SOME COMPUTATIONS AND APPLICATIONS OF HEEGAARD FLOER
CORRECTION TERMS

By

Kyungbae Park

A DISSERTATION

Submitted to
Michigan State University
in partial fulfillment of the requirements
for the degree of

Mathematics - Doctor of Philosophy

2014



ABSTRACT

SOME COMPUTATIONS AND APPLICATIONS OF HEEGAARD FLOER
CORRECTION TERMS

By

Kyungbae Park

In this dissertation we study some computations and applications of Heegaard Floer
correction terms. In particular we explore the correction terms for the double covers of the
three-sphere branched along the Whitehead doubles of knots. As a consequence we show
that Whitehead double and iterated double of some classes of knots are independent in
the smooth knot concordance group. We also compute the correction terms of non-trivial
circle bundles over oriented surfaces and discuss how they can be applied to four-dimensional

topology.
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Chapter 1

Introduction

Heegaard Floer theory, introduced by Ozsvath and Szabé early 2000, has played an important
role in studying low-dimensional topology. It has provided a collection of invariants for many
of the objects in low-dimensional topology. It originally defined homological invariants for
closed oriented smooth 3-manifolds, and then was extended to knots and links, 3-manifolds
with boundary and oriented smooth 4-manifolds. In particular, correction terms (or d-
invariants), defined as a rational-valued grading of a certain element in the Floer homology
group, carry essential information to connect three and four dimensional topology. Ozsvath
and Szabd used the correction terms to give new proofs of Donaldson’s diagonalization
theorem and the Thom Conjecture, notable results originally shown using gauge theory.
Moreover the correction terms can be used to explain the surprising distinction between the
topological and smooth categories in 4-dimensional topology.

One important example appears in the study of knot concordance, which deals with how
an oriented surface, bounded by a knot, is topologically (locally flat) or smoothly embedded
in the 4-ball. In the theory of knot concordance, Whitehead doubles play an important
role since they always bound a topologically embedded disk but many do not a smoothly
embedded disk, i.e. these are topologically slice but not smoothly slice. It is thus important
to understand their concordance properties as portrayed in the knot concordance group. For
example, it is generally difficult to understand whether a collection of Whitehaed doubles

forms a set of independent elements in this group.



In Chapter 3 we study this question for iterated Whitehead doubles and show that for
each m > 1 the Whitehead double and once iterated Whitehead double of (2, 2m + 1) torus
knots are not smoothly concordant and that indeed they generate a Z & Z summand in
the subgroup of the smooth knot concordance group generated by topologically slice knots.
Our main tool is the correction term for the double cover of S branched along a knot. We
also present some sufficient conditions for general knots to have this independence property.
Additionally, for some classes of knots including (p, ¢) torus knots, we give an algorithmic
formula for testing it in terms of its Alexander polynomial, along with an implementation of
a computer program.

In Chapter 4 we compute the correction terms of circle bundles over oriented surfaces.
Our main tool for this computation is the integer surgery formula which relates the knot
Floer homology of a knot to Heegaard Floer homology of the three-manifold obtained by
a surgery of the knot. One of the key properties of the correction terms is that they give
restrictions on the intersection form of 4-manifolds which are bounded by a 3-manifold.
Hence, our computation would be applied to this direction, since the boundary of the tubular

neighborhood of an embedded surface in a 4-manifold is diffeomorphic to a circle bundle.



Chapter 2

Heegaard Floer Theory

The purpose of this chapter is to overview some of the features and properties of Heegaard
Floer theory and set up notations, used in the following chapters. Hence we skip the details

of the constructions of Heegaard Floer homology, knot Floer homology and more.

2.1 Heegaard Floer homology

For a closed oriented 3-manifold Y equipped with a spin® structure t, one can associate to it
a relatively Z-graded and filtered chain complex C'F*°(Y, t), a finitely and freely generated
Z|U, U _1]—module. In particular the filtration is given by the negative power of U, and
U-multiplication lowers the homological grading by 2. The filtered chain homotopy type
of CF™(Y, t) is an invariant of (Y, t), called the Heegaard Floer chain complex. For more
detailed and general exposition of the definition we refer to [18, 19].

We set CF~(Y, t) := CF>®(Y, t){i < 0}, the subcomplex consisting of the elements in
CF>(Y, t) whose filtration level 7 is less than 0, and also define the quotient complexes
CFT(Y, t):=CF>®(Y, t){i > 0} and ﬁ(Y, t):=CF*>(Y, t){i = 0}. The homology group of
CF>®(Y, t) is denoted by HF*>(Y, t), and HF~, HF " and HF denote the homology of
the other chain complexes, respectively. We refer to them as Heegaard Floer homologies of
(Y, t), and sometimes denote all versions of homology groups together HF°. The various

versions of Heegaard Floer homologies naturally fit into a long exact sequence:



S HF(Y, ) —Ys HF®(Y, ) — s HFH(Y, 8 —2 ... (21)
Additionally Heegaard Floer homologies of Y are acted upon by the exterior algebra
A*H{(Y; Z)/Tors, and the maps in the above long exact sequence are A*H1(Y'; Z)/Tors ®
Z[U)-equivariant.

We also define reduced Floer homology groups as

HF . = ker() = coker(m) =: HF?

re red’

Note that the isomorphism is induced by the coboundary map of long exact sequence. More-
over, the image of the multiplication of U din HF stabilizes for sufficiently large d, and we
have

HFY ~HFT /U - HFT(Y).

red —

For example, it is known from [19] that HF>(S3) = Z[U, U~!] (we usually drop the

spin® structure in the notation if there is a unique one), and for Y = #"S 2% sl

HF®(#"S% x St t) 2 Z[U, U™ @ A*HY(Y; Z),

where t( is the unique torsion spin® structure over Y, and the A*H{(Y'; Z)-action is induced

by the contraction map.



2.2 Maps induced by cobordisms and the absolute grad-
ing

An oriented n+1 dimensional manifold W is called a cobordism from Y] to Y5 if the boundary
of W is the disjoint union of —Y; and Y5. One of the key features of Heegaard Floer theory
is that a 4-dimensional cobordism induces maps between Floer homology groups of the
boundary 3-manifolds: they form a (3 4+ 1) Topological Quantum Field Theory (TQFT).
More precisely, if W is a cobordism from Y7 to Y5 and s is a spin® structure over W whose
restriction to Y; is t; for ¢ = 1, 2, then W induces a commutative diagram between long

exact sequences:

- — HF_(Yl, tl) % HFOO(Yl, tl) Ty HF+(Y1, tl) L)
Fﬁ/ﬁl Fﬁ%ﬁl FI;[F/,sl (2.2)

—— HF (Y, t9) SELEEN HF*(Ys, t2) SN HF+(Y2, t9) L)

In fact, Ozsvath and Szab6 showed that the vertical maps are invariants of (W) s) up to an
overall sign [22]. Moreover the vertical maps commute with the A*H{/Tors-action in the

sense that if v € H{(Y7;7Z)/Tors and v € H{(Ys;Z)/Tors are homologous in W, then

Fy (11 -8) =72 Fyy 5(8)-

The maps induced by cobordims allow us to assign a Q-valued grading, called the absolute
grading, on Heegaard Floer homology groups of Y equipped with a torsion spin® structure

t, which has the following properties [22]:

e The absolute grading respects the homological grading of CF*°(Y).



e The absolute grading of a generator in HF (S3)=7Zis 0.

o If (W, s) is a spin® cobordism from (Y7, t1) to (Y2, t2), then

ci(s) = 2x(W) = 30(W)

gr(Fyf, 4(€) = 9r(€) = S (23)

for ¢ € HF (Y7, t1). Here, 1 is the first Chern class, x is the Euler characteristic, o

is the signature of the intersection form of WW.

We usually write down the absolute grading using a subscript with parenthesis, for example,

HF(S%) =7,

2.3 Correction terms

Let Y be a rational homology three-sphere with a spin® structure, t. Then, the correction
term of (Y, t) is defined to be the minimal absolute-grading of any non-torsion element in
the image of m: HF®(Y, t) — HFT(Y, t) in (2.1).

The correction terms can be generalized to three-manifolds whose H F'°° has a standard
form. More precisely, we call a manifold Y has standard H F° if there is A*H{(Y; Z)/Tors®

Z[U)-module isomorphism
HF®(Y, t) 2 A*HY(Y; Z)/Tors @ Z[U, U™}

for each torsion spin® structure t over Y, where the action of A*H{(Y; Z) is given by the
contraction. For example, #™52 x S1 has standard HF>, and any 3-manifolds with by (Y) <

2 are also known to have standard HF*>° [19].



Let H be finitely generated, free abelian group and A = A*(H) denote the exterior

algebra of H. For any A-module M, we denote the kernel of the action of A on M as
KM:={xeMlv-z=0% € H},
and the quotient by the image of A as
OM :=M/(A-M).

Then, for a 3-manifold Y with standard HF°°, we have the following maps induced from

(2.1):

KHF®(Y, ) 27 kR, b

and
o F>(Y, t) 2T QHF+(y 1),

for each torsion spin® structure t. We define the bottom and top correction terms of (Y, t) to
be the minimal grading of any non-torsion element in the image of IC(7) and Q(m) respec-
tively. We denote them dj,; and dyop. In particular, they satisfy the following properties

about conjugation of spin® structure and orientation reversal [15, Proposition 4.2.][12]:
(Y, t) = d(Y, 1)

and

dbot(Y> t) = _dtop(_ya t)-



The correction terms are invariants of the rational homology cobordism class of 3-

manifolds:

Theorem 2.3.1. [15, Theorem 1.2.][12, Theorem 4.4.] Let Y7 and Yy be closed, oriented
three-manifolds with standard HF°, and let W be a rational homology cobordism from Y7 to
Yo (meaning that the inclusions i: Y7 — W and i: Yo — W induce isomorphisms on rational
homology). Let s be any spin® structure over W whose restrictions t| = 5|y1 and tg = 5|y2

are both torsion. Then we have

dpot(Y1, t1) = dpor (Yo, t2) and diop(Y1, t1) = diop(Y2, t2).

Proof. By theorem [15, Theorem 9.1.], the induced maps F}37 .- HF™(Y1,t1) — HF>(Ya, t9)
and Fo . HF>(Ya, t9) — HF°°(Y1, t1) are isomorphisms. Then the statement easily fol-

lows from the commutative diagram in (2.2) and the degree formula in (2.3). O

More generally, the correction terms of Y give restrictions on intersection forms of 4-

manifolds which bounded by Y.

Theorem 2.3.2. [15, Theorem 9.15.][12, Theorem 4.7.] Let X be an oriented negative semi-
definite 4-manifold bounded by a closed oriented manifold Y with standard HE®°. Then, for
any Spin® structure s over W whose restriction to Y is a torsion spin® structure t, then we

have the following inequality:

c1(s)% + by (X) < ddpoy (Y, £) + 261 (Y).

In addition, if the map H{(Y)/Tors — H1(X)/Tors induced by inclusion is injective, then



we have

c1(5)2 + by (X) < ddgop(Y, £) — 261 (Y).

2.4 Knot Floer homology

A null-homologous knot K in an integral homology 3-sphere Y has an associated Z & Z
filtered chain complex CFK*°(Y, K) which reduces to CF*°(Y") after forgetting the second
Z filtration. The U-multiplication decreases both of the filtration levels by 1. The filtered
chain homotopy type of CFK (Y, K) is an invariant of the knot and we refer it as the
knot Floer invariant of (Y, K) [20, 25]. We denote by CFK*>(Y, K){(i, j)} the subgroup
at (i, j)-filtration level in CFK*°(Y, K) and define ﬁ’?((Y, K):=CFK*(Y, K){i =0}. In
particular, for a knot K in S3 we abbreviate the notations by CFK>®(K) := CFK*®(S3, K)
and C{FT((K) = C{F?((S?’, K). It is an easy fact that Hx(CFK*(Y, K)) = HF*°(Y) and
H*(C/'}.??(Y, K)) = ﬁ’(Y) As a consequence, for a knot K in S3, we obtain an induced
sequence of maps:

(s Ho(CFR(S3, K)gjapm) — HF(S?) 2 Z.

An invariant 7 for a knot K in S® is defined by
7(K):=min{m € Z| /i is non-trivial}.

When working with coefficients in F = 7 /27, it is useful to visualize a knot Floer complex
as a collection of dots and arrows lying in a grid in the plane. In a diagram, a dot in (1, j)-
coordinate box represents an F-generator in CFK°°(K){(i, j)}, and an arrow represents the

non-trivial map, F — F. The differential is then the sum of the arrows, as a map of vector



spaces. See Figure 2.1 for examples.

2.5 Staircase complexes

For a given (n — 1)-tuple of positive integers v, a staircase complex of length n, St(v), is
defined as a finitely generated Z @ Z-filtered chain complex over F with n generators, where
the numbers in v are the length of arrows, which alternate horizontal and vertical starting
at the top left generator and moving to the bottom right generator in alternating right and
downward steps in a grid diagram. We also locate the top left dot on the vertical axis (i = 0)
and the bottom right on the horizontal axis (j = 0) on the diagram. See [1] for more detail.
For instance, complexes generated by St(1, 1, 1, 1) and St(1, 2, 2, 1) are shown in Figure
2.1.

The knot Floer invariant is a categorification of Alexander-Conway polynomial A g (%),

in the following sense:

Ag(t) =3 X(CFE(K) )t
kEeZ

where A (t) is the symmetrized Alexander-Conway polynomial of K and y is the Euler
characteristic.

Conversely, for some classes of knots such as alternating knots and L-space knots (includ-
ing torus knots), the knot Floer complex of a knot is determined by its Alexander-Conway
polynomial [17, 21]. For an L-space knot, K, the Alexander-Conway polynomial has the
form Ag(t) = Z%@O(—l)kt(”k), and CFK*(K) (with coefficients in F) is generated by a
stair complex,

CFK™(K) 2 St(nj1 —n;) @ F[U, U™,

10



Figure 2.1: Diagrams of CFK® (15 5) and CFK* (T3 4) generated by staircase complexes
St(1, 1, 1, 1) and St(1, 2, 2, 1) respectively.

where ¢ runs from 0 to 2m — 1 and U-multiplication is naturally extended: i.e. if z is
a generator in (i, j)-filtration level, then U"x sits in (i — n, j — n)-filtration level, and
O(U™z) = U"9(x). Denote St(K) := St(n;11 — n;).

For example, since the Alexander-Conway polynomial of 75 9,41, the (2, 2m + 1) torus
knot, is Zﬁ_m(—l)iti, CFK™ (T3 9m+1) is generated by St(1,---, 1) of length 2m + 1.
The knot Floer complex of 75 4 can be given by St(1, 2, 2, 1) ® F[U, U_l] from the fact
that AT3,4(t) =t73 —t72 4+ 1 —t2 + 3. See Figure 2.1. Accordingly, it is easily obtained

that 7(Tp, ¢) = (p — 1)(¢ — 1)/2 from its staircase complex, see also [16, Corollary 1.7.]. In

particular, 7(T% 9,,41) is equal to m.

2.6 Knot Surgery and Heegaard Floer homology

Let K be a null-homologous knot in an integer homology 3-sphere Y. Then, there is a
canonical Seifert framing on K, giving rise to a simple closed curve A in the boundary of the

tubular neighborhood of the knot K, nb(K), which meets the meridian g in a single point.

11



Given an integer n, the three-manifold Y;,(K) denotes the new manifold obtained by filling
Y — nd(K) with a solid torus so that its meridian maps to nu + A. We call this procedure
an integral surgery of Y along K. There is a natural two-handle cobordism W from from Y
to Y, (K), attained by attaching a two-handle to Y x [0, 1] along K with framing n. The
cobordism W allows us to enumerate the torsion Spin® structures over Y;,(K’). Note that
the set of Spin® structures over Yy, (K) has one to one correspondence with H?(Yy,(K); Z)

i.e. Z/nZ. If tis a Spin® structure of Y, (K), we assign t to [i| € Z/nZ so that it satisfies
{e1(s), [F]) +n =2,

where s is an extension of t over W, and F' C W is a capped-off Seifert surface, obtained by
the union of a fixed Seifert surface of K and the core of the two-handle attached.

One of the key tools to compute Heegaard Floer homology is the integer surgery formula
that allows us calculate HET (Y, (K), [i]) using the knot Floer homology of (Y, K). Fix a
knot Floer complex C':= CFK®(Y, K) and a surgery coefficient n # 0. We write the two
factors of the Z @ Z filtration as (i, j). For each s € Z, we define A to be the quotient
complex of C' corresponding to the filtration max(i, j — s) > 0, and By corresponding to
i>0.

There are two natural chain maps vs : Af — BF and hg : AT — B;Ern. The vertical
chain map vy is induced by the natural projection. We define the horizontal chain map hg
to be projection onto C{j > s}, followed by the multiplication of U?*, followed by the chain

homotopy equivalence J from C{j > 0} to C'{i > 0} (induced from the construction of C').

Denote

AT =P A and BT =P B,
SEL SEZ

12



|
|
I
!
1
I
v
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Figure 2.2: A mapping cone complex, X+ (2).1

and let DT : AT — BT be the map defined by

D* ({as}sez) = {bs}sez

where

bs = hs—n<as—n) + Us (as)-

Let XT denote the mapping cone complex of DV, i.e. XT := AT @®B™ and the boundary

map is given by

Op+ 0

Dt Oy
There is well-defined relative Z-grading given to X (n). Suppose n > 0 and observe By =
CF*(Y). Write s = 0 +1-n, where 0 < ¢ < n. Then the grading of B; is given by shifting
the absolute grading of CF ' (Y) by 2lo +nl(l — 1) — 1. We assign the grading of As so that
both vs and hs are homogeneous map of degree —1. For the grading of X™(—n) (n > 0),
write s = —(o0+41-n) for 0 < ¢ < n. Then the grading of B is given by shifting the absolute
grading of CFT(Y) by —2lo — nl(l — 1), and we extend it to AS similarly.

Note that XT(n) splits as a direct sum of complexes X;r(n), i € Z/nZ, where X;L (n)

consists of AT and B with s =i mod n. See Figure 2.2.

LObserve that it splits as two summand XE)’_ (containing solid arrows) and Xi” (containing dotted arrows).

13



Finally the following theorem relates homology of the mapping cone complex with Hee-

gaard Floer homology of Y, (K).

Theorem 2.6.1. [23|(Integer surgery formula) Let K be a null-homologous knot in an integer
homology 3-sphere Y. Then, for any non-zero integer n and [i| € Z/nZ, HF T (Y, (K), [i])

1s 1somorphic to the homology of the mapping cone X;L (n) of
+ At +
D : A" — B,

and the isomorphism from X;L(n) to HF (Y, (K), [i]) is a homogeneous map of degree

d(n, i), where

d(n, i) = max o (1 - M) | (2.4)

B {s€Z|s=i (modn)} 4 n

Moreover, for k € Z, the natural map induced by inclusion, H*(B]j) — H*(X+](n)) is

identified with the map
Fy, o HFT(Y) — HF(Yn(K), [k]),

where W is the natural 2-handle cobordism from Y to Yn(K) and s is the spin© structure

of W satisfying the following equation:
(c1(sg), [F]) +n =2k,

where F' is the capped-off Seifert surface of K, which is used for [i].

14



Chapter 3

Iterated Whitehead doubles in the

knot concordance group

The main goal of this chapter is to discuss how iterated Whitehead double knots are inde-
pendent in the smooth knot concordance group. In Section 3.1, we give background and
motivation of the problem and state our main results. We devote the next two sections to
prove main theorems. In Section 3.4, we discuss how to generalize the theorems to broader

classes of knots.

3.1 The knot concordance group and Whitehead dou-

bles

A knotted circle K in S3 is called smoothly (vesp. topologically) slice if it bounds a smoothly
(locally flat) embedded disk in B*. Two knots K| and Ky are called smoothly (topologically)
concordant if K1# — K> is smoothly (topologically) slice, where —K is the mirror of K with
reversed orientation. Modulo smooth concordance, the set of knots forms an abelian group,
the (smooth) knot concordance group, C. Note that every smoothly slice knot is topologically
slice, but the converse is not true. We let Cg be the subgroup of C generated by topologically

slice knots.

15



(0) pooe?

90/0/0/0/9,9,0,9

Figure 3.1: The pattern of the positively-clasped untwisted Whitehead double and the White-
head double of the (2, 5) torus knot.!

The Whitehead double (positively-clasped untwisted) of a knot K, D(K), is a satellite
knot defined by the pattern in Figure 3.1. Whitehead doubles are interesting classes of
knots in the study of the knot concordance. Any class of the Whitehead double of a knot
is contained in Cpg since it has the same Alexander-Conway polynomial as the unknot
and hence is topologically slice by a result of Freedman [4]. However, many of them are
not smoothly slice, which show remarkable distinction between the smooth and topological
categories in dimension four. It is thus important to understand their concordance properties
as portrayed in the knot concordance group. It is also interesting to ask about the effect of

D on C, and there is a long-standing conjecture.

Conjecture 3.1.1. [11, Problem 1.38] D(K) is smoothly slice if and only if K is smoothly

slice.

Note that it is still unknown, as far as the author knows, if the conjecture is true even for

some simple knots such as left-hand trefoil or figure-eight knot. One could study Whitehead

1The —5 extra full twists arise from untwisting the writhe of the projection of the (2, 5) torus knot.

16



doubles in C using homomorphisms from C to Z. The knot signature o gives one such ho-
momorphism. Unfortunately the signature, indeed any invariant of topological concordance
group, is not effective homomorphism for Whitehead double knots, since it vanishes for these
knots [4]. Heegaard Floer theory provides manifestly smooth concordance invariants, and
some of which give homomorphisms from C to Z. One is the 7-invariant, defined using
the knot Floer homology of Ozsvath-Szab6 and Rasmussen [16, 20, 25]. Manolescu-Owens
discovered another concordance invariant §, twice the Heegaard Floer correction term (d-
invariant) of the double cover of S branched over a knot [14]. More recently, Peters studied
another concordance invariant d(S {’(K )) given by the correction term of 1-surgery on K C S3
[24]. In contrast to the other two invariants, dSi)’ does not induce a homomorphism to Z. See
the survey paper [10] of Jabuka for some applications of Heegaard Floer theory to the con-
cordance group. Rasmussen’s s-invariant coming from Khovanov homology is also a powerful
concordance homomorphism [26]. It is known that —¢/2 = 7 = § = —s/2 for alternating
knots, but they differ in general: see [8], [14] and [13].

Even though there are many concordance invariants developed, most of them are in-
efficient for distinguishing Whitehead doubles in C. The invariants |7|, —dS% /2 and |s/2|
are known to be bounded above by the slice genus (four-ball genus) of the knot: the min-
imal genus of smoothly embedded surface in the 4-ball bounded by K c d(B%). Since the
slice genus of D(K) is at most one for any knot K, so are ||, —dS$/2 and |s/2| of D(K).

Moreover, 7(D(K)) is determined by 7(K) followed by the Theorem of Hedden below.

17



Theorem 3.1.2. [5, Theorem 1.5]

In particular, 7(D"(K)) is identically either 0 or 1 for any n > 1 and is determined by
7(K), where D"(K) denote the nth iterated positively clapsed untwisted Whitehead double
of K. Therefore, it is interesting to ask if it is possible to distinguish the D"(K)’s in C.

Using J-invariants, which are not constrained by the slice genus, we show:

Theorem 3.1.3. For each m > 2, D(T5 9,41) and D2(T272m+1) are not smoothly concor-

dant. In fact, they generate a Z2 summand of Crg.

In [14] it was computed that §(D (7% 2,+1)) = —4m. See also Section 3.4.2. Here, we
show that 5(D2(T272m+1)) = —4 for any m > 1. A tool for our results is a computation of

the infinity version of the knot Floer chain complex of D(71% 9,41):

Theorem 3.1.4. For any m > 1, the chain complex CFK*(D(15 9m41)) s Z ® Z filtered
chain homotopy equivalent to the chain compler CFK® (15 3) © A, where A is an acyclic

complez.
More generally, we have the following:

Theorem 3.1.5. Suppose K is a knot in S3. If |§(D(K))| > 8, then D(K) and D"(K)
are not smoothly concordant for each n > 2. If, in addition, 7(K) > 0, they generate a 72

summand of Cpg.
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Corollary 3.1.6. Suppose K is an alternating knot in S3. If 7(K) > 2, then D(K) and

D" (K) are not smoothly concordant for each n > 2. In fact, they generate a 72 summand
of Crg.

Additionally, for some classes of knots including (p, ¢) torus knots, we give an algo-
rithmic formula for testing it in terms of its Alexander-Conway polynomial along with an
implementation of a computer program.

Recently, Cochran-Harvey-Horn suggested a bipolar filtration of C and the induced fil-

tration of Cpg [3],
{0}Cc---CThs1 CTpnC---CToCT =Crg.

Since 7 of D(K) and D?(K) are nonzero for knots K in Theorem 3.1.3 and 3.1.5, both of
them are contained in 7 /7q by [3, Corollary 4.9]. Therefore, their filtration cannot see the
difference between D(K) and D?(K). On the other hand, using those knots, we get the
following corollary relating to the filtration. Let Ca be the subgroup of Crg generated by

knots with trivial Alexander-Conway polynomial.
Corollary 3.1.7. There is a Z* summand of Ca/Ca N To.

Remark 3.1.8. Recently, in [9] Hom showed there is Z°° summand of Cpg, but her technique

cannot see the difference between the iterated Whitehead doubles in C either.

3.2 Infinity version of knot Floer complex of D(T5 9,,+1)

Recently, Hedden-Kim-Livingston showed that CFK®°(D(T3 3)) is chain homotopy equiv-

alent to CFK*°(T5 3) @ A for some acyclic complex A, [6, Proposition 6.1.]. Also see [3,
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section 9.1]. Here, we will prove that the result can be generalized to the torus knots 75 9,41
for m > 1, and furthermore CF K (D(T% 2y,41)) will be completely determined.
Before proving the theorem, recall the following useful lemma regarding how a basis

change in a filtered chain complex over F affects the diagram of a knot Floer chain complex.

Lemma 3.2.1. [6, Lemma A.1.] Let Cy be a knot Floer complex with a 2-dimensional arrow
diagram D given by an F-basis. Suppose that x and y are two basis elements of the same
grading such that each of the i and j filtrations of x is not greater than that of y. Then the
Z.D 7 filtered basis change given by y' = y+x gives rise to a diagram D' of Csx which differs

from D only at y and x as follows:
e FEvery arrow from some z to y in D adds an arrow from z to x in D’
e FEvery arrow from x to some w in D adds an arrow from y' to w in D’

We use the above lemma for the purpose of removing certain boundary arrows in chain

complexes over F. For example, the proposition below will be useful for proving Theorem

3.1.4.

Proposition 3.2.2. Suppose C' is one of the Z & 7 filtered chain complexes over F given by
the diagrams in Figure 3.2 with any possible combination of dotted arrows. Then all dotted

arrows can be removed by a basis change.

Proof. First, consider the complex (I). Suppose that

0a = b+ c+ Ax + By,
ob=d+Cz,

and Oc =d+ Dz
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for some A, B, C' and D in F. Since 9% = 0,

0=0% = O(b+c+ Az + By)
(3.1)

= (A+B+C+ D)z
Therefore, the coefficients have to satisfy the equation that A + B + C' + D=0. Now, we
consider every possible coefficient of A, B, C' and D in F satisfying the equation and show
that each case can be transformed to have A=B=C=D=0, as desired, after proper change

of basis.

e If A=B=1 and C=D=0, change the basis by t/=b+ z, =c + y and d'=d + 2.

If A=C=1 and B=D=0, change the basis by 0'=b + .

If A=D=1 and B=C=0, change the basis by 0’=b + = and d’'=d + z.

If B=C=1 and A=D=0, change the basis by ¢’=c +y and d'=d + z.

If B=D=1 and A=C=0, change the basis by ¢'=c + .

If C=D=1 and A=B=0, change the basis by d'=d + z.

If A=B=C=D=1, change the basis by t'=b+ x and ’=c + 3.

Similar argument is applied to remove any combination of possible dotted arrows in the

complexes (II) and (III). O

Proof of Theorem 4. Let D be D(T5 9,41) for m > 1. Theorem 1.2 of [5] together with the
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Figure 3.2: Any possible combination of dotted arrows can be removed by a basis change.

computation of C/’FT((T b 2m+1) shows that

(

Foy OF( ) ®F 5@ ®F( )
dm—1 4 4
FFRuD, )= 1 O FF Ty @ ),
2 2

2m
Fem, @ F?F g & F;

(

—5) DD F(—2m—1)

j=1
j=0

. j=-1
otherwise.

We assign an [F-basis to each summand in the direct decomposition as below:

11 —9mtl . —2m41
(af, -+, 29,) @ (ug 7, up 9) ®- - & (um,T+ =Um,72nJr )
e e @ L v @ @ (o v
HFE.(D, j) =
—9 —9 -3 3 —9m—1 _ —9m—1
(2775 o 2g) ® (wy ', wy9) © - B w1, w7 )
0
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j=1
j=0
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where the superscript of a generator represents its absolute grading.
Since HFK «(D) is homotopic equivalent to the @(D) [25, Lemma 4.5], we assume

that CFK™(D)(g jyy = HFE+(D, j) and CFK>®(D)(; jyy = UTCFK®(D)((o jy) =

i, ]
}TF?(*(D, j —1). Now, we investigate all differentials in CF K (D) by using the facts,
9? =0, H.(CFK(D)) = HF(S%) = F(g) and Hy(CFK™(D)) = HF>(5%) = F[U, U1].

First, note that there are no components of the boundary maps between generators of
the same (4, j)-filtration since they would reduce HOFK «(D). Thus, we can decompose the
boundary maps 0 to the vertical, horizontal and diagonal components, 0 = 0y + g + Ip.
Also, we remark that it is enough to determine boundary maps of F[U, U _1]—generators in
CF K because the boundary map is U-equivariant.

Exactly the same argument as [6, Proposition 6.1] can be used to determine 0y and Op

i.e. by the fact that H*(@(D)) = F (o) and using grading consideration, after changing

basis, we can assume that

8‘/(%’%) = yg:% fork=2,---,2m
8V(yg;,bil_1) = zld_2 forl=1,---,2m.
8V(ug_il) = vg_f and %(03212) = wg_i?’ forp=1,--- ,mandi=1, 2,

for d € 27Z and Oy ’s of other elements are trivial. Analogously, since H*(CFKOO(D){]-:O})
is isomorphic to HF (53) =~ F () and 9% = 0, the horizontal boundary components can be

assumed as following:

0H(zg) = yg:} fork=2,---,2m
8H(y§l;1£rl_1) = x?_z fori=1,---,2m.
0H(wg7_il) = dif and aH(vg;.iQ) = ug;3 forp=1,--- ,mandi=1, 2,
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and dp’s of other elements are trivial. We drop F[U, U~!] coefficients of generators since
they are canonically determined by the grading consideration. See Figure 3.3 for a diagram.
In fact we will show that we can assume there are no dp components for any elements as
shown in Figure 3.3.

We can split CFK*°(D) as following disjoint subsets:

d ._r,d d—1 dl
A '_{Upi—i-?’upi’ pz’ }

d._ d 2 d-2 -3
B {y2m+q’ g+1 q—l—l’yq }

and Cd _{yd 1 d 2’ 1— }’

om L

for1<p<m,1<q¢g<2m-—1,7i=1, 2 and d € 2Z. Note that any arrows between subsets
must be diagonal. Disregarding the diagonal arrows between subsets, each complex of A’s
and B’s has four generators with square-shaped grid diagram, and each complex of C’s has

three generators which looks like St(1,1). Therefore, if we remove all arrows between subsets

i.e. CFK®(D) is a direct sum of A’s, B’s and C’s, the theorem follows.

d 1

d .
Define a subset of A as A", - = {2 Up i Up i

d—1 . :
wy ; }. Due to grading constraints on

the filtered complex, we observe the following:

e Jp of any generator in A’d has components only in Ad Bd and C? for k < p,
j=1,2,and ¢g=1,---,2m — 1 (i.e. diagonal arrows between A’s going from higher

to smaller first index.)
e Op of the generators in B’s and C’s are zero.

These observations allow us to apply Corollary 3.2.2 inductively to remove all diagonal arrows
in the complex.

We start to remove any diagonal arrows from A RE First, we remove all diagonal arrows
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Figure 3.3: A diagram of CFK*(D(T% 5)).
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going from A;ﬁb 1 to A%_l 1» using basis-change of the case (I) of Corollary 3.2.2. Differently

from the corollary, there can be other components in dp of elements in A;f,ll, 1, not in AZ”L—L 1
However, considering the grading constraints again, one can easily check that the other
components cannot induce z component of 9%a in the Equation (3.1), hence the equation
that A+ B 4+ C'+ D = 0 in the proof of the corollary still holds and we remove diagonal
arrows using a basis-change in the corollary.

After applying the basis-change, two types of newer diagonal arrows will be added due
to arrows coming to A%,l and arrows going from Agz—l,l' First note that there are no
diagonal arrows coming to Afml by the observations above (m is the greatest index for A.)
Secondly, a diagonal arrow from A%_L 1 to some generator adds an arrow going from A;ln,l
to the generator after basis-change, but note that these arrows are going to the subsets Ag,z'
with p <m — 1 and 7 = 1, 2, which we will remove later.

Now, we similarly change the basis for removing diagonal arrows from A;f,ll, 1 to A%_L 95
Aﬁl—l 1 A%_Q,Q cee A‘i 1> and A‘iz in sequence. Then, case (IT) and (III) of the corollary

will be applied to remove arrows from A;f,lb 1 to Bg’s and C?% The induction ends with

removing any dp from A% 1, since there are no diagonal arrows from Ail ;8 Bg’s and C.

Then, we remove Jdp of A%m A;’(Tll—ld,l’ A;’(ril—l,27 cee A’l‘fl, and A’l% likewise. After
removing the diagonal arrows from A;M- forallp=1,---, mandi =1, 2, the only remaining

non-trivial dp are ones of vy, 1 and vy 9. It is easy to see that dp’s of v 1 and vy 2 also

vanish: 0282(up,i):8(vp,i). Thus, we may assume that dp’s of CF K are all zero. O

3.3 d-invariant of D*(T5, 5,1) and proof of Theorem 3.1.3

First, we present a lemma that relates the d-invariant of a Whitehead double to dSi)’.
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Lemma 3.3.1. For any knot K, §(D(K)) = QdSi)’(K#KT).

Proof. Let K, denote the 3-manifold obtained by p-surgery of S 3 along a knot K. Manolescu-
Owens showed that d(K_y 9) = d(K-1) for any knot in the proof of [14, Proposition 6.2]; in
fact both of them equal 2hy(K), where hg(K) is an invariant defined by Rasmussen in [25].
Thus, using the behaviour of d-invariants under orientation reversal [15, Propostion 4.2], we

have
d(Kyj9) = —d(EK_y)

= —d(K_y)
= d(Ky),
where K is the mirror image of K.
Recall that the double cover of S branched over D(K), ©(D(K)), can be obtained by
1/2-surgery along K#K" in S3, where K" is the knot K with its orientation reversed, see

[14, Proposition 6.1]. From the definition of J-invariant,

Proof of Theorem 3.1.3. By applying the lemma above to D?(T"), we have

5(D*(T)) = 2d((D(T)#D(T)")1),

where T'=T5 oy 41.

To compute d(K), it suffices to understand C'FK°°(K) [24]. Let us recall the algorithm.
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Pick &, a generator of H*(CFKOO(K){Z-ZO}) =~ [F. Note that any generator become zero in

CFK f?>0 or j>0} by the multiplication by high enough power of U. Then

d(K1) = —2min{n > 0: [U"*'¢] = 0 € Hi(CFK™®(K) ;>0 or j>01)}- (3.2)

Observe that d(K7) is derived from a direct summand of C K F°°(K) containing a generator
of Hi(CFK™(K);—gy) = F. In particular, if CFK>(K) and CFK®(K') are differ only
by an acyclic complex, then d(K7) = d(K7).

Now, let us understand CFK*(D(T)#D(T)"). Since the knot Floer complex is un-
changed under the orientation reversal [20, Proposition 3.9.] and by the connected sum

formula for knot Floer complexes in [20, Theorem 7.1.],
CFK®(D(T#D(T)") =2 CFK>®(D(T)) @ CFK>(D(T)).

Thus, d((D(T)#D(T)")1) equals to d((T>,3#71% 3)1) by Theorem 3.1.4. Tt is computed
that d((Th 3#715 3)1) = —2 as an example of the computer program, dCalc in [24], (it can also
be computed by Proposition 3.4.2) so that §(D?(T)) = —4. On the other hand, §(D(T)) =
—4m from the computation of 7(T") stated in Section 2.5 and the fact that §(D(K)) =
—4max{7(K), 0} for alternating knot K [14, Theorem 1.5.]. The first part of Theorem 3.1.3
follows.

Recall that 6 = ¢/2 mod 4 [14, (2.1)] and ¢ = 0 for any knot in Cpg. Consider the
homomorphism ¢ = (7, §/4) : Crg — Z @ Z. Since ¥(D(T)) = (1, —m) and (D?*(T)) =
(1, —1), v is surjective if m > 2. Therefore, Cyg has a Z? summand generated by D(T) and

D?(T). O
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Proof of Corollary 3.1.7. By [3, Corollary 4.9, Corollary 6.11] both 7 and § vanish for the
knots in CA N7gy. Now, consider the induced homomorphism (7, 6/4) : CA/CANTy — ZSZ,

and the subjectivity of it can be shown by the knots, D(T") and D?(T). O

3.4 Generalization of the result

In this section we discuss how to generalize the result for T5 9,11 to other knots. First, we
use a genus-bound property of the concordance invariant dSi)’ to show that, provided that
|0(D(K))| > 8, D(K) and D"(K) are not smoothly concordant for each n > 2. Secondly,
we present formulas to compute dSi)’(K ) and §(D(K)) = QdSi)’(K #K) for a given staircase

complex of K introduced in Section 2.5.

3.4.1 Genus bound and proof of Theorem 3.1.5

Proof of Theorem 3.1.5. 1t is shown in [24, Theorem 1.5.] that —dS3(K)/2 is a lower bound
for the slice genus, ¢*(K), of K, and note that the slice genus of D(K) is at most 1 for any

knot K. Hence, for n > 2,

—3(D"(K)) = =2dS{ (D" H(K)# D" H(K)") < 4g* (D" (K)# D" (K)") < 8.

Therefore, if 6(D(K)) < —8, equivalently dS%(K#K) < —4, D(K) and D™(K) are not
smoothly concordant. (According to [14, Theorem 1.5], §(D(K)) is nonpositive for any knot
K.)

If 7(K) > 0, both 7(D(K)) and 7(D™(K)) are 1 by Theorem 3.1.2. Now one can prove the

second part of the theorem by considering the surjective homomorphism (7, §/4) : Cpg —
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Proof of Corollary 3.1.6. This is obtained by Theorem 3.1.5 together with Theorem [14,

Theorem 1.5.]. I

Remark 3.4.1. Since §(D(T% 2pm41)) = —4m, Theorem 3.1.3 is a special case of Theorem 3.1.5
for m > 3, but we have shown it for the case m = 2 as well by computing 5(D2(T27 om+1)) =

—4.

3.4.2 dS}(K) and §(D(K)) of a staircase complex

If a knot admits a knot Floer complex generated by a staircase complex (equivalently, L-
space knots), then its d-invariant can be easily obtained. For the d-invariants of higher

surgery coefficients, we refer to [1, Section 4.2.].

Proposition 3.4.2. Suppose the knot Floer complex of K can be given by a staircase complex
St(K), then

3K — 9 . .o
d(S7(K)) (i,j)e\l;g;‘cll(St(K))maX{l’]}

S(D(K))/2 = d(S3(K#K)) = —2 i kGl
(D(K))/ (ST(K#K)) (Z_’j)’(kvl)rrenvr}ert(St(K))max{z+ . J+ 1,

where Vert(St(K)) is the set of the coordinates of the generators of St(K).

Proof. Suppose that CFK®°(K) is generated by St(K), then the top left element in St(K)

represents the generator of Hi(CFK™(K)g;—gy) = F: say {. The chain complex St(K)

k+1

has the form 0 — IF](“ 1y F(O) — 0. Observe that any non-trivial generator n of Fhtl

(0)

is homologous to &. For n with (4, j)-coordinates, pmax{i, j}+1p Jies in the subcomplex

CFKOO(K){KO and j<o} Whereas Umax{i. i}y does not. Note also that since St(K) is a
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Figure 3.4: A grid diagram of the complex St(73 4) ® St(13, 4).

7, @ Z-filtered complex, ming; »eVert(St(K)) max{i, j} is realized by the elements in F](fdgl,

not ones in F](‘“ 1) Hence, the first formula follows from the Equation (3.2).

Although CFK®(K#K) is not generated by a staircase complex, it can be constructed
from the tensor complex, St(K) ® St(K) by the connected-sum formula [20, Theorem 7.1].
The coordinates of the generators in St(K) ® St(K) are given by the sums of a pair of

coordinates of the generators of St(K). The complex St(K) ® St(K) has the form 0 —

2%k(k+1) (k+1)2
(+1) (0)

the generator of Hy(CFK™(K#K)g—py) = F. See Figure 3.4 for the tensor complex of

ok

(+2)—>IF

- F — 0, and the generators with (0)-grading are homologous to

two copies of St(1, 2, 2, 1). Therefore, we get the second formula similarly. O

For example, since St(15 9,,4+1) = (1,---, 1) of length 2m + 1, one can compute that

d(D(To,9141)) = —4m again. In the case of (3, 4) torus knot, St(73 4) = (1, 2, 2, 1), and
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Vert (T3 4) = {(0, 3), (1, 3), (1, 1), (3, 1), (3, 0)}.

Thus 6(D(73 4)) = —8, and hence we cannot figure out if D(73 4) and D2(T374) are con-
cordant, using Theorem 3.1.5. Note that there are many knots such that 6(D(K)) = —8:
for example, any knot K whose CF K is generated by St(1, n, n, 1). However, one can
similarly apply the arguments in Section 3.2 to show CFK>(D(13 4)) £ CFK>* (15 3) DA
for some acyclic complex A. Therefore, § (DQ(TQ,;),)) = —4, and we conclude that D(T3 4)
and D2(T3,4) are not concordant.

For the right-handed trefoil knot, as far as the author knows, all concordance invariants
of D(Ty 3) and D2(T273) are same, so it is still mysterious if D(T5 3) and D2(T2,3) are

smoothly concordant.
Conjecture 3.4.3. D(15 3) and D2(T273) are not smoothly concordant.

Remark 3.4.4. This conjecture is possibly approached using gauge-theoretic invariants. See

7).

Implementation

We wrote a C++ program computing dS3(K) and d(D(K)) for a (p, q) torus knot or a
staircase complex of K. You may download the source file in the author’s webpage. In order
to algorithmically obtain the staircase complex (equivalently Alexander-Conway polynomial)
of a (p, q) torus knot in the program, we used the subsemigroup of N generated by p and ¢,

see [2].
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Chapter 4

Correction terms of circle bundles

over oriented surfaces

In this chapter we discuss the correction terms (or d-invariants) of non-trivial circle bundles
over oriented surfaces with coefficients in F=7/27. Let Y (g, n) denote the circle bundle
over genus ¢ oriented surface with Euler number n. Earlier, in [15], Ozsvath and Szabé
computed the bottom d-invariant of Y'(g, n) for higher Euler number n with respect to g,
and reproved the Thom conjecture as a consequence. In [24] Peters studied the top and
bottom d-invariants of Y (g, n) when n = +1. Our goal here is to completely calculate top
and bottom d-invariants of Y (g, n) for any ¢ > 0 and n # 0 and discuss some applications
of them.

Observe that the manifold Y (g, n) can be obtained from n-framed surgery on #2952 % 51
along the Borromean knot K (see Figure 4.1). Hence there is a natural two-handle cobordism
W from #2952 % S to Y (g, n), obtained by attaching a two-handle to (#2952 x S1) x I along
K with framing n. After fixing a Seifert surface of K, we enumerate a torsion spin®-structure

t over Y (g, n) to [i] € Z/nZ by the way in Section 2.6.
Proposition 4.0.5. The manifold Y (g, n) has standard HF if n # 0.

Proof. Suppose n < 0. Let W be the cobordism above and s be a spin® structure of W

whose restriction to #2952 x S and Y (g, n) are ty (the unique torsion spin®-structure
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over #2952 x S1) and [i] respectively. Then since W has negative definite intersection
form, it follows from Ozsvath-Szabd [15, Proposition 9.4.] that the induced map Fyp , is an
isomorphism:

FfS o HF®(#295% % S, tg) —+ HF™(Y (g, n), [i)).

where ty is the unique torsion Spin¢ structure over #2952 x S1. Indeed, after identify-
ing H{(Y (g, n); Z)/Tors with Hy (#2952 x S1: Z) so that the corresponding elements are
homologous in W, Fyp - is a A*(Hy/Tors) ® Z[U]-module isomorphism.

If n is positive, by the duality property of Heegaard Floer homology under orientation
reversal (note that —Y (g, n) = Y(g, —n)), we can show that Y (g, n) has also standard
H F°° for each torsion Spin® structure. Alternatively, we may consider the cobordism —W

from Y'(g, n) to #2952 x ST, O

For n < 0, we have the following commutative diagram:

HE® (#2952 x S1 45) ——=— HFH(#2952 x 51, ¢)) «— H.(B")
lFﬁgE:g JF;{,E lb (4.1)

HF®(Y(g.n), [i) — HFF(Y(g,n).[l) <+ H.(X}(n)

Note that the left square of the diagram is induced from the cobordism W from #2952 x
Stto Y (g, n), and the right square come from the integral surgery formula for the Borromean
knot in #2952 x S1. In particular we are interested in the bottom-left horizontal map

for the d-invariants of Y (g, n).
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Figure 4.1: The Borromean knot in #2952 x S1.

4.1 Heegaard Floer homology of the circle bundles over

surfaces

In this section we study HE™T of Y (g, n) with coefficients in F = Z/27Z. In [23, Section
5.2], Ozsvath and Szabd calculated H F;g g of Y(g, n) (with coefficients in F) applying the
integer surgery formula to the knot K in #2952 x S1. We adapt their arguments but focus
more on HEF'" /H F:é 4 (the image of HF°°) to pursue an aim of the next section, computing
d-invariants.

The knot Floer complex of (#2952 x S1, K) was calculated in Ozsvath-Szabé [20] and

as given by the following:

C:=CFK®(#%5% x 81, K) = A*HY(Sy; Z) 05 Z[U, U}, (4.2)

the Z @& Z-filtration is given by

C{i, j} = N~ HY (S, 2) o U,
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*************************************************
Ay U_IA?3>§ U_2A%4>é U_gAé)é
UA{ Aty U_IA%z)é U_2A%3>é U_BA&)é
UAL,  UAR | A% U—lAgl)é U—ZA?Q)é
UgA?-z;) UQA?_:,)) UA%—2) A(1—1) U_lA(()O)
UPAL sy 0 UPALsy: UMy | Ay
UPAL g 0 UPALs) 0 UAL)

Figure 4.2: A knot Floer complex of the Borromean knot in #4562 % S1 and the quotient
complex AT shaded.

the group C{i, j} is supported in the grading (i + 7), and all the differentials are trivial. See
Figure 4.2 for a diagram for CFK®(#%5% x S1, K).
Under the identification Hy (#2952 x S1; Z) = Hi(X4; Z) and HEF>®(#295% % St ) =

C, the action of A*H{(X; Z) on C' is given by the formula:

Y (ERUYN = (156) @ Ul + PD(y) A€ @ U, (4.3)

for v € H1(3g;Z), where 1y denotes contraction.

After applying the integer surgery formula to CF K, we claim the following.

Theorem 4.1.1. Let Y (g, n) denote the circle bundle over a genus g oriented surface with

36



Euler number n # 0. Then, for any choice of [i] € Z/nZ, let k be an integer with min-
imal absolute value among all integers congruent to © modulo n. Under the identification
H1(Y (g, n); Z)/ Tors = Hy(Xg; Z), there are N*Hy(Xy;Z) ® F[U]-module isomorphisms,

HF(Y(g, n), [il; F) = A} @ HF|

red

ifn >0

and HFT(Y(g, n), [i; F) =2 BT{j >k} ® HF, ifn<0,

where A,:r and BY{j >k} are the quotient complexes of CFK>® (#2952 x S1, K: F) corre-

sponding to max(i, j — k) > 0 and min(i, j — k) > 0 respectively.

Proof. Although Spin®(#2952 x S1) = 729, HF*+(#29S5% x S1) is nontrivial only for the
unique torsion spin® structure tg by the adjunction inequality [19]. Hence, even though the
integer surgery formula in Section 2.6 is stated for integral homology 3-sphere, we can apply
it to our situation (c.f. [23, Theorem 4.10.]).

We recall the notation for the integer surgery formula in Section 2.6. Note that, once we
have C'FFK® in hand, the only non-combinatorial part in applying the furmula is finding
the chain homotopy equivalence from C{j > 0} to C{i > 0}. However, in the case of
CFK>®(#%95% x S, K) with coefficients in F, Ozsvéth-Szabé showed that the map is

necessarily described as follows.

Let {aq, B1,- -, ag, By} be a symplectic basis of Hl(Eg; Z) i.e. so that the intersection
0 1

matrix is given as the direction sum of . We define a A*H1 (X4 ; Z) ® Z[U]-module
-1 0

automorphism of C' by extending the formula

Jwe U™ = xIw)@ U, (4.4)
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for w@ U™ e C{i, 7}, where % is the Hodge star operator, and [ is an induced map
by I(a;)= — B; and I(5;)=a;. Observe that J sends a homogeneous element in {i, j} to a
homogeneous element in {4, i}. Hence J induces a A*Hq (34 ; Z) ® F[U] module isomorphism
J from C{j > 0} to C{i > 0}, where C denotes F-reduction of C, i.e. C = C ®F. Moreover
J is the only such isomorphism [23, Proposition 5.2]. Now, we work with F-coefficients.

It follows from the integer surgery formula that HF*(Y (g, n), [i]; F) is isomorphic to
the homology of the mapping cone complex X;L (n) of C. Since all differentials of C' are
trivial, Hy (X:r(n)) determined by the kernel and cokernel of DZTF: A;L — ]B%;r.

Suppose n > 0, and let k£ be an integer with minimal absolute value among all integers
congruent to ¢ modulo n. There is a natural projection chain map, II : X:r(n) — AZ. We
can easily check that II is surjective on homology from a diagram chasing. Specifically, an

element aj, € Ay can be extended to a sequence a = {ay, ¢y }sez in the homology of X;L (n)

+

(in fact, ker(D;r)) as follows: we choose aj (54 1), € Ak++( F—(s+1)n

s1yn A0 ag_(s11)n € 4

inductively on s > 0 so that

+ + _ +
hk—l—sn(ak"'sn) T Uk+(8+1)n(ak+(5+1)”) =0¢€ Bk+(s+1)n

and

+ + _ +
Uk—sn(ak—sn) + hk—(s—l—l)n(ak—(s—i-l)n) =0¢€ Bk—sn'

This can be done since v,‘; and h;
sn

s are surjective for all positive integer s. Moreover

a is finitely supported from the fact that the maps v];:sn and hz_sn are injective for all
sufficiently large s.

We claim that IT induces an isomorphism between the image of U¢ in H, (XzJr (n)) and
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A‘kF for all sufficiently large d :
M: ULH (XS (n) € Ho(X[ (n)) — A} (4.5)

The subjectivity of Il above directly follows from the subjectivity of both II on homology
and the U-multiplication map in Az. Before we show the injectivity of the map, we observe

the followings:

e All homogeneous elements of H (XzJr (n)) in sufficiently large degrees have non-trivial
component in AZ. This can be seen since in all sufficiently large degree h;_sn and

Upy ¢ ATe injective for all positive s.

e For an element m of a F[U]-module M, we define a length of m, Ljs(m), as the largest
integer [ with the property that U’ -m # 0. If ¢ is an element in H, (X;L (n)) which has

a homogeneous component ¢ in Ay, then
(Ckasn), for any s € Z,

where ¢y ¢, is the component of in AZ 4gn- This can be shown by chasing the arrows
in X;L (n) and the fact that k is chosen as an integer with the minimal absolute value

in ¢ + nZ. See Figure 4.3 for instance.

Suppose a is an element in U dpy, (X), then there is an element b such that U dp = a
for some large d. By the first observation, b has non-trivial component in AZ. Thus if
II«(a) = 0 € A, then a must be trivial by the second observation. This verifies the
isomorphism of Il in (4.5).

If n is negative, we can similarly prove that the natural projection map II : X;L —
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AS A5 A% A3 A2 AL AO A3 A2
AS A% AT A3 A2 (AD) A0 Slaz A

1%

Figure 4.3: A mapping cone complex X;‘(?)).l

B, {j > k} induces an isomorphism

IL : UYHL(X] (n)) € Ho(X (n)) — B {j >k},

for all sufficiently large d. A key observation is that if an element in IB%;r has a non-trivial
component in B;j{j > k}, then it cannot be an image of D from a finitely supported

element in A;r.

IThe dotted arrows show a diagram chasing for a homogeneous element in Ai—l' Also we can see that

the length of elements in the circled groups in Ai—l is greater than the length of them in A;_
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O

If n is even and 7 is an integer congruent to 5 modulo n, then there could be two
different choice of k (%) in Theorem 4.1.1. However we can easily check that A; and AT 2
(or BT{j >k} and BT{j > —k}) are isomorphic as A*H}(3,)/Tor ® F[U]-module via the

map J defined in (4.4).

4.2 Correction terms

Fix g > 0. Let C*° be the Z-graded A*Hq(Xy; Z) ® F[U]-module obtained by reducing

CFK® in (4.2) modulo 2,
C® = N HY(Sy; 2) @ FlU, UTY.

We first examine LC™ := {x € C®|v-2 =0 Vv € Hi} and QC® := C*°/(H{.C*). Let
{a;, bi}gzl be a symplectic basis of Hy(Xg; F), and {ay, 51'}?:1 be the canonical dual basis
for {a;, bi}lg:p which forms a basis of Hl(Eg; F). We denote v; = a; A B; € A2H1(Zg; F),
and let I be the subset of the canonical generators of A2$H! (Xg¢; F), which contains all

generators having only v; = «; A 3; factors, i.e.
Is = {vjp A A0 <y <ig <+ <ig < g} and Iy == {1}.

Lemma 4.2.1.

KC™ = F[U, U_l](i > veU?).

s=0velg
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Proof. Let K denote the generator of the right hand side. It is computed directly applying

the formula of Hj-action in (4.3) that
ai.(vy NVjy N - NV ®U+U¢2 A= ANvig) =0

for any 1 < 19 < --- <1g < g. From this it is easily verified that a1.K = 0.
Indeed, by the symmetry of K (we can interchange the role of a; and f3;, or v; and vj),
K is annihilated by any Hi-action. The statement then follows from the fact that C°° has

rank 1 (c.f. [12, Lemma 2.4.]). O

Lemma 4.2.2.

QC™ = F[U, U™ (0 @ US)yep, 0<s<g/ R,

where the relation R is given as that all generators are equal to each other.

Proof. Let L := {v®@U* 9},cr, 0<s<g, and observe that it is a subset of the canonical F-
generators of C’(_g) >~ NO@UIA2a- .- UIA2I. Suppose € is a generator in the complement

of L on C*™

o) Then & necessarily contains either oy, or 3., but not both of them for some k.

We claim that £ is a image of Hi-action. Without loss of generality, say & = aq A~y for some
~ which does not contain 51. We can easily check that £ = by1.(v; A7) from (4.3). (Note
that if  contains 1, then b1.(v; A ) become trivial.) Therefore, L can be a generating set
of QC™.

The relation R can be obtained by generalizing the following computation:

ay-(1 Avig A+ Avjg @U) =01 Avjg A+ Avjg @ U+ vjg A+ Avjg.
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For example, KHF*>°(Y (2, n), i) is generated by

1+ Ua181 +UagfBy + U2a161a2a2,

and QHF*>(Y (2, n), i) is given by

F[U, U1, Ua1 81, Uagfa, U2ayfrasfe)/{1=Uaif1=Uasfa=U?a1 81028},

where we abbreviate notations of the tensor and wedge.
Now we are ready to compute d-invariants of Y (g, n). Let d(Y,t;F) denote d-invariants

corresponding to Floer homology of (Y, t) with coefficients in F.

Theorem 4.2.3. Let Y (g, n) denote the circle bundle over genus g oriented surface with
Euler number n. Then, for any choice of [i] € Z/nZ, let k be an integer with minimal

absolute value among all integers congruent to i modulo n. If n > 0

dbot(Y(ga n)? [Z]a F) = _dtop(Y(g> _n)a [Z]v F) = d(na Z) -9,

and
dtOp(Y(g> n)? [Z]v IF) = _dbot(Y(ga _n)a [Z]v IF)
(
d(n, i) +g if |k| > g
=194 d(n, i)+ |kl if |k| < g and g+ k is even
\ d(n, i)+ k| =1 if |k| < g and g+ k is odd,
where
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dn, i) = —  max - (1 - M) |

(s€Z|s=i (modn)} 4 n
Proof. Fix g, n < 0 and [i] € Z/nZ, and let k be an integer with minimal absolute value
among all integers congruent to ¢ modulo n. Let W be the natural two-handle cobordism
from #2952 x S to Y (g, n), and s be the Spin® structure of the cobordism W corresponding
to k. Then we have the following diagram restricting the diagram (4.1) to the image of H F**°

and including the statement of Theorem 4.1.1.

Trx

HF®(#52 x 81, ) —=—  HFT(#52x 5!, t) «— B
| ) i
HF®(Y(g,n),i) — im(r) C HFY(Y (g, n), i) «—— B {j >k}

Let us identify HFEF°’s of the left column with C°°. As we showed in Proposition
4.0.5, they are A*Hj(X4) ® F[U]-module isomorphic to the “standard” HF°® (in which
Hy/Tors-action is simply given by the contraction map). However, the identification of
HF>(Y (g, n), [i]) with C* is more appropriate in our purpose since HF*(Y (g, n), [i]) is
described as a quotient complex of C'F'K°° in the previous section.

Then it follows from chasing the diagram that the bottom-left horizontal map 7, can be
identified with the natural projection map 7 from C*° to B]_:{ j > k}. Observe that the
generator K of KC™ of Lemma 4.2.1 is a sum whose summands are contained in each wedge
product of even degree. Hence dp,; will be the minimal grading among all wedge product of

even degree in B,j {j > k}. It can be easily verified from the following commuting diagram:

ke 20 kp> g

| |

c* s BHji>k}
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g+k gtk—1 0
ATk | ACk) Ay j=k
Al o) j=0
1=0
Bl k>0

Figure 4.4: A digram of B]j and B]j{j > k} shaded.

In particular if |k| < g, the minimal grading of even wedge product of B,j{ Jj > k}is
realized in B,;"{O, k} if g+ k is even, and B]j{l, k} if g + k is odd (see Figure 4.4.) Recall
that a Z-grading was given to the mapping cone complex Xt (n) in Section 2.6. Hence it is
easy to check from it that BZ{O, k} and B;{l, k} are supported in the grading —|k| and
—|k| + 1 respectively. If |k| > g, then the minimal even wedge is in B];"{g +k, k}if k>0
and B;{O, —g} if k < 0, which are supported in the grading —g.

On the other hand, QC™ is generated by elements in each wedge product of even degree,
and they are related identically. And hence, if QB]‘;{j > k}(p) has non-trival image of
QC’E”;) then B]j{ J = k‘}(p) must contain all wedge product of even degree. Otherwise the
image of QCE’E) become trivial factored by R. We observe that B]j {j > k}( 9) contains every
even wedge product, but B];"{ ] > k}(g_Q) does not. Hence, since the quotient maps are

F[U]-equivariant, dy, is realized at grading g.
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Finally, the statement follows from the fact that the isomorphism from the homology of
mapping cone complex to HF T is of degree d(n, i), and the property of d-invariants under
orientation reversal. Remark that, instead of using the property of orientation reversal, we
achieve the same results for the d-invariants of Y (g, n) (n > 0) by identifying the map from
HF> to HF* with the projection map from C® to A}, similarly to the negative n case.

O

4.3 Applications

Recall that the d-invariants of Y can provide restrictions to the intersection forms of negative
semi-definite 4-manifolds bounded by Y. Hence there is an immediate corollary of Theorem

2.3.2.

Corollary 4.3.1. Let W be an oriented negative semi-definite 4-manifold bounded by Y (g, n).
Then, for any Spin® structure s over W whose restriction to Y (g, n) is [i], we have the fol-
lowing inequality:

c1(s)? + by (W) < 4dyoy(Y (g, n), [i]) + 4g.

In addition, if the map H{(Y')/Tors — Hy{(W)/ Tors induced by inclusion is injective, then
we have

c1(5)2 + by (W) < ddyop(Y (g, 1), [i]) — 4g.

Moreover the corollary can be applied to closed 4-manifolds. Let X be an oriented closed

4-manifold and ¥ be an embedded genus ¢ surface in X with [X] - [¥] = n. Then X can be
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Figure 4.5: A surgery digram of Y (g1, n1)#Y (g2, n2)

separated as two parts, the tubular neighborhood of ¥ and its complement W,

X =nb(Z)UW.

Observe that the boundary of W is diffeomorphic to —Y (g, n), so we may apply Corollary
4.3.1 if W is negative semi-definite.

In a different direction, our computation together with the surgery exact sequence can be
applied to compute Heegaard Floer homology of interesting 3-manifolds. For instance, let Y
be the connected sum of two circle bundles over surfaces, Y = Y (g1, n1)#Y (g2, no) and K
be the knot described in Figure 4.5. We can easily verify that Y(K) is indeed diffeomorphic
to Y (g1 + g2, n1+n3) by a handle-slide and handle-cancellation. By blowing-down K, Y7 (K)
is diffeomorphic to the manifold obtained by the plumbing of two disk-bundles over surfaces.

Then they fit into the long exact sequence [19, Section 9],
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¢ HFT(Y) —— HFT(Yy) —— HFT(Y]) —— ---.

Observe that the first two groups in the sequence can be described from the computation in
this chapter and the connected sum formula of HF*° in [19, Theorem 6.2.]. Therefore we may
expect the other one, Heegaard Floer homology of the manifolds obtained from plumbing,
can be computed by analyzing the long exact sequence. Moreover, the correction terms of

the manifolds are expected to give another application in 4-dimensional topology.

48



BIBLIOGRAPHY

49



1]

BIBLIOGRAPHY

M. Borodzik and C. Livingston, Heegaard Floer homology and rational cuspidal curves,
Preprint, available at http://arxiv.org/abs/1304.1062

M. Borodzik and A. Némethi, Heegaard—Floer homologies of (+1) surgeries on torus
knots, Acta Math. Hungar. 139 (2013), no. 4, 303-319. MR3061478

T. D. Cochran, S. Harvey and P. Horn, Filtering smooth concordance classes of topo-
logically slice knots, Geom. Topol. 17 (2013), no. 4, 2103-2162. MR3109864

M. H. Freedman, The topology of four-dimensional manifolds, J. Differential Geom. 17
(1982), no. 3, 357-453. MR0679066 (84b:57006)

M. Hedden, Knot Floer homology of Whitehead doubles, Geom. Topol. 11 (2007), 2277
2338. MR2372849 (2008m:57030)

M. Hedden, S. Kim and C. Livingston, Topologically slice knots of smooth concordance
order two, Preprint, available at http://arxiv.org/abs/1212.6628

M. Hedden and P. Kirk, Instantons, concordance, and Whitehead doubling, J. Differen-
tial Geom. 91 (2012), no. 2, 281-319. MR2971290

M. Hedden and P. Ording, The Ozsvdth-Szabo and Rasmussen concordance invariants
are not equal, Amer. J. Math. 130 (2008), no. 2, 441-453. MR2405163 (2009b:57021)

J. Hom, An infinite rank summand of topologically slice knots, Preprint, available at
http://arxiv.org/abs/1310.4476

S. Jabuka, Heegaard Floer homology and knot concordance: a survey of recent advances,
Glas. Mat. Ser. III 42(62) (2007), no. 1, 237-256. MR2332669 (2008¢:57024)

R. Kirby, Problems in Low-Dimensional Topology (1995), available at
http://math.berkeley.edu/ kirby

A. Levine and D. Ruberman, Generalized Heegaard Floer correction terms, Preprint,
available at http://arxiv.org/abs/1403.2464.

50



[13]

[14]

[15]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

C. Livingston, Slice knots with distinct Ozsvdath-Szabo and Rasmussen invariants, Proc.
Amer. Math. Soc. 136 (2008), no. 1, 347-349 (electronic). MR2350422 (2008h:57011)

C. Manolescu and B. Owens, A concordance invariant from the Floer homology of double
branched covers, Int. Math. Res. Not. IMRN 2007, no. 20, Art. ID rnm077, 21 pp.
MR2363303 (2008k:57003)

P. Ozsvéath and Z. Szabd, Absolutely graded Floer homologies and intersection forms
for four-manifolds with boundary, Adv. Math. 173 (2003), no. 2, 179-261. MR1957829
(2003m:57066)

P. Ozsvath and Z. Szabd, Knot Floer homology and the four-ball genus, Geom. Topol.
7 (2003), 615-639. MR2026543 (2004i:57036)

P. Ozsvath and Z. Szabd, Heegaard Floer homology and alternating knots, Geom. Topol.
7 (2003), 225254 (electronic). MR1988285 (2004f:57040)

P. Ozsvéath and Z. Szabd, Holomorphic disks and topological invariants for closed three-
manifolds, Ann. of Math. (2) 159 (2004), no. 3, 1027-1158. MR2113019 (2006b:57016)

P. Ozsvath and Z. Szabo, Holomorphic disks and three-manifold invariants: proper-
ties and applications, Ann. of Math. (2) 159 (2004), no. 3, 1159-1245. MR2113020
(2006b:57017)

P. Ozsvath and Z. Szabd, Holomorphic disks and knot invariants, Adv. Math. 186
(2004), no. 1, 58-116. MR2065507 (2005e:57044)

P. Ozsvath and Z. Szabd, On knot Floer homology and lens space surgeries, Topology
44 (2005), no. 6, 1281-1300. MR2168576 (2006f:57034)

P. Ozsvath and Z. Szabd, Holomorphic triangles and invariants for smooth four-
manifolds, Adv. Math. 202 (2006), no. 2, 326-400. MR2222356 (2007i:57029)

P. Ozsvath and Z. Szabd, Knot Floer homology and integer surgeries, Algebr. Geom.
Topol. 8 (2008), no. 1, 101-153. MR2377279 (2008m:57075)

T. Peters, Computations of Heegaard Floer homology: Torus bundles, L-spaces, and
correction terms. Thesis (Ph.D.)Columbia University. 2010.

J. Rasmussen, Floer Homology and Knot Complements, PhD thesis, Harvard University

51



[26] J. Rasmussen, Khovanov homology and the slice genus, Invent. Math. 182 (2010), no. 2,
419-447. MR2729272 (2011k:57020)

52



