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ABSTRACT

SAMPLE PATH AND ASYMPTOTIC PROPERTIES OF SPACE-TIME
MODELS

By

Yun Xue

Spatio-temporal models are widely used for inference in statistics and many applied areas. In

such contexts interests are often in the geometric nature (e.g. anisotropy), and the statistical

properties of these models. This dissertation has two parts. The first part focuses on the

sample path properties of space-time models. We apply the theory of Yaglom (1957) to con-

struct a large class of space-time models with stationary increments (also called intrinsically

stationary random fields) and study their statistical and geometric properties. We derive

upper and lower bounds for the prediction errors, establish criteria for the mean-square

and sample path differentiability, all in terms of the parameters of the models explicitly.

Moreover, it is shown that when the random fields are not smooth, we can generate various

kinds of random fractals and the related Hausdorff dimensions are computed. Our main

results show that the statistical and geometric properties of the Gaussian random fields we

propose are very different from those obtained by deformation from any isotropic random

field; and they can be applied to analyze more general Gaussian intrinsic random functions,

convolution-based space-time Gaussian models [Higdon (2002), Calder and Cressie (2007)]

and the spatial processes in Fuentes (2002, 2005).

The second part of the dissertation pertains to equivalence of Gaussian measures and

asymptotically optimal predictions of intrinsically stationary random fields. We extend the

methods which Ibragimov and Rozanov (1978) use for stationary processes to study intrin-

sically stationary random fields. We describe the relationships among three corresponding



Hilbert spaces: the random variable space generated by the random field, the correspond-

ing reproducing kernel Hilbert space, and the complex function space spanned by certain

analytic functions using the spectral measure. Criteria for equivalence and orthogonality

of intrinsically stationary Gaussian random fields are delivered in terms of their spectral

measures and the structures of their reproducing kernel Hilbert spaces. Our results are

different from those for stationary processes [see Ibragimov and Rozanov (1978)]. Given

the equivalence of two Gaussian measures, the asymptotic optimality of linear predictions

of intrinsically stationary random fields and the convergence rates are established in this

part. Moreover, the asymptotic efficient prediction of non-stationary, anisotropic space-time

models with a misspecified probability distribution is studied. The main results show that

under the equivalence of two Gaussian measures, the prediction based on the incorrect dis-

tribution is asymptotically optimal and efficient relative to the prediction under the correct

distribution, as the points of observations become increasingly dense in the study domain.

Our results extend those of Stein (1988, 1990, 1999a, 1999b) which were concerned with

isotropic and stationary Gaussian random fields.
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Chapter 1

Introduction and preliminaries

1.1 Introduction

Spatio-temporal models are widely used for inference in statistics and many applied areas

such as meteorology, climatology, geophysical science, agricultural sciences, environmental

sciences, epidemiology, hydrology. Such models presume, on Rd × R, where d is the spatial

dimension, a collection of random variables X(x, t) at location x and time t. The family

{X(x, t) : (x, t) ∈ Rd × R} is referred to as a spatio-temporal random field or a space-time

model.

Many authors have constructed various stationary space-time models and the topic has

been under rapid development in recent years. See, for example, Jones and Zhang (1997),

Cressie and Huang (1999), de Iaco, Myers and Posa (2001, 2002, 2003), Gneiting (2002),

Gneiting, et al. (2009), Kolovos, et al. (2004), Kyriakidis and Journel (1999), Ma (2003a,

2003b, 2004, 2005a, 2005b, 2007, 2008), Stein (2005) and their combined references for

further information on constructions of space-time models and their applications.

There has also been increasing demand for non-stationary space-time models. For ex-
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ample, in the analysis of spatio-temporal data of environmental studies, sometimes there is

little reason to expect stationarity under the spatial covariance structures, and it is more ad-

vantageous to have a space-time model whose variability changes with location and/or time.

Henceforth, the construction of non-stationary space-time models has become an attractive

topic and several approaches have been developed recently. These include the deforming of

the coordinates of an isotropic and stationary random field to obtain a rich class of non-

stationary random fields [see Schmidt and O’Hagan (2003), Anderes and Stein (2008)], or

the use of convolution-based methods [cf. Higdon, Swall and Kern (1999), Higdon (2002),

Paciorek and Schervish (2006), Calder and Cressie (2007)] or spectral methods [Fuentes

(2002, 2005)].

In this dissertation, firstly, we apply the theory of Yaglom (1957) to construct a class

of space-time Gaussian models with stationary increments and study their statistical and

geometric properties. The main feature of this class of space-time models is that they are

anisotropic in time and space, and may have different smoothness and geometric properties

along different directions. Such flexible properties make them potentially useful as stochastic

models in various areas. By applying tools from Gaussian random fields, fractal geometry

and Fourier analysis, we derive upper and lower bounds for the prediction errors, establish

criteria for the mean-square and sample path differentiability and determine the Hausdorff

dimensions of the sample surfaces, all in terms of the parameters of the models explicitly.

Our main results show that the statistical and geometric properties of the Gaussian random

fields in this dissertation are very different from those obtained by deformation from any

isotropic random field. It is also worthwhile to mention that the methods developed in this

dissertation may be applied to analyze more general Gaussian intrinsic random functions,

convolution-based space-time Gaussian models [Higdon (2002), Calder and Cressie (2007)]
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and the spatial processes in Fuentes (2002, 2005).

On the other hand, optimal linear prediction has been widely used in spatial statistics

and geostatistics, where it is known as kriging. In kriging, to guarantee good linear predic-

tors based on an estimated Gaussian probability measure, it is of great value to be able to

distinguish between two orthogonal probability measures and to determine when one can tell

which measure is correct and which is not. Many authors have created various criteria for

the equivalence and orthogonality of two Gaussian measures in a one-dimensional stochastic

process or Gaussian random field. The references include Gihman and Skorohod (1974),

Ibragimov and Rozanov (1978), Parzen (1963), Chatterji and Mandrekar (1978), Kallianpur

and Oodaira (1963), Yadrenko (1983), Stein (1999b), Du (2009) and so on. In fact, Parzen

(1963) developed an approach for equivalence of two Gaussian measures by using two con-

cepts: the notion of probability spectral density function and the notion of a reproducing

kernel Hilbert space (RKHS, for short) of a time series. Chatterji and Mandrekar (1978)

also used the method of RKHS to find the sufficient and necessary conditions for the equiv-

alence of two Gaussian measures in a general setting. It is worth noting that the approach

which uses RKHS has no constraints like stationarity or isotropy on the underlying process,

and the results are applicable to random fields. Ibragimov and Rozanov (1978) obtained

necessary and sufficient conditions for equivalence of two Gaussian measures involving the

entropy of distributions, and developed the conditions for stationary processes by associat-

ing a Hilbert space spanned by certain analytic functions. Moreover, given two equivalent

Gaussian processes, Kallianpur and Oodaira (1963) defined the notion of a non-anticipative

representation of one of the processes with respect to the other. Later, Yadrenko (1983)

extended the results of Ibragimov and Rozanov (1978) to stationary and isotropic random

fields. Du (2009) gave some reviews of the basic results for the equivalence and orthogonal-
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ity of two Gaussian measures, and provided a detailed re-proof of Theorem 4 in Yadrenko

(1983), page 156, under the setting of stationary and isotropic random fields. In the litera-

ture, there are few explicit results available for the equivalence of two Gaussian measures in

a non-stationary random field, especially for anisotropic cases.

In the second part of this dissertation, we extend Ibragimov and Rozanov (1978)’s method

to study intrinsically stationary random fields. We describe the relationships among three

corresponding Hilbert spaces: the random variable space generated by the random field,

the reproducing kernel Hilbert space corresponding to the covariance kernel, and the com-

plex function space spanned by certain analytic functions. Criteria for equivalence and

orthogonality of intrinsically stationary Gaussian random fields are given in terms of their

probability spectral density functions and the structures of their reproducing kernel Hilbert

spaces. The results we have obtained are different from those of stationary processes [see

Ibragimov and Rozanov (1978)]. Moreover, given the equivalence of two random fields, we

obtain a representation of one of the random fields with respect to the other. The advantage

of our representation over the original one is that it is much simpler with respect to some

prediction questions.

In practice, the true probability distribution of our Gaussian model is always unknown

and must be estimated from the gathered data. To this end, it is of great value to in-

vestigate the effect of using a fixed but incorrect probability distribution, especially, when

more sample data can be obtained by sampling the spatial or temporal domain increas-

ingly densely (fix-domain asymptotics). We establish the asymptotic optimality of linear

predictions of intrinsically stationary Gaussian models and the convergence rates in this

dissertation. Moreover, the asymptotic efficient prediction of non-stationary, anisotropic

space-time models with a misspecified probability distribution is studied. The main results

4



show that under the equivalence of two Gaussian measures, the prediction based on the

incorrect distribution is asymptotically optimal and efficient relative to the prediction under

the correct distribution, as the points of observations become increasingly dense in the study

domain. The results extend those of Stein (1988, 1990, 1999a, 1999b) which were concerned

with isotropic and stationary Gaussian random fields.

The rest of this dissertation is organized as follows. In Section 2 of Chapter 1, we collect

definitions and some properties of Gaussian random fields, equivalence and orthogonality

of two measures, reproducing kernel Hilbert spaces and Hausdorff dimensions. Chapter 2

studies sample path properties of space-time models. We construct a class of space-time

Gaussian models with stationary increments, establish bounds on the prediction errors and

investigate smoothness properties and fractal properties of this class of Gaussian models.

The results are applied directly to analyze the stationary space-time models in Section 5.

Section 6 gives proofs of the main theorems and lemmas in this chapter. In Chapter 3, we

investigate asymptotic properties of space-time models. We extend the methods in Ibragimov

and Rozanov (1978) to study intrinsically stationary random fields. We obtain criteria for

equivalence and orthogonality of this class of random fields in Section 2. The asymptotic

optimality of linear predictions and the convergence rates are established in Sections 3 and

4. In Section 5, we present proofs of the main results in this chapter. Finally, we conclude

by describing some of our ongoing projects and future work in Chapter 4.
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1.2 Definition and preliminaries

This section contains basic definitions and facts of stationary and intrinsically stationary

Gaussian random fields, equivalence and orthogonality of two measures, reproducing kernel

Hilbert spaces and Hausdorff dimensions, which will be used in subsequent chapters.

Throughout this dissertation, for simplicity of notation, we use RN (RN+ = [0,∞)N ) or

Rd (in Chapter 3), instead of Rd × R, as the index set for random fields. We use | · | to

denote the Euclidean norm in RN . The inner product in RN is denoted by 〈·, ·〉. A typical

coordinate, t ∈ RN is written as t = (t1, . . . , tN ). For any s, t ∈ RN such that sj < tj

(j = 1, . . . , N), [s, t] =
∏N
j=1 [sj , tj ] is called a closed interval (or a rectangle). For a positive

number x, we use bxc to denote the integer part of x.

We will use c, c1, c2, . . . , to denote unspecified positive and finite constants which may

not be the same in each occurrence.

1.2.1 Random fields

A formal definition of random fields is as follows:

Definition 1.2.1. Let a probability space, (Ω,U, P ), an integer p ≥ 1, and an index set,

T , be given. A random field indexed by T with values in Rp is then a Rp-valued function

X(t, ω) on T × Ω such that for every fixed t ∈ T , X(t, ·) is a random vector in Rp.

In this dissertation, we will take T = RN , the N -dimensional Euclidean space, or a subset

of RN . In this case, X is simply referred to as an (N, p) random field. The dependency

on the underlying probability space will usually be suppressed throughout the text, i.e. we

write

X(t) = X(t, ω), t ∈ RN .
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For a fixed ω ∈ Ω, the function X(t, ω) : RN → Rp is a non-random function of t. This

deterministic function is usually called a sample path or a realization of the random field.

The variable t is called the coordinate or position by standard terminology. In this context,

the formal definition of random field simply means:

An (N, p) random field X(t) is a function whose values are random vectors in Rp for

every t ∈ RN .

WhenN = 1, the random field is usually called a stochastic process. The term “random field”

is usually used to stress that the dimension of the coordinate is higher than one. Random

fields in two and three dimensions are widely used as spatial or spatio-temporal models

in many applied areas such as meteorology, climatology, geophysical science, agricultural

sciences, environmental sciences, epidemiology and hydrology.

In this dissertation, we mainly focus on Gaussian random fields, and study their prop-

erties and prediction problems. Gaussian random fields play an important role for several

reasons: The specification of their finite-dimensional distributions is simple, and the model

is determined by the mean and covariance functions only. Moreover, they are reasonable

models for many natural phenomena.

Definition 1.2.2. A Gaussian random field is a random field where all the finite dimensional

distributions are multivariate normal distributions.

In this dissertation, we construct a class of intrinsically stationary Gaussian random

fields (i.e. Gaussian random fields with stationary increments). We study its nature and

properties, and compare our results with that of stationary Gaussian random fields. The

following are the definitions for stationary and intrinsically stationary Gaussian random

fields.
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Definition 1.2.3. A Gaussian random field X(t), t ∈ RN is said to be stationary if its

mean function m(t) is constant, and the covariance function

K(s, t) = E
[
(X(s)−m(s))(X(t)−m(t))

]

depends only on the difference s− t, for all s, t ∈ RN .

Definition 1.2.4. A Gaussian random field X(t), t ∈ RN is said to be intrinsically sta-

tionary if the increment process X(t + h) − X(t) is stationary for any fixed h ∈ RN . Or

equivalently, ∀h ∈ RN

{
X(t+ h)−X(t), t ∈ RN

}
d
=
{
X(t)−X(0), t ∈ RN

}
,

where “
d
= ” means equality of all finite dimensional distributions.

In this dissertion, we call the pair (m,K) the second-order structure of the Gaussian

random field X(t). A random field X is said to be isotropic if, for all rotation R in RN ,

X ◦R d
= X. Otherwise, X is said to be anisotropic.

1.2.2 Equivalence and orthogonality of two measures

Let {X(t), t ∈ T} be Gaussian random field on the probability space (Ω,U, P ). Let P1 be

another Gaussian measure on the σ-algebra U. P1 is said to be absolutely continuous with

respect to P if for all A ∈ U, P (A) = 0 implies P1(A) = 0. It is known that the absolutely

continuous measure P1 can be represented as

P1(A) =

∫
A
p(ω)P (dω), A ∈ U,
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where p(ω) is a nonnegative function on Ω, which is the Randon-Nikodym derivative of P1

with respect to P , i.e. p(ω) = P1(dω)/P (dω). We also call it a density of P1 with respect

to P . The two measures P and P1 are said to be equivalent if they are mutually absolutely

continuous. The measures P and P1 are said to be orthogonal if there exists A ∈ U such

that P (A) = 1 and P1(A) = 0. In this case, we also have P (Ac) = 0 and P1(Ac) = 1.

Lemma 1.2.5. Any two Gaussian measures P and P1 are either equivalent or orthogonal.

For the proof of this lemma, see page 77 of Ibragimov and Rozanov (1978) or page 117 of

Stein (1999b). In Chapter 3 of this dissertation, we will provide some criteria for equivalency

of two intrinsically stationary Gaussian random fields.

1.2.3 Reproducing kernel Hilbert spaces

Let K(s, t) be the covariance function of a real-valued random field X(t), t ∈ T ⊆ RN . For

each t ∈ T , let K(·, t) be the function on T whose value at s ∈ T is equal to K(s, t). It

may be shown [see Aronszajn (1950)] that there exists a unique Hilbert space, denoted as

RK(T ), with the following properties:

(1) The members of RK(T ) are real-valued functions on T [if K(s, t) were complex-valued,

they would be complex-valued functions].

(2) For every t ∈ T , K(·, t) ∈ RK(T ).

(3) For every t ∈ T and f ∈ RK(T ),

f(t) = 〈f,K(·, t)〉RK (T ),
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where the inner product between two functions f and g in RK(T ) is written as

〈f, g〉RK (T ).

We call RK(T ) the reproducing kernel Hilbert space (RKHS, for short) of the random field

X(t) with reproducing kernel K(s, t), s, t ∈ T . In fact, the Hilbert space RK(T ) is the

closure of the subspace spanned by the functions K(·, t), t ∈ T .

In the end of Section 2 of Chapter 3, we will encounter another type of kernel. A kernel

b(s, t): T × T → R is of Volterra type if b(s, t) 6= 0 implies t ≤ s, where s, t ∈ T . Sottinen

and Tudor (2006) use this type of kernel to characterize a representation of a Gaussian sheet

which is equivalent in law to the Brownian sheet. We can see that the kernel b(s, t) is not a

covariance function. But we can use this kernel to get a covariance function K(s, t), s, t ∈ T ,

as follows:

K(s, t) = b(s, t) + b(t, s)−
∫
T
b(s, u)b(u, t)du.

See Sottinen and Tudor (2006) for more details on kernels of Volterra type.

1.2.4 Hausdorff dimension

Let Θ be the class of functions φ : (0, δ) → (0, 1), which are right continuous, monotone

increasing with φ(0+) = 0 and satisfying the following “doubling” property:

There exists a finite constant c > 0, for which

φ(2s)

φ(s)
≤ c, 0 < s <

δ

2
.
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For φ ∈ Θ, the φ-Hausdorff measure of A ⊆ RN is defined as

φ−m(A) = lim inf
ε→0

∑
j

φ(2rj) : A ⊆
∞⋃
j=1

O(xj , rj), rj < ε

 ,

where O(x, r) denotes the open ball of radius r, centered at x. φ − m is a metric outer

measure and every Borel set in RN is φ−m measurable [cf. Rogers (1970)].

The Hausdorff dimension of A is defined as

dim
H
A = inf{α > 0 : sα −m(A) = 0}

= sup{α > 0 : sα −m(A) =∞}.

If 0 < sα−m(A) <∞, then A is called an α-set. If there exists φ ∈ Θ with 0 < φ−m(A) <

∞, then φ is called an exact Hausdorff measure function for A.

The following are some basic properties of Hausdorff dimensions:

(1) Monotonicity: if A ⊆ B, then dim
H
A ≤ dim

H
B.

(2) Hausdorff dimension is σ-stable: dim
H

(
⋃∞
n=1An) = supn≥1 dim

H
An.

We refer to Falconer (1990) for more details in Hausdorff dimensions. In Chapter 2 of

this dissertation, we write the Hausdorff dimension as dim, instead of dim
H

for simplicity.
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Chapter 2

Sample path properties of space-time

models

2.1 Introduction

Space-time models are widely used for inference in spatial statistics and geostatistics. Various

stationary space-time models have been constructed in the literature, and the topic has been

under rapid development in recent years. See, for example, Jones and Zhang (1997), Cressie

and Huang (1999), de Iaco, Myers and Posa (2001, 2002, 2003), Gneiting (2002), Gneiting,

et al. (2009), Kolovos, et al. (2004), Kyriakidis and Journel (1999), Ma (2003a, 2003b, 2004,

2005a, 2005b, 2007, 2008), Stein (2005) and their combined references for further information

on constructions of space-time models and their applications.

In the meantime, there has also been increasing demand for non-stationary space-time

models. For example, in the analysis of spatio-temporal data of environmental studies,

sometimes there is little reason to expect stationarity under the spatial covariance structures,

and it is more advantageous to have a space-time model whose variability changes with
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location and/or time. Henceforth, the construction of non-stationary space-time models

has become an attractive topic and several approaches have been developed recently. These

include the deforming of the coordinates of an isotropic and stationary random field to obtain

a rich class of non-stationary random fields [see Schmidt and O’Hagan (2003), Anderes

and Stein (2008)], or the use of convolution-based methods [cf. Higdon, Swall and Kern

(1999), Higdon (2002), Paciorek and Schervish (2006), Calder and Cressie (2007)] or spectral

methods [Fuentes (2002, 2005)].

In this chapter, we apply the theory of Yaglom (1957) to construct a class of space-

time Gaussian models with stationary increments and study their statistical and geometric

properties. The main feature of this class of space-time models is that they are anisotropic in

time and space, and may have different smoothness and geometric properties along different

directions. Such flexible properties make them potentially useful as stochastic models in

various areas. By applying tools from Gaussian random fields, fractal geometry and Fourier

analysis, we derive upper and lower bounds for the prediction errors, establish criteria for

mean-square and sample path differentiability and determine the Hausdorff dimensions of

the sample surfaces, all in terms of the parameters of the models explicitly. Our main

results show that the statistical and geometric properties of the Gaussian random fields in

this dissertation are very different from those obtained by deformation from any isotropic

random field. It is also worth mentioning that the method in this dissertation may be applied

to analyze more general Gaussian intrinsic random functions, convolution-based space-time

Gaussian models [Higdon (2002), Calder and Cressie (2007)] and the spatial processes in

Fuentes (2002, 2005).

The rest of this chapter is organized as follows. In Section 2 we construct a class of space-

time intrinsically stationary Gaussian models by applying the theory of Yaglom (1957). Then
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we establish upper and lower bounds for the prediction errors of this class of models in Section

3. In Section 4 we consider smoothness properties of the models and establish explicit criteria

for the existence of mean-square directional derivatives, mean-square differentiability and

sample path continuity of partial derivatives. In Section 5 we look into the fractal properties

of these models and determine the Hausdorff dimensions of the range, graph and level sets.

In Section 6, we apply the main results of Section 5 to some stationary space-time models,

such as those constructed by Cressie and Huang (1999), Gneiting (2002) and Stein (2005).

Finally, in Section 7, we provide the proofs of the main results in this chapter.

2.2 Anisotropic Gaussian models with stationary in-

crements

We consider a special class of intrinsic random functions; namely, space-time models with

stationary increments (also called intrinsically stationary space-time models). We will further

restrict ourselves to Gaussian random fields for which powerful general Gaussian principles

can be applied. Many of the results in this chapter can be extended to non-Gaussian space-

time models (such as stable or more general infinitely divisible random fields), but their

proofs require different methods and go beyond the scope of this chapter. One can find some

information for stable random fields in Xiao (2011).

Let X = {X(t), t ∈ RN} be a real-valued, centered Gaussian random field with X(0) = 0.

We assume that X has stationary increments and continuous covariance function K(s, t) =

E[X(s)X(t)]. According to Yaglom (1957), K(s, t) can be represented as

K(s, t) =

∫
RN

(
ei〈s,λ〉 − 1

)(
e−i〈t,λ〉 − 1

)
F (dλ) + 〈s,Wt〉, (2.1)
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where W is an N × N non-negative definite matrix and F (dλ) is a nonnegative symmetric

measure on RN \ {0} satisfying

∫
RN

|λ|2

1 + |λ|2
F (dλ) <∞. (2.2)

In analogy to the stationary case, the measure F is called the spectral measure of X. If F

is absolutely continuous with respect to the Lebesgue measure in RN , its density f will be

called the spectral density of X.

It follows from (2.1) that X has the following stochastic integral representation:

{
X(t), t ∈ RN

}
d
=

{∫
RN

(
ei〈t,λ〉 − 1

)
Φ(dλ) + 〈Y, t〉, t ∈ RN

}
, (2.3)

where X1
d
= X2 means the processes X1 and X2 have the same finite dimensional distribu-

tions, Y is an N -dimensional Gaussian random vector with mean 0 and covariance matrix

W , Φ(dλ) is a centered complex-valued Gaussian random measure which is independent of

Y and satisfies

E
(

Φ(A)Φ(B)
)

= F (A ∩B) and Φ(−A) = Φ(A)

for all Borel sets A,B ⊆ RN , with finite F -measure. The spectral measure F is called

the control measure of Φ. Since the linear term 〈Y, t〉 in (2.3) will not have any effect on

the problems considered in this dissertation, we will from now on assume Y = 0. This is

equivalent to assuming W = 0 in (2.1). Consequently, we have

v(h) , E
(
X(t+ h)−X(t)

)2
= 2

∫
RN

(
1− cos 〈h, λ〉

)
F (dλ). (2.4)
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It is important to note that the function v(h), called variogram in spatial statistics, is

a negative definite function in the sense of I. J. Schoenberg, which is determined by the

spectral measure F . See Berg and Forst (1975) for more information on negative definite

functions.

The above shows that various centered intrinsically stationary Gaussian random fields can

be constructed by choosing appropriate spectral measures F . For the well known fractional

Brownian motion BH = {BH(t), t ∈ RN} of Hurst index H ∈ (0, 1), its spectral measure

has a density function

fH(λ) = c(H,N)
1

|λ|2H+N
,

where c(H,N) > 0 is a normalizing constant such that v(h) = |h|2H . Since v(h) depends

on |h| only, BH is isotropic. Other examples of isotropic Gaussian fields with stationary

increments can be found in Xiao (2007). We also remark that all centered stationary Gaussian

random fields can be treated using the above framework. In fact, if Z = {Z(t), t ∈ RN} is a

centered stationary Gaussian random field, it can be represented as Z(t) =
∫
RN ei〈t,λ〉Φ(dλ).

Thus the random field X defined by

X(t) = Z(t)− Z(0) =

∫
RN

(
ei〈t,λ〉 − 1

)
Φ(dλ), ∀ t ∈ RN

is Gaussian with stationary increments (intrinsically stationary Gaussian random field) and

X(0) = 0. Note that the spectral measure F of X in the sense of (2.4) is the same as the

spectral measure [in the ordinary sense] of the stationary random field Z.

In the following, we propose and investigate a class of centered, anisotropic, intrinsically

stationary Gaussian random fields, whose spectral measures are absolutely continuous with

respect to the Lebesgue measure in RN . More precisely, we assume that the spectral measure
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F of X = {X(t), t ∈ RN} is absolutely continuous with density function f(λ) which satisfies

(2.2) and the following condition:

(C) There exist positive constants c1, c2, c3, γ and (β1, · · · , βN ) ∈ (0,∞)N such that

γ >
N∑
j=1

1

βj
(2.5)

and

c1(∑N
j=1 |λj |

βj
)γ ≤ f(λ) ≤ c2(∑N

j=1 |λj |
βj
)γ , ∀λ ∈ RN with |λ| ≥ c3. (2.6)

The following proposition shows that (2.5) is needed to ensure f is a legitimate spectral

density function.

Proposition 2.2.1. Assume that f(λ) is a non-negative measurable function defined on RN .

If ∫
|λ|≤c3

|λ|2f(λ)dλ <∞

and (2.6) holds, then f(λ) is a legitimate spectral density if and only if the parameters γ and

βj for j = 1, · · · , N satisfy (2.5).

Some remarks about Condition (C) are given in the following.

Remark 2.2.2

(1) There is an important connection between the random field models that satisfy Con-

dition (C) and those considered in Xiao (2009). For j = 1, · · · , N , let

Hj =
βj
2

(
γ −

N∑
i=1

1

βi

)
(2.7)
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and let Q =
∑N
j=1

1
Hj

. Then (2.6) can be rewritten as

c4(∑N
j=1 |λj |

Hj
)2+Q ≤ f(λ) ≤ c5(∑N

j=1 |λj |
Hj
)2+Q , ∀ λ ∈ RN with |λ| ≥ c3,

(2.8)

where the positive and finite constants c4 and c5 depend on N , c1, c2, βj and γ only.

To verify this claim, we will make use of the following elementary fact: For any positive

numbers N and q, there exist positive and finite constants c4 and c5 such that

c4

( N∑
j=1

aj

)q
≤

N∑
j=1

a
q
j ≤ c5

( N∑
j=1

aj

)q
(2.9)

for all non-negative numbers a1, . . . , aN . Note that

( N∑
j=1

|λj |
Hj

)2+Q

=

( N∑
j=1

|λj |
βj ·

1
2

(
γ−
∑N
i=1

1
βi

))2+Q

and 1
2

(
γ−

∑N
i=1

1
βi

)
(2 +Q) = γ. We apply (2.9) with q = 1

2

(
γ−

∑N
i=1

1
βi

)
to see that

(2.6) and (2.8) are equivalent.

In turns out that the expression (2.8) is essential in this chapter and will be used

frequently. For simplicity of notation, from now on we take c3 = 1.

(2) It is also possible to consider intrinsically stationary Gaussian random fields whose

spectral measures are not absolutely continuous. Some examples of such covariance

space-time models can be found in Cressie and Huang (1999), Gneiting (2002), Ma

(2003a, 2003b). Since the mathematical tools for studying such random fields are

quite different [see Luan and Xiao (2010)], we will deal with them systematically in

the future.
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(3) Non-stationary Gaussian random fields can be constructed through deformation of an

isotropic Gaussian random field. Refer to Anderes and Stein (2008) for more details.

One of the advantages of deformation is to closely connect a nonstationary and/or

anisotropic random field to a stationary and isotropic one for which existing statistical

techniques are available. However, there is also a disadvantage [from the point of view of

flexibility] associated with deformation. Let X(t) = Z(g−1(t)), where {Z(t), t ∈ RN}

is an isotropic Gaussian model and g is a smooth bijection of RN . Since the function

g is bi-Lipschitz on compact intervals, the fractal dimensional properties of X are

the same as those of Z. Hence deformation of isotropic Gaussian models will not

generate anisotropic random fields with rich geometric structures as shown by the

models introduced in this chapter.

2.3 Prediction error for anisotropic Gaussian models

Suppose we observe an anisotropic Gaussian random field X on RN at t1, . . . , tn and wish

to predict X(u), for u ∈ RN . Then the inference about X(u) will be based upon the

conditional distribution of X(u) given the observed values of X(t1), . . . , X(tn). Refer to

Stein (1999b, Section 1.2) for the closed form of this conditional distribution. A statistical

analysis typically aims at the optimal linear predictor of this unobserved X(u), known as

simple kriging. The simple kriging predictor of X(u) is

X∗(u) = c(u)TΣ−1Z, (2.10)
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where Z =
(
X(t1), . . . , X(tn)

)T
, c(u)T = Cov{X(u),Z} and Σ = Cov(Z,ZT ). The form

(2.10) minimizes the mean square prediction error, which then is given as Var(X(u)) −

c(u)TΣ−1c(u). Since X is Gaussian, the simple kriging is the conditional expectation of

X(u) given Z, and the mean square prediction error is the conditional variance of X(u)

given the observations Z.

The main result of this section is Theorem 2.3.1 below, which gives lower and upper

bounds for the mean square prediction error for intrinsically stationary Gaussian random

fields which satisfy Condition (C). It shows that, similar to stationary Gaussian field models

[cf. Stein (1999b)], the prediction error of the models in this chapter only depends on the

high frequency behavior of the spectral density of X.

Theorem 2.3.1. Let X = {X(t), t ∈ RN} be a centered intrinsically stationary Gaussian

random field valued in R with spectral density f(λ) satisfying (2.6). Then, for any given

constant M > 0, there exist constants c6 > 0 and c7 > 0, such that for all integers n ≥ 1

and all u, t1, · · · , tn ∈ [−M,M ]N ,

c6 min
0≤k≤n

N∑
j=1

|uj − tkj |
2Hj ≤ Var

(
X(u)|X(t1), · · · , X(tn)

)
≤ c7 min

0≤k≤n

N∑
j=1

σj
(
|uj − tkj |

)
,

(2.11)

where Hj is given in (2.7), t0 = 0 and σj : R+ → R+ is defined by

σj(r) =


r
2Hj if 0 < Hj < 1,

r2| log r| if Hj = 1,

r2 if Hj > 1.

(2.12)

If Hj < 1, for j = 1, · · · , N , then the two bounds in (2.11) match. When there is some
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Hj > 1, that means, the random field X(t) is smoother in the j-th direction [see Corollaries

2.4.3, 2.4.7 and Theorem 2.4.8 below], then the upper and lower bounds are not the same any

more. This suggests that the prediction error may become larger as X(t) becomes smoother

in some directions.

The proof of Theorem 2.3.1, as well as those of Theorems 2.4.9, 2.5.1 and 2.5.2 relies

partially on the following lemma, which provides upper and lower bounds for the variogram

of the model.

Lemma 2.3.2. Let X = {X(t), t ∈ RN} be a centered intrinsically stationary Gaussian

random field valued in R with spectral density f(λ) satisfying (2.6). Then, for any given

constant M > 0, there exist constants c8 > 0 and c9 > 0, such that for s, t ∈ [−M,M ]N ,

c8

N∑
j=1

σj
(
|sj − tj |

)
≤ E

(
X(s)−X(t)

)2 ≤ c9

N∑
j=1

σj
(
|sj − tj |

)
, (2.13)

where the function σj is defined in (2.12).

The upper bound in (2.13) implies that X has a version whose sample functions are

almost surely continuous. Throughout this dissertation, without loss of generality, we will

assume that the sample function t 7→ X(t) is almost surely continuous.

2.4 Smoothness properties of anisotropic Gaussian mod-

els

Regularity properties of sample path of random fields are of fundamental importance in prob-

ability and statistics. Many authors have studied mean square and sample path continuity

and differentiability of Gaussian processes and random fields. See Cramér and Leadbetter
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(1967), Alder (1981), Stein (1999b), Banerjee and Gelfand (2003), Adler and Taylor (2007).

In this section we provide explicit criteria for mean square and sample path differentiability

for the models introduced in Section 2.

2.4.1 Distributional properties of mean square partial derivatives

Banerjee and Gelfand (2003) studied the smoothness properties of stationary random fields

and some non-stationary relatives through directional derivative processes and their distri-

butional properties. To apply their method to intrinsically stationary random fields, let us

first recall the definition of mean square directional derivatives.

Definition 2.4.1. Let u ∈ RN be a unit vector. A second order random field {X(t), t ∈ RN}

has mean square directional derivative X ′u(t) at t ∈ RN in the direction u if, as h→ 0,

Xu,h(t) =
X(t+ hu)−X(t)

h

converges to X ′u(t) in the L2-sense. In this case, we write X ′u(t) = l.i.m.h→0Xu,h(t).

Let e1, e2, · · · , eN be an orthonormal basis for RN . If u = ej , then X ′ej (t) is the mean

square partial derivative in the j-th direction defined in Adler (1981), which will simply be

written as X ′j(t). We will also write Xej,h(t) as Xj,h(t).

For any second-order, centered random field {X(t), t ∈ RN}, similar to Theorem 2.2.2 in

Adler (1981), one can easily establish a criterion in terms of the covariance function K(s, t) =

E
[
X(s)X(t)

]
for the existence of mean square directional derivative X ′u(t). Banerjee and
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Gelfand (2003) further showed that the covariance function of X ′u(t) is given by

Ku(s, t = lim
h→0

lim
k→0

E
[
Xu,h(s)Xu,k(t)

]
= lim
h→0

lim
k→0

K(s+ hu, t+ ku)−K(s+ hu, t)−K(s, t+ ku) +K(s, t)

hk
.

Extending their argument, one obtains the following theorem for intrinsically stationary

Gaussian random fields.

Theorem 2.4.2. Let X = {X(t), t ∈ RN} be a centered intrinsically stationary Gaussian

random field valued in R, then the mean square partial derivative X ′j(t) exists for all t ∈ RN

if and only if the limit

lim
h,k→0

v(hej) + v(kej)− v
(
(h− k)ej

)
hk

(2.14)

exists, where v(t) is defined in (2.4). Moreover, this later condition is equivalent to v(t) has

second-order partial derivatives at 0 in the j-th direction.

As a consequence, we obtain an explicit criterion for the existence of mean square partial

derivatives of Gaussian random fields in Section 2.

Corollary 2.4.3. Let X = {X(t), t ∈ RN} be a centered intrinsically stationary Gaussian

random field valued in R with spectral density f(λ) satisfying Condition (C). Then for every

j = 1, · · · , N , the mean square partial derivative X ′j(t) exists if and only if

βj

(
γ −

N∑
i=1

1

βi

)
> 2, (2.15)

or equivalently Hj > 1 [cf. (2.7)].

Assume condition (2.14) of Theorem 2.4.2 holds so that the mean square partial derivative
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X ′j(t) exists for all t ∈ RN . We now consider the distributional properties of the random

field {X ′j(t), t ∈ RN}.

Since E(X(t)) = 0 for all t ∈ RN , we have E(Xj,h(t)) = 0 and E(X ′j(t)) = 0. Let

K
(h)
j (s, t) and Kj(s, t) denote the covariance functions of the random fields {Xj,h(t), t ∈ RN}

and {X ′j(t), t ∈ RN}, respectively. Let ∆ = s− t, we immediately have

K
(h)
j (s, t) =

v(∆ + hej) + v(∆− hej)− 2v(∆)

2h2
, (2.16)

and Var(Xj,h(t)) = v(hej)/h
2, which only depends on the scalar h.

Theorem 2.4.4. Let X = {X(t), t ∈ RN} be a centered intrinsically stationary Gaussian

random field valued in R. Suppose that all second-order partial derivatives of the variogram

v(t) exist. Then the covariance function of X ′j(t) is given by

Kj(s, t) =
1

2
v′′j (s− t), (2.17)

where v′′j (t) is the second-order partial derivative of v at t in the j-th direction. In particular,

{X ′j(t), t ∈ RN} is a stationary Gaussian random field.

Proof The desired result follows from (2.16).

It is also useful to determine the covariance of X(s) and X ′j(t) for all s, t ∈ RN . Since

Cov
(
X(s), Xj,h(t)

)
=

1

2h

{
v(t+ hej)− v(t) + v(∆)− v(∆− hej)

}
,

24



where ∆ = s− t, we obtain

Cov
(
X(t), Xj,h(t)

)
=

1

2h

{
v(t+ hej)− v(t)− v(hej)

}

and

Cov
(
X(s), X ′j(t)

)
= lim
h→0

1

2h

{
v(t+ hej)− v(t) + v(∆)− v(∆− hej)

}
=

1

2

(
v′j(t) + v′j(∆)

)
,

(2.18)

where v′j(t) is the partial derivative of v at t in the j-th direction.

In particular, Cov
(
X(t), X ′j(t)

)
= v′j(t)/2, which is different from the stationary case. Re-

call that if Z(t) is a stationary Gaussian field with mean square partial derivative Z ′j(t), then

Z(t) and Z ′j(t) are uncorrelated (and thus independent). However, this is not always true

for non-stationary Gaussian random fields, which is one of the reasons why non-stationary

models are more difficult to study.

Next we consider the bivariate process

Y
(h)
j (t) =

 X(t)

Xj,h(t)

 .

It can be verified that this process has mean 0 and cross-covariance matrix

Vj,h(s, t)

=


v(s) + v(t)− v(∆)

2

v(t+ hej)− v(t) + v(∆)− v(∆− hej)
2h

v(s+ hej)− v(s) + v(∆)− v(∆ + hej)

2h

v(∆ + hej) + v(∆− hej)− 2v(∆)

2h2

 .
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Because Y
(h)
j (t) is obtained by linear transformation of X(t), the above is a valid cross-

covariance matrix in RN . Since this is true for every h, letting h→ 0 we see that

Vj(s, t) =

 1

2

{
v(s) + v(t)− v(∆)

} 1

2

{
v′j(t) + v′j(∆)

}
1

2

{
v′j(s)− v

′
j(∆)

} 1

2
v
′′
j (∆)



is a valid cross-covariance matrix in RN . In fact, Vj is the cross-covariance matrix for the

bivariate process

Yj(t) =

 X(t)

X ′j(t)

 .

2.4.2 Criterion for mean square differentiability

Benerjee and Gelfand (2003) pointed out that the existence of all mean square directional

derivatives of a random field X does not even guarantee mean square continuity of X, and

they introduced a notion of mean square differentiability which has analogous properties of

total differentiability of a function in RN in the non-stochastic setting. We first recall their

definition.

Definition 2.4.5. A random field {X(t), t ∈ RN} is mean square differentiable at t ∈ RN

if there exists a (random) vector ∇X(t) ∈ RN such that for all scalar h > 0, all vectors

u ∈ SN = {t ∈ RN : |t| = 1}

X(t+ hu) = X(t) + huT∇X(t) + r(t, hu), (2.19)

where r(t, hu)/h→ 0 in the L2-sense as h→ 0.

Refer to Definition 2.1 of Potthoff (2010) for more details on the definition of mean square
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differentiability. In other words, for all vectors u ∈ SN , it is required that

lim
h→0

E
(
X(t+ hu)−X(t)− huT∇X(t)

h

)2

= 0. (2.20)

It can be seen that if X is mean square differentiable at t, then for all unit vectors u ∈ SN

X ′u(t) =
l.i.m.
h→0

X(t+ hu)−X(t)

h
=

l.i.m.
h→0

huT∇X(t) + r(t, hu)

h

= uT∇X(t).

Hence it is necessary that ∇X(t) = (X ′1(t), . . . , X ′N (t)).

The next theorem provides a sufficient condition for a intrinsically stationary Gaussian

random field to be mean square differentiable.

Theorem 2.4.6. Let X = {X(t), t ∈ RN} be a centered intrinsically stationary Gaussian

random field valued in R. If all the second-order partial and mixed derivatives of the vari-

ogram v(t) exist and are continuous, then X is mean square differentiable at every t ∈ RN .

As a consequence of Theorem 2.4.6 and Corollary 2.4.3 we obtain

Corollary 2.4.7. Let X = {X(t), t ∈ RN} be a centered intrinsically stationary Gaussian

random field valued in R with spectral density f(λ) satisfying Condition (C). Then X is

mean square differentiable at every t ∈ RN if and only if

βj

(
γ −

N∑
i=1

1

βi

)
> 2 for every j = 1, . . . , N. (2.21)
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2.4.3 Criterion for sample path differentiability

For many theoretical and applied purposes, one often needs to work with random fields

which have smooth sample functions. Refer to Adler (1981), Adler and Taylor (2007) and

the reference therein for more information. Since in general mean square differentiability does

not imply almost sure sample path differentiability, it is of interest to provide convenient

criteria for the latter.

For Gaussian random fields considered in this chapter, it turns out that under the same

condition as Corollary 2.4.3, the partial derivatives of X are almost surely continuous.

Theorem 2.4.8. Let X = {X(t), t ∈ RN} be a separable and centered intrinsically station-

ary Gaussian random field with values in R. We assume that X satisfies Condition (C).

(i). If

βj

(
γ −

N∑
i=1

1

βi

)
> 2 (i.e., Hj > 1), (2.22)

for some j ∈ {1, · · · , N}, then X has a version X̃ with continuous sample functions such

that its jth partial derivative X̃ ′j(t) is continuous almost surely.

(ii). If (2.22) holds for all j ∈ {1, · · · , N}, then X has a version X̃ which is continuously

differentiable in the following sense: with probability 1,

lim
h→0

X̃(t+ hu)− X̃(t)− huT∇
X̃

(t)

h
= 0 for all u ∈ SN and t ∈ RN . (2.23)

If condition (2.22) does not hold for some j ∈ {1, · · · , N}, then X(t) does not have mean

square partial derivatives along the j-th direction and the sample path of X(t) is usually a

random fractal. In this case, it is of interest to characterize the asymptotic behavior of X(t)

by its local and uniform moduli of continuity.
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These problems for anisotropic Gaussian random fields have been considered in Xiao

(2009), Meerschaert, Wang and Xiao (2010). The methods there are applicable to X with a

little modification. For completeness, we state the following result which can be proved by

using Lemma 2.3.2 and general Gaussian methods. We omit its proof.

Theorem 2.4.9. Let X = {X(t), t ∈ RN} be as in Theorem 2.4.8. Then for every compact

interval I ⊂ RN , there exists a positive and finite constant c10, depending only on I and

Hj , (j = 1, . . . , N) such that

lim sup
|ε|→0

supt∈I, s∈[0,ε] |X(t+ s)−X(t)|√
ϕ(ε) log(1 + ϕ(ε)−1)

≤ c10, (2.24)

where ϕ(ε) =
∑N
j=1 σj(|εj |) for all ε = (ε1, . . . , εN ) ∈ RN , and the function σj is defined in

(2.12).

2.5 Fractal properties of anisotropic Gaussian models

The variations of soil, landform and geology are usually highly non-regular in form and can

be better approximated by a stochastic fractal. Hausdorff dimensions have been extensively

used in describing fractals. We refer to Kahane (1985) or Falconer (1990) for their definitions

and properties.

Let X = {X(t), t ∈ RN} be a real-valued, centered Gaussian random field. For any

integer p ≥ 1, we define an (N, p)-Gaussian random field X = {X(t), t ∈ RN} by

X(t) =
(
X1(t), . . . , Xp(t)

)
, t ∈ RN , (2.25)

where X1, . . . , Xp are independent copies of X.
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In this section, under more general conditions on X than those in Sections 2–4, we

study the Hausdorff dimensions of the range X([0, 1]N ) = {X(t) : t ∈ [0, 1]N}, the graph

GrX([0, 1]N ) = {(t,X(t)) : t ∈ [0, 1]N} and the level set X−1(x) = {t ∈ RN : X(t) = x}

(x ∈ Rp). The results in this section can be applied to wide classes of Gaussian spatial or

space-time models (with or without stationary increments).

First, consider fractional Brownian motion BH = {BH(t), t ∈ RN} valued in Rp with

Hurst index H ∈ (0, 1). BH(t) is a special example of our model which, however, has

isotropic spectral density. It is known [cf. Kahane (1985)] that

dim GrBH
(
[0, 1]N

)
= min

{
N + (1−H)p,

N

H

}
a.s.

Especially, when p = 1,

dim GrBH
(
[0, 1]N

)
= N + 1−H a.s.

and moreover, for every x ∈ R,

dim (BH)−1(x) = N −H, a.s.

The fractal properties of BH have been applied by many statisticians to estimate the Hurst

index H and it is sufficient to choose p = 1. Refer to Hall and Wood (1993), Constantine

and Hall (1994), Kent and Wood (1997), Davis and Hall (1999), Chan and Wood (2000,

2004), Zhu and Stein (2002).

Let (H1, . . . , HN ) ∈ (0, 1]N be a constant vector. Without loss of generality, we assume
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that they are ordered as

0 < H1 ≤ H2 ≤ · · · ≤ HN ≤ 1. (2.26)

We assume the following conditions.

(D1) For any η > 0, there exist positive constants δ0, c11 ≥ 1 such that for all s, t ∈ [0, 1]N

with |s− t| ≤ δ0

c−111

N∑
j=1

|sj − tj |
2Hj+η ≤ E

[(
X(t)−X(s)

)2] ≤ c11

N∑
j=1

|sj − tj |
2Hj−η. (2.27)

(D2) For any constant ε ∈ (0, 1), there exists a positive constant c12 such that for all u, t

∈ [ε, 1]N , we have

Var (X(u) | X(t)) ≥ c12

N∑
j=1

∣∣uj − tj∣∣2Hj+η. (2.28)

The following theorems determine the Hausdorff dimensions of range, graph and level sets

of X. Because of anisotropy, these results are significantly different from the aforementioned

results for fractional Brownian motion or other isotropic random fields [cf. Xiao (2007)].

Even though Theorems 2.5.1 and 2.5.2 below are similar to Theorems 6.1 and 7.1 in Xiao

(2009), they have wider applicability. In particular, they can be applied to a random field

X which may be smooth in certain (or all) directions.

Theorem 2.5.1. Let X = {X(t), t ∈ RN} be an (N, p)-Gaussian random field defined by

(2.25). If the coordinate process X satisfies Condition (D1), then, with probability 1,

dim X
(
[0, 1]N

)
= min

{
p;

N∑
j=1

1

Hj

}
, (2.29)
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and

dim GrX
(
[0, 1]N

)
= min

1≤k≤N

{ k∑
j=1

Hk

Hj
+N − k + (1−Hk)p;

N∑
j=1

1

Hj

}
, (2.30)

where
∑0
j=1

1
Hj

:= 0.

Proof The right inequality in (2.27) and Theorem 2.4.9 show that X(t) satisfies a uniform

Hölder condition on [0, 1]N which, in turn, implies the desired upper bounds in (2.29) and

(2.30).

The lower bounds for dim X
(
[0, 1]N

)
and dim GrX

(
[0, 1]N

)
can be derived from the left

inequality in (2.27) and a capacity argument. See the proof of Theorem 6.1 in Xiao (2009)

for details.

For the level sets of X, we have

Theorem 2.5.2. Let X = {X(t), t ∈ RN} be an (N, p)-Gaussian random field defined by

(2.25). If the coordinate process X satisfies Conditions (D1) and (D2), then the following

statements hold:

(i) If
∑N
j=1

1
Hj

< p, then for every x ∈ Rp\{0}, X−1(x) = ∅ a.s.

(ii) If
∑N
j=1

1
Hj

> p, then for any x ∈ Rp, with positive probability

dim X−1(x) = min
1≤k≤N

{ k∑
j=1

Hk

Hj
+N − k −Hk p

}
. (2.31)

Proof The results (i) and (ii) follow from the proof of Theorem 7.1 in Xiao (2009).

Let X = {X(t), t ∈ RN} be a centered intrinsically stationary Gaussian random field

valued in R with spectral density f(λ) satisfying (2.6). Let H1, . . . , HN be defined by (2.7).
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Then, by Theorem 2.3.1 and Lemma 2.3.2, we see that X satisfies (D1) for all Hj = 1 ∧Hj

(1 ≤ j ≤ N). It also satisfies Condition (D2) with Hj = Hj provided Hj ≤ 1 for all

j = 1, · · · , N . Hence one can apply Theorems 2.5.1 and 2.5.2 to derive the following result.

Corollary 2.5.3. Let X = {X(t), t ∈ RN} be a centered intrinsically stationary Gaussian

random field valued in Rp defined by (2.25). We assume that its coordinate process X has

spectral density f(λ) satisfying (2.6) and Hj (j = 1, · · · , N) defined by (2.7) are ordered as

H1 ≤ H2 ≤ · · · ≤ HN . We have

(i) With probability 1, (2.29) and (2.30) hold with Hj = 1 ∧Hj (1 ≤ j ≤ N).

(ii) If, in addition, Hj ≤ 1 (so Hj = Hj) for all j = 1, · · · , N and
∑N
j=1

1
Hj

> p, then

(2.31) holds with positive probability.

We believe that the above fractal properties can also be useful for estimating the pa-

rameters H1, . . . , HN of our model. However this will be more subtle than the isotropic

case, where only the single parameter is involved, for the following two reasons. First, if a

parameter Hj > 1, then the sample function X(t) is smooth in the j-th direction and the

Hausdorff dimensions of X has nothing to do with Hj . In other words, based on fractal

dimensions, a parameter Hj can be explicitly estimated only when Hj < 1.

Secondly, if we let p = 1, then (2.30) gives dimGrX
(
[0, 1]N

)
= N + 1−H1, which does

not give any information about the other parameters H2, . . . , HN . This suggests that, in

order to estimate all the parameters of an anisotropic random field model, one has to work

with a multivariate random field X as defined by (2.25).
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2.6 Applications to some stationary space-time models

The above results can be applied to the stationary space-time Gaussian fields constructed

by Cressie and Huang (1999), Gneiting (2002), de Iaco, Myers, and Posa (2002), Ma (2003a,

2003b) and Stein (2005).

2.6.1 Stationary covariance models

Extending the results of Cressie and Huang (1999), Gneiting (2002) showed that, for (x, t) ∈

Rd × R,

K(x, t) =
σ2(

1 + a|t|2α
)βd/2 exp

(
− c|x|2γ(

1 + a|t|2α
)βγ

)
, (2.32)

is a stationary space-time covariance function, where σ > 0, a > 0, c > 0, α ∈ (0, 1],

β ∈ (0, 1] and γ ∈ (0, 1] are constants. It can be verified that the corresponding spectral

measure is absolutely continuous in the space-variable x and discrete in the time-variable t.

See Ma (2003a, 2003b) for more examples of stationary covariance models.

In the following, we verify that the sample functions of these space-time models are

fractals. We will check Conditions (D1) and (D2) first, and then obtain the corresponding

Hausdorff dimension results from Theorems 2.5.1 and 2.5.2.

Proposition 2.6.1. Let X = {X(x, t), (x, t) ∈ Rd × R} be a centered stationary Gaussian

random field in R with covariance function as (2.32). Then for any M > 0, there exist

constants c13 > 0 and c14 > 0 such that

c13
(
|x− y|2γ + |t− s|2α

)
≤ E

(
X(x, t)−X(y, s)

)2 ≤ c14
(
|x− y|2γ + |t− s|2α

)
(2.33)

34



and

Var
(
X(x, t)

∣∣X(y, s)
)
≥ c13

(
|x− y|2γ + |t− s|2α

)
(2.34)

for all (x, t) and (y, s) ∈ [−M,M ]d+1.

Proposition 2.6.2. Let X = {X(x, t), (x, t) ∈ Rd × R} be a centered stationary Gaussian

random field in R with covariance function as (2.32), and let X be its associated (N, p)-

random field defined by (2.25). Then, with probability 1,

dim X
(
[0, 1]d+1) = min

{
p ;

d

γ
+

1

α

}
. (2.35)

And if 0 < α ≤ γ < 1, then

dim GrX
(
[0, 1]d+1) =


d+ 1 + (1− α)p if p < 1

α ,

d+ γ
α + (1− γ)p if 1

α ≤ p < 1
α + d

γ ,

1
α + d

γ if p ≥ 1
α + d

γ .

(2.36)

If 0 < γ ≤ α < 1, then

dim GrX
(
[0, 1]d+1) =


d+ 1 + (1− γ)p if p < d

γ ,

dα
γ + 1 + (1− α)p if d

γ ≤ p < 1
α + d

γ ,

1
α + d

γ if p ≥ 1
α + d

γ .

(2.37)

Remark 2.6.3 Applying the method in Luan and Xiao (2011), it is possible to further

determine the exact Hausdorff measure function for X
(
[0, 1]d+1

)
.

Proposition 2.6.4. Let X = {X(x, t), (x, t) ∈ Rd × R} be a centered stationary Gaussian

random field in R with covariance function as (2.32), and let X be its associated (N, p)-
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random field.

(i) When 1
α + d

γ < p, then for every x ∈ Rp, X−1(x) = ∅ a.s.

(ii) When 1
α + d

γ > p, if 0 < α ≤ γ ≤ 1, then for any x ∈ Rp, with positive probability

dim X−1(x) =


d+ 1− αp if p < 1

α ,

d+ γ
α − γp if p ≥ 1

α ,

(2.38)

and if 0 < γ ≤ α ≤ 1, then for any x ∈ Rp, with positive probability

dim X−1(x) =


d+ 1− γp if p < d

γ ,

dα
γ + 1− αp if p ≥ d

γ .

(2.39)

2.6.2 Stationary spectral density models

In Section 2.6.1, the stationary space-time models are constructed directly by covariance

functions, which are isotropic in the space variable. Stein (2005) showed that stationary

covariance functions which are anisotropic in space can be constructed by choosing

f(λ) =

(
d+1∑
j=1

cj
(
aj + |λj |2

)αj)−ν , ∀λ ∈ Rd × R, (2.40)

where ν > 0, cj > 0, aj > 0 and αj ∈ N for j = 1, · · · , d+ 1 are constants such that

d+1∑
j=1

1

αj
< 2ν.

This last condition guarantees f ∈ L1(Rd+1). Clearly f(λ) in (2.40) satisfies (2.6) with

βj = αj and γ = 2ν. Hence we may apply our results to analyze this class of models,
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through their smoothness and fractal properties.

Proposition 2.6.5. Let X = {X(x, t), (x, t) ∈ Rd × R} be a centered stationary Gaussian

random field in R with spectral density as (2.40).

(i) If

2ν >
d+1∑
j=1

1

αj
+

2

min1≤`≤d+1 α`
,

then X(x, t) is mean square differentiable and has a version X̃(x, t) which is sample path

differentiable almost surely.

(ii) X is a fractal [i.e. the sample path of X may have fractional Hausdorff dimension] if

and only if
d+1∑
j=1

1

αj
< 2ν ≤

d+1∑
j=1

1

αj
+

2

min1≤`≤d+1 α`
.

The Hausdorff dimensions of various fractals generated by this kind of model can also

be computed using Corollary 2.5.3, with Hj = αj
(
ν −

∑d+1
`=1

1
2α`

)
, Hj = 1 ∧ Hj for j =

1, · · · , d+ 1. We leave the details to an interested reader.

2.7 Proofs

Proof of Proposition 2.2.1

Note that (2.2) is equivalent to
∫
RN

(
1∧ |λ|2

)
f(λ)dλ <∞. Since

∫
|λ|≤1 |λ|

2f(λ)dλ <∞

is given, it is enough for us to show
∫
|λ|>1

dλ(∑N
j=1 |λj |

βj
)γ <∞ is equivalent to (2.5).

For this purpose, we appeal to the following fact: Given positive constants β and γ, there
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exists a finite constant c15 such that for all a > 0,

∫ ∞
0

dx

(a+ xβ)γ
=


c15 a

−(γ− 1
β
)

if βγ > 1,

+∞ if βγ ≤ 1.

(2.41)

To verify this, we make a change of variable x = a
1
β y to obtain

∫ ∞
0

dx

(a+ xβ)γ
= a
−(γ− 1

β
)
∫ ∞
0

dy

(1 + yβ)γ
.

Thus (2.41) follows.

First we assume (2.5) holds. Since |λ| > 1 implies that |λj0 | >
1√
N

for some j0 ∈

{1, . . . , N}. Without loss of generality we assume j0 = 1. Then by using (2.41) (N − 1)

times we obtain

∫
|λ|>1

dλ(∑N
j=1 |λj |

βj
)γ ≤ 2N

∫ ∞
1√
N

dλ1

∫ ∞
0
· · ·
∫ ∞
0︸ ︷︷ ︸

N−2

dλ2 · · · dλN−1(∑N−1
j=1 |λj |

βj
)γ− 1

βN

≤ c

∫ ∞
1√
N

dλ1(
|λ1|β1

)γ−∑N
j=2

1
βj

<∞,

because β1
(
γ −

∑N
j=2

1
βj

)
> 1. This proves the sufficiency of (2.5).

To prove the converse, we assume (2.5) does not hold. Then there is a unique integer

τ ∈ {1, . . . , N} such that
∑τ−1
i=1

1
βi
< γ ≤

∑τ
i=1

1
βi
. Note that

∫
|λ|>1

dλ(∑N
j=1 |λj |

βj
)γ ≥ ∫ ∞

0
· · ·
∫ ∞
0︸ ︷︷ ︸

N−1

∫ ∞
1

dλ1 · · · dλN(∑N
j=1 |λj |

βj
)γ .

By using (2.41) and integrating dλ1 · · · dλτ , we see that the last integral is divergent. This
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completes the proof.

Proof of Lemma 2.3.2

For any s, t ∈ [−M, M ]N , denote ŝ0 = t, ŝ1 = (s1, t2, · · · , tN ), ŝ2 = (s1, s2, t3, · · · , tN ),

· · · , ŝN−1 = (s1, · · · , sN−1, tN ) and ŝN = s. Let h = s − t , (h1, · · · , hN ). By Jensen’s

inequality, (2.4) and (2.8) we can write

E
(
X(s)−X(t)

)2
= E

[ N∑
k=1

(
X(ŝk)−X(ŝk−1)

)]2
≤ N

N∑
k=1

E
(
X(ŝk)−X(ŝk−1)

)2
= 2N

N∑
k=1

∫
RN

(
1− cos(hkλk)

)
f(λ)dλ

≤ 2N
N∑
k=1

∫
|λ|≤1

(
1− cos(hkλk)

)
f(λ)dλ

+ 2Nc5

N∑
k=1

∫
|λ|>1

(
1− cos(hkλk)

) dλ(∑N
i=1 |λi|Hi

)Q+2

, I1 + I2.

(2.42)

By using the inequality 1− cosx ≤ x2 we have

I1 ≤ 2N

( N∑
k=1

h2k

) ∫
|λ|≤1

|λ|2f(λ)dλ

≤ c16 |s− t|2
(2.43)

for some positive and finite constant c16, which depends on M . To bound the kth integral

in I2, we note that, when |λ| > 1, either |λk| > 1√
N

or there is j0 6= k such that |λj0 | >
1√
N

.
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We break the integral according to these two possibilities.

∫
|λ|>1

(
1− cos(hkλk)

) dλ(∑N
i=1 |λi|Hi

)Q+2

≤ 2

∫ ∞
1√
N

(
1− cos(hkλk)

)
dλk

∫
RN−1

dλ1 · · · dλk−1dλk+1 · · · dλN(∑N
i=1 |λi|Hi

)Q+2

+ 4

∫ 1

0

(
1− cos(hkλk)

)
dλk

∫ ∞
1√
N

dλj0

∫
RN−2

dλ∨k,j0(∑N
i=1 |λi|Hi

)Q+2

, I3 + I4,

(2.44)

where dλ∨k,j0
denotes integration in λi (i 6= k, j0).

By using (2.41) repeatedly [N − 1 times], we obtain

I3 ≤ c

∫ ∞
1√
N

1− cos(hkλk)

|λk|2Hk+1
dλk

≤ c

∫ 1
|hk|
1√
N

h2kλ
2
k

λ
2Hk+1
k

dλk +

∫ ∞
1
|hk|

1

λ
2Hk+1
k

dλk


≤ c σk(|hk|),

(2.45)

where σk is defined as in (2.12).

Similarly, we use (2.41) N − 2 times to get

I4 ≤ c

∫ 1

0

(
1− cos(hkλk)

)
dλk

∫ ∞
1√
N

dλj0(
λ
Hk
k + λ

Hj0
j0

)2+ 1
Hk

+ 1
Hj0

≤ c

∫ 1

0

(
1− cos(hkλk)

)
dλk

∫ ∞
1√
N

dλj0

λ
2Hj0

+1+
Hj0
Hk

j0

≤ c |hk|2.
(2.46)

Combining (2.42)–(2.46) yields the upper bound in (2.13) holds for all s, t ∈ [−M,M ]N .
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Next we prove the lower bound in (2.13). By (2.4) and (2.8) we have

E
(
X(s)−X(t)

)2 ≥ c4

∫
|λ|>1

(
1− cos 〈s− t, λ〉

) dλ

ρ(λ)Q+2
, (2.47)

where ρ(λ) =
∑N
j=1 |λj |

Hj , λ ∈ RN . So, for the lower bound of E
(
X(s) − X(t)

)2
, it is

enough to show that for every j = 1, · · · , N and all h ∈ RN , we have

∫
|λ|>1

(
1− cos 〈h, λ〉

) dλ

ρ(λ)Q+2
≥ c σj(|hj |), (2.48)

where c is a positive constant.

We only prove (2.48) for j = 1, and the other cases are similar. Fix h ∈ RN with |h1| > 0

[otherwise there is nothing to prove] and we make a change of variables

y` = ρ(h)
H−1
` λ`, ∀ ` = 1, · · · , N.

We consider a subset of the integration region defined by

D(h) =
{
y ∈ RN : |y1| ∈ [ρ(h)H

−1
1 , 1], |y`| ≤ 1 and y`h` > 0 for 1 ≤ ` ≤ N

}
.

Since ρ(λ) = ρ(y)/ρ(h), we have

∫
|λ|>1

(
1− cos 〈h, λ〉

) dλ

ρ(λ)Q+2
≥ ρ(h)2

∫
D(h)

1− cos
(∑N

`=1 h`ρ(h)
−H−1

` y`

)
(∑N

`=1 |y`|
H`
)Q+2

dy. (2.49)

By using the inequality 1− cosx ≥ c x2 for all |x| ≤ N , where c > 0 is a constant, and the

fact that h`y` > 0 for all 1 ≤ ` ≤ N , we derive that the last integral is at least [up to a
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constant]

ρ(h)2
∫
D(h)

(∑N
`=1 h`ρ(h)

−H−1
` y`

)2
(∑N

`=1 |y`|
H`
)Q+2

dy

≥ ρ(h)2
∫ 1

ρ(h)
H−11

h21ρ(h)
− 2
H1 y21dy1

∫ 1

0
· · ·
∫ 1

0︸ ︷︷ ︸
N−1

dy2 · · · dyN(∑N
`=1 |y`|

H`
)Q+2

≥ c ρ(h)
2− 2

H1 h21

∫ 1

ρ(h)
H−11

y21dy1(
y
H1
1

) 1
H1

+2

= c σ1(|h1|).

(2.50)

This proves (2.48) and hence Lemma 2.3.2.

In order to prove Theorem 2.3.1, we need use the following lemma which implies that the

prediction error of X is determined by the behavior of the spectral density f(λ) at infinity.

Lemma 2.7.1. Assume (2.6) is satisfied, then for any fixed constant M > 0, there exists a

positive and finite constant c17 such that for all functions g of the form

g(λ) =
n∑
k=1

ak
(
ei〈t

k,λ〉 − 1
)
,

where ak ∈ R and tk ∈ [−M,M ]N , we have

|g(λ)| ≤ c17 |λ|
(∫

RN
|g(ξ)|2f(ξ)dξ

)1/2

(2.51)

for all λ ∈ RN that satisfy |λ| ≤ 1.
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Proof By (2.6), we can find positive constants C and η, such that

f(λ) ≥ C

|λ|η
, ∀λ ∈ RN with |λ| large enough.

Then the desired result follows from the proof of Lemma 2.2 in Xiao (2007).

Proof of Theorem 2.3.1

First, let’s prove the upper bound in (2.11). By Lemma 2.3.2 we have

Var
(
X(u)|X(t1), · · · , X(tn)

)
≤ min

0≤k≤n
E
(
X(u)−X(tk)

)2
≤ c9 min

0≤k≤n

N∑
j=1

σj
(
|uj − tkj |

)
.

(2.52)

In order to prove the lower bound for the conditional variance in (2.11), we assume that

u, t1, · · · , tn ∈ [−M,M ]N are arbitrary and denote r ≡ min
0≤k≤n

∑N
j=1 |uj − tkj |

Hj . Working

in the Hilbert space setting, the conditional variance is just the square of L2(P)-distance of

X(u) from the subspace generated by {X(t1), · · · , X(tn)}, so it is sufficient to prove that

for all ak ∈ R, 1 ≤ k ≤ n,

E
(
X(u)−

n∑
k=1

akX(tk)

)2

≥ c6 r
2, (2.53)

where c6 is a positive constant which may only depend on H1, . . . , HN and N .

By using the stochastic integral representation (2.3) of X, the left hand side of (2.53)

can be written as

E
(
X(u)−

n∑
k=1

akX(tk)

)2

=

∫
RN

∣∣∣∣ei〈u,λ〉 − 1−
n∑
k=1

ak(ei〈t
k,λ〉 − 1)

∣∣∣∣2f(λ) dλ. (2.54)
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Hence, we only need to show

∫
RN

∣∣∣∣ei〈u,λ〉 − n∑
k=0

ake
i〈tk,λ〉

∣∣∣∣2f(λ) dλ ≥ c6 r
2, (2.55)

where t0 = 0 and a0 = 1−
∑n
k=1 ak.

We choose a function δ(·) : RN → [0, 1] in C∞(RN ) [the space of all infinitely differ-

entiable functions defined on RN ] such that δ(0) = 1 and it vanishes outside the open set{
t ∈ RN :

∑N
j=1 |tj |

Hj < 1
}

. Denote by δ̂ the Fourier transform of δ. Then one can verify

that δ̂(·) ∈ C∞(RN ) as well and δ̂(λ) decays rapidly as |λ| → ∞.

Let E be the N ×N diagonal matrix with H−11 , · · · , H−1N on its diagonal and let δr(t) =

r−Q δ(r−Et) for all t ∈ RN . Then the inverse Fourier transformation and a change of

variables yield

δr(t) = (2π)−N
∫
RN

e−i〈t,λ〉δ̂(rEλ) dλ. (2.56)

Since min
{∑N

j=1 |uj − tkj |
Hj : 0 ≤ k ≤ n

}
≥ r, we have δr(u− tk) = 0 for k = 0, 1, · · · , n.

This and (2.56) together imply that

J : =

∫
RN

(
ei〈u,λ〉 −

n∑
k=0

ake
i〈tk,λ〉

)
e−i〈u,λ〉δ̂(rEλ) dλ

= (2π)N

(
δr(0)−

n∑
k=0

akδr(u− tk)

)

= (2π)N r−Q.

(2.57)

Now we split the integral in (2.57) over {λ : |λ| < 1} and {λ : |λ| ≥ 1} and denote the
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two integrals by I1 and I2, respectively. It follows from Lemma 2.7.1 that

I1 ≤
∫
|λ|<1

∣∣∣ei〈u,λ〉 − n∑
k=0

ake
i〈tk,λ〉

∣∣∣|δ̂(rEλ)|dλ

≤ c17

[∫
RN

∣∣∣ei〈u,λ〉 − n∑
k=0

ake
i〈tk,λ〉

∣∣∣2 f(λ) dλ

]1/2 ∫
|λ|<1

|λ||δ̂(rEλ)|dλ

≤ c18

[
E
(
X(u)−

n∑
k=1

akX(tk)

)2
]1/2

,

(2.58)

where the last inequality follows from (2.54) and the boundedness of δ̂.

On the other hand, by the Cauchy-Schwarz inequality and (2.54), we have

I22 ≤
∫
|λ|≥1

∣∣∣∣ei〈u,λ〉 − n∑
k=0

ake
i〈tk,λ〉

∣∣∣∣2f(λ)dλ

∫
|λ|≥1

1

f(λ)
|δ̂(rEλ)|2 dλ

≤ E
(
X(u)−

n∑
k=1

akX(tk)

)2

r−Q
∫
|λ|≥1

1

f(r−Eλ)
|δ̂(λ)|2 dλ

(2.59)

= E
(
X(u)−

n∑
k=1

akX(tk)

)2

r−2Q−2
∫
|λ|≥1

1

f(λ)
|δ̂(λ)|2 dλ.

The last integral is convergent thanks to the fast decay of δ̂(λ). Finally, combining (2.57),

(2.58) and (2.59), we get

(2π)N r−Q ≤ c19

[
E
(
X(u)−

n∑
k=1

akX(tk)

)2
]1/2

r−Q−1.

Henceforth (2.53) follows, and the theorem was proved because of (2.52) and (2.53).

Proof of Theorem 2.4.2

For t ∈ RN , it is known that Xj,h =
X(t+hej)−X(t)

h converges in L2-sense, as h → 0, if
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and only if

Dh,k ,
1

hk
E
{(
X(t+ hej)−X(t)

)(
X(t+ kej)−X(t)

)}
converges to a constant as h, k → 0. However,

Dh,k =
1

hk

{
C(t+ hej , t+ kej)− C(t, t+ kej)− C(t+ hej , t) + C(t, t)

}
=

1

2hk

{
v(hej) + v(kej)− v

(
(h− k)ej

)}
.

(2.60)

So the first part of the theorem is proved. For the second part, it is clear that if v(t) has

second-order partial derivatives at 0 in the j-th direction then (2.14) holds [thanks to Taylor’s

theorem]. On the other hand, if (2.14) holds, then by taking h = k → 0 in (2.60) we see

that ∂v/∂tj(0) = 0. This fact, together with (2.14), implies that

∂2v

∂t2j
(0) = lim

k→0

1

k
lim
h→0

v((k + h)ej)− v(kej)

h

= lim
k→0

lim
h→0

v((k + h)ej)− v(kej) + v(hej)

hk

exists. This completes the proof of Theorem 2.4.2.

Proof of Corollary 2.4.3

By Theorem 2.4.2 it suffices to show that lim
h,k→0

Dh,k exists if and only if (2.15) holds,

i.e.,

βj
(
γ −

N∑
i=1

1

βi

)
> 2.

It follows from (2.60) and (2.4) that

Dh,k =

∫
RN

1− cos 〈hej , λ〉 − cos 〈kej , λ〉+ cos 〈(h− k)ej , λ〉
hk

f(λ) dλ. (2.61)
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To prove the sufficiency of (2.15), we note that for each fixed λ ∈ RN ,

lim
h,k→0

1− cos(hλj)− cos(kλj) + cos((h− k)λj)

hk
= λ2j (2.62)

and by the mean value theorem,

∣∣∣∣1− cos(hλj)− cos(kλj) + cos((h− k)λj)

hk

∣∣∣∣ ≤ λ2j .

Now we assume (2.15) holds. Then, as in the proof of Proposition 2.2.1, we have

∫
λ∈RN :|λj |>1

λ2j dλ(∑N
i=1 |λi|βi

)γ ≤ c

∫ ∞
1

λ2j dλj

λ
βj(γ−

∑
i6=j

1
βi

)

j

<∞.

This implies
∫
RN λ2jf(λ)dλ <∞. By (2.61), (2.62) and the dominated convergence theorem,

we obtain

lim
h,k→0

Dh,k =

∫
RN

λ2jf(λ)dλ.

To prove the necessity of (2.15), we assume βj
(
γ −

∑N
i=1

1
βi

)
≤ 2. Then, as in the proof

of Proposition 2.2.1, we have

∫
λ∈RN :|λj |>1

λ2j dλ(∑N
i=1 |λi|βi

)γ =∞. (2.63)

We let h = k ↓ 0 and use Fatou’s lemma to (2.61) [note the integrand is non-negative] to

derive

lim inf
h=k↓0

Dh,k ≥
∫
RN

λ2jf(λ)dλ =∞,

where the last equality follows from (2.63). So lim
h,k→0

Dh,k does not exist and the proof is
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finished.

Proof of Theorem 2.4.6

If v(t) has continuous second-order partial derivatives, then Theorem 2.4.2 implies that X

has mean square partial derivatives in all N directions. Let ∇X(t) =
(
X ′1(t), · · · , X ′N (t)

)T
and we show that it satisfies (2.20).

For any unit vector u in RN , we can write it as u =
∑N
j=1 ujej and

∑N
j=1 u

2
j = 1. So

uT∇X(t) =
∑N
j=1 ujX

′
j(t). Hence

E

(
X(t+ hu)−X(t)

h
− uT∇X(t)

)2

= E

(
X(t+ hu)−X(t)

h
−

N∑
j=1

ujX
′
j(t)

)2

=
1

h2
v(hu) + E

( N∑
j=1

ujX
′
j(t)

)2

− 2

h

N∑
j=1

uj

(
EX(t+ hu)X ′j(t)− EX(t)X ′j(t)

)

=
1

h2
v(hu) + E

( N∑
j=1

ujX
′
j(t)

)2

− 1

h

N∑
j=1

ujv
′
j(hu).

(2.64)

The last equality in (2.64) follows from (2.18).

Since v(t) is an even function with v(0) = 0 and has continuous second-order partial and

mixed partial derivatives, Taylor’s theorem implies

lim
h→0

1

h2
v(hu) = lim

h→0

v(hu) + v(−hu)− 2v(0)

2h2
=

1

2
uTΩ(0)u, (2.65)

where Ω(0) is an N ×N matrix, with
(
Ω(0)

)
ij = v

′′
ij(0) for i 6= j, and

(
Ω(0)

)
ii = v

′′
i (0).
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For the second term in the last line of (2.64), note that for any i, j = 1, · · · , N and i 6= j,

and any l > 0, m > 0,

E

(
X(t+ lei)−X(t)

l

X(t+mej)−X(t)

m

)

=
1

lm
E
(
X(t+ lei)X(t+mej)−X(t)X(t+mej)−X(t+ lei)X(t) +X2(t)

)
=

1

2lm

(
v(lei) + v(−mej)− v(lei −mej)

)
.

(2.66)

Let l → 0, m → 0, then the last term in (2.66) goes to 1
2v
′′
ij(0), where v

′′
ij(0) is the second-

order mixed partial derivative of v at 0 in the i-th and j-th directions. By Theorem 2.4.4,

we have E
(
X ′j(t)

)2
= 1

2v
′′
j (0), for j = 1, · · · , N . Hence

E
( N∑
j=1

ujX
′
j(t)

)2

=
1

2
uTΩ(0)u.

Finally for the last term in (2.64), we use Taylor’s theorem again to derive

lim
h→0

1

h

N∑
j=1

ujv
′
j(hu) = uTΩ(0)u.

Combining this with (2.65) and (2.66) shows that (2.64) goes to 0, as h→ 0. This completes

the proof.

Proof of Theorem 2.4.8

Under (2.15), Corollary 2.4.3 ensures that the mean square partial derivative X ′j(t) exists.

In order to show that X ′j(t) has a continuous version, by Kolmogorov’s continuity theorem

or general Gaussian theory [cf. Adler (1981), Adler and Taylor (2007)], it is enough to show
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there exist constants c20 > 0 and η > 0 such that

E
[
X ′j(s)−X

′
j(t)
]2 ≤ c20 |s− t|η, ∀ s, t ∈ [−M,M ]N . (2.67)

Recall that

K(s, t) =

∫
RN

(
ei〈s,λ〉 − 1

)(
e−i〈t,λ〉 − 1

)
f(λ)dλ

=

∫
RN

[
cos 〈s− t, λ〉 − cos 〈t, λ〉 − cos 〈s, λ〉+ 1

]
f(λ)dλ.

Thanks to (2.15), we derive

∂K(s, t)

∂sj
=

∫
RN

[
− λj sin 〈s− t, λ〉+ λj sin 〈s, λ〉

]
f(λ) dλ

and

∂K(s, t)

∂sj∂tj
=

∫
RN

λ2j cos 〈s− t, λ〉f(λ) dλ.

So

E
(
X ′j(s)−X

′
j(t)
)2

= E
(
X ′j(s)

)2
+ E

(
X ′j(t)

)2 − 2E
(
X ′j(s)X

′
j(t)
)

= 2

∫
RN

λ2j
(
1− cos 〈s− t, λ〉

)
f(λ)dλ.

The rest of the proof is similar to that of Lemma 2.3.2. Denote ŝ0 = t, ŝ1 = (s1, t2, · · · , tN ),

ŝ2 = (s1, s2, t3, · · · , tN ), · · · , ŝN−1 = (s1, · · · , sN−1, tN ) and ŝN = s. Then

E
(
X ′j(s)−X

′
j(t)
)2 ≤ N

N∑
k=1

E
(
X ′j(ŝk)−X ′j(ŝk−1)

)2
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= 2N
N∑
k=1

{∫
|λ|≤1

λ2j
(
1− cos(sk − tk)λk

)
f(λ)dλ

+

∫
|λ|>1

λ2j
(
1− cos(sk − tk)λk

)
f(λ)dλ

}

≤ c21 |s− t|2 + c22

N∑
k=1

∫
|λ|>1

(
1− cos(sk − tk)λk

)
λ2j(∑N

i=1 |λi|Hi
)Q+2

dλ.

(2.68)

Now we estimate the last N integrals in (2.68). For simplicity of notation, we only consider

the case when k = j [the cases of k 6= j are similar]. Denote hk = sk − tk and, similar to

(2.44), (2.45) and (2.46), we derive

∫
|λ|>1

(
1− cos(sk − tk)λk

)
λ2k(∑N

i=1 |λi|Hi
)Q+2

dλ

≤ 2

∫ ∞
1√
N

(
1− cos(hkλk)

)
λ2k dλk

∫
RN−1

dλ1 · · · dλk−1dλk+1 · · · dλN(∑N
i=1 |λi|Hi

)Q+2

+ 2

∫ 1

0

(
1− cos(hkλk)

)
λ2k dλk

∫ ∞
1√
N

dλj0

∫
RN−2

dλ∨k,j0(∑N
i=1 |λi|Hi

)Q+2

≤ c

∫ ∞
1√
N

(
1− cos(hkλk)

)
λ2k

λ
2Hk+1
k

dλk + c

∫ 1

0
λ2k
(
1− cos(hkλk)

)
dλk

≤ c23

(
|hk|2(Hk−1) log

1

|hk|
+ |hk|2

)
,

thanks to Hk > 1. Combining this with (2.68) proves (2.67).

It follows from (2.67)) that the Gaussian field X ′j = {X ′j(t), t ∈ RN} has a continuous

version [which will still be denoted by X ′j ]. Now we define a new Gaussian random field

X̃ = {X̃(t), t ∈ RN} by

X̃(t) = X(t1, · · · , tj−1, 0, tj+1, · · · , tN )+

∫ tj

0
X ′j(t1, · · · , tj−1, sj , tj+1, · · · , tN ) dsj . (2.69)

Then we can verify that X̃ is a continuous version of X and, for every t ∈ RN , X̃ ′j(t) = X ′j(t)
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almost surely. This amounts to verify that for every t ∈ RN ,

E
(
X̃(t)2

)
= v(t) and E

[(
X̃(t)−X(t)

)2]
= 0,

which can be proved by using (2.69), Theorem 2.4.4 and (2.18). Since the verification is

elementary, we omit the details. This proves Part (i) of Theorem 2.4.8.

It remains to prove Part (ii) of Theorem 2.4.8. By applying Part (i) to j = 1, we obtain

a continuous version X̃(1) of X such that ∂X̃(1)

∂t1
(t) is continuous. Then we apply Part (i) to

X̃(1) with j = 2 and obtain a version X̃(2) of X̃(1) defined by

X̃(2)(t) = X̃(1)(t1, 0, t3, · · · , tN ) +

∫ tj

0
X̃(1)

′
2(t1, s2, t3, · · · , tN ) ds2. (2.70)

Then ∂X̃(2)

∂t1
(t) and ∂X̃(2)

∂t2
(t) are almost surely continuous. Repeating this “updating” pro-

cedure for j = 3, · · · , N , we obtain a continuous version X̃(N) of X such that all first-order

partial derivatives of X̃(N) are continuous almost surely. Hence the sample function of

X̃(N) is almost surely differentiable in the sense of (2.23). The proof of Theorem 2.4.8 is

complete.

Proof of Proposition 2.6.1

By stationarity, we’ll have

E
(
X(x, t)−X(y, s)

)2
= E

(
X(x, t)

)2
+ E

(
X(y, s)

)2 − 2E
(
X(x, t)X(y, s)

)
= 2K(0, 0)− 2K(x− y, t− s),
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as well as

2K(0, 0)− 2K(x, t)

= 2σ2 − 2σ2

(1 + a|t|2α)βd/2
exp

(
− c|x|2γ

(1 + a|t|2α)βγ

)

= 2σ2
(1 + a|t|2α)βd/2 − exp

(
− c|x|2γ

(1 + a|t|2α)βγ

)
(1 + a|t|2α)βd/2

.

(2.71)

By using Taylor expansion, we can write (2.71) as

2σ2
1 + βd

2 a|t|
2α + o(|t|2α)− 1 +

c|x|2γ

(1 + a|t|2α)βγ
− o
(

c|x|2γ

(1 + a|t|2α)βγ

)
(1 + a|t|2α)βd/2

= 2σ2

βd
2 a|t|

2α +
c|x|2γ

(1 + a|t|2α)βγ
+ o(|t|2α)− o

(
c|x|2γ

(1 + a|t|2α)βγ

)
(1 + a|t|2α)βd/2

.

Hence we can find positive constants c24 ≤ c25 such that

c24
(
|x|2γ + |t|2α

)
≤ 2K(0, 0)− 2K(x, t) ≤ c25

(
|x|2γ + |t|2α

)
(2.72)

for all (x, t) ∈ Rd+1 with |x| and |t| small. Replace x and t in (2.72) by x − y and t − s

respectively; (2.33) follows.

To prove (2.34), we make use of the fact that for any Gaussian random vector (U, V )

with mean 0,

Var(U |V ) =

(
ρ2U,V − (σU − σV )2

)(
(σU + σV )2 − ρ2U,V

)
4σ2V

,

where ρ2U,V = E
[
(U−V )2

]
, σ2U = E(U2) and σ2V = E(V 2). Let U = X(x, t) and V = X(y, s),
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we derive

Var
(
X(x, t)|X(y, s)

)
=

[
K(0, 0)−K(x− y, t− s)

][
K(0, 0) +K(x− y, t− s)

]
K(0, 0)

≥ c24
(
|x− y|2γ + |t− s|2α

)
.

This proves (2.34).

Proof of Proposition 2.6.2

Eq. (2.35) follows from Proposition 2.6.1 and Theorem 2.5.1. Then let’s prove (2.36),

where 0 < α ≤ γ ≤ 1. By Proposition 2.6.1 and Theorem 2.5.1, we get

dimGrX([0, 1]d+1) = min
1≤k≤d+1

{ k∑
j=1

Hk

Hj
+ d+ 1− k + (1−Hk)p;

d+1∑
j=1

1

Hj

}
,

where H1 = α, H2 = · · · = Hd+1 = γ. Denote

S(k) =
k∑
j=1

Hk

Hj
+ d+ 1− k + (1−Hk)p.

We have S(1) = d + 1 + (1 − α)p, S(k) = d + γ
α + (1 − γ)p , S, for 2 ≤ k ≤ d + 1. Also∑d+1

j=1
1
Hj

= 1
α + d

γ . We can verify directly that if p < 1
α , then

S(1) < S <
d+1∑
j=1

1

Hj
,

which yields dimGrX([0, 1]d+1) = S(1). The verifications for the cases 1
α ≤ d < 1

α + d and

p ≥ 1
α + d are similar. We omit the details.
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Proof of Proposition 2.6.4

By Proposition 2.6.1 and Theorem 2.5.2 we find that when 1
α + d

γ < p, for every x ∈ Rp,

X−1(x) = ∅ a.s. Also, when 1
α + d

γ > p, for any x ∈ Rp, with positive probability

dim
(
X−1(x)

)
= min

1≤k≤d+1

{ k∑
j=1

Hk

Hj
+ d+ 1− k −Hk p

}
.

If 0 < α ≤ γ < 1, we have H1 = α, H2 = · · · = Hd+1 = γ. Denote

T (k) =
k∑
j=1

Hk

Hj
+ d+ 1− k −Hk p,

then T (1) = d+ 1− αp, T (k) = d+ γ
α − γp , T , for 2 ≤ k ≤ d+ 1. Since T (1) < T , if and

only if p < 1
α , (2.38) follows.

If 0 < γ ≤ α < 1, then H1 = · · · = Hd = γ and Hd+1 = α. It follows that T (d + 1) =

dα
γ + 1− αp and T (k) = d + 1− γp , T̃ , for 1 ≤ k ≤ d. Since T̃ < T (d + 1), if and only if

p < d
γ , we obtain (2.39). The proof is complete.
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Chapter 3

Criteria for equivalence and

asymptotically optimal predictions

3.1 Introduction

Optimal linear prediction has been widely used in spatial statistics and geostatistics, where

it is known as kriging. In kriging, to guarantee good linear predictors based on an estimated

Gaussian probability measure, it is of great value to be able to distinguish between two or-

thogonal probability measures and to determine when one can tell which measure is correct

and which is not. Many authors have created various criteria for the equivalence and or-

thogonality of two Gaussian measures corresponding to one-dimensional Gaussian processes

or Gaussian random fields. The references include Gihman and Skorohod (1974), Ibragi-

mov and Rozanov (1978), Parzen (1963), Chatterji and Mandrekar (1978), Kallianpur and

Oodaira (1963), Yadrenko (1983), Stein (1999b) and so on. In fact, Parzen (1963) developed

an approach for equivalence of two Gaussian measures by using two concepts: the notion of

probability spectral density function and the notion of a reproducing kernel Hilbert space of a
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time series. Chatterji and Mandrekar (1978) also used the method of RKHS to find sufficient

and necessary conditions for the equivalence of two Gaussian measures in a general setting.

It is worth noting that the approach which uses RKHS has no constrains like stationarity or

isotropy on the underlying process, and the results are applicable to random fields. Ibragi-

mov and Rozanov (1978) obtained the conditions for equivalence of two Gaussian measures

involving the entropy of distributions, and developed the conditions for stationary processes

by associating a Hilbert space spanned by analytic functions. Moreover, given two equivalent

Gaussian processes, Kallianpur and Oodaira (1973) defined the notion of a non-anticipative

representation of one of the processes with respect to the other, for one dimensional case.

Later, Yadrenko (1983) extended Ibragimov and Rozanov’s results to stationary and isotropic

random fields. Du (2009) reviewed of the basic results for the equivalence and orthogonal-

ity of two Gaussian measures, and provided a detailed re-proof of Theorem 4 in Yadrenko

(1983), page 156, under the setting of stationary and isotropic random fields. However, in

the literature, there are few explicit results available for the equivalence of two Gaussian

measures in a non-stationary random field, especially for anisotropic cases.

In this chapter, we extend Ibragimov and Rozanov’s method to study intrinsically sta-

tionary random fields. We determine the relationships among three corresponding Hilbert

spaces: the random variable space generated by the random field, the reproducing kernel

Hilbert space corresponding to the covariance kernel and the complex function space spanned

by the analytic functions of the form λ 7→ ei〈λ,t〉 − 1, t ∈ D. Criteria for equivalence and

orthogonality of intrinsically stationary Gaussian random fields are given in terms of their

probability spectral density functions and the structures of their reproducing kernel Hilbert

spaces. The results we have obtained are different from those for stationary processes [see

Ibragimov and Rozanov (1978)]. Moreover, given the equivalence of two random fields, we
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obtain a representation of one of the random fields with respect to the other. The advantage

is that we can use the equivalent representation instead of the original one whenever the

representation is simpler with respect to some prediction questions.

As we know, in practice, the true probability distribution of our Gaussian model is always

unknown and must be estimated from the gathered data. To this end, it is of great value to

investigate the effect of using a fixed but incorrect probability distribution, especially, when

more sample data can be obtained by sampling the spatial or temporal domain increasingly

densely (fix-domain asymptotics). Actually, the asymptotic optimality of linear predictions

of intrinsically stationary Gaussian models and the convergence rates are established in

this chapter. Moreover, the asymptotic efficient prediction of non-stationary, anisotropic

space-time models with a misspecified probability distribution is studied. The main results

show that under the equivalence of two Gaussian measures, the prediction based on the

incorrect distribution is asymptotically optimal and efficient relative to the prediction under

the correct distribution, as the points of observations become increasingly dense in the study

domain. Our results extend those of Stein (1988, 1990, 1999a, 1999b) which were concerned

with isotropic and stationary Gaussian random fields.

The rest of this chapter is organized as follows. Section 2 studies the relationships among

the three Hilbert spaces we have constructed. In Section 3 we obtain criteria for equivalence

and orthogonality of two Gaussian measures in the intrinsically stationary random fields.

We study the asymptotic optimality of linear predictions in Section 4 and the convergence

rates of the predictors are established in Section 5. In Section 6, we show the proofs of the

main results in this chapter.

In the spatial statistics contexts, one would feel more comfortable using the space model

as X = {X(t), t ∈ Rd} and space-time model as X = {X(x, t), (x, t) ∈ Rd × R}, where d
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denotes the dimension for the space variable.

In this chapter, we study the asymptotic and prediction properties of the random field

X = {X(t), t ∈ Rd}.

3.2 Three corresponding Hilbert spaces and equiva-

lence

Let X = {X(t), t ∈ Rd} be a real-valued, centered intrinsically stationary Gaussian random

field (i.e. Gaussian random field with stationary increments) with X(0) = 0. We assume

that X has continuous covariance function K(s, t) = E[X(s)X(t)]. As in Chapter 2, K(s, t)

can be represented as

K(s, t) =

∫
Rd

(
ei〈s,λ〉 − 1

)(
e−i〈t,λ〉 − 1

)
F (dλ), (3.1)

where F (dλ) is a nonnegative symmetric measure on Rd \ {0} satisfying

∫
Rd

|λ|2

1 + |λ|2
F (dλ) <∞. (3.2)

Moreover, X has the following stochastic integral representation:

X(t) =

∫
Rd

(
ei〈t,λ〉 − 1

)
Φ(dλ), (3.3)

where Φ(dλ) is a centered complex-valued Gaussian random measure which satisfies

E
(

Φ(A)Φ(B)
)

= F (A ∩B) and Φ(−A) = Φ(A)
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for all Borel sets A,B ⊆ Rd with finite F -measure.

Let D be a bounded region in Rd. Without loss of generality, we assume 0 ∈ D. Let

L0D be the linear hull of the complex exponential functions λ 7→ ei〈λ,t〉 − 1, t ∈ D and take

LF (D) to be the closure of L0D under the inner product

〈ϕ1, ϕ2〉F , 〈ϕ1, ϕ2〉LF (D) =

∫
Rd

ϕ1(λ)ϕ2(λ)F (dλ),

where ϕ1, ϕ2 ∈ L0D. Let HF (D) be the closed linear hull of the random variables X(t),

t ∈ D with respect to the inner product

〈X(s), X(t)〉HF (D) = K(s, t) =

∫
Rd

(
ei〈λ,s〉 − 1

)(
e−i〈λ,t〉 − 1

)
F (dλ).

On HF (D), there exist mean and covariance operators, which we also call m and K, such

that for η1, η2 ∈ HF (D), E(η1) = m(η1) and Cov(η1, η2) = K(η1, η2). We will freely switch

between the functions m and K and the operators m and K in the rest of this chapter, the

meaning being apparent from context.

We denote by RK(D) the reproducing kernel Hilbert space (RKHS, for short) of the

random field X(t) with reproducing kernel K(s, t), s, t ∈ D. That is, for every real function

f ∈ RK(D), we have

〈f,K(·, t)〉RK (D) = f(t), ∀ t ∈ D.

In fact, the Hilbert space RK(D) is the closure of the subspace spanned by real functions

K(·, t), t ∈ D, with respect to the inner product 〈·, ·〉RK (D). Note that RK(D) is separable

because of the continuity of K(s, t).
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Define a mapping ρ from HF (D) onto the RKHS RK(D) such that, for every t ∈ D,

ρ (X(t)) = K(·, t). (3.4)

It can be proved that ρ is a linear, isometric, one to one mapping. First, we obtain the

following lemma, which gives a representation for random variables in HF (D) with respect

to the analytic functions in LF (D).

Lemma 3.2.1. Each random variable η ∈ HF (D) can be represented as

η(ϕ) =

∫
Rd

ϕ(λ)Φ(dλ) (3.5)

for some ϕ(λ) ∈ LF (D). For every function ϕ(λ) ∈ LF (D), (3.5) is well defined and

η ∈ HF (D). The mapping φ : η 7→ ϕ is linear, isometric and one to one.

Regarding (3.4), for every η ∈ HF (D) and t ∈ D,

ρ(η)(t) = E (ηX(t)) . (3.6)

The function t 7→ ρ(η)(t) in (3.6) belongs to RK(D).

Since X(t) =
∫
Rd(ei〈λ,t〉 − 1

)
Φ(dλ), and η = η(ϕ) =

∫
Rd ϕ(λ)Φ(dλ) by Lemma 3.2.1,

(3.6) can be rewritten as

ρ(η)(t) =

∫
Rd

ϕ(λ)
(
e−i〈λ,t〉 − 1

)
F (dλ).

Hence, there is a linear, isometric, one to one mapping θ from the Hilbert space LF (D) onto
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the RKHS RK(D) such that, for every ϕ ∈ LF (D),

θ(ϕ)(·) =

∫
Rd

ϕ(λ)
(
e−i〈λ,·〉 − 1

)
F (dλ). (3.7)

Some remarks about the intrinsically stationary random field follow.

Remark 3.2.2

(1) Not like the case of stationary random fields, the covariance function K(s, t) for an

intrinsically stationary random field can not be represented as the Fourier transform

of the spectral measure F .

(2) The Hilbert space LF (D) for the intrinsically stationary random field is different from

that for stationary case; the latter contains real constants as members.

Let P0 be the Gaussian probability measure on the σ-algebra U(D) generated by X(t) for

t ∈ D, with the second-order structure (0, K0) and the spectral measure F0(dλ). Let P1 be

the Gaussian probability measure on U(D) for a random field X1(t), with the second-order

structure (0, K1), which has the form

X1(t) = X(t)−m1(t),

where m1(t) = E1(X(t)). Denote the spectral measure of X1(t) as F1(dλ), then we have the

following lemma, which is similar to (1.27) of Ibragimov and Rozanov (1978), page 70.

Lemma 3.2.3. Suppose the Gaussian measures P0 and P1 are equivalent on the σ-algebra
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U(D), then1

‖ϕ‖F0 � ‖ϕ‖F1 , ϕ ∈ L0D. (3.8)

Lemma 3.2.3 implies that when the Gaussian measures P0 and P1 are equivalent on U(D),

we have LF0(D) = LF1(D), HF0(D) = HF1(D) and RK0
(D) = RK1

(D).

3.3 Some conditions for equivalence of two Gaussian

measures

Many authors have created various criteria for the equivalence and orthogonality of two

Gaussian measures. Parzen (1963) studied the equivalence and orthogonality of two Gaus-

sian measures using the tools of RKHS RK(D) and determined the corresponding Randon-

Nikodym derivative under two different cases: sure signal case ( with two Gaussian measures

having the same covariance function) and stochastic signal case (with two Gaussian mea-

sures having the same mean function), respectively. Chatterji and Mandrekar (1978) also

used the method of RKHS to find sufficient and necessary conditions for the equivalence

of two Gaussian measures in a general setting. It is worth noting that the approach which

uses RKHS has no constraints like stationarity or isotropy on the underlying process, and

the results are applicable to random fields. Kallianpur and Oodaira (1963) gave necessary

and sufficient conditions for equivalence of two Gaussian measures by defining an operator

between the corresponding reproducing kernels (covariance functions), and obtained a non-

anticipative representation of one Gaussian process by another. Sottinen and Tudor (2006)

applied Kallianpur and Oodaira (1963)’s idea to investigate the equivalence in law of mul-

1‖ϕ‖F0 � ‖ϕ‖F1 means 0 < c1 ≤ ‖ϕ‖F0/‖ϕ‖F1 ≤ c2 <∞, where c1 and c2 are constants.
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tiparameter Gaussian processes, i.e. Gaussian random fields, with a Brownian sheet and a

fractional Brownian sheet. They surveyed multiparameter analogous of Hitsuda, Girsonov

and Shepp representations. On the other hand, Ibragimov and Rozanov (1978) investigated

equivalence of stationary processes by using analytic tools, namely, the Hilbert space LF (D).

In this section, we apply Ibragimov and Rozanov’s method to study the criteria for the equiv-

alence of two Gaussian measures in an intrinsically stationary random field and compare our

results with the existing ones.

Let P0 and P1 be Gaussian measures on the σ-algebra U(D) generated by all random vari-

ables of the intrinsically stationary random field X(t), t ∈ D. The second-order structures

of P0 and P1 are (0, K0) and (m1, K1), respectively. It is known that Gaussian measures

have the following property. See page 77 and 78 of Ibragimov and Rozanov (1978) for more

details and proofs.

Lemma 3.3.1. The Gaussian measures P0 and P1 are equivalent if and only if there exists

a Gaussian measure P such that the pairs P0 and P , and P1 and P are equivalent; for the

equivalent measures P0 and P1, the density P1(dω)/P0(dω) is such that

P1(dω)

P0(dω)
=
P1(dω)

P (dω)

P (dω)

P0(dω)
.

Based on Lemma 3.3.1, in this section, we may consider two cases. In case one, the covari-

ance function K0 coincides with K1, such that 〈ϕ1, ϕ2〉F0 = 〈ϕ1, ϕ2〉F1 , for all ϕ1, ϕ2 ∈ L0D.

From Lemma 1 of Bonami and Estrade (2003), we know that K0 = K1 implies F0 = F1.

We write F0 = F1 = F in this case. In case two, the mean function m1(t) ≡ 0, but the

covariance functions K0 and K1 are different. We obtain necessary and sufficient conditions

for P0 and P1 to be equivalent under the two cases, respectively. Let us first consider the
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case where the two measures differ only in the mean functions.

3.3.1 Case I: Same covariance function

By Lemma 3.2.1, each random variable η ∈ HF (D) can be expressed as η(ϕ) =
∫
Rd ϕ(λ)Φ(dλ),

for some ϕ(λ) ∈ LF (D). Denote m1(ϕ) as the mean of η(ϕ) under the second-order struc-

ture (m1, K1). We will then have the following extension of Theorem 3 of Ibragimov and

Rozanov (1978), page 78, where the case of stationary processes is considered.

Theorem 3.3.2. Suppose K0 = K1, the Gaussian measures P0 and P1 are equivalent on

U(D) if and only if, the mean value m1(ϕ) is a linear continuous functional on the Hilbert

space LF (D):

m1(ϕ) = 〈ϕ, ψ〉F , ϕ ∈ L0D, (3.9)

for some ψ(λ) ∈ LF (D).

As a consequence, we obtain a more explicit necessary and sufficient condition for the

equivalence of two measures which differ only in the mean functions.

Theorem 3.3.3. Suppose K0 = K1, the Gaussian measures P0 and P1 are equivalent on

U(D) if and only if the mean function m1(t), t ∈ D, permits a representation as

m1(t) =

∫
Rd

(
e−i〈λ,t〉 − 1

)
ϕ(λ)F (dλ), (3.10)

for some ϕ(λ) ∈ LF (D). And in the latter case, the Randon-Nikodym derivative p(ω) =

P1(dω)/P0(dω) on the σ-algebra U(D) can be expressed as

p(ω) = exp

{∫
Rd

ϕ(λ)Φ(dλ)− 1

2
‖ϕ‖2F

}
. (3.11)
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Corollary 3.3.4. Under the conditions of Theorem 3.3.3, the Gaussian measures P0 and

P1 are equivalent on U(D) if and only if, the mean function m1(t), t ∈ D, is in the RKHS

RK(D).

Proof The proof of Corollary 3.3.4 follows directly from Theorem 3.3.3 and (3.7).

We need to mention that Corollary 3.3.4 is consistent with the results obtained by Parzen

(1963) and Chatterji and Mandrekar (1978), where the tools of RKHS are applied to study

the equivalence and orthogonality of two Gaussian measures. This criterion obtained by

using the method of RKHS is general, has no constraints like stationarity or isotropy on the

underlying process, and the result can be applied to any multi-dimensional case.

We now assume P0 and P1 have spectral densities f0 and f1. We have known that

K0 = K1 implies f0 = f1.

Corollary 3.3.5. If K0 = K1 has a bounded density function f(λ), then P0 and P1 are

equivalent on U(D) if and only if, m1(t), t ∈ D can be extended to all t ∈ Rd and there

exists a square-integrable function ψ on Rd such that

m1(t) =

∫
Rd

(
e−i〈t,λ〉 − 1

)
ψ(λ)dλ (3.12)

and ∫
Rd
|ψ(λ)|2

f(λ)
dλ <∞. (3.13)

Gaussian random fields whose spectral densities are described by a power law model

provide a simple and flexible class of models for inferences. This class includes fractional

Brownian fields as a special case. Ibragimov and Rozanov (1978) obtained necessary and

sufficient conditions for the equivalence of two Gaussian measures with power law densities,
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under the setting of stationary processes [see Theorems 10 in Chapter III of Ibragimov

and Rozanov (1978)]. Michael Stein stated in a SAMSI workshop in 2010 that Ibragimov

and Rozanov (1978)’s results for stationary random fields might be extendable to certain

nonstationary processes. In the following, we give a necessary condition for the equivalence

under the setting of intrinsically stationary random fields. For the sufficient condition, we

restrict to the one-dimensional case.

Corollary 3.3.6. If f(λ) is bounded and satisfies

f(λ) ≤ K

(1 + |λ|2)n
, (3.14)

for some constants K > 0 and n ≥ 1, then a necessary condition for Gaussian measures P0

and P1 to be equivalent on U(D) is that m1(t) must have partial derivatives in each variable

up to the order
⌊
n− d+1

2

⌋
. Equivalently, ∀j = 1, 2, · · · , d

∂k

∂tkj
m1(t) =

∫
Rd

(
− iλj

)k
e−i〈t,λ〉ψ(λ)dλ,

for all k = 1, 2, · · · ,
⌊
n− d+1

2

⌋
.

To obtain a sufficient condition for P0 and P1 to be equivalent, we restrict ourselves to

d = 1.

Corollary 3.3.7. Suppose f(λ) is bounded and the mean function m1(t) is differentiable on

D = [0, τ ] and m′1(t) can be extended to be a mean-square integrable function on R. If the

Fourier transform ψ(λ) of m′1(t) satisfies ψ ∈ L1(R) and

∫
R

|ψ(λ)|2

|λ|2f(λ)
dλ <∞,
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then P0 and P1 are equivalent on the σ-algebra U([0, τ ]).

3.3.2 Case II: Same mean function

In this subsection, we consider the case where the two Gaussian measures differ only in the

covariance functions. Assume m1(t) ≡ 0, for all t ∈ D. In analogy to L0D defined before, let

L0D×D be the linear hull of the functions
(
ei〈λ,s〉−1

)(
e−i〈µ,t〉−1

)
of s, t ∈ D and λ, µ ∈ Rd.

Take LF×F (D ×D) to be the closure of L0D×D under the inner product

〈ϕ1, ϕ2〉F×F =

∫∫
Rd×Rd

ϕ1(λ, µ)ϕ2(λ, µ)F (dλ)F (dµ),

where ϕ1, ϕ2 ∈ L0D×D. Let HF×F (D×D) be the closed linear hull of functions X(s)X(t)−

K(s, t), s, t ∈ D, under the second-order structure (0, K). Let us consider the linear space

everywhere dense in HF×F (D ×D) of all variables represented in the symmetric form

η =
∑
k,j

ckj
[
X(tk)X(tj)−K(tk, tj)

]
(3.15)

with symmetric real coefficients ckj = cjk, k, j = 1, 2, · · · .

We recall the general formula for products of Gaussians [see Ibragimov and Rozanov

(1978), page 16]:

E
(
X(t1)X(t2)X(t3)X(t4)

)
=K(t1, t2)K(t3, t4) +K(t1, t3)K(t2, t4) +K(t1, t4)K(t2, t3).
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For any variables η1, η2 of the given type in (3.15), such that

η1 =
∑
k,j

c′kj
[
X(tk)X(tj)−K(tk, tj)

]

and

η2 =
∑
k,j

c′′kj
[
X(tk)X(tj)−K(tk, tj)

]
,

we derive that

E(η1η2)

=
∑
k,j

∑
m,n

c′kj c
′′
mnK(tk, tm)K(tj , tn) +

∑
k,j

∑
m,n

c′kj c
′′
mnK(tk, tn)K(tj , tm)

=2
∑
k,j

∑
m,n

c′kj c
′′
mnK(tk, tm)K(tj , tn).

(3.16)

Let us define a new random measure Ψ(dλ, dµ) as

Ψ(A×B) = Φ(A)Φ(B)− F (A ∩B),

for all Borel sets A,B ⊆ Rd with finite F -measure, where F (A ∩ B) = E
(
Φ(A)Φ(B)

)
. [see

Section 2.2]

We can see that each variable of the type given in (3.15) can be expressed as

η(ϕ) =

∫∫
Rd×Rd

ϕ(λ, µ)Ψ(dλ, dµ), (3.17)

where

ϕ(λ, µ) =
∑
k,j

ckj
(
ei〈λ,tk〉 − 1

)(
e
−i〈µ,tj〉 − 1

)
. (3.18)
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For more details on multiple stochastic integrals, see Major (1981), where systematic ac-

counts on multiple integrals of Gaussian measures are given.

From (3.16), we obtain

E(η1η2) = 2

∫∫
Rd×Rd

ϕ′(λ, µ)ϕ′′(λ, µ)F (dλ)F (dµ) = 2〈ϕ′, ϕ′′〉F×F , (3.19)

where

ϕ′(λ, µ) =
∑
k,j

c′k,j
(
ei〈λ,tk〉 − 1

)(
e
−i〈µ,tj〉 − 1

)
and

ϕ′′(λ, µ) =
∑
k,j

c′′k,j
(
ei〈λ,tk〉 − 1

)(
e
−i〈µ,tj〉 − 1

)
.

It is seen from (3.17)–(3.19) that the convergent sequence {ηn ∈ HF×F (D × D)} is

associated with a sequence of functions {ϕn ∈ LF×F (D × D)}, and the double stochastic

integral in (3.17) can be extended using L2-convergence to all ϕ ∈ HF×F (D×D). Moreover,

any variable η ∈ HF×F (D × D) as the limit of a sequence ηn of the type given in (3.15)

can be represented by (3.17), where the function ϕ(λ, µ) ∈ LF×F (D×D) is the limit of the

corresponding functions ϕn of the type given in (3.18). Given any function ϕ(λ, µ), (3.17)

defines a certain variable η ∈ HF×F (D×D). So we have finished the proof of the following

Lemma.

Lemma 3.3.8. Each random variable η ∈ HF×F (D ×D) can be represented as

η(ϕ) =

∫∫
Rd×Rd

ϕ(λ, µ)Ψ(dλ, dµ), (3.20)
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for some ϕ(λ, µ) ∈ LF×F (D ×D). Especially, for any s, t ∈ D,

X(s)X(t)−K(s, t) =

∫∫
Rd×Rd

(
ei〈λ,s〉 − 1

)(
e−i〈µ,t〉 − 1

)
Ψ(dλ, dµ). (3.21)

For every function ϕ(λ, µ) ∈ LF×F (D ×D), (3.20) is well defined and η ∈ HF×F (D ×D).

Similar to the definition of LF×F (D×D), let us take LF0×F1(D×D) to be the closure

of L0D×D with respect to the inner product

〈ϕ1, ϕ2〉F0×F1 =

∫∫
Rd×Rd

ϕ1(λ, µ)ϕ2(λ, µ)F0(dλ)F1(dµ),

where ϕ1, ϕ2 ∈ L0D×D. For random variables η(ϕ), η(ψ) ∈ HF (D), denote

b(ϕ, ψ) = K0
(
η(ϕ), η(ψ)

)
−K1

(
η(ϕ), η(ψ)

)
,

where K0, K1 are covariance operators, which are defined in Section 2. The following

theorem gives a criterion for the equivalence of two Gaussian measures with the same mean

function, which is an extension of Theorem 5 of Ibragimov and Rozanov (1978), page 84,

where stationary processes are considered.

Theorem 3.3.9. Gaussian measures P0 and P1 with 0 mean values are equivalent on U(D)

if and only if, b(ϕ, ψ) being a functional on the class of functions ϕ(λ)ψ(µ) ∈ L0D×D, can be

extended to a linear continuous functional on LF0×F1(D ×D).

Proof The proof is similar to that of Theorem 5 of Ibragimov and Rozanov (1978), page

84. It should also be based on the entropy of Gaussian distribution and the definition of the

LF0×F1(D ×D). We omit the proof, and leave it to interested readers.
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As a consequence, we obtain a more explicit necessary and sufficient condition for the

equivalence of two Gaussian measures which differ only in the covariance functions.

Theorem 3.3.10. Gaussian measures P0 and P1 with 0 mean values are equivalent on U(D)

if and only if, the difference of the two covariance functions b(s, t) = K0(s, t)−K1(s, t) can

be expressed as

b(s, t) =

∫∫
Rd×Rd

(
e−i〈λ,s〉 − 1

)(
ei〈µ,t〉 − 1

)
ϕ(λ, µ)F0(dλ)F1(dµ) (3.22)

for all s, t ∈ D, where ϕ(λ, µ) ∈ LF0×F1(D×D). Moreover, the Randon-Nikodym derivative

p(ω) = P1(dω)/P0(dω) on the σ-algebra U(D) can be represented as

p(ω) = C exp

{
−1

2

∫∫
Rd×Rd

ϕ(λ, µ)Ψ(dλ, dµ)

}
, (3.23)

where C is a normalizing multiplier, and the definition of the double integral in (3.23) is the

same as (3.20).

Let RK0×K1
(D×D) be the reproducing kernel Hilbert space corresponding to the kernel

K0 ×K1, which is a function of four variables (s, s1, t, t1) defined by

K0 ×K1(s, s1, t, t1) = K0(s, t)K1(s1, t1).

Similar to Corollary 3.3.4, we have the following result, which is consistent with the results in

Parzen (1963) and Chatterji and Mandrekar (1978), where the tools of RKHS are applied to

study the equivalence and orthogonality of two Gaussian measures. It is worth noting that

the criterion obtained by using the method of RKHS is general, which has no constraints
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like stationarity or isotropy on the underlying process, and the result are applicable to any

multi-dimensional case.

Corollary 3.3.11. Under the conditions of Theorem 3.3.10, the Gaussian measures P0 and

P1 are equivalent on U(D), if and only if b(s, t) = K0(s, t) − K1(s, t) is in the RKHS

RK0×K1
(D ×D).

Proof The proof is similar to that of Corollary 3.3.4, and it follows directly from Theorem

3.3.10.

We now assume P0 and P1 have spectral densities f0 and f1, respectively.

Theorem 3.3.12. Gaussian measures P0 and P1 with 0 mean are equivalent on U(D) if

and only if, b(s, t) can be represented as

b(s, t) =

∫∫
Rd×Rd

(
e−i〈λ,s〉 − 1

)(
ei〈µ,t〉 − 1

)
g(λ, µ)dλ dµ (3.24)

for all s, t ∈ Rd (i.e. b(s, t) is extendable to be a function on Rd × Rd) and g(λ, µ) satisfies

∫∫
Rd×Rd

|g(λ, µ)|2

f0(λ)f1(µ)
dλ dµ <∞. (3.25)

Remark 3.3.13 If f0(λ) ≤ K
(1+|λ|2)n

, for |λ| large, then g(λ, µ) satisfies

∫∫
Rd×Rd

(
1 + |λ|2

)n(
1 + |µ|2

)n|g(λ, µ)|2 <∞.
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This implies that for any k,m = 0, 1, · · · ,
⌊
n− d+1

2

⌋
,

∫∫
Rd×Rd

|λ|k|µ|m|g(λ, µ)|dλ dµ

≤

∫
Rd

(
|λ|k

1 + |λ|n

)2

dλ ·
∫
Rd

(
|µ|m

1 + |µ|n

)2

dµ

1/2

·
[∫∫

Rd×Rd
(1 + |λ|n)2(1 + |µ|n)2|g(λ, µ)|2dλ dµ

]1/2
<∞.

Therefore, the function b(s, t) has all partial derivatives in each variable up to the order⌊
n− d+1

2

⌋
: e.g. ∀ k,m = 0, 1, · · · ,

⌊
n− d+1

2

⌋
,

∂k+m

∂skj ∂t
m
`

b(s, t) =

∫∫
Rd×Rd

(−iλj)k(−iµ`)me−i(〈λ,s〉−〈µ,t〉)g(λ, µ)dλ dµ

for all j, ` = 1, 2, · · · , d.

When d = 1 and the processes are stationary, Ibragimov and Rozanov (1978) gave a

necessary and sufficient condition for P0 and P1 to be equivalent on U([0, τ ]) in terms of

the (2n)th-order derivative [see Theorem 13 of Ibragimov and Rozanov (1978), page 99]. It

seems to be an open problem whether analogous results still hold for intrinsically stationary

Gaussian random fields (i.e. Gaussian random fields with stationary increments).

In the following, we prove a sufficient condition for the equivalence of the Gaussian

measure P0 and P1 on U([0, τ ]) when d = 1.

Corollary 3.3.14. Assume d = 1,
∂2b(s,t)
∂s∂t is the Fourier transform of the form

∂2b(s, t)

∂s∂t
=

∫∫
R×R

e−i(λs−µt)ψ(λ, µ)dλdµ
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for some ψ(λ, µ) ∈ L1(R2), which satisfies

∫∫
R×R

|ψ(λ, µ)|2

λ2µ2f0(λ)f1(µ)
dλdµ. (3.26)

Then P0 and P1 are equivalent on the σ-algebra U([0, τ ]).

For our conjecture, the following is another sufficient condition for P0 and P1 to be

equivalent on the σ-algebra U([0, τ ]), which extends Theorem 17 in Ibragimov and Rozanov

(1978), page 104.

Conjecture 3.3.15 We assume d = 1 and the spectral densities f0 and f1 satisfy the

condition

f0(λ) � f1(λ) � (1 + λ2)−n.

If ∫
R

(
f0(λ)− f1(λ)

)2
f20 (λ)

dλ <∞,

then P0 and P1 are equivalent on the σ-algebra U([0, τ ]).

We have listed several criteria for two Gaussian measures to be equivalent in the intrinsi-

cally stationary random fields on the above. Then, with these conditions for the equivalence

of two Gaussian measures, you may ask “What if the two measures are equivalent?” Here

is an answer. Theorem 3.2 of Sottinen and Tudor (2006) states that every mean square

continuous Gaussian random field {X(t), P1} which is equivalent to a given Gaussian ran-

dom field {X(t), P0} admits a non-anticipative representation with respect to {X(t), P0}.

Now, we work to derive an explicit representation under the equivalence of two intrinsically

stationary random fields.
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Theorem 3.3.16. Suppose Gaussian measures P0 and P1 are equivalent, then {X(t), P1}

has a representation x(t) with respect to {X(t), P0}, such that

x(t) = X(t) +

∫
Rd

∫
[−∞,λ]

b(µ, λ)Φ(dµ)
(
ei〈λ,t〉 − 1

)
dλ,

where b is a square integrable Volterra kernel.

We can find more consequences of the equivalence of two Gaussian measures from the

next section.

3.4 Asymptotic optimality of linear predictions

In practice, the true probability distribution of our Gaussian model is always unknown and

must be estimated from the gathered data. To this end, it is of great value to investigate the

effect of using a fixed but incorrect probability distribution, especially, when more sample

data can be obtained by sampling the spatial or temporal domain increasingly densely. This

section studies the effect of misspecifying the mean and covariance function of a random

field on optimal linear predictions of the random field.

Suppose P0 and P1 are two equivalent Gaussian measures. Write HF0(D) as H0(D) for

short in this section. Let h1, h2, · · · be a complete system of linearly independent elements

from H0(D), and take ψ1, ψ2, · · · to be the Gram-Schmidt orthogonalization of h1, h2, · · ·

under (0, K0), such that

K0(ψj , ψk) =


1, j = k,

0, j 6= k,

and K1(ψj , ψk) =


σ2k, j = k,

0, j 6= k.
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Of course, the closed linear hull of ψ1, ψ2, · · · under the inner product defined by (0, K0)

is H0(D). Let ψ ∈ H0(D), then the best linear predictor of ψ given ψ1, · · · , ψn under

(0, K0) is ψ̂n = k′nΨn, where Ψn = (ψ1, · · · , ψn)′ and kn = (K0(ψ, ψ1), · · · , K0(ψ, ψn))′.

Let e0(ψ, n) = ψ− ψ̂n be the prediction error under (0, K0). Similarly, define e1(ψ, n) to be

the error of the best linear prediction with respect to (m1, K1). In the following, we suppose

(m1, K1) to be the presumed second-order structure when in fact (0, K0) is the actual second-

order structure. We will then consider the behavior of the best linear predictor as n → ∞.

Conventionally, we assume 0/0 = 0 throughout this section.

First, any ψ ∈ H0(D) can be written as ψ =
∑∞
i=1 ci ψi, where ci = 〈ψ, ψi〉K0

=

K0(ψ, ψi). So
∑∞
i=1 c

2
i <∞. We can then write

e0(ψ, n) =
∞∑

i=n+1

ciψi.

Define

µj = E1ψj , for j = 1, 2, · · ·

and

bjk = K1(ψj , ψk)−K0(ψj , ψk), for j, k = 1, 2, · · · .

The following results of asymptotic theory are from Stein (1988, 1990, 1999a and 1999b),

which hold for any Gaussian random field, including both stationary and intrinsically sta-

tionary ones.

Theorem 3.4.1. Suppose P0 and P1 are two equivalent Gaussian measures. As n→∞,

sup
ψ∈H0(D)

E1e0(ψ, n)2 − E0e0(ψ, n)2

E0e0(ψ, n)2
= Λn ↓ 0
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and

inf
ψ∈H0(D)

E1e0(ψ, n)2 − E0e0(ψ, n)2

E0e0(ψ, n)2
= λn ↑ 0,

where Λn and λn are, respectively, the largest and smallest eigenvalues of the infinite matrix

(bjk + µjµk)∞jk=n+1.

Switching the roles of (0, K0) and (m1, K1), we can define the corresponding largest and

smallest eigenvalues as Λ̃n and λ̃n, respectively, such that

sup
ψ∈H0(D)

E0e1(ψ, n)2 − E1e1(ψ, n)2

E1e1(ψ, n)2
= Λ̃n ↓ 0

and

inf
ψ∈H0(D)

E0e1(ψ, n)2 − E1e1(ψ, n)2

E1e1(ψ, n)2
= λ̃n ↑ 0.

The above theorem comes from Stein (1990), page 855. Moreover, using some elementary

results, we obtain the following results, see Stein (1999b), page 130.

Corollary 3.4.2. Suppose P0 and P1 are two equivalent Gaussian measures. Then

lim
n→∞

sup
ψ∈H0(D)

∣∣∣∣∣E1e0(ψ, n)2 − E0e0(ψ, n)2

E0e0(ψ, n)2

∣∣∣∣∣ = 0,

lim
n→∞

sup
ψ∈H0(D)

E0e1(ψ, n)2 − E0e0(ψ, n)2

E0e0(ψ, n)2
= 0

and

lim
n→∞

sup
ψ∈H0(D)

E0
(
e1(ψ, n)− e0(ψ, n)

)2
E0e0(ψ, n)2

= 0.

Switching the roles of (0, K0) and (m1, K1), then
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lim
n→∞

sup
ψ∈H0(D)

∣∣∣∣∣E0e1(ψ, n)2 − E1e1(ψ, n)2

E1e1(ψ, n)2

∣∣∣∣∣ = 0,

lim
n→∞

sup
ψ∈H0(D)

E1e0(ψ, n)2 − E1e1(ψ, n)2

E1e1(ψ, n)2
= 0

and

lim
n→∞

sup
ψ∈H0(D)

E1
(
e0(ψ, n)− e1(ψ, n)

)2
E1e1(ψ, n)2

= 0.

Taking the observations as ψ1, ψ2, · · · , which form a basis of the Hilbert space H0(D) is

convenient mathematically, but in fact excludes some common and interesting applications

in the asymptotics. In real life, we care more about the prediction for an unknown value

X(t), t ∈ D, based on the observations X(t1), · · · , X(tn), where t1, · · · , tn ∈ D but different

from t. Let us take X̂i(n) for i = 0, 1 to denote the best linear predictor of X(t), using

(mi, Ki) as the second-order structure, where m0 ≡ 0. Define ei(n) = X(t) − X̂i(n), the

error of the corresponding prediction. We obtain the following results which are directly

related to Corollary 3.4.2.

Corollary 3.4.3. Suppose P0 and P1 are two equivalent Gaussian measures. Let t ∈ D

and {ti}∞i=1 be a sequence in D not containing t but having t as its limit point, such that

E0e0(n)2 > 0. Then

lim
n→∞

∣∣∣∣∣E1e0(n)2 − E0e0(n)2

E0e0(n)2

∣∣∣∣∣ = 0, (3.27)

lim
n→∞

E0e1(n)2 − E0e0(n)2

E0e0(n)2
= 0 (3.28)

and

lim
n→∞

E0
(
e1(n)− e0(n)

)2
E0e0(n)2

= 0. (3.29)

79



The corollary above follows directly from Theorem 10 [Stein (1999b), page 132], and

switching the roles of (0, K0) and (m1, K1) is also feasible. Note that, the assumption

of E0e0(n)2 → 0 as n → 0 in Theorem 10 [Stein (1999b), page 132] is guaranteed by

mean-square continuity of X(t), t ∈ D, under P0. We obtain Equation (3.28), saying there

is an asymptotically efficient predictor X̂1(n) under the presumed second-order structure

(m1, K1) when, in fact, (0, K0) is the correct second-order structure, as long as P0 and

P1 are equivalent. Moreover, the predictions obtained under those two second-order struc-

tures are asymptotically close to each other [see (3.29)], and the discrepancy between the

presumed mean-squared prediction error and the actual mean-squared prediction error is

asymptotically 0 [see (3.27)].

3.5 Explicit bounds with equal covariance functions

In this section, we want to obtain the bounds on Λn and λn of Theorem 3.4.1 for intrinsi-

cally stationary Gaussian random fields. The bounds can be obtained by approximating an

element of a Hilbert space by an element of a finite-dimensional subspace. This problem has

been considered as it applies to optimal design for estimating the regression coefficients of

a stochastic process. The references include Sacks and Ylvisaker (1966, 1968, 1970), Wahba

(1971, 1974) and Eubank, Smith and Smith (1981). Stein (1990) obtained results on these

bounds for less smooth mean functions than those considered in previous work for station-

ary, second-order random fields. We extend Stein (1990)’s method to investigate the bounds

for intrinsically stationary random fields. Actually, the general case appears to be rather

difficult, however, it simplifies considerably under equal covariance functions, like the case I
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in Section 3.3.1. From Stein (1990), page 857, we have

Λn =
∞∑

j=n+1

µ2j and λn = 0.

Moreover, Λn has an upper bound as follows:

Λn ≤ E0(ν − νn)2, (3.30)

for some νn ∈ Hn(D) (the subspace of HF (D) generated by ψ1, · · · , ψn), where ν is the

Randon-Nikodym derivative of P1 with respect to P0. In the following, we derive bounds

on Λn under certain conditions on F , by using the characteristics of the associated function

space LF (D). Let us start from the one-dimensional process.

3.5.1 One-dimensional Processes

Let D = [0, τ ], for τ > 0. Suppose F (dλ) = f(λ)dλ, and f(λ) satisfies
∫
R(1∧ |λ|2)f(λ)dλ <

∞ and for a positive integer m,

f(λ) � (1 + λ2)−m. (3.31)

Theorem 3.5.1. Under the condition (3.31), all elements of the function space LF (D) can

be expressed as

ϕ(λ) = P (iλ) + (1 + iλ)m−1
∫ τ

0
(eiλt − 1)c(t)dt, (3.32)

with

P (iλ) =
m−1∑
k=1

ck(iλ)k, (3.33)
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where ck’s are real and c(t) is a square-integrable real function on D = [0, τ ].

Remark 3.5.2

(1) If the condition (3.31) changes with m as a positive non-integer number, then Theorem

3.5.1 still holds, by replacing m with its integer part bmc in (3.32) and (3.33).

(2) The conclusion of Theorem 3.5.1 still holds well under the following weaker condition

than (3.31):

f(λ) ≤ βλ−2m, as |λ| → ∞,

where β > 0, m > 0 are constant. We can derive this statement by applying Lemma

2.7.1 to the proof of Theorem 3.5.1.

(3) The analytic function space LF (D) for an intrinsically stationary random field is dif-

ferent from that of a stationary random field. All elements in LF (D) of a stationary

random field under condition (3.31) are given as

m−1∑
k=0

ck(iλ)k + (1 + iλ)m
∫ τ

0
eiλtc(t)dt, (3.34)

where ck’s and c(t) are the same in (3.32) [see Stein (1990)]. As we can see from (3.34)

the Hilbert space LF (D) for the stationary case contains real constants as members.

In fact, if the spectral density f(λ) satisfies (3.31), the Gaussian process X(t) has (m−1)th

mean-square derivative. Besides, Theorem 2.4.8 in Chapter 2 shows that the sample functions

are differentiable up to (m− 1) orders. Without loss of generality, we will take τ = 1 in the

following. Let Hn,p be the subspace generated by X(j)(tk) for j = 0, · · · , p with p ≤ m− 1

and 0 = t0 < · · · < tn = 1. Let Ln,p be the subspace of LF (D) isomorphic to Hn,p, and let
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Pn,p be the operator that projects elements of LF (D) onto Ln,p, so that

inf
ϕn∈Ln,p

‖ϕ− ϕn‖2F = ‖ϕ− Pn,p ϕ‖2F (3.35)

for all ϕ ∈ LF (D). From Theorem 3.4.1 and (3.30), for any ϕn ∈ Ln,p, ‖ϕ − ϕn‖2F is an

uniform bound for Λn. Define ∆k = tk−tk−1, for k = 1, · · · , n. Assume f(λ) satisfies (3.31).

From Theorem 3.3.3, we know that a necessary and sufficient condition for the equivalence

of Gaussian measures P0 and P1 with the same covariance function is

m1(t) =

∫ 1

0

(
e−iλt − 1

)
ϕ(λ)f(λ)dλ, (3.36)

for some ϕ(λ) ∈ LF (D), which can be written as (3.32). In the rest of this subsection, we

assume m1(t) can be represented as (3.36). Then we obtain the following upper bounds,

which extend Theorem 4.1 and Theorem 4.2 of Stein (1990), page 859.

Proposition 3.5.3. Suppose there exists ` ≤ m, such that c(t) given in (3.32) has an

absolutely continuous (`−1)th derivative and c(`)(t) is square-integrable on [0, 1]. Let h(t) =

c(t)e−t, then

‖ϕ− Pn,m−1ϕ‖2F ≤ c
[
(`− 1)!

]−2 n∑
k=1

(∆k

2

)2` ∫ tk

tk−1
h(`)(t)2dt, (3.37)

where c is a positive constant. Moreover, if ∆k = 1/n for all k, then the upper bound in

(3.37) can be written as

c n−2`2−2`
[
(`− 1)!

]−2 ∫ 1

0
h(`)(t)2dt.
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Remark 3.5.4 If we specify (3.31) as that there exist two positive constants α and β, such

that

α(1 + λ2)−m ≤ f(λ) ≤ β(1 + λ2)−m, (3.38)

then the constant c in (3.37) can be expressed as 4πβe2.

Proposition 3.5.5. Suppose ϕ(λ) given in (3.36) is of the form

ϕ(λ) =

∫ 1

0
c(t)
(
eiλt − 1

)
dt,

where |c(t)| is uniformly bounded by C on [0, 1]. Let ρ = nmax{∆k, 1 ≤ k ≤ n}. Then for

m > 1,

‖ϕ− Pn,0ϕ‖2F ≤
16βnC2

2n− 1

[
2ρ(m− 1)

]2m
max

{
1,
(4ρ(m− 1)

m!

)2}
n−2m+1.

3.5.2 Two-dimensional random fields

We now give an analogue to Theorem 3.5.1 for two-dimensional random fields. The extension

to high dimensions is not difficult. For convenience, let us introduce the separable random

field first.

Suppose D = [0, τ ]× [0, τ ] for τ > 0, the spectral density satisfies that for λ = (λ1, λ2) ∈

R2 and positive integers m1, m2,

f(λ) �
(
1 + |λ1|2

)−m1
(
1 + |λ2|2

)−m2 . (3.39)

Theorem 3.5.6. Under the condition given by (3.39), all elements of the function space
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LF (D) can be expressed as

ϕ(λ) = P (iλ) +Q(λ) + (1 + iλ1)m1−1(1 + iλ2)m2−1
∫
D

(eiλ
′t − 1)c(t)dt, (3.40)

for

P (iλ) =

m1−1∑
j=0

m2−1∑
k=0

ajki
j+kλ

j
1λ
k
2 (3.41)

and

Q(λ) =

m2−1∑
k=0

ak(iλ2)k(1 + iλ1)m1−1
∫ τ

0
(eiλ1t1 − 1)b1(t1)dt1

+

m1−1∑
j=0

ãk(iλ1)j(1 + iλ2)m2−1
∫ τ

0
(eiλ2t2 − 1)b2(t2)dt2

]
,

(3.42)

where a00 = 0, ajk’s, ak’s and ãk’s are real, b1(t1), b2(t2) are square-integrable real functions

on [0, τ ] and c(t) is a square-integrable real function on D = [0, τ ]× [0, τ ].

Remark 3.5.7

(1) If the condition (3.39) changes with m1 and m2 as positive non-integer numbers, then

Theorem 3.5.6 still holds, by replacing m1 (m2) with its integer part [m1] ([m1]) in

(3.40), (3.41) and (3.42).

(2) The conclusion of Theorem 3.5.6 still holds under the following weaker condition than

(3.39):

f(λ) ≤ βλ
−2m1
1 λ

−2m2
2 , as |λ1|, |λ2| → ∞,

where β > 0 is constant. We can derive this statement by applying Lemma 2.7.1 to

the proof of Theorem 3.5.6.
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For the two-dimensional case, we can have similar results to Propositions 3.5.3 and 3.5.5.

We leave it to interested readers.

3.6 Proofs

Proof of Lemma 3.2.1

Let us prove the representation of η ∈ HF (D) first. By (2.3), it is obvious that ∀ t ∈ D,

η = X(t) satisfies (3.5), with ϕ(λ) = ei〈λ,t〉 − 1 ∈ LF (D). Then for any positive integer m,

the linear combination of X(t), such as η =
∑m
k=1 ckX(tk), where ck’s are real and tk’s ∈ D,

can be written as

m∑
k=1

ck

∫
Rd

(
ei〈λ,tk〉 − 1

)
Φ(dλ)

=

∫
Rd

m∑
k=1

ck
(
ei〈λ,tk〉 − 1

)
Φ(dλ).

Denote ϕ(λ) =
∑m
k=1 ck

(
ei〈λ,tk〉 − 1

)
∈ LF (D), then (3.5) is satisfied. We can also verify

that for any η1 =
∑m
k=1 ckX(tk) ∈ HF (D), η2 =

∑n
`=1 d`X(t`) ∈ HF (D),

〈η1, η2〉 =
m∑
k=1

n∑
`=1

ckd`

∫
Rd

(
ei〈λ,tk〉 − 1

)(
ei〈λ,t`〉 − 1

)
F (dλ)

=

∫
Rd

[ m∑
k=1

ck
(
ei〈λ,tk〉 − 1

)][ n∑
`=1

d`
(
ei〈λ,t`〉 − 1

)]
F (dλ)

= 〈ϕ1, ϕ2〉F ,

(3.43)

where ϕ1(λ) =
∑m
k=1 ck

(
ei〈λ,tk〉 − 1

)
∈ LF (D), ϕ2(λ) =

∑n
`=1 d`

(
ei〈λ,t`〉 − 1

)
∈ LF (D). It
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follows at once that if there is a sequence {ηn} ∈ HF (D) of the form

ηn =

mn∑
k=1

cknX(tkn),

with a limit point η ∈ HF (D), i.e.,

E|ηn − η|2 → 0, as n→∞,

there should exist a corresponding sequence {ϕn} ∈ LF (D), which can be written as

ϕn =

mn∑
k=1

ckn
(
ei〈λ,tkn〉 − 1

)
,

such that

‖ϕn − ϕ‖2F =

∫
Rd
|ϕn(λ)− ϕ(λ)|2F (dλ)→ 0, as n→∞,

where ϕ ∈ LF (D). In fact, ϕ depends only on η instead of the sequence {ηn} ∈ LF (D),

such as η =
∫
Rd ϕ(λ)Φ(dλ). So (3.5) holds for any η ∈ HF (D).

By (3.43) and a similar limiting argument, we see that for any function ϕ ∈ LF (D), (3.5)

is well defined, which then yields η ∈ HF (D).

Proof of Lemma 3.2.3

It is clear that if ‖ϕ‖F0 = 0 and ‖ϕ‖F1 6= 0 for a function ϕ(λ) ∈ L0D, the measures P0

and P1 are orthogonal, since the corresponding random variable η(ϕ) ∈ HF (D) from (3.5)

satisfies

P0{η(ϕ) = 0} = 1 and P1{η(ϕ) = 0} = 0.
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Furthermore, if there exists a sequence {ϕn(λ)} ∈ L0D, such that

‖ϕn‖F0 = 1 and σn = ‖ϕn‖F1 → 0, as n→∞,

then for m1(ϕn) = E1(η(ϕn)), we show that as n→∞,

P0 {|η(ϕn)−m1(ϕn)| <
√
σn} =

∫
|x−m1(ϕn)|<

√
σn

1√
2π
e−x

2/2dx→ 0,

P1 {|η(ϕn)−m1(ϕn)| <
√
σn} =

∫
|x|<(1/√σn )

1√
2π
e−x

2/2dx→ 1.

Similar relations hold true if

‖ϕn‖F1 = 1 and ‖ϕn‖F0 → 0, as n→∞.

Hence, the desired result follows.

Proof of Theorem 3.3.2

First of all, suppose P0 and P1 are two equivalent Gaussian measures. We first prove

that the linear functional m1(·) is bounded. Let {ϕn(λ)} be a sequence in L0D, such that

σn = ‖ϕn‖F1 � ‖ϕn‖F0 = 1. Suppose m1(ϕn)→∞ as n→∞, then

P0

{
η(ϕn) >

√
m1(ϕn)

}
=

∫ ∞
√
m1(ϕn)

1√
2π
e−x

2/2dx→ 0,

P1

{
η(ϕn) >

√
m1(ϕn)

}
=

∫ ∞
−m1(ϕn)+

√
m1(ϕn)

1√
2π σn

e−x
2/2σ2ndx→ 1,

which imply a contradiction to the equivalence of P0 and P1. So m1(ϕ) is a linear bounded
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functional on the Hilbert space LF (D), which is equivalent to saying that the linear functional

m1(ϕ) is continuous on LF (D). Hence, ∃ ψ(λ) ∈ LF (D), such that m1(ϕ) = 〈ϕ, ψ〉F .

To prove the converse, suppose the mean value m1(ϕ) is a continuous linear functional on

the Hilbert space LF (D), then there exists a unique ψ ∈ LF (D) such that m1(ϕ) = 〈ϕ, ψ〉F ,

for all ψ ∈ LF (D). Let {ϕk} ∈ L0D be a complete orthonormal system in LF (D). It is known

that the entropy distance between P0 and P1 on the σ-algebra Un generated by the variables

η(ϕk), k = 1, · · · , n, is

rn =
n∑
k=1

m1(ϕk)2 =
n∑
k=1

〈ϕk, ψ〉2F ;

see (2.9) of Ibragimov and Rozanov (1978), page 76. So

lim
n→∞

rn =
∞∑
k=1

〈ϕk, ψ〉2F = ‖ψ‖2F <∞.

The equivalence of the Gaussian measures P0 and P1 follows now from Lemma 3 of Ibragimov

and Rozanov (1978), page 77.

Proof of Theorem 3.3.3

Since the system of functions ϕ(λ) = ei〈λ,t〉−1, t ∈ D, is complete in LF (D), a necessary

and sufficient condition for P0 and P1 to be equivalent is (3.10), which follows from Theorem

3.3.2.

Now suppose P0, P1 are two equivalent Gaussian measures, and the Randon-Nikodym

derivative is p(ω) = P1(dω)/P0(dω) on U(D). Choose a complete orthonormal system ϕ1(λ),

ϕ2(λ), · · · ∈ L0D. First, consider the density pn(ω) = P1(dω)/P0(dω) on the σ-algebra

Un, each of which is generated by the variables η(ϕk), k = 1, · · · , n. Actually, pn(ω) =
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E (p(ω)|Un). By the martingale convergence theorem,

p(ω) = lim
n→∞

pn(ω).

Let ak = m1(ϕk), k = 1, 2, · · · , and ψn(λ) =
∑n
k=1 akϕk(λ). By Theorem 3.3.2, there exists

ϕ(λ) ∈ LF (D) such that

ak = 〈ϕk, ϕ〉F , ∀ k ≥ 1.

So

ψn(λ) =
n∑
k=1

〈ϕk, ϕ〉F ϕk(λ).

According to formula (2.2) of Ibragimov and Rozanov (1978), page 75, we have

pn(ω) = exp

{
n∑
k=1

akη(ϕk)− 1

2

n∑
k=1

a2k

}

= exp

{
n∑
k=1

ak

∫
Rd

ϕk(λ)Φ(dλ)− 1

2
‖ψn‖2F

}

= exp

{∫
Rd

ψn(λ)Φ(dλ)− 1

2
‖ψn‖2F

}
.

Moreover,

lim
n→∞

ψn(λ) = lim
n→∞

n∑
k=1

〈ϕk, ϕ〉F ϕk(λ) = ϕ(λ),

lim
n→∞

‖ψn‖2F = ‖ϕ‖2
F
.

Therefore, (3.11) holds.

Proof of Corollary 3.3.5

On one hand, if P0 and P1 are equivalent on U(D), then by Theorem 3.3.3, there exists

ϕ ∈ LF (D) such that (3.10) holds. We define ψ(λ) = ϕ(λ)f(λ), then
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∫
Rd
|ψ(λ)|2dλ =

∫
Rd
|ϕ(λ)|2f2(λ)dλ ≤ c

∫
Rd
|ϕ(λ)|2f(λ)dλ <∞,

where c is a positive constant. So ψ ∈ L2(Rd), and (3.10) can be rewritten as (3.12).

Moreover, ψ satisfies (3.13).

On the other hand, suppose there exists ψ ∈ L2(Rd), such that (3.12) and (3.13) hold.

We take ϕ(λ) = ψ(λ)/f(λ), then (3.13) implies

∫
Rd
|ϕ(λ)|2f(λ)dλ =

∫
Rd
|ψ(λ)|2

f(λ)
dλ <∞.

Let ϕ̃ be the projection of ϕ into LF (D), then (3.12) implies that

m1(t) =

∫
Rd

(
e−i〈t,λ〉 − 1

)
ϕ̃(λ)f(λ)dλ.

Hence, P0 and P1 are equivalent by Theorem 3.3.3.

Proof of Corollary 3.3.6

Suppose P0 and P1 are equivalent, then there exists ψ ∈ L2(Rd) such that (3.12) and

(3.13) hold. By (3.13) and (3.14), we have

∫
Rd

(
1 + |λ|2

)n|ψ(λ)|2dλ <∞.
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This and Hölder’s inequality imply that ∀ k ≤
⌊
n− d+1

2

⌋
,

∫
Rd
|λ|k|ψ(λ)|dλ

≤

[∫
Rd

|λ|2k(
1 + |λ|n

)2dλ
]1/2 [∫

Rd

(
1 + |λ|n

)2|ψ(λ)|2dλ
]1/2

<∞.

Hence the conclusion follows from the dominated convergence theorem.

Proof of Corollary 3.3.7

Since we can write

m′1(t) =

∫
R
e−iλsψ(λ)dλ ∀ t ∈ R.

Fubini’s theorem gives

m1(t) =

∫ t

0
m′1(s)ds =

∫ t

0

∫
R
e−iλsψ(λ)dλds

=

∫
R

(∫ t

0
e−iλsds

)
ψ(λ)dλ

= −
∫
R

(
e−iλs − 1

)ψ(λ)

iλ
dλ.

Since ∫
R

∣∣∣∣ψ(λ)

iλ

∣∣∣∣2 1

f(λ)
dλ =

∫
R

|ψ(λ)|2

λ2f(λ)
dλ <∞,

the conclusion follows from Corollary 3.3.5

Proof of Theorem 3.3.10

Since the functions ϕ(λ, µ) =
(
ei〈λ,s〉− 1

)(
e−i〈µ,t〉− 1

)
, s, t ∈ D form a complete system

in LF0×F1(D ×D), (3.22) is equivalent to the condition given in Theorem 3.3.9.

Now, assume P0, P1 are equivalent and choose a sequence t1, t2, · · · everywhere dense
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in D. Then {X(tk)} forms a complete system in HF (D). Let us first consider the density

pn(ω) = P1(dω)/P0(dω) on the σ-algebra Un, generated by the variables X(tk), k = 1, · · · , n.

Analogous to (3.11) of Ibragimov and Rozanov (1978), page 89, we have

log pn − E log pn = −1

2

n∑
k,j=1

ckj
[
X(tk)X(tj)−K(tk, tj)

]
,

where (ckj) =
(
K1(tk, tj)

)−1 − (K0(tk, tj)
)−1

, difference between the two matrix inverses.

Let

ηn =
n∑

k,j=1

ckj
[
X(tk)X(tj)−K(tk, tj)

]
.

By Lemma 3.3.8, we can also write

ηn =

∫∫
Rd×Rd

ϕn(λ, µ)Ψ(dλ, dµ),

where

ϕn(λ, µ) =
n∑

k,j=1

ckj
(
ei〈λ,tk〉 − 1

)(
e
−i〈µ,tj〉 − 1

)
.

Since (
K0(tk, tj)

)
(ckj)

(
K1(tk, tj)

)
= b(s, t),

for s, t = t1, · · · , tn, it can be verified that

∫∫
Rd×Rd

(
e−i〈λ,s〉 − 1

)(
ei〈µ,t〉 − 1

)
ϕn(λ, µ)F0(dλ)F1(dµ) = b(s, t),
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which is rewritten as

〈ϕn, ϕ0〉F0×F1 = b(s, t), s, t ∈ Tn = {t1, · · · , tn},

where

ϕ0(λ, µ) =
(
ei〈λ,s〉 − 1

)(
e−i〈µ,t〉 − 1

)
.

For any m ≤ n, ϕm(λ, µ) coincides with the projection of ϕn(λ, µ) ∈ LF0×F1(Tn× Tn) onto

the subspace LF0×F1(Tm × Tm), so that

‖ϕn − ϕm‖2F0×F1 = ‖ϕn‖2F0×F1 − ‖ϕm‖
2
F0×F1 ≥ 0.

So ‖ϕn‖2F0×F1 is nondecreasing. Since
∑
j,k b(tj , tk)2 < ∞, which follows from the equiva-

lence of P0 and P1 [see (2.20) of Ibragimov and Rozanov (1978), page 81], then limn→∞ ‖ϕn‖2F0×F1
exists. So

lim
n→∞

ϕn(λ, µ) = ϕ(λ, µ) ∈ LF0×F1(D ×D).

Hence, by the bounded convergence theorem,

ηn → η =

∫∫
Rd×Rd

ϕ(λ, µ)Ψ(dλ, dµ), as n→∞.

It follows from (1.33) of Ibragimov and Rozanov (1978), page 73 that the limit of E log pn

exists for equivalent Gaussian measures, so denote the limit as logC. Also, analogous to the

proof of Theorem 3.3.3, we have p(ω) = limn→∞ pn(ω). Hence

log p(ω) = logC − 1

2

∫∫
Rd×Rd

ϕ(λ, µ)Ψ(dλ, dµ),
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and the desired result follows.

Proof of Theorem 3.3.12

On one hand, suppose P0 and P1 are equivalent. Then by Theorem 3.3.10, b(s, t) can be

written as: ∀ s, t ∈ D,

b(s, t) =

∫∫
Rd×Rd

(
e−i〈λ,s〉 − 1

)(
ei〈µ,t〉 − 1

)
ϕ(λ, µ)f0(λ)f1(dµ)dλdµ

for some ϕ ∈ LF0×F1(D ×D).

Define

g(λ, µ) = ϕ(λ, µ)f0(λ)f1(µ),

then

∫∫
Rd×Rd

|g(λ, µ)|2

f0(λ)f1(µ)
dλ dµ

=

∫∫
Rd×Rd

|ϕ(λ, µ)|2f0(λ)f1(µ)dλ dµ <∞.

i.e. g satisfies (3.25).

On the other hand, suppose that (3.24) and (3.25) hold. We take

ϕ(λ, µ) =
g(λ, µ)

f0(λ)f1(µ)
.

By (3.25), we have

∫∫
Rd×Rd

|ϕ(λ, µ)|2F0(dλ)F1(dµ)

=

∫∫
Rd×Rd

|g(λ, µ)|2

f0(λ)f1(µ)
dλ dµ <∞.
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i.e. ϕ ∈ LF0×F1(D ×D) (or we may take the projection of ϕ onto LF0×F1(D ×D)).

Note that we can rewrite b(s, t) as

b(s, t) =

∫∫
Rd×Rd

(
e−i〈λ,s〉 − 1

)(
ei〈µ,t〉 − 1

)
ϕ(λ, µ)f0(λ)f1(µ)dλ dµ.

That is, (3.22) holds. It follows from Theorem 3.3.10 that P0 and P1 are equivalent on the

σ-algebra U(D).

Proof of Corollary 3.3.14

We write

b(s, t) =

∫ s

0

∫ t

0

∂2b(u, v)

∂u∂v
du dv

=

∫ s

0

∫ t

0

∫∫
R×R

e−i(λu−µv)ψ(λ, µ) dλ dµ du dv

=

∫∫
R×R

(
e−iλs − 1

)(
e−iµt − 1

)ψ(λ, µ)

λµ
dλ dµ.

By (3.26), the function

g(λ, µ) =
ψ(λ, µ)

λµ

satisfies (3.25) in Theorem 3.3.12; the conclusion follows.

Proof of Theorem 3.3.16

By Theorem 3.2 of Sottinen and Tudor (2006), we know that under the equivalence of

P0 and P1, {X(t), P1} has a non-anticipative representation x(t) with respect to {X(t), P0}

and x(t) ∈ HF (D). According to Lemma 3.2.1, there is an isometric isomorphism ζ from

HF (D) to LF (D), such that ζX(t) = ei〈·,t〉 − 1, for t ∈ D. By the sample path continuity
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of X(t), it follows from (4.3) of Kallianpur and Oodaira (1973) that ζx(t) can be written as

ζx(t) = (I +B)ζX(t) = (I +B)
(
ei〈·,t〉 − 1

)
,

where I is an identity operator and B is a Volterra operator on LF (D). Therefore, we can

write

(I +B)
(
ei〈·,t〉 − 1

)
= ei〈·,t〉 − 1 +

∫
Rd

b(·, λ)
(
ei〈λ,t〉 − 1

)
dλ,

where b is the Volterra kernel corresponding to the Volterra operator B. We thus obtain the

representation

x(t) =

∫
Rd

(
ei〈λ,t〉 − 1

)
Φ(dλ) +

∫
Rd

∫
Rd

b(µ, λ)
(
ei〈λ,t〉 − 1

)
dλΦ(dµ)

= X(t) +

∫
Rd

∫
[−∞,λ]

b(µ, λ)Φ(dµ)
(
ei〈λ,t〉 − 1

)
dλ.

Proof of Theorem 3.5.1

On one hand, we show that the function satisfying (3.32) belongs to LF (D). For any

s ∈ [0, τ ], by the bounded convergence theorem, iλ eiλs is the limit of

(
eiλ(s+h) − 1

)
−
(
eiλs − 1

)
h

,

as h → 0, under the inner product defined on LF (D); and for k = 2, · · · ,m − 1, (iλ)keiλs

being limits of the form

lim
h→0

(iλ)k−1
eiλ(s+h) − eiλs

h

belong to LF (D). Take s = 0, we can show that each polynomial P (iλ) =
∑m−1
k=1 ck(iλ)k ∈
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LF (D), where ck’s are real. We can show that (1+iλ)m−1
∫ τ
0 (eiλt−1)cs(t)dt is also contained

in LF (D), where

cs(t) =


et, 0 ≤ t ≤ s,

0, s < t ≤ τ.

In fact,

(1 + iλ)m−1
∫ τ

0
(eiλt − 1)cs(t)dt = (1 + iλ)m−1

[∫ s

0
e(1+iλ)tdt−

∫ s

0
etdt

]
= (1 + iλ)m−2

[
(eiλs − 1)es + iλ(1− es)

]
is contained in LF (D).

It can also be seen that the linear hull of “step” functions cs(t), for s ∈ [0, τ ] is everywhere

dense in the space L2([0, τ ]), which is the space of all square-integrable functions c(t), 0 ≤

t ≤ τ [see Ibragimov and Rozanov (1978), page 30]. Moreover, for any ϕj(λ), j = 1, 2 of the

form

(1 + iλ)m−1
∫ τ

0
(eiλt − 1)cj(t)dt,

where cj(t) is a linear combination of step functions cs(t), we derive from (3.31) that

‖ϕ1(λ)− ϕ2(λ)‖2F =

∫ ∞
−∞
|ϕ1(λ)− ϕ2(λ)|2f(λ)dλ

≤ c

∫ ∞
−∞

1

1 + λ2

∣∣∣∣∫ τ

0
(eiλt − 1)(c1(t)− c2(t))dt

∣∣∣∣2 dλ
≤ c

∫ τ

0
|c1(t)− c2(t)|2dt,

where c is a positive constant.

On the other hand, we can get eiλs − 1 by means of iterated integration from (1 +
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iλ)m−2
(
e(1+iλ)s − es

)
and

∑m−1
k=1 ck(iλ)k, since

∫ t

0
(1 + iλ)m−2

(
e(1+iλ)s − es

)
ds

= (1 + iλ)m−3
[
e(1+iλ)t − 1− (1 + iλ)(et − 1)

]
= (1 + iλ)m−3

(
e(1+iλ)t − et

)
+ (1 + iλ)m−3

(
iλ)(1− et).

So it is proved that the closed linear hull of functions (1 + iλ)m−1
∫ τ
0 (eiλt − 1)cs(t)dt and

(iλ)k, 1 ≤ k ≤ m− 1 forms the space LF (D). Hence the theorem is proved.

Proof of Proposition 3.5.3

First of all, we need to prove the following fact: For l = 0, 1, · · · ,m− 2,

(1 + iλ)m−1
∫ tk

0
tl
(
e(1+iλ)t − et

)
dt, k = 1, · · · , n, (3.44)

belong to Ln,m−1. To verify (3.44), let us first check, for l = 0, 1, · · · ,m− 2,

(1 + iλ)m−1
∫ tk

0
tle(1+iλ)tdt

=(1 + iλ)m−2
[
tlke

(1+iλ)tk − l
∫ tk

0
tl−1e(1+iλ)tdt

]
=(1 + iλ)m−2tlke

(1+iλ)tk − l
[
(1 + iλ)m−3tl−1k e(1+iλ)tk

− (1 + iλ)m−3(l − 1)

∫ tk

0
tl−2e(1+iλ)tdt

]
=e(1+iλ)tk

l∑
j=0

(1 + iλ)m−j−2 tl−jk (−1)j l!/(l − j)! + (−1)l+1l!(1 + iλ)m−l−2.

(3.45)
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As a consequence, we show that

(1 + iλ)m−1
∫ tk

0
tl
(
e(1+iλ)t − et

)
dt

=e(1+iλ)tk
l∑

j=0

(1 + iλ)m−j−2 tl−jk (−1)j l!/(l − j)! + (−1)l+1l!(1 + iλ)m−l−2

− (1 + iλ)m−1
∫ tk

0
tletdt

=etk
(
eiλtk − 1

) l∑
j=0

(1 + iλ)m−j−2 tl−jk (−1)j l!/(l − j)! + (−1)l+1l!(1 + iλ)m−l−2

+ etk
l∑

j=0

(1 + iλ)m−j−2 tl−jk (−1)j l!/(l − j)!− (1 + iλ)m−1
∫ tk

0
tletdt.

(3.46)

It can be seen that the first term on the second equality of (3.46) is in Ln,m−1. In order to

get the result of (3.44), we just need to check

etk
l∑

j=0

t
l−j
k (−1)j l!/(l − j)! + (−1)l+1l! =

∫ tk

0
tletdt,

which is the same as (3.45), with λ = 0. Hence, (3.44) is proved.

Secondly, based on the fact in (3.44), we know that for any constant bjk, j = 0, · · · ,m−2

and k = 1, · · · , n

(1 + iλ)m−1
n∑
k=1

m−2∑
j=0

bjk

∫ tk

0
tj
(
e(1+iλ)t − et

)
dt ∈ Ln,m−1.

100



And obviously, P (iλ) =
∑m−1
k=1 ck(iλ)k is in Ln,m−1. Then by (3.32), (3.35) and (3.38)

‖ϕ− Pn,m−1ϕ‖2F

≤
∫ ∞
−∞

f(λ)

∣∣∣∣∣(1 + iλ)m−1
∫ 1

0

(
e(1+iλ)t − et

)
h(t)dt

− (1 + iλ)m−1
n∑
k=1

m−2∑
j=0

bjk

∫ tk

0
tj
(
e(1+iλ)t − et

)
dt

∣∣∣∣∣
2

dλ

≤ β

∫ ∞
−∞

1

(1 + λ2)

∣∣∣∣∣
(∫ 1

0
e(1+iλ)th(t)−

n∑
k=1

m−2∑
j=0

bjkt
je(1+iλ)tI{t≤tk}

dt

)

−

(∫ 1

0
eth(t) −

n∑
k=1

m−2∑
j=0

bjkt
jetI{t≤tk}

dt

)∣∣∣∣∣
2

dλ

≤ 4βπ

∫ 1

0

{
eth(t)−

n∑
k=1

m−2∑
j=0

bjkt
jetI{t≤tk}

}2

dt

= 4βπ
n∑
k=1

∫ tk

tk−1
e2t

{
h(t)−

n∑
l=k

m−2∑
j=0

bjlt
j

}2

dt.

Referring to Stein (1990), page 861, we get the desired result.

Proof of Proposition 3.5.5

For m > 1, with any constant ak, k = 0, · · · , n, we have

‖ϕ− Pn,0ϕ‖2F ≤ β

∫ ∞
−∞

(1 + λ2)−m
∣∣∣∣∣
∫ 1

0
c(t)(eiλt − 1)dt−

n∑
k=0

ak(eiλtk − 1)

∣∣∣∣∣
2

dλ. (3.47)

Similarly to page 862 of Stein (1990), the right side of (3.47) can be obtained by polynomial

interpolating quadratures [Krylov (1962), Chapter 6]. Denote

bk =

∫ tm−1

t0

c(t)
u(t)dt

(t− tk)u′(tk)
,
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where k = 0, · · · ,m− 1 and u(t) = (t− t0) · · · (t− tm−1). From Equation (6.1.9) of Krylov

(1962), page 81, we know that for any real function h(t), whose mth derivative is bounded

by M,

∣∣∣∣∣
∫ tm−1

t0

c(t)h(t)dt−
m−1∑
k=0

bkh(tk)

∣∣∣∣∣ ≤ M

m!

∫ tm−1

t0

|c(t)h(t)| dt

≤ MC

m!
(tm−1 − t0)m+1.

Applying this bound to the real and imaginary parts of eiλt − 1 separately, we will have

∣∣∣∣∣
∫ tm−1

t0

c(t)
(
eiλt − 1

)
dt−

m−1∑
k=0

bk
(
eiλtk − 1

)∣∣∣∣∣ ≤ 2C

m!
|λ|m (tm−1 − t0)m+1.

The rest of the proof is the same as on page 863 of Stein (1990)

Proof of Theorem 3.5.6

Similarly to the proof of Theorem 3.5.1, we first show that any function which satisfies

(3.40) belongs to LF (D). For any s ∈ D, by the bounded convergence theorem, iλ1e
iλ′s and

iλ2e
iλ′s are the limits of

1

h

[(
ei(λ
′s+λ1h) − 1

)
− (eiλ

′s − 1)
]

and
1

h

[(
ei(λ
′s+λ2h) − 1

)
− (eiλ

′s − 1)
]
,

respectively, as h → 0, under the inner product defined on LF (D). For k = 0, · · · ,m1 − 1,

j = 0, · · · ,m2 − 1 and k = j = 0 does not hold, ij+kλ
j
1λ
k
2e
iλ′s, being the limits of the form

lim
h→0

1

h
ij+k−1λj−11 λk2

(
ei(λ
′s+λ1h) − eiλ

′s)
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or

lim
h→0

1

h
ij+k−1λj1λ

k−1
2

(
ei(λ
′s+λ2h) − eiλ

′s)
belong to LF (D). So each polynomial P (iλ) =

∑m1−1
j=0

∑m2−1
k=0 ajki

j+kλ
j
1λ
k
2 ∈ LF (D),

where a00 = 0, ajk’s are real. From the proof of Theorem 6.1, we know that Q(λ) ∈ LF (D).

We can show that

(1 + iλ1)m1−1(1 + iλ2)m2−1
∫
D

(eiλ
′t − 1)cs(t)dt

is also contained in LF (D), where for t = (t1, t2) ∈ D and s = (s1, s2) ∈ D,

cs(t) =


et1et2 , 0 ≤ t1 ≤ s1 and 0 ≤ t2 ≤ s2,

0, otherwise.

In fact, for m1,m2 > 1,

(1 + iλ1)m1−1(1 + iλ2)m2−1
∫
D

(eiλ
′t − 1)cs(t)dt

= (1 + iλ1)m1−1(1 + iλ2)m2−1
[ ∫ s1

0
e(1+iλ1)t1dt1

∫ s2

0
e(1+iλ2)t2dt2

−
∫ s1

0

∫ s2

0
et1et2dt1dt2

]
= (1 + iλ1)m1−2(1 + iλ2)m2−2

[(
e(1+iλ1)s1 − 1

)(
e(1+iλ2)s2 − 1

)
− (1 + iλ1)(1 + iλ2)(es1 − 1)(es2 − 1)

]
= (1 + iλ1)m1−2(1 + iλ2)m2−2

[
es1+s2(eiλ

′s − 1)− es1(eiλ1s1 − 1)− es2(eiλ2s2 − 1)

− (iλ1 + iλ2 + i2λ1λ2)(es1es2 − es1 − es2 + 1)
]

is contained in LF (D). It can also be seen that the linear hull of “step” functions cs(t),
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for s ∈ D is everywhere dense in the space L2([0, τ ]× [0, τ ]), generated by square-integrable

functions c(t), t ∈ [0, τ ]× [0, τ ]. Moreover, for any ϕi(λ), i = 1, 2 of the form

(1 + iλ1)m1−1(1 + iλ2)m2−1
∫
D

(eiλ
′t − 1)ci(t)dt,

where ci(t) is a linear combination of step functions cs(t),

‖ϕ1(λ)− ϕ2(λ)‖2F =

∫ ∞
−∞

∫ ∞
−∞
|ϕ1(λ)− ϕ2(λ)|2f(λ)dλ

≤ β

∫ ∞
−∞

∫ ∞
−∞

1

(1 + λ21)(1 + λ22)

∣∣∣ ∫
D

(eiλ
′t − 1)(c1(t)− c2(t))dt

∣∣∣2dλ1dλ2
≤ c

∫
D
|c1(t)− c2(t)|2dt,

where c is a positive constant.

On the other hand, we can get eiλ
′s−1 by means of iterated integration from Q(λ), P (iλ)

and (1 + iλ1)m1−2(1 + iλ2)m2−2es1+s2(eiλ
′s− 1). So it is proved that the closed linear hull

of functions expressed as (3.40) forms the space LF (D). Hence the theorem is proved.
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Chapter 4

Conclusion and future work

In this dissertation, we propose a family of anisotropic space-time intrinsically stationary

Gaussian model. We study the smoothness and fractal properties of the model, all in terms

of the parameters of the models explicitly, and obtain the criteria for two Gaussian measures

to be equivalent in intrinsically stationary random fields. We derive upper and lower bounds

for the prediction errors of the model, and investigate its asymptotically optimal predictions.

This work is of importance in studying the statistical properties of non-stationary Gaussian

random fields.

There are some open problems for future work. First, how to estimate the parameter (now

a vector (H1, · · · .HN )). Guo, Lim and Meerschaert (2009) develop the local Whittle method

to simultaneously estimate the Hurst index H = (H1, H2) of self-similarity, based on the

asymptotic properties of the spectral density of a stationary and anisotropic random field near

the origin. They prove the consistency of the local Whittle estimators of the long memory

parameters and obtain the asymptotic distribution of the local Whittle estimators. The main

goal here is to construct consistent estimators for (H1, · · · .HN ) that are applicable in various

space-time modeling and to study their asymptotic normality. It is a great challenge for the
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realization, since multiple smoothness parameters have to be estimated simultaneously in

our model which has non-stationary and anisotropic properties. In order to estimate all

the parameters of an anisotropic random field model, one has to work with a multivariate

random field X as defined by (2.25).

Second, Gaussian random fields whose spectral densities are described by a power law

model provide a simple and flexible class of models for inferences. Because most of these

random fields are nonstationary, the extensive results available on equivalence of Gaussian

measures for stationary models [see Theorems 10 and 13 in Chapter III of Ibragimov and

Rozanov (1978)] do not apply to them. Basically, the result of Theorem 13 states that

for mean 0 stationary Gaussian processes on the interval [0, T] with two possible spectral

densities f0 and f1, if f0(w)(1+w2)n is bounded away from 0 and∞ and b is the difference of

the two covariance functions viewed as a function on [0, T ]2, then the measures are equivalent

if and only if ∫ T

0

∫ T

0

{
∂2nb(s, t)

∂sn∂tn

}2

ds dt <∞.

It seems to be an open problem whether analogous results still hold for Gaussian random

fields with stationary increments.
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