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ABSTRACT

NUCLEAR MODELS FOR BETA AND DOUBLE-BETA DECAYS

By

Liang Zhao

The 2v3f decay matrix element of “*Ca is studied with a large-basis shell-model
calculation. The theoretical and experimental 3~ and 3% spectra and their relation
to 2v3f3 are discussed. A new empirical effective interaction is found to give the best
agreement to 3~ and A% spectra with the effective Gamow-Teller operator 5t=0.770t.
Our shell-model prediction of T /;=1.9x10'® yr differs by a factor of two from present

experimental limit of T/, > 3.6x10' yr.

The validity and accuracy of the pnQRPA as a model to study A% and 83 decay
are examined by making a comparison of the pnQRPA and the full-basis shell-model
calculations for the fp shell nuclei. Our comparison includes the total decay matrix
elements, the relevant strength distributions and coherent one-body transition densi-
ties. The coherent one-body density is introduced in order to study the single-particle
state contributions to the total Gamow-Teller strength. Discrepancies between the
two models are found. The pnQRPA overestimates the total A+ and 38 matrix el-
ements. There are large disagreements in the shape of the spectra as well as in the
coherent one-body transition densities between the pnQRPA and shell-model results.

Empirical improvements for the pnQRPA are discussed.

The correlated BCS wave function is introduced by first-order perturbation theory,

in which the four quasiparticle correlations are taken into account. The extended




BCS equation is derived. The applications of the extended BCS have shown some

improvements compared to the standard BCS theory.

An extended pnQRPA equation is developed based on the extended BCS theory
and applied to study 8+ and 33 decay. The calculations show that the disagreements
between the pnQRPA and the shell model in the total B(GT*) strengths and 88
decay matrix elements have been reduced, but those in the shape of the spectra have

not yet been improved.

Other possible improvements for the pnQRPA are discussed. A second pnQRPA
equation is developed by including two and four quasiparticle excitations in the
phonon creation operator. An extended second pnQRPA equation is obtained by
combination of the second pnQRPA and extended pnQRPA equations. They should

provide more accurate methods for studying the transition of the one- and two-body

charge exchange modes.
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Chapter 1

Introduction

1.1 Beta and Double-Beta Decays

The beta (3) decay process was one of the first types of radioactivity to be observed
and still provides new valuable insight into weak interaction and nuclear structure. In
this process, the 3 unstable nucleus can become more stable by converting a proton
( neutron ) within the nucleus into a neutron ( proton ). So the mass number of the
nucleus, A, remains the same but the nuclear charge number, Z, changes by one unit.
The B~ decay involves emission an electron and an antineutrino, (A, Z) — (A, Z+1)+
e~ +7, and B* decay involves a positron and a neutrino (A, Z) — (4,Z —1)+e* +v.
The 3 decay mechanism is well described by the standard weak interaction theory.
The beta transition probability 7'(3) depends on two different nuclear matrix elements

and can be written as
T(8) x G¥ B(F) + G% B(GT), (1.1)

where Gv and G, are the coupling constants associated with the vector part and the
axial-vector part of charge-current, respectively. B(F) is the Fermi transition strength

related to the isospin operator. B(GT) is the Gamow-Teller transition strength asso-

ciated with the Pauli spin operator as well as the isospin operator.

1




Nuclear double-beta (33) decay phenomena is a rare transition between two nuclei
of the same mass number having a change of two units of nuclear charge. In cases
of interest, ordinary single beta decay is forbidden because of energy conservation
or because of very strong suppression due to a large angular momentum mismatch
between the parent and daughter states. There are two modes of double-beta de-

cay [Hax 84, Doi 85, Mut 88, Ver 86],

2vmode: (A, Z)— (A, Z+2)+2 +25 (1.2)

Ovmode: (A,Z) > (A, Z+2)+2e". (1.3)

The first one is called two-neutrino (2v) 33 decay, which involves the emission of two
antineutrinos and two electrons (2v mode), it occurs in second order in the standard
weak interaction theory. Another is called neutrinoless (0v) 383 decay, which involves
the emission of two electrons and no neutrinos. This process violates the Iei)ton
number conservation and requires the neutrino to be a Majorana particle and have a
nonzero mass and/or a nonstandard right-hand coupling. It occurs in some theories

beyond the standard weak interaction model.

The 2vf3f decay has been observed in recent experiments [Ell 87, Avi 91, Eji 91,

Tur 91], but the 0v3/3 decay has not yet been observed.

There are two important nuclear models which can be applied to the study of the
B and B decays which occur in nuclei, the shell model and the pnQRPA model. We

will briefly discuss them in the following sections.

1.2 Shell Model Theory

The nuclear shell-model theory was introduced by Mayer and Jensen 40 years ago [May 55).

The basic assumption is that each nucleon (proton and neutron) moves independently




in a potential that represents the average interaction with the other nucleons in the
nucleus. This potential is the combination of a central part and the spin-orbit cou-
pling term. The energy levels obtained by solving the Schrodinger equation for a
nucleon in the potential are given in Figure 1.1. The energy levelé in the column
(a) and (b) are obtained by using harmonic-oscillator and Wood-Saxon potentials,
respectively, where the spin-orbit coupling term has not been included. s,p,d, f, etc
stand for orbital momentum! = 0,1,2,3, etc. The column (c) in Figure 1.1 illustrates
the level splitting due to addition of spin-orbit coupling term. Each level in column
() is called a single-particle state and is labeled as (nlj) in this thesis, where n is the

radial quantum number and j =1+ s.

The ground state in the simple shell model is assumed to be the configuration in
which the energy levels are filled consecutively by the nucleons with the constraint
of the Pauli principle. For example, the configuration of the Ca ground state is
that the 28 neutrons have filled the single-particle states up to 1f7/, shell, and the
20 protons have filled the single-particle states up to 1dz/, shell. *®Ca is a closed
shell nucleus. The schematic representation of *®Ca is shown in Figure 1.2 (a). For
the ground state of *°Ca, the configuration in the simple shell model is that the
valence neutron occupies the 2ps/; state outside of the **Ca closed shell as shown in
Figure 1.2 (b). So the ground state spin should be J™ = 3/2~. The success of this
simple model is that there are many nuclei whose ground states properties agree with

these assumptions.

In order to simplify our discussions for the excitations in the simple shell model,
we only consider two single-particle states 1f7/; and 2p3/;. Then the excitations of
8Ca can be constructed by removing one nucleon from 1 f7/, to 1ps/; state, forming

the one-particle-one-hole configurations. For %Ca, the excitations are two-particle-
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Figure 1.1: (a) The single-particle energies of a harmonic-oscillator potential. N is
the oscillator quantum number. (b) The single-particle energies of a Woods-Saxon
potential. (c) The single-particle energies of a Woods-Saxon potential plus spin-orbit
coupling. Each state is labeled by (nlj). (d) The numbers 3°(2j + 1).



one-hole configuration. The schematic illustrations of these excitation configurations

are presented in Figure 1.2 (c) and (d).

In present shell-model theory, the nuclear structure properties are assumed to be
determined by the valence nucleons which simultaneously occupy several different,
partially filled, single-particle states within one or two given major shells. For light
nuclei ( A< 40), the major shells are the oscillator shells indicated by the N labels on
the left-hand side of Figure 1.1. For heavy nuclei (A> 40), the major shells usually
include the addition of one high j-state from the (/V +1) oscillator shell. This is called
the large-basis shell-model calculation. Many multinucleon configurations are taken
into account in this calculation. For example, the ground state configuration of *4Ca
in the full fp shell (1 f7/2,2p3/2, 1 fs/2 and 2p,2) is considered as the linear combination
of all possible configurations in which eight neutrons simultaneously occupy all states
in the fp shell. The label |n;n;n3zngy > used below indicates that n; neutrons occupy
the 1f7/2, nz the 2p3/3, n3 the 1f5/,, and n4 the 2p,/;. The Pauli principle and sum
ny + ng + n3 + n4 = 8 must be satisfied. Then the wave function of the ¥Ca ground

state is expanded as

8Ca, 0% > = /8000 > +a,]6200 > +a3|5300 > +a4]4400 > +-- - +

a72|0242 > +a73|0062 >, (14)

with ¥°; a? = 1. There are 73 terms (partitions) in Eq. (1.4). Some terms are missing
due to angular momentum coupling restriction [Etc 85]. Within this set of partitions,
the number of independent states with J = 0 is 347, and the number of independent
states with M = 0 is 12022. These numbers are referred to the J-dimension and
M-dimension, respectively. In the simple shell model, all coefficients in Eq. (1.4) are

zeros except a; = 1. The corresponding J— and M — dimensions are both equal to 1.

The large-basis shell-model calculation includes three steps: (1) setting up the
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Figure 1.2: Schematic representation of the simple shell-model configurations (a) 4*Ca
ground state (closed shell). (b) “°Ca ground state. (c) *Ca excitation state. (d) *Ca
excitation state.



single-particle basis, (2) construction of the Hamiltonian matrix, and (3) diagonal-
ization of this matrix. However, carrying out the large-basis shell-model calculation
requires extensive numerical computation, so better numerical methods and modern

computer facilities are very important.

The phrase of the full-basis shell-model calculation will refer to a large-basis shell-

model calculation in which all possible configurations in a major shell are included.

However, a limiting constraint on the large-basis shell-model calculations is that
the dimension of the Hamiltonian matrix increases rapidly when the single-particle
basis increases. For example, the dimension of J™ = 0% of the *8Ca ground state
is one in the 1f7/; shell, 14 in the full f shell ( 1f7/2,1fs5/2 ), and 347 in the full
fp shell ( 1f7/2,2p3/2,1fs5/2,2p1/2 ). In medium and heavy nuclei ( A>50 ), the di-
mensions are extremely large. For example, in §3*Sng,, if we allow the 12 valence
protons to occupy 1g7/2,2ds;2,2d3/2,351/2, 1 h11/2 states, and 10 valence neutrons to
occupy lhgj2,2f7/2,2fs5/2, 3p3/2,3P1/2, 1413/2 states. the dimension of J™ = 0% ma-
trix is 41,654,193,516,917 [lac 87]. This is of course completely beyond current com-
puter capability. Thus present shell-model calculations for heavy nuclei are performed
within very truncated model spaces. In the extreme limit, they may go back to the
simple shell model. Because of the difficulties in carrying out the large-basis shell-
model calculation, the RPA, the QRPA and the pnQRPA, which are discussed in the
next section, are frequently employed to study the properties of medium and heavy

nuclei.

Another important aspect in the shell model is the effective interaction. The first
and reasonable guess is from the theoretical G-matrix calculations [Rin 80]. But more
precise and reliable effective interactions are currently obtained from two methods.

One of them is using an unconstrained Hamiltonian, in which all two-body matrix



elements and single-particle energies are allowed to vary as free parameters in a fit
to experimental data ( for example, see ref. [Wil 84]). Another is employing some
well-understood nuclear potentials ( such as one pion or one boson exchange poten-
tials ) and fitting the parameters in these models with the experimental data. Here
the experimental data usually includes the binding energies and low-lying excitation
energies ( for example, see [BAB 88, Ric 91] ). In this thesis, we will use the effective

interaction from previous determination.

Most experimental data for light nuclei ( A<40 ) can be successfully explained
and even predicted by the large-basis shell-model calculations [Bru 77, Law 80]. For
example, the Gamow-Teller transition strengths of the full-basis shell-model calcula-
tions in the sd shell (1ds/;,2s,/; and 1d3;;) are in good agreement with those in the

experiments [Bro 85, Bro 88].

1.3 pnQRPA Theory

In this section, we discuss the proton-neutron Quasiparticle Random Phase Approzi-
mation (pnQRPA), which is widely used for f— and 33— decay calculations in heaver
nuclei. The method of the pnQRPA is totally different from that of the shell model.
In order to understand this theory, it is useful to understand the following theories and
their relations: the Tamm-Dancoff Approximation ( TDA ), the Random Phase Ap-
proximation ( RPA ) and the Quasiparticle Random Phase Approximation ( QRPA ).
Their mathematical derivations can be found on the textbook of many-body problem

such as [Row 70]. Here we only concentrate on the physical picture.

First, we qualitatively describe the TDA and RPA models for “®Ca. The TDA
ground state is the *8Ca closed shell shown in Figure 1.3 (a), and the excited states

are constructed by removing a neutron in 1f7/; closed shell, creating another one



in the empty states above 1f;/; shell, and forming one-particle-one-hole ( 1plh )
configurations, see Figurel.3 (c). Thus we find the TDA is the same as the simple
shell model shown in Figure 1.2 (a) and (c). In the RPA, the ground state is not
pure closed shell, but has mixtures of some types of 2p2h, 4p4h, ---, components as
shown in Figure 1.3 (b). The excitations of the RPA can be obtained by removing
one neutron from the 1f7/; to other states above 1f7/, like the TDA, and also can be
constructed by removing a neutron above f7/; states and creating a neutron in f7/,
state, see Figure 1.3 (d). The RPA theory cannot be simply linked to the simple shell

model or large-basis shell model.

For the even-even nuclei away from closed shells, the experimental results have
suggested that the ground state may be dominated by pairing correlations [Row 70,
Rin 80]. The BCS ( Bardeen, Cooper and Schrieffer ) theory assumes all nucleons in
the ground state to be paired. ( BCS theory is discussed in more detail in Chapter
5 ). In terms of the Bogoliubov quasiparticle, which is a linear combination of the
particle and hole, the BCS ground state is a vacuum with respect to the quasipar-
ticle. The Quasiparticle Tamm-Dancoff Approximation ( QTDA ) suggests that the
excitations are obtained by creating two quasiparticles from the BCS ground state.
Similar to the relation between the TDA and RPA, the QRPA assumes the ground
state configuration is the quasiparticle vacuum plus mixtures of some types of four
quasiparticle, eight quasiparticle, - - -, components. Thus the excitations in the QRPA
are performed by creating and destroying two quasiparticles from the QRPA ground
state. In the TDA, RPA and QRPA, the excitations and ground states are with

respect to the same nucleus.

Now we generalize the TDA to the pnTDA in order to study the charge-exchange

processes. Starting at the %Ca closed shell, as an example, the excitations in the
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Figure 1.3: Schematic representation of the TDA and RPA configurations for *Ca (a)
TDA ground state (closed shell). (b) RPA ground state. (c) TDA excitation state.
(d) RPA excitation state.
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Figure 1.4: Schematic representation of the pnTDA configurations for **Ca (a)
pnTDA ground state (close shell). (b) pnTDA excitation state.
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pnTDA are constructed by transferring a neutron from the 1f7/; single-particle state
to a proton which can occupy all empty proton states including the 1f7/;. So the con-
figuration is the proton-particle neutron-hole shown in Figure 1.4. Then the transition

matrix elements of the charge-exchange operator can be calculated in the pnTDA.

One can derive the pnQRPA model from the pnTDA, along the line TDA —
RPA — QRPA. The basic idea is that the pnQRPA excitations, which contribute to
the charge-exchange mode, are obtained by creating and destroying one quasiproton-
quasineutron pair from the even-even nucleus ground state. The even-even nucleus
ground state is assumed to be a quasiparticle vacuum ( BCS ) with the addition of
mixtures of some.types of four quasiparticle, eight quasiparticle, ---, components,
where the quasiparticle could be the quasiproton or quasineutron. The transition

strengths in the pnQRPA describe the charge-exchange processes.

The advantage of the TDA, RPA, QRPA, and pnQRPA is the small dimension
involved. For example, the dimension of J™ = 0% matrix in the QRPA is 4 for the
fp shell nuclei. The TDA, RPA, QRPA and pnQRPA are approximate models. The

accuracies of these theories should be examined.

1.4 Beyond RPA

Improvement of the QRPA and pnQRPA may be an important goal in the field of
nuclear structure theory as well as in the many-body problem. Since the derivation
of the QRPA is similar to that of the RPA [Row 70, Rin 80], it is useful to review
the development of the RPA theory. The physical picture of the RPA was discussed
in section 1.3. The mathematical derivation of RPA equation can be achieved from
the equation of motion method [Row 70, Rin 80], time-dependent Hartree-Fock the-

ory [Row 70] and the Green’s Function method [Fet 71, Bro 71]. We will concentrate
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here on the equation of motion method because it is the most appropriate for the

extensions we will develop [Row 70, Rin 80].

In the equation of motion, the excitation states are constructed by acting a phonon
creation operator Q! on the ground state. This equation corresponds exactly to the
full many-body Schrédinger equation if and only if the ground state in the equation of
motion is the true ground state and the phonon creation operator exhausts the whole
Hilbert space (i.e., 1plh, 2p2h, 3p3h, and so on). For the RPA theory, there are two
important assumptions. Only one-particle-one-hole (1plh) creation and destruction
operators are used in the phonon creation operator and the Hartree-Fock (HF) ground
state is employed to calculate the matrix elements in the RPA equation. The HF

ground state is obtained by the mean field.

Recently three ideas for improving RPA have been suggested [Dro 90]. One of
them is the second RPA [Yan 83], in which the phonon creation operator is expanded
up to 2p2h creation and destruction operators and the HF ground state is retained.
Several numerical calculations have been made for giant resonances in the second
RPA theory. However, the second RPA is still missing some types of correlations in
the ground state [Tak 88]. Another idea is the extended RPA which uses an improved
HF wave function to calculate the RPA matrix elements [Ada 88]. This improved HF
wave function consists of the usual HF ground state plus 2p2h correlation correc-
tions. The third idea combines these previous two and is called the extended second
RPA [Tak 88]. It not only includes the 2p2h expansions in the phonon creation op-
erator similar to the second RPA, but also uses an improved HF wave function as
a ground state. Then the extended second RPA contains all the correction terms
up to second-order perturbations in the two-body interaction. These second-order

corrections are important for the more precisely measured magnetic moments and
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B-decay matrix elements [Ari 87, Tak 84]. Improvements for the RPA suggest the

generalization to the QRPA and pnQRPA which we will develop in Chapter 5, 6, 7.
1.5 Thesis Organization

The goals of this thesis consist of three aspects: (1) study of the 8 and 33 decay
of mass A = 48 nuclei with the large-basis shell-model calculations, (2) examina-
tions of the validity and accuracy of the pnQRPA for 8+ and B3 processes, and (3)

improvements and extensions of the pnQRPA model.

In Chapter 2, we study the 3~ and #* Gamow-Teller transition strength with the
large-basis shell-model calculations for the nuclei ¥Ca and “3Ti, respectively. The
agreements between the theoretical results and the experimental data are examined.

The half life of two-neutrino double-beta decay of *8Ca is calculated as well.

Since the pnQRPA is an approximate theory as we mentioned in section 1.3, we
examine the validity and accuracy of the pnQRPA theory as a model for 3+ decay
and double-beta 33 decay in Chapter 3 and Chapter 4, where the comparison of
the pnQRPA and full-basis shell-model calculations ( exact model ) are made. We
conclude that there are some correlations which are important in 3 and 88 decay
but are not included in the pnQRPA. Some empirical improvements for the pnQRPA

have been suggested and tested.

In Chapter 5, the BCS theory for the proton-neutron system is reviewed. The
correlated BCS wave function is introduced by incorporating the quasiparticle cor-
relations with first-order perturbation theory. An extended BCS is derived and is

applied to study the nuclear ground state properties.

In Chapter 6, we develop an extended pnQRPA equation with the correlated BCS
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ground state. The application of the extended pnQRPA is presented and compared
to the pnQRPA and shell-model calculations. Some improvements over the pnQRPA

are found.

In Chapter 7, we present the formalism for further possible improvements for
the pnQRPA equation. The second pnQRPA and the extended second pnQRPA
equations are derived. They should provide more accurate methods for studying the

transition of the charge-exchange modes.

The summary and discussions are given in Chapter 8. We derive the QRPA
equation in Appendix A and discuss the relation between the QRPA and pnQRPA in
Appendix B. The second QRPA and coherent one-body transition density are given
in Appendix C and D, respectively. In Appendix E, the BCS and the extended BCS

theories are derived in angular momentum uncoupled space. In Appendix F, we

discuss the spurious state in the BCS and the extended BCS theories.




Chapter 2

Shell-model Calculation for
Two-neutrino Double-beta Decay
of 48Ca

2.1 Introduction

The theory and experiment of double-beta (33) decay have greatly attracted ele-
mental particle and nuclear physicists for a long time. It is an important process
for examining the character of the neutrino and for testing the theories beyond the
standard weak interaction theory. On the other hand, the calculations for the 53
matrix elements provide a strong challenge to nuclear physicists, because 33 decays
which are experimentally accessible occur in medium and heavy nuclei where we are
still not clear how to precisely take into account the ground state correlations as well

as calculate the excitations.

In order to analyse the experimental results to determine the character of the
neutrino in A3 decay, precise calculations of the nuclear matrix elements are re-
quired. For example, the neutrino masses and the right-handed current coupling
constants, which can be deduced from the experimental neutrinoless decay half-life,

depend on the relevant nuclear matrix elements which have to be calculated theoret-
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ically [Hax 84, Doi 85, Mut 88],

However, in particular, the agreement between the experiment and theory for the
standard 2v mode is one of the prerequisites for a reliable interpretation of the more
exotic 0v mode. In this Chapter, we study the 2v33 decay of **Ca which has the
largest double-beta decay Q-value of any nucleus and where the large basis shell-model

calculations are possible. The mass spectrum of A=48 is given in Figure 2.1.

In fact, the lowest states ( 6,5 and 4% ) of *8Sc are located in the **Ca’s Q-
value window [Alb 85], but these single 3 decays are highly forbidden because of the
angular momentum mismatch. Their half-lives are estimated to be about a factor of

10 times that of 2v3f3 decay [War 85].

There are serval difficulties with previous shell-model calculations for 2v33 decay
of 8Ca. In cases where intermediate states in **Sc were considered explicitly the fp
shell-model space was highly truncated [Tsu 84, BAB 85, Sko 83, Ver 86], in other
cases where the truncation was less severe the intermediate states were not calculated
and the closure approximation was used instead [Hax 84, Ver 86, Zam 82]. Also the
effective interactions used were not always well tested with regard to the nuclear
spectra. In a more recent calculation [Oga 89], a new method was used to implicitly
take into account the spectrum of the intermediate 1* states exactly. However, we
will emphasize below the importance of the testing the interactions with respect to
the explicit intermediate spectrum. In the following, we calculate the nuclear matrix
elements for 2v3 decay of “*Ca and the related 3~ and B+ decay in the fp shell space

with a much larger basis than previously used and with a new effective interaction

than previously used.
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Figure 2.1: Mass spectrum for A=48 nuclei. The double-beta decay is a possible
decay mode for the “8Ca ground state. See text about the single 3~ decay of “Ca.
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2.2 Model Spaces and Effective Interactions

Because of the present computational limitations, a truncated shell-model basis is
used in our calculations. The truncated space in the fp shell is defined by the set of
partitions f?l'z” (p3/2fs/2p1/2)"- In this work, the partitions assumed for **Ca(0*,T=4),
48G¢c(1+,T=3) and *8Ti(0*,T=2) are (n < 4),(n < 5) and (n < 4), respectively. The
n < Nmax means that n = 0,--- ,npax are allowed. The corresponding J-scheme
dimensions are 133, 5599 and 3613, respectively. This is an order of magnitude larger
basis than has been used in previous calculations. Our calculations were carried out
with the shell-model code OXBASH [Etc 85] on a VAX computer. The most complete
fp shell calculation should be based on the full-basis space (n < 8), but at present this
is impossible because of the large dimensions involved. For example, the J-scheme
dimension for the *8Ti ground state is 10872 in the full-basis space. It is at edge of our
current computer capability. In later discussions, we will argue that our truncation

is a good approximation with respect to the full-basis space.

The model space for the intermediate nucleus (**Sc) should include all states which
can be reached by a one-body operator from the initial and final nuclei. Thus for our
initial (*Ca) and final (*8Ti) states which have n < 4, we include n < 5 configurations
in the intermediate system. Then the B(GT) from the 8Ti or 8Ca ground states

satisfy the sum rule,
3" B(GT~)-Y_ B(GT*)=3(N - 2), (2.1)

where B(GT) = (< fl|ot||s >)?/(2J; + 1).

The effective interactions used in this Chapter are called MH [Mut 84] and MSOBEP
[Ric 91]. The MH interaction has a long history. McGrory et al. [McG 70] started

with the renormalized Kuo-Brown interaction [Kuo 68] and changed several two-body
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matrix elements (TBME), which involved the f7/, and/or p3/; orbits. Later McGrory
et al. [McG‘81] added 50 keV to the f7/2 — f5/2 diagonal TBME and introduced
new single-particle energies. Based on Ref. [McG 81], Muto and Horie shifted the
monopole of the inter-shell matrix elements < fr/25|V|fs;27 >7=%7 (j = pajas ;1 /2

and f7/2) matrix elements by —0.3 MeV [Mut 84].

MSOBERP is a new effective interaction based on a modified surface (MS) one-
boson exchange potential (OBEP) [BAB 88]. Modified refers to the addition of
monopole (infinitely long range) terms to the central part of the potential, and surface
refers to an assumed density dependence which empirically is surface peaked. This
MSOBEP potential has been successful in reproducing the sd-shell energy levels in
terms of a few parameters associated with the strengths of the various OBEP chan-
nels. Richter et al. [Ric 91] have recently refit the parameters of this potential to 61
energy level data in the lower part of the fp shell, and this is the new interaction

which we employ in the present work.

2.3 Calculations and Discussions

In this section, we will discuss the results for the double-beta decay matrix element
of ¥Ca. At first we introduce the effective Gamow-Teller operator based on previous

beta decay and (p,n) reaction studies [Bro 88|
& = 0.770. (2.2)

This is used because experimental B(GT) strengths are uniformly 30%~50% less than
the shell-model calculations. The missing strength can be explained by a combina-
tion of the coupling to a A-particle-N-hole configurations [Goo 81, Boh 81, Ari 87,
Tow 87], and to the admixtures of 2p-2h configurations [Ber 82, Ari 87, Tow 87].
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For purposes of discussion, we introduce the matrix element for 20303 decay,

Em Em < 0F||ot-||1E >< 1E]|6t~]|0F >
Mgr(En) =Y, Mg =3, —1 Em + Eo ’

m=1 m=1

(2.3)

which is a function of the 1 excitation energy E, in ®Sc. Eq = Ty/2+AM, where Ty
is the Q-value for 33 decay of ®Ca and AM is the mass difference between *¥Sc and
48Ca, Tp=4.27 MeV and AM=-0.277 MeV [Wap 85]. The total matrix element for
2vBB is given by M&; = Mgr(Em = 00). The Fermi transition contribution vanishes
when isospin is conserved. An estimate of its contribution with isospin-mixed wave

functions indicates that it is small and can be neglected [BAB 85]. The half life is

given by
1 2v |2
1/2

where G is related to fundamental constants and the phase space integral [Mut 88].
In fact, G depends somewhat on the GT strength distribution [Mut 88, Tsu 84] as
well. Since the strength distribution of [Tsu 84] is close to ours, we use a value of

G=1.10x10"'7 yr~!(MeV)? deduced from the first row in Table 2.1 of Ref. [Tsu 84].

The closure approximation employed in the earlier calculations is defined by

(2.5)

-

Erm
Bows(Em) = Y, < 0fl|6t™||1} >< 11]|6t7]|0F >= )" < 0F||om-dnt t;]|0F >
m,n

m=1

and

BcLs
2v -
Mgr(cls) = TE > 15 (2.6)

where Beors = Bors(Em = 00). In this approximation, Bcrs does not depend on the

intermediate states. Estimates for the average energy < E,, > of the 1t states in 8Sc
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Figure 2.2: Mg1(En) as a function of E,,. The first Mgr(Ey) is fixed at E,=2.52
MeV. In (a), the solid line is obtained from the MSOBEP interaction, and dashed
line from the MH interaction. The truncation for both curves is (D: n<4 for **Ca and
48Ti, n< 5 for *8Sc). (b) shows the results for the MSOBEP interaction at different
levels of truncation for (**Ca, ¥Sc, ®Ti): A (n=0, n< 1, n=0); B (n<1, n< 2, n<1)
and C (n<2, n< 3, n<2).
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were made to obtain MZ%(cls) [Hax 84]. These previous estimates can be compared

with exact results, given by the comparison between M&; and MZ%(cls)

Bcs
En>=295 _ g :
< > M, o (2.7)

The calculated matrix elements Mgr(En) as a function of E,, for the MH and
MSOBEP interactions are shown in Fig 2.2(a). There are about 300 eigenstates in
each curve from 2.52 MeV ~ 15 MeV. The Mgr(E,) become negligibly small after
about 12 MeV even though there are still many 1% states (over 5000) above this

energy in the calculation.

To understand the 33 matrix elements, we examine the 3~ and 3% spectra. The
theoretical B(GT~) strengths vs E, are shown in Figure 2.3. The experimental
distribution in Figure 2.3(c) represents the strength above the background line in
Figure 1 of [And 85]. There is additional strength in the background between 4.5
and 14.5 MeV not shown in Figure 2(c) but indicated in the numerical comparisons
made in Table 2.1. There may be more strength in the background above 14.5 MeV
which we will comment on latter. The experimental spectrum in Figure 2.3(c) was
obtained by the fitting the experimental cross section to a series of Gaussian peaks
and then converting the cross section in each peak into a Gamow-Teller strength
( [And 85] and B.D. Anderson, private communication). Because the experimental
measurement has a finite resolution, the theoretical B(GT~) spectra are smoothed
by a Gaussian. The B(GT~) spectrum with a high resolution (FWHM=100 keV)
is shown in Figure 2.3(a) for the MSOBEP interaction. The low resolution spectra
for the MSOBEP (solid line) and MH (dashed line) interactions shown in Figure 2.3
(b) was obtained with FWHM=400 keV. One normalized factor is introduced in
Figure 2.3 to make the areas proportional to the B(GT~) strength. The B(GT")

values extracted from the (p,n) data are compared with the theory in Table 2.1.
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Table 2.1: Summary of the B(GT~) and B(GT*) values obtained from the experi-
ments and compared to the theoretical calculations with the MSOBEP and the MH

interactions.

En Experiment® MSOBEP MH
(MeV)
2.52-3.5 1.30 1.32 1.24
B~ | 35-14.5  8.61+2.86® 12.31 12.39
16.8(T=4) 0.45 0.42(0.62)°  0.72(0.73)°
252 0.07 0.07 0.15
Bt | 3.0-6.0 0.49 0.50 0.51
> 6.0 ? 0.03 0.10

2) The experimental B(GT~) and B(GT*) strengths from [And 85] and [Alf 91].

) The B(GT) in the experimental background in the region of 4.5 <E,,<14.5MeV [And
85).

©) The first number is the strength in the single strongest T=4 state whereas the number
in the bracket includes the additional strength from small states +500 keV on either side
of the strongest state.

For the broad peak between 4.5 ~ 14.5 MeV, the minimum experimental value of
8.61 corresponds to the spectrum in Figure 2.3(c). An additional amount of 2.86 was

estimated to be in the background not shown in Figure 2.3(c) [And 85].

The theoretical and experimental shapes are qualitatively the same as well as the
B(GT~) strength values themselves (see Table 2.1). But quantitatively there are
some interesting differences which indicate a preference for the MSOBEP over the
MH interaction. In the pure j-j coupling model, the first 1* excited state in *8Sc
can be understood as a (7 f7/ovf7/,”") particle-hole configuration. The theoretical
calculation based on the MSOBEP interaction and the experimental data are both in
good agreement with this simple picture. But for the MH interaction, this particle-
hole state is the second 1* excited state located at 3.13 MeV. The first 1+ of **Sc

in the MH calculation has a negligibly small B(GT~) value. This state, however,
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Figure 2.3: The B(GT-) spectra for ¥Ca—*Sc. The spectrum with FWHM = 100
keV obtained with the MSOBEP interaction is shown in (a). The spectra with FWHM
= 400 keV obtained with the MSOBEP (solid line) and MH interaction (dashed line
) are shown in (b). The effective operator defined in Eq.(2.1) is employed in our
calculations. The experimental B(GT~) from [And 85] and B.D. Anderson (private
communication) is presented in (c). The hatched area indicates the uncertainty re-
sulting from subtracting the Fermi strength in the 0*(T=4) state at 6.8 MeV.
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91] are compared to the results obtained with the MSOBEP and MH interactions.
The effective operator defined in Eq. (2.1) is employed in our calculations.
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has a relatively large overlap with “Ca plus a deuteron-cluster configuration, which

explains why the state comes low in energy.

The total B(GT™) strengths in T=4 states are 0.78 and 0.77 for the MSOBEP
and MH interactions, respectively. For the MSOBEP interaction, only B(GT~)=0.42
contributes to the single state at 16.1 MeV, the rest is spread between 15 ~ 20 MeV.
( see Figure 2a ). But for the MH interaction, most of the B(GT~) strength (0.72)
is in a single state at 15.4 MeV. Thus comparison with experiment again favors the

MSOBEDP interaction ( see Table 2.1 ).

The B* strength distribution and total strengths for theory and experiment [Alf 91]
are compared in Figure 2.4 and in Table 2.1. There is the possibility for B(GT*)
strength above 6 MeV in the data [Alf 91] not shown in Figure 2.4. We see that
the B* spectrum and 3~ B(GT*) are strongly dependent on the effective interactions.
The spectrum for the MSOBEP interaction is in best agreement with the experiment,

especially for the first state (see Table 2.1).

The calculated M24 values are presented in Table 2.2, and compared with previ-
ous calculations. We have modified the results from previous calculation to take into
account the effective operator of Eq. (2.2). We note that the value of < E,, >=5.86
MeV assumed by Haxton is too large in agreement with the conclusion of [Tsu 84].
We also note the excellent agreement between our result with the MH interaction and
the result obtained with the new method of Ogawa and Horie [Oga 89] who also used
the MH interaction. This new method implicitly takes into account the spectrum
of intermediate states exactly in the full basis. But it does not produce the explicit
intermediate state spectrum which was important for the 3~ and S* comparisons
made above. Also we note that the results obtained with the MSOBEP and MH

interactions are not very different, indicating the relative stability of the calculation
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Table 2.2: Comparison of the nuclear matrix elements B(cls) and M2, the average
excited energy < E,, > and half life T}/,. The shell-model space configurations are
described by f.f/'z"(p;,/gfs/gp,/g)" with n=0 to nma for the fp shell referring to the
initial(i), intermediate(m) and final(f) states.

Reference | Interaction Nias B(cls) MZ < En> Ty2
i-m (MeV)~!  (MeV)  (10%yr)

Experiment > 3.6
present MSOBEP (4 5 4| 0.204 0.070 1.06 1.9
present MH 4 5 410213 0.055 2.01 3.0
Oga89 * MH 8 8 8 0.053 3.3
Hax84 * KB 8 4| 0.266 T2 L)
Tsu84 * MH 2 2 20278 0.073 1.94 17
Zam82 * MBZ 0 0 0.216
Sko83 2 KB 0 0| 0.150

2) Modified by taking into account the effective operator in Eq.(2).
) Based on an assumed < E,, >= 5.86 MeV.
<) Based on the exact < E,, >= 1.06 MeV.

with respect to reasonable variations in the interaction.

There are several reasons why M2% in the 2v303 decay of *®Ca is relatively small.
The energy region of the strongest B(GT~) strength (6~10 MeV) is mismatched from
the region of strongest B(GT™) strength (2.52~6 MeV ). Also there is a systematic
cancellation between the M in the low and the high energy part (see Figure 2.2).
The qualitative reason for this behaviour can be understood as follows. In the simple
j-j coupling model where the initial and final states are pure f7/, configurations,
the only partitions for the intermediate 1* states which can be reached by 4~ and
B* transition are A(W!7/2Vf7_/lz), B(1rf5/1vf.,‘/’7) and C(7rf1/guf5/;uf.,’/22). B~ transitions
can go to A or B and 3% transitions can go to A or C. Thus the 33 transition can only

go through A. These partitions will be mixed in the physical system, and in particular
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Table 2.3: The first ten B(GT~), B(GT*) and Mg, values obtained with the
MSOBEP interaction

Bn (< Illatll0r > (< Lhllat|of > O TR EPrRry
2.520 1.102 0.065 0.061
2.759 0.022 0.163 -0.013
3.122 0.180 0.120 0.030
3.620 0.010 0.000 0.000
3.789 0.037 0.146 0.013
4.257 0.053 0.015 0.005
4.425 0.048 0.000 0.000
4.934 0.002 0.014 -0.001
5.104 0.305 0.001 -0.002
5.568 0.006 0.006 0.001

mixing of B and C will lead to two states |1} >= a|B > +8|C > and |1} >= B|B >
—a|C >, which can both be reached by = and A% transitions. The numerator of
the 33 matrix element will then have the form < 0F||ot=||1} >< 1f|lot7||0} >
+ < 0fllot=|1F >< |1f[lot=]|0f >= aB < 0f||ot~||C >< Bllot~||0} > —af <
07|[0t‘||C >< B||ot™||0} >. Thus we find two 38 routes each of which is nonzero
but differing in sign so that they cancel. Mixing of B and C into A is important in
modifying the 33 strength through the lowest 1* state relative to pure j-j coupling.
This aspect of the 3 strength function shows up qualitatively in all of our calculations
(see Figure 2.2). And it is remarkable in our most complete calculations with the
MSOBEP interaction that the total MZ; matrix element(0.070) is nearly exactly
equal to the contribution from the first state alone(0.061).

We give the B(GT~), B(GT*) and Mgr(En) values for the first ten eigenstates
in Table 2.3 obtained with the MSOBEP interaction. They are the main positive
contributions to M2%. The states with small B(GT~) and B(GT*) strengths will be

missed in the experiment because of the finite resolution. Consequently some states



30

will be seen in (p,n) and not (n,p) and visa versa. Nevertheless, the results given in
Table 2.3 are in excellent agreement with the analysis of [Alf 91] based entirely on

experimental data.

To study the effects of truncation, now we discuss the several cases of interest
shown in Table 2.4. The M for *Ca in more highly truncated fp-shell spaces are
presented, where only the MSOBEP interaction is used. One of them is obtained
from the truncation (nmes =2) for *Ca, *8Sc and **Ti used by Tsuboi et al with
the MH interaction. (We note that at this level of truncation the MH interaction
gives the lowest 11 state with a structure as expected in the simple picture discussed
above.) The B(GT) strengths from this space will not give the sum rule (Eq. (2.1))
because the intermediate state is incomplete. However, The M is changed very
little when n.; =3 is allowed for 48Sc. This indicates that the sum rule violation
is not so important for M24. From the Table 2.4, we find that the M24 in the
highly truncated spaces differ significantly from the one in our expanded basis. The

Mgt (E.) spectra in Figure 2.2(b) show these differences in detail.

To test the accuracy of our truncation, we compare the calculations for MZ;
values in the space we used and in the full-basis for 220 in the sd shell and 6Ca
in the fp shell. These comparisons indicate that the truncation we used is a good
approximation to the full space results. We may expect that the present M24 value
of 8Ca will be reduced a further 5~10% if the full-basis in the fp shell is employed.
(Compared with these more complete calculations, a previous estimate [BAB 85] of
the extrapolation from the nmq: =2 space to the full-space value for M2 is found to

be in error by about a factor of two.)

Beyond the fp shell model space there are several processes which we should

consider. The role of A-isobar admixtures have been investigated in previous work
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Table 2.4: Comparison of M%7 in different truncations. The shell-model space con-
figurations are described by f.‘,’/‘z"(psnfs/zp,/z)" for the fp shell and dg/_zﬂ(sl/gdg/g)" for
the sd shell referring to the initial(i), intermediate(m) and final(f) states with n=0
t0 Nmaz- The full-basis means np,,,=8 in the fp shell or n,,qaz=6 in the sd shell. The
MSOBEP interac<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>