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ABSTRACT

SAMPLE PATH AND ASYMPTOTIC PROPERTIES OF SPACE-TIME
MODELS

By

Yun Xue

Spatio-temporal models are widely used for inference in statistics and many applied areas. In
such contexts interests are often in the geometric nature (e.g. anisotropy), and the statistical
properties of these models. This dissertation has two parts. The first part focuses on the
sample path properties of space-time models. We apply the theory of Yaglom (1957) to con-
struct a large class of space-time models with stationary increments (also called intrinsically
stationary random fields) and study their statistical and geometric properties. We derive
upper and lower bounds for the prediction errors, establish criteria for the mean-square
and sample path differentiability, all in terms of the parameters of the models explicitly.
Moreover, it is shown that when the random fields are not smooth, we can generate various
kinds of random fractals and the related Hausdorff dimensions are computed. Our main
results show that the statistical and geometric properties of the Gaussian random fields we
propose are very different from those obtained by deformation from any isotropic random
field; and they can be applied to analyze more general Gaussian intrinsic random functions,
convolution-based space-time Gaussian models [Higdon (2002), Calder and Cressie (2007)]
and the spatial processes in Fuentes (2002, 2005).

The second part of the dissertation pertains to equivalence of Gaussian measures and
asymptotically optimal predictions of intrinsically stationary random fields. We extend the
methods which Ibragimov and Rozanov (1978) use for stationary processes to study intrin-

sically stationary random fields. We describe the relationships among three corresponding



Hilbert spaces: the random variable space generated by the random field, the correspond-
ing reproducing kernel Hilbert space, and the complex function space spanned by certain
analytic functions using the spectral measure. Criteria for equivalence and orthogonality
of intrinsically stationary Gaussian random fields are delivered in terms of their spectral
measures and the structures of their reproducing kernel Hilbert spaces. Our results are
different from those for stationary processes [see Ibragimov and Rozanov (1978)]. Given
the equivalence of two Gaussian measures, the asymptotic optimality of linear predictions
of intrinsically stationary random fields and the convergence rates are established in this
part. Moreover, the asymptotic efficient prediction of non-stationary, anisotropic space-time
models with a misspecified probability distribution is studied. The main results show that
under the equivalence of two Gaussian measures, the prediction based on the incorrect dis-
tribution is asymptotically optimal and efficient relative to the prediction under the correct
distribution, as the points of observations become increasingly dense in the study domain.
Our results extend those of Stein (1988, 1990, 1999a, 1999b) which were concerned with

isotropic and stationary Gaussian random fields.
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Chapter 1

Introduction and preliminaries

1.1 Introduction

Spatio-temporal models are widely used for inference in statistics and many applied areas
such as meteorology, climatology, geophysical science, agricultural sciences, environmental
sciences, epidemiology, hydrology. Such models presume, on R? x R, where d is the spatial
dimension, a collection of random variables X (x,t) at location x and time ¢. The family
{X(z,t): (z,t) € R x R} is referred to as a spatio-temporal random field or a space-time
model.

Many authors have constructed various stationary space-time models and the topic has
been under rapid development in recent years. See, for example, Jones and Zhang (1997),
Cressie and Huang (1999), de Iaco, Myers and Posa (2001, 2002, 2003), Gneiting (2002),
Gnueiting, et al. (2009), Kolovos, et al. (2004), Kyriakidis and Journel (1999), Ma (2003a,
2003b, 2004, 2005a, 2005b, 2007, 2008), Stein (2005) and their combined references for
further information on constructions of space-time models and their applications.

There has also been increasing demand for non-stationary space-time models. For ex-
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ample, in the analysis of spatio-temporal data of environmental studies, sometimes there is
little reason to expect stationarity under the spatial covariance structures, and it is more ad-
vantageous to have a space-time model whose variability changes with location and/or time.
Henceforth, the construction of non-stationary space-time models has become an attractive
topic and several approaches have been developed recently. These include the deforming of
the coordinates of an isotropic and stationary random field to obtain a rich class of non-
stationary random fields [see Schmidt and O’Hagan (2003), Anderes and Stein (2008)], or
the use of convolution-based methods [cf. Higdon, Swall and Kern (1999), Higdon (2002),
Paciorek and Schervish (2006), Calder and Cressie (2007)] or spectral methods [Fuentes

(2002, 2005)].

In this dissertation, firstly, we apply the theory of Yaglom (1957) to construct a class
of space-time Gaussian models with stationary increments and study their statistical and
geometric properties. The main feature of this class of space-time models is that they are
anisotropic in time and space, and may have different smoothness and geometric properties
along different directions. Such flexible properties make them potentially useful as stochastic
models in various areas. By applying tools from Gaussian random fields, fractal geometry
and Fourier analysis, we derive upper and lower bounds for the prediction errors, establish
criteria for the mean-square and sample path differentiability and determine the Hausdorff
dimensions of the sample surfaces, all in terms of the parameters of the models explicitly.
Our main results show that the statistical and geometric properties of the Gaussian random
fields in this dissertation are very different from those obtained by deformation from any
isotropic random field. It is also worthwhile to mention that the methods developed in this
dissertation may be applied to analyze more general Gaussian intrinsic random functions,

convolution-based space-time Gaussian models [Higdon (2002), Calder and Cressie (2007)]
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and the spatial processes in Fuentes (2002, 2005).

On the other hand, optimal linear prediction has been widely used in spatial statistics
and geostatistics, where it is known as kriging. In kriging, to guarantee good linear predic-
tors based on an estimated Gaussian probability measure, it is of great value to be able to
distinguish between two orthogonal probability measures and to determine when one can tell
which measure is correct and which is not. Many authors have created various criteria for
the equivalence and orthogonality of two Gaussian measures in a one-dimensional stochastic
process or Gaussian random field. The references include Gihman and Skorohod (1974),
Ibragimov and Rozanov (1978), Parzen (1963), Chatterji and Mandrekar (1978), Kallianpur
and Oodaira (1963), Yadrenko (1983), Stein (1999b), Du (2009) and so on. In fact, Parzen
(1963) developed an approach for equivalence of two Gaussian measures by using two con-
cepts: the notion of probability spectral density function and the notion of a reproducing
kernel Hilbert space (RKHS, for short) of a time series. Chatterji and Mandrekar (1978)
also used the method of RKHS to find the sufficient and necessary conditions for the equiv-
alence of two Gaussian measures in a general setting. It is worth noting that the approach
which uses RKHS has no constraints like stationarity or isotropy on the underlying process,
and the results are applicable to random fields. Ibragimov and Rozanov (1978) obtained
necessary and sufficient conditions for equivalence of two Gaussian measures involving the
entropy of distributions, and developed the conditions for stationary processes by associat-
ing a Hilbert space spanned by certain analytic functions. Moreover, given two equivalent
Gaussian processes, Kallianpur and Oodaira (1963) defined the notion of a non-anticipative
representation of one of the processes with respect to the other. Later, Yadrenko (1983)
extended the results of Ibragimov and Rozanov (1978) to stationary and isotropic random

fields. Du (2009) gave some reviews of the basic results for the equivalence and orthogonal-
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ity of two Gaussian measures, and provided a detailed re-proof of Theorem 4 in Yadrenko
(1983), page 156, under the setting of stationary and isotropic random fields. In the litera-
ture, there are few explicit results available for the equivalence of two Gaussian measures in

a non-stationary random field, especially for anisotropic cases.

In the second part of this dissertation, we extend Ibragimov and Rozanov (1978)’s method
to study intrinsically stationary random fields. We describe the relationships among three
corresponding Hilbert spaces: the random variable space generated by the random field,
the reproducing kernel Hilbert space corresponding to the covariance kernel, and the com-
plex function space spanned by certain analytic functions. Criteria for equivalence and
orthogonality of intrinsically stationary Gaussian random fields are given in terms of their
probability spectral density functions and the structures of their reproducing kernel Hilbert
spaces. The results we have obtained are different from those of stationary processes [see
Ibragimov and Rozanov (1978)]. Moreover, given the equivalence of two random fields, we
obtain a representation of one of the random fields with respect to the other. The advantage
of our representation over the original one is that it is much simpler with respect to some

prediction questions.

In practice, the true probability distribution of our Gaussian model is always unknown
and must be estimated from the gathered data. To this end, it is of great value to in-
vestigate the effect of using a fixed but incorrect probability distribution, especially, when
more sample data can be obtained by sampling the spatial or temporal domain increas-
ingly densely (fix-domain asymptotics). We establish the asymptotic optimality of linear
predictions of intrinsically stationary Gaussian models and the convergence rates in this
dissertation. Moreover, the asymptotic efficient prediction of non-stationary, anisotropic

space-time models with a misspecified probability distribution is studied. The main results
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show that under the equivalence of two Gaussian measures, the prediction based on the
incorrect distribution is asymptotically optimal and efficient relative to the prediction under
the correct distribution, as the points of observations become increasingly dense in the study
domain. The results extend those of Stein (1988, 1990, 1999a, 1999b) which were concerned
with isotropic and stationary Gaussian random fields.

The rest of this dissertation is organized as follows. In Section 2 of Chapter 1, we collect
definitions and some properties of Gaussian random fields, equivalence and orthogonality
of two measures, reproducing kernel Hilbert spaces and Hausdorff dimensions. Chapter 2
studies sample path properties of space-time models. We construct a class of space-time
Gaussian models with stationary increments, establish bounds on the prediction errors and
investigate smoothness properties and fractal properties of this class of Gaussian models.
The results are applied directly to analyze the stationary space-time models in Section 5.
Section 6 gives proofs of the main theorems and lemmas in this chapter. In Chapter 3, we
investigate asymptotic properties of space-time models. We extend the methods in Ibragimov
and Rozanov (1978) to study intrinsically stationary random fields. We obtain criteria for
equivalence and orthogonality of this class of random fields in Section 2. The asymptotic
optimality of linear predictions and the convergence rates are established in Sections 3 and
4. In Section 5, we present proofs of the main results in this chapter. Finally, we conclude

by describing some of our ongoing projects and future work in Chapter 4.



1.2 Definition and preliminaries

This section contains basic definitions and facts of stationary and intrinsically stationary
Gaussian random fields, equivalence and orthogonality of two measures, reproducing kernel
Hilbert spaces and Hausdorff dimensions, which will be used in subsequent chapters.

Throughout this dissertation, for simplicity of notation, we use RY (Rﬂy = [0,00)V) or
R? (in Chapter 3), instead of R% x R, as the index set for random fields. We use | - | to
denote the Euclidean norm in RY. The inner product in R is denoted by (-,). A typical
coordinate, ¢t € RY is written as ¢t = (t1,...,ty). For any s,t € RY such that s;j < tj
(j=1,...,N), [s,t] = Hé\f:l [s5,1;] is called a closed interval (or a rectangle). For a positive
number z, we use |z| to denote the integer part of x.

We will use ¢, cy,co,..., to denote unspecified positive and finite constants which may

not be the same in each occurrence.

1.2.1 Random fields
A formal definition of random fields is as follows:

Definition 1.2.1. Let a probability space, (2, U, P), an integer p > 1, and an index set,
T, be given. A random field indexed by T with values in RP is then a RP-valued function

X(t,w) on T x Q such that for every fized t € T, X (t,-) is a random vector in RP.

In this dissertation, we will take T" = RN , the N-dimensional Euclidean space, or a subset
of RV, In this case, X is simply referred to as an (V,p) random field. The dependency
on the underlying probability space will usually be suppressed throughout the text, i.e. we
write

X(t)=X(tw), teRN,
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For a fixed w € Q, the function X(f,w) : RN — RP is a non-random function of ¢. This
deterministic function is usually called a sample path or a realization of the random field.
The variable t is called the coordinate or position by standard terminology. In this context,
the formal definition of random field simply means:

An (N, p) random field X (¢) is a function whose values are random vectors in R for

every t € RV,
When N = 1, the random field is usually called a stochastic process. The term “random field”
is usually used to stress that the dimension of the coordinate is higher than one. Random
fields in two and three dimensions are widely used as spatial or spatio-temporal models
in many applied areas such as meteorology, climatology, geophysical science, agricultural
sciences, environmental sciences, epidemiology and hydrology.

In this dissertation, we mainly focus on Gaussian random fields, and study their prop-
erties and prediction problems. Gaussian random fields play an important role for several
reasons: The specification of their finite-dimensional distributions is simple, and the model
is determined by the mean and covariance functions only. Moreover, they are reasonable

models for many natural phenomena.

Definition 1.2.2. A Gaussian random field is a random field where all the finite dimensional

distributions are multivariate normal distributions.

In this dissertation, we construct a class of intrinsically stationary Gaussian random
fields (i.e. Gaussian random fields with stationary increments). We study its nature and
properties, and compare our results with that of stationary Gaussian random fields. The

following are the definitions for stationary and intrinsically stationary Gaussian random

fields.



Definition 1.2.3. A Gaussian random field X (t), t € RY s said to be stationary if its

mean function m(t) is constant, and the covariance function
K(s,t) = E[(X(s) = m(s))(X(t) — m(t))]

depends only on the difference s —t, for all s,t € RY.

Definition 1.2.4. A Gaussian random field X (t), t € RN s said to be intrinsically sta-
tionary if the increment process X (t + h) — X (t) is stationary for any fivred h € RN . Or

equivalently, ¥V h € RN

{X(t+ h) — X(t),t € RN} d {X(t) —X(0),te RN},

114

where 4 5 means equality of all finite dimensional distributions.

In this dissertion, we call the pair (m, K) the second-order structure of the Gaussian
random field X (¢). A random field X is said to be isotropic if, for all rotation R in RN,

XoR d X. Otherwise, X is said to be anisotropic.

1.2.2 Equivalence and orthogonality of two measures

Let {X(t),t € T} be Gaussian random field on the probability space (Q2,U, P). Let P; be
another Gaussian measure on the o-algebra U. Pj is said to be absolutely continuous with
respect to P if for all A € U, P(A) = 0 implies P;(A) = 0. It is known that the absolutely

continuous measure P; can be represented as



where p(w) is a nonnegative function on €2, which is the Randon-Nikodym derivative of P;
with respect to P, i.e. p(w) = Pj(dw)/P(dw). We also call it a density of P; with respect
to P. The two measures P and Pj are said to be equivalent if they are mutually absolutely
continuous. The measures P and P; are said to be orthogonal if there exists A € U such

that P(A) =1 and P;(A) = 0. In this case, we also have P(A€) =0 and P(A°) = 1.
Lemma 1.2.5. Any two Gaussian measures P and Py are either equivalent or orthogonal.

For the proof of this lemma, see page 77 of Ibragimov and Rozanov (1978) or page 117 of
Stein (1999b). In Chapter 3 of this dissertation, we will provide some criteria for equivalency

of two intrinsically stationary Gaussian random fields.

1.2.3 Reproducing kernel Hilbert spaces

Let K (s,t) be the covariance function of a real-valued random field X (t), t € T C RN . For
each t € T, let K(-,t) be the function on 7" whose value at s € T is equal to K(s,t). It
may be shown [see Aronszajn (1950)] that there exists a unique Hilbert space, denoted as

Ry (T), with the following properties:

(1) The members of Ry (T') are real-valued functions on T [if K (s, ) were complex-valued,

they would be complex-valued functions].
(2) Forevery t € T, K(-,t) € Rg(T).

(3) For every t € T and f € Rg(T),

f(t) = <f’ K('vt)>RK(T)a



where the inner product between two functions f and g in Ry (7T) is written as

{(f,9) Ry (1)

We call R (T) the reproducing kernel Hilbert space (RKHS, for short) of the random field
X(t) with reproducing kernel K(s,t), s,t € T. In fact, the Hilbert space Ry (T) is the

closure of the subspace spanned by the functions K (-,t), t € T

In the end of Section 2 of Chapter 3, we will encounter another type of kernel. A kernel
b(s,t): T'x T — R is of Volterra type if b(s,t) # 0 implies t < s, where s, € T'. Sottinen
and Tudor (2006) use this type of kernel to characterize a representation of a Gaussian sheet
which is equivalent in law to the Brownian sheet. We can see that the kernel b(s, t) is not a
covariance function. But we can use this kernel to get a covariance function K(s,t), s,t € T,

as follows:

K(s,t) =b(s,t) +b(t,s) — /Tb(s,u)b(u,t)du.

See Sottinen and Tudor (2006) for more details on kernels of Volterra type.

1.2.4 Hausdorff dimension

Let © be the class of functions ¢: (0,6) — (0,1), which are right continuous, monotone
increasing with ¢(0+) = 0 and satisfying the following “doubling” property:

There exists a finite constant ¢ > 0, for which

10



For ¢ € ©, the ¢-Hausdorff measure of A C R is defined as

O(xj,rj), rj <e€p,

s

¢ —m(A) = ligélf Zgb(?rj) . AC 1
J

J

where O(x,r) denotes the open ball of radius r, centered at x. ¢ — m is a metric outer
measure and every Borel set in RY is ¢ — m measurable [cf. Rogers (1970)].

The Hausdorff dimension of A is defined as
dimyA =inf{a >0: s%—m(A4) =0}
=sup{a>0: s*—m(A)= o0}

If 0 < s*—m(A) < oo, then A is called an a-set. If there exists ¢ € © with 0 < ¢ —m(A) <
00, then ¢ is called an exact Hausdorff measure function for A.

The following are some basic properties of Hausdorff dimensions:
(1) Monotonicity: if A C B, then dimy A < dimy B.
(2) Hausdorff dimension is o-stable: dimy (Up—1 An) = sup,>1 dimy Ap.

We refer to Falconer (1990) for more details in Hausdorff dimensions. In Chapter 2 of

this dissertation, we write the Hausdorff dimension as dim, instead of dimgy for simplicity.
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Chapter 2

Sample path properties of space-time

models

2.1 Introduction

Space-time models are widely used for inference in spatial statistics and geostatistics. Various
stationary space-time models have been constructed in the literature, and the topic has been
under rapid development in recent years. See, for example, Jones and Zhang (1997), Cressie
and Huang (1999), de Taco, Myers and Posa (2001, 2002, 2003), Gneiting (2002), Gneiting,
et al. (2009), Kolovos, et al. (2004), Kyriakidis and Journel (1999), Ma (2003a, 2003b, 2004,
2005a, 2005b, 2007, 2008), Stein (2005) and their combined references for further information
on constructions of space-time models and their applications.

In the meantime, there has also been increasing demand for non-stationary space-time
models. For example, in the analysis of spatio-temporal data of environmental studies,
sometimes there is little reason to expect stationarity under the spatial covariance structures,

and it is more advantageous to have a space-time model whose variability changes with
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location and/or time. Henceforth, the construction of non-stationary space-time models
has become an attractive topic and several approaches have been developed recently. These
include the deforming of the coordinates of an isotropic and stationary random field to obtain
a rich class of non-stationary random fields [see Schmidt and O’Hagan (2003), Anderes
and Stein (2008)], or the use of convolution-based methods [cf. Higdon, Swall and Kern
(1999), Higdon (2002), Paciorek and Schervish (2006), Calder and Cressie (2007)] or spectral

methods [Fuentes (2002, 2005)].

In this chapter, we apply the theory of Yaglom (1957) to construct a class of space-
time Gaussian models with stationary increments and study their statistical and geometric
properties. The main feature of this class of space-time models is that they are anisotropic in
time and space, and may have different smoothness and geometric properties along different
directions. Such flexible properties make them potentially useful as stochastic models in
various areas. By applying tools from Gaussian random fields, fractal geometry and Fourier
analysis, we derive upper and lower bounds for the prediction errors, establish criteria for
mean-square and sample path differentiability and determine the Hausdorff dimensions of
the sample surfaces, all in terms of the parameters of the models explicitly. Our main
results show that the statistical and geometric properties of the Gaussian random fields in
this dissertation are very different from those obtained by deformation from any isotropic
random field. It is also worth mentioning that the method in this dissertation may be applied
to analyze more general Gaussian intrinsic random functions, convolution-based space-time
Gaussian models [Higdon (2002), Calder and Cressie (2007)] and the spatial processes in

Fuentes (2002, 2005).

The rest of this chapter is organized as follows. In Section 2 we construct a class of space-

time intrinsically stationary Gaussian models by applying the theory of Yaglom (1957). Then
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we establish upper and lower bounds for the prediction errors of this class of models in Section
3. In Section 4 we consider smoothness properties of the models and establish explicit criteria
for the existence of mean-square directional derivatives, mean-square differentiability and
sample path continuity of partial derivatives. In Section 5 we look into the fractal properties
of these models and determine the Hausdorff dimensions of the range, graph and level sets.
In Section 6, we apply the main results of Section 5 to some stationary space-time models,
such as those constructed by Cressie and Huang (1999), Gneiting (2002) and Stein (2005).

Finally, in Section 7, we provide the proofs of the main results in this chapter.

2.2 Anisotropic Gaussian models with stationary in-

crements

We consider a special class of intrinsic random functions, namely, space-time models with
stationary increments (also called intrinsically stationary space-time models). We will further
restrict ourselves to Gaussian random fields for which powerful general Gaussian principles
can be applied. Many of the results in this chapter can be extended to non-Gaussian space-
time models (such as stable or more general infinitely divisible random fields), but their
proofs require different methods and go beyond the scope of this chapter. One can find some
information for stable random fields in Xiao (2011).

Let X = {X(t),t € RV} be a real-valued, centered Gaussian random field with X (0) = 0.
We assume that X has stationary increments and continuous covariance function K(s,t) =

E[X (s)X(t)]. According to Yaglom (1957), K (s,t) can be represented as

K(s,t) = /R v (75N — 1) (7N — 1) F(dA) + (s, W), (2.1)

14



where W is an N x N non-negative definite matrix and F'(d)) is a nonnegative symmetric

measure on RV \ {0} satisfying

AP
/RN = |>\|2F(d)\) < 0. (2.2)

In analogy to the stationary case, the measure F' is called the spectral measure of X. If F
is absolutely continuous with respect to the Lebesgue measure in RV its density f will be

called the spectral density of X.

It follows from (2.1) that X has the following stochastic integral representation:

{X(t), te RN} 4 {/R (BN — 1) (dN) + (Y, 1), t € IRN} : (2.3)

where X 4 X9 means the processes X1 and X9 have the same finite dimensional distribu-
tions, Y is an N-dimensional Gaussian random vector with mean 0 and covariance matrix
W, ®(d)\) is a centered complex-valued Gaussian random measure which is independent of
Y and satisfies

JE(@(A)W) = F(ANB) and ®(—A) = 3(A)

for all Borel sets A, B C RN , with finite F-measure. The spectral measure F' is called
the control measure of ®. Since the linear term (Y,t) in (2.3) will not have any effect on
the problems considered in this dissertation, we will from now on assume Y = 0. This is

equivalent to assuming W = 0 in (2.1). Consequently, we have

w(h) 2R(X(t+h) — X(1))* = 2/RN (1 = cos (h, A\)) F(dA). (2.4)

15



It is important to note that the function v(h), called wvariogram in spatial statistics, is
a negative definite function in the sense of 1. J. Schoenberg, which is determined by the
spectral measure F'. See Berg and Forst (1975) for more information on negative definite
functions.

The above shows that various centered intrinsically stationary Gaussian random fields can
be constructed by choosing appropriate spectral measures F. For the well known fractional
Brownian motion BY = {BH(t),t € RV} of Hurst index H € (0,1), its spectral measure

has a density function

1
fr(X) ZC(HaN)W,

where ¢(H, N) > 0 is a normalizing constant such that v(h) = |h|>#. Since v(h) depends
on |h| only, BH g isotropic. Other examples of isotropic Gaussian fields with stationary
increments can be found in Xiao (2007). We also remark that all centered stationary Gaussian
random fields can be treated using the above framework. In fact, if Z = {Z(t),t e RN} is a
centered stationary Gaussian random field, it can be represented as Z(t) = fR N BN D (dN).

Thus the random field X defined by
X(t)=2(t) - Z(0) = /N (N —1) o)), VieRN
R

is Gaussian with stationary increments (intrinsically stationary Gaussian random field) and
X (0) = 0. Note that the spectral measure F' of X in the sense of (2.4) is the same as the
spectral measure [in the ordinary sense| of the stationary random field Z.

In the following, we propose and investigate a class of centered, anisotropic, intrinsically
stationary Gaussian random fields, whose spectral measures are absolutely continuous with

respect to the Lebesgue measure in RYY. More precisely, we assume that the spectral measure
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Fof X = {X(t),t € RN} is absolutely continuous with density function f(\) which satisfies

(2.2) and the following condition:

(C) There exist positive constants ¢q, ¢, ¢3, v and (81, , By) € (0,00)Y such that
S
y>> (2.5)
— Bj
]_
and

1

9 N .
— < f(\) < —, VA eRY with [N >e3.  (2.6)
(S0 %) (S0 1%y

The following proposition shows that (2.5) is needed to ensure f is a legitimate spectral

density function.

Proposition 2.2.1. Assume that f(\) is a non-negative measurable function defined on RV,
If

/ N2V < oo
[A[<e3

and (2.6) holds, then f(X) is a legitimate spectral density if and only if the parameters v and
Bj forj=1,--- N satisfy (2.5).

Some remarks about Condition (C) are given in the following.

Remark 2.2.2

(1) There is an important connection between the random field models that satisfy Con-

dition (C) and those considered in Xiao (2009). For j =1,--- , N, let
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and let Q) = Z;V:1 HL Then (2.6) can be rewritten as
J

c4
H.
(0 Iyl

(\) < % VA e RY with [\ > es,

)2+Q </ <Z§V:1|>\j|Hj>2+Q7

(2.8)
where the positive and finite constants ¢4 and c5 depend on N, ¢, c2, 8 and v only.
To verify this claim, we will make use of the following elementary fact: For any positive

numbers N and ¢, there exist positive and finite constants ¢4 and c5 such that

a(Son) =St <eo(Xa)’ 29

j=1 j=1 j=1
for all non-negative numbers aq,...,ap. Note that
N 2+Q N 1 N 1)\24+Q
H, 33 (0-Xil 5)
(S (s
j=1 j=1

and %(7 - Z-Ail ﬂ%)(2+Q) = ~. We apply (2.9) with ¢ = %(7 — Z-Z\Ll ﬂ%) to see that

(2.6) and (2.8) are equivalent.

In turns out that the expression (2.8) is essential in this chapter and will be used

frequently. For simplicity of notation, from now on we take cg = 1.

It is also possible to consider intrinsically stationary Gaussian random fields whose
spectral measures are not absolutely continuous. Some examples of such covariance
space-time models can be found in Cressie and Huang (1999), Gneiting (2002), Ma
(2003a, 2003b). Since the mathematical tools for studying such random fields are
quite different [see Luan and Xiao (2010)], we will deal with them systematically in

the future.
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(3) Non-stationary Gaussian random fields can be constructed through deformation of an
isotropic Gaussian random field. Refer to Anderes and Stein (2008) for more details.
One of the advantages of deformation is to closely connect a nonstationary and/or
anisotropic random field to a stationary and isotropic one for which existing statistical
techniques are available. However, there is also a disadvantage [from the point of view of
flexibility] associated with deformation. Let X (t) = Z(g~1(t)), where {Z(t),t € RN}
is an isotropic Gaussian model and ¢ is a smooth bijection of RY. Since the function
g is bi-Lipschitz on compact intervals, the fractal dimensional properties of X are
the same as those of Z. Hence deformation of isotropic Gaussian models will not
generate anisotropic random fields with rich geometric structures as shown by the

models introduced in this chapter.

2.3 Prediction error for anisotropic Gaussian models

™ and wish

Suppose we observe an anisotropic Gaussian random field X on RY at ¢!, ... ¢
to predict X (u), for v € RY. Then the inference about X (u) will be based upon the
conditional distribution of X (u) given the observed values of X (t1),..., X(t"). Refer to
Stein (1999b, Section 1.2) for the closed form of this conditional distribution. A statistical

analysis typically aims at the optimal linear predictor of this unobserved X (u), known as

simple kriging. The simple kriging predictor of X (u) is

X*(u) =c(u)T271Z, (2.10)
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where Z = (X(t1), ..., X(t")", c(w)” = Cov{X(u),Z} and £ = Cov(Z,Z7T). The form
(2.10) minimizes the mean square prediction error, which then is given as Var(X(u)) —
c(u)T="1e(u). Since X is Gaussian, the simple kriging is the conditional expectation of
X (u) given Z, and the mean square prediction error is the conditional variance of X (u)

given the observations Z.

The main result of this section is Theorem 2.3.1 below, which gives lower and upper
bounds for the mean square prediction error for intrinsically stationary Gaussian random
fields which satisfy Condition (C). It shows that, similar to stationary Gaussian field models
[cf. Stein (1999b)], the prediction error of the models in this chapter only depends on the

high frequency behavior of the spectral density of X.

Theorem 2.3.1. Let X = {X(t),t € RN} be a centered intrinsically stationary Gaussian
random field valued in R with spectral density f(X\) satisfying (2.6). Then, for any given

constant M > 0, there exist constants cg > 0 and cy > 0, such that for all integers n > 1

and all u, t',--- " € [-M, MY

N
R Z juj = 651719 < Var(X @)X (), -+, X() < ot 0 = 1),
(2.11)
where Hj is given in (2.7), ¥ = 0 and 0 : Ry — Ry is defined by
(o,
rJ if 0< Hj <1,
Uj(T) = 7“2‘ log | if Hj =1, (2.12)
2 .
- if Hj > 1.

If Hj <1, for j =1,---, N, then the two bounds in (2.11) match. When there is some
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H; > 1, that means, the random field X (t) is smoother in the j-th direction [see Corollaries
2.4.3, 2.4.7 and Theorem 2.4.8 below], then the upper and lower bounds are not the same any
more. This suggests that the prediction error may become larger as X (¢) becomes smoother
in some directions.

The proof of Theorem 2.3.1, as well as those of Theorems 2.4.9, 2.5.1 and 2.5.2 relies
partially on the following lemma, which provides upper and lower bounds for the variogram

of the model.

Lemma 2.3.2. Let X = {X(t),t € RN} be a centered intrinsically stationary Gaussian
random field valued in R with spectral density f(\) satisfying (2.6). Then, for any given

constant M > 0, there exist constants cg > 0 and cg > 0, such that for s,t € [—M, M]N

N N
Z (Isj — tj]) <E(X(s) - Z (Is; = t41), (2.13)

where the function o; is defined in (2.12).

The upper bound in (2.13) implies that X has a version whose sample functions are
almost surely continuous. Throughout this dissertation, without loss of generality, we will

assume that the sample function ¢ — X (¢) is almost surely continuous.

2.4 Smoothness properties of anisotropic Gaussian mod-

els

Regularity properties of sample path of random fields are of fundamental importance in prob-
ability and statistics. Many authors have studied mean square and sample path continuity

and differentiability of Gaussian processes and random fields. See Cramér and Leadbetter
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(1967), Alder (1981), Stein (1999b), Banerjee and Gelfand (2003), Adler and Taylor (2007).
In this section we provide explicit criteria for mean square and sample path differentiability

for the models introduced in Section 2.

2.4.1 Distributional properties of mean square partial derivatives

Banerjee and Gelfand (2003) studied the smoothness properties of stationary random fields
and some non-stationary relatives through directional derivative processes and their distri-
butional properties. To apply their method to intrinsically stationary random fields, let us

first recall the definition of mean square directional derivatives.

Definition 2.4.1. Let u € RY be a unit vector. A second order random field {X (t),t € RN}

has mean square directional derivative X],(t) at t € RN in the direction u if, as h — 0,

X = Xt m;l) —X(t)

)

converges to X,,(t) in the La-sense. In this case, we write Xy, (t) = Lim.j_,0 X, (1),

Let e1,e9,--- ,en be an orthonormal basis for RN, If u = e;, then Xéj (t) is the mean
square partial derivative in the j-th direction defined in Adler (1981), which will simply be
written as X} (t). We will also write Xej,h(t) as X p(t).

For any second-order, centered random field {X (¢),t € RV}, similar to Theorem 2.2.2 in
Adler (1981), one can easily establish a criterion in terms of the covariance function K (s,t) =
E[X(s)X(t)] for the existence of mean square directional derivative X/ (). Banerjee and
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Gelfand (2003) further showed that the covariance function of X},(¢) is given by

Ky(s,t = lim lim E[Xu’h(s)Xu’k(t)}

h—0 k—0
i g (8 bt 4 ku) = K(s + hut) — K(s, t+ ku) + K(s, t)
h—0 k—0 hk

Extending their argument, one obtains the following theorem for intrinsically stationary

Gaussian random fields.

Theorem 2.4.2. Let X = {X(t),t € RN} be a centered intrinsically stationary Gaussian
random field valued in R, then the mean square partial derivative X;- (t) exists for allt € RN

if and only if the limit

. v(hej) +v(kej) — v((h — k)ej)

2.14
h,k—0 hk ( )

exists, where v(t) is defined in (2.4). Moreover, this later condition is equivalent to v(t) has

second-order partial derivatives at 0 in the j-th direction.

As a consequence, we obtain an explicit criterion for the existence of mean square partial

derivatives of Gaussian random fields in Section 2.

Corollary 2.4.3. Let X = {X(¢),t € ]RN} be a centered intrinsically stationary Gaussian
random field valued in R with spectral density f(\) satisfying Condition (C). Then for every

Jg=1,-- N, the mean square partial derivative X} (t) exists if and only if
1
(-3 1) =2 (2.15)
im P

or equivalently H; > 1 [cf. (2.7)].

Assume condition (2.14) of Theorem 2.4.2 holds so that the mean square partial derivative
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X j’ (t) exists for all ¢ € RY. We now consider the distributional properties of the random

field {X}(t),t € RV},

Since E(X(t)) = 0 for all t € RV, we have E(Xjx(t)) = 0 and E(X;(t)) = 0. Let
Kj(.h) (s,t) and Kj(s,t) denote the covariance functions of the random fields { X ,(t),t € RV}
and {X ; (1)t € RN }, respectively. Let A = s — ¢, we immediately have

V(A 4+ hej) +v(A — hej) — 20(A)
2h? ’

KM (s,1) = (2.16)

and Var(X ,(t)) = v(hej)/hz, which only depends on the scalar h.
Theorem 2.4.4. Let X = {X(t),t € RN} be a centered intrinsically stationary Gaussian

random field valued in R. Suppose that all second-order partial derivatives of the variogram

v(t) exist. Then the covariance function of Xj’-(t) is given by
1y
(s,t) = 52}-(8 —t), (2.17)

where v}’(t) 15 the second-order partial derivative of v att in the j-th direction. In particular,

{X; (t),t € RV} is a stationary Gaussian random field.

Proof  The desired result follows from (2.16). O

It is also useful to determine the covariance of X (s) and X ; (t) for all s,t € RY. Since

Cov (X (s), X; (1)) = i Lu(t 4+ hej) —v(t) +v(2) — (A — hep)},
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where A = s — ¢, we obtain

Cov(X(t), X (1)) = % {v(t + hej) —v(t) — U(h@j)}

and

/ — | i ) e;) —v () —v — nej
Cov(X(s), X}(t)) = llmo Zh{ (t+hej) —o(t) +v(A) —v(A—h ])} (2.18)

where vé- (t) is the partial derivative of v at ¢ in the j-th direction.

In particular, Cov (X (%), X} () = v} (t)/2, which is different from the stationary case. Re-
call that if Z(t) is a stationary Gaussian field with mean square partial derivative Z ; (t), then
Z(t) and ZJ’- (t) are uncorrelated (and thus independent). However, this is not always true
for non-stationary Gaussian random fields, which is one of the reasons why non-stationary

models are more difficult to study.

Next we consider the bivariate process

It can be verified that this process has mean 0 and cross-covariance matrix

Vin(s:t)
v(s) +o(t) —v(A) v(t + hej) —v(t) +v(A) — v(A — hej)
_ 2 2h
| v(s+hej) —v(s) +v(A) = v(A + hej) V(A + hej) +v(A — hej) — 20(A)
2h 2h?
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Because Y(h)

f (t) is obtained by linear transformation of X (¢), the above is a valid cross-

covariance matrix in RY. Since this is true for every h, letting h — 0 we see that

is a valid cross-covariance matrix in RY. In fact, V; is the cross-covariance matrix for the

bivariate process

Xt
2.4.2 Criterion for mean square differentiability

Benerjee and Gelfand (2003) pointed out that the existence of all mean square directional
derivatives of a random field X does not even guarantee mean square continuity of X, and
they introduced a notion of mean square differentiability which has analogous properties of
total differentiability of a function in RY in the non-stochastic setting. We first recall their

definition.

Definition 2.4.5. A random field {X(t),t € RN} is mean square differentiable at t € RN
if there exists a (random) vector Vx(t) € RN such that for all scalar h > 0, all vectors

ueSy={teRN:|t]|=1}
X(t+hu) = X(t) + hul Vx (t) 4+ r(t, hu), (2.19)

where r(t,hu)/h — 0 in the La-sense as h — 0.

Refer to Definition 2.1 of Potthoff (2010) for more details on the definition of mean square
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differentiability. In other words, for all vectors u € Sy, it is required that

- ]E(X(t + hu) — X(t) — huTVX(t)>2 -

70 h (2.20)

It can be seen that if X is mean square differentiable at ¢, then for all unit vectors u € Sy

Lim. X — X Lim. pT
X! () = hs0 <t+h'l;> (t) _Lim. hu Vx(ti;rr(t,hu)

= UTVX(t).

Hence it is necessary that Vx (t) = (X (¢), ..., X}y ().

The next theorem provides a sufficient condition for a intrinsically stationary Gaussian

random field to be mean square differentiable.

Theorem 2.4.6. Let X = {X(t),t € RN} be a centered intrinsically stationary Gaussian
random field valued in R. If all the second-order partial and mized derivatives of the vari-

ogram v(t) exist and are continuous, then X is mean square differentiable at every t € RV,
As a consequence of Theorem 2.4.6 and Corollary 2.4.3 we obtain

Corollary 2.4.7. Let X = {X(t),t € RN} be a centered intrinsically stationary Gaussian
random field valued in R with spectral density f(\) satisfying Condition (C). Then X is

mean square differentiable at every t € RN if and only if

Bj(V_Z%)>2 for every 7 =1,...,N. (2.21)

i=1""
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2.4.3 Criterion for sample path differentiability

For many theoretical and applied purposes, one often needs to work with random fields
which have smooth sample functions. Refer to Adler (1981), Adler and Taylor (2007) and
the reference therein for more information. Since in general mean square differentiability does
not imply almost sure sample path differentiability, it is of interest to provide convenient
criteria for the latter.

For Gaussian random fields considered in this chapter, it turns out that under the same

condition as Corollary 2.4.3, the partial derivatives of X are almost surely continuous.

Theorem 2.4.8. Let X = {X(t),t € RN} be a separable and centered intrinsically station-

ary Gaussian random field with values in R. We assume that X satisfies Condition (C).

(i). If

N

1
B <'y — —) > 2 (t.e., H; > 1), (2.22)
for some j € {1,--- N}, then X has a version X with continuous sample functions such

that its jth partial derivative X j' (t) is continuous almost surely.
(ii). If (2.22) holds for all j € {1,--- N}, then X has a version X which is continuously
differentiable in the following sense: with probability 1,

. X(t+hu) = X(t) - hul'V (1)

=0 for allue Sy andteRY, (2.23)
h—0 h

If condition (2.22) does not hold for some j € {1,--- | N}, then X (¢) does not have mean
square partial derivatives along the j-th direction and the sample path of X () is usually a
random fractal. In this case, it is of interest to characterize the asymptotic behavior of X ()

by its local and uniform moduli of continuity.
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These problems for anisotropic Gaussian random fields have been considered in Xiao
(2009), Meerschaert, Wang and Xiao (2010). The methods there are applicable to X with a
little modification. For completeness, we state the following result which can be proved by

using Lemma 2.3.2 and general Gaussian methods. We omit its proof.

Theorem 2.4.9. Let X = {X(t),t € RV} be as in Theorem 2.4.8. Then for every compact
interval I € RN, there exists a positive and finite constant c1g, depending only on I and

Hj, (j=1,...,N) such that

. SUPteT, s€(0,€] |X<t + 5) - X(t)’
lim sup

< 10, 2.24
le]—=0 Vee(e)log(l + ¢(e)~1) = 10 (2.24)

where p(e) = Zévzl a;(lej]) for alle = (e1,...,en) € RN, and the function o is defined in

(2.12).

2.5 Fractal properties of anisotropic Gaussian models

The variations of soil, landform and geology are usually highly non-regular in form and can
be better approximated by a stochastic fractal. Hausdorff dimensions have been extensively
used in describing fractals. We refer to Kahane (1985) or Falconer (1990) for their definitions
and properties.

Let X = {X(t),t € RV} be a real-valued, centered Gaussian random field. For any

integer p > 1, we define an (N, p)-Gaussian random field X = {X(t),t € RV} by
X(t) = (X1(t),..., Xp(1), teRY, (2.25)

where X7,..., X are independent copies of X.
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In this section, under more general conditions on X than those in Sections 2—4, we
study the Hausdorff dimensions of the range X([0,1]V) = {X(¢) : t € [0,1]V}, the graph
GrX([0,11V) = {(t,X(t)) : t € [0,1]V} and the level set X~ 1(z) = {t € RN : X(t) = z}
(x € RP). The results in this section can be applied to wide classes of Gaussian spatial or

space-time models (with or without stationary increments).

First, consider fractional Brownian motion B = {BH(t),t € RN} valued in RP with
Hurst index H € (0,1). BH (t) is a special example of our model which, however, has

isotropic spectral density. It is known [cf. Kahane (1985)] that

dimGrBH([O, 1]N) :min{N—i—(l—H)p, %} a.s.

Especially, when p = 1,
dimGrBH([O, 1]N) =N+1—-H a.s.
and moreover, for every r € R,
dim (B)"Y(z) = N — H, a.s.

The fractal properties of BH have been applied by many statisticians to estimate the Hurst
index H and it is sufficient to choose p = 1. Refer to Hall and Wood (1993), Constantine
and Hall (1994), Kent and Wood (1997), Davis and Hall (1999), Chan and Wood (2000,

2004), Zhu and Stein (2002).

Let (Hq,...,Hy) € (0, 1]N be a constant vector. Without loss of generality, we assume
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that they are ordered as

0<Hy <Hg<--

IA
Sl

=
IN

(2.26)
We assume the following conditions.

(D1) For any n > 0, there exist positive constants dg, ¢11 > 1 such that for all s, ¢ € [0, 1]N

with |s —t| < dg

N _
2H i+ 2 OH —
STy Z|53 T<E[(X(H) = X(s)T] <enn D Isj—t[7 7 (2.27)
j=1
(D2) For any constant ¢ € (0, 1), there exists a positive constant cjo such that for all u, ¢

€ [e,1]Y, we have

Var (X (u) | X (1)) > c12 g: |uj — tj\ﬁﬁ’?. (2.28)

j=1
The following theorems determine the Hausdorff dimensions of range, graph and level sets
of X. Because of anisotropy, these results are significantly different from the aforementioned
results for fractional Brownian motion or other isotropic random fields [cf. Xiao (2007)].
Even though Theorems 2.5.1 and 2.5.2 below are similar to Theorems 6.1 and 7.1 in Xiao
(2009), they have wider applicability. In particular, they can be applied to a random field

X which may be smooth in certain (or all) directions.

Theorem 2.5.1. Let X = {X(t),t € RN} be an (N, p)-Gaussian random field defined by

(2.25). If the coordinate process X satisfies Condition (D1), then, with probability 1,

N
dimX([O, 1] = min {p, Z

J=1

} (2.29)

m|| -
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and

+ N —k+(1—Hy)p; (2.30)

Mz
e
——

dim GrX ([0, ] 1?11412N {

H M=
ml\ |

J=1
0 1

where Y i1 = :=0.
J H]

Proof  The right inequality in (2.27) and Theorem 2.4.9 show that X(¢) satisfies a uniform
Holder condition on [0, 1]N which, in turn, implies the desired upper bounds in (2.29) and
(2.30).

The lower bounds for dim X ({0, 1N ) and dim GrX ([0, 1N ) can be derived from the left
inequality in (2.27) and a capacity argument. See the proof of Theorem 6.1 in Xiao (2009)
for details. O

For the level sets of X, we have

Theorem 2.5.2. Let X = {X(t),t € RN} be an (N, p)-Gaussian random field defined by
(2.25). If the coordinate process X satisfies Conditions (D1) and (D2), then the following
statements hold:

(i) If Zj 15 —j < p, then for every x € RP\{0}, X" 1(z) =0 a.s.

(ii) If Z] 15 L > p, then for any x € RP, with positive probability

k R
B Hy .
dim X Yz) = SR ANk —Hppb. 2.31
im X () &%{Z " kp} (2:31)

Proof  The results (i) and (ii) follow from the proof of Theorem 7.1 in Xiao (2009). O
Let X = {X(t),t € RV} be a centered intrinsically stationary Gaussian random field

valued in R with spectral density f(\) satisfying (2.6). Let Hy, ..., Hy be defined by (2.7).
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Then, by Theorem 2.3.1 and Lemma 2.3.2, we see that X satisfies (D1) for all ﬁj =1ANH;
(1 < j < N). It also satisfies Condition (D2) with H; = H; provided H; < 1 for all

j=1,---,N. Hence one can apply Theorems 2.5.1 and 2.5.2 to derive the following result.

Corollary 2.5.3. Let X = {X(t),t € RV} be a centered intrinsically stationary Gaussian
random field valued in RP defined by (2.25). We assume that its coordinate process X has
spectral density f(\) satisfying (2.6) and Hj (j =1,---,N) defined by (2.7) are ordered as
Hy < Ho <--- < Hp. We have

(1) With probability 1, (2.29) and (2.30) hold with ﬁj =1ANH; 1<j<N)

(ii) If, in addition, H; < 1 (so Fj = H;) forallj =1,--- N and ZévleLj > p, then

(2.81) holds with positive probability.

We believe that the above fractal properties can also be useful for estimating the pa-
rameters Hy,..., Hy of our model. However this will be more subtle than the isotropic
case, where only the single parameter is involved, for the following two reasons. First, if a
parameter [; > 1, then the sample function X(t) is smooth in the j-th direction and the
Hausdorff dimensions of X has nothing to do with H;. In other words, based on fractal
dimensions, a parameter H; can be explicitly estimated only when H; < 1.

Secondly, if we let p = 1, then (2.30) gives dimGrX ([0, l]N) = N + 1 — Hy, which does
not give any information about the other parameters Ho, ..., Hy. This suggests that, in
order to estimate all the parameters of an anisotropic random field model, one has to work

with a multivariate random field X as defined by (2.25).
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2.6 Applications to some stationary space-time models

The above results can be applied to the stationary space-time Gaussian fields constructed
by Cressie and Huang (1999), Gneiting (2002), de Iaco, Myers, and Posa (2002), Ma (2003a,

2003b) and Stein (2005).

2.6.1 Stationary covariance models

Extending the results of Cressie and Huang (1999), Gneiting (2002) showed that, for (z,t) €

R? x R,
2

o clx|>Y
K(z,t) = xp (— ( >B~y>’ (2.32)

(S
(1 + aft ) 72 I+ altf2e

is a stationary space-time covariance function, where ¢ > 0, a > 0, ¢ > 0, a € (0,1],
B € (0,1] and v € (0,1] are constants. It can be verified that the corresponding spectral
measure is absolutely continuous in the space-variable x and discrete in the time-variable t.

See Ma (2003a, 2003b) for more examples of stationary covariance models.

In the following, we verify that the sample functions of these space-time models are
fractals. We will check Conditions (D1) and (D2) first, and then obtain the corresponding

Hausdorfl dimension results from Theorems 2.5.1 and 2.5.2.

Proposition 2.6.1. Let X = {X(z,t), (z,t) € R x R} be a centered stationary Gaussian
random field in R with covariance function as (2.32). Then for any M > 0, there exist

constants c13 > 0 and c14 > 0 such that

13z — g2+t — s2) <E(X(2,1) — X(y,5))° < cra(je — g + |t — s*)  (2.33)
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and

Var (X (z,t)| X (y, s)) > c13 (|Jz — y|?7 + |t — s2?) (2.34)
for all (z,t) and (y, s) € [-M, M]F+1,

Proposition 2.6.2. Let X = {X(z,t), (z,t) € R x R} be a centered stationary Gaussian
random field in R with covariance function as (2.32), and let X be its associated (N,p)-

random field defined by (2.25). Then, with probability 1,

dim X ([0, 19*1) = min {p; % + é} (2.35)

And if 0 < a <y < 1, then

d+1+(1—-a)p ifp<é,
: 1
dimGrX((0.) =$ a4 T (1—q)p  ifl<p<lsd (2.36)
1.,d 1.,d
ka"f—; lfpza-f-a.
If0<y<a<l, then
(
d+1+(1—=7)p if p< g,
dim GrX ([0, 1]9%1) = { da _ if ¢ 1,4 (2.37)
; V+1+(1 a)p if $<p<gz+75,
1 d : 1 d
Ka-i-; lfpza-i-a.

Remark 2.6.3 Applying the method in Luan and Xiao (2011), it is possible to further

determine the exact Hausdorff measure function for X([0, 1]d+1).

Proposition 2.6.4. Let X = {X(xz,t), (z,t) € R? x R} be a centered stationary Gaussian

random field in R with covariance function as (2.32), and let X be its associated (N, p)-
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random field.
(i) When é + % < p, then for every x € RP, X~ Y(z) =0 a.s.

(ii) When é + % >p, if 0 <a <~y <1, then for any x € RP, with positive probability

d+1—ap if p< =,
dim X! (z) = (2.38)

d+ 2 —p if p >

Q=

Q=

and if 0 < v < «a <1, then for any x € RP, with positive probability

(2.39)

2.6.2 Stationary spectral density models

In Section 2.6.1, the stationary space-time models are constructed directly by covariance
functions, which are isotropic in the space variable. Stein (2005) showed that stationary

covariance functions which are anisotropic in space can be constructed by choosing

d+1 —v
FN) = (ZCj(aj + wy?)%‘) . YAeR!xR, (2.40)
7=1
where v >0, ¢; >0, a; >0 and a;j € Nfor j =1,--- ,d+ 1 are constants such that
dtl
Z — < 2v.
j=1

This last condition guarantees f € LY'(R%1). Clearly f(\) in (2.40) satisfies (2.6) with

Bj = a; and v = 2v. Hence we may apply our results to analyze this class of models,
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through their smoothness and fractal properties.

Proposition 2.6.5. Let X = {X(z,t), (z,t) € R x R} be a centered stationary Gaussian

random field in R with spectral density as (2.40).

(i) If
d+1
1 2
2v > Z — + — )
S Min<e<d v

then X (z,t) is mean square differentiable and has a version )z(x,t) which is sample path
differentiable almost surely.

(ii) X s a fractal [i.e. the sample path of X may have fractional Hausdorff dimension] if

and only if
d+1 1 d+1 9
Z — <w< Z — 4 — .
= oy Ty mini<i<dyn o

The Hausdorff dimensions of various fractals generated by this kind of model can also
be computed using Corollary 2.5.3, with H; = aj( Zgﬂl 21 ) Fj =1AH;j for j =

1,--- ,d+ 1. We leave the details to an interested reader.

2.7 Proofs

Proof of Proposition 2.2.1

Note that (2.2) is equivalent to fRN (1A |)\|2)f(/\)d)\ < 00. Since f|>\|<1 IAZf(N)dA < 0o

is given, it is enough for us to show f| A>1 < oo is equivalent to (2.5).

d\
(=X, W'Bj)v

For this purpose, we appeal to the following fact: Given positive constants 3 and ~, there
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exists a finite constant cq5 such that for all a > 0,

- (2.41)

To verify this, we make a change of variable z = afy to obtain

/00 de_ —(r—3) /°° dy
0 (a+af)y 0o (1457

Thus (2.41) follows.

First we assume (2.5) holds. Since [A| > 1 implies that |A; | > Wi for some jy €
{1,...,N}. Without loss of generality we assume jj = 1. Then by using (2.41) (N — 1)

times we obtain

o0 o0 o0 dXg -+ -dA
/ NdA - §2N/1 d/\1/ / 2 N-1 :
IA[>1 (Zj:1|)\j| 7)7 — 0 0 —F=

BiNTTB
N —_— J N
~— (S35 1Y)
<c/oo i < 00

VN (|,\1|51) j

because 81 (v — Z;VZQ %) > 1. This proves the sufficiency of (2.5).

To prove the converse, we assume (2.5) does not hold. Then there is a unique integer

7€ {l,...,N} such that Y 7~ 11ﬁ1 <y <> 15 Note that

//\|>1(ZN %) / // ;}L;.Igﬁg)y

By using (2.41) and integrating dAq - - - dAr, we see that the last integral is divergent. This
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completes the proof. O]

Proof of Lemma 2.3.2

For any s,t € [-M, M]N, denote Sy =t, 51 = (s1,t2, - ,tN), $2 = (51, 52,13, ,tN),
o, 8N_1= (51, ,sN_1,ty) and 3y = 5. Let h =5 —t = (hy,---,hy). By Jensen’s

inequality, (2.4) and (2.8) we can write

(2.42)
<2 / (1 — cos(hgAg)) fF(N)dA
<1
al d)
+ 2Ncy Z/ (1 — cos(hyAg)) 5
= (SN i)
2h+1
By using the inequality 1 — cosz < 22 we have
N
L < 2N(Z hi) / IAZF(A)dA
k=1 A=1 (2.43)

< cr6]s — t]?

for some positive and finite constant c1g, which depends on M. To bound the kth integral

in I9, we note that, when |A| > 1, either |\;| > \/N or there is jo # k such that |A; [ > \/N
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We break the integral according to these two possibilities.

d\
(SN, | |Hi) @2

o0 dA1 - dAp_1dNpgq - dAN
< 2/1 (1—cos(hk)\k))d/\k/N_l - 1 H%1Q+2
VN R (20it1 Al

/|/\|>1 (1 — cos(hgAg))

VN (2.44)
1 o0 d)\vjo
+4/0 (1—COS(hk)\k))d)\k/1 d)\]() /RN 5 (ZN |>\ ’H )Q+2
VN
L I3+ Iy,
where d)\x io denotes integration in \; (i # k, jo).
By using (2.41) repeatedly [N — 1 times|, we obtain
%0 1 — cos(hpAp)
Bse et A
iy
2 0
Tl hEAR 1 2.45
/ 2H T 1Mt 1 )\2Hk+1d)‘k (2:45)
hil K
< cop(lhgl),
where oy, is defined as in (2.12).
Similarly, we use (2.41) N — 2 times to get
1 00 d\;
Iy <c / (1 — COS(hk)\k))d)\k/ 70 I 1
0 1 H H- 2+7+H7
VN ()\ k _|_)\’JO) k Jo
Jo

" (2.46)

1 00
gc/ (1—cos(hk/\k))d)\k/1 70 T < c|hgl*.
0 VN 2Hj 1+ HIS
P
Jo

Combining (2.42)-(2.46) yields the upper bound in (2.13) holds for all s,t € [—M, M]N
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Next we prove the lower bound in (2.13). By (2.4) and (2.8) we have

E(X(s) — X(1))* > ¢4 / (2.47)

(1 —cos(s—t,N)) ax
|A[>1 p

where p(\) = Zé\; |)\j|Hj, A € RV, So, for the lower bound of E(X(s) — X(t))2, it is

enough to show that for every j =1,--- , N and all h € RN, we have
/ (1 — cos <h,)\>) % > coj(]hj\), (2.48)
IA|>1 p(A)

where c is a positive constant.

We only prove (2.48) for j = 1, and the other cases are similar. Fix h € RY with |hi] >0

[otherwise there is nothing to prove] and we make a change of variables

H—l
yp = p(h)"C Ay, Vi=1,---,N.

We consider a subset of the integration region defined by
-1
D(h) = {y e RN tJyi| € [p(n)"1 7 1], [yl <1 and yehy > 0for 1< £ < N}.

Since p(A\) = p(y)/p(h), we have

~1
N -H
dX 1 = cos (2421 hep(h) 4 ye)

— cos o en 2 _ (2.49)
Joon (o0 ) i = 000 [ g

By using the inequality 1 — cosz > c2? for all |z| < N, where ¢ > 0 is a constant, and the

fact that hyyy > 0 for all 1 < ¢ < N, we derive that the last integral is at least [up to a
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constant)|

_g—1 N2
(h)2/ <Zé\7:1 hep(h) 1t yg>
p
D) (4L lyelHe) @2
! -5 1 L T
Zp(h)Q/ )H1_1 h2p(h) Hly%dyl/o /O ( Y2 YN
—_—

2
p(h SN )9t

dy

7 (2.50)
2 1 2
2— 7 d
> cp(h)” H1ng /( a7t %
p(h) Hi\ay
(v 1)
= coi(|hl).
This proves (2.48) and hence Lemma 2.3.2. O

In order to prove Theorem 2.3.1, we need use the following lemma which implies that the

prediction error of X is determined by the behavior of the spectral density f(\) at infinity.

Lemma 2.7.1. Assume (2.6) is satisfied, then for any fized constant M > 0, there exists a

positive and finite constant cy7 such that for all functions g of the form

" k
Zak i(t"\) )7

k=1

where a, € R and t* € [—-M, MY, we have

1/2
sl < e ([ o Preac) (251)

for all X\ € RN that satisfy |A| < 1.
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Proof By (2.6), we can find positive constants C' and 7, such that

fA) > %, VA € RY with |A| large enough.
Then the desired result follows from the proof of Lemma 2.2 in Xiao (2007). [

Proof of Theorem 2.3.1

First, let’s prove the upper bound in (2.11). By Lemma 2.3.2 we have

Var(X(u)|X(t1),... ,X(t”)) < min E(X(u) — X(tF))?

T 0<k<n
N (2.52)

: k
< (s — D).
< cg min o (uj —t7])

In order to prove the lower bound for the conditional variance in (2.11), we assume that

u,tt, - 1" € [-M, M]N are arbitrary and denote r = Orr}cin Zévzl luj — t?\Hj. Working
<k<n

in the Hilbert space setting, the conditional variance is just the square of L2(IP’)—distance of

X (u) from the subspace generated by {X(t1),---, X (t")}, so it is sufficient to prove that

forall a e R, 1 <k <mn,

n 2
E(X(u) > akX(tk)) > 12, (2.53)
k=1
where cg is a positive constant which may only depend on Hy,..., Hy and .

By using the stochastic integral representation (2.3) of X, the left hand side of (2.53)

can be written as

n 2
eiwd) _1 50 ap () 1)‘ fOVdN.  (2.54)
k=1

E(X(u) - kzn:lakX(tk)>2 - /RN
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Hence, we only need to show

Jos

where (Y = 0 and ag = 1 — 31, az.

n
etlwA) _ Zake (5 2) ‘ FA) dX > cgr?, (2.55)
k=0

We choose a function 6(-) : RN — [0,1] in C*°(RY) [the space of all infinitely differ-
entiable functions defined on RV] such that §(0) = 1 and it vanishes outside the open set
{te RV . Z;VZI |tj|Hj < 1}. Denote by 6 the Fourier transform of 4. Then one can verify

that 6(-) € C°(RN) as well and §()\) decays rapidly as |A| — oo.

Let E be the N x N diagonal matrix with Hl_l, e H&l on its diagonal and let 0,(t) =
r@ 5(r~Ft) for all t € RN, Then the inverse Fourier transformation and a change of

variables yield

5(t) = (2m)™N /R N e BN (rEN) d. (2.56)

Since min{zyzl\uj —t?!Hj :0 <k <n}>r, wehave Sr(u—tFy=0for k=0,1,---

This and (2.56) together imply that

J: = /RN <€i<u7)\> _ Z akei<tk’)‘>)e_i<u’)‘>(§(7"E)\) d\
= (2m) ( Z a6y (u — ) ) (2.57)

= (2m)Nr €,

Now we split the integral in (2.57) over {\ : |A| < 1} and {\ : |A| > 1} and denote the
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two integrals by I1 and s, respectively. It follows from Lemma 2.7.1 that

Iy S/
|A]<1

<c7 /
RN

L k=0

n

. ks

i) _ E akem ’)‘>‘|5(TE)\)\d)\
k=0

n 1/2
eiluN) _ 5™ ape () ‘2 £ dA] / IX|[6(rEN)|dA (2.58)
[Al<1

1/2

<18 E(X(U)—éak)((tk)>2] :

where the last inequality follows from (2.54) and the boundedness of .

On the other hand, by the Cauchy-Schwarz inequality and (2.54), we have
2 1 .
f()\)d)\/ —— 6P E N2 dA
Az1 FA

2
2= /A|z1 fN)

n 2
U o B 1 s L s
<B(X(w - Y opx(h) /|A|>1 T

k=1

n
. ok
N 3 g il
k=0

n 2
= u) — a ky) p—2Q-2 L ) 2 a.
E(X( )= S >) /|A21 SO

The last integral is convergent thanks to the fast decay of 6(\). Finally, combining (2.57),

(2.58) and (2.59), we get

n 271/2
m)Nr= @ < 9 E(X(u) - Z akX(tk)> ] r@-1
k=1
Henceforth (2.53) follows, and the theorem was proved because of (2.52) and (2.53). O
Proof of Theorem 2.4.2
N X(t+he;)-X(t) .19 .
For t € R™, it is known that X ; = i converges in L“-sense, as h — 0, if
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and only if

Dpy 2 %E{ (Xt +hej) — X(0) (X (1 +kej) — X(0))}

converges to a constant as h, k — 0. However,

1
Dy = {C(t + hej,t+kej) — C(t,t + kej) — C(t + hej, 1) + C(t,t)}

hk

- ﬁ{’u(h@j) +u(kej) —v((h - k)ej)}'

(2.60)

So the first part of the theorem is proved. For the second part, it is clear that if v(¢) has
second-order partial derivatives at 0 in the j-th direction then (2.14) holds [thanks to Taylor’s
theorem]. On the other hand, if (2.14) holds, then by taking h = k — 0 in (2.60) we see

that dv/0t;(0) = 0. This fact, together with (2.14), implies that

2
1 k+h)e;) —v(ke;
8_;)(0) = lim — lim u(( Jej) — vikej)
(925]. k—0 k h—0 h
T, v((k 4+ h)ej) —v(kej) +v(hej)
k—0 h—0 hk
exists. This completes the proof of Theorem 2.4.2. O

Proof of Corollary 2.4.3

By Theorem 2.4.2 it suffices to show that hmODh,k exists if and only if (2.15) holds,

)

ie.,

N o
726—

=1

.

It follows from (2.60) and (2.4) that

1 — cos (hej, ) — cos (kej, A) + cos (b — k)ej, A)
hk:/RN

o FOV dA. (2.61)
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To prove the sufficiency of (2.15), we note that for each fixed A € RV,

1 —cos(hAj) — cos(kA;) + cos((h — k)A;)

I =\ 2.62
B0 hk J (2.62)
and by the mean value theorem,
‘ 1 —cos(hA;) — cos(:gj) +cos((h — k)A;) < /\?.

Now we assume (2.15) holds. Then, as in the proof of Proposition 2.2.1, we have

A2 d\ o A2d)
/ J < c/ J < 0
N LB S T '
)\GRN:‘)\j|>1 (Zi:l ‘)\’L| 'L) 1 /\B]('Y Zz;é] Bl)
j

This implies fRN )\?f()\)d)\ < 00. By (2.61), (2.62) and the dominated convergence theorem,

we obtain

lim Dj ;. = A2 F(N)dN.
pim Dk /RN S1 ()

To prove the necessity of (2.15), we assume f3; (7 — Zf\il BL) < 2. Then, as in the proof
(3

of Proposition 2.2.1, we have

/ )‘? dA (2.63)
= OQ. :
AeRN: 2 >1 (Y o INl%)

We let h = k | 0 and use Fatou’s lemma to (2.61) [note the integrand is non-negative] to

derive

- 2 .
l;gklfof Dy g, = /RN AjF(A)dA = oo,

where the last equality follows from (2.63). So hllingth does not exist and the proof is
4)

)
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finished. O

Proof of Theorem 2.4.6

If v(t) has continuous second-order partial derivatives, then Theorem 2.4.2 implies that X
has mean square partial derivatives in all N directions. Let Vx (t) = (X{(¢),- - ,X;V(t))T
and we show that it satisfies (2.20).

For any unit vector u in RV, we can write it as u = Zjvzl ujej and Zévzl u]2 =1. So

ul'Vx(t) = Zévzl quj/- (t). Hence

2
. (X(t th) = X(W) 1y (t))

h
(t+ h ?
= ]E( u) Zu
1 N s N (2.64)
= gu(h) + E<Zujxg(t)) - =3 <]EX(t + hu) X' (1) — EX (£)X( ))
j=1 j=1
N 2 N
%v(hu) 4 E(Z u]'X}(t)) _ % S ujv) (hu)
j=1 j=1

The last equality in (2.64) follows from (2.18).
Since v(t) is an even function with v(0) = 0 and has continuous second-order partial and

mixed partial derivatives, Taylor’s theorem implies

i i o(hu) = lim v(hu) +v(—hu) —2v(0) 1 WTO(0)u, (2.65)
h—0 h? h—0 2h2 T2

where ©(0) is an N x N matrix, with (Q(O))m = v;;(O) for i # j, and (Q(O))”

I
<
—~
(=)
~—

48



For the second term in the last line of (2.64), note that for any ¢, j = 1,--- N and i # j,

and any [ > 0, m > 0,

(X(t +le;) — X (£) X(t+mej) — X(t))
= l m

:%E(X(tvL le)) X (t+me;) — X()X(t+me;) — X(t+1e) X(t) + Xz(t)) (2.66)

Let [ — 0, m — 0, then the last term in (2.66) goes to %v;;-(O), where v;;(O) is the second-

order mixed partial derivative of v at 0 in the ¢-th and j-th directions. By Theorem 2.4.4,

2

" ,
we have E(X;(t)) = %vj (0), for j=1,--- ,N. Hence

N , 2 1
E(;ujxj(w) = §uT Q(0)u.

Finally for the last term in (2.64), we use Taylor’s theorem again to derive

h—0

N
1
lim 7 Z ujv;-(hu) = uTQ(0)u.
7=1

Combining this with (2.65) and (2.66) shows that (2.64) goes to 0, as h — 0. This completes

the proof. O

Proof of Theorem 2.4.8

Under (2.15), Corollary 2.4.3 ensures that the mean square partial derivative X j’ (1) exists.
In order to show that X ;(t) has a continuous version, by Kolmogorov’s continuity theorem

or general Gaussian theory [cf. Adler (1981), Adler and Taylor (2007)], it is enough to show
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there exist constants cpg > 0 and 7 > 0 such that
E[X}(s) - X}(t)}z <cggls —t1, Vs,te[-M MM (2.67)

Recall that

/RN 1) (e7 N 1) F(A)dA
/RN cos (s —t, \) — cos (t, \) — cos (s, \) + 1]f()\)d)\.

Thanks to (2.15), we derive

K(s,t
0 ai‘? ) :/RN [—)\jsin<8—t,)\>—I—)\jsin(s,)\) f()\)d)\
and
aK(S,t) / )
= AZcos (s —t, \) f(N)dA.
8Sj8tj RNV J < > ( )
So
2 2
E(Xj(s) — Xj(t))" = E(Xj(s))” + E(X}(t))” — 2E(X](s)X; (1))
_ 2
= 2/RN Aj (1 —cos (s —t,\)f(A)dX
The rest of the proof is similar to that of Lemma 2.3.2. Denote g = t, §; = (s1,t2, -+ ,tN),
‘§2 = (817827t37"' JtN)7 Ty §N—1 = (517"' 78N—17tN) and <§N = s. Then



N
= ; { /)\|<1 )\2 1 — cos(sp — tk))\k)f()\)d)\
2
+ /|)\|>1 Aj (1 — cos(sy — tk)Ak)f(A)d/\} (2.68)

(1 — cos(sy, — ))\k))\Z
< c91 |S—t| + 99 Z/

A= (S |A i)
Now we estimate the last N integrals in (2.68). For simplicity of notation, we only consider

the case when k = j [the cases of k # j are similar]. Denote hj = s;. — t;. and, similar to

(2.44), (2.45) and (2.46), we derive

(1 — cos(sg — tx) k) )\2 E gy
/A 1 N |\ [Hj)@+2
|A[> (>oity Ili)

00 AN\ - dN, 1 dpyp - dAy
< 2/1 (l—cos(hk/\k)))\%d)\k/N_l N HT ons

N R (225t [l ™)

N

1 9 00 d)\vj()

+2/ 1 — cos(hpA )\d)\/ dX; / -
0( (heAg)) A A L 70 RN-2 (3N | Hi) O

oo (1 — h)\
“ / ( COS( k k kd)\ —|—C/ )\ 1—(308 hk)\k))d)\k

1 \2H) 1
VN k

can (1 P hog - ),

thanks to Hy, > 1. Combining this with (2.68) proves (2.67).

It follows from (2.67)) that the Gaussian field XJ’- = {X; (t),t € RV} has a continuous
version [which will still be denoted by X ;] Now we define a new Gaussian random field

X ={X(#),t e RN} by
)’Z(t>:X(t17 7tj—1707tj+17” ot / X/ tla" j 175]7t]+17 ) N)dsj (269>

Then we can verify that X is a continuous version of X and, for every ¢t € RV, X ; (t)=X ; (t)
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almost surely. This amounts to verify that for every t € RN,

which can be proved by using (2.69), Theorem 2.4.4 and (2.18). Since the verification is

elementary, we omit the details. This proves Part (i) of Theorem 2.4.8.

It remains to prove Part (ii) of Theorem 2.4.8. By applying Part (i) to j = 1, we obtain
S (1)
a continuous version X (1) of X such that 8—{%@) is continuous. Then we apply Part (i) to

—_—~—

X(1) with j = 2 and obtain a version X (2) of X(1) defined by

— —_— t; ——1/

XO () = XW(t, 0,13, tn) + [ 7 XDolty, 59,83, 1) dso. (2.70)
0

P

2 2
Then ‘{%2(1—)(15) and 87)3;(2—)@) are almost surely continuous. Repeating this “updating” pro-
cedure for j = 3,--- , N, we obtain a continuous version X (V) of X such that all first-order
partial derivatives of X (V) are continuous almost surely. Hence the sample function of

—_——

X®V) is almost surely differentiable in the sense of (2.23). The proof of Theorem 2.4.8 is

complete. 0
Proof of Proposition 2.6.1

By stationarity, we’ll have

E(X(2,t) — X(y,5))°
— B(X(z,1) + E(X(y,5))* — 2B(X (z,£) X (y, )
=2K(0,0) — 2K (x — y,t — s),
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as well as

2K(0,0) — 2K (x,1)

9 202 clx|>Y
(1 + alt|2e)Pd/2 P < 1+ a]t\m)ﬂV)
clz*1
(1+ a\tIQO‘)ﬂ”)
(1 —|—a|t|20‘)5d/2

(2.71)

2(1 + alt2)84/2 _ exp ( _
=20

By using Taylor expansion, we can write (2.71) as

2y 2y
8d 1,190 20 _ ‘el - ik
L raltl™ o) = 1+ o= heaym ~ o\ T3 appaye

(1 4 alt|2x)Bd/2
2y 2y
501 on .l t?a_< clz] >
T O N T
(1 + alt[20)P4/2

202

= 202

Hence we can find positive constants coq < c95 such that
coq (2|27 + [t*Y) < 2K(0,0) — 2K (x,t) < co5 (x| + [¢>¥) (2.72)

for all (z,t) € R with |z| and |t| small. Replace z and ¢ in (2.72) by z — y and ¢ — s

respectively; (2.33) follows.

To prove (2.34), we make use of the fact that for any Gaussian random vector (U, V)

with mean 0,

(p%J,V — (o —oy)?) (o +ov)? — p%],V)
40‘2/

Var(U|V) =

)

where pf, , = E[(U=V)?], 03, = E(U?) and 0}, = E(V?). Let U = X(z,t) and V = X (y, s),
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we derive

[K(0,0) — K(z —y,t — s)] [K(0,0) + K(z —y,t — s)]

Var (X (z,t)| X (y, 5)) = K(0,0)

> eoq (| —y*7 + |t = s*).
This proves (2.34). O

Proof of Proposition 2.6.2
Eq. (2.35) follows from Proposition 2.6.1 and Theorem 2.5.1. Then let’s prove (2.36),

where 0 < a < < 1. By Proposition 2.6.1 and Theorem 2.5.1, we get

m||

k d+1
Hy
dimGrX ([0, 1]+ = 1<1}g1<i:3+1{zf+d+1—k+ 1—Hp)p Z

== j—l i :

)

Whereﬁlza,ﬁgz~~:ﬁd+1:7. Denote
" H
Sk)=S =L td+1—k+ 0 —Hp.
H=27 (1=

We have S(1) =d+ 1+ (1 — a)p, S(l{:):d+%+(1—7)péS, for 2 <k <d+1. Also
d+1 1 _ 1 . d
>t = = + 5. We can verify directly that if p < 3, then
J
d+1

<S<Z_

which yields dimGrX([0,1]%1) = S(1). The verifications for the cases é <d< é + d and

P> é + d are similar. We omit the details. O
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Proof of Proposition 2.6.4
By Proposition 2.6.1 and Theorem 2.5.2 we find that when é + % < p, for every x € RP,

X_l(x) = () a.s. Also, when é + % > p, for any = € RP, with positive probability

k J—

e , i) _

dim(X 1(x)):1<g1<121+1{2?+d+1—k—Hkp}.
<k< 1

If0<a§7<1,Wehaveﬁ1:oc,ﬁ2:---zﬁd+1:7. Denote

H _
T(k:):jzzlfjerJrl—k—Hkp,
then T(1) =d+1—ap, T(k) =d+ 2 —yp £ T, for 2 < k < d+ 1. Since T(1) < T, if and
only if p < é, (2.38) follows.
If0<y<a<l,then H == Hy=+vand Hyy1 = a. It follows that T(d + 1) =
dTO‘—i—l—apand T(k)=d+1—~p2 T, for 1 <k <d. Since T < T(d+ 1), if and only if

p < %, we obtain (2.39). The proof is complete. O
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Chapter 3

Criteria for equivalence and

asymptotically optimal predictions

3.1 Introduction

Optimal linear prediction has been widely used in spatial statistics and geostatistics, where
it is known as kriging. In kriging, to guarantee good linear predictors based on an estimated
Gaussian probability measure, it is of great value to be able to distinguish between two or-
thogonal probability measures and to determine when one can tell which measure is correct
and which is not. Many authors have created various criteria for the equivalence and or-
thogonality of two Gaussian measures corresponding to one-dimensional Gaussian processes
or Gaussian random fields. The references include Gihman and Skorohod (1974), Ibragi-
mov and Rozanov (1978), Parzen (1963), Chatterji and Mandrekar (1978), Kallianpur and
Oodaira (1963), Yadrenko (1983), Stein (1999b) and so on. In fact, Parzen (1963) developed
an approach for equivalence of two Gaussian measures by using two concepts: the notion of

probability spectral density function and the notion of a reproducing kernel Hilbert space of a
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time series. Chatterji and Mandrekar (1978) also used the method of RKHS to find sufficient
and necessary conditions for the equivalence of two Gaussian measures in a general setting.
It is worth noting that the approach which uses RKHS has no constrains like stationarity or
isotropy on the underlying process, and the results are applicable to random fields. Ibragi-
mov and Rozanov (1978) obtained the conditions for equivalence of two Gaussian measures
involving the entropy of distributions, and developed the conditions for stationary processes
by associating a Hilbert space spanned by analytic functions. Moreover, given two equivalent
Gaussian processes, Kallianpur and Oodaira (1973) defined the notion of a non-anticipative
representation of one of the processes with respect to the other, for one dimensional case.
Later, Yadrenko (1983) extended Ibragimov and Rozanov’s results to stationary and isotropic
random fields. Du (2009) reviewed of the basic results for the equivalence and orthogonal-
ity of two Gaussian measures, and provided a detailed re-proof of Theorem 4 in Yadrenko
(1983), page 156, under the setting of stationary and isotropic random fields. However, in
the literature, there are few explicit results available for the equivalence of two Gaussian

measures in a non-stationary random field, especially for anisotropic cases.

In this chapter, we extend Ibragimov and Rozanov’s method to study intrinsically sta-
tionary random fields. We determine the relationships among three corresponding Hilbert
spaces: the random variable space generated by the random field, the reproducing kernel
Hilbert space corresponding to the covariance kernel and the complex function space spanned

by the analytic functions of the form A — et{A)

—1,t € D. Criteria for equivalence and
orthogonality of intrinsically stationary Gaussian random fields are given in terms of their
probability spectral density functions and the structures of their reproducing kernel Hilbert

spaces. The results we have obtained are different from those for stationary processes [see

Ibragimov and Rozanov (1978)]. Moreover, given the equivalence of two random fields, we
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obtain a representation of one of the random fields with respect to the other. The advantage
is that we can use the equivalent representation instead of the original one whenever the
representation is simpler with respect to some prediction questions.

As we know, in practice, the true probability distribution of our Gaussian model is always
unknown and must be estimated from the gathered data. To this end, it is of great value to
investigate the effect of using a fixed but incorrect probability distribution, especially, when
more sample data can be obtained by sampling the spatial or temporal domain increasingly
densely (fix-domain asymptotics). Actually, the asymptotic optimality of linear predictions
of intrinsically stationary Gaussian models and the convergence rates are established in
this chapter. Moreover, the asymptotic efficient prediction of non-stationary, anisotropic
space-time models with a misspecified probability distribution is studied. The main results
show that under the equivalence of two Gaussian measures, the prediction based on the
incorrect distribution is asymptotically optimal and efficient relative to the prediction under
the correct distribution, as the points of observations become increasingly dense in the study
domain. Our results extend those of Stein (1988, 1990, 1999a, 1999b) which were concerned
with isotropic and stationary Gaussian random fields.

The rest of this chapter is organized as follows. Section 2 studies the relationships among
the three Hilbert spaces we have constructed. In Section 3 we obtain criteria for equivalence
and orthogonality of two Gaussian measures in the intrinsically stationary random fields.
We study the asymptotic optimality of linear predictions in Section 4 and the convergence
rates of the predictors are established in Section 5. In Section 6, we show the proofs of the
main results in this chapter.

In the spatial statistics contexts, one would feel more comfortable using the space model
as X = {X(t),t € R?} and space-time model as X = {X(z,t), (z,t) € R? x R}, where d
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denotes the dimension for the space variable.
In this chapter, we study the asymptotic and prediction properties of the random field

X = {X(t),t e R%}.

3.2 Three corresponding Hilbert spaces and equiva-
lence

Let X ={X(t),t € ]Rd} be a real-valued, centered intrinsically stationary Gaussian random
field (i.e. Gaussian random field with stationary increments) with X (0) = 0. We assume
that X has continuous covariance function K(s,t) = E[X(s)X(t)]. As in Chapter 2, K(s,t)

can be represented as

K(s,t) = /R () 1) (N 1) p(an), (3.1)

where F(d)\) is a nonnegative symmetric measure on R%\ {0} satisfying

A2
/Rd o < o (3.2)

Moreover, X has the following stochastic integral representation:

X(t) = /R ] (A — 1)@ (dN), (3.3)

where ®(d\) is a centered complex-valued Gaussian random measure which satisfies

E(@(A)W) — F(ANB) and ®(—A) = 3(A)
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for all Borel sets A, B C R? with finite F-measure.

Let D be a bounded region in RY. Without loss of generality, we assume 0 € D. Let
LOD be the linear hull of the complex exponential functions A — etAt) 1, t € D and take

Lgr(D) to be the closure of L% under the inner product

(e1, 2) P = (1, P2 L (D) = /Rd P1(A)p2(A) F(dN),

where @1, 9 € LOD. Let Hp(D) be the closed linear hull of the random variables X (t),

t € D with respect to the inner product

(X(): XDy = Kls:6) = [ (0 1) (0~ 1) Fran).

R4

On Hp(D), there exist mean and covariance operators, which we also call m and K, such
that for ny,m9 € Hp(D), E(n) = m(n) and Cov(ny,n9) = K(n1,n2). We will freely switch
between the functions m and K and the operators m and K in the rest of this chapter, the

meaning being apparent from context.

We denote by Ry (D) the reproducing kernel Hilbert space (RKHS, for short) of the
random field X (¢) with reproducing kernel K (s,t), s,t € D. That is, for every real function

f € Rg (D), we have

<f’K(7t)>RK(D) :f<t), VteD.

In fact, the Hilbert space Ry (D) is the closure of the subspace spanned by real functions
K(-,t), t € D, with respect to the inner product (-, '>RK(D)' Note that Ry (D) is separable

because of the continuity of K (s,t).
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Define a mapping p from Hp(D) onto the RKHS Rp (D) such that, for every ¢t € D,
p (X (1)) = K(- 1) (3.4

It can be proved that p is a linear, isometric, one to one mapping. First, we obtain the
following lemma, which gives a representation for random variables in Hp (D) with respect

to the analytic functions in Lp(D).

Lemma 3.2.1. Fach random variable n € Hp(D) can be represented as

”e) = [ o) (35

for some p(\) € Lp(D). For every function p(\) € Lp(D), (3.5) is well defined and

€ Hp(D). The mapping ¢ : n+— @ is linear, isometric and one to one.
n F pping n ¥

Regarding (3.4), for every n € Hp(D) and t € D,

p(n)(t) = E (nX (1)) (3.6)

The function ¢t — p(n)(t) in (3.6) belongs to R (D).
Since X(t) = [pa(e!™ — 1)@(d)), and n = n(¢) = [0 9(\)®(dA) by Lemma 3.2.1,

(3.6) can be rewritten as

p) = [ e~ 1) Fan).

Hence, there is a linear, isometric, one to one mapping ¢ from the Hilbert space L (D) onto
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the RKHS Ry (D) such that, for every ¢ € Lp(D),

)0 = [ () = 1) Flan), (3.7

Some remarks about the intrinsically stationary random field follow.

Remark 3.2.2

(1) Not like the case of stationary random fields, the covariance function K (s,t) for an
intrinsically stationary random field can not be represented as the Fourier transform

of the spectral measure F.

(2) The Hilbert space Lg(D) for the intrinsically stationary random field is different from

that for stationary case; the latter contains real constants as members.

Let Py be the Gaussian probability measure on the o-algebra U(D) generated by X (t) for
t € D, with the second-order structure (0, K) and the spectral measure Fp(d\). Let P| be
the Gaussian probability measure on U(D) for a random field X (¢), with the second-order

structure (0, K1), which has the form

where m1(t) = E1(X(t)). Denote the spectral measure of Xy (t) as F(d\), then we have the

following lemma, which is similar to (1.27) of Ibragimov and Rozanov (1978), page 70.

Lemma 3.2.3. Suppose the Gaussian measures Py and Py are equivalent on the o-algebra
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W(D), then!

lellry = lellry, v € L. (3.8)

Lemma 3.2.3 implies that when the Gaussian measures Py and P; are equivalent on U(D),

we have LF()(D> = LFI (D), HFO(D) = HFI (D) and RKO(D) = RKI (D)

3.3 Some conditions for equivalence of two (Gaussian
measures

Many authors have created various criteria for the equivalence and orthogonality of two
Gaussian measures. Parzen (1963) studied the equivalence and orthogonality of two Gaus-
sian measures using the tools of RKHS Ry (D) and determined the corresponding Randon-
Nikodym derivative under two different cases: sure signal case ( with two Gaussian measures
having the same covariance function) and stochastic signal case (with two Gaussian mea-
sures having the same mean function), respectively. Chatterji and Mandrekar (1978) also
used the method of RKHS to find sufficient and necessary conditions for the equivalence
of two Gaussian measures in a general setting. It is worth noting that the approach which
uses RKHS has no constraints like stationarity or isotropy on the underlying process, and
the results are applicable to random fields. Kallianpur and Oodaira (1963) gave necessary
and sufficient conditions for equivalence of two Gaussian measures by defining an operator
between the corresponding reproducing kernels (covariance functions), and obtained a non-
anticipative representation of one Gaussian process by another. Sottinen and Tudor (2006)

applied Kallianpur and Oodaira (1963)’s idea to investigate the equivalence in law of mul-

1||gp||FO = [l¢oll p; means 0 < ¢1 < ||Q0||F0/||Q0||F1 < ¢9 < 00, where ¢1 and ¢g are constants.
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tiparameter Gaussian processes, i.e. Gaussian random fields, with a Brownian sheet and a
fractional Brownian sheet. They surveyed multiparameter analogous of Hitsuda, Girsonov
and Shepp representations. On the other hand, Ibragimov and Rozanov (1978) investigated
equivalence of stationary processes by using analytic tools, namely, the Hilbert space L (D).
In this section, we apply Ibragimov and Rozanov’s method to study the criteria for the equiv-
alence of two Gaussian measures in an intrinsically stationary random field and compare our
results with the existing ones.

Let Py and P; be Gaussian measures on the o-algebra U(D) generated by all random vari-
ables of the intrinsically stationary random field X (¢), ¢ € D. The second-order structures
of Py and Py are (0, Ky) and (mq, K1), respectively. It is known that Gaussian measures
have the following property. See page 77 and 78 of Ibragimov and Rozanov (1978) for more

details and proofs.

Lemma 3.3.1. The Gaussian measures Py and Py are equivalent if and only if there exists
a Gaussian measure P such that the pairs Py and P, and Py and P are equivalent; for the

equivalent measures Py and Py, the density Py(dw)/Py(dw) is such that

Pi(dw)  Pj(dw) P(dw)

Py(dw)  P(dw) Py(dw)’

Based on Lemma 3.3.1, in this section, we may consider two cases. In case one, the covari-
ance function K coincides with K7, such that (1, g02>F0 = (¢1, g02>F1, for all 1, p9 € L%.
From Lemma 1 of Bonami and Estrade (2003), we know that Ky = K7 implies Fy = F7.
We write Fy = F; = F in this case. In case two, the mean function mq(¢) = 0, but the
covariance functions K and K are different. We obtain necessary and sufficient conditions

for Py and P; to be equivalent under the two cases, respectively. Let us first consider the
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case where the two measures differ only in the mean functions.

3.3.1 Case I: Same covariance function

By Lemma 3.2.1, each random variable n € Hp (D) can be expressed as n(p) = f}Rd (N ®(dN),
for some p(A\) € Lp(D). Denote mq(y) as the mean of 7(p) under the second-order struc-
ture (mq, K1). We will then have the following extension of Theorem 3 of Ibragimov and

Rozanov (1978), page 78, where the case of stationary processes is considered.

Theorem 3.3.2. Suppose Ky = Ky, the Gaussian measures Py and Py are equivalent on
W(D) if and only if, the mean value my(p) is a linear continuous functional on the Hilbert
space Lp(D):

mi(e) = (o, ¥)p, ¢ €L, (3.9)

for some (\) € Lp(D).

As a consequence, we obtain a more explicit necessary and sufficient condition for the

equivalence of two measures which differ only in the mean functions.

Theorem 3.3.3. Suppose Ko = K1, the Gaussian measures Py and Py are equivalent on

W(D) if and only if the mean function my(t), t € D, permits a representation as

my(t) = /R . (e7"A 1) (A F(dN), (3.10)

for some p(\) € Lp(D). And in the latter case, the Randon-Nikodym derivative p(w) =

Py (dw)/Py(dw) on the o-algebra U(D) can be expressed as

) =esp{ [ ooy - el ) (3.11)
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Corollary 3.3.4. Under the conditions of Theorem 3.3.3, the Gaussian measures Py and
Py are equivalent on W(D) if and only if, the mean function my(t), t € D, is in the RKHS

Ry (D).

Proof  The proof of Corollary 3.3.4 follows directly from Theorem 3.3.3 and (3.7). O
We need to mention that Corollary 3.3.4 is consistent with the results obtained by Parzen
(1963) and Chatterji and Mandrekar (1978), where the tools of RKHS are applied to study
the equivalence and orthogonality of two Gaussian measures. This criterion obtained by
using the method of RKHS is general, has no constraints like stationarity or isotropy on the
underlying process, and the result can be applied to any multi-dimensional case.
We now assume Fy and P have spectral densities fy and f;. We have known that

Ko = Ky implies fo = fi.

Corollary 3.3.5. If Koy = Ki has a bounded density function f(\), then Py and Py are
equivalent on W(D) if and only if, mi(t), t € D can be extended to all t € RY and there

exists a square-integrable function v on R such that

my(t) = /R ] (e7 A —1)p(N)dA (3.12)
and
2
[0 o1

Gaussian random fields whose spectral densities are described by a power law model
provide a simple and flexible class of models for inferences. This class includes fractional
Brownian fields as a special case. Ibragimov and Rozanov (1978) obtained necessary and

sufficient conditions for the equivalence of two Gaussian measures with power law densities,
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under the setting of stationary processes [see Theorems 10 in Chapter III of Ibragimov
and Rozanov (1978)]. Michael Stein stated in a SAMSI workshop in 2010 that Ibragimov
and Rozanov (1978)’s results for stationary random fields might be extendable to certain
nonstationary processes. In the following, we give a necessary condition for the equivalence
under the setting of intrinsically stationary random fields. For the sufficient condition, we

restrict to the one-dimensional case.

Corollary 3.3.6. If f(\) is bounded and satisfies

K

f) < m,

(3.14)

for some constants K > 0 and n > 1, then a necessary condition for Gaussian measures F
and Py to be equivalent on U(D) is that my(t) must have partial derivatives in each variable

up to the order {n — %J Equivalently, ¥j =1,2,--- ,d
a—km (t) = / (- i)\-)ke_i@v)\w(/\)d)\
otk ! Rd ! ’

forallkzl,Z,---,{n—%J.

To obtain a sufficient condition for Py and P; to be equivalent, we restrict ourselves to

d=1.

Corollary 3.3.7. Suppose f()) is bounded and the mean function mq(t) is differentiable on
D = [0,7] and m/(t) can be extended to be a mean-square integrable function on R. If the

Fourter transform (X)) of my(t) satisfies ¢ € LY(R) and

ek
A ARF) S
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then Py and Py are equivalent on the o-algebra U(]0, 7).

3.3.2 Case II: Same mean function

In this subsection, we consider the case where the two Gaussian measures differ only in the
covariance functions. Assume my(t) =0, for all ¢ € D. In analogy to LOD defined before, let
LODxD be the linear hull of the functions (ei<>‘75> — 1) (e_i<“7t> — 1) of s,t € Dand \,u € RY.

Take Lpy (D x D) to be the closure of L%xD under the inner product

(p1, P2) FxF = //Rded ©1(A, 1) (A, ) F'(dN) F(dp),

where @1, @2 € LODxD' Let Hpy (D x D) be the closed linear hull of functions X (s) X (t) —
K(s,t), s,t € D, under the second-order structure (0, K'). Let us consider the linear space

everywhere dense in Hpy (D x D) of all variables represented in the symmetric form

n=> crj [X(tp)X () — Kty t))] (3.15)
k.j

with symmetric real coefficients ¢j; = ¢, k, 7 =1,2,---

We recall the general formula for products of Gaussians [see Ibragimov and Rozanov

(1978), page 16]:

E(X (t1)X (t2) X (t3) X (t4))
=K (t1,t2) K(t3,t4) + K(t1,13) K (to, ta) + K(t1,t4) K (t2,13).
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For any variables 11, 19 of the given type in (3.15), such that

M=y chj [X ()X (1)) = K(ty t5)]
k.j

and

m =Yl [X(t) X (1)) = K(tg.t5)]
k.j

we derive that

E(mn2)
_ZZ% K (tes tm) K (t,tn) + ZZ% K (testn) K (£, tm) (3.16)
k,j mmn k,j mmn ’
_QZZ% Kty tm) K (tj,tn).
,] m,n

Let us define a new random measure W(d\, du) as

U(A x B) = ®(A)®(B) — F(AN B),

for all Borel sets A, B C R% with finite F-measure, where F(AN B) = E(®(A)®(B)). [see

Section 2.2]

We can see that each variable of the type given in (3.15) can be expressed as

o) = [, e (317)

where

chj Nt gy (e ) ). (3.18)
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For more details on multiple stochastic integrals, see Major (1981), where systematic ac-

counts on multiple integrals of Gaussian measures are given.

From (3.16), we obtain

E(ning) =2 // &' O, )" (O, ) (AN F(dp) = 20", " pu s (3.19)
RAxRA
where
GO =3 s (R — 1) (e 1)
k.j
and

') =3 el (M) 1) (7T 1),
k.j

It is seen from (3.17)—(3.19) that the convergent sequence {n, € Hpy p(D x D)} is
associated with a sequence of functions {¢, € Lpyp(D x D)}, and the double stochastic
integral in (3.17) can be extended using L?-convergence to all ¢ € Hp, r(Dx D). Moreover,
any variable n € Hpyp(D x D) as the limit of a sequence 7, of the type given in (3.15)
can be represented by (3.17), where the function (A, 1) € Lpy (D x D) is the limit of the
corresponding functions ¢y, of the type given in (3.18). Given any function ¢(\, i), (3.17)
defines a certain variable n € Hpy p(D x D). So we have finished the proof of the following

Lemma.

Lemma 3.3.8. Each random variable n € Hpy p(D x D) can be represented as

we) = [, e wandp) (3.20)
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for some p(\, 1) € Lpyp(D x D). Especially, for any s,t € D,

X(s)X () — K(s,t) = / /R oo (N3 — 1) (et — 1) W(dA, dp). (3.21)

For every function p(A\, ) € Lpyp(D x D), (3.20) is well defined and n € Hpyp(D X D).

Similar to the definition of Lpy (D x D), let us take L p (D X D) to be the closure

of LOD>< p With respect to the inner product

(b1, w2) FyxFy = //Rded p1(As 1) p2(A, ) Fo(dA) Fi (dpa),

where @1, 9 € L%XD' For random variables n(y),n(v) € Hp(D), denote

b(p, ) = Ko(n(e),n(v)) — K1 (n(e),n(w)),

where K, K are covariance operators, which are defined in Section 2. The following
theorem gives a criterion for the equivalence of two Gaussian measures with the same mean
function, which is an extension of Theorem 5 of Ibragimov and Rozanov (1978), page 84,

where stationary processes are considered.

Theorem 3.3.9. Gaussian measures Py and Py with 0 mean values are equivalent on U(D)
if and only if, b(p,v) being a functional on the class of functions p(N)(u) € L%XD, can be

extended to a linear continuous functional on LF0><F1(D x D).

Proof  The proof is similar to that of Theorem 5 of Ibragimov and Rozanov (1978), page
84. It should also be based on the entropy of Gaussian distribution and the definition of the

L FyxFy (D x D). We omit the proof, and leave it to interested readers. O
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As a consequence, we obtain a more explicit necessary and sufficient condition for the

equivalence of two Gaussian measures which differ only in the covariance functions.

Theorem 3.3.10. Gaussian measures Py and Py with 0 mean values are equivalent on U(D)
if and only if, the difference of the two covariance functions b(s,t) = Ky(s,t) — K1(s,t) can

be expressed as

b(s, ) = / /]R oo (e A3 1) (81 — 1) (N, 1) Fo(dA) Fy (dpe) (3.22)

for all s,t € D, where (A, ) € LEyxry (D x D). Moreover, the Randon-Nikodym derivative

p(w) = Py(dw)/Py(dw) on the o-algebra U(D) can be represented as

p(w) = Cexp {—% / /R . sO(/\,u)‘If(dA,du)} , (3.23)

where C' is a normalizing multiplier, and the definition of the double integral in (3.23) is the

same as (3.20).

Let Ry« Ky (D x D) be the reproducing kernel Hilbert space corresponding to the kernel

Ky x K7, which is a function of four variables (s, s1,t,t1) defined by
Ko x Ki(s, s1,t,t1) = Ko(s, 1) K1(s1,t1).

Similar to Corollary 3.3.4, we have the following result, which is consistent with the results in
Parzen (1963) and Chatterji and Mandrekar (1978), where the tools of RKHS are applied to
study the equivalence and orthogonality of two Gaussian measures. It is worth noting that

the criterion obtained by using the method of RKHS is general, which has no constraints
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like stationarity or isotropy on the underlying process, and the result are applicable to any

multi-dimensional case.

Corollary 3.3.11. Under the conditions of Theorem 3.3.10, the Gaussian measures Py and
Py are equivalent on W(D), if and only if b(s,t) = Ko(s,t) — Kq(s,t) is in the RKHS

RKOXK1<D X D)

Proof The proof is similar to that of Corollary 3.3.4, and it follows directly from Theorem

3.3.10. [l

We now assume P and P; have spectral densities fy and fi, respectively.

Theorem 3.3.12. Gaussian measures Py and Py with 0 mean are equivalent on U(D) if

and only if, b(s,t) can be represented as

— _i<)‘78> — 'L< ’t> —
b(s,t) = //Rded (e 1) (' 1)g(\, p)d\ dp (3.24)

for all s,t € R% (i.e. b(s,t) is extendable to be a function on RE x R%) and g(\, 1) satisfies

g )PP
//]Rded Fo V() d\dp < oo. (3.25)

Remark 3.3.13 If fy(\) < m)r for |A| large, then g(\, ) satisfies

//Rded (1 + |>\‘2)”(1 T |M‘2)n|g(>‘7u)‘2
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.. . _ d+1
This implies that for any k,m =0,1,--- | Ln — TJ’

//Rd rd |)"k‘“’m|g(>\; w)|dA dp
X

2 2
< / RV dA-/ < | > d
| Jrd \ T4 [A? rd \ 1+ |p|™

1/2
L R R ] <
R2 xR

1/2

Therefore, the function b(s,t) has all partial derivatives in each variable up to the order

{n—%J: e.g. ‘v’k,m:O,l,---,Ln—‘%—lJ,

8k+m ' » B
o //R a0 (i) A g0 )

forall j,0=1,2,--- ,d.

When d = 1 and the processes are stationary, Ibragimov and Rozanov (1978) gave a
necessary and sufficient condition for Py and P; to be equivalent on U([0,7]) in terms of
the (2n)th-order derivative [see Theorem 13 of Ibragimov and Rozanov (1978), page 99]. It
seems to be an open problem whether analogous results still hold for intrinsically stationary

Gaussian random fields (i.e. Gaussian random fields with stationary increments).

In the following, we prove a sufficient condition for the equivalence of the Gaussian

measure Py and P; on U([0, 7]) when d = 1.

Corollary 3.3.14. Assume d =1, ajabﬂg—t) is the Fourier transform of the form

821) (s, t
il / /R Iy, yindy
X
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for some (X, p) € L1 (R?), which satisfies

WX, )2
//]RXR 212 fo(N) f1(p )d)\dﬂ (3.26)

Then Py and Py are equivalent on the o-algebra U([0, 7]).

For our conjecture, the following is another sufficient condition for Py and P; to be
equivalent on the o-algebra U([0, 7]), which extends Theorem 17 in Ibragimov and Rozanov

(1978), page 104.

Conjecture 3.3.15 We assume d = 1 and the spectral densities fy and f; satisfy the

condition
fo(N) = fr(A) = (1+X%)7"
If
(foN) — f1(>\))2
/ 5 d\ < o0,
R f() ()‘)
then Py and Pj are equivalent on the o-algebra U([0, 7]). O

We have listed several criteria for two Gaussian measures to be equivalent in the intrinsi-
cally stationary random fields on the above. Then, with these conditions for the equivalence
of two Gaussian measures, you may ask “What if the two measures are equivalent?” Here
is an answer. Theorem 3.2 of Sottinen and Tudor (2006) states that every mean square
continuous Gaussian random field {X(¢), P} } which is equivalent to a given Gaussian ran-
dom field {X (), Py} admits a non-anticipative representation with respect to {X(¢), Py}.
Now, we work to derive an explicit representation under the equivalence of two intrinsically

stationary random fields.
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Theorem 3.3.16. Suppose Gaussian measures Py and Py are equivalent, then {X(t), P}

has a representation x(t) with respect to {X(t), Py}, such that

z(t) = X(t) —|—/ / b(p, \)®(dp) (ei<x\,t> _ 1)(1)\’
R J[—00.)]
where b is a square integrable Volterra kernel.

We can find more consequences of the equivalence of two Gaussian measures from the

next section.

3.4 Asymptotic optimality of linear predictions

In practice, the true probability distribution of our Gaussian model is always unknown and
must be estimated from the gathered data. To this end, it is of great value to investigate the
effect of using a fixed but incorrect probability distribution, especially, when more sample
data can be obtained by sampling the spatial or temporal domain increasingly densely. This
section studies the effect of misspecifying the mean and covariance function of a random
field on optimal linear predictions of the random field.

Suppose Py and P; are two equivalent Gaussian measures. Write H FO(D) as Ho(D) for
short in this section. Let hy, ha,--- be a complete system of linearly independent elements
from Hy(D), and take 11,19, -+ to be the Gram-Schmidt orthogonalization of hq, ho, - - -
under (0, K), such that
L=k op J=k
Ko(¥j, 1) = and  K1(vj,¢) =

0, j#k, 0, j#k

76



Of course, the closed linear hull of 11,19, -+ under the inner product defined by (0, Ky)
is Hy(D). Let ¢v € Hy(D), then the best linear predictor of ¢ given w1, -- , ¢, under
(0, Ko) is P = kpWn, where U = (Y1, ¢n)" and kn = (Ko(v,91), -+, Ko(¥, ¢n))".
Let eg(v,n) = — ¥ be the prediction error under (0, Kp). Similarly, define e (1, n) to be
the error of the best linear prediction with respect to (my, K1). In the following, we suppose
(mq, K1) to be the presumed second-order structure when in fact (0, Kj) is the actual second-
order structure. We will then consider the behavior of the best linear predictor as n — oo.
Conventionally, we assume 0/0 = 0 throughout this section.

First, any ¢ € Hp(D) can be written as ¢ = Y :2; ¢;¢;, where ¢; = (@/},%}KO =

Ko(1b, 7). So 322 ¢? < 0. We can then write

(0.¢]
eo(t,n) = > ity
1=n+1
Define
M]:ENZ)], forj:]-)27”'
and

bjk/’:Kl(¢j7wk‘)_K0(¢j7¢k‘)v fOI'j,k?:]_,Q,"' .

The following results of asymptotic theory are from Stein (1988, 1990, 1999a and 1999b),
which hold for any Gaussian random field, including both stationary and intrinsically sta-

tionary ones.

Theorem 3.4.1. Suppose Py and Py are two equivalent Gaussian measures. As n — oo,

sup Eyeg(e,n)? — Egeg(, n)?

=A, 10
weHy(D) Egep (i, n)? !
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and

" E1eo(¥,n)? — Egeo(t, n)?
1mn )
YeHy(D) Egeo(y,n)

= An T 0,
where Ay, and Ay, are, respectively, the largest and smallest eigenvalues of the infinite matrix
(bje + 14510k) Fheyy 1 -

Switching the roles of (0, Kgy) and (mq, K1), we can define the corresponding largest and

smallest eigenvalues as 1~\n and Xn, respectively, such that

Eoe1 (¢, n)? —Erer(¥,n)?  ~

=Ap, 10
¢e§}l0p(p) Eie1(4,n)? '
and
inf E061(¢7 n>2 B E161(¢7 TL)2 — }v\ T 0
YeHy(D) Eie1 (¢, n)? S

The above theorem comes from Stein (1990), page 855. Moreover, using some elementary

results, we obtain the following results, see Stein (1999b), page 130.

Corollary 3.4.2. Suppose Py and Py are two equivalent Gaussian measures. Then

Eeo(1,n)? — Egeg(¥, n)?

lim  sup =0,
n=0 e Hy (D) Eoeo(¥, n)?
2 _ 2

lm sy P0e1(t) E0620(¢, ) _

N0 e Hy (D) Epeo(¢, n)
and
| Eo(e1(4,m) —eo(t,m)* _

lim  sup 5 =0.

N0 e Hy (D) Eoeo (¢, n)

Switching the roles of (0, Ky) and (mq, K1), then
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Eoe1(1,n)? — Ereq (¢, n)?

lim sup =0,
"m0 ye Hy (D) Ere1(v,n)?
2 2
lm sy Pre0(®:7) E1€21(2/f,n) _0
"m0 e Hy (D) Eie1 (¢, n)
and
| Eq(co(,m) —e1(e,n))”
lim  sup 5 =0.
"m0 e Hy (D) Eie1(¢,n)

Taking the observations as 11,19, - - -, which form a basis of the Hilbert space Hy(D) is
convenient mathematically, but in fact excludes some common and interesting applications
in the asymptotics. In real life, we care more about the prediction for an unknown value
X(t), t € D, based on the observations X (t1),---, X (tp), where t1,--- ,t, € D but different
from ¢. Let us take X;(n) for i = 0,1 to denote the best linear predictor of X (t), using
(m;, K;) as the second-order structure, where mg = 0. Define e;(n) = X (t) — X;(n), the
error of the corresponding prediction. We obtain the following results which are directly

related to Corollary 3.4.2.

Corollary 3.4.3. Suppose Py and P; are two equivalent Gaussian measures. Let t € D
and {t;}2, be a sequence in D not containing t but having t as its limit point, such that

Eoeo(n)? > 0. Then
Eqeg(n)” — Egep(n)?

li —0 3.97
nggo ]E()eo(n)2 ’ ( )
E 2_E 2
lim £0e1() 0260(”) =0 (3.28)
n—00 Egeg(n)
and
2
E _
i 0le1() eg(")) —0. (3.29)
n—00 Egeg(n)
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The corollary above follows directly from Theorem 10 [Stein (1999b), page 132], and
switching the roles of (0, Ky) and (my, K1) is also feasible. Note that, the assumption
of Egeg(n)? — 0 as n — 0 in Theorem 10 [Stein (1999b), page 132] is guaranteed by
mean-square continuity of X (¢),¢ € D, under Fy. We obtain Equation (3.28), saying there
is an asymptotically efficient predictor Xl(n) under the presumed second-order structure
(mq, K1) when, in fact, (0, K() is the correct second-order structure, as long as Py and
Py are equivalent. Moreover, the predictions obtained under those two second-order struc-
tures are asymptotically close to each other [see (3.29)], and the discrepancy between the
presumed mean-squared prediction error and the actual mean-squared prediction error is

asymptotically 0 [see (3.27)].

3.5 Explicit bounds with equal covariance functions

In this section, we want to obtain the bounds on A;,, and A, of Theorem 3.4.1 for intrinsi-
cally stationary Gaussian random fields. The bounds can be obtained by approximating an
element of a Hilbert space by an element of a finite-dimensional subspace. This problem has
been considered as it applies to optimal design for estimating the regression coefficients of
a stochastic process. The references include Sacks and Ylvisaker (1966, 1968, 1970), Wahba
(1971, 1974) and Eubank, Smith and Smith (1981). Stein (1990) obtained results on these
bounds for less smooth mean functions than those considered in previous work for station-
ary, second-order random fields. We extend Stein (1990)’s method to investigate the bounds
for intrinsically stationary random fields. Actually, the general case appears to be rather

difficult, however, it simplifies considerably under equal covariance functions, like the case I
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in Section 3.3.1. From Stein (1990), page 857, we have

oo

Ay = Z /J? and A\, =0.
j=n-+1

Moreover, A, has an upper bound as follows:
Ap < Eo(v —vp)?, (3.30)

for some v, € Hp(D) (the subspace of Hp(D) generated by v1,--- 1), where v is the
Randon-Nikodym derivative of P; with respect to Fy. In the following, we derive bounds
on A, under certain conditions on F', by using the characteristics of the associated function

space Lp(D). Let us start from the one-dimensional process.

3.5.1 One-dimensional Processes

Let D = [0,7], for 7 > 0. Suppose F(d\) = f(A)dA, and f()) satisfies [ (1A IA2)f(N)dN <

oo and for a positive integer m,
FO) = (14127, (3.31)

Theorem 3.5.1. Under the condition (3.31), all elements of the function space Lp(D) can

be expressed as

o(\) = P(iA) + (1 +iN)" ! /O T(ei/\t — 1)e(t)dt, (3.32)
with
m—1
P@X) =Y ep(iN", (3.33)
k=1
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where ¢y,’s are real and c(t) is a square-integrable real function on D = [0, 7].

Remark 3.5.2

(1)

If the condition (3.31) changes with m as a positive non-integer number, then Theorem

3.5.1 still holds, by replacing m with its integer part |m] in (3.32) and (3.33).

The conclusion of Theorem 3.5.1 still holds well under the following weaker condition
than (3.31):

F(\) < B2, as | \| — oo,

where 8 > 0, m > 0 are constant. We can derive this statement by applying Lemma

2.7.1 to the proof of Theorem 3.5.1.

The analytic function space Lp(D) for an intrinsically stationary random field is dif-
ferent from that of a stationary random field. All elements in Lp(D) of a stationary

random field under condition (3.31) are given as

m—1 .
3 i) + (14N / M (1)t (3.34)
k=0 0

where ¢;.’s and ¢(t) are the same in (3.32) [see Stein (1990)]. As we can see from (3.34)

the Hilbert space L (D) for the stationary case contains real constants as members.

In fact, if the spectral density f(\) satisfies (3.31), the Gaussian process X (¢) has (m—1)th

mean-square derivative. Besides, Theorem 2.4.8 in Chapter 2 shows that the sample functions

are differentiable up to (m — 1) orders. Without loss of generality, we will take 7 = 1 in the

following. Let Hj, , be the subspace generated by X(j)(tk) for j=0,--- ,pwithp<m-—1

and 0 =ty < --- <ty = 1. Let Ly ) be the subspace of Lp(D) isomorphic to Hy p, and let
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P, p be the operator that projects elements of Lp(D) onto Ly p, so that

. 2 2
inf [l —onllp =l — Pup el (3.35)
en€ln,p

for all ¢ € Lp(D). From Theorem 3.4.1 and (3.30), for any ¢, € Ly, |l¢ — (,0n||%[7 is an
uniform bound for Aj,. Define Ap, =t} —t_q1, fork=1,--- n. Assume f(\) satisfies (3.31).
From Theorem 3.3.3, we know that a necessary and sufficient condition for the equivalence

of Gaussian measures F; and P; with the same covariance function is

I
my(t) = / (e7A — 1) p(N) F(N)dA, (3.36)

0

for some p(\) € Lp(D), which can be written as (3.32). In the rest of this subsection, we
assume m1(t) can be represented as (3.36). Then we obtain the following upper bounds,

which extend Theorem 4.1 and Theorem 4.2 of Stein (1990), page 859.

Proposition 3.5.3. Suppose there ezists { < m, such that c(t) given in (3.32) has an
absolutely continuous (¢ —1)th derivative and c(O(t) is square-integrable on [0,1]. Let h(t) =

c(t)e™t, then

. ApN2C (T
I — Pn,m—lSOHiﬂ < C[(é — 1)!} ’ ];1 <7k) /tk—l pl0) (t)2dt, (3.37)

where ¢ is a positive constant. Moreover, if A, = 1/n for all k, then the upper bound in

(8.37) can be written as

1
en 202 (0 — 1)1] / h(O ()24t
0
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Remark 3.5.4 If we specify (3.31) as that there exist two positive constants a and [, such
that

a(l+ X7 < f(A) < B(L+A2)™, (3.38)

then the constant ¢ in (3.37) can be expressed as 4w 3e?.

Proposition 3.5.5. Suppose ¢(\) given in (3.36) is of the form

where |c(t)| is uniformly bounded by C' on [0,1]. Let p = nmax{Ay,1 < k < n}. Then for

m>1,

168nC?2 2 dp(m —1)\2| _
le = Propll < 5 [2p(m — 1] max § 1, (L) b2,

3.5.2 Two-dimensional random fields

We now give an analogue to Theorem 3.5.1 for two-dimensional random fields. The extension
to high dimensions is not difficult. For convenience, let us introduce the separable random

field first.

Suppose D = [0, 7] x [0, 7] for 7 > 0, the spectral density satisfies that for A = (A1, A\g) €

R? and positive integers my, mo,
FOO = (L4 M) 7M1+ [ag)?) ™2, (3.39)

Theorem 3.5.6. Under the condition given by (3.39), all elements of the function space
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Lp(D) can be expressed as

S() = P(iA) + Q) + (14 iA)™ (1 + irg)m2 1 / (€Nt D)e(t)dt, (3.40)
D
for
ml—lmzfl .
PN = > > ajil TS (3.41)
=0 k=0
and
m2—1 o
QN = 3 apidg)h (1 +ix)m ! / (M 1)y (y)dty
0
k=0
- | - (3.42)
£ a1 D)2 [ (),
- 0
7=0

where agy = 0, aji’s, aj’s and ay,’s are real, by (t1), ba(t2) are square-integrable real functions

on [0, 7] and c(t) is a square-integrable real function on D = [0, 7] x [0, ].

Remark 3.5.7

(1) If the condition (3.39) changes with mq and mo as positive non-integer numbers, then
Theorem 3.5.6 still holds, by replacing mj (msg) with its integer part [mq] ([m1]) in

(3.40), (3.41) and (3.42).

(2) The conclusion of Theorem 3.5.6 still holds under the following weaker condition than
(3.39):

FO)<BALTIN T2 as | hel — o0,

where 5 > 0 is constant. We can derive this statement by applying Lemma 2.7.1 to

the proof of Theorem 3.5.6.
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For the two-dimensional case, we can have similar results to Propositions 3.5.3 and 3.5.5.

We leave it to interested readers.

3.6 Proofs

Proof of Lemma 3.2.1

Let us prove the representation of n € Hp(D) first. By (2.3), it is obvious that V t € D,
n = X(t) satisfies (3.5), with ¢(\) = ¢») —1 € Lp(D). Then for any positive integer m,
the linear combination of X (¢), such as n = Y ;' ; ¢ X (t), where ¢;’s are real and t3’s € D,

can be written as

>~ [ (0 - ot
:/ f: M) — 1)@ (dN).

Denote @(X) = Y 1t ¢ (ei<>"tk> — 1) € Lp(D), then (3.5) is satisfied. We can also verify

that for any n1 = 2?21 X (tr) € Hp(D), np = Z?:l dyX(ty) € Hp(D),

) = 30 e [ () (1) P

k=1/=1

m

/ [Z etk szg i\tp) —1)]F(d/\) (3.43)

= (¢1, P2)F

where o1 (A) = Y5 e (e"Mr) — 1) € Lp(D), pa(A) = Yy dg ("Ml —1) € Lp(D). Tt
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follows at once that if there is a sequence {n,} € Hp(D) of the form

mn

TIn = Z kX (tkn),

k=1

with a limit point n € Hp(D), i.e.,
Eln, —n)> =0, as n— oo,

there should exist a corresponding sequence {¢,} € Lp(D), which can be written as

mn

Yn = Z Ckn (ei</\’tkn> - ]-)a
k=1

such that

oo = ¢l = [ lah) = pEF@) 0, as o0,

where ¢ € Lp(D). In fact, ¢ depends only on 7 instead of the sequence {n,} € Lp(D),

such as n = fRd ©(N)®(dN). So (3.5) holds for any n € Hp(D).

By (3.43) and a similar limiting argument, we see that for any function ¢ € Lp(D), (3.5)

is well defined, which then yields n € Hp (D). O

Proof of Lemma 3.2.3

It is clear that if ||g0||FO = 0 and [l¢[|p, # 0 for a function p(A) € L%, the measures I
and P; are orthogonal, since the corresponding random variable n(p) € Hp(D) from (3.5)
satisfies

Po{n(p) =0} =1 and Pi{n(p) =0} =0.
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Furthermore, if there exists a sequence {¢n(A\)} € LY, such that
||<Pn||FO =1and oy = HSDnHFl — 0, asn — oo,

then for mq(vn) = E1(n(pn)), we show that as n — oo,

1
le—m1 ()| <yn V2T

2
e T 24y 0,

Py {[n(en) — mi(en)| < Von} =

1 2
Py {In(on) — mi(on)| < o} = / L
lz|<(1/y/an) V2T

Similar relations hold true if
”SOn“Fl =1 and HSO””FO — 0, asn— oo.

Hence, the desired result follows. O

Proof of Theorem 3.3.2

First of all, suppose Py and P; are two equivalent Gaussian measures. We first prove
that the linear functional mq(-) is bounded. Let {p,(\)} be a sequence in LY,, such that

on = |lenllp, < llenllry = 1. Suppose mi(pn) — 00 as n — oo, then

o0 1

P {n(wn) > \/m1(90n)} =/ " )Ee_x2/2dx — 0,

> 1 29,2
/ _ —x* /207,
Py {77(9071) > m1(<pn)} = /—ml(cpn)Jr ) \/ﬁane de — 1,

which imply a contradiction to the equivalence of Py and P;. So mq(y) is a linear bounded
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functional on the Hilbert space L (D), which is equivalent to saying that the linear functional

m1(g) is continuous on L (D). Hence, 3 ¢(A\) € Lp(D), such that mq(¢) = (@, V) p.

To prove the converse, suppose the mean value m1 () is a continuous linear functional on
the Hilbert space L g (D), then there exists a unique ¢ € Lp(D) such that mq(¢) = (¢, V)R,
forally € Lp(D). Let {¢} € LOD be a complete orthonormal system in Lg(D). It is known

that the entropy distance between Fy and P; on the o-algebra U,, generated by the variables
n(pr), k=1,--+,n,is

n n
rn= Y mi(er)® = {en V)
k=1 k=1
see (2.9) of Ibragimov and Rozanov (1978), page 76. So

oo

lim =Y {pp, ) = [¢lF < oo,

n—00
k=1

The equivalence of the Gaussian measures Fy and P; follows now from Lemma 3 of Ibragimov

and Rozanov (1978), page 77. O

Proof of Theorem 3.3.3

At) 1, ¢t € D, is complete in L (D), anecessary

Since the system of functions p(\) = e
and sufficient condition for Py and P to be equivalent is (3.10), which follows from Theorem

3.3.2.

Now suppose Py, P; are two equivalent Gaussian measures, and the Randon-Nikodym
derivative is p(w) = Pj(dw)/Py(dw) on U(D). Choose a complete orthonormal system ¢1(A),
w2(A), -+ € L%. First, consider the density pp(w) = Pj(dw)/Py(dw) on the c-algebra

Uy, each of which is generated by the variables n(p), & = 1,--- ,n. Actually, pp(w) =
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E (p(w)|Up). By the martingale convergence theorem,

p(w) = lim pp(w).

n—oo

Let ay = my(pp), k=1,2,---, and ¥ (A) = Y1 _; arppr(A). By Theorem 3.3.2, there exists
©(A) € Lp(D) such that

ap = (Y, ©)p, Vk>1.

So

n
Z Pk, ¢ (A)-
According to formula (2.2) of Ibragimov and Rozanov (1978), page 75, we have
n
pn(w) :eXP{ZakU ©k) Z %}
k=1 k=1
- exp {Z a / oL NP(AN) — L a2 }
—e{ [ uue@n) - gl |

l\l)lr—A

Moreover,
n
s, Yn(d) = nlg%o;; (r: @) p Pe(A) = (V)
Tim ([l = llol12.
Therefore, (3.11) holds. -

Proof of Corollary 3.3.5

On one hand, if Py and P; are equivalent on U(D), then by Theorem 3.3.3, there exists

¢ € Lp(D) such that (3.10) holds. We define 1(\) = ¢(\) f(A), then
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LRa= [ eRRMa < e [ R0 <,

where ¢ is a positive constant. So ¢ € L?(R?), and (3.10) can be rewritten as (3.12).

Moreover, v satisfies (3.13).

On the other hand, suppose there exists 1» € L2(R?), such that (3.12) and (3.13) hold.

We take p(A) = 9(A)/f(A), then (3.13) implies

2 B ()2 -
/R eMRF(N)dr = /R S A < .

Let ¢ be the projection of ¢ into L (D), then (3.12) implies that

milt) = [0 = D)F0 N

Hence, Py and P; are equivalent by Theorem 3.3.3. O

Proof of Corollary 3.3.6

Suppose Py and P; are equivalent, then there exists ¢ € L2(]Rd) such that (3.12) and

(3.13) hold. By (3.13) and (3.14), we have

/Rd (14 A2) "6V 2dA < oo.
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This and Holder’s inequality imply that V& < Ln - 5=

k
LA

e T IR
SM@WCM] {/Rd(um)ywwdx

Hence the conclusion follows from the dominated convergence theorem. O]

1/2
< Q.

Proof of Corollary 3.3.7

Since we can write

Fubini’s theorem gives

mi(t) = /Ot m (s)ds = /Ot/Rei/\sw()\)d)\ds

(e

__ /R (= — 1)%@.

Since
vW[* 1 / e
: ——d\ = d\ < 00,
/}R ix | (A R A2f(N)
the conclusion follows from Corollary 3.3.5 O]

Proof of Theorem 3.3.10

Since the functions @(\, u) = (ei<>"s> — 1) (e’i<“’t> — 1), s,t € D form a complete system

in Lpxpy (D x D), (3.22) is equivalent to the condition given in Theorem 3.3.9.

Now, assume P, P; are equivalent and choose a sequence t1,t9,--- everywhere dense
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in D. Then {X(¢;.)} forms a complete system in Hp(D). Let us first consider the density
pn(w) = Pi(dw)/Py(dw) on the o-algebra U, generated by the variables X (t3), k =1,--- ,n.

Analogous to (3.11) of Ibragimov and Rozanov (1978), page 89, we have

n

1
logpn — Elogpn = —5 D ey [X ()X () = Kty )],
kj=1

where (c;) = (K1(tg, tj))_l — (Ko(tk,tj))_l, difference between the two matrix inverses.

Let

By Lemma 3.3.8, we can also write

Nn = // on(\, )V (dA, dp),
RAxRd

where
n ) .
en(A p) = Z Ckj (6Z<)"tk> —1) (e_lw’tj> —1)
kj=1
Since
(Ko(tg,t5)) (crj) (K1(tg, t5)) = b(s, t),
for s,t =tq,--- ,tp, it can be verified that

//Rded (e*MA,S) —1) (€i<u7t> — 1)pn(\, @) Fo(dN\) Fy (dp) = b(s, 1),
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which is rewritten as

<907’La @O)FoxFl :b(S,t), SvteTn:{tla"' 7tn}7

where

po(A, 1) = (XM — 1) (e7Hmt) — 1),

For any m < n, @ (\, 1) coincides with the projection of (A, 1) € LFoxFl(Tn x Tp,) onto

the subspace LFoxFl(Tm X Ty), so that

2 2 2
ngn - SDmHFOxFl = H(JOTLHF()XFl - H('lpm”FoxFl 2 0.

So ngnH%Ox I is nondecreasing. Since ;1. b(t;, t)% < oo, which follows from the equiva-
lence of Py and Pj [see (2.20) of Ibragimov and Rozanov (1978), page 81], then lim;, 00 ||g0n|]%0XF1

exists. So

Jim on(A, ) = o(A 1) € Lgysep (D x D).

Hence, by the bounded convergence theorem,

M — 1 = // (A, 1)U (dA, dp),  as n — oo.
RAxRA

It follows from (1.33) of Ibragimov and Rozanov (1978), page 73 that the limit of Elog py,
exists for equivalent Gaussian measures, so denote the limit as log C'. Also, analogous to the

proof of Theorem 3.3.3, we have p(w) = limy— 00 pn(w). Hence

1
logp(w) =losC — 5 [[ | wOnnwiardu)
RAxRA
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and the desired result follows. O

Proof of Theorem 3.3.12

On one hand, suppose Py and P; are equivalent. Then by Theorem 3.3.10, b(s,t) can be

written as: Vs, t € D,

i) = [[[ T =1 () = 1)l ) fo ) ()N

for some ¢ € LFoxFl(D x D).
Define

g, 1) = o(A, 1) fo(A) f1(w),

then

|2
d\dp
//]Rdx]Rd fO N)

//Rd O\ )2 fo(N) f1(u)dA dp < oo,

i.e. g satisfies (3.25).

On the other hand, suppose that (3.24) and (3.25) hold. We take

g\ 1)

P )= F O RG)

By (3.25), we have

//Rdx d (N )P Fo(dA) F1 (dpe)

l9( A )2
d\dp < oo.
//Rded fO N)
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ie pe€ LFoxFl(D x D) (or we may take the projection of ¢ onto L xpy (D x D)).

Note that we can rewrite b(s,t) as

bs.)= ([, D 1) (€0 = 1)) oM A d

That is, (3.22) holds. It follows from Theorem 3.3.10 that Py and P; are equivalent on the

o-algebra U(D). O

Proof of Corollary 3.3.14

We write

¢ 02b (u,v)
b(s,t) / / Sud ———dudv
= / / / / e~ M=) (X, 1) dX dp du dv
0 JO RxR

_ //RXR (efi/\s . 1) (efi,ut _ 1)¢(;\7N) X\ dy.

I

By (3.26), the function

(A )
A =
9 ) = =3
satisfies (3.25) in Theorem 3.3.12; the conclusion follows. O

Proof of Theorem 3.3.16

By Theorem 3.2 of Sottinen and Tudor (2006), we know that under the equivalence of
Py and Py, {X(t), P} has a non-anticipative representation x(t) with respect to {X(t), Py}
and z(t) € Hp(D). According to Lemma 3.2.1, there is an isometric isomorphism ¢ from
Hp(D) to Lp(D), such that (X (t) = ¢/*t) — 1, for t € D. By the sample path continuity
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of X (t), it follows from (4.3) of Kallianpur and Oodaira (1973) that (z(¢) can be written as
Ca(t) = (I + B)(X(1) = (I + B) (1) — 1),

where [ is an identity operator and B is a Volterra operator on Lp(D). Therefore, we can

write

(I+B)(e'h —1) =0 1 4 /Rd b(-, A) (6N — 1) d),

where b is the Volterra kernel corresponding to the Volterra operator B. We thus obtain the

representation

x(t):/ (PN D(dN) + / / (1, A) ("M — 1) dAD (dpa)
/Rd/ O (dp) ("M — 1)

Proof of Theorem 3.5.1

On one hand, we show that the function satisfying (3.32) belongs to Lz (D). For any

e [0, 7], by the bounded convergence theorem, i\ e is the limit of

(ei)\(s-i—h) _ 1) _ (6i)\s _ 1)
h Y

as h — 0, under the inner product defined on Lp(D); and for k =2,--- 'm — 1, (i/\)kei)‘s

being limits of the form

iA(s+h) _ gids
lim (iA)F—1 S
h—>0< ) h

belong to Lp(D). Take s = 0, we can show that each polynomial P(i\) = Y 7" LNk e
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L (D), where ¢;,’s are real. We can show that (1+iX)™ ! fOT(ei)‘t—l)cs(t)dt is also contained

in Lp(D), where

In fact,

(14ix)7m1 /T(e’“ — Des(t)dt = (14 i)™t [/S eI+t gy /S etdt]
0

0 0

= (1402 = 1)ef + i1 — )]

is contained in Lp(D).

It can also be seen that the linear hull of “step” functions cs(t), for s € [0, 7] is everywhere
dense in the space L?([0,7]), which is the space of all square-integrable functions ¢(t), 0 <

t <7 [see Ibragimov and Rozanov (1978), page 30]. Moreover, for any ¢;(A), j = 1,2 of the

form

(14in)7m1 /0 T(ei)‘t — 1)cj(t)dt,

where ¢;(t) is a linear combination of step functions cs(t), we derive from (3.31) that

o100 = w2l = [ Zer) — RN
00 T 2
<o ] € =@ - cmal o

o0
-
< [lea(t) - eoft) i
0

where c is a positive constant.

On the other hand, we can get e — 1 by means of iterated integration from (1 +
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i)\)m—Z (e(l—i—i)\)s _ es) and Zzn:—ll Ck(i)\)k, since

3 )
/ (1 + Z-/\)m—2(e(l+z)\)s . es)ds
0
= (1403 [0HNE 1 (14 in)(ef —1)]

= (1403 (IFNE—el) (14003 (iN) (1 - ).

So it is proved that the closed linear hull of functions (1 + iX)" 1 fOT(ei/\t — 1)es(t)dt and

(iA)k, 1 <k <m —1 forms the space Lp(D). Hence the theorem is proved. O

Proof of Proposition 3.5.3

First of all, we need to prove the following fact: For [ =0,1,--- ,m — 2,
172 )
(1 +i/\)m1/ e+ ar, k=1,--- (3.44)
0

belong to Ly, ,—1. To verify (3.44), let us first check, for [ =0,1,--- ,m — 2,

tk .
(14 inm! / (4N gy
0
t
=(1 +i\)" 2 [t2€(1+i)\)tk _ l/ k tl—le(l—l-i/\)tdt}
0

—(1 +M)m—2t§€e(1+z‘x)tk _ l[(l +Z~)\)m—3t§€—1€(1+i)\)tk (3.45)

. .
— (14N 31— 1) / tl_2e(1+’)‘)tdt]
0
l
e1+iM)E Z 14+ 72 0 (1T 1/ )+ (D 4 a2,
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As a consequence, we show that

173 .
(1 4 ,L)\)ml/ tl (€(1+Z>\)t o et)dt
0

l
(1At Z (14N 24T (1 1/ = )+ () anym 2

l
=elk (eMk — 1) S (1 + i\ 2 (<17 1/ - )+ () oy
7=0
¢ . , ‘ tg
+ek Y 1+ NI - = (™! / tleldt.
j=0 !
It can be seen that the first term on the second equality of (3.46) is in L, ;;,—1. In order to

get the result of (3.44), we just need to check

Uk
tk Ztl J .7 ll/ l_])' + ( )l+1l| = / tletdt,
0

which is the same as (3.45), with A = 0. Hence, (3.44) is proved.

Secondly, based on the fact in (3.44), we know that for any constant bjk, 7 =0, ,m—=2

and k=1,---.n

n m-—2

SRS bjk/ t (IFN et € Ly

k=1 j=0
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And obviously, P(i\) = Zzﬂ‘:_ll ¢ (iN)" is in Ly m—1. Then by (3.32), (3.35) and (3.38)

lle — Pn,m—l@”%v

5/_O:Of(k>

n
— (14N IZ

1 .
(1 —i—i)\)m_l/ (UMt _ ) h(t)dt
0

n t. n m-—2 . 2
:4B7TZ/ e2t{h(t)—z bﬂtﬂ} dt.

k=1"1k—1
Referring to Stein (1990), page 861, we get the desired result. O
Proof of Proposition 3.5.5

For m > 1, with any constant a;, K =0,--- ,n, we have

0 1
le = Puoells < B/ (14 %)~ / c(t) (e — Zak (e™Mk — 1) d\.  (3.47)
—00 0

Similarly to page 862 of Stein (1990), the right side of (3.47) can be obtained by polynomial

interpolating quadratures [Krylov (1962), Chapter 6]. Denote

B lm—1 . u(t)dt
= /to O Tty
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where k =0,--- ,m — 1 and u(t) = (t —tg)--- (t — t;,—1). From Equation (6.1.9) of Krylov

(1962), page 81, we know that for any real function h(t), whose mth derivative is bounded

by M,
t—1 m—1 M tm—1
/mcwwm—gpmm)gﬁ/m|wmmﬁ
o k=0 It

Applying this bound to the real and imaginary parts of et 1 separately, we will have

m—1

fm-1 Y, it 2C \\im m+1
t c(t) (€™ = 1)dt — Y by (eMh —1)| < — Aty — o)™
0 k=0
The rest of the proof is the same as on page 863 of Stein (1990) n

Proof of Theorem 3.5.6

Similarly to the proof of Theorem 3.5.1, we first show that any function which satisfies

(3.40) belongs to Lg(D). For any s € D, by the bounded convergence theorem, i)\leM/S and

N
iXoe''S are the limits of

1 1(N's IA's 1 i\ s iXs
E[(e o8 +>\1h)_1>_(€A’ —1)] and E[(e (A +)‘2h)—1)—(e>‘ -1,

respectively, as h — 0, under the inner product defined on Lp(D). For k =0,--- my — 1,
7=0,---,m9g—1and k= j =0 does not hold, ij+k)\{)\]2€ei>‘/s, being the limits of the form
1 . s . / N/
lim = ij—H{J—l)\]l 1)\]5‘ (62(/\ S+)\1h) . e’L)\ S)

h—0 h
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or

. 1 _ . _ v/
lim _,Lj‘f‘k 1)\{)\]5 1(62()\ S+)\2h) o

7
h—0 h " 8)

e

. . -1 -1 i ]
belong to Lp(D). So each polynomial P(i\) = Z;n:lo ZZZO aj/{zj%)\{/\éC € Lp(D),
where agp = 0, a;;,’s are real. From the proof of Theorem 6.1, we know that Q(\) € Lp(D).

We can show that

(14 i)™ L1 4 irg)™2 / (N 1)ey(t)dt
D

is also contained in Lp (D), where for t = (t1,19) € D and s = (s1,s9) € D,

elle’2, 0<t; <s1and 0 <ty < so,
cs(t) =
0, otherwise.

In fact, for mq,mg > 1,

(1+m1)m11(1+uz)m21/ (6N 1)ey (1)t
D

= (14iA)™M (1 +irg)m27 ! { / Dt gy / 2 ridta gy,
0 0

1 [952
— / / ell et2dt1dt2}
0 0

_ (1 + i)\l)ml_2(1 + i>\2)m2—2 [(6(1+i)\1)81 B 1) (e(1+i)\2)82 _ 1)
— (LM (L+ idg)(e"L — 1)(e*2 ~ 1)]
= (1 + i)\1>m1_2<1 + i)\g)m2_2 |:631+S2 (eiA/S — 1) — 51 <€i)\131 _ 1) — 52 (ei/\282 i 1)

— (A1 + iAo + PA ) (€162 — 1 — %2 + 1)

is contained in Lp(D). It can also be seen that the linear hull of “step” functions cg(t),
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for s € D is everywhere dense in the space L2([0,7] x [0, 7]), generated by square-integrable

functions c¢(t), t € [0, 7] x [0, 7]. Moreover, for any ¢;(\), i = 1,2 of the form

(14ir)™ L1 4+ ixg)m27 ! / (€Nt~ 1)e;()dt,
D

where ¢;(t) is a linear combination of step functions cg(t),

1) =2l = [ [ o100 - 2P

o 1 iN't 2
= 5/_00 /_oo (1+AP)(1+A3) ‘ /D(e —1)(c1(t) — ca(t))dt| dridXg

<o /D e1(t) — ea(t) 2,

where ¢ is a positive constant.

On the other hand, we can get eN's 1 by means of iterated integration from Q(\), P(i\)
and (1+14X\)™2(1 + ’i)\z)m2_2651+82(6i/\/8 —1). So it is proved that the closed linear hull

of functions expressed as (3.40) forms the space Lg(D). Hence the theorem is proved. [

104



Chapter 4

Conclusion and future work

In this dissertation, we propose a family of anisotropic space-time intrinsically stationary
Gaussian model. We study the smoothness and fractal properties of the model, all in terms
of the parameters of the models explicitly, and obtain the criteria for two Gaussian measures
to be equivalent in intrinsically stationary random fields. We derive upper and lower bounds
for the prediction errors of the model, and investigate its asymptotically optimal predictions.
This work is of importance in studying the statistical properties of non-stationary Gaussian
random fields.

There are some open problems for future work. First, how to estimate the parameter (now
a vector (Hy,--- .Hpy)). Guo, Lim and Meerschaert (2009) develop the local Whittle method
to simultaneously estimate the Hurst index H = (Hyp, Ha) of self-similarity, based on the
asymptotic properties of the spectral density of a stationary and anisotropic random field near
the origin. They prove the consistency of the local Whittle estimators of the long memory
parameters and obtain the asymptotic distribution of the local Whittle estimators. The main
goal here is to construct consistent estimators for (Hy, - -+ .Hp ) that are applicable in various

space-time modeling and to study their asymptotic normality. It is a great challenge for the
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realization, since multiple smoothness parameters have to be estimated simultaneously in
our model which has non-stationary and anisotropic properties. In order to estimate all
the parameters of an anisotropic random field model, one has to work with a multivariate
random field X as defined by (2.25).

Second, Gaussian random fields whose spectral densities are described by a power law
model provide a simple and flexible class of models for inferences. Because most of these
random fields are nonstationary, the extensive results available on equivalence of Gaussian
measures for stationary models [see Theorems 10 and 13 in Chapter III of Ibragimov and
Rozanov (1978)] do not apply to them. Basically, the result of Theorem 13 states that
for mean 0 stationary Gaussian processes on the interval [0, T] with two possible spectral
densities fy and fi, if fo(w)(14+w?)™ is bounded away from 0 and co and b is the difference of

the two covariance functions viewed as a function on [0, T’ ]2, then the measures are equivalent

2n
/ / {682;;} ds dt < oo.

It seems to be an open problem whether analogous results still hold for Gaussian random

if and only if

fields with stationary increments.
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