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ABSTRACT

STRONG CONSISTENCY AND BAHADUR TYPE EXPANSIONS OF A CLASS
OF MINIMUM DISTANCE ESTIMATORS IN LINEAR REGRESSION

by
Zhiwei Zhu

Let p > 1 be an integer, F be a distribution function (d.f.) on the real line R
and {¢;}, 1 < ¢ < n, be independent and identically distributed (i.i.d.) F random

variables (r.v.’s). Consider the linear regression model
Y,,.-=a:;;ﬂ+e.-, 1<i1<n,

where &/,; is the ith row of the known n x p design matrix X,,1 <: < n, and B is
the regression parameter vector of interest of dimension p x 1.
For a nondecreasing right continuous function H from R to R, Koul & DeWet

(1983) defined a minimum distance estimator 3 of 8 as

-~

B= argminbM(b),
where, for b € RP,

T(8) = [ 1| 3o w1 (Vos < y+ 2b) - F)} I dH(3).

=1
When F is unknown but symmetric around 0, Koul (1985) defined a similar estimator

Bt of B as
ﬁ+ = argmin,, M+(b)7

where, for b € R?,

T4(0) = [ I3 bl (i < y+214b) — [(~Yos <y = 24b)} | dH().
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In both papers, the authors discussed the asymptotic normality of these estimators.
The estimator B provides the right extension of the one sample minimum distance
estimation methodology of Wolfowitz (1957) to the linear regression setup.

This thesis analyzes the strong asymptotic behavior of these estimators.

In the first part (Chapter 2), some inequalities about weighted and centered em-
pirical processes are developed. In the second part (Chapter 3), strong consistency of
the above mentioned estimators is proved under different sets of conditions. Finally,
in the third part (Chapter 4), a Bahadur type expansion of B is given, using the
results from the first part.
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Chapter 1

Introduction

The study of minimum distance (MD) estimation of a parameter can be traced back
to that of the least square (LS) estimation. Other examples of classical MD estima-
tion are, for instance, the least absolute deviation (LAD) and the least chi-square
(LCS) estimations. In these methods, estimators are obtained by minimizing some
types of distance functions related to the data and the parameters to be estimated.
However, it was in 1950’s that Wolfowitz first explicitly employed the concept of MD
estimation when estimating a parameter by minimizing a distance between an em-
pirical distribution function (d.f.) and the modeled parametric family of d.f.’s. As
Millar (1981) commented that Wolfowitz took Neyman’s idea on minimum chi-square
and elevated it to a general principle.

In his work, Wolfowitz (1953, 1954, 1957) demonstrated that MD method not only
could be used in a wide range of problems but also yielded strongly consistent estima-
tors even when sometimes classical methods, like the maximum likelihood method,
failed to give a consistent estimator. Wolfowitz’s work drew people’s attention to MD
estimation. Blackman (1955) and Bolthausen (1977) studied the asymptotic normal-
ity of some MD estimators. Pollard (1980) worked on testing hypothesis problems
with MD estimators. Beran (1977, 1978, 1982), Parr & Schucany (1979), Millar (1981,
1982, 1984), and Donoho & Liu (1988a,1988b) investigated various robustness and

local asymptotic minimaxity of a large class of MD estimators. Most of these authors



worked on the one sample or the two sample location models and found that the MD
estimators corresponding to L,-distances are generally more robust against certain
gross errors than the ones corresponding to the supremum distance. A bibliography
about the work on MD estimation up to 1980 can be found in Parr (1981).

The above mentioned MD methodology was extended to estimating parameters in
linear regression models by Koul (1979, 1980, 1985a, 1985b), Williamson (1979, 1982),
and Koul & DeWet (1983). These authors successfully established the asymptotic
distributions of a class of MD estimators which minimize some Cramer-Von Mises
type distances. Systematic presentation of the work in this field can be found in Koul
(1992).

This thesis is concerned with the strong consistency, the rates of convergence, and
the Bahadur type representations of the class of MD estimators defined by Koul &
DeWet (1983) and by Koul (1985a, 1985b). A special case of the study can be seen in
Koul & Zhu (1991). It is known that the almost sure convergence rate and Bahadur
type expansion of an estimator provide a deeper understanding of its large sa,mplle
behavior. They are also important in using the given estimator in sequential analysis.

We shall now describe the estimators studied in this thesis in more detail. Let
Xn, n 2 1 be a sequence of r.v.’s and a,, n > 1, a sequence of real numbers. We
write ‘X, = O(a,)’ if limsup,_, |X.|/|as] £ M a.s. for some 0 < M < oo and
‘Xn = o(a,)’ if imsup,,_,., | Xa|/ |an| = 0 a.s. Further, we write ‘X, < a, wpln’if
limsup,,_,., Xn/an <1 a.s.

Let p > 1 be an integer, F be a d.f. on the real line R, and {¢;,1 < i < n}
be independent and identically distributed (i.i.d.) random variables (r.v.’s) with the

common d.f. F. Consider the p-dimensional linear regression model
Yii=z;8+c¢;, 1<1<n, (1.1)

where z;., 1 <t < n, is the ith row of a known real n x p design matrix X,, and 8
is the parameter p-vector to be estimated.

With respect to (1.1), define a weighted empirical process corresponding to an
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n X p real weight matrix D,,, of which d;. is the ith row, as
Vbp(y,b) =Y dil(Ye < y + z:.b), YER, be R, (1.2)
=1
where I is the standard zero-one valued indicator function. Further, define a Cramer-

von Mises type distance (T(-))'/? between Vp(y,b) and the expectation of Vp(y,3)

as
T®) = [ Vo(y,b) - EVb(y,B) I dH(y)
= [IS <y +ab)-FO}IFdHG), (9
where E is the expectation under (1.1), || . || is the Euclidean norm, and H is a given

nondecreasing right continuous function. When p = 1, Koul & DeWet (1983) defined
a MD estimator B of B as a minimizer of the function T assuming F is known. Their
motivation of this definition is similar to that of the LS estimator: in the integrand of
T(-), Vp(y,b)— EVp(y, B), has mean O when b equals the true parameter 8. Observe
that (1.3) actually defines a class of T' functions, one corresponding to each H and
D,.. Therefore, a class of estimators 8 of 3 is obtained upon chosing different H’s
and D,’s in (1.3).

For the one dimensional case, i.e. when p = 1, and when F is known, Koul &
DeWet (1983) studied some finite sample properties, asymptotic distribution, and
asymptotic efficiency of 8. This study was later extended by Koul (1985a, b) to
multiple linear regression models in which the errors could be either i.i.d. F with
F being a known d.f., or independent with unknown d.f.’s F;’s which are symmetric
around a common point. When F is known, the definition of B is as above. In
the case when error d.f.’s F; are unknown but symmetric about a common point,
assuming that the common point of symmetry of F;’s is 0 without loss of generality,
Koul (1985a, b) defined a MD estimator 8% of B as a minimizer of T*(-), where, for
be R,

T+b) = | | i:ld.-.{I(Y,,; <y+zib)—I(-Yu <y—z:b)} | dH(y).  (14)

3



The robustness of both 3 and 8% was also discussed in Koul’s papers.

According to Koul (1985a), among the estimators obtained from choosing certain
type of weight matrices D,, the one corresponding to D, = X, (X.X,)™/? is
asymptotically most efficient. Therefore, in the sequel, we take D,, = X (X’ X,,)"1/?
and consider the cases when F; = F with F known and unknown. We use 8* for
either 8 or B*.

According to Wolfowitz (1953, 1954, 1957), it is desirable to prove the strong
consistency of the MD estimators 3°*. The first goal of this thesis is to give appropriate
conditions under which B* is strongly consistent. We in fact prove, under certain

conditions, that

I 8° =B = 0(m),

where {v,} is a sequence of real numbers which depend only on the design matrices
X ,’s and converges to 0 for a wide choice of X,’s.

In 1966, Bahadur obtained linear expansions for sample quantiles as estimators
of the population quantiles. It is known that Bahadur expansion is very useful in se-
quential analysis. Ghosh (1971) and Ghosh & Sukathme (1974) weakened Bahadur’s
conditions and obtained similar expansions for sample quantiles in term of conver-
gence in probability. Haan & Taconis-Haantjes (1979) further extended Ghosh &
Sukathme’s work and also obtained Bahadur’s result under slightly weaker condi-
tions than Bahadur’s. Others also obtained results similar to Bahadur’s for other
estimators. An important example is in Babu (1989) where it is shown that the least
absolute deviation estimator of linear regression parameter has Bahadur expansion.
The second goal of this thesis is to obtain Bahadur type expansions for the MD
estimators B*defined above. We shall prove that

B - B2 = O(R,)
where ¢;’s are independent random vectors and {R,} is a sequence of real numbers

which converge to 0 at a rate depending on the choice of X ,,’s. We call our expansions



‘Bahadur type expansions’ because the convergence rate R, is different from what
Bahadur obtained in the one sample problem. See Chapter 4 for the details.

To reach our goals, we first study in Chapter 2 some properties of the weighted
empiricals defined in (1.2). Some tail probability inequalities related to the sup-
and L,-norms of these empirical processes are obtained in Section 2.2. The inequality
pertaining to the sup-norm extends an inequality of Ghosh & Sen (1972) from a simple
linear regression model to the multiple linear regression model. These inequalities
are the fundmental tools used in the proofs of strong consistency and the Bahadur
expansions of 3*. In Chapter 3, strong consistency and convergence rates of B* are
discussed. According to our conclusions, many frequently used designs yield strongly
consistent MD estimators 3°. Finally, in Chapter 4, we present the Bahadur type
expansions of 8* in detail.



Chapter 2

Tail Probability Inequalities

2.1 Introduction

In this chapter, we develop in Theorem 2.1 an exponential inequality for the tail
probabilities of the centered weighted empirical processes (1.2). Then some large
sample probability inequalities are obtained. Ghosh & Sen (1972) also derived a
similar inequality involving the sup-norm of certain weighted and centered empirical
processes for their study on bounded length confidence intervals. In the following,
we give a brief description of Ghosh & Sen’s inequality because we are going to show
that their result is actually covered by our Corollary 2.1.

For a sequence of real numbers ¢, ¢;,: - -, let
Cni = (6 = &) /Ch, 1<i<n,

where ¢, =n"1T % ¢; and C? = T2, (¢ — &,)%. Also, let {Y;,Y2,--} be a sequence
of i.i.d. r.v.’s having uniform distribution over (0,1) and let F' be a d.f. on R. For
1<:<n,0<t<1,and —oo < b < 00, define
dui(t,0) = F(F7'(t) + bej,) - ¢,
G*(t,8) = 3 i [I(Yi < t + dui(t, b)) — dnil2, B)). (2.1)
=1

Then, under the assumptions

1. maxigicn || = O(n™1/2),



2. liminf, ., n71C2 > K, > 0,

3. F is an absolutely continuous d.f. for which the density function f and its first

derivative f’ are bounded a.e. under Lebesgue measure,

Ghosh & Sen proved that for every h > 0, there exist positive constants K;, K, and
n* (all of which may depend on k) such that forn > n*, k> 1 and 0 < § < 1/4,

P(sup sup |Gy(t,b) — G;(t,0)| > Kyn~’(Inn)¥) < Kon*, (2.2)
0<t<1 b€An

where A, = {b: |b| < C(lnn)*} and C a nonnegative real number.

In the next two sections, we present two similar probability inequalities with
the r.v.’s Y;’s being generally i.i.d. instead of uniformly distributed. Of the two
inequalities, one is for the sup-norm (Corollary 2.1) and the other for the L;-norm
generated by a nondecreasing right continuous function (Theorem 2.2). Remark 2.1

shows that (2.2) is implied by our Corollary 2.1.

2.2 Results under sup-norm

The following notation is used in the sequel.
For any n x p real matrix B = {b;;}, b;. and b.; denote the ith row and the jth
column of B, respectively, for 1 <i<n, 1 <j <p, B’ its transpose, and

|B == max [ b:. |-
Similarly, for a vector t € R", define || ¢ || to be the Euclidean norm and

t]:= mmax (1)

Now, we describe the assumptions used in this section.

(A) {an,n > 1} and {b,,n > 1} are two sequences of real numbers such that b, T oo,

a, > n~® for some 0 < ky < 00, and a,b, = o(1).



(B) The d.f. F satisfies that
sup |F(y + 6) — F(y)| < Mo 6],
yER
for 6 € R and some My < oo.

(C) {Cqa,n > 1} is a sequence of n X p real matrices, with some fixed p > 1, such
that C,,C,, = L,4,, the identity matrix, |C,| > n=* for some 0 < ky < oo, and
|Crl b, = o(1) for some b, T oo.

For any y,u € R, s,t € R*,and Y = (Y3,---,Y,)’ whose components are i.i.d.
r.v’s with d.f. F, let

ry,<y) = I(Y;<y)-F(y),
Wily,us) = Y tI*(Y; <y+us). (2.3)

=1
Note that the process Wi (-, u8) reduces to the ordinary centered empirical process

when 8 =0 and t = (1/n,-:-,1/n)'. We are now ready to state our results.
Theorem 2.1 Assume that (B) holds. Given b> 1,h; < 00, hy < 00, ¥ >0,

P( sup sup [Wi(y, us) — Wa(y,0)| 2 27 +2Mo || s Il £ | o)

lvl<oo 0<u<
<32 b (l)lhexp (-—— 1 ) (2.4)
- ]‘ffot)‘2 hl 2[Moh1h2b+ %hg‘yl ’ )
holds for alln > 1, all o satisfying
0 <o < b1 A(RMAY,
and allt € R*, and 8 € R" satisfying
s IV EIPS by 8]V [E] < ha. (2.5)

The Bernstein inequality and some elementary facts about nondecreasing functions
are used in the proof of this lemma. For the sake of self containment, they are stated

in the following two lemmas, respectively.

8



Lemma 2.1 (Bernstein). Let X,,- -, X, be independent random variables satisfying

EX; =0 and | X;| < m a.s., for each i, where m < co. Then, forallT >0 andn > 1,
2

n T
P X.' Z S 2ex .
(2% 27) < 20 gm varzy T )
(See Serfling 1980, P95) 0

Lemma 2.2 . Let ¢1,¢3,¢, and o be nondecreasing functions from R to R. Let
® = ¢, — ¢, and ¥V = ¢y, — ¢;. Then for any z € [a,b] C R,

|®(z) — ¥(0)| < max(|®(a) — ¥(0)],|®(b) — ¥(0)]) + 42(b) — 42(a), (2:6)
and
|®(z) — ¥(2)| < max(|®(a) — ¥(b)|,|B(b) — ¥(a)])
+¢2(b) + ¥2(b) — ¢2(a) — 2(a). (2.7)

o

Proof of Theorem 2.1. For a real number a, use a* and a~ to refer to the positive
and negative part of it, respectively. Similarly, for a vector t = (t,,--,t,) € R, let
tt = (tf,---,t¥)and t~ = (t7,---,t;). Then, t = t* —¢t~. According to (2.3) and
by the triangle inequality, it is enough to prove (2.4) with the 32 on the RHS replaced
by 16 for the case when t has nonnegative components.

Now, observe that

Wy, ue) = Wi, 0] = [ 6T (-y — (=) < i < ),

where I* is defined as in (2.3). Thus, we can and hanceforth further restrict our proof
of (2.4) with the 32 on the RHS replaced by 8 for the case that both ¢ and s have
nonnegative components.

To simplify the notation, in this proof, we write

I(y,u):Zt,-I(Y}Sy-{-us;), yau) ZtFy+u3)

=1 =1



W(y,u) = We(y, us).
Hence,
W(y,u) = I(y,u) — F(y, u).

First, we prove that for any y € R, 0 < u < b, and 7 > 0,

2

T
P(|W(y,u) — W(y,0)| > 7) < 2exp(— , 2.8
(W) - W0l 27) < 20 (-g s o) @9

and for any y; < y3,

2
r
P(|W(y2,0) — W(%,0)| 2 1) <2 - , 2.9

where 6 = F(y2) — F(y1)-

Let
Xi = 4[I'(Y: <y +us)) - I'(Y: < y)).

Then, W(y,u) — W(y,0) = ¥, X; and
EX;=0, |Xi|<t:<|t|, 1<i<n.
Further, by (B),

S Var(X,) < 3" 2[F(y + usi) — F()] < Mols] || £ b

=1 =1
Hence, the Bernstein bound of Lemma 2.1 gives (2.8).
Similarly, if we let
Xi=4[I"(Y; < y2) - I'(Ys < 1)),
then7 W(y2)0) - W(ylao) =i Xi and

1=1

EX; =0, |Xi] <t < |t], 1<i<n,

3o Var(X) < 3 £(F(y) - Fu) = 6 |1 ¢ .

=1 =1

10



Again, the Bernstein bound of Lemma 2.1 gives (2.9).
Next, for a fixeda 0,0 <o < b1 A (2Moh:/ %)-1, construct a partition 0 = o <
m < --+ <79y, =bof the range of u such that

rn < bo7l. (2.10)

The assumption (B) and (2.10) imply that, for 1 <r <r,,

iti (F(y +sin,) — Fy + Siﬂr-l))

=1

S Mo Z tisi(ﬂr - ”r—l)

=1

< Mol sliitlle

|F(y,n:) — Fy,nr1)| =

M, say. (2.11)

Therefore, by the nondecreasing property of I(y,u) and F(y,u) in u and (2.6) of
Lemma 2.2, it follows from (2.11) that
sup [W(y,u) — W(y,0)| < max [W(y,n,) —W(y,0)|+M.  (212)
0<u<h 1<r<rn

Now, for a fixed 7,, define

9:(y) = F(y,nr) + F(y, 0), y € R.

Then, g,(-) is nondecreasing and 0 < g, <2Y ", ¢ < 2n'/? || t ||. Choose a partition

{—oo=¢ <& <+ <&, =0} of (—00,00) such that

A(T, v) = gr(gu) - gr(Ev—l) S M7
1/2 1/2
< 2| t]n < 2n .
M Mo s o
By the nondecreasing property of F(y,n,) and I(y,#,) in y, (2.7) of Lemma 2.2, and
(2.13), when y € [€,-1,¢4], we obtain

Un

(2.13)

IW(y7 nr) - W(y) O)I

11



< ma'x(IW(fw ﬂr) - W(fu-l’ O)I ’ |W(£v—l"7r) - W(f,,,O)I) + A(r, v)
< .max Jhax IW(fn ) — W(&,0)|
+ |W(£v—l, 0) - W(€V1 O)l + M’ (2.14)

where the last inequality follows from the triangle ineqality.

Hence,

sup |W(y,n,) — W(y,0)|

|v|<oo
< max {W (6, m) ~ W(.,0)I}
+ max {|W(£,0) - W€, 0)I} + M. (215)

1<v<vn
Combining (2.12) with (2.15) obtains

sup sup |W(y,u) - W(y,0)|

Jly|<oo 0<u<b

_<_ max 1max {lw(&n ”r) - W(ew O)I}

1<v<vy 1<r<ry
+ max max {|W(£,0) - W(&-1,0)[} +2M.  (2.16)

Now, from (2.5) and (2.8) we obtain

P(0<r<r.. 1<v<vn I (&” 77") W(&”O)I 2> 7)
”/2 )
2(Mols| I t]12 6+ 51t]7)
72
. 2.17
2(Moh1hsb + §h,7)) (2.17)

< 2r, X vnexp(—

< 2r, X v,exp (—
Next, observe that
t’[F(&) — F(é-1)] < [t1A(0,v)
< Molt|litllllsllo
< Mghihyo, 1<v<u,. (2.18)
Hence, by (2.5), (2.9), and (2.18), we obtain

P( max max |W(,,0) — W(fu—1,0)|>7)

<v<vp 1<r<rp

72

. 2.19
2(Moh1h20' + %hg“y)) ( )

< 2r, X v,.exp(—

12



Finally, (2.4) follows from (2.17), (2.19), the upper bounds of r,, v, given in (2.10)
and (2.13), and the fact that 0 < 57! <b. ]

In Theorem 2.1, if we properly take the values of b, o, h;, h;, and v, we have

Corollary 2.1 . Assume that (A) and (B) hold and b, > (Inn)'/2. For any0 < k <

0o, there ezists a constant K < oo such that

P( sup sup |Wi(y,us)— Wi(y,0)| > Ka,l,/zbﬁlz) <nk (2.20)
lvi<oo 0<u<hn

holds for alln > 1 and for allt € R", 8 € R™ satisfying
[sllviitl<1, [s|VI]t]<an. (2.21)

Consequently, there ezists a constant K < oo such that for any sequences s,,t, € R*

satisfying (2.21),

sup sup |Wi,(y,usn) — Wi, (y,0)| < Ka}/?8?  wpln.
lyl<oo 0<u<bn

Proof. We only need to prove (2.20). In Theorem 2.1, take k; = 1, hy = a,, b= b,,
o = (2Mo) ™' A b7 A aX?83/?, and v = Koal/?63/? with K, to be determined. Then,
2My | ¢ ] 8 || & < 2Moal/28%

Now, under (2.21), the exponent in the RHS of (2.4) is

7’ _ K3a.b]
2[Moanbn + %an7] 2[Moanbn + %a,.Koaf.nbin]
_ K3 2

2[Mo + 1Koax b3/ b

Also, by (A) and the choice of o, we have b, = o(a;!) = o(n*) and (a,b,)! <
a;! < nk. Thus, there exists a constant 0 < M < oo such that the coefficient part
3252-(2)"? on the RHS(2.4) is bounded above by Mn?k+1/2,

Then, (2.20) follows for K = Ko + 2M, from the facts that a,b, = o(1), b, >

(Inn)'/?, and
lim K§ YETYYE)
Ko—o 2( Mo + L Koar/*bY?)

= 0O0.

13



Remark 2.1 The continuity of F' implies that F(Y;) are i.i.d. uniformly distributed
on (0,1). Observe that G;(t,b) — G;(t,0) defined in (2.1) equals to our Wy, (y, bs,) —
Wi, (y,0) at the y = F~1(t) whent = 8 =c. Hence,

sup  |Wh,(y,b8.) — Wi, (v,0)|
lyl<co, bl <bn

> sup sup |Gy (t,b) — G.(t,0)].

0<t<1bel?

If we further take a, = n~® and b, = (Inn)’, where 0 < 6§ < 1/2 and o > 1/2, all
conditions in Corollary 2.1 are satisfied so that (2.20) holds. Therefore, our corollary
does imply the result of Ghosh & Sen appearing at the inequality (2.2). o

Based on Corollary 2.1, we can further take supermum over another variable to
obtain the following corollary. This allows us to use these results in multi-dimensional
regression problems. See Chapter 3 for details. To state this corollary and the next

theorem, we further define

£ = feck:|el<1),
D, {deR*:d=C,e, e €}, (2.22)

where C,, is a n X p real matrix.
For simplicity, in the following we shall not exhibit the dependence of D, and C,,

on n, i.e. we write D and C for D, and C,, respectively.

Corollary 2.2 . Assume that (B) holds and that the C,’s used to define D, satisfy
assumption (C) with b, > (Inn)Y/2. Then, there ezists a constant K < oo such that
sup |Win (v, bd) — Wen(v,0)| < K |C|? 8%, wpln, (2.23)

for any sequence t, € R*, || t, ||< 1, |t.| <|C].

14



Proof. As argued in the proof of Theorem 2.1, assume that all components of ¢, are
nonnegative and write W (y, bd) for W;_(y, bd).
For each n, split D into m,, different parts: D, -, D, such that

1. the diameter of each Dy is no larger than n™!, 1 < k < m,,,
2. m, < (pn)*.

(Split the cubic [—-1,1]? into equal volume small cubics, say.)
Fix a point d* in each D;. Let §, = (n~%,---,n"') € R" and let

Dy={d*+6,,k=1,---,m,}.

Then D, contains 2m,, different points.

Now, for any d € D, d € D, for some k. By the fact that the ith summand in
W(y, bd) is a difference of two nondecreasing functions of bd;, 1 < ¢ < n, and (2.6)
of Lemma 2.2 we obtain that for every y € R,

sup |W(y,bd) — W(y,0)|
deD
< -
< max |W(y,bd) — W(y,0)|

n

+ max Y t:(F(y+b(d +n) - F(y + b(d* —n)))

1<k<mpn =

< —
< max|W(y,bd) — W(y,0)| + 2|C],

where we used assumption (B) to obain the last step.
Observe that when 0 < b < b,,, b|C| = o(6¥/?|C|"/?). Thus, to complete the proof
of (2.23), it suffices to show that there exists a constant 0 < K < oo such that

sup sup sup [W(y,bd)—W(y,0)| < K|C['*E?,  wpln.  (2.24)
lyl< oo 0<b<bn d€Do

By Corollary 2.1 applied with a, = |C| and k¥ = p + 2, there exists a constant
K < oo such that

P ( sup sup sup |W(y,bd) —W(y,0)|> K |(;v|1/2 b:;/z)
lyl<oo 0<b<bn deDo

15



<> P(sup sup |W(y,bd)— W(y,0)| > K |C|'/? bﬁ”)
deD,  II<oo 0<b<bn

< 2m,,n"(‘°+2)
< 2pPn~2,

Now, (2.24) follows from the Borel-Cantelli Lemma. This also completes the proof of
(2.23). O

2.3 Results under Ly-norm

Let H be a nondecreasing right continuous real function and || - ||g the L,-norm

induced by H. We further assume

(D) The df. F and the integrating measure H satisfy the following: there exist
ap > 0 and M; < oo such that as § —» 0

sup [(Fly+6)— F(y)) dH(y + a) < My8™.

lal<ao
(E) There exist 0 > 1, A < 00, 0 < B < 00, ng > 1, and A < oo such that for all
A> A and n 2> n,

P((anbn)™ [H(Y) = H_(Y — anby)| > ) < Aexp(~BX?),
where Y is a r.v. with d.f. F and H_ is the left limit of H. Also,
/ F(1 - F)dH < co. (2.25)
The next theorem gives an analog of (2.20) for the L,-norm || . ||g. This theorem
holds for large n only.

Theorem 2.2 . Let assumptions (A), (D), and (E) hold and b, > (Inn)Y/2. Then,

for any k > 0 there ezist a constant K < oo and Ny > 1 such that
P(osup | Wi(-, us) — Wi(-,0) lu> Ka}/?¥?) < n”*, (2.26)
<u<bn

holds for all 8, t € R™ satistying (2.21) and for all n > Np.
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To prove Theorem 2.2, the following lemma due to Bychkova (1986) is used.

Lemma 2.3 . Let {Xi, k > 1} be a sequence of random elements taking values in
a Hilbert space such that EX, =0, k > 1, with 0 being the 0-element of the Hilbert
space. If

P(|| Xx In> z) < Aexp(—Bz?/@1),
where 1 < ¢ <2, A> 0, and B > 0, then for any sequence of real numbers {v,, n >
1} satisfying

o0
2 |va|* < 00

n=1

for an a € (q,2], we have

P(" > ueXi [la2 :c) < exp(—A,z*/e-1),

k=1
where A, > 0 is a constant depending only on « and || . |5 is the norm defined on

the Hilbert space. o

Proof of Theorem 2.2. Similar to the proof of Theorem 2.1, it suffices to prove (2.26)
for t and 8 having nonnegative components.

Let H be the Hilbert space defined by || . ||g. For 0 < u < b,, ¥y € R, and
1<i<n,let

Xi(y) = (@aba) I (Yi Sy +us)) - (¥ < )} (227)
Then

I X: 1= (anbe)™{ [ 1y < ¥ <y + usi)dH(y)
+ [(Fy+us) - Fw))" dH ()
~2 [ Iy < i <y +usi) (Fly + usi) - F(y))dH ()}
Clearly, for all 1 <: < n,

/ Iy <Y <y+us;)dH(y) = H_(Y)) — H_(Y; — us;). (2.28)
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Because 0 < u < b, and |s| < a,, by (A) and (D) it follows that there exists an
1 < N; < oo such that

max [(F(y+us) - F)) dH@y) < Mi(usi)?

1<i<n

S Ml(anbn)z’ (229)

foralll <i<nandn> N.

Further, the Cauchy-Schwarz inequality, (2.28), and (2.29) imply that

[y < % Sy +us)(Fly + us)) - Fy)) dH(y)
< M}Pa,b (H-(Y;) — H_(Y; — us;))'/?, (2.30)

for all 1 <i < nand n > N;. These imply that X; € H,1 <: <n and n > N;.
Now, by (2.29),

max (aubn) ™ [(F(y +usi) - F()" dH(y) = O(anba) = o(1),

1<i<n

and by (2.28), (2.30), and (E), there exist A < 00, 0 < B < o0, 0 > 1,and A < o0
such that for 1 <i<n,A>A,and n > Ny =noV N,

P((anba)™ [ Iy < Y Sy +usi) dH(y) > ¥
< AexP(_BAu))

P((anbn)™ [ Iy < Yi Sy +us)) (F(y +usi) - Fly)) dH(y) > 37
< Aexp(—B\¥).

These inequalities imply that there exist A; < oo, and 0 < B; < oo such that for
1 S T S n,n 2 NOy

P(I| X; [la>A) = P(|| X; [[> X%)

< Asexp(—B\¥).
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Since 0 > 1, there is a 1 < ¢ < 2 such that 20 = ¢/(¢ — 1). Apply Lemma 2.3 to the
{X;} defined in (2.27) with a =2, v; =¢;,1 < i< n, v; =0, ¢ > n, to obtain

P((anbs) ™ || W(-,usp) = W(,0) [|a> A) < exp(~AN?),
for some A < 0o and n > Ny. Taking A = Kb, gives that for 0 < u < band n > N,
P(|| W(-,us) = W(-0) || n> Ka}/?t3/?) < exp(—AK?8}). (2.31)

Now, take a partition on [0,b,] as in the proof of Theorem 2.1 and take the
configuration of b, h;, hz, and o as in Corollary 2.1. Then, 0 < al/?b3/2. The

discussion similar to that for (2.12) in the proof of Theorem 2.1 leads to

sup || W(-,usa) - W(,0) lx

0<u<lbn
< Jmax | W(,n-8,) — W(-,0) ||a
+max || F(yne) = F(y00-1) [l - (2.32)

By (A), (D), and the Cauchy-Schwarz inequality,

" F('a ﬂr) - F(" "f—l) "2[
= S t:(F(- + sin,) = F(- + sine-1)) &

=1
SNEN? 0N F(-+sine) — F(- + sine—a) I
=1

< My(aP8¥%:, n2> M.
Therefore, for n > Ny, (2.32) can be rewritten as

sup || W(:,us) —W(-,0) ||l

OSqun
< jmax || W(,ne8) - W(-,0) [l +M;"a}/?65/2.
To prove (2.26), it thus suffice to show that there exists a constant K < oo such that

for all n > N,,
P( max || W(-,n,8) - W(0) x> Ka}/?t3/?) <n*. (2.33)
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By (2.31),

LHS(233) < 3 P(IW(,m8.) — W(-,0) x> Kal/?5?)

0<r<rn
< r.exp(—AK?B), n > N,.

Since b, > (Inn)/? and r, < b0~ < (anba)™V? < a;1/2 < nko/2 by (A), we can

select K large enough so that (2.33) holds. This completes our proof. 0
The following corollary is analogous to Corollary 2.2.

Corollary 2.3 . Define £ and D, as in (2.22). In the assumptions of Theorem
2.2, replace (A) by (C). Then there ezxists a constant K < oo such that, for any
t. € B", || ta [|<1, [ta] < |C|,
sup || Wi, (-,bd) = Wi, (-,0) lu< K |C"* 832, wpln. (2.34)
OSbSbn,dED

a

The proof of Corollary 2.3 is similar to that of Corollary 2.2 and hence is not

given.
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Chapter 3

Strong Consistency

3.1 Introduction

In this chapter, we first recall the MD estimators defined in Chapter 1. Asymptotic
distributions of these estimators have been studied by Koul & DeWet (1983) and
Koul (1985a, 1985b). We will present in the next section some strong consistency
results of these estimators.

Consider the linear regression model (1.1). As in Chapter 2, we will not exhibit
the dependence of Y,,; and X, on n and use ;. and z.; for the ith row and jth column
of X, respectively.

Let S = X'X and assume that S~! exist for all n > p. Let

C=XS12 (3.1)

Then the model (1.1) is equivalent to
Yi=c,A+¢, 1<i:<n, (3.2)

where ¢;. is the ith row of the C and
A = S8, (3.3)

Observe that the design matrices C’s of (3.2) satisfies C'C = I x,. Our study is
conducted based on model (3.2). Any conclusions obtained can also be translated to

the forms with respect to model (1.1) according to (3.3).
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Given a nondecreasing right continuous function H from R to R, let
()= [1U,Ch) I dH(y),  be R,

where

Uy, Cb) = Y- eclI(¥; < y + cib) - F)}. (3.4

i=1

Note that under (3.2), EU(y,CA) = 0. This motivates one to define a MD estimator

A of A, in the case F is known, as a minimizer of T'(-):
A = argmin, T(b).

Similarly, in the case that F' is unknown but symmetric around 0, a MD estimator

A" of A is defined as a minimizer of T (-):
At = argmin, T*(b),

where, for b € R?,
T+®) = [ | U*(v,Cb) I dH (),
U+(y,Cb) = S e {I(Y; <y + cib) — I(~Y <y — eib)}. (3.5)

=1

Note that for B and B8+ defined in Chapter 1 with D = C, we have
B=S"A, gt =S-12A% (3.6)

See Koul & DeWet (1983) and Koul (1985a) for more motivation and other properties
of B and 8.

In this chapter, we give the strong consistency results for 3 and 8+ along with
rates. To this effect, besides the assumptions (B)-(E) in Chapter 1, we shall also use

the following assumptions.

(F) The df. F satisfies (2.25) of (E) and has a density f which satisfies

0 <|| flI3< oo, (3.7)

/[-15115:1 fdH > 0. (3.8)
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(G) There exist 0 > 1, A < 00, B >0, and A < 0o such that for all A > A,
P(H(lel) = H-(~ lel) > }) < Aexp(~BX?),
where ¢ has distribution F.

(H) There exists 0 < a < 2 such that

Y ICP* < and |C|* = o((Inn)™1).

n=1

(I) The function F and H are such that
/ / F(z)(1 - F(y)) dH (=) dH(y) < oo.
z<y
The following lemma demonstrates some facts related to assumptions (F) and (I).

Lemma 3.1 . Let F be a distribution function and H be a nondecreasing right

continuous real function. Then, the following hold.
(1)  [F(1 - F)dH < oo if and only if [ H_dF < co.

(2)  [H}dF < oo if and only if

[, F@) - Fa)dH()aH() < .
Proof. By the Fubini Theorem,

/ F(l-F)dH = / / / <ot AF()AF(2)aH ()

- / / JH-() = H_(s)ldF (s)dF()
- % [\H_ (&) — H_(s)| dF(s)dF(2).

Now, (1) follows from the fact that for two independent r.v.’s X and Y, E|X - Y| <
oo if and only if E |X| < 00 and E |Y| < oo.
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To prove (2), by the Fubini Theorem,

J[L, Fe) - Fl)dH (@)dH()
= / / / / ey SFOVIP()dH ()dH ()
< 5 [[ -0 - H_(FaF(s)aF (),
and
[, F@) - F@)dHE)dH ()
> % I/ / ooy PP (AP AH(@)H ()
- % [1H-(t) — H_(s)PdF(s)dF(2).
Hence (2) follows from a fact similar to the one used in the proof of (1), i.e., for two

independent r.v.’s X and Y, E(X —Y)? < oo if and only if EX? < 0o and EY? < oo.
a

3.2 Main results and proofs

Throughout the rest of the thesis, the C, and b, in the assumption (C) are taken
to be C of (3.1) and (Inn)!/3, respectively. Also because the estimators A and A*
are translation invariant (Koul (1985b, 1992)), throughout the following, the true
parameter A will be assumed to be 0. For simplifying our notation, we also assume
that H is continuous.

We first present the strong consistency of 8% under assumptions (B), (C), (F),
(G), and the symmetry of F around 0. Then the strong consistency of 3 under (B),
(F), (H), and (I) is given.

Theorem 3.1 In addition to (B), (C), (F), and (G), assume that F is symmetric

around 0. Then, there ezxists a constant K, < oo such that
| At ||< (K, lnn)i', wpln,
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and (recalling that B* = S"l/2A+),

I B* lI< (K1 || 72 | Inn)*/2, wpln.

Remark 3.1 . This theorem implies that if the design matriz X is such that
I 72 = o((lnn)™),

the Koul estimators B* are strongly consistent for B in (1.1). This condition is
satisfied by a large class of designs. Examples include the one sample location model
where X = (1,---,1), so that S™Y/? = n~1/2 and |C| = n~Y/3; and the first order
polynomial through the origin where X = (1,2,---,n), so that S~/ < n=3/? and
|IC| < n~1/3, 0

Here is our next theorem.

Theorem 3.2 Under the assumptions (B), (F), (H), and (I), there ezists a constants
K < oo such that
I All< (KICI™), wpln,

and

IBl< (K || s~ | lCI™*)', wpln.
a

Now, we proceed to prove these two theorems. Theorem 3.1 is a consequence of

the following three Lemmas.

Lemma 3.2 . Under assumptions (B), (C), (F), and (G), there ezists a constant
Ko > 0 such that
T*(0) < Kolnn wpln. (3.9)
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Proof. By the definition,

T+H0) = [I|U*(30) I dH(y)

- > / {_:'Elcf,-(z(x <y) - I(-Yi<y)} dH(y)

j=1
P
= Y T;(0) (3.10)
=t
with
n 2 )
T,0) = [{Lei(Ii <o) - I(-Yi<y)} dH@), 1<j<p
=1
Since p is fixed, it thus suffices to show that (3.9) holds for each Tj(0),
1<j;<p
Let

Xi(y) = I(Y;<y)-I(-Y;<y), 0<i<n, y€eR,
M = {g:]lglk< oo}

Observe that

1 %0 = [[I0h <¥) - 1Y <)) "dH ()
= H(Yi]) - H(=¥al).

From (1) of Lemma 3.1, (2.25) of (E), and the symmetry of F, it follows that {X;} is
a sequence of i.i.d. H-valued random elements satisfying E X; =0, ¢ > 1. Condition

(G) implies that when A > A

P(| Xillw22) = P(l| X1 |I&> 2?)
P(H(Ii]) - H(= 1) > »?)
< Aexp(—B\¥).

Since 20 > 2, there is ¢, 1 < ¢ < 2, such that 20 = ¢/(q — 1).
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Now for each fixed 1 < j < p,takea =2 and a¢; =c¢;; when 0 <1< n, a;=0

when ¢ > n. Then
Z |a;|2 =1 < oo.
=1

By Lemma 2.3,

P(]| i%‘xs l> )

=1

exp(—A;\?)
< exp(—AX?),

P(T;(0) > \?)

IA

where A; > 0, 1 < j < p, are constants independent of c.; and A = min;<j<,(4;)-
Now, take A = (K Inn)'/? with the K such that AK > 1 in the above inequality.
Then the Borel-Cantelli Lemma and (3.10) imply that (3.9) holds with Ko = pK. O

Lemma 3.8 . If H is a nondecreasing right continuous real function, then there

ezists a nonnegative real function g such that
(a) 0<g<l

(b) JgdH < oo.

Proof. We just construct such a function g. Let

o= { 1, NS

e H(z)| > 1.

This g satisfies (a). To prove (b), we only need to prove [y, gdH < co. By Fatou

Lemma,
21
dH = li dH < 1i - .
/{H>1]g n-sbo [1<H_<_n]g - HH&ZE 12 <0
This completes the proof. 0
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Lemma 3.4 . Assume that (B), (C) and (F) hold. Then there ezists a constant
0 < K; < o0, such that

T*(b) > Koln In, 3.11
IbI> (K Inmy2/2 (b) > Kolnn, wplin (3.11)

with Ko as in Lemma 3.2.

Proof. Let h, = (K;Inn)'/? with K; < oo to be determined and £ and D be as in
(2.22) with C,, equal to C of (3.1). Let g be as in Lemma 3.3 and define

u(z) = /_’ gdH. z€R. (3.12)

Then u is a bounded nondecreasing function and so is || ¢ ||g. We assume that
| ¢ lle=1, without loss of generality, and denote po = [ gdH.
For any b € R?,b # 0, there is unique e € £ such that

b=||b|le=be,
where b =|| b ||. Therefore (3.11) is equivalent to

. +
bghl.l.l.geeT (be) > Kolnn, wpln. (3.13)

By the Cauchy-Schwarz inequality,

T+(b) = T*(be)

[lelPlU*w.bce) | aH(y)

/ [U*(v,ba)]" dH(y)

[ Vit b dutw)]’, (3.14)

v

v

where d = (dy,d;,--+,d,) = Ce and

U;(y,bd) := e'U*(y,bd)
= Y d{I(Y: <y+bd) - I(-Y; <y —bdy)}.

=1
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Observe that for any fixed d € D and y € R, Uj(y,bd) is a nondecreasing function
of b. Therefore, when b > h,,,

Uj(y,bd) > Uj(y, hnd), y€R, deD.

Hence, to prove (3.13), it suffices to show that

inf [ Ui, bad) du(y) > (Kolnn)'/, wpln,
or
sup — / Ui(y, hnd) dp(y) < —(Koln n)l/z, wpln. (3.15)
deD

Now, divide D into m,, pieces, say, D, -, Dy, such that
1. The diameter of Dy is no larger than n=2, k= 1,---,m,,.
2. m, < (pn?)*.

By the Fatou lemma and (3.8) of (F),

liinf / %[F(x +68) = F(z)ldp > / fdu > /[_ FdH > 0. (3.16)

1<H<]]
Therefore, we can select a 0 < 7 < oo such that

LHS(3.16) > 1. (3.17)

Let K, be such that n/K; — 2\/K, > 0. We first prove that there exists an
1 < N < oo such that

P(—/U;*(y’ hndk) dp(y) > “2(Kolnn)1/2)
< exP{—%('l\/k—l ~2/Ko)*lnn}, (3.18)

for every d* € Dy and n > N.
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From (C) and (3.17) it follows that, there exists 1 < N < oo such that, for all
n>N,

E [Un(y,5.d%) du(y)

= [ Y (Fly+ hadh) ~ Fly — hodh)) du(y)

1—1
= [ 2 bt g (Fu+ o) = Fly = o)) duy)
=1

> n(K;lnn)'2. (3.19)

Now observe that [ Uj(y, b.d¥) du(y) is the sum of n independent bounded r.v.’s
X = df [(I06 S y+diha) — [(=Yi <y - dhn)) du(v)
with the bounds given as
—|d¥| <X <|db|, 1<i<n
By the exponential inequality of Hoeffding (Theorem 2, 1963) and (3.19), for n > N,

_/ Usn(y, bad*) dp(y) > —2(KoInn)'/?)

<Pl —/ Uas(y, b d*) duly) + B / Uz (y,b.d%) du(y)
> (n Ky -2 Ko)(lnn)llz)

(“('l ~2/K,) Inn).

This proves (3.18).
Note that the RHS in (3.18) does not depend on k. Hence,

P(1<k<m,.{ / U (9, had®) dy(y)} 2 ‘2(Kolnn)1/2)

sm,.exp{—i(r) K, -2\/K, lnn}

< pPriOVEK-WE 4 S N (3.20)
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Clearly, there exists a positive constant K; such that the RHS of (3.20) is summable

in n. Then, the Borel-Cantelli lemma gives

max {- / Up(y, had*) du(y)} < —2(Kolan)"?,  wpln. (3.21)

1<k<m

Next, for any d € D, d € D, for some k, and

|[ (Vi (0, hed) - Uas(y, had®)] dus)
=| / U (4, had) — Uk (v, had)| du(y)
+ [ [, had) = Uss(, hadt®)] )

< (uffi‘; iz:;(df —-d;) [I(Y,- Sy+had)-I(-Yi<y- hnd-')]l

+ I:Igp zn:df[I(Y. Sy+hd))—I(Y;<y+ hndi)]l
0 |§=1

+ sup gdf [I(=Y: <y — had}) = I(=Yi < y — hods)||) 10

:= (I + I + I3) po, say. (3.22)

We have
L = sup g(df — d)[I(Y; <y + hodi) — I(-Yi <y — hnd,-)]‘
< | d¥-d| '

= O(n™%?). (3.23)

Recall the definition of Wy from (2.3). By Corollary 2.2, assumption (B), and the
fact that |C|k, = o(1),

I, = sup
lvl<oo

S d[I(Yi <y +hadf) - I(Yi <y + h,.d.-)]‘

=1

< sup {|War (9, had®) — Wan(9,0)| + [Was (3, hnd) — War(y,0)|

+

i:df (F(y + hadf) — F(y + hnd;)) ‘}
= O(ICI"* (tlnn)**)
= o((Inn)'?). (3.24)
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Similarly,

I = o((Inn)'/?). (3.25)
Combining (3.22) - (3.25),
sup | [ [Ui(4, had) = Ui (0s had®)] di(y)| = o(m)'2).  (3:26)
deD

Finally, by (3.21) and (3.26),
sup — [ U3(y, hnd) du(y)
deD
= sup(~ [ Uiy, hnd*) dusty) + [ [V (3, hnt") = Ui(y, o] dis(v)

< max {—/U;..(y, hnd") dl‘(!l)} +o((lan)*/?)

T 1<k<mn
< —(Kolnn)'/?, wpln,
thereby proving (3.15) and also the lemma. m

Now, we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. By the definition of A¥,
T*(A') < T*(0).
On the other hand, by Lemmas 3.2 and 3.4,

inf T*(d) > Kolnn > T*(0), wpln.
b1 (K1 nn)r/2

Therefore,

| A* ||< (Kilnn)'?, wpln
This completes the proof of Theorem 3.1. O
Next, to prove Theorem 3.2, we prove the following three lemmas.

Lemma 3.5 Let

1,(0) = [{S (It <v) - Fw) Y dHy).

1=1
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Then, under the assumption (I), for every t € R™,
ET0)<6t|* [[ Fe)1-F))dH()dH@E) <oo. (327
Proof. Observe that by the Fubini :I‘heorem,
ET}0) = E[/{gti(I(Ye <y)- F(y))}2 dH(y)]2
= [/ {,-2::1 t:(1(Y; < =) - F(=))} dH(2)] -
{58005 <) - Fw) Y 4w}
2 [[ (S HE((10% <9) - Fw)’ (106 < ) - F@) ]

+L X BEE[(1(% <9) - Fw) (I < ) - F@)']
+23° 3 BEE((IY: < 2) - F(2)) (I(¥: < y) - F(y)
(1(Y; < y) - F(y)) (I(Y; < 2) - F(2))| } dH(z) dH(y)

_ - 4 2,2
= 2 /sz{gt,.A+Zz’,ﬁt,.th

IA

+2Y Y, 22D} dH(z) dH(y). (3:28)
where
A= E[(I(% <) - F)) (106 < 2) - F(2)) ),
B= B(I(% <)~ FG)) E(I(Y; < 2) - F2))’,
and

D = E[(I(Y: < z) - F(z)) (I(Y: S y) - F(y))
(1% < ) - F) (IY; < 2) - F(2))].

Further, when z < y,

A < E|(I(Y £ 2) - F(2))(I(Y <y) - F))|
F(z)(1- F(y)) [1 + 2(F(y) - F(2))]
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< 3F(z)(1 - F(y) (3.29)

B = F(z)(1- F(2))F(y)(1- F(y))

< F(z)(1 - F(y)) (3.30)
D = F(z)(1-F(y))
< F(z)(1-F(y)) (3.31)
Then (3.27) follows from (3.29) - (3.31). ]

Lemma 3.6 . Assume (H) and (I) hold. Then
T(0) = / U%(y,0)dH(y) < |C|™®  wpln (3.32)

Proof. Apply Lemma 3.5 p times, the jth time to t = ¢.j, 1 < j < p and use the fact
that || ¢.; ||=1 together with the Cauchy-Schwatz inequality to obtain

ET0) = E[[ U0 |* dH()]’

E[Y [{Ses(10% <v) - F@) ) d )]

=1 1=1

< (,.é{E[/ (St <) - F) Y am]'} )’

< 6 [[_ F)(1 - Fly))aH(z)dH(y)

< o00.

Now, (3.32) follows from the Markov inequality, (H), and Borel-Cantelli Lemma.
a

Lemma 3.7 . Assume that (B), (C), and (F) hold for b, = |IC|~*/%. Then there
exists a constant 0 < K < oo, such that

inf T®) > |C|™® wpln. (3.33)
ibi>x|C| "
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Proof. This proof is similar to that of Lemma 3.4.

Proof of Theorem 3.2. Similar to that of Theorem 3.1.
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Chapter 4

Bahadur Expansion

4.1 Main result and proof

In this chapter, we further give a Bahadur type expansion for A* so that a similar
expansion can also be obtained for 8*.

We need further assume that

(J) F has density function f whose derivative satisfies
lim sup /(f'(y +6))*dH(y) < oo.
§—0
To describe the theorem, define
B* = - [U*(y,0)/(4) dH (),

1+(6) = [ 1| U*(5,0) +2bf() I* dH(v),

and

-~

A" = argmin, T*(b).

Remark 4.1 . Observe that 2 || f ||} A" = B* ifo <|| f llu< oo. Because of this
fact and (3.9),
| A% fl< (Kzlnn)/, wpln,

where K; = 1Ko || f |5 ]
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Theorem 4.1 In addition to the linear model (3.2) with true A = 0 and the sym-
metry of F around 0, assume (B) - (G) and (J) hold. Then

1113 (A% = =5 [ S[ecd 1% < 4) ~ (Y < )] W)dHG) + Ry (41)

1=1

where

R, = O(|CI"* (lnn)*®).
Proof. By the facts || a || — || b ||>= (a — b)’(a + b), and
2| £ Iy A" = - [U*(45,0)1() dH (),
we obtain
T+Aat) - THA")
= [(1U*(45,0) + 2/ () A* |* - || U*(3,0) + 2/()A" |I!) dH (y)

=2 [(Aa* - A%Y(2U*(3,0) + 2f(y)(A* + A™)) f(4) dH(y)
=4| flIG At - A% 2. (4.2)

Observe that the first term of the RHS of (4.1) is || f [|% At To prove (4.1), it thus
suffices to estimate the convergence rate of the LHS of (4.2).
From Theorem 3.1 and Remark 4.1, we have

| A*||<h, and || A%<k,  wpln,

where h, = (K Inn)"/? with K being the maximum of the K, from Theorem 3.1 and
K, from Remark 4.1. Hence,

[#+(ah) - A"

< [F*at) - THAY)|+ |T+(A+) _ T+(A+)|

< 2 sup |[T*(B)-T*(®)|,  wpiln. (4.3)
Iibli<hn

For a fixed b € R?, we have

T+ ®) - T+@)| = |[(1 U OB 1P - 1 U*(,0)+ 2w I) dH ()
< [inpar+ (15 an
+2 / \L(L + )| dH +2 / L] dH (4.4)
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where

L = W+(y,Cb)—'W+(y,0),
I, = U*(y,0)+2f(y)®b,
I; = EU*(y,Cb)—2f(y)b,

with W+(y’ :L') = U+(y1 .‘L') - EU+(y9 :t).
By (J), with some |0;| < |¢;.b| and |{;| < |e;.b],

il < (55 [{E (P et~ F) - e 1) arte]
+ [JX:; / {Z:; cii(Fly — e:b) = F(y) — eib f(3)) Y'aH ()]
- [,Z; / {2:; ci(eib) f'(y + 0;)}’d H(y)| 1/2
+ [J_Ei:l / {g cii(cib)*f'(y + (‘)}2 d H(y)] 1/2

= 0([,2::1(,2:2 |ei;] - (ci-b)g)z] 1/2)
= o[BS e 17l 18 17)])

j=1 i=1

= o(lC| || b ).
Therefore
sup || I ||lu= O(|C|h}) = O(|C|1nn). (4.5)
1Bli<hn
By Lemma 3.2,
| U*(-,0) la= O((lnn)"/?), wpln.
Hence
sup || Iz ||u= O((In n)llz), wpln (4.6)
1blI<hn
Moreover,

" Il "H = {EP:./(VV;(!/,Cb) - W;‘(y, 0))2d}1(y)}1/2

i=1
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1/2

< {Z: / (Wi(y,Cb) - Wj(y,O))de (¥)}

3 [ Wi=v,C8) - Wy(~4,0)) ar ()} ",

=1

with I’VJT" and W; being the jth component of W+ and W, respectively, and W (y, Cb) =
U(y,Cb) — EU(y,Cb) for U(y,Cb) as in (3.4). By Corollary 2.3,
sup || &y |la= O(IC|'"* (lnn)*/*). (4.7)
IblI<hn

Combining (4.5), (4.6), and (4.7), we have

sup |T*(b) — T*(b)|

IblI<hn
= 0(|C]' (Inn)** + |C| (Inn)** + (|C|Inn)?)
= 0(|C["/? (Inn)"/4). (4.8)
Finally, the theorem follows from (4.2), (4.3), and (4.8). 0
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