2)/b 2:

> eqnd :=-2"P*(b/a)*Q*bA(-1/2*((-1+nu(l))}1/2)+(-1+nu())(1/2)*Q-(10*Q*nu(l)+
9*nu(l)+Q 2*nu(l)-Qr2-2*Q-9)(1/2))/(- 1+nu(1)}1/2))*(-3*N+3*nu(l)*"N-Q*N+Q
*N*nu(l)-NA2+NA2*nu(l)-Q*nu(l)-Q)* (- (- 1+nu())N1/2)+5* (- 1+nu(l) )}1/2)*nu(l)-(
-1+nu(DM(1/2)*Q+(-1+nu())M(1/2)*Q*nu(l)+(10*Q*nu(1)+9*nu(l)+Q 2*nu(l)-Qr2
-2*Q-9(1/2)-(10*Q*nu(l)+9*nu()+Q 2*nu(l)-Q*2-2*Q-9)A(1/2)*nu(1))/(1+nu(l))
/(-142*nu(1))/(-1+nu())N1/2)/D/(3* (- 1+nu () N1/2)+(-1+nu())(1/2)*Q-(10*Q*nu
(N+9*nu(l)+Q2*nu(1)-Qr2-2* Q-9 (1/2)+2*N* (- 1+nu(1))(1/2))/(3* (- 1+nu()M1/
2)+(-1+nu(NM1/2)*Q+(10*Q*nu()+9*nu()+Q 2*nu(l)-Qr2-2* Q-9 (1/2) +2*N*(
-1+nu(l))*1/2))*C[It1]-2*P*(b/a)*Q*bA(-1/2*((- 1+nu(l))M1/2)+(- 1+nu()r(1/2)*Q
+(10"Q*nu(1)+9*nu(l)+Q 2*nu(l)-Qr2-2* Q-9 (1/2))/(-1+nu())(1/2))*(-3*N+3*n
u(l)*N-Q*N+Q*N*nu(l)-N~2+NA2*nu(l)-Q*nu(l)-Q)* (5* (- 1+nu(D)(1/2)*nu(1)+(-1
+nu()N1/2)*Q*nu(l)+(10*Q*nu(l)+9*nu(l)+Q 2*nu(l)-Q12-2*Q-9)*(1/2)*nu(l)-(-
1+nu()N(1/2)-(-1+nu(1))}1/2)*Q-(10*Q*nu(1)+9*nu()+Q 2" nu(l)-Q"2-2*Q-9)
1/2))/(1+nu(1))/(-1+2*nu(l))/(-1+nu()M1/2)/b/(3* (- 1+nu() M (1/2)+(-1+nu()M1/
2)*Q-(10*"Q*nu(l)+9*nu(l)+Q 2" nu(l)-Q12-2* Q-9 (1/2)+2*N* (- 1+nu(l) ) (1/2))/(
3*(-1+nu(DM(1/2)+(- 1+nu(1))M(1/2)*Q+(10*Q*nu(l)+9*nu(l)+Q 2*nu(l)-Q2-2*Q
-9 (1/2)+2*N*(-1+nu()M(1/2))*Cl[It2]+4* (-3*(b/ay*N*b*N+bA(N+1)*ar(-N)*Q-(b
[a*N*b*Q+bNN+1)"ar(-N)*NA2+bA(N+1)*an(-N)*N+bA(N+1)*ar(-N)*Q*N-bA(N
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+1)*a*(-N)*Q*N*nu(l)-b*(N+1)*a*(-N)*N*2*nu(l)+b*(N+1)*a*(-N)*Q*nu(l)+b (N
+1)*a*(-N)*nu(l)*N-(b/a)*N*b*Q*nu(l)+3*(b/a)*N*b*N*nu(l)-(b/a)*N*b*Q*N+(b/

a)"N*b*Q*N*nu(l)-(b/a)*N*b*N*2+(b/a)*N*b*N*2*nu(l))*T*M*P*(b/a)*Q/(-1+2*

nu(1))/(3*(-1+nu(1))*(1/2)+(-1+nu())*(1/2)*Q-(10*Q*nu(l)+9* nu(l)+Q*2*nu(l)-Q*
2-2*Q-9)A(1/2)+2*N*(-1+nu(1))*(1/2))/(3*(-1+nu())*(1/2)+(-1 +nu(l))*(1/2)*Q+(1

0*Q*nu(l)+9*nu(l)+Q*2*nu(l)-Q*2-2*Q-9)*(1/2)+2*N*(-1+nu(l))*(1/2))/b = -E(m
Y(-1+2*nu(m))*C[mt1]-2*E(m)/(1+nu(m))/b*3*C[mt2]+ T alpha(m)*E(m)/(-1+2*
nu(m)):

> eqnb = -E(m)/(-1+2*nu(m))*m1-2*E(m)/(1+nu(m))/cr3*m2+T*
alpha(m)*E(m)/(-1+2*nu(m)) = O:

> x:=solve({eqn1,eqn2,eqn3,eqn4,eqns5},{p1,!1,12,m1,m2}):

> assign(x);

> alpha:=(m1+m2/c*3)/T:

> eq1:=evalf(alpha):

> eq2:=normal(eq1):

> eq3:=subs(a=f*(1/3),eq2):
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APPENDIX I

This computer program proves that the relationship between
thermal expansion coefficient and bulk modulus for two phases
composite is valid in the CSA model for particle reinfored
composite.

For no interphase case:
> K[c]:=-(-4"K[m]*G[m]-3*K[p]*K[m]+4*{*G[m]*K[m]-4*f* G[m]*K[p])/(3*K[m]*{+4*
G[m]-3"t*K[p]+3*K[p]);

K =- -4K("'1 G["'] -3 KlPl K[ml +4fG[m] K[m]

[c] -
3 K[m]f+ 4 G[m] 3fK[p] +3 Km

} 4fG(m1 Km

(I.1)
> alpha[c):= (3*f*E[p]*alpha[p]-3*{*E[p]*alpha[p]*nu[m]-2*alpha[m]*f*E[m]+4*alp
ha[m]**E[m]*nu[p]+alpha[m]*E[p]+alpha[m]*E[p]*nu[m]+2*alpha[m]*E[m]-4"al
pha[m]*E[m]*nu[p]-f*E[p]*alpha]m]-f*E[p]*alpha[m]*nu[m])/(2*f{*E[p]-4*{*E[p]"n
u[m]-2*f*E[m}+4*{*E[m]*nu[p]+E[p]+E[p]*'nu[m]+2*E[m]-4*E[m]*nu[p]);

&= (3fElpl %1 3 E % Vimy " 2 O S E ¥4 O FE LV 0y B

+ 0 By Vimy 2 %1 B ™ 4 %1 i) Vo) T B %y T Ep) Ym vl'nl)

/(sz[pl “ASE Vi 2B ASE L Vo Y E Y B Vi Y 2,
-4E

lmlvm)

d.2)

]

From Christensen (1979), we have
> alpha[c]:=alpha[m]+(alpha[p]-alpha[m])/(1/K[p]-1/K[m])*(1/K[c]-1/K[m]);

ol 2]

[c] [m]

1
Klpl K

(1.3)

Subbstite K[c][eqgn. (I.1)] into above eqn. (1.3), we have
> alphajc] := alpha[m]+(alpha[p]-alpha[m])/(1/K[p]-1/K[m])*(-1/(-4*K[m]*G[m]-3*
ﬁ[[p];r[mlﬂ'f’G[ml'K[m1-4'f'G[m]*K[p])'(3*K[m]*f+4*G[ml-3‘f"KIp]+3*K[p])-1/
mj);

ey =%m * (“lpl - alml)
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[- 3K, f+4G  -3fK _+3K 1 ]/(
-4 K[Ml G['nl ) 3Klp]Kl'nI +4fG[M1K[MI -4fGlM]K[pl K[M]
11 )

KlPl K[,,.]

> a1:=simplify(alphac]);

al :=- ('3 Oy Kip1 Ky 3K O Ky -4 K O, Gy ¥ 30, K FK

+40 K G 4 % Ky G(ml)/(

4K G * 3K, Ky~ 4G, K, +4SG K[p])

rl

(1.4)

Note, we have following relations
> nu:=1/2*(3"K-2*G)/(3*"K+G); E:=9"G*K/(3*K+G);

v--l 3K-2G
T2 3K+G

GK
3K+G

@.5)

Substitue eqn. (1.5) into eqgn. (1.2)

> nu[p}:=1/2*(3"Kp]-2*G[p])/(3"K[p}+Glp]); E[p}:=9*G[p]*K[p}/(3*K[p}+Glp]):nu[
m]:=1/2*(3*K[m]-2*G[m])/(3*K[m}+G[m]); E[m]:=9*G[m]*KIm}/(3*K[m}+G[m]);

v 1 3Ki,)-26y,
(p1°~
P12 3K,+G,

_ G[pl Klpl

5 =3k +c
lp] (r)

12K

-2G
v = (m
(ml* 2 3K

[m

]

1% Gim)

_ Cim1 Kimi

E[m] =
3 Km+Gm

> alpha[c]:= (3*f*E[p]*alpha[p]-3*f*E[p]*alpha[p]*nu[m]-2*alpha[m]*{*E[m]+4*alp
ha[m]*f*E[m]*nu[p]+alpha[m]*E[p]+alpha[m]*E[p]*nu[m]+2*alpha[m]*E[m]-4*al
pha[m]*E[m]*nu[p]-f*E[p]*alpha[m]-f*E[p]*alpha[m]*nu[m])/(2*{*E[p]-4*{*E[p]"'n
u[m]-2*f*E[m}+4*f*E[m]*"nu[p]+E[p]+E[p]*'nu[m]+2*E[m]-4*E[m]*nu[p)):
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> al1:=simplify(alphalc]);

au:=(3leP]alle[m}+4leplalp]Glml-4alntlfG[»n]K[rul+3a Kk, K

(m] V(p] im
+4a[MlGlranlml '3lep1 allelml)/(
41K, G, 416G, K ., +3K, K +4G Klrn])

(1.6)
eqgn. (I.2) can be rearranged as eqn. (1.6)
Comparing eqn. (1.6) and eqn. (1.4)
> a1 := -(-3"alpha[m]*K[p]*K[m]-3*{*K[p]*alpha[p]*K[m]-4*K[p]*{*alpha[p]*G[m]+
3*alpha[m]*K[m]*{*K[p]+4*alpha[m]*K[m]*{*G[m]-4*alpha[m]*K[m]*G[m])/(4*K]
m]*G[m]+3*K[p]*K[m]-4*{*G[m]*K[m]+4*{*G[m]*K[p]):
> al1 := (3**K[p]*alpha[p]*K[m]+4*{*K[p]*alpha[p]*G[m]-4*alpha[m]*{*G[m]*K[m]
+3*alpha[m]*K[p]*K[m]+4*alpha[m]*G[m]*K[m]-3*{*K[p]*alpha[m]*K[m])/(4*f*K[

p]'G[m]-4*t*G[m]*K[m]+3"K[p]'K[m]+4*G[m]'K[m]):
>eqgni:=ai-all:

> eqn2:=simplify(eqn1);

eqn2 :=0
That implies egn. (I.4) and eqn. (1.6) are identical. So, we prove the
relationship btween bulk modulus and thermal expansion coefficient
is valid in CCA model.
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