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ABSTRACT

ON ASYMPTOTIC OPTIMALITY OF
BAYES EMPIRICAL BAYES ESTIMATORS

By

Tze Fen Li

In an empirical Bayes decision problem, a prior distribution
A is placed on a one-dimensional family G of priors Gm’” € Q,
to produce a Bayes empirical Bayes estimator. The asymptotic
optimality of the Bayes estimator is established when the support
of A is @ and the marginal distributions Hw have monotone
1ikelihood ratio and continuous Kullback-Leibler information number.
For the normal case, a simple class of empirical Bayes
estimators is constructed that dominate the James-Stein estimator.
Here the Bayes estimator is smooth, admissible and asymptotically
optimal on G. The rate of convergence to minimum risk is
O(n']) uniformly on G. The results of a Monte Carlo study are
presented to demonstrate the favorable risk behavior of the Bayes
estimator in comparison with other competitors including the James-

Stein estimator.
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CHAPTER 1
INTRODUCTION TO BAYES EMPIRICAL BAYES ESTIMATION

1.1 Introduction

Consider the component decision problem consisting of
estimation of © based on X which has a distribution
Fe' Let L(e,+) denote a loss function and let R(G,d) denote
the risk of an estimator d when G 1is a prior distribution

on 6, i.e.,
R(G,d) = [ L(e,d(x)) dFe(x) dG(se). (1.1)

Let D denote the class of all component estimators d.

The infimum risk,

R(G) = inf R(G,d), (1.2)
deD

defines the Bayes envelope at G. An estimator dg € D such that

R(G,dG) = R(G) 1is said to be a Bayes component rule versus G.

In the empirical Bayes (EB) decision problem with this
component, (ei,xi), i=1,2,... are i.i.d. with 0, ~ G, and,
conditional on ei,Xi ~ Fe.’ The EB problem is to estimate o,

1

based on observing X],...,X This can be construed as using

n-
Xpo1 = (X],...,Xn_]) to select a component decision rule tn(gn_])ev



and evaluating it at Xn to estimate 6, (In what follows tn

will sometimes be used to abbreviate the evaluation tn(gn_])(xn).)
The risk of tn at G conditional on gn_]

R(G, t (X,_7)) > R(G), and the overall risk is

is

R (6, t) = [ R(G, t (x, ))dHE (%, 1), (1.3)

where l;g']

denotes the (n-1)-fold product of the G-mixture of
the Fe‘
Let G be a specified family of distributions on 6.

Definition 1.1. (Robbins (1956)) A sequence of EB rules t

is said to be asymptotically optimal (a.o.) on G if for each
G € G,

Him Ry (G, t,) = R(6).

When the component loss is squared error, a Bayes component
rule is dG(X) = E[e|X]. Furthermore, EB risk (1.3) has the re-

presentation

R (6.t ) = R(6) + E(tn-dG(Xn))z (1.4)

provided E62 < », This representation was noted by Johns (1956)

and used as a starting point to prove the a.o. property of certain
EB estimators. It follows from the Lz-orthogonality of
E[en|Xn] -6, and tn - E[enlxn].



In this thesis, G 1is assumed to be a parametric family
of distributions of 6. Each G € G is identified by an element

w Of an indexing set @ which is a subset of the reals, i.e.,
G = {G |u €a}. (1.5)

Let A be a prior distribution on Q. An EB estimator
tn is said to be Bayes and called Bayes EB with respect to A if it

minimizes
Rn(A,tn) = [ Rn@w,tn)dA(w). (1.6)

Good (1965) refers to such priors on priors as Type III
probabilities. Meeden (1972) illustrates the Bayes approach to
empirical Bayes squared error loss estimation problems with several
examples. Other literature discussing Bayes empirical Bayes includes
Lindley (1971), Gilliland and Hannan (1974), Gilliland, Hannan and
Huang (1976), Deely and Lindley (1979) and Gilliland and Boyer (1979).

In the next section we develop the EB and Bayes EB methods
for an example. In Section 3 we give a brief review of the related
literature. In Chapter II we consider the Bayes EB method and show

that it produces a.o. procedures for a variety of EB decision problems.

1.2 Example - Normal Case

In the present section we consider the component consisting
of squared error loss estimation of 6 based on X ~ Fe = N(e,1).
First consider the compound decision problem with this component.

This consists of estimation of 6 = (6;,6,,...,6 ) based on



X = (X]’XZ""’Xn) ~ Fe

XF  X...XF with the compound risk being
1 % ®
the average risk across the n components. James and Stein (1961)

show that the estimator ;} = (t},t;,...,tl), where for i =1,2,...,n,

Teyy o n-2 o2
ti(x) = (1 - 3 )Xi where S = izl X3 (1.7)
has compound risk satisfying
R (g,t]) <1 for all ¢, n >3, (1.8)

This demonstrates the inadmissibility of the compound estimator X
if n> 3.

Efron and Morris (1972) point out that tg is a natural
EB estimator for the EB problem with this component and a class

of normal prior distributions, here parameterized as
6= N0, [ 0<wcn. (1.9)

This is seen to be the case since a Bayes component rule versus

& = N, Ji?i) is
dw(X) = (1-w)X, (1.10)

and the shrinking factor (n-2)/S in the James-Stein rule is an

unbiased estimator of w based on X ~ H:. H denotes the marginal

w

of the X, 1in this EB problem, i.e., (0,0 ).

Let Gw be abbreviated by w. The Bayes envelope on G is

R(w) = 1-w, 0 < w < 1. (1.11)



From (1.4) and (1.10) it follows that for any EB estimator of the

form
t, = (1-6(S))X, (1.12)
R (wrt,) = R(u) + EL(w-0(5))X 1. (1.13)

The evaluation of the RHS(1.13) is simple if ¢ 1is a linear com-
bination of powers (including negative powers) of S since, conditional
on wy, wS~ x2(n) and xﬁ/s ~ Beta (%, ﬂ%l) are independent and

the moments (including negative moments) of S are easily calculated.

1

Efron and Morris (1972) use this calculation for t,

with shrinking

factor ¢](S) = (n-2)/S to show that
R (wt]) = Rw) + 2,0 <u <1, (1.14)

From (1.14), the James-Stein EB estimator tl is seen to be a.o.
on G with a rate O(n']) uniform in w. (That tl is not a.o.
on the class of all priors G 1is pointed out by Susarla (1976).)
We now demonstrate a simple class of a.o. EB estimators
each dominating on G the James-Stein estimator tl for large n.
Consider
2 _,1 ., 2(n-6
t2=tl+ -é,z—l X (1.15)
Using (1.13) and letting H denote the marginal distribution of

wS, i.e., xz(n),



Rn(w.t )-R(w) = [[u- D 2(" 6) , dH (x,)
52

[ ax) [ o - 2(: 61425 aH"(x, )

L/ -";"’+ 200-6) 41 y dH(y)
y

2
gy (2(n-2) + Ae(no6)  Buln6)y (g 16)

Using the fact that w2 < w, (1.16) and (1.14) combine to show

2
2 1 4" (n-6
Rn(w, tn) < Rn(w, tn) -~ nln-2V(nay > "> 6. (1.17)

The coefficient 2(n-6) of 3‘2 in the definition (1.15) of

tﬁ was chosen from among all constants to produce an adjustment

for the James-Stein estimator tl

which results in domination
(1.17). Continuing this method of construction leads to EB
estimators with nested risk functions. The next two estimators in

the construction are

2
3_.,2 . 2(n-10
tn = tn + —L—a—)—xn (1.18)

S
and
2
4 _ .3, 2(n-14 - 28n +
th=tds 2( )("4 n+ 188) (1.19)
S
with

3 2 10
Rp(ws tp) < Rpw, t)- oree 2)(n g?(n §y(n=gy » " > 10 (1.20)



and

4 2
Rlos th) <Ry(o ) - Al IEER 18 oo e, (1.21)

From (1.13) and the fact w€ (0,1], each estimator tﬂ

can be improved by retracting its shrinking factor ¢j(S) to the interval

[0,1]. Each tg is dominated on G by

—

%]

~N
N

j+ - * X (
tn - (] = ¢J(S)) n .
*
where a = max { min{a,1}, 0}.

We now turn to the study of Bayes empirical Bayes
rules with respect to a prior A on w€ (0,1]. The estimators are
of the same general form as the tﬂ but with more complicated
shrinking factors. Moreover, they are monotone in Xn’ and, for
suitable A, admissible on (0,11 and a.o. on (0,11 with a rate
0(n']). The results of a Monte Carlo study will demonstrate the
favorable risk behavior of the Bayes EB estimator based on uniform A.
Let A be a prior distribution on w € (0,11. By (1.4)
and (1.10)

Ri(hs t) = [ R(w)dA(w)

+ [ (e {x0 1 )0x)-(1-0)x ) 2aH" (x )dn (w). (1.23)

For (1.23), a minimizer is

A .
tn = (l-w)Xn, (1.24)



where

di(w) .

(1.25)
1E
fo w-e ~ di(w)

Here & is conditional expectation of w given xn in the model
5 e .. -1
w ~ A and conditional on w, X],...,Xn_], Xn i.i.d. H(n = N(O,w ).

Note that tﬁ is unique a.e. Lebesgue on R"-space. Also note that

A
n

\
complicated shranking factor ¢(S) = a.

t. 1is of the same form as the tg introduced earlier but with a more

Whereas the EB estimators tg are not monotone in Xn

for fixed X ;. we have

Remark 1.1. For any prior A on (0,13, the Bayes EB rule tﬁ is
monotonically increasing in X = for f;xed X-1-

Proof. From (1.24) and the fact S = z X%, it suffices to prove

o +wrt S. But « 1is the mean of an exponential family with parameter
-S/2 and is therefore 4+ wrt -5/2. g
Remark 1.2. For every prior A on (0,11, the Bayes EB rule tﬁ is

admissible on (0,11.

Proof. The uniqueness a.e. Lebesque of a Bayes rule implies it ad-
missibility. 0
The Bayes EB estimator tﬁ js easily evaluated and the rate

of a.o. determined for the prior A = Beta (a,1), a > 0. Let
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téa) be Bayes EB versus Beta (a, 1). (This class of Beta priors
was used by Strawderman (1971) in constructing a prior for the compound
decision problem. He shows that the compound version 3}“) of

té“) satisfies (1.8) provided n > 4 + 23.) With the Beta (a, 1)

prior, (1.25) simplifies using integration by parts to

) 1 )
0

In case g-+ o - 1 1is an integer, say m, (1.26) further simplifies

through repeated integration by parts to the closed form

k
o= 2T ()T (€5 - g(*ﬁTfl—)]“. (1.27)

Using (1.27), o can be easily calculated to any degree of precision.
Since the EB risk Rn(w,téa)) is the éxpectation of the

compound risk R(gggﬂ“)),the aforementioned Strawderman (1971) result

implies

Remark 1.3. If n> 4 + 2, Rn(w, téa))< T, 0<w<l1. - (1.28)

The conditional expectation w of (1.26) satisfies

lim & = §$§§;§-, 1im S6 = n+2a. (1.29)

Sv0 Ste
Figure 1.1 displays for n = 20 the graphs of ¢j(S) that are part

of the EB estimators t%O’ j=1,2,3 as well as w of (1.27)

with o = 1 (uniform prior).
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The conditional expectation & of (1.26) is close to the

corresponding factor ¢1(S) in the modified James-Stein EB rule

t%+. Also t; and téa) have the same rate of a.o., namely,

O(n'l) uniformly in w. To establish these results we begin with

Lemma 1.1. Let w, = min{l, (n+2-2)/S} and let w be given by

(1.26). If n+2a-2 > 0, then

(&»-wn)2 < n+g;_2 : (1.30)



1

Proof. Let A denote the conditional distributionof w in the model

w ~ A and conditional on w, Xy X2,...,X are i.i.d. Hw = N(O,m']).

n
Then A has a density with respect to Lebesgue measure which is

proportional to
AMw) = w e » 0<wc<l. (1.31)

Assume that n+2a¢-2 > 0. Examination of g(w) =g, A(w) shows that

Wy is the maximizer of g(w). Note that

5 - uyl

| J (wuy)dR (o) |

1A

/ |w-wn|dﬁ(w)
= [ AMw>we +tldt + [ Alw < ugtldt. (1.32)
0 0

The density r s on concave from which it follows that

”w! .
0,13 + in w € (0,1]. (1.33)

(cf. Gilliland, Hannan and Huang (1976), Lemma B)). Also, 3i(1-w)

is pn concave from which it follows that

Ma) yin 4 e (0,13, (1.34)
A(0,w]
Thus,
A [w > mn+t] < i(wn+t)/i(wn)
R R . (1.35)
A [w < mn-t] < k(wn-t)/l(wn).
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The Taylor series expansion of g =g» A about w = wy shows that

9(w,tt)-gw,) < tg'(u ) - %<n+2a-2)t2
9(w,-t)-9(w,) < -tg'(u,)- z{(n+2a-2)t

for t such that o *te€ (0,11. Since g'(wn) =0if o € (0,1)

and g'(wn) >0 if o =1, it follows from (1.36) that for t

n
such that w, * t e (0,11,

glu, t t)-g(u ) < - Hm2a-2)t. (1.37)

Using exp {- %{n+2a-2)t2} to bound RHS (1.35), (1.32) and the
inequality fw exp {- %-atz}dt < v/n/2a, the proof of (1.30) is
0

complete. 0

Remark 1.4. If n+2¢-2 > 0,

2
(a) 8n -1 , 4n+8(a"-1)
Rn(w,tn )-R(w) S a2 ¥ + n(n- w. (1.38)

Proof. Using (1.13), and triangulation about @y of Lemma 1.1,

R (0, t0))R(w) < 2 EC(6mu)2X27 + 2 EL(uy-0) 2X0. (1.39)

By Lenma 1.1 and the fact E X2 =47,

EC(au )2X21 < A w7 (1.40)
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Also
EC(w-0) 2020 < B (22 )22y, (1.41)

Expanding the square in (1.41) and using the fact w S ~ xz(n)
independent of X2/s, it follows that

2
RHS(1.41) < Etecl) (1.42)

which together with (1.39) - (1.41) completes the proof. ]

The bound in (1.38) fails to demonstrate the uniform O(n'])
rate on (0,1]1. The following theorem does establish this uniform
rate by combining (1.38) with a bound designed for risk in a

neighborhood of w = 0.

Theorem 1.1. The Bayes EB estimator té“) is a.o. with a rate

o(n"!) uniform in w € (0,11.

Proof. By (1.13), (1.26), and the fact n E [(w-m) X 1=

E [(&-w) S1 (by the symmetry of o in x],xz,...,xn),
(a) _ 1 2
n[Rn(w,tn )-R(w)] = E (3 {n-2-wS + 2(1+a)-2f(S)}"] (1.43)

where

+a-] 1-u)S
zﬂ ( “ du)'].

f(S) = ( f u (1.44)

-1

Let n > 2. Note that E [S' g(S)1 = w(n-2)"" E g(Y) where

w S~ xz(n) and o Y ~ xz(n-2) by a change of variable argument.
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Now the variance of w Y is

E{(n-2)-u¥}? = 2(n-2) (1.45)
and

Cov(Y,f(Y)) <O (1.46)

since f(Y) + with respect to Y, so that (1.43) shows that

2
LHS(1.43) < 2 o + AELU(It)-F(V))7D (1.47)

The proof is completed by showing that E fZ(Y) is 0(n) uniformly
in we (0,%1 and using (1.38) to establish the uniform rate on

(3, 13. From (1.44), for any b > 0

1 1
E F2(Y) < (f u™% V)2 proy < b + (f uTHele(1-ub/204y-2 (4 44
0 0

where use is made of the fact that the integrand in (1.44) is increasing
in S. The choice b = 4n+a-1 ensures that the P[wY < b] < 2(n-2)
(!-.sn-o;-l)'2 (use the Chebyshev inequality and the fact w Y ~ xz(n-Z)).
With this choice of b,

Jta=1(1-u)b/2w |4 5y oy (1.49)

so that the last term on RHS(1.48) is bounded by (I-Zm)'z. Hence,

E f2(Y) = 0(n) uniformly in w € (0, zJ. 0
Maritz (1970, Chapter 3) proposes several methods of obtaining

"smooth" EB estimators. He illustrates two of these methods for

the normal case EB example of this section.
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An estimator SG is described in Maritz Examples 3.4.4

and 2.14.2 which is
~ .\*
8g = (l-mM)Xn, (1.50)
K 3
where Wy is the retraction of the shrinking factor

by = % (1.51)
n-1 ,2
and § = )) X -
i=1
The estimator 36 is seen to be a delete version of t;+,
where delete refers to the fact that only the initial observations

X

X, are used to estimate w. By (1.13),

A - ax
R (0,8g)R(6) = ™1 E (u-ig)?

A

w0 E (u- 95192
S

+
- H——yzn'_‘ﬁ 8 (1.52)

o) SG is seen to be a.o. with a rate 0(n']) uniform in
w€ (0,11. For comparison, the James-Stein estimator, which uses
the untruncated ¢](S) = (n-2)/S to estimate w, has excess risk
2w/n.

The Maritz estimator ﬁ3 is constructed by finding the
3-point uniform distribution é on 6 € (-»,») among all such
distributions so that the é-mixture of N(e,1) minimizes a distance

between the mixture and the empirical distribution of X.,X,,....X ;.
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(See Maritz (1970, pp. 54-55).) The EB estimator of 6, 1s

then taken to be

By = dalX) - (1.53)

Both Maritz EB estimators are "smooth" in the sense of
being monotone in Xn for fixed gn_]. However, as the following

table shows, both estimators perform poorly relative to tgl) and

1

n for selected values of n and w.

even tl+ and t

Table 1.1. Rn(w,tn)-R(w) Values

o2 o R(w) n=4 n=10 n =20
té]) 13 .05 .02
+
5 .167 .833 t; .09 .03 .02
t; .08 .03 .02
tg‘) .09 .06 .04
2 .333 .667 t;+ .18 .06 .03
1
t) 17 .07 .03
tgl) .06 .04 .04
tl+ .25 .09 .05
1 .500 .500 t; .25 .10 .05
8 . 17 .10
P L .32 .19
té‘) .07 .03 .03
'|+
t) .33 .10 .06
.5 .667 .333 tl .33 13 .07
5 . .16 .09

P, .22 .14
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Table 1.1. (Continuation)

tf,” 16 .07 .04
t}"’ .44 12 .07
g .909 .091 t:' .46 .18 .09
5 . 12 .07
B, L .16 .07
t’(‘]) .20 .10 .06
+
.01 .990  .010 tl .48 13 .07
1
t! .50 .20 .10
The values for the James-Stein estimator tl are exact

+
2w/n. The values for the modified James-Stein estimator t; and

the Bayes EB rule tgl) are estimates based on 1000 Monte Carlo
trials. The estimated standard deviations are generally about 8%
of the estimated excess risks. The values for the Maritz estimators
36 and 63 are taken from his Table 3.14 (1970) where the margins
of errors of the Monte Carlo estimates are reported to be less than
t+ .02. Also the Maritz risks are based on EB decision problems

with n =11 (not 10) and n = 21 (not 20) observations.
(1)

n

+
and the modified James-Stein estimator tl should have very similar
1* 1
n and tn
should have very similar EB risk when w is small since

. +
wS~ xz(n) and tl = t:

these facts. Furthermore, it shows that 63 (and SG) are poor

Figure 1.1, Lemma 1.1 and Theorem 1.1 suggest that t

EB risk behavior for moderate to large n. Also t

if S >n-2. Table 1.1 illustrates
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estimators in the tested combinations of w and n contrary to
the conclusion Maritz (1970, p. 72) reaches by comparing ﬁ3 and

36 with the simple estimator Xn.

1.3 Literature Review,

Gilliland and Hannan (1974) and Gilliland, Hannan and Huang
(1976) discuss Bayes procedures for the finite state compound decision
problem. Bayes compound procedures with respect to mixtures of
product distributions are shown to be Bayes EB procedures. Impli-
cations for the EB problem are discussed including asymptotic optimality.
Gilliland and Boyer (1979) demonstrate that a.o. in the finite state
EB problem is an easy consequence of classical results on the con-
sistency of posterior distributions. Tsao (1980a, 1980b) gives an
algorithm to efficiently compute Bayes EB procedures and uses a
Monte Carlo simulation to develop small n risk behavior for selected
A and the Robbins two state component.

In the finite state case, the unrestricted family G of
distributions on & is finite-dimensional. Otherwise, G is infinite-
dimensional and the process of placing priors A on G is itself
a technical problem. Meeden (1972) for certain components, with
e restricted to the unit interval, places a prior A on G through
the moment sequence and demonstrates the a.o. of the resulting Bayes
EB estimator. Kuo (1980) proposes a way to compute the Bayes EB
estimators when A is a Dirichlet process. The a.o. property is
not established in this general setting. Deely and Lindley (1979)
illustrate the use of Bayes procedures in EB decision making but

do not consider a.o..



CHAPTER 11
ASYMPTOTIC OPTIMALITY OF BAYES EMPIRICAL BAYES RULES

Consider the EB decision problem of Section 1.1 with the
one-dimensional family G of component priors of (1.5). We let
Fe denote the distribution of X given e and when ¢ ~ Gm let
H; denote the marginal distribution of X. Throughout this chapter
we assume that the family {lew € 2} 1is identifiable and dominated
and let h(x|w) denote a density for Hw. It is assumed that
h(x |u) s jointly measurable in x and w. This assumption is
part of the hypothesis of a Schwartz theorem on consistency of
posterior distributions, which will be applied in the Bayes EB

approach where a probability measure A 1is placed on w.

From (1.3) and (1.6),
R (A,t)) = ff Rlw,t, (x,_1))dA (w)dP(x ) (2.1)

where, here and throughout, Kn(-) = A(-Iﬁn_]) is the conditional

distribution of w given X , in the model where w ~ A and

conditional on w, X;sX,see. X are i.i.d. H . As Gilliland
1°72 n-1 W

and Boyer (1979) point out, it follows from (2.1) that @ Bayes EB

rule is provided by

]) = dé (2.2)

19
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where da is component Bayes versus the mixture
n

(o) = [ 6,(=) dR (). (2.3)

Of course, the random measure én need not be G-valued where
G = {Gwlw € 2}. In the normal example of Section 1.2, 6 = N(0,
(1-w)/w) and nondegenerate A-mixtures of G“J are not normal.
(cf. Teicher (196C), Corollary, p. 67.)
A basic condition critical for our proofs of a.o. for Bayes

EB procedures is

A (V) >0 a.s. K
n wo (A)

for every w_ € 2 and every neighborhood V of w,

where V¢ denotes the complement of V in . The condition (A)

is easily seen to imply

[ w()dh (0) > vls,) 2os. H

o

(A-)

for every w_ € @ and every bounded continuous function .

Theorems 2.1, 2.2, and 2.3 give conditions which together
with (A-) imply the a.o. property for the Bayes EB procedure tﬁ.
Theorem 2.4 states conditons on the family {lew € 2} sufficient
for (A). The chapter is completed with four examples of Bayes EB

procedures whose a.o. property follows from the theorems.

Theorem 2.1. Suppose that the component risk functions R(e,d)
are bounded (by M < »). Suppose each G, has a density with

respect to Lebesgue measure given by g(6|w) which is continuous
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in w € Q@ for each fixed 6 € @. Then if (A-) obtains, tﬁ of

(2.2) is a.0. on Q, that is,

R (w,st)) > R(w) for all u € a. (2.4)

A

Proof. Fix w_ € . Note that for each prior G on o,

0 < Rlw,»dg)-R(u,) = Rlw,,d3)-R(G,dz) + R(B,dg)-R(v,) < [R(u,,d)
-R(6,d3)1 + [R(G,d_ )-R(u,.d_ ). (2.5)

-}

A a

Let Gn be given by (2.3) and note that Gn has density

9,(8) = J gle]u)dA (u). (2.6)
For any d € D,
R(a,»d)-R(Gy.d) = [ R(6,d) f {g(e]w,)-g(0]u)Idi, (u)de
from which
|R(w,»d)-R(G,,d)| < M [f |g(6]w,)-g(o|w) |dedh (u). (2.7)

Note that |[g(e|w_)-g(8|w)| < g(e]w,) + g(6]w) and [{g(e|w,)
+ g(e|w)}de = 2. It follows from the assumed continuity of
g(e|w) in w and the general dominated convergence theorem
(DCT) (Royden (1968, p. 89)), that f|g(e|w_)-g(6|w)|de is a
continuous as well as bounded function of w. Therefore, (A-)
implies

RHS(2.7) ~ 0 a.s. H: . (2.8)

(<]
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Letting G = én in (2.5) and using the bound RHS (2.7) for each

of the square bracket terms, one obtain

) R(w,) >0 a.s. H . (2.9)

A
R, ta(yp) "
7

Since all risks are bounded, the a.o. of tﬁ follows from (2.9)

and the DCT. O

The Bayes EB rule tg defined by (2.2) has a useful alternative
representation in the special case of squared error loss estimation
and when the family {Fele € @} 1is dominated. Let f(x|e) denote

a density for F . Since dG(x) is the point estimator

)
_ 6 f(x[6)dG(e
dG(X) = IT‘Fé(TgT?E-(éT" (2.10)
and én is a Rn-mixture of Gw, (2.2) implies that

[] 6 f(x,|e)d6 (8)dA (w)
I1 £(x, le)de (o)dh, (u)

tg(zn-l)(xn) -

] d_(x )h(x |u)d (w)
J h(xw)dh (w)

n
-f dm(xn) i:] h(Xi]w)dA(w)

n
[ 1 hixgle)dnte)

Thus, tﬁ is the point estimator

th(x, ) (x) = [ d (x)dR (). (2.11)



23

Theorem 2.2. Suppose that the component loss function is squared
error loss estimation of 6. Suppose that for each w € @, the

component Bayes rule dm with respect to Gw is of the form

p
'I‘_'

for some integer p, some square integrable (Hw) functions

2 and some bounded, continuous functions v;. Then if (A-)

A

obtains, tn of (2.11) is a.o. on Q.

Proof. Fix w_ € 2. By (2.11) and (2.12),

p
tn(Xao1) (xg)=0, (%) = Lo Gn) (@13)
where
@i = jwi(m)dﬁn+](m), i=1,2,...,p. (2.14)
By (2.13),
P
(1) )4, ()7 < p L & 00) (-0, (0, ) 1. (2.15)

Using (1.13) and (2.15) and using the invariance of @i and the
distribution Hz under permutation of Xq9XgseaesXy to permute
X and X

p
2 N
0 <R (u,,th)-Rlw,) <p L ¢i(X]){wi-wi(wo)}dego(ﬁn). (2.16)

By (A-), @i >y, () a.s. H: . Therefore, by the assumed

2

integrability of the ¢; and the DCT, RHS (2.16) - 0. 0
i
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Consider the linear loss multiple decision problem of
Van Ryzin and Susarla (1977). From (33) of Van Ryzin and Susarla
(1977) or (14) of Gilliland and Hannan (1977), it follows that the
excess risk of aBayes EB procedure can be bounded by a multiple
of the mean error of estimator of dw(xn) by RHS (2.11) rather
than the mean square error as with the squared error loss estimation

component.

Theorem 2.3. Consider the linear loss k-action multiple decision

problem of Van Ryzin and Susarla (1977). Suppose that for each

w € Q, the component conditional expectation dw(X) is given by
(2.12) for some integer p, some integrable (Hw) function P;

and some bounded, continuous function 7% Then if (A-) obtains,
A

tn as a.o. on Q.

Proof. From the e = 1 case of (14) of Gilliland and Hannan (1977),
A P - n
0 < Rn(wo’tn)-R(wo) f(k-]'|)Z] f I(Pi(x'l){wi-w'i (w°)}|de°(2('ﬂ) (2.]7)

where use is made of (2.11) and (2.12) and the invariance under
permutations used to reach (2.16). By (A-), §; » v;(w,) a.s. H:

Therefore, by the assumed integrability of the ?; and the DCT,
RHS (2.17) » 0. 0

The next theorem gives a set of conditions sufficient for
(A) and hence (A-). It depends for its proof upon Theorem 6.1 of
Schwartz (1965) which we state in a notation appropriate to the

application at hand.
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Theorem 6.1 (Schwartz). Suppose that (i) the denisities h(x|w)

are jointly measurable (ii) V 1is a neighborhood of w, and there
is a uniformly consistent test of the hypothesis w = w, against
the alternative w € V¢, and (iii) for every € >0 V contains a
subset W such that A(W) > 0 and the Kullback-Leibler information

number
K(w,mo) = f h(xlm)de (x) (2.18)

satisfies K(w,mo) > K(wo,wo) - ¢ on W. Then ﬁn(vc) +0 a.s.

Ho
w

Theorem 2.4. Suppose that for each n, the joint density

h(5n|w) =7 h(xilm) has a monotone likelihood ratio (MLR) in
Tn(gn). Suppose that the Kullback-Leibler information number
K(”’wo) is finite and is continuous in w for each w_€ . Then

if A has support equal to @, (A) obtains.

Proof. Let W, 307 € Q, wy < W There exists a consistent test

§ of H versus H
n w, m]

*
Let 8y be the Neyman-Pearson test based on Tn of the same size

since H #H by identifiability.
w] w

(-]

* .
as 6,. Then ¢ is uniformly consistent for Hw versus {lew €Q

[

and w < w]} by the MLR property. Similarly, there exists a

uniformly consistent test of H, ~ versus {lew €a and o > w,}

o

where wy € Q, wy > W . It follows that there exists a uniformly
consistent test of H  versus {(H Ju€a and w ¢ (wysw,)}.

Moreover, the continuity of K implies that for every q-neighborhood

V of w, and every ¢ > 0 there exists a subset W of V such
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that A(W) >0 and K(w,w )-K(w_,w ) > - ¢ on W. Theorem 6.1
establishes that (A) holds. 0

The family of densities
h(x|w) = c()ed@) Ty, wea (2.19)

where Q 1is a monotone function, results in the family h(gnlm)
being MLR in Tn(gn)= ZT(xi). In each of the examples to follow,

the mixtures {lem € @} form a one-parameter exponential family.

Example 2.1 (Normal case of §1.2). Let Fo = N(e,1),6 € @ =

(=w,») and Gw = N(0,(1-w)/w), w € @ = (0,1]. Then

2
h(x|w) =/ -éu—;- e-lawx , =® < X < o,

Moreover,
K(wsw,) = =%a(21) = om0 + =

Here the component conditional expectation is (1-w)X and note that
v(w) = 1-0 1is bounded and continuous and X 1is square integrable

(Hm). The density g(6|w) is continuous in w for each fixed 6.

Example 2.2. Let Fe = Poisson {8), 8 € (0,») and let
G, = Ganma (a,,0/(1-w)), w € (0,1), where a >0 is fixed.
Then
T(a +x) % @,
h(x|w) = TexT wh (1-0) , x =0,1,...
Here K(w,w ) is continuous in » and component conditional

expectation is (o, + X)u. Also, w is bounded and continuous and
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a, + X is square integrable (Hw). The density g(e|w) 1s continuous

in w for fixed o.

Example 2.3. Let Fe be Biromiai (n = 1,8), 8 € [0,1] and let
Gw = Beta (a_,a_(1-w)/w), w € (0,1), where a, >0 1is fixed.
Then

h(x|w) = o* (1-0)'7%, x = 0,1.

Here K(w,w ) s continuous in w and the component conditional
expectation is (a_, + X)u/(a_ +w). Also, w/(a_  +w) 1is bounded
and continuous and a_ + X 1is square integrable (Hm). The density

g(6|w) 1is continuous in w for fixed o.

Example 2.4. Let Fe = Uniform (0,0), 6 € (0,~) and Gw = Gamma
(Zuf]), w € [a,») where a > 0. Then

wx, x > 0.

h(x|w) = w e
Here K(w,w ) 1is continuous in w and the conditional expectation

Vo xe1+ 10! and note that X and 1 are square

1

in X+
integrable (Hm) and 1 and « @ are bounded and continuous on
[a,»). The density g(6|w) is continuous in w for fixed .
Consider any EB decision problem with component probability
structure that of any of the Examples. If the loss structure is either
bounded, or is squared error loss estimation, or is linear loss multiple
decision. Then the Theorems show that a Bayes EB procedure tg will

be a.o. on the support of A, and, therefore, on G = {Gwlm € Q}

if the support of A is equal to Q.
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The results of this thesis pertain to EB problems with
one-dimensional families G. In generalizing to higher (finite)
dimensional families, there is no problem invoking the Schwartz
consistency theorem except in the demonstration of a uniformly
consistent test. For infinite dimensional families, the technical
problems are much greater and only a few examples of a.o. Bayes EB

procedures have been given (c.f. Meeden (1972)).
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