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ABSTRACT
TOEPLITZ OPERATORS ON BERGMAN SPACES
By

Xiangfei Zeng

In this thesis, We study Toeplitz operators Ty on the Bergman space L?(D),
where D is the open unit disc and f is in C(D). We give a necessary and sufficient
condition for Ty to be compact. We also prove that the commutator T;T, — T,Ty
is compact, and show that the commutator ideal of the closed algebra generated by
{Ty : f € C(D)} is equal to the ideal of compact operators. We show that the
abelianization of {Ty : f € C(D)} is isomorphic to C(dD), and then use that result
to determine the essential spectrum of Ty. Although the above results were known
for p = 2, the proofs in that case depend heavily on Hilbert space properties that do

not work for other values of p. Thus a number of new techniques must be introduced

for 1 < p < co.
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1 Introduction

Let D be the open unit disc of the complex plane C. Let dA be the normalized
two dimensional (Lebesgue) area measure on D. We will consider the Banach space
L*(D) (1 < p < o) that consists of the complex-valued, measurable functions defined
on D that satisfies

/D 1P dA < oo.

For 1 < p < oo, the Bergman space L2(D) is the set of functions in LP(D) that
are analytic on D. It is known that the projection P with kernel (1 — wz)~? from
Lr(D,dA) to L?(D,dA) is bounded (See [1]). When p = 2, P is the orthogonal
projection. For f € L*°(D,dA), define the Toeplitz operator Ty by Ty(h) = P(fh).

In this thesis, we study the Toeplitz operator Ty with the symbol f in C(D). The-
orem 3.4 gives the necessary and sufficient condition for Ty to be compact. Theorem
4.1 describes a condition on the Taylor coefficients of the function f in LE(D), which
is used to prove that the commutator TyT, — T, T} is compact (Proposition 5.3).

Let B be the set of bounded linear operators on L2(D). Let K be the set of
compact operators in B. Let 7 denote the norm closed subalgebra of B generated by
{T;: f € C(D)}. The commutator ideal J of T is defined to be the smallest norm
closed two sided ideal containing {T'S— ST : T, S € T}. Proposition 6.1 shows that
J =K.

The last part of the thesis discusses the spectral properties of T;. An operator
T € B is called Fredholm if the kernel of T has finite dimension and the range of
T has finite codimension. The essential spectrum of T, denoted by o.(T'), is defined
to be the set of complex numbers A such that T'— X is not Fredholm. Theorem 7.9

gives a Banach algebra isomorphism between C(9D) and T /K. This result is used



to prove that o.(Ty) = f(0D) (Theorem 7.10).
Although the above results were known for p = 2 ([2]), the proofs in that case
depend heavily on Hilbert space properties that do not work for other values of p.

Thus a number of new techniques must be introduced for 1 < p < oo.

2 Preliminary Results

For w € D, define the reproducing kernel by

1

ky(z) = —m—.
@) (1 —wz)?

The following Proposition and Theorem are proved in [1].

Proposition 2.1 Let1 < p < oo, f € L2(D), and w € D. Then

1w = [ 1O ). &

(1-wz)?

Proof. See Lemma 1.7, [1].

Corollary 2.2 Let 1 < p < oo. Then the point evaluation : f — f(w) is bounded
on L?(D) for w € D and uniformly bounded on compact subsets of D.

Corollary 2.3 If1 < p < oo, then LE(D) is a Banach space.
For functions f, g measurable such that fg € L'(D), < f,g > is defined by
S gdA. 2
<f.9> /D f3 ()
Definition 2.4 Let 1 < p < oo, f € L2(D). Define Pf by

(PIw) =< 11k >= [ D cdaca). ®)

wz)2

Theorem 2.5 Let1 < p < co. Then P is a bounded projection of LP(D) onto LE(D).



Proof. See Theorem 1.10, [1].

Theorem 2.6 Let1 < p < co. Then the dual of LP(D) can be identified with L*' (D) .

More precisely, every bounded linear functional on LP(D) is of the form
f— L fgdA

for some unique g € L” (D). Furthermore, the norm of the linear functional on

L?(D) induced by g € L' (D) is equivalent to ||g|| .
Proof. See Theorem 1.16, [1].

Definition 2.7 For f € L*°(D), the Toeplitz operator with symbol f is the operator
from L2(D) to L?(D) defined by

Ty(9) = P(fg)- (4)
We denote the adjoint of Ty by T, which is defined such that
< Tth,g >=< h,Tjg >, (5)
where h € L2(D), g € LY (D).
Proposition 2.8 Let f, fi, f, € L*(D). Then
Thip =T+ Ty (6)

and
T} =Ty ™

Proof. (6) is obvious.

Let h € L*(D) and g € L?' (D). Then
a4 = Tih = Tyh)gdA 8
<h,Tjg > <Tyh,g > /D(/)g (©)

3






/DW( MdA(z))dA(w)

D (1 —wz)?
= [ £ )/ e zw)2 dA(w)dA(2) ©)
/Df 2)h(z)g(z) dA(z) (10)
/Dhmm. 1)

The equation (9) is from Fubini’s Theorem, (10) follows from Proposition (2.1), (11)
is the same argument as (8) through (10).

Therefore Tjg = T7g. Hence T = T;. QED

3 Compact Toeplitz Operators

Lemma 3.1 Let K be a compact subset of D. Let f € L*(D,dA) be such that f =0
on D\ K. Then Ty is a compact operator on L?(D)(1 < p < o) .

Proof. Let {g,} be a bounded sequence in L?(D). By Corollary (2.2) {g.} is bounded
on each compact subset of D. So {g,} is a normal family. Hence there exists an ana-
lytic function g on D such that some subsequence {g,,} of {gn} converges uniformly

on K to g. Thus {gn, f} converges in LZ(D) to gf. Hence
Ty(gn,) = P(fgn;) — P(f9).
Therefore Ty is compact. QED

Lemma 3.2 Let 1 < p < co. Then ||k,|l, = (1 — |[w[?)=%/"', that is, there exist

positive constants Cy, C,, such that
Ci(1 = [w])™7" < [lkully < Ca(1 = [w]*) =¥

for everyw € D.



Proof. See Lemma 3.10, [1]. QED
Lemma 3.3 k,/||ku||, converges to 0 weakly in LE(D) as jw| — 1.

Proof. If f € L?'(D), then by the reproducing property of k, and the estimate of
lkull, (See Lemma 3.1, [1]), we have

< frkulkull, >2= (1 = [w*)% f(w).
Thus if f is a bounded function in L?'(D), then < f, ku/||kull, >— 0 as Jw| — 1.
Since polynomials are dense in LZ'(D), this implies that < f, ku/[|kull, >— 0 as
|w| — 1 for all f € L?'(D), which means that kuw/llkull, converges to 0 weakly in
L2(D,dA) as lw| — 1. QED
Theorem 3.4 Let f € C(D). Then Ty is a compact operator on L2(D)(1 < p < oo0)
if and only if flap = 0.
Proof. < Suppose f|sp = 0. Then f can be uniformly approximated by functions
with corhpact support in D. By the Lemma, Ty is compact.

= Suppose that Ty is compact on L2(D). Let wo € dD. By Lemma (3.3),

ku/||kul, converges to 0 weakly in LE(D) as w — wo. Hence

k, k,
T ) >— 0
kalls” Thallr

On the other hand, by Lemma 3.2 we have
ko ke Ak
< Ty, >| =
R vt i I VA v v e
| Fkol(1 = )7 +rda]
|, Flkel?(1 = ol?)2dA]
| (f 0 du)dAl — |f (o),

as w — Wo.

1R

as w — wo.

This implies that f(wg) = 0. Therefore f|op = 0.
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4 Hausdorff-Young Theorem

The following theorem gives a necessary condition on the Taylor series of f in L2(D).

Theorem 4.1 (Hausdorff-Young Theorem) For1 < p < 2, let f € LE(D) have

Taylor ezpansion f(z) = Y320 akz*. Then

{iﬁ—}/ <1l (12)
iz (k1)1 - s

Proof. Without loss of generality we assume that || f||, = 1.

We first suppose that f is a polynomial with degree n. Let u denote the measure
on the set of non-negative integers such that u(k) = k+ 1. Let (1) denote the usual
space of sequences.

Suppose that b = (b, by, ...,b,,0,0,...) is such that

BllFg = 2 1bulP(k +1) = 1.
k=0
We will show that

<1 (13)

n 5 n
by - '/‘("7)‘ = (D beax

PR z

Put F = |f|P, Bk = |bk|?, k = 0,1,2,...,n. There exist a function ¢ and

complex numbers fo, By, B2, . . ., Bn such that
f=FP.g |¢=1, LFdA:l (14)

and
be=B"B, |1Bl=1, Y Buk+1)=1 (15)

k=0
Let %i(w) = w*. Then

ak=(k+1)/;,f1/;de=(k+l)/DF””¢a/5de.

So
S bax =Y BBk + 1)/ Fibgp,dA.
k=0 b

k=0

6



Replace 1/p by z, and define
®(z) =) BiBu(k + 1)/ F*¢y dA. (16)
k=0 D

for any complex number z. Then ® is a entire function that is bounded on {z : a <
Re(z) < b} for any finite a and b. We shall take a = } and b = 1, shall estimate
® on the edges of this strip, and then apply Phragmen-Lindeldf Theorem (See page
256, [6]) to estimate ®(1/p).

For —o0 < y < 00, define
alw) = [ PPy dA.
Since {xVk + 1} is a orthonormal set in L?(D), by Bessel’s inequality we have
n n B 2
Y la@Pk+1) = 3| [ PP h/EFTdA
k=0 k=0 VD
[ \FEFeRda

/DFdA=1

and then the Schwarz inequality shows that

IA

3 BIABYAk + m(y)’

k=0

Z":(BlﬂBlyﬂn/k +D(VEk+ 1Ck(y))‘
k=0

85 +iv)

n n 1/2
< {Zno+) Sawreen) < an
k=0 k=0
The estimate
[®(1 +1dy)| = Z":BkB;yﬁA-(k‘+ I)LFF'”WMA‘
k=0
< Y Bik+1)=1, —co<y<oo. (18)
k=0

follows trivially from (14), (15), and (16).



‘We now conclude from (17), (18) and Phragmen-Lindelf Theorem that
B +in)lS1 (3Se<1, —0 Sy < oo).
Let z=1/p and y=0 . We have

1
I<I>(;)! =

& i
. = <
gbk " ,‘(k)’ <1

n
> buax
k=0

Thus for each polynomial f = YF_jaxz* with ||f|[, = 1, (13) holds for every
b€ IP(u) with [|bf| = 1.
By the Hahn-Banach Theorem,

laxl”

n 1/ S o 1
{Z 1AM SN o e g
i (k+ 1) ! N (k+1)71 <1

As the Taylor series of any f converges in L2(D) ([8]), we have

oo g 1/
{Z %} <|Ifll»

k=0

for all f € L2(D). QED

Corollary 4.2 The operator T on L:(D) defined by

R S
(Tf)(z)—kg)k_HZ ) (19)
where
f(z) = Y axz* € LE(D)
k=0
is compact.

Proof. We first assume that 1 < p < 2. Define T, by

() = 3 g




Let g(z) = £, bkz* be a function of L?'(D) with ||g||,» = 1. Then

_ 2 bl _ & e Ml M
@0 g < Z(ki:)zs{z(k:nw} {E ey }

=0 k=0

ISR S

IA

& af”
- {Z(HI)P'

where C,, M, are constants.

IA
—N— —— s~
(8
—~~
oyl P
+|£
-
A d
.u\
W—’W—"—v—f_\w—’
8
=
s
=
+
Q
——
-
By

Since (L?)* = L?'(D) (Theorem 1.16, [1]) and g is an arbitrary unit vector in
L?'(D), the Hahn-Banach Theorem gives

00 p' 1/p’
Ity < 1, {5 AZECR T

k=0

for each n.

By Fatou’s Lemma, we have

( o a r 1/p’
711 < 3 {3 2 (20

T, is a finite rank operator for each n and by (20) applied to

n
-5 a2t
k=0

we have

k=n+1 (k + l)P

’ 1/’
M, [ lub ’
(n + 1)1 ki1 (k+1)r'-1

0o " 1/’
T -T)fll, < M,,{ > s }

< il 1)

9



where (21) follows from Theorem 4.1.

Thus
M,

— < — P
"(T Tn)" - (n+ l)l/pl —

0.

Therefore T is compact.

For 2 < p < 0o, consider T* on L? (D). We have

X agby
< f,T"g>=<Tf,g>=
[, T*g fr9 ,g(kﬂ)?

for all f € L?(D), g € L?'(D) . Hence T* =T.
By the above proof, T* is compact on L?'(D), which implies that T is compact.
QED

5 Compact Commutators

Definition 5.1 Let f € C(D). An operator H; : LP(D) — LP(D) is called the
Hankel operator with symbol f if

Hsh = (1= P)(fh)
for all h € L?(D).

Clearly H; is a bounded linear operator from L%(D) to LP(D).
Suppose that ¢(z) = z. We will show that H, is a compact operator. We need

the following calculation first. We assume that

o]

h(z) = Y axz* € LE(D).

k=0

Then

P(¢h)(w) = /Déh(z)(l—wz)""dA

= lim [ zh(z) S (k + 1)(w2)* dA(z)

t—1Jp, k=0

10



= hmz(k+1)w /D #+h(2) dA(z)

k-O

= hmz:(k+1)w // (Za r e"“’) k+2g-i(k+1)s godp

k=0

I LS S

k-1 Akl &
— w1l — w” . 22)

k=0

Therefore

(Heh)(2) = (1- P)(¢h) (2) = zh(z) - P(¢h)(2)
= z)—Zakz" I+E a L8

k—0k+2

|2*

h(0) — h(2) | > Gkr 4
= Zp ST e kil
—h(z) + - +z§>k+2z

_ IZI o~ Gk41
= ) +,§,k-: 7%
= (Qh)(z) (Th)(z) , (23)

where

|2]* = 1

(Qh)(2) = ———h(z)+

z

(Th)(z) = f: e

(0

By the proof of Corollary 4.2, T is a compact operator on L?(D). Hence Q =
Hy — T is a bounded linear operator from L?(D) to LP(D).

Proposition 5.2 Let ¢(z) = z, then Hy is compact.

Proof. By (23) we only need to show that @ is compact. It is sufficient to show that
if {h:} is a sequence of L?(D) and h, — 0 weakly, then

|Qhnll, — O

11



Since h, — 0 weakly in L?(D), by Cauchy’s formula h, — 0 uniformly on
compact subsets of D. Let € > 0 and

|2|* —1
—.

f(z) =

We can pick g € C(D \ 0) such that g = 0 on a neighborhood of 8D, g = f on a
neighborhood O of 0, and

"f - g"oo <e. (24)

Let O, be a small open disc in O centered at 0 and

K={z€D:g(z) #0}\O,.
Then K is compact and bounded away from 0.

(0) ( )

1(@n)(2)lp = I(Fhn)(2) + lle < 1I(f = 9)hnlls + l(ghn)(z

llp- (25)

The Principle of Uniform Boundedness gives us that {k,} is norm bounded by
some M. So by (24)

I(f = 9)kalle < NIf = glloollhnlly < €M. (26)

Now we want to show

Igha)() + 222y, o (27)

The partition of D gives

P

dA(z)

p

dA(z)

lah) + 2D = [ Jigho)(e) + 20

- [ |(ghn)(z)+1‘-'i@
+/ ‘ ghy) )

+ /D\(KUO) (gha)(2) +
= A, +B,+C,.

dA(z)

h,,_(()z pdA(z)

12



Since h, — 0 uniformly on compact subsets of D, it is clear that
B, — 0,

and
hn(0)

z

P
Cn= dA(z) — 0.

D\(Ku0)

For r sufficiently small,

~ |22 — 1 ha(0) [P
A, = /0 |Frhale) + =2 dA()
_ /O 7 4 Mn(2) = £a(0) - O 44¢2)

< [ )1 +0(:P dA() < ¢

r

since {h!(0)} is bounded.
Thus we proved (27). By (25), (26) and (27) we have ||Qh,||l, — 0. Therefore Q
is a compact operator. This completes the proof that Hy = Q + T is compact. QED

Proposition 5.3 Let f and g be functions in C(D). Then Ty,—TyT, and T;T,—T,T;

are compact operators on LE(D).

Proof. For f € C(D), define
H;, Sy : LP(D) — L?(D)
by
Hyh = P(fh), Sgh= (1= P)(fh),
where P is the bounded projection from LP(D) onto L?(D).
The operators defined above are bounded linear operators. Straightforward cal-
culations show that
Ty -T4T, = H}Hy (28)
Hyg=5/H, + HT,. (29)

13



Let
B = {f € C(D): H; is compact}.
Clearly B is a closed subspace of C(D). (28) and (29) shows that B is a closed
subalgebra of C(D).

We know that H, = H, = 0, and by Proposition 5.2, z € B. Thus 1, z, z € B.
By Stone-Weierstrass Theorem, B = C(D). Therefore H; is compact for every
f € C(D).

If f,g € C(D), then Ty, — TyT, = H}H, is compact. Consequently,

TiTy — T,Ty = (TyT, — Tyg) + (Tyg — ToTy)

is also compact. QED

6 Commutator Ideal

In this section, we will show that the commutator ideal J of 7 (defined in Introduc-

tion) is equal to the set of compact operators K.
Proposition 6.1 J =K.

Proof. By Proposition 5.3, T;T, —T,T; € K for all f, g € C(D). Hence J C K.

We need to show that K C J. Since the Taylor series of functions in L?(D)
converge in norm (see [8]), L2(D) has Schauder basis. Therefore the set of finite rank
operators is dense in K by the similar argument to the proof in Hilbert space case
(Theorem 4.4, Chapter 2, [3]). It is sufficient to show that J contains the set of finite
rank operators.

The following three lemmas will finish the proof of Proposition 6.1.
Lemma 6.2 The operator Ay defined by Aof = ao, where

f(z) = iakzk € L?(D).

k=0

isinJ.

14



Proof. By the calculation in (22), we have

8

(T:T.f)(w) = Y awr -3 —=_wt,
: kz=;) k=1 k + 2

(T.T:f)(w) = Y apw* - Tk
k=1 k=0 k
Hence

(T:T, — T, To)h (w) =

“°+Z (k+1)(k+2)
Let A =2(T,T, — T,T;). Then A € J. By (30),

n 2nak
(A7)(w _a°+z(k+1)"(k+2) wt

We want to show that ||Ag — A®|| — 0. Assume 1 < p < 2. Let

=Y az* € LY(D), |If|l, =1

k=0

and

z) = Z bkzk € Lz’(D)a ”g"P' =1.

k=0

By the proof of Corollary 4.2 and (31),

k

2\ |akbd 2"
[ (Ao - An)f gaal < 312kl

o k+1 (k4 1)m(k+2)m

(2)" i lakl 15|
3) \&Fk+1 &+l

IN

< Buror—o

By the Hahn-Banach Theorem,

2 n
40 — A™| < (1 + C) (5) 0.

)

(30)

(31)

Since J is a closed ideal, Ag € J for 1 < p < 2. For p > 2, we have the same

result by interchanging f and ¢ in above proof. QED

15



Lemma 6.3 Let ¢,(z) = 2", n=0,1,2,---. Then the operator

Af=2 [6.dn= =Y at e12D)
k=0

an
n+1
isin J.
Proof. We use induction on n.
Forn=0, Ao € J by Lemma 6.2.
For n = 1, we will show that A; = A,T; € J. By (22),

Z(zkw =1 :':'2 wk. (32)

Hence
=4S
Assume A, € J, we want to show that An4; € J. By (32), we have

Ao(T:f) =

1
A, T:f = an-H =Apnf.

Thus
A1 = AT: €T

by the assumption. QED

Corollary 6.4 Let p, be a polynomial of degree n. Then the operator defined by
B.f = [ fdA, [ € L3(D)

isin J.

Proof. Since J is an ideal and B, is a linear combination of operators in Lemma

6.3, B, € J by Lemma 6.3. QED

Lemma 6.5 J contains all finite rank operators.




Proof. We first show that J contains rank one operators.
Let T be a rank one operator on L2(D). Then there exist g € LE(D) and ¢ €
L?' (D) such that
Tf=#f)g, ¢l = [ 13dA.
Since the set of polynomials is dense in L?'(D), there exists a polynomial sequence

{pn} convergent to ¢ in L?'(D). Let

() = [ 17dA, Tof = 6u(N)g-

Then T, = Ty¢n € J as a consequence of ¢, € J by Corollary 6.4.

We want to show that 7, — T in norm.

I7=Tall = sup llg(é—du)(NI
1llp<1
< lglls 16 = @allyr

llglly ¢ = pally — O-

Thus T € J. So J contains all rank one operators. Therefore J contains all
finite rank operators since a finite rank operator is a linear combination of rank one
operators. QED

Now Proposition 6.1 follows easily from Lemma 6.5.

7 Spectral Properties

Consider the map a : C(D) — T /K defined by a(f) = Ty + K . By Proposition
5.3, ais a homomorphism, and hence its range is a subalgebra of 7/K . The definition
of 7 implies that a(C(D)) is dense in 7/K .

Let Z denote the set of functions in C(D) that are zero on dD. By Theorem 3.4,
the kernel of « is precisely Z. Thus there is a homomorphism & from C(D)/Z into
T /K defined by

af+2)=T;+K.

17



Now & is an injective homomorphism. We will show that it is bounded below.

Theorem 7.1 The map & : C(D)/Z — T/K is bounded below. That is, there
ezists a C > 0 such that

la(f + 2 =T+ Kl 2 ClIf + 2l = Clifllop, (33)

for every f € C(D).

The proof of Theorem 7.1 will require several lemmas.

Lemma 7.2 If for every f € C(9D) there-is a continuous extension of f to D that
satisfies (33), then Theorem 7.1 holds.

Proof. For each g € C(D), consider the function g|sp on dD. Let § be the

continuous extension of glsp to D such that (33) holds.
Since g —§ € 2. Thus g = § in C(D)/Z2.
Therefore that (33) holds for § implies that (33) holds for g. QED
Let {w,} C D such that w, — wo € dD. Let k, = ky,, and
o e
" Tl

Then ||gn|l, = 1 and g, — 0 weakly in L?(D) by Lemma 3.3.

Lemma 7.3 Let C be as in (33). If for every f € C(D), there ezists a sequence
{wn} of D with w, — wo € 0D, such that

1Tsgnll» = Cllfllon , (34)
then Theorem 7.1 holds.
Proof. For every K € K, we have

17+ Kl = (T + K)gally

v

1 Tsgnlly = 15 gully
Cllfllop = 1K gnllp-

v

18






Since K is compact, ||Kga|l, — 0. Thus
I7; + K|l 2 Clifllap-

So we have (33). QED

Lemma 7.4 Let C be as in (33). If for every f € C(D), there ezists a sequence
{wn} of D with w, — wo € 8D, such that

) Clifllep
dA >
|y L aae > P (3)
then Theorem 7.1 holds.

Proof. By Lemma 3.2 and (35), we have

kn k,
1 Tygnll, = I<T—.—>}

T Teally” Teall
1
Tty Ty | < Ttburka >
= (1w Tk ()]
= (l—lwnlz)zlp(/k )
= (-l | O, ()]
/()
= (1— w2y /Dm“_w"fp dA(2)
> Clfllop-

Hence (34) holds. By Lemma 7.3, Theorem 7.1 follows. QED
For w € D, let ¢,, be the function defined by

w-2z

bu(z) =

1—wz
For w and z in D, the pseudo-hyperbolic distance d(w,z) between w and z is

defined by
d(w, 2) = |$u(2)|-
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For w € D and 0 < r < 1, the pseudo-hyperbolic disk D(w,r) with center w and
radius r is defined by

D(w,r) ={z € D: d(w,z) <r}.

Since ¢, is a fractional linear transformation, the pseudo-hyperbolic disk D(w,r) is
also a Euclidean disk.

Simple calculation shows that ¢, preserves pseudo-hyperbolic distance
d(),z) = d(¢u(N), du(2))
forall\, ze D .

Lemma 7.5 Letw € D and let 0 <r < 1. Then

/ dA(2) 2
D\

() 1= 2]t (1= [w])?’

Proof. See Lemma 4.7, [1].

Lemma 7.6 Let u be a harmonic function in D such that ||ul| < 1 and u(0) = 0.
Then

4
=i s
lu(z)] < e arctan |z|
Proof. See Lemma in [5].

Corollary 7.7 Let w and z in D. Let A > 0. Then there exists a 6 > 0 such that

for any f harmonic in D, we have

[f(w) = f(2)| < Ml fllap

whenever d(w,z) <6 .
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Proof. Suppose that 8 = ¢;!(z). Then by the harmonicity of f o ¢,, and Lemma
76,

@)= @] = 150 = f6u(®)
S f o bullan < arctan|g3(2)
= fllon > arctand(w,2)
< |fllep Crd(w, 2),

where C; > 0.
Let 6 = A/Cy. The proof is completed. QED

Lemma 7.8 There ezists a constant C > 0 such that if f; € C(8D), then there is a

continuous extension f of fi to D that satisfies

R il i

[1—wnz[* (1= Jwaf?)?

for some sequence {w,} of D with w, — wo € D.

Proof . Let fi € C(8D). We first assume that f; is real valued and fi(1) =
Ifillop-

We first consider the harmonic extension of f; to D, still denoted by f;. Then
|fil £ llfillap in D. Since fi(1) > 0, there exists an & > 0 such that f; > 0 in the

region B, shown in the Figure.
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Let {w,} C (0,1) N B, be such that w, — 1, and

lfi(wn) = Fi(D] < £ I fillan
for each n.

By Corollary 7.7, there is a § > 0 ( independent of f;) such that

() ~ filwa)| < 7 Iillan

for each w € D(wn, 6), where D(w,, ) is the pseudo-hyperbolic disk centered at wj,
with radius 6.

Thus for w € D(wp, §), we have

Vi) = A < 1) = fiwa)l + i) = ()]
fillso- (31

IN

Since || fillap = f1(1), equation (37) gives
H(w) =2 5 ||f1HaD (38)

for w € D(wy,$).

By (38) we know there is some room along the border of B, and Do (See the
Figure), so that we can define a continuous function f on D such that f =0 on Do,
f=fiondD, |f|<|fillap on D, f >0 on Bs, and f = f; on all D(wy, §).

By the definition of f, equation (38) holds for f. The definition of f also implies
that

ez [ A e - [ aae). o9

D |1 — wnz|t (wn,6) |1 - w,.z|“
We will estimate the two terms separately.

By (38) and Lemma 7.5, the first term becomes

f(z) 1 _lfllap_
————dA(z) 2>
/D(wn.s) 1 —waz|* o) e 2 Jo(uns) [T = waz|t eAz)
1 |lflleo
= - 4§, 4
2T w2’ W







The elementary inequality
1—2w,rcosa+r’w? >1—cos’a, 0<r<1

gives us a boundary for the second term in the following calculation:

1£(2)l

(i) < Wt [ [
< o2 /ﬁ
= 2”f”aD /;‘_am%m'
< 2Wioo [ s ()

2a
= ”f||6D m
= Cilfllep, (42)

where C; > 0.

Now by (39), (40) and (42), we have

f(2) f(z) 1f(2)l
/D |1 —wyz|* dA@)| 2 /;J(w..,ﬂ |1 — wyz|4 dAz) - A |1 — wpz|* dA(z)
1 lfllap
> 552 T= e~ Cy || fllap
Ilfllap

" 1 i 2
= e G - G = ).
Since Cy (1 — |wa|?)2 — 0,

—6’ Ci (1= |wa|?)? > 6’

for n large.

Let C = 36%. Then (36) holds.
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If f1 is real and fi(wo) = ||/illap, then replacing {wn} by {w.wo} and applying
(36) to g(w) = fi(wow) gives us the desired result.

Now we consider complex function f; = u;+iv, € C(9D). Suppose that ||u;|lap >
|l f1llap/2. Then there is an extension u of u, satisfying (36) for some {w,} C D with
w, — wo € D.

Let v be an extension of vy and let f = u + tv. We have

£(2) B u(z) i
/Dm(m(z) > /Dm«m(z)
o (Cliulon)?
T (1= Jwaf?)t
. _Clflks
T 2(1 = fwal?)t

If |lo1llap > || f1llan/2, a similar argument shows that (43) still holds. QED
Since & bounded below implies that & has closed range, we have proved that
& is an isomorphism from C(D)/Z onto T/K. Furthermore, there is an obvious

isomorphism between C(9D) and C(D)/Z. Therefore we have the following theorem
Theorem 7.9 There is a Banach algebra isomorphism between C(8D) and T /K.

Now we are ready to study the essential spectrum of Ty for f € C(D). Let o.(T)

denote the essential spectrum of Ty. Then
0.(Ty) ={A € C : Ty— Xisnot Fredholm} (43)
Theorem 7.10 Let f € C(D). Then o.(Ty) = f(0D).

Proof. If A ¢ f(@D), then f — X is invertible in C(dD). By Theorem 7.9,
Ty — A+ K = Ty_» + K is invertible in T /K. Thus Ty — X + K is invertible in B/K.
By Atkinson’s Theorem A & o.(T). Therefore o.(Ty) C f(OD).

If X € f(dD), then for some wo € 9D, f(wo) = A. We want to show that Ty — A

is not Fredholm operator.



Without loss of generality we can assume that f(1) = 0. We will show that T} is
not Fredholm operator.

Define the function sequence {g,} by
()= (3P, n=1,23,
Then fgn — 0 uniformly since f(1) = 0. Thus
TyT,, = Ty, — 0. (44)

Suppose that Ty is Fredholm. Then there exist an operator S € B and a compact
operator K such that
STy=1+K. (45)
By (44), ST;T,, — 0. Equation (45) gives

STyT,, = T, + KT,, — 0.

SoT,,+K —0inT/K.

By Theorem 7.9, there is an Banach algebra isomorphism & : T/K — C(dD)
such that

Ty +K) = flop -
Therefore
(T}, +K) = gnlop — 0,

which contradicts g,(1) =1. QED

In the second part of the proof above, we showed that if 0 € f(dD), then Ty is
not Fredholm. We will further show that the same condition also implies that T} is
not bounded below.

Recall that D(w,r) is the pseudo-hyperbolic disk with center w € D and radius
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Lemma 7.11 Letw € D and r € (0,1). Then
kulPdA = (1 — Jw[?)?>-? — [Pt
Sy el 4= (=t [ 11—zt aa(z)

Proof. Recall that

w—-2z
dul2) = 1—-wz
Hence
o (P =1)
A = Ty

Thus we have

o = 1
/D(w,r) lku?dA = /D(W) 1= w22 dA(z)
(1 =lwl)? [ 1P ()P dA()
=Py [ 16ubu(2)PdA(2),

D(0,r)

where the last equality uses the change of variables formula. But

i _ -y
A0l = (araty

so we have
ky|PdA = (1 — |w|?)*-% 1 —wz|?P~1dA(2).
Sy el 4 = (=l [~ @t dA(z)
QED
Proposition 7.12 Let f € C(D). If 0 € f(dD), then Ty is not bounded below.

Proof. Without loss of generality we can assume that f(1) = 0.
For w € D, let ky(z) = 1/(1 — wz)? Then ky/||kull, has norm 1.

Since
Fo i o
HT/(m)”» =[1P(

it is sufficient to show that

T fha
< k=,

Tkl 1 < o e
fha

LR

I,
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asw—1.

D(w,r) still denote the pseudo-hyperbolic disk D(w,r) with center w and radius
r (0 <r <1). Then by Lemma 7.11,

kol (y |fkol? /‘ |fkul?
D ||kull? D(wir) [|kullp D\D(wrr) [Rulls
[kul? 1112
< (su . dA + x w|P dA
(m.fv) 1) /Dwv') llkwllp [N /;J\D(w.r)l !
1£112
< sup |f|+ = ky|PdA — ky|P dA). 46
g U1+ (el da= [ k) (46)

By Lemma 3.2 and Lemma 7.11, the second term of (46) becomes

Wl ([ apase)- [tk

s 2\2-2p Dz|?P1 d A oz|2P~4d
= e (11— wepr-tdat) - [ 11— afPtda(z)

= I, - wePtda) - [ - wefPdAG)).

Let € > 0. If p > 2, there exists a § € (0,1) (independent of w) such that for
r € (6,1), the above quantity is less than €. Let w — 1. The first term of (46) goes
to 0:

sup |f(z)] — f(1) = 0.
D(w,r)
Therefore T} is not bounded below on L2(D) for p > 2.
For 1 < p < 2, we want to prove that

— pa|2P1 N |21
/Du 2|1 dA(z) /Dw)u @z dA(z) — 0

uniformly with respect to w as r — 1.

Let g(z) = (1 — z)"7%, s0 g € L%(D). Suppose that

0
= Z iz

n=0
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Then

ool
lol = 3= Jls <

and
r?n

2,
24 2,2 g4 = r2 |a,,| .
oo 4= [5G I
Therefore
/D|1—1I;z|”’“dA(z)—/D(0r)|1—u‘)z|2"“dA(z)

[ lotwa)P da(z) = [ lo(uwr=)Pr? dA(z)

|Pw2nr2n

Z Jan[*w? ) i lan <0

= n+1 = ntl

uniformly as r — 1. QED
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