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ABSTRACT

MATRIX-BASED REPRESENTATIONS OF LOOP
TRANSFORMATIONS

By

David Raymond Chesney

The execution speed of source code on a parallel architecture machine is bound by
many factors, including the ability of a parallel compiler to determine parallelism in the
target source code. Most of the available parallelism in a source code is contained in the
loops and is exploited by applying a sequence of loop transformations. Different methods
of representing and ordering sequences of transformations have been developed, including
the use of unimodular transformations. A significant feature of the unimodular approach is
that it unifies a kernel set of seemingly independent loop transformations into the familiar
linear algebra domain. The unimodular approach has been applied to loop permutation,
loop reversal, and loop skewing in perfectly nested loops.

This research extends matrix-based representations of loop transformations to include
a wider family of loop transformations applied to a broad range of source code structures.
First, a matrix-based representation of additional loop transformations has been developed,
namely loop normalization, loop blocking, strip mining, cycle shrinking, loop collapsing,
loop coalescing, loop fission, and loop fusion. Second, the application of the extended and
kernel transformations is generalized to handle both perfectly and imperfectly nested loops.
Finally, properties of the original unimodular transformations, including composition, one-

time mapping, and the evaluation of parallelism are preserved in the extended model.
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CHAPTER 1

Introduction

The speed of executing source code on a parallel computer is theoretically limited by the
number of processors [1, 2]. However, a practical limitation is the ability of a compiler
for a parallel machine to recognize and exploit parallelism and data locality. In order to
parallelize and localize data, a compiler is often more complex for parallel machines than
for sequential machines. Methods need to be developed that easily and consistently exploit
parallelism and locality, which leads directly to faster execution on parallel architecture
machines.

Most of the available parallelism in target source code is in the loops and certain com-
binations of transformations to the loops maximize parallelism or data locality goals. Ex-
amples of the loop transformations include loop permutation, loop reversal, loop skewing,
loop fission, loop fusion, loop blocking (tiling), strip mining, cycle shrinking, loop collaps-
ing, loop coalescing, and loop normalizing. Individually, the transformations are fairly well
understood, however, they are often treated independently.

Thesis Statement.

The purpose of this research is to eztend matriz-based representations of loop transforma-
tions to include loop normalization, loop blocking, tiling, cycle shrinking, strip mining, loop
collapsing, loop coalescing, loop fission, and loop fusion. The transformations are applied to

both imperfectly and perfectly nested loops, and preserve attractive properties of the tradi-



tional matriz-based models. New algorithms are developed that use the kernel and eztended

transformation set to obtain both machine-independent and machine-dependent goals.

1.1 Motivation

A unified framework that represents a broad spectrum of transformation techniques is es-
sential to the usefulness of a parallel compiler. An integrated framework facilitates the
user’s ability to manipulate and transform source code within a common context. Recently,
several generalized transformation schemes have been proposed to unify the seemingly inde-
pendent transformations, including unimodular matrices [3, 4], non-singular matrices 5, 6],
schedules [7, 8], and other general approaches [9, 10, 11].

Each generalized model has its own set of strengths and weaknesses. One weakness of
the generalized models is that only a limited number of loop transformations are repre-
sented. As an example, unimodular transformations represent loop permutation, reversal,
and skewing. Second, there is typically an explicit limitation on the source code struc-
ture before the generalized model is applied. That is, the models typically require perfect
loop nesting. Third, mapping rules for the dependences are often imprecise. Accurate
dependence information is paramount to the evaluation of any transformation sequence.
The accuracy needs to be maintained throughout the transformation sequence in order for
parallelism goals to be evaluated.

A major strength of each transformation model is the unification of a set of loop transfor-
mations, which allows a user to manipulate different loop transformations within a common
context. Unimodular transformations offer three additional strengths: one-time mapping of
initial source code into transformed source code; composability; and the ability to evaluate
parallelism goals using an abstract representation of the source code and transformation
sequence.

Unimodular transformations are a set of loop transformations that are represented by
matrices with specific properties. Specifically, loop permutation, reversal, and skewing are

all represented by unimodular matrices. A sequence of transformations is represented by the



product of the individual transformations that comprise it, and is called the transformation
matrix 7.

The user can determine if the transformed source code is legal based upon properties of
the product of the transformation matrix T and a vector representation of the dependences
D is the source code. Source code parallelism is also determined from the product of the
transformation matrix T’ and the dependences D. The source code is mapped from initial to
final form, given the transformation matrix 7. That is, there exists an algorithm for source

code mapping based upon the matrix representing the sequence of transformations.

1.2 Contributions

The major contributions of this research are: 1) to extend the matrix-based representations
of loop transformations; 2) to generalize the kernel and extended set of transformations
to apply to both perfect and imperfect loop nests; and 3) to develop new algorithms that
are based upon combinations of the transformations to achieve goals relevant to a parallel
compiler. The research presented in this dissertation preserves the strengths of unimodular
transformations, yet overcomes the weaknesses of other generalized models [12].

First, this dissertation describes an extension to the unimodular approach to include
a wider class of loop transformations. Specifically, five new families of transformation
techniques are described in terms of a matrix-based framework: loop normalization [13,
14, 15], loop blocking [4, 14, 15, 16, 17, 18, 19], loop collapsing [14, 15, 18], loop fission
(17, 18, 19, 20, 21], and loop fusion [14, 15, 17, 18, 19].

Loop normalization is a transformation that transforms source code so that the lower
bounds and step sizes of a loop are both one. Normalized loops are often a precondition for
kernel transformations and for many extended transformations that are discussed in this
dissertation. Loop fission is a loop transformation technique that divides a set of program
statements within a nested loop into two separate nested loops. The inverse of loop fission is
loop fusion, in which two adjacent nested loops are combined into one [22]. Loop blocking

includes tiling, strip mining, and cycle shrinking; and this transformation increases the



depth of a nested loop. Loop collapsing includes loop coalescing and is the inverse of loop
blocking because it decreases the depth of a nested loop [23].

Mapping for the source code and dependences is explicitly defined for each extended
transformation. The rules for source code mapping show how the initial source code is
mapped to its final form. Accurate dependence mapping rules ensure that the transformed
source code is semantically equivalent to the initial source code and allows for evaluation
of potential parallelism.

Another important advantage of the extended approach is the ability to transform im-
perfectly nested loops. Imperfect loop nests do not have all assignment statements contained
in the deepest loop. The generalized unimodular framework presented in this dissertation
enables both the kernel set (loop permutation, reversal, and skewing) and the extended set
(loop normalization, fission, fusion, blocking, and collapsing) of loop transformations to be
applied to both perfect and imperfect loop nests.

Loop transformations are used for numerous purposes in a parallel compiler. For ex-
ample, loop permutation and skewing may be used to obtain parallelism. Loop blocking
may result in improved data locality or reduced barrier synchronization. Combining loop
blocking, permutation, and skewing enables parallelism, data locality, and barrier synchro-
nization goals to be attained within a matrix-based framework. That is, extending the
unimodular approach to include additional transformations broadens the potential advan-
tages to include those of the extended transformation set.

Several new algorithms are introduced that combine the kernel and extended transfor-
mation sets on machine-independent and machine-dependent goals. Machine-independent
goals include data locality and parallelism, and machine-dependent goals include transfor-
mation of source code for a vector or shared-memory machine. The algorithms combine the
loop transformations to obtain goals that are beyond the scope of the kernel transformation
set alone.

The current unimodular approach is a theoretically elegant method for applying a limited

number of transformations to a restricted set of source code structures. The generalization



presented here broadens the types of transformations that are applied to a wider class of

source code structures.

1.3 Organization

The remainder of this dissertation is organized as follows. Chapter 2 gives definitions
and background information used throughout the dissertation. Chapter 3 discusses the
generalization of the kernel transformations (loop permutation, reversal, and skewing) to
include imperfectly nested loops and also loop normalization. The next chapter discusses
two additional transformations that modify the nest depth of a nested loop, namely loop
blocking and collapsing. Chapter 5 discusses loop fission and fusion, which are the last of
the extended transformations. Algorithms that attain machine-independent and machine-
dependent goals using the kernel and extended transformation sets are discussed in Chapter
6. Chapter 7 uses the object modeling technique to describe the implementation framework
of the system. Related work is discussed in Chapter 8. Finally, conclusions and future
investigations are discussed in Chapter 9.

Chapters 3 through 5 describe matrix representations of individual loop tra.nsforma.tions,
and the format of all of the chapters is similar. First, the transformation is briefly described
and an example is given. Second, the legality of the transformation is discussed in terms of
tnvariant, ezplicit, and nesting preconditions. Next, the effect of the loop transformation
on the distance vector set D is discussed. Accurate mapping of D is essential to evaluation
of overall legality, parallelism, and other transformation goals. Finally, the source code

mapping is discussed.



CHAPTER 2

Background and Definitions

This section gives background and definitions for terms used throughout the dissertation.
First, the terminology related to source code structure is discussed. Next, the taxonomy of
perfect and imperfect loop nests is described. Third, dependences and their properties are
discussed. Next, fundamentals of unimodular transformations are described, followed by

the global pre- and postcondition for applying a sequence of matrix-based transformations.

2.1 Source Code Structure

This section discusses the explicit notation used throughout the dissertation to describe

loop bounds and subscript expressions.

Loop Bound Notation

In general, a loop nest is in the form shown in Figure 2.1, where n is the loop nest depth. The
entire iterative statement “for I; = lb;, ub;, 3,” is referred to as L;. I; through I,, are indez
variables, and 1b;, ub;, and s; are the lower bound, upper bound, and step size, respectively,
for the loop with index variable I;. In order to prevent ambiguity, the subscripts for the
upper bound, lower bound, and step size may contain the name of the index variable with
which they are associated. As an example, lby, is equivalent to lb;.

If there is an n-nested loop, then the loop bound set B has n loop bound vectors b.

Each b has three loop bound expressions: the lower bound, upper bound, and step size. As



Ly for I, =lIb,uby,s
Lo  for Iz = Ibs,ubs, s2

L, tor I, = lbn, ubyn, 8,
S1 ARR[sub,, sub,, ..., subnm] = ...

Figure 2.1. Sample code: general form of a nested loop.

an example, the source code given in Figure 2.1 has the loop bound set:

B = {(lbl, ubl, 31), (lbg, ubz, 82), ceey (lbn, ‘ub,,,, sn)}.

The first vector in B is b; = (161, uby, 31) and refers to the outermost loop. The last vector
in Bis b, = (Ib,, uby, s,) and refers to the innermost loop.

A restriction on the form of the lower bounds, upper bounds, and step sizes in the loop
nest is that each lb;, and ub;, 1 < ¢ < n, is a linear function of the surrounding index
variables I, such that j < 4; and that s; is an integer constant. Then each Ib; is in the
form:

ai1h +ai2la + ...+ a;;1; + ¢,

where j < i, a;; is the coefficient of index variable I; with respect to I, and ¢; is an integer

constant. Similarly, each ub; is in the form:

binh + bi2la + ...+ b ;I; + d;,

where j < 4, b; ; is the coefficient of index variable I; with respect to I;, and d; is an integer
constant. As an example, suppose that we have a loop in the form “for I3 = 21, +6,81;,m”,

then:

az1=2; b31=0; s;=m;
a3 =0; bzz=38;

02=6; d2=0.



Subscript Expression Notation

In a loop nest, S; refers to an entire assignment statement. If ARR is the name of an m-
dimensional array, then each sub;, 1 < i < m, is referred to as either an array subscript,
subscript expression, or reference to inder variables. Note that m does not necessarily equal
n. That is, the loop nest depth and dimension of the array are not necessarily the same.
An intuitive representation of an array ARR is using array indez function form [24]. An
m-dimensional array ARR in a n-nested loop is in the form ARR[sub;, subs,...,suby), where
each sub; is a linear function of the loop index variables of the loops plus a constant term.

The subscript expressions in array ARR are represented in the form:

Hl,l e Hl,n Il C1

Hg'l e Hgy,, C2
. . |+ 1+ .
. . In .

Hm,l e Hm'n Cm

where the m x n matrix H is called the array indez function. In general, the representation
of an array in terms of an array index function is in the form [H][[;] + [c;], and is called
array indez function form. As an example, the assignment statement S; shown in Figure

2.2 has the array index function form shown to the right of the source code.

Ly, forl, =1,ub
Ly torI; =1,ub; [ ]
S1 ARR[311,]1+212+3,4]=...

Figure 2.2. Sample code and array index function for statement ;.

Two array references have uniformly generated references if they refer to the same array
and have the same array index function H. A uniformly generated set is an equivalence
class, such that any two members of the set have uniformly generated references. There is

little potential for reuse in an array that has non-uniformly generated references [24]. That



is, arrays with the same name, that also have the same array index function H, will likely
have data locality that can be exploited.

If all H;; and ¢; for a subscript expression sub; are integer constants, then sub; is linear.
Otherwise, sub; is nonlinear. If all subscript expressions in an m-dimensional array ARR are
linear, then ARR is linear. If some subscript expressions are nonlinear, then ARR is partially
linear. If no subscript expressions are linear, then ARR is nonlinear. Finally, if index variable
I;, 1 £ i < n, appears in more than one sub;, 1 < j < m, then ARR has coupled subscripts,

where n is the loop nest depth and m is the dimension of the array [25].

2.2 Perfect and Imperfect Loop Nests

A loop nest hierarchy is a representation of the structure of a nested loop using a rooted
tree, where the parent-child relation is defined in terms of loop nesting and the root is the
outermost loop. Specifically, loop L; is the parent of loop L; if loop L; is the next outer level
of loops that completely encloses loop L;. For example, in Figure 2.3(a), L, is the parent of
L, and L, is the parent of L3. In Figure 2.3(b), L4 is the parent of Ls and Ls is the parent
of Lg. Finally, in Figure 2.3(c), L7 is the parent of both Lg and Lg. Note that in the source
code in Figures 2.3(b) and 2.3(c), there are assignment statements between the respective
for’s and the endfor’s. (The endfor’s are included in Figures 2.3(a) through 2.3(c) for
clarity. In other source code samples in this dissertation, the location of the endfor’s is
implied.) Two loops may have the same parent, as shown in Figure 2.3(c); however, no loop
may have more than one parent.

Two loops are perfectly nested if there are no statements between their opening for
statements, nor between their respective closing endfor statements. A loop nest is perfectly
nested if each parent-child pair in the loop nest hierarchy is perfectly nested. Note that
there is a difference between perfect nesting of two loops and perfect nesting of an entire
loop nest. A loop nest that is not perfectly nested is imperfectly nested.

For example, L; and L, are perfectly nested, as are L, and L3 . Therefore, the entire

loop nest in Figure 2.3(a) is perfectly nested. L4 and Ls are imperfectly nested in Figure
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Ly torly... Ly torJy... Ly tor K;...
Ly torl... S varl=... S varl=...
Lj forls... Ls forJ;... Ls for K,;...
S1 vari=... Le for Ji... S2 var2=...
S3 var2=... Sz var2=... endfor
S var3=... S3 var3=... Ly for Ki...
endfor endfor Ss var3=...
endfor endfor endfor
endfor endfor endfor

Figure 2.3(a). Sample code and Figure 2.3(b). Sample code and Figure 2.3(c). Sample code and
loop nest hierarchy: perfect nest- loop nest hierarchy: smperfect- loop nest hierarchy: imperfect-
ing. only-child nesting. sibling nesting.

2.3(b), however, Ls and Lg are perfectly nested. Therefore, the loop nest in Figure 2.3(b) is
imperfectly nested. Similarly, Lg and Lg are imperfectly nested in L7, and the entire loop
nest is imperfectly nested in Figure 2.3(c).

The taxonomy for perfect and imperfect loop nests is derived from the form of the
loop nest hierarchy. Perfect loop nests (Figure 2.3(a)) are rooted trees of degree one with
no statements between opening for ’s and closing endfor ’s of any parent-child loops.
Imperfect-only-child loop nests (Figure 2.3(b)) are rooted trees with degree one with at least
one assignment statement between a parent-child pair of for ’s or between a parent-child
pair of endfor ’s. Thus, statement S; in Figure 2.3(b) makes the loop nest imperfect-
only-child. Finally, imperfect-sibling loop nests (Figure 2.3(c)) are rooted trees with degree
greater than one. The relationship between these three different forms of loop nests is shown

in Figure 2.4.
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imperfect-sibling loop nests

imperfect-only-child loop nests

( perfect loop nests )

Figure 2.4. Relationship of perfect and imperfect loop nests.

The applicability of unimodular transformations is dependent upon the distinction be-
tween perfect, imperfect-only-child, and imperfect-sibling loop nests. That is, currently
unimodular transformations are applied only to perfect loop nests. This research shows
how to apply transformation matrices to imperfect-only-child loop nests, and how to trans-

form many imperfect-sibling loop nests into imperfect-only-child loop nests.

2.3 Dependences

In any assignment statement, the variable on the left-hand side (LHS) is being defined (def),
and any variables on the right-hand side (RHS) are being used (use). The three types of
dependences: flow, anti, and output, are defined in terms of the chain of defs and use’s that
result in a dependence. Flow dependence is defined as a def-use chain; anti dependence is
defined as a use-def chain; and output dependence is defined as a def-def chain. Symbols
representing flow, anti, and output dependence are é/, 6%, and 6°, respectively, where é
represents one or more occurrences of these types. That is, if the relation 6/, 6%, or §°
holds, then é§ holds.

Source code that illustrates each type of dependence is given in Figure 2.5: S5 is flow
dependent upon S; due to A (S; 6/ Ss); S3 is output dependent upon S; due to B (S; 6° S3);
S4 is anti dependent upon S3 due to G (S3 6% S4); and Sz and S3 are anti dependent upon

S) due to B (S; 6% Sz, S1 6% S3). Note that the order of the statements in the notational
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description implies the order in the execution of the source code. That is, S; 6/ S5 implies

that statement S; must finish execution before statement S5 begins execution.

ST A=A+B
S2 B=C+D
S3 B=G+1
S¢e G=G+1
Ss H=A+K

Figure 2.5. Sample code containing scalar flow, anti, and output dependence.

Dependences can be represented in two forms: distance vectors and direction vectors. In
distance vectors, the components are integral, whereas in direction vectors, the components
are symbolic (<, =, and >).

A distance vector set D is a set representation of the dependences within a body of
source code. Each member of the set is called a distance vector d. Finally, each component
of a distance vector d; is a distance. For an n-nested loop, d; is the outermost loop, d, is
the innermost loop, and d;, 1 < i < n, refers to the respective loops between L; and L,,.

For example, the distance vector set for the loop nest in Figure 2.6 is:

D= {(03 1)3 (1,0),(1, _1)’(0’2)’(0’ 3)}’

where the first element of D, (0,1) is the distance vector for the output dependence between
S2 and Sy; the second element (1,0) is the distance vector for the anti dependence between S3
and S;; the third element of D, (1,-1) is the distance vector for the anti dependence between
S4 and S; the fourth element of D, (0,2) is the distance vector for the anti dependence
between S; and itself; and the fifth element of D, (0,3) is the distance vector for the anti
dependence between S; and §;.

A symbolic direction in a dependence vector describes the temporal nature of depen-

dences between statements. The integer distances in a distance vector explicitly define the
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Ly tor1 =1,n

Ly forb=1n

S1 AL, )= AL, I + 2]+ B[, I2] + C[I1, I2]
Sa A[Il, I - l] = van

Ss B[I] -1, Iz] = varz

S C[I — 1,12 + 1] = vars

Figure 2.6. Sample code containing array flow, anti, and output dependences.

distance in terms of iteration space between uses of a variable, and distance vectors are
used in this dissertation to represent dependence information. It should be noted that di-
rection vectors can be derived from distance vectors, but not vice-versa. As an example,

the distance vector (2,-3,0) is equivalent to the direction vector (<, >, =).

2.4 Properties of Dependences

This section formalizes definitions related to dependence vectors and dependence vector
sets. A distance vector d in an n-nested loop is in the form (dy,...,d;,...,d;). A loop-

independent dependence is one in which all of the distances in the distance vector are zero:
(Vi:1<i<n:d;=0).

A loop-carried dependence is one in which at least one distance is non-zero:
(37:1<j<n:d; #0).

In a loop-carried dependence, the dependence is carried at the loop depth of the first non-
zero distance. That is, if d; is the first non-zero distance in J, then the dependence is carried
at depth j.

Each dependence relation exists from a statement to a statement of source code. An
intuitive representation of the dependence relations uses a directed graph G(V, E) called a

dependence graph. The vertices V are the statements in the source code and the edges E
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are the dependences between the statements. Figure 2.7 is the dependence graph for the

source code in Figure 2.6, where the arc points in the direction of the dependence.

}2,0,0; (1,0,0)  (0,0,2) (0,3,0)
0,2,1

. (1,-1,0) .

Figure 2.7. Dependence graph (depth = 1).

Dependence graphs are also defined in terms of depths of the carried dependences. A
dependence graph at depth ¢ contains all of the dependences that are carried at depth ¢
or greater. The depth 1 dependence graph represents all of the dependences in the source
code. As an example, the depth 1 dependence graph for the source code shown in Figure
2.6 is given in Figure 2.7. The depth 2 dependence graph contains all dependences that
are carried at a depth of 2 or greater. Thus, the distance vectors {(2,0,0),(1,0,0),(1,-1,0)}
are eliminated from the dependence graph in Figure 2.8. Similarly, the depth 3 dependence
graph is shown in Figure 2.9.

O,

(0,2,1) 0,02 | | (03,0)

O,

Figure 2.8. Dependence graph (depth = 2).
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O,

(0,0,2)

)

Figure 2.9. Dependence graph (depth = 3).

A lezicographically positive distance vector, denoted d > 0, has some positive distance

within the distance vector and all distances preceding the positive distance are nonnegative:
J>6::((3i:1§£§n:d,—>0) AVj:1<j<izd; 20)),

where 0 represents the zero vector (0,0,0,...,0).

As an example, the distance vector (0,0, 2,—1) is lexicographically positive because the
third distance (d3) is greater than 0; and the first (d;) and second (d;) distances are both
greater than or equal to 0. If all of the distance vectors d in a distance vector set D are
lexicographically positive, then D is lexicographically positive.

Loops L; through L; are fully permutable if the distance vector set is in the following
form:

(Vd:de D:((dy,...,di-1)>0) V (Vk:i < k< j:dx>0)). (2.1)

That is, either the distance vectors are lexicographically positive preceding location 3, or are
non-negative in the range from d; to d;. Fully permutable distance vectors are significant
because, as the name implies, any permutation of loops in the range L; through L; results in
a legal transformation. Suppose that we have a predicate fully_perm(cf, i,7) that evaluates
whether distance vector d is fully permutable in the range of d; through d;. Evaluation of
fully_pevm(d': i,j)on d=(0,1,-3,2), 1 < i < j < n results in the following table:
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i |7 | fully_perm
12 yes
113 no
114 no
213 no
2 (4 no
3|4 yes

Typically, the objective of a loop transformation sequence is to maximize parallelism,
and parallelism is determined based upon properties of the distance vectors din the distance
vector set D [4]. Consider a loop nest of depth n, with lexicographically positive distance
vectors (Vf :deD:d> 6) A loop L; can be parallelized if either the distance vectors are
lexicographically positive preceding location ¢, or the distance at location ¢ is 0. That is,

the it loop is parallelizable if and only if:
(Vd:d e D:((dy,...,di-y) > 0) vV (d; = 0)).

This result is significant because it describes a property for determining available par-
allelism based only upon the form of the distance vectors in D. That is, parallelism is
determined from the abstract representation of the source code in terms of the dependence
vector set.

The criteria for vectorization relies more heavily on the dependence graph G(V, E) and
is less restrictive than the criteria for parallelization. That is, source code that cannot
be parallelized may be vectorizable, but not vice-versa. The criteria for vectorization is
dependent upon cycles in the dependence graph. Specifically, loop L; can be vectorized in
an assignment statement as long as there are no cycles in the dependence graph carried at
depth 1.

As an example, loop L, of statements S, .52, 53, and S4 cannot be vectorized because

all of the statements are in cycles in the depth 1 dependence graph shown in Figure 2.7.
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Loop L; can be vectorized for statements S and S3 because they are not in a cycle in the
depth 2 dependence graph shown in Figure 2.8. However, statements S; and S4 cannot be
vectorized. All statements can be vectorized at depth 3, because none are in a dependence

cycle as shown in Figure 2.9.

2.5 Unimodular Transformations

The objectives of the unimodular approach are: 1) to represent loop permutation, reversal,
and skewing as matrices and 2) to transform initial source code into some final source
code that is semantically equivalent to the original source code, but exhibits a desirable
property (parallelism, data locality, etc.) [3, 4, 9, 26]. All transformations are represented
as operations between a transformation matrix T and the dependence vectors d in the
dependence vector set D.

A unimodular matrix T has the following properties, where I is the set of all integers,

and Ti, j] refers to the element of T in the i*h row and j** column:

l.axn
2. (Vi:1<i<n:(Vj:1<j<n:T[i,j]€el))
3. |detT| =1

This definition states that T is square; all components of T' are integers; and the absolute
value of the determinant of T is 1.

Three kernel loop transformations represented by unimodular matrices are:

Permutation: interchanging two loops;

Reversal: modifying a loop to increment from the negation of the upper bound to
the negation of the lower bound;
Skewing: adding an integer function of an outer loop to the indices of an inner loop.

The matrices that represent permutation, reversal, and skewing are all simple modifications
to the identity matrix I. The following are examples of each kernel transformation matrix

applied to the distance vector d= (1,3,-2,0) as shown in the source code in Figure 2.10.
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Ly forI, =1b,ub

L, tor Iz = b2, ubs

L3 for I3 = Ibs, ubs

Ls for Iy = lby, ubs

S1 A[Il,fa,Ia,h] =...

Sz AL -1,1,-3,I3+2,1]=...

[/ *+D ={(1,3,-2,0)} x =/

Figure 2.10. Sample code: before unimodular transformation.

The 4 x 4 matrix ¢, shown in Figure 2.11(a) is used to represent loop permutation of
loops L, and L;. Note that the original lower and upper bounds of loops L, and L; (Figure
2.10) are swapped by loop interchange, as shown in Figure 2.11(b). Also, the distance vector

set after loop permutation of loops L; and L, is ¢, X d= (3,1,-2,0).

Ly tor Ji = lby,ubs
Ly tor J, = by, uby

01 0 O L, for J; = lbs, ub;
¢ 1 0 0 O L4 for J4 = Ib4, ub4
P10 0 1 0 S A1, J2, T3, Ji) =...
0 0 0 1 S2 ‘[Jl—l,J2—3,Jg+2,J4]=...

[/*+D ={(3,1,-2,0)} # &/

Figure 2.11(a). Unimodular matrix to permute Figure 2.11(b). Sample code: after loop permu-
loops L, and L,. tation of loops L; and L,.

In order to reverse loop L3, the transformation matrix ¢, is used as shown in Figure
2.12(a), where ¢, x d= (1,3,2,0). Note the differences between the loop bound expressions
and array subscripts for index variable J3 in Figures 2.10 and 2.12(b).

Finally, the matrix shown in Figure 2.13(a) represents skewing loop L, with respect
to loop L; by a factor of 2. The dependence vector is multiplied by t,, where t, x d =
(1,5,-2,0).
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Ll for J] = Ibl,uh
La tor J2 = bz, ubs

1 0 00 Ls for J3 = —ubs, —Ib;
_ 01 0 0 Ly for Jy = lby, ub,
=00 -1 0 S Al Ja,=J3, Ji] = ...
0 0 0 1 S2 A[h-1,1-3,-J3+2,J]=...

/*+D ={(1,3,2,0)} » »/
Figure 2.12(a). Unimodular matrix to reverse Figure 2.12(b). Sample code: after loop reversal
loop Ls. of loop L.

Ly, for Jiy =1b,uby
L, for J; = lby 4+ 2J,,ubs +2J;

1 0 0 0O L for J3 = lbs, ubs
¢ = 21 00 L, for Jy = lby, ube
*“10 0 10 S AN, J2 =201, 03, 0] =...
0 0 0 1 Sz Ah-1,02-3-21,J3+2,L]=...

[**+D = {(1,5,-2,0)} s &/
Figure 2.13(a). Unimodular matrix to skew loop Figure 2.13(b). Sample code: after loop skewing
Lz by 2L,. of loop L3 by 2L;.

In this dissertation, a superscript is sometimes used on the distance vector set D and
the transformation matrix T for clarity purposes. A superscript on the distance vector set
D has the following interpretation:

o D(): the initial distance vector set for the source code before the transformation;

e D(=-1): the transformed distance vector set before the zt* transformation;

e D(®): the transformed distance vector set after the z* transformation;

e D(®): the final, transformed distance vector set.

Similarly, superscripts on the transformation matrix 7" have the following interpretation:
o T(9): the identity matrix;

e T(=-1): the transformation matrix before the z!* transformation;

e T(): the transformation matrix after the z** transformation;

T(®): the final transformation matrix;

o t(?): the elementary transformation matrix representing the z'* elementary operation.
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The relation between D) and TU) is as follows:

o T(@) = ¢(#) x T(==1); the matrix representing the first z transformations is the product
of the z** elementary transformation matrix and the matrix representing the first z—1
transformations;

e D) = T(=) x D) the transformed distance vector set after z transformations is the
product of the transformation matrix representing the first z transformations and the
initial distance vector set;

o D) = t(#) x D(=-1); the transformed distance vector set after z transformations is
the product of the z*» elementary transformation matrix and the distance vector set
after ¢ — 1 transformations.

Unimodular matrices have a composition property; that is, sequences of unimodular
transformations are also unimodular. As an example, a sequence of loop reversal, permu-
tation, and skewing using the matrices shown in Figures 2.11(a), 2.12(a), and 2.13(a) may

be composed into one transformation matrix T(3) = ¢(3) x ¢(2) x ¢t(1):

21 00 1000 0100 10 00
p_|10 00| 2100 f1000] f01 00
00 -10 0010 0010 00 -10
00 01 0001 0001 00 01

The distance vector set can be transformed in one of two ways: after each kernel trans-
formation (D(®) = t(=) x d==1) € D(==1)); or after the final T(*) is found that represents
the entire transformation sequence (D®) = T(®) x d1® € D(9). Continuing with the earlier

example, D®) = T() x 49 ¢ DO):

21 00 1 5
10 oof | 3f[_|1
00 -10 -2 2
00 01 0 0

The composition property is significant because a sequence of transformations is represented
by a single matrix. Therefore, mapping the distance vector set D and source code need

occur only once.
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2.6 Global Pre- and Postconditions

Initially, all dependence vectors d®) in the dependence vector set D(?) are lexicographically
positive. Formally, this property is described as (Vd® : d® € DO : d® » §). This
condition is referred to as the global precondition, because it is true for all distance vectors
dl® before any transformations are applied.

The global postcondition must be true after all unimodular transformations have been
applied, and asserts that all ¢ransformed dependence vectors (Jm) € D) must be lexico-
graphically positive. This condition is formally described as (vd\®) : d® e D@ ; J19) 0),
where DO = T(® x 4l ¢ DO, Requiring lexicographically positive distance vectors af-
ter loop transformation ensures that the source code after transformation is semantically
equivalent to the code before transformation.

The global pre- and postconditions are significant because they govern the legality of a
sequence of unimodular transformations. That is, all d® € DO are initially lexicographi-
cally positive. Any sequence of transformations, represented by T(%), can be legally applied
to the source code, as long as all transformed distance vectors (T® x d® € D) are

lexicographically positive.

2.7 Transforming Source Code

Wolf and Lam [4] describe an approach for mapping source code from initial to final form,
given a transformation matrix 7. The approach is divided into two portions: mapping as-
signment statements and mapping loop bounds. Mapping loop bounds is further subdivided
into a four-step algorithm. Both assignment statement mapping and loop bound mapping
are described below.

Mapping assignment statements requires the inverse of the transformation matrix (7"-?1),
which is used to determine the appropriate linear combination of transformed loop indices
to replace the initial loop indices. In matrix form, the following multiplication is used to

determine new assignment statements, where I; are initial loop indices and J; are new loop
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indices:
I J1
=T !x

Iﬂ Jn

It is also possible to determine new loop indices in terms of the old loop indices in matrix

form:

and then solve for each I; using algebraic substitution. As described later, T representing the
extended transformations may be non-square, and 7! is undefined for non-square matrices.
Therefore, algebraic substitution, rather than direct matrix-vector multiplication, is used
to solve for I; in terms of J;. As an example, the assignment statements from the source
code shown in Figure 2.10 are mapped as shown in Figure 2.14 using the transformation
matrix T above. The boxed expressions represent the algebraic solution of the initial index
variables I; in terms of the transformed index variables J;. The final step is mapping the

transformed assignment statements from the initial assignment statements.

21 00 A A
1 0 0 0 x I _ Ja
0 0 -1 0 L | | )
00 01 I, A

h=2L+D L=Jk| Jh=-I) ILi=J,

I,=J, -2 Iy=-J3
Al I, I, 1] = A[J2, Jy — 2J2, -3, J4]

A[Il -1,L-3,I3+2, 14] = A[Jz -1,h-2)2-3,-J3+2, J4]

Figure 2.14. Transformation of assignment statements.
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Mapping the loop bounds requires a four-step algorithm that is shown in Figure 2.15.
The first and second steps are to extract inequalities, minima, and maxima from the initial
source code. Step 3 is transforming the indices, given the transformation matrix 7. Also,
the inequalities, minima, and maxima are transformed based upon the new loop indices.
Finally, the new loop bounds are calculated based upon the inequalities, minima, and

maxima determined in Step 3.

Algorithm map_bounds
Maps the loop bounds from the initial index variables (I,...,In) to the transformed index variables
(J1,...yJdn).

Input:

IL,...,Jn  [**the initial indez variables** /

B /**the loop bound set for the initial indezx variables**/

T [**the transformation matriz** /

Output:

Ji,...,Jn  [**the transformed indez variables**/

B’ /**the loop bound set for the transformed indez variables** /
Procedure:

1. Extract inequalities.
/**Inequalities are derived from the upper and lower bounds of each loop indez variable.**/

2. Find the absolute minimum and maximum for each initial index variable.
/**Minima and mazima for each indez variable are based upon the inequalities from Step 1.**/

3. Transform the indices using T.
/** The transformation matriz T is used to map the initial indez variables into transformed
indez variables. Also, the transformed indez variables are substituted into the
inequalities, mazima, and minima calculated in Steps 1 and 2.**/

4. Calculate the new loop bounds.
/** The new loop bounds for the final indez variables are determined based upon the
inequalities and minima and mazima from Step 3.**/

Figure 2.15. Algorithm to map the loop bounds.

The loop bounds for the source code shown in Figure 2.10 are mapped as shown in

Figure 2.16, assuming that the lower bounds for all loops is one (Vi : 1 < i< 4:10h; =1).
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The boxed expressions represent the algebraic solutions to the inequalities in terms of the

transformed index variables. The transformed inequalities are used to determine the loop

bounds of the transformed index variables (Ji,...,J4).

Step 1. Extract inequalities
5L >1 I2>1 I3>1 Is>1
L <uby ILb<uby I3<ubs Iy <ubs

Step 2. Find maxima and minima

min() =1 min(l;) =1 min(l3) =1 min(l() =1
max(l;) = ub, max([3) = ub; max([3) = ubs max(/) = ubg

Step 3. Transform the indices
Using results from assignment statement mapping.

L =J Ip=Jy —2j Is=-Us
J2 21 Jh—-22221 =-J3>1
Jz S ubl J] —2.’2 S ub: —Ja S uba

min(J;) =1 min(J; - 252) =1 min(-J3) =1
max(Jz) = uby max(Jy — 252) = ub2 max(—Js3) = ubs

Step 4. Calculate new loop bounds
Ja21 Jh—-2J221 -J32>1 JqZ]I

Is = Jg

Ji 21

Ji < uby
min(Jy) =1
max(J,) = ub,

Ja<ub| Jh>1+420 [Js < -1 Jo < uby |

Jy > 1+ 2min(J;)

Jl - 2]2 S ubz
Jy Suby +2J;
Ji1 < ub; + 2max(J3)

J1 < ubz + 2uby

Final code
Ly forJ, = 3, ubs + 2ub,
La for J; = 1,uby
L3 for J; = —ub3, —1
Ly for Jy =1, ub,
S ‘[J:,J] —2]2,—.’3,];]:
S2 A[Jz—l,]l—2]:—3,—Js+2,.]4]=...

Figure 2.16. Transformation of loop bounds.
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The complexity of the source code transformation is dependent upon the loop nest depth
n, the number of assignment statements m, and the number of inequalities derived from
the source code gq.

Mapping assignment statements has the following complexity:

e matrix multiply O(n?).

o search and replace occurrences O(n(n +m)) = O(n? + nm). Assumes that there is an
index variable for each loop.

o Total O(n? + nm) = O(n?).

Mapping the loop bounds has the following complexity:
Step 1. Extract inequalities O(n).
Step 2. Find minima and maxima O(n).

Step 3. Transform loop bound indices O(n? + ¢). Matrix multiply and scan through
inequalities.

Step 4. Calculate new loop bounds O(ngq). For each index variable, search through set of
inequalities.

Total O(nq). There are always at least two inequalities from each loop.

Note that the code is always transformed using this method. Thus, the average and
worst case complexity are equivalent. Also, the code is transformed only once, after the

final transformation code T is found.



CHAPTER 3

Kernel Transformations and Loop

Normalization

The chapter briefly describes how the kernel set of loop transformations are applied to
imperfect loop nests. This chapter also describes loop normalization, a transformation that

modifies a loop L;, such that the lower bound lb;, and step size s;, are both one.

3.1 Kernel Transformations

The kernel set of transformations includes loop reversal, permutation, and skewing. The
legality and applicability of the kernel set is well understood in the context of perfectly
nested loops. This section discusses the legality of the kernel set in terms of imperfect-
only-child loop nests. Transformation matrices cannot be applied to imperfect-sibling loop
nests; however, many imperfect-sibling loop nests can be transformed into imperfect-only-
child loop nests by loop fission (Section 5.1).

For simplicity, a doubly-nested loop is used in the following discussion. However, the
concepts can be easily generalized to an n-nested loop, where n > 2. The general form of an
imperfect-only-child loop nest is shown in Figure 3.1, where f(), g(), and k() are functions
of the enclosing index variables.

In the following discussion, the predicate normal( B(?), 1) is true if loop L; is normal in

loop bound set B(*). A loop is normal if both the lower bound and step size are one.

26
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L1 for 11 = Ib;,ubl,al
S ARRAY[f(D)] =...
L: for Iz = lbz, ubz, 82
S2 lmv[g(h, Iz)] =...
endfor
Ss  ARRAY[h(L))] =...
endfor

Figure 3.1. Sample code: general form of an imperfectly nested loop.

3.1.1 Loop Reversal

Loop reversal of loop L; results in a modified loop and all references to the index variable I;
being negated. Specifically, if the initial loop is incremented from 1 to ub;, then the reversed
loop increments from —ub; to —1. Loop reversal is applied to a single loop. Reversal of the
outer loop (L) of the source code shown in Figure 3.1 results in the source code shown in

Figure 3.2(a), and reversal of the inner loop (L) results in the source code shown in Figure

3.2(b).
Ly torI, = —uby,—Ib, s Ly, forl, =1b,uby,s
S1 ARRAY[f(-I)]=... S1 ARRAY[f(L1)]=...
La tor I> = lby, ubs, 82 L, tor Iz = —ubz, —1bs, 52
Sz ARRAY[g(—1I1, 1)) = ... S2 ARRAY[g(I1,-12)] =...
endfor endfor
Ss  ARRAY[h(-L)]=... Ss  ARRAY[h(L)] =...
endfor endfor
Figure 3.2(a). Sample code: reversal of loop L;. Figure 3.2(b). Sample code: reversal of loop L,.

As shown in Figures 3.2(a) and 3.2(b), the assignment statements Sy, 52, and S3 have the
same number of iterations before and after loop reversal. The loop bounds and correspond-
ing references to the index variables are reversed; however, the source code is semantically
equivalent (assuming that the global postcondition is true).

Loop reversal is always legal for imperfect-only-child loops. That is, loop reversal can

be applied to source code regardless of whether or not it is perfectly nested. All kernel
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unimodular transformations require that the step size be one prior to transformation. The

invariant below corresponds to this requirement.

Preconditions

Invariant

normal( B(*-1), 1)

Explicit

Nesting

3.1.2 Loop Permutation

Loop permutation of loops L; and L; results in the interchange of the lower bounds, upper
bounds, and step sizes for the two loops. Figure 3.3 shows the permuted source code from
Figure 3.1. The arrays in S; and S3 are functions of the index variable of loop L;. After
loop interchange, loop L; and index variable I, are inside of statements S; and S3, and
the functions f(I;) and h(I;) have no context. That is, an assignment statement that uses
an index variable to calculate a subscript expression must be contained by the loop that

increments the index variable.

Lz tor Iz = lbz,ubs, sz
S1 ARRAY[f(I)] =...
L for I, = lby, ubs,
S Am'[y(!l, I))] =...
endfor
Ss3 AB.RAY[’I(Il)] =,..
endfor

Figure 3.3. Sample code: illegal permutation of loops L; and L.

Loop permutation may result in loop L; following the assignment statement that ref-

erences it. Therefore, if two loops L; and L; are permuted, then all parent-child pairs of
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loops in between loops L; and L; must be perfectly nested. Again, the invariant for loop
permutation is that both loops L; and L; are normal. Finally, we assume that loop L; is

initially outermost when loops L; and L; are interchanged.

Preconditions

Invariant

normal( B=1),3) A normal( B=-1), 5)

Explicit
1<j
Nesting
|(Vk:i <k < j: perfect(Ly, Lis1))|

where perfect(L;, L;y1) is true if loops L; and L;4, are perfectly nested in each other.

3.1.3 Loop Skewing

Loop skewing results in the modification of the loop bounds and references to an index
variable I; with respect to an outer index variable I;. The upper bound and lower bound of
loop L; are increased by a linear function m of index variable I;, and all references to index
variable I; inside of the skewed loop are decreased by m x I;. As an example, skewing I,

by m times I; results in the source code shown in Figure 3.4.

Ly torl) =1ib,uby,s
S AHRAY[f(Il)] =...
L, for Iz = lby + ml ,ubs + mly, s;
S ARRAY[g(I1, I — m©L)] =...
endfor
Ss  ARRAY[h(I1)] =...
endfor

Figure 3.4. Sample code: skew of loop Lz by m x L;.

Perhaps surprisingly, loop skewing is like loop reversal in that it can be applied to a

target source code regardless of the nesting structure of the code. Loop permutation results
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in two loops being modified. Loop skewing is like loop reversal because only one loop is
modified by a function of an enclosing loop. Therefore, the nesting precondition is true. We

assume that loop L; is outermost and the invariant is that both loops are normal.

Preconditions

Invariant

normal( B=1) i) A normal( B#-1), 5)

Explicit
1<J
Nesting

3.2 Loop Normalization

We have developed a matrix-based representation of the loop normalization transformation
(13, 14, 15]. Loop normalization is a transformation that changes the bounds of a loop, such
that the lower bound and step size are both one. The transformation is important because
normalized loops are a precondition for many kernel and extended loop transformations.
For example, the step size of a loop must equal one before any kernel transformations are
applied, and fully normalized loops make loop blocking and collapsing easier to implement.
Also, loop normalization may decrease the cardinality of the distance vector set D, resulting
in greater opportunities for parallelism.

An example of code that is not normalized is shown in Figure 3.5(a), where neither
the lower bounds nor the step sizes are equal to one for loops L; and L;. In general, loop
normalization of loop L; results in ub; being replaced with |(ub; — Ib; + s;)/s;] and all
occurrences of index variable I; being replaced by Ib; + (J; — 1)s;. In Figure 3.5(b), loop
normalization is applied to the outermost loop (L;), and in Figure 3.5(c), loop normalization
is applied to the innermost loop (L,).

In order to normalize the outer loop in Figure 3.5(a) the upper bound of loop L, is

replaced with |(uby, — by, + 31,)/s1,|. As shown in Figure 3.5(b), I, is renamed J; and the
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upper bound of J; is calculated as:

uby, = [(ubr, — by, + s1,)/sr,] = |(13-2+3)/3] = |14/3] = 4.

All occurrences of I are replaced with lby, + (J; — 1)sy,:

L = b, + (J1 - 1)811 =2+ (J1 -1)3=3J;-1.

Note that occurrences of I in the loop bounds of loop L;, as well as in assignment statement
S1, are replaced with 3J; — 1.
Similarly, the innermost loop (L) is normalized as shown in Figure 3.5(c), where the

upper bound is calculated as:

uby, = |(ubr, — Ibr, + s1,)/sp,] = (10 + 6J1 — (3J1 - 1) + 6)/6] = [(3J1 + 17)/6],

and occurrences of I in the source code are replaced with:

I = b, + (J2 - 1)812 =3Ji-1+ (Jz - 1)6 =3J1+6J,-T.

Ly, forl =2,13,3 Ly forJy=1,4 Ly forJy=1,4

L, for I = I,124 21,6 ) 2 for I =3J, - 1,10+ 6J,,6 L, for J3 =1, |(3/; +17)/6])
S AL, L) =... S A[BJ1 -1,5])=... S1 A[3J; -1,
351 +6J2 -7 =...

Figure 3.5(a). Sample code: be- Figure 3.5(b). Sample code: Figure 3.5(c). Sample code:
fore loop normalization. loop normalization of loop L;. loop normalization of loop L.

3.2.1 Legality Criteria

Loop normalization is always legal, although it may not be necessary. That is, loop L;

may already be normal (Ib; = 1 and s; = 1) and, therefore, loop normalization does not
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modify the source code. However, if the application of a kernel or extended transformation
results in unnormalized code, then loop normalization typically follows in the transformation
sequence.

The predicate normal(B(®),1) is true if loop L; is normal in loop bound set B@), The

explicit precondition is that the loop is not normal before loop normalization is applied.

Preconditions

Invariant

Explicit

=(normal(B=-1) 1))

Nesting

3.2.2 Effect on the Dependence Vector Set D

If loop L; is not normal, then it is in one of three forms. Either the step size of loop L; is
not one, the lower bound of loop L; is not one, or neither the step size nor the lower bound
of loop L; is one. Figure 3.6 shows each of these three cases: loop L, fits case 1 because
the step size does not equal one (s; # 1 A lb; = 1); loop L, fits case 2 because the lower
bound does not equal one (s; = 1Alb; # 1); and loop L3 fits case 3 because neither the step
gize nor the lower bound is one (s; # 1 A lb; # 1). Each case is more thoroughly described

below.

Case 1. 3; # 1 Alb; = 1. Loop normalization results in modification to all
distance vectors in the distance vector set. Specifically, the distances at loca-
tion ¢ (d;) are divided by the current step size s;. Intuitively, the modification
to the distances is logical since the distances between executions of assignment

statements are reduced by :—. Formally, if loop normalization is the z** trans-
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Ly torly=1,m,2

La for I =31),n

Ls for I = 2I2,p,5

Si A[I;,Iz,la] =...

S2 A[I1—4,Iz+5,13—10]=...

] *+D = {(4,-5,10)} *+ /

Figure 3.6. Sample code: different cases of unnormal loops.

formation, then the modification to the distance vector set D is described as:

d(.I—l)
(v‘i(:c—l) . (i(z—l) € pE-1) dsz) -2

8; )-
If any distances in d®) are non-integral, then the distance vector is removed

from the distance vector set.

The effect on D is represented by the transformation matrix 7. Suppose that
T(==1) js the transformation matrix before loop normalization and t, is the
elementary matrix representing normalization. Then T = ¢, x T(®=1) becomes
the new transformation matrix, where ¢, is the identity matrix except that
tafi, 1] = ;1:

As an example, the outermost loop L; in Figure 3.6 is not normal. In order to
normalize L, t,[1, 1] must equal %, or % Therefore, the t,, that normalizes L,

is:

L 00 100
ta=| 010|=|010
001 001

and the modified distance vector set is t,, X de D:
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100 4 2
010|x|-5]|=]|-5
001 10 10

Case 2. s; = 1Alb; # 1. Again, loop normalization of L; results in modification
to all d. The assumption is made that Ib; is constant, or it is a linear function
of an outer loop. Let a; ; be the integer coefficient of the index variable I; with
respect to the lower bound of loop L;. As an example, a3; = 3 for loop L; of
the source code shown in Figure 3.6. In order to normalize loop L, the lower
bound of loop L3 (lb;) must be modified to equal one. Therefore, a skew is
required, and the skew factor is equal to the negation of the coefficient a; ;. In
the case of loop L3 in Figure 3.6, the skew factor is —az; or —3. Also, since lb;
(¢t = 2) is skewed with respect to index variable I; (j = 1), the location of the

skew is t,[i, 5] = ta[2,1]:

1 00 100
t, = —a2,1 10 = -3 10
0 01 001

If loop L; fits Case 2, then the form of the lower bound of loop L; is Ib; = a; ; X I;.
That is, the lower bound is a linear function of the index variable of an outer loop.
The distances at location i (df’_l)) are modified by subtracting the coefficient
a;; times the distance at j (dg’—l)), as in loop skewing. Formally, this condition

is described as:
(V@D ; =D € DE-) ) = gD _ (g, x dl= ),

Using the distance vector from the source code in Figure 3.6, d\®) = ¢, x d\=-1);

1 00 4 4
-3 1 0|x|-5]|=]|-17
001 10 10
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Case 3. s; # 1 Alb; # 1. In Case 3, neither the step size nor the lower bound
of loop L; equals one, and, not surprisingly, the modifications to D reflect both
normalization of the step size to equal one (Case 1) and the lower bound to
equal one (Case 2). First, we consider the lower bound lb;. As was shown in
Case 2, Ib; = a; ; x Ij, where j < i. The matrix that normalizes the lower bound
is t, such that t,[¢,j] = —a; ;. In Case 1, the step size of loop L; was not one
(si # 1), and the matrix to normalize the loop was t,, such that ¢,[¢,i] = ,1—‘ If
both Cases 1 and 2 are true, then t,[i,j] is —a; ;, and then the entire i** row is

multiplied by ;..

As an example, loop L3 in Figure 3.6 has a lower bound that is a linear function
of I and the step size does not equal one. That is, lb3 = a3 ; x [[ =2x I3 (i =
3,7 =2,a3; = 2) and s; = 5. Therefore, t,[i, j] = t,[3,2] = —2 and the i**(3"¢)

row is multiplied by 1 = 1 = 1.

8 83

The elementary transformation matrix ¢, is:

1 0 0 1 00

t, = 0 1 0 = 0 1 0
a

o -2 2] o34

Without loss of generality, the form of ¢, for normalization of all loops in a 3-nested

loop is:

1
1 0 0
tp, = | =221 1
n o w 0
@31 _@a32 1
83 83 83

where a; ; is the appropriate coefficient and s; is the step size for loop L;. The matrix ¢,

can be easily generalized to n > 3, where n is the loop nest depth.
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Another advantage of loop normalization is that it discriminates between many actual
dependences and “apparent” dependences. Dependence tests make conservative assump-
tions when calculating dependences for source code. That is, if calculating the distances is
too complex, then a dependence test assumes that a dependence exists. Also, more depen-
dence vectors in D lead directly to more restrictions on the amount of attainable parallelism.
Therefore, it is desirable that the distance vector set D has minimal cardinality and accu-
rate distance vectors. Loop normalization allows the elimination of distance vectors that
are erroneously in D as a result of a conservative assumption by a dependence test.

As an example, the source code in Figure 3.7 has an apparent distance vector set of
D = {(8,2,5)}. The transformation matrix that represents loop normalization of loops

L],Lg, and L3 is:

P 00 8 1
F Lo|x|2]|=]|-7
0 o0 1 5 5

After normalization, one of the distances in the distance vector set is non-integral (3). Since
all distances in a distance vector must be integral, the distance vector d = {(8,2,5)} is elim-
inated from the distance vector set, removing potential restrictions on available parallelism

in the source code.

Ly ftori=3,m,4

L forj=2+42,n+ 212
Lj fork=-p,-1,3

S] A[l,],k] =...

Sz A[i—8,j—2,k—-5]=...

[ **D = {(8,2,5)} ««/

Figure 3.7. Sample code: false dependence.
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In summary, an elementary matrix ¢,, is found that represents the effect of loop normal-
ization of the distance vector set. The matrix ¢, is used to represent normalization of the
step size, lower bound, or both, of any loop. The matrix t,, composes with other kernel and
extended transformations. Finally, loop normalization helps to eliminate “apparent” dis-
tance vectors in the distance vector set, thus increasing the amount of potential parallelism

in the transformed source code.

3.2.3 Effect on Source Code Mapping

The general form of a doubly-nested loop before loop normalization is shown in Figure

3.8(a). Normalization of the outer loop L, results in a new upper bound:

‘u.le = |_(ub1 —-1b + 81)/81J = I_(dl - + 81)/31_],

and any occurrences of I; are replaced with:

b, + (Jl - 1)81 =c; + J1381 — 3. (31)

Similarly, normalization of the inner loop results in the upper bound of loop L; becoming:

uby, = |(uby—1ba+32)/32) = |((b21(c1+J181—381)+d2)—(az1(c1+J181—81)+¢2)+32)/32)

and any occurrences of I, are replaced with:

lby + (J2 - 1)82 = (ag'l(cl + J181 — 81) + Cz) + J282 — 85. (3.2)

Source code with both L; and L2 normalized is shown in Figure 3.8(b).
The original assignment statement S; was A[I1, I5] in Figure 3.8(a), but after substitution

using Equations (3.1) and (3.2) becomes:

Aler + J131 — s1,a2,1(c1 + J181 — 81) + 2 + J282 — 32). (3.3)
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Ly forly =c,d1, s
Ly forIz=a3:15 +c2,b2111 +da,
S AL, R)=...

Ly forJy=1,[(dy—c1+8)/a]

Lz forJ; =1,[((b2,1(c1 + J181 — 31) + d2)
—=(az2,1(c1 + J181 = 21) + c2) + 82) /32

S Alcy + 181 — 21,

az1(c1+ 181 — 1) +ca+Jasa —82) = ...

Figure 3.8(a). General form of unnormalized Figure 3.8(b). General form of normalized

double-nested loop. double-nested loop.

Therefore, after loop normalization of loops L; and L3, we know that:

L =c+ Ji%1 - 31,

and

Ip = aj;1(c1 + J181 — 81) + ¢ + J282 — sa.

Manipulating Equation (3.4), and placing it in terms of J;, we obtain:

(3.4)

(3.5)

(3.6)

(3.7)

Recall from Section 2.7, that transforming source code involves the matrix representa-

tion of the new index variables in terms of the initial index variables. In matrix form, the

representation is [J;] = [T] x [Ii], where J; are the new index variables, T is the transfor-

mation matrix, and I; are the initial index variables.

The transformation matrix T after loop normalization of loops L, and L, in Figure

3.8(a) is in the form:
L o0

1
%23 1
82 82

(3.8)
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Putting Equations (3.6) and (3.7) in matrix form results in:

J 1 0 I c1=8
! = o X Y- ;1 (3.9)
a 2—82
J2 __’3;1 31? I : '2.

| W —
additional terms

The form of the matrix representation of Equations (3.6) and (3.7) is consistent with
the kernel unimodular transformations ([J;] = [T][L]). However, an additional term is
subtracted from each new index variable which represents the effect of normalization. The

additional terms from Equation (3.9) are rewritten in terms of the normalization matrix t,,:

a-a L 90 ¢ -
1 — 81
n = = X (3.10)
Q=8 %21 1

- o aza(c1 —s1) +c2 — 82

Substituting Equation (3.10) into Equation (3.9) results in the matrix representation:

1 1 —_
Aol w Ok om0V« ama (3.11)
J2 -1 1 I - 1 azi(c1—81)+ c2 — 87

2 82 32 2

The remainder of the source code mapping process from initial to final form, given a
transformation matrix 7', is the same after loop normalization as it was after only kernel
transformations. That is, the four-step approach described in Section 2.7 is directly applied
for source code mapping.

In summary, the general form of the index variable mapping of a normalized loop is:
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where each J; is a normalized index variable, each I; is an initial index variable, T is the
transformation matrix, and each V; is a normalization expression that is a function of the

coeflicients and step sizes of the initial loops.



CHAPTER 4

Loop Blocking and Loop

Collapsing

Loop blocking is the generic name for a family of transformations that increase the depth
of a loop nest, and includes tiling, strip mining, and cycle shrinking. Loop collapsing is the
inverse of loop blocking and decreases the depth of a loop nest. Repeated application of loop
collapsing is called loop coalescing. This chapter describes the matrix-based representations

of both loop blocking and loop collapsing [12, 23].

4.1 Loop Blocking

Loop blocking is the name given to a family of loop transformations that increase the nest
depth of a nested loop. The objective of increasing the nest depth is to divide the initial
iteration space into several iteration subspaces that are distributed and executed in parallel.
Strip mining [4, 16, 17, 18, 19], cycle shrinking, and tiling [4, 19] are all generalized as
one transformation in the extended matrix-based model presented here. Loop blocking
represents each of these individual transformations, dependent upon the quantity of loops
that are blocked and which loops are parallelized.

Strip mining is a technique that transforms an n-nested loop into an n + 1-nested loop.
The nt* loop is divided into equal size partitions (s,) and is executed in parallel. Strip

mining is referred to as a memory optimizing transformation [17] because s, is dependent

41
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upon some feature of the machine architecture. An advantage of strip mining is that fine-
grained parallelism is obtained by parallelizing the n** loop.

Cycle shrinking is similar to strip mining, since an n-nested loop is transformed into
an n + l-nested loop. However, in cycle shrinking, s, is dependent upon the source code,
rather than the machine. Also, the n+ 1% loop, rather than the n** loop, is parallelized. An
advantage of cycle shrinking is that each iteration within the n + 1*! loop may be executed
in parallel, as long as the initial dependence distances of the n** loop are greater than one.
Therefore, a fine-grain intra-block parallelism is obtained.

Finally, tiling is a transformation that divides the initial iteration space into some fixed
number of subspaces, or tiles. Each original loop may be partitioned based upon an ar-
chitectural characteristic (as in strip mining) or a source code characteristic (as in cycle
shrinking). Using tiling, an n-nested loop is transformed into a loop with a nest depth
between n + 1 and 2n. As an example, the 3-nested loop in Figure 4.1(a) becomes the
6-nested loop given in Figure 4.1(b) if each loop is tiled. An advantage of tiling is that the
transformed source code can be evaluated for parallelism within tiles (intra-tile parallelism)
and between tiles (inter-tile parallelism). Thus, tiling can be used to obtain both fine-grain

and coarse-grain parallelism.

Ly tor, =1,n Ly torl{i=1,n,8

L; forLb=1m L; forl}=1,m,s;

Ly forlz=1,p Ly ftorlj=1,p,s;

S A[Il,Iz,I:;] =... L for ), = I,',mm(I{ + 8 — l,n)

S2 B[I1 —2,12—1,13—l]=... L2 for I =I£,min(I£+az-1,m)
Ls tor Is = I3, min(I3<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>